
 

Knot cobordism tarsia in Floer homology bridgeindex
Joint w Andris Juhasz Ian Zemke

Overarching idea J
Q

admin
b

t Ts
use topology embedding of E to relate

farsian in e.g HFK K HFK CJ

fr conversely use torsion to arstrain
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Cobordism from K to J is a
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cobordism concordance ribbanordance

When hate Morse with no maxima

h proJI
say E is a ribbarabardis
If E also annulus then

a ribbon
Note ribbon cobordismlarcerdance

is not symmetric

Jeff If concordant to J then J
knit

FF ribbon overdone from U to J
ther J is ribbon



Longstanding per question Earth
Is
every

slice knot ribbon

Yes for 2 bridge touts Lisa 2007
Yes far odd 3strandedpretzels CGreeret

In general
Jabuka

20071

Maybe false but difficult to
obstruct ribbon concordance

Zemke 2019
knot Floer homology can obstruct

ribbon concordance

H E ribbon concordance from

K to J then E induces
injection really more general

HFK K HFK J
Rmd map preserves gradings



Recovers

Gordon deg.SC97EdegoCJ
If J also ribbon concordant to k
ther SCk sCJ

Rinke Gordon conjectured if
K J both ribbon concordant to
each other then K J isotopic

Zemke HEKIKEHEKCJ
Levine Zemke and Klick EKhCJ

inspired many more
papers shortly after

Levinet Zemke
also induces injections

Khck Kh J
Khwara homology

Mt Zemke
can weaken ribbon



Sarkar Defined ribbon distance

d K J when K J arardat
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and gave law bound from

Kharanov via trsigwinnrbaah.grain

Liebman Vela Vick Way ribbonExtend to setting of homologycobordism
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Build chain complex generated

by pts of
intersection of
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in Sym which miss
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J cants phd disks
in Sym which miss
w weights z with
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2 x L If MIHIR v yyettahttp fenix yuld L
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Extend our Flu equivariantly
This is probably not helpful if you are not
familiar with knot Floer homology HFK can be
taken so far as a black box I recommend Manolescu's
notes for actual exposition on this Forexperts this has
just established which convention are beingused

Nar HFK k is a finitely
generated.com

grf godule
our polynomial ring

Falu HFK K decomposes

non canonically as

Fdu a HF Kia K
the Fdr torsion submodule
of HFK CK



So define for knot Kc S3

Orduck
min nelN 31vn.tt 9redCk 0

Rmd
Always Orduck c

Ordu K 0 K unknot
Orduftp.ql p 1 for Kp sq coprime
Orduck Ordu Th

E cobordism from K to J

so hle Morse with m minima

b saddles and some maxima

Ordu K E Max b m Ordu NEB
b m Max 0 Ordu J M
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Ordu K E

O K Max 6 OrducJIt 43
ribbon cobordism M O
b m X E ZCE
Ordu K E Ordu J t2gcE
Ordu J Orduck 2gce

br k Orduck
bridge index

Pf
Ordu not additive under

takes Max value
Ordu CA B max OrduCA

Ordu B
using the fact that HFK k is
finitely generated module



So Ordu K Ordu K K

F ribbon concordance from U

to k II with brck 1

saddles and minima

K A

br k 2
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Thm says
Ordu U s max 0 Ordu K
Not interesting But

Turn arcerdance upside
down barnffa

1 saddles
maxima

Ord K E Max brah 1 Orden

bruh l
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Rinke Sharp for torus knots
Anotherca
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tf E a ribbon anardona from

K to J with b saddles then

either bf Ordu J Ordu K

ar b 2 Ordu J 2 Ordu K
Note already know OrdfJHorduck by Zemke



If E ribbon cobordism from
K to J of genus g 2Gt n saddles

n minima
then OrducJkorduck t 2gRefined

GbordismDistorcedCK
J min max b m b M

trusts
cobordism from K to J

where m minima b saddles
M maxima

Thon dlk.DZ OrduCklOrdulJHPfddcK J s0rduCK EQrdezfItbzye
finally semi EYE a'idiotsMeorduckstd
torsion distance lorducksorducosted

