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ABSTRACT. We investigate the ground states of the one-dimensional nonlinear Schrédinger equation
with a defect located at a fixed point. The nonlinearity is focusing and consists of a subcritical
power. The notion of ground state can be defined in several (often non-equivalent) ways. We define
a ground state as a minimizer of the energy functional among the functions endowed with the same
mass. This is the physically meaningful definition in the main fields of application of NLS. In
this context we prove an abstract theorem that revisits the concentration-compactness method and
which is suitable to treat NLS with inhomogeneities. Then we apply it to three models, describing
three different kinds of defect: delta potential, delta prime interaction, and dipole. In the three
cases we explicitly compute ground states and we show their orbital stability. This problem had
been already considered for the delta and for the delta prime defect with a different constrained
minimization problem, i.e. defining ground states as the minimizers of the action on the Nehari
manifold. The case of dipole defect is entirely new.

1. INTRODUCTION

Several one-dimensional physical systems are driven by the focusing nonlinear Schrodinger equa-
tion (NLS)

i0w + Hu=vp|P™!, 1<p<5, w:(t,z)—uvtz)ecC, ot-)eLl*R), (1.1)

where H is a selfadjoint operator on L?(R). A first fundamental step in studying the dynamics
of this system concerns the possible existence and properties of standing waves and, among them,
of the ground states. While the former are defined as stationary solutions to equation (1.1), the
latter are characterized in terms of variational properties. Generalizing the usual notion of ground
state in linear quantum mechanics to nonlinear systems, one is led to introduce ground states as
the minimizers of the energy among the functions endowed with the same L?-norm. Indeed, out of
the realm of linear quantum mechanics, such a notion still proves meaningful, as the L?-norm often
represents some physically relevant quantities, e.g. number of particles in Bose-Einstein conden-
sates, or power supply in nonlinear optics propagation, which are two main fields of application of
NLS. While the definition above is common not only in the physical but also in the mathematical
literature, for example in the classical analysis based on concentration-compactness methods (see
[15, 16] and references therein), in most recent papers dealing with NLS with inhomogeneities and
defects (see e.g. [22, 23, 31, 4]) it is preferred to define as ground states the minimizers of the
so-called action functional among the functions belonging to the natural Nehari manifold associ-
ated to the functional. Such a notion corresponds to a different way of controlling the physical
system, and mathematically often proves easier to handle. In the present paper we adopt the
former definition and after proving a general theorem for the ground states of (1.1), we apply it
1
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to NLS with point inhomogeneities of various types to show existence and orbital stability of the
ground states. Moreover, we give the explicit expression of the family of the ground states in the
considered examples. The common characteristic in these applications is the lack of symmetry with
respect to the standard NLS due to the presence of a defect in the propagating medium. Such a
feature has relevant consequences on the family of stationary states: when the operator H is the
one-dimensional laplacian, equation (1.1) is invariant under the action of the Galileo group, and
this symmetry leads to a rich family of solitary waves, consisting of orbits of the existing symme-
tries. We are interested in situations in which some symmetries are possibly broken by the operator
H, but some of them survive and give rise to standing waves. More specifically, in the examples
treated in Sections 2, 4, 5, 6, translational symmetry is lost due to singularities in the elements of
the domain of H, but U(1)-symmetry is preserved.

To cast the issue in a suitable generality we pose, in the same spirit (but in a different situation)
of [10], the following family of variational problems

I(p) == inf () (1.2)
HUHLQ(R):IJ
where
1 LT
E(u) = 5@(%“) - ﬁ”ﬂ LPF1(R)

is the energy associated to equation (1.1), whose value is conserved by the flow, and
Q:HxH-—-R

is a non-negative quadratic form on a Hilbert space H. Of course, for a concrete dynamics like
(1.1), the space H does not coincide with L?(R), but rather with the domain of the quadratic form
associated to the operator H, which is smaller than L?(R).

To the aim of proving our abstract results, the Hilbert space H is required to have an embedding
in L2(R) N LPTL(R) in which the validity of Gagliardo-Nirenberg type inequalities is assumed, as
well as a.e. pointwise convergence (up to subsequences) of weakly convergent sequences in H. The
quadratic form must have a splitting property (see (2.4)) and a continuity property (see (2.5)) with
respect to weak convergence. With these hypotheses, in Theorem 2.1 we prove a variant of the
concentration-compactness method according to which, if non-vanishing of minimizing sequence u,,
is guaranteed from the outset, then u, is compact in H.

The connection of this abstract framework with the equation (1.1) is easily established: given the
embedding of H in L?(R), and provided that @ is closed and semibounded, then Q is associated
to a unique selfadjoint operator H, and by Lagrange multiplier theorem and standard operator
theory, the minimizers of (1.2) must solve the stationary equation

Hu — ululP™' = —wu (1.3)

where w is a Lagrange multiplier. As in the case of the free laplacian, for a more general H solutions
to (1.3) exist in L?(R) only for w in a suitable range, giving rise to a branch of stationary solutions;
moreover, the corresponding function v(x,t) = e~™“'u(z) is a standing wave solution to (1.1). This
standing wave, being a solution of the minimum problem (1.2), is a ground state, and, thanks to a
classical argument (see [15, 16]), is moreover orbitally stable.
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Our main concern in the application of this abstract result is the case in which the quadratic form
Q@ describes a so-called point interaction ([8, 7]), that is a singular perturbation at a point of the
one-dimensional laplacian.

A summary of the basic definitions and of the main results on point interactions is provided in
Section 7. Here, for the convenience of the reader, we limit to a general description. Let us
consider the closed symmetric laplacian on the domain C§°(R \ {0}). On such a domain the
laplacian has deficiency indices (2,2) and owing to the Von Neumann-Krein theory it has a four-
parameter family of selfadjoint extensions, called point interactions. The elements in the domain
of these operators are characterized by suitable bilateral boundary conditions at the singularity
(see formula (7.2)), while the action coincides with the laplacian out of the singularity. The most
popular point interaction is the § interaction, more often called in the physical literature § potential
or ¢ defect, defined by the well-known boundary conditions (7.4).

We interpret, quite generally, singular perturbations H of the one-dimensional laplacian as de-
scribing models of strongly localized, ideally pointlike, defect or inhomogeneity in the bulk of the
medium in which NLS propagation occurs. The interactions between field and defect are of im-
portance in the study of one-dimensional evolution of Bose-Einstein (“cigar-shaped”) condensates
or the propagation of laser pulses in a nonlinear Kerr medium. In the physical literature, standing
waves of NLS with a defect are often considered for the relevant cubic case (p = 3) and in this
context they are called defect or pinned modes. They are studied, to the knowledge of the authors,
in the special model case of § potential only (see [14, 36, 5] and references therein).

It is an interesting fact that, beside this analytical and numerical work, recently has been exper-
imentally demonstrated the relevant physical phenomenon of trapping of optical solitons in corre-
spondence of a defect (a localized photonic potential), present (or put) in the nonlinear medium
(132).

Rigorous studies of NLS in the presence of impurities described by point interactions have been
given along several lines, still with an almost exclusive treatment of § potential. The focus of the
currently active mathematical research is on orbital stability of standing waves for subcritical NLS
with a ¢ potential ([23, 22, 31, 2]) and ¢’ interaction ([4]), scattering properties of asymptotically
solitary solutions of cubic NLS with a ¢ potential ([29, 18]) with generalization to the case of star
graphs ([1]), and breathing in nonlinear relaxation ([30]); finally, a thorough analysis by means
of inverse scattering methods for a cubic NLS with § potential and even initial data, with results
on asymptotic stability of solutions, is given in [19]. Concerning more general issues, in [3] the
well-posedness of the dynamics is proved for the whole family of point interactions in the cubic
case. More relevant to the issue of the present paper is the content of [26], where a variational
characterization of standing waves of NLS with a § potential which is similar to ours in spirit
is stated without proof. Here we treat in detail the case of § potential, filling the gap in [26],
and also the more singular cases of §’ interaction and dipole interaction. At variance with the §
defect, whose form domain coincides with the Sobolev space H!(R), the latter have a form domain
given by HY(R™) @ HY(R"), and boundary conditions in the operator domain which allow for
discontinuities of the elements of the domain at the position of the defect (¢ interaction, see (7.5))
or in both the element of the domain and its derivative (dipole interaction, see (7.6)). In particular,
concerning this last example, we stress the fact that only very recently it has been recognized that
dipole interaction represents the singular perturbation of the laplacian which correctly describes a
&’ potential, i.e. the derivative of a ¢, in the sense that it can be approximated by suitable rescaled
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potentials which converge in distributional sense to a ¢’ distribution (see [25], [37], [38] and the
Appendix I for a brief discussion).

