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Cayley decompositions of lattice polytopes
and upper bounds for /#*-polynomials

By Christian Haase and Benjamin Nill at Berlin, and Sam Payne at Stanford

Abstract. We give an effective upper bound on the /#*-polynomial of a lattice poly-
tope in terms of its degree and leading coefficient, confirming a conjecture of Batyrev. We
deduce this bound as a consequence of a strong Cayley decomposition theorem which says,
roughly speaking, that any lattice polytope with a large multiple that has no interior lattice
points has a nontrivial decomposition as a Cayley sum of polytopes of smaller dimension.

Polytopes with nontrivial Cayley decompositions correspond to projectivized sums of
toric line bundles, and our approach is partially inspired by classification results of Fujita
and others in algebraic geometry. In an appendix, we interpret our Cayley decomposition
theorem in terms of adjunction theory for toric varieties.

1. Introduction

Let P be an n-dimensional lattice polytope and let fp(m) be the number of lattice
points in mP, for nonnegative integers m. Then the Ehrhart series Fp(t) = > fp(m)t™
may be expressed as a rational function mz0

hp(1)

Fp(t) = —22
P( ) (1 i t) n+1

where hjp(t) = hi +hit+---+hit? is a polynomial of degree d <n with positive

integer coefficients. The number d is also called the degree of P. Recall that

hy +---+hj = Vol(P) is the normalized volume of P, which is n! times the euclidean

volume. See [5] for this and other basic facts about Ehrhart series and /*-polynomials.

In [1] Batyrev conjectured that if the degree d of 4} and the leading coefficient /) are
both fixed, then the normalized volume of P, and hence each coefficient /7, is bounded.
This conjecture has also appeared as Open Problem 4.12 in [5]. Since & is the number of
interior lattice points in (n — d + 1) P, if the dimension is also fixed then the volume of P is
bounded by a result of Hensley [8]. However, these bounds grow doubly exponentially with
the dimension.
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Theorem 1.1.  Let P be a lattice polytope of degree d such that h’; = k. Then Vol(P) is
bounded above by a number that depends only on d and k.

The essential content of Theorem 1.1 is that the bound on Vol(P) is independent of
the dimension. See Theorem 4.1 for an explicit bound. It follows that, up to lattice pyramid
constructions and unimodular equivalence, there are only finitely many lattice polytopes
whose /i*-polynomials have fixed degree and leading coefficient. Indeed, a well-known re-
sult of Lagarias and Ziegler says that there are only finitely many lattice polytopes of given
volume and dimension [9], and Batyrev recently proved that if the degree and normalized
volume of P are fixed then P is an iterated lattice pyramid over a polytope of bounded di-
mension [1].

Our approach to proving Theorem 1.1 is to classify lattice polytopes of large dimen-
sion such that the degree of /15 is small. Recall that d is the largest nonnegative integer such
that (n — d) P has no interior lattice points. For fixed d, we describe lattice polytopes P of
dimension n > 0 such that (n — d) P has no interior lattice points in terms of Cayley decom-
positions, as follows.

Recall that if Py, Pj,...,P; are lattice polytopes in R? then the Cayley sum
Py -+ x Pg is defined to be the convex hull of (Py x 0) U (P; xej)uU---U (Psxe) in
R? x R? for the standard basis ey, ..., e, of R®. A Cayley decomposition of P is a Z-affine
linear choice of coordinates R"” =~ R? x R* identifying P with the Cayley sum Py * - - - * Py
for some lattice polytopes Py, ..., P, in RY,

Projection to the second factor maps Py * - - - x P; onto a unimodular s-dimensional
simplex, whose s-fold dilation contains no interior lattice points. Since interior lattice points
project to interior lattice points, it follows that s(Py * - - - * P,) contains no interior lattice
points. In particular, if P has a decomposition as a Cayley sum of lattice polytopes in R?
then the degree of /15 is at most ¢. Batyrev and Nill studied lattice polytopes with multiples
with no interior lattice points and asked whether all polytopes of bounded degree and suf-
ficiently high dimension must have nontrivial Cayley decompositions ([3], Question 1.13).
The following theorem gives an affirmative answer.

Theorem 1.2. Let P be a lattice polytope of degree d. Then P decomposes as a Cayley
sum of lattice polytopes in R? for some q < (d?> +19d — 4)/2.

