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1. Introduction

We study the scattering by potentials and by magnetic fields with two compact
supports at large separation and analyze the asymptotic behavior of the time delay
as the separation of supports goes to infinity. We work in the two dimensional
space R? throughout the whole exposition. In fact, it is in two dimensions that a
quite different method is employed in potential and magnetic scattering. This comes
from the fact that vector potentials corresponding to magnetic fields with compact
supports at large separation can not necessarily have separate support due to the
topological feature of dimension two. We make further comments on our motivation
of the present work at the end of the section.

We begin by making a brief review on the time delay in potential scattering. We
consider the Schrodinger operator

H=Hy+V, Hy=-A, VO R — R), (1.1)

acting on L? = L?(R?), where V(z) is assumed to be a real smooth function
with compact support. The two operators H and H, are essentially self-adjoint
in C3°(R?). The self-adjoint realizations denoted by the same notation H and H,
have the same domain D(H) = D(H,) = H*(R?), H*(R?) being the Sobolev space
of order s. If V' is of compact support, then the difference between the semigroups
exp(—tHy) and exp(—tH), t > 0, generated by Hy and H is an operator of trace
class. The scattering matrix S(\) : L*(S') — L?*(S') at energy A > 0 for the pair
(Hp, H) is unitary and takes the form S(\) = Id + T(\) with operator T'(\) of
trace class, where S! is the unit circle and Id denotes the identity operator. Hence
det S()) is well defined and is represented in the form

det S(A) = exp(—2mi&(N)). (1.2)

According to the Birman—Krein theory ([6, 25]), £(A) is extended for negative A < 0
as a locally integrable function £()\) € Li.(R) and satisfies the trace formula

Te(f(H) = f(Ho) = [ FNEN AN, [ € CF(R), (13)
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where the integration without the domain attached is taken over the whole space. We
often use this abbreviation throughout the discussion in the sequel. The function
€(A) is called the spectral shift function and is uniquely determined by the trace
formula (1.3) under the normalization that £()\) vanishes away from the spectral
support of H. We further know ([17]) that £ € C*°(0,00), and we can calculate

£()) as
§(N) = — (2mi) " TH[S(N)* (dS(N)/dN)] (14)

by the well known formula (see [10, p.163] for example). The operator —iS(\)*S"(A)
is called the Eisenbud-Wigner time delay operator in physics literatures and its
trace describes the time delay for a monoenergetic beam at energy A (see [4] for the
physical background).

We first consider the scattering by potential with two supports at large sepa-
ration. We do not need to restrict ourselves to the scattering in two dimensions.
The obtained results extend to the case of higher dimensions without any essential
changes. Let Vi, Vo € C3°(R* — R). Then we define the three operators by

Hy=Hy+Vy, Hyg=Hy+Vig, Hyy= Hy+ Vo, (1.5)
where
Vi(z) = Vig(z) + Vaa(z), Via(z) = Vi(x —dy), Vaa(x) = Va(z — da).

We denote by &1(A), &(A) and £(A;d) the spectral shift functions for three pairs
(Ho, Hy), (Hy, Hs) and (Hy, Hy) respectively, where

H1:HO—|—‘/, H2:H0+‘/2 (16)
These spectral shift functions are uniquely determined under normalization that
A =0,  &MA)=0,  &Xd)=0 (L.7)

for A <« —1, and it is easy to see that the pairs (Ho, H;) and (Hy, Hjq) define
the same spectral shift function. We shall state two theorems on the asymptotic
behavior as |d| = |dy — di| — oo of £'(\;d).

Theorem 1.1 Let the notation be as above. Then &'(\;d) satisfies
¢'(Nid) =&\ + &N +0(d™),  |d] — oo,

for any N > 1 in D'(R) (in the distribution sense). In other words,

J O Ed) =60 = &) dr = 0(d ™), f € CF(R).



Next we look at the behavior of £'(\; d) for A > 0 fixed. A term highly oscillating
with |d| is hidden behind the asymptotic formula in the distributional sense. Such
a new term is added to the sum of £](\) and &, (\) as the leading term. The new
term is described in terms of the amplitude a;(w — 6; X), j = 1, 2, for the scattering
by potential V; from incident direction w € S* to final direction 6 at energy A > 0.
The second theorem is stated as follows.

Theorem 1.2 Define ag(X;d) by

A A

ao(N\;d) = ar(—d — d; Nag(d — —d; \), A >0,
with d = d/|d) € S*, d = dy — dy. Then £'(\;d) behaves like
ENid) = §N) + &) — 7' Re [exp(i2X'/?d])ao(X; d)| A7 + O(Jd| ™)

locally uniformly in A > 0.

We make a comment on the term exp(i2X*/2|d|)ag(); d). This term appears as
the period of the trajectory trapping between two supports supp Vi and supp V5. In
fact, it takes time 2|d|/(2A\!/?) for the free particle with mass 1/2 to go from supp V;
to supp V5 and back with velocity 2A/2. The period of the oscillating trajectory
gives rise to the time delay d (2)\1/2|d|) JdX = 2|d|/(2A'/?). As an application of
Theorem 1.2, we can derive the asymptotic formula as |d| — oo for the spectral
shift function £(\; d) itself.

Theorem 1.3 Define {y(\;d) by
&o(A;d) = sin (2)2|d] ) Re ap(X; d) + cos (2A1/2]d]) Im ag(A;d), A > 0,
for ap(\; d) as in Theorem 1.2. Then
ENd) = &1(N) + &(N) — 7 (N d)|d] ™ + o(ld| ™)

locally uniformly in A > 0.

The theorem above has been verified by [17] in a quite different way for a wider
class of short—range potentials not necessarily supported compactly in three dimen-
sions. However it should be noted that Theorem 1.3 does not imply Theorem 1.2
in a simple manner. We prove Theorem 1.1 and then Theorem 1.3 in section 2,
accepting Theorem 1.2 as proved. Theorem 1.2 is verified in section 4 after making
a quick review on the stationary theory of scattering and on the representation for
time delay in terms of outgoing eigenfunctions in section 3.



We proceed to the time delay in magnetic scattering. We fix the basic notation.

We write
H(A) = (—iV — A)?

for the magnetic Schrodinger operator with vector potential A(x) : R> — R*. We
set

W) = @m) ™ [log |z — ylb(y) dy
for b € C°(R* — R) and define A(z) by
A(z) = (=029 (), 01¢(x)), 0; = 0/0x;. (1.8)
Then A defines the field V x A = Aty = b and behaves like
A(z) = aA(x) + O(Jz|7?)

at infinity, where a defined by o = (27)! / b(x) dz is called the flux of field b, and
A(z) takes the form

A@) = (—o/|2]* 01 /|]*) = (=0;log |z, &y log |). (1.9)

The potential A(z), which is often called the Aharonov—Bohm potential in physics
literatures, defines the solenoidal field V x A(z) = A log |z| = 27d(x) with center
at the origin. We use the notation

tr (Gy — G) = /(Gl(m, z) — Go(, ) dz

for two integral operators G; with kernels G,(z,y). If G; — G5 is of trace class,
then this coincides with the usual trace Tr (G; — G2). However the integral is well
defined even for G; — (G5 not necessarily belonging to trace class. If, for example,

G1 = f(HO) with f € C((])o(R) and
Gy = f(Koy), Ko=exp(—ig)Hyexp(ig)

for some smooth real function g, then tr (G; — G3) = 0.

We set up the problem. Let by € C°(R* — R) be given magnetic fields. We
assume that the total flux

/b+(x) dz + /b_(x) dr =0 (1.10)
vanishes. We set
a = (2m)"! / by () de = —(21)"! / b_(a)da.
We now consider the operator

Ld = H(Ad), Ad(.ili‘) = A+(.Z' — dJr) -+ A,(.CIZ' — d,),
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where Ay (z) is defined as

Ac(r) = (~0s(0), 000 (@), vsla) = (2m)" [log |o —ylbely)dy,  (111)
in the same way as in (1.8). The potential Ay behaves like
As(z) = alA(z) + O(Jz|?)

at infinity, while A4 falls off like Ag4(z) = O(]z|~2) by assumption (1.10). If |d| =
|d —d_| > 1, then Ay(x) defines the field

ba(x) =V x Ag(z) = by (x —dy) +b_(x —d_)

having separate support. By (1.10) again, the integral / Ay(z) - de = 0 along closed
c

curves in the region {|z| > M |d|} with M > 1 large enough. This enables us to
construct a smooth real function gy(x) on R? such that A,y = Vgq over the above
region. We set

Ed = exp(—z'gd)Ld exp(z’gd) =H (Ad — ng) .

Since gy4(z) falls off at infinity, both the pairs (Hy, Ly) and (HO, Ed) define the same
scattering operator, so that the same spectral shift function is obtained from these
two pairs. As is easily seen, the spectral shift function does not depend on the choice
of g4. We denote by n(\; d) the spectral shift function for the pair (Hy, Lg). Then
we have the trace formula

t (f(La) = [(Ho) = [ fOn(xd)dx, [ € CF(R).

The problem which we want to discuss is the asymptotic behavior as |d| = |dy —
d_| — oo of the time delay 7/(A\;d). The result is formulated in terms of the
spectral shift function for the operator Ly = H(Ay) with potential A4 (x) defined
by (1.11). However the function is not expected to be defined for the pair (Hy, L)
because of the long-range property of Ai(x). Thus we introduce the auxiliary
operator Ky = H(+aA), where A(z) is defined by (1.9). Since A has a strong
singularity at the origin, the self-adjoint extension of symmetric operator K over
ce ( R*\ {O}) is realized by imposing the boundary condition ‘glgi|m0 lu(z)] < oo at
the origin ([1, 7]). We can easily see that an operator obtained from L. after a
suitable gauge transformation coincides with K4 over the region {|z| > ¢} for some
¢ > 0. Hence the spectral shift function 74 (A) can be defined for the pair (K4, L)

for the same reason as 1(\; d) is defined for the pair (Hy, Ly), and the trace formula

tr(f(Le) = F(ED) = [ FOne(Vax, [ € C(R),

holds true. The theorem below corresponds to Theorem 1.1 in potential scattering.