We start with the case of the ¢ potential, described by Corollary 2.1, and, for 1 < p < 5 and for
every positive fixed mass, we prove minimization of the energy functional and we explicitly give
the set of the minima and the related orbital stability. The same result holds true for the critical
case p = 5 if the mass is small enough, however we skip the treatment of this case in order to
shorten the presentation. We emphasize again that, also in the case of § potential, in which the
variational setting is milder, the standing waves and their stability properties were known, but
their present characterization through constrained energy minimization was not. In particular,
the cited papers [23, 22, 31] treated orbital stability through the method due to Weinstein and
Grillakis-Shatah-Strauss, i.e. constrained linearization ([34, 35, 27, 28]). Corollaries 2.2 and 2.3
give the minimization properties and, correspondingly, orbital stability of the set of minima for
the ¢’ interaction and dipole interaction, for which nothing (except the results in [4]) had been
previously studied in the literature. The results are analogous to those known for the d case, even
if the statements and the proofs are more difficult due to the more complicated structure of the set
of minima, which presents a spontaneous symmetry breaking, and to the presence of a singularity
in the elements of the energy domain. The last treated case is the dipole interaction, for which
we give the explicit set of standing waves, that splits in two subfamilies, one composed of orbitally
stable ground states, and the other of excited states. This case is entirely new.

The plan of the paper is the following. In Section 2, after a preliminary presentation of the
variational framework, the statement of the main general Theorem 2.1 is given and the applications
to point interactions are stated. In Section 3 the main theorem is proved, while the proof of the
results on variational characterization of ground states for NLS with point interactions are given
in Sections 4, 5 and 6. Two appendices close the paper. Appendix I provides a short review of
the theory of point interactions on the line, including those not widely known, and of the main
properties of their quadratic forms. In Appendix II we present, making use of an elementary
analysis of the Cauchy problem for the stationary NLS with power nonlinearity on the halfline, the
explicit structure of standing waves for NLS with point defects. Other cases of point interactions
can be treated with the same general method.

2. AN ABSTRACT RESULT AND APPLICATIONS TO NLS WITH POINT INTERACTION

The variational problems we are interested in share the following variational structure:

I = i .
(p) Inf  £(u) (2.1)
H“HL2(R):P
where . .
E(u) = §Q(U7U) - m”uni-;l-l(ﬂg)
and

Q:-HxH—R
is a non-negative quadratic form on a Hilbert space H .
On the Hilbert space H we assume the following properties:

H c L*(R) N LPTH(R) (2.2)
and 3 C > 0,0 € (0,1) s.t. [Jul o1 ) < C’||u|\22(R)||u||71;o;



CONSTRAINED ENERGY MINIMIZATION AND GROUND STATES FOR NLS WITH POINT DEFECTS 5

if u,, — @ in H, then up to subsequences u,(z) — u(x) a.e. z € R (2.3)

Ezxample 2.1. In the following sections we deal with three examples of Hilbert spaces satisfying the
previous requirements: they are given by H!(R) (associated to the & potential), H'(R™)® H!(R*)
(associated to the ¢’ interaction), and H, = {¢p € H}(R™)® H'(R"),9(0+) = 74(0—)} (associated
to the dipole interaction or §' potential).

Concerning the quadratic form Q(.,.), the following assumptions are made:
Up, = uin H = Q(up — ,up — ) = Q(up,u,) — Q(u,u) + o(1); (2.4)
up, = @ in H and Q(un, uy) = Q(u,u) + o(1) = u,, — 4 in H (2.5)

Ezample 2.2. Every continuous quadratic form satisfies (2.4). Concerning (2.5), it is satisfied by
any quadratic form with the following structure:

Q(u,u) = [lullF + K (u,u)
where K : H x H — R is such that:
U, =0 in H = K(up,u,) — K(u,u)

Next we state a general result on the compactness of minimizing sequences to the minimization
problems (1.2) under suitable assumptions on the form Q(.,.).

Theorem 2.1. Let Q be a non-negative quadratic form on the Hilbert space H and assume (2.2),
(2.3), (2.4), (2.5). Let u,, € H be a minimizing sequence for I(p), i.e.

lutnll gy = p and lim &(uy) = I(p).

Assume moreover that:

Up — %0 in H; (2.6)
I(p) <0, VO <p<p;
for any compact set K C (0, p] we have (2.8
sup l|lulln < oo

{ueH|E(u)<0
||U||L2(R):H’H€K}

Then u, — @ in H and in particular @ is a minimizer for (1.2).

We give some applications of the previous general theorem to deduce the existence and the
stability of standing waves for NLS with singular perturbation of the laplacian described by point
interactions.

1. We begin with the so-called attractive § interaction. In our notation the pertinent NLS is
0w + Hov = v|oP~L, (2.9)
where H? is the operator on L?(R) defined on the domain
D(HY) = {ue H*(R\{0}), u(0+) = u(0—-), u'(0+) — u'(0—) = —au(0+), a >0},

and its action reads
(Hiuw)(z) = —u"(z), @ #0.
The parameter « is interpreted as the strength of the ¢ potential (see also Appendix I).
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In order to deduce the existence and stability of standing waves to (2.9), according to a general
argument introduced in [16] it is sufficient to prove the compactness of minimizing sequences to
the following variational problems:

IEar(p) ==  inf &°
(p) el Ea
||UHL2(]R)ZP
where 1 ]
5 «
Eqplu) = §||UIH%Q(R) - §IU(0)|2 - ﬁ\l ||pp+1 ®)

is the energy associated to (2.9).

We also denote by MEe (p) the corresponding set of minimizers (provided that they exist).

To present our next result we introduce the function
1

o wip+1) v
Ua,pw(T) = <2cosh2( 1\F(|x|+m))> (2.10)

where Z = Z(«,w, p) is given by

tanh( \Fx> = \7@, (2.11)

and the map

hap : (a2/4,oo) Sw— Hua,p,wHL2(R) € (0,00) .
In Corollary 8.1 we prove by elementary computation that h,j is a monotonically increasing bijec-
tion (see also [23]), and in particular it is well defined its inverse function

Jap * (0 OO) ( 2/4, OO)
Corollary 2.1. Leta > 0,1 <p <5 and p > 0 be fived. Let u, € H(R) be a minimizing sequence
for I (p), i.e.
. é
HunHLz(R) =p and nlLH()lo 537p(un) — [5a,p(p)
Then

e a) the sequence uy, is compact in H'(R);
e b) the set of minima is given by

s i
Mga,p (p) = {6 ’yuavp:ga,p(P)’va € R} )

e ¢) for every p > 0 the set Mgg»P(p) is orbitally stable under the flow associated to (2.9).

2. An analogous result holds true for the case of a nonlinear Schrodinger equation with an attractive
0’ interaction (see Appendix I) described by the equation

i0pv + Hfj v = v[v[P™!, (2.12)
where the operator Hg/ is defined by
D(HY) = {ue€ HXR\{0}), w/(0+) = u/(0-), u(0+) — u(0—) = —Bu'(0+), B >0},
Hg/u(x) = —u (), x #0.
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The operator Hg/ is selfadjoint on L2(R).
In analogy with the case of the § interaction, we are interested in the associated minimization
problem:

5! !
15650 (p) = inf &S 2.13
(p) wer (@ i ) P (2.13)
”u”LQ(R):P
where
£, ) = = (I agany + I By ) — gz u(04) — u(0-) = —— 73]
oo\ = 5 (2 L2(k4)) T 53 LISt

We stress that in the previous definition, we denoted

—€ o0
By + I Bagery = lim. ( / /(@) do + / |u'<sc>|dx).
€

—00

Besides, notice that u(0+) are well defined due to well-known continuity property of functions
belonging to H'(R™) & H'(RT).

We also denote by Mggm (p) the corresponding set of minimizers.

Next, to explicitly describe minimizers, we introduce two families of functions; the members of the
first family are odd on R and the members of the second family do not enjoy any symmetry, so we
call them asymmetric. Explicitly (see Propositions 8.4 and 8.5),

w(p+1) )}"11

forx e R

Uodd,B,pw(T) = - -
b <2cosh2(p;\/a(|x| + 7))

where /w tanh (%\/fji) =2,50 7 > 0;

1

wip+1) )p_l for z € R*.
) )

U r)==+
as. () (2 cosh2(%\/c?(a: + x4

=

where, for w > %%, the couple (x4,x_) is the only solution to the transcendental system (8.9)

with x_ <0 <2y < |z_]|.
We need also to define the map

hp : (4/5%, 00) — (0, 00)

such that
o Huodd,ﬁ,pMHLQ(R) for w € (%7 %%}
h@p(w) - f i&
[tas 8 pwllrzm) — for w e (555, 00)

By Proposition 8.6 the function hg ), is continuous, monotonically increasing and surjective, hence
there exists its inverse function

98,0+ (0,00) = (4/5%,00)

Now we can give the statement of the Corollary that embodies the applications of Theorem 2.1 to
the problem (2.13).
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Corollary 2.2. Let 3 >0, 1 < p < 5 and p > 0 be fired. Let u, € H'(R™) @ H'(R") be a

. . . . 6/ .
minimizing sequence for I5 (p), i.e.

. / 55’
lunlliag) = o and Jim €5, (un) = I+ (p)

Then,

e a) the sequence uy, is compact in H*(R™) @ HY(R™);
e ) the set of minima is given by:

)

s i . 4 4p+1
Mgﬁ,p(p) = {e WUodd,ﬁ,p,g@p(p)vv'V S R} ngﬂjp(p) € (BQ, B2p_1:|

8 i . 4p+1
Mgﬂ,p(p) = {e Vuas,ﬁ,p,g@,p(p)(i'),VV c R} ngﬁ,p(p) S </82p—1’ OO) ;

e ¢) for every p > 0 the set .Mggﬁp (p) is orbitally stable under the flow associated to (2.12).

