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Abstract

For a large class of quantum mechanical models of matter and radiation we develop an
analytic perturbation theory for non-degenerate ground states. This theory is applicable,
for example, to models of matter with static nuclei and non-relativistic electrons that are
coupled to the UV-cutoff quantized radiation field in the dipole approximation. If the lowest

point of the energy spectrum is a non-degenerate eigenvalue of the Hamiltonian, we show

that this eigenvalue is an analytic function of the nuclear coordinates and of a®/2, a being

the fine structure constant. A suitably chosen ground state vector depends analytically on

a3/2 and it is twice continuously differentiable with respect to the nuclear coordinates.

1 Introduction

When a neutral atom or molecule made from static nuclei and non-relativistic electrons is
coupled to the (UV-cutoff) quantized radiation field, the least point of the energy spectrum
becomes embedded in the continuous spectrum due to the absence of a photon mass, but it
remains an eigenvalue [14, 18]. This ground state energy E depends on the parameters of the
system, such as the fine-structure constant, the positions of static nuclei, or, in the center of
mass frame of a translation invariant model, the total momentum. The regularity of E as a
function of these parameters is of fundamental importance. For example, the accuracy of the
Born-Oppenheimer approximation, a pillar of quantum chemistry, depends on the regularity of
FE and on the regularity of the ground state projection as functions of the nuclear coordinates.

If E were an isolated eigenvalue, like it is in quantum mechanical description of molecules
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without radiation, then analyticity of F with respect to any of the aforementioned parameters
would follow from regular perturbation theory. But in QED the energy E is not isolated and
the analysis of its regularity is a difficult mathematical problem.

In the present paper we study the problem of regularity, described above, in a large class of
models of matter and radiation where the Hamiltonian H(s) depends analytically on complex
parameters s = (s1,...,8,) € C” and is defined for values of s from a complex neighborhood
of a compact set K C R”. Important properties of H(s) are, that H(5) = H(s)* and that,
for s € K, the lowest point, E(s), of the spectrum of H(s) is a non-degenerate eigenvalue.
Under further assumptions, described below, we show that E(s) and the projection operator
associated with the eigenspace of E(s) are real-analytic functions of s in a neighborhood of
K. In particular, they are of class C°*° in this neighborhood. We apply this result to the
Hamiltonian of a molecule with static nuclei and non-relativistic electrons that are coupled
to the quantized radiation field in dipole approximation. By our choice of atomic units, this

3/2 in front of

Hamiltonian depends on the fine-structure constant o only though a factor of «
the dipole interaction operator. Hence the role of the parameter s may be played by /2 or,
after a well-known unitary deformation argument [15], by the nuclear coordinates. The general
theorem described above implies that the ground state energy, if it is a non-degenerate eigen-
value, depends analytically on a2 and the nuclear coordinates. The ground state projection is
analytic in a/2, and twice continuously differentiable with respect to the nuclear coordinates.
We remark that the dipole approximation seems necessary for the analyticity with respect to
a power of « [4].

A further consequence of our main result concerns the accuracy of the adiabatic approxi-

mation to the time evolution U, generated by the Schrodinger equation

o= Hmp e

in the limit 7 — oo. If H(s) satisfies the assumptions of our result mentioned above with
K =0, 1], then the ground state projection P(s) is of class C°°([0, 1]) and hence the adiabatic
theorem without gap assumption implies that sup;c(o -1 [|(1—P(¢))U-(¢) P(0)[| = o(1) as 7 — oo
[22, 2]. Previously, in all applications of the adiabatic theorem without gap assumption the
differentiability of P(s) was enforced or provided by the special form H(s) = U(s)HU(s)~! of
H(s) where U(s) is a unitary and (strongly) differentiable operator [1, 2, 21].

We now describe our main result in detail. We consider a class of Hamiltonians Hy(s) :
D C 'H — 'H depending on a parameter s € V, where V = V is a complex neighborhood of

some point sg € RY. For each s € V,
Hy(s) = Hat(s) @ 1+ 1@ Hy + gW(s),

with respect to H = H,y ® F, where H,t is an arbitrary complex Hilbert space and F denotes
the symmetric Fock space over L?(R3 x {1,2}). We assume that H,(5) = Ha(s)* for all



s € V and that (Ha(s))sev is an analytic family of type (A). This means that the domain
D of Hu(s) is independent of s € V and that s — Hui(s)p is analytic for all ¢ € D. We
assume, moreover, that F,i(so) = inf o(Hat(s0)) is a simple and isolated eigenvalue of Hyg(s0).
The operator Hy describes the energy of the bosons, and g (s) the interaction of the particle

system described by H,(s) and the bosons. In terms of creation and annihilation operators

Hp= > /|k\aA Yax(k)d*k

A=1,2

and

Z / Gs(k,\)* @ a(k, \) + Gs(k, \) @ a* (k, \)d°k,

where, (k, \) — Gy(k, ), for each s € V is an element of L?(R3 x {1,2}, £L(Ha;)). We assume

that s — G is a bounded analytic function on V' and that

sgp Z /HG (k, \) H21k|2+2ud5k < 0o (1)
SV A=1,2

for some p > 0. Based on these assumptions we show that a neighborhood Vj C V of sy and
a positive constant gy exist such that for s € 1j and all g € [0, go) the operator Hy(s) has a
non-degenerate eigenvalue Eg4(s) and a corresponding eigenvector 14(s) that are both analytic
functions of s € Vi. Moreover E,(s) = inf o(H,(s)) for s € RN V. Before commenting on the
proof of this result we briefly review the literature.

In [4] the dependence on « of the ground state and the ground state energy, E, is studied for
non-relativistic atoms that are minimally coupled to the quantized radiation field. It is shown
that E and a suitably chosen ground state vector have expansions in asymptotic series of powers
of a with a-dependent coefficients that may diverge logarithmically as « — 0. Smoothness is
not expected and hence the dipole approximation seems necessary for our analyticity result.
Much earlier, in [10], Frohlich obtained results on the regularity of the ground state energy
with respect to the total momentum P for the system of a single quantum particle coupled
linearly to a quantized field of massless scalar bosons. Let H(P) denote the Hamiltonian
describing this system at fixed total momentum P € R3. The spectrum of H(P) is of the form
[E(P),00) but E(P) is not an eigenvalue for P # 0 [10] (see [9] for similar results on positive
ions). For a non-relativistic particle of mass M, Frohlich shows that P +— E(P) is differentiable
a.e. in {|P| < (v/3 —1)M}, and that VE(P) is locally Lipschitz [10, Lemma 3.1]. This work
was recently and independently continued by Alessandro Pizzo and Thomas Chen for systems
with a fixed ultraviolet cutoff [19, 7]. After a unitary, P-dependent transformation of the
Hamiltonian H (P), Pizzo obtains a ground state vector ¢?(P) that is Holder continuous with
respect to P uniformly in an infrared cutoff ¢ > 0. Chen studied the regularity of E(P, o) for

a non-relativistic particle coupled minimally to the quantized radiation field [7]. He estimates



\6@|(E(|p],a) — p%/2)| uniformly in ¢ > 0 for 3 < 2. He also asserts that E(p,o) is of class
C? even for o = 0. In [15] Hunziker proves analyticity with respect to the nuclear coordinates
for non-relativistic molecules without radiation. The ground state energy is isolated but the
Hamiltonian is not analytic with respect the nuclear coordinates. It only becomes analytic
after a suitable unitary deformation (see Section 3) introduced by Hunziker.

The results of the present paper are derived using the renormalization technique of Bach et
al. [3, 6], in a new version that we take from [11]. Like the authors of [11] we use a simplified
renormalization map that consists of a Feshbach-Schur map and a scaling transformation only.
In the corresponding spectral analysis the Hamiltonian is diagonalized, with respect to Hy,
in a infinite sequence of renormalization steps. In each step the off-diagonal part becomes
smaller, thanks to (1), and the spectral parameter is adjusted to enforce convergence of the
diagonal part. This method provides a fairly explicit construction of an eigenvector of H(s),
even for complex s, where H(s) is not self-adjoint. We show first, that the parameters of the
renormalization analysis can be chosen independent of s and g in neighborhoods of s = s¢ and
g = 0, second, that all steps of the renormalization analysis preserve analyticity, and third,
that all limits taken are uniform in s, which implies analyticity of the limiting functions. On
a technical level, these three points are the main achievements of this paper.

It seems unlikely that another approach, not based on a renormalization analysis would
yield a result similar to ours. The proof of analyticity requires the construction of an eigenvector
for complex values of s where H(s) is not self-adjoint and hence, variational methods, for
example, are not applicable. There is, of course, the tempting alternative approach to first
introduce a positive photon mass o to separate the least energy from the rest of the spectrum.
But the neighborhood of analyticity obtained in this way depends on the size of ¢ and vanishes
in the limit o — 0.

We conclude this introduction with a description of the organization of this paper along
with the strategy of our proof.

In Section 2 we introduce the class of Hamiltonians (H (s))sey, we formulate all hypotheses,
and state the main results. In Section 3 they are applied to non-relativistic QED in dipole
approximation to prove our results mentioned above on regularity with respect to a*/2 and the
nuclear coordinates.

Section 4 describes the smoothed Feshbach transform F,(H) of an operator H and the
isomorphism Q(H) between the kernels of F\(H) and H (isospectrality of the Feshbach trans-
form). The transform H +— F,(H) was discovered in [3], and generalized to the form needed
here in [13].

In Section 5 we perform a first Feshbach transformation on H(s) — z to obtain an effective
Hamiltonian H()[s, 2] on Hyeq = Pyo,1)(Hy)F, F being the Fock-space. We show that HO) (s, 2)

is analytic in s and z. By the isospectrality of the Feshbach transform, the eigenvalue problem



for H(s) is now reduced to finding a value z(s) € C such that H( (s, 2(s)) has a nontrivial
kernel.

In Section 6 we introduce a Banach space W and a linear mapping H : We — L(Hred)-
The renormalization transformation R, is defined on a polydisc B(p/2,p/8,p/8) C H(Wk) as
the composition of a Feshbach transform and a rescaling k — pk of the photon momenta k.
p € (0,1) is the factor by which the energy scale is reduced in each renormalization step. R,
takes values in £(H;eq) and, like the Feshbach transform, it is isospectral.

In Section 7 it is shown that the analyticity of a family of Hamiltonians is preserved under
the renormalization transformation. This is one of the key properties on which our strategy is
based.

Sections 8 and 9 are devoted to the solution of our spectral problem for H (0)(s,z) by
iterating the Renormalization map. Since this procedure is pointwise in s with estimates that
hold uniformly on V', we drop the parameter s for notational simplicity.

In Sections 8 we define H(™ (s, z] = R"H()[s, 2] for values of the spectral parameter z from
non-empty sets Up(s). These sets are nested, Up(s) D Unyi(s), and they shrink to a point,
MnUn(s) = {200(5)}. Since H™ (z5) — const Hy as n — oo in the norm of £(H,eq) and since
the vacuum € is an eigenvector Hy with eigenvalue zero, it follows, by the isospectrality of R,
that zero is an eigenvalue of H(™(zy,) for all n.

In Section 9 a vector ¢,, in the kernel of H (”)(zoo) is computed by compositions of scaling
transformations and mappings Q(H*(24.)), k > n, applied to Q. ¢gs = Q(H©)(2))¢0 is an
eigenvector of H with eigenvalue 2.

In Section 10 we show that s — z.(s) is analytic and that Q(H ™ (24(s))) maps analytic
vectors to analytic vectors. Since the vacuum (2 is trivially analytic in s, it follows that g(s)
is analytic in s.

In the Appendices A and B we collect technical auxiliaries and for completeness we give a

proof of H (”)(zoo) — const Hy as n — oo, although this property is not used explicitly.
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2 Assumptions and Main Results

We consider families of (unbounded) operators H(s) : D(H(s)) C H — H, s € V, where
V C CV is open, symmetric with respect to complex conjugation and V NRY # (). The Hilbert

space H is a tensor product
H=Hu®F, F=DS.(a"),
n=0

of an arbitrary, separable, complex Hilbert space H,; and the symmetric Fock space F over
the Hilbert space b := L?(R? x {1,2}; C) with norm given by

=y / Wi, M2k, heb.

