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Foreword

When I first studied the original French fascicles of N. Bourbaki’s Inté-
gration (in the 1970’s) I made a handwritten working translation. Whenever
I reached an assertion that I didn’t “see” after a few seconds of reflection
(which was often), I opened a pair of braces { } and worked out an explana-
tion to myself before proceeding further. This document is a transcription
of those explanations, indexed by the page and line numbers of the text in
the published translation to which they pertain (N. Bourbaki, Integration,
Vols. I, II, Springer—Verlag, 2004). On restudying the work while preparing
the new translation (starting in 1998), I often consulted the notes, occa-
sionally finding my explanations inadequate; the notes in their present form
aspire to repair the inadequacies.

All of the above is rather personal; what justification can there be for
putting the notes out in front of everybody? Some of the gaps I thought I
saw proved to be trivial (after I saw the light); others took several days to
work out—Dbut there might have been shortcuts that I didn’t find. My mo-
tivation was high; I was determined to acquire the prerequisites for reading
the author’s Théories spectrales and J. Dixmier’s books on operator alge-
bras, so I ground at the obstacle until it yielded. In answer to the question
posed above: My hope is that the reader of Integration, who comes upon
a sticking point and does not have the leisure to grind it away, will find in
these notes an explanation that will enable him to keep going without loss
of momentum.

Paragraph 3 of the mode d’emploi (“To the Reader”) makes it plain that
the typical reader of Integration comes to the task well-equipped. We can
infer that the “gaps” are there on purpose; the missing details were doubtless
present in an initial draft of a proof, but (if we may be permitted to read
the author’s mind) they have been deliberately pruned away to highlight
the main outline of the proof while leaving enough details to enable the
determined reader to fill in the gaps. This is marvelous exercise for the
research muscles, surely one of the author’s didactic aims. That is good
news; the reader can be reassured that the gaps are well thought out and
the chances good that a moderate amount of effort will see him through and
render these notes superfluous.



Errata for Integration (INT)

I11.52, ¢. —3. For I read L.
IV.17, 0. 2. After “belong to <7 ,” insert “are < f,”.
IV.30, /. —2. Delete inverted comma at the end of the line.

IV.40, ¢. —15. For “step function” as translation of fonction en escalier,
see the Note for this line (on p. IV.x26 below) and especially the Note for
IV.66, £. —15,—14 (on p. IV.x88).

IV.49, Footnote. The period at the end should immediately follow the
parenthesis.

IV.51, Footnote. Vis-a-vis the translation of fonction étagée, see the
Notes mentioned above in the entry for IV.40, ¢. —15.

IV.73, . —8. For “Cor.” read “Cor. 17.

IV.84, ¢. —13. For |y —z| < read |y —z| < 0. (See the Note for this
line.)

IV.88, Running head. For §6 read §5.

IV.108, ¢. 20. For TVS read EVT. {See the Note for ¢. 20-24 on
p. IV.x248 below.}

IV.113, /. 1. The argument needed for (16,,) is more complicated. {See
the Note for this line on p. IV.x265 below.}

IV.115, . —5. In the formula (19), for f(x) read f(z).

IV.117, ¢. 21. For h(z) = 1 read, say, h(z) = 1. (The letter x is
reserved for an element of M in the statement of the Corollary, and y occurs
later in the proof as another element of M.)

V.12, ¢. —9. For “No. 3” read “No. 4”.

V.46, (. —10. For (g,) read (g).

V.49, /. 9. For “Lemma 1” read “Lemma 2”.

V.77, £. 1 and —9. Lines incompletely printed (‘washed out’).
VI.10, ¢. 9. For “q is gauge” read “q its gauge”.

VI.14, ¢. —9. For “subset” read “subsets”.



Extended “asides”

II1.16, ¢. 13-15. The discrete measure on X = N with unit mass at
every point. {III.x13-x18}

IV.66, (. —15,—14. “Fonction étagée” wvs. “fonction en escalier” (“step
function” vs. “interval step function”). {IV.x88, x89}. See also IV .40, ¢. —15.
{IV.x26, x27}

IV.79, ¢. 3,4. Conditions ¢’) and ¢”) for No. 10, Prop. 15. {IV.x127}
IV.79, ¢. 7. Condition d’). {IV.x129}

IV.80, {. —17 to —14. Measurability of functions defined on a measur-
able subset. {IV.x133-x146}

IV.85, (. 1927 and the “echo” that follows it. Measure as a set func-
tion, ‘comparative anatomy’ of the Bourbaki and Halmos formulations of
measure on a locally compact space. {IV.x170—x175 and IV.x176-179}

V.10, ¢. 13,14. ‘Bilinearity’ of (f,p) — [fdp. {V.x15-x21, especially
the Theorem (V.x17) and its Corollary 8 (V.x19)}

V.17, £. —6 to —4. Solution of Exer. 7 for Ch. V, §3. {V.x33-x36}

V.17, £. —4. Solution of Exer. 8 for Ch. V, §3. {V.x38,x39}

V.25, (. 8-11. The analog of “Lebesgue’s theorem” (Ch. IV, §3, No. 7,
Th. 6) for essentially integrable functions is worked out in this Note. {V.x68,
Remark}

V.27, (. —14,—13. Revisiting the notation pu = [e, du(x) of Ch. III,
§3, No. 1, Ezample 2, in the context of diffusions. {V.x73—=x75, An example}

V.29, /. —11 to —9. A handy ‘scholium’ for bounded diffusions. {V.x80}

V.30, £. 6-28. Composition of diffusions when viewed as mappings
w— pA (p € domain of A), and the inclusion AoH C AH. {V.x82=x85}

V.38, ¢. —10 to —3 and V.39, £. 22-24. Adjustments to the definition
of local integrability. {V.x106-x109 and V.x110, Proposition}

V.39, (. 26,27 and V.39, £. —12 to —10. Review of the locally convex
topology generated by a set of semi-norms. {V.x111-x113 and V.x113,x114}

V.46, £. 16,17. A useful criterion for measurability of a numerical
function (f is measurable < fox is measurable for every compact set K).
{V.x138, Lemma}

V.47, (. 14-16. If f and g are measurable numerical functions > 0,
then fg is measurable. {V.x145, Lemma}



Loose ends: some questions posed in the Notes

II1.23, ¢. 16-19. A question about a direct limit of induced topologies.
{II1.x28, ¢. —6 to —4}.

I11.54, ¢. 11-13. Wanted: A simpler proof of the associative law for
the product of measures. {II1.x135, ¢. 8-10}

IV.85, (. 19-27. Is v = p always? {IV.x170, ¢. —2,—1}

V.32, £. 18-20. A question about the definition of vague measurability
of mappings A : t — Ay, {V.x90, £. —8,—7}

V.45, £. 10,11. A question about moderated measures posed here is
answered in an addendum to the Note for V.48, ¢. 2, 3.



CHAPTER I
Inequalities of convexity
1.2, (. 15-16.

“...therefore there exists a Ag > 0 such that the relation A > g
implies A\t € K;”

For example, set \g = ¢(t1,t2,...,t,) " and cite the positive homo-
geneity of o: if X > g, then p(M1,...,At,) = A\g' = 1, whence \t € K.
1.2, (. 17.

“...the relations ¢t; > 0 (1 << n)imply a,t1+ -+ aputy, =07

Suppose first that t; > 0 for all ¢, and choose A¢ as above. Then, for
all A > Ay, At € K and therefore, for each ¢,

abl()‘tl) + e+ aLn()\tn) P /BL s

that is,
adtl 4+t aLntn 2 A_lﬁb )
and letting A — +oo yields a,1t1 + -+ apty, = 0.
If now t = (¢;) with t;, > 0 for ¢ = 1,...,n, then, for each ¢, the
foregoing yields «,1(t; +¢€)+ -+ + aun(t, +¢) = 0 for every € > 0, whence
athl + - +aLntn 2 0.

1.2, ¢. 18-19.
“,..it is then clear that K is also the intersection of the half-spaces
t; >0 (1 <i<n)and the U, such that 3, > 0;”

If 8, <0, the inequality (2) is trivially satisfied when the ¢; are > 0.
1.2, /. 20.
“...since the origin does not belong to K”

Writing 0 = (0,...,0), ¢(0) = ¢(2-0) = 2¢(0) implies ¢(0) = 0 by
finiteness, whence 0 ¢ K.
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1.2, /. 20-21.

“...there exists at least one index ¢ such that 3, > 0.”

If one had 8, = 0 for all ¢, then 0 = (0,...,0) would satisfy all of
the inequalities defining K, that is, it would belong to all of the half-spaces
whose intersection is K, contrary to 0 ¢ K.

1.2, ¢. —11 to —9.

“Now let C be the convex cone in R"*! defined by the relations ¢; > 0
1<i<n+1), thrr < @(t1,ta,...,t,) (the closure of the convex cone
generated in R™"! by the convex set K x {1})”

It is clear from the continuity of ¢ that C is closed. Let D be the
convex cone generated by the convex set K x {1}, namely,

D= |]JaXx{1})

a>0

={(aty,...,aty,a): a>0& (t1,...,t,) € K}.

We are to show that C =D.
If >0 and (t1,...,t,) € K then

olaty,...,aty) = ap(ty,... . ty) Za-1=a,

whence (aty,...,at,,a) € C. Thus D C C and, since C is closed, DcC.

To prove the reverse inclusion C C D, suppose (t1,...,tn,th+1) € C,
that is, ¢, >0 for 1 <i<n+1 and t,11 <go(t1,...,t ).

case 1: tp11 > 0.

Then 1 < @(lyyy - tryeeestpyy - ), thus 63 (f,. i t,) €
(tl,. ot ) S tn+1K, and so (tl, R 7tn,tn+1) S tn+1(K X {1}) cDcD.

case 2: tp41 =0.

Thus 0 =t,4+1 < (t1,...,t,). We consider two sub-cases.

If o(t1,...,t,) >0, then for vo = ¢(t1,...,t,) ' we have

K,

’7090(151,--- atn) - 17

whence vo(ty,...,t,) = 1 for all v > ~; thus, for all v > ~g,
we have ¢(yt1,...,7t,) = 1, so that (yt1,...,7t,) € K and therefore
(Ytny -3 Ytn, 1) € K x 1, whence (t1,...,t,,7"!) € v 1(K x {1}) C D;
letting v — +oo one sees that (¢,...,t,,0) € D.

Finally, suppose ¢(t1,...,t,) = 0. Let ¢, > t; fori =1,...,n. In
particular, t; > 0 for ¢ = 1,...,n, hence @(t},...,t,) > 0 = t,41,
thus (t’l,...,t;l,O) € D by the preceding sub-case; letting ¢, — t; yields

(t1,...,tn,0) € D as desired.
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1.2, 0. —9 to —7.
“,..it is immediate that C is also defined by the relations t; > 0
(1<i<n+1)and

(3) ﬁLtn—&-l < Oéthl +-+ aLntn (L € Ia BL > 0) -”

Write E for the set of (¢1,...,t,,tn+1) defined by these relations. It
is clear that E is a closed convex cone; we are to show that E = C, that is,
that E =D (where D is defined as in the preceding remarks).

To show that D C E, it will suffice to show that K x {1} C E (because
D is the closed convex cone generated by K x {1}). If (t1,...,t,) € K
then t; > 0 for i =1,...,n and by (2) we have 3, < a,1t1 + -+ + iy
for all + € I, thus (t1,...,t,, 1) satisfies (3). Thus K x {1} C E, and so
DCE.

Conversely, suppose ti,...,t,,t,11 are > 0 and satisfy (3); we are
to show that (ti,...,t,,tnr1) € D. We consider two cases, according as
tnt1 >0 or £, =0:

If ¢,41 > 0 then (3) yields

1
@g%l( 't1)+'--+am(—'tn) for all 1 €1,
tn+1 n+1
thus ; (t1,...,tn) € K, so that (t1,...,t,) € t,+1K, whence
n+1

(tl, R 7tn7tn+1) € (thrlK X {thrl}) = tn+1(K X {1}) cD.

If ¢t,41 = 0 then, since ¢(t1,...,t,) = 0 by property 1° and the
continuity of ¢, we have t,11 =0 < p(t1,...,t,), and the argument used
in “case 2” of the preceding remarks yields (¢1,...,t,,0) € D.

1.2, /. —6 to —4.
“For every = € X, we therefore have

(4) ﬁL‘:D(fl(x)v cee 7fn(‘r)) < aLlfl(‘T) +--+ amfn(‘r)

forall ce1.”
Set t; = fi(x) for i=1,...,n and set t,11 = @(t1,...,t,). Obviously

tz>0 (1<Z<n) and tn+1<(p(t1,...,tn),

thus (t1,...,tn,tht1) € C, where C is the convex cone defined earlier in
=E

the proof. But C =D (where D and E are defined as in the comments
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on £. —10,—9,—8), thus (t1,...,t,,tn41) satisfies (3), which is precisely the
assertion (4).
1.2, 0 —3,-2.

“ M(p(f1, fas---, fn)) is finite and

ﬁLM(QD(flnya e 7fn)) <aaM(fi)+oaaM(fo) + -+ anM(fn)”

We are assuming (3, > 0 (such an ¢ exists, as noted earlier in
the proof). Write f = ¢(f1,...,fn) for the function on X defined by
z— @(fi(z1),..., fo(z)). Since (4) holds for all z € X, we have

5Lf§04¢1f1+”‘+amfna

and since 3, > 0 we have, by the properties of M ,

ﬁLM(f) :M(ﬁLf) < M(aL1f1+"‘+aLnfn) < aLlM(f1)+“'+aLnM(fn)a

whence M(f) < 4o0.

1.3, PROPOSITION 2.
Note that the condition a+ (3 =1 assures that the function ¢(t1,t2) =

t‘f‘t*g is positively homogeneous.

1.4, ¢. 10,11
“..if g is a function belonging to #?(X, M) and if |f| < |g|, then
f also belongs to .#P(X,M);”

Since |f|P <|g|”, one has M(|f[?) < M(|g[?), therefore M(|f]?)'/? <
M(|g|P)'/? < 400, thus f € F(X,M).

1.4, (. 12.
“...the sum of two functions in .#P?(X, M) also belongs to this set;”

For any finite numerical function f on X, write N,(f) = (M(|f[?)) e

By Minkowski’s inequality (Prop. 3), for any numerical functions f,g on X
one has N, (|f|+1g]) < N,(f)+N,(g), and it follows from |f+g| < |f|+]g]
that

Np(f +9) <N (If] +19]) < Np(f) + Ny (9) -

Therefore if f and g belong to #P(X, M), that is, if N,(f) and N,(g)
are finite, then N,(f + g) is also finite, thus f+ g € FP(X,M).

L5,0.7.
“...the corollary is proved.”

Explicitly, if 0 <7 < p one sees that N,.(f) < N,(f) by choosing ¢ so
1 1 1
that — = — — — and citing (9) with g =1.
q rp
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1.5, 7. 8-12.

PROPOSITION 5. — For every finite numerical function f defined on X,
the set 1 of values of 1/p (p > 0) such that N,(f) is finite is either
empty or is an interval; if 1 is not reduced to a point, then the mapping
a — log Nl/a(f) 18 either convexr on 1 or is equal to —oo on the interior
of 1.

Rearrangement of the proof. Fix a finite numerical function f on X and
define J ={p > 0: N,(f) < +oo}; thus, in the notation of the statement
of the proposition, I={1/p: pe J}.

clatm 1: Either J = @ or J is an interval (possibly degenerate, i.e.,
reduced to a point).

In other words, the assertion is that J is a convex subset of ]0,+oo].

Suppose r,s € J and 0 < a < 1; writing p = ar + (1 — a)s, we are
to show that p € J, ie., that M(|f|P) < +oo. Since r,s € J we have
M(|f|") < 400 and M(|f|®) < 4+00; by Holder’s inequality (Prop. 2),

MM 1)) < (M) (MAF)

that is,
V) s\ 1l—«a
M(|fP) < (M(f7)" (M(f17) 7,
which can also be written

s(l—a)

(%) (N, ()" < (NA()" (Ns(f)) :

whence N,(f) < 4o0o. It follows that either I = @ or I is an interval
(possibly degenerate).
clatm 2: If J is a nondegenerate interval and if N,.(f) = 0 for some

interior point r of J, then N,(f) =0 for every interior point p of J.
Suppose, for example, that p > r. Choose s € J such that r <p < s

and write p = Ar + (1 — A\)s with 0 < A <1 (namely, A\ = z:

N, (f) =0 and Ng(f) is finite, it is clear from (*) that N,(f) =0.

Assume henceforth that J (hence also 1) is a nondegenerate interval,

P ). Since
r

and that there exists a p € J with N,(f) > 0 (hence, by the foregoing, that
N,(f) > 0 for all interior points p of J). Define ¢ : I — R as follows: if
a €l then 1/a € J, hence 0 < Ny/(f) < +00; we define

[e)

p(a) =logNy/o(f) (a€d).

The proof will be completed by showing:



INT I.x6 INEQUALITIES OF CONVEXITY Chap. 1

claim 3: ¢ is convex.
Suppose r, s € J; thus 1/r, 1/s are typical elements of I. Given
0<t<1, define p>0 by the formula

1 1 1
(1) 5:t~;+(1—t)-;,

so that 1 =tp/r+(1—1t)p/s; thus 1/p € I and the problem is to show that

w(%) < tso(%) +( —t)@(é),

i.e., that
log Ny, (f) <t logN,.(f) + (1 —t)logNs(f),
equivalenty, that
N, (F) < (Ne() ' (N(£)
i.e., that
(M(FPY" < () (aa12) 0,

., that M(|f|P) < (M(|f|") """ (M )2) 77",
Setting A = tp/r, we have, by (),
tp  (1—-1t)p

l-x=1-2— >0,
T S

thus 0 < A <1 and our problem is to show that

(%) M(FP) < (MF) (1)
Note that
rA+s(l—N)=tp+(1—-t)p=np;
since M(|f|") < +oo and M(|f|®) < +o0, it follows from Holder’s inequal-
ity (Prop. 2) that
M(|fIP) = M(|FIA+0=2) = M((F7) - (1£17))
< (MFM)N 1 (f17),

which is the desired relation (**).
{Note: In verifying (**), r and/or s can be endpoints of J; it is for
taking log that one restricts to the interior.}



CHAPTER II

Riesz spaces

§1. RIESZ SPACES AND FULLY LATTICE-ORDERED SPACES

I11.2, ¢. —2,—1.
“...whence, in particular,

(6) sup(z,y) =2+ (y —2)" = S@+y+|z—y))”

Setting z = —z in (5) yields sup(0,y — x) = —z + sup(z,y), that is,
sup(z,y) =z +sup(0,y —z) =x + (y — x)". But

1 1
(y—x)+=5(\y—w|+y—x)=5(\x—y!+y—x),

1
thus z 4+ (y — )" = 5(295 + |z — y| + y — x), whence (6).

I1.3, ¢. 6-8.
“If A and B are two subsets of E each of which has a supremum, then
A + B also has a supremum and

(10) sup(A + B) =supA +supB.”

Let a =supA,b=supB. Forall z € A and y € B, one has = < «a
and y < b, hence z+y < a+b, thus A+ B admits a + b as an upper
bound.

Assuming ¢ is any upper bound for A + B, we need only show that
a+b<c. If yeB is fixed then, for every x € A, z4+y<c,z<c—y,
whence a < c—y. Thus y <c—a forall y € B, whence b<c—a.

1.7, (. 6-7.
“However, if A is infinite, a subset of Z(A) may be bounded above
in R without being bounded above in ZB(A)”

For example, let A be the set of positive integers, x the function on A
such that xz(k) = k for all k, and, for each positive integer n, let z, be
the function on A such that z,(n) =n and z,(k) =0 for all £ # n. Then
xn, < x for all n, but the sequence (x,) has no bounded majorant.
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I1.8, ¢. —T7.
“COROLLARY. — Let a be an element of a fully lattice-ordered space E ,
B, the band generated by a, B!, the band of elements alien to a. For every
element x > 0 of E, the component of x in B, (for the decomposition
of E as the ordered direct sum of B, and B, ) is equal to sup (inf(n|al,z)).
neN

This follows from Proposition 6, applied to M = {a}, and Proposi-
tion 5.”

Adopt the notations of Prop. 6 and its proof. Thus (when M = {a})
My ={t: 0<t<nl|a] forsome néeN};

then M; has the properties of the set A of Prop. 5, and My is the set M
of Prop. 5. Let x € E, z > 0. By Prop. 5, one can write = y 4+ z with
y>0, z>0 and

y=sup{v: vE€M; and v <z}

=sup{v: 0 <wv < nla|] for some n €N and v <z}

=sup{v: 0 < v < inf(n|a|,z) for some n € N}

=sup{v: v =inf(n|al,z) for some n € N}

= sup inf(n|al, z),

neN

and where z € M, = M’ = M" = B/, . Thus, as noted in the proof of Prop. 6,
x = y + z is the representation of z in the direct sum E = B, @ B/,. In

particular, the component of x in B, (namely y) is given by the desired
formula.

§2. LINEAR FORMS ON A RIESZ SPACE

I1.10, ¢. —5.

“THEOREM 1. — 1° In order that a linear form L on a Riesz space E
be relatively bounded, it is necessary and sufficient that it be the difference
of two positive linear forms.

2° The ordered vector space Q) of relatively bounded linear forms on E
is a Riesz space that is fully lattice-ordered.”

The proof can perhaps be clarified by separating out a part of it as a
lemma:;:

Lemma 0. — Let L be a relatively bounded linear form on the Riesz
space E. Let P={z € E: x >0} and define M : P — [0,400[ by the
formula

M(x)= sup L(y) forall ze€P.

0<y<z

Then M may be extended to a positive linear form on E that is > L.
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Proof. Note first that the indicated supremum is finite (because L is
relatively bounded). Moreover, M(xz) > 0 for every = > 0; for, y = 0
satisfies 0 <y <z and so 0= L(0) < M(z). Also, M(x) > L(z) for every
x > 0 because y = z satisfies 0 < y < x. Thus if we show that M can
be extended to a linear form on E, it will be a positive linear form > L; in
view of Prop. 3, it will suffice to show that M is additive.

Suppose z,z’ € P and define

a=M(z)= sup L(y)

O<y<z
B=M")= sup L(y)
o<y’ <’
y=M(@+a')= sup L(2);
oLzLz+a’

we are to show that o+ 8 =.
To see that o+ 3 < v, let 0 <y < 7z and 0 < vy < 2’. Then
O0<y+y <z+2',s0

Ly) + L(y) = Ly +¢') < 73

varying y and g’ independently, one concludes that « + 6 < . In detail,
for each y', L(y) < v — L(y’) for all y, whence

a= sup L(y) <v-L);
O<y<z
thus L(y') < v —a for all 4, whence < v—a.

To see that v < a+ 3, suppose 0 < z < x + 2’ . By the decomposition
theorem (A, VI, §1, No. 10, Th. 1) one can write z = y+y’ with 0 <y <z
and 0 <y’ < ’; explicitly, writing 2z’ = (x +2’) —2 > 0, one has z+ 2/ =
x + ' and the first part of the proof of the cited theorem (loc. cit.) shows
that the elements y = sup(0,z — ') and y’ = z —y meet the requirements.
Then L(z) = L(y) + L(y') < a+ §; varying z, v < a+ . This completes
the proof of the lemma.

Proof of 1°. “Necessity”: Suppose L is relatively bounded. By the
above Lemma 0, there exists a positive linear form M on E such that
M > L, and the formula L = M — (M — L) exhibits L as the difference of
two positive linear forms on E.

“Sufficiency”: Suppose L = U — V, where U and V are positive
linear forms on E. Let x € E, =z > 0. If |y| < «, ie., sup(y,—y) < x,
ie, —z <y <z, then —U(x) < U(y) < U(z), ie., |U(y)| < U(z), and
similarly |V (y)| < V(x), whence

ILy)l = [U(y) = V)l < U@+ V()| < Ux) + V(x),
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thus the set {|L(y)| : |y| < «} is bounded. In other words, L is relatively
bounded.

Proof of 2°. Write € for the set of linear forms characterized in 1°. Let
L € Q and let M be the positive linear form constructed in Lemma 0, such
that

M(z) = sup L(y) forall z>0.
0<y<
We assert that in the ordered vector space Q (with the positive linear forms
serving as the convex cone of positive elements), the elements L and 0 have
a supremum, namely M . For, on the one hand, M >0 and M > L. On
the other hand, if N € Q satisfies N >0 and N > L, then for every =z > 0
one has
O0<y<z = N(z)=N(y) =Ly,

whence
N(z) =z sup L(y) = M(z),
Oy

thus N > M and the assertion is proved, authorizing us to write M =
sup(L,0). It follows that Q is a Riesz space; for, if L, M are any two
elements of €2, the linear form sup(L — M,0)+ M clearly serves as a supre-
mum for L and M . It follows from the foregoing calculations that, for
every x =0,

(1) L*(z) = (sup(L,0))(z) = sup L(y).

O<y<w
It remains only to show that Q is fully lattice-ordered. In view of §1,
Prop. 1 (on p. I1.4) it suffices to show that if J# is any nonempty subset
of Q that is bounded above in 2 and is directed upward by <, then 7

admits a supremum. By the Lemma on p. I1.12, we know that 5 has a
supremum M in the algebraic dual E* of E, such that

M(xz) = sup L(x) forall z >0.
LeH

In particular, for any L € 5, the relations M > L and M = L+ (M — L)
show that M is the sum of two elements of (2, hence M € Q).

I1.12, formulas (3).
“From the formula (1), one deduces immediately that if L and M are
two relatively bounded linear forms on E then, for every =z > 0,

sup(L, M)(x) = sup (L(y) + M(2))
(3) y=>0,220,y+2=z
inf(L, M)(z) = inf (L(y) + M(2)).”

y20,220,y+z=x
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Write N = sup(L, M) . Citing formula (6) of §1, No. 1, one has
N=(L-M)"+M,
thus, for every = >0,

N(z) = (L — M)"(z) + M(x)
= sup [L(y) — M(y)] + M(x)

O<y<w
— 021;8%[[/(3/) — M(y) + M(l‘)]
= OEEEI[L(Z/) + M(z —y)]

= _sup  [L(y) + M(2)].

y20, 220, y+z=z

Since inf(L, M) = L+M —sup(L, M) (formula (8) of §1, No. 1), for all > 0
one has

(inf(L, M))(z) = L(z) + M(z) — - zi%py+z::c[L(y) + M (2)]
= L(x) + M(x) + inf [—L(y) — M(z)]

y20,220, y+z==x

= inf [L(z) + M(z) — L(y) — M(z)]

y20,220,y+z=x

(

= 0,20 o [LE )+ Mz = 2)]
(

(

= o oanf L) + M)
= inf  [L(y) + M(2)]

y20, 220, y+z=z

(the latter equality, by the symmetry of the roles of y and z).

11.12, /. -7.

“ifrx=y+z,y>0and 2z>0, then — s <y—2z<a”

For, y=z—z2<(z—2)+2z2=2+zand z2=2c—y < (z—y)+2y =
x+y,thus y — 2 <z and —z <y — 2z, whence the assertion (equivalently,

ly—z[ < =)
.12, /. —6.

“the relation |u| < x implies L(u) < |L|(Ju]) < |L|(x).”

The inequality L(|u|) < |L|(z) is immediate from |u| < = and the
positivity of |L|. To see that L(u) < |L|(|u]), set y = u™, 2z = u~ and
r=y+z=ut+u" =|u|;then y— 2z =u" —u~ =wu and, by the formula
displayed in ¢. —8, L(u) = L(y — 2z) < |L|(x) = |L|(Ju|) .
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112, (. —4.

“(4) |L|(x) = sup L(y) for x >0”

ly|<=

Let > 0 and let s = sup L(y). If |u| < x then L(u) < |L|(x)
lyl<z

by ¢. —6, hence s < |L|(z).

On the other hand, if x = y+ 2z with y > 0 and z > 0, then (as noted
in connection with ¢. —7) the element u = y — z satisfies |u| < z, hence
L(y—z) = L(u) < s; varying y and z (subjectto y >0, 220, y+z=1)
it follows from the formula displayed in ¢. —8 that |L|(x) < s.

11.14, /. 5.
“Then every continuous linear form z’ € E' is relatively bounded”

Recall that the convex cone P is proper (TVS, II, §2, No. 5, Prop. 13).
One has

{y: W<zr={y: —z<y<z}
={y: c—y€P and z+yeP}
={y: y—x€—-P and z+yeP}
=(x—-P)Nn(—x+P);

this set is homeomorphic (via translation by z) to the set (2z —P) NP,
which is compact for o(E,E’) (TVS, II, §6, No. 8, Cor. 2 of Prop. 11).

Since z’ € E’ is continuous for o(E,E’), it follows that the set
’{y : |yl < x}) is compact, hence z’ is bounded on {y : |y| < x};
thus z’ is relatively bounded (Def. 2).

I1.14, /. 11-12.
“(the latter being compatible with the ordered vector space structure
of E)”

The point is that P, which is assumed to be closed for the original
topology of E (TVS, II, §2, No. 7, axiom (TO)), is also closed for o(E,E’)
on account of its convexity (TVS, II, §5, No. 3, Cor. 1 of Prop. 4); thus
o(E,E’) is also compatible with the ordered vector space structure of E.

11.14, ¢. —6.
“By translation, we can suppose that H C P”

Choose any z¢ € H, drop down to Hy = {z € H: z > 29}, and
consider the translate —zg+ Hg C P.
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I1.14, (. —5, —4.
“...or again that every continuous linear form z’ € E’ has a limit with
respect to §”

Assume that this condition is satisfied. Then, given any z’ € E
and any ¢ > 0, there exists an Fy € § such that |2'(z) — 2'(y)| < €
for all z,y € Fyg. Since § is closed under finite intersections, it follows
that if z),...,2z,, € E' and € > 0, there exists a set Fy € § such that
|zt (x) —xi(y)| <e for i=1,...,n and z,y € Fy, that is, writing

U={(z,y) e Hx H: |zi(z) —2i(y)|<e fori=1,...,n},

we have Fg x Fg C U, i.e., Fg is small of order U. Since such sets U are
basic entourages for the uniform structure on H, it follows that § is Cauchy
for that uniform structure.

11.14, /. —4 to —2.

“But this follows at once from the monotone limit theorem when z’ is
a positive linear form”

For, 2/(H) is an increasing directed set in R that is bounded above,
hence z’ has a limit with respect to §, namely limz 2’ = supz’(H).



CHAPTER III

Measures on locally compact spaces

§1. MEASURES ON A LOCALLY COMPACT SPACE

II1.1, ¢. —6,—5.
“(namely, the subspace of continuous mappings of K into E that are
zero on the boundary of K).”

