V. 2, No. 1, pp. 17 -34 Homogeneous 1D resistant line 17

SOME FEATURES OF VIBRATIONS IN HOMOGENEOUS

1D RESISTANT ELASTIC LUMPED LINE

S.B. Karavashkin and O.N. Karavashkina

187 apt., 38 bldg., Prospect Gagarina, Kharkov 61140, Ukraine

Phone: 38 (0572) 276624

E-mail: selflab@go.com , selflab@ma il.ru

Website oflaboratorySELF: http://angelfir e. lycos.com/la3/SELFlab

Website ofSELF Transact ions : http://angelfir e. lycos.com/la3/selftrans

This paper is one ofa large cycle ofpapers on obtaining the exact analyt ical so lut ions for vibrant elast ic systems. This was published fir st in the electronic journal oflaboratorySELF ’’SELF Tran s - actions’’, vol.2, issue 1, pp.17-34. Visit ing this journalfor free at http://angelfire. lycos.co m/la3/selftrans you will find manyother important results both on this subject and on many applicat ions o fthis new method, as wellas on many other subjects ofmat hemat icalphys ics and related themes, such as quasi-confor malmapping, vector algebra, elast icity, acoust ics, circuit theory, dynamical electrom e - chanicalanalogy, electric mismatched ladder filters, transmissio n lines, networks, field theor y,

Maxwellequations, geophysics. You will also find there that we check our results exper imentally and yield the full co incidence ofthe calculat ion and exper imentalcurves. And the main, this method gives exact solut ions, and this is non- matrix. Already now we have solved many pract ically important problems which cannot be even approached properlyby convent ionalmethods. This is the future ofdynamics out ofwhich any development in anyarea ofbasic or applied wave physics is impossible. You are welco med to possess this wealth and contact us for discussions and jo int further develo p ment.

Abstract

In this paper we will consider the effect of resistance on vibration processes in a semi-infinite ela s - tic lumped and distributed lines. We will see that forthe given type of line, the progressive pattern of vibrations remains also at the overcritical frequencies, and the phase delay is always less than the value, corresponding to the first Brillouin zone. Comparing the obtained results with exper i - mental data of the phase velocity of ultrasonic wave in the carbonic acid gas, we will see that ta k - ing the resistance into consideration, we can essentially refine the conventional models and pr o - mote their better correspo n dence to the experimental data.

Keywords: Many- bodytheory, Wave phys ics, Complex resonance systems, ODE

Classification by MSC 2000: 30E25; 70E55; 70J35; 70J60; 70K40; 70F40

Classification by PASC 2001: 02.60.Lj; 05.10.-a; 05.45.-a; 45.30.+s; 46.15.-x; 46.25.Cc;

46.40.-f; 46.40.Fr

1. Intr oduction

The most ofapplied models consider the dissipat ive force ofresistance. Many works, partic u - lar ly[1] ˘ [9], have been devoted to this subject. However, the invest igat ion is hampered bythe i n - fluence ofa few factors. First, the convent ional mathemat ical methods for elast ic lumped lines ca l - culat ion lead, as a rule, either to the matrix methods that for mult ibodysystems are able to be solved onlynumer ically, or immediately to the numer icalmet hods like Ritz method, asymptotic methods and so me others. For example, in [8], for a conventional modelling systembasing on Lagrange equation

S E L F S.B. Karavashkin, O.N. Karavashkina 18

( ) { } ( )

1

s e jk k jk jk k jk k j k

a b c Q t

x g x x

=

+ - + = å

� � ( 1 )

(here ( ) e j Q t are the given funct ions o ftime, , , , jk jk jk jk

a b c g are the parameters characterising the elast ic system, k

x are the generalised co-ordinates ofthe kth element ofa system, and s is the number ofsystemelements), the complex vibrat ion amplitude is sought in the form[8, p.296]

( )

( )

e k

k j e e k e

a e b l l

D D

=

D

( 2 )

(here e

l is the wavelength corresponding to the externalact ion frequency, and e k

b D is the damping factor in the system). In (2), ( ) e

l D is the character ist ic deter minant of(1) taken at e

l l = , and

( ) k e

l D is the determinant obtained fro mthat characterist ic byreplacing the k th column by a co l - umn composed of 1 2 , , ...

e e e s Q Q Q . With s growing, these determinants practically can have only numer icalso lution, which naturallyhampers the analysis o fresistance effect on a system.

Second, the solut ions that one can obtain by a convent ionalmethod are quite inco mplete. As

[10] ˘ [13] show, the conventionalmethods do not give one a scope to studyvibrat ions in an ove r - cr it icaldo main (over the boundar yfrequency 0