A=1,2

Here So(®°h) := C and for n > 1, S,, € L(®"h) denotes the orthogonal projection onto the

subspace left invariant by all permutation of the n factors of . To simplify our notation we

k= (k,\), /dk: =y /d3k, k| == |K|,

A=1,2

set

throughout the rest of this paper.

For each s € V| the operators H(s) is a sum

Hy(s) = Hat(s) @1+ 1@ Hy + gW(s), (2)

of a closed operator Hy¢(s) in Hat, the second quantization, Hy, of the operator w on L2(R3 x
{1,2}) of multiplication with
w(k) - ‘k|7

and an interaction operator g (s), g > 0 being a coupling constant. The operator W (s) is

the sum
W(s) = a(Gs) + a*(Gs)

of an annihilation operator, a(Gs), and a creation operator, a* (G ), associated with an operator
Gs € L(Hat, Hat ® ). The creation operator, a*(Gs), as usual, is defined as the closure of the

linear operator in ‘H given by

a*(Gs)(p @) := VnSn(Gsp @ 1),

if p € Hae and 1 € S,_1(®"71h). The annihilation operator a(Gs) is the adjoint of a*(Gs).
Hypotheses I below will imply that Hy(s) is well defined on D(Hyt(s))®@D(Hy) and closable.

To formulate it, some preliminary remarks are necessary. Let L?(R3, L(Hai)) be the Banach



space of (weakly) measurable and square integrable functions from R? to £(H,t). Every element,

T of this space defines a linear operator T : Hy, — L? (]RS, Hat) by

(Te)(k) :=T(k)p.

This operator is bounded and ||T|| < ||T||2. Since L?(R3, Hat) ~ Hax ® b, we may consider
T as an element of £(Hat, Hat ® b) and hence L*(R3, L(Hat)) as a subspace embedded in
E(Hata Hat ® h)

Hypothesis I. The mapping s — G is an bounded analytic function on V' with values in
L?(R3, L(Hat)), and there exists a p > 0, such that

1 2
SEE/WHGSU{:H dk < oo.

By Lemma 25, |la¥ (G5)(Hy + 1)7'/?|| < ||Gs]|w, Where

Gl = [ G2 (k1 + 1)

Hence Hypothesis I implies that W (s) and W (s)* are well defined on Hay ® D(Hy). It follows
that Hg(s) is defined on D(Hyt(s)) @ D(Hy) and that the adjoint of this operator has a domain
which contains D(H,(s))* ® D(Hy). This subspace is dense because Hy(s) is closed. That is,
Hgy(s) : D(Ha(s)) ® D(Hy) C 'H — H has a densely defined adjoint, and hence it is closable.

Hypothesis II.

(i) Hat(s) is an analytic family of operators in the sense of Kato and Hyg(s)* = Ha(5) for

all s € V. In particular, Hy(s) is self-adjoint for s € R" N V.

(ii) There exists a point s9p € V N RY such that E,(sg) := inf o(Ha(so)) is an isolated,

non-degenerate eigenvalue of Hyi(sp).

For the notion of an analytic family of operators in the sense of Kato we refer to [20]. The
definition given there readily generalizes to several complex variables. We recall that a function
of several complex variables is called analytic if it is analytic in each variable separately.

By Hypothesis II, (ii), and the Kato-Rellich theorem of analytic perturbation theory [20],
there is exactly one point F,¢(s) of o(Hui(s)) near E,i(sg), for s near sg, and this point is a
non-degenerate eigenvalue of H,i(s). Moreover, for s near sg, there is an analytic projection

onto the eigenvector of E,(s), which is given by
1 1

P, = — - H T d
(o) 270 S| Boy (5)—2=¢ (2 at(S)) -

for € > 0 sufficiently small. We set Pag(s) = 1 — Pa(s).



Hypothesis ITI. Hypothesis IT holds and there exists a neighborhood & C V xC of (s¢, Fat(s0))
such that for all (s,2) € U, |Ea(s) — z| < 1/2 and

g+1 =

—P S < 0.
Ha(s) — 2+ q at(5)

sup sup
(s,z)eU q¢=0

Remarks.

1. Hypothesis III is satisfied, e.g., if Hypothesis II holds and H,(s) is an analytic family of
type (A), see Corollary 3.

2. The condition |Fu(s) — z| < 1/2 is needed in the proof of Theorem 13 and related to
the constant 3/4 in the construction of x. Since s — FEa(s) is continuous, it can always
be met by choosing U sufficiently small. However, the smaller we choose U the smaller
we will have to choose the coupling constant g. Optimal bounds on g could possibly be

obtained by scaling the operator such that the gap in H, is comparable to one.
We are now ready to state the main results.

Theorem 1. Suppose Hypotheses I, II and III hold. Then there exists a neighborhood Vo C V
of s and a positive constant go such that for all s € Vi and all g < go the operator Hy(s) has
an eigenvalue E4(s) and a corresponding eigenvector y(s) that are both analytic functions of
s € Vo such that

E(s) =info(H(s))

for s e Vg NRY.

Remark. For s € Vo N RY and g sufficiently small, the eigenvalue E,(s) is non-degenerate by
Hypothesis II (ii) and a simple overlap estimate [5].

Corollary 2. Assume Hypotheses I and II are satisfied and that there exists a C such that for
all s eV

Re <307 Hat(s)¢> 2 70(‘)07 410)7 fO’F S D(Hat(s))' (3)

Then the conclusions of Theorem 1 hold.

Proof. 1t suffices to verify Hypothesis III, then the corollary will follow from Theorem 1. For
all s € V, z € C with |z — Eat(s0)| < 1, ¢ > ¢* := C + |Eat(s0)| + 2, and ¢ € D(Hai(s)) with
ol =1,

[(Hat(s) =z + @)l = Re(p, (Hat(s) — 2+ q)p)
> q—C— |Bulso) =1 > 1.



Since Hyi(s)* = Hat(5) an analog estimate holds for Hag(s)*. This proves that By (Fat(so)) C
p(Hai(s) + q) for s € V, ¢ > ¢*, and that

sup
s€V,|z—Eat(s0)|<1,g>¢*

(4)

q+1 H < q*
Hat(s) —z+q|| = ¢¢ —C + |Eat(s0)| +1
We now turn to the case where 0 < ¢ < ¢*. The set
[:={(s,2) € C" x C|z € p(H(s) | Pat(s)H)}
is open and (Hat(s) — 2) "1 Pat(s) is analytic on T' [20]. On the other hand
7= {(50, Ba(s0) =)0 < ¢ < ¢}

is a compact subset of I'. It follows that the distance between v and the complement of I' is

positive. Thus if g and > 0 are small enough, then
{(s,2=q): |s—s0| <3, |2 — Buls0)| <5, 0< q < ")

is a compact subset of I' on which (H(s) — 2) ! P,(s) is uniformly bounded. Comparing
with (4) we conclude that for § < 1 so small that Bs(sp) C V the Hypothesis III holds with
U = Bs(so) x Bs(E(s0)) O

The following corollaries prove the assertions in the introduction.

Corollary 3. Suppose Hypothesis I holds and let Ha(s) be an analytic family of type (A) with
Hat(s)" = Hat(5) foralls € V. If E(so) = inf o(H (s0)) is a non-degenerate isolated eigenvalue
of Hat(s0), then the conclusions of Theorem 1 hold.

Proof. By Corollary 2 it suffices to show that (3) holds. To this end we set
T(s) := Hat(s) — Eat(s0)

and R := (T(so) +1)~!. Since T(s) is an analytic family of type (A), the operators T(s)R
and RT(s) are bounded and weakly analytic, hence strongly analytic [16]. It follows that
(T'(s) —T(s0))R — 0 and R(T(s) — T(sp)) — 0 as s — 0. By abstract interpolation theory

RY2(T(s) = T(s0))R'* =0 s — 5.
We choose € > 0 so that B:(sg) C V and

sup || RV(T(s) — T(s0)) R'?|| < 1/2.

Re (p,T(s)p) > (o, T(s0)p) — [{,[T(s) = T(s0)])]
> e Tloe) — 5(0.0) > —5(pr9)
which proves (3). O



Remark. Embedded eigenvalues generically disappear under perturbations. However, if
a non-degenerate eigenvalue persists, one might conjecture that the eigenvalue and a suitable
eigenvector are analytic functions of the perturbation parameter, provided the Hamiltonian
is analytic in this parameter. This conjecture is wrong, as the following example shows. Let
H = L*(R) ® C, and let

dx?

where V' denotes the characteristic function of the interval [—1,1]. Then H(s), s € C, is an

() = (—5 +sv) 20

analytic family of type (A) and for s € R, E(s) = info(H(s)) is a non-degenerate eigenvalue.

But E(s) is not analytic because
E(s) <0, 5<0
E(s) =0,

The corresponding eigenvector is not even continuous at s = 0.

s> 0.

Corollary 4. Suppose the assumptions of Theorem 1, Corollary 2 or Corollary 3 are satisfied
for all sy of a compact set K C V NRY. Then there exists a neighborhood Vo C V of K and a
positive gog such that for all s € Vi and all g < go there is an analytic complez-valued function

E, and an analytic projection-valued functions P, on Vg, such that
Hy(s)Py(s) = E4(s)Py(s), for s € W,
and E4(s) =info(Hy(s)) for s € Vo NRY.

Proof. By the compactness of K there exist open sets Vi ..., Vy C C¥ and positive numbers

Ji,--.,gn provided by Theorem 1, such that
N

KclJv.
j=1

Let Ej(s) and v;(s) be the corresponding eigenvalues and eigenvectors defined for s € V; and
g < gj. We may assume that (¢;(5),1;(s)) # 0 for all s € V; and all j. Then the operators
Pj(s) : H — H defined by
(5),

e = . g
are analytic functions of s € V;, Pj(s)* = P;(s), and H,(s)Pj(s) = E;(s)P;j(s). We choose
go < min{gi,...,gn} so small, that all eigenvalues Fj(s),...,En(s) are non-degenerate for
real s and ¢ € [0,g0), and we define Vj := U;V:ﬂ/}. Then for g < go and s € V;NV; NRY,

Ei(s) = Ej(s),  FBi(s) = P;(s), ()

and hence, by analyticity, (5) must hold for all s € V; N V;. This proves that E4(s) and Py(s)
are well-defined on Vy by E4(s) := Ej(s) and Py(s) := P;j(s) for s € V}, and have the desired
properties. [

10



3 Non-Relativistic QED in Dipole-Approximation

In this section we apply Theorem 1 to the Hamiltonians describing molecules made from static
nuclei and non-relativistic electrons coupled to the UV-cutoff quantized radiation field in dipole
approximation. For justifications of this model see [12, §].

A (pure) state of system of N spinless electrons and transversal photons is described by a
vector in the Hilbert space H = L,(R3";C)® F, where L2(R3Y; C) denotes the space of square
integrable, antisymmetric functions of (z1,...,zy) € R3N | and F is the symmetric Fock space
over L?(R? x {1,2}). We choose units where h, ¢, and four times the Rydberg energy are equal
to one, and we express all positions in multiples of one half of the Bohr-radius, which, in our

units, agrees with the fine-structure constant «. In these units the Hamiltonian reads

N
H(X,a) = Hu(X)+a**> g(a;)a; EO0)+ Hy

j=1
with
N
;(_ )+ ; |96l Z |z — Xkl
where 71, ..., Zx € N denote atomic numbers, and

- / Kli=(le, \) (" (, A) — a(k, \))
A=1,2 [k|<A

is the quantized electric field evaluated at the origin 0 € R3. The ultraviolet cutoff A > 0 is an

arbitrary but finite constant, the polarization vectors ¢(k, 1) and (k, 2) are unit vectors in R3

that are orthogonal to each other and to k, and g € C§°(R?) is a space-cutoff with g = 1 on an

open ball B C R3 containing the positions X7, ..., Xx of the nuclei. The following theorem is

a consequence of Corollary 3.

