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Abstract

We consider the N-body Schrodinger dynamics of bosons in the mean field limit with a
bounded pair-interaction potential. According to the previous work [AmNi], the mean field limit
is translated into a semiclassical problem with a small parameter € — 0, after introducing an &-
dependent bosonic quantization. The limit is expressed as a push-forward by a nonlinear flow
(e.g. Hartree) of the associated Wigner measures. These object and their basic properties were
introduced in [AmNi] in the infinite dimensional setting. The additional result presented here
states that the transport by the nonlinear flow holds for rather general class of quantum states in
their mean field limit.

2000 Mathematics subject classification: 81830, 81505, 81T10, 35Q55

1 Introduction

The mathematical analysis of the mean field limit of the N-body quantum dynamics of bosons started
with the work of [Hep] and [GiVe]. Since, the problem has experienced intensive investigations
using mainly the so-called BBGKY hierarchy method explained in [Spo]. Interest was focused
on studying the cases of singular interaction potential (see for example [BGM], [EY], [BEGMY],
[ESYD).

Recently, a new method was given in [FGS] (see also [FKP]) for a scalar bounded potential
which inspires this work. The convergence of the quantum dynamics are typically tested on the
above quoted articles, either on coherent states or on Hermite states. Even when such specific
choices are avoided, the convergence on arbitrary states still has to be studied.

In the work [AmNi], Wigner measures were extended to the infinite dimensional setting, as
Borel probability measures under general assumptions. It was also explained how previous weak
formulations of the mean field limit are contained in the definition of these asymptotic Wigner
measures, after a reformulation of the N-body problem as a semiclassical problem with the small
parameter € = % — 0. The basic properties of these Wigner measures were considered and they were
used to check that the mean field dynamics for the coherent states and Hermite states are essentially
equivalent.

In this paper, the problem of the mean field dynamics is considered under some restrictive as-
sumptions on the initial data. The convergence of N-body Schrddinger dynamics of bosons in the
mean field limit will be proved for a class of density operator sequences, which contains all the com-
mon examples. Remember that contrary to the finite dimensional case no natural pseudodifferential
calculus can be deformed by arbitrary nonlinear flows, and the propagation of Wigner measures as
dual objects cannot be straightforward in the infinite dimensional case. The limit is expressed as
push-forward by a nonlinear flow (e.g. Hartree) of Wigner measures associated with the sequence of
density operators. The result holds here when the pair interaction potential is bounded on L? (IR{%)
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This can be considered as a regular case and subsequent work will be devoted to more singular cases
like in [FKS] with a Coulombic interaction V (x —y) = \xiiyl or in the derivation of cubic nonlinear
Schrodinger equations with V (x —y) = (x —y) like in the [ESY].

Since in the literature the non relativistic and the semi-relativistic dynamics of bosons were both
studied (see [ElSc]), an abstract setting for the linear part of the flow seems relevant. Examples are
reviewed in the last section.

We keep the same notations as in [AmNi]. The phase-space, a complex separable Hilbert space,
is denoted by Z with the scalar product (.,.). The symmetric Fock space on % is denoted by ¢
and \/" & is the n-fold symmetric (Hilbert) tensor product, so that 7 = ®,cn V" Z as a Hilbert
direct sum. Algebraic direct sums or tensor products are denoted with a alg superscript. Hence
HH = @ZlEgN V" Z denotes the subspace of vectors with a finite number of particles. For any p,q € N,
the space &), 4(Z°) of complex-valued polynomials on 2 is defined with the following continuity
condition: b € ), ,(Z) iff there exists a unique b € Z(\/? Z,\/? %) such that:

b(z) = (z71,b7°P) .

The subspace of &, ,(Z") made of polynomials b such that b is a compact operator is denoted by
P, (Z). The Wick monomial of symbol b € P, ,(Z) is the linear operator b/ : G — 4
defined as follows:

Val(n+g—p)! pra

. !
leCk ° € 5
(n—p)!

iz = Lptes) (1) Tn-p+q (i’ @ Lyn-r 3) ;

where .7, is the symmetrization orthogonal projection from ®”"% onto \/" 2. Remark that b"ick
depends on the scaling parameter €.