w). ’’In the vibrat ion theory, the solut ion ofboun d - ar yvibrat ions reduces basicallyto the eigenvalues determinat ion connected with the naturalfr e - quencies or other parameters ofthe studied systemand to finding the eigenfunct ions (ofthe vibr a - tion forms). Ifthe eigenvalues and eigenfunct ions have been found, then we can think the boundar y problemsolved... At present a great number ofapproximate methods has been developed for fin d - ing the eigenvalues, but theyallare quite labor ious, give only the fir st eigenvalues, and the main, do not unite the studying ofsystems with discrete and continuous mass distribut ion’’ [5, pp.3-4]. Only in so me particular cases we have the inco mplete, limitedly applicable so lut ions or ment ionings that the processes in the overcr it ical do main are possible (see, e.g., [7, pp.282 ˘ 285], [8, p.294], [14, p.109]). At the same time, it is inherent in the vibrat ion process in this do main that at the freque n - cies higher than cr it ical, even an idealela s tic line behaves as a naturaldamper with the along-the-line damping vibr ation amplitude. As we will show in this paper, the resistance essentially effects on the damping character ist ics, as wellas on the vibrat ion pattern ofthe systemelements. To make the analysis co mplete and high-qualit y, it is important to take into account, how the resistance e f - fects on the elastic systemvibrat ions. In the course ofpresent investigation we will limit ourselves intent ionallywit h a simple model ofa semi- infinite 1D elastic line, to visualise the analysed pro c - esses. We will suppose that for other types o felastic lines we can obtain the alike results, since now we have available such exact analyt icalso lut ions as have been presented in [10] ˘ [13].

2. Exact analytical s olutions f or a semi-infinite 1D elastic resistant lumpe d line

Seeking the exact analyt ical so lut ions for a studied elast ic line, we will choose not a conve n - tionalwayto find the particular solut ions for a modelling systemo fdifferentialequat ions. We will tryto reduce the problem to the solut ions for an idealline presented in [10], the more it willbe si m - ple.

In our case the modelling systemo fdifferent ial equat ions willtake the for m

( ) ( )

( )

( )

2

1 1 2 1 2

2

2 2

3 1 2 2

2

1 1 2

2

...................

2

................... ,

n n n n n

d d m F t r s dt dt d d m r s dt dt d d m r s dt dt + -

D D = - + D - D

D D = - + D + D - D

D D = - + D + D - D

( 3 ) where n

D is the nth line element displacement, and

( ) ( ) 0 0

j t F t F e w j - = . Here and further

1, 2, 3, ... n = and s is the stiffness coefficient ofa line. After the convent ionaleliminat ion the time depen d ence

( ) 0 j t n n e w j d - D = ( 4 ) and substitution r m m j w

æ ö ¢ = - ç ÷ è ø

( 5 ) the system(3) takes the for m

( )

( )

( )

2

1 0 2 1

2

2 3 1 2

2

1 1

2

....................

2

.................... .

n n n n

m F s m s m s

w d d d w d d d d w d d d d

+ -

¢ - = + -

¢ - = + -

¢ - = + -

( 6 )

We can easysee that (6) is fullyident icalto the convent ional modelling systemo fdifferential equations for an idealsemi- infinite elast ic line, for which in [10] the exact analyt icalt imedependent solut ions o fthe fo llowing for mhave been o b tained:

for the periodical regime ( )

0 , 1 w w b > >

( ) 0 2 1 0 , j t n n

F j e sm

w t j w

- - - + é ù ë û D = -

¢

( 7 ) for the aperiodical regime ( )

0 , 1 w w b > >

( ) ( ) 0 2 1 0 1 ,

2

n j t n n

F e s

w j g b

+ -

- D = - ( 8 ) and for the critical regime ( )

0 , 1 w w b = =

( ) ( ) 0 0 1 ,

2

n j t n

F e s

w j + D = - ( 9 ) where

2

,

4

m s

w b

¢

= ( 10 ) arcsin , t b = ( 11 )

2 1 . g b b

-

= - - ( 12 )

Applying (7) ˘ (9) to (6) as the solutions, we should take into account that after we substituted

(5), p a rameter b in (10) beco mes a complex value:

2 2

4 2 2 2 2

4 2 2 2 2

1

4 4 2 2

.

m r m j m r m s s s j m r m

w w b w w w w w w w

¢ æ ö é

= = - = + + - ç ÷ ê ë è ø ù - + - ú û

( 13 )

It means that in a resistant line only the per iodical regime (7) can exist. The critical and aper i - odical regimes are possible only when transit ing to an idealline, i.e. at a realvalue b realisable at

0 r =, as we can see it in (13).

It is convenient to transform(7) into an algebraic for m, noting (11):

( ) ( ) 0 2 1 2 0 1 .

j t n n

F e j j sm

w j b b w

+ - D = - - -

¢

( 14 )

Now substituting (5) and (13) into (14), after a transformation we obtain the sought solut ion in the for m

( )

( )

( ) 0 0 2 1 2 1 0

1/ 4

4 2 2 2

, r r

j t j j n n n

F e e j R e s m r

w j j j w w

+ - - - D = -

+

( 15 ) where

( ) ( ) ( ) ( ) 1/ 2 , R A C C D A B C D A B é ù = + - + - - - + ë û ( 16 ) arcsin ,

2 r

A B C D

R

j + - -

= ( 17 )

0 arcsin ,

2 r

A B

A

j - = ( 18 )

4 2 2 2 1 ,

4

A m r s

w w = + ( 19 )

2

,

4

m

B s

w = ( 20 )

2 2 2 2

2

1 ,

4 16

m r C s s

w w æ ö

= - + ç ÷ è ø

( 21 )

2

1 .

4

m

D s

w = - ( 22 )

Compar ing (15) with (14), we see that the resistance reflects on the solution in two ways. It e f - fects on the vibr ation pattern on the whole and on the link-to-link excitat ion transmissio n. The mu l - tiplier ( ) 1 4 4 2 2 2 m r w w + effects on the amplitude as a who le. Its influence is especially considerable at the low and ultralow frequencies, when 2 2rw is co mparable with 4 2mw . It is quite limited band, out ofwhich in practicalcalculations we can neglect 2 2rw in co mpar ison with 2 4mw.

