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Stochastic partial differential equations

Lu(t, x) = b(u(t,x)) + o(u(t, x))W(t, x)

@ t>0,xcR?

@ Lis a second order differential operator

@ To simplify, assume zero initial conditions

e {W(t,x),t>0,x € R is a zero mean Gaussian
generalized process with covariance

E(W(t,x)W(s.y)) = do(s — t)f(x — y),

where f > 0 is the Fourier transform of a non-negative
definite tempered measure (spectral measure) ;. on RY,
that is, for some m > 1

p(dg) ~
/Rd (1 +eRm =
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o If g € C(Ry x RY),

W(p) = /Ooo /Rd (1, X)W (1, x)dxt, (1)

defines a Gaussian family of random variables with
covariance

EWWE) = [ [ eltxfx- yyict.y)orayet

N /0 IRd]E‘p(t)(g)ﬂ)(1‘)(€)u(d§)dz‘

@ Let H be the completion of C5°(R x RY) with the inner
product (-, -)%. Then the stochastic integral (1) can be
extended to H
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Cylindrical Wiener process

@ Note that H = L2(R; Hp), where H, is the completion of
C5°(RY) with the inner product

ot = [ [ e00ix—ypu)aiy

= [, FeOFI@mde
@ Set Wi(h) = W(1pqh) forany t > 0 and h € Hy. Then,

{W;,t > 0} is a cylindrical Wiener process in the Hilbert
space Hy
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Examples:
@ If f(x) = do(x), then p is the Lebesgue measure and W is

a space-time white noise. In this case Hy = L2(RY)
@ Let 0 < 8 < dand f(x) = |x|~? (Riesz kernel). Then

d
() = Caare
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Stochastic integrals

@ Let 7t = o{Ws(h),h € Hp,0 < s < t}. The predictable
o-field in Q x R is generated by the sets
{(s,f] xA, 0<s<tAcFs}

@ For any predictable process g € L?(Q x R ; H,) the
stochastic integral [;° [La g(t, x) W(dt, dx) is well defined

and
E ( 2) —£([Tlate 15, o)

/O h /R g(tx)W(et, o)
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Mild solutions

A (mild or evolution) solution to Equation (1) is a predictable
stochastic process {u(t, x), (t,x) € R, x R} satisfying

t
u(tx) = [ [ Grestx=y)olu(s.y)Wigs.dy)

t
+ / Gi_s(x — y)b(u(s, y))dyds.
0 JRA

where G denotes the fundamental solution associated to
Lu=0
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Existence and uniqueness of solutions

Theorem (Dalang, 1999)
Suppose that G; is a non-negative measure such that:

@ Forall T >0, Gr(-) has rapid decrease, and
SUPo<;<7 Gr(RY) < C7 < o0
@ ForallT >0

)
/ / FGi(€) Pu(de)at < oo @)
0 Rd

Suppose that b and o are Lipschitz functions. Then, Equation
(1) has a unique mild solution u(t, x) which is continuous in L2
and satisfies

sup  E(Ju(t,x)P) < oo
(t,x)€[0, T] xRd

forall T >0andp > 1




@ Property (2) implies that G € L?([0, T]; Ho) for any T > 0.
This property, together with the positivity of G, implies that
{Gi_s(x — y)a(u(s,y)),0 < s <ty c R is a predictable
square integrable process in L2(Q x [0, t]; Ho)

@ This result was extended by Conus and Dalang, 2008, to
the case where G is a distribution, which satisfies, for all
T>0,

/ (sup / FGilE + )] u(d5)> dt < oo
0 neRd

However, for d > 4, it is not known in general if the solution
has moments of all orders
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The wave equation on RY

2G9)

S aaY =0

We have

1
G = 51w

GO = o —Ix)"%,
1
G(x) = 4or(dk),

where o; is the surface measure on the three-dimensional
sphere of radius t. Forall d > 1,

in(2rt
ngd)(g):w
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The heat equation on RY:

oG 1

G is given by the Gaussian density

Gi(x) = (2nt)" 92 exp (—‘Z'f)

and
FGi(€) = exp(—4n?t|¢[?)

David Nualart SPDESs: Regularity of the probability law of the solution



@ In both examples G satisfies condition (2) if and only if

d
L. 7 12\)2 <00 ®)

@ Condition (3) is always true when d = 1
e For d = 2, (3) holds if and only if f\XI<1 Iog paX < oo

e For d > 3, (3) holds if and only if f\x|<1 IXI" g dX < 00

In the particular case f(x) = |x|~?, (3) holds if and only if
0<p<2
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Hoélder continuity of the solution

Using Kolmogorov’s continuity theorem (Sanz-Solé and Sarra
2002) one can prove that:

@ For the stochastic heat equation with d > 1 if

p(d§) ~
/Rd 1+ ey =

for some n € (0,1), then
e t— u(t, x) is y1-Holder continuous for 0 < vy < (1 —n)
e x — u(t, x) is v2-Ho6lder continuous for 0 < yo < 1 —1n
@ For the stochastic wave wave equation if d = 1,2 similar
results hold with 0 < 41 < 3 A (1 — 1)
@ A different approach based on Sobolev embedding
theorems is needed to handle the stochastic wave equation
in d = 3 (Dalang and Sanz-Solé, Memoirs of AMS 2009)
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Regularity of the density

Problem:

@ For any fixed (¢, x) we want to show that u(t, x) has a
density which is infinitely differentiable density with respect
to the Lebesgue measure

@ Remark: There is no equation for the evolution of the law
of u(t, x)
@ This can be proved using Malliavin Calculus
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Malliavin Calculus

@ The Malliavin Calculus is a differential calculus on a
Gaussian space that was introduced by Malliavin in the
70’s to provide a probabilistic proof of Hérmander’s
hypoellipticity theorem

@ By means of an integration-by-parts formula one can
derive general formulas for densities of functionals of an
underlying Gaussian process, and show their regularity

@ The Malliavin Calculus has been applied in a variety of
areas:

e Potential analysis for stochastic partial differential equations
(Dalang, Khoshnevisan, Nualart)

e Computation of Greeks in mathematical finance (Lions,
Touzi, Kohatsu-Higa)

e Ergodicity of stochastic Navier equation (Pardoux,
Mattingly)
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@ Let S be the class of smooth random variables of the form
F = f(W(h),..., W(hy))

where f € C;°(R"), and hj € H
@ The derivative of F is the H-valued stochastic process

DF =" g)’;(W(m), ., W(hn)h;i
i=1

@ The derivative operator D is a closed operator from LP(Q)
into LP(Q2; H) for any p > 1
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@ For any p > 1 and for any positive integer k we denote by
DX the completion of S with respect to the semi-norm

IFIE, = EGFP) + 3 € [HDJFH"] ,
j=1

where D/ denotes the iterated derivative
@ Set D™ = Ny pDKP
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@ The density pr(x) of a random variable F can be
expressed as

DF
= 0| ——5
pF(X) E (1{F<X} <HDFH$_[>> )

where ¢ is the adjoint of D

e This formula requires F € D?2, E(||DF||;;}) < oo, and
DF /| DF |3, in the domain of §
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Criteria for existence and regularity of densities

(I) Bouleau-Hirsch: If F € D'2, and ||DF|j3 > 0 almost surely,
then the probability law of F is absolutely continuous

(1) Malliavin-Watanabe: If F € D>, and E (HDFH;{") < oo for
all p > 1, then F has an infinitely differentiable density

These criteria can be extended to d-dimensional random
vectors F replacing || DF ||y, by the determinant of the Malliavin
matrix (DF', DF/)y

@ Our aim is to apply the criterium (ll) to the proof of the
regularity of the density of u(t, x)
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Regularity of the density: Elliptic case

Theorem (N. and Quer-Sardanyons, 2008)

Assume that G satisfies (2), the coefficients o and b are C>
functions with bounded derivatives of all orders and

lo(z)| > ¢ >0, for all z € R. Suppose that there exists v > 0
such that for all 6 € (0,1],

é
o) = | [ 17Gu(e)Putde)as = C,

for some positive constant C. Then, for all (t, x) € (0, 00) x RY,
the law of u(t, x) has a C*> density with respect to the
Lebesgue measure on RY
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Sketch of the proof
Let u(t, x) be the solution of Equation (2)

@ If band o belong to C5°(RY), then u(t, x) € D>
@ Recall that Du(t, x) € H = L2(]0, t]; Ho). Set

t
Cux = || Du(t, X)|f%, = /0 | Dsu(t, X)| 3, ds

To prove the regularity of the density of u(t, x) it suffices to
show that
E (C_p> < 0 (4)

t,x

forallt>0and x e R9and p > 2
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A nonnegative random variable F satisfies E(F~P) < oo for all
p > 1 if an only if for all p > 1 there exists g > 0 such that
P(F <€) < CeP forall e < ¢

We will apply this lemma to
t
F=Cu= [ IIDsu(t )l
t—9

with a convenient choice of §(¢)
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@ Assuming b = 0 and applying the operator D to Equation 2
yields

Dsu(t,x) = of ) Gt—s(X,-)
/ / Gi_r(%, y)o' (u(r, y))Dsu(r. y) W(dy. dr).

if s<tand Dsu(t,x) =01if s > L.
@ Fixéo >0

t 1 t
| 1sutt ) s = 5 [ lotu(o. ) Gislx. ) 5 05— .

where

t
s= [
t—o
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ds
Ho

/0Gt—r(X,Y)O"(U(h}/))Dsu(f,Y)W(d%df)