Consider a polynomial Q € ;,(%) such that Q € .Z(\/* %) is bounded symmetric. The
many-body quantum Hamiltonian of bosons is a self-adjoint operator on # having the general
shape:

He = dI(A) + Q"k, (1

where A is a given self-adjoint operator on 2. The time evolution of the quantum system is given
by Ue(t) = ¢ /e and U(t) = ¢~ for the free motion. The commutation [QVi* N] =0
with the number operator N = dI'(1) = (\z|2)ka, ensures the essential self-adjointness of H, on
2(dI'(A)) N .7 and the fact that both dynamics preserve the number.

Now we turn to the description of the nonlinear classical dynamics analogues of (1).

Let us first recall some notations from [AmNi]. Polynomials in &2, ,(Z°) admit Fréchet differentials.
Forbe 2, (%), set

2ub(2) i) = bz s, Ac(2)lu] = b2+ ).

where 9, d, are the usual derivatives over C. Moreover, dXb(z) naturally belongs to (\/* 2)* (i.e.:
k-linear symmetric functionals) while 8% b(z) is identified via the scalar product with an element of
\// %, for any fixed z€ 2. Forb; € ), ,.(Z),i=1,2and k € N, set

The multiple Poisson brackets are defined by
{b1,b62} %) = 9b1.08by — 002 9fb1,  {b1,ba} = {1, b2}V,

The energy functional
h(z) = (z,Az) + 0(z), z€ Z(A),

has the associated vector field X : 2(A) — %, X(z) = Az+ d-Q(z) and the nonlinear field equation

l'a;z, = X(Z[)



with initial condition zo = z € Z(A). For our purpose, we only need the integral form of the later
equation

. t .
z=e Mz— i/o e l=9)A 0:0(zs)ds, for z€ Z. 2)

The standard fixed point argument implies that (2) admits a unique global C’-flow on 2 which is
denoted by F: R x 2 — Z (i.e.: F is a C%-map satisfying F;,(z) = F; o Fy(z) and F;(z) solves (2)
for any z € 2°). While considering the evolution of the Wick symbols, the action of the free flow
e~ "4 will be summarized by the next notation :

by=boe ™ 1 ¥ 37b(z)=ble™z), b€ @;{ieNWp,q(f), 3)

forany b € @;l,iel\lf@p,q(g) and any t € R. '
Moreover, if z; solves (2), and Q; is defined according to (3), then w, = ¢4z, solves the differential

equation

d
— Wy = _iaZQt(Wt) .

dt
Therefore for any b € &, ,(Z), the following identity holds
d . .
T b(w;) = 0:b(wi)[—id:0;(wr)] + 9:b(wy)[—i0:0: (w1)]

= {0, b}(wr).

This yields for any z € 2 and b € @;ayl.iel\l Py q(Z), the Duhamel formula

t
boF,(z) = by(z) +i /0 (0.by_1, Y oFy () di @)

by observing that {Qy,,b}(w;,) = {0Q,b—, }(z,)-

2 Results

While introducing or using Wigner measures, all the arguments are carried out with extracted se-
quences (or subsequences) (&,),en such that lim,_,.. &, = 0, instead of considering a non countable
range (0,€), € > 0, of values for the small parameter €. Without loss of generality (see [AmNi]) one
can consider a countable family (pg, )nen of density matrices, pg, > 0, Tr[pg,] = 1, and test them
with g,-quantized (Wick, Weyl or anti-Wick) observables before taking the limit &, — 0. For the
sake of conciseness, the € or g, parameter does not appear in the notations of quantized observables.

