Exponential Product Approximation to Integral Kernel of Schrödinger Semigroup and to Heat Kernel of Dirichlet Laplacian

Takashi Ichinose and Hideo Tamura

Department of Mathematics, Kanazawa University Kanazawa, 920–1192, Japan and Department of Mathematics, Okayama University Okayama, 700–8530, Japan

Running Head :

Exponential product formula

Mathematical Subject Classification 2000 :

preliminary subjects : 47D08/ secondary subjects : 35K10

Mail Address :

Takashi Ichinose : ichinose@kenroku.kanazawa-u.ac.jp Hideo Tamura : tamura@math.okayama-u.ac.jp

Exponential Product Approximation to Integral Kernel of Schrödinger Semigroup and to Heat Kernel of Dirichlet Laplacian

By Takashi Ichinose at Kanazawa and Hideo Tamura at Okayama

Abstract We know by the studies for the last decade that the norm convergence of the exponential product formula holds true even for a class of unbounded operators. As a natural development of this recent research, we study how the product formula approximates integral kernels of Schrödinger semigroups. Our emphasis is placed on the case of singular potentials. The Dirichlet Laplacian is regarded as a special case of Schrödinger operators with singular potentials. We also discuss the approximation to the heat kernel generated by the Dirichlet Laplacian through the product formula.

1. Introduction

It is known as the Trotter–Kato product formula [13, 19] that the semigroup exp(−tZ), t ≥ 0, generated by the sum Z = X + Y of two operators X and Y acting on a Hilbert space is approximated by the exponential product formula

exp(−tZ) = s − lim_{N→∞} ( exp(−(t/N)Y ) exp(−(t/N)X)

)_N

in the strong sense under suitable conditions on the pair (X, Y ). If X and Y are bounded, the norm convergence follows from the Baker–Campbell–Hausdorff formula. Then we know that

‖e^{−tZ} − ( e^{−(t/N)Y} e^{−(t/N)X}

)_N

‖ = O(N^{−1})

(1.1)

for the approximation of the nonsymmetric form and that

‖e^{−tZ} − ( e^{−(t/2N)X} e^{−(t/N)Y} e^{−(t/2N)X}

)_N

‖ = O(N^{−2})

(1.2)

for the approximation of the symmetric form, where ‖ ‖ denotes the operator norm of bounded operators. We note that the error bounds O(N^{−1}) and O(N^{−2}) on the right hand sides are optimal (see [12] for details). The norm convergence has been extended to a wide class of pairs of self–adjoint operators not necessarily bounded since it was first established by Helffer [7] and Rogava [15] independently. After the works, various kinds of improvements have been done by many authors (see

[8, 9, 10, 20] for extensive references and related subjects). Among a lot of literatures, the work [12] together with [10] has established that the convergence holds true with error bound O(N^{−1}) for both the symmetric and nonsymmetric approximations under the general assumption that Z = X + Y is self–adjoint with domain D(Z) = D(X) ∩ D(Y ) for two self–adjoint operators X and Y bounded from below. In particular, O(N^{−1}) is the optimal error bound even for the symmetric approximation, which is different from the case of bounded operators. This has been shown by constructing an example of pair (X, Y ) for which (1.2) is estimated by c_tN^{−1}, c_t > 0, from below for t > 0. The original idea of construction is due to [18].

As stated at the beginning, our aim is to analyze how the exponential product formula approximates the kernel E(x, y; t) of the semigroup exp(−tH) generated by the Schrödinger operator H = H_0 + V , H_0 = −Δ, acting on L^2(R^n). The present work is a continuation to our recent work [11] where the same problem has been studied for a class of smooth potentials. A special emphasis here is placed on the case that potentials admit singularities. The Dirichlet Laplacian is regarded as a special case of Schrödinger operators with singular potentials. We also discuss the approximation to the heat kernel generated by the Dirichlet Laplacian through the product formula.

We begin by summarizing the results obtained in [11] which show how sharp the kernel of the Schrödinger semigroup is approximated through the product formula. We there have assumed that V (x) ∈ C^∞(R^n) is a nonnegative smooth function and satisfies V (x) ≥ C ⟨x⟩^ρ, |∂^α_x V (x)| ≤ C_α⟨x⟩^{ρ−δ|α|}

(1.3)

for some constants C > 0, ρ ≥ 0 and δ, 0 < δ ≤ 1 (δ = 0 is allowed if ρ = 0), where ⟨x⟩ = (1 + |x|^2)^{1/2}. We define the symmetric approximation K_N (t) by

K_N (t) = ( exp(−(t/2N)H_0) exp(−(t/N)V ) exp(−(t/2N)H_0)

)_N

(1.4)

and the nonsymmetric approximation G_N (t) by

G_N (t) = ( exp(−(t/N)V ) exp(−(t/N)H_0)

)_N . (1.5)

We also denote by K_N (x, y; t) and G_N (x, y; t) the kernels of operators K_N (t) and G_N (t) respectively. Then we have proved that |K_N (x, y; t) − E(x, y; t)| = O(N^{−2}) and that |G_N (x, y; t) − E(x, y; t) − (t/2N) E_1(x, y; t)| = O(N^{−2})

and | (G_N (x, y; t) + G_N (y, x; t)) /2 − E(x, y; t)| = O(N^{−2}) as N → ∞, where

E_1(x, y; t) = E(x, y; t)V (y) − V (x)E(x, y; t)

is the kernel of the commutator [H_0, exp(−tH)] = [exp(−tH), V ] and all the error bounds are uniform in (x, y) ∈ R^n × R^n and locally in t > 0 (t ∈ [1/c, c], c > 1).

The convergence is still true for all derivatives in x and y. We note that G_N (y, x; t) is the kernel of the adjoint operator

G_N (t)^∗ = ( exp(−(t/N)H_0) exp(−(t/N)V )

)_N . The proof is based on the pseudodifferential calculus, and it relies on the regularity assumption of potentials in an essential way.

The above results have an important application to the theory on the finite dimensional approximation to path integrals. Let dW^t_{x,y} be the conditional Wiener measure over the set

W^t_{x,y} = {r(s) ∈ C ([0, t] → R^n) : r(0) = x, r(t) = y}

of continuous paths which take the values x and y at their endpoints 0 and t respectively. According to the Feynman–Kac formula ([6, 14]), E(x, y; t) has the representation E(x, y; t) = ∫ exp ( − ∫_t 0 V (r(s)) ds ) dW^t_{x,y},

while K_N (x, y; t), G_N (x, y; t) and G_N (y, x; t) are represented as follows :

K_N (x, y; t) = ∫ exp ( −(t/N)

N−1∑ k=0 V (r(s_k)) ) dW^t_{x,y}

with s_k = (k + 1/2)t/N, and

G_N (x, y; t) = ∫ exp ( −(t/N)

N−1∑ k=0 V (r(t_k)) ) dW^t_{x,y}

G_N (y, x; t) = ∫ exp ( −(t/N)

N−1∑ k=0 V (r(t_{k+1})) ) dW^t_{x,y}

with t_k = kt/N. Thus we obtain the error bound of a time–sliced approximation to the kernel of exp(−tH). The work [17] has also studied the convergence of time–sliced approximation by estimating directly the difference between two kernels represented by the Feynman–Kac formula to show that the error bound is of order O(N^{−κ}) for a class of C^2 smooth potentials satisfying (1.3) for |α| ≤ 2, where κ = 1 for 0 ≤ ρ ≤ 2δ and κ = 2δ/ρ for ρ > 2δ. The proof is based on a probabilistic idea and still requires regularity assumption (although not necessarily C^∞ smoothness) of potentials.

The main results obtained in this work are formulated as the two theorems below. As stated above, a special attention is paid to the case when V (x) has singularities. Let H_0 = −Δ, A = H_0 + 1,

(1.6) be self–adjoint operators on L^2 = L^2(R^n) with domain H^2(R^n), where H^s(R^n) denotes the Sobolev space of order s. We make the following assumption on the potential V (x) : (V ) V (x) ≥ 0 is nonnegative and

V A^{−α} : L^2 → L^2

(1.7)

is bounded for some α, 0 < α < 1, as the multiplication operator by V (x). The assumption V ≥ 0 is only for notational brevity. We have only to assume that V (x) > −c, c > 0, is bounded from below. Under assumption (V ), we have that ‖V (H_0 + λ)^{−1}‖ → 0 as λ → ∞, and hence it follows from Kato–Rellich theorem that H = H_0 + V becomes self–adjoint with the same domain H^2(R^n) as H_0. We also have that A(H + 1)^{−1} as well as (H + 1)A^{−1} is bounded as an operator acting on L^2. If, for example, n = 3, then (1.7) is easily seen to be fulfilled for V (x) admitting the decomposition V ∈ L^2(R^3) + L^∞(R^3). The positive Coulomb potential V (x) = c/|x|, c > 0, is a typical example. The first theorem is formulated as follows.

Theorem 1.1 Suppose that V (x) fulfills (V ). Denote by E(x, y; t) the kernel of exp(−tH) and by K_N (x, y; t) and G_N (x, y; t) the kernels of K_N (t) and G_N (t) defined by (1.4) and (1.5) respectively. Let (p, q) ∈ R^n × R^n be fixed. If V (x) is C^∞ smooth around both points p and q, then

|K_N (p, q; t) − E(p, q; t)| = O(N^{−1}), |G_N (p, q; t) − E(p, q; t)| = O(N^{−1})

as N → ∞, and the convergence is true in the sense of C^∞ topology in a neighborhood of (p, q) ∈ R^n × R^n, where the order estimate is locally uniform in t > 0 (t ∈ [1/c, c], c > 1).

We make an important comment on the convergence at singular points where V (x) is divergent. This seems to be a subtle problem. For example, we consider the positive Coulomb potential V (x) = c/|x|, c > 0, in three dimensions. We know the convergence ‖G_N (t) − exp(−tH)‖ = O(N^{−1}) in the operator norm. However, the convergence of the kernel G_N (x, y; t) at the origin is not true. In fact, G_N (x, y; t) takes the value G_N (0, y; t) = 0 at x = 0 for all N, because V (0) = +∞. On the other hand, we can explicitly calculate the value

E(0, 0; t) = (c/4π)

∫_∞ 0 e^{−tλ} ( e^{cπ/√λ} − 1

)_{−1}

dλ > 0

(1.8)

for V (x) = c/|x|, c > 0. Thus the convergence at singular points is not expected in general. The relation (1.8) itself is interesting. We prove it in the appendix at the end of the paper.

