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ABSTRACT. We prove a Beale-Kato-Majda criterion for the loss of regularity
for solutions of the incompressible Euler equations in H*(R3), for s > %
Instead of double exponential estimates of Beale-Kato-Majda type, we obtain
a single exponential bound on ||u(t)|| gs involving the dimensionless parameter
introduced by P. Constantin in [2]. In particular, we derive lower bounds on

the blowup rate of such solutions.

1. INTRODUCTION

In this paper, we revisit the Beale-Kato-Majda criterion for the breakdown of
smooth solutions to the 3D Euler equations.

More precisely, we consider the incompressible Euler equations

ou+ (u-V)u+Vp =0 (1.1)
Veu =0 (1.2)
u(z,0) = ug (1.3)

for an unknown velocity vector u(z,t) = (u;(z,t))1<i<s € R and pressure p =
p(z,t) € R, for position z € R? and time ¢ € [0, ).

Existence and uniqueness of local in time solutions to (1.1) — (1.3) in the space
C([0, 7], H*) 0 CH (0,7 1), (1.4)
has long been known for s > g, see for instance [6]. However, it is an open prob-
lem to determine whether such solutions can lose their regularity in finite time.
An important result that addresses the question of a possible loss of regularity of
solutions to Euler equations (1.1) — (1.3) is the criterion formulated by Beale-Kato-
Majda [1] in terms of the L™ norm of the vorticity w = V A u. More precisely,
Beale-Kato-Majda in [1] proved the following theorem:

Theorem 1.1. Let u be a solution to (1.1) — (1.3) in the class (1.4) for s >
3 integer. Suppose that there exists a time T such that the solution cannot be
continued in the class (1.4) to T = T*. If T* is the first such time, then

-
/0 [w(:,t)| Lo dt = o0 (1.5)
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The theorem is proved with a contradiction argument. Under the assumption

:
/ s ) o dt < oo,
0

the authors of [1] show that |lu(-,t)||gs < Co, for all ¢ < T* contradicting the
hypothesis that T* is the first time such that the solution cannot be continued to
T = T*. In particular, Beale-Kato-Majda obtain a double exponential bound for
[lw(-,t)|| s, which follows from the following estimates:

Step 1 An energy-type bound on ||u|| s in terms of || Du||z, where Du = [9ju;];;
is a 3 x 3-matrix valued function. More specifically, one applies the operator
D* to equations (1.1)-(1.2), where « is an integer-valued multi-index with
|a] < s and uses a certain commutator estimate to derive

d
Tl tllz. < 20| Dullpelut-, )17, (1.6)

which via Gronwall’s inequality gives the bound:
t
Jut Ol < ol exp (€ [ IDute 7l ar ) (17
0

Step 2 An estimate on || Du(-, )|/« based on the quantities ||w(-, )| L, [|w(-, )| L2,
and log™ |Ju(-,t)| g, given by

IDu(, )l < C {1+ (1 +log" fluC,)llme ) lw )l + Jwlt)llzz }, (1.8)

where C' is a universal constant.

Step 3 The bound on ||w(-,t)||z2 in terms of ||w(-, )| L~ given by

d
e Olz: < 2D Jlwl )l -, Ol

which follows from taking the L?(R?®)-inner product of w with the equation
for vorticity. Then, Gronwall’s inequality yields

o )le < (- 0)]l 2z exp (D [t e df) | (1.9)

Consequently, one obtains the double exponential bound

t
-, )l are < ol exp (exp (c/ (-, 7)o dT)) . (1.10)
0
from combining (1.7), (1.8) and (1.9).

It is an open question whether (1.10) is sharp’. While we do not attempt to
answer that question itself in this paper, we obtain a single exponential bound on
the H*-norm of solution to Euler equations (1.1) - (1.3) in terms of the quantity

05(t) = min{L, (W)_ﬁ } (1.11)

l[uoll 22

1Single exponential bounds have been obtained in other solution spaces than those displayed
above, see for instance [7] for such a result in BMO.