The first condition which characterizes our class of &,-dependent density matrices reads:
A >0 : VkeN, Tr[N p,] < A* uniformlyin n € N,(N =Ng,). (HO)

Wigner measures were constructed in [AmNi, Corollary 6.14] for the sequence (pg, )nen- Possibly
extracting a subsequence still denoted (&,),cn, there exists a Borel probability measure y called
Wigner measure such that:
. j al -

lim Trlpg, 67 = [ b() du(2), forany be &% Z55(2). 5)
with again p"ick = bg:id‘.
The statement (5) does not hold in general for all b € @Z:gﬁ eN‘@aﬁ(ff ) and counterexamples ex-
hibiting the phenomenon of dimensional defect of compactness were given in [AmNi]. The exten-
sion of (5) to the larger class of symbols 692%[3 enZa,p(Z) depends on the sequence (g, )neny and
it turns out to be an important fact when studying the mean field limit. In the following, a sequence
(Pe, Jnen With a single Wigner measure pt will have the property (P) when:
lim Trlpg, ") = [ b(z) du(2), forany b€ O3 Pap(2). (P

Z

£,—0 o,feN

Here is the main theorem.



Theorem 2.1 Let the sequence (pg,)nen of density matrices, pe, > 0, Tr[pg,] = 1, lim,_w & =0,
satisfy (HO) and (P). Then the limit

lim Tr[pe, elertlen pWick eiiEL»HS"] = /g(bOFt)(Z) du, (6)

n—oo

1 . . ic
holds for any t € R and any b € @Z?ﬁeN@a,B(g) with WVick — bg, k-

Remark 2.2 Since F is a C'-map the r.h.s. of (6) can be written as

| @R du= [ b an,
z z
where L, is a push-forward measure defined by L, (B) = wW(F_;(B)), for any Borel set B.

We refer the reader to [AmNi] for the definition of Weyl observables and the Schwartz class of
cylindrical functions .7 (Z).

Corollary 2.3 Let the sequence (e, )neN of density matrices, pg, > 0, Tr[pg,] = 1, lim, e &, =0,
satisfy (HO) and (P). Then the limit

lim Tr[pe, elentlen pWerl ef"SLnHS"] = /@pbOFt(z) du, 7

&,—0
holds for any b € /.y (%) and any t € R.
Proof. A consequence of Thm. 2.1 and [AmNi, Prop. 6.15] is that the sequence
Pe, (1) = Ue, (1)Pe, Ue, (1)"

admits a single Wigner measure given by ;. Hence, by definition

lim Trlpe, () 6% = Tim [ F(b](€) Trlpe, (1) W(V2RE) L, ()
&— e—0Jp7

= [, 7B [, aue) 1ya2).

O
Another formulation states that the Wigner measure y; satisfies a transport equation in an integral
form.

Corollary 2.4 Let (pg, (t))nen be as above and let L, denote its Wigner measure. Thent € R — 1
is a solution to the transport equation:

w6) = w0+ [ ({0 ds, ®)

forany b € @;lflel\,@(f) and where u?(B) = (e " B) for any borel set B.

Proof. The relation (8) is given by testing (4) on u = Ug . (]

3 Criteria for the property (P)

In the following, two conditions which ensure the property (P) are formulated. Recall that for any
P € (%) the operator I'(P) acting on ¢ is defined by

L(P)yny =PQP--@P

and I'(P) is an orthogonal projector if P is too. The first criterion is a ’tightness’ assumption with
respect to the trace norm of the state

V1 > 0,3P € £ () finite rank orthogonal projector , Vn € N : Tr[(1 —T(P))pe,] <n (T).



The dual version is formulated as an equicontinuity assumption with respect to the Wick symbols:

p q
Vp,q € N,vn >0,3% c 2(\/ .\ Z) Vb € #p,Yn €N : ’Tr[penbwwk]

<n, (E)
where % is a neighborhood of zero in Z(\/* % ,\/? %) endowed with the o-weak topology.

Lemma 3.1 Assume that (g, )nen satisfies (HO). Then
(i) (T) = (P),
(i) (E) = (P).

