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tWe study the group of volume-preserving di�eomorphisms on a manifold. We develop ageneral theory of impli
it generating forms. Our results generalize the 
lassi
al formulas forgenerating fun
tions of symple
ti
 twist maps.1 Introdu
tionA map f : M →M preserves the volume form Ω in a manifold M if
f∗Ω = Ω .For example, if M = R

n and the volume form is Ω = dx1 ∧ dx2 ∧ . . . ∧ dxn, then f is volumepreserving when its Ja
obian has unit determinant, det(Df) = 1.The study of su
h maps is interesting on one hand be
ause volume-preserving maps are a simpleand natural higher-dimensional generalization of the mu
h-studied 
lass of area-preserving maps.On the other hand, the in�nite dimensional group of volume-preserving di�eomorphisms on R
3 isat the 
ore of the ambitious program to reformulate hydrodynami
s [AK98℄. Volume-preservingmaps arise in a number of appli
ations su
h as the study of the motion of Lagrangian tra
ers inin
ompressible �uids or of the stru
ture of magneti
 �eld lines [Hol84, LF92, SVL01, MJM05℄.In this paper we will study the 
onstru
tion of generating forms for exa
t volume-preservingmaps. A similar 
onstru
t, generating fun
tions, is familiar in the exa
t symple
ti
 
ase. Re
allthat a symple
ti
 map f preserves a nondegenerate, 
losed two-form ω = dq ∧ dp de�ned on an

n = 2d dimensional manifold: f∗ω = ω. Exa
t symple
ti
 maps arise when ω is exa
t. For instan
e
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when there exists a Liouville one-form ν on a 
otangent bundle, the symple
ti
 form is de�ned by
ω = −dν. Then f is an exa
t symple
ti
 map if

f∗ν − ν = dL , (1)for a �generating� fun
tion L de�ned on M . If we denote the map by
(Q,P ) = f(q, p) ,and 
hoose, e.g., ν = pdq ≡

∑d
i=1 pidqi, then (1) has the form

PdQ− pdq = dL . (2)The theory of 
anoni
al generating fun
tions regards this as an equation not on M , but on thedoubled phase spa
e N = M ×M with 
oordinates (q, p,Q, P ) [AM78, Eas98℄. In this 
ase, (2)is not valid everywhere on N , but only on the graph F = {(q, p,Q, P ) | (Q,P ) = f(q, p)} ∈ N of
f . Alternatively, we say that L : N → R is a generating fun
tion, with respe
t to ν, if the set onwhi
h the one-form (1) vanishes is pre
isely the graph F . The resulting map f is ne
essarily exa
tsymple
ti
.There are four spe
ial 
ases of (1) that are typi
ally de�ned [GPS02℄. For example, if L isassumed to depend only upon (q,Q), then (2) is equivalent to the impli
it equations

p = −∂qL(q,Q) ,

P = ∂QL(q,Q) .These generate a map when the impli
it equations 
an be solved for (Q,P ); this o

urs under a twist
ondition, ∂qQL(q,Q) 6= 0, that is, the matrix of partial derivatives ∂qiQj
L(q,Q) is either positiveor negative de�nite. Many other generating fun
tions 
an be obtained by other 
hoi
es of the form

ν [Arn78℄.In the following se
tions, we analyze the group of exa
t volume-preserving di�eomorphisms andobtain impli
it generating forms for exa
t volume-preserving maps by mimi
king the symple
ti

onstru
tion. In parti
ular, in some 
ases it is possible to determine an exa
t volume-preservingdi�eomorphism f from an (n− 2)-form Λ on N = M ×M .We start with a dis
ussion of exa
t volume-preserving maps in �2. Examples of generating formswere �rst given�as far as we know�by Carroll [Car04℄, see �3, though he did not use the notationof di�erential forms. The general formulation is given in �4, and additional examples are presentedin the following se
tions. A volume form is not always exa
t, for example when M = T
n. However,in some 
ases a generating form 
an still be obtained on the universal 
over of M as we dis
uss in�7. Appli
ations to maps on T

d × R
k are given in the last se
tion.2 Exa
t Volume-preserving mapsA volume form Ω is exa
t when there exists an (n − 1)-form α su
h that Ω = dα. For this 
ase,exa
t volume-preserving maps 
an be de�ned by analogy with the symple
ti
 
ase.2



De�nition 1. Let (M,Ω) be a manifold in whi
h the volume form Ω is exa
t. Suppose that dα = Ω.A di�eomorphism f : M → M is exa
t volume preserving if there exists an (n − 2)-form λ on Msu
h that
f∗α− α = dλ. (3)We will denote by Diffα (M) the set of exa
t volume-preserving di�eomorphisms with respe
t to α.It is 
lear that if f is exa
t volume preserving, then f−1 is also. Moreover, if f = f1 ◦ f2 isthe 
omposition of exa
t volume-preserving maps with forms λ1 and λ2, respe
tively, then sin
e

(f1 ◦ f2)
∗ = f∗2 f

∗
1 ,

f∗α− α = f∗2 (f∗1α− α) + f∗2α− α = d(f∗2λ1 + λ2) .Thus f is exa
t volume-preserving with
λ = f∗2λ1 + λ2 . (4)Therefore Diffα (M) is a group that 
an be regarded as an in�nite dimensional Lie group. Clearly,if we have two forms α and α̃, for whi
h α− α̃ is exa
t, then Diffα (M) = Diff α̃ (M).When f is exa
t volume preserving, the form λ 
an be used to 
ompute volumes of invari-ant or partially invariant regions. For example, suppose that C is an orientable, boundary-free,
odimension-two manifold that is invariant under f , e.g, if dimM = 3 then C is an invariant 
ir
le.Let S be any 
odimension-one embedded submanifold bounded by C and R be the �region� boundedby S and its image, ∂R = f(S)−S. In other words, suppose that a region R is bounded by S andits image, with the appropriate orientations. The (algebrai
) volume of R is