Theorem 5. Suppose inf o(Ha (X)) is a non-degenerate and isolated eigenvalue of Hye(X).
Then in a neighborhood of o = 0 the ground state energy and a suitably chosen ground state

vector are real-analytic functions of /2.

Proof. For s € V := B;(0) we define H,(s) by the operator (2) with

N
Gk, \) =5 V[klx(k| < Aie(k, A) - z;9(z;)
7=1
so that Hy(a??/g) = H(X,«). The Hamiltonian Ha(X) is trivially analytic of type (A) in V
and Gy satisfies Hypothesis I with, for example, y = 1/2. Hence the conclusions of Theorem 1
holds by Corollary 3. This proves the theorem. O

11



The next theorem concerns the regularity of info(H (X, a)) with respect to the nuclear
coordinates X = (X1,..., Xg) € R3K,

Theorem 6. Suppose inf o(Ha (X)) is a non-degenerate and isolated eigenvalue of Hyi(X),
where X € BX and X, # X, for r # s. Then for o sufficiently small, there exists a neighbor-
hood U of 0 € R3% such that:

(a) For each & € U, E(§) = info(H (X +§)) is an eigenvalue of H(X +&) and a real-analytic
function of &.

(b) There is an eigenvector belonging to E(&), which is of class C? with respect to €.

Remark. The operators Hui(X) do not form an analytic family in the sense of Kato and hence
Theorem 1 is not immediately applicable. This problem is circumvented by a well-known

deformation argument [15].

Proof. By assumption on Xi,...,Xg, we can find functions fi,...,fx € C{]’O(Rg), with
supp(f,) C B and f.(Xs) = 6,5. For each & = (&1,...,&k) € RS we define a vector field
vg on R3, by

K
ve(w) = Z;@fr«c) ,
It is not hard to see that for small £ the rnapr_
b+ (1, xN) — (21 +ve(1), ..., v +ve(xn))
is a diffeomorphism of R3" [15]. Moreover,
Ueth == |Dese| "2 (1) 0 e)

defines a unitary transformation Ug on H. A straightforward calculation shows that, for real

and small &,

H(&) = UH(X + &)U ' = Hao(X;€) + W(E) + Hy |

with
N
W(€) =a®? > gla;)(x; +ve(x;)) - E(0) (6)
j=1
Ho(X:8) =Te = > ZiVe(wj, Xo) + > Vel m)
r,J i<l
where

N
Te=Uey (—A)U; "
j=1
71 )

Ve(z,y) = |z — y + ve () — ve(y)|

12



In (6) we used that g(x+uve(x)) = g(z), by the smallness of . In [15] it is proven using standard
estimates that Ho (X, €) has an extension to & € C?! and this extension is an analytic family
of type (A) for £ in a neighborhood of zero. One easily verifies that W (§) satisfies Hypothesis
1. It follows that Corollary 3 is applicable and thus, for small «, H (€) has an eigenvalue E(€)
with eigenvector ¢, both analytic in £, and ¢ is a ground state for real £. Since, for small
and real £, H(¢ + X) is unitarily equivalent to H (&), (a) follows.

To prove (b) we show that £ — Ug 1g05 is a C? function in a neighborhood of zero. Let
Sg = Ug ! Throughout the proof, with the exception of Step 3, we assume that £ is real. Us-
ing dominated convergence, one sees that § — S¢yp is continuous for ¢ € H N (C(R3N) @ F).
Since such functions constitute a dense subset of ‘H and S¢ is uniformly bounded, it follows
that { — S¢ is strongly continuous. We shall adopt the following conventions in this proof:
the labels a, 5 run over the set {1,..., K} x {1,2,3}, and 0g = 0/0¢z with &g = (&) for
B = (4, s); the labels p, v run over the set {1,..., N} x {1,2,3} and p, = (p;)s for p = (I, s).

Step 1: If ¢ € D(|p|), then & — Setp is O and for all 3, 95Setp = SeAg(€)y with
d
As©l() = Do) Do}, (@) | _ i)

N
d
#2255ty @], (Ty0)a) (7)
]:
where e5 € R3 denotes the unit vector with components (eg), = 08,~-

For hy,hy € C§° (R3N) ® F, we calculate the partial derivative using Se = Uﬁ_ L
Bp(h1, Seha) = p(h1, | D V2 (ha 0 1)) = (b1, SeAp(€)ha) (8)

where in the second equality we used the product rule of differentiation and the identity
|D¢gl(x)\|D¢>§(¢gl(m))\ = 1. Integrating (8), we find

t
(. Vesiesha) = (n,Scha) + [ (1, Vese, Aal6 + se5)ha)ds (9)
0

By an approximation argument using that |p| is a closed operator and that HN (C$°(R3Y) @ F)
is a core for |p|, we conclude that (9) holds for all hy € D(|p|). For ha € D(|p|), § — S¢Ag(§)ha

is continuous and therefore (9) holds in fact in the strong sense, i.e.,

t
Vepreyha = Seha + /0 Versoy As(E + seg)hads . Vhy € D(Jp]).

This implies that for all hy € D(|pl), t — Veyse,ho is C1 with derivative d3Schy = S¢Ag(€)ha.
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Step 2: Suppose & — ¥(£) is a C! function such that (&) € D(|p|) and & — Ag(&)y(€) is
continuous for all 3. Then & — Setp(€) is in C! and for all 3,

DpSet(€) = SeAp(€)Y(€) + Seph(€) - (10)

Using the differentiability of & — ¥(), ¥(€) € D(|p|), and Step 1, we see by the product
rule of differentiation that & — S¢1p(§) is differentiable with partial derivative (10). (10) de-
pends continuously on &, because { — Sg¢ is strongly continuous and, by assumption, both,

£ — 0gye and & — Ag(§)1)e are continuous.

Step 3: For £ in a neighborhood of zero:

a € D(p?), and the functions & — p and £ — p,p,pe are analytic for all u, v.
we nPe uPvPe
(b) For all 3, 0sp¢ € D(|p|) and & — p,0syp¢ is analytic for all p.

(a) For h from a dense subset of H, (h,pupupe) = (Pupuh, pe), which is analytic in &.
Since, by (11) below, ||pup.pel| is locally bounded, the analyticity of £ — p,p,ge follows by
an approximation argument (Remark I1I-1.38 in [16]). To prove the bound (11), we use that,
for small &, H (£) is an analytic family of type (A) and the Coulomb potential is infinitesimally

Laplacian bounded, i.e.,

lp*@ell < ll(® + Hy)ell
< const. (|| H (&)pe ]| + lpell) = const.(| E(€)pell + llell) - (11)

The analyticity of { — p,p¢ follows using the same arguments as above and the bound

Ipuspell” < llellllp® e -
b) Since for all i, the operator p,, is closed and £ — p is analytic, we have 0 e D(|p
I 1P BPE

and Ogpupe = pudspe.

Step 4: For all o, the functions § — ¢¢, { — Oatpe, and § — Ay (§)pe satisfy the assumptions
of Step 2. In particular, § — Sgpg is of class C2.

An iteration of Step 2 shows that the statement of the first sentence implies the statement
of the second sentence. To prove the former, we recall that analytic functions are of class C*°
[17], and we begin with the following observation. If £ — (§) € D(|p|) and & — p,p(§) are
in C! for all p, then & — Ag(&)y(€) is in C! for all B, which follows using expression (7).
If, moreover, 1(£) € D(p*) and & — pup,p(€) is in C! for all p, v, then A, (&)Y (E) € D(|p|)
and £ — Ag(§)Aa(&)(€) is in C! for all o, 3. Applying, these properties to ¢¢ and using
Step 3 (a), we see that £ — ¢ and & — Ay (€)pe satisfy the assumptions of Step 2. Similarly,
using Step 3 (b), we see that £ — O, (¢ satisfies the assumptions of Step 2. O
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4 The Smooth Feshbach Map

In this section we describe the smooth Feshbach transform of Bach et al. [3] in a slightly
generalized form that allows for non self-adjoint smoothed projections. There are further
small differences between our presentation here and the one of [3], which are explained in [13].

Let x and ¥ be commuting, nonzero bounded operators, acting on a separable Hilbert
space H and satisfying x? + %2 = 1. By a Feshbach pair (H,T) for x we mean a pair of closed

operators with same domain
H,T:D(H)=D(T)cH—H
such that H,T,W := H — T, and the operators
W, == xWy, Wi := XWX,
H, =T+ W,, Hy =T+ Wy,
defined on D(T') satisfy the following assumptions:
(a) xXT C T'x and XT C TY,
(b) T, Hy : D(T) N Ran’Y — Ran’y are bijections with bounded inverse.
(c) XH§1XWX : D(T) C ' H — 'H is a bounded operator.

Henceforth we will call an operator A : D(A) C H — H bounded invertible in a subspace
Y C H (Y not necessarily closed), if A: D(A)NY — Y is a bijection with bounded inverse.

Remarks.
1. To verify (a), it suffices to show that Ty = x7" and T’x = XT on a core of T

2. If T is bounded invertible in Rany, |7 'XWx| < 1, [xWT~'x|| < 1 and T-'xWy is
bounded, then the bounded invertibility of Hy and condition (c) follow. See Lemma 9

below.

3. Note that Rany and Ran’ need not be closed and are not closed in the application
to QED. One can however, replace Ran’y by Ran’x both in condition (b) and in the
statement of Theorem 7, below. Then this theorem continues to hold and the proof

remains unchanged.

Given a Feshbach pair (H,T) for x, the operator

Fy(H,T) := Hy — xWxHZ 'XWx (12)
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on D(T) is called Feshbach map of H. The mapping (H,T) — F\(H,T) is called Feshbach

map. The auxiliary operators

Qy ==X — XHg 'XWx
QF = x — xWxH{'x,

play an important role in the analysis of F(H,T). By conditions (a), (c), and the explanation
above, they are bounded, and @, leaves D(T') invariant. The Feshbach map is isospectral in
the sense of the following Theorem, which generalizes Theorem 2.1 in [3] to non-selfadjoint x

and .

Theorem 7. Let (H,T) be a Feshbach pair for x on a separable Hilbert space H. Then the
following holds:

(i) Let' Y be a subspace with Ranx CY C H,
T:D(T)NY —Y, and YT yYcvy. (13)

Then H : D(H) C H — H is bounded invertible if and only if F\(H,T): D(T)NY — Y

is bounded invertible in Y. Moreover,
H™' = QF\(H,T)'Q¥ +xH'x,
P(HT)™ = xH 'x+xT'x.
(i) xKerH C KerF\(H,T) and QKerF\(H,T) C KerH. The mappings

X : KerH — KerF, (H,T), (14)
Qy : KerF\ (H,T) — KerH, (15)

are linear isomorphisms and inverse to each other.
Remarks.
1. The subspaces Y = Ran x and Y = H satisfy the conditions stated in (13).

2. From [3] it is known that x and @, are one-to-one on KerH and KerF\ (H, T') respectively.
The stronger result (ii) will be derived from the new algebraic identities (a) and (b) of

the following lemma.

Theorem 7 easily follows from the next lemma, which is of interest and importance in its

own right.
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Lemma 8. Let (H,T) be a Feshbach pair for x and let F' = F\(H,T), Q = Qy, and
Q# = Qf for simplicity. Then the following identities hold:

(@) (XHy'WH=1-Qx, onD(T), H(XH;'X) =1-xQ%, on™H,
()  XTF=1-xQ, onD(T), F(XT'X)=1-Q%x, onH,
(c) HQ = xF, onD(T), Q"H = Fy, on D(T).