In particular, if n is greater than (d” + 194 — 4)/2 then P has a nontrivial decompo-
sition as a Cayley sum of at least two polytopes. In toric geometry, polytopes with nontri-
vial Cayley decompositions are associated to projectivized sums of nef toric line bundles
and interior lattice points of dilations correspond to sections of adjoint bundles. Theorem
1.2 is largely inspired by Fujita’s classification results for polarized varieties (X, L) such
that Ky + (n — d)L is not nef, for d < 3, in [7]; with few exceptions, the toric examples ap-
pearing in his classification look like images of projectivized sums of line bundles. See the
Appendix for an interpretation of Theorem 1.2 in terms of adjunction theory on toric vari-
eties.

This paper is organized as follows. Section 2 contains the proof of Theorem 1.2. In
Section 3 we improve this result in the special case of Gorenstein polytopes using their du-
ality. In Section 4 we prove an effective version of Theorem 1.1. Finally, an appendix con-
tains in Theorem 5.1 the algebro-geometric version of Theorem 1.2.



Haase, Nill and Payne, Cayley decompositions of lattice polytopes 209

Acknowledgments. Haase and Nill are members of the Research Group Lattice
Polytopes, led by Haase and supported by Emmy Noether fellowship HA 4383/1 of the
German Research Foundation (DFG). Nill would like to thank Stanford University for
hospitality, and the Clay Mathematics Institute for financial support. Payne was supported
by the Clay Mathematics Institute. We thank Jaron Treutlein for a careful reading of the
manuscript.

2. Existence of Cayley decompositions

Let P be an n-dimensional lattice polytope in R"*! that is contained in the affine hy-
perplane x,.1 = 1. Let d be the degree of /;(¢) and let x be a lattice point in the relative
interior of (n —d + 1)P. Fix an n-dimensional lattice simplex S < P such that x is con-
tained in the cone spanned by S. To prove Theorem 1.2 we will find a face F of S of dimen-
sion at most (d? + 19d — 4)/2 such that projection along the affine span of F maps P onto
a unimodular simplex. Then P can be decomposed as the Cayley sum of the preimages of
the vertices of this unimodular simplex.

Let v, ..., v, be the vertices of S. Then any point y in R"*! can be written uniquely

as

Y =Dbo(y)vo + -+ bu(y)vn,

for some real numbers b;(y). If F is a face of S, then projection along F maps P onto a
unimodular simplex if and only if, for every lattice point y € Z""!, the coefficient b;(y) is
an integer for v; not in F, and, moreover, for every vertex w of P, the coefficient b;(w) is
either zero or one for v; not in F, and is equal to one for at most one v; not in F. We will
construct such a face F in four steps, by choosing a chain of faces

Fl c Fz c F3 cF
such that for every lattice point y € Z"*!, b;(p) is an integer if v; is not in Fy, and, for every
vertex w of P, b;(w) is a nonnegative integer if v; is not in F5, and either zero or one if v; is
not in F3. We will bound the dimension of F by controlling the increase in dimension at

each step in this chain.

Proposition 2.1. Let F| be the face of S spanned by those vertices v; such that b;(y) is
not an integer for some lattice point y € Z"*'. Then the dimension of F, is at most 4d — 2.

Proof. This follows from [11], Theorem 10. [

Let o be the cone in R"™! spanned by P. We write |Z| for the cardinality of a finite set
Z.

Lemma 2.2. Let Z be the set of vertices v; in S such that b;(x) is zero. Then
Zl<d

Proof. The relative interior of the cone spanned by the vertices of S that are not
in Z lies in the interior of o. Therefore, the sum of these vertices is in the interior of
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(n+1—|Z|)P. Since (n — d)P contains no interior lattice points, it follows that |Z] is less
than or equal tod. [

Proposition 2.3. Let F, be the face of S spanned by F together with the vertices v;
such that b;(w) is negative for some vertex w of P. Then the dimension of F, is at most
4d — 2+ (12> +712)) /2

To prove Proposition 2.3, we will use the following three lemmas. For a point
y e R"™! we write Z*(y) for the set of vertices v; € Z such that b;(y) is positive and
Z~ () for the set of those v; € Z such that b;(y) is negative. Similarly, we write V" for the
set of vertices v; of S such that b;(x) is a positive integer, and we write V*(y), V= (y) for
the set of those v; € V' such that b;(y) is positive and such that b;(y) is negative, respec-
tively. Since x is a point in the interior of ¢ with minimal last coordinate, b;(x) is at most
one for every i. Let Fy < F) be the set of vertices vy in S such that 0 < bi(x) < 1, and let

{x} = 2 be(x)uk

veeFy

be the “fractional part” of x. Then

X = Z Ui+{x}7

L‘,‘EV

and {x} is a lattice point with last coordinate n + 1 —d — |V|.
Lemma 2.4. For any point y in o,
V()] <12 ().
In particular, |V~ ()| has size at most |Z| < d.