The parameter 0 r

j also effects on the vibr ation phase on the whole. According to (18) and ta k - ing into account (19) and (20), this influence is also limited bylow and ultralow frequencies. At r mw

<< , the vibrat ion phase

0 r

j can be approximatelyca l culated as

0 .

2 r

r m

j w

» ( 23 )

Despite so limited influence on these parameters, we have to take theminto considerat ion when studying the ultralow-band vibrat ions and broad-range excitations, since the presence of 0 r

j leads to the dependence ofthe init ialphase ofvibrat ion process on the frequency, because ofhyper bo lic dependence ofthis phase on fr e quencyin (23).

3. Analysis of excitation transmission pr ocess in a r e sistant elastic line

The parameters R and r

j have the main effect on the resistant elastic line vibrat ions. To an a - lyse them, convenient ly use the transfer funct ion ofa link r G bythe analogywit h electric fi l t ers:

2 2 1 . r j n r n

G R e j - + D = =

D

( 24 )

According to (24), the transmission coefficient ofeach link is proportionalto 2R and the delay caused byeach link ˘ to 2 r

j. This process is inherent in all the frequency range fro mzero to infi n - it y. At the same time, according to (7) ˘ (9), the transfer funct ion ofa link

0

G for an idealline is different in allthe three bands of b var iat ion:

( )

2

0

0

2

0

; 1

; 1

1 ; 1.

j j j

G e

G e

G e

t p p

b b b b b

-

-

-

ì = < ï ï = = í ï

= - - > ï î

( 25 )

In accordance with (11) and (17), both parameters ˘ r

j and t ˘ depend on frequencyno nlin e - ar ly. At 0 r ® we have r

j t ® , 1 R ® and

0 r G G ® . It means that an ideal line reflects the pro c - esses occurring in reallines as some approximate model, despite in the generalsolut ions three fr e - quency bands appear. The plots ( ) 2 r

j w and ( ) 2 Rw shown in Fig. 1 and Fig. 2 corroborate it. D e - spite in a resistant line only the per iodical vibr ation regime can be realised, in the plots we clear ly see that at small r at the sub-cr it icalband, 2 r

j var ies as arc sine and the damping is absent, b e - cause 1 R =. At the overcrit ical band, the phase is constant and equalpract ically to p, but the damping ar ises. The antiphase vibrat ion damping at the neighbour ing elements ofa line cause it. At the point ofcr iticalregime, which in Fig. 1 and Fig. 2 corresponds to the frequency 0 31, 8 f = Hz, the kink o fcharacter istics occurs. In other words, at small r a resistant line exact lyrepeats the fe a - tures ofthe periodical, cr it ical and aper iodical regimes in a corresponding ideal line. The onlydi s - tinct ion is, for a resistant line allthe features ofvibrat ion regimes are descr ibed bythe unified an a - lyt icalfunct ions, not a systemlike (25). When calculat ing the elastic systems having small r, it

Fig.1. The phase delay 2 j r produced by an elastic lumped line section with r e - spect to the external action frequency w , at different values of the section resi s - tance r

-3,0

25 5 0 /2

-2,5

-2,0

-1,5

-1,0

-0,5

-3,5

0

2 r r = 5,0 r = 1,0 r = 0,5 r = 0,1 r = 0,01

75

S E L F S.B. Karavashkin, O.N. Karavashkina 22 en ables using the idealline modelin which the condit ions causing the line to pass or stop vibtations have been different iated more clear lyfor a wave pro c ess.

Wit h the resistance r ising, at the subcr it icalband the plot ( ) 2 r

j w differs fro marc sine more and more. At the overcr it ical band 2 r

j also is not equalto p, but asymptoticallytends to this value. This is whythe aper iodicalregime is impossible in a resistant line. However, the worsening ofdamping peculiar it ies caused bythe disturbance o fant iphase vibrat ions ofthe neighbouring el e - ments does not diminish the damping introduced by ( ) 2 Rw. It even increases, when the dissipat ive peculiar it ies ofa line grow. The more the resistance r grows the more the damping has an effect on the subcr it icalband, and the transit io n being t ypical for the crit ical regime smoothes, leading

( ) 2 Rw to the asymptotic for mat large r. We can see the similar transfor mations also dependent ly on ( ) 2 r

j w . The transit io n typical for the cr iticalregime also smoothes in it, and at large r the regular it y ( ) 2 r

j w takes a formo fa smooth funct ion. At the same time, in case ofneit her idealnor resistant line, the phase delay 2 r

j exceeds p, and at 0 r ¹ reaches it on allthe range. This result refines the convent ional concept that at the overcr it icalregime the neighbour ing elements vibrat ion phase exceeds p, ’’so it is senseless to descr ibe the phase displacements exceeding 180

D ’’ [14, p.110]. Further more, at present there takes place a view that ^in this connection, the values k for which k a

p > have not a physicalmeaning~ [14, p.109], and ^the waves wit h the angular velocit y more than 0 2 m v a w= cannot exist in an imaginar yone-dimensio nalcr ystal� Their wave vector, whose imaginar ycomponent causes a strong absorption, has to be complex. Thus, the frequencies for which the inequalit y m

w w > is true appear at the stop band~ [14, p.110]. The same in [15, p.166]: ’’Since a wave has physicalmeaning onlyat the lattice po ints n, the wave having the arg u - ment a t t p ¢ = + descr ibes just the same process as the wave with the argument t, so we willco n - sider onlythe waves ( in both direct ions) whose length 4al> ’’ ( here 2a is the lattice constant).

