Centre de Physique Théorique^∗ - CNRS - Luminy, Case 907 F-13288 Marseille Cedex 9 - France

ONE REFINEMENT OF THE GUROV-RESHETNYAK INEQUALITY

Anatoli KORENOVSKII^{1,2}

Abstract

An estimate of the rearrangement of a function over its relative mean oscillation is obtained. From this estimate follows, in particular, the Gurov-Reshetnyk theorem and some another known results.

Subject index : Primary 26D10; Secondary 46E30.

Key-Words and phrases : Gurov-Reshetnyak inequality, rearrangement.

June 1994 CPT-94/P.3041

anonymous ftp or gopher: cpt.univ-mrs.fr

�Unité Propre de Recherche 7061 1and PHYMAT, Université de Toulon et du Var, F-83957 La Garde cedex, France 2On leave of absence from Odessa State University, Petra Velikogo, 2, 270000, Odessa, Ukraine

1. Introduction and main results. Let f ∈ L(Q_0) be a nonnegative function, where Q_0 ⊂ R^N be a cube with the sides parallel to the axes (only such cubes will be considered below). For the measurable set E ⊂ Q_0 we denote f_E ≡| E |^{−1} ∫ E f(x)dx where | E | is the Lebesgue measure of E. We suppose that f_{Q0} > 0 and write Jν(f; σ) = sup_{|Q|≤σ} 1 |Q| ∫ Q | f(x) − f_Q | dx 1 |Q ∫ Q f(x)dx , 0 < σ ≤| Q_0 | , where the supremum is taked over cubes Q ⊂ Q_0 with measure not exceeding σ and such that f_Q > 0. It is obvious that Jν(f; σ) ≤ 2, 0 < σ ≤| Q_0 | , for any f.

In the Gurov and Reshetnyak paper [1] it has be shown that if Jν(f; σ) is bounded by some small constant then the function f^p is integrable for some p > 1. More precisely, the following was obtained:

Theorem of Gurov-Reshetnyak. If for some ε, 0 < ε ≤ ε_0 , where ε_0 = ε_0(N) > 0, the inequality Jν(f; σ) ≤ ε, 0 < σ ≤| Q_0 | , holds, then f ∈ L^p(Q_0) for every p < p_0, where 1 < p_0 = p_0(ε, N) → ∞ when ε → 0+.

Different proofs and generalisations of this Theorem were given by number of authors (cf. [2-8]). In particular, in [7,8] are considered the properties of the function f, which satisfies the condition Jν(f; σ) → 0, σ → 0 + . In this paper we study some properties of functions f expressed in terms of ν(f, σ).

They formulate in terms of rearrangement f^∗(t) ≡ sup_{|e|≥t} ess inf_{x∈e} f(x), 0 < t ≤| Q_0 | . The function f^∗(t) is nonincreasing on (0, | Q_0 |] and equimeasurable with f.

The rearrangements have been used to study the similar problems by various authors. Their application is effective because they have the more simple form and in some sense keep the properties of original function. In Theorem 1 we obtain one of such properties of rearrangement. We will denote f^{∗∗}(t) ≡ 1 t ∫ t 0 f^∗(u)du, 0 < t ≤| Q_0 | .

Theorem 1. Let f ∈ L(Q_0). Then the inequality 1 t ∫ t 0 | f^∗(u) − f^{∗∗}(t) | du ≤ 3 · 2^N ν(f, 2^N t)f^{∗∗}(t), 0 < t ≤ 2^{−N} | Q_0 |, (1)

holds.

The proof of this Theorem is given in Section 2. Theorem 1 leads to the following main result:

JTheorem 2. There are constants c_1 and c_2 depending only on the dimension N such that for f ∈ L(Q_0) we have the inequality: f^{∗∗}(t) ≤ c_1f_{Q0} exp(c_2 ∫ |Q_0| t ν(f, σ) dσ σ ), 0 < t ≤| Q_0 | . (2)

We will prove the Theorem 2 also in Section 2.