V ol(R) =

∫

R
Ω =

∫

S
f∗α− α =

∫

C
λ .Generalizations of this formula 
an also be used to 
ompute the �ux of orbits es
aping from aresonan
e zone in terms of the integral of the form λ along hetero
lini
 interse
tions of stableand unstable manifolds [LM08℄. Similar formulas have been extensively used in the symple
ti

ase [MMP84, MMP87, Eas91℄ and should prove useful in studies of volume-preserving transport[PF88, FKP89, Bal05℄.Any exa
t symple
ti
 map of a two-dimensional manifold is exa
t volume-preserving with thevolume form Ω = ω, if we 
hoose the one-form α = −ν and the zero-form λ = −L. This also holdsmore generally.Lemma 1. Any exa
t symple
ti
 di�eomorphism is exa
t volume-preserving.Proof. Let f : M → M be an exa
t symple
ti
 di�eomorphism. The d-fold wedge of the two-form

ω is a volume form1
Ω = ω∧d ≡ ω ∧ ω ∧ · · · ∧ ω

︸ ︷︷ ︸

d

.1The standard volume would be (−1)⌊d/2⌋

d!
Ω. 3



De�ning α = −ν ∧ ω∧d−1 then dα = Ω, and
f∗α− α = f∗

(

−ν ∧ ω∧d−1
)

+ ν ∧ ω∧d−1 = −(f∗ν − ν) ∧ ω∧d−1

= −dL ∧ ω∧d−1 = d(−Lω∧d−1) ,sin
e f∗ω = ω and dω = 0. Thus f is exa
t volume preserving with the 2(d − 1) form λ =

−Lω∧d−1.2.1 Exa
t In
ompressible Ve
tor FieldsOne important aspe
t of the stru
ture of Lie groups is the study of their one-parameter subgroups.Here we 
onsider the subgroups of Diffα (M) generated by exa
t in
ompressible ve
tor �elds. Re
allthat an in
ompressible ve
tor �eld X satis�es LXΩ ≡ (∇·X)Ω = 0, where LX is the Lie derivative.In other words, X is in
ompressible if and only if the 
orresponding �ow ϕt generated by X isvolume-preserving for ea
h t. To �nd a similar 
ondition for exa
t volume-preserving �ows, supposethat the �ow ϕt is an exa
t volume-preserving di�eomorphism for ea
h t. A

ording to Def. 1 thereexists a smooth family of (n− 2)-forms λt su
h that
ϕ∗

tα− α = dλt . (5)Di�erentiating with respe
t to t gives
d

dt
ϕ∗

tα = ϕ∗
tLXα

= ϕ∗
t (iXdα+ diXα) = d

(
∂

∂t
λt

)

.Sin
e dα = Ω, this gives iXΩ = d
(
ϕ∗
−t

∂
∂t
λt − iXα

); 
onsequently, the �ow generated by the ve
tor�eld X is exa
t volume-preserving if and only if iXΩ is exa
t.We will argue that the expression d
(
ϕ∗
−t

∂
∂t
λt

) does not depend on time. Using the groupproperty of the �ow ϕt in (5), it follows that for all t, s ∈ R.
dλs+t = d (ϕ∗

sλt + λs) . (6)Letting β = ∂
∂t

∣
∣
t=0

λt, then di�erentiating (6) with respe
t to t and setting t = 0 gives
d

(
∂λs

∂s

)

= d (ϕ∗
sβ) . (7)Therefore d (

ϕ∗
−t

∂
∂t
λt

)
= dβ and LXα = dβ. Consequently iXΩ = d (β − iXα) is exa
t. Moreover,(7) shows that the form

λt −

∫ t

0
ϕ∗

τβ dτis 
losed and, without loss of generality, we 
an 
hoose
λt =

∫ t

0
ϕ∗

τβ dτ . (8)We summarize these results as a proposition. 4



Proposition 2. Let X be a ve
tor �eld on a smooth manifold M of dimension n with an exa
tvolume form Ω, su
h that Ω = dα, for some �xed (n − 1)-form α. Let ϕt be the �ow generated by
X, and suppose that it is 
omplete. Then the following are equivalent.a) iXΩ is exa
t.b) There exists an (n− 2)-form βX su
h that LXα = dβX .
) For ea
h t ∈ R, there exists an (n− 2)-form λt, (8), su
h that (5) is satis�ed.If a ve
tor �eld on a smooth manifold M satis�es any of the 
onditions of Prop. 2, we will saythat X is an exa
t in
ompressible ve
tor �eld with stru
ture form βX . Another term that has beenused for these ve
tor �elds is �globally Liouville,� see for example [GM03℄. These ve
tor �elds havea Lie algebrai
 stru
ture.Lemma 3. If X,Y,Z are exa
t in
ompressible ve
tor �elds, with stru
ture forms βX , βY and βZthen,a) the Lie bra
ket [X,Y ] is an exa
t in
ompressible ve
tor �eld with stru
ture form

β[X,Y ] = LXβY − LY βX (9)and,b) if f is exa
t volume-preserving with f∗α−α = dλ, the pull-ba
k f∗Z is an exa
t in
ompressibleve
tor �eld with stru
ture form
βf∗Z = f∗βZ − Lf∗Zλ . (10)An interesting exer
ise is to 
he
k that the formulas (9) and (10) are 
ompatible. Sin
e

f∗[X,Y ] = [f∗X, f∗Y ], it must be the 
ase the form βf∗[X,Y ] − β[f∗X,f∗Y ] is 
losed. In fa
t itis possible to show that βf∗[X,Y ] = β[f∗X,f∗Y ] dire
tly from the lemma.Example. Consider the 
ase of a nonautonomous Hamiltonian �ow, generated by a C2 fun
tion
H : R

3 → R. With H(q, p, θ) we form the autonomous Hamiltonian ve
tor �eld given by
XH = (Hp,−Hq, 1)