BLOWUP RATE FOR EULER EQUATION 3

where

lwllgs = sup 2B =Wl ‘“’S’)' (1.12)
|z—y|<L I(E - y‘

denotes the J-Holder seminorm, for L > 0 fixed, and § > 0. More precisely, we
prove the following theorem:

Theorem 1.2. Let u be a solution to (1.1) - (1.3) in the class (1.4), for s = 3 +3.
Assume that £5(t) is defined as above, and that

T 5
/0 (ts(1)) "% dr < oo. (1.13)

Then, there exists a finite positive constant Cs = O(36~1) independent of u and t
such that

t
_5
s Ollze < luollas exp | Cs o]l 2 / (bs(r)) % ar]

holds for 0 <t <T.

The quantity ¢s(t) has the dimension of length, and was introduced by Con-
stantin in [2] (see also the work of Constantin, Fefferman and Majda [4] where a
criterion for loss of regularity in terms of the direction of vorticity was obtained),
where it was observed that

T 5
/0 (Ls(t)"2 dt = oo (1.14)

is a necessary and sufficient condition for blow-up of Euler equations. In particular,
the necessity of the condition follows from the inequality obtained in [2]

(- )z < [l 8)llze (Ls(t))™% (1.15)

and Theorem 1.1 of Beale-Kato-Majda. This is so because Theorem 1.1 implies that
if the solution cannot be continued to some time 7T, then fOT lw(-, B)]| Lo dt = o0.
As a consequence of (1.15), and conservation of energy

[z = lluollzz, (1.16)

this in turn implies (1.14). However, by invoking the result of Beale-Kato-Majda
in this argument, one again obtains a double exponential bound on ||u(-,t)||gs in

terms of fOT (65(75))7% dt. We refer to [3, 5] for recent developments in this and
related areas.

In this paper, we observe that one can actually obtain a single exponential bound
on the H*-norm of the solution u(t) in terms of fOT (¢5(t))”2 dt, as stated in Theo-
rem 1.2. This is achieved by avoiding the use of the logarithmic inequality (1.8) from
[1]. More precisely, we combine the energy bound (1.6) with a Calderon-Zygmund
type bound on the symmetric and antisymmetric parts of Du.

Also, we obtain a lower bound on the blowup rate of solutions in H 540, Specif-
ically, we prove:
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Theorem 1.3. Let u be a solution to (1.1) — (1.3) in the class
C([0,T); H3 ) n C ([0, T); H2*2). (1.17)

Suppose that there exists a time T™ such that the solution cannot be continued in
the class (1.17) to T = T*. If T* is the first such time then there exists a finite,
positive constant C(6, ||ugl|r2) such that

1 )1+§5

luC )l 346 = C lluollL2) (ﬁ

under the condition that t is sufficiently close to T* (see the conditions (3.22) and
(3.23) below, with tg =1).

, (1.18)

The proof of Theorem 1.3 can be outlined as follows. We assume that u is a
solution in the class (1.17) that cannot be continued to 7" = T™*, and that T* is
the first such time. Invoking the local in time existence result, we derive a lower
bound T}, > 0 on the time of existence of solutions to Euler equations in (1.17)
for initial data u(t1) € H3 %9 at an arbitrary time t; < T*. By definition of T*, we
thus have

t1 4 Tioer, < T*. (1.19)

Based on an energy bound on the H 30 _norm of the solution, we obtain in Section

3 an expression for Tj,.+, of the form W, which together with (1.19)
’ m2to

implies that

1
C(T*—t1)’
for all t; < T*. This is an “a priori” lower bound on the blowup rate. Subsequently,

we improve (1.20) by a recursion argument in Theorem 1.3 for times ¢ close to T*,
to yield the stronger bound (1.18).

Ju(,t)ll 548 > (1.20)

2. PROOF OF THEOREM 1.2

First we recall that the full gradient of velocity Du can be decomposed into
symmetric and antisymmetric parts,

Du = Du" + Du~ (2.1)
where
1
Du* = 5(Du +Du''). (2.2)

Du™ is called the deformation tensor.

In the following lemma we recall important properties of Dut and Du~. For
the convenience of the reader, we give proofs of those properties, although some of
them are available in the literature, see e.g. [2].

