RIGOROUS DERIVATION OF THE CUBIC NLS IN DIMENSION ONE

RICCARDO ADAMI, FRANÇOIS GOLSE, AND ALESSANDRO TETA

Abstract. We derive rigorously the one-dimensional cubic nonlinear Schrödinger equation from a many-body quantum dynamics. The interaction potential is rescaled through a weak-coupling limit together with a short-range one. We start from a factorized initial state, and prove propagation of chaos with the usual two-step procedure: in the former step, convergence of the solution of the BBGKY hierarchy associated to the many-body quantum system to a solution of the BBGKY hierarchy obtained from the cubic NLS by factorization is proven; in the latter, we show the uniqueness for the solution of the infinite BBGKY hierarchy.

1. Introduction

Consider a system of N identical bosons in dimension one, interacting via a pair potential U. According to the axioms of quantum mechanics, the time evolution of the wave function Ψ_N (t; X_N ) of the system is ruled by a many-body Schrödinger equation, which in suitable units reads

(1.1) i∂_tΨ_N (t; X_N ) = − N∑ j=1 ∂^2_{xj} Ψ_N (t; X_N ) + ∑ 1≤j<k≤N

U(x_j − x_k)Ψ_N (t; X_N ).

where X_N = (x_1, . . . , x_N ) ∈ R^n is the collection of the coordinates of the particles. We recall that Ψ_N (t) is an element of L^2(R^N ) and, due to the undistinguishability of particles, satisfies the symmetry property (1.2) Ψ_N (t; x_{σ(1)}, . . . , x_{σ(N)}) = Ψ_N (t; x_1, . . . x_N ). for any permutation σ of the indices (1, . . . , N).

In this note we show that if the number of particles goes to infinity then the system can be described by the non linear one-particle equation (1.3) i∂_tψ(t; x) = −∂^2_xψ(t; x) + α|ψ(t; x)|^2ψ(t; x), provided that the initial data for equation (1.1) consist of a factorized state Ψ^I_N = (ψ^I )^{⊗N} , and that the interaction potential is suitably rescaled. More specifically, we require that the strength of the potential decreases like the inverse of the total number of particles, as in the mean-field limit, and simultaneously its range shrinks to zero, as in a short-range limit. The two procedures are combined together in the following way: (1.4) U(x) = N^{γ−1}V (N^γ x) with 0 < γ < 1. Then in our model the short range limit is performed more slowly than the mean-field one. The coefficient α appearing in (1.3) equals ∫ R V (x)dx.

Date: May 7, 2005.

R.A.is supported by a Marie Curie European Reintegration Grant, European Commission, Contract n. MERG-CT- 2004-508032. 1

The mean-field (or weak coupling) scaling for quantum systems with infinitely many degrees of freedom was first recognized by Hepp ([9]) to result in the Hartree equation. Afterwards, Ginibre and Velo ([8]) extended the analysis to singular potentials.

In the formalism of the first quantization, the convergence was established by Spohn ([12]), and twenty years later ([3]) the problem was split in two different issues: the question of the convergence of the hierarchy of marginals generated by equation (1.1) to the one generated by equation (1.3), and the question of the uniqueness of the solution of the latter. Following such strategy and developing a new idea for the energy estimate, Erdős and Yau derived the Schrödinger-Poisson equation as the mean-field limit for a system of bosons interacting through a Coulomb potential ([7]). The same result was reviewed in [2], where the proof of the uniqueness for the resulting hierarchy is obtained from a Nirenberg’s extension of the Cauchy-Kowalewski theorem.

All the quoted results concern three-dimensional systems and end up in a Hartree-like equation, namely an equation like (1.3) except that the nonlinearity is given by (V ⋆ |ψ|^2)ψ instead of |ψ|^2ψ.

On the other hand, the local cubic nonlinearity arises in the Gross-Pitaevskii limit for a gas of bosons in dimension three. The correct scaling was found by Lieb, Seiringer and Yngvason (see [10] and references therein) in their investigation on the structure of the ground state for a Bose-Einstein condensate.

Afterwards, Erdős, Schlein and Yau ([6], and [4] with Elgart) analyzed the same problem in the time-dependent framework. In these two papers the first of the the two-step strategy (i.e. convergence) was accomplished, while the problem of the uniqueness for the solution of the infinite hierarchy was left untouched.

Another partial result towards the cubic local nonlinearity was obtained in [1] for a gas of one dimensional bosons interacting through a Dirac’s delta potential, and still the problem of the uniqueness of the solution of the infinite hierarchy was not solved.

Let us stress that, in spite of its simplicity, the one-dimensional case is physically meaningful, since equation (1.3) is used to describe boson gas in elongated traps and the so-called cigar-shaped Bose-Einstein condensates ([11]). Of course, the three-dimensional problem has a more general reach and is more difficult from the technical point of view.

During the final draft of this paper we were made aware of the fact that Erdős, Schlein and Yau completed the proof of the uniqueness for the infinite hierarchy in the three-dimensional setting ([5]).