T . (11)The volume form is Ω = dq ∧ dp ∧ dθ and we 
an 
hoose α = −pdq ∧ dθ so that dα = Ω. Hen
e,
iXH

Ω = dH ∧ dθ + dq ∧ dp ,

iXH
α = −p

∂H

∂p
dθ + pdq .These imply

LXH
α = iXH

Ω + diXH
α = d

(

H − p
∂H

∂p

)

∧ dθ .5



so that we 
an de�ne β = −LHdθ where
LH = pHp −H (12)is the Lagrangian, and

λt = −

(∫ t

0
LH ◦ ϕτ dτ

)

dθ . (13)It is possible to show dire
tly from equation (9) that
β[XH ,XG] = −L{G,H}dθ,where {G,H} = GqHp −GpHq is the Poisson bra
ket.3 Generating Forms: Carroll's ExampleIn this se
tion, we 
onsider the simplest 
ase where M = R

3 and Ω = dx ∧ dy ∧ dz. The map
(X,Y,Z) = f(x, y, z) is volume-preserving when f∗Ω = dX ∧ dY ∧ dZ = Ω. Here we give a simpleexample, based on that of Carroll [Car04℄, of an impli
it generating form for f when it is exa
t.The map f is exa
t volume-preserving when it satis�es (3); however, this notion 
an be slightlygeneralized by noting that there are many 
hoi
es for the form α su
h that Ω = dα, and we 
anuse di�erent representatives for the two forms in (3), f∗α and α. Indeed, letting α̃ and α be twodi�erent su
h representatives, we 
an generalize (3) to

f∗α̃− α = dλ . (14)Sin
e α̃ − α is 
losed and every 
losed form on R
3 is exa
t, this is equivalent to (3) (however, formore general manifolds some additional 
are must be taken, see �7).There are three simple natural 
hoi
es for α: xdy ∧ dz, ydz ∧ dx, and zdx∧ dy. Therefore for αand α̃, there are together, nine possible 
hoi
es. Essentially we are 
hoosing a subset of the variables

(x, y, z,X, Y, Z)�some �old� and some �new��and 
ombining them in a single fun
tion. We willsele
t the one-form λ to depend expli
itly on the variables 
hosen.For example let us 
hoose α̃ = zdx ∧ dy and α = xdy ∧ dz and try to �nd a di�eomorphism
f(x, y, z) = (X,Y,Z) su
h that

f∗α̃− α = ZdX ∧ dY − xdy ∧ dz = dλ ,where λ is a one-form, say,
λ = Φ(y, z,X, Y )dy + Ψ(y, z,X, Y )dY . (15)Here λ is to be thought of as a one-form on R

3; that is, it must be evaluated on the transformation
(X,Y,Z) = f(x, y, z). However, we ignore that for the moment and treat (y, z,X, Y ) as fourindependent variables. The di�erential of (15) is

dλ = ∂zΦdz ∧ dy + ∂XΦdX ∧ dy + (∂Y Φ − ∂yΨ)dY ∧ dy + ∂zΨdz ∧ dY + ∂XΨdX ∧ dY .6



To be 
onsistent with (14) Φ must independent of X, Ψ independent of z, and
x = ∂zΦ(y, z, Y ) , ∂Y Φ(y, z, Y ) = ∂yΨ(y,X, Y ) , Z = ∂XΨ(y,X, Y ) . (16)These three equations lo
ally de�ne a map f , provided that the �rst equation 
an be inverted for Y ,whi
h requires that ∂zY Φ 6= 0, and that the se
ond 
an be solved for X, whi
h requires ∂yXΨ 6= 0.By analogy with the 
ase of symple
ti
 maps, we 
all these 
onditions twist 
onditions. Note thatthe twist 
onditions are geometri
al properties of f and f−1, namely

∂Y

∂x
6= 0 ,

∂y

∂Z
6= 0 . (17)The map f is globally de�ned if for ea
h (y, z) the image of the line Ly,z = {(s, y, z) | s ∈ R}interse
ts every plane PY = {(u, Y, v) | (u, v) ∈ R

2} exa
tly on
e. Conversely, for ea
h (X,Y ) thepreimage of the line LX,Y = {(X,Y, s) | s ∈ R} interse
ts every plane Py exa
tly on
e. This isshown in Fig. 1. Consequently, not every exa
t volume-preserving map has a generating form ofthis type.
x

y

z

X

Y

Z

P
Y

Py

LXY

Lyz

f

f
−1Figure 1: Illustration of the twist 
onditions for the map (16)As an example, let Φ(y, z, Y ) = zY + g(y, Y ) and Ψ(y,X, Y ) = Xy. Then the map generatedby (16) is

(X,Y,Z) = (z + ∂2g(y, x), x, y) ,whi
h is of the form of the shift-like di�eomorphisms studied in [LM98, BP98, LM04, GMO06℄. Ittrivially satis�es the twist 
onditions sin
e Y (x, y, z) = x and y(X,Y,Z) = Z.4 Generating FormsThough we thought of λ in �3 as a form on M = R
3, it is more properly thought of as a form onthe produ
t spa
e N = M ×M . Thus if (x, y, z,X, Y, Z) are the 
oordinates of a point in N , theexpression (15) be
omes a one form on N . To distinguish this new form from the original form on

M , we will 
all it Λ. 7



More generally, let α̃ and α be two (n − 1)-forms su
h that dα = dα̃ = dΩ. Let π1,2 : N → Mbe the proje
tions
π1(m1,m2) = m1 , π2(m1,m2) = m2 . (18)Following the symple
ti
 
ase [AM78, Eas98℄, a generating form will be 
onstru
ted using π∗2α̃−π∗1α,whi
h is an (n − 1)-form on N . Note that if (ξ1, ξ2) ∈ T(m1,m2)N , then (π∗2α̃ − π∗1α)(m1 ,m2)(ξ, η) =