Proof.  The cone spanned by Fo U Z"(y) U (V\V~()) meets the relative interior of
the cone spanned by y together with Fy U Z~(y) U V'~ (), and thus meets the interior of o,
since the cone spanned by Fy U V' contains x in its relative interior. Therefore,

p={x+ X ou+ Xy

vieZ*(y) ye(M\V=(3)
is a lattice point in the interior of ¢. The last coordinate of p is

n+1—d+|Z" ()] -V ()

Since (n — d)P contains no interior lattice points, it follows that |V~ (y)| is less than or
equal to |Z*(y)|, as required. [

Lemma 2.5. If y is a point in the cone spanned by k vertices of P, then
V=12 )]+ k.

Proof- Suppose y is in the cone spanned by vertices wy, ..., w; of P. Now, the cone
spanned by wi,...,w, together with Fy U Z~(y) U (V\ ¥V (y)) meets the relative interior
of the cone spanned by Fy u Z*(y) u V' (y), and hence meets the interior of o. Therefore,

witcAwet{xr+ X out+ >y
vieZ(y) ye(V\V*H(1))
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is a lattice point in the interior of g, whose last coordinate is
n+1—d+|Z (y)|— |V (y)|+k.

Since (n — d)P contains no interior lattice points, it follows that |V (y)| is less than or
equalto |Z=(y)|+ k. O

Lemma 2.6. For any point y in o there is some y' in o such that V—(y') contains
Vo(y) and |V (') £ 2]

Proof. Let 7 be the projection from R"*! to the subspace spanned by ¥~ (y), taking

apvo + -+ +ayv, to > av;. By Carathéodory’s Theorem, for some k& < |V~ (y)| there
vieV(y)
are vertices wy, ..., w of P such that

n(y) = aim(wi) + - - + c(wi),

for some positive real numbers cy,...,cr. Let y' = cywy + - -+ + ¢gwi. By construction,
V~(y") contains V'~ (y). Furthermore

VIO =127 ()] +k,

by Lemma 2.5. Now k is less than or equal to |V~ (y’)|, which is at most |[Z"()’)|, by
Lemma 2.4. Therefore, |V (y’)| is bounded above by |Z|, as required. []

Proof of Proposition 2.3. For yea,let V(y) =V (y)u V~(p) be the set of vertices
of V appearing with nonzero coefficients in the unique expression y = byvg + - - - + b,v,,.
We prove the proposition by choosing a “greedy” sequence of elements yg,...,yr in @
such that

Jj-1
R(j)= VN U V()

is as large as possible at each step. By Lemma 2.4 and Lemma 2.6, we may choose these y;
such that |V (y;)| £ |Z| and |V~ ()| £ |Z| for each i.

Fori < j, V= (y: + y;) contains both R(j) and also R(i)\V*(y;). Since y; was chosen
over y; + y; at the i-th step, it then follows from the greedy hypothesis that

IR = [RE) 0 V()]
Now the sets R(i) n V*(y;) are disjoint for fixed j, so [V *(y;)| = j-|R(j)|. In partic-

ular, since |V (y;)| is at most |Z|, it follows that R(j) is empty for j > |Z]. We set
z:=max(j: R(j) #0) <|Z|. Let

RG) =V 0\ U V0

=
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Then, for any point y € g, V'~ (y) is contained in the union of the sets R(j) u R'(j), for
j=0,...,z It remains to show

z

gwmm+mwmgumﬂdwwz

since then we can take F, to be the face spanned by Fi, Z, and |J R(j) v R'()).
j=0

To see this inequality, note that |R(0)| and |R’(0)| are each at most |Z|. For 0 < j < z,
we have |R'(j)| < |V (y;)] — > |R(i) n V*(y;)], which is bounded above by |Z| — j|R())|.
e~

<J
In particular, |R(j)| + |R'(j)| is at most |Z| — j + 1. Therefore,

z

S (RDI+ RO =221+ (121 + (2] = D) + -+ 1),

J=0

and the proposition follows. []
Proposition 2.7. There is a face F; of S that contains F> such that:
(1) For each vertex w of P, bj(w) is nonzero for at most one v; ¢ F5.
(2) The dimension of Fs is at most 4d — 2 + (|Z|* + 11|Z|) /2.