deck J min denI
vdHFk CK EvdHFk J

C deck J Sarkar's ribbon
distance



deck U Ordu K
can be large even far slice
wets e g Tp.gr Tp.q

Orde p I
o pc qdr ftp.q Tpq.UlZ p l

canbearbitrarilylarge.tntalk prove Zemke

proof of Theorem original theean first

cobordism from K to J

Reorder crib of 41g so

n I 3M maxima
standard

CIV Uf E b m saddles normal formonneded

argument
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e
m saddles Ei Kontgafdarnibabon

u y µ m minima
Ez c to JO K upsidefearbnardiksbmm



Decorate E w region 2 region
so K J have w z basepts
in correct region

Zemke Juheisz

many papers
some joint

decorations induce map e

on HFK
In particular
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anywhere

F e Fei Fe Eman.IE
observation

Because
NdeJuhasz Mawgan 616 for HER

If E 2 sphere divided into 2 disks
map fr

closed surfacedivided
then F e id into 2 partsby one cave only

depends on genesof each piece

K F O
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byonedividingarc

F unique spin str to an W whose Chem

class evaluates trivially on 03 5
to to I six 5



Claim

II to Fo e aspommaps

HFC CoD to HFC Con t
5 5

PI both maps nonzero

since fz.es id facts
have same gradings

FL coasts ti gre E

F c to E TIE
no room grading

information

determines the map



Back to therein proof

say S Eu E cobordism
from K to K
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First understand E U I
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see

k 1 maxi
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min

band

on spheres
min 0

to K I
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M Fe uz id

so Fe injection

This is Zemke's original
proof

Order C 2 Ordu K

Now understand E UI

4 I Add M tubes

to connect maximathat
to dual minimaYM Ea
Now only bandsC
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HC band tubes
attached to

1 XI GI
in 2 region

specifically b m tubes

FewE tubes
Vb mid HFK CC

also FewEnttubes V Ferret
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Ord CC lb m

C Max EO Ordu M

Ordu K E b m Max EO Erdnesy



Max b m OrducJ HEB

NE m bi M
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End of talk

continued
dr Sarkar's ribbon

distance
Ir K J
min de Nu 031 F ribbon concordances
to or from

K Ko to from k to from Kz 14 n J
which each have at most d minima



say dr as if Undefined

Properties
1 dr CK 5 Case K Janardant
2 dr CK J O es k J isotopic

3 Dr K J dr CJ k
4 dr CK 5 Imax CdrCK AI

Ir CA J
3 4 dr is a metric

2 dr reasonable
1 us Ir refinement of sliceness

them TMZ
If D dr Ck J L

ther vdHFK CK EvdHFK CJ

PI Enough to show if E ribbon
concordance from K to J



with n minima ther

v HFK K E v HFK J

Same idea Consider EvE
decorated with vertical narrow

w subregion
ok

again by Zemke
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VE other order of
concatenation
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factors through
H FK LK

identify CKand FsuE
unHFK CH

factors through VHFK CJ

so v HFK K E HFK CJ Dg

RM dr ftp.qFp.q U ZdtCTp.qHTpTq U
Orduftp.q TpTq

p l Ocp gSo dr can be arbitrarily large amongslice ribbon knots Currently Sarkar's lauer
bound on dr from Khorana homology cannot
prove this as we by whom I mean Manolescu
have examples of K with that torsion ordtfarze.FM
but none greater



Strongly homotopy ribbon

concordance with Ian Zemke

5xIXv E Stuck x I

0 J u 1 and 2 handles

ankus

15h44 xI

Thin CUZ
If E strongly htpy

ribbon then

F HEKCK HERC J
E

vertical
decoration



PI Same idea Consider

EUI decorated so w region
is vertical strip

E lil Eu E

Shuck x I

v l handles 2 handles
L qy

2psidedown

2 handles 3 handles

get Kirby diagram
in 5kUSD

where 2handles in pairs like

any 3 handles only
o meet these typesof 2 handles

meridians



Tube 2 spheres to k to
achieve crossing charges with
non meridian 2 handles

tube on cocoe of non meridian
core of meridian

By Zemke this doesn't

Chang Faz Nole 3 handle

attaching spheres lie close to
2 handle attaching circles
so eventually KCBS 133disjoint
from all attaching spheres
Ther Faz factors as

IcB3xI Fgc 15h33 xI

id Erck DR


