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1 Introduction

We recall that a linear operator L acting from a Banach space F into another Banach space
F' possesses the Fredholm property if its image is closed, the dimension of its kernel and
the codimension of its image are finite. Consequently, the equation Lu = f is solvable if
and only if ¢;(f) = 0 for a finite number of functionals ¢; from the dual space F*. These
properties of Fredholm operators are broadly used in many methods of linear and nonlinear
analysis.

Elliptic problems in bounded domains with a sufficiently smooth boundary satisfy the
Fredholm property if the ellipticity condition, proper ellipticity and Lopatinskii conditions
are satisfied (see e.g. [1], [10], [16]). This is the main result of the theory of linear elliptic
problems. When the domains are unbounded, these conditions may not be sufficient and the
Fredholm property may not be satisfied. For instance, the Laplace operator, Lu = Au, in
R fails to satisfy the Fredholm property when considered in Hélder spaces, L : C?T*(R%) —
C*(R%), or in Sobolev spaces, L : H*(R?) — L*(R?).



Linear elliptic equations in unbounded domains possess the Fredholm property if and only
if, in addition to the conditions mentioned above, limiting operators are invertible (see [17]).
In some trivial situations, limiting operators can be explicitly constructed. For instance, if

Lu = a(zx)u” 4+ b(x)u' + c¢(x)u, =€ R,

where the coefficients of the operator have limits at infinity,

@+ = $1—1>rziloo a(:zc), bi - a:l—l>r:£1<>o b(aj)’ €= a:l—l>r:£1<>o C(l’),

the limiting operators are:

Liu=asu” + by + ciu.

Since the coefficients are constant, the essential spectrum of the operator, that is the set of
complex numbers A for which the operator L — A fails to satisfy the Fredholm property, can
be explicitly found by means of the Fourier transform:

Ae(é) = —ar&+byil+cy, EER.

Invertibility of limiting operators is equivalent to the condition that the origin does not
belong to the essential spectrum.

In the case of general elliptic equations, the same assertions are true. The Fredholm
property is satisfied if the essential spectrum does not contain the origin or if the limiting
operators are invertible. However, these conditions may not be explicitly written.

In the case of non-Fredholm operators the usual solvability conditions may not be appli-
cable and solvability conditions are, in general unknown. There are some classes of operators
for which solvability conditions are derived. We illustrate them with the following example.
Consider the problem

Lu=Au+au=f (1.1)

in R?, where a is a positive constant. The operator L coincides with its limiting operators.
The homogeneous problem has a nonzero bounded solution. Thus the Fredholm property is
not satisfied. However, since the operator has constant coefficients, we can use the Fourier
transform and find the solution explicitly. Solvability conditions can be formulated as follows.
If f € L*(RY) and xf € L'(R?), then there exists a unique solution of this equation in H?(R?)
if and only if

eipx
f(z), ) =0, pESda a.e.
( et v

(see [25]). Here and further down S? denotes the sphere in R? of radius r centered at
the origin. Thus, though the operator fails to satisfy the Fredholm property, solvability
conditions are formulated similarly. However, this similarity is only formal since the range
of the operator is not closed.




In the case of the operator with a potential,

Lu = Au+ a(z)u = f,

Fourier transform is not directly applicable. Nevertheless, solvability conditions in R? can
be obtained by a rather sophisticated application of the theory of self-adjoint operators (see
[19]). As before, solvability conditions are formulated in terms of orthogonality to solutions
of the homogeneous adjoint equation. There are several other examples of linear elliptic
operators without Fredholm property for which solvability conditions can be derived (see
[17)-[25]).

Solvability conditions play are crucial for the analysis of nonlinear elliptic equations. In
the case of operators without Fredholm property, in spite of some progress in understanding
of linear equations, there exist only few examples where nonlinear non-Fredholm operators
are analyzed (see [5]-[7]). In the present article we study another class of nonlinear equations,
for which the Fredholm property may not be satisfied:

% = —V—=Au+au+ / Gz —y)F(u(y,t),y)dy =0, a>0. (1.2)
Q

Here  is a domain in R? ~d = 1,2,3, the more physically interesting dimensions. The
operator v/—A here is defined by means of the spectral calculus. Model (1.2) describes
a particular case of superdiffusion actively studied in the context of different applications
in plasma physics and turbulence (see e.g. [4], [15]), surface diffusion (see e.g. [11],
[13]), semiconductors (see e.g. [14]) and so on. The superdiffusion can be understood as
a random process of particle motion characterized by the probability density distribution
of jump length. The moments of this density distribution are finite in the case of normal
diffusion, but this is not the case for superdiffusion. Asymptotic behavior at infinity of the
probability density function determines the value of the power of the negative Laplacian (see
e.g. [12]).