We move to the problem on the approximation for the heat kernel generated by the Dirichlet Laplacian. Let exp(−tH_D) be the semigroup generated by the Dirichlet

Laplacian H_D = −Δ over a domain Ω in R^n. If we define the potential V (x) as V (x) = 0 on Ω and V (x) = +∞ on the complement Ω^c of Ω, then we have

exp(−tH_D) ∼ exp(−t(H_0 + V ))

in a formal way. The operator exp(−tV ), t > 0, acts as the multiplication by the characteristic function χ_Ω of Ω, and the exponential product formula takes the form

exp(−tH_D) ∼ lim_{N→∞} ( exp(−(t/N)V ) exp(−(t/N)H_0)

)_N

χ_Ω

= lim_{N→∞} ( χ_Ω exp(−(t/N)H_0)χ_Ω

)_N . (1.9)

The strong convergence follows from the abstract theory due to Kato [13] (see Friedman [5, Theorem 2] also). The product ( χ_Ω exp(−i(t/N)H_0)χ_Ω

)_N

(1.10)

with t > 0 replaced by it is often called the Zeno product formula. This kind of product appears in the problem on the position measurement in quantum systems (Zeno quantum effect). In fact, the product (1.10) describes the frequent measurement to check whether a particle localized in Ω at t = 0 is still in Ω. If (1.10) is strongly convergent to the propagator exp(−itH_D) as N → ∞, this means that continuous observations hinder transitions to states different from the initial one and that a quantum particle can not move to where it is not. It corresponds to Zeno’s paradox denying the possibility of motion to a flying arrow. This is the reason why (1.10) is called the Zeno product formula. The strong convergence of the Zeno product formula has been discussed in the physical literatures (for example see [4] and references there). However the rigorous proof does not seem to have been done, and it remains as an interesting mathematical problem.

We shall formulate the second main theorem. Let

H_D = −Δ, D(H_D) = H^2(Ω) ∩ H^1_0 (Ω),

be the Dirichlet Laplacian over a bounded domain Ω ⊂ R^n with smooth boundary ∂Ω. The operator H_D is self–adjoint in L^2(Ω). We denote by exp(−tH_D), t ≥ 0, the semigroup generated by H_D and by E_D(x, y; t) the integral kernel of exp(−tH_D). We also denote by G_{ND}(x, y; t) the integral kernel of the operator

G_{ND}(t) = ( J exp(−(t/N)H_0)J^∗

)_N

: L^2(Ω) → L^2(Ω),

(1.11)

where J : L^2(R^n) → L^2(Ω) denotes the restriction. The kernel G_{ND}(x, y; t) takes a simple form

G_{ND}(x, y; t) = ∫ Ω · · · ∫ Ω N−1∏ j=0 E_0(z_j , z_{j+1}; t/N) dz for (x, y) = (z_0, z_N ) ∈ Ω × Ω, where z = (z_1, . . . , z_{N−1}) and

E_0(x, y; t) = (4πt)^{−n/2} exp(−|x − y|^2/4t)

is the heat kernel of exp(−tH_0). Then the second theorem is stated as follows.

Theorem 1.2 Let the notation be as above. Then

|G_{ND}(x, y; t) − E_D(x, y; t)| = O(N^{−σ}), N → ∞,

for any σ, 0 < σ < 1/6, and the error bound is locally uniform in (x, y) ∈ Ω × Ω and in t > 0.

We add two comments to the above theorem. (1) We note that the theorem implies the strong convergence in (1.9). In fact, the weak convergence follows from the theorem at once, and the semigroup property yields

‖G_{ND}(t)f‖^2 = (G_{ND}(t)G_{ND}(t)f, f) → (exp(−2tH_D)f, f) = ‖ exp(−tH_D)f‖^2

for f ∈ L^2(Ω), where ( , ) denotes the L^2 scalar product in L^2(Ω). This proves the strong convergence. (2) The error bound O(N^{−σ}) with 0 < σ < 1/6 is not sharp. The proof of the theorem is based on the large coupling approximation to the Dirichlet Laplacian, where an essential role is played by Theorem 3.3 due to Demuth, Kirsch and McGillivray [3]. According to their theorem, it is anticipated that the optimal error bound is O(N^{−σ}) with 0 < σ < 1/2 (see Proposition 5.1 also).

The proof of both the theorems is based on the convergence of exponential product formula in the operator norm on the Sobolev spaces. We denote by ‖ ‖_m the norm of bounded operators when considered as an operator from L^2 into H^m(R^n) for m ≥ 0 (not necessarily integer). If, in particular, m = 0, then we simply write ‖ ‖ for ‖ ‖_0. For example, the following proposition plays an essential role in proving Theorem 1.1.

Proposition 1.1 Assume the same assumptions and keep the same notation as in Theorem 1.1. Let ψ_p, ψ_q ∈ C^∞_0 (R^n → R) be smooth real functions with support around p and q respectively. Assume that V (x) is C^∞ smooth on the support of ψ_p and ψ_q. Then ‖ψ_p (exp(−tH) − K_N (t)) ψ_q‖_m = O(N^{−1}) and ‖ψ_p (exp(−tH) − G_N (t)) ψ_q‖_m + ‖ψ_p (exp(−tH) − G_N (t)^∗) ψ_q‖_m = O(N^{−1})

as N → ∞ for any m ≥ 0, where the order estimate is locally uniform in t > 0.

Theorem 1.1 is obtained as a consequence of the celebrated kernel theorem due to Agmon [1, Theorem 3.1].

Lemma 1.1 Let T : L^2 → L^2 be a bounded operator. Assume that the range of T is contained in H^m(R^n) for some m > n and that the range of the adjoint operator T^∗ is also contained in H^m(R^n). Then T is an integral operator with a continuous and bounded kernel T (x, y), (x, y) ∈ R^n × R^n, and the kernel obeys the bound

|T (x, y)| ≤ c (‖T ‖_m + ‖T^∗‖_m)^{n/m} ‖T ‖^{1−n/m}

for some c > 0 independent of T .

We end the section by proving Theorem 1.1, accepting Proposition 1.1 as proved. This proposition is proved in sections 2, 3 and 4, and Theorem 1.2 is proved in sections 5 and 6.

Proof of Theorem 1.1. Let A be as in (1.6). We apply Lemma 1.1 to

T = ψ_p (exp(−tH) − K_N (t)) ψ_q,

where ψ_p(x) = 1 and ψ_q(x) = 1 around p and q respectively. Then it follows from Proposition 1.1 that ‖A^mT ‖ + ‖A^mT^∗‖ = O(N^{−1}) for any m ≥ 0. Hence we have ‖T A^m‖ + ‖T^∗A^m‖ = O(N^{−1}) by adjoint, and

‖A^{m/2}T A^{m/2}‖ + ‖A^{m/2}T^∗A^{m/2}‖ = O(N^{−1})

by interpolation. This yields the desired bound O(N^{−1}) on the difference between K_N (p, q; t) and E(p, q; t) in the sense of C^∞ topology. Similarly the bound on the difference between G_N (p, q; t) and E(p, q; t) is obtained by making use of Lemma 1.1 for T = ψ_p (exp(−tH) − G_N (t)) ψ_q. �

2. Approximation to kernels of Schrödinger semigroups

In this section we complete the proof of Theorem 1.1 by proving Proposition 1.1. For two smooth functions ψ, η ∈ C^∞_0 (R^n → R) with compact support, we use the notation ψ ≺ η,

(2.1)

provided that both ψV and ηV are C^∞ smooth and that

ψη = ψ, dist (supp ψ, supp χ) > 0

for χ(x) = 1 − η(x), where dist (Σ_1, Σ_2) denotes the distance between two sets Σ_1 and Σ_2. For brevity, we prove Proposition 1.1 for the case t = 1 only. We set

T_0(s) = exp(−sH_0), T (s) = exp(−sH) and we define

K(τ) = T_0(τ/2) exp(−τV )T_0(τ/2), τ = 1/N.

(2.2)

Then K_N (1) = K(τ)^N for K_N (t) defined by (1.4) with t = 1.

We accept three preliminary lemmas below as proved to prove the proposition. Throughout the statements of these lemmas, m ≥ 0 is nonnegative (not necessarily integer), and two real smooth functions ψ ∈ C^∞_0 (R^n) and ω ∈ C^∞(R^n) are assumed to satisfy the relation ψ ≺ θ, ω = 1 − θ.

(2.3)

Lemma 2.1 The operator T (s) = exp(−sH) has the following properties : (1) A^mψT (s)ωA, A^mψT (s)ψA^{−m} : L^2 → L^2 are bounded uniformly in s ∈ [0, 1]. (2) ‖A^mψT (s)‖ = O(s^{−m}) and ‖A^mψT (s)A‖ = O(s^{−m−1}).

Lemma 2.2 The operator D(τ) defined by

D(τ) = T (τ) − K(τ)

(2.4)

has the following properties :

(1) ‖A^{−1}D(τ)A^{−1}‖ = O(τ^2), τ → 0. (2) ‖A^mψD(τ)ω‖ = O(τ^2).

(3) ‖A^mψD(τ)A^{−m}‖ = O(τ^2), and in particular, ‖ψD(τ)‖ = O(τ^2).

Lemma 2.3 The operator K(τ) defined by (2.2) has the following properties : (1) AωK(τ)^kψ : L^2 → L^2 is bounded uniformly in τ and k, 0 ≤ k ≤ N. (2) ‖A^mψK(τ)^k‖ = k^{−m}O(τ^{−m}) uniformly in k, 1 ≤ k ≤ N.

Lemma 2.1 is proved at the end of this section, and Lemmas 2.2 and 2.3 are proved in sections 3 and 4 respectively. We note that the statements of the lemmas remain true for the adjoint operators. Throughout the entire discussion, we use such a simple consequence without further references, and also we often use the notation O_p(τ^ν ) to denote the class of bounded operators of which the norm obeys the bound O(τ^ν ) as τ → 0. In particular, O_p(1) denotes the class of operators bounded uniformly in τ, and O_p(τ^∞) the class of operators with bound O(τ^L) for any L ≫ 1. We sometimes denote by O_p(1) a class of bounded operators independent of parameter τ also.

Proof of Proposition 1.1. The proof is rather long and is divided into four steps.

(1) According to notation (2.1), we take {η_j }, 0 ≤ j ≤ 1, in such a way that

ψ_p ≺ η_0 ≺ η_1, ψ_q ≺ η_0 ≺ η_1

(2.5) and we set χ_j = 1 − η_j . The first three steps are devoted to proving that ‖A^mψ_p ( T (1) − K(τ)^N ) ψ_q‖ = O(τ),

(2.6) which implies the statement for the symmetric product K_N (1) in the proposition. To prove (2.6), we represent the difference T (1) − K(τ)^N as

T (1) − K(τ)^N = T (τ)^N − K(τ)^N = N∑ k=1 T ((k − 1)τ)D(τ)K(τ)^{N−k}.