Recall that the boundary of a subset A of a topological space X is the
set B=ANX — A (which is also the boundary of X — A). Note that the
union of A with its boundary is the closure of A: AUB = A for,

AUB=AUANX=A)=(AUA)NAUX=A)=ANX=A.

Incidentally, X — A = Cf&, where K is the interior of A (GT, I, §1, No. 6,
formulas (2)). And when A is a closed set, A contains its boundary, since
A=A=AUB.

Suppose now that A is a closed subset of X and f: A — Y is a con-
tinuous mapping of A into a topological space Y , such that the restriction
of f to its boundary B is constant, say f(B) = {yo} for some yy € Y.
Define g : X — Y to be the function equal to f on A and to yg on X — A.
Since B is also the boundary of X — A, g has the constant value yg on
the set X — A = (X — A)UB. Thus, g is continuous on each of the closed
sets A and X — A, whose union is X, consequently ¢ is continuous on X
(GT, I, §3, No. 2, Prop. 4).

In particular, if K is a compact subset of the locally compact space X,
E is a topological vector space over R or C, and f: K — E is a continuous
function that is zero on the boundary of K, then the extension g of f
to X defined by setting g(x) = 0 for all z € X — K is continuous, and
its support, being a closed subset of K, is compact. Conversely, if K is a
compact subset of X and g € # (X,K;E), that is, g is continuous on X
with support contained in K, ie., {x: g(z) #0} C K, equivalently ¢ is
equal to 0 on X — K, then ¢ is also equal to 0 on X — K, hence on the
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boundary KN X — K of K, thus the restriction f = g|K is a continuous
function on K equal to 0 on the boundary of K.

111, (. —5, —4.

“When %(K;E) is equipped with the topology of uniform convergence
in K, Z(X,K;E) is a closed subspace of € (K;E).”

More generally, suppose (g,) is a directed family in (X, K;E) that
converges pointwise to a function g € ¢ (K;E). Then (assuming E is Haus-
dorff) ¢ is equal to 0 on the boundary of K, hence belongs to (X, K;E).
For, if there existed a point z of the boundary of K such that g(z) # 0,
one could choose a neighborhood V of 0 in E such that g(z) ¢ V; but
there exists an «g such that a > ag = g(z) — go(z) € V, a contradiction
since go(x) =0.

I11.1, /. —2.
“...if the topology of E is defined by the semi-norms p,,”

Recall that a Fréchet space is a complete, metrizable locally convex
space, and that the topology of a metrizable locally convex space can be
defined by a countable set of semi-norms (TVS, II, §4, No. 1, comments
following the Corollary of Prop. 1).

I11.2, ¢. 7,8.
“If E is locally convex, one can therefore define on J# (X;E) the direct
limit of the locally convex topologies of the J# (X, K;E)”

Recall (TVS, II, §4, No. 4, Prop. 5) that this topology (call it .7) is
the finest locally convex topology on . (X;E) that renders continuous the
canonical injections

ug : K (XK E) —» (X, E),

where, for each compact subset K of X, the space J# (X,K;E) bears the
topology of uniform convergence in K; and, for a linear mapping
u: A (X;E) - G (G a locally convex space), the following conditions
are equivalent:

(a) w is continuous for the topology 7 ;

(b) for every compact subset K of X, the linear mapping
uougk : A (X,K;E) — G is continuous; that is,

(b) for every compact subset K of X and for every directed family (f,)
in # (X,K;E) that converges uniformly to a function f € (X, K;E), one
has u(fa) — w(f) in G.

The mappings uk are continuous when 7 (X, K;E) is equipped with
the topology of uniform convergence in K and J#(X;E) is equipped with
the topology 7, of uniform convergence in X, consequently 7 is finer
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than 7, (TVS, loc. cit., Example. CAUTION: In the cited Example, TVS
p. I1.29, in lines 4 and 5 read “Denote by Jk the topology induced on Ex
by the topology 7, of uniform convergence on X”; the sentence is correct
in EVT, p. I1.31).

ScuoLiuM: The direct limit topology on . (X;E) is finer than the
topology of uniform convergence.

1.2, (. —5.
“...hence belongs to # (X,K;E).”

Here f € 2 (X,K’;E) and there exists a family (f,) in #(X,K;E)
such that f, — f uniformly on K’, hence uniformly on K’ — K, hence
pointwise on K’ — K. Since the f, are 0 on X — K, it follows that
f =0 on KK—K; but also f = 0 on X—=K’, hence f = 0 on
X=—K=X-=-K)U(K' —=K), that is, fe #(X,K;E).

I11.2, /. —4,-3.
“(ii) The criterion for continuity in a direct limit (TVS, II, §4, No. 4,
Prop. 5) shows at once that the mapping f ~— (pr; o f) is continuous”

It suffices to show that for each i, f — pr;o f is a continuous mapping
H(X;E) — H(XGE;). Fix a compact set K C X; by the cited result in
TVS, it is enough to show that the composite mapping

H (XK E) = H(XE) = (X E)

defined by f +— f — pr;o f is continuous. Indeed, if f,,f € # (X, K;E)
and f, — f uniformly on K, then pr; o f, — pr; o f uniformly on K
(regard E; C E in the canonical way); thus pr;o f,, pr;o f € (X, K; E;)
and pr;of, — prjof inthe space (X, K;E;) (equipped with the topology
of uniform convergence on K ) hence in the space % (X;E;) (by (i)).

II1.2, ¢. —2.
“...the same is true of the inverse mapping”

If (fi)ici<n € II #(X;E;), for each i define a function
1<ign
fl € #(X;E) to be the mapping such that pr; o f/ = f; and prjo f; =0
when j # i. Since each of the mappings f; — f! (1 < i < n) is obviously
continuous, so is the mapping ® : [[ Z(X;E;) — #(X;E) defined by
1<ign
o((f;)) = > ff, and prj(®((f;))) = f; (1 < j < n) shows that ®
1<ign
is the mapping inverse to the mapping f +— (pr; o f) of J#(X;E) into
[I #(X;E;) defined above.

1<ign
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II1.3, /. 8-9.

“...it is immediate that the mapping fx — fy of J#(Xy;E) into
A (X;E) is continuous.”

For each compact K, C X, the composite mapping

H (Xx, KxE) = A (X5 E) — H(XE)

defined by fx — fi + fy is obviously continuous.

II1.3, ¢. 9-11.
“The assertion (iii) follows from these remarks and the criterion for
continuity in direct limits (TVS, II, §4, No. 4, Prop. 5).”
Define ¢ : #(X;E) — @ # (X\;E) as follows. Let f € ' (X;E)
A€L
and let K be the support of f. Since the X, form an open covering of X,

K intersects X, for at most finitely many A, therefore f|X>\ = 0 for all
but finitely many A; thus the family (f ‘XA) rel qualifies for membership

in @ #(X);E) and we may define o(f) = (f|X>\)>\€L. Conversely, if
AEL
(9r)reL € @ # (Xy;E), in particular gy, = 0 for all but finitely many A,
A€EL
it is clear that the function f on X defined by f |X>\ = g, for all A is
continuous and has compact support (equal to the union of the supports of
the nonzero g)’s), and that ¢(f) = (gx)rer . Clearly ¢ is a vector space
isomorphism.
To see that ¢ is continuous, suppose K C X compact and consider the
composite mapping

ok« K (X, KE) — # (XE) —» @ # (XxE)
Y

defined by f— f— @(f ‘XA). By the preceding discussion, K inter-
A€L
sects X only for A in some finite subset of L, thus the the above composite

has range contained in the subspace @ # (Xy;E) for some finite subset H
A€H
of L, and it defines a bicontinuous isomorphism of J# (X, K;E) onto that

subspace; in particular, gk is continuous for every compact K C X, whence
the continuity of .

To see that ~! is continuous, it is enough, by the definition of topo-
logical direct sum, to note that for each A € L, the composite

H (Xx;B) - P A (X E) - H (XE)

peL
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of the canonical injection and ¢! is continuous; indeed, this composite is
precisely the continuous mapping fx — fi (fn € Z(X\;E).

1.4, 0. 5.
“1° it is closed;”
Note that since .# (X, K;E) isclosed in ¢ (X;E), asubset of # (X, K; E)
is closed in (X, K;E) if and only if it is closed in #(X;E).

111.4, ¢. 5-6.

“2° it is equicontinuous;”

Note that a subset H of # (X, K;E) is equicontinuous on K if and only
if it is equicontinuous on X, since every function in H is zero on X — K.

II1.4, Proof of the COROLLARY..

“It suffices, by virtue of Proposition 2, (ii), to note that for every com-
pact subset K of X, J(X,K;E) is a closed subspace of ¢ (K;E), which is
quasi-complete since every bounded subset of % (K;E) consists of functions
taking values in a same bounded subset of E.”

The proof is a “Knight’s tour” of the prerequisites; let us review some
fundamental definitions.

A subset B of a topological vector space E is bounded if, for every
neighborhood V of 0 in E, there exists a nonzero scalar A such that
A C AV (TVS, III, §1, No. 2, comments following Def. 3). In testing for
boundedness, one can obviously restrict attention to V'’s belonging to a
fundamental system of neighborhoods of 0.

A locally convex topological vector space F is said to be quasi-complete
if every closed bounded subset B of F is complete for the uniform structure
induced on B by that of F.

Suppose H is a closed bounded subset of # (X;E); we are to show
that H is complete. By Prop. 2, (ii), there exists a compact subset K
of X such that H C #(X,K;E). As noted in No. 1, # (X, K;E) may be
identified with a closed subspace of ¢ (K; E), namely, the subspace € (K;E)
consisting of the functions f = g‘K, where g € # (X,K;E) and ¢ =0 on
the boundary KNX — K of K in X; the mapping g — g!K is a topological
vector space isomorphism of % (X, K;E) onto %,(K;E).

Let us digress to describe the bounded subsets of % (K;E), where
¢ (K;E) is equipped with the topology of uniform convergence on K (GT,
X, 81, No. 1, Def. 1). In detail, a fundamental system of entourages for the
uniform structure on E is formed by the sets

W={(a,b) cEXE: a—beV},

where V runs over any fundamental system of neighborhoods of 0 in E
(TVS, 1, §1, No. 4 and GT, III, §3, No. 1, Def. 1). A fundamental system of
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entourages for the uniform structure on ¢ (K;E) is formed by the sets
W ={(f,g9) € €(K;E) : (f(:n),g(m)) eW forall zeK},

where W runs over any fundamental system of entourages for the uniform
structure on E (GT, X, §1, No. 1, Def. 1). Thus a fundamental system of
entourages for the uniform structure on % (K; E) is formed by the sets

W ={(f,9) e ¢K;E): f(z)—g(x)eV foral z €K},

where V runs over any fundamental system of neighborhoods of 0 in E. In
particular, a fundamental system of neighborhoods of a function
g € €(K;E) is formed by the sets

{feCKE): f(x)—g(x)eV forall zeK},

where V runs over a fundamental system of neighborhoods of 0 in E (GT,
IT, §1, No. 2, Prop. 1); and so a fundamental system of neighborhoods of the
zero function 0 € ¢ (K;E) is formed by the sets

M ={feCKE): f(x)—0€V forall z€K}
={feCKE): f(K)CV},

where V runs over a fundamental system of neighborhoods of 0 in E.
The bounded subsets of ¢'(K;E) may now be described as follows: in

order that a subset B of ¢ (K;E) be bounded, it is necessary and sufficient
that for every neighborhood V of 0 in E, there exist a scalar A # 0 such
that B C A4, this inclusion being equivalent to each of the following
conditions:

ATIBC oAy

MIBc{fe?¢KE): f(KYcV}

A u(K)cV forall ueB
uw(K) Cc AV for all ue B

U w(x) cav.

u€B
In brief, a subset B of € (K;E) is bounded if and only if the set |J u(K)

u€eB
is bounded in E.
Let us return to the closed bounded subset H of J#(X;E) and let K be
a compact subset of X such that H < J#(X,K;E). Let Hy =
{9|K : g € H}; thus Hy C % (K;E) € ¢(K;E). Since the mapping
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g — g‘K is an isomorphism of topological vector spaces, it is clear that
Hy is a closed and bounded subset of %,(K;E) and hence of € (K;E). As

shown in the preceding paragraph, theset |J f(K) is boundedin E, hence
f€Ho
(TVS, 111, §1, No. 2, Prop. 1, d)) so is its closure

A= 1K),

f€Ho

and since E is quasi-complete, A is complete (for the induced uniform
structure). Thus Hy may be regarded as a subset of the space € (K;A)
equipped with the topology of uniform convergence. Since A is complete,
sois F(K;A) (GT, X, §1, No. 6, Cor. 1 of Th. 2). Regarding ¢ (K;A) as
a uniform subspace of € (K;E), we have

Hy c ¢(K;A) Cc ¢(K;E),

where Hp is closed in ¢ (K;E), hence in ¢ (K;A), and since € (K;A) is
complete we conclude that Hy is complete (GT, II, §3, No. 4, Prop. 8),
therefore so is H, and we have proved that ¢ (X;E) is quasi-complete.

IIL.4, (. —12,—11.

“(GT, IX, §4, No. 3, Prop. 3)”

The cited proposition exploits Urysohn’s theorem (GT, IX, §4, No. 1,
Th. 1) via the normality of a compact space (loc. cit., Prop. 1). The cor-
responding result in the bound French edition is TG, IX, §4, No. 3, Th. 3.
The difference is due to the fact that the translation in GT is based on an
earlier French edition of Chapter IX.

IIL.6, (. —14.

“...whence our assertion.”

Let us review the topology of compact convergence on € (X;E) (cf.,
GT, X, §1, No. 3, Example III), that is, the topology of uniform convergence
in the compact subsets of X. (See also the notes for 111.4, ¢. 5-6 and I11.39,
(. 8-11.)

Let (N,) be a fundamental system of neighborhoods of 0 in E. The
sets

Vo={(x,y) eEXE: x—yeN,}

then form a fundamental system of entourages for the uniformity on E (TVS,
I, §1, No. 4 and GT, I11, §3, No. 1, remark following Def. 1). A fundamental
system of entourages for a uniformity on ¢ = € (K; E) is then given by the
sets

Wk,o ={(f,8) €€ x€: (f(z),g(x)) € Vo forallz e K}

={(f.g) €€ x%: f(z)—g(x) €N, forallz €K}
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where K runs over the set of all compact subsets of X. The deduced topol-
ogy is called the topology of compact convergence and will be denoted 7. ;
it has as fundamental system of neighborhoods of 0 the sets

N ={F€C: £(K)C Ny}

(notably, given indices aq,...,q, and compact sets Ki,..., K, , if a is
chosen so that V,, N---NV,, D Vg, then A%, 0, NN A, 0, D
N, U--UK,,,o ); and, for fixed £ € €, the sets

Yaf) =f+ M a={8€C: g—fcM,ot={g8€¥: (g—f)(K)CTN,}

form a fundamental system of neighborhoods of f for 7... One writes
%.(X;E) for €(X;E) equipped with the topology 7. .

Given f € €.(X;E), we are to show that f belongs to the closure of
H(X;E); it suffices to show that every neighborhood ¥k o (f) contains an
element of ' (X;E). Indeed, with h € #(X;R) chosen as in the proof,
one has hf =f on K, therefore

(hf —£)(K) ={0} C N,,

thus hf € 7k o (f).

I11.6, (. —7.
... the second assertion is an obvious consequence of the first”

For definiteness, let us consider the case of real scalars (the same argu-
ment works in the complex case). The identification in question associates

with f = > ¢ @ yr (where ¢ € Z(X,K;R) and yj, € E) the function
k=1

=Y ee(@)yr  (xEeX),
k=1

clearly an element of ¢ (X,K;E). By definition,

(i) H(XE) = (XK E),
K

where K runs over the set of all compact subsets of X; citing (i) for E=R,,
we infer that

(ii) X (X;R)9E=| (X, KR) 0B,
K
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The left side of (ii), viewed as a set of (continuous) functions X — E, is
clearly contained in the left side of (i).

Recall (No. 1) that the topology on 7 (X,K;E), for K compact in X,
is the topology of uniform convergence in X, equivalently in K (it is de-
scribed in detail in the notes for II1.39, ¢. 8-11), and the topology on
A (X;E) is the direct limit of the topologies on the 7 (X,K;E) as K
varies over the set of all compact subsets of X. The first assertion of the
proposition is that the closure of # (X, K;R)®E in (X, K;E) is equal to
A (X,K;E). Since # (X, K;E) is a closed topological subspace of # (X; E)
(No. 1, Prop. 1), #(X,K;E) is also the closure of #(X,K;R) ® E in
H(X;E) (GT, 1, §3, No. 1, Cor. of Prop. 1); it then follows from (ii) that
the closure of #(X;R) ® E in ' (X;E) contains every term on the right
side of (i), hence is equal to % (X;E).

I11.6, ¢. —2,—1.

“...this proves the proposition, by the definition of the topology of
H (X, KE) .

The formulation of the topology of (hence convergence in) % (X,K; E)
in terms of continuous semi-norms on E is worked out in the note for I11.39,
0. 8-11; explicitly, the argument given here shows that, in the notations of (7)
and (8) of that note, given any f € #(X,K;E) and any neighborhood of 0
in #(X,K;E) of the form

Uy, ={f e XX, K;E): qo(f(z)) <1 forall z €X},
with ¢, a continuous semi-norm on E, there exists an element ) ¢;® f(x;)

j=1
of #(X,K;R)®E (interpreted as a function on X) such that

F=Y ¢ ® f(x;) € Ua,

j=1
whence the second assertion of the proposition.

II1.10, ¢. 13.
“...whence our assertion (TVS, II, §4, No. 4, Prop. 5).”

Write u : # (X;C) — #(X;C), u(f) = gf. The foregoing shows that
for each compact set K C X, f — gf is a continuous linear mapping of
A (X,K; C) into itself. Then for each K, the restricted mapping

u|l# (X, K;C) : # (X,K;C) — £ (X;C)
is the composite

H (X,K;C) - #(X,K;C) - #(X;C)
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of two continuous mappings ( f — gf +— ¢f ), hence is continuous. There-
fore u is continuous by the cited proposition (with G = .7 (X;C)).

More generally, suppose E,F are locally convex spaces that are the
direct limits of families (with same index set) of subspaces E,,F, of E,F,
respectively. If w : E — F is a linear mapping such that for every «,
u(E,) C Fy and u|Ea : E, — F is continuous, then u is continuous; for,
u|Ea : E, — F is the composite E, — F, — F of two continuous mappings
(z = u(zx) — u(z)).

I11.11, /. 4-6.

“...moreover, the mapping (f1, f2) — f1 +ife is an isomorphism of
the product topological vector space £ (X;R) x J#(X;R) onto the real
topological vector space #(X;C) (No. 1, Prop. 1).”

By the cited proposition, one has an isomorphism of real topological

vector spaces
®: #(X;R?*) — #(X;R) x #(X;R)

defined by ®(g) = (pr1 o g,prz o g), where pri(a1,a2) = a1, pra(ai,az) =
as for (ai,az) € R?; the inverse mapping is ®~1(f1, f2) = g, where
g(x) = (fl(:n), fg(x)). Since the mapping 0 : R? — C defined by 6(ay,a2) =
a1 + ias is an isomorphism of real topological vector spaces, the mapping

U7 (X;R?) — 2 (X;C)

defined by ¥(g) = 6 o g is also an isomorphism of real topological vector
spaces. Composing, we have an isomorphism

TVod ' #(X;R) x #(X;R) — #(X;C),
namely

(Wo® ) (f1, f2) = U(27'(f1, f2))
=W(g) (where g(z) = (f1(2), f2(x)))
=fog,
where (0 o g)(z) = 0(g(z)) = 0((fi(2), f2(x)) = fi(z) + ifa(z), thus
(U o ® 1) (fy, f2) = f1 +ife is the desired isomorphism.
111.14, ¢. 1-3.
“Moreover, we can suppose ( so chosen that
u(g1) + Culg2)l = [ulg1)| + |u(g2)l;

2

since |u(g;)| is arbitrarily close to L(f;) (i=1,2)...
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First choose g; so that |u(g;)| is near L(f;), then choose ( so as to
rotate (gs) to point in the same direction as u(gy) in the complex plane.

T11.14, £. 9-10.

“...which proves the continuity of g¢; at the points where fi(z) +
fa(z) =0 (i =1,2), since at these points we have also g(x) =0."

Some preliminaries are in order. Given g € % (X; C) with |g| < f1+f2,
let U={xeX: fi(z)+ folx) > 0}; since the f; are > 0, X =U =
{reX: fi(z) = fa(x) =0}. Define g; : X — C (i =1,2) by the formulas

gfi on U
g, = f1+f2
0 on X —U.

The continuity of g; at the points of U is obvious. Note that g1 + g2 = g;
this is clear at the points of U, whereas if z € X — U then g1 (z) = g2(x) =0
by definition, and g(z) = 0 follows from |g(z)| < fi(x) + f2(x) = 0. Also,
lgil < g; for, if x € X — U then g;(z) = g(z) =0, whereas if € U then

) — ol di@)
l9:@)| = lo@)| - 75 F

And |g;| < fi; for, if © € X — U then f;(z) = g;(x) = 0, whereas if x € U
then

< lg(a)]-

(o = £ . 19 (o
g @) = file) - sy S A

because |g| < f1 + f2. End of preliminaries.

Consider the covering of X by the closed sets X — U and U. Since
gi|X — U = 0 is continuous, to prove that g; is continuous on X we need
only show that gi|ﬁ is continuous (GT, I, §3, No. 2, Prop. 4).

Given x¢ € U and a directed family (x,) in U such that z, — g, we
are to show that ¢;(zo) — gi(zo) for i =1,2. If 9 € U then z, € U from
some index onward, whence g;(z,) — gi(zo) by the continuity of ¢g; on U.
Thus we can suppose that 2o € U — U=UN(X — U). Since 7o € X = U
we have g;(zg) = 0; also fi(xg) = fa(zo) = 0. By the continuity of f;,
we know that f;(z,) — fi(xo) = 0; but |gi(za)| < fi(za) — 0, whence
9i(za) — 0= gi(zo) .

111.14, /. 16.
“When p is a real measure, it follows from formula (9) that |u| < L”

Let fe #(X). If g€ #(X;R) and |g| < f then [gdu € R and

[odu<| [odn]<1is)
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by the definition of L ; taking the supremum over all such g, [ fd|p| < L(f)
by (9); thus |u|(f) < L(f) for all f € #,(X), that is, |u| < L as positive
linear forms on % (X;R).

111.14, /. —7,—6.
“consequently, for every function g € # (X;C),

(13) | [odu| < [1gldiel

Putting f = |g| in (12),

lul(lg]) = sup lu(h)| = 1(g)]
|h|<lgl, hEH (X;C)

(because |g| < |g] ).

II1.15, 7. 4,5.
“therefore

(16) al = lul 7

For all g € % (X;C) with |g| < f € #,(X), [A(9)| = |n(@)| = |@)];
taking supremum over all such ¢, one has [m|(f) = (f) for all
f € #:(X), hence [ = || on % (X;C).

II1.15, (. 14,15.
“if V is a dense linear subspace of % (X;C),”

CAUTION: Recall that ¢ (X;C) (without express mention to the con-
trary) bears the direct limit topology .7 , which is finer than the topology
7, of uniform convergence in X, thus a linear subspace dense in the sense
of 7 isdense for .7, ; but the converse may fail (TVS, II, §4, No. 4, Example
on page TVS I1.29).

II1.15, ¢. 16-18.
“...every linear form on V that is continuous for the topology induced
by that of % (X; C) may be extended (in only one way) to a measure on X.”

Since #(X;C) is locally convex for the direct limit topology (§1,
No. 1), the Hahn—Banach theorem is applicable (TVS, II, §8, No. 3, Cor. 2
of Th. 1).

IIL.15, (. —2,—1.
“It then suffices to apply Th. 1 of No. 5 and Prop. 1 of TVS, II, §3,
No. 1.7
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By the cited proposition (see TVS I1.21), the property of V just derived
assures that every positive linear form g on V (for the relative order) may
be extended to a positive linear form on % (X;R), that is, to a positive
measure g on X (No. 5, Th. 1); if, in addition, V is dense (for the direct
limit topology), then the extension is unique by the remarks at the beginning
of the present subsection.

I11.16, /. 6-8.

“DEFINITION 3. — A measure on a locally compact space X is said
to be bounded if it is continuous on J# (X;C) for the topology of uniform
convergence.”

Note that a linear form on # (X; C) continuous for the topology of uni-
form convergence 7, (i.e., the norm topology) is automatically continuous
for the direct limit topology 7 (because 7, C .7 ), hence is a measure.

I11.16, /. 13-15.

“To say that p is a bounded measure thus signifies that p© belongs to
the dual of the space # (X;C) mnormed by ||f]|; we shall denote this dual
by #*(X;C) (or simply .#'(X) when no confusion can result).”

The case X = N. The direct limit topology on J#(X;C) remains a
slippery concept to grasp; it is instructive to trace through the concepts on
an atypical but simple example: X = N = {0,1,2,3,...} with the discrete
topology.

(1) #(X), the set of all functions f: N — C, may be identified with
the vector space (s) (in the notation of Banach’s book) of all sequences
(ck)k>0 of complex numbers with the termwise linear operations (or, when
viewed as a product space C™° ., with the coordinatewise linear operations).

(2) €(X) = Z#(X), as all functions from a discrete space to a topological
space ( C in this instance) are continuous.

(3) €°(X): This is the linear subspace of .#(X) consisting of all
bounded complex functions on X; it may be identified with the space (m)
(in the notation of Banach’s book) of bounded sequences of complex num-
bers.

(4) 2 (X): As the compact subsets K of X = N are its finite sub-
sets, J(X) is the set of all complex functions on X with finite support;
it may be identified with the linear subspace of (m) consisting of all com-
plex sequences that terminate in zeros. In particular, £ (X,K) is finite-
dimensional, # (X) being the union of its linear subspaces % (X,K,,),
where K,, ={0,1,2,...,n} (n=0,1,2,...).

(5) The topology on # (X,K), K compact (i.e., finite).

The topology of uniform convergence on 7 (X, K) is simply the topol-
ogy of pointwise convergence; since £ (X,K) is finite-dimensional, this is
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the unique topology on #(X,K) that makes it a Hausdorff topological
vector space (TVS, I, §2, No. 3, Th. 2). One can define a semi-norm pg
on J# (X) by
px(f) = sup [ f (k)| = max [f (k)|
keK keK

(also denoted || f||k ); the restriction of px to #(X,K) is a norm that
generates the topology just described.

(6) The topology on J (X) of uniform convergence in the compact sub-
sets of X.

Since the compact sets are finite, this is just the topology of pointwise
convergence.

(7) The topology on # (X) of uniform convergence in X.

This is the topology on #(X) derived from the norm

171 = sup [f(k)] = max |f (k)| = sup{pk (f) : K C N finite};
keN eN

it is obviously finer than the topology of pointwise convergence. The se-
quence f,, = np, , where ¢, is the characteristic function of {n}, converges
pointwise to 0, but ||f,|| = n; thus the topology of uniform convergence
in X is strictly finer than the topology of uniform convergence in the com-
pact subsets of X.

The normed space (£ (X), || - ||) is incomplete, i.e., is not a Banach
1
space: for example, if f,, is the function defined by f,(k) = Pl for

k=0,1,...,n and f,(k) =0 for kK > n, then ||f,,—fa|| = 0 as m,n — oo;
but the sequence (f,,) is not convergent in ¢ (X), indeed f, — f € Z(X)

1
pointwise implies that f(k) = il for all k€ N, whence f ¢ 7 (X).

(8) The direct limit topology 7 on H# (X).

The key observation: If . is a locally convex (Hausdorff) topology
on J# (X), then .7 is coarser than 7 (i.e., ¥ C 7, that is, the open sets
for . are open for 7). For, for each finite subset K of X, the insertion
mapping (or “canonical injection”)

ug : A (X,K) — 2 (X), ux(f)=f

(where (X, K) is equipped with its unique compatible Hausdorff topology,
and ¢ (X) is equipped with .%) is continuous because # (X, K) is finite-
dimensional (TVS, I, §2, No. 3, Cor. 2 of Th. 2), whence . C 7 by the
definition of .7 . On the other hand, there exists on ¢ (X) a finest locally
convex topology 7, (TVS, II, §4, No. 2, item 2) and loc. cit., §8, No. 2,
fifth paragraph). Putting . = 7, in the foregoing, 7, C 7 and so
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T = 7, by the maximality of .7, . Thus, .7 is the topological vector space
topology on % (X) for which the set of all absorbent, balanced, convex
sets in . (X) forms a fundamental system of neighborhoods of 0 (TVS,
loc. cit.). A fortiori, every closed (for .7 ), absorbent, balanced convex set
in 2 (X) is a neighborhood of 0, consequently % (X) is barreled (TVS,
ITI, §4, No. 1, Def. 2). Since discrete spaces are paracompact (GT, I, §9,
No. 10), #(X) is quasi-complete (for .7 ) (III, §1, No. 1, Cor. of Prop. 2);
indeed, a bounded (in the topological vector space sense) subset of J¢(X) is
contained in the finite-dimensional space % (X,K) for some finite K C X
(loc. cit., Prop. 2), thus a closed and bounded subset of ¢ (X) is compact
(hence complete) by the Weierstrass-Bolzano theorem (for C™).

(9) A (X) =2 (X)* (the algebraic dual of # (X)).

Every linear mapping of #(X) into a locally convex space is continuous
(for the topology .7 ). For, suppose v : #(X) — G is a linear mapping,
G a locally convex space. For every finite subset K of X, the composite
mapping v o ux ,

H(X,K) - (X)) - G

is continuous by the finite-dimensionality of #(X,K), whence the conti-
nuity of v (TVS, II, §4, No. 4, Prop. 5). In particular, every linear form
on # (X) is continuous (for 7 ), i.e., is a measure on X . Since a linear form
continuous for the topology .7, of uniform convergence must be bounded,
one infers that 7 O .7, properly.

{Since 7 = .7, , an alternative proof is available: If E is a vector space
equipped with its finest locally convex topology, then every linear mapping
of E into a locally convex space G is continuous; for, the inverse image of an
absorbent balanced convex subset of G has the same properties, hence is a
neighborhood of 0 in E, and G has a fundamental system of neighborhoods
of 0 (automatically absorbent) that are balanced and convex (TVS, II, £4,
No. 1, p. TVS 11.23, £. =9 to —7, and loc. cit., §8, No. 2, p. TVS 11.62).}

(10) The vector space A (X) = # (X)* may be identified with the space
(s) of all complex sequences.