In population dynamics the integro-differential equations describe models with intra-
specific competition and nonlocal consumption of resources (see e.g. [2], [3], [8]). We will
use the explicit form of solvability conditions and will study the existence of stationary
solutions of the nonlinear problem.

2 Formulation of the results

The nonlinear part of problem (1.2) will satisfy the following regularity conditions.

Assumption 1. Function F(u,z): R x Q — R is such that
|F(u,z)| < klu| + h(z) for ueR, ze€q (2.1)

with a constant k > 0 and h(z) : Q@ — R, h(x) € L*(Q). Moreover, it is a Lipschitz
continuous function, such that

|F(uy, ) — Fug,x)| <llug —us| for any w2€R, x€Q (2.2)
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with a constant | > 0.

Obviously, the stationary solutions of (1.2), if they exist, will satisfy the nonlocal elliptic
equation

~V=But [ Gle =) Fluly)n)dy-+ =0, a >0

We introduce the auxiliary problem

—Au —au = /QG(x —y)F(v(y),y)dy. (2.3)

Let us denote (f1(z), fo(2))r2@) = [ f1(z) f2(x)dz, with a slight abuse of notations when
these functions are not square integrable, like for example those used in the one dimensional
Lemma A1l of the Appendix. The first part of the article is devoted to the studies of the
case of Q = R?, such that the appropriate Sobolev space is equipped with the norm

HUH?#(W) = HUH%Q(Rd) + HAUH%Q(Rd)'

The main issue for the equation above is that the operator V—A—a : H*(R?) — L*(R%), a >
0 fails to satisfy the Fredholm property, which is the obstacle when solving problem (2.3).
The similar situations but in linear problems, both self-adjoint and non self-adjoint involv-
ing non-Fredholm second or fourth order differential operators or even systems of equa-
tions with non-Fredholm operators have been studied extensively in recent years (see [19]-
[24]). Nevertheless, we are able to prove that problem (2.3) in this case defines a map
T, : H*(R?) — H*(R?), a > 0, which is a strict contraction under the stated technical
conditions.

Theorem 1. Let Q =R?Y G(z): R = R, G(x) € WHH(R?) and Assumption 1 holds.

1) If a > 0, then we assume that xG(x) € LY(R?), orthogonality relations (6.6) hold for
d=1 and (6.12) for d = 2,3. Moreover, \/5(27?)g w d ! < 1. Then the map T,v = u on
H2(RY) defined by problem (2.3) admits a unique fized point v,, which is the only stationary
solution of equation (1.2) in H?(R?).

II) If a = 0, then we assume that xG(x) € LY(R?), orthogonality relation (6.13) holds for
d=1,2,3 and \/ﬁ(Q’/T)gNo, a1 < 1. Then the map Tyv = u on H*(R?) defined by problem
(2.3) has a unique fized point vy, which is the only stationary solution of equation (1.2) with
a =0 in H*(R?).

In both cases I) and II) the fized point v,, a > 0 is nontrivial if the intersection

P

suppF(0,z) N suppCA; of the supports of the Fourier images of the functions F(0,z) and
G is a set of nonzero Lebesgue measure in R,

The second part of the article is devoted to the studies of the analogous equation on the
finite interval with periodic boundary conditions, i.e. ©Q = [ := [0, 27]. The appropriate
functional space is as follows:

H*(I) = {u(x) : I — R | u(x),u"(x) € L*(I), u(0)=u(2r), «'(0)=1u'(27)}.
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We define the following auxiliary constrained subspaces
eiinox

V2r

HA(I) == {u € HXI) | (u(x), )LQ(I) — 0}, np €N (2.4)

and
Ho(I) = {u € H*(I) | (u(z),1)201) = 0}, (2.5)

which are Hilbert spaces as well (see e.g. Chapter 2.1 of [9]). Let us prove that problem
(2.3) in this case defines a map 7,, a > 0 on the above mentioned spaces which will be a
strict contraction under the given assumptions.

Theorem 2. Let Q =1, G(x) : [ —» R, G(z) € WH(I), G(0) = G(27), F(u,0) =
F(u,2m) for uw € R and Assumption 1 holds.
I) Ifa>0 and a #n, n €N, then we assume that

2V/TN < 1.

Then the map 7,0 = u on H*(I) defined by problem (2.3) possesses a unique fized point v,,
the only stationary solution of problem (1.2) in H?*(I).
II) If a = ngy, ng € N, assume that orthogonality conditions (6.20) hold and

27N, L < 1.

Then the map 7,,v = uw on HZ(I) defined by problem (2.3) admits a unique fized point v,,,
the only stationary solution of equation (1.2) in HZ(I).
III) If a = 0, assume that orthogonality condition (6.21) is valid and

2TN, < 1.
Then the map Tov = u on Hg,O(I) defined by problem (2.3) has a unique fived point vy, the
only stationary solution of equation (1.2) in Hgo(I).
In all cases I), II) and III) the fized point v,, a > 0 is nontrivial provided the Fourier
coefficients G, F(0,x), # 0 for a certain n € Z.