We evaluate the norm of the operator X_k(τ) = A^mψ_pT ((k − 1)τ)D(τ)K(τ)^{N−k}ψ_q, 1 ≤ k ≤ N, to show that

∑_N

k=1 ‖X_k(τ)‖ = O(τ). This yields (2.6). (2) We decompose X_k(τ) into the sum

X_k(τ) = A^mψ_pT ((k − 1)τ) (η_0 + χ_0) D(τ)K(τ)^{N−k}ψ_q = Y_k(τ) + Z_k(τ). We first consider Y_k(τ). We further decompose Y_k(τ) into the sum

Y_k(τ) = A^mψ_pT ((k − 1)τ)η_0D(τ) (η_1 + χ_1) K(τ)^{N−k}ψ_q = Y_{k1}(τ) + Y_{k2}(τ). By Lemma 2.1 (1) with ψ = η_1,

A^mψ_pT ((k − 1)τ)η_1A^{−m} = A^mψ_pA^{−m} ( A^mη_1T ((k − 1)τ)η_1A^{−m} ) : L^2 → L^2 is uniformly bounded, and also by Lemma 2.2 (2), A^mη_0D(τ)χ_1 = O_p(τ^2). Hence we have

Y_{k2}(τ) = ( A^mψ_pT ((k − 1)τ)η_1A^{−m} ) (A^mη_0D(τ)χ_1) K(τ)^{N−k}ψ_q = O_p(τ^2), and ∑_N

k=1 ‖Y_{k2}(τ)‖ = O(τ). We write Y_{k1}(τ) as Y_{k1}(τ) = ( A^mψ_pT ((k − 1)τ)η_1A^{−m} ) ( A^mη_0D(τ)A^{−m} ) A^mη_1K(τ)^{N−k}ψ_q for k with 1 ≤ k < [N/2], and Y_{k1}(τ) as Y_{k1}(τ) = (A^mψ_pT ((k − 1)τ)) (η_0D(τ)) η_1K(τ)^{N−k}ψ_q for k with [N/2] ≤ k ≤ N, where [N/2] denotes the greatest integer not exceeding N/2. Note that N/2 ≤ N −k ≤ N, provided that 1 ≤ k < [N/2]. We apply Lemmas 2.1 (1), 2.2 (3) and 2.3 (2) to Y_{k1}(τ) with k, 1 ≤ k < [N/2], and Lemmas 2.1 (2) and 2.2 (3) to Y_{k1}(τ) with k, [N/2] ≤ k ≤ N. Then we get

∑_N

k=1 ‖Y_{k1}(τ)‖ = O(τ).

(3) We proceed to operator Z_k(τ). We decompose Z_k(τ) into the sum Z_k(τ) = A^mψ_pT ((k − 1)τ)χ_0D(τ) (η_1 + χ_1) K(τ)^{N−k}ψ_q = Z_{k1}(τ) + Z_{k2}(τ).

If we write Z_{k1}(τ) as

Z_{k1}(τ) = (A^mψ_pT ((k − 1)τ)χ_0) (D(τ)η_1) K(τ)^{N−k}ψ_q,

then it follows from Lemmas 2.1 (1) and 2.2 (3) that Z_{k1}(τ) = O_p(τ^2), and if we write Z_{k2}(τ) as

Z_{k2}(τ) = (A^mψ_pT ((k − 1)τ)χ_0A) ( A^{−1}D(τ)A^{−1} ) Aχ_1K(τ)^{N−k}ψ_q,

then it follows from Lemmas 2.1 (1), 2.2 (1) and 2.3 (1) that Z_{k2}(τ) = O_p(τ^2). This yields

∑_N

k=1 ‖Z_k(τ)‖ = O(τ), and hence (2.6) is obtained.

(4) We here introduce the new notation F ∼ G. This means that two bounded operators F and G obey ‖F − G‖ = O(τ). We set

G(τ) = e^{−τ V} T_0(τ) = e^{−τ V} exp(−τH_0), J(τ) = G(τ)^∗ = T_0(τ)e^{−τ V} ,

and J_N (1) = G_N (1)^∗ for G_N (1) defined by (1.5) with t = 1. Then G_N (1) = G(τ)^N and J_N (1) = J(τ)^N . According to the above notation, the aim in the final step is to show that

Γ_N (τ) = A^mψ_pG_N (1)ψ_q = A^mψ_pG(τ)^N ψ_q ∼ A^mψ_pK(τ)^N ψ_q

(2.7)

Λ_N (τ) = A^mψ_pJ_N (1)ψ_q = A^mψ_pJ(τ)^N ψ_q ∼ A^mψ_pK(τ)^N ψ_q,

(2.8)

which, together with (2.6), imply the statement for the nonsymmetric products G_N (1) and G_N (1)^∗ in the proposition. The proof of two relations (2.7) and (2.8) requires the following lemma which is proved after completing the proof of the proposition.

Lemma 2.4 One has the following statements : (1) A^mψT_0(τ)ω = O_p(τ^∞).

(2) A^m[g, T_0(τ)]A^{−m−1/2} = O_p(τ) for g ∈ C^∞_0 (R^n), where [X, Y ] denotes the commutator [X, Y ] = XY − Y X between two operators X and Y . (3) [A^mψT (s), T_0(τ)] = O_p(τ) uniformly in s ∈ [δ, 1], δ > 0.

We now start by proving (2.7). Let {η_j }, 0 ≤ j ≤ 1, be as in (2.5) and we set χ_j = 1 − η_j again. Then we obtain

A^mη_j T ((N − 1)τ)η_j ∼ A^mη_jK(τ)^{N−1}η_j

(2.9)

by (2.6). We write Γ_N (τ) as

Γ_N (τ) = A^mψ_pe^{−τ V} T_0(τ/2)K(τ)^{N−1}T_0(τ/2)ψ_q = A^mψ_pe^{−τ V} T_0(τ/2) (χ_0 + η_0) K(τ)^{N−1}T_0(τ/2)ψ_q.

Since A^mψ_pe^{−τ V} T_0(τ/2)χ_0 = O_p(τ^∞) by Lemma 2.4 (1), it follows that Γ_N (τ) ∼ A^mψ_pe^{−τ V} T_0(τ/2)η_0K(τ)^{N−1}T_0(τ/2)ψ_q.

The operator A^mη_0K(τ)^{N−1} is bounded uniformly in τ by Lemma 2.3 (2), and also χ_0T_0(τ/2)ψ_q is of class O_p(τ^∞). Hence

Γ_N (τ) ∼ ( A^mψ_pe^{−τ V} T_0(τ/2)A^{−m} ) ( A^mη_0K(τ)^{N−1} ) η_0T_0(τ/2)ψ_q ∼ ( A^mψ_pe^{−τ V} T_0(τ/2)A^{−m} ) (A^mη_0T ((N − 1)τ)η_0) T_0(τ/2)ψ_q by (2.9). Note that ψ_pη_0 = ψ_p and η_0η_1 = η_0. Since A^mη_0T ((N − 1)τ) is uniformly bounded by Lemma 2.1 (2), we further have

Γ_N (τ) ∼ ( A^mψ_pη_1e^{−τ V} T_0(τ/2)A^{−m−1/2} ) ( A^{m+1/2}η_0T ((N − 1)τ) ) T_0(τ/2)ψ_q.

We here use Lemmas 2.4 (2) with g = η_1e^{−τ V} ∈ C^∞_0 (R^n) to obtain that Γ_N (τ) ∼ A^mψ_pT_0(τ/2)η_1e^{−τ V} η_0T ((N − 1)τ)T_0(τ/2)ψ_q = ( A^mψ_pT_0(τ/2)e^{−τ V} η_0A^{−m} ) (A^mη_1T ((N − 1)τ)T_0(τ/2)) ψ_q.

Hence Lemma 2.4 (3) and (2.9) yield that

Γ_N (τ) ∼ ( A^mψ_pT_0(τ/2)e^{−τ V} η_0A^{−m} ) T_0(τ/2) (A^mη_1T ((N − 1)τ)) ψ_q ∼ ( A^mψ_pT_0(τ/2)e^{−τ V} η_0A^{−m}T_0(τ/2) ) A^mη_1K(τ)^{N−1}ψ_q.

We further have

Γ_N (τ) ∼ ( A^mψ_pT_0(τ/2)e^{−τ V} η_1A^{−m} ) (A^mη_0T_0(τ/2)η_1) K(τ)^{N−1}ψ_q ∼ (A^mψ_pT_0(τ/2)η_0) e^{−τ V} T_0(τ/2)K(τ)^{N−1}ψ_q ∼ A^mψ_pT_0(τ/2)e^{−τ V} T_0(τ/2)K(τ)^{N−1}ψ_q = A^mψ_pK(τ)^N ψ_q, because A^mη_0T_0(τ/2)χ_1 and A^mψ_pT_0(τ/2)χ_0 are both of class O_p(τ^∞). This proves (2.7).

We proceed to proving (2.8). This is verified in almost the same way as (2.7). We have Λ_N (τ) ∼ A^mψ_pT_0(τ/2)η_0K(τ)^{N−1}η_0T_0(τ/2)e^{−τ V} ψ_q ∼ A^mψ_pT_0(τ/2)η_0T ((N − 1)τ)η_0T_0(τ/2)e^{−τ V} ψ_q ∼ A^mψ_pT_0(τ/2)η_0T ((N − 1)τ)T_0(τ/2)η_0e^{−τ V} ψ_q.

The operator A^mη_0T ((N − 1)τ)A is uniformly bounded by Lemma 2.1 (2) and ‖A^{−1}[T_0(τ/2), η_0e^{−τ V} ]ψ_q‖ = O(τ) by Lemma 2.4 (2) with g = η_0e^{−τ V} ∈ C^∞_0 (R^n). Thus we have

Λ_N (τ) ∼ ( A^mψ_pA^{−m} ) (T_0(τ/2)A^mη_0T ((N − 1)τ)) η_0e^{−τ V} T_0(τ/2)ψ_q.

We further use Lemmas 2.3 (2), 2.4 (3) and (2.9) to obtain that

Λ_N (τ) ∼ A^mψ_pT ((N − 1)τ)T_0(τ/2)η_0e^{−τ V} T_0(τ/2)ψ_q ∼ A^mψ_pT ((N − 1)τ)η_1T_0(τ/2)η_0e^{−τ V} T_0(τ/2)ψ_q ∼ A^mψ_pK(τ)^{N−1}η_1T_0(τ/2)η_0e^{−τ V} T_0(τ/2)ψ_q ∼ A^mψ_pK(τ)^{N−1}T_0(τ/2)e^{−τ V} η_0T_0(τ/2)ψ_q ∼ A^mψ_pK(τ)^{N−1}T_0(τ/2)e^{−τ V} T_0(τ/2)ψ_q = A^mψ_pK(τ)^N ψ_q.

This yields (2.8) and completes the proof of the proposition. �

We end the section by proving Lemmas 2.1 and 2.4.