Before stating the result, let us recall some standard definitions. We make use of the shorthand notation

X_j :=(x_1, . . . , x_j ) ∈ R^j

X^j_k :=(x_j , . . . , x_k) ∈ R^{k−j+1}

(1.5)

A state of the system is represented by a square integrable function Ψ_N (t) satisfying the normalization condition

(1.6) ∫ R |Ψ_N (t; X_N )|^2 dX_N = 1

The same state can be equivalently denoted by the orthogonal projection ρ_N (t) on the linear span of Ψ_N (t) as a subspace L^2(R^N ). The integral kernel of ρ_N (t) reads (1.7) ρ_N (t; X_N ; Y_N ) = Ψ_N (t; X_N )Ψ_N (t; Y_N ) and its action on any Φ ∈ L^2(R^N ) is given by (1.8) (ρ_N (t)Φ)(X_N ) = ∫ R^N

ρ_N (t; X_N ; Y_N )Φ(Y_N ) dY_N Any set of n particles among the N in the system is described by the reduced density matrix (sometimes called correlation function or marginal), namely the integral operator defined by the kernel (1.9) ρ_{N,n}(t; X_n; Y_n) = ∫ R^{N−n}

ρ_N (t; X_n, Z^{n+1}_N ; Y_n, Z^{n+1}_N ) dZ^{n+1}_N .

Due to (1.6), ρ_{N,n}(t) is a positive operator whose trace equals one, i.e. (1.10) ‖ρ_{N,n}(t)‖_L1_{(L}2_{(R}n_{))} = 1 where we denoted by L^1(L^2(R^n)) the space of trace-class operators on L^2(R^n). Analogously, we denote by L^2(L^2(R^n)) the space of the Hibert-Schmidt operators on L^2(R^n). It is well known that L^1(L^2(R^n)) ⊂ L^2(L^2(R^n)) and (1.11) ‖ρ(t)‖_L2_{(L}2_{(R}n_{))} ≤ ‖ρ(t)‖_L1_{(L}2_{(R}n_{))} for any ρ(t) ∈ L^1(L^2(R^n)).

As described in [7], one can define the so-called Sobolev spaces of density matrices, denoted by L^{m,p}(L^2(R^n)). Let S_j be the operator (I − ∂^2_j )^12 . Then, ρ ∈ L^{m,p}(L^2(R^n)) if (1.12) Trace(|S^m_1 . . . S^m_n ρ(t)S^m_1 . . . S^m_n |^p) < ∞ and (1.13) ‖ρ‖_Lm,p_{(L}2_{(R}n_{))} = [Trace(|S^m_1 . . . S^m_n ρS^m_1 . . . S^m_n |^p)]^{1p} . In the following we mainly use the space L^{1,2}(L^2(R^n)). We recall here that the norm in such space has a simple expression in terms of the integral kernel of ρ(t), namely

(1.14) ‖ρ(t)‖^2_L1,2_{(L}2_{(R}n_{))} = ∫ R^{2n} | | | | n∏ j=1 (1 − ∂^2_{xj} )^{1/2}(1 − ∂^2_{yj} )^{1/2} ρ(t; X_n, Y_n) | | | | 2 dX_n dY_n.

For the sake of simplicity we use the notation (1.15) E_n := L^{1,2}(L^2(R^n)). Introducing the Fourier representation (1.16) ρ(t; X_n; Y_n) = 1 (2π)^n ∫ R^{2n}

e^{iXn·Ξn+iYn·Λn}ρ̂_{N,n}(t; Ξ_n; Λ_n) dΞ_n dΛ_n with variables in the Fourier space denoted as follows (1.17) Ξ_n = (ξ_1, . . . , ξ_n) ∈ R^n, Λ_n = (λ_1, . . . λ_n) ∈ R^n we can express the norm in E_n in (1.14) as (1.18) ‖ρ(t)‖^2_{En} = ∫ R^{2n}

Γ(Ξ_n)^2Γ(Λ_n)^2 |ρ̂(t; Ξ_n; Λ_n)|^2 dΞ_n dΛ_n where we defined the function (1.19) Γ(W ) = k∏ j=1 (1 + w^2_j )^{12}

for any W = (w_1, . . . , w_k) ∈ R^k.

Finally, we recall that, for the problem defined by (1.1) and (1.4), the integral kernels of the reduced density matrices ρ_{N,n}(t) solve the finite BBGKY hierarchy, i.e.

i∂_tρ_{N,n}(t; X_N ; Y_N ) = − n∑ j=1 (∂^2_{xj} − ∂^2_{yj} )ρ_{N,n}(t; X_n; Y_n)

+ N^{γ−1} ∑ 1≤j<k≤n

[V (N^γ (x_j − x_k)) − V (N^γ (y_j − y_k))]ρ_{N,n}(t; X_n; Y_n)

+ N − n N^{1−γ} n∑ j=1 ∫ R [V (N^γ (x_j − z)) − V (N^γ (y_j − z))]ρ_{N,n+1}(t; X_n, z; Y_n, z) dz.

