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Abstract

We construct an abstract pseudodifferential calculus with operator-
valued symbol, adapted to the treatment of Coulomb-type interactions,
and we apply it to study the quantum evolution of molecules in the Born-
Oppenheimer approximation, in the case where the electronic Hamiltonian
admits a local gap in its spectrum. In particular, we show that the molecu-
lar evolution can be reduced to the one of a system of smooth semiclassical
operators, the symbol of which can be computed explicitely. In addition,
we study the propagation of certain wave packets up to long time values of
Ehrenfest order. (This work has been accepted for publication as part of
the Memoirs of the American Mathematical Society and will be published
in a future volume.)

1 Introduction

In quantum physics, the evolution of a molecule is described by the initial-value
Schrodinger system,
{ iat@ = Hy; (1 1)
¢ li=0 = o, '

where g is the initial state of the molecule and H stands for the molecular
Hamiltonian involving all the interactions between the particles that constitute
the molecule (electron and nuclei). (In case the molecule is imbedded in an
electromagnetic field, the corresponding potentials enter the expression of H,
too.) Typically, the interaction between two particles of respective positions z
and 2’ is of Coulomb type, that is, of the form a|z — 2’| ~! with o € IR constant.
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In the case of a free molecule, a first approach for studying the system (1.1)
consists in considering bounded initial states only, that is, initial states that are
eigenfunctions of the Hamiltonian after removal of the center of mass motion.
More precisely, one can split the Hamiltonian into,

H = Hcum + Hgal,

where the two operators Hoys (corresponding to the kinetic energy of the center
of mass) and Hp,; (corresponding to the relative motion of electrons and nuclei)
commute. As a consequence, the quantum evolution factorizes into,

—itH _ ,—itHoum p—itHrel
- )

(& e

where the (free) evolution e~“HcM of the center of mass can be explicitly com-
puted (mainly because Hcoy has constant coefficients), while the relative motion
e~ Hrel gtill contains all the interactions (and thus, all the difficulties of the
problem). Then, taking g of the form,

Yo = o @ 1; (1.2)

where o depends on the position of the center of mass only, and v; is an
eigenfunction of Hgre with eigenvalue Ej;, the solution of (1.1) is clearly given

by, , ,
(p(t) — e—’LtEj (e—ZtHCI\/[aO) ® ,(/}J

Therefore, in this case, the only real problem is to know sufficiently well the
eigenelements of Hg,;, in order to be able to produce initial states of the form
(1.2).

In 1927, M. Born and R. Oppenheimer [BoOp] proposed a formal method for
constructing such an approximation of eigenvalues and eigenfunctions of Hpe;.
This method was based in the fact that, since the nuclei are much heavier than
the electrons, their movement is slower and allows the electrons to adapt almost
instantaneously to it. As a consequence, the movement of the electrons is not
really perceived by the nuclei, except as a surrounding electric field created by
their total potential energy (that becomes a function of the positions of the
nuclei). In that way, the evolution of the molecule reduces to that of the nuclei
imbedded in an effective electric potential created by the electrons. Such a
reduction (that is equivalent to a separation of the problem into two different
position-scales) permits, in a second moment, to use semiclassical tools in order
to find the eigenelements of the final effective Hamiltonian.

At this point, it is important to observe that this method was formal only,
in the sense that it permitted to produce formal series of functions that were
(formally) solutions of the eigenvalue problem for Hp.;, but without any esti-
mates on the remainder terms, and no information about the possible closeness
of these functions to true eigenfunctions, nor to the possible exhaustivity of such
approximated eigenvalues.



Many years later, a first attempt to justify rigorously (from the mathematical
point of view) the Born-Oppenheimer approximation (in short: BOA) was made
by J.-M. Combes, P. Duclos and R. Seiler [CDS] for the diatomic molecules, with
an accuracy of order h?, where h := /m/M is the square-root of the ratio of
the electron masses to nuclear masses. After that, full asymptotics in h were
obtained by G. Hagedorn [Ha2, Ha3], both in the case of diatomic molecules with
Coulomb interactions, and in the case of smooth interactions. In these two cases,
these results have permitted to answer positively to the first question concerning
the justification of the BOA, namely, the existence of satisfactory estimates on
the remainder terms of the series. Later, by using completely different methods
(mostly inspired by the microlocal treatment of semiclassical spectral problems,
developed by B. Helffer and J. Sjostrand in [HeSj11]), and in the case of smooth
interactions, the first author [Mal] extended this positive answer to the two
remaining questions, that is, the exhaustivity and the closeness of the formal
eigenfunctions to the true ones. Although such a method (based on microlocal
analysis) seemed to require a lot of smoothness, it appeared that it could be
adapted in the case of Coulomb interactions, too, giving rise to a first complete
rigorous justification of the BOA in a work by M. Klein, A. Martinez, R. Seiler
and X.P. Wang [KMSW]. The main trick, that has made possible such an
adaptation, consists in a change of variables in the positions of the electrons, that
depends in a convenient way of the position (say, x) of the nuclei. This permits
to make the singularities of the interactions electron-nucleus independent of
x, and thus, in some sense, to regularize these interactions with respect to x.
Afterwards, the standard microlocal tools (in particular, the pseudodifferential
calculus with operator-valued symbols, introduced in [Ba]) can be applied and
permit to conclude.

Of course, all these justifications concerned the eigenvalue problem for Hgy,
not the general problem of evolution described in (1.1). In the general case, one
could think about expanding any arbitrary initial state according to the eigen-
functions of Hpe;, and then apply the previous constructions to each term.
However, this would lead to remainder terms quite difficult to estimate with
respect to the small parameter i, mainly because one would have to mix two
types of approximations that have nothing to do each other: The semiclassical
one, and the eigenfunctions expansion one. In other words, this would cor-
respond to handle both functional and microlocal analysis, trying to optimize
both of them at the same time. It is folks that such a method is somehow
contradictory, and does not produce good enough estimates. For this reason,
several authors have looked for an alternative way of studying (1.1), by trying
to adapt Born-Oppenheimer’s ideas directly to the problem of evolution.

The first results in this direction are due to G. Hagedorn [Ha4, Hab, Ha6],
and provide complete asymptotic expansions of the solution of (1.1), in the case
where the interactions are smooth and the initial state is a convenient perturba-
tion of a single electronic-level state. More precisely, splitting the Hamiltonian
into,

H = K,(hD,) + Hq(x),



where K, (hD,) stands for the quantum kinetic energy of the nuclei, and He(x)
is the so-called electronic Hamiltonian (that may be viewed as acting on the
position variables y of the electrons, and depending on the position = of the
nuclei), one assumes that Hg(z) admits an isolated eigenvalue A(z) (say, for
x in some open set of ZR?’) with corresponding eigenfunction ¥ (z,y), and one
takes ¢q of the form,

@O(x?y) = f(x)z/J(x,y) + Z hk(po,k(xvy) = f($)¢($>y) + O<h)7

E>1

where f(z) is a coherent state in the xz-variables. Then, it is shown that, if
the g 1’s are well chosen, the solution of (1.1) (with a rescaled time ¢ +— t/h)
admits an asymptotic expansion of the type,

pr(@,y) ~ fol@)(z,y) + > hFour(@,y),

k>1

where all the terms can be explicitly computed by means of the classical flow of
the effective Hamiltonian Heg(x,€) := Ky (€) + A(x).

Such a result is very encouraging, since it provides a case where the relevant
information on the initial state is not anymore connected with the point spec-
trum of Hye, but rather with the localization in energy of the electrons and the
localization in phase space of the nuclei. This certainly fits much better with
the semiclassical intuition of this problem, in concomitance with the fact that
the classical flow of Heg(x, &) is involved.

Nevertheless, from a conceptual point of view, something is missing in the
previous result. Namely, one would like to have an even closer relation between
the complete quantum evolution e~ *H/h and some reduced quantum evolution
of the type e~ #Hett(@:hD=)/h o1 some Heogr close to Heg. In that way, one would
be able to use all the well developed semiclassical (microlocal) machinery on the
operator lfleff(x, hD,), in order to deduce many results on its quantum evolution
group e~ tHest(z,hDz)/h (e.g., a representation of it as a Fourier integral opera-
tor). In the previous result, the presence of a coherent state in the expression of
(o has allowed the author to, somehow, by-pass this step, and to relate directly
the complete quantum evolution to its semiclassical approximation (that is, to
objects involving the underlying classical evolution). However, a preliminary
link between e~*/" and some e "ot (@:hD2)/h would have the advantage of
allowing more general initial states, and, by the use of more sophisticated results
of semiclassical analysis, should permit to have a better understanding of the
phenomena related to this approximation. Moreover, as we will see, this prelim-
inary link is usually valid for very large time intervals of the form [—h~" h=N]
with N > 1 arbitrary, while it is well known that the second step (that is,
the semiclassical approximation of e~ #Her(#.hDz)/h) hag in the best cases, the
Ehrenfest-time limitation [¢| = O(In +) (see (2.5) and Theorem 11.3 below).

The first results concerning a reduced quantum evolution have been obtained
recently (and independently) by H. Spohn and S. Teufel in [SpTe|, and by the



present authors in [MaSo|]. In both cases, it is assumed that, at time ¢ = 0,
the energy of the electrons is localized in some isolated part of the electronic
Hamiltonian He(z). In [SpTe], the authors find an approximation of e~#*H/" in
terms of e~ #Hert(z:hD2)/h and prove an error estimate in O(h) (actually, it seems
that such a result was already present in a much older, but unpublished, work
by A. Raphaelian [Ra]). In [MaSo] (following a procedure of [NeSo, So], and
later reproduced with further applications in [PST, Te]), a whole perturbation
Heg ~ Hog + Y ok>1 h*H), of H.g is constructed, allowing an error estimate in
O(h®) for the quantum evolution.

However, these two papers have the defect of assuming all the interactions
smooth, and thus of excluding the physically interesting case of Coulomb inter-
actions. Here, our goal is precisely to allow this case. More precisely, we plan to
mix the arguments of [MaSo] and those of [KMSW] in order to include Coulom-
type (or, more generally, Laplace-compact) singularities of the potentials.

In [KMSW], the key-point consists in a refinement of the Hunziker distorsion
method, that leads to a family of z-dependent unitary operators (where, for each
operator, the nuclei-position variable x has to stay in some small open set) such
that, once conjugated by these operators, the electronic Hamiltonian becomes
smooth with respect to x. Then, by using local pseudodifferential calculus with
operator-valued symbols, and various tricky patching techniques, a constructive
Feshbach method (through a Grushin problem) is performed and leads to the
required result.

When reading [KMSW], however, one has the impression that all the techni-
cal difficulties and tricky arguments actually hide a somewhat simpler concept,
that should be related to some global pseudodifferential calculus adapted to the
singularities of the interactions. In other words, it seems that interactions such
as Coulomb electron-nucleus ones are indeed smooth with respect to x for some
‘exotic’ differential structure on the x-space, and that such a differential struc-
ture could be used to construct a complete pseudodifferential calculus (with
operator-valued symbols). Such considerations (that are absent in [KMSW])
have naturally led us to the notion of twisted pseudodifferential operator that
we describe in Sections 4 and 5. This new tool permits in particular to han-
dle a certain type of partial differential operators with singular operator-valued
coefficients, mainly as if their coefficients were smooth. To our opinion, the
advantages are at least two. First of all, it simplifies considerably (making them
clearer and closer to the smooth case) the arguments leading to the reduction of
the quantum evolution of a molecule. Secondly, thanks to its abstract setting,
we believe that it can be applied in other situations where singularities appear.

Roughly speaking, we say that an operator P on L?(IR?;H) (H = abstract
Hilbert space) is a twisted h-admissible pseudodifferential operator, if each op-
erator UjPUj*1 (where, for any j, U; = Uj(x) is a given unitary operator de-
fined for x in some open set ; C IR") is h-admissible (e.g., in the sense of
[Ba, GMS]). Then, under few general conditions on the finite family (U;,;);,
we show that these operators enjoy all the nice properties of composition, inver-



sion, functional calculus and symbolic calculus, similar to those present in the
smooth case. Thanks to this, the general strategy of [MaSo] can essentially be
reproduced, and leads to the required reduction of the quantum evolution. More
precisely, we prove that, if the initial state g is conveniently localized in space,
in energy, and on a L-levels isolated part of the electronic spectrum (L > 1),
then, during a certain interval of time (that can be estimated), its quantum
evolution can be described by that of a selfadjoint L x L matrix A = A(z, hD,,)
of smooth semiclassical pseudodifferential operators in the nuclei-variables, in
the sense that one has,

e_itH/hQOO = W*e_itA/hW()DO + O(<t>hoo)7

where W is a bounded operator onto L?(IR")®L | such that WW* = 1 and W*W
is an orthogonal projection (that projects onto a so-called almost-invariant sub-
space). We refer to Theorem 2.1 for a precise statement, and to Theorem 7.1
for an even better result in the case where the spectral gap of the electronic
Hamiltonian is global. In the particular case L = 1, this also permits to give a
geometrical description (involving the underlying classical Hamilton flow of A)
of the time interval in which such a reduction is possible. Then, to make the
paper more complete, we consider the case of coherent initial states (in the same
spirit as in [Hab, Ha6]) and, applying a semiclassical result of M. Combescure
and D. Robert [CoRo], we justify the expansions given in [Ha6] up to times of
order ln% (at least when the geometry makes it possible).

Outline of the paper:

In Section 2, we introduce our notations and assumptions, and we state
our main results concerning the reduction of the quantum evolution in the case
where the electronic Hamiltonian admits a local gap in its spectrum. In Section
3, we modify the electronic operator away from the relevant region in x, in order
to deal with a globally nicer operator, admitting a global gap in its spectrum.
Sections 4 and 5 are devoted to the settlement of an abstract singular pseu-
dodifferential calculus (bounded in Section 4, and partial differential in Section
5). In Section 6, following [MaSo], we construct a quasi-invariant subspace that
permits, in Section 7, to have a global reduction of the evolution associated
with the modified operator constructed in Section 3. In Sections 8 and 9, we
complete the proofs of our main results, and, in Section 10, we give a simple
way of computing the effective Hamiltonian. Then, in Section 11, we apply
these results to study the evolution of wave packets. Section 12 treats, more
specifically, the case of polyatomic molecules, by showing how it can be inserted
in our general framework. The remaining three sections are just appendices:
Section 13 reviews standard results on pseudodifferential calculus; Section 14
gives an estimate on the propagation-speed of the support (up to O(h>)) for
the solutions of (1.1); Section 15 contains two technical results used in the main
text.



2 Assumptions and Main Results

The purpose of this paper is to investigate the asymptotic behavior as h — 04
of the solutions of the time-dependent Schrodinger equation,

L 0p
zha = P(h)p (2.1)
with
P(h) =w+ Q(z) + W(x), (2.2)

where Q(z) (z € IR") is a family of selfadjoint operators on some fix Hilbert
space H with same dense domain Dg, w = |, /<p, Ca(x; h)(hDy)* is a sym-
metric semiclassical differential operator of order 0 and degree m, with scalar
coefficients depending smoothly on z, and W(z) is a non negative function
defined almost everywhere on IR".

Typically, in the case of a molecular system, x stands for the position of the
nuclei, Q(x) represents the electronic Hamiltonian that includes the electron-
electron and nuclei-electron interactions (all of them of Coulomb-type), w is the
quantized cinetic energy of the nuclei, and W (x) represents the nuclei-nuclei
interactions. Moreover, the parameter h is supposed to be small and, in the
case of a molecular system, h~2 actually represents the quotient of electronic
and nuclear masses. In more general systems, one can also include a magnetic
potential and an exterior electric potential both in w and Q(x). We refer to
Section 12 for more details about this case.

We make the following assumptions:

(H1) For all o, B € Z"; with |a| < m, 0°co(z,h) = O(1) uniformly for z € IR"
and h > 0 small enough. Moreover, setting w(z,&; h) := Z|a\§m colx; R)EX, we
assume that there exists a constant Cy > 1 such that, for all (z,¢) € IR*™ and
h > 0 small enough,

In particular, Assumption (H1) implies that m is even and w is well defined
as a selfadjoint operator on L?(IR™) (and, by extension, on L?(IR";H)) with
domain H™(IR™). Moreover, by the Sharp Garding Inequality (see, e.g., [Ma2]),
it is uniformly semi-bounded from below.

(H2) W >0 is {D,)™-compact on L?(IR"), and there exists v € IR such that,
for all x € IR", Q(x) >~ on H.

Assumptions (H1) — (H2) guarantee that, for h sufficiently small, P(h)
can be realized as a selfadjoint operator on L?(IR™;H) with domain D(P) C
H™(IR";H) N L>(IR"; Dg), and verifies P(h) > 7o, with 79 € IR independent
of h.



(Of course, in the case of a molecular system, P(h) is essentially selfadjoint,
and the domain of its selfadjoint extension is H2(IR" x Y'), where Y stands for
the space of electron positions.)

For L > 1 and L’ > 0, we denote by A1(x),...,Ap+r/(z) the first L + L’
values given by the Min-Max principle for Q(x) on H, and we make the following
local gap assumption on the spectrum o(Q(x)) of Q(x):

(H3) There exists a contractible bounded open set  C IR™ and L > 1 such
that, for all x € Q, Ai(x),..., A1/ (z) are discrete eigenvalues of Q(x), and
one has,

inf dist (0(QU)\ A 11(@), - Aur(@)h o (@), Awrya(@)}) > 0.

Furthermore, the spectral projections Iy (x) associated with { Ay (x),..., A/ (x)}
and Iy (z) associated with {Ap/41(z), ..., Ap41(z)}, both depend continuously
onz € .

Then, we assume that P can be “regularized” with respect to x in 2, in the
following sense:

(H4) There exists a finite family of bounded open sets (£2;)7_; in IR", a cor-
responding family of unitary operators U;(z) (j = 1,---,r, € ©;), and some
fix selfadjoint operator Q9 > Cy on H with domain Dg, such that (denoting by
U; the unitary operator on L?(£2;;H) ~ L?(;) ® H induced by the action of
Uj(z) on H),

o 1 =U7_,Qy
e Forall j=1,---,r and z € Q;, U;(x) leaves D, invariant;

e For all j, the operator U;wU ;1 is a semiclassical differential operator with
operator-valued symbol, of the form,

UjwU; ' =w+h Y wsj(a;h)(hDy)?, (2.3)
B|<m—1

18l _
where wg ;Qg" 'e C*>(Q;; L(H)) for any v € IN™ (here, L(H) stands
for the Banach space of bounded operators on H), and the quantity

18l
107 wg,;(z; h) Qg™ IHE(H) is bounded uniformly with respect to h small
enough and locally uniformly with respect to x € €);;

e Forall j, Uj(2)Q(z)U;(z) ™! and U;(2)QoU;(x) ! are in C*(Q;; L(Dg, H))
(where L(Dg, H) stands for the Banach space of bounded operators from
Dg to H);

o« W e CR (U, 0,);



o There exists a dense subspace Ho, C Dg C H, such that, for any v € H
and any j = 1,---, 7, the application z — Uj(x)v is in C*(€;, Dg).

Note that, for physical molecular systems, a construction of such operators
Uj(z)’s is made in [KMSW], and can be performed around any point of IR"
where W is smooth. Moreover, in that case one can take Qo = —A, + 1 (where
y stands for the position of the electrons), and the last point in (H4) can be
realized by taking Heo = C§°(Y). Again, we refer the interested reader to
Section 12. Let us also observe that, in the case L' + L = 1, one does not need
to assume that  is contractible.

