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Part II

1. Consider the finite difference approximation for the eikonal equation ut = |ux|:

un+1
j = unj +

∆t

∆x
max(unj+1 − unj , unj−1 − unj , 0).

(a) Show that this is a consistent scheme.

(b) Show that the scheme can be written as

un+1
j = (1− λ)unj + λmax(unj+1, u

n
j−1, u

n
j ), λ =

∆t

∆x
.

(c) Show that for suitable values of λ, this scheme is stable in the || · ||`∞ norm in the spatial
domain.

(d) Let Znj = unj − u(xj , t
n), where u(x, t) a smooth solution of the PDE. Show that

|Zn+1
j | ≤ max

j
(|Znj+1|, |Znj |, |Znj−1|) + Const∆t∆x,

and conclude that
|unj − u(xj , t

n)| ≤ ConstT∆x,

where T = n∆t. (Hint: verify the inequality |maxj Xj −maxj Yj | ≤ maxj |Xj − Yj |.)

2. Consider solving the following differential equation with periodic boundary conditons:

ut + aux = εuxx, t > 0, 0 ≤ x < 1

where a and ε are two positive constants, and

u(x, 0) = f(x).

(a) Set up a uniform grid over the interval [0, 1) and using the PDE, derive a system of ODEs
for {ûk}, where

u(xj , t) =
N−1∑
k=0

ûk(t)e
−2πikxj , xj = j/N, j = 0, · · · , N − 1.

(b) Propose a stable ODE scheme for solving the systems ûk(t). Justify your answer.

(c) What is the computational complexity of solving the system in part (b) and use it for
computing approximation of u(x, t) in the time interval 0 < t ≤ 1.
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3. Consider the following heat equation in two space dimensions,

ut = ∆u, |x| < 1, |y| < 1, t > 0,

u = 0, |x| ≤ 1, |y| = 1, t > 0,

ux = u, x = −1, |y| < 1, t > 0,

ux = −u, x = 1, |y| < 1, t > 0,

u(x, y, 0) = u0(x, y), |x| ≤ 1, |y| ≤ 1.

(a) Derive a numerical approximation unh(x, y) by rewriting the heat equation in a variational
form and formulating a method based on finite elements in space and Crank-Nicolson
(trapezoidal rule) in time, tn = n∆t,n = 0, 1, · · ·.

(b) Prove L2-stability: ||unh||L2(|x|<1,|y|<1) ≤ ||u0||L2(|x|<1,|y|<1).