Proof of Lemma 2.1. Throughout the proof, we often use the relation

[e^{−sX} , Y ] = e^{−sX} Y − Y e^{−sX} =

∫_s 0 e^{−tX} [Y, X]e^{−(s−t)X} dt.

(2.10)

(1) We first deal with the operator Φ_m(s) = A^mψT (s)ωA : L^2 → L^2 with s ∈ [0, 1]. The uniform boundedness is shown by induction on m ≥ 0. We may assume that there exists η ∈ C^∞_0 (R^n) such that ψ ≺ θ ≺ η

(2.11) for θ = 1 − ω ∈ C^∞_0 (R^n), and we set χ = 1 − η. By assumption, ψω = 0. Hence Φ(s) is represented in the integral form

Φ_m(s) =

∫_s 0 T (s − t)[H, A^mψ]T (t)ωA dt

by making use of relation (2.10). The commutator in the integrand is calculated as [H, A^mψ] = A^m[H_0, ψ]η + [ηV, A^mψ]η + χV A^mψ, because ψχ = 0. We note that the third operator on the right hand side takes the form χV A^mψ = V A^{−1} ( AχA^mψA^L ) A^{−L} = O_p(1)A^{−L} for any L ≫ 1. This follows by assumption (V ) and by pseudodifferential calculus. In fact, the standard calculus of symbols shows that AχA^mψA^L is a pseudodifferential operator with symbol of Hörmander class S^{−N}_{1,0} for any N ≫ 1, and hence AχA^mψA^L = O_p(1). If we fix γ as 1/2 < γ < 1 and set d = γ − 1/2 > 0, then we have [H, A^mψ] = A^γ O_p(1)A^{m−d}η + O_p(1)A^{−L},

(2.12) because A^m[H_0, ψ] and [ηV, A^mψ] are pseudodifferential operators with symbol class S^{2m−1}_{1,0} . As already stated in the previous section,

(H + 1)^{−1}A, A^{−1}(H + 1) : L^2 → L^2

(2.13)

are bounded. We have

O_p(1)A^{−L}T (t)ωA = O_p(1) ( A^{−1}(H + 1) ) T (t) ( (H + 1)^{−1}A ) ( A^{−1}ωA ) = O_p(1)

for the second operator O_p(1)A^{−L} on the right hand side of (2.12). We use the inductive assumption for the first operator A^γ O_p(1)A^{m−d}η to get

∫_s 0 ‖T (s − t)A^γ O_p(1)A^{m−d}ηT (t)ωA‖ dt = O(1)

∫_s 0 (s − t)^{−γ} dt = O(1).

It remains to check the case m = 0 in order that the induction goes well. To this end, we have only to show that

‖Φ(s)‖ = ‖ ‖ ‖ ‖ ∫_s 0 T (s − t)[H_0, ψ]ηT (t)ωA dt ‖ ‖ ‖ ‖ = O(1)

uniformly in s. By (2.11), supp η ∩ supp ω = ∅. We take the commutator between η and T (t) to obtain that

Φ(s) =

∫_s 0 ∫_t 0 T (s − t)[H_0, ψ]T (t − σ)[H_0, η]T (σ)ωA dσ dt.

Since [H_0, ψ] = A^{1/2}O_p(1) and [H_0, η] = A^{3/4}O_p(1)A^{−1/4}, Φ(s) obeys

‖Φ(s)‖ = O(1)

∫_s 0 ∫_t 0 (s − t)^{−1/2}(t − σ)^{−3/4}σ^{−3/4} dσ dt = O(1).

This enables us to push forward an inductive argument and we obtain the uniform boundedness of Φ_m(s) = A^mψT (s)ωA.

We proceed to the other operator A^mψT (s)ψA^{−m}. By assumption, V (x) is smooth on the support of ψ. Hence it follows by elliptic regularity and by interpolation that A^mψ(H + 1)^{−m}, (H + 1)^mψA^{−m} : L^2 → L^2

are bounded. This implies that

A^mψT (s)ψA = ( A^mψ(H + 1)^{−m} ) T (s) ( (H + 1)^mψA^{−m} )

is also bounded uniformly in s ∈ [0, 1]. Thus the proof of (1) is complete.

(2) As already seen, A^mψ(H + 1)^{−m} : L^2 → L^2 is bounded and hence

‖A^mψT (s)‖ = O(1)‖(H + 1)^m exp(−sH)‖ = O(s^{−m}).

A similar argument applies to the second operator

A^mψT (s)A = A^mψ(H + 1)^{−m} ( (H + 1)^{m+1}T (s) ) (H + 1)^{−1}A

and (2) is proved. � Proof of Lemma 2.4. (1) Since ψ vanishes on the support of ω, (1) is shown as an immediate consequence of pseudodifferential calculus. This is also obtained by making repeated use of relation (2.10). (2) The operator in (2) is represented as

A^m[g, T_0(τ)]A^{−m−1/2} =

∫_τ 0 T_0(s) ( A^m[H_0, g]A^{−m−1/2} ) T_0(τ − s) ds

by use of (2.10), and a pseudodifferential calculus shows that the integrand is uniformly bounded. This proves (2). (3) We represent the commutator as

[A^mψT (s), T_0(τ)] =

∫_τ 0 T_0(t)[H_0, A^mψT (s)]T_0(τ − t) dt.

The commutator in the integrand is further calculated as

[H_0, A^mψT (s)] = A^m[H_0, ψ]T (s) + A^mψH_0T (s) − A^mψT (s)H_0. If s ≥ δ > 0, then it follows from Lemma 2.1 (2) that the first and second operators on the right hand side are bounded, and the boundedness of the third operator also follows from the relation A^mψT (s)H_0 = A^mψ(H + 1)T (s) ( (H + 1)^{−1}H_0 ) . Thus (3) is proved. �

3. Properties of difference operator D(τ) : Proof of Lemma 2.2

In this section we show some properties of operator D(τ) defined by (2.4) through a series of lemmas. Then Lemma 2.2 is obtained as a result of these lemmas. We use the constant α, 0 < α < 1, with the meaning ascribed in (1.7) in the statement of the lemmas.

Lemma 3.1 The operator D(τ) has the following properties : (1) D(τ)A^{−α} = O_p(τ) (2) A^{−1}D(τ)A^{−1} = O_p(τ^2) (3) AD(τ)A^{−α} = O_p(1)

Proof. (1) We write D(τ) as D(τ) = (T (τ) − T_0(τ)) + (T_0(τ) − K(τ)) = F_1(τ) + F_2(τ)

(3.1) and we represent F_1(τ) and F_2(τ) in the integral form

F_1(τ) = −

∫_τ 0 T (t)V T_0(τ − t) dt, F_2(τ) =

∫_τ 0 T_0(τ/2) exp(−tV )V T_0(τ/2) dt.

Then it follows from (1.7) that F_1(τ)A^{−α} and F_2(τ)A^{−α} are both of class O_p(τ).

(2) If we decompose A^{−1}T (τ)A^{−1} into the product of three operators A^{−1}T (τ)A^{−1} = ( A^{−1}(H + 1) ) ( (H + 1)^{−1}T (τ)(H + 1)^{−1} ) ( (H + 1)A^{−1} ) , then it follows from (2.13) that A^{−1}T (τ)A^{−1} = A^{−1} (1 − τH) A^{−1} + O_p(τ^2) and also we have

A^{−1}K(τ)A^{−1} = A^{−1}T_0(τ/2) (1 − τV ) T_0(τ/2)A^{−1} + O_p(τ^2) = A^{−1} (1 − τH_0 − τV ) A^{−1} + O_p(τ^2) by (1.7). The two relations above yield (2).

(3) Let F_1(τ) and F_2(τ) be as in (3.1). Since AT_0(τ/2) = O_p(τ^{−1}), it is easy to see that AF_2(τ)A^{−α} = O_p(1). We decompose F_1(τ) into the sum

F_1(τ) = −

(∫_{τ /2} 0 + ∫_τ

τ /2 ) T (t)V T_0(τ − t) dt = F_{11}(τ) + F_{12}(τ).

For the same reason as above, we see that AF_{12}(τ)A^{−α} = O_p(1). On the other hand, AF_{11}(τ)A^{−α} takes the form

AF_{11}(τ)A^{−α} = ( A(H + 1)^{−1}

) ∫ τ /2 0 T^′(t)V A^{−α}T_0(τ − t) dt + O_p(τ) = O_p(1)

∫_{τ /2} 0 T (t)V A^{−α}H_0T_0(τ − t) dt + O_p(1) by partial integration. Since H_0T_0(τ − t) = O_p(τ^{−1}) for t, 0 < t < τ/2, it follows that AF_{11}(τ)A^{−α} = O_p(1). This proves (3). �

We here introduce some auxiliary operators. Let ψ, θ and η be as in (2.11). We define H_1 = H_0 + W, W = ηV,

(3.2) where W = ηV ∈ C^∞_0 (R^n → R). We further set

T_1(s) = exp(−sH_1), K_1(τ) = T_0(τ/2) exp(−τW )T_0(τ/2).

(3.3)

The semigroup T_1(t) enjoys the same properties as in Lemma 2.1, and D(τ) is decomposed into the sum D(τ) = D_1(τ) + D_2(τ) + D_3(τ),

(3.4) where

D_1(τ) = T (τ) − T_1(τ), D_2(τ) = T_1(τ) − K_1(τ), D_3(τ) = K_1(τ) − K(τ). Lemma 3.2 A^mψD_1(τ) = O_p(τ^∞), A^mψD_3(τ) = O_p(τ^∞).

Proof. Let η ∈ C^∞_0 (R^n) be as in (3.2). We set χ = 1 − η for η as above. Then ψχ = 0. We represent D_1(τ) in the integral form D_1(τ) = −

∫_τ 0 T_1(s)χV T (τ − s) ds.

(3.5) Since A^mψT_1(s)χA = O_p(τ^∞) for s, 0 ≤ s ≤ τ, by pseudodifferential calculus, it follows from (1.7) that A^mψD_1(τ) is also of class O_p(τ^∞). The operator D_3(τ) is represented in the integral form D_3(τ) = T_0(τ/2) ( e^{−τ W} − e^{−τ V} ) T_0(τ/2) = ∫_τ 0 T_0(τ/2)e^{−sW} χV e^{−(τ −s)V} T_0(τ/2) ds.

(3.6) Since A^mψT_0(τ/2)e^{−sW} χA = O_p(τ^∞), we have A^mψD_3(τ) = O_p(τ^∞). This completes the proof. � Lemma 3.3 Let D_2(τ) be as in (3.4). Then one has : (1) A^mψD_2(τ)ωA = O_p(τ^3).

(2) A^mD_2(τ)A^{−m+κ} = O_p(τ^{2−κ}) for κ, 0 ≤ κ ≤ 1, and if, in particular, m = 0 and κ = 0, then D_2(τ) = O_p(τ^2).