For the proofs of Lemma 8 and Theorem 7 we refer to [13].
Lemma 9. Conditions (a),(b), and (c) on Feshbach pairs are satisfied if
(a’) XT C Tx and XT C TX,
(b’) T is bounded invertible in Ran’y,
(c’) IT~xwx| <1, [XWTx|| <1 and T-*XWx is a bounded operator.
Proof. By assumptions (a’) and (b’), on D(T) N Rany,
Hy = (1+xWT™'Y)T,
and T : D(T) NRany — Ran’y is a bijection with bounded inverse. From (c’) it follows that
1 +XWT 1% :Rany — Rany
is a bijection with bounded inverse. In fact, (1+YW7T~1¥)RanY C Ran, the Neumann series

Y (XWTTIR)" =1-xWTIX > (—xWT'x)"
n>0 n>0

converges and maps Ran’y to Ran’y. Hence Hy | Ran’y is bounded invertible.

Finally, from Hy = T(1+ T~ 'Wy) and (¢’) it follows that
H'XWx = (14T "Wy) "7 'xWy,

which, by (¢’), is bounded. O

5 The Initial Hamiltonian on Fock Space

As explained in the introduction, the first step in our renormalization analysis of Hy(s) is to

use the Feshbach map to define an isospectral operator H(©) [s, 2] on
Hiea == P[O,l}(Hf)f
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Let x,X € C*°(R;[0,1]) with x(t) = 1ift <3/4, x(t) =0if t > 1 and x*> + X2 = 1. For p > 0
we define operators x, := x(Hy/p), X, := X(Hy/p), and
X(S) = Pat(s) ® X1,

X(s) = Pa(s) @1+ Py(s) @ -
By assumption on x and %,
x(s)” +x(s)* =1,

but x(s) and X(s) will not be self-adjoint unless s is real. Since Py (s) is a bounded projection
with one-dimensional range, any linear operator L in Hy; ® F that is defined and bounded
on Ran P, (s) ® F, defines a unique bounded linear transformation (L)t s on F, through the
equation

(Pac(s) @ 1)L(Par(5) © 1) = Pay(5) @ (L)ags. (16)

We are no ready to define the effective Hamiltonian H (0) [s,2] on Hyeq. To this end we
assume, for the moment, that (Hy(s)—z, Ho(s)—z) is a Feshbach pair for x(s). This assumption
will be justified by Theorem 13 below. From 1 = P,(s) + Pat(s) and the fact that Py(s) is a

rank one operator, we find
Fy(sy(Hy(s) — 2, Ho(s) — 2) = (Ho(s) — 2)Pat(s) ® 1 + Pug(s) @ HV[s, 2] , (17)

with
HOs, 2] = Eai(s) — 2 + Hy 4+ Wag[s, 2] (18)

and Wyt[s, z] € L(F) given by
Watls, 2] = g0xaW(s)x1)ats (19)

> (W ()X () (Hy(s) — 2) gy X)W (5)x2)ats -

The operators H(0)[s, 2] and H,(s)—z are isospectral in the sense of Theorem 7. More explicitly,

the following proposition holds true.
Proposition 10. Let (Hy(s) — z, Ho(s) — z) be a Feshbach pair for x(s). Then:

(i) Hy(s) —z: D(Ho(s)) C H — M is bounded invertible if and only if H[s, 2] is bounded

invertible on Hyeq-

(ii) The following maps are linear isomorphisms and inverses of each other:

x(s): Ker(Hy(s) —2) — Pa(s)Ha @ KerHO[s, 2],
Qx(s) : Pat(s)Hat @ KerHO[s,2] — Ker(Hy(s) — 2).
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Proof. (i) We fix (s,z) and for notational simplicity suppress the s and z dependence. Let
Y = Ran (P ® Ppq)(Hy)). Then Hy : D(Ho) NY — Y and X(Ho — 2z)"'xY C Y. By
Theorem 7,
H, — z is bounded invertible in ‘H
& Fy(Hy — z,Hy — z) is bounded invertible in Y’

& HO is bounded invertible on Hyeq,

where the last equivalence follows from Fy(H, —z,Hy —2) = 1@ H® on Y.

Statement (ii) follows immediately from Theorem 7, (ii). O
Since Ran x(s) C Pat(s)Hat ® Hyed, Proposition 10 (ii) implies that
KerH[s, 2] = KerHO[s, 2] N Hyea = Ker(H[s, 2] | Hrea) -

Therefore, and because of Proposition 10 (i), it is sufficient for our purpose to study the
restriction

HO[s,2] := HO[s, 2] | Hyea.

In the remainder of this section we use Hypotheses I-11I to verify, for small g, the assumption of
Proposition 10 and to show that H(® [s, z] is analytic on U. To this end we need the following

lemmas.

Lemma 11. Suppose that Hypotheses I-III hold. Then, for all (s,z) € U, Hy(s)—z is bounded

invertible on Ranx(s) and

s [y + (o) =) )| < o (20)
sup HW(s)(Ho(s)—z)*ly(s)H <
(s,2)eU
sup H(Ho(s)—z)*li(s)W(s)H < oo.
(s,2)eU

Proof. The parameter s is suppressed in this proof to make long expressions more readable.

Recall that XHy C Hox. Hence Hy — z maps D(Hp) N Ran’x into Ran’. Moreover,
Ran’x = Ran (Py ® 1) @ Ran (Pay ® X))
where

Hy—z : D(Hp)NRan(Py ®1) — Ran (Py ® 1), (21)
Ho—z : D(Hp)NRan(Py ®X;) — Ran (Pa ® X7)- (22)

Working in a spectral representation where H is multiplication by ¢ > 0, it is easily seen

from Hypothesis III that (21) and (22) are bounded invertible for (s, z) € U, and hence that
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(Ho — 2z) : D(Hp) NRan’x — Ran’x is a bijection. The inverses of (21) and (22) are bounded
by

I(Ho —2)"'Pax @ 1| < sup sup||(Hat — 2+ )" P, (23)
(s,2)eU q=0
_ 1
I(Ho = 2) " Pa ® x(Hy 2 3/4)] < sup sup |-—— ‘ [ Pag - (24)
(s,2)€U ¢>3/4 | Lat — 2 +4q

Since X = [Pat ® 1|X + [Pat ® x(Hy > 3/4)]X it follows from (23), (24) and Hypothesis III that

sup [[(Ho — 2)! | Ran¥]| < oo.
(s,2)eU

Bound (20) is proved in a similar way, using

15 g+l =
Hp+1)(Hy—2)"Py®1| < sup sup|————DPal, 25
I(Hy +1)(Ho — 2)™ Pay ® 1] S g ™ (25)
_ +1
Iy + (o = ) Pa oty 23] < s swp | LR (20
(s,2)eUl ¢>3/4 | Fat — 2 + ¢
instead of (23) and (24). The right sides of (25) and (26) are finite by Hypothesis III.
The remaining inequalities of Lemma 11 follow from (20) and
sup [|[W(s)(Hy + 1)1 < sup||Gsllo,
S S
sup|(Hy +1)"'W(s)|| < sup||Gslla,
S S
where sup, ||Gs||, < oo by Hypothesis I. O

Lemma 12. The mapping s — W (s)(H; + 1)~Y/2 € L(H) is analytic on V.
Proof. From
W (s)(Hy + 1) < 2|Gs o

we see, by Hypothesis I, that s — W (s)(H; + 1)~1/2 is uniformly bounded. By this uniform
bound (see Theorem III-3.12 of [16]) it is sufficient to show that the function

s (1, W(s)(Hyp + 1)) | (27)

is analytic on V, for all /1,19 in the dense linear subspace spanned by all vectors of the form
©® Sp(h1 @ hg ® -+ ® hy), with ¢ € Ha and h; € h, n € N. For such vectors, (27) is a
linear combination of terms of the form (¢1 ® h, Gsp2), with ¢1,02 € Ha, and h € . They
are analytic by Hypothesis I. O

Theorem 13. Suppose Hypotheses I-III hold, and let U C V x C be given by Hypothesis
III. Then there exists a go > 0 such that for all (s,z) € U and for all g € [0,qgo), the pair
(Hy(s) — 2z, Ho(s) — z) is a Feshbach pair for x(s). Moreover, Héo) [s, 2] is analytic on U.

20



Proof. To prove that Hy(s) = Ho(s) + gW(s) is closed on D(Hy(s)) for all g € R, we prove
that W (s) is infinitesimally bounded with respect to Hy(s). Suppose that (s, z) € U for some
z € C. By Hypothesis I,

W (s)(Hy + 1) < 2| Gyl < oo. (28)

On the other hand, by the reasoning in the proof of (20), Hypothesis IIT implies that z — g €
p(Hai(s)) for ¢ > 1, that w:= 2z — 1 € p(Hyp(s)), and that

Hp(Ho(s) —w)~' € L(H). (29)

Combining (28) and (29) we see that, for all ¢ € D(Hai(s)) ® D(Hy),

IW(s)el® < Cole, (Hy +1)¢)
= Colp. (Hy +1)(Ho(s) — w) ™" (Ho(s) — w)e)
< CillgllHo()ell + Callell
<

C
CrellHopl? + (2 + 2 ol

with constants Cy, C7, Co.

Next we verify the criteria for Feshbach pairs from Lemma 9. Obviously, x(s)Hp(s) =
Hy(s)x(s) and X(s)Ho(s) = Ho(s)X(s) on D(Hy) ® D(Hy). By the first remark of Section 4,
this proves condition (a’) of Lemma 9.

By Lemma 11, Hy(s) — z is bounded invertible on Ranx(s) and

sup |lgx(s)W (s)(Ho(s) (s)] < (30)
(s,2)€U

sup [|(Fo(s) — =) X ()gW (5)x(s)]] < 1

(s,2)€U

for g sufficiently small. This proves (b’) and (c¢’) of Lemma 9 and hence completes the proof
that (Hy(s) — 2z, Ho(s) — z) is a Feshbach pair.

It remains to prove the analyticity of H(O)[s, 2]| Hyeq. By (17), HO (s, 2) is analytic if
Watls, 2] is analytic. We will show that

(5,2) = x1 (9W(5) = PPW ()X (3)(Hy (s) = 2)5/y X)W (5)) xa (31)

is analytic in s and z. By Eqns. (16) and (19) this will imply the analyticity of (a, Wat[s, 2] 3)
for all a, B € F, which, by Theorem 3.12 of Chapter III in [16], proves that Wy[s, z] is analytic
in s and z.

Since x1W (s) and W (s)x1 are analytic the analyticity of (31) follows if we show that
(5,2) = (Hy(s) — )5 X(5) (32)
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is analytic. Assuming that |g| is small enough for (30) to hold, the Neumann series

[e.9]

(Hg — 2)% 1|Ranx = (Ho — 2) Z —x9W (Ho — 2)~ 17)71 ‘Rani (33)

converges uniformly for (s,z) € U. Hence (32) will be analytic if each term of the series (33) is
analytic. By Lemma 12, W(s)(Hy +1)~! is analytic. Hence it remains to prove analyticity of
(Hy + 1)(Ho(s) = 2)™'X(5) [Ranx(s)-
By the definition of X(s),
(Hy +1)(Ho(s) — ) %(5)
= (Hy +1)(Ho(s) = 2) 7 (Par(s) @ 1) + (Hy + 1)(Bac(s) + Hy — 2) 7 (Put(s) ®X1) -
The factor (Hy + 1)(Eat(s) + Hy — 2)~! in the second term on the r.h.s. can be viewed as a

composition of analytic functions. The analyticity of the first term on the r.h.s. is derived, in

a spectral representation of Hy, from Hypothesis III, and Proposition 27 of the Appendix. []

6 The Renormalization Transformation

The renormalization transformation is defined on a subset of £(H,eq) that will be parameterized
by vectors of a Banach space Wy = @, n>0Win,n. We begin with the definition of this Banach
space.

The Banach space Wy o is the space of continuously differentiable functions

Woo = CY([0,1])

)

lwll = Nwlloo + [lw'lloo
where w'(r) := d,w(r). For m,n € N with m+n > 1 and x> 0 we set

dK
men = Lg (Bm+n WTQ# WO 0)

Ak \'?
o 2

where B := {k € R? x {1,2} : |[k| < 1} and

m+n m—4+n

K| =[] |k, dK := ][] dk;.
j=1 i=1

That is, Wi, is the space of measurable functions wy, ; : Bmtn Who that are symmetric
with respect to all permutations of the m arguments from B™ and the n arguments from B",

respectively, such that ||wy, |, is finite.