Lemma 2.1. For both the symmetric and antisymmetric parts Du™, Du™ of Du,
the L? bound

|1 Du*|| 2 < Cllwllge (2.3)
holds.
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The antisymmetric part Du™ satisfies

1
Du~v = i Av (2.4)
for any vector v € R3. The vorticity w satisfies the identity
1 . dy
= —PV. —= 2.5
w() = =PV. [ o@ala+y) . (25)
(7P.V.” denotes principal value) where o(g) =37y — 1, with J = % Notably,

Yy
/S 0@ dpsa(y) = 0, (2.6)
where duge denotes the standard measure on the sphere S2.

The matriz components of the symmetric part have the form

Duj'j = ZTfj(w) = ZIij * Wy, (2.7)
¢ ¢

where wy are the vector components of w, and where the integral kernels Iij have
the properties

kL) = of@ Il (25)
loillcrsy < C (2.9)
| o@ausm) = o. (2.10)

Thus in particular, Tf] is a Calderon-Zygmund operator, for every i,j,¢ € {1,2,3}.

Proof. An explicit calculation shows that the Fourier transform of Du as a function
of & is given by

Du(§) = —[(B:(A7'V Aw)y) ()i = G(&) + H(E) (2.11)
where
R 1 §162003 — 163002 —&a&32 283003
G(§) = AP £1&3001 £283001 — £1&2003 —£1&3003 (2.12)
—&1&200, &16200 §1&3002 — §283001
and
~ 1 0 53@3 _€§@2
H(¢) = BTGl —£10s 0 &uo |, (2.13)
€] 8o, gm0

using the notation @; = @;(§) for brevity.

Clearly, every component of G is given by a sum of Fourier multiplication op-

erators with symbols of the form fﬂfg , 1 # 7, applied to a component of w. For

instance,

dy
lyl?
corresponds to the component Go;. It is easy to see that every component G
is a sum of Calderon-Zygmund operators applied to components of w, with kernel

Ga1(x) = const. P.V./ Nyswi(x +y) (2.14)
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satisfying the asserted properties (2.8) ~ (2.10). The same is true for the symmetric
part, Gt = (G + GT).

The symmetric part of H (&) is given by

_ 0 (63 —€1)@s (67 — E3)@n
H*(¢) = 3N (63 — &3)@s 0 (65 — &) (2.15)
(67 — &) (& — ) 0

so that each component defines a Fourier multiplication operator with symbol of

2_g2
the form %, 1 # j, acting on a component of w (with associated kernel of the

2 2
T —T; . .
form W) That is, for instance,

PONIN dy
H{,(x) = const P.V. /(y% — 92 wa(x + y)m . (2.16)

The properties (2.8) ~ (2.10) follow immediately.

The Fourier transforms of the integral kernels Iij can be read off from the
components @;; +H ;]r In position space, one finds that ofj (y) is obtained from a
sum of terms proportional to terms of the form ¥;, y;, and (@22 — @22)

For the antisymmetric part Du~, one generally has Du~v = %(V/\u) Awv for any
v € R3 and from u = —A~"'V Aw, we get Du~v = %w A v, using that V- u = 0.

As a side remark, we note that while H~ does not by itself exhibit the proper-
ties (2.8) ~ (2.10), it combines with G~ in a suitable manner to yield the stated
properties of Du~, thanks to the condition V - w = 0. O

Next, Lemma 2.2 below provides an upper bound in terms of the quantity ¢5(t)
on singular integral operators applied to w of the type appearing in (2.7). We
note that similar bounds were used in [2] and [4] for the antisymmetric part Du~.
Here, we observe that they also hold for the symmetric part Dut. As shown in [4]
for Du™, the proof of such a bound follows standard steps based on decomposing
the singular integral into an inner and outer contribution. The inner contribution
can be bounded based on a certain mean zero property, while the outer part is
controlled via integration by parts.

Lemma 2.2. For L > 0 fized, and § > 0, let {5(t) be defined as above. Moreover,
let we, £ = 1,2,3, denote the components of the vorticity vector w(t). Then, any
singular integral operator

1 ~ d
Tw(z) = —P.V./ or (@) wilz +y) (2.17)
4w lyl
with
[ or@dus) =0 . Jorloxss < €. (2.18)
satisfies
ITwellpoe < C(O) uollz2 €s(t) 2 (2.19)

for £ € {1,2,3}, for a constant C(8) = O(6~ 1) independent of u and t.
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Proof. Let x1(x) be a smooth cutoff function which is identical to 1 on [0, 1], and
identically 0 for > 2. Moreover, let xr(z) = x1(z/R), and x% =1 — x&.