Proof. We first recall that W = ηV ∈ C^∞_0 (R^n). The proof makes repeated use of relation (2.10). We calculate K^′_1(s) = (d/ds)K_1(s) as K^′_1(s) = −H_1K_1(s) + R_1(s) + R_2(s), where

R_1(s) = −[T_0(s/2), W ]e^{−sW} T_0(s/2), R_2(s) = −T_0(s/2)[e^{−sW} , H_0/2]T_0(s/2). We can further calculate the remainder terms as follows : R_1(s) = R_0(s) + R_{10}(s), R_2(s) = −R_0(s) + R_{20}(s), where R_0(s) = sT_0(s/2)[H_0/2, W ]e^{−sW} T_0(s/2), and

R_{10}(s) =

∫_s 0 ∫_t 0 T_0((s − σ)/2)[H_0/2, [H_0/2, W ]]T_0(σ/2)e^{−sW} T_0(s/2) dσ dt, R_{20}(s) = −

∫_s 0 ∫_t 0 T_0(s/2)e^{−σW} [W, [W, H_0/2]]e^{−(s−σ)W} T_0(s/2) dσ dt.

Hence the Duhamel principle yields D_2(τ) = −

∫_τ 0 T_1(τ − s) (R_{10}(s) + R_{20}(s)) ds.

(3.7)

(1) Note that ψ ∈ C^∞_0 (R^n) vanishes on the support of ω. We see by pseudodifferential calculus that the two operators

A^mψT_1(τ − s)T_0((s − σ)/2)[H_0/2, [H_0/2, W ]]T_0(σ/2)e^{−sW} T_0(s/2)ωA : L^2 → L^2 and A^mψT_1(τ − s)T_0(s/2)e^{−σW} [W, [W, H_0/2]]e^{−(s−σ)W} T_0(s/2)ωA : L^2 → L^2 are bounded uniformly in σ, t and s. This yields the desired relation.

(2) The two double commutators in the integrand satisfy

[H_0, [H_0, W ]] = A^{−m+1/2}O_p(1)A^{m+1/2}, [W, [W, H_0]] = A^{−m}O_p(1)A^m by pseudodifferential calculus, and also it is easy to see that A^mT_1(s)A^{−m} and A^me^{−sW} A^{−m} are bounded uniformly in s ∈ [0, τ]. Hence we have

‖A^mD_2(τ)A^{−m+κ}‖ = O(1)

∫_τ 0 ∫_s 0 ∫_t 0 (τ − s)^{−1/2}s^{−(1/2+κ)} dσ dt ds = O(1)

∫_τ 0 (τ − s)^{−1/2}s^{3/2−κ} ds = O(τ^{2−κ}).

This proves (2). �

Lemma 2.2 is obtained as an immediate consequence of Lemmas 3.1, 3.2 and 3.3.

Proof of Lemma 2.2. (1) is nothing but Lemma 3.1 (2), and (2) and (3) follow from Lemmas 3.2 and 3.3 at once. �

The lemma below is used for proving Lemma 2.3 in section 4. Lemma 3.4 Let θ = 1 − ω ∈ C^∞_0 (R^n). Then AωD(τ)θ = O_p(τ). Proof. We decompose D(τ) into the sum (3.4). The integral representation (3.5) of D_1(τ) admits the decomposition

D_1(τ) = −

{∫_{τ /2} 0 + ∫_τ

τ /2 } T (s)V χT_1(τ − s) ds = D_{11}(τ) + D_{12}(τ).

We note that θ vanishes on the support of χ = 1 − η. Since AωT (s) = O_p(τ^{−1}) for s, τ/2 < s < τ, and since A^αχT_1(τ − s)θ = O_p(τ^∞), it follows that AωD_{12}(τ)θ = O_p(τ^∞).

(3.8) By partial integration, AωD_{11}(τ)θ takes the form

AωD_{11}(τ)θ = ( Aω(H + 1)^{−1}

) ∫ τ /2 0 (T^′(s) − T (s)) V χT_1(τ − s)θ ds = O_p(1)

∫_{τ /2} 0 T (s)V χH_1T_1(τ − s)θ ds + O_p(τ^∞), and hence AωD_{11}(τ)θ = O_p(τ^∞). This, together with (3.8), implies that AωD_1(τ)θ is of class O_p(τ^∞). We use Lemma 3.3 (2) with m = κ = 1 to obtain that AωD_2(τ)θ = ( AωA^{−1} ) AD_2(τ)θ = O_p(τ).

We consider AωD_3(τ)θ. By (3.6), this is represented as

AωD_3(τ)θ = (AωT_0(τ/2))

∫_τ 0 e^{−(τ −s)V} (V A^{−α}) ( A^αχe^{−sW} T_0(τ/2)θ ) ds. We have AωT_0(τ/2) = O_p(τ^{−1}) and A^αχe^{−sW} T_0(τ/2)θ = O_p(τ^∞), so that AωD_3(τ)θ is of class O_p(τ^∞). Thus the proof is complete. �

4. Proof of Lemma 2.3

The section is devoted to proving Lemma 2.3.

Proof of Lemma 2.3. (1) We prove by induction on k, 0 ≤ k ≤ N, that ‖AωK(τ)^kψ‖ ≤ M for some constant M > 0 independent of τ and k. The case k = 0 is obvious. We assume as an inductive assumption that ‖AωK(τ)^lψ‖ ≤ M, 0 ≤ l ≤ k − 1,

(4.1) for some M > 0. We may also assume that k ≫ 1 large enough. In fact, it can be seen from the argument below that ‖AωK(τ)^lψ‖ ≤ M_0 for 0 ≤ l ≤ k_0, M_0 being independent of τ, provided that k_0 is fixed. We now write AωK(τ)^kψ as AωK(τ)^kψ = AωT (kτ)ψ − k∑ j=1 Λ_{jk}(τ), where Λ_{jk}(τ) = AωT ((j − 1)τ)D(τ)K(τ)^{k−j} ψ, 1 ≤ j ≤ k.

By Lemma 2.1 (1), we have ‖AωT (kτ)ψ‖ = O(1)

(4.2) uniformly in k. We evaluate each operator Λ_{jk}(τ), and we show that there exists ρ, 0 < ρ < 1, such that k∑ j=1 ‖Λ_{jk}‖ ≤ C + c M^α + ρ M

(4.3)

for some constants c, C > 0 independent of k, M being as in (4.1). This, together with (4.2), implies that ‖AωK(τ)^kψ‖ ≤ C + c M^α + ρ M for another C > 0. Hence we can take M > 0 so large that (4.1) is still true for j = k, and hence the desired uniform boundedness is obtained.

We start with Λ_{1k}(τ) = AωD(τ) (θ + ω) K(τ)^{k−1}ψ.

By Lemmas 3.1 and 3.4, we have ‖AD(τ)A^{−α}‖ = O(1) and ‖AωD(τ)θ‖ = O(1). Hence, by interpolation, it follows from (4.1) that

‖Λ_{1k}(τ)‖ = O(1) + O(1)‖A^αωK(τ)^{k−1}ψ‖ = O(1) + O(1)M^α.

(4.4) Next we evaluate Λ_{jk}(τ) with 2 ≤ j < L < k, where L ≫ 1 is determined later. We decompose it into the sum

Λ_{jk}(τ) = AωT ((j − 1)τ)D(τ) (ω + θ) K(τ)^{k−j}ψ = Λ_{jk1}(τ) + Λ_{jk2}(τ). Note that Lτ ≤ Nτ = 1. Since AωT ((j − 1)τ) is bounded by ‖Aω(H + 1)^{−1}‖ × ‖(H + 1)T ((j − 1)τ)‖ = (j − 1)^{−1}O(τ^{−1})

(4.5) and since D(τ)ω = (D(τ)A^{−α}) A^αω = O_p(τ)A^αω by Lemma 3.1, we have

L−1∑ j=2 ‖Λ_{jk1}(τ)‖ = O(1)

L−1∑ j=2 (j − 1)^{−1}

M^α = O(1) log L × M^α

by interpolation again. On the other hand, the sum

L−1∑ j=2 ‖Λ_{jk2}(τ)‖ = O(1) is uniformly bounded, because D(τ)θ = O_p(τ^2) by Lemma 2.2. This, together with (4.4), implies that

L−1∑ j=1 ‖Λ_{jk}(τ)‖ = O(1) + O(1) log L × M^α.

(4.6)

We consider Λ_{jk}(τ) with L ≤ j ≤ k. We decompose it into the sum Λ_{jk}(τ) = Λ_{jk3}(τ) + Λ_{jk4}(τ) + Λ_{jk5}(τ), where Λ_{jk3}(τ) = AωT ((j − 1)τ)ωD(τ)ωK(τ)^{k−j}ψ, Λ_{jk4}(τ) = AωT ((j − 1)τ)ωD(τ)θK(τ)^{k−j}ψ, Λ_{jk5}(τ) = AωT ((j − 1)τ)θD(τ)K(τ)^{k−j} ψ.

Now let ρ be fixed as 0 < ρ < 1. We use the inductive assumption (4.1) for Λ_{jk3}(τ) = (AωT ((j − 1)τ)ωA) ( A^{−1}D(τ)A^{−1} ) ( AωK(τ)^{k−j}ψ ) . Since AωT ((j − 1)τ)ωA obeys ‖AωT ((j − 1)τ/2)T ((j − 1)τ/2)ωA‖ = (j − 1)^{−2}O(τ^{−2}) by (4.5) and since A^{−1}D(τ)A^{−1} = O_p(τ^2) by Lemma 2.2, we can take L ≫ 1 so large that_k ∑ j=L ‖Λ_{jk3}(τ)‖ = O(1) k∑ j=L (j − 1)^{−2}

M ≤ ρ M,

(4.7) because

∑_∞

j=L j^{−2} → 0 as L → ∞. Since D(τ)θ = O_p(τ^2) by Lemma 2.2, we have k∑ j=L (‖Λ_{jk4}(τ)‖ + ‖Λ_{jk5}(τ)‖) = k∑ j=L (j − 1)^{−1}

O(τ) = O(1).

(4.8)

Thus we combine (4.6) ∼ (4.8) to obtain (4.3) and the proof of (1) is complete.

(2) This is verified by induction on m ≥ 0. The case m = 0 is obvious. We write A^mψK(τ)^k as A^mψK(τ)^k = A^mψT (kτ) − k∑ j=1 Γ_{jk}(τ),

where Γ_{jk}(τ) = A^mψT ((j − 1)τ)D(τ)K(τ)^{k−j}, 1 ≤ j ≤ k.

By Lemma 2.1, the first operator on the right hand side obeys ‖A^mψT (kτ)‖ = k^{−m}O(τ^{−m}).