22



For given £ € (0,1) and p > 0 we define a Banach space

We = @ Wi

m,neN
53 = B m,n ||
lwllpe = > & wpnll
m,n>0
wWo.0llu = ||wo.0|l, &s the completion of the linear space of finite sequences w = (Wm.n)m.neN €
ol , h letion of the Ii f fini n)m,

@m,neN Winn with respect to the norm [|w||,¢. The spaces Wi, ,, will often be identified with
the corresponding subspaces of W.
Next we define a linear mapping H : We — L(Hyeq). For finite sequences w = (wpmn) € We

the operator H(w) is the sum

H(w) =Y Hpn(w)

of operators Hp, ,,(w) on Hyeq, defined by Hyo(w) := woo(Hy), and, for m+n > 1,
Hppn(w) := Preg < / a* (K™ Ywp, . (Hy, K)a(l%(”))dK) Pred,
Bm+n

where Preq := Plo1)(Hy), K = (k™) k™) and

KO = (k1 k) € (R? x {1,2)™, a* (k™) = ﬁ“*("%)v
=1

K™ = (k... k) € (R x {1,2})", a(k™y = ﬁa(/;i).
=1

By the continuity established in the following proposition, the mapping w — H(w) has a

unique extension to a bounded linear transformation on M.
Proposition 14 ([3]). (i) For all p >0, m,n € N, with m +n > 1, and w € Wy, n,

_ _ 1
[ Honn )| < NP Hy) ™" H i) (P Hp) ™ et

(it) For all 1 > 0 and all w € We

[Hw)[ < flwle
[H )l < Ellwlue i woo=0. (34)

In particular, the mapping w +— H(w) is continuous.

Proof. Statement (ii) follows immediately from (i) and { < 1. For (i) we refer to [3], Theo-
rem J3.1. O
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Given a, 3,7 € R4 we define neighborhoods, B(c, 8,v) C H(Wk) of the operator Preq H f Pred €
['(Hred) by

Bla, 8,7) = {H(w)[woo(0)] < o, [lwgp —1llec < B, [lw —woollue <7}

Note that wo(0) = (2, woo(Hf)Q) = (Q, H(w)S2). The definition of B(a, 3,7) is motivated
by the following Lemma and by Theorem 16.

Lemma 15. Suppose p,§ € (0,1) and > 0. If H(w) € B(p/2,p/8,p/8), then (H(w), Hoo(w))
is a Feshbach pair for x,.

Proof. The assumption H(w) € B(p/2,p/8, p/8) implies, by Proposition 14, that
P
1 (w) — Hopo(w)|| < £ -
For r € [2p,1],

lwoo(r)] > 7 —|(wo,0(r) —wo,0(0)) — 7| — |wo,o(0)]

> 7(1—supuoo(r) — 1)) = £
> a8y L2,
4 8 278

By the spectral Theorem,

- B - B 1
|Hoo(w) '[RanX,,|| = [[woo(Hy) '[RanX,| < sup

8
- <2
r€[3p,1] |w070(7“)’ P

Since [[X,|| < 1, it follows from the estimates above that

HHQO(w)_lXp(H(w) — Hoo(w))x,/RanX,[| << 1.

This implies the bounded invertibility of

(Hoo(w) +X,(H (w) = Hoo(w))X,) [RanX,
= Hopo(w) (1 + Hoo(w) ™ 'x,(H(w) — Hop(w))X,) [Ran¥,, .

The other conditions on a Feshbach pair are now also satisfied, since H (w)—Hg o(w) is bounded
on Hyed- ]

The renormalization transformation we use is a composition of a Feshbach transformation
and a unitary scaling that puts the operator back on the original Hilbert space H;oq. Unlike
the renormalization transformation of Bach et al [3], there is no analytic transformation of the

spectral parameter.
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Given p € (0,1), let H, = Ranx(Hy < p). Let w € We and suppose (H(w), Hoo(w)) is a
Feshbach pair for x,. Then

Fxp(H(w), H(M)(w)) : Hp — Hp

is iso-spectral with H(w) in the sense of Theorem 7. In order to get a isospectral operator on

Hred, rather than H,, we use the linear isomorphism
I'y:Hy, — Hi = Hreds I'y:=TU,) | Hp,
where U, € L(L?(R? x {1,2})) is defined by

(Upf)(k) = p*2 f(pk).

Note that I',H;I'; = pHy, and hence I',x,I";, = x1. The renormalization transformation R,

maps bounded operators on H,.q to bounded linear operators on H,eq and is defined on those

operators H(w) for which (H(w), Hoo(w)) is a Feshbach pair with respect to x,. Explicitly,
Rp(H (w)) := p~'TpFy, (H(w), Hoo(w))T

P

which is a bounded linear operator on Hyeq. In [3], Theorem 3.3, it is shown that w — H(w)
is one-to-one. Hence w € W is uniquely determined by the operator H(w) and the domain of
R,, as described above, is a well-defined subset of £(H;eq). By Lemma 15 it contains the ball
B(p/2,p/8,p/8).

The following theorem describes conditions under which the Renormalization transform

may be iterated.

Theorem 16 (BCFS [3]). There exists a constant Cy, > 1 depending only on X, such that
the following holds. If ;1 >0, p € (0,1), £ = \/p/(4Cy), and B, < p/(8CY), then

Rp—p () :B(p/2,8,7) = B, 5.7,

where
2 2

O/:Cvﬁl’ Ig’:ﬁ+0617 ’Y/ZC'yPH’Yv
P P
with Cg := 3Cy, Cy := 128C2.

This theorem is a variant of Theorem 3.8 of [3], with additional information from the proof
of that theorem, in particular from Equations (3.104), (3.107) and (3.109). Another difference
is due to our different definition of the Renormalization transformation, i.e., without analytic

deformation of the spectral parameter.
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7 Renormalization Preserves Analyticity

This section provides one of the key tools for our method to work, Proposition 17 below, which
implies that analyticity is preserved under renormalization. It is part (a) of the following
proposition that is nontrivial and not proved in the papers of Bach et al. (see Theorem 2.5 of

[3] and the remark thereafter).

Proposition 17. Let S be an open subset of C**1, v > 0. Suppose o +— H(w’) € L(Hyeq) is
analytic on S, and that H(w?) belongs to some ball B(a, B,7) for all o € S. Then:

(a) Hopo(w?) is analytic on S.

(b) If for allo € S, (H(w?), Hoo(w”)) is a Feshbach pair for x,, then Fy,(H(w?), Hoo(w?))

is analytic on S.

Proof. Suppose (a) holds true. Then Hyg(w?) and W = H(w?) — Hoo(w?) are analytic

function of ¢ € S and hence so is the Feshbach map

o o o — o = —\—1_
Fxp(H(w )aHO,O(w ) = HO,O(w )+ XpoWxp — XpWXp (HO,O(w )+ XpWXp) XpWXp-

This proves (b) and it remains to prove (a).
Recall from Section 6 that B = {k € R3 x {1,2} : |k| < 1} and let Py denote the projection
onto the one boson subspace of Hyeq, which is isomorphic to L?(B). Then P H (w’)P;, like

H(w?), is analytic and

PlH(’LUU)Pl = PlHo,O(w”)Pl—|—P1H1,1(w‘7)P1
= D0+Kcr» (35)

where D, denotes multiplication with w&o and K, is the Hilbert Schmidt operator with kernel

Mﬂ(k¢ k) = w(f,l(oa ka k) .

Our strategy is to show first that K, and hence Py Hpo(w?)P; = PiH(w?)P; — K, is analytic.

Then we show that Hyo(w?) is an analytic operator on Hyed.

Step 1: K, is analytic.
For each n € N let {an)}i be a collection of n measurable subsets of B such that

n

B=J@", @n@W =0, i#j, (36)
=1
and
QM) < L:% . (37)
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Let XZ(»n) denote the operator on L?(B) of multiplication with Xgm- Then for i # 7, X( )DUX(.") =

J
(n) (n

0 because x; ’ and X; ) have disjoint support and commute with D,. Together with (35) this

2

implies that

XE”)KO_XE,”) = Xg”)PlH(wU)Plxgn) , for i#£7j.

Since the right hand side is analytic, so is the left hand side and hence

M) = > VK

i#]

is analytic. It follows that o — (@,K((,n)@b) is analytic for all ¢, in L?(B). Now let ¢, €
C(B). Then

(0. K&Pw) — (i, Kaw(

| sy sz (y)dady

IN

n 1/2
[elloo 14l co | Ko [l1s (Z IQEH)P) — 0, (n—o00),

uniformly in o, because the Hilbert Schmidt norm || K,|/gs is bounded uniformly in o (in fact,
it is bounded by ). This proves that (p, K,1) is analytic for all ¢, € C(B). Since C(B) is
dense in L?(B), an other approximate argument using sup, || K, || < oo shows that (p, K,1) is

analytic for all ¢, € L*(B). Therefore o — K, is analytic [16].

Step 2: For each k € B, wg (|k|) is an analytic function of o.
For each n € Nlet fy,, € L?(B) denote a multiple of the characteristic function of By, (k)N
B with || fo k|l = 1. By the continuity of wg,(|k|) as a function of k

wiollkl) = lim \fkn( )PwE o)) dz (38)
= nlLH;O< (fkn)Q HOO( )a*(fk,n)9>

Since a*(fr,n)Q? € PiHyeq the expression (- --), before taking the limit, is an analytic function
of 0. By assumption on wg o, this function is Lipschitz continuous with respect to |k| uniformly
in 0. Therefore the convergence in (38) is uniform in ¢ and hence w§,(|k|) is analytic by the

Weierstrass approximation theorem from complex analysis.

Step 3: Ho,o(w”) = wg o(Hy) is analytic.
By the spectral theorem

(¢, wh o (HfPrea)p) = /[0 , wqo(N)dpg(N) -
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By an application of Lebesgue’s dominated convergence theorem, using sup, [|wg |l < oo, we

see that the right hand side, we call it ¢(o), it is a continuous function of o. Therefore

[ oo - /[0 . ([ w8000 ) a0

for all closed loops I' : ¢ — o(t) in S, with o; constant for all but one j € {1,...,v + 1}.
The analyticity of o — (o) now follows from the analyticity of wg,(A) and the theorems of
Cauchy and Morera. By polarization, w&O(H #Preq) is weakly analytic and hence analytic.

O

8 Iterating the Renormalization Transform

In Section 5 we have reduced, for small |g|, the problem of finding an eigenvalue of H,(s) in the
neighborhood Uy(s) := {z € C|(s,2) € U} of Eqi(s) to finding z € C such that H[s, 2] has
a non-trivial kernel. We now use the renormalization map to define a sequence H (™ [s,2] :=
RH©O) [s, z] of operators on Hyeq, which, by Theorem 7, are isospectral in the sense that
KerH ("“)[s, z] is isomorphic to KerH (n) [s,z]. The main purpose of the present section is to
show that the operators H™[s, 2] are well-defined for all z from non-empty, but shrinking sets
Un(5) \\ {200(5)}, (n — o00). In the next section it will turn out that H[s, z5(s)] has a
non-trivial kernel and hence that 2. (s) is an eigenvalue of H(s). The construction of the sets
U,(s) is based on Theorems 13 and 23, but not on the explicit form of H(¥)[s, 2] as given by
(18). Moreover, this construction is pointwise in s and g, all estimates being uniform in s € V
and |g| < go for some gy > 0. We therefore drop these parameters from our notations and we

now explain the construction of H[z] making only the following assumption:
(A) Up is an open subset of C and for every z € Uy,
HO[2] € B(oo, p/8, p/R).

