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1 Introduction

In this article, we study the global well-posedness of the semi-relativistic Schrodinger-Poisson
system on a finite domain. This system is relevant to the description of many-body semi-
relativistic quantum particles in the mean-field limit (for instance, in heated plasma), when
the particles move with extremely high velocities. Consider semi-relativistic quantum parti-
cles confined in domain € C R? which is an open, finite volume set with a C? boundary. The
particles interact by the electrostatic field they collectively generate. In the mean-field limit,
the density matrix that describes the mized state of the system satisfies the Hartree-von
Neumann equation

{i@tp(t) = [Hy,p(t)], 2€Q, t>0

~AV =n(t,x), n(t,z) = p(t,z,z), p(0)=py (1.1)

satisfying Dirichlet boundary conditions, p(t,z,y) = 0 if z or y € 99, for t > 0. The
Hamiltonian is given by

Hy =T + V(t, 1) (1.2)

where the relativistic kinetic energy operator T, := v—A + m? — m is defined via the
spectral calculus. Here, A denotes the Dirichlet Laplacian on L?(Q), and m > 0 is the
particle mass; see [3, 2] for a derivation of this system of equations in the non-relativistic
case. Since p(t) is a positive, self-adjoint trace-class operator acting on L*((2), its kernel can,
for every t € R, be decomposed with respect to an orthonormal basis of L?(2). The kernel
of the initial data py can be represented in the form

po(z.y) = Y Mtbn(z) U (y) (1.3)

keN

where {1 }ren denotes an orthonormal basis of L?(Q), with 1;|aq = 0 for all k¥ € N, and
coefficients

A = {/\k}kEN S gl , /\k >0 , Z)\k =1. (14)
k

As shown below, there exists a one-parameter family of complete orthonormal bases of L*(12),
{r(t) bren, with ¢ (t)|aq = 0 for all £ € N, and for t € R, such that the kernel of the
solution p(t) to (1.1) can be represented as

p(t,x,y) = ZM%(@@%(@W (15)
keN
Notably, the coefficients A are independent of ¢, and thus the same as those in pg. Substituting
(1.5) in (1.1), the one-parameter family of orthonormal vectors {1y (t) }ren is seen to satisfy
the semi-relativistic Schrodinger-Poisson system

o0

/) ot =T+ Vi, keN (16)



CAVI = 0¥, W= {udi, (1.7)

)= Melenl’, (1.8)

with initial data {¢x(0)}%2,. The potential function V[¥] solves the Poisson equation (1.7).
On both V[¥] and ¢ (t), for all k£ € N, we impose Dirichlet boundary conditions

Ur(t,x), V(x,t) =0, t >0, Yo € 0. (1.9)

As we show in Lemma 6, below, solutions of (1.6)-(1.8) preserve the orthonormality of

{¥r(t) bren.

The state space for the Schrodinger-Poisson system is given by

L:={(V, AN |V ={p}r, C HO%(Q)OHI(Q) is a complete orthonormal system in L*(€2),

A= {)\k}zil € El, Ay > 0, ke N, Z)\k/ |V77/Jk|2dl' < OO}
k=1 Q

For fixed A € ¢}, \; > 0, and for sequences of square integrable functions ® := {¢;}3>, and
U= {¢}2,, we define the inner product

(P, %) 20 ZAk Gy ) L2(0

which induces the norm

- 1
1] 23(0) = (Z Mell Gl 72 ()2,
k=1
and we introduce the corresponding Hilbert space
L) = {0 = {du}iZy | o € L*(Q), VE EN, [|®] z2(0) < o0}

Our main result is as follows.