We assert that_k ∑ j=1 ‖Γ_{jk}(τ)‖ = k^{−m}O(τ^{−m})

(4.9) uniformly in k, 1 ≤ k ≤ N, which implies (2). We may assume that k ≫ 1. By Lemma 3.1, ‖A^{−1}D(τ)‖ = O(τ). If [k/2] < j ≤ k, then ‖A^mψT ((j − 1)τ)A‖ = k^{−m−1}O(τ^{−m−1}) by Lemma 2.1. This implies that ‖Γ_{jk}(τ)‖ = k^{−m−1}O(τ^{−m}), and hence k∑ j=[k/2]+1

‖Γ_{jk}(τ)‖ = k^{−m}O(τ^{−m}).

(4.10)

Next we assume that 1 ≤ j ≤ [k/2]. Let η ∈ C^∞_0 (R^n) be as in (2.11) and let D_j (τ), 1 ≤ j ≤ 3, be as in (3.4). Recall that θ ≺ η, θ + ω = 1 and η + χ = 1. We decompose Γ_{jk}(τ) into the sum Γ_{jk}(τ) = Γ_{jk1}(τ) + Γ_{jk2}(τ) + Γ_{jk3}(τ) + Γ_{jk4}(τ), where Γ_{jk1}(τ) = A^mψT ((j − 1)τ)D_1(τ)K(τ)^{k−j} , Γ_{jk2}(τ) = A^mψT ((j − 1)τ)D_2(τ)χK(τ)^{k−j} , Γ_{jk3}(τ) = A^mψT ((j − 1)τ)D_2(τ)ηK(τ)^{k−j}, Γ_{jk4}(τ) = A^mψT ((j − 1)τ)D_3(τ)K(τ)^{k−j} .

The two operators D_1(τ) and D_3(τ) are easily seen from the integral representation (3.5) and (3.6) to obey A^{−1}D_1(τ) = O_p(τ) and A^{−1}D_3(τ) = O_p(τ). If we write Γ_{jk1}(τ) as

Γ_{jk1}(τ) = ( (B_j (τ)ωA)A^{−1}D_1(τ) + (B_j(τ)A^{−m})(A^mθD_1(τ)) ) K(τ)^{k−j} with B_j (τ) = A^mψT ((j − 1)τ), it follows by Lemmas 2.1 and 3.2 that Γ_{jk1}(τ) = O_p(τ), and hence_{[k/2]} ∑ j=1 ‖Γ_{jk1}(τ)‖ = O(1) = k^{−m}O(τ^{−m}),

(4.11) because k ≤ N = 1/τ. A similar argument applies to Γ_{jk4}(τ), and we get

[k/2]∑

j=1 ‖Γ_{jk4}(τ)‖ = k^{−m}O(τ^{−m}).

(4.12)

We can also show in a similar way that

[k/2]∑

j=1 ‖Γ_{jk2}(τ)‖ = k^{−m}O(τ^{−m}).

(4.13)

In fact, we write Γ_{jk2}(τ) = B_j (τ)D_2(τ)χK(τ)^{k−j} and decompose B_j (τ)D_2(τ)χ into the sum

B_j(τ)D_2(τ)χ = (B_j(τ)ω)D_2(τ)χ + (B_j (τ)A^{−m})A^mθD_2(τ)χ.

Then it follows from Lemmas 2.1 and 3.3 that Γ_{jk2}(τ) = O_p(τ^2), and hence (4.13) is obtained. The inductive assumption is used for

Γ_{jk3}(τ) = ( B_j (τ)A^{−m} ) ( A^mD_2(τ)A^{−m+1/2} ) A^{m−1/2}ηK(τ)^{k−j}.

Then the third factor obeys

‖A^{m−1/2}ηK(τ)^{k−j}‖ = k^{−m+1/2}O(τ^{−m+1/2}), 1 ≤ j ≤ [k/2],

by inductive assumption. By Lemma 3.3 (2) with κ = 1/2, A^mD_2(τ)A^{−m+1/2} = O_p(τ^{3/2}), and hence we have

[k/2]∑

j=1 ‖Γ_{jk3}(τ)‖ = k^{−m+1/2}O(τ^{−m+1}) = k^{−m}O(τ^{−m})

(4.14)

by Lemma 2.1. We combine (4.10) and (4.11) ∼ (4.14) to get (4.9), and the proof of (2) is complete. �

5. Approximation to heat kernel generated by Dirichlet Laplacian

This section is devoted to proving Theorem 1.2. Recall that E_D(x, y; t) is the kernel of the semigroup T_D(t) = exp(−tH_D) : L^2(Ω) → L^2(Ω) generated by the Dirichlet Laplacian H_D and that G_{ND}(x, y; t) is the integral kernel of the operator G_{ND}(t) defined by (1.11), where Ω is assumed to be a bounded domain with smooth boundary. It seems to be difficult to evaluate directly the difference between two kernels E_D(x, y; t) and G_{ND}(x, y; t). The strategy is to introduce the Schrödinger operator with confining potential with large coupling constant as an auxiliary operator. We set τ = t/N ≪ 1 for t > 0 fixed and we write U for the multiplication by the characteristic function of the complement Ω^c of domain Ω. Then we define

H_τ = H_0 + U_τ = H_0 + τ^{−ν} U, T_τ (s) = exp(−sH_τ ) and Π(τ) = exp(−τU_τ )T_0(τ) = exp(−τ^{1−ν} U) exp(−τH_0) with constant ν, 0 < ν < 1/2. These operators act on L^2(R^n) and the constant ν is determined as ν = 1/3 in the course of the proof of Theorem 1.2. For two real smooth functions ψ, η ∈ C^∞_0 (Ω) with support in Ω, we use the notation ψ ≺ η with the meaning ψη = ψ ascribed in (2.1) and we often regard a function with support in Ω as a function over the whole space R^n in a natural way. The proof of Theorem 1.2 is based on the following two propositions.

Proposition 5.1 Let ψ ∈ C^∞_0 (Ω). Then

‖ψ (T_D(s) − T_τ (s)) ψ‖_m = O(τ^σ), τ → 0,

for any m ≥ 0, where σ satisfies 0 < σ < ν/2 and the error bound is locally uniform in s > 0 (s ∈ [1/c, c], c > 1).

Proposition 5.2 Let ψ ∈ C^∞_0 (Ω) and set Π_{Nτ} (t) = Π(τ)^N . Then

‖ψ (T_τ (t) − Π_{Nτ} (t)) ψ‖ = O(τ^{1/2−ν} | log τ|) and ‖ψ (T_τ (t) − Π_{Nτ} (t)) ψ‖_m + ‖ψ (T_τ (t) − Π_{Nτ} (t)^∗) ψ‖_m = O(τ^{−1−ν}) locally uniformly in t > 0.

We complete the proof of Theorem 1.2 before proving these propositions. Propositions 5.1 and 5.2 are proved at the end of this section and in the next section respectively.

Proof of Theorem 1.2. We denote by E_τ (x, y; t) and Π_{Nτ} (x, y; t) the integral kernels of operators exp(−tH_τ ) and Π_{Nτ} (t) respectively. By the maximum principle, we know that 0 ≤ E_D(x, y; s) ≤ E_0(x, y; s), where E_0(x, y; s) is the heat kernel of T_0(s) = exp(−sH_0). Hence it follows that

0 ≤ E_D(x, y; t) ≤ G_{ND}(x, y; t) ≤ Π_{Nτ} (x, y; t)

over Ω × Ω. We estimate the difference E_D(x, y; t) − G_{ND}(x, y; t) in question as

|E_D(x, y; t) − G_{ND}(x, y; t)| ≤ Π_{Nτ} (x, y; t) − E_D(x, y; t) = (Π_{Nτ} (x, y; t) − E_τ (x, y; t)) + (E_τ (x, y; t) − E_D(x, y; t)) .

(5.1)

Let ψ ∈ C^∞_0 (Ω). By Proposition 5.1 and Lemma 1.1, we see that the second term on the right side of (5.1) obeys

|ψ (E_τ (x, y; t) − E_D(x, y; t)) ψ| = O(τ^σ) for any σ, 0 < σ < ν/2, and Proposition 5.2 enables us to take m ≫ 1 so large that the first term satisfies |ψ (Π_{Nτ} (x, y; t) − E_τ (x, y; t)) ψ| = O(τ^μ) for any μ, 0 < μ < 1/2 − ν. We now choose ν = 1/3. Then ν/2 = 1/2 − ν = 1/6 and we obtain that E_D(x, y; t) − G_{ND}(x, y; t) obeys the desired bound O(τ^σ), 0 < σ < 1/6. � Remark 5.1 We note that the convergence in Theorem 1.2 is still valid in the C^∞ sense. Roughly speaking, this is verified in the following way. By Theorem 1.2, it follows that ‖ψ (T_D(t) − G_{ND}(t)) ψ‖ = O(τ^σ) for any σ, 0 < σ < 1/6. We can also show that ‖H^m_D ψ (T_D(t) − G_{ND}(t)) ψ‖ = O(τ^{−1}) for any m ≫ 1 as an operator acting on L^2(Ω). This, together with Lemma 1.1, yields the desired result. We are going to discuss the detailed matter elsewhere.

We end the section by proving Proposition 5.1.

Proof of Proposition 5.1. Recall that J : L^2 = L^2(R^n) → L^2(Ω) is the restriction defined by (Jf) (x) = f(x) for x ∈ Ω. The proof relies on Theorem 3.3 of [3] (see Theorem 8.31 of [2] also). According to the theorem, JT_τ (s) − T_D(s)J satisfies ‖JT_τ (s) − T_D(s)J‖ ≤ g_σ(s)τ^σ, s > 0,

(5.2) as a bounded operator from L^2 to L^2(Ω), where σ > 0 is as in the proposition, and g_σ(s) is locally integrable over [0, ∞). It should be noted that g_σ(s) is integrable near s = 0. Let φ, η ∈ C^∞_0 (Ω) with 0 ≤ φ, η ≤ 1. Then it follows from (5.2) that ‖η (T_τ (s) − T_D(s)) φ‖ ≤ g_σ(s)τ^σ.

(5.3) We set w(t) = φ(u(t)−v(t)), where u(t) = T_D(t)φf and v(t) = T_τ (t)φf with f ∈ L^2. Then w solves ∂_tw + H_0w = [φ, H_0](v − u), w(0) = 0.

The solution w(t) is given by the Duhamel principle

w(t) =

∫_t 0 T_0(t − s)[φ, H_0] (v(s) − u(s)) ds.