For every n € N let ¢, : N — C be the characteristic function of {n}:
on(k) = 0nr (k=0,1,2,...). Since every f € #(X) has finite support,
it is clear that the ¢, form a basis of # (X); so if p € #Z(X), p is
characterized by its values ¢, = u(y,) (n € N), thus pu — (u(npn))n20
is a (clearly injective) linear mapping of .Z(X) into the space (s) of all

complex sequences. This mapping is bijective; for, if ¢ = (¢,) € (s), the

linear form p : % (X)) — C defined by u(f) = > cpf(k) (actually a finite
k=0

sum) satisfies p(p,) = ¢, for alln € N, so that u — ¢ under the mapping.



81 MEASURES ON A LOCALLY COMPACT SPACE INT III.x16

(11) The vague topology on M (X).

In #(X), “po — p vaguely” means that po(f) — wp(f) in C for
every f € (X);equivalently, us(pn) — p(py) for every n € N. Thus, in
the identification .#(X) — (s), the vague topology on .#(X) corresponds
to the topology of coordinatewise convergence in (s), viewed as a product
space CYo . The latter topology is metrizable (Banach, p. 10), by the metric

=1 lan — by

d((an)7 (bn)) = Z 2_n ' my

n=0
for which (s) is complete. The corresponding metric D on .#(X) is
oo

= b pen) = v(en)
D(p.v) =) 2" 1+ |pu(en) — vien)l

n=0

(¢pn the characteristic function of {n}). The metric D is invariant in
the sense that D(u+ p,v + p) = D(u,v); consequently the additive group
of . (X) is a complete topological group for the vague topology (cf. Prop. 7
on p. ITL.8 above, with & the set of all singletons {¢,}, n € N ). In other
words, . (X) is a complete topological vector space; being locally convex
and metrizable, it is a Fréchet space (TVS, II, §4, No. 1, p. TVS I1.24), hence
is barreled (TVS, I11, §4, No. 1, Cor. of Prop. 2).

(12) The space #*(X) of bounded measures on X = N .

Let p be a bounded measure on X, that is, a linear form on ¢ (X)
that is continuous for the topology of uniform convergence in X, i.e., for the
norm

£l = sup |f(n)] = gleaglf(n)!-

An equivalent condition on g is that it be a “bounded linear form” on the
normed space (. (X),||-]|) in the sense that there exists a constant M > 0
such that

(NI < M| f for all f e (X).

The smallest possible value of M (the infimum of all such M ) is the number

sup |(f)|, which is denoted ||u]| .
fex (X),IIflI<1

Explicitly, ||p]l = > |pu(en)|, where ¢, is the characteristic function
n=0

of {n}. The details are as follows. If f € #(X), say f = > anyn
n=0

(a finite sum), then u(f) = > anp(ey), thus
n=0
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jg:‘znﬂ(¢n)
n=0

Writing ¢, = u(p,) for all n, we have

[*S)
E anCn
n=0

for all complex sequences (a,) that terminate in zeros. For every n € N
choose a complex number a,, such that |a,| =1 and a,c, = |c,|. By the

= (O < el - 1F1 = Npll - sup |an].
neN

< el - sup |as|
neN

foregoing, applied to the sequence ag,a1,as,...,a,,0,0,0,...,
n n
D el =D arcr| < Jlull -1
k=0 k=0
[oe)
for every m € N, thus the series ) ¢ is absolutely convergent with
n=0
oo
> len] < ||pell- On the other hand, for every finite sequence ag,aq,...,a,
n=0

of complex numbers, we have

n n n 00
Zakck < Z’ak"lck’ < <Z]ck\> max |ag| < <Z‘ck’> max |ayl;
k=0 k=0 5—0 0sk<n — 0<k<n

it follows that for every f e #(X),

u(f)] < <§:ﬂ!cn!>\\f\\,

=)
whence [[p] < 3 lenl.
n=0

The set of all such measures, denoted .#'(X), is a linear subspace
of #(X) = 2 (X)*; equipped with the norm just defined, it is the dual
space of the normed space (. (X), || -||) and is a Banach space (TVS, III,
§3, No. 8, Cor. 2 of Prop. 12).

The foregoing associates, to each bounded measure p on X, the se-

quence (u(ypy)) satisfying > |u(pn)| < 400. The set of all complex se-
n=0

o0
quences ¢ = (¢p)n>0 satisfying > |c,| < 400 is a linear subspace of (s)
n=0
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and is a Banach space for the norm |ic| = 3 |c,|; it is denoted (¢(V)
n=0

(Banach, p. 12). The correspondence p — (,u(npn)) is an isometric linear
mapping of .#*(X) onto (¢(V). The space (1)) may be regarded as the
space of functions integrable with respect to the measure on X = N that
assigns measure 1 to every set {n}, namely, the linear form X : #(X) — C
defined by A(f) = >_ f(n) (a finite sum) for every f € #(X).

0

n—=

Identifying #(X) with the space (cog) of sequences that terminate
in 0’s, its completion for the sup-norm || - || may be identified with the
space (cp) of sequences that converge to 0; the Banach space (¢g) has the
same dual as its dense linear subspace (cqo), thus

(co) 2 (coo) = (A (X), || - |) = (X) = (¢M)

(cf. Hewitt—Stromberg (7.13) and (14.25), or Banach pp. 66,67). Banach
spaces whose dual is isometrically isomorphic to the space of functions in-
tegrable for some measure are called Ll-predual spaces (cf. the book of

H.E. Lacey, The isometric theory of classical Banach spaces, Grundlehren
math. Wiss. Bd. 208, Springer—Verlag, New York, 1974).

I11.17, ¢. 9-13.
“PROPOSITION 10. — For every measure p onX,

(22) lpll = sup 1l (f) -
0<f<1, feX (XiR)

“For, taking into account the formula (12) that defines the absolute
value of a measure, the second member of (22) may be written

sup < sup u(g) !) = sup lu(g)].”

0<f<1, feX (X;R) \|gI<f, g€ (X;C) llgll<1, g (X;C)

Write « for the expression on the left (where, in the right side of (22),
|i|(f) has been replaced by its formula given by (12)), 3 for the expression
on the right (which is the definition of ||| ).

Proof that oo < : Suppose f € Z(X;R),0< f<1.1If g€ #(X;C)
and [g| < f, then [[g]| < [If]| < 1, hence [u(g)] < B; varying g—and
then f—yields a < (.

Proof that # < a:: Suppose g € #(X;C), ||lg]| < 1; we are to show that
lu(g)] < a. Say g € #(X,K;C). Choose fe #, (X) with 0< f <1 and
f=1on K. Evidently |g| < f, whence, citing (12), |u(9)| < |u|(f) < a.
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I11.18, /. 14.

“COROLLARY 3. — For every real measure p on a locally compact
space X,
(24) [l = sup ()]

£, feX (XsR)

“It suffices to make use of the formula (22) and the expression (9) for
lu|(f) when p is a real measure and f € 4 (X).”

Citing (22), then (9),

(|l = sup | (f) = sup ( sup u(9)> ;

feX (X;R), 0K f<1 FEX (X;R), 0<f<1 \geX (X;R), [g<f

the ¢’s involved on the right side of this equality are precisely the functions
g € #(X;R) such that |g|| < 1, thus the right side may be rewritten as

sup 1(g) , which equals the right side of (24) (where the absolute
g€ (X;R), llglli<1

value signs are superfluous since —f satisfies the same conditions as f).

IT1.18, ¢. 7,8.
“The canonical injection .#Z!(X,R) — .#1(X;C) is an isometry by
virtue of (24).”

Let p be a bounded real measure on X. The left side of (24) is ||u]|
as calculated in .Z'(X; C); the right side is the norm of u regarded as an
element of .#Z'(X,R).

I11.18, /. —3 to —1.

“Let X be a locally compact space. On the space .#(X;C), one can
consider the topology of pointwise convergence in ¢ (X; C), which we shall
call the vague topology on .#(X;C).”

Since . (X;C) is by definition the dual space of the locally convex
space £ (X;C) (equipped with the direct limit topology), the vague topol-
ogy is the “weak topology” a(///(X;C),,%/(X;C)) (TVS, II, §6, No. 2,
Def. 2).

The space . (X;C), equipped with the vague topology, may also be
described as the locally convex space Zs (,}i/ (X;C); C), where J#(X;C)
bears the direct limit topology and & is the set of all 1-element subsets {f}
of # (X;C), or, equivalently, the set of all finite subsets of % (X;C) (TVS,
II1, 83, No. 1, p. TVS III.13, £. —3 to —1; recall that every finite subset of a
topological vector space is bounded).



81 MEASURES ON A LOCALLY COMPACT SPACE INT III.x20

I11.19, /. 3-6.
“To say that a filter § on #(X;C) converges vaguely to a measure
signifies that

po(f) = limy, 5 pu(f)
for every function f e ' (X;R).”
This is a property of initial topologies (GT, I, §7, No. 6, Prop. 10).
Incidentally, a filter § on . (X; C) is vaguely Cauchy (i.e., Cauchy for

the uniformity associated with the vague topology) if and only if for every
fe X (X;C) (orevery fe #(X;R)), the filter base

$(f) ={V(f): Ves}

(where V(f) ={u(f): p € V})is Cauchy (i.e., convergent) in C; this is
a property of initial uniform structures (GT, II, §3, No. 1, Prop. 4).

I11.19, (. 6-7.
“For every function f € J#(X;C), the mapping u — u(f) is a vaguely
continuous linear form on the space .Z(X; C).”

And these are the only vaguely continuous linear forms on .Z(X;C)
(TVS, 11, §6, No. 2, Prop. 3).

T11.20, /. 13.

“Tt is clear that d) implies a).”

Suppose H satisfies d). Given any function f € J#(X;C), we assert
that the set H(f) = {u(f) : p € H} is bounded in C; for, there exists a
compact set K such that f € #(X,K;C), and choosing Mk as in d), we
have in particular |u(f)| < Mk||f]| for all p € H.

Thus the implication d) = a) is a consequence of the following propo-
sition: a subset H of .#(X;C) is vaguely bounded (i.e., bounded for the
vague topology) if and only if, for every f € #(X;C), the set H(f) =
{u(f): weH} is bounded in C. The details are as follows.

Suppose H is vaguely bounded and let f € H. Since the set

V={pe#(X;C): |u(f)| <1}

is a vague neighborhood of 0, there exists a scalar a # 0 such that H C aV
(TVS, 111, §1, No. 2, remarks following Def. 3), thus the set {|u(f)|: p€ H}
is bounded above by |a].

Conversely, suppose H has the stated property. Given a vague neigh-
borhood V of 0 in .Z(X;C), we seek a scalar a # 0 such that H C aV..
We can suppose that

V={pe #(X;C): |u(fi)| <e for i=1,...,n}
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where f; € #(X;C) and ¢; > 0 (i = 1,...,n), since such sets V form
a fundamental system of neighborhoods of 0 for the vague topology. By
assumption, for each i, the set

Si=A{u(fi): pneH}

is bounded in C, hence sois the set S = S1U...US,, ,say |u(fi)| < M < 400
for all 4 € H and for i =1,...,n. If a > 0 is so chosen that a 'M < ¢;
for i=1,...,n, then, forall y € H and all i=1,...,n,

a Hu(fi)l <a™'M < e

thus a='pu €V for all p € H, that is, H C aV .

I11.20, 4. 13-15.
“Finally, if H is equicontinuous then the set of restrictions of the mea-
sures p€H to #(X,K;C) is also equicontinuous, ...”

The point is that the relative topology on (X, K;C) induced by
the direct limit topology of J#(X;C) is equal to the norm topology on
# (X,K;C), by No. 1, Prop. 1, (i).

III1.20, /. 19,20.
“COROLLARY 1. — Let v be a positive measure on X; the set of mea-
sures p such that |p| < v is vaguely compact.”

Let H = {u € #(X;C) : |u| < v}; it suffices to show that H is
(i) vaguely relatively compact, and (ii) vaguely closed.

Proof of (i). We verify criterion d) of Prop. 15. Let K be a compact
subset of X. Since v is a measure, there exists a finite constant Mg > 0
such that

(%) ()] < Mk||f|| for all f e (X,K;C).
Then, for every p € H and f € J#(X,K;C) we have

(O] < Tul(FD) < w(If]) < Mk - [T = M| f]]

by (13), the definition of H, and the relation (*), thus the criterion d) is
satisfied.

Proof of (ii). Let (u;) be a directed family in H with p; — p in
A (X; C) vaguely; we are to show that u € H. Thus, assuming f € J# (X),
it is to be shown that |u|(f) < v(f). Given any g € J#(X;C) such that
lg| < f, it will suffice by (12) to show that |u(g)| < v(f). For each index j,
we have

|13 (9)] < gl (lgl) < v(lgl) < v(f)
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by the relations (13), p; € H and |g| < f; since p;(g) — p(g) by the
definition of the vague topology, it follows that |u(g)| < v(f).

II1.20, (. 21,22.
“COROLLARY 2. — The set of measures p such that ||p|| <a (a any
finite number > 0) is vaguely compact.”

Proof #1. We are looking at a closed ball B in the dual .Z'(X;C) of
a normed space (the space J# (X;C) equipped with the topology of uniform
convergence in X ) equipped with the topology a(%l(X; C), # (X; C)), for
which B is known to be compact (TVS, III, §3, No. 4, Cor. 3 of Prop. 4).
Since o (.#*(X;C), # (X;C)) is the topology on .#*(X;C) induced by the
vague topology on .Z (X; C), B is also a vaguely compact subset of .# (X;C).

Proof #2. Write H = {u € #(X;C) : |p|| < a} (thus H C
M (X;C)). We verify compactness by showing that (i) H is vaguely rela-
tively compact, and (ii) H is vaguely closed.

(i) For all p€ H and f € #(X;C) we have (since p € .#1(X;C))

[ < AP < all £

thus H(f) = {u(f) : p € H} isaboundedset in C for every f € # (X;C),
therefore H is vaguely bounded (see the notes above for ¢. 13), hence is
vaguely relatively compact by Prop. 15.

(ii) Suppose (pj) is a directed family in H with u; — p € #(X;C)
vaguely. For every f € J#(X;C) and every index j, we have

|5 (D < M5 AP < all 715

since pj(f) — p(f), we infer that |u(f)| < al|f|, and since f € #(X;C)
is arbitrary, we conclude that p is bounded and ||u|| < a, that is, p € H.

II1.20, ¢. —14,—13.

“COROLLARY 3. — If X is compact, the set of positive measures p
on X such that ||p|| =1 is vaguely compact.”

Write H = {u € #(X;C) : pu >0 and |u]] = 1} for the set of
measures in question. By No. 8, Cor. 2 of Prop. 10,

H={pe #(X;C): pn=>0 and pu(1)=1}
— M (X) N {p € A(XC) 5 p(1) =1},
The first factor of the intersection is vaguely closed as noted in Prop. 14,

and the second factor, being the inverse image of {1} under the vaguely
continuous mapping p +— (1), is also vaguely closed, thus H is vaguely
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closed; being a subset of the vaguely compact set {u € #(X;C) : ||p]| <1}
(Cor. 2), H is also vaguely compact.

II1.20, ¢. —9, —8.

“COROLLARY 4. — In the space #(X;C), the mapping p v |u|| is
lower semi-continuous for the vague topology.”

For a € R, the set { € #Z(X;C) : |p]| < a} is vaguely compact
if a >0 (Cor. 2) and empty if a < 0, and in either case is vaguely closed,
hence the mapping .#(X;C) — R defined by p — ||pu|| is vaguely lower
semi-continuous (GT, IV, §6, No. 2, Prop. 1).

II1.21, /. —15.
“Fach of these topologies is coarser than the next.”
Let

S, = all singletons {f}, f € T;

S, = all singletons {f}, f e #(X;C);

S35 = all strictly compact subsets of # (X;C);
&4 = all compact subsets of . (X;C).

The inclusions &1 C &5 and &3 C &4 are obvious, and &5 C &3 because
each f € #(X;C) belongsto # (X, K; C) for some compact set K, whence
the strict compactness of {f}. Thus &; C &3 C &3 C &4, whence clearly
T C T C T3 C Ty (convergence with respect to 741 implies convergence
with respect to .7; (i =1,2,3)).

Note that every set in &, is bounded in % (X; C), therefore .7; is the
S;-topology on .Z(X;C) for every i (TVS, III, §3, No. 7).

I11.21, /. —11 to —9.

“A vaguely bounded subset H of .#(X;C) is equicontinuous (No. 9,
Prop. 15), thus the first assertion follows from TVS, III, §3, No. 7, Prop. 9,
and the second from GT, X, §2, No. 4, Th. 1.”

Proof of (i). Since i < j = 7; C .7; (1 <1i,j < 4), it is clear that
every set bounded for .7} is bounded for .7; ; thus, to prove that the bounded
sets for 5, 73, 7, are the same, it suffices to show that every set H that
is bounded for 95 is bounded for Z;. Let H be a vaguely bounded set.
Since H is equicontinuous (Prop. 15) it is bounded for every G&-topology
(TVS, III, §3, No. 7, Prop. 9) and in particular for &,.

Proof of (ii). Let H be a vaguely bounded subset of .#Z(X;C); we are
to show that the topologies .7; N H induced on H by 7; (i = 1,2,3,4) are
identical. For notational purposes let us write 2~ = % (X;C) (equipped
with the direct limit topology) and % = C (equipped with the usual uni-
formity). We know that

Hc #(X;C)CC(Z;%);
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since H is an equicontinuous subset of € (2°;%) by Prop. 15, it follows
that on H, the topology of pointwise convergence in the total subset T of
2 = H#(X;C) (equivalently, in its linear span, which is dense) coincides
with the topology of compact convergence (GT, X, §2, No. 4, Th. 1), that
is, 71 NH = 2, NH, whence the coincidence of all four topologies.

II1.21, ¢. —8 to —6.
“Recall that when X is paracompact, the topology of strictly compact

convergence coincides with the topology of compact convergence (No. 1,
Prop. 2).”

Because, for such a space X, every compact subset of % (X;C), being
bounded, is strictly compact, i.e., is a compact subset of # (X,K;C) for
some compact set K in X (No. 1, Prop. 2, (ii)).

111.22, /. 3-6.

“Since every filter is the intersection of the ultrafilters finer than it (GT,
I, §6, No. 4, Prop. 7), it suffices to show that if 4l is an ultrafilter on .# (X)
that converges to a measure pq for the topology .7, then it also converges
to po for 3.7

Clearly &7 C 95 C 3, so we need only show that the topology
on #4+(X) induced by .77 is finer than that induced by 73, i.e., that
NNM(X) D T3N M (X). Thus, given a filter & on #,(X) that is
convergent to po € A+ (X) for 7 N A+ (X) (in other words, & contains
the filter of neighborhoods of pg for 73 N .# (X)), we are to show that
& — o for the topology J3 N .#4+(X). If Y is any ultrafilter on .Z, (X)
such that Y D &, obviously U — ug for 7 N.#Z,(X); since & is the inter-
section of all such 4, it will suffice to show that U — pg for F5 N .#(X)
(GT, 1, §7, No. 1, Prop. 2).

II1.22, /. 6.
“Let K be a compact subset of X...”

We are to show that 4 — pg uniformly on each compact subset of
H (X, K;C).

111.22, ¢. 6, 7.
“...by hypothesis, there exists a function h € V that is > 0 on X and
takes values >0 on K”

Namely, the hypothesis that V satisfies the condition (P) of No. 7,
Prop. 9.

111.22, /. 8,9.
“...it follows that every function f € #(X,K;C) may be written
f=gh with g€ #(X,K;C)”
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Let U= {x € X: h(z) > 0};in particular, K C U. Define g: X — C
by the formulas
f(z)

—~Z forzeU

0 forzeX—=K;

g is defined unambiguously, since on U N (X — K) € X — K one has also
f(x) = 0—which also establishes the formula f = gh. Since U and X — K
are open sets with union X, on each of which ¢ has a continuous restriction,
it follows that ¢ is continuous on X (GT, I, §3, No. 2, Prop. 4), whence
clearly g € #(X,K;C).

I11.22, ¢. 9.
“..c=1inf h(x) >0...7
reK

Since K is compact and h > 0 on K, ¢ > 0 by the theorem of
Weierstrass (GT, IV, §6, No. 1, Th. 1).

II1.22, ¢. 9-11.
“By hypothesis, there exists a set Hg € 4 such that, for every measure
p € Hy,
0< p(h) <po(h) +1=0"

Recall that h € V and that 4 — pg pointwise in V.

II1.22, /. 15, 16.
“If Uy is the ultrafilter induced by 4 on Hp”

Namely $o =4y, ={HNHy: He U} (GT, I, §6, No. 5, Prop. 9).

II1.22, ¢. 16,17.
“...the image of i1y under the mapping p +— h-pu is the base of an
ultrafilter § on H”

See GT, I, §6, No. 6, Prop. 10.

II1.22, ¢. 17,18.

“...and since H is relatively compact for the topology of strictly com-
pact convergence (Prop. 17 and No. 9, Prop. 15)”

Being vaguely bounded, H is vaguely relatively compact by Prop. 15.
Thus, if H is the vague closure of H in .#(X;C) (since .#(X) is vaguely
closed in . (X;C) by Prop. 14, H is also the closure of H in .#(X) for
the topology induced by the vague topology), we know that H is vaguely
compact, hence also vaguely bounded. Therefore by Prop. 17, (ii), the topol-
ogy on H induced by the topology of strictly compact convergence coincides

with the topology induced by the vague topology; since the latter is compact,
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so is the former, i.e., H is compact for the topology induced by 3, so its
subset H is relatively compact for that topology.

I11.22, ¢. 18,19.
“...F is convergent to a measure vy for this topology.”

As in the preceding note, let H be the vague closure of H in .#(X;C),
which we know to be compact for the topology induced by Z3; in what
follows, it is understood that H bears this topology.

The filter § on H is a filter base on H; by the compactness of H,
§ admits a cluster point vy € H (GT, I, §9, No. 3, Prop. 7), hence there
exists a filter & on H such that & D § and & — vy (GT, I, §7, No. 2,
Prop. 4).

On the way to proving that § — vy in H, we observe that if G € & and
F € § then GNF € §; for, for every F/ € § the intersection (GNF)NF’ is
nonempty (it is an element of & ), thus GNF is a subset of H that intersects
every set in the ultrafilter §, whence GNF € § (because {GNF}UF is a
base of a filter on H that, by the maximality of §, must coincide with § ).

Now let U be any neighborhood of vy in H; we are to show that U
contains some set in §. Since & — vg, there exists a set G € & such
that G C U; choose any set F € §; then GNF € § by the foregoing, and
GNFcGcU.

111.22, /. 19-22.

“In other words, for any ¢ > 0 and any compact subset L of # (X, K; C),
there exists a subset N of Hy belonging to 4 such that, for every func-
tion g € L and every pair of measures u, 4’ belonging to N, one has
(g b ) = (g, h-p)| < g7

With notations and assumptions as in the preceding Note, the sets
N € 4 such that N C Hg are precisely the sets of iy, thus the sets
h-N={h-p: pue€ N} form the base of a filter §F on H, and §, regarded as
the base of a filter on H , is convergent (to vq ) for the topology on H induced
by 3. Theset ¥ = {(v,v') e HxH: |v(9) —V'(9)] < e forall g€ L}
is an entourage for the uniformity associated with that topology; since
§ is Cauchy for this uniformity, there exists a set h-N € § such that
h-N x h-N C ¥, whence the assertion.

I11.22, ¢. 24, 25.
“Now, we saw above that the mapping ¢ +— gh is an automorphism of
the Banach space J#(X,K;C).”

From ||gh| < ||g|| ||h]| we see that the (linear) mapping is continuous;
the f = gh factorization property proved above shows that it is surjective,
and the relation ||g|| < ¢7!||f|| shows that it is injective, with continuous
inverse mapping.
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111.22, /4. 25, 26.
“We have thus shown that Y is a Cauchy filter on .#,(X) for the
topology of strictly compact convergence.”

Given any ¢ > 0 and any compact subset L’ of # (X,K;C). By the
preceding remark, there exists a compact subset L of J# (X, K; C) such that
g+-L =1L'. Then choose N as in £. 19-23; the inequality there shows that
[{fip) — (fyu)] <e forall fel'=g-L and all p,u’ € N, which is the
desired Cauchy condition.

111.22, /. 26, 27.
“A fortiori, it is a Cauchy filter for vague convergence”

Because I3 D 5.

1I1.22, (. —5, —4.
“...moreover, since V is dense in . (X;C), the hypothesis implies
that py = poe”

For each f € V, we have U(f) — po(f) in C because U — pg for 7 ;
but U(f) — p1(f) in C because U — uy vaguely, whence puo(f) = p1(f).
Thus pg =y on V;since V is dense in # (X;C), po = puy as claimed.

111.23, ¢. 1-3.

“COROLLARY. — If X is paracompact then the topologies induced on
M+ (X) by the vague topology and the topology of compact convergence co-
incide.”

Since X is paracompact, 73 = Z; (in the notation of Prop. 17), thus
Ty C T3 =TIy But %N Mi(X) = T30 .#4.(X) by Prop. 18. Thus
TN ML (X) = Ty N My (X) as claimed.

§2. SUPPORT OF A MEASURE

I11.23, /. 11-13.

“...every continuous function with values in a topological vector space E,
defined on Y and with compact support, may be extended by continuity to
all of X, by giving it the value 0 on CY”

Suppose g € #(Y;E) and let f be the extension by 0 of g to X,
that is,
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Say g € #(Y,K;E) where K is a compact subset of Y (hence also of X).
Since ¢g =0 on Y — K, we have also

where Y and X — K form an open covering of X; since the restrictions
of f to Y and to X — K are continuous, f is continuous on X (GT, I, §3,
No. 2, Prop. 4) as claimed, and f € #(X,K;E) C Z(X;E).

II1.23, /. 14-16.

“ ..one can therefore identify in this way the space #(Y;E) with
the linear subspace of J#(X;E) formed by the continuous functions with
compact support contained in Y .

Caution: If fe #(X;E) and f =0 on X — Y, it does not follow
that f belongs to the subspace £ (Y;E) just constructed, i.e., it does not
follow that Supp f C Y. For example, if f € #(X;E) and if the (open) set
Y={zxeX: f(x)#0} is not closed, then f ¢ #(Y;E); for, the support
of fisY,and YZY.

111.23, /. 16-19.

“If p is ameasure on X, it is clear that the restriction of u to 2 (Y;C)
is a measure on Y, which is called the restriction of p to the open sub-
space Y, or the measure induced on Y by u, and is denoted p|Y.”

Proof #1: If K is a compact subset of Y, then K is also compact
in X and the restriction of p to % (X, K;C) is known to be continuous for
the topology of uniform convergence in X —in other words in K—or in Y,
it comes to the same thing since K C Y C X and the functions in question
are 0 outside of K.

Proof #2: Applying Th. 2 of §1, No. 5 to the real and imaginary parts
of 1, we see that p is a linear combination of four positive measures on X,
therefore ,u‘,}i/ (Y;C) is a linear combination of four linear forms whose
restrictions to # (Y;R) are positive linear forms and so define real measures
on Y (loc. cit., Th. 1).

The question naturally arises, when E is locally convex does the topol-
ogy 7 on £ (Y;E) induced by the direct limit topology 7x on J# (X;E)
coincide with the direct limit topology 7y on #(Y;E)? (Probably the
answer is known, but it is not known to me.)

At any rate, it is easy to see that 7v D 7. For, let

i: H(Y;E) — (£ (XE), mx)
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be the mapping i(g) = ¢’, where ¢’ is the extension by 0 of g to X;
i is the insertion mapping for identifying J# (Y;E) as a linear subspace of
H (X;E), and 7 is the initial topology for i. For any compact subset K
of Y, consider the insertion mapping

i : A (Y, KE) = (H(VE), 7v),

where # (Y,K;E) bears the topology of uniform convergence in Y (equiv-
alently in K )—which is also the topology on #(Y,K;E) induced by 7y
(81, No. 1, Prop. 1, (i)). The composite mapping ioix : #(Y,K;E) —
(‘){(XvE)a TX)7

’%/(Y7K7E) - (‘%/(YvE)v TY) - (%(Xu E)7 Tx),

is continuous for the indicated topologies on #(Y,K;E) and (X E): if
9j,9 € Z(Y,K;E) with g; — g uniformly in K (equivalently in Y ) then
g; — ¢’ uniformly in X (equivalently in K), hence g; — ¢" in 7 (X,K;E)
and therefore in (Jf/ (X;E), Tx), whence the asserted continuity. Since this
is true for every compact set K C Y, ¢ is continuous because 7y is a direct
limit topology, i.e., it is the locally convex final topology for the family
of mappings ix (TVS, II, §4, No. 4, Example II). But 7 is the coarsest
topology on % (Y;E) rendering i continuous, therefore 7y D 7.

This inclusion is sufficient for proving that if u : #(X;E) — F is
a continuous mapping of J# (X;E) into a topological space F, then the
restriction p| % (Y;E) = poi,

A (Y;E) - #(X;E) = F,

is continuous; for, it is certainly continuous when J#(Y;E) bears the initial
topology 7 for i, hence a fortiori when # (Y;E) bears the (finer) direct
limit topology Ty .

In particular, if g is a continuous linear mapping of % (X;E) into a
topological vector space F, then its restriction to J#(Y;E) is also continu-
ous. The special case E = F = C yields a third proof of the initial assertion
about measures.

II1.23, /. 19, 20.
“The restrictions to Y of |u|, Zun and Zpu are, respectively, |u!Y|,
Z(p|Y) and Z(ulY), by virtue of §1, Nos. 5 and 6.”

Write v = ,u‘Y. As in §1, No. 5, let & be the conjugate of i, that

is, 7i(f) = p(f) for all f € #(X;C). In particular, fi(g) = u(g) for all
g € #(Y;C), whence it is clear that ﬁ!Y =7v. From

1

ZZ_Z(IU_E)7

A= 5+ 7, )



62 SUPPORT OF A MEASURE INT III.x30

restriction to # (Y;C) yields

Y = S0 +7) = 20), F@[Y = (v —7) =5 ().

If fe #.(X) then by definition (§1, No. 6, formula (12))

(*) lul(f) = sup ()] -
lg|<f, g€ (X;C)

If in particular f € (YY) then |g| < f implies that Suppg C Supp f C Y,
thus the right side of (*) may be written

sup lv(g)l,
lg|<f, g€ (Y;C)

which is the formula for |v|(f); thus it follows from (*) that |u||Y = |v| on
A4 (Y), hence on #(Y;C).