Remark. We use the constrained subspaces Hi(I) and Hg(I) in cases II) and III)
respectively, such that the Fredholm operators

and

possess empty kernels.



Let us conclude the article with the studies of our equation on the product of spaces,
where one is the finite interval with periodic boundary conditions as before and another is
the whole space of dimension not exceeding two. Hence, in our notations 2 = I x R? =
0,27] x RY, d = 1,2 and & = (21,2, ) with #; € I and x; € R%. The corresponding Sobolev
space for the equation is H*(2) defined as

{u(z): Q= R | u(z), Au(z) € L*(Q), u(0,2,) = u(2m,21), U (0,21) = uy, (2m,2,)},

with z; € R? a.e. Here u,, denotes the derivative of u(z) with respect to the first variable
x1. Analogously to the whole space case treated in Theorem 1, the operator v/—A — a :
H?(Q) — L*(2), a > 0 does not have the Fredholm property. We prove that equation
(2.3) in such context defines a map ¢, : H*(Q2) — H?*(2), a > 0, which is a strict contraction
under the given technical conditions.

Theorem 3. Let Q) =IxR? d=1,2, G(z):Q—>R, Gx)e W (Q), G(0,z,)=
GQ2m,x1), F(u,0,2,)= F(u,2m,2,) forx; € R a.e. andu € R and Assumption 1 holds.

I)Ifng <a<ng+1, nyeZ" =NU{0} let z;G(z) € L'(Q), then assume that
condition (6.36) holds if dimension d =1 and (6.37) if d =2 and V2(2m) 5 Myl < 1. Then
the map t,v = u on H*(Q) defined by problem (2.3) possesses a unique fived point v,, the
only stationary solution of equation (1.2) in H*(Q).

II) If a = ng, ng € N let 22 G(x) € LY(Q), conditions (6.30), (6.32) hold when dimension
d =1 and conditions (6.31), (6.32) hold when d = 2 and v/2(27)F M,,l < 1. Then the
map tp,,v = u on H?*(Q) defined by problem (2.3) admits a unique fized point v,,, the only
stationary solution of equation (1.2) in H*().

IIT) If a = 0, then we assume that x| G(x) € L'(Q) and condition (6.29) holds. Moreover
V2(27) % Myl < 1. Then the map tov = u on H2(Q) defined by problem (2.3) has a unique
fized point vy, the only stationary solution of equation (1.2) in H*(S).

In all cases 1), I1) and I11) the fized pointv,, a > 0 is nontrivial provided that for a certain

"

n € Z the intersection of supports of the Fourier images of functions suppF (0, x), N suppan
is a set of nonzero Lebesque measure in RY.

Remark. Note that the maps discussed above act on real valued functions by virtue of
the assumptions on F(u,x) and G(z) involved in the nonlocal term of (2.3).

3 The Whole Space Case

Proof of Theorem 1. The argument below covers both cases I) and II) of the theorem. First
we suppose that in the case of QO = R? for some v(z) € H*(R?) there exist two solutions
u12(z) € H*(R?) of equation (2.3). Then their difference w := u; — uy € H*(R?) will satisfy
the homogeneous equation v/—Aw = aw. Since the v/—A operator acting in the whole space
does not possess any nontrivial square integrable eigenfunctions, then w(x) =0 a.e. in R%.



We choose arbitrarily v(z) € H?(R?). Let us apply the standard Fourier transform (6.1)
to both sides of (2.3) and obtain

«G(p)f(p)

i(p) = (2m) 87

, (3.1)

~

where f(p) denotes the Fourier image of F'(v(x),x). Obviously, the upper bounds

a(p)| < (27)2 N, ol f(p)] and |p*a(p)| < (27)2 N, ol F(p)]

hold with N, 4 < oo by means of Lemma Al of the Appendix in one dimension and via
Lemma A2 for d = 2,3 under orthogonality relations (6.6), (6.7) and (6.12), (6.13) respec-
tively. This enables us to estimate the norm

HUH%Q(Rd) = Ha(p)H%Q(Rd) + Han(p)H%Q(Rd) < Q(QW)ng, d||F(U($)7x)||%2(]Rd)a

which is finite by virtue of (2.1) of Assumption 1. Thus, for any v(x) € H?*(R?) there is
a unique solution u(x) € H?*(R?) of equation (2.3) with its Fourier image given by (3.1)
and the map 7T, : H?(R?) — H?(R?) is well defined. This enables us to choose arbitrarily
v1o(x) € H*(R?) such that their images u; 2 = T,v12 € H*(RY) and estimate