We may assume that ψ ≺ φ ≺ η. Then ψ vanishes and η = 1 on the support of ∇φ. Hence A^mψT_0(s)[φ, H_0] : L^2 → L^2 is bounded uniformly in s ≥ 0, and we obtain ‖A^mψ (T_D(t) − T_τ (t)) ψ‖ = O(τ^σ) by (5.3). This proves the proposition. �

6. Proof of Proposition 5.2

The proof of Proposition 5.2 is based on the idea from Rogava [15]. We begin by stating a series of lemmas used in proving the proposition. Let A = H_0 + 1 be as in (1.6). We define

A_τ = A + U_τ = A + τ^{−ν} U, S_τ (s) = exp(−sA_τ ) and Λ(τ) = exp(−τU_τ )S_0(τ) = exp(−τ^{1−ν} U)S_0(τ),

where S_0(s) = exp(−sA). According to the above notation, the difference T_τ (t) − Π(τ)^N in Proposition 5.2 is represented as

T_τ (t) − Π(τ)^N = e^t ( S_τ (t) − Λ(τ)^N )

and hence it suffices to prove the proposition for S_τ (t) − Λ(τ)^N .

Lemma 6.1 The operators A and A_τ satisfy the following relations : (1) A^{−1/2}_τ A^{1/2} = O_p(1). (2) A^{−1}_τ A = O_p(τ^{−ν/2}). (3) A^{1/2}_τ A^{−1/2} = O_p(τ^{−ν/2}).

Lemma 6.2 Let m ≥ 0. Suppose that ψ ≺ θ, and set ω = 1 − θ. Then S_τ (s) obeys the following bounds uniformly in s ∈ [0, t], t > 0 being fixed. (1) A^mψS_τ (s)ψA^{−m} = O_p(1). (2) A^mψS_τ (s)ω = O_p(τ^{−ν} ).

Lemma 6.3 Let Γ(τ) be defined by

Γ(τ) = S_0(τ/2) exp(−τU_τ )S_0(τ/2) = S_0(τ/2) exp(−τ^{1−ν} U)S_0(τ/2),

and let E_A(λ), λ > 0, be the spectral resolution associated with A = H_0 + 1. Set P_τ = E_A((0, 1/τ)) and Q_τ = Id − P_τ . Then Γ(τ)^j takes the form

Γ(τ)^j = ( τ^{−1/2}A^{−1/2}P_τ + Q_τ ) B_j (τ), 1 ≤ j ≤ N,

where B_j (τ) : L^2 → L^2 obeys the bound ‖B_j(τ)‖ = O(j^{−1/2}) uniformly in τ.

Lemma 6.4 Let ψ ∈ C^∞_0 (Ω). Define R(τ) = S_τ (τ) − Γ(τ), R̃(τ) = S_τ (τ) − Λ(τ).

(6.1) Then these two operators have the following properties : (1) A^mψR(τ) = O_p(τ^∞) and similarly for R̃(τ). (2) A^{−1}_τ R(τ)A^{−1/2} = O_p(τ^{3/2−ν} ). (3) A^{−1}_τ R(τ) = O_p(τ^{1−ν} ).

We prove these lemmas after completing the proof of Proposition 5.2. For brevity, we prove the proposition and lemmas for the case t = 1 only, so that τ = 1/N. Proof of Proposition 5.2. Let Γ(τ) be as in Lemma 6.3. We first prove that ‖ψ ( S_τ (1) − Γ(τ)^N ) ψ‖ = O(τ^{1/2−ν} | log τ|).

(6.2) The difference is represented as ψ ( S_τ (1) − Γ(τ)^N ) ψ = ψ ( S_τ (τ)^N − Γ(τ)^N ) ψ = N∑ k=1 X_k(τ),

where X_k(τ) = ψS_τ ((k − 1)τ)R(τ)Γ(τ)^{N−k}ψ and R(τ) is defined by (6.1). If k = 1 or N, then it follows from Lemma 6.4 that X_1(τ) = O_p(τ^∞) and X_N (τ) = O_p(τ^∞). When 2 ≤ k ≤ N − 1, we decompose X_k(τ) into the product

X_k(τ) = (ψS_τ ((k − 1)τ)A_τ ) ( A^{−1}_τ R(τ) ) ( τ^{−1/2}A^{−1/2}P_τ + Q_τ ) B_{N−k}(τ)ψ by Lemma 6.3. Hence X_k(τ) obeys ‖X_k(τ)‖ = (k − 1)^{−1}(N − k)^{−1/2}O(τ^{−ν} ) by Lemmas 6.3 and 6.4. This implies (6.2). Once (6.2) is established, we can show in almost the same way as in the proof of Proposition 1.1 that ‖ψ ( S_τ (1) − Λ(τ)^N ) ψ‖ = O(τ^{1/2−ν} | log τ|).

We skip the details.

Next we shall show that ‖A^mψ ( S_τ (1) − Λ(τ)^N ) ψ‖ = O(τ^{−1−ν} )

(6.3) for any m > 0. To prove this, we write A^mψ ( S_τ (1) − Λ(τ)^N ) ψ = N∑ k=1 Y_k(τ), where Y_k(τ) = A^mψS_τ ((k − 1)τ)R̃(τ)Λ(τ)^{N−k}ψ and R̃(τ) is as in Lemma 6.4. Let ψ ≺ θ ≺ η and set ω = 1 − θ. Then Y_k(τ) admits the decomposition Y_k(τ) = (A^mψS_τ ((k − 1)τ)ω) R̃(τ)Λ(τ)^{N−k}ψ + ( A^mψS_τ ((k − 1)τ)θA^{−m} ) ( A^mηR̃(τ) ) Λ(τ)^{N−k}ψ.

By Lemma 6.2, the first operator on the right hand side obeys the bound O(τ^{−ν}), and by Lemmas 6.2 and 6.4, the second one obeys O(τ^∞). Hence (6.3) is obtained. We can show in a similar way that ‖A^mψ ( S_τ (1) − (Λ(τ)^∗)^N ) ψ‖ = O(τ^{−1−ν} ) for any m > 0. Thus the proof of the proposition is complete. � It remains to prove Lemmas 6.1 ∼ 6.4.

Proof of Lemma 6.1. (1) Since A_τ ≥ A and A_τ ≥ τ^{−ν} U in the form sense, (1) follows at once. (2) Similarly we have UA^{−1/2}_τ = O_p(τ^{ν/2}).

(6.4) If we write A^{−1}_τ A = 1 − τ^{−ν} A^{−1}_τ U, then (2) follows from (6.4). (3) We calculate A_τ A^{−1} = 1 + τ^{−ν} UA^{−1} = O_p(τ^{−ν} ).

Hence (3) is obtained by interpolation. � Proof of Lemma 6.2. (1) Since ψ has support in Ω, it follows by elliptic regularity and by interpolation that A^mψS_τ (s)ψA^{−m} = ( A^mψA^{−m}_τ ) S_τ (s) ( A^m_τ ψA^{−m} ) = O_p(1) uniformly in s. (2) We represent S_τ (s) as S_τ (s) = S_0(s) − τ^{−ν}

∫_s 0 S_0(t)US_τ (s − t) dt.

As is easily seen, A^mψS_0(s)ω = O_p(1) and A^mψS_0(s)U = O_p(1). Hence we have A^mψS_τ (s)ω = O_p(τ^{−ν} ). � Proof of Lemma 6.3. We first note that 0 ≤ Γ(τ) ≤ S_0(τ) ≤ 1

(6.5) in the form sense. We decompose Γ(τ)^j into the product Γ(τ)^j = E_j (τ) ( τ^{−1/2}A^{−1/2}P_τ + Q_τ ) , where E_j (τ) = F_j (τ)L(τ)L_0(τ) with F_j(τ) = Γ(τ)^j (1 − Γ(τ))^{1/2}, and L(τ) = (1 − Γ(τ))^{−1/2}(1 − S_0(τ))^{1/2}, L_0(τ) = (1 − S_0(τ))^{−1/2} ( τ^{1/2}A^{1/2}P_τ + Q_τ ) . It is easy to see that ‖F_j (τ)‖ = O(j^{−1/2}) uniformly in τ, and also it follows from (6.5) that ‖L(τ)‖ ≤ 1. There exists c > 0 such that ( 1 − e^{−λ}

)_{−1/2}

λ^{1/2} ≤ c for 0 < λ ≤ 1 and ( 1 − e^{−λ}

)_{−1/2}

≤ c for λ ≥ 1. This implies that ‖L_0(τ)‖ ≤ c. If we put B_j(τ) = E_j (τ)^∗, then we combine these estimates to obtain the lemma. � Proof of Lemma 6.4. (1) We decompose R(τ) into the sum R(τ) = (S_τ (τ) − S_0(τ)) + (S_0(τ) − Γ(τ)) = R_1(τ) + R_2(τ).

The first operator R_1(τ) is represented in the integral form R_1(τ) = −τ^{−ν}

∫_τ 0 S_0(s)US_τ (τ − s) ds.

As is easily seen, A^mψS_0(s)U = O_p(τ^∞) uniformly in s ∈ [0, τ], and hence A^mψR_1(τ) is of class O_p(τ^∞). The second operator R_2(τ) equals R_2(τ) = S_0(τ/2) ( 1 − exp(−τ^{1−ν} U) ) S_0(τ/2).

Since 1−exp(−τ^{1−ν} U) vanishes over Ω, we can easily see that A^mψR_2(τ) = O_p(τ^∞). Thus A^mψR(τ) = O_p(τ^∞). A similar argument applies to R̃(τ).

(2) By definition, we have A^{−1}_τ R(τ)A^{−1/2} = A^{−1}_τ (S_τ (τ) − Γ(τ)) A^{−1/2}.

If we write A^{−1}_τ S_τ (τ)A^{−1/2} as A^{−1}_τ S_τ (τ)A^{−1/2} = ( A^{−1}_τ exp(−τA_τ )A^{−1/2}_τ ) A^{1/2}_τ A^{−1/2}, then it follows from Lemma 6.1 (3) that A^{−1}_τ S_τ (τ)A^{−1/2} = A^{−1}_τ (1 + τA_τ ) A^{−1/2} + O_p(τ^{3/2−ν/2}).

(6.6) On the other hand, A^{−1}_τ Γ(τ)A^{−1/2} takes the form

A^{−1}_τ Γ(τ)A^{−1/2} = A^{−1}_τ S_0(τ/2) ( 1 + τ^{1−ν} U + O_p(τ^{2(1−ν)}) ) S_0(τ/2)A^{−1/2} = A^{−1}_τ ( S_0(τ) + τ^{1−ν} S_0(τ/2)US_0(τ/2) ) A^{−1/2} + O_p(τ^{2(1−ν)}).