None the less, the above considerat ion shows that at all the range (not onlyat the subcr it icalband) the phase delay does not exceed the limits ofthe first Brillouin zone determined as k a

p = or

2 r

j p =. The more, basing on the solut ions obtained above, we can show that not a standing wave, as one used to think, but a progressive wave transferr ing the energyalo ng the line corresponds to

Fig. 2. The attenuation degree R 2 created by an elastic lumped line se c - tion, with respect to the external action frequency w ,at different values of the line section resistance r

0

0,2

0,6

1,0

25 50 75 /2

R 2 r = 0,01 r = 0,1 r = 0,5 r = 1,0 r = 5,0 the overcrit ical band ofvibrat ions. To make it sure, determine sequent iallythe dependencies ofthe phase velocit y ph v and group velocit y gr v on the fr e quency.

To find ph v, note that the wavelength l in an elast ic lumped line can be pr e sented as

2 ,

2 r

a p l j

= ( 26 ) where a is the distance between the unexcited elements ofline. Wit h (26), the convent ional expre s - sion for the phase velocit ywilltake the for m

.

2 f r

a v k

w w j

= = ( 27 )

Subst ituting (17) into (27), we yield the sought regular it ywhose pattern is presented in Fig. 3.

We see that in the subcr it icalband at small r the phase velocit yin the beginning of frequencyband increases rapidly fro mzero to some localmaximum. After it, the velocit yslowlyfalls, and after the cr it icalfrequency it grows again practically linear ly. It evidences that in a resistant line, in all the range, the progressive pattern ofwave propagation takes place. At the low-frequency and overcr it i - calbands a normal (positive) phase velocit y dispersio n takes place. While at the inter mediate band, an ano malous (negat ive) disper sion occurs. With growing resistance, the ano malous dispersio n band narrows, and at large r the dependence ( ) ph vw beco mes a monotonouslygrowing funct ion character ising the nor mal di s persio n at all the range.

Consider ing an idealelast ic line as some limit ing case ofa resistant line, we can state that in this modelin the aper iodical regime also, the progressive wave willpropagate, and its length will stabilise at 2a l = . We can judge it, particular ly, by a limit ing curve to which the plots ( ) ph vw in

Fig. 3 are tighten at 0 r ® . With it we have to note the peculiar it ies that appear in the so lut ions as a result ofidealisat ion. Particular ly, in Fig. 3 we see that when the frequencytends to zero, the phase velocit y also tends to zero. It willoccur otherwise in ideal lines, and the phase velocit ywilltend to the convent ionalvalue l Tr at 0 w® . It is easyto check it, substituting the value t from(11) to

(27) instead r

j and finding the limit at 0 w® . None the less, as we will see below, the real-world

0

1,0

2,0

3,0

4,0

Fig. 3. The phase velocity v of wave propagation in a lumped line with respect to the external action frequency w , at different values of the line section resi s tance r

25 50 75 /2

v

r = 0,01 r = 0,1 r = 0,5 r = 1,0 r = 5,0 systems have so me features ofso lut ions, which one cannot obtain on the idealised models; however it is desirable to take theminto consideration, when idealising the realsystems.

The same will be for the group velocit yofwave propagation. As we know (see e.g. [6], [9],

[14]), at present, one associates the energytransfer by a wave with this velocit y, consider ing that

~when the neighbouring atoms move in antiphase, which is realisable for k a

p = ± , i.e. for the wavelength 2a l = , the group velocit yappears zero’’ [14, p.109]. Due to it, in the overcr it ical band the along-the- line energytransfer is absent, since ’’the bound o fBr illouin zone k a

p = will corr e - spond not to a progressive but to a standing wave’’ [14, p.110].

To plot the group velocit ywith respect to frequency ( ) gr vw in case ofelast ic lumped line, we have to payattention that not the phase delay r

j but w is an independent var i able in (17). So

1 .

2 / gr r

a v k

w j w

¶ = = -

¶ ¶ ¶

( 28 )

Finding the derivative / r

j w ¶ ¶ fro m(17) and substituting its value to (28), we determine the group velocit yofwave propagation with respect to frequency. A typical plot ofthis regular it yis shown in Fig. 4. First ofall we see the alike patterns ofregular it y ( ) ph vw in Fig. 3 and ( ) gr vw in

Fig. 4 at the subcr it icalband and small r. In both plots we see an abrupt lyincreasing velo cit yat the ultralow frequencyband fo llowed by the anomalous dispersio n up to the boundar yfrequency 0

w.

At 0

w w = the phase velocit ytakes so me finite value, while the group velocit yin case ofan ideal line vanishes. But only for an ideal, not resistant line . At the boundar yfrequency, the more resi s - tance is the more group velocit ydiffer s fromzero.

At the overcr iticalband, the more group velocit yincreases the less resistance r is. But despite the abrupt increase, its value stays finite. Hence, for allresistant elast ic lines (even at an infinites i - malresistance), at the overcr it icalband the along-the-line energypropagation takes place, though with a large amplitude dam p ing.

r =0,1 r =0,5 r =1,0 r =5,0

Fig. 4. The group velocity with respect to frequency at different values of the elastic line resistance

r =0,01

0

5

0 25 50 75 /2

g r v m/s f 0

V. 2, No. 1, pp. 17 -34 Homogeneous 1D resistant line 25

In a limit ing case ofan ideal elast ic line, the group velocit yat the overcr it icalband vanishes, and we have to take this feature into account when analysing the results obtained wit h a definit e idealisation o fthe modelled process.