¿From inequality (2) follows obviously the Gurov-Reshetnyak Theorem. In addition, if ν(f, σ) → 0+, σ → 0+, then we have, as a direct consequence of (2), the following estimate: f^{∗∗}(t) = O(t^{−1/p}), t → 0+, for every p < ∞. Hence is proved:

Corollary 1. If f ∈ L(Q_0) such that ν(f, 0+) = 0, then fJ ∈ L^p(Q_0) for every p < ∞. This assertion is contained in the paper of Franciosi [7]. In this paper it has been proved also that:if ν(f, σ^N ) = o(σ^β), σ → 0+, for some β > 0, then f is equivalent to an continuous function g, and the modulus of continuity:

ω(g; σ) ≡ sup |x−y|≤σ x,y∈Q0 | g(x) − g(y) |, 0 < σ ≤ l(Q_0), is O(ν(f, σ^N )) when σ → 0+. Here l(Q) denotes the edgelength of cube Q. The proof of the last property is based on the application of the following result given in [9] (cf. also [10]):if for some β ∈ (0, 1] μ(f, σ^N ) = O(σ^β), σ → 0+, then ω(f, σ) = O(σ^β), σ → 0+, where μ(f, σ) ≡ 1 f_{Q0} sup |Q|≤σ, Q⊂Q0 1 | Q | ∫ Q | f(x) − f_Q | dx, 0 < σ ≤| Q_0 | . With the help of Theorem 2 the estimate of the modulus of continuity of function f over ν(f, σ) can be easily extended in the case when the condition

∫ l(Q_0) 0 ν(f, σ^N ) dσ σ < ∞ (3)

holds. In fact, from Theorem 2 it follows

Corollary 2. If f ∈ L(Q_0) satisfies (3), then f is essentially bounded on Q_0 and || f ||_∞≤ c_3f_{Q0} . (4)

Further, from (4) we obtain the inequality ν(f, σ) ≥ c_4μ(f, σ), 0 < σ ≤| Q_0 |, (5) where c_4 > 0. Now, recall the following:

Theorem of Spanne ([11]).Let f ∈ L(Q_0) be a function such that:

∫ l(Q_0) 0 μ(f, σ^N ) dσ σ < ∞. Then f is equivalent to an continuous function g and ω(g; σ) ≤ c_5f_{Q0} ∫ σ 0 μ(f, δ^N ) dδ δ , 0 < σ ≤ l(Q_0), where the constant c_5 is independent of σ.

The last Theorem and inequality (5) lead directly to:

Theorem 3. Let f ∈ L(Q_0) be a function which satisfies (3). Then f is equivalent to an continuous function g and ω(g; σ) ≤ c_6f_{Q0} ∫ σ 0 ν(f, δ^N ) dδ δ , 0 < σ ≤ l(Q_0), where the constant c_6 is independent of σ.

J2. Proof of Theorems 1 and 2. The proof of Theorem 1 is based on the following Lemma.

Lemma of Calderon-Zygmund ([12]).Let f be a nonnegative function in L(Q_0) and α be a number not less than f_{Q0} . Tnen there exist two families of cubes Q_s and R_s ⊃ Q_s such that the interiors of cubes Q_s are pointwise intersecting, | R_s |= 2^N | Q_s |, f_{Rs} ≤ α < f_{Qs} ≤ 2^N α, s = 1, 2, ..., and f(x) ≤ α almost everywhere on Q_0 \ E, where E ≡ ⋃ s Q_s. Proof of Theorem 1. Fix t, 0 < t ≤ 2^{−N} | Q_0 |. Applying the Lemma of Calderon- Zygmund with α = f^{∗∗}(t), we construct the cubes Q_s and R_s with the indicated abowe properties. Since 1 | E | ∫ E f(x)dx = 1 | EJ ∑ s ∫ Qs f(x)dx ≥ α, then from the inequality 1 t ∫ t 0 f^∗(u)du = f^{∗∗}(t) = α ≤ 1 | E | ∫ E f(x)dx ≤ 1 | EJ ∫ |E| 0 f^∗(u)du and from the monotonicity of f^∗ it follows that | E |≤ t. Therefore | Q_s |≤ t, | R_s |≤ 2^N t, s = 1, 2, ... If we take into account the properties of rearrangement, of the mean value of function, of the cubes Q_s and R_s, of set E, and next the monotonicity of the function ν(f, σ), we obtain