‘We consider

N d
[ or@ente ) 1 = @+ (D) (2.20)
ly|>e |y|
for € > 0 arbitrary, where
~ d
0= [ or@ula+ ) xolid (221
lyl>e [yl
and
. c dy
(1) = | or(@)we(x +y) X5y (y]) R (2.22)
From the zero average property (2.18), we find
. dy
Dl = | [ on@ Gl + 1) = o)) xeg (D) 35
lyl>e [yl
dy
< Jorlos [ .
‘ ly|<2¢s(t) ly[3=°
C
< g(%(t))&“weﬂc&
< CF Yfuollze (£(1)~ (2.23)
since from the definition of ¢5(¢),
lwelles < fluollzs (6s(£))7°~% (2.24)

follows straightforwardly. We can send € N\, 0, since the estimates are uniform in e.

On the other hand,

(1) = /UT@)(@/M—3yjuz')(33+y)x§5<t)(|y)|Cyly3~ (2.25)

It suffices to consider one of the terms in the difference,
. c dy
| [ or @0 6e -+ 9) 0 1) 5 |
PO 1
| [ dvustar ) 0u (07 @) iy (D) 1) |

Oy, (o0 @) X, () ﬁ) |

C [luol| > (¢5(1)) "% (2.26)

where to obtain the last line we used the conservation of energy (1.16) and the
following three bounds:

(1)

IN

Cllujl L2

L2

IA

| Guatd) T2 < o R<ly|<m|jy6

CR™, (2.27)

IN
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. 12 dy
or@xillsl) O], < ¢ [
H R Yyl N2 wi>r V®
< CR. (2.28)
(iii)
1 2 1 1
allo) o dor@ || < €| oy
H By Y L2 wi>r [Y1° lyl?
< CR™, (2.29)
where we used that
BN 1
‘vaT(w‘ = ) — (Veor(21,22,23))|
] 2=
1
< ol lorllcr(s2) (2.30)
holds.
Summarizing, we arrive at
|Twellz~ < C8) lluolze €s(t) (2:31)
for C(§) = O(671), which is the asserted bound. O

The form of the singular integral operator that appears in the statement of
Lemma 2.2 is suitable for application to Dut and Du~, as we shall see in the
following corollary.

Corollary 2.3. There exists a finite, positive constant Cs = O(%) independent of
u and t such that the estimate

DUt || Lo + || Du” || < Cs [luol| 2 5(t) ™% (2.32)
holds.

Proof. According to Lemma 2.1, the matrix components of both Dut and Du~
have the form (2.17).

Accordingly, Lemma 2.2 immediately implies the assertion. O

Now we are ready to give a proof of Theorem 1.2, which is based on combining
an energy estimate for Euler equations with Corollary 2.3.
For s > 3 integer-valued, the energy bound (1.6)
1
SOl < [1Du@)pe () (2.33)

was proven in [1]. For fractional s > g, we recall the definitions of the homogenous
and inhomogenous Besov norms for 1 < p, g < oo,

g, = (D2 willg ) (2.34)

JEZ

Q=
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respectively,
1

q q
. ) : (2.35)

where u; = Pju is the Paley-Littlewood projection of u of scale j. In analogy to
(1.6), we obtain the bound on the B3, Besov norm of u(t) given by

s, = (Il +

1
Ollu®lp;, < IDu®)llz u(®)]

e (2:36)

from a straightforward application of estimates obtained in [8]; details are given in
the Appendix. Accordingly, since the left hand side yields

Oullu(t)ll;, = 2llu®)llss,Ocllu®)ls, (2.37)

we get
Ollu@®lz;, < [Du®)]lz= [[u(®)]ls;, - (2.38)
However, Corollary 2.3 implies that
IDu(t)[[ < [IDut(t)[zoe + | Du (t)l|z~
_s
< Cslluollzz (€5(2)) 2. (2.39)
Therefore, by combining (2.38) and (2.39) we obtain
_s
Ollu®)lzs, < Cslluollz> (€5(2)™2 [[u(t)]
which implies that
[u@®llgs ~  [lu(®)]

t
||7.l,0||352 exXp |:C(§ HU()HLZ / 65(5)7% d$:|
0

s
B2,2 9

s
B3,

IN

2

t
Jullir- exp [ Cs lualla [ tas)% ds .
0
for s > 0, where we recall from (2.23) that Cs = O(5~1).

