IRREDUCIBLE DYNAMICS OF QUANTUM SYSTEMS ASSOCIATED WITH LÉVY PROCESSES

YURI KOZITSKY

Abstract. Quantum systems described by the Schrödinger operators H = ∑_N

j=1 Φ(p_j ) + W (x_1, . . . , x_N ), p_j = −ı∇_j , x_j ∈ R^ν with Φ being continuous functions such that the pseudo-differential operators Φ(p_j ) generate Lévy processes, are considered. It is proven that the linear span of the operators α_{t1} (F_1) · · · α_{tn} (F_n) is dense in the algebra of all observables in the σ-strong and hence in the σ-weak and strong topologies. Here α_t(F ) = exp(ıtH)F exp(−ıtH) are time automorphisms and F ’s are taken from families of multiplication operators obeying conditions described in the paper. This result implies that a linear functional continuous in either of these topologies is fully determined by its values on such products. In the case of KMS states this yields a representation of such states in terms of path integrals.

1. Introduction

Gibbs (equilibrium) states of infinite-particle quantum systems described by unbounded Schrödinger operators cannot be constructed directly as Kubo-Martin- Schwinger (KMS) states. The only way here is to use path integrals to represent local Gibbs states (describing finite subsystems) in terms of probability measures. Then the Gibbs states of the whole system are constructed as probability measures with the help of the DLR technique known in classical statistical mechanics, see [5]. For models like quantum crystals, the corresponding approach is well elaborated, see e.g., [1]. In the present article we make first steps in developing a similar technique for a wider class of quantum systems by proving the basic statement for representing local Gibbs states in terms of probability measures.

We consider a system of interacting quantum particles with the kinetic energy of a particle being a pseudo-differential operator Φ(p), p = −ı∇. Such operators appear if one ‘quantizes’ the relativistic expression [p^2c^2 + m^2c^4]^{1/2} − mc^2 and were used in particular in studying problems of stability of matter, see [12, 13, 14] and the references therein. At the same time, such Schrödinger operators generate stochastic processes, see [4, 8], which makes them interesting objects of their own. Recently operators of this kind have been thoroughly investigated [2, 10]. The results obtained open a possibility to study dynamics of the corresponding systems by passing to imaginary values of time and employing properties of the processes. It was realized in [7, 9], where a path integral representation of the semi-group exp(−tH), t > 0, H being a relativistic Schrödinger operator, was constructed. This representation allows one to describe ‘imaginary-time’ evolution of wave functions

1991 Mathematics Subject Classification. 46L60; 47L90; 81R15.

Key words and phrases. Bicommutant theorem; von Neumann algebra; normal state; relativistic kinetic energy; pseudo-differential operator; path integral, KMS state.

Supported by Komitet Badań Naukowych through the Grant 2P03A 02025. 1

ψ_t = exp(−tH)ψ_0 by mean of path integrals. A more important task here is to construct an integral representation of Gibbs states

(1.1) A → trace[A exp(−βH)]/trace[A exp(−βH)], β > 0.

By virtue of such representations, they are applicable to multiplication operators only and the question to which extent they determine the corresponding states on the algebras of all observables remains open. In this paper we study this question for a class of models, which includes the one with the relativistic kinetic energy.

In what follows, we consider the Schrödinger operators having the form

(1.2) H = N∑ j=1 Φ(p_j ) + W (x_1, . . . , x_N ), x_j ∈ R^ν , j = 1, . . . , N,

where one of the possible choices of Φ is the above mentioned Φ(p_j ) = [−ℏ^2c^2Δ_j + m^2c^4]^{1/2}−mc^2, which is a quantized version of the kinetic energy of a free relativistic particle of mass m and momentum p_j ∈ R^ν . Here c is the speed of light and ‘the rest energy term’ mc^2 is subtracted in order to shift the beginning of the spectrum of Φ(p_j ) to the origin. For Φ obeying certain conditions (see the next section), the expression (1.2) defines a pseudo-differential operator in the physical Hilbert space L^2(R^{νN} ). Along with the mentioned example of Φ one considers also its zeromass version Φ(p_j ) = c|p_j |, or generalizations like Φ(p_j ) = |p_j |^α, α ∈ (0, 2]. For a non-relativistic particle, one has Φ(p_j ) = |p_j |^2/2m = −ℏ^2Δ_j /2m. Schrödinger operators of the type of (1.2) with such Φ generate stochastic processes, see [4]. In particular, the pseudo-differential operator with symbol Φ generates a Lévy process.

