SPECTRAL ASYMPTOTICS OF THE DIRICHLET LAPLACIAN ON A
GENERALIZED PARABOLIC LAYER

PAVEL EXNER AND VLADIMIR LOTOREICHIK

ABSTRACT. We perform quantitative spectral analysis of the self-adjoint Dirichlet
Laplacian H on an unbounded, radially symmetric (generalized) parabolic layer P C
R3. It was known before that H has an infinite number of eigenvalues below the
threshold of its essential spectrum. In the present paper, we find the discrete spec-
trum asymptotics for H by means of a consecutive reduction to the analogous asymp-
totic problem for an effective one-dimensional Schrodinger operator on the half-line
with the potential the behaviour of which far away from the origin is determined by
the geometry of the layer P at infinity.

1. Introduction

1.1. State of the art and motivation

The topic of this paper is the spectral asymptotics for the Dirichlet Laplacian in do-
mains of the form of a generalized parabolic layer. By the layer, we understand the Eu-
clidean domain consisting of the points, whose distance from a hypersurface, in general
unbounded one, is less than some given constant. The self-adjoint Laplace operator on
unbounded layers subject to the Dirichlet boundary condition has been considered in
numerous papers, e.g. [CEK04, DOR15, DEKO01, DLO17, ET10, KL14, LL07, LR12], see
also [EK, Chap. 4] and the references therein.

Unbounded layers belong to the class of quasi-cylindrical domains in the classification [EE,
Din. X.6.1 (ii)] introduced by Glazman, because they do not contain arbitrarily large cubes,
but they do contain infinitely many disjoint cubes of a fixed size. For this reason, as a
rule, the essential spectrum is non-empty and its threshold is strictly positive; cf. [DEKO01,
KL14] and [EK, Chap. 4]. A challenging question is to prove the existence of bound states
below this threshold and to find their properties. Various general results on the bound
states can be found in [CEK04, DEKO1, LL07, LR12] and in [EK, Chap. 4]. However,
there is no result general enough to claim that this problem is completely understood.
In this perspective, more precise analysis of various particular cases deserves attention.
Examples of layers treated so far include mildly curved layers [BEGKO01, EKr(01], conical
layers [DOR15, ET10, OP17], and so-called octant (or Fichera) layers [DLO17].

In the present paper, we initiate an investigation of generalised parabolic layers by per-
forming the analysis of radially symmetric layers of this kind. With the indicated layer
geometry in mind, the previously known general results yield an explicit formula for

the threshold of the essential spectrum and imply the existence of infinitely many bound
1
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states below it. Our aspiration here is to understand better the nature of this discrete
spectrum and to obtain its quantitative properties.

1.2. Geometric setting

Here and in what follows, we use the shorthand notations R, := (0,0), R, := [0, 00),
and I, := (—a,a) for a > 0. We also introduce conventional Cartesian coordinates = =
(z1, 2, z3) in the Euclidean space R3.

Given the parameters £ > 0, @ > 1, and R > 0, we consider the class of real-valued
functions f € €>®(R,) such that f(0) = f(0) = 0 and that f(z) = kz® holds for all 2 > R.
The generalized symmetric paraboloid determined by such a function f is defined by

(1.1) Y =3%(f) = {(z, f(|z])) e R®: x € R?*}.

The principal curvatures of ¥ will be denoted by x1, k2. Note that the usual paraboloid
corresponds to the choice a = 2 and R = 0 in the above definition.

The configuration space of our problem is a fixed-width layer built over ¥, in other
words, the a-tubular neighborhood of . defined as'

(1.2) P=P(f,a):= {m € R?: dist (z, 2(f)) < a}.

The domain P = P(f, a) will be called generalized radially symmetric parabolic layer, for
brevity we will speak of a generalized parabolic layer as there is no danger of confusion.

In the following, v(x) stands for the unit normal vector to the surface ¥ at the point
(z, f(|z|)). The mapping R? > x — v(x) is smooth and the orientation of v(z) is fixed so
that its projection on the z3-axis is positive for |z| > R.

In Subsection 2.3, we show the existence of a constant a, = a.(f) > 0 satisfying
a.||kj]|oe < 1for j = 1,2 such that the restriction of the map

(1.3) L:RZxR =R L(x,u) = (x, f(|) " + v(z)u,

onto R? x I, is injective for all a < a,. Consequently, the generalized parabolic layer of
a half-width a < a, can alternatively be represented as the image of R? x I, under the
map L. Everywhere in this paper we consider only the generalized parabolic layers the
half-width of which satisfies the condition a < a,.

1.3. Definition of the operator

We define a non-negative, symmetric quadratic form on the Hilbert space L?(P) by
(14) Q[w} = Hv1/1||%2(g>;c3), dOH’lQ = H&((P)

According to [Dav95, Lem. 6.1.1 and Lem. 6.1.3], the quadratic form 9 is closed and
densely defined. This allows us to introduce the main object of this paper, namely, the
self-adjoint operator H in L?(P) associated with the form 9 via the first representation
theorem [Ka, Thm. VI 2.1]. The operator H is nothing but the Dirichlet Laplacian on the

ldist(x, E) := infyep |& — y|ga is the distance between a point 2z € R? and a set E C R%.
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generalized parabolic layer P, the name referring to the fact that the operator H acts as
follows,

(1.5) Hy = — A, domH = {¢ € Hj(P): Ay € L*(P)}.

1.4. Notation and the main result

Before stating the main result of this paper, we introduce a few further notations. For
measurable functions f;,f;: R, — Ry satisfying limpg o+ f;(E) = +o0, j = 1,2, and

limg_o+ % = 1, we agree to write

f1(E) 5o fa(E).

Furthermore, let T be the semi-bounded self-adjoint operator associated with a quadratic
form . We denote by 0.s(T) and oq4(T) the essential and the discrete spectrum of T,
respectively; by o(T) we denote the (entire) spectrum of T, i.e. 0(T) = 0ess(T) U 0a(T). We
set B (T) := inf oes(T) and, for a given j € N, E;(T) denotes the jh-eigenvalue of T
in the interval (—oo, Ex(T)). These eigenvalues are arranged in the ascending order and
repeated according to their multiplicities. We define the counting function of T as

Np(T) = #{j e N: E;(T) < E}, E < E(T).

When working with the quadratic form ¥, we use the notations oes(T), 04(%), o(%),
E (%), E;(%), and Ng(%) instead. If it is clear from the context, we will not indicate
the dependence of the eigenvalues and the threshold of the essential spectrum on the
operator, i.e. we will write £; and E instead of E;(T) and E.(T), respectively.

First, we recall spectral properties of the Hamiltonian H, which follow from the previ-
ously known general results after checking the appropriate geometric assumptions.

Proposition 1.1. Forany a € (0, a,.), the following claims hold.

(i) Gess(H) = [Eno, 00), where Eoy = (£)°.

(i) #0a(H) = oo.

To be specific, one has to verify that both the principal curvatures of ¥ are bounded,
and that the mean and the Gauss curvatures of ¥ vanish at infinity, then the item (i) of the
above proposition follows from [EK, Prop. 4.2.1]; see also [KL14]. In addition, checking
that the total Gauss curvature of ¥ does not vanish and making use of the rotational
symmetry for P we derive item (ii) of the above proposition from [EK, Cor. 4.2.2].