3. As a last example, we study the nonlinear Schrodinger equation with a dipole interaction
10w + HYPy = vloPL, (2.14)
where Hﬁ"'p is the operator defined on the domain
D(HP) = {ue H*(R\{0}), u(0+) = 7u(0-), u'(0-) = 7u/(0+)}.

In analogy with the previous point interactions we are interested in the following variational prob-

lem:
gdip

ITp (p) = uler'l}‘f["r g;,hp
el 2.y =
where . .
£87w) = 5 (I Wy + 2 = it gy,
and
H ={uc H'(R™)® H (RT)| uw(0+) = 7u(0-)} (2.15)

dip
We denote by /\/lf” (p) the corresponding set of minimizers (provided that they exist). In order

to state our result first we introduce the function
1

wip+1) ) o for z € R
) ’

— () =
Xrpol) <2cosh2(p;1\/5(:v—£i
where £+ = {4 (7, p,w) € R are defined by

p—1 N
tanh <2\/(;£+> = W
p—1 e el
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By Proposition 8.9 we get that the map
hrp:(0,00) 3w = |IXp w22 (®) € (0,00)
is a monotonically increasing bijection with inverse map given by
grp + (0,00) — (0,00)
Corollary 2.3. Let 7 € R\{O +1}, 1 <p<5andp >0 be fired. Let u, € H™ (see (2.15)) be a

dip
minimizing sequence for I; £ (p), i.e.
5d1p

(p)

lunllL2ry = p and hm Ed’p(un) ="

Then
e a) the sequence uy, is compact in H*(R™) @ HY(RY);
e b) the set of minima is given by:

gdzp .

M (p) = {7y VY ER) if 7€ (1,00);
dzp

ME uwz{exLM1W¢—vaER} i ey
5gip I — .

M () = {8180 ()1 11 0 7Y € RS i Te (oo, -D);
dlp .

_ Y @3 . - . ) —
Mz (p)—{e (X1 g, (o) ),VveR} if 7€ (=10)

di
e c) for every p > 0 the set M p(p) is orbitally stable under the flow associated to (2.14).

Remark 2.1. In Appendix II it is shown that a second family of standing waves, denoted by xj_: s
exists for NLS with H, point interaction. This explains the symbol used for the set of ground
states in the previous statements. The energy of the members of the family {Xj_r pw) 18 higher than
the energy of the members family {Xj_r p,w} when the mass is fixed, so that they are excited states
of the system.

Notice that, in the case 7 = 1, the space H™ coincides with H'(R) and the quadratic form coincides
with the quadratic form of the free laplacian; hence the corresponding minimization problem (the
classical one already studied in [16]) enjoys translation invariance, and the compactness of mini-
mizing sequences as stated in Corollary 2.3, point a), cannot be true. Of course, compactness holds
true up to translations. A similar conclusion applies to the case 7 = —1; indeed, the minimization
problem can be reduced to the one for 7 = 1 via the map H~' > u — sign(-)u € H'. Hence, also
in the case 7 = —1 it is hopeless to prove the strict compactness stated in a). By the argument in
Section 6, it is possible to prove that a) is true also for 7 = 0, i.e. on the right of the origin Dirich-
let and on the left Neumann boundary conditions. In this case the minimizers (on the constraint
|ull 2wy = p) are given by the following set:

{7 PpwX(—000)}

where ¢, is the one-dimensional soliton function defined in (8.4) and w is uniquely given by the
condition

ool gy = 2%
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Moreover, arguing as in [16], this set of minimizers satisfies c).

3. PROOF OF THEOREM 2.1

Since now on ¢ is defined as follows: |[@[|z2m) = 0 € (0, p], where @ is given in (2.6).
First step: if 0 = p then the thesis follows

If = p then we get u, — u in L*(R). By (2.2) (since u, is bounded in H by assumptions
(2.7) and (2.8)) we get
Uy, — @ in LPTH(R) (3.1)
Moreover by (2.4) and due to the non-negativity of @) we deduce that
lim inf Q(un, un) > Q (@, ).
As a consequence we get
liminf &(uy,) > E(u)

and hence, since u, is a minimizing sequence and since ||| 2(g) = p, then necessarily lim inf,, o0 € (un) =
E(u). Due to (3.1) necessarily

lim inf Q (up, u,) = Q(u, )

n—oo

and hence we conclude by (2.5).
Second step: u=2I(p) > p~2I(p), Yu € (0, p)

Let v, € H be a minimizing sequence for I(u), then we have the following chain of inequalities

2 p—1
p _ (P 1 _ 1 P p+1
I(p) < €& (an> = (M) <2Q(Unavn) ﬁ (M) HU’fLHLp+1(]R)
2
P 1 1 +1
= (M) <2Q(Umvn) - p+1 ||Un||ip+1(R)>
1 P ? p rt p+1
+m <M> (1 - <M> HU"HLHl(R)
1
Since 1 — (ﬁ)p < 0 we can continue the estimate as follows

2
P 1 1
16 = (£) (5Q0mm) = 1ol

L (2 o2\ lim inf [Jon|P5L
p+1\pu p o LPTHR)

By recalling that v, is a minimizing sequence for I(u), we can conclude the proof provided that

inf,, anH’iﬂl(R) > 0. Notice that this last fact follows easily by (2.7) and by recalling that @ is by

assumption a non-negative quadratic form.

Third step: the function (0,p) 3 u — I(p) is continuous
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We fix p, € (0,p) such that p, — p € (0,p) and let w, € H be a minimizing sequence for
I(p). Arguing as above we get the following chain of inequalities:

ow) <€ (2w, -

1 1
— (50U wn) = Il
2
Pn 1 1 +1
+(<p> _1> <2Q(w”7wn)_WHwnHiwl(R))
1 () 2\
() (1 (2 el gy
p+1\p p
(

Since pn, — p and sup,, ||wy | < oo (this follows by )) we get:

2.8
lim sup 1(pn) < 1(7)

n—oo

(where we have used the fact that w, € ‘H is a minimizing sequence for I(p)).
To prove the opposite inequality let us fix w,, € H such that

|wnll2®) = pn and E(wn) < I(pn) + €n (3.2)
with €, — 0 and

sup [|wy ||y < oo (3.3)
n

(the existence of €, and w, follows by (2.7) and (2.8).
Next we can argue as above and we get

1 1
= (50U wn) =l

N\ 2
P 1 1 p+1
+ ((Pn) - 1) <2Q(wnawn) - p+1||wn||Lp+1(R)>
_\ 2 _\ p-1

e (2) (1 (L)) kit

p+1\pn Pn Lex
By using (3.2), (3.3) and the assumption p,, — p we get
I(p) <liminf I(p,)
n—oo

\)

Fourth step: 6 = p

We assume by the absurd 6 € (0,p) and get a contradiction (notice that we excluded the value
6 = 0 by the assumption (2.6)). Notice that by definition of weak limit we get

ltn — 32y = N2y — lal22y + o(1) = o — 6 + (1) (3.4)
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Moreover by combining (2.4) with the Brezis-Lieb Lemma [13] (that can be applied thanks to (2.2)
and (2.3)) and using (3.4) we get

E(up) = E(un —u) +E(u) +o(1) > I(+/p? — 02+ 0(1)) + 1(0) + o(1)
which implies by the third step above
I(p) > I(\/p* = 02) + 1(0)
Applying the second step of the present proof, first with u = \/prG2 and then with u =0,
0% — 02 02
; h

I(p) >

which is absurd.

4. PROOF OF COROLLARY 2.1

The proof of ¢), i.e. orbital stability of elements in the set of minima, follows by combining
points @), b) and the classical argument by Cazenave and Lions (see [15], [16]). So we focus on the
proof of a) and b).

Concerning a) notice first that due to the constraint it is equivalent to work with the following
modified minimization problem

inf &2 (u) = % (p) (4.1)
u€H (R) ’
||u||L2(R) =p

where we introduced the augmented functional

56 e o 2 o 2 1 p+1
Eqplu) = 5”“ HL?(R) - §|U(O)\ + §||UHL2(R) - m”uHLPJrI(]R)

We also denote by MéEan (p) the corresponding set of minimizers (provided that they exist). We
have to check the hypotheses of Theorem 2.1, where we fix the following framework:

2
o 2, @ 2
5’”(0)\ +§HUHL2(R)‘
By general results on the spectrum of § interactions, one knows that Q(u,u) > 0 (see Section 7.1,
in particular inequality (7.8)). According to Examples 2.1 and 2.2, and since (2.2) and (2.3) are
trivial in this framework, it is sufficient to check the assumptions (2.6), (2.7), (2.8). More precisely
we have to prove that:

1
H=H'(R) and Q(u,u) = §HU/||2L2(R) -

if u, € H'(R) is a minimizing sequence for 8 (p), then u, — u # 0; (4.2)
IEan (1) < 0,¥p > 0; (4.3)
for any compact set K C (0, 00) we have (4.4)

sup HuHHl(R) < o0

{ue H (R)|S, ,(w)<0
HU||L2(R):H7H€K}



CONSTRAINED ENERGY MINIMIZATION AND GROUND STATES FOR NLS WITH POINT DEFECTS 13

First we check (4.3). Fix ¢q(z) = \/ge—%lw\’ then by direct inspection we get Q(pa, pa) = 0 and
l¢allz2®) = 1. As a consequence

p—1
a5 ~ 1 ,uerlOéT
Ifan(p) < &, (1pa) = —7Hwallﬂ+1 ® = 5 <0
272 (p+1)?
Next we check (4.2). It is sufficient to show that, up to subsequences,
lim sup |u,(0)| > 0. (4.5)
n—oo
First notice that, up to subsequences,
lim ||u,(0)] — sup |u,|| = 0. (4.6)
n—oo R