Theorem 1. For every initial state (V(x,0),\) € L, there is a unique mild solution ¥ (z,t),
t €10,00), of (1.6)-(1.8) with (V(x,t),\) € L, which is also a unique strong global solution

Establishing the global well-posedness of the Schrodinger-Poisson system plays a crucial
role in proving the existence and nonlinear stability of stationary states, i.e. the nonlinear
bound states of the Schrodinger-Poisson system, which was done in the nonrelativistic case
n [4, 6]. The problem in one dimension was treated in [8]. The semiclassical limit of the
Schrodinger-Poisson system with the relativistic kinetic energy was studied in the recent
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article [1]. Global well-posedness for a single semi-relativistic Hartree equation in R?® was
established in [5]. In the present work, we deal with the infinite system of equations in a
finite volume set with Dirichlet boundary conditions, and, as distinct from [5], we do not use
the regularization of the Poisson equation. Moreover, both the results of [5] and Theorem 1
above do not rely on Strichartz type estimates.

2 Proof of global well-posedness

We make a fixed choice of A = {\¢}32, € ¢!, with Ay, > 0 and >_ A, = 1, denoting the
sequence of coefficients determined by the initial data py of the Hartree-von Neumann equa-
tion (1.1) via (1.5), for ¢ = 0. We note that we require all A\, > 0 to be positive for the
subsequent analysis. This does not lead to any loss of generality since by density arguments,
any po (and likewise p(t)) can be approximated arbitrarily well by an expansion of the form
(1.3), respectively (1.5), with Ax > 0.

We introduce inner products (-, ')Hi\/2 @ and (-, )1 (o) which induce the generalized in-

homogenous Sobolev norms
- 1 - 1
||(I’||H;/2(Q) = (Z )\k||¢k||2%(9))2 and @]/ () == (Z Mell Gkl o)) %
= k=1 k=1
and define the corresponding Hilbert spaces

HyH(Q) = {2 = {on}iy | 60 € Hi(Q), V k€N, [[@l],72g < 00}

and )
Hy(Q) == {® = {dw}ily | ox € Hf () NH'(Q), VEEN, [[@]3() < 00}

respectively. We also introduce the generalized homogenous Sobolev norms
. 1 1 . 1
1911517200y = QO Aellpl? Ballz2e))? and [@lly0) = QO Al VorlFae))?-
B k=1 k=1

Here, |p| stands for the operator v/—A, and has the meaning of the relativistic kinetic energy
of a particle with zero mass. We note the following equivalence of norms.

Lemma 2. For ® € Hi/Q(Q), the norms H<I>HH;/2(Q) and Hq)”?%im(ﬂ) are equivalent. If & €
H(Q), then || @y (o) is equivalent to HCI)H"'&(Q)'



Proof. Clearly
. 1 1 . 1
[0y < (3 Aedl0ul2ai) + o083 D = (3 A6, ) = 19z
- k=1 k=1 -

We will make use of the Poincaré inequality

/ywk\?dx > cp/ 6u 2 2.1)
Q Q

with the constant ¢, > 0 dependent upon the domain €2 with Dirichlet boundary conditions.
Thus

1
P12 dkll720) > vVenllorllZ2 (),

which enables us to estimate

> 1 1
1215720y = O Mllldullzz@ + P2 drll20)})2 <
= k=1

- L2 1
< \/%(; Al P12 Gillza@)? = Cli@ll ).

Let us compare the remaining two norms. Clearly,
1
1Pl 0y < O Ml i) = 111341 (0)-
k=1
On the other hand, by means of the Poincaré inequality (2.1),

= 1
[543 (0) = (Z Me{llok 720 + VOl Z20) )7 <
o

1 & 3
\/;(Z AlIVGilz2e)? = 12l o
P op=1 )

Let ¥ = {¢,, }7°_, be a wave function and the relativistic kinetic energy operator acts on
it T, ¥ = (vV—A +m? —m)y componentwise. We have the following two lemmas.

IN

O

Lemma 3. The domain of the kinetic energy operator is given by D(T,,) = H3(2) € L3(Q).



Proof. Let ¥ € #}(€2). Then

S Al = 3 Aol 19 e} = 3 Al oy
m=1 m=1 m=1
and also, [|¥]|z(q) < 0o. We estimate
Tt 2oy = (=2 1), ) 2y + 2l By — 2m (V=B T 7, ) oy <
< Vg + 22 ey < )l sy

where ¢(m) is a mass dependent constant. Hence

HTm\I/Hii(Q) - Z)‘kHTml/’kH%%Q) < c¢(m) Z)‘k”¢k|ll2ﬁll(9) < 00.
B k= k=1

Tt

Lemma 4. The operator T,, generates the group e="'™' t € R, of unitary operators on

L3(2).