Theorem 1.4 Let the notation be as above. Assume that the total flux of Ly =
H(Ay) vanishes. If f € C(R) fulfills f'(N) =0 around the origin, then

tr (f(La) = f(Ho)) = —r(1 = ) f(0)
+tr (f(Lo) = FK2) + o (f(Ly) — F(K4)) +o(d] ),

where k = a — [af, 0 < k < 1, and the Gauss notation [a] denotes the greatest
integer not exceeding . In other words, n(X\;d) satisfies

[ FOmOcdydr = [ /) 61 +1-(0) dA = k(1 = £)£(0) +o(ld] )

As a special but interesting case, we consider the scattering by two solenoidal
fields with center at large separation. Let K, be defined by

Ky = H(Ay), Ag=alA(z—dy)—allx—d). (1.12)

We know ([13]) that this symmetric operator (not necessarily essentially self-adjoint)
over C3°(R?\ {d_, dy}) has self-adjoint realization in L? = L?(R?) with domain

D={ueL®: (—iV —Ay)°uelL? | lcilrr‘l . lu(z)| < oo} (1.13)
T—d4|—
We denote by the same notation K, the self-adjoint realization and by 75(\; d) the
spectral shift function for the pair (Hy, Ky).

Theorem 1.5 Let f € C°(R) be as in Theorem 1.4. Then

tr (f(Ka) — f(Ho)) = —k(1 = 5).f(0) + o(ld| 7).

In other words, ns(\; d) satisfies the relation
[ Q0ms(xs d)y dx = =k (1 = k) £(0) + o(|d| ).

Theorems 1.4 and 1.5 are helpful in deriving the asymptotic formula with error
estimate o(|d|™!) for the spectral shift functions n(X;d) and ns(\;d) respectively,
which is seen from the argument used to prove that Theorems 1.1 and 1.2 imply
Theorem 1.3. We prove only Theorem 1.5 in section 5 and skip the proof of Theorem
1.4. An essential idea is displayed in the proof of Theorem 1.5. The main body of
the present work is occupied by the proof of Theorems 1.2 and 1.5. Throughout the
proof, the time delay in potential and magnetic scattering is seen to be placed under
a quite different situation in two dimensions. In fact, the time delay is not neces-
sarily defined for scattering by magnetic fields compactly supported, if its flux does
not vanish. Even if the total flux vanishes, the support of potentials corresponding
to fields with compact supports at large separation widely extends without being
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completely separated. This prevents us from applying directly the idea developed in
the proof of Theorem 1.2 to the case of magnetic scattering. It is only in two dimen-
sions that such a difficulty occurs. We will explain additional technical difficulties
at the end section 4 after completing the proof of Theorem 1.2.

Our motivation of the present work comes from the derivation of the asymptotic
formula pointwise (not in the distribution sense) for the time delay n5(\; d) in the
scattering by two solenoidal fields. Theorem 1.5 is an intermediate result and the
original purpose has not yet been achieved here. In the scattering by solenoidal
fields, the explicit asymptotic formula is expected for n5(\; d) and ns(A; d). In fact,
the scattering amplitude by the field 2rad(z) with flux « and center at the origin
is known to be calculated as

Solw — 0;0) = (2i/7)?sin ar exp (i[a](wy — w_)) F(6 — w), (1.14)
where w € S! is identified with the azimuth angle from the positive z; axis, and
F(z) is defined by F(z) =€/ (1 - e”) for z # 0 (see [2, 3, 22] for example). In
particular, the backward amplitude s,(w — —w; \) takes the simple form

Salw — —wiA) = —(i/2m)2A V4 (=1) sin o,
and hence we have
Sa(d — —d; N)s_a(—d — d; \) = (i/27) A" V2 sin® ar

for d = d/|d), d = dy — d_. According to Theorem 1.2, the time delay n}(); d) is
expected to obey

n5(A; d) ~ 2(2m) "2 A7 sin® asin (20172|d]) + O(|d| ™)

locally uniformly in A > 0, and also we combine this relation with Theorem 1.5 to
see that ns(\; d) satisfies

(N d) ~ k(1= k) = 2(2m) 2 A7 sin a cos (2A2d] ) [d] ™ + o(|d| ).

Thus 7s(\; d) is expected to be convergent to k(1 — k) as |d| — oo locally uniformly
in A > 0. Since 7j5(A; d) highly oscillates with |d| for positive energy A > 0, we may
understand that a contribution from zero energy only remains as the constant term
k(1 — k) in the leading term.

The other motivation lies in the semiclassical analysis on the time delay in mag-
netic scattering by two solenoidal fields. We consider the operator

H,=(—ihV —®)*,  0<h<1,

where ®(7) = aA(r —e;) — al(z —e_) with e, # e_. Then H), is unitarily trans-
formed into K; = H(®,), where

O4(x) =PAN(x —dy) — Az —d_), PB=a/h—[a/h], di=-es/h.
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Hence the semiclassical problem (A — 0) is reduced to the large separation problem
(|d| — o). In our previous works [14, 23], we have developed the semiclassical
analysis on physical quantities such as scattering amplitudes and total cross sections
for magnetic scattering by two solenoidal fields.

The trace formula (1.3) is an important tool to study the location of resonances
in various scattering problems. For this reason, there are a lot of works on the
asymptotic analysis on spectral shift functions or time delay besides the work [17]
cited above. We refer to [9, 19, 20] for comprehensive references on related subjects.
In particular, [20] contains an excellent survey on the semiclassical spectral theory.

2. Proof of Theorems 1.1 and 1.3

We here prove Theorem 1.1 and show that Theorem 1.2, together with Theorem
1.1, implies Theorem 1.3. The proof is based on the Helffer—Sjostrand calculus for
self-adjoint operators ([11]). According to the calculus, we have

J(Ha) = (i/27) [0.7() (Ha = 2)"" dzd (2.1)

for f € C°(R), where f € C$°(C) is an almost analytic extension of f such that f
has compact support in the complex plane C| fulfills f = f on R and obeys

00 f(2)] < Cuplim 2|, m > 1,

for any L > 1. We introduce a smooth nonnegative partition of unity {xo, x1, X2}
normalized by xo + x1 + X2 = 1 over R? such that

suppx; C {|z —d;| < 2d|d|}, x; =1 on {|x —d;| <d|d|},

for j = 1,2, § > 0 being fixed small enough.

Lemma 2.1 Let Hjq, j = 1,2, be as in (1.5) and let {xo, x1, X2} be as above.
Denote by || ||, the trace norm of operators on L*. If f € C°(R), then

1 (Ha) = f(Hja)) x5l = OUdI™),  1I(f (Ha) = f(Ho))xoll, = O(1d| ™)

and [|(f(Hja) = f(Ho))(1 = x;)ll,, = O(|d|™™) for any N >> 1.

Proof. 'We prove only the first bound for j = 1. A similar argument applies to
other bounds. We make repeated use of the resolvent identity to obtain that
(Hd — 2)71 — (Hld — 2)71 = —(Hd — Z)il{fgd(Hld — Z)il
= —(Hq—2)"Wag(Ho— 2) " + (Hg — 2)”'Vog(Ho — 2) " Vig(Hia — 2)~"



for z with Im z 2 0. Since the distance between supp V14 and supp Vs, satisfies
dist (supp Vig, supp Vaq) > ¢|d|, ¢ >0,
it is easy to see that
|Vaa(Ho — 2)7"Vaa| < Oy [tm 27 |~

and similarly for Vag(Hy — 2)"x;. Thus (2.1) yields the desired bound. O
Proof of Theorem 1.1. The theorem follows from Lemma 2.1 immediately. O

Proof of Theorem 1.3. Let &(\;d) be as in the theorem. Then we have
&(\;d) = Re [exp(2iN2[d])ag(\; )] A™/|d] + O(1),  |d] — oo. (2.2)

We fix E > 0 arbitrarily and take a smooth real function g € C*°(R) such that
0<g<1and

g=0 on (—o0, E —2¢], g=1 on [E—¢,00)

for ¢ > 0 fixed arbitrarily but small enough. Then {(F;d) is represented as

eEd) = [ ggtayart [ d e d) ax

—0o0

We apply Theorems 1.2 and 1.1 to the first and second integrals on the right side,
respectively. We note that g does not vanish only over (E — 2¢, E] in the interval
(—o0, E]. If we take account of (2.2), then we see by Theorem 1.2 that the first
integral behaves like

/i gNE N d) dX = &(B) + &(B) — 76 (B; d)|d| ™
- /9’@) (E1(2) +&(N) dA+=0(d|™") + O(ld| ™).

If we set f(A) = g(A\) — 1, then f'(A\) = ¢’(\) and f(A\) =0 for A > E — . Since
&1(N), &(A) and &(); d) all vanish for A < —1 by (1.7), the second integral obeys

[ dmeayan= [ Fojedyan= [ 00 @0) + &) dr+0(d )

—00

by Theorem 1.1. Thus the desired relation is obtained. O

3. Preliminaries

This is a preliminary section toward the proof of Theorem 1.2. Throughout the
section, we put ourselves under the same situation

H=Hy+V, Hy=-A, VecC R — R),
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as in (1.1), although the restriction to two dimensions does not matter. We state
three propositions without proof. The first two propositions (Propositions 3.1 and
3.2) are standard results in the stationary theory of scattering for (Hy, H) (see [5, 18]
for details), and the third proposition already established in [21] is concerned with
the representation for time delay in terms of outgoing eigenfunctions.