In this paper we give an alternative proof of the fact that #0q4(H) = oo and, what is
more important, we obtain as the main result the spectral asymptotics of H.

Theorem 1.2. For any a € (0, a.), the counting function of H satisfies

where B(-, -) is the Euler beta function.
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Remark 1.3. In the particular case when the layer is ‘genuinely” parabolic, o = 2, possibly
k
8VE’
We note that for larger values of a the accumulation is slower. Moreover, using Stirling

formula [AS, 6.1.37] we find that

outside a compact, the asymptotic expression on the right-hand side simplifies to

1 akB é’g,l k
im 70‘7@: lim —— =00
a—oo 2 2¢ Ez22 a—=00 \2ra2¢FE 323

holds for any fixed £ < 1/4. This might formally correspond to the fact that as « grows,
the layer is becoming closer to the one with annular cylindrical end for which the essential
spectrum extends below E.; ¢f. [EK, Prob. 4.10]. On the other hand, for the (possibly
locally deformed) conical layer, a = 1, where the discrete spectrum is also infinite [ET10]
one might ask whether the accumulation rate is obtained, upon passing to the limit o —
1" in the above asymptotic expression, but this not the case as it is obvious from the fact
that the limit ;% is independent of E. The correct spectral asymptotics for the conical
layer [DOR15, Thm. 1.4] is given by Ng__g(H) ~ £ |In E| as E — 0*. Thus, an abrupt
transition from the power-type accumulation rate of eigenvalues to an exponential one
occurs upon switching froma > 1to o = 1.

In the proof of Theorem 1.2 we first proceed as in [DOR15, Thm. 1.4]. Namely, we de-
compose the Hamiltonian H into an infinite orthogonal sum of the fiber operators, acting
on the two-dimensional meridian domain each. In our geometric setting, the meridian
domain is the generalized parabolic half-strip. Such a reduction is possible in view of
the rotational invariance of the domain P with respect to the z3-axis. The ‘s-wave’ fiber
corresponding to radially symmetric functions turns out to produce an infinite discrete
spectrum below the threshold E,, while the remaining fibers in the decomposition of H
altogether produce at most a finite number of eigenvalues below E,, and thus they do
not influence the accumulation rate in the vicinity of the threshold. Recall in this respect
the conical layer case, where one is able to make a stronger claim, namely that none of the
fibers except the ‘s-wave’ one contributes to the discrete spectrum.

The spectral analysis of the ‘s-wave’ fiber is reduced to the well-known properties of
the one-dimensional Schrodinger operators corresponding to the differential expression
- % +¢ on the positive semi-axis, where the bounded potential ¢: R, — R asymptotically
behaves as

1(k\*"
q(s) ~ —— () as s — +oo.

Note that for the conventional paraboloid (a = 2), the potential ¢ behaves at infinity as
the Coulomb potential. This reduction is the core of the paper. As an intermediate step,
it contains straightening of the underlying generalized parabolic half-strip in suitably
chosen curvilinear coordinates, in the spirit of [ES89, DE95]; see also [EK, Chap. 1]. This
step is new compared to the conical layer, where the meridian domain is straight right
from the beginning.



THE DIRICHLET LAPLACIAN ON A GENERALIZED PARABOLIC LAYER 5
2. Preliminaries

In this preparatory section we collect the auxiliary material, which is needed in the
proof of the main result. First, in Subsection 2.1, we provide the standard decomposi-
tion of the self-adjoint operator H into fibers. Furthermore, in Subsection 2.2 we derive
the arc-length parametrization for the graph of f(-), define its signed curvature and in-
troduce curvilinear coordinates in the associated generalized parabolic strip. Then, in
Subsection 2.3, we check that the generalized paraboloid ¥ satisfies some of the assump-
tions in [EK, Chap. 4] obtaining in this way a proof of Proposition 1.1. Finally, we recall in
Subsection 2.4 several standard spectral results on a class of one-dimensional Schrodinger
operators we will need in the following.

2.1. The fiber decomposition of H

In view of the rotational symmetry, it is convenient to express the Hamiltonian H in
the cylindrical coordinates. Let R? be the positive half-plane R, x R. We consider the
cylindrical coordinates (r, z,6) € R3 x S* linked with the Cartesian coordinates (z1, z2, z3)
via the following conventional relations

(2.1) r1 =1rcosf, To =rsinb, T3 = 2.
We denote the graph of the function = — f(z) by
(2.2) I'=T0(f) = {(z, f(z)): 2 >0} CR3.

In order to describe in cylindrical coordinates the generalized parabolic layer P = P(f,a)
of the half-width a € (0, a.), we first define its meridian domain § = §(f,a) C R? by

S5=9(f,a) = {a: € R%: dist (:c,F(f)) < a}.

Note that the domain G can be viewed as a generalized parabolic half-strip. The general-
ized parabolic layer P in (1.2) is defined in the cylindrical coordinates (2.1) by

(2.3) P = P(f,a) := G(f,a) x S..

The layer P can be seen as a sub-domain of R? constructed via rotation of the meridian
domain § around the z3-axis. For later purposes, we split the boundary 95 of G into two
disjoint parts,

090G := {0} x I, and 01G := 95\ 9,G.

Next, we introduce the usual cylindrical L?-space and the first order cylindrical Sobolev
space on P as

2
Lcyl

(P) := L*(G x S';rdrdzdh), HEy(P) = {ub: 9, 0,9, 0.0, 7 000 € L2 (P) }.

The space H_,(?) is endowed with the norm || - | m1,(»), defined for all ) € H, L(P) by

cyl

|01 |2
7’2

103y = 10172 oy + | (1001 + 10:0% + rdrdzde.
I LT



6 PAVEL EXNER AND VLADIMIR LOTOREICHIK

The expression for the quadratic form Q associated with H can be rewritten in the cylin-
drical coordinates as follows

2
Qen[Y] :/ / <|8r¢|2+lazw|2+ |aj1f| )rdrdzd@.
StJ§

Following the strategy of [DOR15, KLO17, ET10], we consider an orthonormal basis of
the Hilbert space L?(S') given by

(2.4) U (0) = (2m) "1/ 2e™? m € Z.
For any m € Z, we define the mapping
(25) Hm: L?:yl((P) - LQ(S;T’dT‘dZ)7 (Hm¢)(T,Z70) = (ﬁ’(ﬁ%‘)vvm)m(sl)-

Performing a “partial wave” decomposition [RS-II, App. to X.1], see also [DOR15, KLO17,
LO16], with respect to the basis in (2.4), we obtain

(2.6) He D F.,
meZ

where the symbol = stands for the unitary equivalence relation and, for all m € Z, the op-
erators F,,, acting on L?(G; rdrdz) are called the fibers of H. They are associated through the
first representation theorem with closed, densely defined, symmetric, and non-negative
quadratic forms in the Hilbert space L?(G; rdrdz)

2
i) = el @ 0] = [ (1008 4 1008+ 2 v,

dom F, == IL,,, (Hg (P)).

