
 

Qe Comin

Thur 413 lightbulb R

Gaba 2017

R R X htpc Us
2 spheres

which have common dualsphere
Def Given RcX4 say G is a dual
Tphere for R if G 2 sphere w trio
normal bundle and RnG pt
and n CX has no 2 torsion

Herr R and R are ambiently
isotopic

F modified regular
statement when Study homotopy
n CH has 2 torsion between R R

Domain s R

Icircle F I
µ immersed SKI

o kinky circles of eleventh8 1
pig self int te 1 4



Gabai's condition Every element of

Tz El appears as a self intersection
w of trade of homotopy an

2 torsion
subgpofn.hr every of times

R R isotopic

Tha Schwartz

ThisonditionisnecessargesDanale

gue
Let KCS'x5 be a circle

intersecting ptx5 once Chersiosely

Then K isotopic to S xpt
Analogue K R s'xpt R ptx5 G



What if Iknptx 51 I

Say K B xpt in H Csis

K I l l K not isotopic

µ to Sxpt
In CSIS 1K 27

I 11
But
Thm Yildiz Davis NagelPark Ray

If CK Stp in H.GE 5
Her k ancarlet to S xpt



Pf thet k concordant to 5 pt
u k homotopic to slept
through crossing charges

f ini to

Build concordance from crossingcharges

Eski



This is a picture of srface

Annulus
conarderce

from K to
spt.BA

mn4

Thon
Tf R R X htpc 2 spheres

12 has transverse sphere 6

slept
andn.Nlhasno2tersi.IRu

ther R and R are
concoroleet as

ame
condition 75.7mm.it

span
trefoil has group Asx

25

on sunr.gg µ
to get 5 5 khtpctosi.pt

5 5 ik As s K not isotopichomotopy to 5pt Due to Sato



4DLBTProofideaslep
I

RT can be put into

standard firm tubed surface

R R

f fi itEEEEEt

iE

E

EEEiEEE
single tube



L
double
tube



Regular htpy ofsurfaces
see e g

Finger Mae
Freedman Quinn

Eon

whims EE



Thm Smale

If R R embedded

htpc surfaces in X4
Her R and R are

neg htpc
Thin Quinn
Ther F a

sequence
of finger moves fi fn
Collared by Whitney maes

W Wn w intermediate

isotopies so

R fi fr fn wi w R



Hae R isotopic to

tubal surface R an R
reelization

Gaba
List

then Ha
2 a double tube of

If
every

2 torsion element
of

n appears an ear
of times then R isotopic

to R



Now prove concordance

theorem

setup R R 1mg Hpc
2 spheres in XY
G a transverse sphere for
finger moves f finder
Whitney Maes w wa
takes R to R



Slept
STR after f fn

St genus n surface

reFAEE.EE EAI
S immersed but tube
St embedded
Can also obtain by
attaching tubes to R



EE

This gives a cobordism

M from R to in

X I where M RxI
Un 1 handles

To geometrically cancel 1
handles

we want to attach
2 handles along these circles



be T

4

St
belt Bi

Isotope St near Whitney
Maes in order tubes disjoint
from interior of disk by
dimensionality



I



Take Bi still centered
about point bi in R

Choose arcs from bi
to z and compress

Ti derg disks parallel
to tube around arcs t G to

obtain R

iE f



2 halle G

t.eu
ie a IitEEf

on cobordism Mex xI

from S to R
M S I v n 2 handles

N M v Ma
concordance from
R to R



Iaa's aim E

IIIIE



uncrossed wins single tubes

crossed wi double tubes

If 12 XY no

2 tersian ten R isotopic

to R ni done

I

Stop here



Thmy
4D LBT Gabai

et R R be htpc 2 spheres
embedded in X with
mutual transverse sphere G

Say finger moves f fn
followed by Whitney maes

w w take R to R

Let 5 12 after f 4
Let Cx y Xen Yenbe pneimages of self intersections
of S made 2h choices



Say wi Whitney mare on

disk Wi banday Wi
connects

i
uncrossed crossed

Let 2 be the arc in X
with bandey on R defining
inverse finger move to Wi

List Riden Yz
wi crossed

If every element of 2 tersian
appears een of times then

R and R isotopic



Thm
Tame as a bare

except only R transverseto G
conclude R and R

areconcordantI

The remainder of the talk is

joint work with Michael
Klug



Teichner Schneidermanmmmm

Let R R e X 2 spheres w

common dual G Assume
R R Hpc Then R R isotopic

automaticallyiff fqCR R O
ftp.IYYIII

f
of
Freedman Quinn invariant

Defined for homotopic pair of
2 spheres A B x 4

fqCA B CFzT SM

where CMX is the
2
torsion subset

knye.EEusiE3
and RTM is a vector space



Def Ffg Have immersion
Z

X
f 5xI7 X4xI

Ei

f

i
everyone

of self intr
correspond

effort
of

Domain at

t

8 1

fq A B Eai Vi E TM ustis M
Jie Tm ai times 8 a self.int



of f with connected double carer
mad 2

Turns out this does not
depend on choice of f

Up to Msn M

Rink If A B concordant
then Ff CA B 0

If n X no 2 torsion
then fqCA B 0



Sunukjionm 2013

If R T X are 2 spheres

R T homotopic

i n XLR x X isomorphism

i.e meridian of R nullhtpc
in XLR

n X no 2 torsion

then R and T are concordant

Didn't mention this before

Because originally Typifies
Idea of proof

First prove for n X O

Now far other n lift
to universal cover



OF
t

Surge intersections T

away equivariantly
Problem what if ten X fixes

some circle fetyise
8

ryMichaelkluggradstndert
ThmCKlug.M Berkeley MaxPlanck

et R T X 2 spheres
R T homotopic
i p HR n X isomorphism



Then RT concordant
iff fqCR T D

Lightbulbs Chtpc spheres w common dual

4 mfdsspheres are not
isotopicspheres are

i
Gaba

Schneiderman Teicher



Htpc spheres one has dud

spheres are 4 mfds
spheres are concordant

concordant

i
A

Klug M
as

Zeeman K
d

5 twist span trefoil has group As
xD

surgery to get
5 5 khtpctosi.pt

n 5 5 Ik As s K not isotopic
to 5 pt



Pf
Redefine fog in terms of coveringspaces
lifts of R lift to T

i x
l l l

gmfds I I
MM

mm

eqninroiftn.xaxxI.ua
n u s eh irises

If no circle of self intersection is
fixed by some nontrivial rcn X4

then Sanakjian e
Ambiently equivariant

surger the self intersections away

it at



Say C c M n Mz a circle
of self int fired setuise by 8
So Y I 2 Y 2 I

y I

Det fqCR T Eairi
over Y c Tz 2 torsion inn X

ai MMM fixed by8
mad 2

in FeTyman
Thf KM Equivalent to

Schneiderman Teichner definition

If nonzero Her R T not cacodat



And if 0

ignore µ n M part

Then have ever circles

in M n Ng fixed by 8

Ie I
equivariantly

surgerCi Cz both fixed

A a a n.no aEIEEIIii n
b f b f

My My
ITc v

2 fixed circles 0 fixed circles



Repeat until no fixed circles

Her apply Sunukjian's construction

R T are concordant