[@1(p) —Ta(p)| < 2m)E NG, alfi(p) = Fo (D), P70 (p) — P*Ta(p)| < (27)2 Ny, al o (0) — Fo(p),

where ﬁg(p) denote the Fourier images of F'(v; 5(x),x). For the appropriate norms of func-
tions this yields

lur = uall gy < 2027) NG G| F(vi(2), 2) = Fva(2), 2)||72 g0

Note that vy o(z) € H*(RY) C L>®(RY), d < 3 by virtue of the Sobolev embedding. By
means of condition (2.2) we obtain

d
|1 Tovn = Tyva|l ey < V2(2m)2 N, alllvr — va 2z

with the constant in the right side of this inequality less than one due to the assumption of
the theorem. Therefore, by virtue of the Fixed Point Theorem, there exists a unique function
v, € H*(RY) with the property T,v, = v,, which is the only stationary solution of problem
(1.2) in H*(R%). Suppose v,(z) = 0 a.e. in R% This will contradict to the assumption that
the Fourier images of G(z) and F(0,z) do not vanish on a set of nonzero Lebesgue measure
in R, [ |

4 The Problem on the Finite Interval

Proof of Theorem 2. We will present the proof for a > 0, a # n, n € N and cases 1I) and
IIT) can be treated similarly using the constrained subspaces discussed above. First let us
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suppose that for some v(z) € H?(I) there are two solutions u; »(z) € H*(I) of equation (2.3)
with Q = I. Hence the function w := u; — uy € H?(I) will be a solution to the equation
2

—@w = aw.

2
But when a > 0, a # n, n € N, it cannot be an eigenvalue of the operator 4/ I on H?(I)
x

with periodic boundary conditions. Therefore, w(z) =0 a.e. in 1.
Let us choose arbitrarily v(z) € H*(I). We apply the Fourier transform (6.16) to equation
(2.3) considered on the interval I which gives us

U, = V21 Gnfn nez (4.1)

n| —a’

with f,, :== F(v(x),x),. Obviously, for the transform of the second derivative we obtain

2
(—t) = VIS e g,

| —a’

such that
‘un‘ <v 27TNa|fn|a ‘(_U”)n‘ <v 27TNa|fn|‘

Thus, we arrive at
o0 o

lalifremy = Y lual?+ Y InPunf® < 4rNFIF(u(@), )72y < o

n=—oo n=—oo

by means of (2.1) of Assumption 1 and Lemma A3 of the Appendix. Therefore, for an
arbitrary v(z) € H*(I) there is a unique u(x) € H?*(I) solving problem (2.3) with its Fourier
image given by (4.1) and the map 7, : H*(I) — H?(I) is well defined. We consider arbitrary
v12(x) € H*(I) with their images under the map discussed above u; 5 := 7,012 € H*(I) and
arrive easily at the estimate from above

o0
lur = walloy = Y Jwrn —uga?+ Y 0P (ur, — uz,)? <

S 471'./\/’5HF(U1($),$) — F(UQ(x)u‘r)H%Q(I)

Evidently, vy 2(z) € H?*(I) C L*®(I) by virtue of the Sobolev embedding. Inequality (2.2)
gives us
17av1 = Tav|l 521y < 2v/ANG |01 = val (1)

The constant in the right side of this inequality is less than one due to one of our assumptions.
Therefore, the Fixed Point Theorem yields the existence and uniqueness of a function v, €
H?(I) satisfying 7,u, = v,, which is the only stationary solution of problem (1.2) in H?(I).
Suppose v,(z) = 0 a.e. in I. Then we obtain the contradiction to our assumption that
G,F(0,z), # 0 for a certain n € Z. Note that when a > 0, a # n, n € N the argument
does not rely on any orthogonality relations. [ |



5 The Problem on the Product of Spaces

Proof of Theorem 3. The argument below is general for all cases I), II) and III) of the
theorem. Let us suppose that there exists v(x) € H*(Q) generating uo(x) € H*(Q) which
solve problem (2.3). Then the difference w(z) := uj(z) — ua(z) € H*(Q) will satisfy the

equation
V—=Aw = aw

in our domain 2. The partial Fourier transform applied to this problem yields

V—=AL +nPw,(xy) = aw,(x), n€EZ,

where A is the transversal Laplace operator and

w(z) = nz_:oo wn(xL)E.

Obviously,

|w||L2(Q Z ||wnHL2(Rd

n=—oo

Hence, w,(x,) € L*(R?), n € Z. The operator v/—A, +n? on L*(R?%) does not possess
any nontrivial eigenfunctions. Therefore, w(z) = 0 is a.e. in . We choose arbitrarily
v(z) € H*(Q). Let us apply the Fourier transform (6.24) to both sides of equation (2.3).
This yields

Gn(p) fn(p)

NCET TS

where ﬁ(p) denotes the Fourier image of F'(v(z), ). Obviously,

Ua(p) = (2m) T nezZ peR! d=1,2, (5.1)