α̃m2(ξ2) − αm1(ξ1).De�nition 2 (Generating Form). An (n − 2)-form Λ on N = M ×M is a generating form withrespe
t to the pair (α, α̃) if the set F ⊂ N on whi
h the form
Γ ≡ π∗2α̃− π∗1α− dΛ (19)vanishes is the graph F = {(m, f(m)) | m ∈M} of a smooth fun
tion f : M →M . In this 
ase, wewill say that the map f is generated by Λ.The idea of using a form to de�ne a submanifold is very old. It goes ba
k to the questionof solving Pfa�an equations to de�ne subbundles of a ve
tor bundle, in parti
ular of the tangentbundle. Our situation does not 
orrespond to the Pfa�an, sin
e we are dealing with the zero-setof a form 
onsidered as a se
tion. A Pfa�an usually has 
onstant rank, so its zero-set would beempty. For more information on Pfa�an systems, 
f. [LM87℄.The notion of Def. 2 is equivalent to that of (14). Indeed, if j : M → N represents the embedding

j(m) = (m, f(m)), note that π1 ◦ j = idM and π2 ◦ j = f . The impli
ation is that a generated mapis exa
t.Proposition 4. If Λ generates a map f with respe
t to (α, α̃), then f is exa
t volume-preservingwith
f∗α̃− α = dλ . (20)where λ = j∗Λ.Another impli
ation of Def. 2 is that the resulting map is invertible. Moreover, there is a simplerelation between the generating fun
tion of a map f and its inverse.Proposition 5. If f is generated by Λf and f is invertible then the inverse is generated by
Λf−1 = −σ∗Λf ,where σ : N → N is the permutation σ(m1,m2) = (m2,m1).Sin
e by assumption dα̃ = dα = Ω, the di�eren
e α̃−α is 
losed. If this di�eren
e is also exa
t,then α̃ = α+ dβ. In this 
ase, if f is exa
t volume preserving with respe
t to the pair (α, α̃), it isalso exa
t with respe
t to (α,α): f∗α − α = f∗(α̃ − dβ) − α = d(λ − f∗β). This same propertyholds for generating forms.Lemma 6 (Legendre Transformations). If Λ is a generating form for f with respe
t to (α, α̃) then

Λ + π∗2β̃ − π∗1β is as well, with respe
t to the pair (α+ dβ, α̃ + dβ̃) for any (n− 2)-forms β and β̃.8



Proof. It is enough to noti
e from (19) that
Γ = π∗2

(

α̃+ dβ̃
)

− π∗1 (α+ dβ) − d
(

Λ + π∗2 β̃ − π∗1β
)

. (21)This property is analogous to the Legendre transformations between various symple
ti
 gener-ating fun
tions [Arn78, GPS02℄. For example in R
n, any even permutation,

p(i)(x1, x2, . . . , xn) = (xi1 , xi2 , . . . , xin) ,is an exa
t volume-preserving di�eomorphism. Thus, if α(i) = p∗(i)α, then there is an (n − 2)-form
β(i) su
h that α(i) −α = dβ(i). Consequently, if Λ is a generates f with respe
t to (α,α), then (21)gives new generators with the permuted forms

π∗2α(i) − π∗1α(j) = dΛ(i),(j)where
Λ(i),(j) = Λ + π∗2β(i) − π∗1β(j) . (22)In this way, beginning with a basi
 form, say α = x1dx2 ∧ . . . ∧ dxn, and an asso
iated generator,we 
an obtain generators for the 1

2n! evenly permuted forms α(i) = xi1dxi2 ∧ . . . ∧ xin . Sin
e ea
hpermutation 
an be done on ea
h 
opy of M , there are (1
2n!)2 possibilities.5 Thirty-Six Generating Forms on R

3For R
3, we will begin with the basi
 form zdx ∧ dy, and by even permutation 
onstru
t the twoadditional forms xdy ∧ dz, and ydz ∧ dx. Sin
e any of the three 
an be used as well for α̃, thereare nine 
hoi
es for the form Γ. For ea
h su
h 
hoi
e, we will see that there are four possiblerepresentations for Λ. Thus overall we will �nd thirty-six di�erent generating forms. These areanalogous to the four basi
 generating fun
tions for area-preserving maps [Arn78, GPS02℄.To 
atalog the possibilities, begin by 
hoosing α̃ = α = zdx ∧ dy, and 
onsider the generatingequation

Γ = ZdX ∧ dY − zdx ∧ dy − dΛ = 0 (23)on the graph of a smooth fun
tion F = {(m, f(m)) ∈ R
3 ×R

3 | m ∈ R
3}. A general one-form on Nwill have terms for ea
h of the six 
oordinates (x, y, z,X, Y, Z); however, to be 
onsistent with (23),

dΛ 
an have no terms involving dz and dZ. This implies that any z and Z dependen
e of Λ 
an be
olle
ted into terms that are total di�erentials: these give no 
ontribution to the determination of
f . Consequently, we set Λ = Adx+Bdy+CdX+DdY where the fun
tions A,B,C, and D dependonly upon the four variables (x, y,X, Y ). Substitution into (23) then gives six equations. The �rsttwo are dynami
al in nature,

z = ∂yA− ∂xB , Z = ∂XD − ∂Y C ,9



and the last four are the impli
it 
onsisten
y equations
∂XA = ∂xC , ∂YA = ∂xD ,

∂XB = ∂yC , ∂YB = ∂yD .There is a redundan
y in these 
onsisten
y equations that 
an be tra
ed to the de�nition of Λ.Indeed, if we were to impose any one of these equations from the outset, we 
ould rewrite Λ asa form 
ontaining only two terms, up to a perfe
t di�erential. For example, the �rst 
onsisten
yequation implies that Adx + CdX = dζ − ∂yζdy − ∂Y ζdY where�sin
e ∂XA = ∂xC�we 
an set
ζ =

∫
CdX =

∫
Adx. Sin
e dζ does not enter into the generating equation (23), A and C 
an bee�e
tively eliminated so that Λ be
omes Bdy +DdY . Two of 
onsisten
y equations now redu
e to