Assuming that Φ belongs to a certain class and that the operator (1.2) is essentially self-adjoint, we prove that the linear span of the products

α_{t1} (F_1) · · · α_{tn} (F_n), n ∈ N, t_1, . . . , t_n ∈ R,

(1.3) α_t(F ) = exp((ı/ℏ)tH)F exp(−(ı/ℏ)tH),

with all possible choices of bounded multiplication operators F_1, . . . , F_n from families satisfying certain conditions, is dense in the whole algebra in the σ-strong and hence in the σ-weak and strong topologies. Thereby, if a state ω is continuous in either of these topologies, its values on the whole algebra may be obtained from the values on the products (1.3). Suppose now that the state is such that these values as functions of the time variables in a unique way are continued to imaginary t_1, . . . , t_n. Then the continuations can be written as path integrals, which thus uniquely determine the state. As is well known, the state (1.1) is continuous in the σ-weak topology and obeys the KMS condition, that yields a possibility of analytic continuation to imaginary values of the time variables and hence by our result to represent this state by means of path integrals.

We prove the above result with the help of the von Neumann density theorem by showing that the commutant of the set {α_t(F ) | t ∈ R, F − multiplication operator} consists of multiplication operators by complex numbers only. Such a property is called irreducibility (see [3]), which is reflected in the title of the paper.

In Section 2, we introduce all necessities and give a precise formulation of the result in the form of Theorem 2.2. Section 3 is devoted to the study of irreducible C^∗-dynamical systems, which in Section 4 is used to prove Theorem 2.2. The proof is performed in two steps. First we show that the free dynamics (i.e., generated by the kinetic energy only) is irreducible. Here we employ the properties of the functions Φ. Thereby, we extend this result to the dynamics defined by the whole Schrödinger operator by making use of the Trotter-Kato formula. Finally, in Section 5 we prove (Theorem 5.2) that Theorem 2.2 and the KMS property of the state (1.1) yield a representation of this state by means of path integrals.

2. Setup and Main Result

To simplify notations we use the units in which c = ℏ = 1. Given ν, N ∈ N, let C be the C^∗-algebra of all bounded linear operators on the complex Hilbert space L^2(R^{νN} ). Along with the norm topology on C, we will use also the σ-strong, σ-weak, and strong topologies, the definition of which is standard (see e.g., page 65 of [3] or page 19 of [16]). Let M be the subalgebra of C consisting of multiplication operators by essentially bounded complex valued functions. We denote its elements and the corresponding elements of L^∞(R^{νN} ) by the same letters. One observes that M is a maximal commutative ∗-subalgebra of C. Similarly, the algebra of bounded continuous complex valued functions C_b(R^{νN} ) can be associated with the subalgebra M_{cont} ⊂ M.

We study the system of quantum particles described by the Schrödinger operator (1.2) with the function Φ : R^ν → R obeying the following conditions. The first one is (2.1) ∫ R^ν

exp(−tΦ(p))dp < ∞, for all t > 0.