2.7)

The domain of the operator F,,, can be deduced from the quadratic form §,, in the stan-
dard way via the first representation theorem.
Next, we introduce the unitary operator

U: L*(G;rdrdz) — L*(9), Uep := /1.

This unitary operator allows us to transform the quadratic forms §,,, into equivalent ones
expressed in a flat metric. Indeed, the quadratic form §,, is unitarily equivalent via U to
the form in the Hilbert space L?(5) defined as

2_ 1
P[] := B [U 0] = /3 (&wlz +10:91* + mr24|w|2> drdz,
dom f,, := U(dom Fpp, ).

(2.8)

In fact, it is not difficult to check that C5°(9) is a core for the form §,, and that for all m # 0
its form domain satisfies

(2.9) dom f,, = U(dom F,,) = H}(9).

Finally, for the sake of convenience, we introduce for m € Z the following shorthand
notation for frequently used integrands:

2 2_ 1
(210) Enly] i= 0P HOUP+ T [0 and  Fulg] = 0P+ L
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2.2. The arc-length parametrization of I" and associated coordinates on G

The arc-length parametrization for the curve I' = I'(f) in (2.2) is given by

Ry 3 s (¢(s), f(4(s))) € R?,

where ¢: R, — R, is a monotonously increasing function such that ¢(0) = 0 and that
lim,_, ¢(s) = oo, and which satisfies the ordinary differential equation

(2.11) * (1+ f*(¢)) = 1.

On the interval [R, 00), the above equation reduces to ¢? (1 + ak?¢**~2) = 1. The equa-
tion (2.11) combined with ¢(0) = 0 and £(0) = 0 immediately implies

(2.12) p0)=1 and 0<¢<1.
The signed curvature of I is given by
(2.13) v = (f(@)6 + f(9)6°)6 — f(6)06 = [(6)d”.

On the interval [R, o), the above expression simplifies to v = a(a — l)kq.53¢a*2. Asymp-
totic properties of ¢ and ~ that will be needed in the following are obtained in Appen-
dix A.

The unit tangential vector to I at the point (4(s), f(¢(s))) is given by (é(s), f(#(s))d(s))T.
Consequently, the unit normal vector to I' at the same point can be expressed as

(2.14) vr(s) = (= f((s))d(s), é(s)) .

Next, on the half-strip 2 := R x I,, we introduce the map 7:  — G by

215 N CCO\ N O R U CORCEIEON
e (( ) T \seen) T T R + uls)

This map defines convenient curvilinear coordinates (s, ) on the generalized parabolic
strip G. Note also that the Jacobian J = (s, u) of the map 7 is given by

as T1 81/, T1

_ 0= uf(0)d? —uf(@)o —f(0)o
837_2 auTQ f(¢)¢ + ud) d)

= $* —uf(9)d> + f2(¢)d* = 1 — uy,

(2.16)

where (2.11) was used in the last step. We also set
(2.17) g(s,u) = (3(s,u))* = (1 - ur(s))*.

2.3. Parametrization and curvatures of >

In this subsection we provide the natural parametrization of ¥ as a surface of revolu-
tion in the sense [dC, §3.3, Example 4]. Using this parametrization we obtain formulee for
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the curvatures of ¥ and a parametrization for the generalized parabolic layer P. Finally,
we check the assumptions on layers [EK, Chap. 4] and eventually prove Proposition 1.1.
The generalized paraboloid X can be alternatively parametrized as

(2.18) R, xS' > (5,0) = o(s,0) := (¢(s) cos B, ¢(s) sinb, f(d)(s)))T,

where the functions f and ¢ are as in Subsection 1.2 and Subsection 2.2, respectively.
According to [dC, §3.3, Example 4], see also [EK, §4.2.2], the principal curvatures of ¥ at
the point = (s, #) are explicitly given by

wr(s.0) = @IS __ fé(s)
’ 9(s) 6(s)(1+ f2(o(s)))1/2”
o e Fo(s)
ra(s,0) = —y(s) = —f(6(s))6°(s) = — - 32
(1+ 12(8(s))
Hence, the mean M = (k1 +#r2) and the Gauss K = k5 curvatures of ¥ can be evaluated
as
M(s.0) = _f(6(s) + £2(0(5) + f((5))0(5) |
(2.20) 20(s)(1+ f2(4(s)))%/2
K(s,0) = f(¢($))f(¢’(5)) .
7 o(s)(1+ f2((s)))?

It follows from [EK, Sec. 4.2.2], using lim_,, qb(s) = 0 (cf. Proposition A.2 (ii)) that the
total Gauss curvature of ¥ is given by X := [, K = 2. Furthermore, the normal vector
vs(s,0) to ¥ at z = o(s,0) with (s,0) € R4 x S! can be expressed as

T

(2.21) vss(s,0) = (= F(6(5))(s) cos 0, — f(6(5))(s) sin 6, 3(s))
thus the layer P is the image of R, x S x I, under the map

(222) Ry xS' xR 3 (s,0,u) = 7(s,0,u) = ($(s) cos 8, 6(s) sin b, £(6(s))) | + uvs(s, ).
Now, we have all the tools to prove Proposition 1.1.

Proof of Proposition 1.1. First, recall that ¥ is a surface of revolution with a non-zero total
Gauss curvature X = 27. Furthermore, we immediately notice that both the principal
curvatures (s, 0), j = 1,2, of ¥ computed in (2.19) are C*-smooth on R x S*, pointwise
positive, and vanish in the limit s — oo; ¢f. Lemma A.1 and Proposition A.3 (i). Conse-
quently, the minimal normal curvature radius of ¥ defined in [EK, Chap. 4, Assumption
(ii)] and given by

o= (mac{ oo, 2loc}) ™

is positive and finite. In addition, the layer P is asymptotically planar in the sense of [EK,
§4.1.2, Assumption (iii)], because both M (s, ) and K (s, #) vanish in the limit s — oo.

The remaining step is more technical: we have to check that there exists a, € (0, pm)
such that the generalized parabolic layer P = P(f,a) in (1.2) is not self-intersecting for
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all a € (0,a,) in the sense of [EK, Chap. 4, Assumption (i)]. The latter is equivalent to
showing that the restriction of the map =(-) in (2.22) onto R x S! x I, is injective for all
a € (0,a,). Upon checking this last assumption, [EK, Thm. 4.4] yields gess(H) = [Eoo, 20)
and #0q(H) = cc.