∂XB = ∂xD = 0, whi
h implies Λ = B(x, y,X)dy +D(y,X, Y )dY . There remain three equationsto impli
itly determine the three 
omponents of the map (X,Y,Z) = f(x, y, z):
z = −∂xB(x, y,X) , ∂YB(x, y,X) = ∂xD(y,X, Y ) , Z = ∂XD(y,X, Y ) .This map is well-de�ned only if these impli
it equations 
an be inverted. The �rst equation 
anbe solved for X(x, y, z) only if ∂xXB 6= 0, and the se
ond 
an then be solved for Y (x, y, z) onlyif ∂xYD 6= 0. More spe
i�
ally f must satisfy two 
onditions: the 
urves C = {X(x, y, z) | z ∈

R}, and C̃ = {y(X,Y,Z) | Z ∈ R} must be bije
tions onto R for ea
h �xed (x, y) and (X,Y ),respe
tively. This will o

ur, for example, if the derivatives ∂X/∂z and ∂y/∂Z are uniformlypositive and bounded:
0 < ℓ1 ≤

∂X

∂z
,
∂y

∂Z
≤ ℓ2 <∞ .A similar redu
tion of Λ to two terms 
an be performed by imposing ea
h of the remainingthree 
onsisten
y equations, giving four basi
 generating forms as shown in Tbl. 1. These four aregeometri
ally distin
t in that they have distin
t twist 
onditions.Additional generating forms 
an be obtained from Tbl. 1 using the Legendre transformation (22)to 
hange the forms π∗2α = ZdX ∧ dY and π∗1α = zdx ∧ dy into the eight remaining permutations.Spe
i�
ally let p(231)(x, y, z) = (y, z, x) and p(312)(x, y, z) = (z, x, y) denote the even permutations.Then

p∗(231)α− α = xdy ∧ dz − zdx ∧ dy = d(−xzdy) ,

p∗(312)α− α = ydz ∧ dx− zdx ∧ dy = d(yzdx) .Thus, the generator for
π∗2α− π∗i p

∗
(231)α = ZdX ∧ dY − xdy ∧ dz ,be
omes
Λ(231),0 = Λ0,0 + xzdy .For example, to reprodu
e the results of �3 we sele
t the dy and dY 
omponents for Λ, so we beginwith the B-D form for Λ0,0 to obtain

Λ(231),0 = (B(x, y, Y ) + xz)dy +D(y,X, Y )dY = Â(y, z, Y )dy +D(y,X, Y )dY10



Λ0,0 Adx Bdy

A(x, y,X) , C(x,X, Y ) B(x, y,X) , C(y,X, Y )

z = ∂yA z = −∂xB

CdX ∂XA = ∂xC ∂XB = ∂yC

Z = −∂Y C Z = −∂Y C

∂X
∂z

6= 0 , ∂x
∂Z

6= 0 ∂X
∂z

6= 0 , ∂y
∂Z

6= 0

A(x, y, Y ) , D(x,X, Y ) B(x, y, Y ) , D(y,X, Y )

z = ∂yA z = −∂xB

DdY ∂YA = ∂xD ∂YB = ∂yD

Z = ∂XD Z = ∂XD

∂Y
∂z

6= 0 , ∂x
∂Z

6= 0 ∂Y
∂z

6= 0 , ∂y
∂Z

6= 0Table 1: Four basi
 generating forms with respe
t to α̃ = α = zdx ∧ dy. Shown are the independent variables forea
h fun
tion, the three impli
it mapping equations, and the two twist 
onditions.As indi
ated, the mapping equation Bx = −z, be
omes a new 
onsisten
y 
ondition: ∂xÂ = 0. The
onsisten
y 
ondition ∂zB = 0 be
omes a new mapping equation
∂zÂ = ∂zB + x = x .The remaining two equations are un
hanged, reprodu
ing the system (16). Alternatively, the per-mutation 
an also dire
tly be applied to the labels (x, y, z) in Tbl. 1 to transform the entire table intothat for Λ(231),0, see Tbl. 2. Note that the twist 
onditions for the generated maps are geometri
allydistin
t.Similar tables are easily 
onstru
ted for the remaining permutations to give a total of thirty-sixdi�erent generating forms.As an example of the forms shown in Tbl. 2, 
onsider the B-C type generating form

Λ = (−yX + g(y, z) − h(X, z))dz + (−zY − k(X,Y ))dX .The generated map is
X = x+ gy(y, z) ,

Y = y + hX(X, z) ,

Z = z + kY (X,Y ) .

(24)The twist 
onditions are trivially satis�ed: ∂xX(x, y, z) = 1 and ∂Zz(X,Y,Z) = 1. The mu
h-studied ABC-map has this form [FKP88, PF88℄. The map (24) is the 
omposition of three, exa
tvolume-preserving shears, e.g., maps of the form (X,Y,Z) = (x+F (y, z), y, z). It is also a �rst-ordervolume-preserving integrator of the in
ompressible �ow with ve
tor �eld (gy(y, z), hx(x, z), ky(x, y))[MQ01℄. 11