111.23, /. 20-22.
“If u is real then the restrictions of u™ and p~ to Y are, respectively,
(u|Y)* and (p]Y)™, by virtue of formula (8) of § 1, No. 5.”

From the formulas (INT II.2)

1 1
u+=§(!u!+u), wo=5ul = w),

restriction to ¢ (Y;C) yields (with v = u|Y as in the preceding Note)

1 _ 1 _
pY =5(vl+v)=v, Y=g —v)=v".

More generally, if pq, o are real measures on X, and if vy = p1|Y, vy =
p2|Y , then the formulas (INT I1.2)

1
sup(py, po) = 5(#1 + po + |1 — p2l)
. 1
inf (g, p2) = 5(#1 + pro — |1 — p2|)

yield, on restriction to £ (Y;C), the formulas

1
sup(,ul,ug)‘Y = 5(1/1 + vo + V1 — va|) = sup(vy, va)

. 1 .
1nf(,u1,,u2)‘Y = 5(1/1 + vy — |1y — wel|) = inf(vy,19) .
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111.23, /. 23-26.

“One sees immediately that if Y and Z are two open sets in X such
that Y D Z, and if ,u|Y and u|Z are the restrictions of u to Y and Z,
then ,u‘Z is also the restriction of M‘Y to the open subspace Z of the locally
compact space Y .”

If h € #(Z;C) and h* € #(Y,Z;C) is the extension by 0 of h
to Y, and if h*' € #(X,Y;C) is the extension by 0 of h* to X, then in
fact h*' € # (X,Z;C) is the extension by 0 of h to X, and so

(u|Z)(h) = p(h*") = (u|Y)(1*) = ((u|Y)]Z) (),

whence the assertion.

Writing puy = ,u‘Y (as in Ch. IV, §5, No. 7, Def. 4), the above assertion
is that (py)z = uz when Y,Z are open sets in X with Y D Z. It follows
that if Y,Z are arbitrary open sets in X, then

(MY)YOZ = Huynz = (Mz)sz .

II1.23, ¢. —2,—1, I11.24, /. 1.

“...the mapping
1
f |—>/ de
0 X

is a measure on Y”

If K is a nonempty compact subset of the topological subspace Y =
10,1 of R then K has a smallest element a and a largest b (apply
the theorem of Weierstrass to the canonical injection of K into R), thus
0<a<z<b<land 1<1/b<1/x<1/a forall x € K. For every
fe X (Y,K;C), the function = — f(x)/x (z € Y) is equal to 0 outside
[a,b], continuous and bounded, hence integrable on ]0,1[ in the sense of

FRV; writing
1 b
zx(f):/0 @dw:/ @dm

b—a
, we have

and M =

b
< [ 5@ e <175 0-a) = M|

forall f € #(Y,K;C). Thus f — v(f), obviously a linear form on #(Y; C),
is a measure on Y (§1, No. 3, (4)).
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Note that since Y is the union of a sequence of compact intervals, it is
trivially v-moderated, that is, v is a moderated measure (Ch. V, §1, No. 2,
Def. 2), hence the concepts “v-integrable” and “essentially v-integrable”
coincide (loc. cit., No. 3, Cor. of Prop. 9).

111.24, /(. 24.

“However, this measure cannot be extended to a measure on R because,
in the contrary case, its restriction to the set of functions f € Z(Y;C)
such that ||f|| <1 would be bounded”

To put the matter positively, if a measure p on the topological subspace
Y =1]0,1[ of R can be extended to a measure p on R, then p is bounded.
For, as noted above, Y is p-moderated and the concepts “ p-integrable” and
“essentially p-integrable” coincide. Since [0, 1] is compact, [0,1] NY =Y
is p-integrable by Ch. V, §4, No. 2, Prop. 3) (specifically, the implication
d) = b)), therefore p is bounded (Ch. IV, §4, No. 7, Prop. 12). See the
next remark for the rest of the argument.

II1.24, /. 4.
“...but this is false.”

In view of the preceding remark, to show that v cannot be extended
to a measure on R we need only observe that v is not a bounded measure.
To this end, for n =2,3,4,... define f, € Z(Y) to be the piecewise linear
continuous function for which

0 on ]0, 5

fa(x)=1<1 on [%,1—%]
0 on [l -4 1[.

Then the sequence

B 1 fn(x) 1-1/n 1
V(fn)—/o Td$>/1 —dx

/n z

is unbounded, whereas ||f,|| =1 for all n.

I11.25, /. 1.
“whence. ..”

In the preceding display (II1.24, ¢. —1) all terms are in #(Y,,;C),
hence one can apply p,, then sum over ¢.

I11.25, ¢. 8-10.
“...the conclusion therefore follows at once from the definition of x and
from Prop. 6 of §1, No. 3.”
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Let x € X. By assumption there exists an index «, € A such that
r €Y,, . Let K; be a compact neighborhood of z such that K, C Y,, .
Varying x, we obtain a family (K,),ex whose interiors are a covering of X,
and such that K, C Y,, for all z € X. Since K, C Y,, and since the
restriction ,u‘,}i/ (Ya,:C) = o, is by hypothesis a measure on Y, , there
exists a constant M, such that

(%) ()] = e, (F)] S Mg [[f]] for all f € (Ya,,Ka; C)

(81, No. 3, (4)); note that we are concerned here only with the norm topology
on # (Ya,,Ky; C)—the direct limit topology on #(Y,,;C) that induces
it is not at issue here. If f € #(X,K,;;C), then Suppf C K, C Y,,,
so that f can be regarded as an element of J#(Y,,,K;;C), and hence
satisfies (*). Thus (*) may be written

() () < Me[[f]] for all f e 2/(X,Ky;C).

Summarizing, we have a family (K,).ex of compact subsets of X whose
interiors form a covering of X, p is a linear form on % (X;C), and for
each x € X there exists a constant M, satisfying (**), consequently pu is a
measure on X by Prop. 6 of §1, No. 3.

II1.25, ¢. 11-14.

“COROLLARY (Principle of localization). — Let p and v be two mea-
sures on X, and let (Yo) be a family of open sets of X such that, for
every «, the restrictions to Y, of u and v are equal; then the restrictions
of w and v to Y =Y. are equal”

(0%

As in the note for 111.23, ¢. 23-26, let us write uy for u!Y. Then (loc.
cit.) for every «,

(v )y, = by, = vy, = ('Y)v.;

thus, dropping down from X to Y, we can suppose that Y = X.
For every index a write po = py, and v, = vy, . Then (loc. cit.) for
every pair (a, ) of indices, we have

(Ha)yanys = (yo)Yanys = Byanys = () Yanys = (Ha)Yanys

it follows from Prop. 1 that p is the unique measure on X such that u !Ya =

We for all . Similarly, v is the unique measure on X such that Z/‘Ya =,
for all . But
Ha = N‘Ya = V‘Ya = Vq
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for all «, whence p = v by uniqueness.

I11.25, /. —9 to —7.

“To say that a point z € X does not belong to the support of x4 means
that there exists an open neighborhood V of x such that the restriction of
to V is zero”

With the notations preceding Def. 1, if = ¢ Supp(p), that is, if
x € Uy = CSupp(p), then V = Uy meets the requirement. Conversely,
if there exists an open neighborhood V of x such that V € & then
z €V CUy= CSupp(p), so = ¢ Supp(u).

I11.25, /. —7 to —5.

“to say that x belongs to the support of p therefore means that for
every neighborhood V of z, there exists a function f € #(X;C), whose
support is contained in V, such that p(f)#0.”

This is essentially the contrapositive form of the preceding assertion;
marching through the details requires a review of some delicate definitions.

Suppose x € Supp(p) and let V be any neighborhood of z; let U be
an open set such that z € U C V. Since z ¢ CSupp(u) = Uy and z € U,
necessarily U ¢ Ug; thus U ¢ &, that is, py # 0, hence there exists a
function g € £ (U;C) such that py(g) # 0; if f = ¢’ is the extension
by 0 of g to X, then f € #(X;C), Suppf = Suppg C U C V, and
u(f) = pu(g) #0.

Conversely, suppose that for each neighborhood V of z, there exists a
function f € J#(X;C) such that Supp f C V and pu(f) # 0; we assert that
x € Supp(u). Assuming to the contrary that x € CSupp(u) = Ug, then
Up is an open neighborhood of = with uy, = 0, therefore uy,(g) =0 for
all g € #(Uy;C). For every f € #(X;C) such that Supp f C Ug, the
function g = f‘UO belongs to J# (Ugy; C) and f is the extension by 0 of ¢
to X, therefore u(f) = pu,(g) = 0; thus the original assumption on the
point z is contradicted by its neighborhood V = Uj.

I11.26, ¢. 11,12.
“For, if the restriction of p to an open set U is zero, then so is that of
|| (resp. of u™ and p~ when p is real), and conversely.”

Let U be an open set in X. Since |uy|=|p|u (No. 1) one has
pu=0 & |pul=0 < [ulu=0,
whence Supp(p) = Supp(|u|) . If, moreover, p is real, then

lpol = lplo =W +p )u =@ u+ @ )u,
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therefore, by posititivy,
po=0 & (uu=0& (u)u=0,

thus
U C CSupp() < U C CSupp(p*) N CSupp(p™)

& U C C(Supp(u') U Supp(p));

letting CSupp(u) play the role of U yields the inclusion

CSupp(u) c C (Supp(ﬂ+) U SUPP(M_))a

and letting C (Supp(u*) U Supp(,u*)) play the role of U yields the reverse
inclusion, whence equality.

I11.26, ¢. —11.
“The proposition is obvious from the definitions.”

The set U — Supp(py) is an open set in U (hence in X) such that

0 = (1U)U = Supp(uu) = KU = Supp(uu);

therefore U= Supp(uy) € X — Supp(i), whence
U= Supp(py) € U~ UnNSupp(p),

and so Supp(py) O UN Supp(p) .

On the other hand, let V = U — Supp(u) = UnN (X - Supp(u)) =
U — UNSupp(p) , which is open in both X and U. Since V C X — Supp(u),
we have

0= pv = punv = (pu)v,
therefore V.C U — Supp(uy), that is, U — UNSupp(p) C U — Supp(py),
and so

U N Supp(u) O Supp(pu),

whence equality.

I11.26, /. —7 to —5.

“For, it is the intersection of the vaguely closed hyperplanes with equa-
tion u(f) =0, where f runs over the set of functions in #(X;C) whose
support does not intersect F.”
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For a measure p € #(X;C),

Supp(u) CF < CF c CSupp(p)

< pprp =20

& ppplg) =0 forall ge #(CF;C)
& u(f)=0 forall fe#(X,CF;C)
=

e (| {re#XC): v(f)=0};
fet (X,0F;C)

for each f, theset {v € #Z(X;C): v(f) =0} is the kernel of the vaguely
).

continuous linear form v +— v/(

I11.26, /. —4 to —1.

“Suppose X is not compact: given a filter ® on the space .Z(X;C)
of measures on X, we shall say that the support of a measure u recedes
indefinitely along ® if, for every compact subset K of X, there exists a set
M € & such that Supp(u) NK =@ for every measure p € M.”

Some thoughts on the definition: Let X’ = X U {w} be the one-point
compactification of X (GT, I, §9, No. 8), with X viewed as an open subspace
of X’. The open sets in X’ are the open sets U in X together with the
sets {w}U(X — K) with K compact in X (the latter are the only open sets
in X’ that contain w). Thus the open neighborhoods of w in X’ are the
sets of the form U’ = {w} U (X — K) for some compact subset K of X.

Thus, the concept defined above says that given any open neighborhood
V' of w in X’ (equivalently, given any compact subset K of X), there
exists a set M € ® such that Supp(u) C V' (resp. Supp(p) NK = @) for all
i € M. It is the same to say that for every neighborhood V' of w in X',

such an M exists. Thus, writing Supp(M) = |J Supp(u), the concept
pneM
says that for every neighborhood V' of w in X', there exists a set M € ®

such that Supp(M) C V’; this might be expressed suggestively as
Jim Supp(M) = w
or that Supp(u) — w with respect to the filter @, symbolically

lim ,, ¢ Supp(p) = w.

At any rate, it is a property of ® (not of Supp).
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111.27, /7. 6,7.
“...which proves the proposition.”

To say that u converges vaguely to a measure ug with respect to a fil-
ter ® on . (X;C) means that each vague neighborhood of pg in .Z(X;C)
contains some set M € & that is, & D ¥y, where ¥; is the filter
of neighborhoods of o in #(X;C) for the vague topology. Concisely,
® — gy vaguely.

An equivalent condition (see the note for II1.19, ¢. 3-6) is that for each
f e (X;C), one has

);

(f
the meaning of this is that for each f € #(X;C) one considers the linear
form Ly : #(X;C) — C defined by Ls(u) = p(f), and that
0);

lim w,® Lf (/j’) (

that is, the filter on C with base L;(®) converges to Lf(u) in C; here,
Li(®)={Ly(M): M e ®}, where

Ly(M) ={Ly(n): peL}={n(f): peM},

concisely and suggestively denoted M(f).

Equivalently, for every f € #(X;C) and every ¢ > 0 there exists
an M € @ such that |u(f) — po(f)| <e forall pe M.

In particular, ® converges to the measure 0 if and only if, for every
f € #(X;C) and every e > 0, there exists a set M € ® such that |u(f)] < e
for all p € M; concisely, ® — 0 vaguely.

The assertion of Prop. 7 is that if ® is a filter on Z(X;C) such
that “the support of p recedes indefinitely along ®” then ® — 0 vaguely.
To prove this, suppose f € #(X;C) and ¢ > 0 (e will play no role in
the argument). Let K be the support of f. By hypothesis, there exists
an M € ® such that Supp(u) NK = @ for every p € M. In view of the
preceding paragraph, it will obviously suffice to show that u(f) = 0 for
every n € M. Fix p € M. We know that Supp(u) N K = @, that is,
K C CSupp(p). Writing U = CSupp(u), we have py = 0, that is, u =0
on # (X,U;C); since Supp f =K C U, we have f € % (X,U;C), whence
wu(f) =0, which completes the proof.

II1.27, £. 9, 10.

“By definition, if the support of a function f € J#(X;C) does not
intersect the support of a measure p, then u(f) =07

To say that Supp(f)NSupp(p) = @ is to say that Supp(f) C CSupp(u).
Writing U = CSupp(u), we have puy = 0, that is, u =0 on #(X,U;C)
and in particular p(f)=0.

po(f) = lim , o p
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The condition Supp(f) N Supp(p) = & can also be written

Supp(p) € CSupp(f) = C{z: f(z) #0}
=int(C{z: f(z)#0})
=int{z: f(z)=0}
(where “int” means “interior”) thus the observation is that
(*) Supp(p) Cint{z: f(z) =0} = pu(f)=0.
I11.27, ¢. 10,11.

“...but the following more precise result is true:”
Prop. 8 is the proposition that, for a function f € J#(X;C),

(%) Supp(p) C{z: f(x) =0} = u(f)=0;

it is stronger than (*), in that it yields the same conclusion with a weaker
hypothesis. It is more precise in the sense that it enlarges the set of functions
for which the conclusion is true.

I11.27, ¢. 15, 16.
“...V is an open set containing S by hypothesis”
For, S = Supp(p) C{z: f(z)=0}C V.

II1.27, /4. 19.
“Since the support of fh does not intersect S...”

Supp(fh) C Supp(h) c CS.
I11.27, /. 20,21.

“...therefore |f — fh| <2¢ on X”

On V, |f — fh] < |f| + |fh| < |f] + |f] < 2¢, whereas on L[V,
\f=fhl=1f=f-1=0.
11.27, ¢. —3.

“...|f(z)] < ah(z) on Supp(u)”

On Supp(f) N Supp(p), one has |f(z)] < a = ah(z), whereas on
CSupp(f) N Supp(u) one has [f(z)| =0 < ah(z).

I11.27, ¢. -3, —2.
“. . .therefore

|l (1F1) < alul(h) < allp]”

The measure |u| is positive, and on Supp(|p|) = Supp(p) one has
ah —|f| = 0, therefore |u|(ah —|f]) =0 by Cor. 2; thus

[l (71 < lpl(ah) = alul(h) < al[{pl 1] [Pl = allpll - 7] < allul]-
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III1. 28 0.7
..then ¢ <bf/a, whence pu(g) <bu(f)/a=0.

If y € V then f(y) > a, whence g(y) < b= b- /)

b-1<
if y € BV then g(y) = 0. Therefore 0 < u(g) < bu(f)/a i 0, and so
u(g) =0.
The argument shows that for every g € J#,(X) with Suppg C V,
one has u(g) = 0. If g € #(X;C) with Suppg C V, then |g| € #(X)

and Supp|g| = Suppg C V, therefore u(|g|) = 0 by the foregoing, and so
l(g)| < ullgl) =0. Thus p(g) =0 for all g € # (X;C) with Suppg C V.

A fortiori, u(g) = 0 for all g € #(X;C) with Suppg C V, in other

words =0 on (X, \O/';C), that is, \Of C CSupp(p), and in particular
x € CSupp(p). Thus z ¢ Supp(p), as we wished to show.

TI1.28, /. 11-13.

“...there exists an open neighborhood V of x( such that at every point
of VNS, g is zero”

Write N(g) = {2 : g(z) # 0}, Z(g9) = CN(g) = {2 : g(z) = 0};
in particular, T = N(g) NS, and the assertion of the proposition is that
T = Supp(g-p). By assumption, xo is not in the closure of N(g)NS, hence
there exists an open neighborhood V of zg such that VA N(g) NS = &
whence VNS C CN(g) = Z(g) —in other words, g =0 on VNS.

I11.28, /7. 13.
“ ..then fg is zero on S”

We know that ¢ = 0 on VNS, and that f = 0 on LV hence on
CV NS, therefore fg=0 on (VNS)U(CVNS)=S.

II1.28, (. 14, 15.
“...in other words, the restriction of g-pu to V is zero.”

The argument shows that p(fg) =0 for all f e #(X,V;C), in other
words g-p =0 on (X, V;C), whence V C CSupp(g-u) and in particular
29 € CSupp(g - u). We have shown that CT C CSupp(g- ), that is,
T D Supp(g - p) . That’s half the battle.

I11.28, /. 16-18.

“Conversely, assuming that the restriction of g-u to an open neighbor-
hood W of a point zg € X is zero, let us show that there does not exist a
point of WNS at which g is #£0.”

One is assuming that o € W, where W is open and W C € Supp(g-p) ;
to put it another way, we are assuming that zo ¢ Supp(g- i) (a closed set)
and that W is any open neighborhood of zq disjoint from Supp(g- p). If

; whereas
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we show that ¢ = 0 on WNS, that is, WNS C Z(g) = CN(g), that is,
WNSNN(g9) = @, we will have shown that x( is not in the closure of
SNN(g), in other words xg ¢ T. Varying xo, we will then have shown that
CSupp(g-p) € CT, that is, Supp(g-pu) D T, whence equality in view of
the preceding note.

TI1.28, ¢. 20-22.

“...but then every function f € #(X;C) with support contained
in U could be written f = gh, where h € #(X;C) has support contained
in UCW?”

For such an f, write Z(f) = {z: f(z) =0} and define
@) for x €U
h(z) =< 9(@)
0 for x € Z(f).

Since both formulas yield 0 on U N Z(f), h is well-defined; and since
CZ(f) = N(f) € Suppf C U, h is defined everywhere on X. As the
restrictions of h to the closed sets U and Z(f) are continuous, h is con-
tinuous on X (GT, I, §3, No. 2, Prop. 4), and Supph C U C W.

111.28, /. 22.

“...it would then follow that wu(f) = pu(gh) =07

We know that W C CSupp(g- i), that is, g-pu =0 on # (X, W;C)
and in particular (g - p)(h) =0, thus 0 = u(gh) = u(f).

TI1.28, /. 23.

“...contrary to the hypothesis y € S.”

It has just been argued that u(f) = 0 for every f € J#(X;C) with
Supp f € U; a fortiori =0 on #(X,U;C), that is, U C CSupp(p) =
CS, and in particular y € U C CS, contrary to y € WNS. This completes
the proof of Prop. 8, as observed at the end of the note for £. 16-18.

I11.28, /7. 24, 25.
“Note that T is contained in the intersection of the support S of u
and the support of g ”

Writing N(g) = {x : g(z) #0}, one has

T=SNN(g) CSNN(g) =SNSuppg.

In the example that follows, Supp(u) = {0}, Supp g = R and Supp(g-p) = &.
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I11.28, /. —9, —8.
“COROLLARY. — In order that the measure g-pu be zero, it is necessary
and sufficient that g be zero on the support of p.”

Writing A = Supp(u) N {z : g(z) # 0}, we know from Prop. 10 that
Supp(g- 1) = A. Since

g-p=0 < Supp(g-p) =9

and since
g=0 on Supp(u) & A=g,

the assertion of the corollary reduces to the triviality A =@ < A = g.

II1.29, ¢. 2-4.

“PROPOSITION 12. — Let a; (1 <1i < n) be distinct points in a locally
compact space X. Every measure on X whose support is contained in the
set of the a; is a linear combination of the measures ,, (1 <i<n).”

Conversely, if p1= )" ¢;e,, then (No. 2, Prop. 4)
i=1

Supp(p) € | J Supp(ciea,) € | Supp(ea,) = {ar,. .. an},
i=1 i=1
where the fact that Supp(e,) = {a} is shown by the following argument:
if U= X — {a} then for all f € #(X,U;C) one has ¢,(f) = f(a) =0,
thus U C CSupp(e,), that is, Supp(e,) C CU = {a}; since Supp(e,) # @
(because €, # 0) necessarily Supp(e,) = {a} (alternatively—cf. the note

for I11.25, ¢. —7 to —5—for every neighborhood V of a, there exists a
function f € #(X,V;C) with e,(f) = f(a) # 0, whence a € Supp(e,) ).

I11.29, /. 16-18.

“It suffices to prove that p is orthogonal to the subspace V° of J# (X; C)
orthogonal to V (TVS, 11, §6, No. 3, Cor. 2 of Th. 1), that is, that the rela-
tions (f,e,) =0, where a runs over the support of u, imply (f,u) =07

In view of Prop. 12, V is the linear subspace of .#(X;C) generated
by the measures e, with a € Supp(p); regarding # (X;C) and .#(X;C)
as being in a (separating) duality via the bilinear form

(f,v) = (fv)=v(f) (feX(X0),ve#(XC)),
it follows that V° is a linear subspace of . (X;C) and

Ve={feX(X;C): (fv)=0 forall veV}
={fe X (X;C): (f,eq) =0 for all a € Supp(p)}
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(TVS, 11, §6, No. 3, Prop. 4, (iii) for the case of real scalars, loc. cit., §8,
No. 4 for the case of complex scalars). By the theorem on bipolars (TVS, II,
§6, No. 3, Th. 1 and §8, No. 4), the polar V°° of V° in .Z(X;C) is equal
to the closure of V in .Z(X;C) for the topology a(///(X; C), (X C)),
that is,

V=vee,

where V is the vague closure of V in .#(X;C). Thus the assertion that
w is vaguely adherent to V is equivalent to the assertion that pu € V°°.

I11.29, /. 19.
“...but this is just Prop. 8 of No. 3.”
The cited proposition states that

f=0on Supp(p) = u(f)=0,

that is,
(f,ea) =0 for all a € Supp(n) = (f,u) =0,

equivalently
f ev® = <f7 ,U/> = 07

in other words p € V°°.

Preparation for Corollary 1 of Theorem 1:

(I). Let A ={aq,...,a,} be a finite set of pairwise distinct points of a

locally compact space X . In order that a measure p on X have support A,
n

it is necessary and sufficient that p = Y cyeq, with the ¢, nonzero scalars,

k=1
in which case

n

(i) liall =~ lexl -

k=1

n

Proof. If p has support A, we know from Prop. 12 that u= > cpex
k=1
for suitable scalars ci . If a coefficient, say c¢;, were equal to 0, then one

would have Supp(p) C {as,...,a,} by the note for I11.29, £. 2-4, contrary
to hypothesis.

n
Conversely, if © = Y cxep for suitable nonzero scalars ¢y , then
k=1

Supp(p) C {ay,...,an} =A
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by the note for II1.29, ¢. 2-4; we assert that Supp(u) = A. Assume to the
contrary that some aj is absent from Supp(u). Then there exists an open
neighborhood U of a; such that UNSupp(p) = @, whence U C € Supp(u),
and so u(f) =0 for all f € #(X,U;C). Choose f € #(X,U;C) such
that f(ax) # 0. For all indices j # k we have a; € CU and so f(a;) =0,
thus

0=p(f) = cjea,(f) =Y cifla;) = crflan) + D ¢;-0=cif(ar),
i=1 =1 i#k

contrary to ¢ #0 and f(ag) #0.

Suppose now that p has the indicated representation. For every

feA(X;C),
Dl =D et @) < UFIY lenl
k=1 k=1

n
hence [|pf < 32 lexl-
k=1

On the other hand, let Vq,...,V,, be pairwise disjoint neighborhoods
of ay,...,a,, respectively, and choose functions fr € J#(X;R) such that
0< fr<1, fr(ax) =1 and Supp fr C Vj; in particular,

fe=0on | JV; for k=1,...,n.
Jj#k

For each k write |cgx| = Ok, with |6 = 1, and set

9=> Ocfr;
k=1

then g(ax) = Ok fr(ar) = Oy for all k. If x € X then, since the fr have
disjoint supports, at most one term in the sum for g(z) can be nonzero,
therefore |g(z)| < 1; but |g(a1)] =1, and so ||g|| = 1. Moreover,

pg) = crear(9) =D crglar) =Y e =Y |ex|,
k=1 k=1 k=1 k=1

thus ||u|| = |u(g9)| = >° |ek|, which completes the proof of (i).
k=1
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(IT). Let A ={a1,...,a,} be a finite set of pairwise distinct points of a
locally compact space X, and let p be a measure on X with Supp(p) C A.
Let v be a real number > 0. Then

(ii) |lpll <r < pebal conv {req,,...,req, },

where bal conv {reg,,...,Teq, } denotes the balanced convex envelope of the
set {rea,,...,7€q, } in M (X;C).

Proof. Recall that the balanced convex envelope of a subset S of a
vector space (real or complex) is the set of all finite linear combinations
Y- cjuj, where u; € S and the ¢; are scalars such that ) |c;| <1 (TVS,
IT, §8, No. 2).

n
By (I), p = > ¢k€a, , where ¢, is 0 when the point aj does not

belong to Supp(u), and

n
k]
lull <7 ;17<1

Thus the formula

shows that if ||| < r then u belongs to the balanced convex envelope of
{rea,,...,7€aq, }.

Conversely, if = ) bi(re,,) with E |br| < 1 then, by (i), [|u]] =
k=1

n n
> |ber| =7 3 bk <7
k=1 k=1

The following general lemma prepares the way for item (III) below.

LEMMA. — Let F,G be complex vector spaces in duality with respect
to a bilinear form (z,y) — (z,y) (r €F,y € G), and let M be a “circled”
(zeM and |c| =1 imply cx € M) subset of F. Then:

(1) The polar M° of M in G is given by the formula

M°={yeG: [(z,y)| <1 forall z € M}.

(2) M° is convex and balanced.

(3) If N s the balanced convex envelope of M, then N° = M°.

(4) M°° = N (the closure of N for o(F, G)), which is the closed bal-
anced convex envelope of M.
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Proof. Recall that a subset A of a complex vector space is said to be
balanced if cx € A for all z € A and all scalars ¢ with |¢| < 1. Balanced
sets are obviously circled. The polar of M is defined (for any subset M
of F') by the formula

M°={yeG: Z(z,y) > —1 forall €M}

(TVS, 11, §8, No. 4, Def. 1).
(1) If ye G and [(z,y)] < 1 for all x € M, then for all z € M one
has

1% (z,y)| < [{z,y)] <1,
whence —1 < Z (z,y) <1 and in particular y € M°.
Conversely, suppose y € M° and z € M. By assumption,
‘@ <C$7y> > _1

for all scalars ¢ with |¢| =1;if ¢ is chosen so that ¢(z,y) = —|(z,y)|, then

-1< @<C$,y> :%C<.'L',y> = —|<.Z',y>|,

whence |(z,y)| < 1.
(2) If y = ciy1 + cay2, where yi1,y2 € M°, ¢ > 0, c2 > 0 and
c1 +co =1 then, for all x € M,

[(x, )| = ler (@, y1) + colw, y2)|
<al{zy)|+el{z,y2)| <er 1+ 1=1,

whence y € M°; thus M° is convex. If y € M° and c is a scalar with
lc| <1 then, for all z € M,

[z, eyl = le| - [(z,y)| <1-1 =1,

whence cy € M°; thus M° is balanced.

(3) As noted at the beginning of the proof of (II), N is equal to the set
of all finite linear combinations = = > cpzr with zx € M and > |ex| < 1.
For all such z, and for y € M°, one has

o)l = |3 elwrand)] < S lenl - 1w w)] < Sleal - 1< 1,

whence y € N° (by (1) applied to N in place of M ); thus M° C N°. But
M C N implies M°® D N°, therefore M°® = N°.

(4) Since N is balanced and convex, its closure N for o(F,G) is also
balanced and convex (TVS, II, §2, No. 6 and §8, No. 2), thus N is the
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closed balanced convex envelope of M. Since N is convex, its closed convex
envelope is also equal to N, and since 0 € N it follows from the theorem on
bipolars that N°° = N. In view of (3), we have also M°° = N.

(II1). Let S be a subset of the locally compact space X, let r >0, let
B ={ve#X;C): |v|<r and Supp(v) is a finite subset of S},

and let Z° be the polar set of B in H (X;C) for the canonical duality
(f,v) = v(f). Then

(i) B — {f e H(X;C) : \(f,sa>]<% forall a €S}

Proof. Let &2 = {re,: a € S}, and let P, be the balanced convex
envelope of &7, that is, the set of all finite linear combinations Y cxvy ,
where v, € & and > |ep| < 1.