At the large resistance, ( ) gr vw becomes a monotonously growing function o f frequencyhaving no features at the point ofcrit icalregime. The pattern ofits dependence on frequencyis similar to

( ) ph vw at large r.

4. Limit passing to a distributed line

The exact analyt icalso lut ions (19) obtained above for a lumped line can be easy extended to that distributed. To do so, we have to subst itute the parameters character ising the discrete mass di s - tribut ion for a corresponding systemo fparameters character ising 1D systemofdistr ibuted masses.

I n troduce

0

0

; ; ; ; , l n

x m r n T sa x x a a a

r s = = = = - = D ( 29 ) where r is the elast ic line densit y, x is the mo mentar yco-ordinate ofthe studied point ofa line in the state ofrest, 0 x is the studied po int co-ordinate in the state ofrest, l T is the line st iffness, s is the mechanical specific resistance ofa line, a is the distance between the elements ofa lumped line.

Having available (29), we can determine the transfor mat ion ofparameters (16) ˘ (18) at 0a® .

Fir st ofall, at small a, the parameters , , ,

A B C D can be wr itten down, noting (29):

2 2 2

2 4 2 2

2 2 2 2

; ;

4 4

1 ; 1 .

4 4

l l l l

a a A B

T T a a C D

T T

rw r w s w rw rw

= + =

- = -

�

( 30 )

Subst ituting (30) into (16), weobtain accurate to a:

[ ( )

( )

1/ 2

1/ 2 2 4 2 2 2

1/ 2

1 1 , , ,

2

1 , , , , l a R a T

T

a T r w s w rw c r s w

c r s w - ù

» - + - = - » é ù ú ë û

ú û

» + é ù ë û

( 31 )

where 2 4 2 2 2 1

2 l T c r w s w rw

= + - contains only the values corresponding to a distr ibuted

system.

In further studying the parameter R, we have to note its power in (15). Then fro m(29) and (31)

we can wr ite

[ ] ( ) 0 0 0

2 1 1 1 2 1 2

0 0 0 lim lim 1 lim 1 .

x x x n a a

a a a

R a a e c

c c c c

- æ ö - - - - ç ÷ è ø

® ® ® é ù = + = + = ê ú ë û

( 32 )

It means, when transit ing to a distr ibuted line, the along-the-line damping is descr ibed by an

exponent ial regular it y. When transit ing to an idealline, i.e. at 0s® , according to (31), c also

tends to zero, as it was expected. The dependence ( ) c w reveals especiallyat low frequencies,

when s w is comparable wit h r. At high frequencies, the expressio n for c can be presented in an

a p proximate for m

1 .

2 2 l T s c

wr

» ( 33 )

S E L F S.B. Karavashkin, O.N. Karavashkina 26

The parameter r j at the limit passing has to be considered also jo intly wit h the coeffic ient

( ) 2 1 n - . Noting (17), (29) and (30), we yield

( ) 2 4 2 2 2

0

0 0

2 2 2

0 0

2 lim 2 1 lim 1

2 2

/

,

2 r a a l

r

l a x n

a T R

x k x

T r w s w rw

j

r s w r

w

® ®

+ + æ ö - = - = ç ÷ è ø

+ +

= =

( 34 )

where

2 2 2 /

2 r

l k

T r s w r

w

+ +

= is the wave coefficient ofa resistant line.

It is character ist ic that at 0 s® (34) automat ically transforms to a co n vent ional

. r

l k

T r w = ( 35 )

In resistant lines, the wave delay r t depends on frequency w in a complex way. The same as in

case with c, the resistance effect on r k is especially sensible at low frequencies, when s w was

comparable wit h r. At high frequencies, (34) can be approximately presented as

2

2 2

1 .

8 r

l k

T r s w

r w æ ö

+ ç ÷

è ø

� ( 36 )

We can see from(34) and (36) that r k also depends on s rw .

To obtain the sought solut ion for a distr ibuted line, we have to determine addit io nally the limit

value 0 r j characterising the wave delayin a line as a who le. Subst ituting the values A and B fro m

(30) to (18), we o b tain

2 2 2 2 2

0 2 2 2 arcsin .

2 r w r s w r

j

w r s

+ -

=

+

( 37 )

As we see from(37), the same as in previous cases, the line resistance influence on 0 r j is li m -

ited by the low- frequencies band and depends on s rw too. In this connect ion, we can think this

ratio determining the effect ofresistance on the pattern ofvibrat ion process in an elast ic distr ibuted

line.

The typical plot ( )

0 r j w is shown in Fig. 5. It fullycorroborates the above analys is of

0 r j. We

can add only one more feature. To determine the result ing phase delayo fvibrat ion process as a

who le, we have to consider 0 r j in (15) together with the complex unit y ( ) j - , which displaces the

solut ion by ( ) 2 p - . Due to it, for a resistant line at 0 w® the totalphase delaytends to ( ) 4 p - ,

while in an idealline it is ( ) 2 p - . With growing frequency, at small resistance, the totalphase d e -

lay equalises with the value typical for an ideal line. However at large resistances this process nat u -

rallyretards.