We begin by fixing the notation. We denote by ( , ) the L? scalar product
in L? = L*(R?) and by R(2;T), Imz # 0, the resolvent (T — z)~! of self-adjoint
operator T’ acting on L2. We write L? for the weighted L? space L?(R?; (z)°dx)
with weight (z)7 = (1 + |x|2)0/2. We define Ry()) as the boundary value

Ro(A) = R(A+1i0; Hy) = hfloq R(\ +ie; Hy), X >0,

of resolvent R(\ + ig; Hy). The operator Ry(A) is the integral operator with kernel
Golw, 5 A) = (i) Hy (A2 = y])

and is bounded as an operator from L2, — L2, for s > 1/2, where H."(z) is the

Hankel function of first kind and of order zero. Since Hél)(z) obeys the asymptotic

formula
HiV(2) = (2/m)? expli(z — 7/4))= 72 (1+ 0(|2] ™)), |2] = oo,
Go(z,y; A) behaves like
Golw,y; ) = (ic(N) /4m) exp(iN |z — y|)fw —y| 7> (14 O(lz —y|7Y))  (3.1)

as |x — y| — oo, where A
c(\) = (2m)/2em /AN, (3.2)

We denote by ¢, (z;w, \) the outgoing eigenfunction of H with w € S! as an incident
direction at energy A > (0. By the principle of limiting absorption, the boundary
value

R(A\) =R(A+i0;H) = lif(r)lR()\ +ic; H)

exists as a bounded operator from L3, to L?,, for s > 1/2. The eigenfunction is
represented as

o (@50, 0) = o(w;w, ) — (RAV o) (1), o = exp(iX!/?z - w). (3.3)

Since ¢, admits the different representation ¢, = pg — Ro(A)V iy, we obtain the
following proposition.

Proposition 3.1 R(\)V iy = Ry(A\)V .
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The amplitude a(w — 0; \) for the scattering from incident direction w to final
direction 6 at energy A is defined as

a(w — 0;A) = = (ic(A)/4m) (Vior (5w, M) (-5 0, A)) (3.4)
through the asymptotic behavior
(3w, A) = go(ziw, A) + a(w — 23 A) exp(iA[a]) 2|72 (1 + O(|z] ™))

at infinity along direction & = x/|z|. We here make a comment on the smoothness
in A of a(w — 6;\), which has been implicitly used in the proof of Theorem 1.3.
This follows from the fact that R(A) is smooth in A as a function with values in
bounded operators between appropriate weighted L? spaces ([15]).

The scattering matrix S(\) : L*(S') — L*(S') at energy A is unitary and takes
the form S(\) = Id + T'(\) with operator T(\) of trace class. If we write T'(0,w; \)
for the kernel of T'(\), then a(w — 6; A) is known to be related to T'(6,w; A) through
a(w — 0;\) = ¢(A\)T(0,w; \), where c¢(A) is defined by (3.2). As is well known, the
scattering process is reversible. Thus we have the following proposition.

Proposition 3.2 The scattering amplitude fulfills
/a(w — O N a(w — Oy, N) dw = — (¢(N)a(fy — 01; \) + c(N)a(6; — 05 N))

and a(—0 — —w; ) = a(w — 6; \).

The relations in the two propositions above are often used without further refer-
ences in proving Theorem 1.2. We end the section by mentioning the third propo-
sition which has been obtained as [21, Proposition 6.1], including the case of higher
dimensions.

Proposition 3.3 Let {(\) be the spectral shift function for the pair (Hy, H). Then
¢'(N\) admits the representation

§0) = (16720) " [(U(@)p1 (@, X), 4w, N) do, A >0,

where U = =2V — (z - VV), and ¢, (w, \) denotes the eigenfunction o (x;w, A).

4. Proof of Theorem 1.2

The proof of Theorem 1.2 is not short. The entire discussion throughout the
section is devoted to proving the theorem. We first recall the notation

Va(r) = Via(z) + Vaa(®),  Via(z) = Vil —d),  Vaa(z) = Valz — dy)
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for Vi, Vi, € C°(R? — R). We assume that |dy|, |da| > 1 are both large enough.
We denote by ¢4(x;w) the outgoing eigenfunction of Hy = Hy + V; with w as an
incident direction at energy £ > 0. We fix E and skip the dependence on E of
eigenfunctions. By Proposition 3.3, the quantity {'(E;d) in question is represented
as

§(B:d) = (165°E) " [ (Uapalw), palw)) do,

where Uy = —2V; — 2 - VV,;. Let Y € C°(R*> — R) be a nonnegative smooth
function such that xy = 1 on supp Vi U supp V5. We set x;q(z) = x(z — d;) and write
g in the form

a(r;w) = (1 — X1a — X2d) Yo + ¥, Yo = po(z;w) = eXP(iEl/sz “w).
Then ¢ solves (Hy — E) ¢ = [Ho, X14 + X24]0, and hence we have
va(z;w) = (1 — x14 — X2d) o + Ra[Ho, X14 + X2d]lp0, Ra = R(E +i0; Hy).

Since supp x14 Nsupp xzq = 0 for |d| > 1, (1 — x1a — X2a) Us = 0. Thus {'(F;d) is
decomposed into the sum of four terms

¢(E;d) = (16772E)71 Z /(Ude[Ho,de]@o(w)aRd[Ho,Xkd]@o(w)) dw. (4.1)

1<5,k<2
The function Uy(z) admits the decomposition

Ug = Urg + Usg — |di|Wia — |da|Woaa, (4.2)

where Ujq = —2V;q — (z — d;) - VV4 and
Wia(x) = (d; - VVia) (), d; = d;/|d;| € ™. (4.3)
This enables us to decompose further ¢'(E;d) as the sum
¢(B;d) = (167°E) " (I(d) + J(d) - X(d) - Y(d)),

where

@)= Y [ WaRalHo, Xjalpo(w), RalHo xualio(w) do,

J(d) = zk: /(UQde[HOand]SOO(w)aRd[HO:Xkd]SOO(w)) dw,

X(d) = ’dﬂ z}; /(Wde[Ho,de]SOo(w),Rd[HO,Xkd]SOO(w)) dw,

Y(d)=|do| > /(Wde[Ho,de]@o(w)aRd[HO,Xkd]SOO(w)) dw.
1<5,k<2
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We assert that I(d) and J(d) behave like
I(d) ~ 16m°E£)(E), J(d) ~ 167°E &(E) (4.4)
as |d| = |d2 — di| — oo and that X (d) and Y (d) behave like
X(d) ~ =167 B (dy - d) Re [e*""1Uag(E;d)] [d| ™, (4.5)
Y (d) ~ 167 EY/? (dg : ci) Re [e%El/Q'd'ao(E; d)} |,

where ag(E;d) is as in the theorem and the notation ~ means that the difference
between terms on the left and right sides obey the bound O(|d|™!). We use the
abbreviation ~ with the meaning ascribed above throughout the proof. The theorem
is obtained as an immediate consequence of this assertion.

We often use the stationary phase method for integrals over S* to prove the asser-
tion. The next proposition follows as a special case of the general result [12, Theorem
7.7.5] and is used without further references.

Proposition 4.1 Let 6 € S* be fized and let g € C*°(S'). Then
/exp(i\d\El/Qe cw)g(w) dw
= (c(B)eE " g(0) +e(B)e 1 g(=0) ) d| 72 + O(|d]*?)

as |d| — oo, where c(E) = (2m)Y2e /A E~Y4 is defined by (3.2).

The lemma below is concerned with the bound on the norm of resolvent R; =
R(E +1i0; Hy), which also plays an important role in analyzing the behavior of the
four terms in the assertion above. It has been essentially established in [16], but we
prove it later for completeness.

Lemma 4.1 Denote by || || the norm of bounded operators on L* = L?>(R?). Let
q; be the characteristic function of ball {|x — d;| < ¢} for ¢ > 0. Then

lgjRags| = O(1), gy Ragell = O(1d|*2),  j # k.
We prove (4.4) for I(d) only. A similar argument applies to J(d). We define

Lik(d) = / (UraRa[Ho, Xjaleo(w), Ra[Ho, Xka)po(w)) dw, 1<j, k<2

Then we claim that
L (d) ~167°E & (E), (4.6)

Lp(d) = O(ld| ™), Io(d)=0(d]™"),  Iu(d)=0(ld[™),  (47)
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which implies (4.4). To prove the claim, we introduce the auxiliary resolvents
Rjqs = R(E +10; Hjq), Hjq= Ho+ Vjq,
which enjoy the same properties as in Lemma 4.1. Hence the next lemma is obtained

by use of the resolvent identity.

Lemma 4.2 Let q; be again as in Lemma 4.1. Then
g1 (Ra — Ria) @ull = O(ld] ™), [lg2 (Ra — Roa) @2ll = O(ld] 7).
The above lemma shows that

Iy (d) ~ /(U1ded[H07X1d]<Po(w)>Rld[Hoade]SOO(w)) dw

and hence we get (4.6) by repeating the same argument as used to derive (4.1). The
bound I (d) = O(]d|™!) also follows as a consequence of this lemma.

We shall show that I1o(d) = O(|d|™!). We note that x14 = 1 on supp Vi4 and
X14 = 0 on supp Voq. We calculate

[H07 de]%f?o = [Ho -k, de]@o = (Ho - E) X1d¥0o = (Hld - E) X140 — V1dpo-
Since Ry = (Id — R;Va4) Ryq by the resolvent identity, we obtain
Rd[Ho, de]@o = X1d¥0 — ([d - RdV2d) RiaViapo.

Similarly we have

Rd[Ho, X2d]800 = X24d¥0 — ([d - Rdvm) RaoqVaapo.

We insert these relations into the scalar product

[(w) = (UwaRa[Ho, X14]p0(w), Ra[Ho, Xad]o(w))

associated with the integrand of I15(d). Since Ujgxi1qa = Uig and Ujgxaq = 0 and
since ||UigRqVaqR14V14l| = O(]d|™!) by Lemma 4.1, Lemma 4.2 shows that

F(w) ~ = ((Id - Rldvld) wo(w), Utd ([d - Rdvm) R2dV2d<Po(w))
~ = (([d - Rldvld) @0(01), Utd ([d - Rldvld) RdezdSOO(w))

uniformly in w € S'. We denote by ¢;(z;w) and o, (7; w) the outgoing eigenfunctions
of Hi = Hy+Vj and Hy = Hy + V5 respectively. Then the outgoing eigenfunction
v1a(x;w) of Hyq is given by

Ora(z;w) = exp(iEY?dy - w)pr(x — dy;w) = (Id — R1aVig) o (4.8)
and it follows from Proposition 3.1 that RoqVaoupo = RoVaqpaq for the outgoing eigen-
function

oq(z;w) = exp(iEY2dy - w)po(x — dy; w, E)

of Hay, where Ry = Ro(E) = R(E +1i0; Hy). Thus we see that

L(w) ~ = (p1a(w), Ura (Id — R14V14) RoVaapaa(w)) -

14



Lemma 4.3 Let ¢(E) be defined by (3.2) and let g; be as in Lemma 4.1. Then
G Roqr = (ic(E) /4m) |d| ¢ Pogn + Op(|d’_3/2)>

where Py acts as

A

(Pow) (@) = (. 0(d)) ol d) = ([ u)atys d dy ) ol d)

on u(z), and the remainder O,(|d|=3/?) denotes a bounded operator the norm of

which obeys O(|d|~3/?).