Λ(231),0 Ady Bdz

A(y, z,X) , C(y,X, Y ) B(y, z,X) , C(z,X, Y )

x = ∂zA x = −∂yB

CdX ∂XA = ∂yC ∂XB = ∂zC

Z = −∂Y C Z = −∂Y C

∂X
∂x

6= 0 , ∂y
∂Z

6= 0 ∂X
∂x

6= 0 , ∂z
∂Z

6= 0

A(y, z, Y ) , D(y,X, Y ) B(y, z, Y ) , D(z,X, Y )

x = ∂zA x = −∂yB

DdY ∂YA = ∂yD ∂YB = ∂zD

Z = ∂XD Z = ∂XD

∂Y
∂x

6= 0 , ∂y
∂Z

6= 0 ∂Y
∂x

6= 0 , ∂z
∂Z

6= 0Table 2: Four basi
 generating forms with respe
t to α̃ = zdx ∧ dy and α = xdy ∧ dz.6 Some Generating forms on R
nIn this se
tion we 
onstru
t a generating form for M = R

n, 
hoosing�for simpli
ity,
π∗1α = (−1)n−1xndx1 ∧ · · · ∧ dxn−1,

π∗2α̃ = X1dX2 ∧ · · · ∧ dXn .Here we use the 
oordinates (x1, . . . , xn,X1, . . . ,Xn) ∈ N = M ×M . This 
hoi
e will reprodu
eformulas that, as far as we know, �rst appeared in [Car04℄.The form Λ will depend upon the n− 2 variables (x1, x2, . . . xn−1,X2,X3, . . . ,Xn). To developthe notation for this form, de�ne the proje
tions hk : N →M by
hk(x1, . . . , xn,X1, . . . ,Xn) = (x1, . . . , xk,Xk+1, . . . ,Xn), (25)for ea
h k = 1, . . . , n− 1. Similarly for ea
h k, de�ne the (n− 2)-form on M

ρk ≡ Φk dx1 ∧ · · · ∧ dxk−1 ∧ dxk+2 ∧ · · · ∧ dxnwhere Φk ∈ C2(M,R). Noti
e that h∗kρk is an (n− 2)-form de�ned on N .Theorem 7. Let Φ1, . . . ,Φn be smooth fun
tions on M . Assume that there exist two 
onstants
ℓ1, ℓ2 > 0 su
h that, for all k = 1, . . . , n− 1 and all m ∈M , one has

0 < ℓ1 ≤
∣
∣
∣∂k,k+1Φ

k(m)
∣
∣
∣ ≤ ℓ2 .Then, the n − 2-form Λ =

n−1∑

k=1

h∗kρk is a generating form and the generated map (X1, . . . ,Xn) =12



f(x1, . . . , xn) is impli
itly given by the n equations
X1 = ∂2Φ

1(x1,X2, . . . ,Xn) ,

∂kΦ
k(x1, . . . , xk,Xk+1, . . . ,Xn) = ∂k+2Φ

k+1(x1, . . . , xk+1,Xk+2, . . . ,Xn) ,

∂n−1Φ
n−1(x1, . . . , xn−1,Xn) = xn .

(26)for k = 1, . . . , n− 2.Proof. This is a straightforward 
omputation. The di�erentials of the basi
 forms are
dρk =(−1)k−1

(

∂kΦ
k
)

dx1 ∧ · · · ∧ dxk ∧ dxk+2 ∧ · · · ∧ dxn

+ (−1)k−1
(

∂k+1Φ
k
)

dx1 ∧ · · · ∧ dxk−1 ∧ dxk+1 ∧ · · · ∧ dxn .This implies that, as a form on N = M ×M , Λ satis�es:
dΛ =

n−1∑

k=1

(−1)k−1
[(

∂kΦ
k ◦ hk

)

dx1 ∧ · · · ∧ dxk ∧ dXk+2 ∧ · · · ∧ dXn

+
(

∂k+1Φ
k ◦ hk

)

dx1 ∧ · · · ∧ dxk−1 ∧ dXk+1 ∧ · · · ∧ dXn

]

.Rearranging the terms in the sum we �nd that
dΛ =

(
∂2Φ

1 ◦ h1

)
dX2 ∧ · · · ∧ dXn + (−1)n

(
∂n−1Φ

n−1 ◦ hn−1

)
dx1 ∧ · · · ∧ dxn−1

+

n−2∑

k=1

(−1)k
(

∂k+2Φ
k+1 ◦ hk+1 − ∂kΦ

k ◦ hk

)

dx1 ∧ · · · ∧ dxk ∧ dXk+2 ∧ · · · ∧ dXn .Therefore, in order to satisfy
(π∗2α̃− π∗1α− dΛ) (x1, . . . , xn,X1, . . . ,Xn) = 0 ,one needs to have, for k = 1, . . . , n− 2,

X1 − ∂2Φ
1 ◦ h1 = 0 ,

∂k+2Φ
k+1 ◦ hk+1 − ∂kΦ

k ◦ hk = 0 ,

xn − ∂n−1Φ
n−1 ◦ hn−1 = 0 .

(27)Equations (26) and (27) are the same. The 
onditions on the fun
tions Φk imply that we 
an solvefor (X1, . . . ,Xn) in terms of (x1, . . . , xn) and vi
e versa.For example, on R
3 with 
oordinates (x, y, z), this redu
es to the generating form

Λ0,(231) = Φ1(x, Y, Z)dZ + Φ2(x, y, Z)dx ,whi
h is a permuted version of the A-D form in Tbl. 1.
13



7 Generators on Other ManifoldsWhen M has nontrivial homology, the volume form Ω on M need not be exa
t, in whi
h 
ase α
annot even be de�ned. Even if an (n − 1)-form α 
an be de�ned, there might not be su�
ientfreedom to sele
t these forms to obtain a well-de�ned generator Λ onM×M . However, in this 
ase,we may still be able to �nd a generator on the universal 
over of M sin
e it is simply 
onne
ted.Suppose that p : C → M is a 
over of M and that the volume form p∗Ω on C is exa
t. In this
ase, even if the original Ω is not exa
t, it is possible to �nd generating forms on the universal 
over.We now 
onstru
t Λ on the produ
t spa
e for the universal 
over N = C×C. If Λ is a generatingform on N , then it generates a map g : C → C. This map will be the lift of a map f : M →M if
p ◦ g = f ◦ p .We will show that for this to o

ur it is su�
ient that Γ be invariant under an extension of thegroup of de
k transformations of p to the spa
e C × C.Re
all that the group of de
k transformations of a 
over p is T = {t : C → C | p ◦ t = p}.Obviously p× p : C ×C →M ×M is a 
over of M ×M and the group of de
k transformations on