For any ¢ € L*(IR";H) (possibly h-dependent) such that ||¢o|l L2 (kem) =
O(h*) for some compact set Ky CC IR", and for any Q' CC IR" open neigh-
borhood of Ky, we set,

Tar(po) :=sup{T > 0; IKyr cC Q', sup ”efitP/h

vollL2(xe.vy) = O(R™)}.
t€[0,T]

Then, Ta (o) < +00, and, if one also assume that ||[(1 — f(P))go| = O(h*>)
for some f € C§°(IR), Theorem 14.1 in Appendix B shows that,

2 dist (Ko, 0Q)
Tor 2 ’
o (o) > [Vew(z, hD,)g(P)]|

for any g € C§°(IR) verifying gf = f.

As a main result, we obtain (denoting by L?(IR")®% the space (L?(IR"))*
endowed with its natural Hilbert structure),

Theorem 2.1 Assume (HI)-(H4) and let ' CcC Q with Q' open subset of
IR". Then, for any g € Cg°(IR), there exists an orthogonal projection II,
on L?(IR";H), an operator W : L>(IR";H) — L?(IR™)®", uniformly bounded
with respect to h, and a selfadjoint L x L matrix A of h-admissible operators
H™(IR™) — L?(IR"™), with the following properties:

e For all X € C§°(€Y),
X = ToX + O(h);

o WW* =1 and W*W = 11;
e For x € Q| the symbol a(x,&; h) of A verifies,
a(xz, & h) = w(z, & W)l + M(z) + W(x)L, + hr(z, & h)

where I}, stands for the L-dimensional identity matrix, M(x) is a Lx L ma-
trix depending smoothly on x € ' and admitting A 1(x), ..., Ap ()
as eigenvalues, and where 8%r(z,&;h) = O((§)™~1) for any multi-index «
and uniformly with respect to (z,£) € Q' x IR" and h > 0 small enough;



e Forany f € C§°(IR) with Supp f C {g = 1}, and for any o € L*(IR";'H)
such that ||po|| = 1, and,

leollL2(xgry + 11 = Tg)poll + [[(1 = F(P))gpoll = O(),  (2.4)
for some Ky CC ', one has,
et h oy = WreT AW oo + O ((1)h™) (2.5)
uniformly with respect to h > 0 small enough and t € [0, Ty (po))-

Remark 2.2 Actually, much more informations are obtained on the operators
II;, W and A, and we refer to Theorems 7.1 and 8.1 for more details, and to
Section 10 for an explicit computation of A, up to O(h*).

Remark 2.3 Condition (2.4) on the initial data may seems rather strong, but
in fact, it will become clear from the proof that the operators 11, f(]s) and
X (where X € C§°(IR™) is supported in K) essentially commutes two by two
(up to O(h)). Indeed, in the case of a molecular system, they respectively
correspond to a localization in energy for the electrons, a localization in energy
for the whole molecule, and a localization in space for the nuclei.

Remark 2.4 Here, we have assumed that both I (x) and IIy(x) have finite
rank, since this corresponds to the main applications that we have in mind.
However, it will become clear from the proof that the case where one or both
of them have infinite rank could be treated in a similar way, with the difference
that, if RankIly(z) = oo, then W*e~"*A/"W must be replaced by e~ #1sFla/h
(there will not be any operator A anymore). Moreover, some assumption must
be added in order to be able to construct a modified operator as in Section 3
(for instance, that both II; (z) and Ily(x) admit extensions to all x € IR™ that
depend smoothly on x away from a neighborhood of K ).

Remark 2.5 In the next section, we modify the operator Q(x) away from the
interesting region, in such a way that the new operator Q(z) admits a global gap
in its spectrum. With such an operator, a much better result can be obtained,
and permits to decouple completely the evolution in a somewhat more complete
and abstract way: see Theorem 7.1 (in particular (7.2)). In particular, even if
(1 — II,)eoll is not small, Theorem 7.1 permits to have a description of the
quantum evolution of g in terms of two independent reduced evolutions.

As a corollary, in the case L = 1 we also obtain the following geometric lower
bound on T/ (¢p), that relates it with the underlying classical Hamilton flow of
the operator A:

Corollary 2.6 Assume moreover that L = 1 and the coefficients ¢, = cq(x; h)
of w verify,
ca(x;h) = ca0(x) + e(h)éa(x; h), (2.6)

10



with cq 0 real-valued and independent of h, e(h) — 0 as h — 0, and, for any 3,
|0P ca.0(x)| + [084 (2, h)| = O(1) uniformly, and set,

ao(z, &) = Z Ca,0(2)E + Aprg1(x) + W(x) (x € Q).

la|<m

Also, denote by H,, := 0:a00, — 0za00;: the Hamilton field of ag. Then, for any
f € C°(IR) with Supp f C {g = 1}, and for any ¢y € L?*(IR";’H) such that
leoll =1, and,

||<P0HL2(K3;H) + [I(1 = Hg)woll + [[(1 — f(P))poll = O(h™),

one has,

Tor(po) = sup{T > 0; mx(Usepo,) exp tHa, (K(f))) C '}, (2.7)

where m, stands for the projection (x,€&) — x, and K(f) is the compact subset
of IR*™ defined by,

K(f) = {(2,8); z € Ko, w(z,§) +7v < Cy}
with v = inf, e inf 0(Q(x)) and Cy := Max| Supp f|.

Remark 2.7 Thanks to (H1) and (H2), it is easy to see that exptH,,(z,€) is
well defined for all (t,z,€) € IR x IR*".

Remark 2.8 Actually, as it will be seen in the proof, in (2.7) one can replace
the set K(f) by Uj_; FS(U;llgp0), where F'S stands for the Frequency Set of
locally L? functions introduced in [GuSt] (we refer to Section 9 for more details).

Remark 2.9 Our proof would permit to state a similar result in the case L > 1,
but under the additional assumption that the set {\r/41(x), ..., Ap 4n(x)} can
be written as {E1(z), ..., Ep»(x)}, where the (possibly degenerate) eigenvalues
E;(x) are such that Ej(x) # E;(z) for j # j' and x € Q. In the general
case where crossings may occur, such a type of result relies on the microlocal
propagation of the Frequency Set for solutions of semiclassical matrix evolution
problems (for which not much is known, in general).

Remark 2.10 The proof also provides a very explicit and somehow optimal
bound on T/ (o) in the case where g is a coherent state with respect to the
x-variables: see Theorem 11.3 and (11.8).

3 A Modified Operator

In this section, we consider an arbitrary compact subset K CC 2 and an open
neighborhood Qx CC Q of K. We also denote by Qg an open subset of IR",
with closure disjoint from Qp, and such that (825)j—o covers all of IR", and
we set Uy := 1. The purpose of this section is to modify Q(z) for x outside a

11



neighborhood of Ky, in order to make it regular with respect to = there, and to
deal with a global gap instead of a local one.

Due to the contractibility of 2, we know that there exist L’ + L continuous
functions uq,...,ur 4 in C(Q;H), such that the families (ui(x),...,up(x))
and (up41(x),...,ur4+r(x)) span RanIly (r) and RanIly(x) respectively, for
all z € Q (see, e.g., [KMSW]).

Then, following Lemma 1.1 in [KMSW], we first prove,

Lemma 3.1 For all x € IR", there exist u1(x),...,Ur+r(z) in Dg, such
that the family (t1(z),..., U +5(z)) is orthonormal in H for all x € IR",
the families (41 (x),...,ur (z)) and (4g 41(2),..., 4L +r(z)) span Ranlly (x)
and RanTIly(x), respectively, when x € Qp, and, for all j = 0,1,---,r and
k=1,...,L' + L,

Uj(z)ir(z) € C™(Q;; Dg).

Proof Let (1, € C*°(IR";[0,1]), such that Supp ¢; C Q§, ¢1 =1 on Qx and
(%4 (2 = 1 everywhere. Since u;(z),...,ur 1 (z) depend continuously on x in
Q, for any € > 0 one can find a finite number of points z1,---,zxy € Supp (1
and a partition of unity Xi,---,Xy € C5°(f2) on Supp (i, such that, for all
k=1,... L+,

=

sup JJur(x) = Y Xe(w)ur(ae)|# < e
z€ Supp (1 =1

On the other hand, using the last assertion of (H4), for any (k,£) one can find

vg.¢ in D, such that, v — ug(xe)|ln < € and Uj(z)vg € C(Q;, Dg) for all

j=1,...,r. Moreover, it follows from (H3) and (H4) that, forall j =1,--- r,
Uj () (2)U () and U;(2)o(2)Uf () € C%(y, L(H, Dq))-

Therefore, if we set,

X@(I)vk,e (k: 17"'7L/);
Xg(x)vk’g (k =L+ 1,..., L'+ L),
and since Zévzl X¢(z) =1 on Supp (1, we obtain (also using that Iy (x)ug(z) =
u(z) for k < L', and Ig(x)uk(x) = ug(z) for £ > L' + 1),
sup Jug () — vi(z)[l2 < 2e
z€ Supp (1
Uj(x)vp(z) € C(Q;,Dg) (G=1,...,r).

In particular, by taking e small enough, we see that the families (vy(x), ..., v (x))
and (vp/41(x),...,vr4+1(z)) span RanIly (x) and RanIly(x), respectively, for
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x € Supp(y. Moreover, by Gram-Schmidt, this families can also be assumed to
be orthonormal.

Then, using again the last point of (H4), one can find an orthonormal family
wi,...,wr 4+ € Dg, such that |(wp,, uk(xe))| < e foralll < km < L'+ L,
1 <{¢ <N, and Uj(z)w, € C®(Q;,Dg) (j =1,...,r). Thus, setting,

Wi (z) == G (x)vk(z) + Co(z)wg,
we see that, for all k, k" € {1,..., L'+ L},

(W (), Wi (%) )2 = Ok s + O(e).
As a consequence, taking € > 0 sufficiently small and orthonormalizing the
family (wq (), ..., w41 (x)), we obtain a new family (@ (), ..., 454 (z)) that

verifies all the properties required in the lemma. °

Then, (with the usual convention Zf:l =0if L' = 0) we set,

%

ﬁa(ﬂﬁ) = Z(,ﬁk(CIT»H’I]k(l’),
k=1

_ L'+L

Mo(@) = D (- an(@))nix(@)
k=L/+1

so that II; (z) and IIy(z) are orthogonal projections of rank L’ and L respec-
tively, are orthogonal each other, coincide with II; (z) and Ip(x) for z in Qg,
and verify,

U; (@) (2)U;(2)" and Uy (2)llo(2)Uj ()" € OF(Qy, L(H)),  (3.1)

forall j =0,1,---,7. R R
Now, with the help of II; (), IIo(z), we modify Q(x) outside a neighborhood
of K as follows.

Proposition 3.2 Let Q CC Qg be an open neighborhood of K. Then, for
all x € IR", there exists a selfadjoint operator QQ(x) on H, with domain D¢, and
uniformly semi-bounded from below, such that,

Qx) = Q(x) ifw € Q; (3.2)
[Q(x),ﬁo_ (x)] = [Q(x),ﬁo(x)} =0 forallxz e IR", (3.3)

and the application = +— U;(x)Q(x)Uj(z)~" is in C°(Qy; L(Dg,H)) for all
Jj=0,1,---,7. Moreover, the bottom of the spectrum of Q(z) consists in L' + L
eigenvalues \(z), ..., Ap 41 (), and Q(x) admits a global gap in its spectrum,

in the sense that,

it dist (0(Qe)\Ap (), A (@b e (@), A @)} > 0,
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Proof We set I (z) = 1 — Il (x) — Mo(x) and we choose a function ¢ €
C§° (k3 [0,1]) such that ¢ =1 on Q%. Then, with Qo as in (H4), we set,

Qz) = ((#)Q(x) + (1 — ¢(2))IIF (2)QolI] () — (1 — ()T ().
Since I, (z) = I (x) and Io(z) = Mo(z) on Supp(, we see that Iy (z) and

Iy(z) commute with Q(z), and it is also clear that Q(xz) is selfadjoint with
domain Dg. Moreover,

and, setting,
Ar+r4a(x) = inf (o(Q(@)\{M(z), ..., Angrs (2)}),
one has,
115 (2) Q)11 () > (C(@)Arsrra () + (1= (@) T ().

In particular, the bottom of the spectrum of Q(x) consists in the L + L' eigen-
values A\g(z) = ((@) \p(z) — (1 = ((2)) (k = 1,..., L), M(x) = () p(x)
(k=L'+1,...,L' + L), and, due to (H3), one has,

nf (M@ = Au(@) = inf (@) (@) = Ar(@) + (1= () >0,

and
inf dist (@(Q@)\{ (@), Avrp(@)}, (@), Apn(2)})
> inf [C(@) Mg 41 (@) = Arsr (@) + (1= ((2))] > 0,

while, since Supp ¢ C Q,
inf - dist (e (Q)\{ (), ... Apsr@ M (@), ..., Apsrn(2)}) > 1.

zE€R™\

In particular, Q(x) admits a fix global gap in its spectrum as stated in the

proposition. Finally, using (H4) and (3.1), we see that U; (x)@(x)U;‘ () depends
smoothly on z in ; for all j =0,1,---,r. °

In the sequel, we also set,
PowtQi=w+ Q) + ()W), (3.4)

and we denote by Iy the projection on L2?(IR™;H) induced by the action of
Io(x) on H, i.e. the unique projection on L?(IR";H) that verifies

flo(f © 9)(x) = f(@)o(x)g (ac. on " 1)
for all f € L2(IR™) and g € H.
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4 Twisted h-Admissible Operators

In order to construct (in the same spirit as in [BrNo, HeSj12, MaSo, NeSo, Sj2,
Sol]) an orthogonal projection IT on L2(IR";H) such that IT — IIy = O(h) and
[]5, IT] = O(h*°) (locally uniformly in energy), we need to generalize the notion
of h-admissible operator with operator-valued symbol (see, e.g., [Ba, GMS] and
the Appendix) by taking into account the possible singularities of Q(z). To
avoid complications, in this section we also restrict our attention to the case of
bounded operators. The case of unbounded ones will be considered in the next
section, at least from the point of view of differential operators.

Definition 4.1 We call “regular covering” of IR"™ any finite family (£;);=0,....r
of open subsets of IR" such that Uj_, Q; = IR" and such that there exists a
family of functions X; € Cy°(IR"™) (the space of smooth functions on IR" with
uniformly bounded derivatives of all order) with Z;:o X;=1,0<X; <1, and
dist ( Supp (X;), R"\Q;) > 0 (j =0,---,r). Moreover, if Uj(z) (x € Q;,0 <
j <) is a family of unitary operators on H, the family (U;, Qj)j:o,---,r (where
U; denotes the unitary operator on L*(Q;;H) ~ L*(;) ® H induced by the
action of U;(x) on H) will be called a “regular unitary covering” of L*(IR"; H).

Remark 4.2 Despite the terminology that we use, no assumption is made on
any possible regularity of U;(x) with respect to x.

Remark 4.3 Possibly by shrinking a little bit 2 around the compact set K,
one can always assume that the family (U;,§;);=o.1,..., defined in Section 2 is
a regular unitary covering of L?>(IR"; H).

In the sequels, we denote by C3°(€2;) the space of functions X € Cp°(IR™) such
that dist ( Supp (X), IR"\;) > 0

Definition 4.4 (Twisted h-Admissible Operator) Letl := (U;,€;);_
be a regular unitary covering (in the previous sense) of L?(IR"; H). We say that
an operator A : L?>(IR"; H) — L*(IR";'H) is a U-twisted h-admissible operator,
if there exists a family of functions X; € C3°(§);) such that, for any N > 1, A
can be written in the form,

s T

A=>"UXANUX; + Ry, (4.1)
j=0

where || Ry |22 (rm i)y = O(WY), and, for any j = 0,..,r, AN is a bounded h-

admissible operator on L?(IR";H) with symbol o} (x,£) € Cg°(T*IR"; L(H)),

and, for any ¢, € C3°(S) (¢ =0,..,r), the operator
UepeU; XGAY X007 o,

is still an h-admissible operator on L*(IR";H).
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Remark 4.5 In particular, by the Calderdn-Vaillancourt theorem, the norm of
A on L?(IR™; H) is bounded uniformly with respect to h € (0,1].

An equivalent definition is given by the following proposition:

Proposition 4.6 An operator A : L*>(IR";H) — L*(IR";’H) is a U-twisted
h-admissible operator if and only if the two following properties are verified:

1. For any N > 1 and any functions X1, ---,Xy € Cg°(IR"), one has,
ady, o---oady, (A) =O("Y) : L*(IR";H) — L*(IR";H)
where we have used the notation ady (A) := [X, A] = XA — AX.

2. Forany ¢; € C(Q;), the operator U, <ijUj_1<pj is a bounded h-admissible
operator on L*(IR"; H).

Proof From Definition 4.4, it is clear that any U-twisted h-admissible operator
verifies the properties of the Proposition. Conversely, assume A verifies these
properties, and denote by (X;);=o,..., C Cg°(IR™) a partition of unity on IR"
such that dist ( Supp (X;),IR"\;) > 0. Then, for all j one can construct
v, ¥; € CF(82;), such that p;X; = X; and ¢¥;¢; = ¢;, and, for any N > 1, we
can write,

4 = ZXJ'A:Z(XJ‘A%JFXJ‘%\%(A))

T

= > (XjA%- +Xjady, (A)g; + Xjad2, (A))
j=0

r /N-1
- .= Z <Z Xjadij (A)p; + Xjadgj (A)>

I8

- (Z WYX adl (A)pjib; + Xjad) (A)> :

Jj=

In particular, since adgj (4) = O(hY), and U; commutes with the multiplication
by functions of x, we obtain

A= U AN U + O(hY) (4.2)
=0

with

N = Z Uijad’; U (p] = Z X ad jgﬁjAUj_l(pj). (43)
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Therefore, A§V is a bounded h-admissible operator, and for any ¢; € Cr(SY),
it verifies,

N-1

UrhU; b AN Ui Ut =~ Xgadl, (Ui AU '4y);,
k=0
that is still an h-admissible operator. Thus, the proposition follows. °

In the sequel, if A is a U-twisted h-admissible operator, then an expression
of A as in (4.1) will be said “adapted” to U.

One also has at disposal a notion of (full) symbol for such operators. In the
sequels, we denote by S(Q; x IR™; L(H)) the space of (h-dependent) operator-
valued symbols a; € C®(; x IR"; L(H)) such that, for any o € IN?", the
quantity [|0%a;(z,&)||z(x) is bounded uniformly for h small enough and for
(z,€) in any set of the form Q x IR", with Q) C Q;, dist (Qg, JR"\QJ) > 0. We
also set,

Q= (Q;)j=0,..,r;
S(Q; L(H)) :=5(Qo x IR™; L(H)) X ... x S(Q. x R"; L(H)),

and we write a = O(h™) in S(Q; L(H)) when [[0%a;(z,§)| () = O(h™) uni-
formly in any set 2 x IR" as before.

Lemma 4.7 Let A be a U-twisted h-admissible operator, where

U = (Uj,9Q5)o<;<r Is some regular unitary covering. Then, for all j =0,...,r,
there exists an operator-valued symbol a; € S(Q; x IR"; L(H)), unique up to
O(h®>), such that, for any X; = X;(x) € C3°(Q;), the symbol of the h-admissible
operator UijAUj_lXj is X;j#a;8X; (where § stands for the standard symbolic
composition: see Appendix A).