Proof. The lemma is easy to prove. By (3.1), the kernel Go(z, y; F) of Ry(E) obeys
Golw,y; E) = (ic(E) /4m) exp(iE"*|x — y|)|z — y| /> (1 + O(jz =y 7))
as |t —y| — oo. If |z — ds| < cand |y — dy| < ¢, then
o=yl = (z—y)-d+O(d]™"), d=d/|d, d=d;—d,
and hence we have
exp(iE"?|z — y|) = exp(i B'/?x - d) exp(—iEY?y - d) (1 + O(|d|_1)) :

This proves the lemma. O

We now denote by a;4(w — 0) the scattering amplitude at energy E for the pair
(Ho, Hjq). It is written as

aja(w — 0) = = (ic(E)/4m) (Viawja(w), vo(0))

by (3.4), and a;4(w — 0) is related to the amplitude a;(w — ) for the pair (Hy, H;)
through the relation

ajq(w — 0) = exp (—iEl/de (0 — w)) aj(w—0). (4.9)
Then we use Lemma 4.3 and relation (4.8) to obtain that
L(w) ~ ]~ *Ta(w — —d) (pra(w), Ura (Id = R1aVia) po(—d))
= |d| " *Ta(w — —d) (Viapra(w), $1a(—d))
_ ‘d’fl/Za—Q(w _ _£>67¢E1/2|d|671E1/2|d|c2-w (U1901(w), 801(_0?)) :

where Uy(xz) = —2Vi(x) — x - VV(z), and the last relation is simply obtained by
making change of the variables x — d; — x. We apply the stationary phase method
to the integral

/ exp(—iE"2|d|d - w)az(w — —d) (Uip1(w), o1(—d)) dw
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to get the bound I15(d) = O(|d|™!). Similarly we have Iy (d) = O(|d|™!). Hence
(4.4) is now verified.

We proceed to the asymptotic analysis on X (d) and Y (d). We consider only
X(d) and prove (4.5). The next lemma is helpful to analyze the behavior of X (d).
The proof is done at the end of the section.

Lemma 4.4 One has the following relations: (1)

(Wiapra(=d), p1alw)) = =2 [(dr- #)ara(~d — )aia(w — 2) i
+ 2B (c(E)(dy - d)aia(w — —d) — 2(E)(d - w)ara(—d — w)).

(2) /(Wldﬁld(w), v1a(w)) dw = 0.

The term X (d) is decomposed into the sum of four terms

X(d)= > Xuld)= > /ij(w)dw,

1<j,k<2 1<j,k<2

where
Ujp(w) = |di| (WiaRa[Ho, Xjalo(w), Ra[Ho, Xkalo(w)) -
We first show that X;(d) behaves like

X1y ~ —4E(dy - d)Re [P (|e(E) Pag(E; d) + o(E)*bo(E; d)) ] |d| ™!
+ AE / (dy - #)Re [ e( BYay(~d — 2)ai(d — #)as(d — —d)| di|d] ™",
where by(F;d) is defined by
bo(E; d) = ar(d — —d)ay(d — —d). (4.10)
We again calculate [Hy, x14]0 as [Ho, x14)po = (Hia — E — Vig)X1a0- Since
Viaxia = Via, Wiaxia = Wia,  Vaaxia =0,
the resolvent identity yields

WiaRq [Ho, de]@o = Wi ([d - RdV2d) Rig (Hm - — Vld) X1d%0
= Wi (Id — R14V1a) po + WiaRaVaaR1aViapo
= Wigpid + WiaRiVaaRoViapra-

Hence it follows from Lemma 4.1 that

i1 (@) ~ | (Wiapra(@), 91a(w)) + 2Re (p1a(w), WiaRaVaaRoViagra()) )
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We see by Lemma 4.3 and (3.4) that the leading term of T'j;(w) takes the form

| (Whapra(w), gra(w)) — 2|d]*Re [aza(w — d) (p1a(w), WiaRaVaapo(d) )]).
If we write W1yR;Vaqp0 as
Wia (Id — RqVig) RogVaapo = Wia (Id — RqVia) RoVaapad

by use of the resolvent identity, then we repeat a similar argument to obtain that
I'11(w) behaves like

[ (w) ~ |di] (Wms@m(w,%d(@) ) ) )
+ 2|d,||d| 'Re [ald(w — d)agy(d — —d) (Wldgold(—d), gold(w))]

uniformly in w € S'. Hence Lemma 4.4 shows that

X11(d) ~ AERe [(e(E)(dy - d) 23 — ¢(E) Z2) aza(d — ~d)] |dy| ]

- 4E/Re [(dy - $)ara(—d — 2) Zs(#)az(d — —d)| d& |du||d| ™,

where Z; = /ald(w — d)arg(w — —d) dw and

A A A

Zy = /(dl cw)arg(w — d)arg(—d — w)dw, Z3(%) = /ald(w — d)arg(w — 1) dw.
Proposition 3.2 enables us to calculate Z; and Z3() as

7y = — (e(B)aw(—d — d) + e(EYara(d — —d)) ,
Z3(&) = — (e(E)ara(t — d) + c(E)ama(d — )) .

Thus the leading term of X;;(d) equals

A A A

—4E(d; - d)Re | (|e(B)*ara(~d — d) + c(E)*@ra(d — —d)) aza(d — —d)] |d] "

A

+AE / Re [e(E)(d: - #)ara(~d — &)ama(d — #)aza(d — —d)| d |d| ™.

If we take account of relation (4.9), then the desired leading term is obtained.

Next we show that Xs5(d) behaves like

le(E)Pay(d — d)az(d — d)| |d] ™

Xoy ~ —4E(d;-d [
(E)*@i(d — d)az(d — d)| |d] !

— 4B(d; - d)R [

+ AERe [e(E)as(d — d)] /(d1 &) |y (~d — &) di|d ",
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The resolvent identity yields
WiaRa[Ho, X2alpo = —Wia (Id — RaVia) RaaVaapo = —Wia (Id — RaVia) RoVaapad,
so that the integrand I's(w) associated with Xao(d) behaves like
Los(w) ~  |di| (Wia (Id — R1gVia) RoVaapra(w), (Id — RiaVia) RoVaapaa(w))
~ asa(w — =) (Waapra(—d), ora(~d)) |du ||~
uniformly in w. By Proposition 3.2,
dw = / ‘ag(w — —d) ’

/‘aw(w — —CZ) ?
= — (&(B)az(d — d) + c(E)ap(d — d)) = —2Re [e(E)as(d — d)]

dw

~

and hence the leading term of Xg5(d) is determined by Lemma 4.4 with w = —d.
We consider the last two terms Xo;(d) and Xy;(d) = X12(d). We prove that the
leading term of 2Re X12(d) = X12(d) + Xa1(d) takes the form
2Re X1y ~ 4E(d; - d)Re [|c(E)2ay(d — d)az(d — d) + e 27"V E)?by(E; d)] |d| ™
+ 4B(dy - d)Re [c(E)? al(d — djaz(d — d) — e*" 1 |c(B)2ag(B; d)] |d| ™

—4E/(d1~

ole
— 4ERe [¢(E)az(d — d)] /(d1~§:) ar(—d — &)

A

2EY?|d| c¢(E)ai(—d — ff)a_l(OZ — 33“)@2(02 - _Czﬂ dz|d|™

di |d| ™",

where by(F; d) is defined by (4.10). If we insert the two relations

WiaRa[Ho, X1d)po = Wiapia + WiaRaVaaRoViapias
Wlde[HO: X2d] = —Wia (Id Rdvld) RoVaqpaa

obtained above into the integrand I'j5(w) associated with Xi5(d), then
Piao(w) ~ Taa(w — —d) (Wiapra(w), pra(—d)) |da||d] 7/
+ Tag(w — —d) (WdeVQdRond@ld(w): Spld(_(i)) |dy||d| =/
~ Ti(w — —d) (Wiapra(w), ora(—d) ) |da||d] =
— @a(w — —d)aja(w — d) (WdeVw@o(@a Wld(—az)) Jda|ld| "

We have ) )
/a—%(w — ~Darg(w — d) dw = O(|d|~/?)

by the stationary phase method. This, together with Lemma 4.1, implies that

F12(u1) ~ a—m(w - _CZ><W1d§01d(_d)7 <P1d(w))|d1||d|_1/2-
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Hence it follows from Lemma 4.4 that
Xio(d) ~ 2B ((dy - d)e™ " Me(E)Y; — e We( B)Ya) d] /2
= 2B [ (dy -2V (@Yar(—d — @) di |2,
where
Y= /exp (—i\d|E1/2£-w) a1 (w — —d)agz(w — —d) dw,
Yy = / (dy - w) exp (—ild|EV?d - w) @r(—d — w)aa(w — —d) dw,
Ya(d) = / exp (~ild|EV?d - ) ay(w — §)@3(w — —d) dw.
The stationary phase method shows that the integrals behave as follows :
Yy ~ e EE( E)ay (d — —d)ag(d — —d)|d| 2
+ PP (BYay (—d — —d)az(—d — —d)|d|~/?
(e7 e B)bo(E; d) + € Me(B)ay (d — d)az(d — d)) |d| 7,
Yy ~ e B () (d1 cd)ai(—d — dyay(d — —d)|d| 2
(B (dy - d) @i(—d — —d)ag(—d — —d)|d| 72
= (di-d) (e -ZE”W o(B)ag(B; d) — e B)ar(d — dyaz(d — d)) |d| /2,
Ya() ~ eﬂE“*d‘ (B)ar(d — &)as(d — —d)|d| =/
e B)ay (=d — #)az(—d — —d)|d] 7.