(G (p)] < (27)F M| fu(p)] and (0 + n®)Tn(p)] < 27)F M| Fu(p),

where M, < oo by virtue of Lemmas A4-A6 of the Appendix under the corresponding
orthogonality relations stated there. Hence

ol oy = Z / Bu(p)2p + Z / (7 + 1) (p)Pdp <
< 220 M| F (o(x), 2) ey < 00

by virtue of (2.1) of Assumption 1. Therefore, for any v(z) € H*(Q) there exists a unique
u(x) € H?*(Q) solving problem (2.3) with its Fourier image given by (5.1) and the map



t, : H*(Q) — H*(Q) is well defined. Let us choose arbitrarily v, € H?(2) such that their
images under the map are u; 5 := t,v19 € H*(Q) and arrive at

o=l = 30 [ 180 = @ Plp+ 3D [ 102+ 0)Fia0) = o)l <

< 202m) M| F (v (@), 2) — Fva(2), 2) | 12(0)-
Evidently, v; o € H?(Q) C L>(Q) due to the Sobolev embedding theorem. By virtue of (2.2)
we easily obtain the inequality
d+1
[tav1 = tavsl| () < V2(2m) 5 Mll[or — vall 20,

where the constant in the right side of it is less than one as assumed. Hence, the Fixed Point
Theorem gives us the existence and uniqueness of a function v, € H?(Q) satisfying t,v, = v,,
which is the only stationary solution of equation (1.2) in H?*(2). Suppose v,(z) = 0 a.e.
in ). This gives us the contradiction to the assumption that there exists n € Z for which

supp@n N suppF (0, x), is a set of nonzero Lebesgue measure in R, [ |

6 Appendix

Let G(x) be a function, G(x) : R? - R, d < 3. We designate its standard Fourier
transform via the hat symbol as

. 1 ,
G(p) :== y / G(x)e P dx, p € R (6.1)
(2m)2 Jra
Evidently
~ 1
|G ()| Lo ray < 7 |G (@)l (o) (6.2)
(2m)>
and )
IVG|| L1 @a)- (6.3)

vl

p@p o0 <
PG (p)|] oo (ra) =

1 ~ )
We have G(x) = o)t / G(q)e"dq, v € R and define the following quantities for the
)2 JRE
technical purposes
G G
S Y S < R ST
Ip| — allLee(rd) Ip| — allLee(ra)
when a > 0 and ~
G(p) 2
Vo= mar{ [Ty (P60 ‘
o a = mazy =] pGO)| - (6.5)
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for a = 0. Note that it would be sufficient to establish the boundedness of |C‘¥(p) . Indeed,
pl—a

PN N
Pl —a

The first and the second terms in the right side of this identity will be bounded by means of

inequalities (6.2) and (6.3) under the assumptions of Lemmas Al and A2 below.

Lemma Al. Let G(z) : R — R be such that G(z) € WH(R) and zG(z) € L' (R).
a) If a > 0 then N, 1 < oo if and only if

eiiax
(G(x), \/%)Lzm) — 0. (6.6)
b) If a =0 then Ny, 1 < oo if and only if

Proof. In order to prove part a) of the lemma we express the function

Gp) _ G, CB) (6.8)
—

pl—a p—a

where x4 here and further down denotes the characteristic function of a set A. Let us use
the representation formulas

Glo) = Gla)+ [ 0

a

and

Q)

)= G-y + [ 0y,

This yields

= = p dG(q) -~ p dG(q)
G(p) _ G(CL) a dqq dq G(—CL) —a dqq dq
= XR+ + ————Xr+ — XR- — ————  XR—- (6'9)
pl—a p—a p—a p+a p+a
Clearly, the definition of the Fourier transform (6.1) implies
d@(p)‘ 1
< xG(x < 00 6.10
| = @l (6.10)
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as assumed. Hence, the second and the fourth terms in the right side of identity (6.9) can be
1 .
estimated from above in the absolute value by Nor: |G (@) || L1y < 0o. Equalities G(da) = 0
0

are equivalent to orthogonality conditions (6.6). When a = 0, we express

&m:&m+/w%?m

0

This yields

-~ p~ D dé(Q)d
Clo) _ GO | Jo a4 (6.11)
p| |p| p|

The second term in the right side of (6.11) can be easily bounded above in the absolute value

by \/%!
(6.7). [ |

|2G ()] 1wy < 00. The equality G(0) = 0 is equivalent to orthogonality relation

The statement above can be generalized to higher dimensions in the following proposition.