Proof. We choose a greedy sequence of vertices wy, ..., w, of S that are not in F,
such that

j7

R() = V(B0 U v on)

is as large as possible at each step. By Lemma 2.5, |V*(w; + .-+ w;)| < |Z] + j. Since
bi(wy 4 --- 4 wj) is positive for v; € R(1) U --- U R(j), it follows that |R(j)| is at most one

for j greater than [Z]. In particular, we may take F3 to be the face spanned by F; together
with the union R(1) U ---U R(|Z]|), which has size at most 2|Z|. []

Proof of Theorem 1.2. Let G be the set of vertices v; of S that are not in F3 such that
bi(w) = 2 for some vertex w of P. It remains to show that |G| < 2d — 2|Z], since then we
may take F to be the face of S spanned by F3 and G, and projection along F will map P
onto a unimodular simplex, as required.

Number the vertices of S so that G = {vy,...,v,}, |G| =r, and choose vertices
Wi, ..., w, of P such that b;(w;) = 2. Then let

p = W]/b](W]) + -+ Wr/br(wl‘)v

so p is a rational point in ¢ with b;(p) =1for 1 <i <.
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Let p' = p+ > cv;, where

¢ Z
1 if bi(p) € Z <,
¢ =491 —{b:(p)} if bi(p) e Q\Z,

0 otherwise.

Then p’ is a lattice point in the interior of ¢, with last coordinate
1/by(wi) + -+ 1/b,(wy) + > ¢,

which is at most r/2+n+1—r—|Z|=n+1— (r/2) — |Z|. Therefore, (r/2) +|Z| = d,
and hence r < 2d — 2|Z|.

Therefore, P decomposes as a Cayley sum of lattice polytopes in R? for some
q < 6d—2+ (|Z)* +7|Z|)/2. Since |Z| is at most d, the theorem follows. []

3. Cayley decompositions of Gorenstein polytopes

Recall that a lattice polytope P is Gorenstein if s is symmetric in the sense that
h{ = hj;_, for 0 < i < d, where d is the degree of P. In particular, if P is Gorenstein then
hjy =1, so (n+1—d)P contains a unique lattice point, where # is the dimension of P.
Therefore, the volumes of Gorenstein polytopes of degree d are bounded uniformly by The-
orem 1.1. Such bounds may be of particular interest in relation to boundedness questions
from toric mirror symmetry [4], and these bounds can be improved by lowering the bound
for the existence of Cayley decompositions. Here we improve the quadratic bound for gen-
eral lattice polytopes in Theorem 1.2 to a linear bound for Gorenstein polytopes.

Theorem 3.1. Let P be a Gorenstein polytope of degree d. Then P decomposes as a
Cayley sum of lattice polytopes in RY for some g < 2d — 1.

The bound in Theorem 3.1 is optimal; if S is a unimodular simplex of dimension
2d — 1, then 2S is a Gorenstein polytope of degree d which has no nontrivial Cayley de-
composition, since every edge of 2.5 has lattice length two.

Proof. Let P be an n-dimensional Gorenstein polytope of degree d in R""! that is
contained in the affine hyperplane x,,,1 = 1. Then the polar dual of the cone over P is the
cone over a dual Gorenstein polytope P*, also of dimension 7 and degree d. See [2] for this
and other basic facts about duality for Gorenstein polytopes.

Let x be the unique lattice point in the relative interior of (n+ 1 — d)P*. Choose an
n-dimensional lattice simplex S < P* such that x is contained in the cone over S, and order
the vertices vy, ..., v, of S so that

xX=vo+ -+ vy + {x},

where the fractional part can be written {x} =Y b;v; with 0 < b; < 1. By [5], Corollary
3.11, the sum of the coefficients b; appearing in this expression for {x} is at most d. There-
fore s is at least n — 2d, and hence x can be written as a sum of n — 2d + 2 nonzero lattice
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points in the cone over P*. Therefore, by [4], Proposition 2.3, P must decompose as a Cay-
ley sum of n + 2 — 2d lattice polytopes in R??~!, and the theorem follows. []

Corollary 3.2. Let P be a Gorenstein polytope of degree d. Then
Vol(P) < (2d — 1)*71 . ((2d — 1)) . 1424072

Proof- Similar to the proof of Theorem 4.1, below, except that if P is Gorenstein
then ¢ is less than or equal to N =2d — 1. [

4. Upper bounds for the normalized volume

In this section we state and prove an effective version of Theorem 1.1. For d <2
sharp bounds for the normalized volume were obtained in [13].