We will proceed by reductio ad absurdum. If such an a, > 0 did not exist, then it would
be possible to find (sj,0;,u;) € Ry x S' x 1, , j = 1,2, such that (s1,01,u1) # (s2,02,uz),
s1 < sg, and at the same time 7(s1,61,u1) = 7(s2,02,us2) with ui, us € (—pm, pm) having
arbitrarily small absolute values. Without loss of generality we can assume that both
uy and us are positive, because the surface ¥ splits R? into its hypograph and epigraph,
respectively. Using the explicit expression of the normal vector in (2.21) together with the
fact that 7(s1, 61, u1) — 7(s2, 02, u2) has trivial projections onto all the axes, we get

f(cé(sl)) cosficy — f(cé(sz)) cosfaco = P(s1) cos by — @p(s2) cos b,

(2.23) F((s1)) sinfrer — f(@(s2)) sinbacs = ¢(s1) sin by — (so) sin b,
e — 2 = [(é(s2)) — [(6(s1)),

where ¢; := u;¢(s;) for j = 1,2. The above system of linear equations with respect to ¢,
and ¢, has a non-trivial solution if, and only if

o o F(6(52)) — F(6(51)
A= f(¢(51)) cos 0y 7‘](:((725(82)) cosfy ¢(s1)cosb; — ¢(s2)cosba| = 0.
f(p(s1))sinfy  —f(op(s2))sinfy  ¢(s1)sinby — ¢(s2)sinby

The determinant A can be explicitly computed, giving

*f(¢(52)) cosby  @(s1)cosby — P(s2)cosby
—f(¢p(s2))sinf  P(s1)sinf; — ¢(s2)sin by

f(¢(51>) cosfy  ¢(s1)cosbty — @p(s2)cosby
f(od(s1))sinf;  @o(s1)sinbh; — ¢p(s2)sin by

f(¢(51)) cos by *f(¢(52)) cos 02
f(@(s1))sinbr  —f(¢(s2))sinbs

= sin(f — 01) (£(0(52))6(s1) = F(0(s1))(s2) + F(6(51)f(6(2) [F(8(51)) = F(@(52)] ).

Hence, the requirement A = 0 can only be satisfied in two disjoint cases:

A:‘

+

+ (f(9(s2)) — f(d(s1))) ‘

(1) 0:=0; =0, and S1 < 8o,

(if) 61 # 62 and f(9(52))6(s1) = f(9(51))6(s2) + [(9(51)) f(#(2)) [ £ (6(51)) — ((52)] = 0.
These cases require separate analysis.
Case (i). Pick Ry > R such that ak¢(R;)*~! > 1. There are two sub-cases to distinguish.
If s1 < Ry, then for simple geometric reasons there is a constant Ry = Ra(f, R1) > R;
such that necessarily s, < R, holds. Hence, [BEHL16, Prop. B.2], applied for the image
of (0, R2) x S' under the mapping in (2.18), implies that there exists a; € (0, pr,) such that
the condition uq, us € (0,a4) is incompatible with s; < ss.
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In the second sub-case (s; > R;), we reduce the linear system (2.23) to

{f(¢(51))01 — f(#(s2))c2 = d(s1) — ¢(s2),
c1 —c2 = f(@(s2)) — f(B(s1))

Solving it and returning to the initial variables u;, j = 1,2, we find

| ls1) = B(s2) + F(9(s2))[F (9(52) = F((51)]

P(s1)[f(d(s2) — f(p(s51)]
d(s1) — d(s2) + F(#(s1))[f (¢(s2) — f((s1)] .

2 = n 0 .

P(52)[f(P(s2) — f@(s1)]

For the sake of brevity, set z; := ¢(R;). We estimate u; using ¢ < 1 and applying Cauchy’s
mean-value theorem

w> e JEV@1_ g k) -1

T 2€[x1,00) f(x) z€[x1,00) a(a - 1)]4793“72
S inf r(a?k2z8™t — 2'-) _ x1(a?k2zd ™t — 217) 50
= w€fzr,00) ala—1)k ala—1)k ’

Hence, there exists ay € (0, pr,) such that uy,us € (0, a2) is incompatible with s; < so.

Case (ii). The linear system (2.23) reduces to

{f(¢(51)) cosficy — f(¢(52)) cos Oaco = P(s1) cos by — P(s2) cos b,
(2.24) . )
f(¢(81)) sin 9161 — f(¢(52>) sin 9262 = d)(Sl) sin 91 — ¢(82) sin 02.

Solving it and returning to the initial variables u;, j = 1,2, we find

S C) N
;== S ,

d(s5)f(#(s5))
In view of Lemma A.1, we conclude that there exists a3 € (0, p,) such that the condition

u1,uz € (0, as) can not be satisfied together with 6, # 6,.
Merging the outcome of the analysis for the Cases (i) and (ii), we get the claim for

j=172

Ay = min{al,ag,ag}. |

Note that the principal curvatures x4, k2 of ¥ computed in (2.19) do not depend on 6.
Using this observation we introduce the functions

& :=a sup max {|r1(s)], |k2(s)|} = a sup max{|’y(s),|f(¢(s))¢(s)},

s€[p,o0) sE€[p,00) ¢(5)
— (=&Y
G = -
14+,
In view of the condition a||xj||~ < 1 for j = 1,2, Lemma A.1 and Proposition A.3 (i) yield
that the functions R, 3 p — &, (, satisfy 0 < &, < 1, lim,,_,o. &, = 0, and lim,,_, o, ¢, = 1.

(2.25)
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2.4. Spectral properties of auxiliary one-dimensional Schrédinger operators

Consider the one-dimensional Schréodinger operator
(2.26) hett = =" + qu, domh, = H*(Ry) N H}(R4),

acting in the Hilbert space L?(R..) with a real-valued potential ¢ € L°°(R..). The operator
h, is obviously self-adjoint, and the corresponding quadratic form will be denoted by
h4. The next proposition describes relations between the spectral properties of h, and the
behavior of the potential ¢(s) as s — oo. It covers only the classes of potentials required
for the proof of our main result.

Proposition 2.1. Let the self-adjoint operator h, be as in (2.26) with the potential ¢: R, — R
satisfying

C
_Cv im Pals) = —
(2.27) lq(s)] < ESE and  lim s7q(s) = —c,

with 5 € (0,2], C > 0, and ¢ > 0. Then the following claims hold.
(i) Tess(hg) =[0,00).
(ii) For f =2and ¢ = 0, it holds Ny (h,) < occ.

(iii) For 8 € (0,2) and c > 0, it holds No(hq) = oo and

% 3 1_1
CBB(ﬁvE_i)

N-(hq) 0 ﬂﬁE%*%

b

where B(-, -) is the Euler beta-function.

Proof. The claim (i) follows from [Te, Lem. 9.35], because the potential ¢ satisfies the

n+1 n+1 Cds C
< < .
/n |q(s)|d3_/n (1+s)3_(1+n)r3—>0’ n — 0o

The claims (ii) and (iii) follow from [BKRS09, Lem 4.9], see also [RS-1V, Thm. XIII.9 (a)]
and [RS-IV, Thm. XIIL.82]. We remark that the original claim of [BKRS09, Lem 4.9] is
formulated for operators on the full line, but the result for half-line operators follows
easily with an additional factor 1 in the asymptotic formula for the eigenvalue counting
function. O

condition

3. Bracketing lemma
Pick an arbitrary p > 0 and define the line segment 8§ C § by
8 :=71({p} x L),

where the mapping 7 is as in (2.15). For the sake of brevity, we mostly avoid indicating
the dependence on p as long as there is no danger of misunderstanding. We define the
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open sets y := (0,p) x I, and ©Q; := (p,0) x I,. Clearly, the line segment & splits the
parabolic strip § into two disjoint sub-domains §; := 7(€;), j = 0,1. In particular, we
have the orthogonal decompositions

L*(9) = L*(S0) @ L*(G1) and L?(G;rdrdz) = L*(Go; rdrdz) @ L*(Gy; rdrdz).