Indeed, let z,, € R be such that |uy(z,)| = supp |u,| and assume by the absurd that
lim sup ||u, (0)| — |un(xy,)|| > 0. (4.7)

Then we get
5 5 a
gg,p(un) - S(ip(un(ac + ) = 5(_’7%(0)‘2 + \un(xn)|2)
and hence by (4.7)
lim sup (527p(un) - éfw(un(x + :Bn))) >0

n—oo

which is in contradiction with the fact that u, is a minimizing sequence for I Eap (p).
Next we prove (4.5). Assume it is false, then by (4.6) limsup,, ., ||un||L®) = 0 and hence (since
unll2®y = p) limsup,,_ [unl[zp+1@) = 0. In particular we get

1% (p) = lim & (un) = lim Qup,uy) > 0
n—00 n—0o0

that is in contradiction with (4.3).
Let us verify (4.4). We shall exploit the following Gagliardo-Nirenberg inequality:

1 1
ol @) < 0l Fagey Il e ey

In view of this inequality, for any v € H!(R) such that ||vH r2(r) € K we get:

~ 1 a
5
Eap®) = SV 2@ — 5”“”%00( S 1H 172 x) ||U|!Loo(R
L2 o ’ (SUPKV)T N
= 5”“ 172m) — g(SUP K) [V 2wy — pTHU 123 )

and in particular we have the inclusion
{ve H'R)|[[v]|t2g) € K and £ ,(v) < 0}
c{ve Hl(R)]HvHLz(R) € K and

+
1 o' (sup K)“z p—L
*”U/”%?(R) - E(SUPK)HU/HLZ ®R) — pTHU HLz <0}
and hence due to the assumption 251 < 2 we conclude (4.4).

Next we prove b). Let us consider ﬁrst real-valued solutions of the minimum problem (4.1). First
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notice that all real valued minimizers have to solve the ODE (8.5) with a suitable Lagrange mul-
tiplier w € R. By Proposition 8.1 necessarily w > %2 and by Proposition 8.2 the real-valued
minimizers are uniquely described by *uq p -

Now we show that every element w in the set of minima (possibly complex-valued) MEap (p), has

necessarily the structure u(x) = €Vuq g, () (), for some y € [0,27). First we notice that
lu(z)] >0, VzeR\{0} (4.8)

Indeed, it is immediately seen that, if u € Mggvp, then |u| € MEas too, thus by the above argument
we get [u] = Uqp g, (o) and hence (4.8) follows by the explicit shape of uq;, 4. (»)- As a consequence
of (4.8) we get u(x) = e"@r(z) with 7(z) = |u(z)|, on each halfline with v(x) and 7(z) smooth,
and hence one has
M 2@"}/7"/ — P 4+ (w —{—’7”)7’ — 0

(we have used the fact that any minimizer satisfies the Euler-Lagrange equation with a suitable
multiplier w). Since the imaginary part in the Lh.s. must vanish, it must be /7' = 0. On the other
hand, by the argument above r(z) = |u(z)| is still a (real-valued) minimizer of the energy, then it
is given by ump,ga’p(p)(a:) which is never locally constant. As a consequence, we have necessarily
~" =0, and hence it is a constant on every connected component of R~ UR™, while r is a positive
real-valued minimizer. So it must be

ey, (x) for z < 0
_ - Yap,ga,p(p)
ur) = { e’”ua,pya,z(p) (z) forz >0

By continuity at the origin one must have e?' = €72 . This ends the proof.

5. PROOF OF COROLLARY 2.2

The proof of ¢) follows by a) and b) in conjunction with the general argument by Cazenave and
Lions (see [15], [16]) giving orbital stability of the ground states. Next we focus on the proof of a).
Arguing as in the proof of Corollary 2.1 we introduce the augmented minimization problem

55/ ~ </
15 = inf &Y (u),
(p) we H'(R™)@H (RT) 5r(t)
llull 2 @)=p
where the augmented energy is
5 1 1 2 1
& +1
Epp(u) =5 (HU/H%Q(R—) + ||U/H%2(R+)> —%W(OJF)—U(O—)|2+@”UH%2(R)—ﬁHUngH(R)- (5.1)
We have to check the hypotheses of Theorem 2.1 in the framework

H= H\(R") & H'(RY),
1 "2 "2 1 2, 2 2
Qu,u) = 5 (||U 122 + llu ||L2(R+)> - %W(O‘F) —u(0-)|" + @HUHL%IM
It is well-known that Q(u,u) > 0 (see Section 7.1, in particular inequality (7.9)).

According to Examples 2.1 and 2.2, and since (2.2) and (2.3) are well-known in this framework,
it is sufficient to check the assumptions (2.6), (2.7), (2.8). More precisely we have to prove that:

if u, € H'(R™) @ HY(R™) is a minimizing sequence for 60 (p) (5.2)
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then u, — @ # 0;

50 (1) < 0,¥p > 0 (5.3)
for any compact set K C (0, 00) we have (5.4
sup [Jull < o0

{u€H|c‘:’gip(u)<O

||u||L2(R):M7H€K}
The proofs of (5.3) and (5.4) are similar to the proofs of (4.3) and (4.4) and we omit the details.
We focus on the proof of (5.2). First notice that

1

e

e . Lo 2 2
I7r < uegllf(R) 5”“ 122 r) + @HUHL%R) (5.5)

Hu”LQ(R):P

P+1 R)

Indeed, let ¢ € H'(R) be the unique even and positive minimizer for the functional in r.h.s. (it is
well-known that it exists, see [16]). Next we introduce ¢ € H'(R™) @ H'(R") defined as follows:

N (x) for z > 0
Pz) = { —Spcp(x) forz <0

Then (5.5) comes by the following computation:

1% < E5,(%)

1 P . P

= S1 Bage) + S5l - *nsonf;;;l -0l
2 1
< I Bae) + g5l — It

_ L2 202 pt1
= ot ey + gl — ol

||“||L2(R):p

Next, notice that (5.2) follows provided that
lim sup |y, (04+) — un(0—)| > 0. (5.6)

If it is false, then we can consider the functions
x for x € (un(0—), un(0+))
Up(x) = Un (2 — up(0+4) for x € (uy(0+),00)
Un (2 — up(0—) for x € (—o0, uy(0—))

In fact the corresponding normalized functions w, = PTa I(l;)(lr)z( : satisfy (by assuming that (5.6)
n L4 (R
is false)
nlLH(;lo Eﬁp(un) Sgyp(wn) =0. (5.7)

On the other hand, w, € H'(R) and |Jwy||12(r) = p then

: L2 2 p+1
uegllf(R) Sl liewy + @HUHL?(R) — 7l g

”u”L?(R):p
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1
< lim *H’wnHLz @”wnHQLQ(R) - ﬁ”wnHLMl(R)

n—oo

= lim 5ﬁp(wn)

n—oo

This fact and (5.7) give a contradiction with (5.5).
Next we focus on b). Arguing as in b) of Corollary 2.1 we can reduce to characterize the real-valued

minimizers minimizers u(z) € Mga ». Notice that by the Euler-Lagrange multiplier technique we
have that u(z) solves (8.6) for a suitable w € R. In particular the fact that u(0+) - u(0—) < 0
follows by the following remark. First of all u(0+) # u(0—) otherwise u € H'(R) and it would give
a contradiction with (5.5). Moreover by looking at the structure of the functional (5.1) we see that
necessarily u(0+4) - u(0—) < 0 (if not we could replace u(z) by (signz)u(x) and to contradict the
minimality properties of u).

Next notice that by Proposition 8.3 we deduce that necessarily w > ;—2 and by Proposition 8.5
U € {F£Uodd B pw} OF U € {FUqs g pw(E-)} for suitable w. By Propositions 8.5 and 8.4 it is easy to

deduce that necessarily u(z) = £uoda,p,g5 (o) (%) in the case gg,(p) € (%, %%). Furthermore,
in order to find the minimizer with L?-norm equal to p, we must compare ggip(uas,ﬁypm) and

gy

3 p(uodd,@pm), where wy and wy are uniquely defined by the condition

ltas,p.pon 172y = lttodd,ppca 2y = P

This could be done directly, making use of Proposition 8.6 in the Appendix II; but we can no-
tice that, if Eg:p(uas,@p,wl) > Eg:p(uoddﬁp,w), then we would conclude that g gy, is stable,
contradicting Theorem 6.11 in [4]. Then, it must be

8’ é’
gﬁ,p(uasvﬁvpywl) < gﬁ,p(UOddaﬁJ)vw?)’

so the proof is complete.

We end this section noticing the spontaneous symmetry breaking of the set of ground states for a
NLS with ¢’ interaction. This phenomenon is studied in detail in [4].