Theorem 4.1. Let P be a lattice polytope such that hy, has degree d and h; = k. Then
Vol(P) is bounded above by

NN (N!)NH kN min((7(k + 1))]\72.21\41’ (8N)N215N2A22NH),
where N = (d* + 19d — 4)/2.

Proof. Let P be an n-dimensional lattice polytope in R” such that 4, has degree d
and leading coefficient k. By Theorem 1.2, P decomposes as a Cayley sum P = Pj * - - - * P
of lattice polytopes in RY, for some ¢ < N. We may choose ¢ as small as possible, so
n=gq-+s.

Let 7 be the projection from R” to R* induced by the Cayley decomposition, and let S
be the standard unimodular simplex in R® that is the image of P. Set r =n+1—d, so rP
contains exactly k interior lattice points. The interior lattice points in rP are exactly the in-
terior lattice points in 7~'(1) n rP, for interior lattice points A € rS. Say A = (i1,...,4) is
an interior lattice point of rS such that 7~!(1) contains an interior lattice point of P. Then
Al,...,As and

)“O:F_Al_.'._}bs

are positive integers, and 7n~!'(1) n P is naturally identified with the Minkowski sum
AoPo + -+ APy

Let w; be the width of P; with respect to the i-th coordinate on RY, the difference
between the maximum and the minimum of the i-th coordinates of points in P;. By [9], The-
orem 2, there is a choice of coordinates on R? such that 1gPy + - - - + A, P, is contained in the
standard cube [0, C]? with the side length C being equal to ¢ times the normalized volume
of 9Py + - - - + A;Ps. By the bounds given in [9], Theorem 1, respectively in [12], we may
choose

C= qq!min(k(7(k + 1))‘1.2“1,k(8q)q15q'22q+1).

Since widths are additive and each /; is a positive integer, it follows that
wio+--twy<C forl £i<q.
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Now P projects onto S, so we can express the normalized volume of P as an integral

Vol(P) =n!- [vol(n (1) n P) dA,
s

where vol is the ordinary euclidean volume. The volume of 7~'(1) N P is bounded by the
A

product of its coordinate widths, which is [](Zowio + - - - + Aswjs). Expanding the product
i=1
and substituting into the integral above gives

() Vol(P) S at 5 (o, [ 40007, d ),
S

jl ------ f:/

where the sum is over (ji,...,j,) €{0,...,s}?. Now it follows from Hoélder’s inequality
that the integral over S of the monomial 4;, - - - 4;, is bounded above by the integral of VER
and a straightforward induction shows that

[Aldi=q!/nl.
s

Substituting into (1) then gives

Jlseens Jq

q

The sum on the right-hand side may be written as [](wj + - - - + w;), which is bounded
i=1

above by C1 since, for each i, w;) + - - - + wj is less than or equal to C. We conclude that

Vol(P) is bounded above by ¢! - C?. Now the theorem follows, since ¢ < N. [

5. Appendix. Adjunction theory for toric varieties

Roughly speaking, adjunction theory studies polarized varieties (X, L), where X is a
smooth n-dimensional complex projective variety and L is an ample line bundle on X, with
special attention to the positivity properties of the adjoint bundle Ky + L for positive in-
tegers ¢. A prototypical result is Fujita’s observation, based on Mori’s Cone Theorem, that
Ky + (n+ 1)L is always nef. In other words, the degree of the restriction of Ky + (n+ 1)L
to any curve is nonnegative. Moreover, Fujita showed that if Ky 4+ nL is not nef then
(X,L) is isomorphic to (P",0(1)), and he classified those polarized varieties such that
Ky + (n—d)L is not nef for d <4 [7]. For an overview of adjunction theory, including
refinements of these results where X is allowed to have mild singularities and r may be a
rational number, and for further references, see [6].