(1.20)

We write here for completeness the so-called infinite BBGKY hierarchy i∂_tρ_n(t; X_n; Y_n) = − n∑ j=1 (∂^2_{xj} − ∂^2_{yj} )ρ_n(t; X_n; Y_n) + α ∑ 1≤i≤n

[ρ_{n+1}(t; X_n, x_i; Y_n, x_i) − ρ_{n+1}(t; X_n, y_i; Y_n, y_i)].

(1.21)

where, as already mentioned, (1.22) α = ∫ R V (x)dx.

Our main result is the following.

Theorem 1.1. Consider the Cauchy problem (1.1), where the potential U is given in (1.4) with V a non negative function in the Schwarz space S(R), V ≥ 0, and factorized initial data (1.23) Ψ^I_N := (ψ^I )^{⊗N} .

Denoted by ρ^I_N the orthogonal projection in L^2(R^n) on the linear span of Ψ^I_N , and by H_N the N-particle Hamilton operator (1.24) H_N := − N∑ j=1 ∂^2_{xj} + N^{γ−1} ∑ 1≤j<k≤N

V (N^γ (x_j − x_k)) with 0 < γ < 1, we assume that the following growth condition holds (1.25) Trace(H^n_N ρ^I_N ) ≤ M^nN^n for any n ≤ N and for some M > 0.

Then, the n-particle reduced density matrix satisfies (1.26) ρ_{N,n} −→ (ψ ⊗ ψ)^{⊗n}, N −→ ∞ in the weak-⋆ topology of the space L^∞(R, E_n), where E_n has been defined in (1.15).

The function ψ appearing in (1.26) satisfies equation (1.3) with initial data ψ^I , and

(1.27) α := ∫ R V (x) dx.

The paper is organized as follows. In Section 2 we derive the two estimates needed to prove the result. In Section 3 we prove the convergence, up to subsequences, of any solution of (1.20) to a solution of (1.21). In Section 4 we prove uniqueness for solutions of the infinite hierarchy and identify such solution with the marginals generated by the solutions of equation (1.3).

2. Estimates The first estimate is the one dimensional version of inequality (3.25) in [4].

Proposition 2.1. Let V be a non negative function belonging to the Schwarz space S(R), H_N be defined like in (1.24), and ρ^I_N be the initial density matrix of the system, and assume that it satisfies the inequality (1.25) for some M ∈ R and for any n ≤ N.

Then, for any M_1 > M and any n ∈ N there exists N̄ depending on n and M_1 such that

(2.1) ‖ρ_{N,n}(t)‖_L1,1_{(L}2_{(R}n_{))} := Trace n∏ j=1 S_j ρ_{N,n}(t) n∏ j=1 S_j

≤ M^n_1

for any time t and N ≥ N̄.

Proof. We refer the reader to the proof of Proposition 3.1. and Corollary 3.2. in [4]. Let us just explain why in this case we can prove estimate (2.1) for γ < 1 while in [4] the best one can get is γ < 3/5. The one dimensional setting differs from the three dimensional one by the fact that the following inequality holds

(2.2) ⟨ V^′_{12} ⟩ ≤ ‖V^′‖_L1_{(R)} 2a ⟨ S^2_1 ⟩ where V_{ij} is the multiplication by a^{−1}V (a^{−1}(x_i − x_j)), and ⟨A⟩ denotes the mean value of the observable A on some function belonging to the domain of S^2_1 . Therefore, inequality (3.23) in [4] is replaced by 2Re ⟨ V_{12} n+1∏ j=1 S^2_j ⟩ ≥ − ‖V^′‖_L1_{(R)} 2a (2α_1 + 2α^{−1}_1 + α_2 + α_3)

⟨_{n+1} ∏ j=1 S^2_j ⟩

− ( ‖V^′‖_L1_{(R)}

2aα_2 + ‖V^′‖_L∞_{(R)} a^2α_3 ) ⟨ S^4_1 n+1∏ j=2 S^2_j ⟩ . (2.3)

Analogously

(2.4) 2Re ⟨ V_{1,n+2} n+1∏ j=1 S^2_j ⟩ ≥ − ‖V^′‖_L1_{(R)} 2a (α_4 + α^{−1}_4 )

⟨_{n+2} ∏ j=1 S^2_j ⟩ where all the positive coefficients a, α_j ’s can be chosen arbitrarily. Recalling that a = N^{−γ} , and setting α_1 = α_2 = α_4 = 1, and α_3 = N^γ , the following inequality is proven (see formulas (3.22) and (3.24) in [4]) ⟨ (H_N + N)( n+2∏ j=1 S^2_j )(H_N + N) ⟩ ≥N^2f(N, n)

⟨_{n+2} ∏ j=1 S^2_j ⟩ + Ng(N, n) ⟨ S^4_1 n+1∏ j=2 S^2_j ⟩ (2.5)

where

f(N, n) := ( 1 − n N ) [( 1 − n + 1 N ) − ‖V^′‖_L1_{(R)} 4 n(n + 1) ( 5N^{γ−2} + N^{2γ−2} ) ]

g(N, n) := ( 1 − n N ) [ (2n + 1) − (‖V^′‖_L1_{(R)} + 2‖V^′‖_L∞_{(R)}) n + 1 4 N^{γ−1} ] (2.6)