∫ t 0 | f^∗(u) − f^{∗∗}(t) | du = 2 ∫ {u: f�(u)>α} (f^∗(u) − α)du = 2 ∫ {x∈Q0: f(x)>α} (f(x) − α)dx =

= 2 ∫ {x∈Q0: f(x)>α} ⋂ E (f(x) − α)dx = 2 ∑ s ∫ {x∈Q0: f(x)>α} ⋂ Qs (f(x) − α)dx =

= 2 ∑ s ∫ {x∈Qs: f(x)>α} (f(x) − α)dx =

= 2 ∑ s ∫ {x∈Qs: f(x)>α} (f(x) − f_{Qs} )dx + 2 ∑ s (f_{Qs} − α) | {Jx ∈ Q_s : f(x) > α} |=

= 2 ∑ s ∫ {x∈Qs: f(x)>f_{Qs} } (f(x) − f_{Qs} )dx+

+2 ∑ s ∫ {x∈Qs: α<f(x)≤f_{Qs} } (f(x) − f_{Qs} )dx + 2 ∑ s (f_{Qs} − α) | {x ∈ Q_s : f(x) > α} |≤

≤ ∑ s ∫ Qs | f(x) − f_{Qs} | dx + 2 ∑ s | Q_s | (f_{Qs} − f_{Rs} ) ≤

≤ ∑ s ∫ Qs | f(x) − f_{Qs} | dx + 2 ∑ s ∫ Qs | f(x) − f_{Rs} | dx ≤

≤ ∑ s ∫ Qs | f(x) − f_{Qs} | dx + 2 ∑ s ∫ Rs | f(x) − f_{Rs} | dx ≤

≤ ν(f, t) ∑ s ∫ Qs f(x)dx + 2ν(f, 2^N t) ∑ s ∫ Rs f(x)dx ≤

≤ 3ν(f, 2^N t) ∑ s ∫ Rs f(x)dx ≤ 3α · ν(f, 2^N t) ∑ s | R_s |≤

≤ 3 · 2^N α · ν(f, 2^N t) ∑ s | Q_s |≤ 3 · 2^N t · f^{∗∗}(t)ν(f, 2^N t). ¿From the abowe follows (1). This completes the proof.

We will needed below the following Lemma in the proof of Theorem 2.

Lemma ([6]).Let f ∈ L(Q_0). Then for any a > 1 the inequality f^{∗∗}( t a ) − f^{∗∗}(t) ≤ a 2 · 1 t ∫ t 0 | f^∗(u) − f^{∗∗}(t) | du, 0 < t ≤| Q_0 |, holds.

Proof of Theorem 2. By the last lemma and by the Theorem 1 we have f^{∗∗}( t 2 ) − f^{∗∗}(t) ≤ 1 t ∫ t 0 | f^∗(u) − f^{∗∗}(t) | du ≤ 3 · 2^N ν(f, 2^N t)f^{∗∗}(t), that is f^{∗∗}( t 2 ) ≤ (1 + 3 · 2^N ν(f, 2^N t))f^{∗∗}(t), 0 < t ≤ 2^{−N} | Q_0 | .

The recurrent application of this inequality gives f^{∗∗}( | Q_0 | 2^{N+s} ) ≤ s−1∏ i=0 (1 + 3 · 2^N ν(f,

| Q_0 | 2^i

))f^{∗∗}(

| Q_0 | 2^N ), s = 1, 2, ... Therefore, using the inequality ν(f, σ) ≤ 2 with 0 < σ ≤| Q_0 |, and monotonicity of function Jν(f, σ), for s = 1, 2, ..., we have f^{∗∗}( | Q_0 | 2^{N+s} ) ≤ exp(ln f^{∗∗}( | Q_0 | 2^N ) + s−1∑ i=0 ln(1 + 3 · 2^N ν(f,

| Q_0 | 2^i

))) ≤

≤ f^{∗∗}( | Q_0 | 2^N )exp(3 · 2^N s−1∑ i=0 ν(f, | Q_0 | 2^i

)) ≤

≤ f^{∗∗}( | Q_0 | 2^N

)exp(3 · 2^N ν(f, | Q_0 |) + 3 · 2^{N+1} s−1∑ i=0 ν(f,^{|Q0|}_{2i} ) |Q0| 2^i�1

| Q_0 | 2^i ) ≤

≤ exp(3 · 2^{N+1})