On the basis ofdeter mined parameters 0 , r Rj and r k we can wr ite the general so lut ion d e -

scr ibing the vibrat ion process in a semi- infinite distributed elastic line in presence ofresistance s.

Subst ituting (32), (34) and (37) to (15) and using (29), we yield

( )

( ) 0 0

0 0 0 0 1 4 2 4 2 2

. r

r j x

j t k x

l

F e e

x x e

T j c

w j

r w s w

+ - = -

+

( 38 )

V. 2, No. 1, pp. 17 -34 Homogeneous 1D resistant line 27

The expressio n (38) has retained the main features of(15). The same as in (15), the resistance

effects both on the vibrat ion in a line as a whole and on the along-the-line excitat ion transfer, and

this effect is especiallystrong at low and ultralow frequencies. This connect ion ofso lutions is quite

natural, since the solut ions for a distr ibuted line correspond to an init ial frequencyband ofso lut ions

for a lumped line. As shown in [13], to modela lumped line by means ofthat distributed is per mi s -

sible at a cond i t ion

1 . a

l p

<< ( 39 )

Ifdisregarding this condit io n, the solutions (38) will lo se their accuracy ofthe line process d e -

scr ipt ion. Particular ly, (38) does not descr ibe the processes at the bands ofboundar yand overcr it i -

calfrequencies.

0,8

0,4

0,2

Fig. 5. The general phase j 0 r displacement of vibrations in a distributed line, with

respect to the external action frequency w , at different values of specific resistance s

0

0,6

25 50 75 /2

0 r =500

=100

=50

=10

=1

1,2

Fig. 6. The phase velocity v of wave propagation in a distributed line, with

respect to the external action frequency w , at different values of specific r e -

sistance s

0,2

0,4

0,6

0,8

1,0

0

25 50 75 /2 v =1 =10 =50 =100 =500

S E L F S.B. Karavashkin, O.N. Karavashkina 28

We can trace the same feature in the phase velocity dependence on frequency. To find it, su b -

stitute (34) into (27). We obtain

2 2 2

2 .

1 1 l

f

T v

r s w r

=

+ +

( 40 )

At 0 w® , the phase velocit y 0

ph v® , and at 2 2 2 1 s w r << ,

ph l v T r

® ˘ i.e., to the phase

velocit y convent ionalvalue in an ideal distributed line. While in an idealdistr ibuted line the phase

velocit y does not vanish at 0 w® , but keeps the value

l Tr. In its turn, (40) does not descr ibe

the ano malous dispersio n ofvelocit yat high frequencies. The typicalplot of ( )

f vw is presented in

Fig. 6.

Thus we see that in (38) the main regular it ies ofthe resistance effect on vibrat ion process have

retained. At the same time, the regular it ies descr ibing the main parameters 0 , , ,

r r ph R v j j have e s -

sentially transfor med. In them, as a result oflimit passing, the summands descr ibing the process at

the boundar yband have disappeared, and this transfor mat ion is irreversible in case ofthe reverse

transit ion to a lumped line. This feature makes impossible the correct descript ion ofa lumped line

bymeans ofthat distri b uted.

5. Comparis on with c onve ntional the ore tical and experime ntal r e sults

The problemo fvibrat ions in a ho mogeneous chain o felast icallylinked bodies has a broad a p -

plicat ion to ultrasonic vibrat ions in gas, liquid and so lid. One ofmult iple fine surveys oftheoretical

and exper imentalresult s in this area is given in [16]. Ibidem[16, p.45] a typical plot ofthe phase

velocit y c with respect to pressure p and temperature T is given for the crit ical do main ofthe gas-

liquid-so lid transit ion in the carbonic acid gas (see Fig. 7). It has been plotted on the basis o facou s -

tic waves exper imentallystudied at the ultrasonic band. This plot shows the ano malous disper sion

ofvelocit y in a low-pressure domain; an abrupt minimum ofvelocit ywhose locat ion depends on

temperature, and a fair growth ofthe velocit yat a high-pressure domain. Manyinvest igat ions were

devoted to explain such co mplex regular it y; the theories byAltenburg [17], Kudryavtcev [18] and

Fisher [19] stand out among them.

Altenburg in his modelconsiders an 1D chain o fequidistant mo lecules under condit ion that

each oftheminteracts only wit h two neighbouring mo lecules. Naturally he co mes to the conve n -

tionalso lution like

( ) j t n

n u ue w d - = ( 41 )

(here 0 2 arcsin d w w

= and

0 2s m w= ). Further, reducing this so lution to a nonlinear descr iption

ofthe above regular it yo fvelocit ywit h respect to pressure and temperature, Altenburg considers the

sound prop a gating in a face-centred lattice, though he studies a liquid model.

Kudr yavtcev [18] proceeds fro mthe following relation between adiabat ic co mpressibilit y of

substance and its internalenergy U:

2

2

1

,

S S p U

K V V

V u b æ ö ¶ ¶ æ ö = = - = ç ÷ ç ÷ ¶ ¶ è ø è ø

( 42 )

where S is the entropy, and b in this case is the co mpressibilit yo fsu b stance.