@ We have
t
/t (0. ) Grs(x.) 05 > g(0)
and forany p > 2
E(IIP) < CP~"g(6)°

@ Fix ¢ > 0 and choose & = §(¢) such that g(6) = %e. Then

C

t _
P </ IDsu(t, x)[3,,ds < e) < CeT,
0

which implies the desired result
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Nonelliptic degeneracy: Heat equation on [0, 1]

Consider the one-dimensional stochastic heat equation driven
by a space-time white noise

) |
O = O 4 b{u(t, X)) + o(ult, X)) W(, ) 5)

@ t >0, x € [0,1], and we impose Dirichlet boundary
conditions u(0,x) = u(1,x) =0

@ u(0, x) = up(x) is continuous, vanishing at 0 and 1
@ W(t,x) is a space-time white noise
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Regularity of the probability law of u(t, x)

Theorem (Mueller and N., 2007)

Suppose that o(uy(xg)) # 0 for some x € (0,1), ug is Holder
continuous of order o > 0, and o and b are in Cg°(R). Then for
eacht > 0 and x € (0,1) the density of u(t, x) is infinitely
differentiable

@ Pardoux and Zhang, 1993, proved the existence of the
density under the same nondegeneracy condition

@ Bally and Pardoux, 1998, proved the above result
assuming |c| > ¢ >0
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Sketch of the proof

@ The derivative Ds¢u(t, x) is the solution of the stochastic
partial differential equation

aDst o 82D37§U
ot 0x?

HBQu(t ) Dagtrto'(u(t, X)) Dagtd WLt )
on [s, c0) x [0, 1], with Dirichlet boundary conditions and

initial condition o (u(s, €))do(x — €)
@ Also

t 1
Ct,X:HDu(t,x)H%:/O/O |Ds cu(t, X)2dds
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Suppose that o(up(y)) > 6 > 0forall y € [a, b] C (0,1). Then,

)
using that Ds cu(t, x) >

t
Ct,x > /
0

b
Y{fX:/ Ds cu(t, x)d¢
a

The random field {Y?,,t > s, x € [0, 1]} satisfies

>
0,

b 2
/ Ds cu(t, x)dé‘ ds
a

Define

X = b (Urx) Yix + 0/ (Urx) YEW(t, X)
with initial condition

Yixlt=s = o(Uo(X))1[a5(X)
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Fix r <1 and e > 0 such that ¢ < t. Then

P(Cix <e€) < P(/ |(Y3X)2—(Y,’j‘x)2|ds>e>
0

+P (Yt?x < \/ée%>
P(A) + P(B)

r

@ By Tchebychev inequality, for any g > 1

P(A) < =19 sup E(I(Y2)? = (Y2219 < Celr—1)a+aq

0<s<e’

for some o > 0 and it suffices to choose r > 1 — «

@ The desired estimate for P(B) follows from
E((Y?,)P) < oo forall p > 1
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Negative moments for the stochastic heat equation

Theorem (Mueller and N., 2007)
Consider the equation

ou  H°u

" 92 + Bu + HuW(t, x),

where B and H are bounded and adapted processes, Uy is not
identically zero, and we impose Dirichlet boundary conditions
on [0,1]. Then, forallp >1,t>0andx € (0,1),

E(uP(t,x)) < o0

° Y0 satisfies an equation of this type with B = b’(u) and
H =o'(u)

David Nualart SPDESs: Regularity of the probability law of the solution



The proof is based on large deviation estimates (Mueller, 1991):
Let Y be a predictable process bounded by K > 0. Then for
any A >0and M >0

t
P(Osng I Gt_s(x,y)|Y(s,y)|W(dsdy)\ >A)
<t< R
Xi<m

CoN? >
VTK?

< Crexp <—
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Nonelliptic denegeracy: General case

%g:Au+bwmx»+awwx»WUJ)

@ xcRY
o E(W(t,x)W(s,y)) = do(t — s)f(x,y)
@ f(x,y) is p-Hoélder continuous for some p > 0,
If(x,y)| < C(1 + |x|" + |y|?), for some v, 3 € [0,2), and

() = [ A€ 30M(E Y,

where h(&, x) has polynomial growth
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Theorem (Hu, N. and Song, 2010)

Assume that ug is a-Hélder continuous for some o > 0, b and o
are in C*(R?). Suppose that (uy(Xo)) > 0 and f(xo, Xo) > 0
for some xo € (0,1), then foreach t > 0 and x € (0, 1) the
density of u(t, x) is infinitely differentiable

The proof is based on a stochastic version of Feynman-Kac
formula for the process

Vaeltox) = | 6.)Dsyut )0l
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Further research

1 Prove that the random vector (u(t, x1),..., u(t, xp)) has a
infinitely differentiable density

2 Show that the density of u(t, x) is positive everywhere

Problems 1 and 2 have been solved if |o| > ¢ > 0 (Bally and
Pardoux, 1998), but they are open under the more general
nondegeneracy condition o(up(Xp)) # 0
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