We assert that B = Pp.. For, if v € A, so that |v|]| < r and
Supp(v) = {a1,...,a,} with the aj pairwise distinct elements of S, then
by (II),

v € bal conv{re,,,...,req, } C Ppe.
n

Conversely, suppose v € P, so that v = Y cp(re,,) for suitable points
k=1

n
ar € S and scalars ¢, such that > |ex| < 1; we can suppose (after
k=1
gathering together coefficients of a same ¢,, ) that the points a; are pair-
wise distinct (at work here is the triangle inequality for the partial sums
of the ¢ ), so that the ¢,, are linearly independent; then, omitting terms
with zero coefficients, we can further suppose that the c; are nonzero. Then,
Supp(v) = {a1,...,a,} C S by (I), and |[v|| < r by (II), thus v € A.
Now let {M = cv : |¢f = 1and v € &} (the “circled envelope”
of &). Clearly M and & have the same balanced convex envelope, thus

bal convM = P, = AB;

the vague closure % of % is therefore equal to the vaguely closed balanced
convex envelope of # as well as to the closed balanced convex envelope
of M, and since both % and M are circled, it follows from the preceding

Lemma that o
M°° = #°° =4A.

Then (TVS, 11, §6, No. 3)

MO — (MOO)O — ((@OO)O — (@O’
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thus

B =M’ ={fe(X;C): [(f,v)| <1 foral veM}
={fe X (X;C): |(fic(rey)) <1 forall ce T and a €S}
1
={fe X (X;C): |{fe)| < - for all a € S},
which establishes the formula (iii).
The argument shows incidentally that a measure p on X is vaguely
adherent to Z if and only if p € %B°°; in view of the formula (iii), p is
vaguely adherent to 4 if and only if

FeH(XO) & lifea)l <+ forall a€S = (] <1,

that is,

fed (X 0) &f|sl <

L= i<t

I11.29, ¢. 24-26.
“To prove the first assertion...”

This is covered by the preceding remarks, with Supp(p) in the role
of S, r=|p/l, and A in the role of £.

I11.29, ¢. —8 to —b5.
“ ..we note that
. 3 >
tmin o] > ]

since the function v — ||v|| is lower semi-continuous for the vague topology
(81, No. 9, Cor. 4 of Prop. 15)”

One must adapt the cited Prop. 15 to the situation of a limit with respect
to the relative topology induced on A by the vague topology. Let ¥ be
the set of neighborhoods of p for the vague topology on .Z(X;C). By
definition,

liminf ||v| = sup < inf ||1/||)

v—u, VE vey veEVNA
Given 0 < h < ||u||, by the cited lower semi-continuity there exists a V € ¥
such that v € V. = |[|v|| > h; in particular, v € VN A = ||v|| > h, hence

e e
P B I < T ind, )

and the desired inequality results from letting h — ||| .
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1129, /. —5, —4.
“...and the conclusion follows from the fact that ||v|| < ||u| for v € A
by definition.”

Since |lv|| < |||l for all v € A by the definition of A, we have (nota-
tions as in the preceding note)

timsup [lv]| = inf (sup [vll) <l < liminf ],
v—pu, VEA VeV \vevna —p, VEA

whence equality throughout (GT, IV, §5, No. 6, formula (11)); thus
li =
il =

by GT, IV, §5, No. 6, Cor. 1 of Th. 3 (the filter & in question being the
trace ¥ N A of ¥ on A).

Note: It follows that the mapping A U {u} — [0,+oc[ defined by
v — ||v| is continuous at p for the topology on A U {u} induced by the
vague topology.

II1.30, ¢. 2-4.

“ . .for every e such that 0 < e < 1, there exists, by virtue of Cor. 1,
a measure vy whose support is finite and contained in Supp(p) and for
which v —p eV and || = ||lvoll = (1 —e)|lpl.”

With A as in Corollary 1, we know that
li = ;
PN el T

therefore, since ||u|| > (1 — &)||u||, there exists a vague neighborhood V'
of 0 such that

veA,ven+V = v >(1—a)ul.

Since p is vaguely adherent to A, the vague neighborhood V N V’
of 0 contains vy — p for some vy € A, whence both v — p € V and

liall = ol > (1 =)l -

I11.30, ¢. 5.
“and v —wl <l

Since |lvp]l = (1 — e)||pl|| = ||pll — €l|p]|, one has ||u|| — ||voll < ellpll,
therefore
V—I/OZM.VO—I/O: (M—1>1/0:M-1/0,
vol llvoll ol
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whence [lv —vo|| = [lull = [[voll < ellpll < Il -

I11.30, /. 5,6.
“...for e sufficiently small we therefore have v —pu € V + V| whence
the conclusion.”

If fe #Z(X;C) and ¢ > 0, the set
W={pe#(X;C): |p(f)| <c}

is an open neighborhood of 0 (for the vague topology); replacing f by ¢~ 1f,
one has

W={pe#(X;C): |p(f)|<1}.

The set of finite intersections of such sets is a fundamental system of neigh-
borhoods of 0. Thus we can suppose that

V={pe.#(X;C): |p(fp)| <1 for k=1,....n},

where fr € #(X;C) fork=1,...,n.
Let us now impose a further condition on &, namely, that it be suffi-
ciently small that

ellpll - lIfell <1 for k=1,...,n.

Then, the measure vy constructed above will satisfy

(v = v0) ()l < v = woll - [1Fll < ellpll - [[fxll <1

for all k, whence v — vy € V. Thus
v—pu=wv—uv)+w—p) eV+V,

and so v € u+ V + V; since the V+ V form a fundamental system of
neighborhoods of 0, we have shown that every neighborhood of p contains
a measure v € A such that ||v| = ||ul.

I11.30, ¢. 10-13.

“...The same reasoning as in Cor. 2 shows that we can limit ourselves
to proving that p is in the vague closure of the convex set B formed by
the positive measures with finite support contained in Supp(x) and with
norm < [ul|.”

Recall that the real vector space . (X;R) may be identified with the

R-linear subspace of . (X;C) consisting of the complex measures p on X
such that p = p (§1, No. 5). The identification is a homeomorphism for the



62 SUPPORT OF A MEASURE INT III.x50

vague topologies (induced by #(X;R) and 7 (X;C), respectively); for, if
pj,p € A (X;R), then p;(g) — p(g) for all g € Z#(X;R) if and only if, for
all fe #(X;C),

pi(f) = pi(Z f) +ip;(I [) = p(Z [) +ip( [) = p(f) -

Thus if S is a subset of .#(X;C) consisting of real measures, the vague
closure of S in .# (X;C) coincides with the vague closure of S in .Z(X;R).
Moreover, it follows from §1, No. 8, Cor. 3 of Prop. 10 that ||p|| for a real
measure is the same whether calculated in .Z(X;C) or in #Z(X;R).

Let us write D for the set of all v € .#,(X)such that Supp(v) is a
finite subset of Supp(p) and ||v|| = ||u||, and let D be the vague closure
of D. The convexity of D is assured by the computation ||cv+ (1 —c)v/| =
cllvl]|+ (1 —¢)||v'|| for positive measures v,v" and for 0 < ¢ <1 (§1, No. 8,
Prop. 11). The assertion of Cor. 3 is that p € D.

Suppose we can show that p € B. Then (arguing as in the preceding
note) given an open neighborhood V of 0 in .#(X;C), say

V={pe#(X;C): |p(fr)] <1 for k=1,...,n},

and given an € > 0 such that e||u|| - || fx|| <1 for all &k, choose vy € B so

that vo—p € V and ||p|| = ||vol| = (1—¢)||u|| . Setting v = ”"LH'VO , we have
Yo
v >0 (because vg = 0), [[v|| = [|p|| (hence v € D) and ||v —wo| < ||,

whence v —vg € V and v — pu € V+ V. This shows that € D.

I11.30, 4. 13, 14.

“Again, it suffices to establish that p belongs to the polar set of B°,
the polar set of B in the space # (X;R)”

The point is that to exploit the argument of the preceding note, we
must show that pu € B. It is clear that B is convex and that 0 € B, thus
B = B°° by the theorem on bipolars for the duality between . (X;R) and
A (X;R) (TVS, 11, §6, No. 3, Th. 1).

I11.30, £. 15 17.

“...but this means that for f € J#(X;R) the relations (f,e,) >
—1/||p|l for all a € Supp(p) imply (f,u) > —1, which is a consequence
of No. 3, Cor. 2 of Prop. 8.”

We know, from item (I) of the Note for II1.29, ¢. 19, that B consists
of 0 together with the set of all measures v on X of the form

n
(*) V= Z Ck€ay, »
k=1
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where al,.. ,ap are distinct points of Supp(u), c¢x >0 for k=1,...,n,

and Z e = [l < flell-
leen fe X (X;R), we assert that

1
feB® & (fieq) > ——— forall ac Supp(p).

i

For, if f € B°, that is, if (f,v) > —1 for all v € B, then in particular
(f,llplleay = —1 for all a € Supp(u). Conversely, if f has the latter
property and if v € B is represented as in (*), then

)= exlfcu) >~ S > 1.

whence f € B°.
Thus, in order that p belong to B = B°° | it is necessary and sufficient
that

feB® = (fim=-

that is,

(fiea) 2 || || for all a € Supp(p) = (f,p) > -1,
that is,
(%) f>—— on Supp(p) = wp(f)=-1.

To prove (**), choose g € #(X;R) such that 0 < g <1 and g =1 on
1
Supp(y), and in particular, llgll = 1. Then if f > Tl on Supp(u),

one has [ + H H > 0 on Supp(u ), and since p > 0 it follows from
Cor. 2 of No. 3, Prop. 8 that u(f—i— T H g) =0, that is, u(f) > —ﬁu(g);
but (g) f [l - llgll = llull, whence —p(g) > —|lp|l, and finally
u(f) = —mu(g) > -

I11.30, (. 23.

“...the conclusion therefore follows from Th. 1.”
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Let 7 be the linear subspace of .#(X;C) generated by the point
measures, that is, the set of finite linear combinations of the Dirac meas-
ures g, (a € X); it follows from Prop. 12 that ¥ is equal to the set of
measures on X with finite support (see item (I) in the note for I11.29, ¢. 19).

It is clear from Th. 1 that 7# is vaguely dense in .#(X;C); we are
to show that it is also dense for the (stronger) topology of strictly compact
convergence; writing # for the closure of ¥ for the topology of strictly
compact convergence, we are to show that # = . (X;C).

The strategy of the proof is to show that (1) # contains every bounded
measure, and (2) the set of bounded measures is dense in .Z(X; C) for the
topology of strictly compact convergence.

(1) Let p be a bounded measure. Then Zu and % are also bounded,
hence p is a linear combination of four bounded positive measures (§1, No. 8,
Cor. 2 of Prop. 11); thus, in showing that u € #, we can suppose that
1> 0. Let U be an open neighborhood of p in . (X;C) for the topology
of strictly compact convergence; then UN.#, (X) is an open neighborhood
of u in .#,(X) for that topology. By Prop. 18 of §1, No. 10, the topolo-
gies on . (X) induced by topology of strictly compact convergence and the
vague topology are identical, therefore UN.#Z (X) is also an open neighbor-
hood of u for the vague topology, hence there exists a vaguely open set V
in #(X;C) such that UN.Z(X) =VnN.#.(X); by Cor. 3, VN.#.(X)
contains a measure v with finite support (contained in Supp(u)), thus
v € UN7Y and we have shown that g is in the closure of ¥ for the
topology of strictly compact convergence, that is, u € # .

(2) It remains to show that every measure p is the limit, for the topology
of strictly compact convergence, of bounded measures. Let % be the set of
compact subsets K of X, which is directed upward by inclusion. For each
K € #, choose a function gx € # (X;C) such that gk = 1 on K (no
other properties are needed). Then, for each K € J# | the measure gk -
has (compact) support contained in Supp(gk) N Supp(p) (No. 3, Prop. 10),
hence is bounded (No. 3, Prop. 11), thus it will suffice to show that the
directed family (gx - 1t)gex converges to p for the topology of strictly
compact convergence, that is,

(*) gk -p — p uniformly on each strictly compact subset of £ (X;C).

Let 7 be a strictly compact subset of J# (X;C), say Ko € # with & C
H(X,Kp; C); we are to show that gk - 4 — p uniformly on &/ . For every
K e # with K D Ky, we have ggx -u—p =0 on #(X,Kg;C); for, if
fe (X, Kp;C) then ggf = f (because gk = 1 on K, hence on Ky,
whereas f =0 outside Kj) and so

(g - pp— ) (f) = plgx f) — u(f) = u(f) — u(f) = 0;
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in particular, gx -4 —p = 0 on & for all K D Ky (because & C
H (X, Kg; C)), thus (x) is established with a vengeance.

One will notice that item (2) proved above is a consequence of the Cor. 4
for which it has served as a lemma.

Note also that given a measure pu € .#(X;C), the approximations in
both (1) and (2) are accomplished with measures whose support is contained
in Supp(p); thus p is in the closure, for the topology of strictly compact
convergence (call it 3, as in Prop. 17 of §1, No. 10) of the set of measures
with finite support contained in Supp(u). In detail: Let U be an open
neighborhood of p for 5, and let v € U be a bounded measure with
support contained in Supp(u); since U is also a neighborhood of v for 73,
it contains a measure p with finite support contained in Supp(v), and hence

in Supp(p) .

I11.30, /. —12.
“The condition is obviously sufficient by virtue of Prop. 6 of No. 2.”
With F = Supp(u) in the cited Prop. 6, one concludes that the set

Z ={v e #(X;C): Supp(v) C Supp(u) }

is a vaguely closed linear subspace of .#(X;C). For every g € J# (X;C)
(indeed, for every g € %(X;C)) it follows from No. 3, Prop. 10 that
Supp(g - ) C Supp(p), thus g-p € £. Since £ is vaguely closed, it
contains the vague closure of the set of all such measures ¢ - u; by hypoth-
esis, €4, belongs to that vague closure hence ¢,, € £, that is,

{zo} = Supp(es,) C Supp(p),

thus xg € Supp(u) .

T11.30, ¢. —10 to —6.
“...we are to prove that there exists a function g € #(X;C) such
that ||g-p/l <1 and such that

| fe(zo) — u(gfu)] <0

for 1<k<<n’

One has fi(zo) — (9fr) = €20 (f&) = (9-1)(fi) = (€wy — g 1) (fi) , thus
the indicated inequalities state that the vague neighborhood of ¢,, defined

by
{ve #(X;C): [(eao —V)(fi)| <6 (1<k<n)}

contains g - p.
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I11.30, /. —6, —5.
“Let U be a relatively compact open neighborhood of z¢ such that the
oscillation of each of the fr (1< k<mn)on Uis <§/2.

One could take U to be a relatively compact open neighborhood of x
such that |fi(z)— fr(xo)| < 0/4 forall x € U and k =1,...,n. But in fact
the proof requires only that U be a relatively compact open neighborhood
of xy such that |fi(x)— fr(xo)| <0/2 forall x €U and k=1,...,n.

I11.31, /. 5.
“Since v has its support in U, we may identify it with its restriction
to U7

The matter is delicate.

Let us write simply vy for the restriction V‘U of v to v (§2, No. 1);
thus, for ¢ € #(U;C), vuy(g) = v(g'), where ¢’ is the extension by 0
of g to X. One knows (loc. cit.) that g — ¢’ is a vector space isomor-
phism (indeed, an algebra isomorphism) of #(U;C) onto the vector space
(X, U; C) of continuous functions on X with compact support contained

in U, and is clearly an isometry: ||¢’|| = |lg||. But this is true for every
measure v and every open set U, and does not exploit the assumption that
Supp(v) C U.

The text proposes to identify ||| and [vy]|. These are defined by the
formulas

vl = sup{lv(f)] - fe A (XC), [fIl <1}
lvull = sup{[vu(g)l : g € #(U;C), [lgll <1}
=sup{[v(f)]: fe A (X, U;C), [f <1},
Since ||v|| is defined by a larger class of functions f than is |vy|l, we
obviously have |lv|| > |lvull; the problem is to exploit the hypothesis
Supp(v) € U to prove that the two norms are equal. To this end, we
employ an auxiliary function fo € 2 (X;C).
Let fo € #(X;C) besuch that 0 < fo <1, fo =1 on Supp(v) and
Supp(fo) C U (hence fy =0 on X — U). (The lemma at the end of this
note reviews the construction of such a function.)

Proposition A. For every f € #(X;C), one has ffy € #(X,U;C)
and v(f) = v(ffo); thus if g= ffo|U, then g’ = ffo and vy(g) =v(g') =
v(ffo) =v(f)-

Proof. Let f € 2 (X;C). Then Supp(ffo) C Supp(f)NSupp(fo), thus
Supp(f fo) € Supp(fo) C U, whence ffy e #(X,U;C). Since ffo=f on
Supp(v), one has v(ffo) =v(f) (§2, No. 3, Cor. 1 of Prop. 8).
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Proposition B. |vy|| = ||V
Proof. For every f € J#(X;C), we have, with notations as in Prop. A,

lglt = 1lg"ll = ILf foll < AU - foll < I

therefore

(Nl = w(ffol = [vu(@] < llvull - llgll < llvull - £

whence ||v|| < ||vu||. The reverse inequality was noted earlier.

The foregoing may be summarized as follows:
Proposition C. If U is an open set in X and if v is a measure on X
with compact support contained in U, then

vl = sup{[v(f)]: feA(X,U;C), fl <1}
(where [| f]| = ilelglf(ﬂﬁ)! and [lv]| = sup{|v(f)|: f e A (X;C), [[f]l<1).

This is the justification for “identifying v with vy ”. The lemma used
in the proof is as follows:

Lemma. If, in a locally compact space X, A is a compact set and U 1is
an open set such that A C U, then there exist (i) an open set V and a
compact set B such that
AcCcvVvcBcU

(briefly, every open neighborhood of the compact set A contains a compact
neighborhood of A), and (ii) a continuous function f:X — [0,1] such that
f=1on A and f=0 on CB (thus f € #(X;C) and Supp(f) C B,
so that f € #(X,B;C) Cc #(X,U;QC)).

Proof. (i) By local compactness, U contains a compact neighborhood
of each of its points; a covering of A by finitely many such compact neigh-
borhoods yields both V (the union of their interiors) and B (their union).

(ii) Since the compact space B is normal (GT, IX, §4, No. 1, Prop. 1),
by Urysohn’s theorem there exists a continuous function g : B — [0, 1]
such that g =1 on A and ¢ =0 on B—V (loc. cit.,, Th. 1). Defining
f:X —[0,1] by the formulas

_ Jg(z) for z€B
f(x)_{ 0 forzeX—V

(both formulas yield 0 on BN (X — V) =B —= V), f is continuous on X
(GT, I, §3, No. 2, Prop. 4).
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1131, /. 6-8.

“...the hypothesis ||v|| =1 then implies that there exists a function
h € # (X;C), with support contained in U, such that ||| <1 and such
that |ak(l —v(h))| <6/2 for 1<k<n.

It is here that we need Prop. C of the preceding note: Since ||v|| =1,
there exists a function h € (X, U;C) such that ||h|| <1 and [v(h)| is as
close to |lv]| =1 as we like, in particular, close enough so that

lag (1 —|v(h)])| < /2 for 1 < k< n;

replacing h by ch for suitable |c| =1, we can suppose that |v(h)| =v(h),
whence the desired inequalities.

I11.31, /. 8,9.
“The definition of U moreover shows that |[(ar — fx(z))h(z)| < 6/2
forall x € U”

Recall that ||h]| < 1. Since the inequalities hold trivially for x € CU
(because Supp(h) C U), we have in fact ||axh — frh| < §/2.

I11.31, ¢. 9, 10.
“.since |v]] = 1 and Supp(v) C U we therefore have

lv((ar — fr)h)| < 6/27
For,

v (e = fu)h) | < vl - l(aw = fo)h)ll = llaxh — frhll < 6/2

by the preceding note.

I11.31, ¢. 10-12.
“...setting g = goh,

|fr(zo) — pu(gfe)| <6 for 1<k<n.”

For,

| fre(zo) — (g fe)l = | fru(zo) — p(gohfr)l
= [fr(zo) — (90 - 1) (fih)]|
= |ag — v(fih)|
< ok (1 =v(h))| + |v(owh — fuh)| < 6/2+6/2.

I11.31, /. 13.
“This proves the proposition, since ||g-ul = [[(goh)-pl| < ||go-p|| =1.7
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For,

lg - wll = [[(goh) - pll = Ih - (go - )| < [Pl - llgo - pll < llgo - pll = [[v]| =1

(81, No. 4 and No. 8, Prop. 12).

II1.31, £. 19-21.

“Conversely, if Supp(v) C Supp(p) then v is the vague limit of mea-
sures with finite support contained in Supp(u) (Th. 1), hence is in the vague
closure of the set of measures g - by Prop. 13.”

Suppose first that v has finite support contained in Supp(u); say v =
n
> ckeq, for suitable points aj € Supp(p) (Prop. 12). Note that the set
k=1

H(X;C)-p={g-p: ge X (X;C)}

is a linear subspace of .# (X;C), hence its vague closure

V={g-pn: ge X (X;C)}

is also linear subspace of .Z(X;C). It follows from Prop. 13 that ¢, € ¥
for every a € Supp(u), in particular for every a, (kK = 1,...,n), hence
vev.

Now let v be any measure with Supp(v) C Supp(p). We know from
Th. 1 that there exists a directed family (v;) of measures, with finite support
contained in Supp(u), such that v; — v vaguely; since v; € ¥ by the
foregoing, and ¥ is vaguely closed, we conclude that v € ¥ .

Remarks. # (X;C) is of course a module over the ring #(X;C), via
the mapping (f,p) — f - p; thus ¥ is the vague closure of the cyclic sub-
module J#(X;C)-p of A#(X;C). Infact, ¥ is a submodule of .#Z(X;C),
that is,

he #(X;C),ve?V = h-veV.

For, if (g;) is a directed family in .2 (X;C) such that g; - © — v vaguely,
then h-(g; - 1) — h-v vaguely, since, for every f e 7 (X;C),

(h-(gj - ) (f) = whg; f) = (g; - w)(nf) = v(hf) = (h-v)(f);

thus (h-gj)-p — h-v vaguely, which shows that h-v € #. Thus ¥ is
the vaguely closed submodule of .#(X;C) generated by pu; the Corollary
provides a remarkable characterization of it.

In particular, if Supp(p) = X, then ¥ = .#(X; C), so to speak .# (X;C)
is a “topologically cyclic” module with generator p. (Example: X =R (or
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X = [0,1]), with p the Lebesgue measure.) Thus the corollary yields a
striking characterization of “topologically cyclic” measures:

H(X;C)-p=4(X;C) < Supp(p) =X
(closure with respect to the vague topology on .Z(X;C)).

Is #(X;C) a topological module over J# (X;C) (for the direct limit
topology on #(X;C) and the vague topology on .Z(X;C)), i.e., is the
bilinear mapping

H(X;C) x M(X;C) — M (X;C)

defined by (g, p) — g-p continuous (jointly in the variables) for the indicated
topologies? I suspect that the answer is usually “no” and that the case of
X = N with the discrete topology may provide a counter-example (cf. TVS,
ITI, §5, Exer. 3, TVS, IV, §1, Exer. 7, and the note for II1.16, ¢. 13-15).
A counterexample with X compact is proposed in §1, Exer. 12 d) (possible
candidate: the 1-point compactification of the discrete space N7?). The
following is a more elementary observation:

Proposition. The above mapping (g,p) — ¢ - p is always separately
continuous in the variables.

Proof. If p; — p vaguely then g-p; — g-p vaguely; for, if f € #(X;C)

then
(g-p)(f)=pi(af) — plaf) = (g-p)(f).

On the other hand, if g; — g for the direct limit topology, the claim is
that g; - p — g - p vaguely for every measure p. This entails showing that
for every f € J(X;C) and every measure p,

p(g;f) — p(9f);

for this, we need only show that the mapping u : ¢ — gf is a continuous
endomorphism of J# (X;C). To this end, if K is any compact subset of X,
and ug : Z(X,K;C) — #(X;C) is the canonical injection, it suffices to
show that the composite mapping v o uk ,
H (X, K;C) - #(X;C) = #(X;C)
gr—g—fg

is continuous. It is convenient to factor u o ux another way: let Ky be
the support of f, let v : Z(X,K;C) — #(X,Kp;C) be the mapping
v(g) = fg, and consider the factorization woug = ug, ov:
A (X,K;C) - #(X,Kp;C) — A (X;C)
g—fg—rfg
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The continuity of v (||fg|| < || f] llg|l) and that of uk, assures that of uoug
and completes the proof of the Proposition.

II1.31, ¢. —9 to —T7.

“For every a € N and every neighborhood V of a, there exists a
function f € #(X;C) with support contained in V, equal to 1 at the
point @ and to 0 at the other points of N, whence u(f) = h(a)#0.”

Since N is discrete, {a} is an open subset of N, hence there exists
a neighborhood W of a in X such that WNN = {a}; replacing W
by VN W, we can suppose that W C V. Choose f € #(X;C) so that
f(a) =1 and Supp(f) € W; then f =0 on CW, hence on NN LW =
N—W=N—=WnNN=N — {a}, that is, f =0 at the points of N other
than a; moreover, Supp(f) C W C V as desired. Finally,

u(f) = Z h(z)f(x) (definition of )
:Zh(fﬂ)f(l‘) (N={zeX: hiz)#0)

= h(a)f(a) (f=0on N—{a})
=h(a)-1#0 (f(a)=1 and a € N).

To summarize: Assuming a € N, for every neighborhood V of a there
exists a function f € J(X;C) such that Supp(f) C V and u(f) # 0,
whence a € Supp(u) (No. 2); thus N C Supp(u) .

II1.31, (. —5, —4.
“...for every function g € #(X;C) with support contained in W, we
therefore have pu(g) =0, which proves that b ¢ Supp(u).”

Calculating as in the preceding note, we have

plg) = hx)g(x)

zeN
=0 (because g =0 on LW D N).

To summarize: Assuming b ¢ N, the existence of such a neighbor-
hood W of b assures that b ¢ Supp(u) (No. 2). Thus CN C CSupp(u),
i.e., Supp(u) C N.

I11.31, ¢. —1 to 111.32, /. 1.

“...the restriction of u to V, is therefore a point measure with support
{a} (No. 2, Prop. 5)”

Supp(uwa) =V, NSupp(p) =V, NN = {a}; quote Prop. 12.
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II1.32, 7. 2.

“...is of the form h(a)e,...”

The scalar coefficient yielded by the cited Prop. 12 is here written h(a)
in anticipation of the function h being defined.

II1.32, /. 2-4.
“Setting h(x) =0 at the points of LN, and denoting by v the measure
defined by the masses h(x), the principle of localization shows that v = p.”

Let us first establish that the function h: X — C so defined is eligible
to define a discrete measure. Indeed, for every compact subset K of X,
N N K is finite; for, since N is closed, NN K is a compact subset of the
discrete space N, hence is covered by finitely many of the open subsets {x}
(r € N) of N. It follows from the discussion in §1, No. 3, Example I that
a discrete measure v on X can be defined, for every f € 7 (X;C), by the
formula

:Zh(a)f(a) (h=0o0n CN)

= Y h(a)ea(f) (f=0 on CSupp(f))

a€NNSupp(f)
(a finite sum, since Supp(f) is compact).

Note that if @ € N then V‘Va = h(a)e,; for, if f € H(X,V,;C)
then f =0 on CV,, hence on N — V,, thus the above sum reduces to
Ba)ea(f), that is, v(f) = h(a)ea(f) - Thus,

(1) v|Vy = h(a)eq = p|Va  forall a €N.

Now, N is defined to be equal to Supp(i), and the proof of “necessity”
shows that Supp(v) = N. Thus

(ii) Supp(p) = N = Supp(v).

For each x € CN define V, = CN = CSupp(u) = CSupp(v); then

(iii) V|V, =0=p|V, forall z€ CN.

From (i) and (iii), we see that (V.).ex is an open covering of X such that

I/‘VI = ,u‘VI for all z € X,
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therefore © = v by the principle of localization (No. 1, Cor. of Prop. 1),
thus g is indeed discrete.

§3. INTEGRALS OF CONTINUOUS VECTOR-VALUED FUNCTIONS

IT1.32, ¢. 14-16.

“... E™*, equipped with the weak topology o(E'*E'), may be canoni-
cally identified with the completion of E equipped with the weakened topology
o(E,E").

In TVS, I1, §6, No. 7, Prop. 9, set F = E and G = E’, placed in duality
via (z,2') =7'(z).

{In particular, regarding E C E (the completion of E for the weakened
topology o(E,E’)), if z € E then the corresponding element of E’* is
the linear form z’ — z/(z). The extension of the correspondence to general
clements Z of E entails identifying E’ with E’ (a continuous linear form z’
on E being extended to E by continuity). }

The proof of the cited Prop. 9 is based on the fact that if G is any vector
space over C, and G* is its algebraic dual equipped with the topology
o(G*,G), then G* is a complete topological vector space, a consequence
of the observation that G* is isomorphic, as a topological vector space, to
the product space C', where 1 is a set whose cardinality is equal to the
dimension of G (TVS, §6, No. 6, Cor. 2 of Prop. 8). An alternative proof
of the latter observation is as follows.

Let (e,),e1 be a basis of G indexed faithfully (¢ # k = e, # e, ), and
define a mapping v : G* — C! by

v(y*) = (y*(e.)),o for y* € G*.

The linearity of v follows directly from the definitions: for y*, z* in G*,

v(y* +2%) = (" +2%)(e) o = (¥ (e) + 2%(e)
= (*(er) o1 + (2(e) oy = v(¥*) + v(%),

and similarly v(cy*) = cv(y*) for every scalar c. If v(y*) = 0 then y*(e,) =0
for all + € I, whence y* = 0 by linearity; thus v is injective. Given
any (c,),e1 € C', the linear form y* € G* for which y*(e,) = ¢, for
all « € I satisfies v(y*) = (¢,),e1; thus v is surjective, hence is a vector
space isomorphism.
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The bicontinuity of v is perhaps most easily seen when convergence is
cast in terms of directed families (“nets”). For each y € G, let f,: G* —» C
be the linear form defined by f,(y*) = y*(y) for all y* € G*; thus the
topology o(G*,G) on G* is by definition the initial topology for the family
(fy)yec of linear forms. It follows that if y* € G* and § is a filter on G*,
then

F—ytin G o f,(§) = f,y") = y*(y) forall yeG

(GT, 1, §7, No. 6, Prop. 10). Translated in terms of nets, this says that for
a directed family (y¥) in G*,

yh - y* in G* & yf(y) — y*(y) in C for every y € G.

Since every y € G is a finite linear combination of the basis vectors e, , and
since the linear operations in C are continuous, an equivalent condition is
that

yr(e,) — y*(e,) forall L€T1,

that is, for every ¢ € I, the ('th coordinate of v(y,*) converges to the
'th coordinate of v(y*); since the product topology on C! is the initial
topology for the family of coordinate projections, this is in turn equivalent
to the condition v(y*) — v(y*) in C! (cf. J.L. Kelley, General topology,
p. 91, Th. 4). Thus

yr —y* in G* & w(yk) —>uy*) in C,

whence the asserted bicontinuity of v. Since continuous linear mappings
are automatically uniformly continuous (GT, III, §3, No. 1, Prop. 3), and
since C! is complete (GT, II, §3, No. 5, Prop. 10), one concludes that G*
is complete.