Next, we introduce for m € Z the following symmetric, densely defined quadratic forms
in L2 (9 1 ) ,

(3.1a) Fona [¥] == . Fm[y]drdz, dom f, == {¥lg,: ¥ € Hy(S)},

(3.1b) fal[w] ::/ Fn[th]) drdz, dornfa1 = H}(G1),

where the integrand F,,[¢] is as in (2.10). It is easy to see that both the forms § ; and §2 ;
are closed and semi-bounded. Now we are in position to formulate the bracketing lemma
which we employ in the following.

Lemma 3.1. Forany p >0, m € Z, and all E > 0 the following claims hold.
(0) New—£@m) = Ne—e(fn)-

() Ne_-5(@m) <Np__e(N,)+CY for some constant CY = CX (p) > 0.

Proof. (i) First, we define the restriction of the quadratic form §,,, m € Z, to functions
vanishing on §,

(3.2) &S W] := TV, domFS, := {¢ € domF,,: ¥[s = 0}.

The quadratic form §%, can be naturally decomposed into the orthogonal sum §$, =
350 @ 5., where the quadratic forms §5,, and 5, are defined in the Hilbert spaces
L%(Go;rdrdz) and L%(G;;rdrdz), respectively. Using the ordering §,, < &5, of the forms
and the min-max principle we obtain

New2Fm) > Ne, 5@8) =Ne _p(E50) + Ne_r(F5,), VE>O0.

8

ml

It remains to notice that the form §7,, is unitarily equivalent via

(3.3) Ui: L3(G1;rdrdz) — L2(G1), Ui := Vo,

to the form §2 | in (3.1b), and therefore the desired inequality in (i) holds.

(i) Let xo: R — [0,1] be a €*-smooth function satisfying xo(s) = 1 for all s < % and
Xo(s) = 0 for all s > 1. Define the function x;: Ry — [0, 1] through the identity x2+x? = 1
on R.. Employing the curvilinear coordinates (s, u) on the parabolic strip § we introduce

the cut-off functions X, ,: § — [0,1], = 0,1, by

Xop(s,u) == xo(p~'s) and X1 p(s,u) = x1(p~ts), p > 0.
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These cut-off functions can also be viewed as functions of the arguments (r, z). Define the
expression X,,: § — Ry by

(3.4) Xp = |V:)COJD|2 + ‘vxl,p|2~

Set Q) := (0,p) x I, and Q) := (§,00) x I,. The parabolic strip G can be represented as
the union of the domains §j, := 7(£) and G} := 7(Q}), having a non-empty bounded
intersection Gj; := Gy N §}. The expression X, in (3.4) can be pointwise estimated from
above as X, < 2Cxp *1g, with some constant Cx > 0, here 1g, is the characteristic

function of Gf,;. Next we define a family of quadratic forms parametrized by m € Z and

j =0, 1 through
D —
b= [ ;

domqfaj = {\I/|9; \\ = domgm,SUPp‘I’ - 97;}’

Em[W)rdrdz — Cyxp~2 / || ?rdrdz,
S

/
01

where the integrand &,,[¢] is as in (2.10). Further, applying the IMS formula [CFKS, §3.1]
to the quadratic form §,,, we obtain that (X;1)|g; € dom ¢D ., j =0,1and with a slight

mj’

abuse of notation we have
Fm[Y] > €polXopt] + € [Xipe], Vo € dom F.
Hence, by [DLR12, Lem. 5.2] we get
N —5Fm) <N —p(€0o) + Ne_s(€h,), VE >0.

Notice that the quadratic form €D corresponds to a self-adjoint operator with a com-
pact resolvent, while the form ¢P | is unitarily equivalent via U} : L?(G};rdrdz) — L%(9}),
Uy := /11, to the following form in the Hilbert space L?(5}),

H} (G 2¢— | Fpu[)drdz — Cxp_Q/ |4|?drdz,
94 St

which is larger in the sense of ordering than the orthogonal sum § & § ; of the form Y, in
the Hilbert space L?(G;) defined in (3.1a) and the form in the Hilbert space L?(3j,;),

flv] 1=[3 (Fnlt)] = Cxp™?[9|*)drdz,  domf:= {¥[g, : ¥ € Hy(S1)}-

01
It only remains to notice that the last form also corresponds to a self-adjoint operator in

the Hilbert space L?(S(,) with a compact resolvent. Thus, the desired inequality holds
with the constant C = Ng_ (€2 )+ Ng_ (f). O

4. Straightening of the meridian domain

Recall that the curve I in (2.2) is parametrized via the mapping R, > s — (é(s), f(#(s)))
with ¢ satisfying the differential equation (2.11). Furthermore, recall that the quadratic
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form §,, in (2.7) is unitarily equivalent through the unitary transformation U to the form
fm in (2.8) expressed in the flat metric.

Let us introduce auxiliary potentials V.S, V,,,: @ — R, m € Z, on the half-strip Q =
R4 x I, by the formulee

VTS(S,U) = mQ_i : 35
(4.1) (6(s) — uf(d(s))d(s))
wils)  2As)  5utR(s)

Vin(s,u) := + VS (s,u).

203/2(s,u)  4g(s,u) 4 g2(s,u)

The first three terms in the definition of V;,, correspond to the curvature-induced potential

arising while straightening the curved two-dimensional half-strip G; ¢f. [EK, Sec. 1.1]. The

fourth term V,§ corresponds to the centrifugal potential written in the (s, u)-coordinates.
For the sake of brevity, we introduce shorthand notations for the integrands,

2
T [¥](s,u) :== g‘?‘;wu) +10uth ]2 + Vi )2, m e Z,
’ 2
(42) Bﬁwww=”ﬁﬁﬁf$” p>0.

Next, we define the unitary operator V: L?(G) — L?(2) by

(VQ/))(S, u) = 9(87 u)1/4 w(T(Sv u))’
where the map 7 is as in (2.15), its Jacobian J is given by (2.16) and g = J? as in (2.17). The
quadratic form §,, is unitarily equivalent via the mapping V to the quadratic form
(4.3) to[V] =V '], domty, = V(domfpy),
on the Hilbert space L?(Q2). Furthermore, recall that Q; = (p, o) x I, C 2 and introduce
the unitary operator Vi : L?(G;) — L*(Q4) by
(V19)(s,u) := g(s, u)1/4 P (T(s, u))
The quadratic forms 2, and 3, in (3.1) can be further unitarily transformed into the
forms
(4.4) t?ﬂ[w] = fﬁl[Vfle dom t?ﬂ := Vi (dom f??zl)7
(4.5) 1 [V] 1= Fna VT 1), dom ty,y := Vi(dom ),
on the Hilbert space L*(Q;).