Furthermore, we assume that Φ is a continuous negative definite function. The latter means that Φ(0) = 0 and for any t > 0, the function p → exp(−tΦ(p)) is positive definite in the Bochner sense, i.e., for any n ∈ N and any choice of p_1, . . . , p_n ∈ R^ν , the matrix A = (a_{ij} )_{n×n} with a_{ij} = exp(−tΦ(p_i − p_j )) is positive definite. These assumptions imply that Φ possesses the Lévy-Khinchine representation (see [4] and page 31 of [10])

(2.2) Φ(p) = Ψ(p) + ∫ R^ν

(1 − cos(q, p)) · [ (1 + |q|^2)/|q|^2 ] σ(dq),

where Ψ is a symmetric non-negative definite quadratic form on R^ν , (·, ·) stands for the Euclidean scalar product in R^ν , and σ is a finite Borel measure such that σ({0}) = 0. Each of the functions Φ(p) = √ |p|^2 + m^2 − m, Φ(p) = |p|^α, α ∈ (0, 2] obeys the above assumptions. The pseudo-differential operator Φ(−ı∇) with such a symbol generates a Lévy process with values in R^ν , see [10]. In the sequel, we suppose that both operators H and W are essentially self-adjoint on a joint domain, which contains the space of Schwartz test functions S(R^{νN} ).

Definition 2.1. A family F ⊂ M is called complete if it contains the identity operator I and the minimal subalgebra of C which contains F (i.e., which is generated by F) is strongly dense in M.

For F ⊂ C, by F^′ we denote its commutant – the set of elements of C which commute with all elements of F. By von Neumann’s bicommutant and density theorems (see pages 72-74 of [3]), we have for a complete F ⊂ M, that F^′ = F^{′′} = M.

The main result of the paper is contained in the following statement.

Theorem 2.2. For the Schrödinger operator H (1.2) with Φ obeying the above conditions, let α_t(A) = exp(ıtH)A exp(−ıtH), t ∈ R be time automorphisms, which define the dynamics of the system. Let also F ⊂ M be complete. Then the linear span of the operators α_{t1} (F_1) · · · α_{tn} (F_n) with all possible choices n ∈ N, t_1, . . . , t_n ∈ R, and F_1, . . . , F_n ∈ F is σ-strongly and hence σ-weakly and strongly dense in C.

Corollary 2.3. Let ω be a linear functional on C, continuous in either of the topologies mentioned in Theorem 2.2. Then its values on the whole algebra C are fully determined by the values on the products (1.3) with the operators F_1, . . . , F_n belonging to a complete family F.

To obtain conditions for families F ⊂ M to be complete we use the following obvious generalization of Theorem 20 of [15], page 28.

Proposition 2.4. Let E be a nonempty set and V be the complex vector space of functions F : E → C, including constant functions. Suppose that V is closed under both uniform convergence and point-wise convergence of monotone uniformly bounded sequences of nonnegative functions (such that F : E → [0, +∞); these functions define the order on V). Let a subset V ⊂ V be self-adjoint and closed under multiplication; let also B(V) be the σ-algebra of subsets of E generated by V. Then the space V contains all bounded B(V)-measurable functions.

Two Borel subsets of R^{νN} are said to be equivalent if their symmetric difference is of zero Lebesgue measure. Let B be the corresponding factor σ-algebra. For a family F ⊂ M, we say that F generates B if B is the smallest σ-algebra with respect to which the corresponding elements of L^∞(R^{νN} ) are measurable. Since a monotone bounded net of positive elements of M converges to its least upper bound in the σ-strong topology (see Lemma 2.4.19 in [3], page 76), the above statement has the following

Corollary 2.5. If a subset of L^∞(R^{νN} ) contains almost everywhere constant elements and generates B, then the set F of the corresponding multiplication operators is complete.

Proof. By Proposition 2.4, the ∗-algebra M(F) generated by F is σ-strongly closed in M. Then by the von Neumann density theorem, M is the von Neumann algebra for M(F). Then F^{′′} = M(F)^{′′} = M. Furthermore, F^′ = F^{′′′}, hence F^′ = M^′ = M. □

We say that a family F ⊂ M_{cont} separates points of R^{νN} if for any two distinct x, x^′ ∈ R^{νN} , there exists F ∈ F such that the corresponding continuous function has the property F (x) ≠ F (x^′). By Theorem 1.2, page 6 of [19], every F ⊂ M_{cont} separating points of R^{νN} generates B. Thus, by Corollary 2.5, we have the following

Lemma 2.6. Let F ⊂ M_{cont} separate points of R^{νN} and I ∈ F. Then F^′ = M, hence F is complete.