I11.32, ¢. —16.
“ ..nto C ...

More precisely, into R or C as the case may be (cf. the preamble to
the section).

1132, (. —16, —15.
“...(in other words the mapping z’of, also denoted (f,z’})) is contin-
uous.”
Since o(E,E’) is the initial topology for the family of mappings
z : E — C (z € E), the weak continuity of f can also be expressed by
saying that f : X — E is continuous when E is equipped with its weakened
topology o(E,E’).
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I11.32, /. —10, —9.
“...they are, however, equal when E is finite-dimensional.”

Assume E is a finite-dimensional Hausdorff topological vector space;
then the weakened topology o(E,E’) on E coincides with the original topol-
ogy of E (TVS, I, §2, No. 3, Th. 2). Therefore every weakly continuous
function f : X — E is continuous (the converse is trivially true for any topo-
logical vector space E). We are to show that jfiv/(X; E) c #(X;E) (whence
equality).

Let f € 4 (X;E). By the preceding remark, f is continuous. Let
zy,...,z) be a finite separating set in E’ (e.g., a basis of E’, which we
know to be finite-dimensional with same dimension as E, by A, II, §7, No. 5,
Th. 4 and TVS, I, §2, No. 3, Cor. 2 of Th. 2). Then, for z € X,

f(z) #0 < 2z (f(z)) #0 for some k,

thus
{o: £(2) £0} = J{o: (z0f)(@) £0},
k=1
whence .
o f@ £0) = JTo: (7o D)) £07,
k=1
that is,

Supp(f) = |_J Supp(z}, o f);
k=1

by hypothesis, each term of the union is compact, whence f € #(X;E).

T11.33, /. 6-11. N

“DEFINITION 1. — For every function f € J#(X;E) we call integral
of £ with respect to p, and denote by [fdp or [£(z)du(z), or [fu, or
[ f(z)p(zx), the element of E'* defined by

(1) </fdu,z'> = /(f,z'>du for all z' € E'.

We note that even if E is Hausdorff and f € # (X;E), one does not
necessarily have [fdu € E (Exer. 1; cf. No. 3).”

It is noteworthy that the notation p(f) is not proposed for [fdu (a
function, more precisely, a linear form on E’), nor for the generalization of
[fdp given in Ch. VI, §1, No. 1, Def. 1; yet it is authorized for the case
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of a vectorial measure m : :%v/(X) — E (E a Banach space) (Ch. VI, §2,
No. 2, Def. 2), where [ fdm € E™ is denoted m(f) for (in particular)
fex(X).

For [fdu to belong to E (after identifying each element z of E with
the linear form on E’ defined by z’ +— z'(z) for all z’ € E’) means that
there exists a vector zg € E such that

fdu,z')y = (z¢,2') forall z’ € E.
([ fdu,2') =

Conditions under which this occurs are discussed in No. 3, Cor. 2 of Prop. 7
(assuming E to be a quasi-complete Hausdorff locally convex space), but
only for functions f in ¢ (X;E). Criteria assuring that [ fdu belongs to E

for functions f € %(X;E) are given in Ch. VI, §1, No. 2, Cor. of Prop. 7
(with extra conditions on E and f) and Prop. 8 (with extra conditions on x
and f).

When E is a Banach space, so that the quasi-completeness condition
cited above is trivially satisfied and [fdp € E for every f € #(X;E), the
notation p(f) is authorized by Ch. IV, §4, No. 1, Def. 1, as well as by Ch. V,
81, No. 3, Def. 3; one would suppose that it would also be tolerated in the
case that E is a quasi-complete Hausdorff locally convex space.

The issue does not come up in the case of a vector-valued measure m
(Ch. VI, §2, No. 1, Def. 1), where m is given at the outset to be a continuous
linear mapping of % (X) into a Banach space E and [ fdm is defined to
be m(f) for f € ' (X) (loc. cit., No. 2, Def. 2); similarly for the case
of integration of a vector-valued function f with respect to a vector-valued
measure m (loc. cit., No. 7, Prop. 11 and the remark following its proof).

A final instance of the use of pu(f) occurs in the extension of the the-
ory to Hausdorff topological spaces X, with E a Banach space (remarks
following Prop. 16 in Ch. IX, §1, No. 10).

SUMMARY. I see no clear pattern in the foregoing, but sense a tendency:
One writes [ fdu = p(f) either when this is the definition of [f du or when
[ fdp turns out to be an element of the ambient locally convex space E; in
the two cases cited above where the notation yu(f) is not proposed, [fdu
is an element of an algebraic dual E’*.

At any rate, the issue seems unimportant; but the above tour of defini-
tions may serve as a useful preview of forthcoming concepts.

T11.33, /. —8 to —6.
“...we then have f(x)= > fi(z)e; for all z € X, and
i=1

n

[ =Y uire:”

i=1
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The first equality follows from the computation (for £ =1,...,n and
xeX)

<Zfi(w)eue§c> = fi(@) = (e}, o f)(z) = e}, (f(z)) = (£(x), e}) -

n
Thus f = ) fie;. To prove the second equality, it suffices to show that for
=1

each i, the function g; = f;e; has integral u(f;)e;. Indeed,

(2’ ogi)(z) =2’ (gi(x)) = 2’ (fi(x)e:)
= fi(z)z'(e;) = (e, 2') fi(x),

thus z’ og; = (e;,z') f;, whence

</gidu,2’> Z/(gi,Z’>du=/(Z’ogi)du
— (e ?) [ fidu=plf)(es2)
= (u(fi)ei, z'),

therefore [ g;dp = p(fi)e;.

I11.34, ¢. 8-10.
“...we have

[tz —tw)

because [(f,z')de, = (f(y),z’) by definition.”
For all z' € E/,

</fdsy,z’> :/(f,z’>dey :/(z’of)dsy

= (2 of)(y) =2’ (f(y)) = (f(v),2').

I11.34, (. 12,13.
“...the duals E' and E} are identical...”

If m: E — E; = E/N is the canonical mapping and z} € E| then
zy o € E', whence a linear mapping v : Ef — E'| u(z}) = z} o 7, which
is injective since 7 is surjective. If z’ € E' then its kernel z (0) is a closed

-1
subset of E containing 0, therefore z/(0) D N; it follows that there is



83 INTEGRALS OF CONTINUOUS VECTORIAL FUNCTIONS INT III.x66

a unique linear form z] on E; such that z’ = z} on. Since E; carries
the final topology for 7 (TVS, II, §4, No. 4, Example I), the continuity of
z} om = Z' implies that of z}. Thus z] € E] and u(z]) = 2’, so u is
surjective (hence is a vector space isomorphism).

II1.34, ¢. 13-15.

“...for a function f to belong to A (X; E), it is necessary and sufficient
that f; =mof (where 7:E — E; is the canonical homomorphism) belong

to #(X;E1), in which case [ fdu= [ fidp.”
In the notations of the preceding note, if z} € E} and 2z’ =2z} o7, and
if f:X—Eand fy=mof:X — E;, one has

z'of=(zyomof=zio(mof)=2\0fi;

thus z’ o f = 2} o f1, whence trivially z’ o f € #(X;C) if and only if
z} o fi € #(X;C). It follows that

feEH(XE) & fLe X (XE),
and in this case, for all such pairings z’ < z|, f < f1, one has

u(z' o f) = pu(zy 0 fr),

that is,
</fdu,z'>:</fldu7za>;

thus, when E’ and Ef are identified via the pairing z’ < 2|, [ fdp and
[ fidp define the same element of the algebraic dual (E')* = (E})*.

I11.34, ¢. —14 to —11.
“...the mapping z’ — £z’ which, to every continuous (complex) linear
form z’ on E, makes correspond the continuous (real) linear form z +—

#(z,z') on Eg, is an R-isomorphism of the dual E’ onto the dual Ej
of Ey (TVS, II, §8, No. 1).”

To establish the notation for the next note, we review the construction
of the isomorphism (TVS IL.61). Most of what is going on is pure vector
space theory; to keep the notation simple, it is best to leave the topology to
the end.

To set the stage: by Ef the author means (Eg)’, the dual of the topo-
logical vector space Eg, namely, the real vector space Eg underlying E,
equipped with the given topology on E. The assertion is that (Eg)" is
isomorphic, as a real vector space, to (E’)q, that is, the real vector space



INT II1.x67 MEASURES 83

underlying the complex vector space E’; identifying (Eq)’ and (E')y via
this isomorphism then renders the notation E{ unambiguous (alternatively,
it allows E{ to denote either of the two spaces according to the context).

Suppose first that E is any complex vector space (no topology). If f
is a (complex) linear form on E (that is, f € E*) then the formula g(z) =
,@( f (z)) defines an R-linear form on E (concisely denoted Zf—or Zo f,
where #Z : C — R is the R-linear mapping #Z(a +ib) = a ), that is, a linear
form on Eq, and so g € (Eg)* (the algebraic dual of Eg). Since

gliz) = Z(f(iz)) = Z(if (2)) = =5 (f(2)),

one has

(+) f(z) = %(f(2)) +i5(f(2)) = 9(2) — ig(iz).

The correspondence f +— g = Zf defines a mapping E* — (Eg)* that is
clearly R-linear; writing u(f) = g = Zf, the R-linear mapping v : E* —
(Eg)* can also be regarded as a linear mapping (E*)y — (Eq)*.

From (*) it is clear that ¢ =0 = f = 0, therefore w is injective. To see
that u is surjective, suppose ¢ is any element of (Eq)*; define f:E — C
by the formula

(**) f(z) = g(z) —ig(iz) (z€E).

It is routine to check that f:E — C is R-linear; to see that it is C-linear
(i.e., that f € E*) it suffices to check that f(iz) =1 f(z), and this is shown
by the computation

fliz) = g(iz) —ig(i-iz) = g(iz) + i g(z)
=i(g(z) —ig(iz)) =i f(z).

Thus u : (E*)g — (Eg)* is an isomorphism of real vector spaces, but we will
write u : E* — (Eg)* when we want to regard u as an R-linear bijection
defined on a complex vector space.

Now suppose E is a topological vector space over C. If f is continuous
(i.e., if f € E')itis clear from the formula g = Zf that g is continuous (i.e.,
g € (Eg)"), thus u defines a mapping (E")g — (Eg)’, linear and injective.
Whereas if g € (Eg)’ is given, and if f is defined by (**), it follows from
the continuity of z +— 4z that f is continuous, that is, f € E’. Thus the
mapping (E')g — (Eg)’ is surjective, hence is an isomorphism of real vector
spaces. In the notation of the cited assertion, z’ — %z’ (z’ € E') defines
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an isomorphism of real vector spaces (E')g — E{. The inverse mapping
v=u"1:(Ey) — (E)g is given, for g € (Eg)’, by v(g) =2z € E', where

z'(z) = g(z) —ig(iz) forall z € E;

in a somewhat more cluttered notation, for zy € (Eo)', v(zp) € (E')o is
given by
(v(zg))(z) = z((z) —izy(iz) forall z€E,

that is,
<Z7U(Z6)> = <Z7Z6> - Z.<Z.Za Z6>
for all zj, € (E¢)’ and z € E.

111.34, ¢. —11, —10.

“...Similarly, the algebraic dual E{* of the real vector space E{, may be
canonically identified with the real space underlying the algebraic dual E’*
of E'.”

As observed in the preceding note, E{, is to be interpreted as (Eg)’;
the assertion is that there is a canonical isomorphism (Eg)* — (E'*)y of
real vector spaces.

The crux of the matter is purely algebraic: as shown in the preceding
note, if F is any complex vector space, then the real vector spaces (F*)q and
(Fo)* are canonically isomorphic (where * denotes algebraic dual and 0 indi-
cates the underlying real vector space structure), via the mapping f +— Zf
(f € F*).

Now let E be the given locally convex space over C. By the preceding
note, there is a vector space isomorphism v : (Eg)’ — (E’)o that assigns to
z{, € (Ep)’ the element v(z) € E' defined by

(v(z())(z) = z((z) — izj(iz) forall z€ E.

It follows that the transpose ‘v of v is an isomorphism

by ((E')o)>l< — ((Eo),)* = (Eo)"*

of the algebraic duals (A, 11, §2, No. 5), defined by 'v(h) = howv for all
linear forms h: (E')y — R.

On the other hand, by the second paragraph above (with F replaced by
the complex vector space E’) there exists an isomorphism w of real vector

spaces,
*

w (E/*)g — ((E/)g)
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defined by w(f) = Zf for every linear form f on E’. Thus the composite
mapping ¢ = vow

(B ) — 2w ((B)g) " — 2 (Eg)'*

is the sought-for isomorphism of real vector spaces

Q: (E/*)O N (EO)/* .

The foregoing proof is efficient, but one yearns for a more direct con-
struction that, given an element of E’*, exhibits the corresponding element
of (Eg)*. Such a construction will now be given; the following (commuta-
tive) diagram will be helpful in keeping track of the argument.

v(zy) =2' € E ! ~C
v=u""! x
266 (Eg), g ~R

Given f € E'*, the formula

o(zh) = (%F) (@) (7 € (Ea))

defines a linear form on the real vector space (Eg)’, that is, g € (Eg)"™.
We define v : E'* — (Eo)’™ by 9(f) = g. It is routine to verify that 1 is
R-linear.

¢ is injective: If g =0 then (Zf)(v(z)) =0 for all zj, € (Eo)’, that
is, (Zf)(z') =0 for all z' € E' (v is surjective); thus the real part of the
complex linear form f is 0, whence f =0 by a now-familiar argument.

1 is surjective: Given g € (Eg)’™, that is, a linear form g : (Eo) — R,
we seek a linear form f : E/ — C such that ¢(f) = ¢g. For all z’ € E
define

1) = g() — i g(R (i)

(where Z(iz') denotes the R-linear form z — %(iz'(z)) = —.9 (2'(z))
on E) It is routine to show that f is R-linear and that f(iz’) =i f(2'),
hence that f is C-linear, that is, f € E'*. Now, 2(f(z)) = g(%#2) for all
z' € E'; in other words, for all z{, € (Ey)’,

Z(f(v(z)))) = 9(Z(v(z0)) = g(ul(v(z))) = 9(zp),
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that is, (%f)( (zg)) = g(z() , which says that ¢ (f) =

Inasmuch as fowv = ‘o(f) figures in both constructions, one suspects
that ¢ = 1. Indeed, for f € E’* and z{, € (Eo)’, one has

(¢(£)(2h) = (v ow)(f)) ()
= ("o(w(£)) (%) = (‘w(# 1)) ()
(#f)ov)(z) = (% )(<z0>)=(w<f>)<za>,

whence ¢(f) =v(f) for all feE™.

I11.34, ¢. —9 to —6.

“It follows that if p is a real measure and f a mapping in H (X;E),
the formula (1) is again valid when f is regarded as taking its values in Eg
and the canonical bilinear forms figuring in the two members as being, re-
spectively, relative to the duality between E{ and E{* for the first member
and the duality between Ey and Ej for the second.”

In the swarm of identifications, it is easy to lose the ball in the sun.
Here is what is going on. We are given a locally convex space E over C,
and a measure p € #(X;C) such that the restriction of u to J#(X;R)
is real-valued, hence defines a measure po € #Z(X;R). If f € #(X;E),
then [ fdp is defined to be a suitable element z'* of E'* (Def. 1). On the

other hand, one can regard f as belonging to A (X;Ep), where Eq is the
locally convex space over R underlying E; denoting it fy when so regarded,
one can define (analogously to Def. 1) its integral [ foduy to be a suitable
element z(* of (E{)*. The assertion, stated simply, is that

where 1 : E'* — (Eg)'* is the R-linear bijection described in the preceding
note; so to speak, the identification of (E'*)y, and (Eg)'* via ¢ transforms

[fdu into [ foduo -

The first task is to paraphrase Definition 1 for the case of real mea-
sures. Let v : #(X;R) — R be a real measure, let F be a locally con-
vex space over R (not necessarily equal to Eg for some locally convex
space E over C), and let A (X;F) be the real vector space of all mappings
g : X — F that are weakly continuous and scalarly of compact support, that
is, such for every w’ € F’ the function

v (g(x), W) =w(g(@)) = (Wog)x) (z€X)
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belongs to # (X;R). For each g € ;%v/(X; F), the function

w' / (w' o g)() du(x) = / (), W) dv(z) (W' € F)

is evidently a linear form on F’, that is, an element of F'*; it is called the
integral of g with respect to v and is denoted [gdv, thus

(1) </gdl/, W’> = /(g,w’)du for all w' € F'.

We now apply the preceding paragraph to the case that F = Ey and
v = o (as described in the first paragraph above). With f € %(X; E)
regarded as an element fy of %(X; Ey), we write [fdp =z'* € E'*, and
[ foduo for the element of (Eg)'* such that

</f0 d,ug,z6> = /<f0,Z6>d,UU for all Z6 € (Eo)/.

In a sense, the preceding formula is all that the assertion in the text says:
when p € #(X;C) is a real measure, the formula (1) remains true (by
definition!) with subscripts 0 installed. The proof that ¥ (z'*) = [ f; duo
will show the relevance of the formula to the identifications of the preceding
note.

Before proceeding, we note that
*) %/fd,u:/(%f)du for all f e . #(X;C)

(because [(Zf)dp and [(Ff)dp are real).

Let zy* = ¢(2'*), where z’* = [fdu and ¢ : E* — (Eo)'* is
the R-linear bijection of the preceding note. Our problem is to show that
z(* = [fodpo. By the definition of ¢, zy* is the linear form on (Eg)’
such that

z*(z)) = (#2'*) (v(z)) for all z € (Eo)’,

where v : (Eg)’ — (E’)o is the vector space isomorphism described in the
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preceding note. Thus, for all z{, € (Eq)’,
(20", 20) = (20)(20)
= (%2'*) (v(z))
— %((z’*) (v(zg))>

= %(z’*, v(z6)>

= %</fdu,fu(z6)>

briefly,
(**) (z0*,20) = (% (v(zg) o f), ).

But (v(zf) o f)(z) = (v(zf))(f(2)) for all & € X, and, by the definition
of v,

2 ((0(2)) (£()) ) = 7 (£(2).
thus Z(v(z)) o f) = z{ o f; substituting this in (**), we have, for all
€ (Eo)',

(20*,20) = (zg o f, 1)
= (zq o fo, p10) (z0 of is real-valued)

/ fO d,LL(), z0

thus [ foduo = zp* = (2'*) = ¢( [ fdu).

I11.35, (. 6.
“.."u extends the mapping u

To each y € E corresponds the element y € E'* defined by

yy')=y'(y)=(y,y) forall y €E".
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Similarly, each z € F defines z € F'* by
7z(z') =2/ (z) = (z,2') forall 2/ € F'.

The assertion is that "u(y) = IT(;) for all y € E; indeed, ®u(y) =y o'u
and, for all z’ € F/,

(¥ o ') ?( ) y(z' o)
= (2 ou)(y) =2 (uly)) = u(y)(z).
This observation is not needed for the Proposition 2 that follows it.

I11.36, ¢. 5,6.
“If E is complex, we equip E with its underlying real vector space
structure, which, as we have seen, does not modify the formula (1).”
Working through the identifications entailed in deriving the case for
complex E from the case for the real space Ey underlying E promises to

be daunting. Instead, a more direct argument, patterned after the proof of
the real case, is given in the Note for I11.36, £. 9-11.

I11.36, (. 7.
“(i) We know ...”

We know it from TVS, II, §5, No. 3, Cor. 5 of Prop. 4, p. TVS I1.39.
Strictly speaking, by f(S) is here meant the canonical image

T:{fTw\): r €S}

of £(S) in E'*.

I11.36, 7. 9-11.
‘...it therefore suffices to prove that, for z’ € E’, the relation
(f(x),z')> 0 for all x €S implies

</fd,u,z'> >0

The argument assumes that E is a locally convex space over R (after
which, an argument for the complex case is given). Here the subset f(S)
of E is being regarded as a subset of E'*, by identifying z € E with the
linear form z on E’ defined by z(z') = z'(z) = (z,2’) (z' € E’). Rather
than make the identification, let us instead work directly with the canonical
image of f(S) in E’*, namely the set

T={f(z): €S} CE*.
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Since E'* is equipped with the weak topology o(E’*, E’) for the duality
defined by the bilinear form (f,z') — (f,z') = f(z') (f € E'*, 2/ € E/), its
dual for this topology is E’, i.e., consists of the linear forms

ffd)=(f.2) (f€E™),

where z’' varies over E’. Thus the half-spaces whose intersection is C are
the half-spaces

Hy ={feE™: (f2)=f(z) >0}
defined by those z’ € E’ for which T C H,, that is, for which
(f(z),2')y =2'(f(z)) 20 forall z €S,

in other words z’ of > 0 on S. Writing A for the set of all such z’, we

have
C= ()] He.

z' €A

To prove that [fdu € C, we need only show that [fdu € H, for every
7z’ € A, that is,

77 cA = /fduesz

in other words,
TCcH, = /fdueHz/,

i.e., that
Zof>0onS = </fdu,z’>>0.

By definition (see the formula (1)),

</fd,u,z'>:/(f,z'>du:/(z’of)du,

thus the implication to be proved may be written
Zof>0onS = /(Z,Of)d[LZO;

since p is positive and z’' o f € # (X;R), the implication follows at once
from §2, No. 3, Cor. 2 of Prop. 8.
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The complex case. The structure of the proof is the same as that of the
real case. Assuming E is a locally convex space over C, equip E'* with
the topology o(E'*, E’) relative to the duality defined by the bilinear form

(f7 Z/) = <f7 Z/> = f(Z/) (f € El*) 7 € E/) :

We again write
T={f(z): z€S} CE*,

—

where f(z)(z') = 2/(f(z)) for 2’ € E’, and define C to be the closure
in E'* of the convex cone generated by T . The definition of C takes place
in the context of the real vector space (E'*)y equipped with the topology
o(E'* E).

In the duality between E’ and E’*, the continuous linear forms on E’*
are the forms

fr=fZ)  (f€E™),

where z’ varies over E’, thus the forms

(%) fe2(f(2) (feE™)

are continuous R-linear forms on E’*, hence are continuous linear forms on
real space (E'*)y underlying E*. Conversely, if 6 is a continuous linear
form on (E'*)g, then the formula

n(f) =0(f) —i6@if) (f €E™)

defines a continuous linear form on E’*, hence there exists z’ € E’ such that
n(f) = f(z') for all f € E*, andso 6(f) = Z(f(2')). Thus (*) describes
all of the continuous linear forms on (E’*)y. The closed half-spaces whose
intersection is C (TVS, II, §5, No. 3, Cor. 5 of Prop. 4) are therefore the
half-spaces

H, = {f € B 2(/()) >0}

defined by those z’ € E’ for which T C H,, that is, for which

—

Z(f(z)(z')) >0 foral z €8S,

in other words Z(z' of) > 0 on S. Writing A for the set of all such z’,

we have
C= () Hx

z' €A
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and, as argued in the real case, to prove that f fdu € C we need only prove
the implication

Xz of)>0on S = /fd,,uGHz/,

that is,
H(z' of)20on S = %</fd,u,z’>>0;

9?</fd,u,z'>:%/(f,z'>d,u:%/(z’of)d,u:/%’(z’of)d,u,

and since p is positive and Z(z' o f) € ' (X;C), the last implication is a
consequence of §2, No. 3, Cor. 2 of Prop. 8.

Postlude. How to derive the complex case from the real case more effi-
ciently? Given E complex, the real case applied to Eq yields [ f;dpo € Co,
where Cy is the closed convex cone in (Eg)'* generated by the canoni-
cal image of fy(S) (p and po have the same support), where (Eg)'* is
equipped with the topology o ((Eo)'*,(Eo)’). How to transform the re-
lation [foduo € Co into [fdu € C? In the note for II1.34, £. —9
to —6, an R-linear bijection ) : E'* — (Ey)’* was exhibited such that
([ fdu) = [fodug. Presumably 4(C) = Cp; one needs to check that ¢
transforms the canonical image of f(S) into the canonical image of f4(S),
and o(E'*,E’) into o((Eo)'*,(Eo)’)...but that’s where I lose the ball in
the sun.

TI1.36, /. 15.
“(ii) We know ...”

We know it from TVS, II, §5, No. 3, Cor. 1 of Prop. 4, p. TVS II.38.

TI1.36, (. 19.
“...but this follows from §2, No. 3, Cor. 3 of Prop. 8.”

I don’t see how to apply the cited Cor. 3, where the hypothesis | f(z)| < a
(on Supp(p)) imposes a constraint on |f| with a > 0, whereas here the
constraint is on f and a need not be > 0. However, the proof of Cor. 3
provides the necessary hint.

The real case. It is assumed that E is a locally convex space over R
and that p is a bounded positive measure on X. As in part (i), we argue
directly with the canonical image

T={f(z): z€S}CE*
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of f(S) in E’* rather than identifying E with its canonical image. The
closed half-spaces in E’* (for the topology o(E'* E’)) are the sets

Hyo={f€E*: f(Z)<a},

where z’ € E' and a € R. Thus D is the intersection of the set of H,/ ,
defined by those pairs (z’,a) for which T C H,s, (TVS,II, §5, No. 3, Cor. 1
of Prop. 4, p. TVS I1.38); writing A for the set of all such pairs, we have

D= () Hya.

(z’',a)EA

To prove that [fdu € ||u||-D, we need only show that [ fdu € ||ul-Hy o
for every (z’,a) € A, i.e., that

@aer = [tdueul Hoa,
in other words that
(%) TCHyo = |u|™* /fdu €Hy -

The condition on the left side of (*) says that

—

(f(z),2') <a forall z €S,
that is,
(a) zZof <a on S.

and the condition on the right side says that

(b) / (2 o f)dy < all],

thus our problem is to show that (a) = (b).
Suppose z' of < a on S. Let g € #(X;R) be such that 0 < g <1
on X and g(z) =1 for x € Supp(z’ o f) (§1, No. 2, Lemma 1). Then

z of =(z'of)g<ag on S,

that is, ag — 2z’ of > 0 on S, therefore [(ag —2z' of)du >0 by §2, No. 3,
Cor. 2 of Prop. 8, thus

(+4) @ o tydu < anto).
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If we show that au(g) < al|p||, the implication (a) = (b) will be proved. At
any rate, 0 < u(g) = |u(g)l < llpllllgll = llell-

case 1: If a > 0 then au(g) < allu|| by the preceding inequality, there-
fore (b) follows from (**).

case 2: If a < 0, then z’of <a <0 on S, therefore S C Supp(z’ of)
(in particular, p has compact support), and since g = 1 on Supp(z’ o f),
we infer that ¢ =1 on S. If we show that u(g) = ||u|| then (**) will again
yield (b). Since g > 0, for every h € % (X;R) we have

—[|hllg < hg < [Ihllg,

therefore
—|lhllg < h < ||hllg on S,

whence (since g > 0)
—[hllu(g) < p(h) < lhllp(g);

thus |u(h)| < ||h||p(g) for all h € #(X;R), consequently ||u] < p(g). But

1(g) = (@)l < el gl = [l

therefore u(g) = |||, which completes the proof.

The complex case. Assume E is a locally convex space over C. As ob-
served in the complex case for (i), the continuous (for o(E'* E’))
R-linear forms on E’* are the forms

fe2(f(2) (f€E™),
where 2z’ varies over E’, thus the closed half-spaces of (E'*)y are the sets
Hy o ={f€E*: ,%’(f(z’)) <a},

where z' € E' and a € R, and D is the intersection of the set of all H,/ ,
defined by those pairs (z’,a) for which T C H,/, (TVS, §5, No. 3, Cor. 1
of Prop. 4, p. TVS I1.38); writing A for the set of all such pairs, we have

D= () Hua

(z’,a)EA

To prove that [ fdu € ||u||-D, we need only show that ||u| ™! [fdu € Hy 4
for every (z’,a) € A, i.e., that

Za)eA = |u]|_1/fdueHz,7a,
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in other words that
TCHyo = |u/|™ /fdu € Hy .

The condition on the left says that #Z(z’ of) < a on S, and the condition
on the right says that [ %(z' o f)du < a||p||, thus the problem is to show
that

(1) Az of)<a onS = /%’(z' of)du < al|pll -

Suppose Z(z' of) <a on S. Let g € #(X;C) with 0<g<1 on X
and g =1 on SuppZ(z’ of). Then

(a—%(z' of))g=0 on S,
whence
Rz of) =Rz of)g<ag on S,

therefore (since p is positive)

(t1) / Rz of)du < ap(yg).

case 1: If a > 0 then au(g) < allpn|| as in the real case, and (f) then
follows from (ft).

case 2: If a < 0 then S C Supp Z(z’ of) as in the real case, therefore
g =1 on S. Then, for every h € #(X;C), we have |h| < ||h|lg on S,
hence u(lh|) < ||h||u(g); therefore

lu(R)] < [pl(lh]) = w((R]) < [[Rllk(g)
which shows that [|u] < pu(g) . But p(g) <l llgll =[xl , thus p(g) = |ul|
and (1) again follows from (}7).

II1.36, ¢. —9.
“...then v is bounded”

Let U be an open set in X such that K € U and U is compact. By
Prop. 5 of §2, No. 2,

Supp (¥) =UNSupp(u) cUCU,

thus v has compact support, hence is bounded (§2, No. 3, Prop. 11).
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I11.36, (. —9.

“..and [fdpu= [fdve|v|-D by Prop. 4, (i).”

Since Supp(f) = K C U, we have f € #(X,U;E), hence f!U €
H (U;E) (see II1.23, £. 14-16). Thus by [ fdv (abuse of notation) is meant
J(E|U)dv = [(£|U)d(p|U) which, by the definition of |U, is equal to
[ fdp since, for all z’ € E,

</(f|U) dv, z’> = v(2 o (f]U)) = v((# 0 £)|U) = p(z o f) = </fdu,z’>.

By the cited Prop. 4, (ii), [(f|U)dv € |lv||- Dy, where Dy is the closed
convex envelope of (the canonical image of) (f ‘U) (Supp(u)) in E'*. Now,

(f|U) (Supp(v)) = (f‘U) (UNSupp(p)) = £(UNSupp(p)) = £(UNS) C £(S),

thus D; € D, and so

/fdu:/(f‘U)dz/e\|1/||'D1Ca-D

with a = [jv||.