Proof. For a, € [,i(Q) we compute the inner product

[e.e]

(e Tmtey, —sztﬂ Z ~iTmtey, e=iTmt gy )12() = Z)"“ o, Be) 2 = ( B)LQ(Q)'
k=
O
We rewrite the Schrodinger-Poisson system for o € €2 into the form
U, = —iT,, VU + F[U(z,t)], where F[V] := i 'V[U]V, (2.2)

—AV[U] = n[V], where V|sq =0,

W= Aol
k=1

and prove the following auxiliary result.

Lemma 5. The map defined in (2.2) F : H} () — H3(Q) is locally Lipschitz continuous.



Proof. Let ¥, ® € H}(Q) with ¥ = {4, }7°,, ® = {¢x}z2, and t € [0,7]. Then,
| F1W) = F0] 0 = VIR~ VBID 30y = |V (8 —8)+ (VW] = V@)D s
This can be easily estimated above by means of Lemma 2 by

CIVIPI(Y = @)1 ) + CIV¥] = VIO]) |3 0,

which equals

Zxkuv W) — 6n)) 132002 + Zwv —V@Doe)}e)?  (23)

Here, C' denotes a finite, positive, universal constant. Clearly, we have

IV = i)y < 20(VVIZD (W — i)l + 20V VIV (5 — di) ()

By means of the Schwarz inequality this can be bounded above by

CIVVIOZa ol — drllZs) + 20V W] Zoo oIV (Wk = d1) 1720y

By applying the Sobolev embedding theorems to these expressions, we arrive at

CIAVIPIZ2 o) IV (v — @)l 720y < CIVIN @) IV (1 — 01) 1720y

To estimate the remaining term in (2.3), we use

IV((VI¥] = VRN ) ll20) < 2V (VY] = VI®) k|72 () + 21 (V[¥] = VIO VL2

The Schwarz inequality yields

2([V(V[¥] = VIODI[Lsoy 18750y + 20 (V] = VI®D oo (e | VEIIZ2 ()

Applying the Sobolev embedding theorem along with the Holder inequality to these expres-
sions, we find

ClAWVIY] = VIRDIZ2@) 19k 2s () + CIAV ] = VI®D L2 IVl 220

From the Sobolev inequality used in the first of the two terms above we deduce the upper
bound

CIVI®] = VIl 0) I VErlI72(0)

Therefore, for the norm of the difference || F'[¢)] — F[®]|[31 (o) we have the estimate from above
as -

CIVI 200 (Y~ Ml V(@ = d)[320)% + CIVI) = V@] |20 Zxknvmnm )2,

k=1



which obviously equals to
CIIV Iz 1% = @y @) + CIVIY] = V@] 2 | @l y

Let us apply the Poincaré and the Schwarz inequalities to estimate the Sobolev norm of the
potential function as

IVI¥[[a2) < CllAV|20) = Clin[¥]]|2@)

Hence, our goal is to estimate the appropriate norm of the particle concentration. From the
Schwarz inequality,

In[]]I7 (0 ZAM [l 1911 r20 ZMII%IIM
k=1

and using the Holder inequality along with the Sobolev inequality,

In[¥]ll o) < CD - MelltllFo < C D Ml Viell720
k=1 k=1

Hence, we arrive at the estimates for the particle concentration and the norms on the po-
tential function,

(@] 20) < ClO G0y VIV < Ol g

@)
with || - H’ﬁ(m and || - HHQQ) equivalent via Lemma 2. Evidently,
W :=V[¥] - VI]d]
satisfies the Poisson equation,
—AW =n[¥] —n[®], W]gq =0,

and Dirichlet boundary conditions. Applying the Poincaré inequality along with the Schwarz
inequality, we arrive at