Lemma A2. Let G(z) : R? — R be such that G(z) € WHH{(RY), 2G(x) € LY(RY), d =
2.3.
a) Ifa>0, then N, 4 < oo if and only if

eip;r
G(x), =0 for peSt ae. 6.12
(6@ 57) oy =0 T (6.12)
b) If a =0, then Ny 4 < oo if and only if
(G(x),1)2@ay =0 (6.13)

Proof. To prove part a) of the lemma, we use the representation formula

@@:@@m+/ —(s,w)ds.
0s
Here and below w denotes the angle variables on the sphere. This yields

@(p) @(a, w) N fa‘p‘ %(s,w)ds'

_ 6.14
lp|—a  |p|—a Ip| —a (6.14)

Clearly, the definition of the Fourier transform (6.1) gives us

oG , W 1
2647, ) oG 1y < o0

Ilp| ‘ -~ (2m)

[S]ISW
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due to one of our assumptions. This enables us to estimate from above the second term

1
in the right side of (6.14) in the absolute value by ) |2G ()| 11 (ray < 00. The equality
2m)2

G(a,w) = 0 a.e. is equivalent to orthogonality condition (6.12).
When a = 0, we use the identity

This yields

(6.15)

Evidently, the second term in the right side of (6.15) can be bounded from above in the

1 ~
absolute value by Y. |2G ()| L1 (rey. Equality G(0) = 0 is equivalent to orthogonality
T2
relation (6.13). [

Let the function G(z) : I — R, G(0) = G(27) and its Fourier image on the finite
interval be given by

27 efmx
G, = Gz de, neZ 6.16
| e (6.10)
and G(x Z G . Then we have the bounds
|Gl < PGl < (6.17)

\/—HG( Mz, \/—||G( M-

Analogously to the whole space case, let us define

G
N, = max{ = , 1 n } (6.18)
In| —alfl” |lIn]—all
for a > 0. In the case of a =0
No = maa:{ ==, |nG, } (6.19)
Note that it is sufficient to prove the boundedness of | ‘ . Indeed,
n|—a
G, a’G,
DT n|G + aG - .
n| - In| —a

13



The first and the second terms in the right side of the equality above are bounded by means of
(6.17) under the assumptions of the lemma below. We have the following trivial proposition.

Lemma A3. Let G(z) : I — R be such that G(z) € WH(I) and G(0) = G(27).
a) Ifa>0 and a #n, n €N, then N, < .
b) If a = ng, ng €N, then N, < oo if and only if

(G(a:), e\i/;_;x) o 0. (6.20)

c) If a =0, then Ny < oo if and only if

Proof. In the case when a > 0, a # n, n € N, let 6 > 0 be the distance on the real line
from a to the nearest nonnegative integer. Then, by means of (6.17) we have the estimate
forneZ

G, 1
’\n\ — a’ = \/%(5HG($)HL1(I) =

as assumed. When a = ngy, ng € N, we express

G, G,

G,
= neZ. nttngy + —————X{nezZ. n—tng}- 6.22
In| —no |n|— nOX{ €7, n#+ng} In| — noX{ €2, n=:tno} ( )

Clearly, the first term in the right side of (6.22) can be bounded from above in the absolute
1
value via (6.17) by FHG(.T)HD(I) < oo. Equalities G4,, = 0 are equivalent to orthogo-
7T
nality relations (6.20). Finally, when a = 0, we have

G, G

n GTL
_ s - 6.23
" 1 XAn€z, n0} T — = X{nez, n=0} (6.23)

Evidently, the first term in the right side of (6.23) can be estimated from above in the

1
—||G
ol

to orthogonality condition (6.21). |

absolute value by means of (6.17) by ()|l () < 0o. Equality Gy = 0 is equivalent

Let G(x) be a function on the product of spaces treated in Theorem 3, G(z) : Q =
IXxRY =R, d=1,2, G0,z,) = G(2m,x,) for z; € R? a.e. and its Fourier image on the
product of spaces equals to

. 1 , m ,
Gn(p) := 7(11;1/ dx e "Pr- G(zy, 2z )e ™ dxy, peRY nelZ. (6.24)
(2m) 2 Jre 0
Thus 1
1Gn(P)lLge, = SUPpperd, nezy|Gn(p)| < WHG(%)HL%Q) (6.25)

14



and G(z) d T Z / ePrLe™1dp. Let us also consider the Fourier transform
n=—oo

only in the ﬁrst Varlable such that

27 6—ma:1
Gplry) = G(x1, 2 )——dx;, n € Z.
( l) 0 ( 1 L) \/% 1
Gn(p)
We define £ (p) := ——=—— and denote
VPE+n?—a
My = maz{||& D), 1(P* + 0 (0) 12, } (6.26)

when a > 0 and

My —max{”\/m P2+ n2G( HLOQ} (6.27)

for @ = 0 with the momentum vector p € R%. Note that it would be sufficient to prove the
boundedness of the expression £%(p). Indeed,

(p* +n*)E(p) = /p? +n2G +aG p) + a*&(p). (6.28)

The second term in the right side of (6.28) is bounded via (6.25) since G(z) € WH(Q) as
assumed in Lemmas A4-A6 below. Clearly,

106

~ 1
NS < 00, ‘pGn(p)‘ < ijILG(x)HLI(Q) < 0,
(2n)"

L1(9) (2m) %

InG(p)| <

such that the first term in the right side of (6.28) is bounded as well. Here V, is the
gradient with respect to x| .