Proof. We aim to prove (P) for b € 2, ,(Z).
(i) Start with

Tr[pe, o] = Tilpe, T(P)B""“T(P)] + Tr[pe, (1~ T(P))b""“T(P)]
+  Trlpg, T(P)B"'(1 =T (P))] + Ti[pe, (1~ T(P))p"" (1 - T(P))]

Estimate all the terms containing (1 — I'(P)) in a similar way. For example, we have

Trlpg, (1= T(P)LYHT(P)]| = [Tel(N)Z" pg, (1 = T(P))B" ()~ "' T(P)] ©)
< Cpa®)|[M) 5 il pél* (1 TP || (10)
< Cpg )| )% pey )5 10~ (P (1T A1)
< Cpq(b)Trlpe, (1 -T(P))]'/. (12)

First (10) comes from the number estimate wa’“‘ (N) ‘ < Cp4(b) then Cauchy-Schwarz in-
equality yield (11). The last estimate (12) is possible with (H0). Remark that T'(P)b"iT'(P) =
[(P)b(Pz)"“*T'(P) and that the polynomial b(Pz) € P75 ,(Z) when P is finite rank orthogonal
projector. The hypothesis (T) and the above argument allow to approximate Tr[pg, b"] by the
quantity Tr[pg, b(Pz)"¥] using n/3 argument.

Now, write

Tilpe, ") - | ble)in| <

Tt[pe, (bW“'k - b(Pz)W""k)] +Tr[pg, b(Pz)""] — /yb(Pz)du

+ [ i) —b(z)]du‘ .
So, the property (T') and (HO) implies (P).

(i1) There exists a sequence by € @;‘:q(ff ) such that b, converges in the 6-weak topology to 5. We
have

Tilpe, 61~ [ b(ohau| <

Trpe, (bWiCk - bwik)] + (Tr[Psn bK(Z)WiCk] - /%,bx(z)dﬂ)

+ /g[b;c(z) —b(z)]du‘ . (13)
So, (P) holds by an 11/3 argument and using respectively (E), (5) and dominated convergence for
each term in the (r.h.s.) of (13). O
Remark 3.2

1) The space of bounded operators £ (\/* % 1 %) endowed with the 6-weak topology is not a
Baire space when % is infinite dimensional. Otherwise, (E) and hence (P) would be fulfilled by any
sequence (Pg, )neN satisfying (HO), according to Banach-Steinhaus Theorem (Uniform Boundedness
Principle).
2) The hypothesis (HO) in the above lemma, can be replaced by the weaker statement (see [AmNi,
Prop.6.15])

3C > 0: Vk e N, Tr[N*p,, N¥] < C(Ck)*

uniformly in €,. This can be interpreted as an analyticity property of t — Tr[e"’N2 pg,lei’Nz} in
{|t| < 1/C}, uniformly w.rt &,.



4 Proof of Thm. 2.1

Definition 4.1 Forme N, r € {0,--- ,m} and ty,--- ,t,,t € R, associate with any b € ), ,(Z) the
polynomial:

m 1
"ty t1,0) = o= Y { Qs QbYW YW e (). (14)
2" g2y e
re{1,2}

Note that for shortness the dependence of Cﬁm) (tm,- -+ ,11,t) on b is not made explicit on the notation

and even sometimes we will write C,(m>. By convention we set Céo) (t) = by.

~ ~ [
We collect some statements from [AmNi]. Remember that b denotes the operator b = i,ff, b(z) e
L (P Z P Z) associated with b € &), ,(Z).
Lemma 4.2 Letb € P, ().
(i) The following inequality holds true
10.b3® < 20p(p— 1)+ (g~ 11101 Blayr 2.0 2.
2\ 2N Z)

(ii) Foranym € Nand r € {0,1,...,m}, we have

() o p+m—r—10 -

™ <27 (1) (p+m—r)” % [PV EAVESE

f(vl”rm*" :Qp’vzﬂrmfr Q‘) ( - 1) .

when p > q with a similar expression when q > p (replace (p+m—r,p—1) with (g+m—r,q—1)).
Proof. See [AmNi, Lemma 5.8, 5.9]. O

Lemma 4.3 For any 0 > 0 there exists T > 0 such that for all 0 <t < T:

> 4 Im—1
Zém/dnm/ dty,
m=0 0 0

Proof. It is enough to bound (15) in the case p > ¢. Using Lemma 4.2 (iii) with » = 0, we obtain

>° t Tm—1
ZS'”/dtlm/ dtm
m=0 0 0

The r.h.s. is finite whenever 0 <t < T = (23§ |0|)~". O
Proof of Thm. 2.1
First consider the following expansion proved in [AmNi, (50)-(52)] for any positive integer M:

C(()m)(tm,...,tl,t) < oo (15)

AV AR

=

<2r 7ol Y (2%6110])".

m=0

C(()m)(tm,...,tl,t)

i M—1 t tin—1 Wick
Uelt) bV Ue(r) = Y i / dr - - / dty G (1, 1.0)]
m=0 0 0

ed 1 i — Wick .
+§ Z lm/o dll"'/() dty, Us(tm) Ug(tm) [{thac(() 1)(tm*17"' 7t17t)}(2)} Ug(tm) UE(tm)
m=1

:| Wick

m [ w1 %770 (M) 0f, \*
+i /0 dt1-~/0 dty U (tyr)"Ug (tmr) [CO (tm, -+ ,11,1) U, (tm) " Ue (tm)

where the equality holds in .2 (\/* 2, \/*T9" 7 %) for any s € N, s > g — p. Multiplying on the left
the above identity by pg, and then using number estimates with the help of (H0), yields an identity



on % (#¢) on which we take the trace. This leads to

. M—1 1 tm—1 ( ) Wick
Tr[pe, Ue, (1) 0" U, (1)) = Y " / dr--- / dty, Tr [pgn (CO’” (s~ ,tl,t)) ] (16)
m=0 0 0

gn M n td Im—1 d
+ ) Z i /0 1 /0 'm

m=1
Wick

Tr [psnvsn (1) UL () ({200 €6 et 11,0} ) UR (1)U, (zmﬂ (17

t IV —1 Wick
_H'M/O dt /0 dty Tr [pgnUgn (tM)*USn (tm) (C(()M) (tr, - ,tl,t)) Ue?n (1) Us, (tM)] .(18)

The interchange of trace and integrals on the r.h.s. is justified by the bounds on Lemma 4.2. Lemma
4.3 implies that the term of (16) and (17) are bounded by

4 "Tm—1 iy
An = Amtta? sign(t)m/ dtl---/ dty C(()m)
0 Jo

)

B, G

A 20 m—14254 . m [ fm—1
&|0](p+q+m—1)°A 7 sign(z) /Odtl---/o dt

while the remainder (18) is estimated by

4 M1
1(18)] < sign(r)” / dry - / div
0 0

cf,M)’ =Cy.

By Lemma 4.2, the series ¥°_,A,, and Y>_, B,, converge as soon as |t| < Ty = (23A|Q])~! while
limys_.. Cpr = 0. Hence the relation (16)(17)(18) holds with M = oo with a vanishing third term and
a second term bounded by Yrr_, B,y = O(&,). Therefore, we obtain

' o ; f1 Wick
lim Tr[Pansn (t)*leCkUgn (1)) - Z im/ dty -+ / dt,Tr |:pe,1 (Cém> (tm,++ 1 J)) ] =0.
m=0 0 0

&,—0

Owing to the condition (P) which provides the pointwise convergence and the uniform bound of
Y —0Am, the Lebesgue’s convergence theorem implies

oo

t tn— Wick
lim ) i’”/ dtl-u/ ldtm Tr {pgn (C(()m)(tm,-~~7t1,t)) } =
0 0

€ —0 m=0
. fn—1 (m)
Zz’"/dt1~--/ dtm/ Co" (tms -+, 11,152) dt . (19)
= Jo 0 3

Now, we interchange the sum over m and the integrals on (71, - - ,f,,¢) with the integral over 2 on
(19) simply with a Fubini argument based on the absolute convergence (written here for r > 0):

>° 1 Tm—1
Z/Odt1~--/0 dty, /QF ‘Cém>(tm,~~-,t1,t;z)\ du <
m=0 .