In terms of adjunction theory, Theorem 1.2 may be interpreted as follows.

Theorem 5.1. Let (X, L) be a polarized toric variety. Suppose Ky + (n — d)L has no
nonzero global sections. Then there is a proper birational toric morphism n : X' — X, where
X' is the projectivization of a sum of line bundles on a toric variety of dimension at most
(d*> 4 19d — 4)/2 and n* L is isomorphic to O(1).

Proof.  Suppose (X, L) is a polarized toric variety and Ky + (n — d)L has no non-
zero sections. Then L corresponds to an n-dimensional lattice polytope P such that £} has
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degree at most d. By Theorem 1.2, P has a Cayley decomposition
PPy *P,

for some lattice polytopes Py, ..., Py in R?, with ¢ < (d*> + 19d — 4)/2. Let Y be the toric
variety associated to the Minkowski sum Py + - - - + Py, and let L; be the line bundle on Y
corresponding to P;. Then P is the polytope associated to (1) on the toric variety

X' =2Py(Lo@® - @ Ly).

It follows that there is a proper birational toric morphism 7 : X' — X with z*L =~ (/(1), as
required. []

We hope that the methods in this paper may lead to solutions of the toric cases of
open problems in adjunction theory, such as [6], Conjecture 7.1.8, and that results such as
Theorem 5.1 may help shed light on what can be expected for adjunction theory of higher
dimensional varieties in general.

References

[1] V. V. Batyrev, Lattice polytopes with a given s*-polynomial, C. A. Athanasiadis et al., eds., Algebraic and
geometric combinatorics, Proceedings of a Euroconference in Mathematics, Anogia, Crete, Greece, August
20-26, 2005, AMS, Contemp. Math. 423 (2007), 1-10.

[2] V. V. Batyrev and L. A. Borisov, Dual cones and mirror symmetry for generalized Calabi-Yau manifolds, B.
Greene et al., eds., Mirror symmetry II, Cambridge, MA, International Press, AMS/IP Stud. Adv. Math. 1
(1997), 71-86.

[3] V. V. Batyrev and B. Nill, Multiples of lattice polytopes without interior lattice points, Moscow Math. J. 7
(2007), 195-207.

(4] V. V. Batyrev and B. Nill, Combinatorial aspects of mirror symmetry, M. Beck et al., eds., Integer Points in
Polyhedra, Proceedings of an AMS-IMS-SIAM Joint Summer Research Conference, Snowbird, Utah, June
2006, AMS, Contemp. Math. 452 (2008), 35-66.

[5] M. Beck and S. Robins, Computing the continuous discretely: Integer point enumeration in polyhedra, Un-
dergraduate Texts in Mathematics, Springer-Verlag, 2007.

[6] M. Beltrametti and A. Sommese, The adjunction theory of complex projective varieties, de Gruyter Expos.
Math. 16, Berlin 1995.

[7] T. Fujita, On polarized manifolds whose adjoint bundles are not semipositive, Algebraic geometry, Sendai
1985, Adv. Stud. Pure Math. 10, North-Holland, Amsterdam (1987), 167-178.

[8] D. Hensley, Lattice vertex polytopes with interior lattice points, Pacific J. Math. 105 (1983), no. 1, 183-191.

[9] J. Lagarias and G. Ziegler, Bounds for lattice polytopes containing a fixed number of interior points in a
sublattice, Canad. J. Math. 43 (1991), no. 5, 1022-1035.

[10] R. Lazarsfeld, Positivity in algebraic geometry. I, Ergebn. Math. Grenzgeb. (3) 48, Springer-Verlag, Berlin
2004.

[11] B. Nill, Lattice polytopes having /*-polynomials with given degree and linear coefficient, jisiminsusl. 29
(2008), 1596-1602.

[12] O. Pikhurko, Lattice points in lattice polytopes, Mathematika 48 (2001), no. 1-2, 15-24.

[13] J. Treutlein, Lattice polytopes of degree 2, preprint 2007, arXiv:0706.4178v2.

Institut fir Mathematik, Arnimallee 3, 14195 Berlin, Germany
e-mail: christian.haase@math.fu-berlin.de
e-mail: nill@math.fu-berlin.de

Stanford University, Mathematics, Building 380, 450 Serra Mall, Stanford, CA 94305
e-mail: spayne@stanford.edu

Eingegangen 20. Mai 2008, in revidierter Fassung 4. September 2008