111.36, /. —8, —17.
“The second result follows from this, since any complex measure may
be written as 1 — po + ip3 — ip4 , where the p; are positive.”

Attention must be paid to the supports of the positive measures ;.
As noted in §2, No. 2, Prop. 2, if v is a real measure (so that v =vT —v7),
then

Supp(v) = Supp(|v|) = Supp(v™) U Supp(v~);

and if v is a complex measure then |[Zv| < |v| and |Sv| < |v| (§1, No. 6,
(17)) show that the supports of Zv and #v—hence of their positive and
negative parts—are contained in Supp(|v|) = Supp(v). Thus v has a rep-
resentation of the indicated sort with Supp(u;) C Supp(v) for 1 < j < 4.
Then, by the previous result, for each j there exists a number a; > 0 such
that

[ s €,

where D; is the closed convex envelope of f(Supp(,uj)); but Supp(p;) C
Supp(v) implies that D; C D, thus

/fd,quaj-D for 1 <5 <4,
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and the second result follows from the relation
/fdl/:/fdﬂl—/fdug+l/fdﬂ3—2/fdu4
(Prop. 1).

I11.36, /. —1.
“. .. E'* is complete”

For the uniform structure on E’* derived from the weak topology
o(E*,E") (TVS,II, §6, No. 7, Prop. 9).

I11.37, ¢. 1,2.

“... [fdp e C for every measure p belonging to the convex set H of
positive measures on X of total mass equal to 1.”

(As in previous notes, I regard C to be the closed convex envelope of
the canonical image {f@c\) : x € X} of f(X) in E’*.) The point is that for
w € H one has ||u]] = p(1) = 1 (§1, No. 8, Cor. 2 of Prop. 10). By
Prop. 4, (i), | fdp belongs to the closed convex envelope D of (the canon-
ical image of) f(S) in E’*, where S = Supp(y), and since f(S) C f(X)
implies D C C, one has

/fdu€\|u||~D:DCC

as claimed.

111.37, ¢. 5-7.
“...the image of Hy under the mapping p +— [fdu is the convex
envelope Cp of f(X) in E'*.
n
If 1 is a measure with finite support, say pu = ). ¢;e,, , where the z;

i=1
are distinct points of X (§2, No. 4, Prop. 12), then p is bounded, |u| =
> |eil (see item (12) in the note for II1.16, £. 13-15) and >0 < ¢; >0
=1

%81" all 7, thus
uweHy & ¢ >0 forall ¢ and Zcizl;
i=1

that is, p € Hyp < p is a convex combination of Dirac measures €, (z € X),
and, for such a measure u,

/fd,u = u(f) = Zcﬁxi(f) = Z cif (x;) ,
i=1 i=1
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whence {[fdu: peHy}=Co.

111.37, 0. 7,8.
“...this mapping is continuous for the vague topology on .Z(X;C)
and the topology o(E'*,E’) on E'*...”
If p; — p vaguely, that is, if p;(g) — p(g) for all g € # (X;C), then
in particular
pi(z' of) — pu(z' of) forall 2z’ € E,

that is, <ffduj,z’> — <ffdu,z’> for all z’ € E/, in other words [ fdu; —
[fdp in E'* for o(E'* E).
111.37, ¢. 9,10. B

“...the image of H = Hg is a compact convex set containing Cy and
contained in C”

Writing @ : .#(X;C) — E'* for the mapping p +— [fdp, which we
know to be linear and continuous for the indicated topologies, we have

CO = (I)(Ho) C q)(H) = @(HO) C @(HO) = 60 =C.

11.37, (. 17.
“...therefore D =D°° (TVS,II, §6, No. 3, Cor. 3 of Th. 1).”

Moreover, since D is balanced—hence symmetric or circled, according
as E is real or complex—one has

D°={z'€E': |(z,2')| <1 forall ze D},
D°°={z€E: [(z,2')] <1 forall z€D°}
(TVS, II, §6, No. 3 and §8, No. 4).

II1.37, ¢. 18,19.
“It therefore suffices to prove that for every z’ € D°,

(Jows)

Let us first prove the inequality, then show why it is sufficient. By
[ fdp € E is meant that there exists a vector zo € E such that [ fdu =z
(the canonical image of zy in E'*), that is, such that

</<qof> Pk

(z0,2') = /(z’ of)du forall z' € E.
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Let z’ € D°. This means that
zeD = [z,72') <1,
that is,
() az) <1 = |za) <1,
It follows that
(3) (z,2")| < q(z) for all z € E;
for, if ¢(z) = 0 then ¢(nz) = ng(z) = 0 for n = 1,2,3,..., whence

|(nz,z’)] < 1 for all n by («), therefore |(z,z")] = 0 and (3) reduces to
0 < 0; whereas if ¢(z) > 0 then (f) results from applying («) to the vector

(q(z))_lz. In particular,
[(£(z),2")| < q(f(x)) forall z € X.

that is, |z’ of | < gof ; since both sides belong to % (X;R) and since || > 0,
we infer that
|ul(|2" o £]) < [ul(g o £);

but |u(z’ o f)| < |p|(|2" o f]) by the inequality (13) of §1, No. 6, therefore

lu(z" o £)] < |ul(gof),

‘</fd“’2’> </<qof>drm,

which is the asserted inequality; in other words,

that is,

(v) (zo,2")| < /(qof)d|u| for all z’ € D°.

Write a = [(qof)d|u|; the assertion of the proposition is that

(6) q(z0) < a.

If a =0 then, by (v), [(zo,2’)] =0 for all z’ € D°, whence |[(nzg,z")| =0
for all n and all z’ € D°, therefore nzg € D°° = D for all n, that is,
q(nzo <1 for all n and so ¢(zp) = 0; thus (0) reduces to 0 < 0. Whereas
if a > 0 then it follows from (v) that |[{(a='zg,z')| <1 for all z’ € D°, thus
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a"'zy € D°° = D, that is, g(a™'z¢) < 1; thus ¢(zo) < a and (§) is again
verified.

We remark that if E is a Banach space, then the condition f fdueE
is automatically verified (by Cor. 1 of Prop. 7 in No. 3 below), therefore

H/fd“H </Hf(x>Hdu\(a;)

| [ £ du|| <[]l Il

by the foregoing result; and if X is compact,

IT1.38, (. 3-5.
“...the closed convex envelope C of f(X) in E is then precompact (for
the uniform structure induced by that of E) (TVS, II, §4, No. 1, Prop. 3).”

By the cited Prop. 3, the balanced convex envelope By of f(X) in E is
precompact, therefore so is its closure B = By (GT, II, §4, No. 2, Prop. 1);
since B is closed and convex (it is the closed balanced convex envelope
of f(X) by TVS, I, §1, No. 5, Prop. 2 and II, §2, No. 6, Prop. 14) it con-
tains C, therefore C is also precompact (GT, II, §4, No. 2, Prop. 1).

In fact, C is compact, as noted in the Corollary of the cited Prop. 3.

I11.38, /. 8,9.

“... C is the closed convex envelope of f(X) in E’* for the topology
U(E,*,E/) 5

Let 6§ : E — E'* be the canonical mapping 0(z) = z, where z(z') =
(z,2') = 7Z/(z) for all 2/ € E'. Equip E with the weakened topology
o(E,E'), and E'* with the topology o(E'* /E’). Note that 6 is contin-
uous for these topologies; for, since o(E'*, E’) is the initial topology for the
family of linear forms

fr=f(2) (f €E™)

indexed by z’ € E/, it suffices to observe that the composite functions
z—0(z) =2 — z(z') = 72/ (2)

are continuous for o(E,E’). The assertion to be proved is that (C) is the
closed convex envelope of 6(f(X)) in E'*.

Let Cp be the convex envelope of f(X) in E. The closure of Cy in E
is the same for o(E,E’) and the original topology of E (TVS, IV, §1, No. 2,
Prop. 2), therefore C is also the closed convex envelope of f(X) in E for
o(E,E’), that is, C = Cy (closure for either topology).

Let Dy be the convex envelope of 6 (f(X)) in E'* and let D = Dy be
its closure. Since 6 is linear, #(Cy) = Dy. We know that C is compact
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in E for o(E,E’), therefore §(C) is compact in E’*, hence closed in E"*.
Thus

6(C) = 6(Co) C 6(Co) = Dg = D;

but #(C) is a closed convex set in E’* that contains 6(f(X)), therefore
6(C) D D, and finally #(C) =D. In particular, D C §(E).

II1.38, /7. 9,10.

“...the proof is therefore concluded by the Corollary of Prop. 4 of
No. 2.7

By the cited corollary, there exist scalars ai,as,as,as such that

/fd,u € a1D — asD + ia3zD — ia4D,

where D is defined as in the preceding note, and that note shows that
ayD C O(E) for 1 < k <4, therefore [fdp € 0(E); that is, [fdu =72 for
some zy € E.

When [fdu = 2y, zo € E, it is useful to redefine [fdu to be the
unique element zo € E such that (zg,z’) = [(f,2')du for all 2z’ € E'.

I11.38, /. 13-14. R
“Since the duals of E and E are identical, it suffices to apply Prop. 7
while regarding f as taking its values in E.”

Strictly speaking, if E is regarded as a (dense) linear subspace of E,
and if f is regarded as taking its values in E, that is, as an element of
H(X;E), then [fdu becomes (by Prop. 7) the unique element wq € E
such that (wo,w’) = [(f,w')du for all w' € (E)’. The fact that w’
extends an element of E’ is of no particular interest here. R

However, to apply Prop. 7, it is necessary to note that E is locally con-
vex. A roundabout proof using continuous semi-norms is indicated in TVS,
11, §4, No. 1, remarks following the Corollary of Prop. 1; a brief direct proof,
given in the book of J. Horvath (Topological vector spaces and distributions,
vol. 1, p. 134, Addison-Wesley, Reading, Mass., 1966), is as follows.

We can regard E as a linear subspace of E , equipped with the topology
induced by that of E. Let .#" be any fundamental system of neighborhoods
of 0 in E, and let .4 be the set of closures in E of the sets V€ 4. It
will suffice to show that .47 is a fundamental system of neighborhoods of 0
in E; for, the sets in .4 may be taken to be convex, and the closure of a
convex set, in any topological vector space, is convex (TVS, II, §2, No. 6,
Prop. 14).

At any rate, since E is dense in E, the sets in .47 are neighborhoods
of 0 in E (GT, I, §3, No. 1, Prop. 2). Let W be a closed neighborhood of 0
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in E; since such neighborhoods are fundamental (GT, II, §1, No. 2, Cor. 3
of Prop. 2 and III, §3, No. 1), it will suffice to find a set V € .4 such that
V C W (closure in E ). Since E has the topology induced by E, WnNE is
a neighborhood of 0 in E; by assumption, there exists a set V € .4 such
that VC WNE, whence VC W =W.

II1.38, /. 18.
“...hence bounded...”

Every precompact subset of a locally convex space is bounded (TVS,
III, §1, No. 2, Prop. 2).

An argument that does not appeal to the concept of total boundedness:
since f(X) is compact, it is bounded (by a simplification of the proof of
the Prop. 2 just cited, avoiding the concept of the completion of a uniform
space), therefore its closed convex envelope is also bounded (TVS, III, §1,
No. 2, Prop. 1).

I11.38, /. —11 to —9.
“2° E is the dual of a barreled Hausdorff locally convex space G, and

E is equipped with an &-topology, where & is a covering of G by bounded
subsets (TVS, III, §4, No. 2, Cor. 4 of Th. 1).”

The adaptation of the cited Cor. 4 to the present notation is as follows:

Let G and F be two locally convex spaces, & a covering of G consisting
of bounded subsets. If G is barreled and ¥ is Hausdorff and quasi-complete,
then the space Zs(G;F) is Hausdorff and quasi-complete.

One takes F = K, where K = R or C according as the spaces are
real or complex, and one sets E = Z5(G;K). Recall that £ (G; K) is the
vector space G’ of continuous linear forms on G, and E = Z5(G;K) is
the vector space G’ equipped with the topology of uniform convergence in
the subsets M € & of G.

I11.38, ¢. —8,—T.
“For example, Cor. 2 of Prop. 7 can be applied when E is the weak
dual of a Banach space”

In the preceding note, one takes G to be a Banach space and & to
be the set of its 1-element subsets {y} (y € G) (equivalently, the set of its
finite subsets).

I11.38, ¢. —7,—6.
“...or a space of measures Z(Y;C) equipped with the vague topol-

Ogy.”
Here one takes (in the foregoing) G = J#(Y;C) equipped with the
direct limit topology (a barreled space, by §1, No. 1, Prop. 2) and & to be

the set of its 1-element subsets {f} (f € #(Y;C)) (§1, No. 9).
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I11.39, /. 2-5.
“PROPOSITION 8. ...”

When [fdp € E for all f e #(X;E) (for example, when E is quasi-
complete, cf. No. 3, Cor. 2 of Prop. 7), it is a corollary of Prop. 8 that
the mapping ®¢ : J#(X;E) — E defined by ®o(f) = [fdu is the unique
continuous linear mapping % (X; E) — E such that g-a — u(g)-a for every
vector a € E and every function g € % (X;C). For, since E is a topological
subspace of E, equivalently, the topology of E is the initial topology for the
canonical injection ¢ : E — E, the continuity of ® is equivalent to that of
to®y = (GT, I, §2, No. 3, Prop. 4).

II1.39, ¢. 6-8.
“To prove the continuity of the mapping f +— f f du, it suffices to show

that its restriction to J# (X,K;E) is continuous for every compact subset
K of X (TVS, II, §4, No. 4, Prop. 5).”

The issue has essentially been addressed in §1, No. 1 (see the note for
IT1.2, ¢. 7,8); as some aspects are employed here for the first time, a review
is in order.

In line with No. 3, Cor. 1 of Prop. 7, we regard ffdu as the unique
clement w € E such that (wq, w') = J{E,w')dp for all w' e (E)’, so that
f— [fdp is alinear mapping of ¢ (X;E) into the locally convex space E.

Let 7, be the topology on % (X;E) of uniform convergence in X.
For every compact subset K of X, the topology on J# (X, K;E) is by def-
inition the topology Jk induced by 7, that is, the topology of uniform
convergence (in X or in K, it comes to the same). On the other hand, the
(direct limit) topology 7 on #(X;E) (§1, No. 1) is by definition the “final
locally convex topology” for the family of mappings uk , where K runs over
the set of all compact subsets of X, and uk : # (X, K;E) — #(X;E) is
the canonical injection; that is, 7 1is the finest locally convex topology on
A (X;E) for which all the uk are continuous (TVS, II, §4, No. 4, Prop. 5
and Ezample).

One knows that if G is a locally convex space and v : # (X;E) — G
is a linear mapping, then u is continuous (for .7) if and only if uouk is
continuous for every K (TVS, loc. cit.). The assertion at hand then follows
from the observation that u o uk is the restriction of u to J# (X, K;E).

{In particular, when E = C, a linear form on . (X;E) is a measure
on X if and only if its restriction to every £ (X,K;C) is continuous—as
noted following the definition of a measure (§1, No. 3)}.

To conclude the review, since .7, obviously renders the ux continuous,
Z isfiner than .7, , and the inclusion .7 O .7, may be proper (for example,
when X = N equipped with the discrete topology; see item (9) in the note
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for 111.16, ¢. 13-15). Nevertheless, .7 and 7, induce the same topology
Tk on A (X,K;E); for, since uk is continuous when % (X;E) is equipped
with 7, one has

70 (XKE) C K,

whereas, since 7, C 7,
Tk = T, N H (X, KE) C 7n#(X,KE),

whence equality throughout. Also, as noted in §1, No. 1, Prop. 1, # (X, K; E)
is closed in % (X;E) for both .7 and .7, .

I11.39, ¢. 8-11.
“We note that if the topology of E is defined by a family of semi-
norms (qq), that of (X, K;E) is defined by the family of semi-norms

Pa(f) = sup g, (f(w)) 7

zeK

The chain of reasoning is quite long; if the Corollary of Prop. 1 in
TVS, 11, §4, No. 1, its version for complex spaces, and the definition of the
uniform structure of (X, K;E) are well-digested, the following review can
be omitted.

(1) If (N,) is a fundamental system of neighborhoods of 0 in E, then
the sets
Vo={(xy) eExXE: x—y eN,}

form a fundamental system of entourages for the uniform structure of E.
For, the uniform structure of E is by definition that of its underlying topo-
logical group structure under addition (TVS, I, §1, No. 4 and GT, III, §3,
No. 1, remark following Def. 1).

(2) Recall that in a complex topological vector space, the topology of
the underlying real topological vector space is by definition the same as
the original topology on the space (TVS, II, §8, No. 1; in particular, the
open sets, closed sets, closure, interior, neighborhoods, continuity, uniform
structure are the same—as well, of course, the convex sets).

The balanced sets for the complex structure are balanced for the real
structure, but not wvice versa; those for the complex structure are circled,
whereas those for the real structure are symmetric. Sets absorbent for
the complex structure are absorbent for the real structure—so to speak,
C-absorbent = R-absorbent—but not vice versa (but neighborhoods of 0
are absorbent in both senses, since the R-neighborhoods and C-neighbor-
hoods are the same).



INT III.x89 MEASURES 83

(3) When E is complex, the official definition of locally convexity is that
the underlying real topological vector space Eg is locally convex, i.e., has a
fundamental system of convex neighborhoods of 0 (TVS, II, §8, No. 2). In
such a space, every neighborhood V of 0 in E contains a convex neighbor-
hood of 0 in E; for, V is also a neighborhood of 0 in Eg, hence contains
a convex neighborhood W of 0 in Eg, and W is also a neighborhood of 0
in E.

Thus one could have defined a complex topological vector space to be
locally convex if it has a fundamental system of convex neighborhoods, and
this would automatically have made Eg locally convex. On the other hand, if
one starts with a real locally convex space F admitting an automorphism
such that u? = —1 (1 the identity mapping of F), then F can be given the
structure of a complex vector space E such that, with the same topology,
E is a complex topological vector space and Eq = F (TVS, II, §8, No. 1,
the paragraphs in fine print), and E is then automatically locally convex by
the author’s definition.

(4) A locally convex space (in particular, the given space E) has a
fundamental system of closed, balanced, convex neighborhoods of 0 (TVS,
IT, §8, No. 2).

For, let N be a closed neighborhood of 0 in E (such neighborhoods
are fundamental). Since N is also a neighborhood of 0 in Eg, it contains
a convex neighborhood V of 0 in Ey. But V is also a neighborhood of 0
in E, hence it contains a balanced neighborhood W of 0 in E (TVS, I, §1,
No. 5, Prop. 4). Then V contains the convex envelope U of W, and U
is obviously balanced (cf. TVS, II, §2, No. 3, Cor. 1 of Prop. 8), therefore
its closure U is balanced (TVS, I, §1, No. 5, Prop. 2) and convex (TVS,
I1, §2, No. 6, Prop. 14). Finally, the inclusions W ¢ U C V C N yield
W Cc Uc N =N, thus N contains a neighborhood U of 0 of the desired
type.

(5) If p is a continuous semi-norm on a topological vector space, then
the set A = {x: p(x) < 1} is a closed, balanced, convex neighborhood
of 0.

For, by continuity, A is closed, {x: p(xz) < 1} is an open set contain-
ing 0, and A 1is obviously balanced and convex. Conversely:

(6) If G is any real or complex topological vector space and A is a
closed, balanced, convex neighborhood of 0 in G, then:

(i) the interior A of A is convex;

[e]
(ii) the closure of A is equal to A;
(iii) there exists a (unique) semi-norm p on G such that

A={x: p(x)<1};
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(iv) p is continuous (hence uniformly continuous) on G.

Items (i) and (ii) are consequences of TVS, II, §2, No. 6, Cor. 1 of
Prop. 16.

Proof of (iii): As in TVS, II, §2, No. 11, Prop. 22, define a function
p=pa = 0 (called the gauge of A) on the space G by

p(x)=inf{p: p>0, x€pA};

since A is absorbent (it is a neighborhood of 0) one knows from the cited
Prop. 22 that p is finite, p(0) =0 and

p(x+y) <px)+p(y), p(Ax)=Ap(x) for A>0.

When G is real, A is symmetric, thus x € pA < —x € pA, whence
p(=x) = p(x); and if A < 0 then p(Ax) = p(=Ax) = p(|A[x) = [Alp(x),
therefore

p(Ax) = || p(x) for all scalars \.

The same formula holds when G is complex; for, writing |A\| = Ay with
|v] =1, since A is circled we have yA = A, therefore

ANz=Mz€epA & Az€pA,

whence p(Az) = p(J]\|z) = |A|p(z). Thus p is a semi-norm in both cases,
and, by Prop. 23 (loc. cit.), A ={x: p(x) <1}.

In general, a semi-norm p on a real or complex vector space is char-
acterized by the set {x : p(x) < 1}. More generally, if p and ¢ are
semi-norms then

p<qg & {x:px)<1}DO{x: qx) <1}

for, assuming that the inclusion on the right holds, given any vector x and,
for any € > 0, setting y. = (q(x) + 8)71x, one has

-1

aly:) = (g(x) +¢) q(x) <1,

therefore p(y.) < 1 by hypothesis, and so (q(x) + 8)_1])(}{) < 1, that is,
p(x) < q(x)+e.

(iv) Given any € > 0, one has

px)<e & ple'x)<1 & ex€cA & xceA;
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in particular, since €A is a neighborhood of 0 in G, the implication
x € eA = p(x) < ¢ shows that p is continuous at 0. The uniform conti-
nuity of p follows from the implication

x—y€e€eA = |pkx)—ply) <px-y)<e,

which says that if (x,y) belongs to the entourage defined by the neighbor-
hood €A of 0 in G, then (p(x),p(y)) belongs to the entourage defined by
the neighborhood [—¢,¢] of 0 in R.

Though it is not needed for the moment, this is a good place to record
the fact that

o

(v) {x: px)<1l}=A.

For, writing U for the set on the left, U is convex and it is open by the

continuity of p, whence U C A; and U C A = A. In fact, U = A; for,

if xe A and 0 < a <1 then plax) = ap(x) < a < 1, thus ax € U,

and, since ax — x as a — 1, every neighborhood of x contains such a

vector ax, whence x € U. Since U is a convex open set, it is equal to

the interior of its closure (TVS, II, §2, No. 7, Cor. 1 of Prop. 16), that is,
[}

U=A.
(7) Let (N4) be a fundamental system of neighborhoods of 0 in E, so
that, by (1), the sets
Vo={(x,y) eEXE: x—yeN,}

are a fundamental system of entourages for the uniform structure of E.

If X is any nonempty set and # = Z(X;E) is the vector space of
all functions f : X — E (with the pointwise operations), then (GT, X, §1,
No. 1) the sets

W, ={(f,g) € F x .7 : (f(z),g(x)) € Vy forall z € X}

are a fundamental system of entourages for a uniformity on .# that induces
on % the topology of uniform convergence in X, and the sets

U,={feZ: f(x) eN, forall x €X}

form a fundamental system of neighborhoods of 0 € % . This topology
makes % a topological group under addition; for, given any index «, there
exist indices 4 and 7 such that

Ng+Ng CN, and N, C —N,
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(GT, 111, §1, No. 2), whence Ug + Ug C U, and U, C —U,. However,
Z mneed not be a topological vector space: for example, if X is infinite and
fo € Z(X;R) is unbounded, then Afy does not converge to 0 as A — 0,
indeed, sup |My(z)| = 400 for A # 0 (TVS, I, §1, No. 1, Ezample 4).

zeX

For every subset . of .Z, there is an induced uniformity: in the
foregoing, one replaces “f € #” by “f € 7; thus if g € . then the sets

{fes: f(z) —g(x) eN, forall ze€X}

form a fundamental system of neighborhoods of g for the topology on .# of
uniform convergence in X. When X is a compact space, the linear subspace
< =% (X;E) is a topological vector space for this topology (TVS, loc. cit.).
More generally, if X is a locally compact space and K is a compact subset
of X, then . = #(X,K;E) is a topological vector space for the topology
of uniform convergence in X, since % (X,K;E) may be identified with a
(closed) linear subspace of ¢ (K;E) (§1, No. 1).

(8) Assume now that X is locally compact and K is a compact subset
of X. We know from (7) that J(X,K;E) is a topological vector space
for the topology of uniform convergence in X (equivalently, in K). By (4)
and (6), we can suppose that the neighborhoods N, of 0 € E are given by
continuous semi-norms ¢, ,

No={x€E: qgu(x) <1};
then (with U, defined as in (7))
Uy ={f e X(X,K;E) : ¢o(f(2)) <1 forall z e X}.

For every f € X (X,K;E), ¢, (f(X)) U{0} = ¢u(f(K)) U{0} is a compact
subset of R., therefore the formula

pa(f) = Sup g (f(z)) = Sup g (f(x))

defines a (finite) semi-norm p, on J#(X,K;E), such that
(%) Uy ={f e Z(X,K;E) : po(f) <1}.

The neighborhoods U, of 0 in J# (X, K;E) are thus convex, so (X, K; E)
is a locally convex space; moreover, it is clear from (*) that p, is continuous
at 0, hence uniformly continuous, by the argument in (6), (iv), therefore U,
is closed.

The formula (*) already establishes what we set out to prove: the topol-
ogy of #(X,K;E) is defined by the family of semi-norms (p,) .
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111.39, /. 13-16.
“...by No. 2, Prop. 6 we have, for every function f € % (X,K;E),

" ( / fdu) _— ( / hfdu) < [ hladaa (@) dinla) < 4l - pa)

(the ¢, being extended by continuity to E ), which proves the continuity of
f— [fdp.”

Superficially straightforward, the proof entails a subtle interplay be-
tween semi-norms on E, E and the corresponding function spaces; the
details are as follows.

(1) It is more convenient to start from neighborhoods of 0 in E. We
know that E is locally convex (see the note for I11.38, ¢. 13,14). By the pre-

ceding note, E has a fundamental system (N¥*) of closed, balanced, convex
neighborhoods of 0, expressed by a family (¢) of continuous semi-norms,

Nf={x*eE: ¢fx*)<1}.

We can regard E as a dense linear subspace of E, equipped with the relative
topology; then the sets N, = N* NE form a fundamental system of closed,
balanced, convex neighborhoods of 0 in E, and, setting ¢, = qu, the g
are continuous semi-norms on E such that

No={x€E: ¢q.(x)<1}.
For f € #(X,K;E) we write, as earlier in the proof,

pa(f) = SUp o (f(x)).

(2) With the above notations, the displayed inequalities in the text
become, for all f* € 7 (X, K;E),

o ([ an) =z ([ e au) < [ 1@ (@) dul@) <l wye)
where

(i) pa(F%) = sup g (£ (2));

zeK

the first inequality follows from the cited Prop. 6 and the fact that
@ o(h-f%) =h-(¢f of*) as functions on X, whereas the second inequality
follows from (i). From this, we need only retain

(i) i [ ) <lulw) ).
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(3) Given f € #(X,K;E), we propose to apply the inequality (ii) to
the function f* = 1o f, where + : E — E is the canonical injection. Since

(tof)(z) =f(z) € E, we have

pa(tof) =supq)(f(z)) = sup ¢ (f(z)) = pa(f),
zeK reK

thus the right side of (ii) becomes |u|(h) - po(f). We wish to prove that

(i) i [an) <l pace).
which will establish the continuity of (the restriction to ¢ (X, K;E) of) the
mapping f — [ fdu, since the p, define the topology of % (X,K;E), and

the ¢ that of E; thus we need only show that the elements [(tof)du and
[fdp of E are equal, and this follows from the fact that, for every u € E’,

( [wotyduu) = [(ot)(a)u)dut

:/(f(x),u> dplz) = </fd,u,u>.
11139, (. 13, —12.

“...with the notations of the statement,

/ (9(z) - @) du(z) = p(g) - a”

Since g-a € # (X;E) (by the continuity of scalar multiplication in E),
the symbol [(g-a)du is authorized by No. 1, Def. 1 for the element of E’*
such that, for all z’ € E/,

([t@-a1anz) = [ttg-a)a).) duta)
~ [ gta)fa2") duta)
= (0.2 [ g(a) du(a)

= (u(g) -a,2');

thus [(g-a)dp is equal to the canonical image of p(g)-a in E, hence may
be identified with the element u(g)-a.
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111.39, ¢. —5,—4. R
“... the mapping pr— [fdu of #(X;C) into E...7

Cor. 1 of Prop. 7 of No. 3 permits the definition of a mapping
B: ¢ (X;E) x .#(X;C) - E, B(f,p) = /fdu,

that is clearly bilinear.

The message of Props. 8 and 9: B is separately continuous when
A (X;E) is equipped with the direct limit topology and .#(X;C) with
the topology of strictly compact convergence, and, as such a mapping, is
characterized by its values B(g-a,e;) = g(z)a for g € #(X;C), ac E
and x € X.

111.40, /. 4—7.

“...consider the linear mapping v : 2z’ +— (f,2’) of E' into J#(X;C),
and let us show that the image under v of an equicontinuous subset H
of E’ is contained in a strictly compact subset of #(X;C).”

From this point on, elements z' € E' may be regarded as acting also
on E via their continuous extensions. It is simpler to replace E by E:
as observed at the end of the note for II1.39, ¢. 13-16, if + : E — E
is the canonical injection, then [(vof)dy = [fdu, thus the two func-
tions f € #(X;E) and tof € A (X; E) produce the identical mapping
M(X;C)—E.

To simplify the notation, we can therefore assume henceforth that E
is complete, so that [fdu € E for all u € .#(X;C). We also make the
abbreviations % = # (X;C) and # = .# (X;C), while retaining the full
notations . (X;E) and # (X, K;E), #(X,K;C) for K compact.

Since f € # (X;E), one has v(z') = (f,2') = 2/’ of € % for all
z' € E; and if K is a compact set such that f € # (X,K;E), for instance
K = Suppf, then v(z') € #(X,K;C) for all z’ € E'. The mapping
v: E' — ¢ is linear by a straightforward computation. We are to show
that the set of functions

vH)={z'of: 2 e H} Cc ¥ (X,K;C) C ¥

is contained in a strictly compact subset of % , in other words, that the
closure

v(H)

of v(H) in J (for the direct limit topology on % ) is strictly compact.
Now, v(H) C #(X,K;C) and we know that J# (X, K; C) is a closed subset
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of # (81, No. 1, Prop. 1), therefore v(H) C #(X,K;C); it follows (GT,
I, §3, No. 1, Prop. 1) that

v(H) =v(H) N (X,K;C)

is the closure of v(H) in J#(X,K;C) for the topology induced by that
of J# , and since that topology is the norm topology (§1, No. 1, Prop. 1),
v(H) is equal to the closure of v(H) for the norm topology. Thus it will
suffice to show that v(H) is compact for the norm topology.