Lemma A4. Let G(z) : Q — R be such that G(z) € WH(Q), z,.G(z) € L) and
G(0,7,) = G2m,x,) forx; € RY ae., d=1,2. Then My < oo if and only if

Proof. We expand
52(])) - gg(p)X{peRd, n=0} + gg(p)X{peRd, neZ, n#0}-

The second term in the right side of this identity can be bounded from above in the absolute

value via (6.25) by WHG(JE)HU(Q) < 00 as assumed. Obviously, we have the bounds on
mT) 2

the norms

|Go(w L)L ray < \/—HG( M) < oo, [[z1Golrr)|lprrey < \/—HMG( M) < oo

15



€
due to the assumptions of the lemma. Therefore, the remaining term ‘0(|p) c L>™(RY) if
P

and only if orthogonality relation (6.29) holds, which is guaranteed when d = 1 by Lemma
A1l and for dimension d = 2 by Lemma A2. [ |

Next we turn our attention to the cases where the parameter a does not vanish.

Lemma A5. Let G(x) : Q — R be such that G(x) € WH1(Q), 22G(z) € L'(Q) and
G(0,z,)=G2nm,x)) forz, € R ae., d=1,2 and a = ny, ng € N. Then M,, < co if and

only if

eina:l 6:|:i\/n(2)—n2:vL
) =0, In|<ny—1, d=1, (6.30)
L2(Q)

R

6in$1 eip;rl
G(xy, 7)), —— =0, pes? <nyg—1, d=2, (631
( ot o )p(m PES g @ IS o 030

eiznox1

+ingx,
(G(:El,xl), o ) — 0, (G(:El,xl), e\/ﬂ 1 k) =0, 1<k<d (632
12(@) 12(@)

Proof. Let us use the representation of the function £ (p), n € Z, p € R? as the sum

EL (D)X tperd, (n>no+1} T En’ (P) X {perd, n|<no}-

Evidently, [£,°(p)X perd, n>no+1}] < H@n(p)HL%?p, which is bounded by means of (6.25).
Hence, one needs to estimate

£’ (P)X (perd, [nj<no} T &n” (P)X{pere, Inj=no}-
Apparently, by virtue of (6.25)

1 1
£, ()X . In|= < G(x)| <
‘ n ( ) {Ip|>1, |n] no}‘ m_ Tig (277_)% H ( )HL Q)

as assumed. Let us first treat the case for the dimension d = 1. We use the representation

formula R R
~ ~ dG,, P * d*G(q)
Gulr) = Gul0) + 020+ [ ([ g an)as

o

This gives us the sum

~ G p (s dGulq)
G o () s
VP =g PR Ani-ny PP +ni—ng

Clearly,

}X{pq, Inl=no}- (6.33)

d*G(p)| _ 1
d]; ’ < %HxiG(:ﬂl,xl)HLl(Q) < 00

16



due to one of our assumptions. Apparently, the last term in (6.33) can be estimated from
above in the absolute value by

1, P
171G L e)lne T — g VISt i) =C.

Here and below C denotes a finite, positive constant. Equalities

dp

for n = £ng are equivalent to orthogonality relations (6.32) in one dimension. Hence, it
remains to study the sum

620 (p)X{pGR“', [n|<no} + 620 (p)X{pGR—, [n|<no}- (634)

Let us use the identity

Go(p) = @n<\/n(2) — 77,2) + /;W %ds

for |n| < ng. This enables us to write the first term in sum (6.34) as

o dGrn (s
[Gn<\/n3—n2) f\/m ds( )ds]
X{peR+, |n|<no}-
VP2 +n?—ng VP?+n?—

The definition of our mixed Fourier transform (6.24) allows us to estimate from above in the
absolute value the second term in this sum by

AL —n2!

HxLG(Iler HLl(Q |\/f X{p€R+, [n|<no} S C.

Note that G(z) € L'(Q) and 22 G(z) € L'(Q) as assumed in the lemma, which implies
z,G(z) € L}(Q). We also express

~ ~ p el
Colp) = G (= g =) + [ Ln(s)

with |n| < ng. Thus, the second term in (6.34) equals to

~ P
G ( A/ TLO — TLQ) f n an ds
VR —ng | PR tnE—n, | ek

dGn (s)

17



Evidently, the second term in this sum can be bounded from above in the absolute value by

1 / _ 2
o ||95¢G($1,95¢ |L1(Q "]\D/—:T n‘X{pGR—,

[n|<no} <C.