Thus we can get the the desired leading term of 2Re X5(d) after a little tedious but
direct calculation.

We now sum up the leading terms obtained for Xi;(d), Xaa(d) and 2Re Xi2(d).
We note that the last two integrals in the leading term of 2Re X;5(d) cancel out the
integrals in the leading term of Xi;(d) and Xss(d). Since

Re [ 2iE /2‘d‘ (E)Qbo(E, d) + 6—2iE1/2‘d‘E(E)2b_O(E;d>] =0
and since |¢(E)|? = 2 E~'/2, we see that X (d) obeys
X (d) ~ —8E|c(E)|? (di - d) Re [e*F 1M ag(E; d) |
= —167E"2 (dy - d) Re [e*F*Mag(E; d)] |

which proves (4.5).

We complete the proof of the theorem by proving Lemmas 4.1 and 4.4 which
remain unproved.
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Proof of Lemma 4.1. We may assume that the characteristic function ¢; around
d; satisfies ¢;jVjq = Vjq for j = 1,2. It is easy to show that Ry = R(E + i0; Hy)
satisfies ||q; Rogx| = O(|d|~*/?) for j # k (see Lemma 4.3). If we make use of the
resolvent identity R;q = Ry — R;jqVjaRo, then we see that R;q = R(E + 10; Hjq) also
obeys the same bound. We set 01 = ||¢1Rqq1|| and o9 = ||q1 Raga||. We further use
the resolvent identity Ry = Riqy — R4V2qR14 to obtain that

g1 = O(l) + O(‘d’il/Q)O'g
Similarly the resolvent identity applied to pair (Raq, Ry) implies
0y = O(]d\*l/z) + O(]d\*l/z)al.

Hence we have oy = O(1) and 0y = O(|d|~'/2). We can show in a similar way that
lg2Raqe|| = O(1) and ||g2Raq1|| = O(]d)~"/?). Thus the proof is complete. O

Proof of Lemma 4.4. 'Throughout the proof of the lemma, we use the notation
O, =xz-Vand D; =d; - V.

(1) According to the above notation, we have Wi, = D;Vi4 by (4.3), and the
outgoing eigenfunction 14 of Hy; with F as an eigenvalue fulfills

(Hld - E) Dip1g = —Wiapia-

Hence the scalar product (Wldgald( ci) vra(w )) under consideration equals

(W1d<P1d( d), pra(w ) (Hld_ Dl@ld(—fz)ﬂﬁd(w))
= lim ((9,D1p1a(—d), pra(w)) . — (Drpra(=d), drpra(w)) )

R—oo
by the Green formula, where the notation ( , ) p denotes the L? scalar product on
the circle |z| = p. The eigenfunction ¢14 = ¢14(; w) obeys the following asymptotic
formulae :

P14 = 800(-1'3(«0) —|—a1deiEl/2|‘T“l’|71/2 + O(‘x’f?)/Z)

Onpra = iE"? (& - w) o (w5 w) + arge™ 2| 2] + O(|2|7*?)

Dyprg = iE'? [(651 -w) po(z;w) + (dl ) a1ge™ V|~ 1/2} +0(|z7*?)
and

O Dipra = —E [(dr-w) (& - w) po(aiw) + (di - &) arae™ 2] /2] + O(la /),

where a1y = ajg(w — ). We insert these relations into the L? scalar product over

the circle {|z| = R}. We set
To(R) = R /eXp (—ilRIE"?2 - (w +d)) to(#) di
T\(R) = Rl/z/exp (<ilRIEV2(& - d+ 1)) t1(2) di

To(R) = Rl/z/exp (<ilRIEV(@ - w — 1)) o(2) di
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Then
(Wld%d(—d)a pra(w)) = hm (To(R) + Ty (R) + T2(R)) + Ts.

Since the two vectors w + d and w — d are orthogonal to each other, it is easy to see
that Ty(R) = 0 identically, and we apply the stationary phase method to get

lim Ty(R) = 2F ¢(E)(d, - d)arg(w — —d),

~

lim Ty(R) = —2EE(E)(d; - w)arg(—d — w).

Thus we combine these results to see that (Wldgald(—a?), gald(w)) obeys the relation
in the lemma.

(2) The same argument as above yields

(Whap1a(w), p1a(w)) = —2E / (dy - 2) |ara(w — 2)2 d&
— 2B (e(E)(dy -w)ald(w — w) +T(E)(dy - w)ara(w — w)).

By Proposition 3.2,

/ (/(0?1 - Z) larg(w — j)F da?:) dw = /((i1 -7 (/ la1a(w — j)F dw) di

- / (dy - 2) (c(B)ara(& — &) + e(B)ayg(& — 2)) da.

Hence it follows that / (Wiap1a(w), p1a(w)) dw = 0, and the proof is complete. O

We conclude the section by making a comment on new difficulties arising in
magnetic scattering besides the difficulty stated at the end of section 1. One dif-
ficulty is the representation for the time delay. As is seen in Proposition 3.3, the
representation for £'(\) contains the derivative VV' of potential V(x). However the
Aharonov-Bohm potential A(z) has a strong singularity at the origin. Thus we
do not have a good representation for the time delay in magnetic scattering. The
other difficulty is the control of the forward scattering amplitude a;(w — w) which
has appeared in the proof of Theorem 1.2. The forward amplitude s,(w — w;\)
in magnetic scattering is divergent, as is seen from (1.14). We have to overcome
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these two difficulties in deriving the asymptotic formula for the time delay n5(\; d)
at A > 0 fixed in scattering by two solenoidal fields.

5. Magnetic scattering by two solenoids: proof of Theorem 1.5

In this section we prove Theorem 1.5. We first state a basic proposition which
plays an essential role in proving the theorem. We again write H(A) for (—iV — A)2
and consider the operator

K = H(oA), -l<o<1, (5.1)

where A(z) is defined by (1.9). The potential oA(x) defines the solenoidal field
2nod(x) with center at the origin. We know ([1, 7]) that K is self-adjoint with
domain

D(K)={ue L*: (—iV —oA)’uec L? lim |u(z)| < oo}.

|z|—0

Let xo € C§°[0,00) be a smooth cut—off function such that
0<x0<1, xo=1 on [0,1], Xo =0 over [2,00). (5.2)

We set xoo = 1 — xo. This cut—off function is employed throughout the discussion
in the sequel without further references. We also use the notation a ~ b when the
difference a — b obeys o(|d|™!). The proof of Theorem 1.5 is based on the following
proposition.

Proposition 5.1 Let f € C(R) be as in Theorem 1.4. Set qo(r) = xo(r/|d]).
Then

Tr [(f(K) = f(Ho))ao] ~ (~ol/2+ 0*/2) £(0).

5.1. We accept Proposition 5.1 as proved and complete the proof of Theorem
1.5. The theorem is verified through a series of lemmas.

We now consider a triplet {vg, vy, v2} of smooth real functions over R?. These
functions may depend on d, but we skip the dependence. The triplet is assumed to
have the following properties :

(v.0) wv;, Vo and VVv;, 0 < j <2, are bounded uniformly in d.
(v.1)  wovy = vy and Vyvy = V1.
(v.2) dist (supp vo, supp V vg) > c|d| for some ¢ > 0.

By (v.1), we have the relation supp vy C suppv; C supp v, and

vy =1 on supp vy, v9 =1 on suppuvi.
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Lemma 5.1 Let {vg,v1,v2} be as above and let L = H(B) be a self-adjoint operator.
Assume that B = Vg on supp vy for some smooth real function g over R*. Set

Ko = H(Vg) = exp(ig)Hyexp(—ig).

Then
Jor (L= 2)7" = (Ko = )7 ) v < Ciy [m 2| 7Y |~

for any N > 1.

Proof. 'The lemma is easy to prove. We calculate

v ((L —2)7t— (Ko — z)_l) vg = v1(L — 2) "t (1Ko — Lug) (Ko — 2) g

= v (L — 2)" g, Ko| (Ko — 2) tvg = v1(L — 2) " e vy, Hol(Hy — 2) tvge ™.
By (v.2), it follows that

H[Um Ho(Ho — z)’lvoH < Cy [Im 2|V |d|~¥,

tr
which completes the proof. O
We divide R? into
RP=Q ., UQU---UQ,UQ_UQ,

and introduce a partition of unity, where Q. = {|z| > My|d|} for My > 1 large
enough and

Qp = {lo —de| <|d/3}, Y =A{lz —¢l <dldl}, 1<j<m,

for 0 < 0 < 1 small enough, m being independent of d. We assume that |e; — dy| >
|d|/4. We denote by
{wom Wiy enoy Wy W,y er}

a smooth nonnegative partition of unity subject to the above division, where 0 <
Woo < 1 and suppwes C 2o and similarly for the other functions.

Lemma 5.2 Let wo, be as above and let
Ky=H(Ay), Ag(x)=alA(z—dy)—alA(z—d),

be the self-adjoint operator defined by (1.12) with domain (1.13). If f € C§°(R),
then

[tr [(f (Ka) — f(Ho))wsol| = O(1d] ™).

23



Proof. 'The lemma is obtained as a simple application of Helffer—Sjostrand calculus.
Let My > 1 be as above. Since the total flux vanishes, the integral / Ag-dx =0
c

along a closed curve C' in the region {|x| > M|d|/2}. Hence we can construct a real

smooth function g such that A; = Vg over the region above, g being dependent on
d, so that Ky = H(Vg) there, and

tr [(f(Ka) = f(Ho))weo] = Tr [(f(Ka) = f(Eo))weo] ,

where Ky = H(Vyg). This, together with Lemma 5.1 with L = H(A,), completes
the proof. O

Lemma 5.3 Let w;, 1 < j <m, be as above. If f € C°(R), then
e [(f(Ka) — f(Ho))will = O(|d| ™).