In view of von Neumann’s bicommutant and density theorems, the proof of Theorem 2.2 may be done by showing that the commutant of {α_t(F ) | t ∈ R, F ∈ F} consists of multiplication operators by complex numbers only. To prepare the use of such arguments we put the things into a more general setting. Let A = {α_t : C → C | t ∈ R} be a one-parameter group of time automorphisms on C acting as α_t(A) = exp(ıtH)A exp(−ıtH), A ∈ C,

with a certain essentially self-adjoint operator H. We say that the group A is defined by H. For B ⊂ C, we set (2.3) D(B, A) = {α_t(B) | α_t ∈ A, B ∈ B}, and let C(B, A) be the ∗-subalgebra of C generated by D(B, A).

Definition 2.7. The C^∗-dynamical system (C, A) is called irreducible if (2.4) D(M, A)^{′′} = C.

Remark 2.8. Since the algebra M contains the unit element I ∈ C, the algebra C(M, A) is nondegenerate. Clearly, D(M, A)^{′′} = C(M, A)^{′′}, then the von Neumann density theorem and (2.4) yield that C(M, A) is dense in C in the σ-strong and hence in σ-weak and strong topologies.

In what follows, Theorem 2.2 may be reformulated as follows. Proposition 2.9. Let a system of quantum particles be described by the Schrödinger operator H obeying the conditions of Theorem 2.2. Let also A = {α_t | t ∈ R} be the group of time automorphisms defined by H and F ⊂ M be complete. Then (2.5) D(F, A)^{′′} = C, and hence (C, A) is irreducible.

3. Properties of Irreducible C^∗-Dynamical Systems In this section A stands for a group of time automorphisms on C, not necessarily defined by the operator H (1.2). By CI we denote the set of multiplication operators by complex numbers. Since M is the maximal algebra containing all bounded multiplication operators, one has M^′ = M^{′′} = M, which will be used below. Lemma 3.1. If (C, A) is irreducible and for a given B ∈ C, one has α_t(B) ∈ M for all t ∈ R, then B ∈ CI.

Proof. Let U be the set of all unitary elements of M. Obviously, every F ∈ M may be written in the form (3.1) F = a_1U_1 + · · · + a_4U_4, U_1, . . . , U_4 ∈ U, a_1, . . . , a_4 ∈ C. Hence (3.2) D(U, A)^′ = D(M, A)^′.

Let B be such that α_t(B) ∈ M for all t ∈ R. Then for any t, s ∈ R and U ∈ U, we have α_t(B) = α_s (Uα_{t−s}(B)U^∗) = α_s(U)α_s (α_{t−s}(B)) α_s(U^∗) = α_s(U)α_t(B)α_s(U)^∗, which means that α_t(B) ∈ D(U, A)^′ = D(M, A)^′ = D(M, A)^{′′′} = C^′ = CI. □ Lemma 3.2. Let F be complete. Then (3.3) [D(M, A)^{′′} = C] =⇒ [D(F, A)^{′′} = C] .

Proof. By Definition 2.1 and von Neumann’s density theorem, F^′ = M. Take B ∈ D(F, A)^′. Then for all t ∈ R and F ∈ F, α_t (Bα_{−t}(F )) = α_t (α_{−t}(F )B) , which means α_t(B)F = F α_t(B), hence α_t(B) ∈ F^′ = M for all t ∈ R. Then by Lemma 3.1, B ∈ CI, yielding D(F, A)^′ = CI, hence D(F, A)^{′′} = C. □

Let the group A = {α_t | t ∈ R} be defined by the operator H = H_0 + W , such that H, H_0, and W are essentially self-adjoint on a joint domain. Let also the group A_0 be defined by H_0 and W be a multiplication operator by a measurable function W : R^{νN} → R.