In the remaining part of this section we will get more explicit expressions for the forms
t, t0 and t) ;. Let ¥ € H'(G) and v € H*(Q) be connected through the relation ¥ o 7 =
J=1/2¢. Let also (t1,t5)" and (ny,m2)" be, respectively, the unit tangential and normal
vectors to I'. Using the Frenet formula we find

0s(371%Y) = (0, W 0 7)0s71 + (0. 0 7)0s7

= (0, om)t1(1 —uy) + (0. P or)ta(l —uy) =F((0,¥ o 7)t1 + (0. ¥ o 7)ta),

au(3*1/2¢) = (0,Y oT1)0ym1 + (0.V 07)0,m2 = (0, ¥ oT)ny + (9,¥ o T)na,
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Hence, we obtain

1/2
(4.6) meﬁiﬂ%ii+m<WW?

In the spirit of [EK, Sec. 1.1], we find that domt,, = H}(?) for all m € Z \ {0} and by
performing elementary computations relying on (4.6) we get

—-1/2

|asw|2 uiRe (Y0s1) | u4?|y[° YRe (Y0uv) | Y

2 C 2
|5sl/1|2 u785(|1/)|2) U2’72|¢|2 2 ’Y%(W)\z) 72|1/1|2 C 2
/ S ERRTT +10ut|” — 27 T age + Vi [9]*

Integrating by parts in the above formula, we obtain

Iaswl2 2 [u?4? uy cl e
/2 + [0u9]” + _4g4+as o + 0y 23 +FHZ+V ||

|8s¢|2 2, -UQ"YQ uy 3u "YQ 72 l¢] 2
/ IO+ | + s~ S~ o+ g V|

as 2 [ ax 52'2 2
= [l st gk - B - v

= [ Falvl

the boundary terms vanished thanks to the Dirichlet boundary condition.
Analogously, we get for all m € Z

(4.7)

2, [¥] ::/ T[] dsdu, domt2 | = H}(Qy),
951

Mimicking the above computation for the form o
{¥]a, : ¥ € H}(Q)} and obtain that

N L |351/J|2 u785(|¢‘2) U2W2|¢|2
tml[w] T /;21 32 - 233 + 434

m € Z, we arrive at domt), =

ml/

V0ulVP) I e
o~ age VMl

+ |au'(/)|2 -

Again integrating by parts, we finally get

N _ |5’s¢|2 2 2 "Y(P)UW(I%UJ)P
tml[w]_/gl< 7 + 0ut)? + Vi[9 >dsdu+/H Wdu

:/ ‘.Tm[w]dsdu—&—/ B, [¢]du.
o I,

While the Dirichlet boundary condition on 05, \ § is preserved upon straightening of
G1, the Neumann boundary condition on the line segment § transforms into the Robin
boundary condition with the coupling function I, > u — 5 ;3(2?“;) . This peculiarity mani-
fests in the presence of the boundary in the expression for t} ;

a
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5. Properties of Ng___g(F,,) form € Z \ {0}

In this section, we investigate the spectral counting function of the fiber operators F,,
for all m € Z\ {0}. First, we show that for all m # 0 the discrete spectrum of the fiber
operators below the threshold E, is at most finite, and secondly, that this discrete spec-
trum is empty for all but finitely many such fiber operators. This informal explanation is
precisely formulated in the proposition below, the proof of which relies on the min-max
principle and on the finiteness of the discrete spectrum for a class of one-dimensional
Schrodinger operators stated in Proposition 2.1 (ii).

Proposition 5.1. Let F,,, m € Z\ {0}, be the self-adjoint fiber operators in the Hilbert space
L?(S; rdrdz) associated with the quadratic forms in (2.7). Then there exists an M = M (f,a) € Ny
such that:

(i) 1< Ng_(Fn) <ooforallm=1,2,...,M;
(ii) Ng_ (F.,) =0 forall m > M.

Proof. First of all, recall that the form t,, in (4.3) is unitarily equivalent to the form §,,
which is represented by the operator F,,. We organize the argument into three steps.

Step 1: bracketing. We infer that the ordering s,, < t,, holds, where the form s,,, is given by

_ |05 _
(51) ﬁm[w] = /g; (W + |au1/1|2 + Um,7,[}2> duds, dOHlSm = H&(Q),

with ¢y as in (2.25) for p = 0 and the potential U,,, defined by

L1 (P —h P97Ps)  ad*)As)] 5 a®ER(s)5(s)
(52) Um(s)w%s)(mgo)? M-&p 200-&)P 1 (1-&) >

Step 2: large |m| € N. In view of Propositions A.2 (i) and A.3 (i)-(iii), the functions

s ¢ (s)7°(s), s P(s)li(s))  and s ¢%(s)3%(s)

are all bounded on R... Hence, for any |m| > M with M € N large enough, the potential
U, is pointwise positive. Fur such m’s we obtain

NE@O (Fm) = NEOQ (f'rn) = NE@O (tm) < NEOO (5m) =0.

Step 3: small |m| € N. In view of the asymptotics of v(s), ¥(s) and 4(s) as s — oo shown in

Proposition A.3, the potential ¢: R, — R defined by

L (2(s) | ali(s)l | 5 a?3%(s) >
5.3 = —— + + - ,
69 w9 = (B2 + gy + Hiter

where & and ( are as in (2.25) with p = 0, satisfies the condition (2.27) with 8 = 2 and
¢ = 0 and therefore by Proposition 2.1 the negative discrete spectrum of the self-adjoint

operator h, in (2.26) is finite.
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Next, we define the auxiliary quadratic form
(54) Hy(Ia) 3 ¢ = b [¥] = [0 Z2 0,

in the Hilbert space L?(I,) and consider the closed, densely defined, symmetric and semi-
bounded quadratic form in L?(2) = L?(R) ® L?(I,) having the tensor product structure
h:=(1+&) %h, ®i+i®hD, where b, is the form represented by h, in (2.26) and i stands
for the quadratic form of the identity operator on a generic Hilbert space. Comparing
the definition (5.1) of the form s,,,, the expression (5.2) for the potential U,,,, and the ex-
pression (5.3) for the potential ¢, we obtain that the ordering h < s,, holds for all m # 0.
Furthermore, let AP (a), n € N, be the eigenvalues of hD enumerated in a non-decreasing
way. Note also that we have E., = AP. Since b, is semi-bounded, there exists N = N(f, a)
such that (1 + &) 2h, > Eo — AR. Consequently, for any |[m| < M we get

NEm(Fm) = NEoo (fm) = NEOQ (Jt ) < NEoo (ﬁm)

<ZNE _an ((1+€0)7%Dy) ZNO 14 &) 7?hy) = N -No(h,) < o0,

n=1

which concludes the proof. O

6. Asymptotics of Ng___g(Fo)

The fiber operator F, corresponding to m = 0 requires a separate consideration. Re-
call that this fiber operator is associated with the quadratic form §, on the Hilbert space
L?(G; rdrdz) defined as

(6.1) Fol] = /9 Eollrdrdz,  dom o = To(HL(P)),

where & is as in (2.10). Throughout this section we use the shorthand notation
(6.2) gak(E) = 5—oo

6.1. A lower bound on Ng__ _g(Fo)

In this subsection we obtain an asymptotic lower bound on the counting function
Ng_—g(Fo) in the limit £ — 0. To this aim we modify the strategy used in the proof
of Proposition 5.1 by additionally involving Lemma 3.1 (i). At the end we reduce the
problem to the spectral asymptotics of a one-dimensional Schrodinger operator covered
by Proposition 2.1 (iii).