Proof. This lemma is also obtained easily. Let 0 < § < 1 be as above. The flux
of A4 vanishes in the simply connected region {|z —e;| < 20|d|} and the integral

/ Ay - dx = 0 along a closed curve C'in this region. Hence there exists a real smooth
c

function g such that A; = Vg there. Thus Lemma 5.1 with L = H(A,) again proves
the lemma. O

Lemma 5.4 Let wy be as above. Define Ky = H(+talAy) with Ay = Az —dy). If
f € CP(R), then

ITe [(f(Ka) — f(K+))ws]| = O(d]™).
Proof. 'We prove the lemma only for the ”-” case. We take a triplet {w_,w_1,w_»}
with properties (v.0) ~ (v.2) and denote by vy(z;w) = v(#;w) the azimuth angle
from w to & = z/|x|, which satisfies the relation A(z) = Vy(z;w). Hence we can
construct a real smooth function g depending on d such that

Kyj=e9K_ e = H(—aA_ + Vg)

A

on suppw-_p. In fact, we have only to define g as g = avy(x — dy;d) there. We set
K4 = H(—aA_ + Vg) and calculate

w_q ((Kd — ) — (K — z)’l) wo=w 1 (Kg—2) e ¥w o, K (K. —2)lw_e".

1

We evaluate the trace norm of [w_o, K_|(K_ — z)" w_. We can write it as

woa K (K = 2w ] = [y K (K — 2) Yoo, K J(K_ — ).
We may assume that suppVw_ C X; = {c1|d| < |[x — d_| < c|d|} and

suppVw_o C Xo = {c3|d| < |z — d_| < ¢4|d|}

24



for 0 < c; < ¢y < 3 < ¢y. We divide X, into X; = Y] U Z, where

Vi ={ze X, :|y(z—d_;—d) — x| < 2r/3},
Zy ={x e Xy : |y(x—d_;d) —x| < 2r/3}.

Similarly we divide X, and define Y3 and Z,. Then —aA_(z) = —aVy(z — d_; —d)
on Y; and Y. This implies that K_ = H(Vg) on Y; and Y5 for some real smooth
function §. A similar function is constructed over Z; and Z3. Since

dist (supp Vw_,supp Vw_o) > cld|, ¢ >0,
we can show
|z, K (B — 2) o, K| < Oy [ 2|7 Ja] =

in almost the same way as used to prove Lemma 5.1. Thus Helffer—Sjostrand calculus
proves the lemma. 0O

Proof of Theorem 1.5. Let v(x) = (%) be the azimuth angle from the positive x;
axis to & = x/|z|. We define

((z) = [ay(z = dy) = [aly(z = d).
Then K, is unitarily transformed to H(A4), where
Ra(@) = Aalw) = V¢(2) =k Aw — dy) — Az — d_)

with k = o — [a]. Thus it suffices to prove the theorem in the case 0 < a < 1. We
now assume that 0 < a < 1. Then k = a. By Lemmas 5.2, 5.3 and 5.4, we have

tr [f(Ka) — f(Ho)] ~ Tr [(f(Ky) — f(Ho))wy] +Tr [(f(K-) — f(Ho))w-].

Hence the desired relation is obtained as a consequence of Proposition 5.1 with
c=ta=4rkand ¢gp =ws. O

5.2. This is a preliminary subsection towards the proof of Proposition 5.1. The
operator K = H(oA) defined by (5.1) is rotationally invariant. We work in the polar
coordinate system (r, ) to study the scattering problem for the pair (Hy, K). Let
U be the unitary operator defined by

(Uu)(r,0) = r'/?u(rd) : L* — L*((0, 00); dr) ® L*(S").

Then K admits the partial wave expansion

K~UKU = Y & (kold), k=-0"+0*—1/4r2, (5.3)

l=—o00
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with v = |l — o], where k; is self-adjoint in L?*((0,00);dr) under the boundary
condition
lir%r_l/Qlu(r)\ < 00.

The free Hamiltonian H also admits the expansion

Hy~UHU* = > @ (hg®Id), hoy=—-0>+*—1/4)r"2 (5.4)

l=—

where hg; is self-adjoint under the same boundary condition as above. We write Z
for the summation over all integers |, —oo < [ < oco. If we denote by T the trace in
Proposition 5.1, then

T =% Tr[(f(k) — f(ho))qo] (5.5)

where ¢y = qo(r) is considered to be a function over the interval [0,00). The aim
here is to prove the following lemma.

Lemma 5.5 Let o, |o] < 1, be as in Proposition 5.1 and let f € C°(R). If
0<o<1, then

Tr[(f (k) — f(ho)] = { (ij;(]?()({fﬂ 5 i(l)

and if =1 < o <0, then

T [(f (ko) — f(har))] = { i";(%f/g 5 i %1.

The lemma is proved at the end of the subsection after making a quick review on
the scattering by a single solenoidal field, which is known to be an exactly solvable
model. We refer to [2, 3, 22| for details. We can explicitly calculate the scattering
matrix for the pair (hq;, k;) with [ fixed. Let ¢ (x;w,\) and ¢_(z;w, A) be the
outgoing and incoming eigenfunctions of K with w as an incident direction at energy
A respectively. The eigenfunction ¢ solves the equation

Koy =Xy (5.6)

As is well known, e**/~1/9/2 is the generating function with the Bessel functions

Ji(2) as coefficients. Hence the plane wave go(x;w, \) = exp(iAY/?x - w) is expanded

as

(A2 [a]) (5.7)
)

w) again denotes the az-
r) of order p > 0 obeys

in terms of Bessel functions J,(r) ([24, p.15]), where (&
imuth angle from w to & = z/|x|. The Bessel function J,
the asymptotic formula

wo(z;w, ) = Z exp(i|l|7/2) exp(ily(Z; w))J|

Jp(r) = (2/7r)1/27“’1/2 cos(z — (2p+ D)7/4) (1 + gn(r)) + O(r™), r— o0,
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where gy satisfies (d/dr)*gn(r) = O(r~7%). If we set

e(r) = exp(—i|l|m/2)J(r) — exp(—ivm/2)J,(r)

for v = |l — o, then it follows from the asymptotic formula that
6(7“) = eXp(iT) (CZT_1/2 + O(T_3/2)) + exp(—ir)O(r_3/2)

for some constant C; # 0. Thus e(r) fulfills the outgoing radiation condition ¢’ —ie =
O(r~3/2) at infinity. If we further take account of the relation

exp(ily(2; —w)) = exp(i[l[r + ily(3;w))

between 7(Z;w) and 7(Z; —w), then (5.7) enables us to determine the outgoing
eigenfunction ¢, (z;w, \) to (5.6) as

=" exp(—ivr/2) exp(ily(d; —w)) J,(A\?)z]), v=|l-o0l.

The series converges locally uniformly. The incoming eigenfunction

o_(z;0,)) = exp(ivr/2) exp(ily(#;w)) J, (A2 |z])

is calculated in a similar way. The scattering matrix S(A) for the pair (Hy, K) brings
P (x;-, A) to P_(x;-, A). A simple computation shows that

"7 exp(ivm /2) exp(—ily(; —w)) = exp(—ivm/2) exp(—ily(3;w)).

Thus the scattering matrix s;(\) for the pair (hy, k;) acts as
siA) =exp(i(l —v)m), v=]|l—o| (5.8)

for each [ fixed, although s;(\) is independent of A > 0.

Proof of Lemma 5.5. We consider the case ¢ > 0 only. As is shown above, the
scattering matrix s;(\) acts as the multiplication by

SN = exp (i(1 — v)m) = exp (—i2n&(N), v = |l — o,

where §(\) = —o/2 for I > 1 and &§(\) = 0/2 for | < 0. If we set (A = 0
for A < 0, then this function determines the spectral shift function for the pair
(ho, k1), because the spectral shift function continuously depends on the trace norm
of difference between the resolvents of hg, and k;. (see [25] for example). Hence the
Birman—Krein trace formula applied to pair (hq, k;) yields the relation

Te[f (k) = £ (ha)] = [ SV&GN) dA = 0£(0),2

for I > 1, and Tr[f (k) — f(ho))] = —o f(0)/2 for I < 0. This proves the lemma.
O
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5.3. The subsection is devoted to proving Proposition 5.1. The proof is lengthy
and is divided into several steps. Throughout the discussion, f € C3°(R) is assumed
to fulfill f(A\) =0 around the origin.

(1) We first recall that the trace in the proposition is decomposed into sum
(5.5). Let xo be as in (5.2). We set

7o(s) = xo (M7[sl/1d]),  7oo(s) = 1= 7o(s) = xoo (M"[s]/d]) (5.9)
for M > 1 large enough. Then T' = Ty + T, where
Ty = (D) Tr[(f (k1) — f(hor)) o] (5.10)

and Too = ZTOO(Z)TT [(f (k1) — f(hot))qo]-
Lemma 5.6 T, = O(|d|™) for any N > 1.

Proof. The orthonormal system of eigenfunctions
{a(ri N}, vo = (/22 Jy(N2r), hotbor = Ao, A >0, (5.11)
is complete in L?((0, 00); dr) for each [. Hence f(hg) has the integral kernel
() =27 [ FOOR 20 R (N2 Iy (\2p) .

We now assume that A € supp f, f € Cg°(R), and r € supp qo = xo(-/|d|), r < 2|d|.
The Bessel function J,(z) has the integral representation ([24, p.48])

Jo(2) = 7 Y2 ((2/2)P /T (p + 1/2)) /ﬂ cos (z cos@)sin?? 0df, p >0,
0
and the gamma function I'(p 4+ 1/2) behaves like
T(p+1/2) ~ (2m) e 2pP, p— oo,

by the Stirling formula. This implies that r|.J;(AY?r)|> < Cy27M|d|™ for any N >
1, provided that |I| > M]|d|, M > 1 being as in (5.9). Hence we have

> Too(D)Tr [f (hot)qo] = O(d|™™).

If we have only to note that

[N} = /2" 00 ), v=|I-0l,

is a complete orthonormal system of eigenfunctions associated with operator k;, a
similar argument applies to f(k;) and the proof is complete. O
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(2) We analyze the behavior of T defined by (5.10). We define

Ty =2 n(MTr[(f(k) = f(ha))],  To=3_ mo()Tr[(f(k) — f(ho))gs]
where ¢oo = Goo(r) = 1 — qo(7) = Xoo(r/|d|). Then we have
T=Ty+ T ~To=T1 -1,

by Lemma 5.6.
Lemma 5.7 T} = —|o|f(0)/2.