Since for N → ∞ f(N, n) → 1 and g(N, n) → 2n + 1, then for any positive C < 1 there exists N̄ such that N > N̄ implies

(2.7) ⟨ (H_N + N)( n+2∏ j=1 S^2_j )(H_N + N) ⟩ ≥ C^2N^2

⟨_{n+2} ∏ j=1 S^2_j ⟩

¿From inequality (2.7) one can prove by induction on n that, for any positive C < 1, there exists Ñ depending on C and on n such that if N > Ñ then

(2.8) ⟨(H_N + N)^n⟩ ≥ C^nN^n

⟨_n ∏ j=1 S^2_j ⟩

for any t. Following Corollary 3.2. in [4], one applies the conservation law of ⟨(H_N + N)^n⟩ to estimate (2.8) and the proof is complete. □ Remark 2.2. Since the space of trace class operators is embedded in the space of the Hilbert- Schmidt operators one obviously has

(2.9) ‖ρ_{N,n}(t)‖_{En} ≤ Trace n∏ j=1 S_j ρ_{N,n}(t) n∏ j=1 S_j

≤ M^n_1

for any time t and N ≥ N̄.

Remark 2.3. For a factorized initial state, the condition (1.25) implies that ψ^I is a function in the Schwarz class. A costruction of a suitable ψ^I can be made following section 4 in [7].

The second estimate we need concerns the norm of density matrices in the space E_n. Proposition 2.4. Given a density matrix ρ ∈ E_{n+1}, let ρ(X_{n+1}; Y_{n+1}) be its integral kernel and consider the function σ : R^{2n} → C defined by

(2.10) σ(X_n; Y_n) = ∫ R U(x_1 − z) ρ(X_n, z; Y_n, z) dz.

where U has a bounded Fourier transform Û. Then, the integral operator σ having σ(X_n; Y_n) as integral kernel belongs to E_n and (2.11) ‖σ‖_{En} ≤ √ 32π‖Û‖_L∞_{(R)}‖ρ‖_{En+1}

Proof. Let us define the function

(2.12) Θ : R^{2n+1} → C, Θ(X_n; Y_n; z) := ρ(X_n, z; Y_n, z).

By elementary computation one gets

(2.13) σ̂(Ξ_n; Λ_n) = ∫ R Û(k)Θ̂(ξ_1 − k, Ξ^2_n; Λ_n; k) dk

where, according to notation (1.5), we wrote Ξ^2_n := (ξ_2, . . . , ξ_n) ∈ R^{n−1}, and then

‖σ‖^2_{En} := ∫ R^{2n}

Γ(Ξ_n)^2Γ(Λ_n)^2 |σ̂(Ξ_n; Λ_n)|^2 dΞ_n dΛ_n = ∫ R^{2n}

Γ(Ξ^2_n)^2Γ(Λ_n)^2 | | | ∫ R Γ(ξ_1)Û (k)Θ̂(ξ_1 − k, Ξ^2_n; Λ_n; k) dk | | | 2 dΞ_n dΛ_n.

(2.14)

where the function Γ has been defined in (1.19). Since

(2.15) Γ(ξ_1) ≤ √ 2[Γ(ξ_1 − k) + Γ(k)]

we obtain ∫ R^{2n}

Γ(Ξ_n)^2Γ(Λ_n)^2 |σ̂(Ξ_n; Λ_n)|^2 dΞ_n dΛ_n ≤4 ∫ R^{2n}

Γ(Ξ^2_n)^2Γ(Λ_n)^2 | | | ∫ R Γ(ξ_1 − k)Û (k)Θ̂(ξ_1 − k, Ξ^2_n; Λ_n; k) dk | | | 2 dΞ_n dΛ_n + 4 ∫ R^{2n}

Γ(Ξ^2_n)^2Γ(Λ_n)^2 | | | ∫ R Γ(k)Û(k)Θ̂(ξ_1 − k, Ξ^2_n; Λ_n; k) dk | | | 2 dΞ_n dΛ_n

≤4 ∫ R^{2n}

Γ(Ξ^2_n)^2Γ(Λ_n)^2 | | | ∫ R Γ(ξ_1 − k)Γ(k)

Û (k) Γ(k)

Θ̂(ξ_1 − k, Ξ^2_n; Λ_n; k) dk | | | 2 dΞ_n dΛ_n

+ 4 ∫ R^{2n}

Γ(Ξ^2_n)^2Γ(Λ_n)^2 | | | ∫ R Γ(ξ_1 − k)Γ(k)

Û(k) Γ(ξ_1 − k)

Θ̂(ξ_1 − k, Ξ^2_n; Λ_n; k) dk | | | 2 dΞ_n dΛ_n.