The polydisc B(oo, p/8,p/8) C H(W) is defined in terms of £ := /p/(4Cy) and p > 0,

where p € (0,1) and C, is given by Theorem 16.
By Lemma 15, we may define HW[z], ..., HN)[2], recursively by

H®[] = R,y (H"V]2]) (39)

provided that HO[2], ..., HN=1[z] belong to B(p/2, p/8, p/8). Theorem 16 gives us sufficient

conditions for this to occur: by iterating the map (3,v) — (8',7) starting with (8o, v0), we

find the conditions

T = (Cyp)" 0 < p/(8CY) (40)
Bn = Bo + (iﬁ Z(pr“)2k> B < p/8Cy), (41)
k=0



forn = 0,..., N — 1. They are obviously satisfied for all n € N if C,p" < 1 and if By, yo are
sufficiently small. Let this be the case and let

EM(z) := (Q, HM[2]Q).

Then it remains to make sure that |[E™(2)| < p/2 for n = 0,..., N — 1. This is achieved by

adjusting the admissible values of z step by step. We define recursively, for all n > 1,
Up:={z€Up_1: |E™ V()| < p/2}. (42)

If z € Uy, H(O)(z) € B(oo, o,0), and p, By, o are small enough, as explained above, then
the operators H™(z) for n = 1,..., N are well defined by (39). In addition we know from
Theorem 16 that H™ (z) € B(c0, B, n), and that

E(n—l) (Z)
p

C
< —ﬂfy?l_l =: . (43)

EM™(z) —
p

This latter information will be used in the proof of Lemma 19 to show that the sets U, are

not empty. We summarize:

Lemma 18. Suppose that (A) holds with p € (0,1) so small, that C.,p" < 1. Suppose o,y <

p/(8Cy) and, in addition,
Cs/p 2 P

. 44
60 + 1— (C'ypu>270 = 8CX ( )
If HO)[2] € B(co, By, 70) for all z € Uy, then H™|z] is well defined for z € U,, and
(M — L pm-1)
H [Z] - ;E (Z) € B(ana/@n”}/ﬂ% fO?” n>1 (45)

with o, B, and v, as in (40), (41), and (43).

The next lemma establishes conditions under which the set Uy and U,, are non-empty. We
introduce the discs
D, :={z€Cllz| <r}

and note that U, = E(”_l)_l(Dp/Q).

Lemma 19. Suppose that (A) holds with Uy > Ea and p € (0,4/5) so small that Cypt < 1
and B(Ey, p) C Uy. Suppose that oy < p/2, Bo,v0 < p/(8Cy) and that (44) hold. If z —
HO)[2] € L(Ha) is analytic in Uy and HO[z] — (Ea — 2) € B(ao, Bo,Y0) for all z € Uy, then

the following is true.

(a) Formn >0, E™ . U, — C is analytic in Uy, and a conformal map from Uyi1 onto D, 5.

In particular, E™ has a unique zero, z,, in U,. Moreover,

B(Ea,p) DU DUy DU D -+ - .
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(b) The limit zoo := limy, o0 2, exists and for e :=1/2 — p/2 —ay > 0,
1 o0
|2n — Zoo| < p"exp (sz_oak> .

Remark. We call a function f : A — B conformal if it is the restriction of an analytic bijection
f:U — V between open sets U D A and V O B, and f(A) = B.

Proof. Since H® is analytic on Uy, it follows, by Theorem 17, that H(™ is analytic on U, for

all n € N. In particular E(™ is analytic on U;. To begin with we prove:
(IY) Ui C B(Ea,p) and B : Uy — D,/ conformally.
By assumption on H (0)(2),
|IEO)(2) — (Bay — 2)| < a0,  Vz e Up. (46)
Hence, if z € E(O)_I(Dz/ﬂe) then

|EBat — 2| <o+ p/2+€<p,

provided € > 0 is chosen sufficiently small. This proves that U; C E(O)_I(D; /2 +o) C B(Eat, p).
Since E(© is continuous, it follows that E(O)_I(D;’ Jotc) is open in C. If
EQ 5O YD, )~ DSy, s a bijection, (47)

then it is conformal on Uy. So it suffices to prove (47). To this end we use Rouche’s theorem.

Letw e D;/2+E. Then E,; —z —w has exactly one zero z € B(Ey, p) and for all z € 0B(FEat, p),

|Eat — 2z —w| > p— |w| > p/2 > ay.
Since, by (46),
(BO(2) = w) = (Bay — 2 — w)| < av,
for all z € B(Ea, p), it follows that E©)(z) — w, like (Ea — 2z — w) has exactly one zero

2 € B(FEat, p). This proves (47) because E(O)_l(D;/2+e) C B(Eat, p).

Next we prove, by induction in n, that
(I,) E"Y.U, - D, 5 conformally.

For n = 1, this follows from I]. Suppose I,,, holds. First note that oy, < ay = (C/p)73, Ineq.
(44), Cy > 1, and p < 4/5 imply
an+p/2<1/2 . (48)
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Thus we can choose a positive € such that

an 4 p/2 42 < 1/2. (49)
We define DS := D;/2+E and D° := D;/2—pe7 so that D2 C D,/ C D3. We claim that
EMTN(D) ¢ B0 (Do) (50)
and that
EM™ : EMY(D3) = (D) s a bijection. (51)

Suppose (50) and (51) hold. Then by (50) and the induction Hypothesis I,,, E(”)_I(Di) cUy.

Since E(™ is continuous on U2, it follows that E (”)_1(Di’r) is open. Since E(™ is analytic, (51)
implies Ip,+1. It remains to prove (50) and (51).

(50) follows from (45) and (49): if |[E™ (2)| < p/2 + € and |E(™(2) — p ' EC=D(2)| < ap,
then |E™1(2)| < p/2 — pe.

To prove (51) we use Rouche’s Theorem. Let w € DS. Then, by (49), pw € D° and the
induction Hypothesis I,, implies that E™ 1 (z) — pw has exactly one zero z € E(”_l)_l(Di).
On the other hand, by (49),

P HEM ()~ pw)| = p EP V()| >, Yz e AEMD (D).
Since, by (45),
(B (2) —w) = p (BT (z) = pw)| o, V2 €Uy,

it follows that E™(z) — w, like EY(2) — pw, has exactly one zero z € E("*l)il(D"_).
Therefore, (51) follows from (50).

(b) By (a), Ugt1 contains z; and all subsequent terms of the sequence (z,,)52 ;. Thus, to
prove that (z,)7%, converges, it suffices to show that the diameter of U,, tends to zero as n
tends to infinity. To this end, let F(*) denote the inverse of the function E®*) : Uk+1 — Dya-
Then

diam(Up41) = diam(F(")(Dp/z))
— diam (E@t) o FO 6 EO ..o pr=1) o =1 o p(m) (Dp/z)) ;o (52)

where we used that z — E®Y(2) := F, — 2 is an isometry. We want to estimate (52) from
above. Let k > 1. For all z € D, 5, by (45),

’pz — g1 <F(k)(z))) < pag, (53)
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and hence |[E*—1 o F()(2)| < pay, + p?/2 < p/2 — €p, where € := 1/2 — p/2 — o is positive
by (48). This shows that E#~1D o F*) maps D, /s into D

»/2—pe- By Cauchy’s integral formula
and by (53),
1 EF:=1D o F®) (1) — pw
L(EFD o FO(2) — po)| = {/ d 4
|0-( o F)(2) — pz)| = o w (54)
< o/ (26%), for 2 € Dy/ope-

It follows that |[(E®*~Y o FRY (2)| = p + ap/(2€?) for z € D,ja—pe- A similar estimate yields

[(E@Y o FOY(2)| <1+ ap/(2p€?) for z € D Using these estimates and (52) we obtain

p/2—pe:

diam(Upp1) < (1+ 040/(2,062))diam(E(0) oFWo...o F"U(D, 5 ,.))

< pnt H 1+ ap/(2pe )) diamD, /5,

< plexp (Zak/(2p62)> :

k=0

where we used that 1 + 2 < exp(x) in the last inequality. This proves (b). O

The following results will allow us to show that z.(s) = info(H(s)), if s € R.

Corollary 20. Suppose the assumptions of Lemma 19 hold, E,; € R, and H(O)(z)* =H© (2)
for all z € B(FEat,p). Then for alln > 0, U,+1 NR is an interval and 8xE(”)(x) < 0 on
Up+1 NR.

Proof. Using an induction argument and the definition of the renormalization transformation

one sees that H™ (2)* = H™(z) for z € U,,. In particular,

EM(z) = EM(z)  forall z € U,.
This together with EM . Upt1 — Dp/2 being a homeomorphism, c.f. Lemma 19, implies that
[anst, bt i= (B[~ p/2, p/2] = Ups1 AR
is indeed an interval. Moreover, by Lemma 19,
FEy—p<ar<ay<..<2p-

We prove by induction that for all n € N,

0, E™ () <0 on [Gnt1,bnt1] - (55)
We begin with n = 0. By assumption on HO[2], |[E©)(2) — (E. — 2)| < ag for z € Uy. For
z = B — p, which belongs to Uy by choice of p, we obtain
(0) 1
|EY (Bat — p) = pl S a0 < 5p
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by assumption on ag. This proves that E)(E, — p) > p/2. Since |[EO)(z)| > p/2 for
& € [Ea; — p,a1] the function E(©) must be positive on this interval. On the other hand it is a
diffeomorphism from [ay,b;] onto [—p/2, p/2] by Lemma 19. It follows that 9, F® (x) < 0 for
x € [a1, by

To prove (55) for n > 1 suppose that

0, E™V(z) <0  on [an,by] . (56)

Let F(™ be the inverse of E™ : U, — D, /. Setting z = 0 in (54) we obtain

(n=1) _ p(n) (o o P P _
0. (B 0 FO)(z) — pa) xzo‘_Q(p/2)2_2a1<p'
This shows that
0 < (E(”_I)OF(”))/(O)
1
_ (5,200 (F®(0 |
(0:2070) PO 5y ey

Hence (9, E™)(F (™ (0)) has the same sign as (9, E~D)(F((0)), which is negative by induc-
tion hypothesis (56). Since E(™ : [apy1,bni1] — [—p/2, p/2] is a diffeomorphism, 9, E™ (z) <
0 for all x € [an+1,bnt1]- O

Proposition 21. Suppose the assumptions of Lemma 19 are satisfied, F,; is real and H©) [z]* =
HO)Z] for z € B(FEuy,p). Then, there exists an a < zso such that HO)[z] has a bounded inverse

forz € (a, z00).-

Proof. Let [an, b, = U, NR, c.f. Corollary 20. Then, by Lemma 19, a1 < az < a3 < ... < 2o
and lim,, oo @y = Zso. We show that H(™[z] is bounded invertible for = € [a,, any1). By a re-
peated application of the Feshbach property, Theorem 7 (i), it will follow that H ™D [z], ..., HO)[z]
are also bounded invertible for = € [ay, any1).
Let & € [an, any1). Then both H(™[z] and H(%) [x] are self-adjoint and, by (34) and (45),
HOle) = Hyle] + (H ] = Hyg[e) > B (@) = €, (57

) )

where we have used that HO%) [z] > E™(z), which follows from 3, < 1. Since the function

E(™ is decreasing on [ay,11, byy1] with a zero in this interval, we know that E( (a,41) > 0. On
the other hand, by construction of Uy, |E™| > p/2 on [a,, any1). Therefore (57) implies that
H™[z] > (p/2—Eyn) > (p/2—Ep/8) > 0, which proves that H (™ [z] is bounded invertible. [
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9 Construction of the Eigenvector

Next we show that zero is an eigenvalue of H(®)[z,]. In fact, we will show that zero is an

cigenvalue of H(™[z,] for every n € N. To this end we define
-1
Qnlz] == xp — X, (H;p)[z]) XPW(") [2]Xp, for z € Uy,
where W) = g — (%). By the definition of H([z] and by Lemma 8 (c),

HO D] Qu 2]l = (M) HO[2) (59)

and moreover, if H™[z]o =0 and ¢ # 0 then Qn-1[2]'; # 0 by Theorem 7. Thus if 0 is an
eigenvalue of H(™[2], then it is an eigenvalue of H(~Y[z] as well, and the operator Qn-1[2]T

maps the corresponding eigenvectors of H(™[z] to eigenvectors of H"~1[z].