Proposition 6.1. Let the self-adjoint fiber operator Fq in the Hilbert space L*(G;rdrdz) be asso-
ciated with the form (6.1) and let the function g i (-) be as in (6.2). Then

lim inf 7NE°° —5(Fo)

> 1.
E—=0t o k(E)



18 PAVEL EXNER AND VLADIMIR LOTOREICHIK

Proof. We reduce finding the asymptotic lower bound to the analysis of one-dimensional
Schrodinger operators. Recall first that Lemma 3.1 (i) and the construction described in
Section 4 imply that

Ne._e(Fo) >Ng_ (), VE>O.

Let the auxiliary functions &, and ¢, be as in (2.25). Next we introduce the quadratic form

ds]?
63) Bl = [ (G20 0P 4 W ) duds, domud, = (@),
where Q; = (p, o) x I, and the potential W, (s) is given by

_ a1 1
(6.4) Wp(s) = =&  I11E)90)

For ¢ in (2.17) and V; in (4.1) with m = 0, we have (1 — £,)? < g(s,u) < (1 +&,)? and
Vo(s,u) < Wp(s) for all (s,u) € 21, hence the ordering of the forms tJ), < uf; holds.
Now we can reduce the asymptotics analysis to investigation of one-dimensional Schrodinger

operators. Define the potential ¢: R, — R as

(6.5) q(s) = Wy(s —p) (1 - fp)2~

Proposition A.2 (i) and Proposition A.3 (ii) imply that the potential ¢ in (6.5) satisfies the
condition (2.27) in Proposition 2.1 with 3 = 2 € (0,2) and ¢ = %kz Consequently, using
the decomposition

upy = (1-§)*hy@i+iebl =P (A\(a) + (1-&)7%h,)

neN

with b2 as in 5.4, and applying Proposition 2.1 (iii), we obtain that

timinf N2 F0) g N ()
E—=0t  gak(E) T E-0t  gak(E)
D N_p1_e.2
> liminf NE==B01) oo Nopag)2(0a)
E=0t  gak(E) E—0t  gak(E)

1 akB (%’ % - %) 1 < 1 2 1
R 1_ —Q — 2 1 _ —a.
B0+ 27.(. 2(1 E%_% goé7k(E) CI) ( gp) CI) ( §P)

Eventually, passing to the limit p — oo in the above inequality and making use of £, — 0,
(p — 1 as p — co we obtain the claim. O

6.2. An upper bound on Ng__ _g(Fo)

Finally, we derive an asymptotic upper bound on Ng_ _z(F¢). To this aim we combine
the strategy used in the proof of Proposition 5.1 with Lemma 3.1 (ii).

Proposition 6.2. Let the self-adjoint fiber operator Fq in the Hilbert space L?(S;rdrdz) be asso-
ciated with the form (6.1) and let the function g, x(-) be as in (6.2). Then

lim sup 7NE°° —5(Fo)
E—0+ ga,k(E)
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Proof. We reduce finding the asymptotic upper bound again to the analysis of one-dimensional
Schrodinger operators. Recall that Lemma 3.1 (ii) and the construction described in Sec-
tion 4 imply that

Ng.. w(Fo) <Np__p()+CY, VE>o.

Let the auxiliary functions &, and ¢, be as in (2.25). Introduce the quadratic form
Os? aly(p)[[¢(p, w)|?
s =/ <|+ Ou|? + Uy (s 2)dsdu—/du,
01 [¢] a (1 + é—p)Q ‘ w| P( )W‘ L 2(1 . é—p)?)
domsgy = {W|g,: ¥ € Hj(Q)},

(6.6)

where Q; = (p, o) x I, and the potential U, is given by

o 9Ms) Ba(s) ali(s)] 1 1

41-6) 41-8)* 2(1-§)® 4(1-§)%¢%(s)

For g in (2.17) and V; in (4.1) with m = 0, we have (1 — &,)? < g(s,u) < (1 +§,)? and
Vo(s,u) > Uy(s) for all (s,u) € , hence the ordering of the forms s}, < ), holds.

Define the potential ¢: R, — R as

(6.8) q(s) = Up(s — p) (1 + &)

Proposition A.2 (i) and Proposition A.3 (i)-(iii) imply that ¢ satisfies the condition (2.27)

(6.7) Up(s) ==

with =2 €(0,2) and ¢ = kS Next we define the quadratic form

i
TR 30500l = [ (R +aolu)P) as - PEILOL

noting that the self-adjoint operator h;, corresponding to the quadratic form bj, is a rank-
one perturbation of the operator h, defined in (2.26) with the potential as in (6.8). Hence
by [BS, §9.3, Thm. 3] we have

(6.9) IN_g(hy) —N-g(h)| <1,  VE>O.

q
In the tensor-product decomposition of s}, into the orthogonal sum,
sor = (1+&) by @i+ih? =P (W (o) +(1+&) ),
neN

only finitely many summands have non-empty discrete spectrum below the threshold
AP (a) = E4 and for all of them except for the lowest one the discrete spectrum below E,

2
is finite. Making now use of Proposition 2.1 (iii) with ¢ = ’ZT“ and 8 = 2 we obtain
P

Ng_ _g(F N (N Ne  m(sN
lim sup M < lim sup M < lim sup M
Eo0t Bak(E) E—ot  Bak(E) B0t Bak(E)
N_ h! N_ h
< lim sup E(H_—&”)?(q) = lim sup 1‘3(1+—£,,)2((1)
E—0+ 8a.k(E) E—0+ 8ok (E)
1 akB(3,5 —3)

- 7% 1 11—« — 7% 1 1—04.
B0t 271_ 2a E%_% ga’k(E)Cp ( +€p) Cp ( +§P)

Passing to the limit p — oo in the above inequality we arrive at the sought claim. O
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7. Proof of Theorem 1.2

With all the preparations made above, the proof of the main result turns out to be very
short. By Proposition 5.1 we get

lim inf 7NE°°_E(H) = lim inf 7NE°°_E(FO),
E—0t  Bak(E) E—0t 8o k(E)

. Neg-e(H) . Ng_—e(Fo)

limsup —=——— = limsup —=————
B0t Bak(E) E—0+ ok (E)

and furthermore, applying Propositions 6.1 and 6.2 we conclude that

i NE=—eH) 1,
E—0t  gax(E)

which is our main result. O

8. Discussion

Let us briefly outline a few possible extensions of the results obtained here. Recall
first that a domain ; C R? is said to be a local perturbation of the domain Q, C R3, if
M\ K = Q \ K for a compact set K C R®. Without much effort, our main result in
Theorem 1.2 allows for an extension to all local perturbations of the generalized, radially
symmetric parabolic layers. It is worth to stress that such perturbed domains need not
necessarily be radially symmetric themselves.

Furthermore, one can introduce into the present model an Aharonov-Bohm-type magnetic
field along the axis of the layer in the spirit of [EK18, KLO17]. In our geometric setting,
we expect that such a singular magnetic field can neither ‘switch off’ the infiniteness of
the discrete spectrum nor will it modify the principal term in the spectral asymptotics.
Note that this conjectured behaviour would be in sheer contrast to that of the conical
layers [KLO17].