6. PROOF OF COROLLARY 2.3

As in the previous cases, the proof of ¢) follows by combining a) and b) with the general stability
argument by Cazenave and Lions (see [15], [16]). In order to prove a) we have to check that all the
assumptions of Theorem 2.1 are satisfied provided that we choose H to be

={uec HR)® H'R")| u(0+) = u(0-)} (6.1)

and
1

&) = 3 (10 ae) + 10 aary) = =gl ey (6.2)

To this end we premise the following lemma.

Lemma 6.1. For every p > 0,7 € R\ {0,£1}, we have

gdiP ~

Iz (p) < I(p)
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where )
R e e L (6.3)
p
and }
S(p) = {u e H'(R)| u(0) = 0, ||u]l 2y = p}-
Moreover ,
gdzp
;" (p) <O. (6.4)

Proof. We assume for simplicity 7 > 0, the other cases can be treated in a similar way. First let us
remark that we have the following obvious inequality

E(p) < 1(p) (6.5)
where £(u) was defined in (6.2) and
E(p) = inf —E(u) and |lgf|L2(r) = p-
ue H'(R)
lull L2 m)=p

We recall that the existence of a constrained minimizer ¢ for £ is proved in [16]. Moreover since
now on we shall use without any further comment the following symmetry property: ¢(x) = p(—z).

Next we introduce the functions ,
Pu(T) = wrTp(w)
We choose wi,ws > 0 such that

Pun (0) = TPuws (0)

2
Z HSOWiH%Q(O,oo) =p
=1

Such a choice is possible since the conditions above are equivalent to:
2 2

wi™t = 1wl (6.6)

5—p o _ o0
wd (/ |g0|2d:13+7'52p/ g0|2d:13> = p? (6.7)
0 0
dzp

Being I £ (p) an infimum, one has obviously

8d1p
Tp < Z g{) Ssz

where .
1
& (u) = QHU’Hiz(o,oo - H Hi—;-l 0,00)
and hence )
gdiv 243
LY (p) < E°(p) Y w (6.8)

By combining (6.6) and (6.8) we get:

di p+3
17 (p) < &Fe)e (1477)
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and hence by (6.7) we get

gl P’ T pts

I (p) = &) |~ E——— <1+r 2 ) (6.9)

fo lp|?dx + 72 fo lp|?dz
Next notice that we can conclude by (6.5) provided that
P2 5-p 3
&) | (1+7%) < &) (6.10)
fo lpl2de + 72 fo |p|2dx

that due to the even character of ¢ is equivalent to

9 151+3
s .
(5—p> (1 + Tp?) > 2
1+72

where we have used that, as it is well-known, £(¢) < 0. More precisely the inequality above is

equivalent to
1 N T - 1 N ™\ 7
2 2 2 2

1+%’Y> 1+7\"
2 2
a _ p+3

where v = 2 = 22 ¢ (1,00) and 7 = 79, that is satisfied by the convexity of the function s — |s|”
B 5-p

for v > 1. Notice that (6.4) follows by (6.9) and (6.10) and the well-known fact that £(¢) < 0.
]

where a = # and 8 = 5%73.
In turn this inequality follows by

Next we prove a). Due to Examples 2.1 and 2.2, and since in our specific context (2.2) and
(2.3) are satisfied, we have to check that all the remaining assumptions of Theorem 2.1 are satisfied
provided that we choose H and £ as in (6.1) and (6.2). Concerning the assumption (2.7) (in our
concrete situation) it follows by Lemma 6.1. The proof of (2.8) is similar to the corresponding
proof in the case of Corollary 2.1. We then prove (2.6), i.e.: assume u, € S7(p) where S™(p) =
{u e H[|[ull2r) = p}, and

.1 2 2 1 +1 5
Jim 5(“%’&2(&@7) + HU%HLQ(W)) - ﬁ”un”ﬂm(m =I" (p),
then
Up — U #0in HT
In fact it is sufficient to prove that
lim inf |u, (04)| > 0.
n—oo

If not, then up to subsequences we can assume
liminf {|u,(0+)| + |u,(0—)|} =0
n—oo

where we have used the fact that u(0+) = 7u(0—) for any u € H". Next we modify u, in
w, € H'(R) in such a way that w,(0) = 0, [lwn|l2r) = p and Sf)hp(wn) — Iggfg(p). As a
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- di -
consequence we deduce I(p) < b p(p) (for the definition of I(p) see (6.3)) that is in contradiction
with Lemma 6.1. The sequence w, is defined as follows

Un
Wp = Pz
HunHL2(R)
where
Un (T — |un(04)]), Yz > |u,(04)]
iy — 4 et [ (0-)), Ve < —Ju,(0°)
" sign(u, (0+))x, Yz € (0, |u,(0+)])
—sign(u, (0—))z, VY € (—|u,(0—)[,0)

Finally, we prove b). Arguing as in the proof of b) in Corollary 2.1 we deduce that it is sufficient

dip
to characterize the real-valued minimizers u € pr (p). Any such u must solve the problem

—u" + wu = uulP~! on R\ {0}, u(r) € R,
u € H?*(R™) ® H*(RY)
u(0+) = Tu(0-), 7/ (0+) = v/(0-)
for a suitable value of the Lagrangian multiplier w. First we prove that necessarily w > 0. Indeed,

by the the minimizing property of © we deduce that the function A\ — Sgip (v Au(\-)) has a minimum
at A =1 and hence (by elementary computations)

d il ) b1
(32 (10 1y + 1 Pageny) = AT Tl )], =0
which implies
Hu’||ig(R,)+||u’\|%2(R+): 2p + >|| ||iﬁ1

By combining this identity with the following one
e gy + e 1By + wllul 2oy = lulZhh oy

(obtained by multiplication of (8.10) by u(z)) we deduce that w > 0.

As a consequence we can apply Proposition 8.8 and get that u € {:txj'_,p,uﬂ +X7, p7w}. Notice that by
Proposition 8.9 the maps w — I 12(r) are bijective, hence the proof of b) is complete provided
that we show

IXEpw

di - di
ESP(Xrpw ) < ETP (X pwo ) (6.11)

where w4 are selected in such a way that

”Xi,p,erH%Q(R) = ||XT_,p,w,H%2(R) =’

that, due to Proposition 8.9, is equivalent to

2 2, [1=rP ]
1 -1 2 1 3—p T 1—7p+3 ==
(p+1)\7 (1—22)% + A SRV P (6.12)
2 -1 \J L
1—7
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In order to perform the comparison, first notice that, being solutions to (8.10), the functions X?,p,w .
belong to the natural Nehari manifold, namely

1 + + + + +1
5 (1060 o) + 1 06Ep) ) + @2l ey = INEpws ey = 0

so that their energy can be written as

di p +1
& Zp(XT,pwi) = mHXT,p,winip+l )_ 7||X7',pwi“L2
and hence by Proposition 8.9 we get
di
& zp(XT,p wi) =
p+3 _2
W20 (]il)’“ [1(/ (1—2)7 1dti/ - T” 1—t2)%dt)
2 2 1—7P
1— Tp+3
1 1 = ™\ s =
_(/ (1—t )pldti/ - eyar).
p—1 -1 i::i;S
By the following identity, obtained by integrating by parts
2 -1 2 4 3-p
Ja-e = eyt S fa- et
p+3 p+3
we get
di
& Zp(XT,p wi) =
soon (Pt 1 p—>5 ! 9y 2=2 v % 2222
W3 )( ) (/ (1—t)p—1dti/ ” (1—t)p—1dt)
2 (p=Dp+3)\ /4 T

that in conjunction with (6.12) implies (6.11). The proof is complete.

7. APPENDIX I: REVIEW OF POINT INTERACTIONS

In this section we describe all interactions in dimension one that are concentrated in a single
point. From a physical point of view these operators (and the corresponding quadratic forms)
can be interpreted as the family of hamiltonian operators describing the dynamics of a particle
in dimension one under the influence of an impurity, or defect, acting as a capture or scattering
centre. Placing the origin of the line at the centre of interaction, one can rigorously obtain such
hamiltonian operators as the set of selfadjoint extensions (s.a.e.) of the symmetric operator

Hou = —u" (7.1)

defined on the domain

D(Hy) = C°(R\{0}),
i.e. the set of smooth, compactly supported functions that vanish in some neighbourhood of the
origin.
By the Krein’s theory of s.a.e. for symmetric operators on Hilbert spaces (see [6]) one easily proves
that there is a 4-parameter family of s.a.e. of (7.1). Such a family can be equivalently described
through a 4-parameter family of boundary conditions at the origin. Summarizing the results in [7]
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and [20], the explicit action and domain of the so constructed operators, following [8, 9, 7, 12] and
reference therein, can be conveniently given by distinguishing two families of s.a.e.

Coupling point interactions: given w € C,a,b,c,d € R such that |w| =1, ad — bc = 1, we define

the s.a.e. Hy as follows:
a b
U= w( e d ) ,
u(0+)

Dy = piiy) = {ue @, (4ot ) =v( 500}
(Hyu)(z) = —u"(z), x40, Yue D(Hy)

We stress that the dynamics generated by any Hamiltonian Hy couples the negative real halfline
with the positive one. In other words, if a wave packet initially confined in the negative halfline
is acted on by a linear Schrodinger or heat dynamics, it instantaneously diffuses in the positive
halfline, and vice versa. In the case of the linear wave equation, there is equally propagation
through the interaction centre, but at a finite velocity. This is why members of this class of point
interactions are called coupling.