W 520y < CIAW |72

such that
[Wz2@) < Cln[¥] — n[®@][[12(0)

We will use the trivial inequality

(0[] = n[@]] < > Aellwel + 10w [eor — drl-



The Schwarz inequality applied twice yields

12[0] — n[®]]|72 (0 (ZM\//Q(IMI + |owl)?|vn — ¢k|2d$> <

< O Mullleoel +16xlll s lln — Srllza@)® < O Melllbnll sy + I nl @) 186 — Sl z2@)?,
o P

and using it again gives

ZM [kllLa) + [kl |22 () ZA [9s — sl 7a(y

k=1 =

Applying the Holder and Sobolev inequalities, we arrive at

CZ e[Vl Z2q) + VORI Z2(0) Z Al Vs = Volliz
k=1 s=1

This quantity can be easily estimated above by

C(Z Ml o) + Z /\l||¢l||%11(9)> Z Aalltos = ball7n g
k=1 =1 s=1

which clearly equals to
CI¥I3g o) + 12115 @) 1% = @Il o).

Therefore,
[n[¥] = n[®]]|20) < C[ W3 0) + 1223 @) ¥ = Pl ()

and
IVI¥] = V@]l a2 < CUIY Il 0) + 1[5y @) 1Y = @l 0

Collecting the estimates above, we arrive at
IE[9] = Fl]l @) < CUEa@ + 1215@) 1Y = @l @

which completes the proof of the lemma. O]

From standard arguments (see for instance Theorem 1.7 of [7]) thus follows that the
above Schrodinger-Poisson system admits a unique mild solution (¥,n, V) in H}(Q2) on a
time interval [0, 7T), for some T > 0, satisfying the integral equation

B(t) = e~Totp(0) 4 e~ Tt /0 T D ()] ds (2.4)
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in H3(Q2). Moreover,
= limy 7 || ¥ (£) |44 () = 00

if T' is finite. We also note that W is a unique strong solution in Ei(Q) We shall next prove
that this solution is in fact global in time. First we prove the following lemma.

Lemma 6. Suppose for the unique mild solution (2.4) of the Schridinger-Poisson system
(1.6)-(1.8) that {1x(z,0)}52, att = 0 forms a complete orthonormal system in L*(Q). Then,
for any t € [0,T), the set {ty(x,t)}32, remains a complete orthonormal system in L*(Q).
Moreover, the L3(Q2)-norm is preserved, |[W(z,t)|z2(q) = [|¥(2,0)||z2(q), t € [0,7).

Proof. Given the solution W(t) of the Schrédinger-Poisson system on [0,7), we obtain the
time-dependent one-particle Hamiltonian

Hy,(t) =T, + Vu(t,x)

where the potential Vi solves —AVy (¢, z) = n[¥(t)] with Dirichlet boundary conditions, see
(1.2). Accordingly, the components of W(t) solve the linear, non-autonomous Schrédinger
equation 10y (t, x) = Hy, (t)Yx(t, z), for k € N, on the time interval [0,7"). We thus have,
for t € [0,7),

U, t) = (e7 1o Hva Mdry Y (2 0), k € N, (2.5)

and therefore
(wk ($a t)7 wl(xv t))L2(Q) = (e_i fg v (T)de}k (:B7 0)7 e_i Jo Hve (T)dTwl($7 0))L2 Q) —

= (’lvbk(xv O)a 'QZ)[(CB, 0))L2(Q) = 5k,l7 kal € Na
where dj,; stands for the Kronecker symbol. Obviously, for k € N,

[0k (@, )72 () = lr(z, 0) |72

such that for t € [0, T), the £3(€2)-norm is conserved,

1 1
[9(2, D)l 30 Zxkuwk (1) [22(0)F = me (2, 0) [y = (2, 0) 30
Let us consider an arbitrary function f(z) € L*(2). Clearly, we have the expansion

= (), k(Y. 0)) 2y, 0)

k=1

10



and similarly

(€70 Mo (7 £ (), 4 (y, 0) 2y (2, 0).