Lemma 3.3. If (C, A_0) is irreducible, then (C, A) is irreducible as well. Proof. We prove this statement by developing an argument used by R. Høegh- Krohn in [6]. Its main ingredient is the Trotter-Kato product formula (see Theorem 1.1 page 4 of [18]), which in our context may be written exp (ıtH) = exp [ıt(H_0 + W )]

(3.4) = lim_{n→+∞} {exp [ı(t/n)H_0] exp [ı(t/n)W ]}^n , where the convergence holds in the strong topology. The proof will be done by showing that D(M, A_0)^′ = CI implies (3.5) D(M, A)^′ = CI.

Since each B ∈ D(M, A)^′ commutes with every α_t(F ), t ∈ R, F ∈ M, one has (3.6) exp (−ıtH) B exp (ıtH) F = F exp (−ıtH) B exp (ıtH) , for any t ∈ R and F ∈ M. Then by (3.6), α_t(B) ∈ M^′ = M for all t ∈ R. By the assumptions of the lemma, the unitary operators exp(ısW ), s ∈ R are multiplication operators, hence they commute with all α_t(B), t ∈ R. Then for any n ∈ N and t ∈ R, we have exp(−ı(t/n)W )α_{t/n}(B) exp(ı(t/n)W ) = α_{t/n}(B), which yields exp(−ı(t/n)W ) exp[ı(t/n)(H_0 + W )]B

× exp[−ı(t/n)(H_0 + W )] exp(ı(t/n)W ) = α_{t/n}(B), or α_{t/n} [exp(−ı(t/n)W ) exp[ı(t/n)(H_0 + W )]B × exp[−ı(t/n)(H_0 + W )] exp(ı(t/n)W )] = α_{2t/n}(B).

By repetition, [exp(−ı(t/n)W ) exp(ı(t/n)(H_0 + W ))]^n B

(3.7) × [exp(ı(t/n)W ) exp(−ı(t/n)(H_0 + W ))]^n = α_t(B).

Since α_t(B) ∈ M for any t ∈ R, so does the expression on the left-hand side of (3.7). Then the limit, as n → +∞, of such expressions is an element of M since the latter algebra is strongly closed. By (3.4), this limit is exp(ıtH_0)B exp(−ıtH_0) which yields that for all t ∈ R, exp(ıtH_0)B exp(−ıtH_0) = α_t(B) ∈ M.

By the assumption of the lemma, (C, A_0) is irreducible, hence by Lemma 3.1, it follows that B ∈ CI. □ For τ ∈ R^{νN} , we set (3.8) P (τ) = exp(ıτ · p), Q(τ) = exp(ıτ · q).

Here q = (q^{(κ)}_j ), j = 1, . . . , N, κ = 1, . . . , ν and q^{(κ)}_j is a multiplication operator by x^{(κ)}_j affiliated with the von Neumann algebra M. Furthermore, p = (p^{(κ)}_j ), j = 1, . . . , N, κ = 1, . . . , ν, p^{(κ)}_j = −ı∂/∂x^{(κ)}_j , and

τ · p = N∑ j=1 ν∑ κ=1 τ^{(κ)}_j p^{(κ)}_j , τ · q = N∑ j=1 ν∑ κ=1 τ^{(κ)}_j q^{(κ)}_j .

Both P (τ), Q(τ) are unitary and P (τ)^∗ = P (−τ), Q(τ)^∗ = Q(−τ) for all τ ∈ R^{νN} . Set (3.9) P = {P (τ) | τ ∈ R^{νN} }, Q = {Q(τ) | τ ∈ R^{νN} }. For ψ ∈ S(R^{νN} ), we set (3.10) ψ̂(p) = (V ψ)(p) = (2π)^{−νN/2} ∫ R^{νN}

exp(−ıp · x)ψ(x)dx,

which one can extend to a unitary operator on the whole space L^2(R^{νN} ). Its inverse is (3.11) ψ(x) = (V^∗ψ̂)(x) = (2π)^{−νN/2} ∫ R^{νN}

exp(ıp · x)ψ̂(p)dp.