Proof Indeed, given two functions X;, p; € C3°(£2;) with ¢;X; = X;, one has
-1 -1
UijAUj Xj = Xj (Uj(ijUj (pj) Xj7
and thus, denoting by a;( the symbol of U;XAU j_lX, one obtains
a;“ = jjjafj ﬁX]

In particular, using the explicit expression of f (see Appendix A, Proposition
13.2), we see that af’ = a;-” + O(h®) in the interior of {x;(z) = 1}. Then, the
result follows by taking a non-decreasing sequence (@ r)r>1 in C3°(£2;), such
that (Jyso{z € Q55 pjr(x) = 1} = Q;, and, for any (z,§) € Q; x IR", by

Pi.k

defining a;(, &) as the common value of the a;”"(z,§)’s for k large enough. e

Definition 4.8 (Symbol) Let A be a U-twisted h-admissible operator, where
U = (U;,Q5)o<j<r is some regular unitary covering. Then, the family of
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operator-valued functions o(A) := (a;j)o<;j<r € S(Q; L(H)), defined in the pre-
vious lemma, is called the (full) symbol of A. Moreover, A is said to be elliptic
if, for any j = 0,---,r and (z,§) € Q; x IR", the operator a;(x,&) is invertible
on H, and verifies,

llaj(z, &)~ ey = O(1), (4.4)
uniformly for h small enough and for (x,&) in any set of the form Q; x IR"™, with
Q; - Qj, dist (Q;,BH\Q]) > 0.

In particular, it follows from the proof of Proposition 4.6 that, if such an operator
Ajis elliptic, then it can be written in the form (4.1), with AY elliptic on {X; # 0}
for all j, N. Moreover, we have the two following result on composition and
parametrices:

Proposition 4.9 (Composition) Let U be a regular covering of L?(IR™; H),
and let A and B be two U-twisted h-admissible operators. Then, the compo-
sition AB is a U-twisted h-admissible operator, too. Moreover, its symbol is
given by,

o(AB) = o(A)to(B),

where the operation ff is defined component by component, that is,
(@5)o<j<ri(b)o<i<r = (a;8b5)o<i<r-

Proof First of all, since
ady(AB) = ady(A)B + Aady(B),

one easily sees, by induction on N, that the first condition in Proposition 4.6
is satisfied. Moreover, if X; € C3°(Q;), let p; € C3°(;) such that ¢;X; = X;.
Then, if, for any operator C', we set C; := jgojC’Uj*lapj, we have,
UjX]'ABUj_IXj = XjAijXj + Uijad(Wg)(A)BUj_IXj
2 —
XjAijXj + Xj[ad(wi)(A)]JBJXJ + ijjad(ga;z)(A)BU] 1Xj

N-—-1
= Z Xj [adﬁp?)(AﬂijXj + UijadéYpi)(A)BUjilXj (45)
k=0

for all N > 1. Therefore, since Uijadf\;g)(A)BUj_IXj = O(h"), and the oper-
ator [ad’(ia?)(A)} j = ad’&a?)(Aj) is a bounded h-admissible operator, we deduce
from (4.5) that AB is a U-twisted h-admissible operator. Moreover, since ¢; = 1
on the support of X;, we see that the symbol of Xjad’(ia;)(Aj) vanishes identi-

cally for k£ > 1, and thus, we also deduce from (4.5) that the symbol (¢;)o<j<r
of AB verifies,

XjheitXy = X;fa;ib;ex;,
for any X; € C3°(€;), and the result follows. o
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Proposition 4.10 (Parametrix) Let A be ald-twisted h-admissible operator,
and assume that A is elliptic. Then, A is invertible on L?(IR";’H), and its
inverse A~ is a U-twisted h-admissible operator. Moreover, its symbol o(A~1)
is related to the one 0(A) = (a;)o<j<r of A by the following formula:

a(A7Y) = (o(A)™" + hb,

where (o(A))~! = (a;l)ogjgr and b € S(Y; L(H)).

Proof We first prove that A is invertible by following an idea of [KMSW] (proof
of Theorem 1.2).

For j=0,---,r, let X;,p; € C3°(£;) such that ¢;X; = X;, and 25:0 X; =
1. Then, by assumption, the symbol of UjgajAUj_lgoj can be written on the
form ¢;(x)fa;(z,)te,(x) with a;(x, &) invertible, and the operator,

-
B:= Z U]f1<p§Op,L(<pja;1)Uij
j=0

is well defined and bounded on L?(IR"™;H). Moreover, using the standard sym-
bolic calculus, we compute,

AB = Y AU 30D, (pja; UGX;
j=0
= D U 'eUje AU; o 0py (ja; 1)U X;

=0
+[A, @)U 0;0py (0505 U;X;

= Y U '0;0p,(3a;)0p,(ja; YU X, + O(h)

Jj=0
= Y U'olUX;+ O(h) = > X; + O(h) =1+ O(h). (4.6)
j=0 j=0

In the same way, defining,
B’ = U;'X;0py(p;a; " )U;¢5,
j=0

we obtain B’A = 1+ O(h), and this proves the invertibility of A for h small
enough. It remains to verify that A~! is a U-twisted h-admissible operator. We
first prove,

Lemma 4.11 Let A be a U-twisted h-admissible operator, and let X,¢ €
C°(IR™) such that dist ( Supp X, Supp ¥) > 0. Then, [|[XAy| = O(h™).
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Proof Given N > 1, let ¢1,---,on € C;°(IR"), such that o1X =X, ppi19r =
o (k=1,---,N —1), and oy = 0. Then, one has,

XAY = prady(A)Y = prady, oady(A)Y
= - =adyy 0 oady,, oady(A)y = O(WN ).

Now, since,
adx(Ail) = 7A71adx(A)A71,

it is easy to see, by induction on N, that A~ satisfies to the first property of
Proposition 4.6. Moreover, for v € L?(IR";H) and for X; € C5°(9;), let us set,

u = AilUjleju

and choose p;,€ C°(Q;;IR), v; € Cy°(IR"™; IR), such that ¥;X; = 0, <p? +
111? > 1, and dist ( Supp (¢; — 1), Supp X;) > 0. Then, since the symbol of
Aj = jgijUj_lcpj is of the form ¢;ta;fe; with a;(z,§) invertible for z in
Supp ¢, we see that the bounded h-admissible operator B; := AjA; + w?- is
globally elliptic, and one has,

BjUiju = A;AjUiju = A;‘»UjgojAXju = A;UijAu =+ A;Uj(pj [A,Xj]u
= A+ AU0[A, Xlpu + ALUXGA(92 — D)u
= Ao+ AJ[A; X Uspgu + O(h o), (4.7)

where the last estimate comes from Lemma 4.11. In particular, since B 1is an
h-admissible operator, we obtain that U;X;u can be written on the form,

Uiju = CjU + hcj/-UngjU + O(hOOHUH)

where Cj,C§ are bounded h-admissible operators. Repeating the same argu-
ment with U;p;u instead of U;X;u, and iterating the procedure, it follows that
UijA_lUj_lXj is an h-admissible operator. Moreover, we see on (4.7) that the
symbol of UijAflUj_lXj coincides, up to O(h), with that of Bj_lA;fX?, that
is,

(o4 (@)a (2. 8)a; (2,€) + 43 ()~ a3 (2, O, () = ay(2.€) X, (2)°,
since ¢; = 1 and ; = 0 on the support of X;. Thus, the proposition follows. e

Proposition 4.12 (Functional Calculus) Let A be a selfadjoint U-twisted
h-admissible operator, and let f € C§°(IR). Then, the operator f(A) is a U-
twisted h-admissible operator, and its symbol is related to that of A by the
formula,

o(f(A)) = f(Re a(A)) + hb,
where f( Re (a;)j=o,..r) = (f(Rea;))j=0,..r and b € S(Q; L(H)).
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Proof We use a formula of representation of f(A) due to B. Helffer and J.
Sjostrand. Denote by fe Cg°(C') an almost analytic extension of f, that is, a
function verifying f |g = f and |0f(z)| = O(] Im 2|>) uniformly on @ . Then,
we have (see, e.g., [DiSj1, Ma2]),

F(4) = % /Ef(z)(A ) lds dz. (4.8)

Now, by Proposition 4.10, we see that, for z € € \ IR, the operator (A—z)"!is a
U-twisted h-admissible operator. Moreover, by standard rules on the operations
ady, if A and B are two bounded operators, then, for any N > 1 and any
X1, -+, Xn € Cp°(IR"), one has,

ady, o---oady (AB)= Y <Hadxi> (4) | [T adx, | (B).
}

ruJ={1,...,.N i€l JjeJ
INnJ=0

In particular, replacing A and B by A — z and (A — z)~! respectively, one
obtains,

ady o---o adXN((A - z)_l)

=—(A-27" > <Hadxi>(A—z) [Tady, | ((A=2)"Y,
N}

TuJ={1,..., icl jeJ
INJ=0,I#0

and thus, an easy induction gives,
ady, o+ 0 ady, (A - 2)71) = O(hY| Im 2|~V+V),

uniformly with respect to h and z. Therefore, it is easy to deduce from (4.8)
that f(A) is a U-twisted h-admissible operator. Moreover, since (a;)o<j<r =
o(A) = Re (c6(A4)) + O(h), a computation similar to that of (4.6) shows that,

(A=2)7""=>"U;'&30p,(p;( Re aj — 2) " U;X; + hR
j=0
where ¢; and X; are as in (4.6), and R verifies,
N
U;X;RU;'X; = Op,, (D hFry j(2)) + O(RN | Im 2|~ (V)
k=0
for any 5(j € C§°(€2;) such that 5<j<pj = >~<ij = 5(]-, any N > 1, and for some
Ni(N) > 1 and 7y j(2) € C®(T*y), 0%rk,;(2) = O(| Im z|’]j“vk=-7') uniformly.
Then, one easily concludes that the symbol b; of U;X; f(A)U;X; verifies,

b] = )N(J( Re aj — Z)ilfcj + O(h),
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and since the previous construction can be made for X; € C§°(€2;) arbitrary,
the result on the symbol of f(A) follows. .

In order to complete the theory of bounded U-twisted h-admissible opera-
tors, it remains to generalize the notion of quantization. To this purpose, we
first observe that, if a = (a;);=0,..» € S(Q; L(H)), then, the two operators
©;0pp,(a;j)p; and Uj_lgojOph(aj)Ujgoj are well defined for any ¢; € C3°(;).
Moreover, if a = o(A) is the symbol of a U-twisted h-admissible operator A,
then, by construction, it necessarily verifies the following condition of compati-
bility:

Uy ¢O0py(a;)Ujp = Uy ' 9Opy, (ar)Ugep, (4.9)
for any ¢ € C3°(;) N C3°(). Then, we have,

Theorem 4.13 (Quantization) Let a = (a;);=o,...r € S(; L(H)) satisfying
to the compatibility condition (4.9). Then, there exists a U-twisted h-admissible
operator A, unique up to O(h*°), such that a = o(A). Moreover, A is given by
the formula,

A= "U;"x;0p,(0;)U; 0, (4.10)
7=0
where X;,p; € CP(Q;)(j = 0,...,r) is any family of functions such that
> iz Xj =1 and dist ( Supp ( — 1), Supp X;) > 0.
Proof The unicity up to O(h™) is a direct consequence of the formulas (4.2)-
(4.3), where A is expressed in terms of UjgijUj_le and is clearly O(h*) if
these operators have identically vanishing symbols. For the existence, we define

A as in (4.10) and we observe that, thanks to (4.9), for any k € {0,...,r} and
Uy, € C3°(Q), one has,

Ubp AU Yy = ZijkOPh(ak)%‘% = ZXj¢kOPh(ak)¢k + O(h™)

J=0 Jj=0

= UrOpy(ar)vr + O(R).
Thus, A admits (ag)k=o,...» as its symbol, and the result follows. °

To end this section, let us go back to our operator P defined at the end of
Section 3. We have,

Proposition 4.14 Assume (H1)-(H4). Then, the operator P defined in (3.4)
is such that P(w + Qo) ™" is a U-twisted h-admissible operator on L*(IR™;H),
where U = (U;,Q;)=0,1,...» is the regular covering defined in Section 2. More-
over, its symbol p = (P;)j=o0,1,...,r verifies,

Bj(@,€) = (w(z,€) + Qj(2) + ()W (x)) (w(z,€) + Qo () ™" + hby,

where (Q;())j=0.1...r (resp. (Qo;(x))j=0.1...r is the symbol of Q(z) (resp.
Qo(x)), and (bj)j=o,....r € S(; L(H)).
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Proof We must verify the two conditions of Proposition 4.6. We have,

ady (P(w + Qo))
= ady (P)(w + Qo) " + Pady((w + Qo) ")
= ady (w)(w + Qo) ™' — P(w + Qo) tady (w)(w + Qo) ~*
= O(h),

and an easy iteration shows that the first condition of Proposition 4.6 is satisfied.
Moreover, if X;,X; € Cg°(IR™) are supported in Q; (j = 1---,r) and verify
Supp X; N Supp (1 — >~<j) = (), and if we set P; := UijPUj_lféj, we have,

UjX; P(w + Qo) U 'X;
~~9 _ _ -9 3 B
= UijPXj(w + Qo) 1Uj 1Xj + Uijw(l — X],)(w 4 QO) 1Uj 1Xj
= PU;X;(w+ Qo) 'U; X, + O(h™),

and a slight generalization of the last argument in the proof of Proposition
4.10 (this time with B; = Ujp;(w + QO)Uj_lgaj + ¢j(w + Qo)¥;), shows that
PiUX;(w + Qo)flUj_lxj is a bounded h-admissible operator on L2(IR";H).
Therefore, the second condition of Proposition 4.6 is satisfied, too, and the
result follows. .

Corollary 4.15 The two operators (P + i)™ and (w + Qo)~! are U-twisted
h-admissible operators on L*(IR";H).

Proof First observe that the previous proof is still valid if P is changed into
P + 1. This proves that (w+ Qo) ' = (P+1)(w+ Qo) ' —P(w+Qy) 'isa
U-twisted h-admissible operator. Moreover, since (P 4 i)(w + Qo)™ ! is elliptic,
by Proposition 4.10 its inverse (w + Qo)(P +14)~! is a U-twisted h-admissible

operator, too. Therefore, so is (P +i)™' = (w4 Qo) ' |(w + Qo)(P +1i)"'|. e

Proposition 4.16 For any f € C§°(IR), the operator f(]B) is a U-twisted h-
admissible.

Proof By Proposition 4.14 and Corollary 4.15, we see that the operator (P —
2)(w+Qp) ! is al-twisted h-admissible operator, and it is elliptic for 2 € € \ IR.
Therefore, by Proposition 4.10, its inverse (w + Qo)(P — z)~! is a U-twisted h-
admissible operator, too. Moreover, for any N > 1 and any Xi,---,Xny €
Cg°(IR™), one has,

adxl 0---0 a,dXN((w + QO)([} _ 2)71) _ O(hN| Im Z|7(N+1))

uniformly with respect to h and z. Therefore, we deduce again from (4.8) that

(w +Qo)f(P), too, is a U-twisted h-admissible operator. As a consequence, so

is f(P). .
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5 Twisted Partial Differential Operators
For o > 0, we set,
HY(Q) = {u € L*(Q3H); VX; € CF(Qy), Xju € H'(R"; H)},

where H*(IR™;H) stands for the usual Sobolev space of order p on IR"™ with
values in H. Moreover, if U := (Uj, Qj)j:o,---,r is a regular unitary covering (in
the previous sense) of L?(IR";H), we introduce the vector-space,

HYU) =={ue L*(IR";H);Vji=0,...,r, Ujulg, €HY(Q;)},

endowed with the family of semi-norms,

T
el = llullzz + D U Xl a2

J=0

where X := (X;);j=0,...» is such that X; € C3°(;) for all j. In particular, we
have a notion of continuity for operators A : HY (U) — HY(U).

Let us also remark that, for u = 0, we recover H(U) = L*(IR"; H), and, if
p > v, then HY(U) C HY(U) with a continuous injection.

Definition 5.1 Let U := (Uj’Qj)j:O,m,r be a regular unitary covering (in the
previous sense) of L?>(IR™;’H), and let p € Z . We say that an operator A :
HY(U) — L*(IR";H) is a (semiclassical) U-twisted partial differential operator
up to regularizing unitary conjugation (in short: U-twisted PDO) of degree p, if
A is local with respect to the variable z (that is, Supp (Au) C Supp u for all u,
where Supp stands for the support with respect to x), and, for all j =0, ... r,
the operator UJ-AUI1 (well defined on H'/(€;)) is of the form,

U;AU; = Y a (2 h)(hDy)”
la|<p
with aq,; € S(Q;; L(H)).

In particular, for any partition of unity (X;);—o,.. » on IR" with X; € C3°(;),
A can be written as,

A= U AU, (5.1)
3=0
with A; := UjAUj*l. As a consequence, one also has ady, o---oady (A)=0

for any functions X, -+, X411 € Cg°(IR").

Of course, we also have an obvious notion of (full) symbol for such operators,
namely, the family,

o(A) == (aj)ocjcr,  aj(2,&h) = Y an;(z;h)E"

la|<p
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Moreover, if A and B are two U-twisted PDO’s on L?(IR";H), of respective
degrees p and p’, by writing UJ-ABU;1 = (UjAUjfl)(UjBUjfl) and by using
a partition of unity as before, we immediately see that AB is well defined on
Hﬁf”l (U), and is a U-twisted PDO, too, with symbol,

o0(AB) = o(A)fo(B).

Now, we turn back again to the operator P defined at the end of Section 3,
and the regular covering defined in Section 2.

Proposition 5.2 Let A be a U-twisted PDO on L?(IR™; H) of degree u, where
U is the regular covering defined in Section 2. Then, for any integers k,{ such
that k+ £ > pu/m, the operator (P +1i)"F A(P +1i)~* is a U-twisted h-admissible
operator.

Proof We first consider the case k = 0. For ¢;,1; € C(Q;), such that
dist ( Supp (¢; — 1), Supp ¢,) > 0, we have,

Uje; A(P +14) U ;= Ujip; AU U (P +0) U gy, (5.2)
and, as in the proof of Proposition 4.10, we see that the inverse of (P + i)¢ can

be written as, R
(P+i)"" = B(1+hR) (5.3)

where R is uniformly bounded, and B is of the form,

B =Y "U;'X,0p,((p +i) U Xy, (5.4)
=0

where (X, ),—o,...r is an arbitrary partition of unity with X, € C3°(2,), X, €
C(Q,) is such that X, X,, = X,,, and p,,(z, &; h) = w(z, & h)+Q, (z)+( ()W ().

Lemma 5.3 Let j € {0,...,r} and ¢; € C3°(QQ;) be fixed. Then, there exists
a partition of unity (X,),—o,...» of IR" with X,, € C3°(,), and there exists
X, € C () with X,X, =X, (v=0,...,7), such that X;1v; = 1; and iywj =0
ifv#3j.

Proof It is enough to construct a partition of unity in such a way that
dist ( Supp ¥, Supp (X; — 1)) > 0 (and thus, automatically, one will also have
dist ( Supp 9;, Supp X,,) > 0 for v # j). Let (X,),—o,.,» be a partition of
unity as in Definition 4.1, and let X7 € C3°(€;;10,1]) such that X7 = 1 in a
neighborhood of Supp ¢; U Supp X;. Then, the result is obtained by taking
X, = (1 =X})X;, if v # j, and X; := X. °

Taking the X,’s and X,’s as in the previous lemma, we obtain from (5.3)-

(5.4), ]
U5 (P +1)~" = 9;0p,,((p; + 1)~ )U;X;(1 4 hR),
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and thus, since U; gojAUj*lz/)j is a differential operator of degree u with operator-

valued symbol, we easily deduce from (5.2) that if mé > p, then A(P +i)~¢ is
bounded on L2(IR™;H), uniformly with respect to h > 0. Moreover, writing,

U A(P+i)~U; ;= [Ujep; AU b (hDa) "™ ][(hD) ™ Usth; (P+i) = U5 V5,

and using the standard pseudodifferential calculus with operator-valued symbol
for the first factor, and a slight refinement of (4.7) for the second one, we see
that Ujp; A(P + i)’ng_lcpj is an h-admissible operator on L?(IR");H). Then,
it only remains to verify the first property of Proposition 4.6. We first prove,

Lemma 5.4 For any aq,...,an € Cg°(IR™), one has,
adg, 0...0aday (P +i)~% =hrY(P+i) Ry, (5.5)
with Ry = O(1) on L?(IR"; H).