Theorem 22. Suppose the assumptions of Lemma 19 hold. Then the limit
0 = lim Qo[200] Q1 [200]-- T3 Qn[200]2
n—oo

exists, (0 £ 0 and HO[z50]p® = 0. Moreover,

[0 = QoI Q e Ty Qu 2 <€ 3 1.
l=n+1

where C = C(p7 3 ’70)

Remark. By Theorem 22 and by Proposition 10 (ii), Qx (par @ ¢(?)) is an eigenvector of H,,

with eigenvalue 2.
Proof. For k,l € N with k <1 we define ¢y ; € Hyeq by

it = (Qr[200] 1) (Qrta[200]T) - - - - (Qr-1[200] T, ) Qi[200]€2.

and we set g 1 = .
Step 1: There is a constant C' < oo depending on &, p and ) 7, such that, for all k,/ € N
with k£ <1

k1 — pra-1ll < Cy

*

By definition of ¢, and since 2 = Iy,

-1

Okl — Phi-1= H(Qn[zoo]FZ)(Ql[Zoo] - Xp)S2.

n=k
where the empty product in the case k£ = [ is to interpret as the identity operator. Since on
Un, [[QuI5l = 1@nll < [[Qn = Xpll +1 < exp [[Qn — X,|| it follows that

-1

ks = pri-ll < exp (Z 1@n[200] = po> 1Qi[z00] = Xl (59)

n==k
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and hence it remains to estimate ||Qn[200] — X,||- By definition of @, on Uy,

Qn =X = X () "%, (H™ — Hyp)x, (60)

and by estimates in the proof of Lemma 15,

n)\—1_ 8 1 n n
1) %< =g I = HGg) < . (61)

Equation (60), combined with the estimates (59), and (61) prove Step 1 with

8 ¢ 8 ¢
Ci=-——exp|-=Y
p1—¢ P pl—é,%%’y

Step 2: For all k € N, the limit
Pk,co ‘= lim Pk,n
n—oo
exists, the convergence being uniform in s, and ¢y, », 7# 0 for k sufficiently large.

Summing up the estimates from Step 1 for all [ with [ > n + 1 we arrive at

(0.0
Phoo = Phnll SC Y m—0,  n— o0,
l=n+1

uniformly in s. Specializing this inequality to n = k — 1 so that ¢, = @ r—1 = {1, we see

that ||orco — Q] < 1= ||| and hence ¢y, o # 0 for sufficiently large k.

Step 3: For all k£ € N,

H(k) [ZOO](Pk,oo[zoo] = 07 and Sok,oo[zoo] 7& 0.
Since H®)[2,.] is a bounded operator and by (58),

H(k)[zoo]cpkm = lim H(k)[zoo]cpk,n

n—oo

n—k+1

= lim (pI)x1) HM [z ]9 (62)

Using H 250 = EOHD (20)Q + (HD [25] — HY5™ [200])2 and
B (o)l < 5, IHO ] = H ™ el | < < 20,

we see that the limit (62) vanishes because lim;,_. p" = 0.
From ¢p_1 . = (Qk—1[200|"},) Pk n, the boundedness of the operator Q, and from Step 2 it
follows that,
k1,00 = (Qr—1[200]T"}) Pk 00-
Since @y ~ belongs to the kernel of H (k) [200], as we have just seen, it follows from Theorem 7
that ¢r_1,00 7# 0 whenever ¢ o, # 0. Iterating this argument starting with & so large that, by
Step 2, ¢k oo # 0, we conclude that ¢y, o # 0 for all k € N. O
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10 Analyticity of Eigenvalues and Eigenvectors

This section is devoted to the proof of Theorem 1. It is essential for this proof, that a neigh-
borhoods Vj C V of sy and a bound g; on g can be determined in such a way that the
renormalization analysis of Sections 8 and 9, and in particular the choices of p and £ are in-
dependent of s € Vy and g < g1. Once Vj and g are found, the assertions of Theorem 1 are

derived from Proposition 17 and the uniform bounds of Sections 8 and 9.

Proof of Theorem 1. Let p > 0 and & C C*! be given by Hypothesis I and Hypothesis III,
respectively. For the renormalization procedure to work, we first choose p € (0,4/5) and a

open neighborhood Vy C V' of sg, both small enough, so that C,p" < 1 and
B(Ea(s),p) C {z|(s,2) € U}, if s € Vp. (63)

This is possible since s +— F,¢(s) is continuous. Let § = |/p/(4C, ). Next we pick small positive

constants «g, By, and g such that

P P
<35 < Q0 < a2 64
ao < 5 Bo < 3C, Y0 3C, (64)
and in addition
C,B/P 2 14

1 - (CXP“)Q% ~ 80y
By Theorems 13 and 23, there exists a g1 > 0 such that for |g] < ¢;

Bo +

Héo) [s,2] — (Eat(s) — 2) € B(ao, o, 0), for (s,2) e U,

where H g(o) [s, z] is analytic on U. We define
U = U
U, = {(s,2) EUp_1:|E"(s,2)| < p/8}.
and
Un(s) :={z|(s, z) € Uy}, n € N.

Then, by (64), (65), and (63) the assumptions of Lemma 19 are satisfied for s € Vj and
Uy = Up(s). It follows that, for all n € N, H™[s,2] = R"HO[s, 2] is well-defined for
(s,2) € Uy, and that U,(s) # 0. By Proposition 17, H™|[s, z] is analytic in U2.

Step 1: zoo(s) = limy, 00 2n(s) exists and is analytic on Vj.

Since H™|[s, 2] is analytic on U2, so is E(™ (s, z). Let z,(s) denote the unique zero of the

function z — E, (s, z) on Uy(s) as determined by Lemma 19. That is,

EM (s, z,(s)) = 0.
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By the implicit function theorem z,(s) is analytic in s. The application of the implicit function
theorem is justified since z — E((s, z) is bijective in a neighborhood of z,(s), and thus in
this neighborhood 9, E(™ (s, 2) # 0. By Lemma 19 (b), z,(s) converges to zs(s) uniformly in
s € Vp. This implies the analyticity of 2z (s) on Vp, by the Weierstrass approximation theorem

of complex analysis.

Step 2: For s € Vj, there exists an eigenvector ¢(s) of H(s) with eigenvalue z(s), such that

1 (s) depends analytically on s.

Since H(™) [s, z] is analytic on U, it follows, by Proposition 17, that

Quls. 2] = Xo(8) = Xo(8) H s, 2] %, ()W s, 2] (s)

P

is analytic on U2, where W) .= H() — H(%). Hence, by Step 1, s — Qu[s, 200 (s)] is analytic

on Vp. It follows that

won(s) := Qols, zoo(s)]I’;Ql[s, Zoo(S)] - .F:Qn[s, Zoo(8)]€2

is analytic on Vj. From Theorem 22 we know that these vectors converge uniformly on Vj to
a vector (0 (s) # 0 and that HO[s, 2.0 ()] (s) = 0. Hence p(®(s) is analytic on Vj and,
by the Feshbach property (Proposition 10(%i)), the vector

h(s) = Qxls, z00(5)] (ar(5) @ 9V (s))

is an eigenvector of H(s) with eigenvalue with zoo(s). Since gqt is analytic on Vj we conclude

that 1 is analytic on V as well.
Step 3: For s € Vo NRY, z50(s) = info(H (s)).

Let s € Vo NR”. Then H(s) is self-adjoint and its spectrum is a half line [E(s),00). By
Step 2, zo0(s) > E(s). We use Proposition 21 to show that zo(s) > E(s) is impossible. Clearly
Eu(s) € R, and HO[s, z]* = HO[s,Z] for z € B(Fa(s),p) is a direct consequence of the
definition of H(® and the self-adjointness of H(s). Hence there exists a number a(s) < zoo(s)
such that H(O)[s, z] has a bounded inverse for all 2 € (a(s), zoo(s)). It follows, by Theorem 7,
that (a(s), ze0(s)) No(H(s)) = 0. Therefore zoo(s) = E(s). O

A Neighborhood of Effective Hamiltonians

The purpose of this section is to prove the following Theorem.
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Theorem 23. Let Hypotheses I, I1I, and III hold for some pu > 0 and U C C x C. For every
€ € (0,1) and every triple of positive constants oy, Bo, Vo, there exists a positive constant g
such that for all g € [0,g1) and all (s,z) € U, (Hy(s) — z,Ho(s) — z) is a Feshbach pair for
x(s), and

H"[s, 2] — (Eat(s) — 2) € B(aw, Bo, 70)- (66)

By Theorem 13 we know that we can choose g sufficiently small such that the Feshbach property
is satisfied. To prove (66) we explicitly compute the sequence of kernels w = (wpn) € We
such that Hg(o) [s,2] = H(w). To this end we recall that, by (18) and (19),

H[s,2] = (Bar — 2) + Hp + (x1(gW — gWX(Hy — 2)5 XgW)X1)at (67)

and we expand the resolvent (H, — z);1 in a Neumann series. We find that
(x1(gW — gWx(Hy — 2)5"XgW)x1)a Z D g a(WE) T Wxa)ar,

where F = X(Hp — z)~'X is a function of Hy, that is, F = F(Hy) with

X2(s,r
F(r) = IM (68)

and X(s,7) = Pat(s) @ 1 + Pat(s) @ X4 (r). Since W = a(G) +a*(G), the Lth term in this series
is a sum of 2” terms. We label them by L-tuples ¢ = (01,09, ...,0r), with 0; € {—,+}, and
we set at(G) := a*(G), a= (G) := a(G). With these notations

CaWE) " Wxi)a = Y, (a H{@ (G)F(Hy)}a™ (G)x1)at- (69)

oe{—,+}t

Next we use a variant of Wick’s theorem (see [6]) to expand each term of the sum (69) in a
sum of normal ordered terms. Explicitly, this means that in each term of (69) the pullthrough

formulas
f(Hy)a* (k) = a™(k)f(Hy + [k]),  a(k)f(Hy) = f(Hy+|k])a(k),

and the canonical commutation relations are used to move all creation operators to the very
left, and all annihilation operators to the right of all other operators. To write down the result

we introduce the multi-indices

m,p,n,q = (mlaplunlaqlﬁ' . 'amL)pLanLaqL) S {07 ]-}4L )

which run over the sets Iy := {m,p,n,q € {0,1}*|m; +p; + n; + ¢ = 1}. The numbers
my, pr, n, q may be thought of as flags that indicate the position of the operator a?!(k) in a
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given normal-ordered term: m; = 1 (n; = 1) if it is a non-contracted creation (annihilation)

operator, py =1 (¢ = 1) if it is a contracted creation (annihilation) operator. We obtain

O (WE) T Wx1 ) (70)
L L
= Z /dkmdkn {H a*(kmz)ml} Vm,p,n,q(Hﬂ K, ]:3@) {H a(l;:m)"l} )
m,p,n,qelr, =1 =1

with

Vinpn,a (7 K, Fn)
L—1
= x1(r+ro(m, n))< {H G (ko)™ G (ki) 0™ (G)Pa(G) U F(Hy + 7 + 71(m, n))}

=1

XG(kmL)mLG*(%nL)"La*(G)”a(G)ql> x1(r +rp(m,n)), (71)
at,Q2

)

where (A)at.0 = (2, (A)aQ2), Q € F being the vacuum vector. Moreover

L
Ky = (miky,...,mpkp), dky =[] dki
I=1,m;=1
~ ~ ~ ~ L ~
kﬂ = (nlkl, o ,nLkL), dkﬂ = H dk;
l:1,nl:1
and
r(m,n) = > kil + Y [kil.
i<l i>141
ml:1 nlzl
Upon summing (70) for L = 1 through oo we collect all terms with equal numbers M =
lm| == 3% my and N = |n| := Y2, m of creation and annihilation operators, respectively.