By obvious reasons, one has the following facts Proposition 3.4. It follows that (3.12) V PV^∗ = Q, V QV^∗ = P; P^′ ⋂ Q^′ = CI, which means that the family P ∪ Q is irreducible. 4. Proof of Theorem 2.2 First we derive a property of continuous negative definite functions obeying (2.1).

Lemma 4.1. Let Φ : R^ν → R obey the condition (2.1) and be continuous and negative definite. If for given p_1, p_2 ∈ R^ν , one has (4.1) Φ(p_1) − Φ(p_1 − ϑ) = Φ(p_2) − Φ(p_2 − ϑ), holding for all ϑ ∈ R^ν , then p_1 = p_2. Proof. Set Ξ(ϑ) = Φ(p_1 − ϑ) − Φ(p_2 − ϑ).

Then by (4.1), Ξ(ϑ) = Ξ(0) for all ϑ ∈ R^ν . Therefore, by writing Ξ(p_1) = Φ(0) − Φ(p_2 − p_1) Ξ(p_2) = Φ(p_1 − p_2) − Φ(0), we get 2Ξ(0) = Φ(p_1 − p_2) − Φ(p_2 − p_1).

By (2.2), it follows that Φ(p) = Φ(−p). Hence Ξ(0) = 0 and Φ(ϑ) = Φ(p_2 − p_1 + ϑ) for all ϑ ∈ R^ν , which contradicts the condition (2.1) if p_1 ≠ p_2. □ For t ∈ R, τ ∈ R^{νN} , we set

(4.2) G(p|t, τ) = exp −ıt N∑ j=1 [Φ(p_j ) − Φ(p_j − τ_j )] .

Corollary 4.2. Given t ∈ R, let G_t be the family of multiplication operators by the functions G(·|t, τ), τ ∈ R^{νN} . Then G^′_t = M.

Proof. Since Φ is continuous, the functions (4.2) are continuous; furthermore, G(·|t, 0) = I. By Lemma 4.1, the family G_t separates points, thus by Lemma 2.6, one has the property stated. □ For a function Φ obeying the conditions of Lemma 4.1, we set

(4.3) H_0 = N∑ j=1 Φ(p_j ), p_j = −ı∇_j .

For t ∈ R and ψ ∈ S(R^{νN} ), one has

(K_tψ)(x)^{def}= [exp(ıtH_0)ψ] (x)

(4.4) = 1 (2π)^{νN/2} ∫ R^{νN} exp ıt N∑ j=1 Φ(p_j ) + ıp · x ψ̂(p)dp,

where ψ̂ is defined by (3.10). It defines time automorphisms (4.5) α^0_t (A) = K_tAK_{−t}, A ∈ C. Set A_0 = {α^0_t | t ∈ R}.