Proof. By definition, 7y([) is an even function and 74(l) = 1 at [ = 0. Hence this is
an immediate consequence of Lemma 5.5. O

It follows from this lemma that
T ~ —|o|f(0)/2 — Ts. (5.12)
The operators k; and hg, are realized as k; = UKU; and hy = U HyU by the
mapping
(U) (r) = (2m) 12 /7r u(r@)r'2e= 0 dg . L2 — L*((0, 00); dr).

—T

Since ¢oo = Xoo(r/|d|) is a function of r only and since U} commutes with .., we
have

T ="Tr[(f(K) — f(Ho))qo Q)]
by the cyclic property of trace, where the norm of bounded operator
Q= ZTO(Z)UI*UI )
does not exceed one.

(3) The coefficients of K are smooth over the support of ¢... This enables us to
construct an approximate representation for f(K)¢.. The lemma below is proved
by making use of the commutator expansion formula obtained from the Helffer—
Sjostrand calculus. However it is rather technical and deviates from the main body
of the proof of the proposition. We postpone its proof until the appendix (section
6).

Lemma 5.8 The operator f(K)qs is expanded as
FE)goo = f(Ho)goo + f'(Ho) (01 + i2077°0p) g
+ f"(Hy) (—2027’_4892 —20%730, — i4or™30,0p + idor 20y + i2037’_489) (oo
+ f"(Ho) (800,05 — i(8/3)or=°0] + i8ar~"020y — i(4/3)0°r 5} ) g
+ {remainder},

where the trace norm of remainder operator obeys the bound O(|d|™2).
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The mapping U} satisfies OpU;" = ilU;" and commutes with 0,. Hence the lemma

above implies
Ty ~ o* (T + Ty — 215 — 8Tg) — oll(0), (5.13)

where T3, Ty, Ty, Ts and II(o) are defined as follows:
T3 => 7o()Tr [f/(hOZ)fQ(Joo} , Ty =2 Zl27'0 [f (hot)r™ q00:| ;
=Y )T [ (ho)r*0rgee| ,  To =D Pra(D)Tr | £ (hot)rrgoe| ~ (5.14)

and

Z I1o(1)Tr [Qf (ho)r 2o + " (hot) (—47’_3& +4r~t 4 2027’_4) qoo]
+ > lm(1)Tr [ (har) ((8/3)1%r 7% + 877402 + (4/3)1%0™r™°) uc |

Since s7y(s) is an odd function, II(c) vanishes. Thus we combine (5.13) with (5.12)
to obtain that
T ~ —|o|f(0)/2 — o* (T3 + Ty — 2T — 8T5) . (5.15)

(4) We set

po(r) = xo(r/|d]**®),  poo(r) =1 = po(r) = Xeo(r/]d]**?) (5.16)

for 0 < ¢ <« 1 fixed small enough. Then

G0 (1)Poo (1) = Xoo (/1)) Xoo (r/1d|**%) = Xoo(r/|d|*"%) = peo(r),

and T3 = T30 + Tgoo and T4 = T40 + T4o<>7 where

T30 = ZTO(Z) Tr {f/(hOZ)T_QqOopo} ;o T30 = ZTO [ hoz)T poo}

and

Tao =2 > Pro(l) Tx [f”(hol)rﬂ%opo} , Taeo =2 Pro(l) Tx [f”(hoz)rfélpoo} :
Lemma 5.9 T3, = o(|d|™") and Tyoo = o(|d| ™).
Proof. We prove the lemma for T3, only. A similar argument applies to Ty... Let

{%l (r; )\)} be the complete orthonormal system of eigenfunctions defined by (5.11).
Then f’(hg;) has the integral kernel

e(r,p) = 2_1/0 F 212 Ty (A 2r) Ty (A2 p) dA.
The Bessel function J(2) has the integral representation

1 2T
Ju(2) = (2m)” / cos (|I|6 — zsin6) db.
0
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By assumption, f’ is supported away from the origin. If |I] < 2M|d| and r > |d|**¢,
then the stationary phase method shows that /2 J|l|()\1/ %r) is bounded uniformly in

A € supp f’ and [ as above. Hence Tr [f’(hOZ)r_ono} = O(|d|~*7%). This yields the
bound in the lemma. O

By this lemma, it follows from (5.15) that
T ~ —|O'|f(0>/2—0'2 (T30+T40 —2T5 —8T6) (517)

(5)  We here complete the proof of the proposition, accepting the three lemmas
below as proved.

Lemma 5.10 Let M > 1 be as in (5.9). Assume that f'(\) vanishes over (—§,0)
for some & > 0. Then

Ty ~ = (2m) I f(0) + 471 [T FO0A" an,

where

o= [ [ xo(0" cos alr/M)rp(r) dpedr
0 0

and p(r) = qeo(|d|T)po(|d|T) = Xoo(r)x0(r/]d|* ).

Lemma 5.11 Let M > 1 and f € CP(R) be as in Lemma 5.10. Then

Tig ~ = (1/4= (2m) " 1) £(0) =47 [T F0A1ax,

where o
I, =2 / / cos? 11 xo(0Y?| cos p|r/M)r~p(r) du dr
o Jo

with p(r) as in Lemma 5.10.

Lemma 5.12 Ty = o(|d|™") and Ty = o(|d| ™).

Completion of Proof of Proposition 5.1. By Lemma 5.12 and (5.17), it suffices to
show that T30 + Ty ~ —f(0)/2. Let II; and Iy be as in Lemmas 5.10 and 5.11
respectively. We calculate

I'=1I; —1II, = —/ / oS 244 Xo (61/27“| cos,u|/M) rp(r)dudr = By + E,
o Jo
by partial integration in u, where
oo /2
E,=— (51/2/2M) / / sin 2y sin x4 (621 cos pu/M)p(r) dy dr
o Jo

E, = (51/2/2M) /Ooo /7;2 sin 24 sin p xp (=621 cos p/M)p(r) dy dr.
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We further make change of variable  — p by p = 6'/?r cos . Then

B =-M" /Ooo /OM2 sin® o xq(p/M)p(r) dp dp
with 7 = p/(6'/2 cos 1). We write p(r) as
P = Xoo (1)Xo(r/1d]" ") = Xoo(r) (1 = Xoo(r/1d]" %)) = Xoo(r) = Xeo(r/d] ).
Since x((p/M) has support in (M, 2M) as a function of p, r satisfies
r=p/(6Y%cosp) > M&~V2 0<pu<m/2

Hence we can take M > 1 so large that xoo(r) = 1 for M < p < 2M. If cosp >
2M§~Y2|d| 7175, then r < |d|'*¢ for p as above, and hence Yo (7/|d|'*¢) vanishes. If,
on the other hand, cosp < 2Md~Y/2|d|='=¢, then |pu — 7/2| = O(|d|~*7%). Thus we
have

oo pm/2 ) . _
L7 sin® o/ M) xee(r/1d1) didp = o] ),

so that E; obeys

By~ - ( [ e udu> ([ oto/mn)) dp) = m/a (5.18)

Similarly Ey ~ 7/4, and hence I =11y — Il = E + Ey ~ w/2. Thus it follows from
Lemmas 5.10 and 5.11 that

Tyo + Tho ~ (—1/4 — (2m) 7' (I; = TI) ) £(0) = —£(0)/2.

This completes the proof of the proposition. O
(6)  We prove Lemmas 5.10, 5.11 and 5.12 which remain unproved.

Proof of Lemma 5.10. The proof is not short. It uses the Poisson summation
formula, the stationary phase method and the integral representation

J(2)? =7 /0 Jo(22sin ) cos(216) df = 72 / / ¢i2zeos ising o0(910) 46 dp

for the Bessel function J(2)? = Ji(2)? ([24, p.32]). Let Tr {f’(h(]l)r’2q} be the trace
in the sum T3y in question, where

(1) = qoo(r)po(r) = Xoo(r/d])x0(r/|d[**®).

This is represented in the integral form
Tr [/ (ha)r—q] = 27 / / (r) (A7) dX dr.
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Let 10(s) = xo0 (M_1|s|/|d|) be as in (5.9). We insert the representation
Jl()\l/27’)2 _ (2%2)_1 /” /” oi2u(A7,1,6) (61‘219 + e—iQZG) 0 dys
0 Jo
for J;(AY2r)? into the above relation to define
g;l:(s) _ (27_‘_)72 7_0(8) /ﬂ—/ 6:|:i250€i2ujcl(A)r—1q(r) dw d07
o Jw
where u = u(\, 7, i1, 0) = A\/?r cos 1 sin § and

W={w=MN\ru:A>0, r>0 0<pu<m}.

Then we have T3g = »_ (94+(1) + g—(1)). Since g+ € C§°(R), the Poisson summation
formula leads us to

Ty = (27)"2 " (§4(271) + §-(27)) ,

where §.(z) denotes the Fourier transform §.(z) = (27r)_1/2/exp(—izs)gi(s) ds.

We make repeated use of partial integration to see that g, (27l) = |I|7¥O(|d|~™") for
[#0,1and g_(2rl) = |I|7VO(|d|™") for [ # 0, —1. Thus we have

Ty ~ (2m)'"* (:(0) + §(2m) + §-(0) + §(~2m))
where
G+(0) = (27r)_5/2//07r /W eF20i2ury (5) f'(N)r~Yq(r) dw db ds,

gu(x2m) = (2m) 2 //ﬂ/ eF12s00=m) gi2ur () F'(N)rLq(r) dw df ds.
o Jw

A simple change of variables (£(0 — 1) — 6, —0 — 0, ;1 — 7™ — u) shows that

go(om) = (2m) 2 [ [ Oﬂ [ e (5) O () dwdd s,
§_(0) = (2m) 7/ / /07r /W 20 ei2ury(s) f'(N)r~tq(r) dw do ds,
§_(—2m) = (27)"%2 / /0 i /W &0 20 () P (N)r g () duw d ds.