(2.16)

Applying the Cauchy-Schwarz inequality to both integrals we get ∫ R^{2n}

Γ(Ξ_n)^2Γ(Λ_n)^2 |σ̂(Ξ_n; Λ_n)|^2 dΞ_n dΛ_n ≤8π ∫ R^{2n}

Γ(Ξ^2_n)^2Γ(Λ_n)^2 ∫ R Γ(ξ_1 − k)^2Γ(k)|Û(k)Θ̂(ξ_1 − k, Ξ^2_n; Λ_n; k)|^2 dk dΞ_n dΛ_n

≤8π‖Û ‖^2_∞ ∫ R^{2n+1}

Γ(ζ)^2Γ(Ξ_n)^2Γ(Λ_n)^2|Θ(Ξ_n; Λ_n; ζ)|^2 dΞ_n dΛ_n dζ

(2.17)

We observe that

Θ(X_n; Y_n; x_{n+1}) = ∫ R δ(x_{n+1} − y_{n+1}) ρ(X_{n+1}; Y_{n+1}) dy_{n+1} where δ is the Dirac’s measure and has a bounded Fourier transform δ̂ = (2π)^{−1/2}. Therefore,

(2.18) ∫ R^{2n+1}

Γ(ζ)^2Γ(Ξ_n)^2Γ(Λ_n)^2 | |Θ̂(Ξn; Λn; ζ) | |^2 dΞn dΛn dζ < ∞

and applying estimate (2.17) we conclude

(2.19) ‖σ‖^2_{En} ≤ 32π‖Û ‖^2_L∞_{(R)}‖ρ‖^2_{En+1} □ Remark 2.5. If U(x) = N^{γ−1}V (N^γ x), then

(2.20) ‖σ‖^2_{En} ≤ 32π N^2

‖V̂ ‖^2_L∞_{(R)}‖ρ‖^2_{En+1} .

Furthermore, if V is integrable, then

(2.21) ‖σ‖^2_{En} ≤ 16 N^2

‖V ‖^2_L1_{(R)}‖ρ‖^2_{En+1} .

3. Convergence to the infinite BBGKY hierarchy

Following the strategy of [3] we prove convergence in some weak sense of the solutions to the finite BBGKY hierarchy to solutions to the infinite one. The first point is to construct a converging subsequence. We have in fact the following proposition.

Proposition 3.1. There exists an increasing function ϕ : N^∗ → N^∗ such that for any n ∈ N^∗, the sequence {ρ_{ϕ(N),n}}_{N∈N}∗ converges in the space L^∞(R, E_n) in the sense of the weak-⋆ topology.

The proof follows the one of Proposition 4.1. in [1], except for the irrelevant fact that in our case the norm of ρ_{N,n} is uniformly bounded with respect to N only.

Remark 3.2. Such a convergence result holds in the space

∏_∞ n=1 L^∞(R, E_n) endowed with the product topology. Due to estimate (2.9) on can establish convergence in the sphere of the space L^∞(R, E_n) with radius M^n_1 and centered at zero. Therefore, for any limit point ρ_n(t), inequality (2.9) gives (3.1) ‖ρ_n(t)‖_{En} ≤ M^n_1 .

In the following theorem we prove the weak convergence of the finite BBGKY hierarchy to the infinite one.

Theorem 3.3. Consider the Cauchy problem (1.1) where the potential U is given in (1.4), V ∈ S(R), V ≥ 0, and the initial data Ψ^I_N ∈ H^1(R^N ) satisfy the undistinguishability assumption (1.2) and the normalization condition (1.6). Moreover, denoted by ρ^I_N the orthogonal projection in L^2(R^n) on the linear span of Ψ^I_N , we assume that the growth condition (1.25) is satisfied.

Let us assume that the n-particle marginal ρ^I_{N,n}, converges to an operator ρ^I_n for N → ∞ in the weak-⋆ topology of the space E_n defined in (1.15).

Let Ψ_N ∈ C^0(R; H^1(R^N )) be the mild solution of the Cauchy problem (1.1), (1.4), with initial data Ψ^I_N , ρ_N (t) the orthogonal projection in L^2(R^n) on the space spanned by Ψ_N (t), and ρ_{N,n}(t) its n-particle marginal.

Then, any simultaneous limit point as N → ∞ of the family of partial traces ρ_{N,n} solves the infinite Schrödinger hierarchy (1.21) in the sense of distributions D^′(R^{2n+1}). Here, limit points are understood in the sense of the product topology on

∏_∞ n=1 L^∞(R; E_n), each factor being equipped with the weak-⋆ topology.

Proof. Let us consider a converging subsequence {ρ_{Nj ,n}}_{j∈N} of marginals. Hereafter we omit the indication of the variable j and simply write ρ_{N,n}. Let ρ_n denote the limit of ρ_{N,n} as N goes to infinity, in the weak-⋆ topology of L^∞(R; E_n).

We show that the integral kernel ρ_n(t; X_n; Y_n) of the operator ρ_n satisfies the infinite BBGKY hierarchy (1.21) in the sense of distributions D^′(R^{2n+1}).