Proof Since adg, (P 4 i)~ = —(P 4 i) ‘ada, (P + 9))(P +4)~%, by an

easy iteration we see that it is enough to prove that h~ad,, o...0ad, ((P +

i)*)(P +i)~* is uniformly bounded. Moreover, since adq ( 15 + )¢ )(P +i)~*

is a sum of terms of the type (P + 4)*ada, (w)(P +i) %1 (0 < k < £ -1),

another easy iteration shows that it is enough to prove that h=N (P +i)‘adq, o
..0ada, (w)(P i)t is uniformly bounded. Now, by (H4), we see that, for

any partition of unity (X;) as before, (P 4 )¢ can be written as,

(P+i) = Z U Py oUsX;,
7=0

where Pj 4 is of the form,

Pj,fz Z pj,é,a($;h)(th)a7

|| <me

with p; O,QO e C>°(Q;; H). Moreover, by (2.3), the operator Ujad,, o...0
adg (W)U t=ad,, o0...0 adaN(ijUj_l) is of the form,
Ujada, o...0aday (W)U =N Y 74 (xih)(hD,)?,

J
|| <(m—N)+

with 7 . Qg ! € C*(Q;;H). In particular, we obtain,

(P+1i)fadgy, o...0ada, _hNZ > Ui Neal@h)(hDy)*Usep;,
7=0 |a|<m(€+1)
lal
with p; € C°(Q;) and N raQg™ e C>*(2j;H), and the result follows

as before by using (5.3)-(5.4), and by observing that, for |a] < m(¢+ 1), the
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_ o]
operator QéM ™ (hD3)*((hDz)™ + Qo) ~*~! is uniformly bounded, and thus
_ o]
so is the operator Qé“ ™ (hD;)%p;Op, ((p; + 1)~ HU,X;. o
On the other hand, we see on (5.1) that ady o...oady, (A) is a U-twisted

PDO of degree (11— N), and the first property of Proposition 4.6 for A(P+i)~*
follows easily.
For the case k > 0, by taking a partition of unity, we first observe that,

(P+i) AP +i)~" =) (P+i)FU; AU NG (P + i)~
§=0
where A; = UjAUf1 can be written as,
Aj = Z (hDy) % 5.5 (2 h) (hDy)P.
Then, by using (in addition to (5.3)-(5.4)) that,
(P+i)~ % =(1+hR)B

where R’ is uniformly bounded, and B’ is of the form,

B = Z UV_IXVOph((pV + Z')_Z)U,,S(l,,
v=0

the same previous arguments show that (f’ + i)_kA(f’ +4)~* is bounded on
L?(IR"; H), uniformly with respect to h > 0.
Then, let N > land aq ...,an € C3°(Q;), such that a1¢; = ¢;, aso = a1,
., anyan—1 =an_1, and ay(¢; — 1) = 0. We have,

Ujﬁpj(p +Z)7kA(]5+ Z‘)ier_%Oj
= jcpj(p + ’L)ikA'LZ)J(p + Z')ier_lgpj

+Uj0;(P +i) " A(yp; — 1)ada, o ... 0 ada, (P +14) U ¢;

and thus, by (5.5),
Ujij(P +1i) AP +14)~U; " g
= Ui (P +1) F Ay (P +i) U o + O(RY).

Then, ert}ng A’(/)J = Uj_lil;jAjUjd)j, with Aj = UjAUj_l and 7]}]‘ S CgO(QJ)
such that ;1; = 1;, the result is obtained along the same lines as before. o

Proposition 5.5 The two operators wQal and Qalw are U-twisted PDO’s of
degree m. Moreover, if A is a U-twisted PDO such that QoA and AQq are
U-twisted PDO’s, too, of degree pi, then the operator h™!|w, A] is a U-twisted
PDO of degree at most p+m — 1.
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Proof Thank to (H4), the fact that wQ, "' and Qy'w are U-twisted PDO’s of
degree m is obvious. Moreover, the fact that QyA and AQq are both U-twisted
PDO’s implies that UJ-AUJ-_1 can be written as,

UjAU; " = Y a (2 h)(hDy)”

la|<p
with Qoaqa,; and aq,;Qo in S(;; L(H)). Then, using (H4), we have,

UjwAU; ' = > calz;h)(hDy)*ap j(z; h)(hDy)”
|| <m
1B1<w

+h Z Wa j(z; h) (hDy)%ag j(z; h)(hD,)P

Ja|<m—1
[Bl<p

and

UjAij_l = Z ag j(z;h)(hDy)?co(2; h) (hDy)®
la<m
e

+h Y agi(@;h)(hDy) waj (s h) (WD)
Ao
Moreover, by (H4) (and the fact that ijU;1 is symmetric), we know that c,
is scalar-valued, and Qy'wa,j, wa jQp " are bounded operators on H (together
with all their derivatives). Thus, it is clear that h='Uj[w, A]JU j_l is a PDO of
degree < p+m — 1, and the result follows. .

6 Construction of a Quasi-Invariant Subspace

Theorem 6.1 Assume (H1)-(H4), and denote by U := (U;,Q;)=o,... » the reg-
ular unitary covering of L*(IR"; H) constructed from the operators U; and the
open sets §); defined in Section 2. Then, for any g € C§°(IR), there exists a U-
twisted h-admissible operator 11, on L?*(IR™;'H), such that I1; is an orthogonal
projection that verifies, ~

I, =1y + O(h) (61)

and, for any f € C§°(IR) with Supp f C {g =1}, and any { > 0,
PI[f(P) 1Ly = O(h*). (6-2)

Moreover, 11, is uniformly bounded as an operator : L?(IR"; H) — L?(IR"; D)
and, for any ¢ > 0, any N > 1, and any functions Xq,---,Xy € Cs°(IR"), one
has,

Plady, o---oady, (II;) = O(hN). (6.3)
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Proof: We first perform a formal construction, by essentially following a pro-
cedure taken from [Nel] (see also [BrNo] in the case L = 1). In the sequel, all
the twisted PDQO’s that are involved are associated with the regular covering U
constructed in Section 2, and we will omit to specify it all the time. We say
that a twisted PDO is symmetric when it is formally selfadjoint with respect to
the scalar product in L?(IR"; H).

Since Q = Q(x) + ¢(x)W (x) commutes with Iy, we have,

[P, 1] = [w, II). (6.4)

Moreover, denoting by v(z) a complex oriented single loop surrounding the set
{Ar41(x),..., A+ (z)} and leaving the rest of the spectrum of Q(z) in its
exterior, we have,
. 1 ~
My(z) = — (z — Q(x)) dz, (6.5)
2im ~(z)
and thus, it results from Proposition 3.2 and assumption (H4) that QoIlo(z) is
a U-twisted PDO of degree 0. Therefore, applying Proposition 5.5, we immedi-
ately obtain, o
[P,1Iy) = —ihSy, (6.6)

where Sy is a symmetric twisted PDO (of degree m — 1). Moreover, setting
g := 1 — Iy, we observe that,

So = ﬁoSoﬁ(J)_ + ﬁ(J)'SoﬁO (67)
Then, we set,

. 1 - . - . . . _

IM; := (z—Q(z))! [Hé‘(x)SOHO(x) —To(2)SoTly ()| (2—Q(z)) ' dz.
. (6.8)

Thus, II; is a symmetric U-twisted PDO (of degree m — 1), and is such that

Qoll; is a twisted PDO, too. Therefore, using Proposition 5.5 again, we have,

21 Jy (@)

[p71:[1] = [Qaﬁl] + hB,

where B is a twisted PDO (of degree 2(m — 1)). Then, using that Qx)(z —
Qz))™" = (2 = Qx))7'Q(x) = 2(2 = Q(x))~! — 1, one computes,

Q@)L = ¢ [ @)Sollo(w) — Mo(w) Sollg ()] (= — Q) "z

iy () [ﬁol(x)soﬁo(x) - ﬁo(x)Soﬁé(x)}
= (Mg SoIlp 4 ToSpIly ),
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that gives, ~ ~ ~ ~ ~ _
(Q, T1,] = i(TT¢ SoTly + Mg Solly ) + [CW, T4 ], (6.9)

and thus, using (6.7), one obtains,
[P,11;] = iSy — ihSy, (6.10)
where S is a symmetric twisted PDO (of degree 2(m — 1)). Hence, setting,
W .= Ty 4 Al
we deduce from (6.6) and (6.10),
[P, TIM] = —ih2S,. (6.11)
Moreover,
@) — 11 = p(IIpM, + O, I0, — I0;) 4 A21012 = K112 =: K217,

where T} is a symmetric twisted PDO (of degree 2(m — 1)), such that QoT} is
a twisted PDO, too.

Now, by induction on M, suppose that we have constructed a symmetric

twisted PDO II) ag,
M

oM = Zh’“ﬁk,
k=0

where the Qoﬁk’s are twisted PDQ’s, such that,

(M2 _ M) = pM+1T, . (6.12)
[P, IM)] = —ipM+18y,, (6.13)
with Sy and Qo7 twisted PDO’s.
We set, ~
M+ — ) 4 pMHT,,
with,
- 1 - - - - - -
Hypr = —%?f (z — Q(z)) ™ |Tg SpITy — TSy Ilp | (2 — Q) tdz
v(z)

+I3 Toy T — T, (6.14)

Then, IIM+1) is again a symmetric twisted PDO, and, using the induction
assumption, we immediately see that Q(z)Iar41 (and thus also Qollas41) is a
twisted PDO. Moreover, since Ty and II™) commute, we have,

I Ty (1 — TTM) = (1 — T, 1T = _pMHLT2
and thus, since IM) =TIy 4+ hRy; with QoRys twisted PDO, we first obtain,

ﬁé‘T]y[ﬁo + ﬁoT]wﬁ(J)‘ = hR?M, (615)
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with QoR}, twisted PDO. On the other hand, one can check that,
Mare1 — (Mo + Mg Mo) = Mo T Tl + Ty Ty Mg,
and thus, with (6.15),
Marg1 — (ToMaryq + Mary1Tlo) = Ty — hR),.
As a consequence, we obtain,
(IIMH+D)2 _ M+ — pME2p, (6.16)
where QoTh+1 is a twisted PDO. Applying Proposition 5.5, we also have,
[w, 1] = hRY,,
with R}, twisted PDO, and thus,

[P.My41] = [Q,aria] + RRY,
HIF [Q, Ta I — TIo[Q, Tw Mo + ARY)  (6.17)

with RS\?/’[) twisted PDO, and, using the hypothesis of induction (and, again, the
twisted symbolic calculus),

My (@, Tw Mg
= I3 [P, Tof]Mg + AR
— DR B, (OD)? — TODJE 4 AR
= h= MO ([P, IO IOD 4+ D [P, 1] — [P, IOV + R
= —iTIg (Sp M) + TS, — Sy + ARG
= iTIg SpI1g + hRY), (6.18)
and, in the same way,

Io[Q, Tw My = —illySadly + hRYY, (6.19)

where the operators R%?’S are all twisted PDO’s. Inserting (6.18)-(6.19) into
(6.17), we finally obtain,

[P, Tpr41] = iSu + hR(Y,

that implies, R
[Pan(MJrl)] = _ihM+QSM+17

where Sys41 is a twisted PDO. Therefore, the induction is established.
From this point, we follow an idea of [So]. Let g € Cg°(IR). Using Propo-
sitions 5.2 and 4.16, and writing g(P)II; = g(P)(P + i)Y (P + 1)~ NI, we see
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that the operators g(]s)f[k (k > 0) are all twisted h-admissible operators. In
particular, they are all bounded, uniformly with respect to h. Moreover, for any
2,0/ >0, any N > 1, and any functions Xy, ---, Xy € Cg°(IR"™), by construction,
h~Nady o---oady (IT;) is a twisted PDO, and thus, by Propositions 5.2 and
4.16, h_Npég(I:’)aXm o---oady (I ) P* is uniformly bounded. It is also easy
to show (e.g., by using (6.24) hereafter) that,

Plady, o---oady, (9(P)P" = O(Y), (6.20)
and therefore, we obtain,

thPZadXI o---oady, (g(P)II;)P" = O(1),

uniformly with respect to h. As a consequence, we can resum in a standard way
the formal series of operators > p-  h¥g(P)IL; (see, e.g., [Ma2] Lemma 2.3.3),
in such a way that, if we denote by II(g) such a resummation, we have,

M—1
||PzadX1 0:+--0 adXN (H(g) — Z hkg(P)Hk)Pe ||L(L2(R71;H)) S O(hM+N),
k=0

(6.21)
for any ¢,¢' > 0, M, N > 0 and any Xq,---,Xy € Cp°(IR") (with the conventions
ady, o---oady, (Il(g)) =II(g) it N =0, and Y3 ' =0if M =0).

Then, we prove,
Lemma 6.2 For any £ > 0, one has,
1P4(IL(g) — T(9) ) £(r2 (mm ey = O(h™). (6.22)
Proof In view of (6.21), it is enough to show that, for any M > 1, one has,
(P +1)"[g(P), TM] = O(RMT). (6.23)

For N > 1 large enough, we set gn(s) := g(s)(s+4)¥ € C§°(IR), and we observe
that,

. 1 [~ . -
g(P) =gn(P)(P+4) N = ;/agN(z)(P —2) NP +i) Ndzdz, (6.24)
where gy is an almost analytic extension of gn. Therefore, we obtain,
(P +) [g(P), 1]
_1 / OGN (2)(P—2) " (P+4) N[ (P—2)(P+i)N|(P—z) "  (P+i) Ndz dz,
s

(6.25)
and it follows from (6.13) and the twisted PDO calculus, that,

I (P = 2)(P+ )] = WM ¥ Ry v (6.26)
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where Ry n is a twisted PDO of degree pps +mN, with pps the degree of Syy.
Therefore, if we choose N such that 2mN —m/{ > ppr +mN, that is, N > £+
pear/m, then (6.25)-(6.26) and Proposition 5.2 tell us that h~ M‘H)[ ( P), H(M)]
is a twisted h-admissible operator, and the result follows. °

We set,
I, := H(g)+H(g)**%(g(P))H(g)*+H(g)g(15))+(1*g(f’))ﬁo(lfg(P))- (6.27)

Then, ﬁg is a selfadjoint twisted h-admissible operator, and since II(g) =
g(P)IIy + O(h), we have,

1Ty = o[l 2z2(mmsryy + T3 = Mgl qrz(mnimy) = O(h). (6.28)
By construction, we also have P*(g(P)II(g)* — II(g)g(P)) = O(h™) for all
¢ > 0, and thus, by Lemma 6.2,

PTi, = P4 [T(g) + (1 = g(P)) (Tg) + Tlo(1 = 9(P))) | + O().  (6:29)

Moreover, if f € C§°(IR) is such that Supp f C {g = 1}, and if we denote
by II(f) a resummation of the formal series -, h* f(P)II}, as before, since
F(P)(1—g(P)) =0, f(P)I(g) —1I(f) = O(h*), and P*(1 — g(P)IL(9) f(P) =
P'(1 = g(P)II(g)* f(P) + O(h*) = PY(1 — g(P)IL(f) + O(h>) = O(h*), we
deduce from (6.29) and Lemma 6.2,

PULA(P), T, = P* (TI(f) = Ti(g)" F(P)) +O(h™) = P* (TI(f) ~ TI()")+O (™),

and thus,
IP[f(P), Tg) | e (22 (i) = O(h). (6.30)
On the other hand, we deduce from Lemma 6.2 and (6.12),
P'(I(g)* ~1(¢%)) = P'(I(g)I(g)" —II(¢%)) + O(h™)
= P(I(g)g(P) —1(g")) + O(h>)
= O(h™), (6.31)

and thus, using (6.29)-(6.31),

PYIT2 — TIy) f(P) = O(h™). (6.32)
Then, following the arguments of [Nel, Ne2, NeSo, Sol, for ~ small enough
we can define the following orthogonal projection:

_ (My —2)~" dz, (6.33)

g =
2T |271\:%
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and it verifies (see [So], Formula (3.9), and [Nel], Proposition 3),

9 1

I, -1, = i(ﬁQ—ﬂg)/ (I, —2) "1 (20, — 1) (1~ T, —2) "1 (1—2) " dz.
lz—1|=1

(6.34)
In particular, we obtain from (6.32) and (6.34),
P, — 1) f(P) = O(h™), (6.35)

and thus, we deduce from (6.28) and (6.30) that (6.1) and (6.2) hold.
In order to prove (6.3), we first observe that, by using (6.20), (6.21) and the
fact that ady, (Ilp) = 0, we obtain,

Plady, o---oady, (II;) = O(hY), (6.36)
for any N > 1. On the other hand, we have,

Lemma 6.3 For any ¢ > 0 and z € € such that |z — 1| = 1/2, the operator
P*(Il, — 2)~Y(P + 1)~ is uniformly bounded on L*(IR"; H).

Proof Writing, for ¢ > 0,
Hy: = (P40, —2) Y (P+4)*
= Hy 1+ P+ P, (T, —2) (P +i)~"
= Hy_y+ Hyy(P+ i) I, P)(P +4)*Hy,
and performing an easy induction, we see that it is enough to prove that (15 +
i) I, P)(P+1i)~* is O(h). Due to (6.29), it is enough to study the two terms

(P+1i)[(g), P)(P+1i)~* and (P +14) 1[Iy, P|(P+14)~‘. By (6.13), the first
one is O(h™), while the second one is equal to (P + i)~ 1[Iy, w](P +i)~¢ and

thus, by Propositions 5.5 and 5.2, is O(h). o
Combining (6.36), (6.33) and Lemma 6.3, we easily obtain (6.3), and this
completes the proof of Theorem 6.1. )

Remark 6.4 Observe that the previous proof also provides a way of computing
the full symbol of 11, (and thus of 11, too) up to O(h™), for any M > 1. Indeed,
formulas (6.12), (6.13), and (6.14) permit to do it inductively.

Remark 6.5 For this proof, we did not succeed in adapting the elegant argu-
ment of [Sj2] (as this was done for smooth interactions in [So]), because of a
technical problem. Namely, this argument involves a translation in the spectral
variable z, of the type z — z + w(x,€), inside the symbol of the resolvent of
P. In our case, this would have led to consider a symbol @ = (a;)o<j<r of
the type a; = a;j(z,&, 2z + w;(x,§)), where w; is the symbol of UjuJUj_1 and
a(z,€,2) = (aj(x,€,2))o<j<r is the symbol of (z — P)~'. But then, it is not
clear to us (and probably may be wrong) that the compatibility conditions (4.9)
are verified by a, and this prevents us from quantizing it in order to continue
the argument.
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7 Decomposition of the Evolution for the Mod-
ified Operator
In this section we prove a general result on the quantum evolution of P.

Theorem 7.1 Under the same assumtions as for Theorem 6.1, let g € C§°(IR).
Then, one has the following results:
1) Let g € L*(IR"; H) verifying,

vo = [(P)¢o, (7.1)

for some f € C§°(IR) such that Supp f C {g = 1}. Then, with the projection
I1, constructed in Theorem 6.1, one has,

_itP —itpM _itP(2) o
e Mgy = e Mg + €M1 =Ty ) g0 + O(th™|lpoll)  (7:2)
uniformly with respect to h small enough, t € IR and pq verifying (7.1), with,
PY =TI,P1, ; P®.=@1-1,)P(1-1I,).