Kudr yavtcev also supposes a fullorder ofmo lecules and calculates the derivat ive of(42) with

the var iat ion ofinter mo lecular distance along so me direction. In fact, he also reduces the problemto

the vibrat ion of1D chain o felast icallylinked mo lecules. Further, supposing that the interior energy

ofliquid is the potentialenergyofthe inter mo lecular action and that when calculat ing, one can co n -

sider onlythe neighbouring mo lecules inte r act ion, he obtains

V. 2, No. 1, pp. 17 -34 Homogeneous 1D resistant line 29

( ) 1

, r

r j

b

¢¢

= ( 43 )

where the relat ionship ofthe interaction potential ( ) r j is taken after Lennard ˘ Jones. ’’Select ing

the equations numer icalcoefficients, one can achieve in this case a sat isfying conformit y ofthe

measured and calculated values ofthe sound velo c it y’’ [16, pp.89-90].

Finally, ’’Fisher has r igorouslyso lved the sound propagation problemin an 1D chain ofinte r -

acting particles, consider ing a disordered chain ofparticles located along the axis x’’ [16, p.90].

Fisher has found his modelon the state equation, basing it on the potentialo f forces acting between

a pair ofpa r ticles

( )

, x

l kT

t y ¶

= -

¶

( 44 )

where l is the average distance between a pair ofthe nearest particles, and enthalpyequ a t ion

2

� 1 . � 2

H kT k T

T t N y ¶ ¶ æ ö = + ç ÷ ¶ ¶ è ø

( 45 )

Here k is Bo ltzman constant, and

( ) ( ) /

0 ln .

px x kT e dx j y

¥ - + = ò ( 46 )

Wit h it he has obtained the expressio n for the sound velocit ysquared as

( ) ( ) /

0 ln .

px x kT e dx j y

¥ - + = ò ( 47 )

^I n the most generalsense the expressions (46) and (47) solve per fect ly exact the problemo f

the sound velocit ycalculat ion in an 1D liquid as a funct ion oftemperature and pressure at the given

potential ( ) x j . As we see, already in 1D case the expressio n for sound velocit yis ver yco mplex~

Fig. 7. The sound velocity in the critical domain as the function of pressure

[16, p.45]

- - - - - - - - the sound velocity along the saturation line in liquid and gas

40 50 60 70 80 90

150

200

25 0

100 110 120

p, at.

350

300

400

¯

K

[16, p.91]. So it can be r igorously so lved only in two extreme cases 0T®  and T® ¥ . In the first
case one obtains the results comparable with the s o lutions by Altenburg and  Kudr yavtcev.

              At the same time, no one of presented theories takes into account the fo llowing factors: the
nonlinear influence of resistance on the vibrat ion process parameters and the features of vibr ation
processes in an overcr itical band. However, compar ing the exper imental data in Fig. 7 with the r e -
sults presented in Fig. 3, one can easily see that the characterist ics are compar a ble.

              Fir st of all, we see in Fig. 7 that in the low-pressure domain the ano malous dispersio n of velo c -
it y takes place, increasing as approaching to the crit ical regime (the point of minimal value of the
velocit y), the same as in Fig. 3. The curves inclinatio n after the extreme point is approximately
equal too.

              Second, taking a chain o f the elastically connected mo lecules as the basic model, we can su p -
pose that the increasing stiffness of links promotes the growing pressure at constant temperature.

Wit h it, one and the same external excitat ion frequency corresponds to a more high-frequency band
in Fig. 3, due to the diminishing boundar y frequency

0

w. Thus, we can present the plot
( )
c p in

Fig. 7 as a plot
                                                         ( )

                                                    c
                                                            w.

              Third, it is known that the medium temperature increasing at constant pressure can be achieved
only at the diminishing densit y of medium. It leads to the increase of inter mo lecular distance a and
diminishing of the link st iffness s. In its turn, according to (15), it leads to the increase of the
boundar y frequency and phase velocit y in accord with (27). Thus, the temperature growth will di s -
place the boundar y frequency

                                                                                                            0

                                                                                                      w to the high- frequency band.

              And the last, with the growing temperature, the elast ic system resistance will naturally increase.

              Summing up the above key points, we can explain qualitat ively the curves behaviour in Fig. 7,
using the regular it ies of the plot in Fig. 3.

              Each of dependencies
                                                                                                 ( )

                                                                                            c p in Fig. 7 has its distinctive minimum at the boundar y frequency

        0

 w. When the temperature grows, this minimum displaces to the increasing pressure (analogous to
the higher frequency), and the sharpness of maximum is smoothed, because of increasing resistance
of a line. Wit h it the wave propagation velocit y increases, because of increasing inter mo lecular di s -
tance a

                           . The value o f this distance has not an effect on the solut ion (15), but it effects direct ly on
the phase velocit y. But the link st iffness effects both on (15) and on the phase velocit y through
r

j.

These factors effect oppositely on the velocit y. This is why we can expect the velocit y to be negl i -
gibly growing with temperature. It will depend much both on the elast ic system parameters and on
the relat ionship of the influences between the intermo lecular distance growing and link st iffness
diminishing.

              From the presented br ief qualitat ive analysis we can see that if taking into considerat ion the r e -
sistance influence on the line vibrat ion processes, we can essent ially refine the convent ional models
and promote them to correspond better the exper i mental data.

              6. Conclusions

              Studying the vibrat ions in a semi- infinite resistant elast ic lumped and distributed lines, we have
revealed that the resistance effects both on the line vibrat ion pattern as a whole and on the param e -
ters of the along-the- line excitation transmissio n. The resistance influence on vibrat ions as a who le
reveals at the low and ultralow frequencies, and its effect on the excitat ion transmissio n is essential
at all the range.