This completes the proof of Theorem 1.2. a

3. LOWER BOUNDS ON THE BLOWUP RATE

In this section, we prove Theorem 1.3.
Recalling the energy bound (2.38),
Ollu(®)l s, < [[Du(t)| L~ [[u(t)]
we invoke the Sobolev embedding

[Dufree < [|Dul[Ls

Bs, (3.1)

< ([t ) 1ul g
< Cslluly3es

Co ull 355 (32)
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with C5 = O(672), to get, for s = 3 + 4,

Ocllu®)ll s, < Cs(lu(t)llns,)?- (3-3)
Straightforward integration implies
1 1
- - < Cs(t —to). (3.4)
(||u(t)||35,2 Hu(to)IIB;)
Hence,
s~ fu®)llbs,
- l[u(to)lBs.,
T 1= (t—to)Csllulto)ll s,
[[u(to)l|a-

1 — (t — to)Csllulto) | =’ (3.5)

where a possible trivial modification of Cjs is implicit in passing to the last line.
This implies that the solution w(t) is locally well-posed in H*, with s = % + 4, for
1
Collulto) =
In particular, this infers that if 7% is the first time beyond which the solution
cannot be continued, one necessarily has that
1

to <t < to+ (3.6)

T > to+ ——7—. 3.7
*F Callutto) T 7
This in turn implies an a priori lower bound on the blowup rate given by
1
e > =———— 3.8
[u®ll > G (33)

for all 0 <t < T*. The lower bound on the blowup rate stated in Theorem 1.3 is
stronger than this estimate, and we shall prove it in the sequel.

To begin with, we note that
lw(®)llcs

IN

Csllw®) ,;3+5

< Gsllu®)ll, 5+
Colluto)ll ;55

= 1= (t—to)Csllulto) ||

A

. (3.9)
H3+
That is, local well-posedness of u in H §+o implies 6-Holder continuity of the vor-
ticity.

The parameter L in the definition (1.11) of ¢s(¢) is arbitrary. Thus, in view of
(3.9), we may now let L — oo for convenience. Then,

L el e
G07F = ()
(C(S ||U(t)||H%+5>1*S
Taolle:

(‘ Cs )1—5(1_( [[w(to)| #r=

1-6
|uo|| 2 t—t0)05||u(t0)||Hs> ’

(3.10)
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where
. 26 5
0 = ds==-+46. A1
5ros A s=5 (3.11)
We note that while the right hand side of (3.10) diverges as t approaches
1
ti=tg + ————— 3.12
I T 12

the integral

t 5 t 5

! s Cs 170 [™ [|u(to)ll s 1-0

0s(t)"3dt < / dt
5(1) = (||u0||L2) ] (lf(tfto)C(;Hu(to)HHs)

0

=1 By(6) (3.13)

to
converges for § > 0 (< 6 > 0). This implies that the solution u(t) for ¢ € [to, t1)
can be extended to t > t;.

In particular, we obtain that

t1 5
ut)ll e < )] 50 exp (Colluolze | (este))Hat)

to

IA

Jutto) 55 exp  Cs lluollz=Bo(5) ) (3.14)
from Theorem 1.2.

We may now repeat the above estimates with initial data u(¢1) in H%""S7 thus
obtaining a local well-posedness interval [t1,t2]. Accordingly, we may set to to be
given by

1
to =t + ——mm——. 3.15
SN e P (319)
More generally, we define the discrete times ¢; by
1
g =t 4 = (3.16)
a T Csllu(ty)] as
‘We then have
luttss) e < exp (Calluollze Bj(8) ) uts)ln- (3.17)
where B; () is defined by
Cs||uollL2B;(6)
Oy [ (Il
= Osluo| gz (—2— J dt
sl (iz) oG lmn)
1 a5 lluollz \9
= iol o TN TEE
5 ° (Ilu(tj)lle)
uollzz \°
— by (MollLz T (3.18)
(Ilu(tj)lle)
Letting
luollze \°
= exp (b5 (2012 AT 3.19
Pi p( ‘5<||u(tj)HHs> ) (3.19)
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we have
lut)llas < pj-1llultj—1)llae (3.20)

and we remark that (p;); satisfy the recursive estimates

exp (ba ( [ )5)
pi—1llultj—1)llm
_5
= (pj—1)=
= exp (pj_fl lnpj_1> . (3.21)

Y]

Pj

We note that from its definition, p; > 1 for all j.