2) Let ¢o € L?(IR"; H) (possibly h-dependent) verifying ||| = 1, and,

w0 = f(P)po + O(h™), (7.3)
for some f € C§°(IR) such that Supp f C {g = 1}. Then, one has,

e—itl’s/hwo _ e—itﬁ'“)/hng(po + e—itﬁ(z)/h(l o Hg)(ﬂo +O(()h™) (7.4)

uniformly with respect to h small enough and t € IR.
3) There exists a bounded operator W : L?(IR";H) — L?*(IR™)®L with the
following properties:

e For any j € {0,1,...,r}, and any ¢; € C(Q;), the operator W; =
WUJflapj is an h-admissible operator from L?(IR";H) to L*(IR™)%%;

o WW* =1 and W*W =1l,;

e The operator A := WPW* = WPMW* is an h-admissible operator on
L*(IR™®L with domain H™(IR™)®L | and its symbol a(x,&; h) verifies,

a(z,§h) = w(w, §h)IL + M(x) + (@)W ()1 + hr(z, & h)

where M(x) is a L x L matrix depending smoothly on x, with spectrum
{Arg1(x), .., Apqn(z)}, and r(x, € : h) verifies,

0°r(x, € h) = O((&)" ™)

for any multi-index « and uniformly with respect to (x,£) € T*IR" and
h > 0 small enough.
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In par?icular, 14Y% |Ranng : Ranll, — L2(IR")®L is unitary, and e‘”ﬁm/hﬂg =
WHe HA/MNIT, = We=#A/hW for all t € IR.

Remark 7.2 In Section 10, we give a way of computing easily the expansion
of A up to any power of h. As an example, we compute explicitly its first three
terms (that is, up to O(h%)).

Proof 1) Setting ¢ := e~/" ¢y, we have f(P)g = ¢, and thus
ihOMlyp = Ty Pf(P)p = TP f(P)e. (7.5)

Moreover, writing [II,, P]f(ﬁ) = [, Pf(ﬁ)] + p[f(ﬁ),ﬂg], Theorem 6.1 tells
us that ||[ILy, P]f(P)| = O(h>). Therefore, we obtain from (7.5),

ihd 1y = Iy P11, f(P)p + O(h*||¢])) = PVTlyp + O(h*ol)),
uniformly with respect to h and ¢. This equation can be re-written as,
ihoy ("M Lp) = O(h™ o)),
and thus, integrating from 0 to ¢, we obtain,
My = =P M Ly00 + O(1t1* oo,

uniformly with respect to h, t and .
Reasoning in the same way with 1 — Il instead of II,, we also obtain,

—itP® 0o
(1= Ty)p = ™"/~ Ty) o + Ol 2ol1),

and (7.2) follows.
2) Formula (7.4) follows exactly in the same way.

3) Since II, — [y = O(h), for h small enough we can consider the operator
V defined by the Nagy formula,

V= (M0, + (- ) -11)) (1- a1, - 12) L (76)

Then, V is a twisted h-admissible operator, it differs from the identity by O(h),
and standard computations (using that (II, — IIp)? commutes with both IIoII,
and (1 —1IIp)(1 —II,): see, e.g., [Ka] Chap.I.4) show that,

VY=YV =1 and IV = VII,.
Now, with 7y as in Lemma 3.1, we define Zr, : L?>(IR™; H) — L*(IR™)®" by,
L'+L

Zib(z) = B (W), an(x))n,

k=L"+1
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and we set,
W:=Zp,oV =27+ O(h). (7.7)

Thanks to the properties of V, we see that WII, = W, and, since Z7 Z;, = i
and Z1,Z7 = 1, we also obtain:

WW =VT1,V =10, ; WWV* = 1.

Moreover, for any ¢;,X; € C3°(2;) such that X; = 1 near Supp ¢;, and for
any ¢ € L2(IR";'H), we have,

L'+L

WU () = €D (Vit(@), i (@),

k=L"+1

with V; = UijVUj_lgpj and Gy ; () := Uj(z)ag(x) € C°(;, H). Therefore,
WUj_lcpj is an h-admissible operator from L?(IR™;H) to L*(IR"™)®F, and the
first two properties stated on W are proved. (Actually, one can easily see that
W also verifies a property analog to the first one in Proposition 4.6, and thus,
with an obvious extension of the notion of twisted operator, that WV is, indeed,
a twisted h-admissible operator from L2(IR";H) to L?(IR"™)®L.)
Then, defining

A= WPW* = WPLW*, (7.8)

we want to prove that A is an h-admissible operator and study its symbol. We

first need the following result:

Lemma 7.3 For any £ > 0, any N > 1 and any Xi,---,Xy € C;°(IR"), one
has,

|Pady o---oady W)lcremmyce e = OY). (7.9)

Proof Since W* = V*Z] and Z7 commutes with the multiplication by any
function of z, it is enough to prove,

peadxl O0---0 adXN (V*) = O(hN),

on L?(IR";'H). Moreover, using (6.3) and and the fact that [Ty commutes with
the multiplication by any function of z, too, we see on (7.6) that it is enough
to show that,

(P+ ) (1 = (I, — Tig)?)"Y2(P + )™ = O(1); (7.10)
Plady, o---oady, ((1 (1, - ﬁ0)2)*1/2) =OrY).  (7.11)

By construction, we have ]5[( (9)—g(P)Iy) = O(h), and thus, we immediately
see on (6.29) that P(IT, — TIy) = O(h). Then, writing

_ 1 - - - _
M, — Iy = — (I, — 2) "' (Il — I1,)(Tp — 2)~* dz,
2T |Z_1|:%
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and using Lemma 6.3, we also obtain,
]58(1'[9 — f[o) = O(h), (7.12)

for all £ > 0. In particular, (P +4)¢(Il, — o) (P +4)~* = O(h), and therefore,
for h sufficiently small, we can write,

(P+i)t (1— (I, —T1g)2)~V2(P+i)~* = (1 — (P +i) (11, — o) (P + i)—f]z)—l/%

and (7.10) follows. }
To prove (7.11), we write (1 — (I, — I1y)?) /2 as,

oo

(1= (T, —TM0)*) "2 =1+ a(Il, — ),
k=1

where the radius of convergence of the power series Y -, apz® is 1. Thus,
peadxl 0---0 adXN ((1 — (Hg — ﬁO)Q)_1/2) = ZakAN’k
k=1

where Ay i, 1= ]yadx1 o---oady, ((II — I1y)*) is the sum of kY terms of the
form,
Isz[adX (T — ﬁO)] .- [ady (g — 1:[0)],

adX ...adX

i1,1 i1,y ig,1 ik,ny

with ny,...,ng > 0, ny1 + ... + np = N. Then, using (6.21) together with
(7.12), we see that all these terms have a norm bounded by (Cy)*hFTN, for
some constant Cy > 0 independent of k. Therefore, || Ay x|l < kN (Cn)*RFHN
and (7.11) follows. .

Then, proceeding as in the proof of Lemma 4.11, we deduce from Lemma
7.9 that, if X,¢ € Cp°(IR") are such that dist ( Supp X, Supp ) > 0, then
||PZXW*w|| = O(h®™). As a consequence, taking a partition of unity (X;);—o,..r
on IR™ with X; € C3°(£2;), and choosing ¢; € C3°(€);) such that dist ( Supp (¢;—
1), Supp X;) >0 (j =0,...,7), we have (using also that P is local in the vari-
able ),

A=W, PW =) 0, WX;PoiW*e; + R(h),
=0 j=0

with ||R(h)||£(L2(jR")) = O(hoo) Thus,

A= o WU; X PU0W 5 + R(R),
3=0
where P; = UjPU i Y, is an h-admissible (differential) operator from

H™(IR";Dg) to L*(IR"™; H), while Ujp,;W*¢; is an h-admissible operator from
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H™(IR")®L to H™(IR"; Dg) and ;WU 'X; is an h-admissible operator from
L2(IR"; H) to L*(IR"™)®L. Therefore, A is an h-admissible operator from H™ (IR")®L
to L2(IR™)®E, and, if we set,

B, & h) = w(z, &) + Q(x) + (@)W (@) +h Y wy(ash)E?,

|B]<m—1

and if we denote by v;(x,§) (resp. v} (x,§)) the symbol of UjVUj*l) (resp.
UjVUj*l), then, the (matrix) symbol a = (a¢)1<ke<r of A, is given by,

r

an (2,6, 0) = (X (@) (x, s (z, v} (2, )blin 1k (%), lrr e () -
§=0
In particular, since 9%(v; — 1) and 9%(v; — 1) are O(h), we obtain,

T

ape(2,&h) =Y (X;(@) (@@, )+Qs (@) +C ()W (@)L, (x), Trr e, (@) retra e (h)
j=0

with 0% o(h) = O(h{£)™~1), and thus, using the fact that
(Qj(@)ar vk, (@), G e (@) = 0 (2)(Q@) L 41(2), G te(@)),

this finally gives,

ago(z, &, h) = Z Xj(z)(w(z,&)0k,e + mue(x) + C(2)W (x)0k,0) + 71,0(h)

7=0
= (w(=,8) + (@)W (2))dk.e + mie(x) + 70 (h),

with my ¢(2) := (Q(z)r 11 (x), iz 4e(x)). This completes the proof of Theorem
7.1. °

8 Proof of Theorem 2.1

In view of Theorem 7.1, it is enough to prove,

Theorem 8.1 Let ¢ € L?(IR"; H) such that |¢o|| = 1, and,
Ioll 2 (rcgirey + 111 = Tg)epoll + [I(1 = £(P))epoll = O(R™), (8.1)

for some Ko CC Q' CC Q, f,g € C5°(IR), gf = f, and let P be the operator
constructed in Section 2 with K = €, and 11, be the projection constructed in
Theorem 6.1. Then, with the notations of Theorem 7.1, we have,

e~ P gy = Wre A MWy + O ((Hh™) (8.2)

uniformly with respect to h > 0 small enough and t € [0, Tq/(¢0)).
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Proof : Denote by X € C§°() (where Q. is the same as in Proposition 3.2)
a cutoff function such that X =1 on K. We first prove,

Lemma 8.2 ~
I(f(P) = F(P)Xl (L2 (mrriny = O(RT).
Proof Using (4.8), we obtain,

(f(pP) - /6f “YP - P)(P—2)""Xdz dz.

Moreover, if ¢ € C§°()) is such that ¢» = 1 on a neighborhood of Supp X,
Corollary 4.15 and Lemma 4.11 tell us,

(¥ = D)(P —2)~ "X = O(hN| Im 2|~ 7HD),

for any N > 1. As a consequence,
(f(P)— /af “HP — P)Y(P — 2)"*Xdz dz + O(h™),

and since (P — P)y = (Q — Q)1 = 0, the result follows. .
Now, by (8.1), we have,
po = f(P)eo + O(h™) = f(P)Xpo + O(h%),
and thus, by Lemma 8.2,
o = f(P)Xpo + O(h™) = f(P)po + O(h™).
This means that (7.3) is satisfied, and thus, by Theorem 7.1, the decomposition
(7.4) is true. Using (8.1) again, this gives,
e "PMog = e P ML 00 4+ O(|t1h*°) = Wre™ "M Wio + O((6)h), (8.3)

uniformly with respect to h and ¢.

On the other hand, if we set ¢(t) := e~*"/"py, then, by assumption, ¢(t) =
f(P)p(t) + O(h*°) and ¢(t) = Xp(t) + O(h*°) uniformly for ¢ € [0, Ta(¢o)]-
Therefore, applying Lemma 8.2 again, we obtain as before, ¢(t) = f(P)e(t) +
O(h*°), and thus also,

p(t) = f(P)Xp(t) + O(h™), (8.4)

uniformly with respect to h and t € [0,Tq/(¢o)]. Moreover, since P and P
coincide on the support of X, we can write,

ihd, f(P)Xe(t) = f(P)XPp(t) = f(P)PXep(t) + f(P)[X, Plp(t),

and thus, since f(P)[X, P] = f(P)[X,w] is bounded, and [X,w] is a differential
operator with coefficients supported in Supp VX (where ¢ is O(h*)), we obtain,

ihd, f(P)Xp(t) = [(P)XPp(t) = Pf(P)Xp(t) + O(h™).
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As a consequence,

F(P)Xp(t) = e /" f(P)Xgo + O([t|h),
and therefore, by (8.4),
o(t) = e PPy + O((H)h™), (8.5)

uniformly with respect to h and t € [0,Tq/ (¢0)). Then, Theorem 8.1 follows
from (8.3) and (8.5). .

9 Proof of Corollary 2.6

First of all, let us recall the (standard) notion of frequency set F'S(v) of some
(possibly h-dependent) v € L2 (Q) (see, e.g., [Ma2] and references therein). It
is said that a point (zg,&) € T*Q is not in F'S(v) if there exist X; € C§°(w)
and Xz S Cgo(an) such that Xl(l‘o) = XQ(&)) =1 and ||X2(hDI)X1’U||L2(Rn) =
O(h®). This is also equivalent to say that there exists an open neighborhood
N of (z9,&) in T*IR", such that, for any X € C§°(N) and any X; € C§°(),
one has ||Opy,(X)X1v|[z2(grry = O(h™).

As one can see, this notion can be extended in an obvious way to functions
in L (H), and it is easy to see (e.g., as in [Ma2] Section 2.9) that the latter
property still holds with operator-valued functions X € C§°(N; L(H)), or even
more generally, X € C§°(N; L(H;H')) where H' is an arbitrary Hilbert-space.

We first prove,

Lemma 9.1 Let W: L*(IR";H) — L*(IR") be the operator given in Theorem
7.1. Then, for any j € {0,1,...,r}, any p € L>(IR";H) and v € L?(IR"™), such
that ||| = ||v|| = 1, one has,

FS(UW*0) N T*Q; = FS(v) N T*Q;.

Proof Since WW* = 1 and W*W = Il, it is enough to prove the two inclusions
FSWe)NT*Q,; C FS(U;ILp)NT*Q; and FS(UW*0)NT*Q; C FS(v)NT*Q;.

Therefore, let (20, o) € T*Q;, and assume first that (zo,&) £ FS(U;I¢p).
In particular, this implies that, if N CC T*; is a small enough neighborhood of
(z0,&0), then ||Opy, (X1)U; || = O(h*>) for all X; € C5°(N; L(H;C')). Then,
taking X € C§°(N) and ¢; € C§°(Q;) such that ¢;(z) = 1 near m,( Supp X)
and X(xg,&y) = 1, we write,

Op,(X)We = Op,(X)WIp = Op, X)WiTl,e + O(h™)
= Op,(OWU; 9, Uj1h Ty + O(h™),

and since Oph(X)WUj*lz/Jj is an h-admissible operator from L?(IR"; H) to L?(IR"),
with symbol supported in N (that is, modulo O(h*°) in Cy°(IR"; L(H;C'))), we
obtain ||Op;, (X)We|| = O(h>), and thus (z9,&) & FS(Wy).
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Now, assume that (z9,&) £ FS(v). Since U;i;W* is an h-admissible
operator, we obtain in the same way that ||Op,(X)U;¥;W*v|| = O(h*>°), and
thus (3:0,50) £ FS(U]W*U) L]

Without loss of generality, we can assume Tq/ (o) < +00. By Theorem 8.1,
we have, _ _
efth/h%D0 — W*efztA/thO +0 (hoo) ,

uniformly for ¢ € [0, T/ (o), where W and A are given in Theorem 7.1. Thus,
by Lemma 9.1, we immediately obtain,

FS(UjeiitP/hgﬁo) N T*Qj = FS(eiitA/hWQD()) N T*QJ

On the other hand, since A is an h-admissible operator on L?(IR"™), a well-known
result of propagation (see, e.g., [Ma2] Section 4.6, Exercise 12) tells us,

FS(e” A/ "MWpo) = exp tH,, (FS(Wo)).
Therefore, applying Lemma 9.1 again, we obtain,

FS(UjeiitP/thQ) N T*Qj = T*Qj NexptH,, (UZZOFS(UngQDO) N T*Qk) .
(9.1)
By assumption, we also have,

U};:OFS(U]CHQQD()) = U};ZlFS(Ukﬁpo) C Ko x IR™. (9.2)
In order to conclude, we need the following result:

Lemma 9.2 For any f € C°(IR), ¥ € C{°(IR"), X; € C§°(Q;), € > 0, and
p € Ce°(IR) with Supp p C [Cy — v +¢e,+00) (where Cy is as in Corollary 2.6),
one has, y
lp(XjwX;) f (U;X; PUSIXG) || = O(h™).

Proof We set w; := X;wX; and P; := UijPUj_lXj. Using Assumptions (H1),
(H2), (H4) and Proposition 3.2, we see that P; > (1— Ch)w; +~ — Ch for some
constant C' > 0 independent of h. As a consequence, we have,

p(w;) Pip(w;) = p(w;)((1 = Ch)w; + v — Ch)p(w;) > (Cy + & = C'h)p(w;)?,
with C" = C' + CCjy. Therefore, we can write,

1

loteos o FP Yl < g (Papleoi o (P pleos o (P,

for any v € L?(IR™;'H), and thus,
1

Ip(w)v f(P)] < m\\ﬁjp(wj)wf@j)n
< e ()P S+ 1P ol U1 (P)).

(9.3)
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Now, on the one hand, since Supp f is included in [-Cy, Cf], we have,

1 ~ . 1 - -
Crre—onlP@ BB = o 1B (i)l
Cy _
m\|f(Pj)1/fﬂ(wj)||~ (9-4)

On the other hand, since Pj and w; are both differential operators with respect
to « with smooth (operator-valued) coefficients, and p(w;)% is a scalar operator,
by standard symbolic calculus, we have,

[Py, p(w;) 1 f(F;) = O(h)pi(w;)ibr f(F;) + O(h), (9.5)

where p; € Cp°(IR) and ¢; € C§°(IR™) are arbitrary functions verifying p1p = p
and 111 = 1. Inserting (9.4)-(9.5) into (9.3), we obtain,

lp(w;) ¥ f(P)ll = O(hllpr(w;) e f(Py)]]) + O(h™).
Iterating the procedure, we clearly obtain the lemma. °
Now, using, e.g., (8.4), we know that e~ /"y = f(P)e~ /" py + O(h™).
Moreover, if X;,19,; € C3°(€2;) are such that X; = 1 near Supp 9;, by Lemma
4.11, we have,
Ui f(P) = U f(P)XG + O(h™®) = Uyah; f(P)U; XU X; + O(h™),
and therefore,
Ujibje ™" P/ Mg = Upsh; f(PYU; XU X e P Mgy + O(h*).
Then, using lemma 15.1, we obtain,
Uphse™ P/ oo = s f (P U X e~ Moy + O(h™),
with ]5j = Uijﬁ’Uj_lxj. Therefore, using Lemma 9.2, this gives,
lp(Xj0X;)Ujibze =" M po|| = O(R>),
and thus, by Lemma 15.2,
lp(w)Ujtp5e~ /o] = O(h™). (9.6)

Since the principal symbol of p(w) is p(w), we deduce from (9.2), (9.6), and
standard results on F'S, that,

k=0 F'S(Urllgpo) C K(f) = {(2,€); v € Ko, w(@,§) < Cy —},
and thus, by (9.1),

FS(Uje™PIhpg) N T*Q C exptH,, (K(f)) NT*Q;, (9.7)
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for all ¢t > 0. ~ ~
Then, for any j € {0,1,...,7}, ¥;,¢; € C§°(Q;) with ¢;1; = 1;, and any
a € C§P(IR™), we write,

ijje_itp/h’(po = a(th)’(/;j(l‘>ijj€_itP/h300 + (1 — a(th))ijje_itP/hgoo,
and therefore, if a(£) = 1 in a sufficiently large compact set,
Usthse "7/ po = a(h Dy )by (x)Ujibje ™"/ ipo + O(h™).