C × C is
U = {(t1, t2) : C × C → C × C | t1, t2 ∈ T} ;indeed, if (t1, t2) ∈ U then (p, p)◦(t1, t2) = (p, p). We will say that a subgroup ∆ of U is of diagonaltype if it is of the form

∆ = {(t, ψ(t)) ∈ U | t ∈ T}for some �xed group automorphism ψ : T → T . For instan
e, if we take ψ = idT , then ∆ is thediagonal. In general, ∆ is isomorphi
 to the original group T . Invarian
e of Λ under ∆ implies thatits generated map is a lift.Lemma 8. Suppose that C is a 
over ofM , α and α̃ are n−1 forms in C su
h that p∗Ω = dα = dα̃,and Λ is a generator with respe
t to (α, α̃) of an exa
t volume-preserving map g on C. Then, if
Γ = π∗2α̃−π∗1α− dΛ is invariant under a subgroup of the de
k transformations of C×C of diagonaltype, g is the lift of a volume-preserving map f on M . In addition, if Ω is exa
t, then f is exa
tvolume-preserving.Proof. By assumption Γ vanishes at (c, g(c)) ∈ N for ea
h c ∈ C. Sin
e Γ is invariant under ∆,
(t, ψ(t))∗Γ = Γ. Therefore Γ also vanishes at (t(c), ψ(t)(g(c)). Equivalently,

g ◦ t = ψ(t) ◦ g .Consequently, the two points t(c) and c, whi
h proje
t to the same point m = p(c), have the sameproje
ted image p(g(t(c)) = p(g(c)). But this implies that f(m) is uniquely de�ned and satis�es
p ◦ g = f ◦ p.Now p∗Ω is a volume form on C and g preserves p∗Ω. Hen
e

p∗f∗Ω = (f ◦ p)∗Ω = (p ◦ g)∗Ω = p∗Ω. (28)14



Sin
e p is a lo
al di�eomorphism, we 
on
lude that f∗Ω = Ω. When the original volume form isexa
t, the same argument 
an be used to show that f is also exa
t.Note that even when Γ is invariant under ∆, the form Λ need be, and thus may not have awell-de�ned proje
tion on M ×M . Nevertheless, the proje
ted map is well-de�ned whenever Γ isinvariant under a suitable subgroup ∆.Example. A simple example 
orresponds to the two-dimensional, generalized standard map
f(x, y) = (x+ y − V ′(x), y − V ′(x)) . (29)where V (x+ 1) = V (x) is the potential. We 
an think of this map as being de�ned on the 
ylinder

M = T × R. In this 
ase, the universal 
over is C = R
2. The group T of de
k transformations isgenerated by a single transformation: T = 〈φ1〉, where φ1(x, y) = (x+1, y). Using the volume form

Ω = dy ∧ dx, we may sele
t α = α̃ = ydx, and obtain the generating form
Λ =

1

2
(X − x)2 − V (x) , (30)whi
h is a zero-form on C × C, but not on M ×M . On the manifold C × C, we will use the thediagonal extension ∆ of T that 
onsists of the transformations u(x, y,X, Y ) = (x+ k, y,X + k, Y )for integer k. In other words, we simple use ψ = idT in the argument above. It enough to 
he
kthat the form Γ = Y dX − ydx − dΛ is invariant under (φ1, φ1). Thus the generated map proje
tsto an exa
t volume-preserving map on T × R.We 
an also think of (29) as a
ting on M = T

2. In this 
ase dy ∧ dx is 
losed, but not exa
t:
α = ydx is not a form on M . The universal 
over is still R

2; however, the de
k transformationgroup is now T = {t(x, y) = (x+m, y + n) | m,n ∈ Z} whi
h is generated by two transformations:
T = 〈φ1, φ2〉, where

φ1(x, y) = (x+ 1, y) ,

φ2(x, y) = (x, y + 1) .The zero-form (30) is still a generator on the 
over; however, the one form
Γ = Y dX − ydx− dΛ = (Y −X + x)dX − (y −X + x+ V ′(x))dxis not invariant under the trivial diagonal extension of T . Instead, de�ne a di�erent subgroup ∆ by
hoosing the automorphism ψ so that ψ(φ1) = φ1 and ψ(φ2) = φ1 ◦ φ2 = φ2 ◦ φ1 ≡ φ3. Now, thesubgroup ∆ is generated by the pairs
u1(x, y,X, Y ) = (φ1, φ1)(x, y,X, Y ) = (x+ 1, y,X + 1, Y ) ,

u2(x, y,X, Y ) = (φ2, φ3)(x, y,X, Y ) = (x, y + 1,X + 1, Y + 1) .The form Γ is invariant under these de
k transformations: u∗1Γ = Γ and u∗2Γ = Γ. Thus every map
g : R

2 → R
2 generated in this way has the symmetries:

g ◦ φ1 = φ1 ◦ g ,

g ◦ φ2 = φ3 ◦ g .Therefore g is the lift of a well-de�ned map of T
2.15



8 One-A
tion MapsAn a
tion-angle map f a
ts on the manifold M = T
d × R

k, having d angle variables, θ ∈ T
d, and ka
tion variables, z ∈ R

k. As an example, 
onsider the generalization of (29)
f(θ, z) = (θ + ρ(z + F (θ)), z + F (θ)) (31)for a �rotation ve
tor� ρ : R

k → T
d and �for
e� F : T

d → R
k. Examples with two angles and onea
tion have been mu
h studied, 
f. [FKP88, CFP96℄. Here we will 
onsider this 
ase, setting d = 2and k = 1 and

Ω = dz ∧ dθ1 ∧ dθ2 , α = zdθ1 ∧ dθ2 . (32)The map (31) is volume preserving. It is easiest to see this by noting that f = f1 ◦ f2 for thevolume-preserving shears f1(θ, z) = (θ + ρ(z), z) and f2(θ, z) = (θ, z + F (θ)). Moreover, the map
f1 is always exa
t, it satis�es (3) with λ1 = iW dθ1 ∧ dθ2 = W1dθ2 −W2dθ1 with Wi = zρi −