(7.2)

Separating point interactions: given p,q € RU{oco} we define the s.a.e. H), as follows:
Dpq = D(Hpy) (7.3)

= {ue H*R\{0}), u(0+) = pu'(0+), u(0-) = qu'(0-)},
(Hpqu)(z) = —u"(z), x#0 Vue D(Hpyg)
These boundary conditions are opaque to transmission of the wavefunction from one half axis to
the other, and allow just reflection, with Robin boundary conditions on the two sides. In particular,
the cases of right, left or bilateral Neumann or Dirichlet boundary conditions are found by choosing
p=o0orp=0in 0+, and/or ¢ = occ or ¢ =0 in 0—.

Notice that by choosing in the matrix U the coefficients w = a =d =1, b = ¢ = 0, one obtains the
free-particle Hamiltonian Hou = —u” on its standard domain H?(R).
Non-trivial examples are the following.

The choice w =a=d=1,b =0, ¢c = —a # 0 corresponds to the well-known case of a pure
Dirac § interaction of strength —a, from now on noted as HY2.
We note explicitly that our sign convention on the strength is different from the usual one (which
correspond to the exchange & — —a), because in the present paper we are interested in the delta
potential with just one sign of «, the one which corresponds to attractive interaction, and we want
to keep it positive along the analysis.
Explicitly,

u(0+) = u(0-)

u/(0+) _ ul(o_) _ —au(O—) (7.4)

The § interaction H, g is the norm-resolvent limit of a family of Schrédinger operators H, u =
—u" — alV(Z)u with [, V(s)ds = 1. The family 1V (%) — 4y in distributional sense as e — 0.
This justifies the name of § potential.
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Thecasew =a=d=1,c=0,b= —f € R corresponds to the case of the so-called ¢’ interaction
of strength —3. To be explicit, the boundary conditions are

u'(04) = «/(0-)
uw(04) —u(0—) = —pBu'(0-)

Note that in the ¢ interaction the functions in the domain are continuous and their derivatives have
a jump at the origin, while in the §’ case the functions have a jump at the origin, and their left and
right derivatives coincide.

The same remark on sign convention made for the § potential applies to the ¢’ interaction: the usual
one corresponds to the exchange 8 — —f, and we use the present one because we are interested
just in one sign of 3, the one which corresponds to attractive interaction, and we want to keep it
positive. It has been proven that the §’ interaction does not correspond to the norm-resolvent limit
of a family of Schrédinger operators with potentials E%V(f) approximating the ¢’ distribution in
the limit e — 0 (i.e. [ V(s)ds =0and [ sV (s)ds = —1) . It is, in fact, the norm-resolvent limit
of a more complicated family of Schodinger operators, a subject of some concern in the literature
(see [17, 21] and reference therein). So, the question arises of which boundary condition or point
interaction, if any exists, describes a §’ potential, in the sense stated. Let us consider the interaction
H, given by the following transmission boundary conditions for v € H?(R\{0}),

u'(0—) = 7u/(0+)
u(0+) = 7Tu(0-)

(7.5)

(7.6)
and action Hyu = —u".
It has been recently shown (see [25]) that these boundary conditions describe the norm-resolvent
limit of the family of s.a. Schrodinger operators H{u = —u” + vV (%)u with [, V(s)ds =0 and
Jz sV (s)ds = —1, when a suitable resonance condition on the potential vV is satisfied; moreover
the parameter 7 emerges as a scalar function of the resonance of yV.
Precisely, if the potential vV has a zero energy resonance with resonance function u, (i.e. a L™
solution of —u:; + vVu, = 0 with existing u,(+o0) = ui:), then the norm-resolvent limit of the
operator H_ coincides with the operator H, where 7 = Ty = Zi On the contrary, in the non-
Y
resonant case the scaled Schrodinger operator converges to —d% with bilateral Dirichlet boundary
conditions, which is a separating trivial case. This fact strongly suggests to consider the boundary
conditions defining H, as describing a ¢’-potential or in physical terms a dipole interaction. We
emphasize again that the norm-resolvent limit yielding H, depends on the regularization, i.e. de-
pends on the shape (through its resonances) of the potential ¥V approximating in distributional
sense vd'. This feature is at variance with the case of a § interaction, which is a a norm-resolvent
limit of a family of regular potentials independent of the reqularization.
We finally mention that a wide set of point interactions can be recovered as the limit case of
a Schrédinger operator on a line with a junction of finite width [—A, A] and suitable boundary
conditions in +A, in the limit of vanishing A. See [24] for details on this model and for an
interesting physical interpretation.

Now we discuss the quadratic form associated to the point interactions previously defined.
We recall (for details see e.g. [33]) that the quadratic form @ 4 associated to a selfadjoint operator
A is the closure (ever existing) of the quadratic form given by gqa(u,u) = (u, Au), for u € D(A)
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and denoted by (,) the inner product of the underlying Hilbert space. The form domain D(Q 4) of
the closure turns out to be an extension of the operator domain D(A). The form Q4 has often the
meaning of energy, and the form domain D(Q4) that of domain of the finite energy states. Here
we adopt this usage. Moreover, in the following we omit the subscript A that refers to the original
s.a. operator, in favour of a more agile notation. No ambiguity should be present.

The quadratic forms associated to point interactions are defined as follows.
1. For the Hamiltonian Hy o corresponding to bilateral Dirichlet b.c. the energy space is
D(Qo) == {u € H'(R), u(0) = 0}
and the form reads
Qo(u) = [/|*.
2. For the Hamiltonian Hy 4, ¢ # 0 (right Dirichlet b.c.)
D(Qo+) :={ue H'(R™)® H'(R"), u(0+) = 0}

and

Qor(u) = [0/ 2eqemy + 1Bz — lal ™ Ju(0-)[

Analogously (left Dirichlet b.c)
D(Qo-) :={uec H'(R™) @& HY(R"), u(0-) =0}
and the form reads
Qo-(u) = Il ey + I/ [z + oI (04 2
3. For the Hamiltonian Hy, defined in (7.2), with b = 0 the energy space is
D(Qua) == {u € H'(R™)® H'(R"Y), u(0+) = wau(0-)}
and the form reads
Qualw) = [ 3aqzy + 0 2y + aclu(0-)P.
4. For any other s.a.e. of Hy the energy space is given by
D(Q):=H'(R")® H'(RY)
To describe the action of the form we have to consider two cases:
4.a. if the Hamiltonian is of the type Hy described in (7.2), with b # 0, then
Qu = Hu/H%Z(R*) + HU,H%Q(Rﬂ
+b d[u(04)]? + alu(0-)|* — 2Re(wu(0+)u(0-))].

4.b. if the Hamiltonian is of the type H,, described in (7.3), with p, ¢ both different from zero,
then

Qpa(w) = [l To@y + [0/l gy + 27 u(0H)* — g~ Hu(0-) [

All above energy spaces can be endowed with the structure of Hilbert space by introducing the
hermitian product

+o0o —€

(u,9)x = (u,¢)+ lim u' ()¢ (x) dz + lim u'(z)¢' (x)dx.

e—0+ c e—0+ o
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We give more explicitly the quadratic forms and their domains for the examples of ¢ interaction
H?, ¢ interaction Hg/ and &' potential HIP.

For the J interaction with o # 0 we have
D(Qy) =H'R),  Qu(u) = [l|F2g) — alu(0)
For the ¢’ interaction with 3 # 0:
D@Q) = 'R & HYRY), Q5 (u) = /e, + /122y — B u(0+) — u(0-)[?

In both cases a = 0 and 3 = 0 the § and ' respectively reduce to the free laplacian form.
Besides, if u belongs to the operator domain of a ¢’-interaction with strength —/3, then one has

QY () = 1o/ 2aggey + Pz — Bl (O (7.7)

which is the reason to attribute the name of §’ to Hg/, that is, as recalled, an abuse of interpretation.

For the Hamiltonian H;?"p the case 3. above applies with w = 1 and a = 7. The energy space is
D(Q¥P) .= {ue H'(R™) @ H'(RT), u(0+) = 7u(0-)}
and the quadratic form is
QP (u) = HUIH%Q(R—) + HU’H%%W)-

7.1. Spectra. Here we recall the main spectral properties of the operators H?, Hg/ and HP (see
[7)-

All of them have the essential spectrum which is purely absolutely continuous and precisely oess (HS) =
Uess(Hgl) = Uac(Hg) = O'ac(Hg/) = O'ess(H;hp) = O'ac(Hﬂc'hp) = [O) +OO)

Concerning the discrete spectrum, if nonempty it is purely point, and precisely one has

If a <0, then o,(H2) = (;

if @ > 0, then there exists a unique eigenvalue, given by o,(HY) = {—%2} .
If 3 <0, then o, (HY ) = 0;

if B > 0, then there exists a unique eigenvalue, given by ap(Hg/) = {—%} .
For any 7 € R, 0,(H¥?) =) .