To this end we need to relabel the integration variables. That is, we distribute the M + N
variables ki, ..., ky € R? x {1,2} and ki,....kny € R® x {1,2} into the M + N arguments of
Vinpng(Ts -, -) designated by m; = 1 and n; = 1. Explicitly this is done by

om(ki, .. ka) = (mikpy, - omikpyry),  m(l) = ij-
j=1

We obtain

ST g a(WR)Y T Wxa ) ug
L>1

- ¥ /B D g, K)alE ) d
M+N>1
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where

by K)= Y (D" YT Vipna(ron (), 0u (V) (72)
L>M+N m,p,n,q€ly,
|m|=M,|n|=N

and K = (kM) k(). Hence Hg(o) = H(w) with

wO,O(T) =FEu—z+r+ Z(_l)LilgL Z ‘/O,p,O,q(T)a (73)
LZI ME{0’1}2L
pi+q=1
and wys,n(r, K) given by the symmetrisation of wys n(r, K) with respect to ki,... k€ R3

and /%1, e kn € R3, respectively.
It remains to show that H(w) — (Eat — z) belongs to the ball B(ay, fo,v0) for g sufficiently
small. To this end we need the following estimates on the operator-valued function (68) and

on its derivative,

X°(s,7) Pai(8) ® 2% (5, 1)0rXa (5, 7)
(Hat(s) — 2 +1)2 Ha(s) — 2+ ’
Lemma 24. Let Hypothesis I and III hold for some p > 0 and U. Then

F'(r)=— (74)

Co := sup supl|(Hy+ 1)F(Hy+r)|| < oo
(s,z)el >0

Ci = sup supl|(Hy+1)F'(Hy+7)| < oo,
(s,z)el >0

for F given by (68).
Proof. To show that Cj is finite we estimate

YQ(S, Hf + T)

su Hy+1
,,213 (H )Hat(s)—z+Hf+r
P 1+ P, X3
N at(s) @1+ at(s)@xl(r+q)H
r,q>0 Hat(s)—z—l—q+r
Pai(s) Xi(r+q)
< su +1 + su +1 Py (s)]].
r,qZpO (q )Hat(S)—Z-i-Q-f—?" r,quO (q )Eat(s)—z—i-q—l—r H at( )H

By Hypothesis III, both terms are bounded on . Similarly C is estimated using (74). O

Proof of Theorem 23. Let Hypothesis I and IIT hold for some p > 0 and U. Let 0 < £ < 1.
By Theorem 13 we know that there exists a go > 0 such that for all |g| < go, (Hg — 2, Hy — 2)
on U is a Feshbach pair for x. Let (s,z) € U. First we derive upper bounds for Vinpmn,g and
O Vinpng. Inserting (Hy + 1)"'(Hy + 1) in front of F(Hy + r + r(m,n)) we obtain, from
Lemm& that

|Vm,p,n,q(7"a K, kn)|

L
= {HHG(kml)H’”lHG(km)H”ZHGHiI*‘”}C§‘1 (SH%HP%(S)H- (75)
=1 s:(s,z)€
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Let Cat := SuD.(s »yeyq | Pat (8)||. Similarly, using (71), (74) and (75) we estimate

|0rVinp,n.a

< 2lxilloo - {
l

Jj—
< G my mzG*(k,m)ma*(Gg)pza(G)qu(Hf +r+mn (m7 n))}
=

Gk m;(;* ken,)™ a*(GY1a(G)Y F'(Hy + 1 +1;(m, n))

J

(76)

:h\ﬁl

km )™ |G (R nl)”anGleJrql}C[)L_lcat

N

L—-1
X H G (k)™ G* (k) )" a* (GYPLa(G)UF (Hy + r + 7/(m, n))
I=j+1

XG(kmL)mLG*(%nL)"La*(G)pLa(Gg)q’>

at,
L
{H |G (Em )™ |G (K, )™ HGHZ’”Z} CatCy 2 (2lIX1lleoCo + (L = 1)C1).  (77)
=1

With the help of (75) and (77) we can now prove the theorem. From (73) and (75) it follows
that

o0
woo(0) = (Ba =) < D2g" 3 [Vopoal0)]
L=2 ME{O,I}QL
pitq=1
o0
L L ~L-1
< Zg Z ||GHwCO Cat
L=2 ME{OJ}QL
pi+q=1
oo
< Cau ) 2MMlGISCE

L=2

which can be made smaller than any positive o for small g. Estimate (77) implies that

[whp = 1leo = sup|woplr] — 1|
T
oo
< s g" D 10 Vopog(r)l
" =2 p,q€{0,1}2L
pitq=1
oo
< D> g" D NGIECKCE T (2C0]IX] lloo + (L = 1)Ch)
L=2 ME{O,l}QL
pi+q=1

< > gMIGIE2 CaCE 2 (2C0|IX o + (L = 1)CY)
L=2

which can be made smaller than any positive Gy for small g. It remains to show that
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[ (Wr,N) pr i y>1 e < o for g sufficiently small. By (72)

lwam,n | < Z g" Z [Vin m,p,n.q

L>M+N m,p,n,q€l
|m|=M,|n|=N

I

where, by a triangle inequality and by (75) and (77)

, dK 1/2
vavpvn7qHu S B1W+N HVm7p1n7q<K)HOO|mT2u

dK 1/2
rV¥m,p,n K 2 T
(o 10V ) e s )

< lIGIEHNIGIE s,

with Sz, := CatCE ™2 (Co + 2||x} || Co + (L — 1)C}), and

1/2
61 = ([ 160 s )

Combining (78) and (79) and find

sl < 329" 30 IGIRENIGIE,

L=1 m,p,n,q€ly,
|m|=M,|n|=N

where the condition L > M + N has been relaxed to L > 1. Therefore

(78)

||(wM,N)M+N21||u7§ = Z 5_(M+N)”wN,MHM
M+N>1
_ M+N
< ZQLSLHGHw Yoo N (GGG )
M+N2>1 m,p,n,q€l,
|m|=M,|n|=N

IN

m1p7n7q€Il

> _ _ L
< > gtSLlIGIE (2 + 267 HIGIS G
L=1

DI arcH [e] 3 I S o el M
L=1

L

This can be made smaller than any positive g for small coupling g. It follows that we can find

a g1 > 0 such that on U, (66) holds for all g € [0, g1). This concludes the proof.

B Technical Auxiliaries

O]

Let L?(R3 x {1,2}, £(Has)) be the Banach space of (weakly) measurable functions T : R? x

{1,2} — L(Hat) with [||T(k)||*dk < oo, and let

1/2
1T = ( JECIR T 1>dk) |
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Lemma 25. If T € L*(R3 x {1,2}, £L(Hat)), then

1/2
la(T)(Hy + 1)) < (/ |rT<k>|Prkr1dk) ,

la* () (Hy + 1)) < T o

For a proof of this lemma see, e.g., [5].

Lemma 26. Suppose the function F : U — L(Hap, L2(R3; Hay)), s — Fy is uniformly bounded
and suppose for a.e. k € R® and all s € U, there exists an operator Fs(k) € L(Hat) such that
Fy(k)p = (Fsp)(k) for all ¢ € Hay. If for a.e. k € R3, the function s — Fy(k) € L(Hy) is

analytic, then F is analytic.

Proof. Let h € L?(R?) and 1, 2 € Hag, and suppose 7 is a nullhomotopic closed curve in U.
Then

/ (h® o1, Fuga)ds = / / Tk (o1, Fu (k) oa)dkds = / (k) / (o1, Fy(k)ga)dsdk = 0,

where we interchanged the order of integration, which is justified since F' is uniformly bounded.
It follows that s — (h ® @1, Fsp2) is analytic. By linearity we conclude that s — (1, Fsp2)
is analytic for all ¢ in a dense linear subset of Hyy ® h. This and the uniform boundedness
imply strong analyticity, see for example the remark following Theorem 3.12 of Chapter III in
[16]. O

Proposition 27. Let R 3 s — T(s) be an analytic family. Suppose there exists an isolated
non-degenerate eigenvector E(s) with analytic projection operator P(s). Let P(s) := 1 — P(s)
and let

I:={(s,2) € RxC | (T(s) — z) is a bijection from D(T(s)) N Ran P(s) to Ran P(s)

with bounded inverse}.
Then T is open and (s,z) — (T(s) — 2) " P(s) is analytic on T.

Proof. Let (so,z0) € I'. There exists in a neighborhood of sy a bijective operator U(s) : H —
H, analytic in s, such that U(s)P(s)U(s)~' = P(sg) and hence U(s)P(s)U(s)~! = P(sq)
(]20] Thm. XIL.12). The operator T(s) = U(s)T(s)U(s)"! is an analytic family. It leaves
Ran P(sg) invariant and thus 7'(s)] Ran P(sq) : Ran P(s0)ND(T'(s)) — Ran P(sq) is an analytic
family as well. By this and the fact that (T'(so) — zo)]Ran P(sq) is bijective with bounded
inverse since (sp,29) € I', it follows by [20] Thm. XII.7 that in a neighborhood of (sg, 2p),
(T(s) — z)]Ran P(sq) is bijective with bounded inverse and (T'(s) — z)~'P(so) is analytic in

both variables. Thus in this neighborhood also the function (T'(s) — z)[ P(s) is bijective with

bounded inverse and (7'(s) — z) ! P(s) is an analytic function of two variables. O
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Theorem 28. Suppose the assumptions of Lemma 19 hold. Then in the norm of L(Hyed),

lim H™ (2) = AH;

for some X\ € C.

Proof. We recall the notations H™ (zo) = H(w(™(2s)) and E™(z) = w(()tg (200,0). Using

the decomposition
O (zu0) = (O (200) = w3 (200, Hy) ) + (103 (200, Hy) = B (220) ) + B (zoc)
the theorem will follow from Steps 1 and 2 below.

Step 1t limy oo | H™ (200) — i} (200, Hy)|| = 0 and limy, oo E™ (zo0) = 0.

From Lemma 18 we know that
H™(z) = p7 E"V(2) € Blan, By ) (80)
for z € U,. By (34) this implies that
1™ (200) = w83 (20, Hp) | < 0™ (200) = w0 (200) [l <90 =0 (n— 00).
By (80),
[E®(2)] < ponsr + pECD ()|, 2 €Uy (s1)

Iterating (81), we find
IEM(2)] <Y prangr + o [ETT(2)],
k=1
which yields,

o0
’E(n) (Zntm)| < Z pkan—l-k'
k=1

Since E(™ is continuous and lim,, o0 2n = Zoo, We arrive at

B (200)] <3 pranix =0, (n—o0).
k=1

Step 2: There exists a A € C such that
: (n) _,(n) _
lim (wg (200, 7) — W' (200,0)) = A1,

n—oo

uniformly in 0 < r < 1.
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To abbreviate the notation, we set T (20, 7) := w(%)(zoo,r) — w™(24,0). From [3]

(3.105-3.107), we have
T (zog,7) = p TV (200, pr) + "V (200, 7) (82)
with e 1) (24,0) = 0 and

sup (10,60 (200, )| + e (200,7)] ) < C2. (83)
rel0,1]

Iterating (82), we arrive at

n—1

T (20,7) = p"TO (200, 077) + 3 p 1R (2, pn 1 H) (84)
k=0

To prove Step 2 we now show that, uniformly in r € [0, 1],

lim T(”)(zoo,r) <8T (200,0 —i—Z(‘?e (200, 0 )

Note that the series on the right hand side converges by (83). Given € > 0 we choose K so
large that

Z CHE <e (85)
k=K

By (84) and the triangle inequality, we find for n > K, (suppressing z)

(1) (r)—r (aTT(O) (0) — i Opek) (0)) '

’,o TO () — rd, 7O (0) ‘ Z’p (n=1=k) oK) (yn=1=kp) _ ), ¥ (0)
+ > | T Re® (R N [ra,eW(0))]
k=K+1 k=K+1

The first two terms on the right hand side converge to zero as n tends to infinity because
T (0) = 0 and ) (0) = 0. The last term on the right hand side is bounded by €, which follows
from Eqns. (83) and (85). Using again (83) and (85) we see that the first term on the last line is
bounded by € as well, since, by the mean value theorem, o~ e(™ (ar)| < SUD¢e[o,1] |e(")/(a£)|r

for a7 € [0, 1]. O
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