NE

elfot HV\I/(T)de(x) _

e
Il
—

Thus, by means of (2.5) we arrive at the expansion

Mg

Y) Ur(y, 1)) 2 ¥r(, t)

k:l

for t € [0,T). O

Furthermore, we have conservation of energy for solutions to the Schrodinger-Poisson
system in the following sense.

Lemma 7. For the unique mild solution (2.4) of the Schridinger-Poisson system (1.6)-(1.8)
and for any value of time t € [0,T) we have the identity

1 1
MG ) + 1TV IR Ol ) = 18 0) By + 5 IV VIR Ol
Proof. Complex conjugation of the Schrodinger-Poisson system (1.6) yields
O

Adding the k-th equation of the original system (1.6) multiplied by %D , and the k-th
equation in (2.6) multiplied by 88%, we obtain
9 | T2 VIR il2dz =0, ke N

Thus, multiplying by A, and summing over k, we find

O Dy + [ VIR [, )z = 0 (2.7

5 1Y (2, ot 2, )| 5[ ¥(z, t)]dz = 0. .
One can easily verify the identity

0 9 0 4

SV Oy =2 | VW) a9, )
which we substitute in (2.7) to complete the proof of the lemma. [
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With the auxiliary statements proven above at our disposal, we may now prove our main
result, Theorem 1.

Proof of Theorem 1. The proof follows from the blow-up alternative and conservation laws.
It follows from Lemma 7 that ||‘Ii(t)||H1 /21y 1 bounded from above uniformly in time,

1
[t )||2 2y S IO —||VV[ O Z2) = 12O (@) + S IVVI(O)]IfZ2(0).
We need to bound || ¥ () H"Hi () We recall the mild solution of the Schrédinger-Poisson system
(1.6)-(1.8), given by -
t
B(t) = e~ Tntp(0) 4+ e~ Tt / ¢/ F0(s)]ds, (2.8)
0
which implies
t
@) gy < 1¥Olgor + [ NPy
From Lemma 2, we have

IEM a0 = VIVl @) < CIVI]E [0

1/2
(Z MV (VIR0 1720 ) -

Now,
IV (VL0720 < IVVIRIR1Z2i0) + VIV 20
< IVVI]| 2ol o) + IV Zw @ IV ORI Z2(0)
< IVVIR]IZo 1kl Gz q) + IV I @ 19n] 7 0)

where we have used Holder’s inequality in the second line and the Sobolev inequality

171,525 ) < I i

in the last line. To evaluate |[VV[V]| sy, recall that AV[¥] = —n[¥]. Applying Holder’s
and Sobolev inequalities, we get

IVVI L) < CIVV I ) < Clin[¥]l[7 )

<C Z NN ([0l [l p2@) < C Z /\k>\l||¢k¢z||2p(g)

k=1 k=1
<O MRl T @Il Fs@) < CO - Mllallz ) O Millvl 2y
k=1 k=1 =1

< Oy | P12

12



We now estimate ||V [¥]||L=(q). The Sobolev inequality implies
IVI¥]l[E o) < Clllpl ™ 2n[¥]] 720y

We claim that ||[p|~/?n[¥]||12(q) is controlled by [[¥]] 1/ (.
HY2()

o201 Z2() = ([, [P~ 0 [®]) 12y < 0[] o2y 12l 2 9]l 230
< N2 lllpl a2y < U2 llpl 20 ]| 20,

where we have used Holder’s inequality in the first line, and the Sobolev inequality in the
second line. It follows that

“12pp < O
Il (V]| L2y < O IIHL/Q(Q),

and hence

2 4
IV < O

Combining the above estimates yields
P g ey < OOy [P

This implies
t
190y < 1¥Oagior + | Coll 6)lag oy

where Cj is a constant proportional to the initial energy ||¥(0) ,t HIVVE(0)] ||%2(Q).

e
By Gronwall’s lemma, 2
”\Ij<t>H’H}\(Q) < Cre?t, t>0.

By the blow-up alternative, this implies that the Schrodinger-Poisson system is globally
well-posed in 7} (€2). O
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