              We have ascertained that the progressive vibrat ions in a resistant line retain also at the over-
boundar y frequencies. At this band the phase velocit y grows approximately linear ly, and the group
velocit y increases when the resistance diminishing. At large r, the dependence of all parameters of
vibration process on frequency transfor ms into the smooth funct ions wit hout local extremums or
kinks in the do main o f cr it ical vibrat ion regime corr e sponding to the boundar y frequency

0

w.

              Further more, we have revealed that when the vibrat ion propagates in a line, the phase delay
never reaches the value p corresponding to the fir st Brillouin zone.

              The so lutions for a distr ibuted line reflect the salient features of the init ial frequency band of
solut ions for a lumped line. Particular ly, the phase velocit y vanishes at 0w® , not retaining its f i -
nite value, as in an ideal elast ic line. At the same time, the so lut ions for a distr ibuted line do not d e -
scr ibe the ano malous dispersio n of velocit y, which the solut ions for a r e sistant line descr ibe.

              When co mpar ing the obtained results with the exper imental data invest igat ing the ultrasonic
wave phase velo cit y in the car bonic acid gas, we see that taking the resistance into account, we can
essent ially refine the conventional models and promote their better correspondence to the exper i -
mental data.

              References

1.  Kr ylo v, A.N. The ship vibration . The Principal Editorial of the Ship-engineer ing Literature,

                    Leningrad ˘ Moscow, 1936, 442 pp. (Russian).

2.  Savin, G.N., Kil’tchevski, I.N. and Put’ata, T.V. Theoretical mechanics . Gostechizdat, Mo s -

                    cow, 1963, 610 pp. (Russian).

3.  Yablo nski, A.A. and Noreyko, C.C. The course of vibration theory . Visshaya S hko la, Mo s -

                    cow, 256 pp. (Russian).

4.  Tse, F.S., Morse, I.E. and Hinkle, R.T. Vibrations . Mashino stroenie, Moscow, 1966, 508 pp.

                    (Russian; original edit ion: Allyn and Bacon, Inc., Boston, 1963).

5.  Kukhta,K.Ya. and Kravtchenko, V.P. Normal fundamental systems in the vibration theory

                    problems . Naukova Dumka, Kiev, 1973, 208 pp. (Russian).

6.  Ko lsky, G. The stress waves in solids . Foreign Literature Publishing, Moscow, 1955, 200 pp.

                    (Russian; translated from English).

7.  Magnus, K.  Vibrations. Introduction to the vibration systems studying . Mir, Moscow, 1982,

                    390 pp. (Ru s sian).

8.  Olkhovski, I.I. Theoretical mechanics for the physicists . Nauka, Moscow, 1970, 448 pp. (Ru s -

                    sian).

9.  Pfeiffer, P. Vibrations of elastic bodies . The All-the-Union Scient ific and Technical Publis h -

                    ing, Moscow ˘ Leningrad, 1934 (Russian; original edit io n: Handbuch Der Physik, band VI.

                    Mechanik Der Elastischen Korper . Redigiert von R. Grammel. Be r lin, 1928).

10.  Karavashkin, S.B. Exact analytical solutions on infinite one-dimensional elastic lumped-

                    parameters line vibration . Materials, Techno logies, Tools. Journal of Nat ional Academy o f

                    Sciences of Belarus, 4 ( 1999), 3, pp.15 ˘ 23.

11.  Karavashkin, S.B. Exact analytical solutions on finite one-dimensional elastic lumped-

                    parameters line vibration . Materials, Techno logies, Tools. Journal of Nat ional Academy o f

                    Sciences of Belarus, 4  (1999), 4, pp.5 ˘ 14.

12.  Karavashkin, S.B. Peculiarities of inclined force action upon one-dimensional homogeneous

                    elastic lumped line . arXiv, Los Alamos, #math-ph/0006028.

13.  Karavashkin, S.B. Peculiarities of modelling of forced vibrations in homogeneous elastic

                    lumped-parameters lines . Materials, Techno logies, Tools. Journal o f National Academy o f

                    Sciences of Belarus, 5  (2000), 3, pp.14 ˘ 19.

14.  Blakemore, J.S. Solid state physics . Metallurgia, Moscow, 1972 (Russian; original edit ion:

                    W.B. Soun d ers Company, Philadelphia ˘ London ˘ Toronto, 1970).

15.  Born, M. and Goeppert, M. The dynamical theory of cr ystalline lattice. In: M. Born. The th e -

                    ory of solid body . The Principal Editorial o f Technical and Theoretical Literature, Moscow ˘

                    Leningrad, 1938, 364 pp. (Russian; translated from Ger man, ed. 1915)

16.  Mikhailo v, I.G., Soloviev, V.A. and S irnikov, Yu.P.  The foundations of molecular acoustics .

                    Nauka, Moscow, 1964, 514 pp. (Russian).

17.  Altenburg, K. Ultraschallgesch windigkeit und Molekulstructur . Z. Phys. Chem., 195  (1950),

                    145.

18.  Kudr yavtcev, B.B. The ultrasonic methods application to the physical and chemical practice .

                    Gost e chizdat, 1952 (Russian).

19.  Fisher, I.Z. On the molecular theory of sound velocity in liquids . Acoustic journal, 3 (1957),

                    206 (Ru s sian).