For any «, 3 € (0,00), the corresponding normalized eigenfunctions of H? and Hg/ are given by

o) = (g)é ezl Es(x) = (;) : Sign(x)e*%m

In any case we consider, the singular continuous spectrum is empty: oy (HS) = asc(Hg,/) =
Ui
Usc(H‘rlp) = 0.
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In view of application to the proof of Corollaries 2.1, 2.2, and 2.3, we remark that the structure of
the spectrum of the operators H g, Hg/, and Hf-hp immediately shows that:
i) Q. is positive definite;

ii)

o2
Q4 (u) + zHuH2 > 0, (7.8)
and equality holds if and only if © = Au,, for some A € C.
iii)
5 402
Qp (u) + @IIUII > 0, (7.9)

and equality holds if and only if u = Avg, for some A € C.

8. APPENDIX II: CONSTRUCTION OF NONLINEAR STATIONARY STATES FOR POINT INTERACTIONS

In this appendix we review some useful results on existence and explicit construction of standing
waves for the standard NLS on the halfline (Subsection 8.1), on NLS perturbed by a § interaction
(Subsection 8.2), and by a §’-interaction (Subsection 8.3). They are mostly known, but we prefer to
give a selfconsistent treatment. Finally, we give new results for the NLS with a dipole interaction
(Subsection 8.4). Main references are [11, 15, 16] for the standard case, [23, 22| for the delta-like
perturbation, and [4] for the ¢’ potential. In particular, for a complete proof of the identification
of the ground states in the latter case we refer to [4].

We warn the reader that along this Appendix we shall always consider real solutions to the sta-
tionary Schrodinger equation only. As the equation (1.1) is genuinely complex, of course other
stationary states exist and are found by exploiting phase invariance.

8.1. The Cauchy problem for the stationary NLS on the halfline. In the present section

we give, for completeness, the proof that every standing wave of a NLS on the line with a point

interaction is constructed by matching two truncated standing waves on the line with suitably

chosen parameters (centre, amplitude and phase). This is the way standing waves of NLS with ¢, §’

and dipole interactions are obtained. Here we prove that the procedure is general and we show how

to apply it to the determination of standing waves of NLS with virtually every point interactions.
We start giving some elementary properties of the solution to the equation

—u” 4 wu = uulP~!, w > 0. (8.1)

Lemma 8.1. Let u any solution to (8.1). Then the following properties hold:

a) u satisfies a conservation law:
(v (2))? — w(u(z))? + ?|u(:c)|p+1 = const, Vz in the domain of u; (8.2)
p
b) if u is a mazimal solution to equation (8.1), then it is defined on R;
¢) if u is a solution to (8.1) defined in the interval [a,+00) such that lim, oo u(z) = 0, then it
must satisfy

2

(' (z))? — w(u(z))? + lu(z)|PT™ =0, Vz € [a,+00). (8.3)

p+1
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Proof. Indeed, for any z in the domain of u,

i[(U’(w))2 —w(u(2))? + ——u(@)P*] =24/ (2)[u"(2)* - wu(z) + Ju(z) P~ u(2)],

dx p+1

that vanishes since u is a solution to (8.1). This proves a). Moreover from (8.2) one immediately
has that any maximal solution v has to be bounded, otherwise (u’)? would become negative at
some z. Furthermore, again from (8.2), u’ has to be bounded too. Then, if the domain of u is
bounded, then it can be continued, contradicting the maximality of u. As regards c), by (8.2) u/(x)
tends to a constant as x goes to infinity, but in order to guarantee u(z) — 0, such a constant must
be equal to zero, and the proof is complete. O

Remark 8.1. Any solution to the Cauchy problem

—u" + wu = ululPt, w>0
u(0) = a,u'(0) =b
satisfies
2 2 P+ = b2 .

wa™ ——|a
p+1

We introduce for shorthand the following notation
1

B w(p+1) Pt
Ppw(@) = <2COSh2(pgl\/(;1')) . (8.4)

Theorem 8.1. Given a € R, let u be a non-trivial solution to (8.1) on the interval [a, +00) such
that limy_,o u(z) = 0. Then,

()] = epw(z+z0)
for some xg € R.

Proof. By Lemma 8.1, u must satisfy the condition (8.3), so |u(a)| < (w(p+1)/2 1 and
y y

v (a :\/wua2+ u(a)Ptl,
|u'(a)] (u(a)) erl|()|
First, notice that ¢, ,(R) = (0, (w(p + 1)/2)11%1], so there exists yo € R" s.t. 0p0(v0) = |u(a)l.
Besides, one can directly check that
(Ppw) (o) = —lu'(a)l-

Now, observing that ¢, ,, is even, and that for any y € R the functions +¢, ., (- + y) solve equation
(8.1), we conclude that

() = ¢pw(r —yo —a).
—If u(a) > 0 and v'(a )<0 thenugzz:g:gpn w(®+yo—a).
(z) =

—If u(a) < 0 and v'(a) > 0, then u(x Opw(T+yo —a).
—~If u(a) < 0 and u/(a) <0, then u(z) = —ppu(z —yo — a).
The theorem is proven. O

In the next subsections, we follow the previous analysis of the Cauchy problem for NLS on the
halfline, and construct the families of stationary states for the three examples of point interactions
we are studying.
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b)w=9

Figure 1: p=3 NLS with J potential. a=1; w=1and w =9

8.2. Stationary states for the § potential. Here we explicitly give the solutions to the following
ODE
—u" 4+ wu = uluP~t on R\ {0},u(z) e R,w € R
ue HY(R)N (HZ(R*) ® H2(R+)) (8.5)
' (0+) — v/ (0—) = —au(0)

First we prove a non-existence result.
Proposition 8.1. Assume w < a?/4, then the only solution to (8.5) is the trivial one.

Proof. First notice that by Theorem 8.1 a solution u to (8.5) is described by two pieces of solitons
matched at the origin, and by the continuity condition (recall that we are assuming u € H!(R))
they have constant sign. For simplicity we assume u(z) > 0 for every x € R. After multiplication
of (8.5) by pa(z) = \/gef%m, that is a normalized eigenvector of the attractive ¢ interaction,
already defined in the proof of Corollary 2.1, we integrate twice by parts and get the identity

2
—a/gpaudx—}—w/gpaudx:/gpau|up_1dx>0
4 Jr R R

(where we have used the fact that u(z) has a constant sign) and hence necessarily w > %2.
O

Proposition 8.2. For every a > 0 and for every w > o?/4 there exist exactly two solutions to
(8.5), given by £uq pw, where the function uqp. was defined in (2.10), (2.11).

Proof. According to Theorem 8.1 and by the continuity condition on u (indeed we assume
u(z) € HY(R)) we deduce that either u(z) > 0 or u(x) < 0 for every z € R. We assume that
u(z) > 0 (the case u(z) < 0 is similar).

Again by Theorem 8.1 there exist x+ € R such that

w(z) = ppw(c+ 1), = Ri,

where ¢, , was defined in (8.4).

By imposing the continuity condition at the the origin we deduce (due to the shape of the function
Ypw), that z = +x_. In the case z4 = 2_ = T we get u(x) = ppo(x + Z), that can be excluded
since the derivative at the origin has no jump, so, as a > 0, the boundary condition in (8.5) is not
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satisfied. Hence we have x4 = —z_. By the boundary condition imposed by (8.5) on the derivative
of u, we deduce that, denoting £ = —x,

(p;,w(‘%) - 90;),0.)(_'%) = _a(ppvw('i.)7

namely
—2\/07< ! )pj tanh(p;l\/zzi) = —a( ! )F
cosh?(251 /i) 2 cosh?(251 \/wi)
(where we used the even character of the function ¢,), i.e. tanh(%\/@i“) = ﬁ The proof is
complete.

]
The stationary states for a ¢ interaction are represented in Figure 1.
We immediately have the following result (see [23])

Corollary 8.1. The function
(0?/4,00) 3w — [[uapwll2@) € (0,00)
18 continuous, increasing and surjective.

Proof. Using (2.11), by direct computation one gets

1
5-p 3-p
ltopulle = COWE [ (1=,
2w
where C(p) > 0 is independent of w, that is obviously a monotonically increasing function of w,
approaching zero as w vanishes, and going to infinity as w goes to infinity. U

8.3. Stationary states for the §’ interaction. We study the problem
—u" +wu = uluP~ on R\ {0}, u(z) ER, w e R
u€ H*(RT)® H3(R™)
w(0—) — u(0+) = Bu/(0), u'(0+) = v'(0-)
u(0+) - u(0—) <0
First, we prove a nonexistence result.
Proposition 8.3. If w < 32/4, then the problem to (8.6) admits the trivial solution u = 0 only.