It is easily seen that the weak-⋆ convergence in L^∞(R, E_n) implies the weak-⋆ convergence in L^∞(R, L^2(R^n)) and consequently the convergence in D^′(R^{2n+1}) for the function ρ(t; X_n; Y_n). It follows that the l.h.s. and the laplacian term of (1.20) converge to the corrisponding terms of (1.21).

We observe that ρ_{N,n}(t) ∈ L^∞(R^{2n}). Indeed, by the ordinary inverse Fourier transform formula (1.16) and using the Cauchy-Schwarz inequality one has

(3.2) ‖ρ_{N,n}(t)‖_L∞_{(R}2n_) ≤ (π 2 )_n ‖ρ_{N,n}(t)‖_{En} .

Consider the second term in the r.h.s. of (1.20). It consists of a sum of^{n(n−1)}_2 terms whose generic term, evaluated on a test function φ ∈ D(R^{2n+1}), gives

N^{γ−1} ∫ R^{2n+1}

V (N^γ (x_1 − x_2))ρ_{N,n}(t; X_n; Y_n)φ(t; X_n; Y_n) dt dX_n dY_n

≤N^{γ−1} (π 2 )_n |Supp(φ)|‖V ‖_L∞_{(R)}‖ρ_{N,n}‖_L∞_{(R,En)}‖φ‖_L∞_{(R}2n+1_)

(3.3)

where |Supp(φ)| denotes the Lebesgue measure of the support of φ. It appears from (3.3) that the first sum in the r.h.s of (1.20) vanishes as N goes to infinity in the sense of distributions.

It remains to prove that the last sum in the r.h.s. of (1.20) converges to the corresponding term in the r.h.s. of (1.21). It suffices to prove the convergence for one term of the sum, e.g. ∫ R^{n+1}

φ(t; X_n; Y_n) [∫ R dz N^γ V (N^γ (x_1 − z)) ρ_{N,n+1}(t; X_n, z; Y_n, z) dz ] dt dX_n dY_n −→ ∫ R^{n+1}

φ(t; X_n; Y_n)ρ_{n+1}(t; X_n, x_1; Y_n, x_1)

(3.4)

First we prove that the r.h.s. in (3.4) can be written as follows ∫ R^{n+1}

φ(t; X_n; Y_n) [∫ R dz N^γ V (N^γ (x_1 − z)) ρ_{N,n+1}(t; X_n, z; Y_n, z) dz ] dt dX_n dY_n

=< Φ_{N,n+1}, ρ_{N,n+1} >_L1_{(R,E}∗_{n+1)}

(3.5)

where Φ_{N,n+1} ∈ L^1(R, E^∗_{n+1}) and < ·, · >_X denotes the duality product in the space X. Let us write

(3.6) < Φ_{N,n+1}, ρ_{N,n+1} >_L1_{(R,E}∗_{n+1)}= ∫ R < Φ_{N,n+1}(t), ρ_{N,n+1}(t) >_E∗_{n+1} dt

Our task is then to prove that Φ_{N,n+1}(t) ∈ E^∗_{n+1} = L^{−1,2}(L^2(R^{n+1})). By a standard computation in the Fourier space one has

< Φ_{N,n+1}(t), ρ_{N,n+1}(t) >_E∗_{n+1} = 1 (2π)^{n+ 1}2 ∫ R^{2n+2}

φ̂(t; −ξ_1 − ξ_{n+1} − λ_{n+1}, −Ξ^2_n; −Λ_n) V̂ ( λ_{n+1} − ξ_{n+1} N^γ ) ρ̂_{N,n+1}(t; Ξ_{n+1}; Λ_{n+1}) dΞ_{n+1} dΛ_{n+1}

(3.7)

Notice that the function (3.8) Φ̂_{N,n+1}(t; Ξ_{n+1}; Λ_{n+1}) = 1 (2π)^{n+ 1}2 φ̂(t; −ξ_1 −ξ_{n+1} −λ_{n+1}, −Ξ^2_n; −Λ_n)V̂ ( λ_{n+1} − ξ_{n+1} N^γ )

satisfies the inequality

(3.9) ∫ R^{2n+2} | |Φ̂_{N,n+1}(t; Ξ_{n+1}; Λ_{n+1}) | |^2 Γ(Ξ_{n+1})^2Γ(Λ_{n+1})^2 dΞ_{n+1} dΛ_{n+1} ≤ 2π‖φ̂(t)‖^2_L∞_{(R}2n_)‖V̂ ‖^2_L∞_{(R)} < ∞

Therefore Φ_{N,n+1}(t) belongs to E^∗_{n+1}. Moreover (3.10) ‖Φ_{N,n+1}‖_L1_{(R,E}∗_{n+1)} = ∫ R ‖Φ_{N,n+1}(t)‖_E∗_{n+1} dt ≤ √ 2πDiam(Supp[φ])‖φ̂‖_L∞_{(R}2n+1_)‖V̂ ‖_L∞_{(R)}

where Diam(Supp[φ]) is the diameter in R^{2n+1} of the support of φ. We have then proven that the l.h.s. of (3.4) can be interpreted as a duality product in L^1(R, E^∗_{n+1}). Furthermore, it appears that, at any t, Φ_{N,n+1}(t) converges strongly in E^∗_{n+1} to the functional Φ_{n+1}(t) represented by the function Φ_{n+1}(t; X_{n+1}; Y_{n+1}) whose Fourier transform reads