Equalities

Gn<i ng—nQ) =0, |n|<ng

are equivalent to orthogonality relations (6.30). Then we turn our attention to the case of
dimension d = 2. Let us use the representation formula

. . 9G,(0,w) /P / 892G, (q,w)
G.(p) =G, (0)+ =D 4 2D dg ) ds.
1) = Gal0) + =5 el | (| =55 da)

Thus our goal is to study the following sum

~ 8Gn (0,w) Ipl < 62G q w) )
Co(0) T _or )%
VPEEnt—ny  \DP? +n2—n0 VP +n2

Clearly, we have

}Xﬂpm In|=no} - (6.35)

) Co(lpl, )

@W -
due to one of our assumptions. Hence, the last term in (6.35) can be bounded from above
in the absolute value by

E 127 G ()| 1) < o0

[pl?

i G 1 nl=not < C.
2(2@%“ 1G]l O T g L =)
Equalities N
~ G,
Gn(0) =0, (0,w) =0, n==+ng

9lp|
are equivalent to orthogonality conditions (6.32) when dimension d = 2. Finally, it remains
to investigate the term

£’ (p)X{pGW, In|<no}-

Let us use the representation formula for |n| < ny,

@n(p) = §n<\/ng - n2,w) + /lpl i aa—é;n(s,w)ds,

/12
ng—n

which yields

-~ Pl
{ ) f&—ng 5 sw)ds]
X (per?, .
VP2 +n2 —ng VP12 —ng {peR?, |n]<no}

18



Apparently, the second term in this sum can be estimated from above in the absolute value

by
! sz G ()| o) el = vy ~ nQ,X{pGRQ, Inj<no} < C-
(2m)2 [/ D? +n? —ng|
Equality
an<\/n(2) — n2,w> =0, |n|<ng
is equivalent to orthogonality relation (6.31) when dimension d = 2. |

Let us conclude the article with the studies of the case where the parameter a is located
on an open interval between two consecutive nonnegative integers.

Lemma A6. Let G(x) : Q — R be such that G(z) € WH(Q), x,G(z)
G0,7,.) =G2m,zy) forx; €R¥ae., d=1,2 andng < a <ng+1, ng € Z

= NuU {0}
Then M, < oo if and only if
einxl eii\/ananJ_
(G(xl,xL), T ) =0, |n|<ngy d=1, (6.36)
L2(Q)
eina:l eip;rl )
(G(xl,xl), T ) =0, pe€S pozae, [n]<n, d=2. (6.37)
L2(Q)

Proof. We expand £%(p) as the sum of the two terms

fZ(p)X{peRd, n€Z, |n|>no+1} + fZ(p)X{peRd, n€Z, |n|<no}-

Clearly, via (6.25) the absolute value of the first one is bounded from above by

1 G@)lre
d+1 < 0

(2m)= no+1l—a

by means of our assumptions. Let us first consider the case for the dimension d = 1. Then
it remains to study

En(D)X fpert, nj<no} + &n(P)X{per~, |nl<no}- (6.38)

To treat the first term in sum (6.38), we use the representation formula

~ — P ~
Gulp) = Gu(Va® —n?) + / dCnls) 4 In| < no.

Vaa—mz  ds
This yields

an( \% a? — TLQ) f\p/aQ—n2 dGJs(S) ds

VEIE 0 P im-a }X{peﬂ“ﬁ s
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Apparently, the second term in this sum can be bounded from above in the absolute value

by
_VZ 2|
_HxLG HL1 () ‘\/ﬁ X{pGR*, In|<no} <C.

Similarly, to study the second term in (6.38), we apply the formula

A A v G,
Gn(p) = Gu(—Va* —n?) +/ (S)ds, In| < no.
—Vai—n?  ds

This gives us -
[an(_ a? — TLQ) + f—p\/aQ—n2 dGc?s(S)

ds
W —a \/]m _a }X{pGRi In|<no}-
Evidently, the second term in such sum can be estimated from above in the absolute value
by
i”le( )| lp + Va2 — n?| .
21 LHQ) |\/7 X{pER ,

én(ﬂ:\/&2 —n?) =0, |n|<ng
are equivalent to orthogonality conditions (6.36) when dimension d = 1. Finally, let us turn
our attention to the case when d = 2. Then we express

~ ~ |p| A~
Go(p) = G &2—n2,w)+/ 0Cn(5:9) 1 ol < o,
Jaa—z  0Os

nj<no} < C.

Equalities

Thus, we arrive at

Gn(VaZ—n2 w f\%t—n? 65 el }
X 2 In|<no}-
/p2 + n2 —a /p ¥+ n2 — {p€R?, |n|<no}
The second term in such sum can be trivially bounded from above by
1 |lp| — Va* — n?|
—— ||z G(x 1 X 2 Inl<n < C.
(27‘_)% ” 1 ( )”L (%)) |\/m_ CL| {reR?, |n|<no}

Equality R

Gn(Va?2 —n? w) =0, |n|<ng
is equivalent to orthogonality relations (6.37) when dimension d = 2. |
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