Lemma 4.3. The C^∗-dynamical system (C, A_0) is irreducible. Proof. Let us show that D(M, A_0)^′ = CI. Take B ∈ D(M, A_0)^′ and set (4.6) B(t, τ) = Q(τ)α^0_t (B)Q(−τ), t ∈ R, τ ∈ R^{νN} , where Q(τ) is the same as in (3.8). For any t ∈ R and F ∈ M, one has BK_tF K_{−t} = K_tF K_{−t}B, which immediately yields α^0_t (B) ∈ M for all t ∈ R since M^′ = M. Then (4.7) B(t, τ) = α^0_t (B), for all t ∈ R and τ ∈ R^{νN} . On the other hand, one may write (4.8) B(t, τ) = R(t, τ)α^0_t (B)R(t, τ)^∗, where (4.9) R(t, τ) = Q(τ)K_tQ(−τ)K_{−t}, is a unitary operator on L^2(R^{νN} ). Then by (4.7), all α^0_t (B), t ∈ R commute with all such R(t, τ). Given t ∈ R, we set R_t = {R(t, τ) | τ ∈ R^{νN} }. Thereby, for all t ∈ R, (4.10) α^0_t (B) ∈ Q^′ ⋂ R^′_t, hence by (3.12) (4.11) V α^0_t (B)V^∗ ∈ P^′ ⋂ (V R_tV^∗)^′ , which holds for all t ∈ R. But by (3.10), (3.11), (4.4), (4.9), it follows that V R(t, τ)V^∗ is a multiplication operator by the function G(·|t, τ) given by (4.2), i.e., V R_tV^∗ = G_t, hence by Corollary 4.2, (4.12) (V R_tV^∗)^′ = M = Q^′.

Now by means of Proposition 3.4 and (4.11), (4.12) we get V α^0_t (B)V^∗ ∈ CI, hence α^0_t (B) ∈ CI, in particular B ∈ CI. □

Proof of Theorem 2.2. Under the assumptions of the theorem, Lemma 3.3 may be applied to the model (1.2) yielding together with Lemma 4.3 that the system (C, A) is irreducible. Then by Lemma 3.2 and Corollary 2.5, we prove Proposition 2.9 and hence Theorem 2.2. □

5. Application to KMS States

The Gibbs state of the quantum system described by the Schrödinger operator (1.2) is the functional (1.1), where β^{−1} is temperature, defined on the algebra C. It is a β-KMS normal state (see Definition 1.2 in [11]), which may be interpreted as a consistency between ‘real time’ and ‘imaginary time’ evolutions. In our case this consistency allows one to reconstruct the ‘real time’ dynamics of the whole algebra from the ‘imaginary time’ dynamics of a complete family of multiplication operators. The precise meaning of this is given in Theorem 5.2 below. Given n ∈ N, we set (5.1) D^β_n = {(z_1, . . . , z_n) ∈ C^n | 0 < ℑ(z_1) < · · · < ℑ(z_n) < β}, D̄β_n to be the closure of Dβ_n, and

(5.2) D^β_n(0) = {(z_1, . . . , z_n) ∈ D^β_n | ℜ(z_1) = · · · = ℜ(z_n) = 0}.

The following statement is a direct corollary of Theorem 2.1 in [11].

Proposition 5.1. Let ω be a β-KMS state on C relative to the group of time automorphisms A defined by the Schrödinger operator (1.2) and A_1, . . . , A_n be elements of C. Then the function G^ω_{A1,...,An} (t_1, . . . t_n)=ω (α_{t1} (A_1) · · · α_{tn} (A_n)) ,

(5.3)

is the restriction of a continuous function defined on the set D̄^β_n, which is analytic in D^β_n .

We denote the above mentioned analytic functions also by G^ω_{A1 ,...,An} .

Theorem 5.2. Let ω and ω^′ be β-KMS normal states on the algebra C relative to the group of time automorphisms A defined by the Schrödinger operator (1.2). Let also F ⊂ M be a complete family, such that for any n ∈ N and any choice of F_1, . . . , F_n ∈ F, the restrictions of the analytic functions G^ω_{F1 ,...,Fn} and G^{ω′}_{F1 ,...,Fn} to the set D^β_n(0) coincide. Then ω = ω^′.

Proof. The set D^β_n (0) is an inner set of uniqueness for functions analytic in D^β_n (see pages 101 and 352 of [17]). Thereby, G^ω_{F1 ,...,Fn} = G^{ω′}_{F1 ,...,Fn} , which by Theorem 2.2 implies the property stated since normal states are σ-weakly continuous. □

Remark 5.3. The point connecting the above theory with the path integral representation of the semi-group exp(−tH) is that the restrictions of G^ω_{F1 ,...,Fn} to imaginary values of the time variables may be written as such path integrals. Thereby, the KMS states are uniquely determined by these integrals.