Finally, if Supp 4; N7, (exptH,, (K(f))) = 0 (or, more generally, Supp t; N
Tz (U _gexptHo, (FS(Uxllgpo))) = 0), then, (9.1) and (9.7) tell us,

llae(h Dy )by () Ujapje™ Mg || = O(h),
and thus, by the unitarity of Uj,
56" Mol = Ut~ P o] = O(h™),

uniformly for ¢ € [0, Ta (p0)]. Since we also know that ||e ="/ || e = O(h™)
for some compact set K C IR™ (by definition of Tq/ (¢p)), this proves that we can
actually take for K any compact neighborhood of 7, (exptH,, (K(f))). Thus,
if Tor(po) < sup{T > 0; mx(Useo, 1) exptHa, (K (f))) C Q'}, clearly (e.g., by
using Theorem 14.1), one can find T > To/(vo) and Ky CC €, such that
SUP¢e(o,7] ||e_“P/hg00||K% = O(h®°). This is in contradiction with the definition
of T/ (¢o), and therefore, necessarily,

Tar(wo) = sup{T > 0; 7o (Usepo,1) exptHa, (K (f))) C Q'}.

This proves Corollary 2.6, and also Remark 2.8 since, in the last argument, one
can replace K(f) by Uj_, exptHq,(FS(Ullypo)) everywhere. o

10 Computing the Effective Hamiltonian

Now that we know the existence of an effective Hamiltonian describing the
evolution of those states g that verify (2.4), the problem remains of computing
its symbol up to any arbitrary power of A (in Theorem 2.1, only the principal
symbol of A is given). Because of the conditions of localization (2.4), it is
clear that such an effective Hamiltonian is not unique (for instance, the three
operators A, Af(A) or Wf(PYW*AWf(P)W* could indifferently be taken).
However, its symbol is certainly uniquely determined in the relevant region of
the phase space where @(t) := We P/ g lives (that is, on FS(¢(t)) in the
sense of the previous section, and for ¢t € [0,Tq/(po))). Therefore, as long
as we deal with h-admissible operators (that is, with operators that do not
move the Frequency Set), or even with twisted h-admissible operators (that
become standard h-admissible operators once conjugated with W or Zp) it is
enough, for computing the symbol A in this region, to start by performing
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formal computations on the operators themselves (instead of immediately using
the twisted symbolic calculus, that appears to be a little bit too heavy at the
beginning).

In this section, we describe a rather easy way to perform these computa-
tions, and we give a simple expression of the effective Hamiltonian up to O(h*).
Moreover, as an example, we also compute its symbol, up to O(h?), in the case
L = 1. Let us inform the reader that the results of this section are not used
in the rest of the paper (except for Theorem 12.3), and thus can be skipped
without problem at a first reading.

We start from the definition of A given in Section 7 (in particular (7.8)):
A=WPW* = Z,VPV*Z}.

Since Zj, is rather explicit, the problem mainly consists in determining the

expansion of V. Setting, R
A= h7H(11, —Tlp),

and using that Hg -1, = l:I% — 1y = 0, we immediately obtain,
I,A + All, = A + hAZ. (10.1)
Thus, we deduce from (7.6),
Vo= ((Iy — hA)L, + (1 —TIy + hA)(1 — I1,))(1 — h2A%) "2
= (14 A, A] — R2A%)(1 — h2A%)" 2,
Then, using the (convergent) series expansion,
(1—h2A%)7F =14 yh? A%,

k=1
with,
1 (2k — 1)!

111 1
e I V) S Iy TR | S .l L
3G TG+ GHE=DE = s -

Vi =

we obtain,
V =1—ihV, + h?V,,

where the two selfadjoint operators V; and Vs are given by,

Vio= il AJ(1+ ) weh? A,
k=1
1 oo
Vo = —§A2 + kZﬂ(Vk.H — l/k)thAZ(k_H),

that is, observing that vy — vg11 = v /(2k + 2),

Vi = illly, AlF (A%);
V, = FL(A?),
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with, (setting also vp := 1),

Fi(s) = Zz/kh%sk;
Fz(s) = Z 5 k + 1 thSkJrl.
k=0

As a consequence,
V* =1+ ihV; + h?Vs,

and therefore,
VPV* = P+ih[P, Vi]+h?(Vy PV + Vo P4+ PVo)+ih3 (Vo PV =V PVy)+h* Vo PV,
that is,

A = Zp,(P+ih[P, Vi]+h?(V1 PV14+ Vs P4+ PVy)+ih® (Vo PV =V PVy)+h* Vo PV5) Z .
(10.2)
From now on, we work modulo O(h%) error-terms, and, as we observed at the
beginning of this section, if we restrict our attention to the relevant region of
the phase space, then formal computations are sufficient and II,; can be replaced

by the formal series Il := > k>0 R*II;, constructed in Section 6. In particular,

P formally commutes with II and thus, since [15, l:[()] = —ihSp (see Section 6),
[P, [II, A]] = —h [P, [II, Iy]] = —h~Y[IL, [P, IIo]] = i[IL, So], (10.3)

where, from now on, A stands for A~ (IT — IIy) = D k1 e
Moreover, from the identities []5, 1:1} =0, II = Iy + hA, we deduce,

[P,A] = —h [P, Ty = iSo,

and therefore,

[Pi] = [So, FL(A%) +i[ll, A][P, Fi (A%)];
2k—1
[P, Fi(A%)] = iZukth > AIGATT
j=0

Since vy = 1 and v; = 1/2, this gives,

[P, V1] = [So, O](1 + %QAQ) — h;[ﬁ, AJ(SoA + ASp) + O(hY) (10.4)

Moreover, (10.1) implies [IAI = hA2I = AIIA2, and thus, in particular,
A? commutes with II. As a consequence, we can write,

VIPV = Fi(A%)[IL A]P[A, T (A7)
= [II,A]P[A,TI] + h? Re A2[IT, A]P[A, TI] + O(h%),
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and, still using (10.1), we have,

[T, A]P[A,TT] = MAPAI + ATIPTIA — TIAPTIA — ATIPATI
= (IIA + AT P(AIT + TIA) — 2ITAPTIA — 2ATIPATT
= (A+hAYHP(A + hA?%) — 2hIA2PA — 2hAPATT
APA + h(1 — 2I)A?PA + hAPA?(1 — 210)
= %(AQP + PA?%) + %[A, So] + 2h Re A%(1 — 2IT) PA.
Therefore,

VPV, = Re A2P+%[A, So]+2h Re A2(1-2IT)PA+h2 Re A2( Re A2P+%[A, So])+O(h?).

and, since Vo = —%AQ — %h2A4 + O(h*), we obtain,

VIPV + VoP + PV, = —[A, S| + 2h Re A%(1 — 2I1)PA

i
2

. ) i
+h? ( Re A%( Re A?P + %[A, Sol) — 1 Re A4P> + O(h?)

- %[A, So] + 2h Re A2(1 — 2IT) PA
+%h2 ( Re (iA%[A, So]) + AZPA?% + i Re A4P) +O(h?)

Finally, since, obviously, A? also commutes with A, thus with [II, A], too, we
see that V1 and V5 commute together, and therefore,

VoPV) —ViPVy = [P,Vi]Vy — [P, V)W)
- —%[so,ﬁw + %[P, A|[T, A] + O(h?)
= —%[So, mA? — %(SOA + ASy)[IT, A] + O(h?).
Summing up, we have found,

VPV* = By + hBy + h2Bs + h®Bs + h*By + O(h®),

with,
By = P
B = i[So,1I]
By — %[A,SO]
By = —Rei[ll, A](SoA + ASp) + 2 Re A%(1 — 2IT) PA

By

1 - 1 -
3 ( Re (iA%[A, Sp)) + A?PA? + 7 Re A4P>
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Then, writing I = Zi:o RFTL, + O(hY) and A = 22:1 R, + O(h3), we
obtain, ~
VPV* = Cy + hCy + h2Cy + h3C5 + hCy + O(RP),

with,
Cy, = P
Cy = i[So, Iy
Cy = %[5071:[1]
Cy = %[so,ﬁz]_Rei[ﬁo,ﬁl](soﬁl+ﬁlso)+23eﬁ§(1—2ﬁo)15ﬁ1
i - TS == e = ST
Cy = 5[507H3]—RGZ[H07H2](SOH1+H150)_Re’[H07H1](SOH2+HQSO)

42 Re (IT; Iy + o0, ) (1 — 200y) PIT; — 4 Re I3 PII; 4 2 Re T12(1 — 211,) PII,
1 - U R
+3 ( Re (il1%[I1y, So]) + 113 PII3 + 7 Re H‘fP)

Now, due to (6.7)-(6.8), we observe that o SoIly = fIOLSOfIé = [oILII, =
g1 = 0. As a consequence,

o411y = illy[ Sy, Mo )Ty = 0,

and,
Iy [Ty, T1](SoITy + IT; So) Ty = Mo[Mo, I11]To(SeIl; + I1;.So)II = 0;
oI1%(1 — 210, PIIIT, = TIoI2103 P, I0y + TTII2(1 — 200 [P, I ]I, I,
= ihIIoII2(1 — 21y)SoIl, I,
=  —ihIyI12 Sy, 11,.

(In the last two steps we have used that T II3T03 = T3 SoI;ITp = 0.) Since we
also have Zy, = Z1Ilp and Z; =1l Z7, we deduce,

ZLClZZ = O,
ZLC3ZE = %ZL [So, ﬁQ]Zz + 2h Im 1:.[01:[%501:[11:[0. (105)

In particular, since A = ZLVI:’V*ZE, we have proved,

Proposition 10.1 The effective Hamiltonian A verifies,

A= Ag+h*As + h3 Az + O(hY), (10.6)
with,
Ay = Z,PZ;
q -
Ay = SZu[So,1h]Z]
1 ~
Az = 571150, T1] 2]
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It is interesting to observe that, at this level, the absence of a term in h (that
is, an extra-term of the form hA;) is completely general and, in particular, is
not related to any particular form of w (however, some term in A may be hidden
in Ap, as we shall see in the sequels).

Here, we have stopped the computation of A at the third power of A, but
it is clear from the expression of Cy and (10.5) that the coefficient of h* can
be written down, too (but has a more complicated form). Of course, pushing
forward the series and spending more time in the calculation would permit to
also obtain the next terms.

From that point, in order to have an even more explicit expression of A (in
particular to compute its symbol), one must use the expressions of II; and II,
obtained in Section 6. Let us do it in the case L = 1. In that case, setting
M) := Aps41(z), one has Iy (z — Q(x)) ™' = (z — A(x)) ', and thus,

1:.[8'1:.[11:[0 = _i (Z — Q(x)i__lfii_ag)‘r)SOﬁO(x) dz = —iR/()\(Z'))S();

where R'(z, z) := g (z)(z — Q(x)) "' (x) is the so-called reduced resolvent of

Qz).

As a consequence,
1:[0 [507 1:,[1]1:.[0 = Soﬁéﬁlﬁo - 1:_[01:[11:[&50 = —2iSoRI(:L‘, )\(l’))S()7

that leads to,
A2 = leoR/(.’E, )\(SC))SOZiF

In the same way, o B
[y HaTlo = —iR'(z, A(2))S1llo,

and therefore,
A3 = Re leoR/($, )\(1’))31Zi<
Now, we can start to use the twisted symbolic calculus introduced in Section
4. We denote by sg = (s})o<j<r and mo = (7})o<j<, the (twisted) symbols of
So and Il respectively. We also set © = (@;)o<;<r, Where,

Bi(x,8) =w@, & +h Y ws;@)E?, (2.8 € T*Q),

[Bl<m—1

is the symbol of the operator introduced in (2.3) (we remind that we work with
the standard quantization of symbols, as described in Section 13). From (6.4)-
(6.6) and the considerations of Section 4 (and since 7)), = 7)) (z) does not depend
on &), it s easy to see that,
. . . : ih N Ny
S=oimvi Y s - 0 Y @pw)@gm) + 00)

1Bl<m—1 |a=2
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Also setting Q;(z) = U;(x)Q(x)U;(x)~", the symbol p = (pj)o<j<r of
R'(x, M) is simply given by,

pi(@) = (1= mp(x) (@) = Q;(x) "' (1 — mp(x)),

and thus, the symbol o = (0%)099 of SoR/(z, A\(x))Sy verifies,

o3 (&) = sp(x,&)p; (x)sf (., €) + %sé(ac,@az(pj(x)sé(x,f)) +O(h?).
From (6.8)-(6.10), we also obtain,
1y = (S, R (2, A(x)

I

Therefore, since w and (W are scalar operators, the respective symbols m =
(m])o<j<r and s1 = (s])o<j<, of II; and S, verify,
(2, €) = ilsg(@, €), p(2)] + O(h) = idew(a, )[Dzmh(x), p;(x)] + O(h)
51 ={w+ (W, m{} + O(h) = O¢w - Op] — O] - Oo(w + (W) + O(h),

and thus,

=1 Y ((06.0)00, (96,102, 78, p]) — (96, 06,0) 0, b, 9,100, (w + CW) )
k,0=1

+O(h).  (10.7)

This permits to compute the symbol o3 = (03)o<j<, of Re SoR'(z,\(z))S1,
through the formula,

) 1 . . ) )
04(@,€) = 50w+ (Oumd)pssl + slp; (0umd)) +O(h).  (108)
Observe that one also has,

0o () = (-, Vauj (z)) () + (- ()1 Vors (2),

where (-, u)y stands for the operator w — (w,u)y, and u; =: Uj(x)ur/41(x) is
the normalized eigenfunction of Q;(z) associated with \(x).

Finally, we use the following elementary remark: let B is a twisted h-
admissible (or PDO) operator on L?(IR"™; H), with symbol b = (b;)o<;<, and let
u(z),v(x) € H such that, for all j =0,...,r, u;(z) = U;(z)u(z) and v;(x) :=
Uj(x)v(x) are in C*(;; H). Denote by Z,, Z, the operators L*(IR";H) —
L?(IR") defined by ,

Zow = (w,u)y ;3 Zpw = (W, V).
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Then, the symbol b of the (standard) h-admissible operator Z,BZ; verifies,
v (33, 5) € T*Qj7 i)(ﬂ?, f) = <bj(x7 f)ﬁu_,(l‘), ’Uj(l‘)>')—[,

where the operation § is defined in an obvious way, by substituting the usual
product with the action of an operator (here, the various derivatives of b;(z, §))
on a function (here, the various derivatives of u;(x)).

We can clearly apply this remark to compute the symbol of A and As, but
also that of Ag, since we have,

Ay =7Z,PZ; = Z,PZ} = 20,,Q, ' PZ;,

with w := @z/41 (defined in Section 3), and, by Proposition 5.5, we know that
Q0—1]5 is a twisted PDO.

Combining all the previous computations, using that Q; (z)u;(z) = \(z)u;(z)
forall j =0,...,7 and « € Q;, and gathering (as far as possible) the terms with
same homogeneity in h, we finally arrive to the following result (leaving some
details to the reader):

Proposition 10.2 In the case RankIly(x) = 1, the effective Hamiltonian A
verifies (10.6) with,

AO = ZlﬁZf,
A = o2 [P TR (e, Ao, P27 (10.9)
Ay = oo Re 2P TR o AP, o], B (e, M), + G125,

where \(x) is the (only) eigenvalue of Q(x)f[o, and R'(z, \(z)) = g (z)(\(z) —
Q(z)) "Iz () is the reduced resolvent of Q(x).
Moreover, the symbol a(x,&; h) of A verifies,

a(x, & h) = ag(x, &) + hai(z,€) + has(z, €) + O(R?),
with, for any (z,§) € T*Q; (5 =0,...,r arbitrary),
aop(z,§) = w(@,&h)+ Mz) + (@)W (2);
a(z,6) = Y (wps(@)us(e),u;(@)E” — i(Vew(w, &) Vau(x), us(@));

|Bl<m—1

n

1

az(z,§) = (O, w) (D, )5 (2) Dz, 5, Dy ) — 5 D (08w) (0 uy, uy)
k=1 |a|=2

—i S (W (@) Vauy (), us(2)) - Ve ()

[B]<m—1

2Im Y Vew(w, &) (wa(@)p; (2)Vou; (@), u)(2)€°
18| <m—1

+ D (weg(@)p(@)uy (@), we (@) (2)) 674

[B]slv|<m—1
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Remark 10.3 Although some of these terms may seem to depend on the choice
of j verifying (x,§) € T*Q;, actually we know that this cannot be the case. In
fact, the independency with respect to j is due to the compatibility conditions
(4.9) satisfied by the symbols of twisted pseudodifferential operators.

Remark 10.4 Actually, it results from the previous computations that (10.9) is
still valid in the (slightly) more general case where L is arbitrary and Ap, 1 (x) =
co.=Apyr(x) for all x € Q.

Remark 10.5 Using (10.7)-(10.8), one can find an expression for the h3-term
of the symbol of A, too. We leave it as an exercise to the reader.