We obtain

A^{−1}_τ S_0(τ)A^{−1/2} = A^{−1}_τ A ( A^{−1}S_0(τ)A^{−1/2} ) = A^{−1}_τ (1 + τA) A^{−1/2} + O_p(τ^{3/2−ν} ) by Lemma 6.1 and we decompose A^{−1}_τ S_0(τ/2)US_0(τ/2)A^{−1/2} into the product A^{−1/2}_τ ( A^{−1/2}_τ A^{1/2} ) ( A^{−1/2}S_0(τ/2) ) U ( S_0(τ/2)A^{−1/2} ) to obtain that

τ^{1−ν} A^{−1}_τ S_0(τ/2)US_0(τ/2)A^{−1/2} = τA^{−1}_τ U_τ A^{−1/2} + O_p(τ^{3/2−ν} ). Thus it follows that A^{−1}_τ Γ(τ)A^{−1/2} = A^{−1}_τ (1 + τA_τ ) A^{−1/2} + O_p(τ^{3/2−ν} ), which, together with (6.6), yields the desired bound.

(3) This is shown in almost the same way as (2). We have A^{−1}_τ S_τ (τ) = A^{−1}_τ + O_p(τ) and

A^{−1}_τ Γ(τ) = A^{−1}_τ S_0(τ/2) ( 1 + O_p(τ^{1−ν} ) ) S_0(τ/2) = A^{−1}_τ + O_p(τ^{1−ν} ).

This proves (3). �

7. Appendix. We conclude the paper by proving (1.8). The Whittaker functions M_{κ,μ}(z) and W_{κ,μ}(z), z ∈ C, satisfy the equation W^{′′} + ( −1/4 + κ/z + (μ^2 − (1/4))/z^2 ) W = 0 as a pair of linearly independent solutions. The proof uses the functions with μ = 1/2 only. We set M_κ(z) = M_{κ,1/2}(z) and W_κ(z) = W_{κ,1/2}(z), which solve W^{′′} + (−1/4 + κ/z) W = 0.

(7.1) These functions are known to have the following asymptotic properties ([16]) : M_κ(z) = z + O(|z|^2), |z| → 0,

(7.2) W_κ(z) ∼ e^{−z/2}z^κ, |z| → ∞, −π < arg z < π,

(7.3)

M_κ(z) ∼ − ( e^{−iκπ}/Γ(1 + κ) ) e^{−z/2}z^κ + (1/Γ(1 − κ)) e^{z/2}z^{−κ}, |z| → ∞,

(7.4) along −π/2 < arg z < 3π/2, where Γ(p) is the gamma function. The Wronskian is calculated as W (M_κ, W_κ) = −1/Γ(1 − κ)

(7.5) by (7.3) and (7.4), provided that κ is not a positive integer.

We now consider the Schrödinger operator H = H_0 + V with the positive Coulomb potential V (x) = c/|x|, c > 0, in three dimensions. We work in the polar coordinate system. Let U be the unitary operator defined by (Uv) (r, θ) = rv(rθ) : L^2(R^3) → L^2(0, ∞) ⊗ L^2(S^2), where r = |x| ∈ (0, ∞) and θ = x/|x| ∈ S^2. Then the adjoint operator U^∗ is defined by (U^∗u) (x) = |x|^{−1}u(|x|, x/|x|), and we have UHU^∗ = −d^2/dr^2 + c/r + Δ_S /r^2, where Δ_S denotes the Laplace–Beltrami operator acting on L^2(S^2). As is well known, Δ_S has eigenvalues l(l+1) with multiplicity 2l+1, l ≥ 0 being a nonnegative integer, and the normalized eigenfunction associated with zero eigenvalue is the constant function (4π)^{−1/2}. The value E(0, 0; t) in (1.8) is determined only by a contribution from l = 0. We denote by h_0 = −d^2/dr^2 + c/r the self–adjoint operator in L^2(0, ∞) with the vanishing boundary condition at r = 0 and by g_0(r, ρ; ζ), Im ζ ≠ 0, the Green function of the resolvent (h_0 − ζ)^{−1}. Then the spectral function e_0(r, ρ; λ), λ > 0, is defined by e_0(r, ρ; λ) = (2πi)^{−1} (g_0(r, ρ; λ + i0) − g_0(r, ρ; λ − i0)) and the value E(0, 0; t) is given by E(0, 0; t) =

∫_∞ 0 e^{−tλ}s_0(λ) dλ, where s_0(λ) = (4π)^{−1} lim_{ρ→0} lim_{r→0} r^{−1}e_0(r, ρ; λ)ρ^{−1}. We assert that

s_0(λ) = (c/4π) ( e^{cπ/√λ} − 1

)_{−1} . (7.6) To show this, we calculate g_0(r, ρ; λ ± iε). If we take account of (7.1) ∼ (7.5), then the standard way yields

g_0(r, ρ; λ ± iε) = (Γ(1 − κ_±)/σ_±) M_{κ±} (σ_±(r ∧ ρ))W_{κ±} (σ_±(r ∨ ρ)) after making a change of variables, where r ∧ ρ = min (r, ρ), r ∨ ρ = max (r, ρ), and σ_± = σ_±(ε) = ∓2i(λ ± iε)^{1/2}, κ_± = κ_±(ε) = ∓i(c/2)(λ ± iε)^{−1/2} with ±Im(λ ± iε)^{1/2} > 0. If we further set σ = 2iλ^{1/2} and κ = (ic/2)λ^{−1/2}, then σ_±(ε) → ∓σ and κ_±(ε) → ∓κ as ε → 0. Thus

g_0(r, ρ; λ ± i0) = ∓ (Γ(1 ± κ)/σ) M_{∓κ}(∓σ(r ∧ ρ))W_{∓κ}(∓σ(r ∨ ρ)). By (7.2), lim_{r→0} r^{−1}M_{∓κ}(∓σr) = ∓σ, and hence we have lim_{r→0} r^{−1}e_0(r, ρ; λ) = (2πi)^{−1}Γ(1 + κ)Γ(1 − κ)Y (ρ; λ), where Y (ρ; λ) = (1/Γ(1 − κ)) W_{−κ}(−σρ) − (1/Γ(1 + κ)) W_κ(σρ).

By (7.3), Y (ρ; λ) behaves like

Y (ρ; λ) ∼ (1/Γ(1 − κ)) e^{σρ/2}(−σρ)^{−κ} − (1/Γ(1 + κ)) e^{−σρ/2}(σρ)^κ as ρ → ∞, and arg(−σρ) = arg(−i2λ^{1/2}ρ) must equal −π/2. Hence (−σρ)^{−κ} = e^{iκπ}(σρ)^{−κ}, and it follows from (7.4) that Y (ρ; λ) = e^{iκπ}M_κ(σρ). This yields lim_{r→0} r^{−1}e_0(r, ρ; λ) = (2πi)^{−1}κ (π/ sin κπ) e^{iκπ}M_κ(σρ) by the formula Γ(1 + κ)Γ(1 − κ) = κΓ(κ)Γ(1 − κ) = κ (π/ sin κπ). Thus s_0(λ) = (4π)^{−1}(2πi)^{−1}κσ (π/ sin κπ) e^{iκπ} = (c/4π) ( e^{cπ/√λ} − 1

)_{−1}

by (7.2). We can get the desired relation (7.6). If we let c → 0, then E(0, 0; t) → (4π)^{−1}

∫_∞ 0 e^{−tλ}λ^{1/2} dλ = (4πt)^{−3/2}.

The limit just coincides with the value corresponding to the free Hamiltonian H_0.

References

[1] S. Agmon, On kernels, eigenvalues, and eigenfunctions of operators related to elliptic problems, Comm. Pure Appl. Math., 18 (1965), 627–663.

[2] M. Demuth and J.A. van Casteren, Stochastic Spectral Theory for Selfadjoint Feller Operators – A functional integration approach, Birkhäuser 2000.

[3] M. Demuth, W. Kirsch and I. McGillivray, Schrödinger semigroups – geometric estimates in terms of the occupation time, Commun. PDE, 20 (1995), 37–57.

[4] P. Facchi, S. Pascazio, A. Scardicchio and L.S. Schulman, Zeno dynamics yields ordinary constraints, Phys. Rev. A, 65 (2002), 012108.

[5] C.N. Friedman, Semigroup product formulas, compressions, and continual observations in quantum mechanics, Indiana Univ. Math. J., 21 (1972), 1001– 1011.

[6] J. Glimm and A. Jaffe, Quantum Physics, A Functional Integral Point View, second edition, Springer 1987.

[7] B. Helffer, Around the transfer operator and the Trotter–Kato formula, Oper.

Theory Adv. Appl., 78 (1995), 161–174.

[8] T. Ichinose, Time–sliced approximation to path integral and Lie–Trotter–Kato product formula, A Garden of Quanta, Essays in Honor of Hiroshi Ezawa, 77– 93, World Scientific 2003.

[9] T. Ichinose, H. Neidhardt and V. A. Zagrebnov, Trotter–Kato product formula and fractional powers of self–adjoint generators, J. Func. Anal., 207 (2004), 33–57.

[10] T. Ichinose and H. Tamura, The norm convergence of the Trotter–Kato product formula with error bound, Commun. Math. Phys., 217 (2001), 489–502; Erratum, ibid. 254 (2005), 255.

[11] T. Ichinose and H. Tamura, Sharp error bound on norm convergence of exponential product formula and approximation to kernels of Schrödinger semigroups, Commun. Part. Differ. Eq., 29 (2004), 1905–1918.

[12] T. Ichinose, H. Tamura, Hiroshi Tamura and V. Zagrebnov, Note on the paper ”The norm convergence of the Trotter–Kato product formula with error bound” by Ichinose and Tamura, Commun. Math. Phys., 221 (2001), 499–510.

[13] T. Kato, Trotter’s product formula for an arbitrary pair of self–adjoint contraction semigroups, Topics in Functional Analysis, Adv. Math. Suppl. Studies, 3 185–195, I. Gohberg and M. Kac, eds., Academic Press 1978.

[14] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol II, Fourier Analysis, Self–Adjointness, Academic Press 1975.

[15] D. L. Rogava, Error bounds for Trotter–type formulas for self–adjoint operators, Func. Anal. Appl., 27 (1993), 217–219.

[16] L. J. Slater, Confluent Hypergeometric Functions, Cambridge at the university press 1960.

[17] S. Takanobu, On the estimate of the integral kernel for the Trotter product formula for Schrödinger operators, Ann. Probab., 25 (1997), 1895–1952.

[18] Hiroshi Tamura, A remark on operator–norm convergence of Trotter–Kato product formula, Integral Equations Operator Theory, 37 (2000), 350–356.

[19] H. F. Trotter, On the product of semigroups of operators, Proc. Amer. Math.

Soc., 10 (1959), 545–551.

[20] V. A. Zagrebnov, Topics in the Theory of Gibbs Semigroups, Leuven Notes in Mathematical and Theoretical Physics, Vol. 10, Leuven University Press 2003.

————————————————-

Department of Mathematics, Kanazawa University, Kanazawa, 920–1192, Japan e–mail: ichinose@kenroku.kanazawa-u.ac.jp

Department of Mathematics, Okayama University, Okayama, 700–8530, Japan e–mail: tamura@math.okayama-u.ac.jp