Acknowledgement The author is grateful to Yuri Kondratiev and Robert Olkiewicz for valuable and stimulating discussions.

References

[1] S. Albeverio, Y. Kondratiev, Y. Kozitsky, and M. Röckner, Euclidean Gibbs states of quantum lattice systems, Rev. Math. Phys., 14, 1335-1401 (2002);

[2] K. Bogdan and T. Byczkowski, Potential Theory of the α-Stable Schrödinger Operator on Bounded Lipschitz Domains, Studia Math., 133 53–92 (1999); M. Ryznar, Estimates on Green Function for Relativistic α-Stable Process, Potent. Anal., 17 1–23 (2002).

[3] O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics, I, Springer-Verlag, New York Heidelberg Berlin, 1979.

[4] R. Carmona, W.C. Masters, and B. Simon, Relativistic Schrödinger Operators: Asymptotic Behaviour of the Eigenfunctions, J Func. Anal., 91, 117–142 (1990).

[5] H.-O. Georgii, Gibbs Measures and Phase Transitions, Studies in Mathematics, 9, Walter de Gruyter, Berlin New York, 1988.

[6] R. Høegh-Krohn, Relativistic Quantum Statistical Mechanics in Two-Dimensional Space- Time, Comm. Math. Phys., 38, 195–224 (1974).

[7] T. Ichinose, Path Integral for a Weyl Quantized Relativistic Hamiltonian and the Nonrelativistic Limit, Differential Equations and Mathematical Physics, Lecture Notes in Math. 1285, 205–210, Springer-Verlag, Berlin, 1988.

[8] T. Ichinose, Essential Selfadjointness of the Weyl Quantized Relativistic Hamiltonian, Ann.

Inst. Henri Poincaré (Physique Théorique), 51, 265–298 (1989).

[9] T. Ichinose and H. Tamura, Imaginary-Time Path Integral for a Relativistic Spinless Particle in an Electromagnetic Field, Comm. Math. Phys., 105, 239–257 (1986).

[10] N. Jacob, Pseudo-Differential Operators and Markov Processes, Akademie Verlag, Berlin, 1996.

[11] A. Klein and L. J. Landau, Stochastic Processes Associated with KMS States, J. Funct.

Anal., 42, 368–428 (1981).

[12] E.H. Lieb, The Stability of Mather: from Atoms to Stars, Bull. Amer. Math. Soc. (New Series), 22, 1–49 (1990).

[13] E.H. Lieb and H.-T. Yau, The Stability and Instability of Relativistic Matter, Comm. Math.

Phys., 118, 177–213 (1988).

[14] E.H. Lieb, H. Siedentop, and J. P. Solovej, Stability of Relativistic Matter with Magnetic Fields, Phys. Rev. Lett., 79, 1785–1788 (1997); Stability and Instability of Relativistic Electrons in Magnetic Fields, J. Stat. Phys., 89, 37–59 (1997).

[15] P.A. Meyer, Probabilités et Potentiel, Hermann, Paris, 1966.

[16] G. K. Pedersen, C^∗-Algebras and their Automorphisms, Academic Press, London New York San Francisco, 1979.

[17] B. V. Shabat, Introduction to Complex Analysis. II: Functions of Several Variables, Translations of Mathematical Monographs, 110. American Mathematical Society, Providence, RI, 1992.

[18] B. Simon, Functional Integration and Quantum Physics, Academic Press, New York San Francisco London, 1979.

[19] N.N. Vakhania, V.I. Tarieladze, and S.A. Chobanian, Probability Distributions on Banach Spaces, D. Reidel Publishing Company, Dordrecht Boston Lancaster Tokyo, 1987.

Instytut Matematyki, Uniwersytet Marii Curie-Skłodowskiej, PL 20-031 Lublin, Poland E-mail address: jkozi@golem.umcs.lublin.pl