11 Propagation of Wave-Packets

In this section, we assume L = 1 and we make the following additional assump-
tion on the coefficients ¢, of w:

Calmih) ~ > hreq i(z), (11.1)
k=0

with ¢, independent of h. Then, in a similar spirit as in [Ha6], we investigate
the evolution of an initial state of the form,

o) = (mh) A F(P)I (im0 h= (=m0 2hyy 4 (), (11.2)

where (z9,&) € T*Q is fixed, f,g € C§°(IR) are such that f = 1 near ao(zo,&o)
(here, ag(x,§) is the same as in Corollary 2.6), g = 1 near Supp f, and Il is
constructed as in Section 6, starting from the ozperator P constructed in Section
3 with K 3 x9. In particular, since e~(*=%0)"/2h ig exponentially small for z
outside any neighborhood of zy, by Lemma 8.2, we have,

900(33) _ (Wh)—n/4f(15)1—[g(eiwﬁo/h—(x—wo)Z/Qhal/+1(x)) + O(hoo)7

in L2(IR™;'H). Moreover, due to the properties of II,, and the fact that the
coherent state ¢g := (wh) "/4eiw€o/h—(2=20)*/2h i normalized in L2(IR"), we
also obtain,

o(x) = (wh) /A f(P)eirso/h=(@=20*/2h L (2) + O(h),

and thus, in particular, ||@g|| = 1+ O(h). Actually, we even have the following
better result:

Proposition 11.1 The function o admits, in L?(IR™;’H), an asymptotic ex-
pansion of the form,

po(@) ~ (wh) "/ Agiaso/h=(e=20)%/2h N7 phyy () + O(h™), (11.3)
k=0
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with v, € L*®(IR";H) (k > 0), and vo(z) = Gr41(z) + O(Jx — z0]) in H,
uniformly with respect to x € IR". Moreover, for any j € {0,1,...,7} and
any X; € C3°(£;), the function U;X ;¢ admits, in C3°(2;;H), an asymptotic
expansion of the form,

U; ()X (2)po (@) ~ (mh) ="/ Aeiwso/h=a=a0®/2h N kX () 1 () + O(h*),
k=0
(11.4)

with Vjk € COO(Qj; H), ’l}j’o(l') = Uj(l’)ﬂ,[/+1(l‘) + O(l(E — 1‘0|)

Proof For j = 0,1,...,r, let X; € C3°(€;), such that Y X; = 1, and let
>~<j € C(Q;), such that )Néj = 1 near Supp X;. Then, since f(P) and II, are
twisted h-admissible operators, have,

o = Y X0
j

S UTGU G F(PYGTI (o ()in 41 (2)) + O(h)
J

S U GU G F(PYUT SGU NG (60 ()i (2) + O(h),
J

and thus, by Lemma 15.1, and setting P; := U;X; PU; 'X;, T, ; := U;X;1,U'X;,
and ups 41 j(x) = Uj(2)X;(2)dp 1 (z) (€ CF(Q;;H)), we obtain,

vo=>_ U7X f(P)Ty i (do(2)uri1,5(x)) + O(h™). (11.5)
=0

Now, using the results of Sections 4 and 6, we see that f(P;)II,; is an h-
admissible operator on L?(IR™;H), with symbol b; verifying,

bi(z, & h) ~ Y h¥b; p(x,€);

1

)

bjo(x,€) = f(X;(2)*(wo(x,€) + Q;(w) + W (2)))X; («)*Io 5 (x),
Wherefdo(l',f) = Z\odfm Ca,O(z)§a7 Q](x) = Uj(l‘)Q($)Uj($)717 and ﬁO,j(x) =
U;(z)Io(x)U;(z)~1. Moreover, we have,

1
(2mh)™

Opy, (b)) (Pouris1.;)(x;h) = / el (emwE/hriytolh (5 y. & h)dyd€,

with,
2
p(a,y, & h) = (wh) e W 20y (2, € h)upii 4 (y),

and it is easy to check that, for any «, 8 € IN", one has,

|(hD,)* (hDe)P (. y, & )13 = O(hlV/2+13),
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uniformly for (x,y,&) € IR*and h > 0 small enough. As a consequence, we
can perform a standard stationary phase expansion in the previous (oscillatory)
integral (see, e.g., [DiSj1, Ma2]), and since the unique critical point is given by
y =z and & = £y, we obtain,

Opy (b)) (Povy) (3 h) = €/ Mw; (w; h) + O(h™),
with,
hk
wi(z;h) ~ Z o] (Vy - Ve)plz,y, & h) =
k=0
Therefore, since e(y*‘”“)Q/Qthef(y’””Of/Qh =V, — ¥ and, for any k € IN,

R
ly — mo\ke_(y_m‘))z/% = O(h*/?), we also obtain,

. 2 -
Opy, (b)) (bours+1,)(@; h) = (wh)~"/ tetebo/hm(emaol /20 (g ),

with,

)= > g ((Vu=h ™ (=20)- Vo) by (@ & B s 0) | oz +OBN),

(11.6)
for any N > 0. Then, taking a ressummation of the formal series in (z — x)
obtained for each degree of homogeneity in h in (11.6), we obtain an asymptotic
expansion of w;, of the form,

h) ~ Y W ()
k=0

(Alternatively — and equivalently — one could have used instead the stationary
phase theorem with complex-valued phase function [MeSjl] Theorem 2.3, with
the phase (z — y)¢ + y&o + i(y — 20)?/2.) In particular, the first coefficient

W;0(x) is obtained as a resummation of the formal series >, lk—k‘((y — 1)) -

Ve)*b;(z, & h)urs+1,4(y) | gz and thus,

wjo(x)(x) = bj(z,&sh)ur+1,5(z) + Oz — x0l)
= f(X(2)*(wol, &) + Qj(m) + W (@)X, (2) ur11,()
+O(|z — ol)
= (@) (wolz, &) + Arry1(x) + W ()X, (2) upr 41, (x)
+O(|z — xol)

= f(X;(@)*(ao(x0, &)X (2)*urr11,5(x) + O(|z — o).
Going back to (11.5), this gives an asymptotic expansion for oo of the form

(11.3), with,

3 U3)™X;(0) (%5 ()2 a0 (0, 60)ur-1,5(w) + O = o]
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- Z Uj ()~ X5 (2) f (a0 (20, €0))urr1,5 () + Oz — o))

= > U)X (@)upga,(2) + Ol — wol)
= dry1(z) + Oz — 20)).

The asymptotic expansion (11.4) is obtained exactly in the same way. )

As a consequence, we also obtain,

Proposition 11.2 For any j € {0,1,...,r}, one has,

FS(Ujpo) = {(x0,80)} NT"Q;.
Proof For X; € C3°(Q;) fixed, we denote by w;(z; k) a resummation of the for-
mal series Y, h*U; ()X (2)vj5(2) in C3°(2;;H), where the vj s are those

in (11.4). Then, defining,

A= A(z,hD,) := (hDy — &) + (z — 20)?
= (hDy — & +i(x — x0)) - (hDy — & —i(z — 20)) + nh,

a straightforward computation gives,
A(Ujpo) = Alo(x)w;(a; b)) + O(h™) = ho(2) Bw;(w; h) + O(h™)
with Bw;(z; h) := 2i(z — z¢) - Oyw; — ihd2w; + nw;, and thus, by an iteration,
AN (go(x)w; (w3 h)) = W™ go(@) BV w; + O(h™),

for any N > 1. In particular, due to the form of B, and since ||(z — z0)%¢o|| =
O(1) for any o € IN™ (actually, O(hl®/2)), we obtain,

AN (Ujpo)ll 220y, m) = O(R™),
for any € cC Q;. Now, if (z1,&) € T*Q; is different from (zo,&), then AN
is elliptic at (x1,&1) and thus, given any X € C§°(T*Q;) with X(z1,&) = 1,

the standard construction of a microlocal parametrix (see, e.g., [DiSjl]) gives
an uniformly bounded operator A’y , such that,

Aly o AN = X(x,hD,) + O(h™).
As a consequence, we obtain,
[ X(, th)(UjSOO)HL?(Q;,H) = 0O(hY),
for all N > 1. Therefore (z1,£1) £ FS(¢o(x)v;(x)), and thus, we have proved,

FS(Ujpo) C {(x0,80)} NT*Q.
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This means that F'S(Uj;pg) consists in at most one point. Conversely, if zg € €;
and FS(Ujpo) = 0, by the ellipticity of AN as |¢] — oo, we would have (see,
e.g., [Ma2] Prop. 2.9.7),

1Ujeolle; = O(R),
for any Q) CC Q;. But this contradicts the fact that HchpOHQ; = ||@[)||Q; =
L+ O(h) if xo € . o

Now, applying Theorem 2.1 and Corollary 2.6 (or rather Remark 2.8), we
obtain, ‘ ‘
et/ py = WreT A MW, + O((H)h™), (11.7)

uniformly for ¢ € [0, Tar (20, &0)),where Q' CC Q is the same as the one used to
define P in Section 3, and

Tar (o, o) := sup{T > 0; mo(Upejo,r) exp tHq, (20, &0)) C Q') (11.8)

Moreover, by Lemma 9.1 and Proposition 11.2, we see that,

FSWeo) = {(z0,&0)}- (11.9)

Assuming, e.g., that xo € €4, and taking X; € C§°(£21) such that X; =1 in a
neighborhood of zy, we also have,

Wepo = WX3p0 + O(h>®) = WU ' X1U1 X1 90 + O(h™),

and therefore, using (11.4), (7.7), and the fact that WU, 'X; is an h-admissible
operator from L?(IR™; H) to L?(IR™) (see Theorem 7.1), we obtain as before (by
a stationary phase expansion),

o
Wepo(@; h) ~ (mh) ="/ Aeiwso/h=(e=ao) 2R N ploy, () + O(h%),  (11.10)
k=0
with wy, € Cgo(IR"), wo(z) = (@41 (2), s 41(2))+O(|z—z0]) = 1+O(|z o)),
and where the asymptotic expansion takes place in Cp°(IR").

This means that Wy is a coherent state in L?(IR"), centered at (o, &),
and from this point we can apply all the standard (and less standard) results
of semiclassical analysis for scalar operators, in order to compute e A/ "MW
(see, e.g., [CoRo, Hal, Rol, Ro2| and references therein). In particular, we learn
from [CoRo] Theorem 3.1 (see also [Ro2]), that, for any N > 1,

3(N-1)
e AWy = ¢i/h Z cx(t h)Pp e + O(eNCOthN/z), (11.11)
k=0
where ®y, ; is a (generalized) coherent state centered at (z, &) := exp tH,, (0, &o),
0y 1= fot(:'csgs —ao(xs,&s))ds + (oo — x:&:) /2, Co > 0 is a constant, the coeffi-
cients ¢k (t; h)’s are of the form,

Ny,
cr(th) = hlero(t), (11.12)
=0
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with ¢ ¢ universal polynomial with respect to (97ay <wt7£t))|’Y|§ M,,» and where
the estimate is uniform with respect to (¢, h) such that 0 <t < T/ (x0,&o) and
he®°t remains bounded (h > 0 small enough). In particular, (11.11) supplies
an asymptotic expansion of e~ *4/"MAp if one restricts to the values of ¢ such
that 0 <t << In%.

Now, applying W* to (11.11), and observing that W*®, , = V* (@, 1lr/41) =
U{lV;(@k,tuLIH,j), where j = j(t) is chosen in such a way that exptH,, (2o, &) €
2, and where V; := U;V* Uj_1 is an h-admissible operator on L?(£2;;H) (that
is, becomes an h-admissible operator on L?(IR";H) once sandwiched by cutoff
functions supported in ), we deduce from (11.7),

Theorem 11.3 Let ¢ be as in (11.2), and let Tq:(xg,&o) defined in (11.8).
Then, there exists C' > 0 such that, for any N > 1, one has,
3(N-1)
e Mgy = M N e h)@k,tUﬂtl)@k,j(t) (x) + O(WN/Y),
k=0
where @y, is a coherent state centered at (wy,&t) = exptHg,(x0,&0), j(t) €
{1,...,r} is such that exptHga,(x0,&0) € Qj1), Uk jt) € C(Q0); H), cr(t; h)
is as in (11.12), 0; := fg(:ﬁsfs — ag(zs,&s))ds + (xoéo — x4&)/2, and where the

estimate is uniform with respect to (t,h) such that h > 0 is small enough and
t € [0, min(Toy (20,&),C~Ln %))

Remark 11.4 Actually, the coherent state ®y, ; is of the form,
D = cx(t) fulz, \/E)h_"/4eim£t/h_(h(x_mt)/h7

where ¢ (t) is a normalizing factor, fy is polynomial in 2 variables, and g
is a t-dependent quadratic form with positive-definite real part, that can be
explicitly computed by using a classical evolution involving the Hessian of ag
at (x4,&) (see [CoRo]). More precisely, one has q(x) = —i(l'yx,x)/2 with
[y = (Cy +1iDy) (A +iB;) ™!, where the 2n x 2n matrix,

(A B
"= (& o)

is, by definition, the solution of the classical problem,
Ft = JHGSSCLQ(I't,ft)Ft y F(O) = Ign.

0o I,
-1, 0
are grateful to M. Combescure and D. Robert for having explained to us this
construction and the main result of [CoRo].)

Here, J := , and Hessag stands for the Hessian of ag. (We

Remark 11.5 As in [CoRo], one can also consider more general initial states,
of the form,

: T
900(56) — 61(50'$—$0'th)/hf ( ,
Vh
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where f € S(IR"™) (we refer to [CoRo] Theorem 3.5 for more details). In the
same way, a similar result can also be obtained for oscillating initial states of
the form,

po(a) = f(a)e! SO/,
where f € C§°(IR") and S € C*(IR™; IR) (see [CoRo] Remark 3.9).

Remark 11.6 In principle, all the terms of the asymptotic series can be com-
puted explicitly by an inductive procedure (although, in practical, this task
may result harder than expected since the simplifications are sometimes quite
tricky). Indeed, all our constructions mainly rely on symbolic pseudodifferential
calculus, that provides very explicit inductive formulas.

12 Application to Polyatomic Molecules

In this section, we apply all the previous results to the particular case of a
polyatomic molecule with Coulomb-type interactions, imbedded in an electro-
magnetic field. Denoting by = = (z1,...,2,) € IR*" the position of the n nuclei,
and by y = (y1, ..., yp) € IR* the position of the p electrons, the corresponding
Hamiltonian takes the form,

2 1 2
TMj(D”” — A(z;))” + kz %(Dyk — A(yr))” +V(z,y), (12.1)

H =
j=1 1

= =
where the magnetic potential A is assumed to be in C{°(IR®), and where the
electric potential V' can be written as,

Vi(z,y) = Viu(®) + Va(y) + Verrnu (2, y) + Vext (2, 9) = Vine (2, y) + Vexe (2, ).
(12.2)
Here, Vi, ( resp. Vo, resp. Velonu) stands for sum of the nucleus-nucleus (resp.
electron-electron, resp. electron-nucleus) interactions, and Vo stands for the
external electric potential. Actually, our techniques can be applied to a slightly
more general form of Hamiltonian (also allowing, somehow, a strong action of
the magnetic field upon the nuclei), namely,

v L A () L p, 2
1= 3 g3 (Ory = (o)) + 3 5 (Due = Bulany)) + Vo), (123

where Aj,..., A, (respectively By,...,B,) are assumed to be in CP°(IR"; IR)
(respectively C°(IR"1?; IR)), the a;’s are extra parameters, and V is as in (12.2)
with,

V)= Y U v = Y

3y
1< 13~ 2 1sicri<y 196~ Ul
i
Vorm(2,9) = Y —2— 5 Vew € CG°(R"; R), (12.4)
2, 185 = vl
1<k<p
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a;jit, Brkr s Vi, > 0 constant. In fact, as in [KMSW], more general forms can
be allowed for the interaction potentials, e.g., by replacing any function of the
type |z; — ;| 7' (where the letters 2z and 2’ stand for z or y indifferently) by
some V; x(z; — z}), where V. is assumed to be A-compact on L?(IR*) and to
verify some estimates on its derivatives (see [KMSW] Section 2). In the same
way, one could also have admitted singularities of the same kind for the exterior
potentials. However, here we keep the form (12.4) since it is more concrete and
corresponds to the usual physical situation.

Then, we consider the Born-Oppenheimer limit in the following sense: We
set,

Mj = h_ij ;a4 = h_lcj + dj, (12.5)
and we consider the limit h — 0 for some fix b;, my, > 0, ¢;,d; € IR. By scaling
the time variable, too, the quantum evolution of the molecule is described by
the Schrédinger equation,

dyp
=P
ih—— 5 (h)e,
where,
z": ! (cj+hdj) 2—1—21):L By (z,y))* +V(z,y)
= 2 ] Zj J — ka yk ) 9 .
(12.6)
In particular, we see that P(h) satisfies to Assumptions (H1) and (H2), with,
1
Y 5 (D, — (¢ + hd;) Aj(x))?,
— 2b;
Jj=1
1
w(z, &h) = - L& = (¢ + hd) A;())* + ih(e; + hd;) (D, A) ()]
j=1""

p
Z m k; yk - Bk(xay))Q + ‘/el(y) + ‘/el—nu(x; y) + ‘/ext(xvy)a
=1

W(z) = Vau(®).
Now, following the terminology of [KMSW], we denote by
U {e=(@....20) € B 25 = 2}
1<), k<n
Gk

the so-called collision set of nuclei, and we make on Q(z) the following gap
condition:

(H3') There exists a contractible bounded open set €2 C IR*" such that QNC = (),
and, for all z € Q, the L' + L first values A1 (x), ..., A4 (), given by the Mini-
Max principle for Q(z) on L?(IR?P), are discrete eigenvalues of Q(z), and verify,

inf dist (0(Q@)\{Ar+1(@),. . Avsr (@b AL (@), ApL(2)}) > 0.
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As it is well known (see [CoSe]), under these assumptions the spectral pro-
jections II; (x) and IIp(z) of Q(z), corresponding to {A1(x),..., A/ (x)} and
{A41(x), ..., A4 (x)} respectively, are twice differentiable with respect to
x € Q. In particular, the whole assumption (H3) is indeed satisfied in that case
(and even with a slightly larger open subset of IR*™).

Now, in order to be able to apply the results of the previous sections to this
molecular Hamiltonian, it remains to construct a family (Q;, U;(z))1<;j<, that
verifies Assumption (H4). We do it by following [KMSW].

More precisely, for any fixed 2o = (29, ...,2%) € IR*"\C, we choose n func-

tions fi,..., fn € C°(IR?; IR), such that,
fi(a}) = 86 (L<jk <n),

and, for x € IR*, s € IR?, and y = (y1,...,y,) € IR*", we set,

Fuy(a,s) =5+ (an —ad) fuls) € I,
k=1

Gmo (LE, y) = (Fmo (.’E, yl)v RN on (wvyp)) € -ZRSP'

Then, by the implicit function theorem, for z in a sufficiently small neighborhood
Q,, of xg, the application y — G, (2,y) is a diffeomorphism of IR*, and we
have,

Trp = F$0(1"7x%)7
G, (z,y) =y for |y| large enough.

Now, for v € L*>(IR*) and z € Q,,, we define,

Uso (2)0(y) := |detdyGa, (2, 9)| T0(Gay (2, 1)),

and we see that U,, () is a unitary operator on L?(IR*?) that preserves both
Do = H?(IR’P) and C§°(IR’P). Moreover, denoting by Uy, the operator on
L*(9,, x IR*") induced by U,, (), we have the following identities:
UsohDoUy" = hDy + hJy(2,y) Dy + hJa(z,y),
UIODyUx_ol = J3($ay)Dy + J4($,y),

1 1
Upy—— Ut =
Oy = vl T [P (@) — Fro (2, 93), |
1 1
U, = (12.7)

g =yl T [P (2, 29) — Fao (2, ym)”

where the (matrix or operator-valued) functions .J,’s (1 < v < 4) are all smooth
on Qy, X IR*. Indeed, denoting by Gy, (z,-) the inverse diffeomorphism of
Gy, (z,-), one finds,

Ji(z,y) = (tde:co)(xvy,:G:co(x7y))a
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Ja(z,y) = |detdnyO(x,y)|%Dz (|detdy/émo(x,y’)|%> Y'=Gag(2,9)) >

Jd(wﬂy) (tdy’éwo)(xﬂy/ = GJL’O (l',y))7
Ju(z,y) |detd, Gy, (x,y)|%Dy/ <|detdy/(~?m0(x,y’)|%) ‘y’=GwO(x,y)) )

The key-point in (12.7) is that the (z-dependent) singularity at y, = «; has been
replaced by the (fix) singularity at y, = x?. Then, as in [KMSW], one can easily
deduce that the map z — U, Q(2)U; ! is in C°°(Qyy; L(H?(IRPP), L2 (IR?)).
Moreover, so is the map = — Uz, A, U, !, and we also see that Uy ,wU,, ' can
be written as in (2.3) (with €, instead of Q;, m = 2, and Qo = —A, + Cy,
Cp > 0 large enough). Indeed, with the notations of (12.7), and setting J (z) =

(J(x), ..., TIn(x)) == J1(z,y)Dy + J2(z,y), we have,

"1
UpowU,! = Z Q—(hDM + hJe(x) — (ck + hdy) Ar(2))?
k
k=1
"1
= w+h fjk(thk - CkAk) (128)

by,

k=1

+h? Y 5 (T = i(Vedk) — 2 ArTr).
k=1

To complete the argument, we just observe that the previous construction
can be made around any point xy of Q, and since this set is compact, we can
cover it by a finite family Q1, . .., Q, of open sets such that each one corresponds
to some 1, as before. Denoting also U;(x),...,U,(x) the corresponding op-
erators Uy, (z), and setting Q; = Qj N Q, we can conclude that the family
(Q;,Uj(x))1<j<, verifies (H4) with Ho, = C5°(IR*). As a consequence, we can
apply to this model all the results of the previous sections, and thus, we have
proved,

Theorem 12.1 Let P(h) be as in (12.6) with V given by (12.2) and (12.4),
Aq,... A, € CP(IR™;R), and By,...,B, € C(IR";IR). Assume also
(H3’). Then, the conclusions of Theorem 2.1 are valid for P = P(h).