Proof. First notice that by Theorem 8.1 any solution u to (8.6) consists of two pieces of solitons
suitably matched at the origin. Moreover, by the boundary condition they have opposite sign on
the real half-lines R*, so we can assume u(x) > 0 on R, being the case u(z) < 0 equivalent. After

2
multiplication of (8.6) by the function yg(z) = \/% (sigmc)e_?‘gCI (that is a normalized eigenvector

of the attractive ¢’ interaction and was defined in the proof of Corollary 2.2), and integrating by
parts twice, we get

4
—ﬁQ/v~gpgdx+w/gp/g-vdx = /gpﬁ~vlv|p_1dx>0

where we have used the fact that vpg has constant sign, and hence necessarily w > %2.
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Proposition 8.4. Let § > 0. Then, under the extra assumption
u(0+) = —u(0—) > 0, (8.7)
there exists a solution to (8.6) if and only if w > %. Moreover this solution is unique and equals

Uodd,Bpw = SIgN(z)ppw(T + ), where sign(x) is the sign function, pp., was defined in (8.4), and
T =Z(0,p,w) > 0 solves the equation

ﬂftanh( \Fx>:2,:1:>0.
Proof. By Theorem 8.1 any solution u that satisfies (8.6) plus the extra assumption u(0+) > 0
has necessarily the following structure

+opo(r+2), z € R¥,

where x4 are to be chosen in order to satisfy the boundary conditions in (8.6). Due to (8.7) and
to the continuity of the derivative, we conclude x4 = —z_. By introducing x4 = Z, the condition
on the jump of u at zero (see (7.7)) prescribes

Ppw(T) + Ppw(=T) = =B (2),

or, more explicitly,

p—1
i 1 N 2 1 pr tan112( VW) 7
coshpj(p%lﬁi) coshﬁ(%\@(—:ﬁ)) coshr=1 (%ﬁa‘:)
which implies > 0.
The proof is complete. O

Proposition 8.5. Let § > 0. Then there ezists a solution to (8.6) under the extra assumption

w(04) > 0 and w(04) > [u(0-)| (8.8)

if and only if w > @% Moreover the solution to (8.6) that satisfies the extra assumptions (8.8)

is unique and equals Ugs 3pow = tPpw(T +24),2 € R*, where the function ¢y, was defined in
(8.4) and x4 are the only solutions to the system
tanh( L wx ) 1 tanh( Lwz) 0
CoshP p=T (2= L /wxy) coshP— 1(‘771\/72 ) (8 9)

nh
2 ! + 3 ! = BVw e ( /o)
coshp—l(%\/c?u) Coshp_l(%\/;;p_) coshP— 1(1’%fx+)

that satisfy the condition v— < 0 < x4 < |z_|.

Proof. By Theorem 8.1 any solution u that satisfies (8.6) plus the extra assumption u(0+) > 0
is necessarily of the type £¢p (- +24), 2 € R*, where x4 are to be chosen in order to satisfy the
boundary conditions. It is also easy to check that under our assumptions necessarily «'(0) < 0 and
hence x4y > 0 and z_ < 0. Moreover, since we are assuming |u(0+)| > |u(0—)|, then z4 < |z_|. In
fact, the boundary conditions are equivalent to

Splp,w(x-l—) + Solp,w(w—) =0
Ppw(Tt) + ppw(z-) = _590;,w(x+)a



30 RICCARDO ADAMI, DIEGO NOJA, AND NICOLA VISCIGLIA

and system above rephrases as

taunh(p%1 VW) N tanh(%\/@x,)

=0
coshp%l(%\/&mr) coshp%l(%\/ax_)
1 1 tanh (252 /or, )
2 + 21 =Bvw 2 21,,1
coshr=1(F=y/wxy)  coshrT(5=y/wr_) coshr=T1 (= /wx )

with the extra conditions

o <0<zq <|z_|
According to Proposition 5.1, Lemma 5.2, and Theorem 5.3 in [4], to which we refer for details, the
above system has a unique solution (z4,z_). O
The situation is depicted in Figure 2, where the odd and asymmetric stationary states for a cubic
NLS plus a ¢ interaction with 8 = 1 and w = 64 are represented.
Next, we collect some properties of the elements w,448p . and ugsgpw of the two families of
standing waves of NLS with ¢’ interaction.

Proposition 8.6. The following properties hold:
e the function
(4/6%,00) 3w — |[todd,p,pwllL2(®) € (0,00)
is continuous, increasing and surjective;
e the function

Maoo S w — |uas spwllrzm) € [llu swin) || 22(R), )
B2p—1) P oALBP G2y

s continuous, increasing and surjective.

Proof. The result immediately follows from Proposition 6.5 in [4].
O
Next result is useful to compare energy and mass of stationary states o448, and ugs gpw-

Proposition 8.7. We have the following identities

wip+ 1)\ 3 2
ol ey = (Z2H)7
2 (p

1 _ F2= _
(/ (1—t2)ridi — /W (1- tQ)ff—’fdt>
-1 __2_

w(
HUCLS,@PMH%Q(R) = ( 9

1 5 tanh(25L /wz ) g
/ (1—t2)f»7dt—/ ’ (1—t2)ﬁdt
-1 tanh(%;l\/ojzf)

+1
||uodd,ﬁ,p,w ||I£p+1(R) =

and

Moreover, we have
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(a) w =64, odd (b) w = 64, asymmetric

Figure 2: p=3 NLS with ¢": u,qq and ugs for 5 =1, w = 64.

( (p2+ 1)) = (p_i)\/a (/_11(1 _tz)fldt—/_

as gl s gy =

(P+1) 1 tanh(25= L fozy)
( (p—l—l)) 2 / (1—t2)pzldt—/ (1—752)”%1(175
2 ( - 1)\/‘; -1 —tanh(%ﬁz,)

Proof. By looking at the expression of uqqgpw () We get:

Ok

(1—1) 1dt>

B

B

and

|1 %odd,3,p.w () H%2(R) =

IN=T 1 - 1
U et e ™)
2 z  coshr—1(P5=\/wx) —oo coshr=T (25=/wz)

IR = 2 o0 1 Py ,
_< p2 ) (p—l)\/cf)(/ fxcoshpl()df“r/_oo Mdm)

and after the change of variable ¢t = tanh x we get

2 _ w(p+1) p%l 2
IIUOdd,ﬁ,p,w(ﬂﬁ)Hm(R) = (T) (p—1)w

1 3-p — tanh(25= L.\ /&x) 3_p
/ (1—t2)P1dt+/ (1—t*)»p1 Tat
tanh(25= L\/&x) -1

The other identities can be proved in the same way.

X

31
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8.4. Stationary states for the dipole interaction. We study
—u" + wu = ululP~t on R\ {0}, u(r) € R,w >0
u€ H*R™) @ H*(RT) (8.10)
u(0+) = 7u(0-), 7u/(0+) = v/ (0—)
Proposition 8.8. For every 7 > 0 and w > 0 there exist exactly two solutions to (8.10) under the
extra assumption
u(0+) >0

Moreover, the solutions have the following structure

+o w(p+1)
XrpeolT) = <2c0sh2( bl Jo(x + &

))) . for z € R®

1

" or x € RT
>>> !

_ _ w(p+1)
Xrpul?) = (2 cosh (51 V(e — &

where £+ = £4(T,p,w) € R are defined by the following conditions:

tanh( \F§+> N1

tanh( f@“ > T

Proof. By Theorem 8.1 any solution u(x) that satisfies (8.10) plus the extra assumption u(0+) >
0 has necessarily the following structure

1

u(x) = wip+1) "~ for r € R*
” <2cosh2<%%<x+yi>> )

where y4+ have to be chosen in order to satisfy the boundary conditions.
T0pw(W+) = ¢pu(y-) =0

(pp,w(y-i-) - T‘pp,w(y—) =0
where ¢, , is given in (8.4). The above system is equivalent to:
twh(lBy) | tanh(PEu)
coshr—1 (%\@yﬁ coshr’—l(%\/@y,)

1 1
-7 =0

2 2
Coshﬁ(ﬂfy# COShﬁ(Efy )
By introducing t+ = tanh(%5= L woys)
system above is equivalent to

= 1 — tanh?z the

2ty =1t
{ (1—t3)=7P"1(1-¢%) (8.11)
and hence the conclusion easily follows.
O
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Figure 3: Ground states for the p = 3 NLS with dipole.

The ground states of a dipole interaction with various values of 7 and w = 1 are represented in
Figure 3. .
The following property allows to compare energy and mass of stationary states the of Hf;g .

Proposition 8.9. Assume 7 > 1 and X;t,p,w as in Proposition 8.8, then we have the following
identities:

||X7%p,w”%2(]R) = (812)
2 1 B 2 [1=7P~1 -
wlp Ve 2 L= R e
2 (p—1Dvw 1 1_rb—_
n 1—rp+3
1
"Xﬁp,w”i—;-rl(ﬂg) = (813)

(p+1) 1 72, 1=
e 2 2 —pT3 2
(M) p—1 ( / (1 —t2)P21dt:i:/ 1Pt (1—t2)p31dt

2 p—1)yw L-rr

-1 1—7P+3
Proof. We prove (8.12). By looking at the explicit expression of Xip,w we get

||X7J—r,p,w”%2(R) =

2 [e'S) [ 1
ST R S L R
2 &+ coshr=T (p%lﬁx) —co coshr—1 (&1 /wr)

2 00 = Jwé
B (w(p+ 1))p71 2 (/ 14 i +/ 3 14 da:)
2 = Dvw\Jezt e, cosh?=1 (z) —oo cosh?=1 (z)

2
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and after the change of variable t = tanh z we get

X

_ (W(p;r 1)>p_1(p—21)\/5

X ol 72 ()

P 1t

1 1Tp§

\/ ¥

/ (1- pldt—i—/ o
1—7P—1

1—rp+3

By a similar argument we can treat ||x;,.[%- (r) and we can also deduce (8.13).
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