2^N | Q_0 | ∫ |Q_0|2�N 0 f^∗(u)du · exp(3 · 2^{N+1} s−1∑ i=1 ∫ |Q_0|2�i+1 |Q0|2�^i ν(f, σ) dσ σ ) ≤

≤ 2^N exp(3 · 2^{N+1}) 1 | Q_0 | ∫ |Q_0| 0 f^∗(u)du · exp(3 · 2^{N+1} ∫ |Q_0| |Q0|2�^s+1 ν(f, σ) dσ σ ).

Let fix t, 0 < t ≤| Q_0 |, and find s such that | Q_0 | 2^{−s} < t ≤| Q_0 | 2^{−s+1}. Then from the last inequality, by monotonicity of f^{∗∗}, follows f^{∗∗}(t) ≤ f^{∗∗}( | Q_0 | 2^{N+s} ) ≤ 2^N exp(3 · 2^{N+1})f_{Q0} exp(3 · 2^{N+1} ∫ |Q_0| |Q0|2�^s+1 ν(f, σ) dσ σ ) ≤

≤ 2^N exp(3 · 2^{N+1})f_{Q0} exp(3 · 2^{N+1} ∫ |Q_0| t ν(f, σ) dσ σ ). This completes the proof.

JAknowledgements. First and foremost, I wish to thank the French Gouvernment for its financial support and also the Centre de Physiqye Théorique for its warm welcome.

The author wish to express his gratitude to Professors J.Gilewicz and V.I.Koliada for their valuable suggestions and comments alloving to achieve this work with success.

JReferences

1. L.G.Gurov, Yu.G.Reshetnyak,On an analogue of the concept of functins of bounded mean oscillation, Sibirsk. Mat. Zh., 1976, v.17, N 3, 540-546 (Russ).

2. T.Iwaniec,On L^p-integrability in PDE’s and quasiregular mappings for large exponent, Ann. Acad. Sci. Fenn., 1982, v.7, ser. A1, 301-322.

3. B.Bojarski,Remarks on the stability of inverse Hölder inequalities and quasiconformal mappings, Ann. Acad. Sci. Fenn., 1985, v.10, ser. A1, 291-296.

4. M.Franciosi, G.Moscariello,Higher integrability results, Manuscripta Math., 1985, v.52, N 1-3, 151-170.

5. I.Wik,Note on a theorem by Reshetnyak-Gurov, Dep. Math. Univ. Umea (Publ.), 1985, N 6, 1-7.

6. A.A.Korenovskii,On the connection between mean oscillation and exact integrability classes of functions, Math. USSR Sbornik, 1992, v.71, N 2, 561-567.

7. M.Franciosi,Higher integrability results and Hölder continuity, J. Math. Anal. Appl., 1990, v.150, N 1, 161-165.

8. M.Franciosi,The Gurov-Reshetnyak condition and VMO, J. Math. Anal. Appl., 1994, v.181, N 1, 17-21.

9. N.G.Meyers,Mean oscillation over cubes and Hölder continuity, Proc. Amer. Math.

Soc., 1964, v.15, 717-721.

10. S.Campanato,Properieta di holderianita di alcune classi di funzioni, Ann. Scuola Norm. Super. Pisa. Sci. fis. e mat., 1963, v.17, N 3, 175-188.

11. S.Spanne,Some function spaces defined using the mean oscillation over cubes, Ann.

Scuola Norm. Super. Pisa. Sci. fis. e mat., 1965, v.19, N 4, 593-608.

12. E.Stein,Singular integrals and differentiability properties of functions.Princeton Univ.

Press. 1970.