We also observe that, in this case, we have,

W(l',g; h) = wo(l',f) + hwl(x7§) + h2w2(l‘),

with,
wo(z,§) = Zi(fk — crAp(w))?
k=1
w1 (;(;’g) = Z i [2dkAk(x)(ckAk($) - gk) + ch(aa:kAkxx)] (129)
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In particular, the conditions (2.6) and (11.1) are satisfied, and thus, we also
have,

Theorem 12.2 Let P(h) be as in (12.6) with V given by (12.2) and (12.4),
Ay, A, € CP(IRY; IR), and By, ..., B, € C°(IR™P; IR). Assume also (H3’)
and L = 1. Then, the conclusions of Corollary 2.6 and Theorem 11.3 are valid
for P = P(h).

Moreover, concerning the symbol of the effective Hamiltonian, in that case we
have,

Theorem 12.3 Let P(h) be as in (12.6) with V given by (12.2) and (12.4),
Aq,... Ay € C°(IR"; IR), and By, ..., B, € C°(IR"P; IR). Assume also (H3’)
and L = 1. Then, the symbol a(z,&; h) of the effective Hamiltonian verifies,

a(.’E,g; h) = ao(il',f) + hal(l'vg) + h2a2(‘ra€) + O(h?)),
with, for (x,&) € T*(),
ao(x,§) = wo(x,§) + Ap4a(x) + W(x);
(2,€

al(‘rag) = wiZ, )—1VEWO(IE,£)<VIU(.’E),U(SU)>
(&) = 3 5 ((De — dAN@)Pula). u(w)
k=1
£ 5 (6 A€ — o) (R (0,A0) Vo, V)
k=1

where wy and w; are defined in (12.9).

Proof A possible proof may consist in using Proposition 10.2. Then, observing
(with the notations of (12.8)) that, by definition,

J = Uz, DU,' — Dy, (12.10

is a twice differentiable function of  with values in L?(IR*") (see , e.g., [CoSe]
but this is also an easy consequence of (12.10) and the fact that x — Uy, (z)u(x
is smooth), and setting v(z) = Uy, (z)u(x), one can write,

(Tv,0) = (Dyu,u)py — (Dyv, v)y.

)
and, exploiting the fact that the (L’ 4 1)-th normalized eigenstate u(z) of Q(x)
)

As a consequence, one also finds,

D

k=1

k - CkAk)<jk’U,’U>H - i(ngOvamm = —i<V5WQVIU,U>H.

n

;?\H

where wy (0 < £ < 2) are defined in (12.9), and this permits to make appear
many cancellations in the expression of a(x,&;h) given in Proposition 10.2,
leading to the required formulas.
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However, there is a much simpler way to prove it, using directly the expres-
sions (10.9) given in Proposition 10.2 for the operator A. Indeed, since in our
case  — u(x) is twice differentiable, for all w € L?(IR""?), we can write,

(D, ToJw = —i(w, Vyu(x))u(z) — i(w, u(z))Vu(z),
and, for all w € C'(IR*"; L*>(IR*")),
[D2, Tglw = [D,,Io]- Dyw + D, - [Dy, ToJw
= —2i{Dyw, Vou(z))u(z) - 2i{Dyw, u(x)) - Vyu(z)
—(w, Vau(z)) - Vou(z) — (w, u(2))Ve - Vou(z).

This permits to write explicitly the operator [IIy, P] = [y, w] as

n

Mo, Plw = by i((hDIk — (e + hdp) Ap)w, Vo, u(x))u(x)
k=1

+zhz bk: — (e + hdp) Ap)w, u(z)) - Vy,u(z)

wiss ﬁ ((w, Vo u(2)) - V() + (w, u(x)) V2, u(z)) .
k=1

In particular, taking w = Zfa(z) = a(z)u(z), « € H'(IR*)), and using the
fact that R'(z, A(x))u(xz) = 0, one finds,

R'(z, \(z))[o, P) Z;a L ((hDy, — ckAg)a) R (2, N(2))Vy, u(x)

[
~.
>

S

k=1
O(r?[|al)),
and then,
Z1[P, o] R (z, \()) [To, P1 Z}
_ Z bi o — crAR)(BDs, — coAr)a) X
kf=1

(R (2, M(2))Va, u(x), Va,u(x)) + O |al),

This obviously permits to compute the principal symbol of the partial differential
operator Ay appearing in (10.9). The (full) symbol of A1 = Z; PZ7 is even easier
to compute, and the result follows. °

Remark 12.4 The smoothness with respect to x of all the coefficients appear-
ing in a(x,&; h) Is a priori known, but can also be recovered directly by using
(12.10). For instance, writing (V,u(x),u(z)) as,

(Vau(z), u(®)) = (VoUzou(®), Uzyu()) + (T (2)Usou(2), Uzyu(z)),

permits to see its smoothness near x.
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Remark 12.5 Using the expression of Az appearing in (10.9), one could also
compute the next term (i.e., the h®-term) in a(z,&; h).

Remark 12.6 Analogous formulas can be obtained in a very similar way in the
case where L is arbitrary but Ap/y1 = ... = Ap/4p.

Remark 12.7 Although we did not do it here, we can also treat the case of
unbounded magnetic potential (e.g., constant magnetic field). Then, the esti-
mates on the coefficients c,’s in Assumption (H1) are not satisfied anymore,
but, since we mainly work in a compact region of the z-space, it is clear that
an adaptation of our arguments lead to the same results.

Remark 12.8 In the case of a free molecule (or, more generally, if the external
electromagnetic field is invariant under the translations of the type (x,y) —
(t1 4+ a,...,zp + ,y1 + @,...,Yyp + @) for any a € IR?), one can factorize
the quantum motion, e.g., by using the so-called center of mass of the nuclei
coordinate system , as in [KMSW]. Then, denoting by R the position of the
center of mass of the nuclei, the operator takes the form,

P(h) = Ho(Dg) + P'(h) + h*p(Dy),

where Ho(Dpg) stands for the quantum-kinetic energy of the center of mass of
the nuclei, P'(h) has a form similar to that of P(h) in (12.6) (but now, with
z € IR*™ Y denoting the relative positions of the nuclei), and p(D,) is a PDO
of order 2 with respect to y, with constant coefficients (the so-called isotopic
term). Therefore, one obtains the factorization,

e~ HtP(h)/h _ e*itHo(Dn,)/hefit(P'(hHh%(Dy))/h’ (12.11)

and it is easy to verify that our previous constructions can be performed with
Q(z) replaced by Q(x)+h?p(D,). In particular, under the same assumptions as
in Theorem 12.1, the quantum evolution under P’ (h)+h?p(D,) of an initial state
o verifying (2.4) with P replaced by P’(h) (that is, a much weaker assumption)
can be expressed in terms of the quantum evolution associated to a L x L matrix
of h-admissible operators on L2(IR*"~Y). In that case, (12.11) provides a way
to reduce the evolution of ¢y under P(h), too.

13 Appendix A: Smooth Peudodifferential Cal-
culus with Operator-Valued Symbol

We recall the usual definition of h-admissible operator with operator-valued
symbol. In some sense, this corresponds to a simple case of the more general
definitions given in [Ba, GMS]. For m € IR and H a Hilbert space, we denote
by H™(IR";H) the standard m-th order Sobolev space on IR™ with values in
H.
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Definition 13.1 Let m € IR and let H, and Ho be two Hilbert space. An
operator A = A(h) : H™(IR";H;) — L*(IR";Hs) with h € (0,hg] is called
h-admissible (of degree m) if, for any N > 1,

N
A(h) = 3 W Opy (a;(w, & 1)) + b Rov (h), (13.1)
=0
where Ry is uniformly bounded from H™(IR";H;) to L?(IR";Hs) for h €
(0, hol, and, for all h > 0 small enough, a; € C°(T*IR"; L(H1;H2)), with

107 a2, & 1) 2o, ) < CnlE)™ (13.2)

for all & € IN*" and some positive constant Cy, uniformly for (z,£) € T*IR"
and h > 0 small enough. In that case, the formal series,

a(,&h) = Way(x,&h), (13.3)
>0
is called the symbol of A (it can be resummed up to a remainder in O(h™ (£)™)

together with all its derivatives). Moreover, in the case m = 0 and Hy = H1, A
is called a (bounded) h-admissible operator on L(IR";H).

Here, we have denoted by Op,,(a) the standard quantization of a symbol a,
defined by the following formula:
Op (@) = e [ @ a (@, u)dyds,  (13.40)
(2mh)™
valid for any tempered distribution u, and where the integral has to be in-
terpreted as an oscillatory one. Actually, by the Calderén-Vaillancourt Theo-
rem (see, e.g., [GMS, DiSjl, Ma2, Rol]), the estimate (13.2) together with the
quantization formula (13.4), permit to define Op,(a) as a bounded operator
H™(IR™;Hy) — L?(IR™;'Hs). Let us also observe that, very often, the formal
series (13.3) are indeed identified with one of their resummations (and thus,
the symbol is considered as a function, rather than a formal series). Indeed,
since the various resummations (together with all their derivatives) differ by
uniformly O(h*°(£)™) terms, in view of (13.1) and the Calderdén-Vaillancourt
Theorem, it is clear that this has no real importance.

As it is well known (see, e.g., [Ba, DiSjl, GMS, Ma2]), to such a type of
quantization is associated a full and explicit symbolic calculus that permits to
handle these operators in a very easy and pleasant way. In particular, we have
the following results:

Proposition 13.2 (Composition) Let A and B be two bounded h-admissible
operators on L?(IR"™;'H), with respective symbols a and b. Then, the composi-
tion Ao B is an h-admissible operators on L*(IR";Hy), too, and its symbol afib
is given by the formal series,

at(z, &h) = Y

acN™

la|
D ale, € h)OSb(w, & h).

ilelal
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Remark 13.3 There is a similar result for the composition of unbounded h-
admissible operators, but it requires more conditions on the remainder Ry (h)
appearing in (13.1) (see [Ba, GMS]).

Proposition 13.4 (Parametrix) Let A be an h-admissible operator on L?(IR"; H1),
such that any resummation a of its symbol is elliptic, in the sense that a(x,&; h)
is invertible on Ho, for any (x,&;h), and its inverse verifies,

la(e, & h) " Hleon) = OQ),
uniformly for (z,§) € T*IR" and h > 0 small enough. Then, A is invertible on
L?(IR"; H,), its inverse A~ is h-admissible, and its symbol b verifies,
b=a"!+hr
with =735, b, |0%7; || £,y = O(1) uniformly.

Remark 13.5 It is easy to see that the ellipticity of any resummation of the
symbol is equivalent to the ellipticity of the function ag(z,&;h) appearing in
(13.1) (and thus, to the ellipticity of at least one resummation).

Remark 13.6 Of course, the r;’s can actually be all determined recursively, by
using the identity afb = 1 (this gives a possible choice for them, but this choice
is not unique since we have allowed them to depend on h).

Proposition 13.7 (Functional Calculus) Let A be a self-adjoint h-admissible
operator on L?(IR";H), and let f € C§°(IR). Then, f(A) is h-admissible, and
its symbol b verifies,

b= f(Rea)+ hr,

where Re a:= (a+a*)/2, andr =}, hir, 10%7; || £ 3,y = O(1) uniformly.

14 Appendix B: Propagation of the Support

Theorem 14.1 Let P be as in (2.2) with (H1)-(H2), and let K, be a compact
subset of IRY, f € C$°(IR) and ¢y € L?(IR";H), such that |¢o|| = 1, and,

(1 — f(P))¢ollL2(mm 1) + ||800HL2(K5;H) = O(h™).

Then, for any € > 0, any T > 0, and any g € C3°(IR) such that gf = f, the
compact set defined by,

Ky, :={z e IR"; dist (z,Ky) < e+ CiT},

with 1
Cri= 5| Vew(a, D, )g(P)],
verifies,
o le™ P/ 0l L2 (x5, 2y = O(h™),
as h — 0.
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Proof First, we need the following lemmas:

Lemma 14.2 For any X € Cy°(IR"), such that suppX C K¢, and for any
g € C§°(IR), one has,
1X(2)g(P)goll = O(h™).

Proof Consider a sequence (X;)jeny C Cg°(IR™), suppX; C K§ and such that
XjXG =X, XX =X
Then, in view of (4.8), it is sufficient to show that, for any N > 0,
PG () (P = 2) ™ poll = O(AN| Tm A~ VHD),

uniformly as h,| Im A| — 0.
We set uj = X;(z)(P — \) "y, and we observe that, for all j € IN, one has
luj]| = O(] Im A|7'). By induction on N, let us suppose, for all j € IN,

1% (@) (P = X) " o]l = O(R™] Im A=V,
Since X;41 = 1 on Supp X;, and P is differential in z, we have,

(P = Nu; = X500 + [P, X51X;41(P = A) "0,
and thus,

uj = (P =N Xjpo + (P = A\ w, Xjlujpr.

Now, by assumption, we have || X;¢0| = O(h*°), and therefore, ||(P—\)"1X,po|| =
O(h*| Im A|~1). Moreover, using (H1)-(H2), it is easy to see that the operator

| Im A\|h =1 (P — X\) 7w, X;] is uniformly bounded on L?(IR";H). Hence, using
the induction hypothesis, we obtain,

] = OB®] Im A|~Y) + O+ Im A|"V+2)) = O(RN+1| Im A|~(N+2))

for any j € IN, and the lemma follows. °

Now, for any F' € C*°(IRy x IR}; IR), let us compute the quantity,

Ou(F(t,2) f(P)e™ " Mizq, f(P)e~ P /")

= Re (0F — ih ™" FP)f(P)e~""/"gq, f(P)e /")
)
o

= ((F + 5[, FDF(P)e gy, f(P)e P g0). (14.1)

= ((0,F — —[F, P)) f(P)e~ /Mgy, f(P)e~ /Mgy

Then, we fix g € C§°(IR) such that gf = f, and, for j € IN, we set,

Fj(t, (E) = (p]( dist (IE, Ko) - Clt), (142)
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where C1 = 1||Vew(,
in [e, +00), verify ¢;(s
that,

hD,)g(P)||, and the @;’s are in Cp° (IR; IR ) with support
)=1for s> 5+ , ¢j+1 = L near Supp ¢;, and are such

@)= qﬁ? > 0 with ¢; € Cy°(IR; IR).

In particular, F; € Cp°(IRy x IR}; IR, ), and, setting d(x) := dist (z, Ko), we
have,

Vij = wg(d(x) — Olt)Vd(J?), 8tFj = —Cm&;(d(ﬂ?) — Clt).

Moreover, since w = w(x, hD,) is a differential operator with respect x, of
degree m, we see that,

%[w, Fj] = Vo F; - Vew(a, hDy) + hR;, (14.3)

where R; = R;(t,x,hD,) is a differential operator of degree m — 2 in z, with
coefficients in Cp°(IR; x IR}) and supported in {Fj;q = 1}.

Lemma 14.3 For any N > 1,

IR f(P)ull = thn S (Phul + RN ful]).
Proof We write R; f(P) = R;Fj41f(P) = R;g(P)Fj41f(P)+R;[Fjt1,9(P)]f(P).
Then, using (4.8) and the fact that [P, Fj1] = [w, F}j41], we obtain,
R; [FJ+17 P)]

_ /ag (P — ) w, Fya](P — 2)"'dz dz

~ [P -2 o, FyalBraa(P - 2) s dz

%/EQ(Z)RJ(P - Z)_l[w,Fj+1](P — Z)_le+2dZ dz
+% /Eg(Z)RJ(P — Z)*l[w7Fj+1](P — Z)il[w,Fj_,_g](P _ Z)fldz dz,

and thus, by iteration,

1 o k
- ;/ 9(=) 1 (P — Z)_l (H ([""’FJ’Jrf](P - Z)_1)> Fiipp1dz dz
k=1 =1
N+1
+%/5g(z P—z)~ H w, Fi)(P—2)7") dz dz.

Since |[R;j(P—z)7Y| = O(1) and ||[w, Fj1¢](P—2)"'|| = O(h), the result follows.
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As a consequence, we deduce from (14.3),

7
h
= @j(d(z) — C1t)Vd(z)Vew(z, hD,)f(P)e P/t p,

[w, Fj]f(P)e™ """y

N
+O>  BFT Fyypar f(P)e™ P Mg || + N F2)
k=0

= ¢j(d(z) — C1t)Vd(z)Vew(x, hD,)g(P)g;(d(x) — Cit) f(P)e™ /Ty,
+6i(d(x) = C)) Vd(@)[9;(d(@) = Cut), Vew(w, hD2) S (P)e™ """ o0
+¢;(d(x) — C1t))Vd(x)Vew(x, hD,)[¢;(d(z) — Cit), g(P)]f(P)e "/,

N
+O B Fyypan f(P)e™ P Mg || + hNF2),
k=0

and thus, since ¢; is supported in {Fj;; = 1}, as in the proof of Lemma 14.3,
we obtain,

h
= ¢;(d(x) — C1t)Vd(z)Vew(x, hD,)g(P)¢;(d(x) — Cit) f(P)e Py

[w, EjLf(P)e™ g

N
OO Wy f(P)e P g | + BVF2),
k=0

for any fixed N > 1.
Going back to (14.1), and using the fact that ||Vd(z)Vew(z, hDg)g(P)|| <
C, this gives,

0 (F(t,2) f(P)e™ " po, f(P)e™"F Mo
N
< O K| Fyan f(P)e /g |2 + BYH2),
k=0
and therefore, integrating between 0 and ¢, and using Lemma 14.2,
(Fj(t,2) f(P)e™ " Mg, f(P)e™ /M)

N

t
= O [ Fy s (P g s 1),
k=0 0

In particular, since
1F5 (8, ) f(P)e ™" P/ gq||* < (Fj(t, ) f(P)e™ "o, f(P)e™ /M),

we have ||F}(t,z) f(P)e®#/hpy||2 = O(h) for any j € IN, and then, by induc-
tion, ||F;(t, ) f(P)e”/hpy||2 = O(hN) for all N € IN. Due to the definition
(14.2) of F;, this proves the theorem. .
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15 Appendix C: Two Technical Lemmas

Lemma 15.1 Let ¢;,X; € C§°(IR"), such that X; = 1 near Supp ;. Then,
for any f € C§°(IR), one has,

Ui f(PYU; X, = 4 f(U;X; PUSX;) + O(h™).

Proof By (4.8), and taking the adjoint, it is enough to prove, for any N > 1,
UiX;(P = 2) 71Uy = (U X PUT'XG — 2) 7y + O(hN | Tm 2| ~Y),
locally uniformly for z € €, and with some N’ = N'(N) < 4o00. Let v €
L2(IR™) and set u := (P — z)_lUj_lz/ij. By Lemma 4.11 (and its proof), we

know that, ,
u = X;u+ OhN| Tm 2|~ ||jv]]), (15.1)

for some N’ = N’(N) < 400. On the other hand, we have,
(UijPUj_lXj — Z)Uiju = UijIBu — ZUij’LL + Uijp(X? — 1)u
= Uij(zu + UfW’j”) — ZUij’U, + U]X]P(X? — l)u
= de’U + UijP(X? — 1)u,
and thus, using (15.1),
Uiju = (UijPUjilxj —Z)_l('l/JjU-l-Uijp(X? — ].)U)
= (UGPUTX; = 2) 7 o+ O Tm 2| o),
for some other N” = N”(N) < 4o00. Then, the result follows. o

Lemma 15.2 Let ¢, X € C5°(IR"), such that X = 1 near Supp . Then, for
any p € C§°(IR), one has,

p(XwX)i) = plw)t) + O(h™).

Proof The proof is very similar to (but simpler than) the one of Lemma 15.1,
and we omit it. )
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