(3.11) Φ̂_{n+1}(t; Ξ_{n+1}; Λ_{n+1}) = 1 (2π)^{n+ 1}2 φ̂(t; −ξ_1 − ξ_{n+1} − λ_{n+1}, −Ξ^2_n; −Λ_n)V̂ (0)

Therefore, recalling that ρ_{N,n+1} converges weakly-⋆ to ρ_{n+1}, we have that

< Φ_{N,n+1}, ρ_{N,n+1} >_L1_{(R,E}∗_{n+1)}−→< Φ_{n+1}, ρ_{n+1} >_L1_{(R,E}∗_{n+1)} = V̂ (0) (2π)^{n+ 1}2 ∫ R^{2n+2}

φ̂(t; −ξ_1 − ξ_{n+1} − λ_{n+1}, −Ξ^2_n; −Λ_n)ρ̂_{N,n+1}(t; Ξ_{n+1}; Λ_{n+1}) dΞ_{n+1} dΛ_{n+1} = (∫ R V (x) dx ) ∫ R^{2n}

φ(t; X_n; Y_n)ρ_{n+1}(t; X_n, x_1; Y_n, x_1) dX_n, dY_n

(3.12)

The argument can be repeated for each term of the last sum in the r.h.s. of (1.20), and then the result is proven. □

4. Uniqueness and series representation The proof of the uniqueness for the solution to the infinite BBGKY hierarchy (1.21) is easily obtained using estimates (2.1) and (3.1). Due to the linearity of the hierarchy it is sufficient to prove the following result.

Theorem 4.1. Let {θ_n(t)}_{n≥1} be a solution of (1.21) in some time interval [0, T ), T > 0, such that θ_n(t) ∈ E_n for any n ≥ 1 and t ∈ [0, T ), θ_n(0) = 0, and ‖θ_n(t)‖ ≤ K^n for some positive K. Then, θ_n(t) = 0.

Proof. We consider the free propagator for density matrices U_n(t), acting on integral kernels as follows (4.1) [U_n(t)θ_n](X_n; Y_n) = 1 (4πt)^n ∫ R^{2n}

e^{i |Xn−X} ′ n| 2−|Yn−Y ′ n| 2 4t θ_n(X^′_n; Y^′_n) dX^′_n dY^′_n Let us exploit the “interaction representation”, namely define (4.2) u_n(t) := U_n(−t)θ_n(t) Then, u_n(t) solves (4.3) i∂_tu_n(t) = U_n(−t)L_{n,n+1}U_{n+1}(t)u_{n+1}(t) where the action of the operator L_{n,n+1} is defined by

(4.4) L_{n,n+1}v_{n+1}(t) = α n∑ i=1 [v_{n+1}(t; X_n, x_i; Y_n, x_i) − v_{n+1}(t; X_n, y_i; Y_n, y_i)]

Due to estimate (2.11) with U = δ, we obtain that L_{n,n+1} is a bounded operator mapping E_{n+1} to E_n and (4.5) ‖L_{n,n+1}‖_{L(En+1,En)} ≤ 8αn Furthermore, due to unitarity of U_n in E_n, the growth condition assumed for θ_n(t) remains valid also for u_n. Applying theorem (3.1) in [2] we conclude the proof. □ Corollary 4.2. The weak-⋆ limit ρ_n of the sequence ρ_{N,n} of reduced density matrix associated to problem (1.1) provided with the scaling (1.4) equals (4.6) ρ_n(t) = ψ(t)^{⊗n} ⊗ ψ(t)^{⊗n} where ψ(t) solves equation (1.3) with α = ∫ R V (x) dx.

Proof. By theorem (3.3) we know that ρ_n solves hierarchy (1.21) in the sense of distributions. Due to the form of equations in (1.21), ρ_n must belong to C^1(R, E_n), and since the weak-⋆ limit has to be performed in the closed ball centered at the origin of E_n with radius M^n_1 , we conclude that ρ_n fulfils the growth condition in the hypothesis of theorem (4.1) with K = M_1. By direct inspection it is easily seen that the density matrices in the r.h.s. of (4.6) solve the same hierarchy and satisfy the growth condition. By theorem (4.1), the result is proven. □ Remark 4.3. The unique solution of the infinite BBGKY hierarchy can be represented by its Duhamel series. This representation may be used also to show uniqueness in a direct way, as done in [3], Section 5. More specifically, for the solution of (1.21) with initial data ρ^I_n one has

ρ_n(t) =U_n(t)ρ^I_n + m∑ k=1 (−i)^k ∫ S_k(t)

dT_k U_n(t − t_1)L_{n,n+1}U_{n+1}(t_1 − t_2) . . . L_{n+k−1,n+k}U_{n+k}(t_k)ρ^I_{n+k}

+ R_{n,m}(t)

(4.7) where dT_k = dt_1 . . . dt_k, S_k(t) is the k-dimensional simplex of size t, namely (4.8) S_k(t) = {(s_1, . . . , s_k), 0 ≤ s_1 ≤ · · · ≤ s_k ≤ t} and the rest R_{n,m}(t) is given by

R_{n,m}(t) :=(−i)^{m+1} ∫ S_{m+1}(t)

dT_{m+1} U_n(t − t_1)L_{n,n+1}U_{n+1}(t_1 − t_2) . . .