=

t Tn—
y (/ |z|”+‘7+2mdu) /a’t]---/ " dim
2 0 0

m=0

C(()m>(tma"' at]at)

Again (HO) and (P) imply that for all k € N there exists A > 0 such that
/ 122 du = Tim Trlpe, (]2)Yi4] = lim Tr[ps, N] < AF.
z &,—0 &,—0

Hence, Lemma 4.3 yields for |¢| < Tp:

. > 1 Tm—1
lim Tr[pe, Ue, (1) 6" Up, (1)) = Y " / dty - / dt,, / C (tyy+++ 111, 1:2)d L
&,—0 m=0 0 0 r

. fn—1 (m)
/ sz/dtlm/ dtw Cy" (tm, -+ ,11,1;2) dUL,
v = Jo 0



Im—1
where the integrand Z / dty-- / dty, C(()m) (z) is a convergent series in L' ().
The last step is the 1dent1ﬁcat10n of the limit with the r.h.s. of (6). Indeed, an iteration of (4) reads

t t 1 .
b(z) = by(2) +i /O (01, b}(2) diy + P /0 dty /O dty {0,101 b} H (e 2,),

after setting z; = F,(z) and defining the Wick symbols b, and Q, according to (3). By induction we
obtain for any M > 1:

M-1 4 In—1
bR = b+ X [l [T i 6 e i)
m=1

4 M—1
M/ dt1~~/ dty C(()M)(tM, 1, te™Az, ).
0 0

An integration with respect to the measure u leads to

M—1 t o1 ()
[peR@an = Y [an-["an [ sz
7 = ) 0 7

t -1 .
M (M) . ityA
dt~~~/ dt /C M, -t e™MPz ) dUL.
/0 ! 0 M % 0 (M ! tM)

Again the uniform estimate Y- _A,, when || < Tp and limy_...Cy = 0, allow to take the limit as
M — oo. This implies for |¢] < Tp

oo t o
/ boF,(z)du="Y i" /dfl"'/ 1”lfm/ C" (1, -+ y11,132) di.
7 = J 0 7

This proves the result for |f| < Ty and it is extended to any time by the next iteration argument.
Indeed, it is clear that pg, (t) = Ug, (1)pg, Us, (t)* satisfies (HO) since Uy, (t) commute with N. The
property (P) holds for pg, (t) when |t| < Ty by Remark 2.2 and Corollary 2.3. For 7,s such that
|7],]s|] < To, the sequence (pg, (t))nen satisfies (HO) and (P). Therefore, the result for short times
yields

lim Tripe, (1)Ue, () D" U (s / boFy(2) duy — / boF,.y(z
£, —
O
Remark 4.4 As by product we have for any b € @a ﬁeNe@aﬁ ()
Tm—1
boF,(z Z '”/ dty - / dtm C(g’”)(tm,~-- J1,12). (20)

Moreover, the arguments used in the proof of Thm. 2.1 can not ensure the pointwise absolute con-
vergence of the r.h.s. (20) for all z € Z.

S Examples

Models:

M) Let 2 =L*(R?,dx), A = D?+U(x) self-adjoint and Q is a multiplication operator by 3V (x—)
with V € L*(R?).

M2) Let 2 = L*(R?,dx), A = \/D? +m? + U (x) self-adjoint and Q as above.

M3) When 2 = (Cd Rﬁf’é one recovers the standard semiclassical limit problem and the condition
(P) is always satisfied if (H 0) is satisfied. We refer for example the reader to [CRR] [Ger] [GMMP]
[HMR] [LiPa] [Mar] [Rob] for various results about this topic.

Density operator Sequences:




1) Every sequence (pg, )nen valued in a compact set of the Banach space of trace class operators has
the Wigner measure &. If in addition (pg, ), satisfies (HO) then (P) holds true.

2) Let (pg, )nen as in 1) and satisfying (HO) and let (z,),cn be a sequence of 2 such that lim,_,e
|zn —z| = 0. Then pg, = W(i—\?zn)pgnW(—iiezzn) admits the unique Wigner measure i = 6, where z
and (P) holds true. The push-forward measure is L, = &, .

—1 —1
3) Let (zn)nen be a sequence valued in a compact set of 2. So pg, = |z§[8" ]><zf?[£” }| satisfies (HO)

and the property (P) and admits the Wigner measures ﬁ Jo 8, .46 where z is any cluster point of
(zn)nen- Several other examples can be obtained by superposition, see [AmNi].
4) Let (z,)nen be a sequence such that |z,| = 1 in 2 converging weakly to 0. Then (P) fails for

Pe, = |E(zn)) (E(zn)| with E(z,) = W(gzn)KZ), although (H0) holds.
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