∫
ρidz.By 
ontrast, f2 is exa
t only when

∫

Td

F (θ) dθ1 ∧ dθ2 = 0 .This is true if there a ve
tor �eld G : T
2 → R

2 su
h that ∇·G = F . In this 
ase the λ2 = iGdθ1∧dθ2.Finally, the form λ for f is de�ned using (4).A rotational torus is a two-dimensional torus homotopi
 to the zero se
tion {(0, θ) | θ ∈ T
2}.The net �ux 
rossing a rotational torus T is the di�eren
e between the volume �below� f(T ) andthat below T :

F(T ) =

∫

T
f∗α− α . (33)When f is exa
t, then F(T ) = 0. A 
onsequen
e is that f(T ) ∩ T 6= ∅. In fa
t, this interse
tionproperty has been used in generalizing KAM theory for exa
t volume-preserving maps [Xia92℄.The natural integrable 
ase of (31) is

f(θ, z) = (θ + ρ(z), z) , (34)For this map, the phase spa
e is foliated by invariant two-tori. Interestingly under some 
onditionson ρ, a version of KAM-theory 
an be applied to this system to imply that a Cantor-set of these toriare preserved when f is smoothly perturbed, but remains exa
t volume-preserving [Sun84, Xia92℄.Indeed, exa
tness is a ne
essary requirement for the existen
e of rotational invariant tori. Sup-pose that T and T̂ are rotational tori and f is volume-preserving, then the volume 
ontainedbetween them, ∆V =
∫

T̂ α −
∫

T α, is invariant. This implies that the �ux F is independent of the
hoi
e of torus. Consequently if f has an invariant torus then its net �ux must vanish, F = 0. Sin
e
F(T ) = 0 for any rotational torus, f∗α− α must be exa
t. Therefore a ne
essary 
ondition for theexisten
e of rotational invariant tori is that f be exa
t volume-preserving.When M = T

2 × R, there is only one 
hoi
e for α that will make the standard volume formexa
t, (32). Thus, we will 
onsider a generating equation of the form
Γ = π∗2α− π∗1α− dΛ

= ZdΘ1 ∧ dΘ2 − zdθ1 ∧ dθ2 − dΛ .16



Taking T
2 = R

2/Z2, we 
an de�ne the generating form Λ on the universal 
over, C = R
3, of M .Using (θ, z,Θ, Z) as 
oordinates on R

3 × R
3, a suitable generating form is

Λ = [(Θ1 − θ1)Z − Φ(θ1,Θ2, Z)] dΘ2 − [(Θ2 − θ2)z − Ψ(θ1, z,Θ2)] dθ1. (35)The appropriate diagonal extension of the group of de
k transformations of C 
onsists of thetransformations
uk(θ, z,Θ, Z) = (θ + k, z,Θ + k,Z) , k ∈ Z

2 .In order for Λ to generate the lift of a map on M , it must be invariant: u∗kΛ = Λ. This requirementis easily seen to be satis�ed by (35) when Φ and Ψ are periodi
 in ea
h of their angular arguments.The di�erential of the generating form (35) is
dΛ =(z − Z − ∂θ1Φ − ∂Θ2Ψ) dθ1 ∧ dΘ2

+ (Θ1 − θ1 − ∂ZΦ) dZ ∧ dΘ2 + (θ2 − Θ2 + ∂zΨ) dz ∧ dθ1

+ ZdΘ1 ∧ dΘ2 − zdθ1 ∧ dθ2 .Note that in this 
ase dΛ in
ludes the terms in π∗2α− π∗1α. The remaining three terms in dΛ mustvanish, and this determines the generated map
Θ1 = θ1 + ∂ZΦ(θ1,Θ2, Z) ,

Θ2 = θ2 + ∂zΨ(θ1, z,Θ2) ,

Z = z − ∂θ1Φ(θ1,Θ2, Z) − ∂Θ2Ψ(θ1, z,Θ2) .This map is one-to-one when ∂zΘ2Ψ 6= 1 and ∂θ1ZΦ 6= −1. This map will have the form of aperturbation of the integrable map (34) if we set
Φ = H1(Z) + ǫF (θ1,Θ2) ,

Ψ = H2(z) + ǫG(θ1,Θ2) ,whi
h gives the semi-expli
it map
Θ1 = θ1 + ∂ZH1(Z) ,

Θ2 = θ2 + ∂zH2(z) ,

Z = z − ǫ[∂θ1F (θ1,Θ2) + ∂Θ2G(θ1,Θ2)] .9 Con
lusionsWe have shown that exa
t volume-preserving maps on an n-dimensional manifold 
an have impli
itgenerating (n− 2)-forms in the same way that symple
ti
 maps 
an have impli
it generating fun
-tions (zero forms). In both 
ases, the generated maps must satisfy 
ertain ne
essary geometri
al
onditions that we have 
alled twist 
onditions. For the n-dimensional 
ase, there are n − 1 su
h17




onditions. It would be interesting to 
hara
terize the exa
t volume-preserving di�eomorphismsthat 
an be generated in this way in terms of a suitable set of twist 
onditions.One of the reasons for de�ning generating fun
tions is to obtain variational prin
iples. These areused to great e�e
t, for example, in Aubry-Mather theory for area-preserving twist maps [Mei92℄.Variational prin
iples for exa
t in
ompressible ve
tor �elds have been studied by Gaeta and Morano[GM03℄ (where they were 
alled �globally Liouville ve
tor �elds�). It would be interesting to extendtheir analysis to the map 
ase.Another possible use for generating forms is as integration algorithms for in
ompressible �ows.Impli
it generators are 
ommonly used in symple
ti
 integration algorithms [MQ01℄.Generating fun
tions for symple
ti
 maps are also used to 
ompute the symple
ti
 area of lobesin the theory of transport. We will generalized this result to the exa
t volume-preserving 
ase in aforth
oming paper [LM08℄.Referen
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