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Problem 1 (30pts). Let {Xn}n∈N be an iid sequence of random variables. Show that the following
two properties are equivalent:

(1) the distribution of X1 is unbounded from above, i.e., P[X1 ≤ x] < 1, for all x ∈ R.
(2) lim supnXn = +∞, a.s.

Problem 2 (35pts). Let (S,S, ν) be a probability space, and let K : S → B(R) be a kernel from
(S,S) to B(R) such that, for each x ∈ S, µx = K(x, ·) is a probability measure on B(R). We define
the mixture of {µx}x∈S by ν to be the probability measure µ on B(R) given by

µ(B) =

∫
S

K(x,B) ν(dx), for B ∈ B(R).

Derive an expression for the characteristic function of µ, using the measure ν and the characteristic
functions ϕµx of the probability measures {µx}x∈S.

(Hint: Approximate the function ξ 7→ eitξ by a suitable sequence of step functions.)

Problem 3 (35pts). Let {Xn}n∈N0 be a simple random walk, i.e., X0 = 0, Xn =
∑n

k=1 ξk, for n ∈ N,
where {ξn}n∈N is an iid sequence with P[ξ1 = −1] = P[ξ1 = 1] = 1

2
. Let the filtration {Fn}n∈N0 be

given by F0 = 0, Fn = σ(ξ1, . . . , ξn), for n ∈ N.
Let |X| = M + A be the Doob-Meyer decomposition of the submartingale |X|, into a martingale

M with M0 = 0 and a non-decreasing predictable process A. Show that M admits the form

M = H ·X, (1)

for some predictable process H and find an explicit expression for H.