We shall now assume that 7% > 0 is the first time beyond which the solution
u(t) cannot be continued. Thus, by choosing tg close enough to 7%, (3.8) implies
that ||u(to)||ms can be made sufficiently large that the following hold:

(1) The quantity

luollze \®
b <1 3.22
’ <||u<to>||Hs> (322

is small.
(2) There is a positive, finite constant C independent of j such that
lu(t)lazs = Cllulto)l a (323)

holds for all j € N. Without any loss of generality (by a redefinition of the
constant bs if necessary), we can assume that C' = 1.

Accordingly, (3.23) with C = 1 implies that p; < po for all j. Then, for any
N e N,

N

™ —to > Z(tjﬂ —t;)
=0

1 1 1
s ( |w(to)]] s ot ||u(tN)||Hs)

1 [[u(to) |l [[u(to)l| s
= 1+ 44—
Cs|lu(to)||me ( llu(t)|| me lu(tn )| zs )
1 1
> (1 + =+ ——
Cs|lu(to) || m- ( Po PO"'PN)
1 1 1
> = (14 Sy 3.24
> Gl (Ut ) (829

1
i

(3.19) is positive.

from = > p%; for all j, and the fact that py > 1 since the argument in the exponent
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Then, letting N — oo, we obtain

1 1
< to) - (1~ )
Tt = Csllu(to)lln o
uollz2 \?
= Gsllulto)lln- (1~ exp ( by (m) ). 62
Next, we deduce a lower bound on the blowup rate.
Invoking (3.22), we obtain
L o Gyllut)] (1—eX (—b (M)é))
AR PP\ ulto)
uollz2 \?
~ Csljulto)a-bs ( )
l[u(to) |l -
= Cybs]luol|gzlulto) |2 (3.26)

This implies a lower bound on the blowup rate of the form

1\
Jutto)l50 = COluolze) (7 )

T —tg
I
= ( : 3.27
(5. luoll2) (7 (3.27)
under the condition that (3.22) and (3.23) hold.
This concludes our proof of Theorem 1.3. O
APPENDIX A. PROOF OF INEQUALITY (2.38) FOR s > g
In this Appendix, we prove (2.38) which follows from (2.36),
1
SoluOl3, < 1Dl (O3, (A1)
for s > g We invoke Eq. (26) in the work [8] of F. Planchon, which is valid for
s > 14 4 in n dimensions (thus, s > g in our case of n = 3), for parameter values

p = ¢ = 2 in the notation of that paper. It yields

1. ,
5027 gl S 2753 1|1 Dull o [lukl|z2 flugll 22

k~j
+2%5 3 lugll gz luw |2 [ Dujllze (A-2)
ISkeok!
where u;, = Ppu is the Paley-Littlewood projection of u at scale k, and §; =

ijgj Pj/ is the Paley-Littlewood projection to scales < j.
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Summing over j,

1 s E
502 sl S suplSyeaDulle (D029 unlee g e
i / j kg
30 Y 2O a2 2 22 )
J k~k'Zj
S IDullee (025 s
J
+30(0 20 )2 )
ko i<k
S IDulle Y 2%y (A3)

J

To pass to the second inequality, we used that
1Sj+1DullLee = [[mjq1 % Dul[ree < [[Dullzee [lmjsallrr (A.4)

where m; is the symbol of the Fourier multiplication operator S;, and the fact that
|lm;||z1 ~ 1 uniformly in j. Accordingly, we get

1
SOl S IDullz lu(t)]3, (A5)
From
lu®)lis, = llu)lz. + IIU(t)Ilzg‘, (A.6)

and energy conservation, d;||u(t)||3. = 0, we obtain

SOy, = 2odu(l,
< DUt o),
< DUt (e, (A7)
This proves (A.1). O
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