. . . L_{n+m,n+m+1}ρ_{n+m+1}(t_{n+m+1})

(4.9)

Estimates (2.1) and (3.1) imply that the Duhamel formula (4.7) can be extended to a converging series expansion. Indeed, notice that for the generic term of the sum one has ‖ ‖ ‖ ∫ S_k(t)

dT_k U_n(t − t_1)L_{n,n+1}U_{n+1}(t_1 − t_2) . . . L_{n+k−1,n+k}U_{n+k}(t_k)ρ^I_{n+k} ‖ ‖ ‖_{En}

≤(8αt)^k ( n − 1 k ) ‖ρ^I_{n+k}‖_{En} ≤ [8α(n + 1)t]^k‖ρ^I_{n+k}‖_{En}

(4.10)

Recalling that (4.11) ‖ρ^I_{n+k}‖_{En} = ‖ψ^I ‖^{2n+2k}_{H1(R)}

we have that the Duhamel series converges for

(4.12) t < [ 8α(n + 1)‖ψ^I ‖^2_H1_{(R)}

]_{−1}

An analogous computation for the rest R_{n,m}(t), together with estimate (3.1) shows that

(4.13) ‖R_{n,m}(t)‖_{En} ≤ [8α(n + 1)tM_1]^{m+1}

M^n_1 n + 1 so the rest is vanishing for (4.14) t < T := (8α(n + 1)M_1)^{−1}

Remark 4.4. Since estimates (2.1) and (3.1) are uniform in time, the construction by series of the unique solution of (1.21) can be iterated for any time.

¿From theorems 3.3 and 4.1, the proof of theorem 1.1 is complete.

References

[1] R. Adami, C. Bardos, F. Golse, A. Teta, Towards a rigorous derivation of the cubic NLSE in dimension one, Asymptot. Anal. 40, 2, 93–108, 2004.

[2] C. Bardos, L. Erdős, F. Golse, N. Mauser, H.-T.Yau, Derivation of the Schrödinger-Poisson equation from the quantum N-body problem, C. R. Math. Acad. Sci. Paris 334, no. 6, 515–520, 2002.

[3] C. Bardos, F. Golse, N. Mauser Weak coupling limit of the N particles Schrödinger equation, Methods Appl. Anal.

7, n.2, pgg. 275–293, 2000.

[4] A. Elgart, L. Erdős, B. Schlein, H.-T. Yau, Gross-Pitaevskii Equation as the Mean Field Limit of Weakly Coupled Bosons Math. Phys. preprint archive, mp-arc 04-333, 2004.

[5] L. Erdős, private communication.

[6] L. Erdős, B. Schlein, H.-T. Yau, Derivation of the Gross-Pitaevskii Equation for the Dynamics of Bose-Einstein Condensate, Math. Phys. preprint archive, mp-arc 04-319, 2004.

[7] L. Erdős, H.-T. Yau, Derivation of the nonlinear Schrödinger equation from a many body Coulomb system, Adv.

Theor. Math. Phys. 5, no. 6, 1169–1205, 2001.

[8] J. Ginibre, G. Velo, The classical field limit of scattering theory for non relativistic many-boson systems. I and II., Comm. Math. Phys., 66. 37–76, 1979, and 68, 45–68, 1979.

[9] K. Hepp, The classical limit for quantum mechanical correlation functions, Comm. Math. Phys. 35, 265–277, 1974. [10] E. H. Lieb, R. Seiringer, J. Yngvason, The Quantum-mechanical Many Body Problem: The Bose Gas, http://arxiv.org/abs/math-ph/?math-ph%2F0405004.

[11] E. H. Lieb, R. Seiringer, J. Yngvason, One-dimensional behavior of dilute, trapped Bose gases,. Comm. Math.

Phys. 244, 2, 347–393, 2004.

[12] H. Spohn, Kinetic equations from hamiltonian dynamics, Rev. Mod. Phys. 52, n.3, 600–640, 1980.

Dipartimento di Matematica, Università di Roma “La Sapienza” Current address: P.le A. Moro 2, 00185, Roma, Italy E-mail address: adami@mat.uniroma1.it

Département de Mathématiques et Applications, École Normale Supérieure, Paris Current address: 45, rue d’Ulm, F75230 Paris cedex 05, France E-mail address: Francois.Golse@ens.fr

Dipartimento di Matematica Pura ed Applicata, Università di L’Aquila Current address: Via Vetoio (Coppito 1), 67010 Coppito di L’Aquila (AQ), Italy E-mail address: teta@univaq.it