Hence . o
Ty ~ 2 (2m) 7 // / e 0e2ur () £/ (N)r~tq(r) dw df ds.
- JW
We now note that /6’2597'0(3) ds = O(|d|™) for |0| > |d|~%/3. If we make change
of variables

s — |d|s, r—|d|r, 0 — |d|=¥39
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and if we write

q(|dr) = go(|d|)po(|d|r) = Xoo(r)xo(r/]d]"*®) = p(r)

for p(r) as in the lemma, then we get
Ty ~ 2 (21) "> ]d\l/?’/ [//exp(iZ\d!U?’v)a ds dQ] F'N)r~p(r) dw,
w
where v(s, 8, w) = (s + \2r cos u) 0 and

a(s,0,w) = exp (i2|d|\"/*r cos i (sin(0/]d[**) — 0/1d*’*) ) xo(10)xo(|s]/M).

We apply the stationary phase method to the integral in the bracket. The stationary
point is determined as (s,6) = (—/\1/27’ COSM,O). Assume that A € supp f' and

r € suppp. Then A\ > ¢ > 0 by assumption, and r satisfies r < 2|d|**¢. Since
sin(6/[d[**) — 0/|d[*”* = O(|d|~*)6”

this implies that 9*&)a = O(|d|’*) uniformly in A and r as above, and also da
vanishes at § = 0 for j = 1,2. According to [12, Theorem 7.7.5], we have

1|/ //exp (i2|d|*v)a ds df — = Z |d]77/3Lja| = O(|d|~(m=D/3+2me)

7=0

uniformly in w, where
Lia = (2i) 7 (0,05 a(—\"?r cos 1, 0, w).

We can take m so large that

/WO(!d\’(m’”/z””m)f’@)r 'p(r) dw = o(|d| ™),

and hence the remainder term does not make any contribution.

We look at the contribution
(2m)” / F' (V) xo(AY2r| cos | /M)r—p(r) dw

from the leading term with 7 = 0. Since f(d) = f(0) by assumption, we integrate
by parts in A and make change of variable

r— p=\%r| cos (5.19)
to obtain that

=0 f0) — @m0 @)™ [ [ [T SO0/ M)p(r) dycdp dA
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with r = p/(A\/?|cos u|), where II; is as in the lemma. If we repeat the same
argument as used to derive (5.18), then the second integral on the right side behaves
like

47 ([T roxan) (7 e MDY dp) +olldl ™) ~ =47 [ F0A " ax

We can evaluate the other integrals arising from Lj;a with j > 1 in a similar way.
As mentioned above, L;a vanishes for j = 1,2. If j > 4, then it is easy to see that

a7 [ (Lya) £ o) dw = o(jd] )
w
and the same bound
A7 [ (@00)" a(=A"2r cos 0, 0) O plr) dw = o] ) (5.20)

remains true even in the case j = 3. In fact, the bound is obtained by evaluating
the integral

O(d[™®) | FNA2 cos ! (X2 cos al /01 p(r) du

in the same way as used to derive (5.18). Thus the lemma is now proved. O

Proof of Lemma 5.11. 'The lemma is verified in almost the same way as in the proof
of Lemma 5.10. We give only a sketch for a proof.

We define
gi(s) =2 (2m) % $®79(s) /ﬁ/ 120 i2u £ XY =3 (1) dw df
o Jw

with u = u(\, 7, 41, 0) = A2 cos p sinf. Then Ty = Y _ (g4 (1) + g—(1)). After mak-
ing use of the Poisson summation formula and of the stationary phase method, we
have

T~ 2(2m)7" [ £/ 0o/ M)r—p(r) duw (5.21)
with p = A/?r| cos pu|. We note that (d/ds)’ s*ry(s) with j > 3 contains the deriva-
tive terms of 7o(s). This is important in evaluating the remainder terms. We denote

by I the integral on the right side of (5.21). We calculate it by partial integration
in A to get the decomposition I = E; + E5, where

Bi==2(2m)" [ f()cos uxolp/M)rp(r) du
w
By =—(2m) " M7t [ N2 cos® i | cos i X(p/M)p(r) duv.
W
We further make change of variable r — p by (5.19) to obtain that

B =m) ™ ([T ovan) (Moo i) (|7 Galo/an) do) = ~(0)/4.
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We analyze the behavior of £;. We continue integration by parts and again make
change of variable r — p to see that Ey = (2r) "I, f(0) + Fs, where II, is as in the
lemma and

Ey = (2m)" M~ / // ~teos® wxo(p/M)p(r) dpdp dA

~ o ([T rata) (/0 cos? i) ([ (xolp/ M) dp)

with 7 = p/(A\'/?| cos p|). Hence E; behaves like
By ~ (27) " L (0 / MA~Ld).
Thus we get the relation
-1 1 [ —1
Tig~ = (1/4 = (27)7 112) F0) = 47 [T f)A A

and the proof is complete. O

Proof of Lemma 5.12. This lemma is also in almost the same way as in the proof
of Lemma 5.10. We prove the bound only for 75 defined in (5.14). We write the
trace in the sum 75 as

T (1) 0r0a] = T "™

by use of the cyclic property. The integral kernel of operator 9,qu f” (hoy)r ™ is given
as in the proof of Lemma 5.6. If we further take account of the relation

N2 (0, i(NPr)) J(A2r) = 2700, (N2,
then integration by parts yields
Tr { hGoo " (hot)r ™| =4~ / / f( 37”_3(100 + 7“_2(](/)0) J(AY2r)2d\ dr.

We again make use of the Poisson summation formula and of the stationary phase
method to obtain that

T~ (3/4) (2m)" | [ O xolp/M)rp(r) du
with p = AY2r| cos p|. This implies T5 = o(|d|™!). O

6. Appendix : proof of Lemma 5.8 The appendix is devoted to proving
Lemma 5.8. The proof is based on the commutator expansion formula ([8, Lemma
C.3.1])

Emj kl A)adiB + R, (f, B,A), fe€CF(R), (6.1)
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where ad® B is inductively defined as follows:
adyB =B, adyB=[B,A], adi"B=|ad}B,A].

We use this formula with A = Hy and B = g to prove the lemma, where g(z) =
exp(ioy(z)) with azimuth angle v(z) from the positive x; axis to & = x/|z|. We
compute [g, Ho|, [[g, Ho|, Ho] and [[[g, Ho|, Ho], Ho]. To do this, we work in the polar
coordinate system (r,6) and use the following basic relations:

[r=* Hol = [r", =02 —r™'0, — r20;] = —2kr 710, + kK*r "2
[ga 89] = —iUg, [897 HO] = O? [81“7 HO] = 27’73662 + 7’7287“-

We first have
9. Hol =~ (9, 06105 + 0slg. 05)) = (120020 + 0*r %) g
and

[lg, Hol, Ho| = i20(r2yg, Ho] + 0*[r g, Hy)
= 200 %0y, Ho) + i20[r~>, HolOpg + 0*r~>[g, Ho) + o°[r~?, Hylg
= (—4027"’483 + i203r’489) g+ (—Z’Sar’?’&ﬁg + i807“’489) g
+ <i2037“_489 + 047“_4) g+ (—4027“_387, + 4027“_4) g.

We now treat operators with coefficients falling off like O(r~*) at infinity as a neg-
ligible term. Since 0y = —x20; + 2105, we get

[lg, Hol, Ho| =~ (—4027"’483 — 4027"’3&«) g+i (—807“’387«89 + 80149y + 4037"’489) g.
We can approximately calculate [[[g, Ho|, Ho|, Ho| as follows:
[Hga HO]a HO]) HO] ~ [_i80r736T89g - 40'2717469297 HO]
= —i80 (r~°0,04lg, Ho| + r~*(0,, HolOog + [, Ho]0,0n9)
— do® (r™' 9319 Hol + [, Hol9} )

~ (160%r7°0,0; — 1160790} + 48011920y — i80"r 00} + 320°r7°0,07 ) g.

Thus
[lg, Hol, Ho), Ho| & 480°r~°0,03g + i (—160r°0] + 4801320y — 80*r~°0}) .

We are now in a position to prove the lemma.

Proof of Lemma 5.8 We set é = (1,0) and
Yi(e,R) ={x € R*: |y(x;F¢é) — 7| <c¢, r=|z| >R}
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for 0 < ¢ < m and R > 0, where y(x;w) denotes the azimuth angle from w to .
Recall that ¢ (r) defined by g = Xoo(r/|d|) has support in {r > |d|}. We introduce
a smooth nonnegative partition of unity {¢,,¢_} normalized by ¢, +¢_ =1 over
{r > |d|}, such that

supp ¢+ C X+(27/3,|d|/3), g+ =1 on X(m/3,2|d|/3)
and ‘qui(x)‘ < Cs(|z| + 1d) I, We also take o € C°°(R?) in such a way that

G+ has slightly wider support than ¢ and ¢+ = 1 on the support of ¢g... We assume
that ¢+ obeys the same estimate as g.. We now write (K — z) " 'q, as

(K —2)7'0:qy = ¢+ (K = 2) gy + (K — 2) 7 gy, KJ(K — 2)7'g4.

|

in almost the same way as in the proof of Lemma 5.4, so that

1f (B ) oo — (@4 f(E)gs + G- f(K)q-) goolly, = O(ld| ™)

by formula (2.1). Since V7(z;+é) = A(x), we have the relation

Then we get

[+, K|(K — Z)fl%Htr =O(|d|™)

K = Hy = exp(igs)Hoexp(—igs) = H(Vgs), g+ = ovy(x;F¢),
on supp ¢+. Thus we obtain

= O(ld|™)

G (K =27 = (He=2) ") qu

tr

again in the same way as in the proof of Lemma 5.4. This yields

g (F(K) = f(Hz)) gzl = O(ld| ™).

Hence f(K)gs under consideration is approximated as
FUE)@so = €7y f(Ho)e " qGoo + €G- f(Ho)e ™™ q-qoc + {remainder}.

We now employ the commutator expansion for [e¥* Gy, f(Hy)]. Since
[ Ol dz = O(la) ),
|| >1d]

pseudodifferential operators with symbols falling off like O(]xz|~®) can be dealt with
as a negligible term. Thus the formula (6.1) with m = 3 implies the relation. O
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