Apparently, an analysis similar to the present one can also be performed for the self-
adjoint three-dimensional Schrodinger operator with an attractive -interaction of constant
strength supported on the (generalized) paraboloid ¥ in (1.1). Taking the results of [BEL14,
LO16, OP17] into account, one may conjecture that the spectral asymptotics will be the
same as in Theorem 1.2. However, proof of such a claim might be technically more in-
volved than for the Dirichlet layers.

Finally, it is worth noting that the analogous spectral problem can be also considered
for the self-adjoint Robin Laplacian in the unbounded domain {(z,z3) € R*: 25 > f(|z|)},
lying above the surface ¥. With a reference to [BPP18, P16] we expect the infiniteness
of the discrete spectrum for the Robin boundary condition with a negative parameter, in
other words, for an attractive boundary interaction. In view of [BPP18], however, the
principal term in the spectral asymptotics might not be the same as in Theorem 1.2.
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Appendix A. The signed curvature of T’

In this appendix, we analyze properties of the signed curvature v of the curve I" defined
in (2.13). This material can be seen as an exercise in the differential geometry, however,
the claims we need are scattered and not easy to find in textbooks. Recall that the curve I’
is parametrized by R, > s — (¢(s), f(¢(s))), where the increasing function ¢: R, — R
fulfils ¢(0) = 0 and satisfies the ordinary differential equation (2.11). In the remaining
part of this appendix, all the functions depend on s and their derivatives are taken with
respect to that variable. For the sake of brevity, the indication of the dependence on s is
occasionally dropped.

First, we formulate and prove an auxiliary lemma on the second principal curvature
ko of ¥, explicitly given in (2.19).

Lemma A.1. Let ¢: Ry — Ry be the solution of (2.11) with ¢(0) = 0. Then the function

= F((s)d(s)
Respe ses[;l,lo)o) o(s)

is bounded and vanishes as p — oo.

Proof. First, we observe that the function R, > s +— W is €*°-smooth on R ;. More-

over, using that ¢(0) = 0, $(0) = 1 and the Taylor expansion f(z) = f(0)z +o(z) as z — 0"
we get

@ i 1081 P<¢>>é_im1_
A e SO ad _slw¢<1+f2(¢) T

The above two limits and smoothness of %ﬁ’ yield the claims. O

Next, we prove a proposition, on the asymptotic behaviour of ¢ and its derivatives up
to the third, in the limit s — oo.

Proposition A.2. The solution ¢: R, — R of (2.11) with ¢(0) = 0 has the following properties.

(i) limy oo s~ 5¢p = k3. (i) limy oo s 0 ¢ =~k a.
_1 - 1 St eee
(ii) limg oo 55 ¢ = B2, (iv) limy oo s 5 ¢ = (@=DQ@aD)y—g

Proof. Notice that we obviously have lim,_,., ¢(s) = oo, because the map Ry 55 —
(¢(s), f(¢(s)) is a re-parametrization of the curve R, > x + (z, f(x)). The differential
equation (2.11) implies that on the interval [R, c0) the following estimates hold:

ak¢*'$<1 and  (1+ake* )¢ > 1.
Integrating the above inequalities on the interval [R, s] we get

(A.1) kg™ (s) < s+ 0(1) and d(s) + ko™ (s) > s+ 0(1), Vs> R.
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Plugging the first inequality in (A.1) into the second, we obtain
s\ @
(A.2) kg% (s) > s — (E) +O(1), Vs>R

Combining the first inequality in (A.1) with (A.2) and using the assumption o > 1 we get
the limit in (i). Furthermore, the limit in (ii) can be shown as follows,

1 o — o — 7l
lim Saal¢_ hm 8 v (1+062]{32d)2a 2)75 = lim (S_Q(QI) +a2k28—42(a1)'¢2a—2) 2

s—00 aks—aT_ld)afl o ’
The differential equation (2.11) can be alternatively written as

1

(1+ £2(e(s)))*

Differentiating the left and right hand sides of equation (A.3), we express ¢ as follows,

L+ /202 (1+f2(9))*

Hence, on the interval [R, 00), we have

(A.4) §=— f@ﬁw% ___f@)f(9)

0421412(0[ _ 1)¢2a—3

§=- .
(1+ a2k2¢2a—2)2
Eventually, using (i) we get
a1 - -1 ~1 —1
lim s%qb:flim a = = a 5T =2 5 kfé,
s—00 500 2k2g— a2k2k— " [0}

and in this way the limit in (iii) is also obtained.
Differentiating the left and the right hand sides of (A.4), we express ¢ as follows,

b =—

(F2(9) + F(8) F (@)1 + f2(9))d — 4f%(9) f2(9)9
)

 a+ Py
_ 3202 (0) - 2(0) - [(@) [(6) - F(9) F(9)
(1+/2(¢))%
The latter yields that on the interval [R, co)
5 30t (o — 1)2k1% 6 — a2(a — 1)(2a )k;2¢>2“ 4 oMo —1)(a — 2)kigleo
(1 +a2k2¢2a—2)
o' (o — 1)(20 — DF*¢*=0 — a(a — 1)(20 — Bk?¢? !

(1 + a2k2¢2a—2) 3
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Again using (i) we obtain

o1 0o — VA gre—6 _ 2(n _ 9\2420—4
lim s%qﬁ i 2O (a—1)(2a — 1)k*¢ a?(a—1)2a — 3)k“¢

z
2

§—00 s§—00 (1 + a2k2¢2a,2)
a1 at(a—1)(2a — 1)k1pte—6 - 1)(2a—1
= lim s*% 2 (0= 1)2a — Dk%¢ = lim (a ng} )
$—00 a7k7¢7a—7 500 3k3s™ " a ¢3a—1
_(a=1)QR2a—-1) (a—1)2a— l)k_i
S a’ ’
by which the limit in (iv) is also shown. O

Recall that the signed curvature of the curve I' is given by the formula

(A.5) v =f(9)é".

Finally, we prove a claim about the asymptotic behaviour of v and its derivatives up to
the second order, in the limit s — oo.

Proposition A.3. Let the signed curvature v: Ry — R be as in (A.5). Then there exist g; € R,
j=0,1,2, such that:

N 20—1
(1) hms—)oo s > 77 =4do,

. . 3a—1

(i) limsoo s o § = g1,
. da—1 ..
(iii) limsoo 575§ = ga.

Proof. The first and the second derivatives of the signed curvature +y are given by

i =307 f () + ¢* F (¢),
5 =640 f(¢) +36%0 f(9) + TG (¢) + ¢° F D ().

Hence, using the notation  := a(a — 1)k we infer that on the interval [R, co) the following
relations hold:

v = ke3¢,
iy =k [30°7%¢%6 + (a — 2)9"*¢"]
5= k[672 (6067 + 3676) + T(a = 2)6° 63 + (0 — 2)(a = 3)9" 16"

Eventually, existence of finite limits in (i)-(iii) directly follows from Proposition A.2 (i)-
(iv). O
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