Now, the norm topology on . (X,K;C) coincides with the topol-
ogy of uniform convergence in K, with the topology of uniform conver-
gence in X, and with the topology of compact convergence (the topology
of uniform convergence in the compact subsets of X ). One argues simi-
larly that ¢ (X,K;C) is a closed subset of €.(X;C) (the space ¥ (X;C)
equipped with the topology 7.. of compact convergence), that 7.. induces
on J# (X, K; C) the norm topology, and that v(H) is also the closure of v(H)
in %,(X;C) for Tec, that is, v(H) = v(H) .

Thus, the problem is to show that v(H) is a relatively compact subset
of €.(X;C); by Ascoli’s theorem (GT, X, §2, No. 5, Cor. 3 of Th. 2), it
suffices to show that v(H) is (i) equicontinuous, and (ii) pointwise bounded:

(i) Fix zp € X. Given any € > 0, by equicontinuity of H there exists
a neighborhood V of 0 in E such that

zeV = |Z/(z) <e forall 2/ € H,

and since f is continuous at xg there exists a neighborhood U of zy in X
such that
xeU = f(z)ef(xg)+V,

whence z € U = !z’(f(m) — f(xo))‘ < e for all z’ € H, that is,
zZeH = ‘(z’ of)(z) — (2’ of)(m0| <e forall ze€ U,

whence the equicontinuity of the functions z’ o f € v(H) at xg.
(i) Fix 9 € X. We are to show that the set

(v(H)) (z0) = {2/ (F(z0)) : 2 €H}

is bounded in C. Indeed, since H C E' = Z(E; C) is equicontinuous on E,
H is relatively compact for the weak topology o(E’,E) on E' (TVS, III, §3,
No. 4, Cor. 2 of Prop. 4). Since the mapping ¢ : E' — C defined by

p(z') = 2 (f(w0)) = (E(w0),2') (2 €E)
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is continuous for o(E’,E), the relative compactness (i.e., boundedness) of
((v(H))(z0) = ¢(H) follows from ¢(H) C ¢(H) and the compactness of H.

To summarize, we have shown that the closure of v(H) in J¢ is con-
tained in (X, K;C) and is compact, hence is a strictly compact subset
of J .

I11.40, (. 11,12.
“...u is none other than the restriction to .#(X;C) of the trans-
pose ‘v (in the algebraic sense)

The conventions of the preceding note are in force; in particular, E is
complete, and we abbreviate % = % (X;C), # = #(X;C), writing J¢*
and .Z* for their algebraic duals. The linear mappings

u: M —-E, v:E —

are defined by u(p) = [fdp and v(z') =2 of (pe.#, 2’ €E).

Equip E' with the topology o(E’,E'*), and # with the topology
o(A, #*); then v is continuous. For, if f € J#* then fowv € E'™* is
continuous for o(E’, E'*)

Bt . .c

and since o(, . #*) is the initial topology for the linear forms f € J&*
(TVS, 11, §6, No. 2, Def. 2), it follows that v is continuous (GT, I, §2, No. 3,
Prop. 4). The transposed linear mapping

bo: o — E'*

is thus given by ‘v : f — fov (TVS,II, §6, No. 4, Prop. 5). {Moreover, ‘v is
continuous for the topologies o(#*, %) and o(E'*,E’), and *(*v) = v (loc.
cit., Cor. of Prop. 5), but this is not needed here.}

Finally, . # = %" C #*,and if u € .# then, for all z’ € E/,

(), 7'} = (s v()) = (1,7 o F)
—( [ tdua') = twl). 7).

whence ‘v(u) = u(p) for all p € # . That is, ‘v|.# =u.

IIT.40, ¢. 12,13.
“...its continuity therefore follows from the foregoing (TVS, IV, §1,
No. 3, Prop. 6).”

The reference in the 1965 French original is inexplicit (Esp. vect. top.,
chap. IV, 2¢ éd.), to a work not yet published—the bound edition of EVT did
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not appear until 1981. Unable to find a suitable substitute reference in the
first edition at the time (1970’s) that I first studied Intégration, I improvised
a “direct proof” based on ingredients available in the first edition of Ch. III
of Esp.wvect.top. When 1 was preparing (1998) the published translation,
Professor Jacques Dixmier guided me to the correct reference in TVS and
sketched the indicated proof of the continuity of w; an exposition of his
proof (Proof #2) is given immediately after the following “direct proof”.

Proof #1. The conventions of the preceding two notes are in force.

Assuming V is a neighborhood of 0 in E, let us show that ﬂl(V) is a
neighborhood of 0 in .# for the topology 7. of strictly compact conver-
gence on .# . We can suppose that V is convex, balanced and closed in E.
For the canonical duality (z,z’) = z'(z) between E and E’, the polar of V
in E’ is the set

Ve={z eE: |Z(z) <1 forallze V}

(TVS, 1I, §8, No. 4); moreover, V° is convex, balanced, and closed for the
weak topology o(E’,E), and, by the theorem on bipolars (loc. cit., §6, No. 3,
Cor. 3 of Th. 1), V. =V°° (the polar of V° in E).

Let H=V° C E'; since H> = V is a neighborhood of 0 in E, H is
equicontinuous on E (TVS, III, §3, No. 5, Prop. 7), therefore the closure
v(H) of v(H) in . is strictly compact (see (ii) of the Note for III.40,
0. 4-7).

Thus v(H) € &, the set of all strictly compact subsets of % . The
topology Tsee on . is the topology of uniform convergence in the sets
7 € 6. It follows (GT, X, §1, No. 2) that if ¥/ € & and D ={ce€ C:
le] <1} is the closed unit disc in C, so that the set

2 ={(c,d)eCxC: c—deD}
is an entourage for the uniformity of C, then the set
{(p,v) € M x A : (1(g),v(g)) € P forall g .7}
={(u,v): |ulg) —v(g) <1 forall g€ .7}

is an entourage for the uniformity on .# of strictly compact convergence,
and the set

(*) e |u(g) <1 forall ge 7}

is a neighborhood of 0 in .# for 74 . In the canonical duality between 2
and ' = . , the set (*) is the polar ° of . in .# . In particular, the
set

o) ={peA: |ug) <1 forall gecov(H)}
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is a neighborhood of 0 in .# for 74 , and, since the y € .# are continuous
on %,

vH) ={peA: |ulg)| <1 foral gev(H)}=vH)".

Thus v(H)° is a neighborhood of 0 in .Z for 7y .
To conclude the proof, we need only show that

—1

(**) u (V) =v(H)*.

To that end, consider the linear mapping
v:E —

in the context of the algebraic duals of E/ and ¢ : as observed in the pre-
ceding note, v is continuous for the topologies o(E’,E'*) and o(J¢, % *).
Moreover, if 'v : #* — E'* is its transpose, then (TVS, II, §6, No. 4,
Prop. 6),

() v(H)® = ("v) TN (H?),

where the polars are taken in #* and E’*, respectively; note that .# =
A C * and the v(H)° in (**) is the intersection with .# of the v(H)°
in (f). Finally,

Uy ={ped: up) eV=H} (polar in E)
={pe: ("v)(p) eH} ("v| =)
={pe: |{(("v)(n),z')| <1 foral z’ € H}
= N0{fex*: |{("v)(f),Z) <1 forall 2 € H}
=HN{fex*: (")(f)eH} (polar in E'*)
=4 N ('v)"H(H°)

= ./ Nou(H)° (polar in Z* | by (1))
={ped: [(ng) <1 foral geovH)}
=v(H)° (polar in .4 ),

that is, (**) holds.

Proof #2. {For consistency of this intricate proof with the notation of
the cited reference in TVS, IV, it is convenient to interchange the original
notations u and v in the proof; otherwise, the conventions of the preceding
two notes are in force (in particular, E is complete).}
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Regard the pair of vector spaces (% ,.#) as put in duality by the
bilinear form (g,u) — (g,p) = [gdp, and similarly for the pair (E,E’),
put in duality by the bilinear form (z,2z’) — (z,2') = 2’(z) . We have linear
mappings u:E — # and v:.# — E, defined by the formulas (note the
reversed roles of u and v)

uw(z') = (£,2z') and v(u):/fdu;

let us place them in the context of the foregoing dualities.

Let E; be the vector space E’ equipped with the weak topology o(E’,E).
The dual of E; may be identified with the vector space E, that is, E] = E
as vector spaces, and if E in turn is equipped with the weakened topology
o(E,E’), then the dual of E may be identified with the vector space E’;
thus, with the first two primes interpreted in the sense of the dual pairing,
(E}) =E'=E; as vector spaces.

Similarly, let Eo be the vector space J# equipped with the weakened
topology o(. % ,.#). Then the dual Ef} of E; may be identified with the
vector space .# , and if .# 1is in turn equipped with the vague topology
o(A, X)), then the dual of .# may be identified with the vector space ¢ ;
interpreting the primes appropriately, (E}) = 2 = Ey as vector spaces.

With these notations, we have

*) u:BEy —Ey, v:E, —E].

For every z’ € E' = E; and p € .# = Ej, we have (citing formula (1) of
No. 1 for the second equality)

) = [ aydn=( [ tdna') = (w(n.2);

it follows (TVS, II, §6, No. 4, Prop. 5) that, in the notations of (*), u and v
are continuous for the topologies ¢ in question, and each is the transpose of
the other (in the sense of ibid., Remark), concisely ‘v =v (and ‘v =u).
Our problem is to show that the linear mapping v : .#Z — E remains
continuous when .# is equipped with the topology of strictly compact con-
vergence (in general stronger than o(E}, Eq) = o(.#, %), the vague topol-
ogy on .# ), and E with its original topology (in general stronger than
o(E},E;) = o(E,E’), the weakened topology on E); this is fertile terrain
for the G-topologies associated with dualities (TVS, III, §3, No. 5). Indeed,
if G5 is the set of all strictly compact subsets of Ey = %, then the topol-
ogy of (E})e, is the topology of strictly compact convergence in Ej), = .# ;
and if &y is the set of all subsets of E; = E’ that are equicontinuous with
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respect to the original locally convex topology 7 on E ., then the topology
of (E})s, coincides with the topology 7 on Ej = E (loc.cit., Cor. 1 of
Prop. 7). Thus our problem is to show that the linear mapping

v (E,Q)Gz - (E/I)Gl

is continuous for the indicated S-topologies. Now, v = ‘u; in view of TVS,
1V, 81, No. 3, Prop. 6, we need only show that:

1° w : E;y — E5 is continuous for the weakened topologies of the E;
(1=12);

2° the sets in &; are bounded in E; (i = 1,2); and

3°if A € &, then there exist sets Aq,...,A, in &5 and a real
number A > 0 such that \-wu(A) is contained in the closed balanced
convex envelope of AjU...UA,.

As to 1°: Since E; bears the topology o(E;,E.), that topology co-
incides with its weakened topology, so the assertion is immediate from the
continuity property of u noted in connection with (*).

As to 2°: If A € &4, that is, if A C E’ is equicontinuous for the
original topology 7 of E, then A is relatively compact for o(E’,E) (TVS,
ITI, §3, No. 4, Cor. 2 of Prop. 4), therefore precompact and hence bounded
(TVS, II1, §1, No. 2, Prop. 2). If A € G5, so that A C J# is (strictly)
compact for the inductive limit topology, then it is also compact (hence
bounded) for the weaker topology o(#", ).

As to 3°: If A € &; then wu(A) is contained in a strictly compact
subset A; of # (see the Note for II1.40, ¢. 4—7), thus condition 3° is
verified with n» =1 and A =1 (and no need to take envelopes).

§4. PRODUCTS OF MEASURES

I11.41, /. 6,7.

“It is immediate that the image under w of Z (X x Y,K x L;C) is
contained in ¥ (X,K;.#(Y,L;C)).”

If f:XxY — C then w(f): X — Z(Y;C) is defined as follows: for
each z € X, (w(f))(z): Y — C is defined by

(@)@) @) = fla,y) foral yeY.

If f is continuous then, for each x € X, the mapping y — f(z,y) is con-
tinuous, hence (w(f))(z) is continuous on Y, and so w(f): X — €(Y;C).
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Suppose now that f € % (X x Y,K x L;C). For each z € X,
(@()@) @) = f(e.y) =0 forall yeY — 1L,

therefore (w(f))(z) € #(Y,L;C) for all « € X. Moreover, if z € X — K,
then

(@)@ ) = Fap) =0 forall yeY,

therefore (w(f))(z) =0, the zero element of £ (Y,L;C); thus
w(f) € F(X,K; ¢ (Y,L; C)).

To show that w(f) € # (X,K;.#(Y,L;C)), we need only show that w(f)
is continuous for the given topology on X and the norm topology on
4 (Y,L;C). Since the norm topology on .#(Y,L;C) coincides with the
topology of uniform convergence in the compact subsets of Y, #(Y,L; C)
is a topological subspace of %.(Y;C); the desired continuity of w(f) is
therefore a consequence of GT, X, §3, No. 4, Th. 3 (with Z = C and

f=w(f)).
T11.41, £. 7-10.
“...if u is a continuous mapping of X into #(Y,L;C), with support

contained in K, then the mapping (z,y) — u(z)(y) of X xY into C is
continuous and has support contained in K x L ”

Define f:XxY — C by f(z,y) = (u(z))(y). For every z € X,

(@)@) ) = f@,y) = (a(@)(y) forall yeY,

hence (w(f))(z) = u(z) for all = € X; thus w(f) = u. The continuity of
w(f): X — #(Y,L;C) C %.(Y;C) then implies that of f, by GT, X, §3,
No. 4, Th. 3 (the “conversely” part, with Z = C and f = w(f)), and it is
clear that f(z,y) # 0 implies (z,y) € K x L.

I11.41, ¢. 14-18.
“...the image under w, of

A (X,K;C) @c 7 (Y,L;C)

identified with a subspace of (X x Y,K x L;C), is again the space
H (X,K;C)®c #(Y,L; C) but this time identified canonically with a space
of mappings of X into #(Y,L;C) (A, II, §7, No. 7, Cor. of Prop. 15)”
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n
Anelement f = Y g;®h; of the displayed tensor product space, viewed
i=1
as a function on X x Y (the first identification referred to), is the function

fy) = gi(@)hi(y).
i=1
Let us calculate its image under w: for all x € X, y €Y,
(@ @) W) = f.m) =D gi@)hily),
i=1

thus
(w(H)(@) =D gi(x)-hi € #(Y,L;C) forall zeX.
i=1

Writing E = #(Y,L; C), the preceding formula shows that the image of
A (X, K;C)@c # (Y, L;C) = #(X,K;C) ®@cE

under w coincides with its interpretation in § 1, No. 2, Prop. 5 as a dense
linear subspace of J# (X, K;E) (the second identification referred to).

IIL.41, (. —13,—12.
“...the conclusion of (ii) follows from the fact that the restriction of w
is a topological isomorphism.”

Let wg be the indicated restriction; according to (i), the mapping
wo: H(XxY,KxL;C) — %(X,K;%(Y,L;C))

is an (isometric) isomorphism of topological vector spaces. Since wg maps
the subset 7 (X,K;C)®c £ (Y,L; C) of its domain onto a dense subset of
ji/(X, K; 7 (Y,L; C)), the isomorphism implies that

A (X,K;C)®c A (Y,L;C) = # (X x Y,K x L;C).

II1.41, ¢. -9, -8.
“...the subspace # (X;C)®c - # (Y;C) is densein # (X xY;C).”
Let f € # (X xY;C). Since Supp(f) is compact in X x Y, one
has Supp(f) € K x L for suitable compact sets K C X, L, C Y. Then
fe X (XxY,KxL;C), so by Lemma 1, (ii), f belongs to the closure of
H (X, K: C)®c #(Y,L:C) in # (XxY,KxL;C); but #(XxY,KxL;C)
is a topological subspace of .# (X xY;C) (§1, No. 1, Prop. 1, (i)), therefore
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f belongs to the closure of # (X,K;C) ®c #(Y,L;C) in (X xY;C)
(GT, I, §3, No. 1, Prop. 1).
The rest of this note is for use in No. 4.

Another way of putting the matter is that the set of functions (let us
drop the “; C” for brevity)

feg (feH(X),gex(Y))

is total in (X xY) (TVS, I, §2, No. 1, Def. 1); by the Hahn-Banach
theorem, a test for totality is that if v is a continuous linear form on
A (X xY) (that is, a measure on X x Y ) such that

*) v(f®g)=0 forall fe #(X), ge#(Y),

then v =0 (TVS, II, §8, No. 3, Cor. of Prop. 1).

We wish to sharpen this result to the following: If v is a measure on
X xY such that v(f ® g) =0 as f runs over a total subset of #(X) and
g runs over a total subset of J#(Y), then v =0.

Lemma. — The bilinear function J# (X) x #(Y) — # (X xY) defined
by (f,9) — f® g is separately continuous (for the direct limit topologies).

Proof. Fix g € #(Y), say g € #(Y,L), where L is a compact
subset of Y. Let us write u: #(X) — # (X xY) for the linear mapping
u(f) = f ® g; we are to show that u is continuous. Given any compact
subset K of X, it suffices to show that the composite mapping

H(X,K) — H(X) = A (X xY)
defined by f — f— f®og (f € #(X,K)) is continuous (TVS, II, §4,
No. 4, Prop. 5, (ii), Exzample 11, and Remark). Writing ug = u|J£/(X,K),
the problem is to show that the mapping
ug : A (X,K) - (X xY)

is continuous. For all f € #(X,K) one has f®g € (X x Y, K x L),
whence a factorization

HA(X,K) - (X xY,KxL)—#(XxY)

of uk . The second arrow being continuous by the definition of the direct
limit topology, we are reduced to proving the continuity of the mapping

H (X, K) — # (X x Y,K x L)
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defined by f — f ® ¢, and this is immediate from ||f ® g|| = ||f]l llgll -
Similarly for the mappings g — f®g.

Proposition. — If A (resp. B) is a total subset of # (X) (resp. #(Y)),
then the set of functions

f®g (feA, geB)

is total in (X xY).

Proof. Let v be a measure on X x Y such that v(f ® g) = 0 for all
f € A and g € B; we are to show that v = 0. Fix g € B. It follows
from the Lemma that the function f— v(f®g) is a continuous linear form
on # (X); since it vanishes on the total set A, it is identically zero. Thus
v(f®g) =0 for all f e #(X) and g € B. Similarly, fixing f € 2 (X),
the validity of v(f ® g) =0 for all g € B implies that v(f ® g) =0 for all
ge X (Y). Thus v =0.

Corollary. — With notations as in the Proposition, if v is a measure
on X XY such that v(f ® g) =0 for all f € A and g € B, then v =0.
111.42, /. 3-5.

‘...for u=w(f) and for every y €Y,

([u@aree, )= [u@mare = [ fenae

whence the lemma.”

Write E = ¢ (Y,L; C); thus u € ' (X;E), where (u(z))(y) = f(z,y)
forall x € X,y € Y. For y € Y, the Dirac measure €, on Y is a continuous
linear form on J# (Y; C); for clarity, let us write n, for the restriction of ¢,
to #(Y,L;C). Since #(Y,L;C) is a topological subspace of #(Y;C),
1y is continuous on #(Y,L;C) = E, thus n, € E'. By the definition of
the vectorial integral,

</ud)\ny / ou)d\ forall yeY;

but (1, 0u)(z) = ny (u(@)) =&, (u(@)) = (u(@))(y) = f(x,y), thus n,ou =
f(-,y) and so
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briefly

(*) h(y) = </ud)\,ny> forally e Y.

If y¢ L then f(-,y) is the zero element of # (X,K;C) and so h(y) =0,
thus h € .Z(Y,L; C); it remains only to show that h is continuous on Y .

Now, [ud\ € E = #(Y,L;C) C #(Y;C), and y — ¢, is a con-
tinuous mapping Y — .#Z(Y;C) for the vague topology on .#(Y;C) (§1,
No. 9, Prop. 13), thus if y — yo in Y then ¢, — ¢, vaguely, in particular
gy(fud\) =€y ([ud)). But, forall y €Y,

&?y(/ud)\) :ny</ud)\> - </ud)\,ny> = h(y)

by (*), thus h(y) — h(yo)-

Alternate proof. Clearly (2) defines a function h : Y — C such that
h =0 on CL, so we need only show that h is continuous. Indeed, as
noted in the proof of Lemma 1 (with the roles of X and Y reversed), the
mapping Y — #(X,K;C) defined by y — f(-,y) is continuous (GT, X,
§3, No. 4, Th. 3), #(X,K;C) is a topological subspace of J#(X;C), and
A is a continuous linear form on % (X;C), so the composite mapping

y fy) = AFCy) = hiy)

is continuous.
T11.42, (. 13.

“...whence |v(f)| < axby|f].”

In the notation of Lemma 2, |h(y)| < ak] f]| for all y € Y, therefore
[u(h)| < LAl < brax]l £}
11.42, /. 13, 14.

“The linear form v on # (X x Y;C) is thus a measure on X xY ”

If A is any compact subset of X x Y, and K € X, L C Y are com-
pact sets such that A C K x L, there exists a constant M = axbr, such
that |[v(f)| < Ma||f]| for every f e # (X xY,K x L;C), hence for every
fe X (XxY,A;C), whence the assertion (§1, No. 3, criterion following
Def. 2).

I11.42, ¢. —2, 1.
/f(wvy) dv(z,y) = /dk(x)/f(wvy) du(y)

o = /du(y)/f(:v,y) dA(x).”
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By construction, v is the unique measure on X X Y such that

() [ ol dvle.y) = Nohu(h) for all g € H(X: C), h e # (¥:C).

and it satisfies

(i) v(f)= / (/f(w,y) dx\(:t))d,u(y) forall fe (X xY;C).

Interchanging the roles of X and Y, there exists a unique measure p on
Y x X such that

(i) [ hwg(o)doly.z) = n(WA(g) for all b€ H(Y5C), g € H (X:C).

and it satisfies

(v)  p(k) = / <//<;(y,a:) du(y))d)\(ac) for all k € # (Y x X; C).

For each f e Z (X xY;C) let f': Y x X — C be the function defined by
f'(y,x) = f(z,y); since (z,y)+— (y,z) is a homeomorphism of X X Y onto
Y x X, f+ f' defines a vector space isomorphism

H(XxY;C)— #(Y xX;C)
that is a homeomorphism for the respective direct limit topologies. Define
V(X xY;C)—C

by the formula v/(f) = p(f’). Then v’ is a continuous linear form, that is,
a measure on X x Y . In fact, v’ = v by the uniqueness part of Th. 1, since,
forall g € #(X;C) and h € #(Y;C), writing f(x,y) = g(x)h(y) one has

/ g(2)h(y) v/ (z,y) = V()

= p(f")
= /f’(y,x)dp(y,x)
~ [ f.v)dotya)

h(y)g(x)dp(y, z)
h)A(g) by (iii)
g(w)h(y)dv(z,y) by (i).

Il
— = —
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Then, for every f € # (X xY;C), one has v(f) =v'(f) = p(f’), that is,

[ (#ara) )duts) = v by (i)

f)

(y, ) duly by (iv)

(/s
/xydﬂ

Il
\\}\ N

as claimed.

11144, . 1-4.
“Indeed, for every z’ € E' we have

<//fd)\du,z’> ://(f,z’>d)\du:/du/ f
:/</fd)\,z’> dp = /du/fd)\,z’>
by (4), whence (5).”

In slow motion: for all z’ € E’, one has

<//fd>\du,z’>: </fdy,z’> (definition of //

:/<f,z'>d1/ (§3, No. 1, Def. 1)

(f,2') d\

- [([t@nz)ian)au oy @)
= / (/(f(-,y),z’>d)\)d,u(y) (cosmetics)
:/</f(-,y) dn, z’>du(y) (83, No. 1, Def. 1)

= </ (/f(,y) d)\)d,u(y),z'> (83, No. 1, Def. 1)

/fdu // d)\ du
- [ ([t ))dﬂ( )

/d,u /ﬂvyd)\

whence
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the argument shows that f hdu, a priori an element of E'* | is equal to
[ £dv hence belongs to E. Similarly,

([tava)= [ ( [tt@o).2)duty))are
= </ (/f(w, -)d,u)d)\(x),z’>,

/fdu - / (/f(w, -)d,u)d)\(x)
= /dA(x)/f(:c,y) du(y) -
IIL.44, (. —5.

“...which proves formula (6).”
Forall fe #Z(XxY;C),

whence

(filgeh)-(Aon) =

= [ fd((g-N) @ (h-p) by (3)
={f:(g- M@ (h-pn),

whence (g®@h)- (A@u)=(9-A) @ (h-p).

11145, (. 1-3.

“...if U (resp. V) is an open set in X (resp. Y ), then the restriction
of A®pu to the product U xV is the product of the restrictions of A to U
and of p to V7

We know from the first paragraph of §2, No. 1, that J# (X, U; C) may
be identified with 2 (U;C) via the mapping f +— f !U, and the measure
)\‘U on U is the result of transporting the restriction A!Jif (X,U;C) to a
linear form on ¢ (U;C) via this identification; that is,

AU)(f|U) = A(f) forall fe . #(X,U;C).
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From another perspective, if, for g € #(U;C), ¢’ denotes the extension
by 0 of g to X, then

(A|U)(g) = Ag') for all g € #(U;C)

(see the note for II1.23, ¢. 16-17). Similarly for the relation between p and
1|V, and between A ® p and (A®@ p)|U x V.

Both (A|U)® (¢|V) and (A®u)|Ux V are measures on U x V;if g €
H(U;C) and h € # (V;C), then gohe X (UxV;C), ¢ @h = (g h)
on X XY, and

[(AJU) @ (| V)](g @ h) = (A[U)(g) - (u[V)(R)
= g (h')
— (e e
=(Aoup)(geh))
=A@ Ux V(g h),

therefore (A|U) @ (u|V) = (A® p)|U x V by the uniqueness part of No. 1,
Th. 1.

111.45, (. 6-8.
‘... which proves the proposition, on taking into account the definition
of the support of a measure (§2, No. 2).”

Let U= X — Supp A. Then /\‘U =0 and, writing v = A® i, we have
v[UxY=AU)® (uY)=00p=0,
therefore U x Y C CSupp v, thus
Suppr C B(UxY)=(CU) xY = (Supp \) x Y.
Similarly Supp v C X x Supp p, thus
Supp v C [(Supp A) x Y] N [X x (Supp p)] = (Supp A) x (Supp ).

To prove the reverse inclusion, suppose (z,y) € CSupp v; it will suffice
to show that either 2 € CSupp A or y € CSupp pt. Let UCc X and VCY
be open sets such that

(x,y) € Ux V C CSupp v.

Then v|U x V =0, thus (\|U) ® (u|V) = (A ® p)|U x V = 0, therefore
)\‘U =0 or ,u‘V = 0, whence U C CSupp A or V C CSupp p, and so
x € CSupp A or y € CSupp p.
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I11.47, /. 3.
“There exist...”

By §1, No. 8, Prop. 10.

I11.47, (. 13-17.

“PROPOSITION 6. — When #(X;C), #(Y;C) and # (X xY;C)
are equipped with the topology of strictly compact convergence (§1, No. 10),
the bilinear mapping (A\,p) — A @ p of M (X;C) x A (Y;C) into
M (X xY;C) is hypocontinuous for the set of vaguely bounded subsets of
A (X;C) and #(Y;C) (TVS, III, §5, No. 3).”

The assertion is that if & and ¥ are the sets of vaguely bounded
subsets of .Z(X;C) and .Z(Y;C), respectively, then the bilinear mapping
u: (A\p) — A®p is (6,%)-hypocontinuous (in the sense of TVS, III, §5,
No. 3), that is, (i) it is separately continuous (for the topologies of strictly
compact convergence), (ii) for every M € & and every neighborhood W
of 0 in #(X xY;C), there exists a neighborhood V of 0 in .Z(Y;C)
such that u(M x V) € W, and (ii’) for every N € T and every neighbor-
hood W of 0 in .Z(X x Y;C), there exists a neighborhood U of 0 in
A (X;C) such that u(UxN) C W.

(The conditions (i) and (ii) express that ¢ is &-hypocontinuous, whereas
(i) and (ii") express that it is T-hypocontinuous.)

Remarks. — Suppose E, F, G are locally convex spaces, ¢ : ExXF — G
is bilinear, and & (resp. ¥) is a set of bounded subsets of E (resp. F).
If ¢ is continuous (“jointly”) then it is (&, ¥)-hypocontinuous for all such
S and ¥ (TVS, III, §5, No. 3, discussion following Def. 2). Thus (&, %)-
hypocontinuity is in general stronger than separate continuity and weaker
than continuity. According to Exercise 3 for §4, the bilinear mapping
u: (A p) — A® p is continuous (not just separately) for the topologies
of strictly compact convergence. It then follows from the foregoing that
u is (6,%)-hypocontinuous when & (resp. .7 ) is any set of sets that
are bounded for the topology 7. of strictly compact convergence; but
the sets bounded for 7y are the same as the vaguely bounded sets (§1,
No. 10, Prop. 17), thus one recovers Prop. 6, enhanced with joint continuity
(for Tsec ).

I11.47, (. —14 to —11.

“the mapping ¢ of # (X, K; #(Y,L;C)) x #(X;C) into £ (Y,L;C),
such that ¢(g,A) is the function h defined by h(y) = [ g(z,y)dA(z), is
separately continuous by virtue of §3, No. 4, Props. 8 and 9.”

There is here an “abuse of notation”: a function

ge X (XxY,KxL;C)
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is being identified with the function
w(g) € H (X,K; 4 (Y,L; C))

of No. 1, Lemma 1; explicitly, (w(g))(z) is the function y — g(z,y), that

is, (w(g))(z) = g(x,-). For clarity, let us maintain the distinction.
Write E = #(Y,L;C), a Banach space; thus w(g) € #(X,K;E) for
g€ (X xY,KxL;C). Define a (bilinear) mapping

p: A (XxY,KxL,C)x #Z(X;C)— E

by (g, \) = [w(g)d\ = [g(x,-)d\z) € E = E (§3, No. 3, Cor. 2 of
Prop. 7).

For fixed g € # (X x Y,K x L;C), hence fixed w(g) € #(X,K;E),
the mapping

A plo ) = [wg)dh (ve.a(x:0)

is continuous for the topology of strictly compact convergence (§3, No. 4,
Prop. 9).
For fixed A\ € .#(X;C), the mapping

wlg) - [wl)dh  (wlo) € # (X KiE)

is continuous for the norm topology (§3, No. 4, Prop. 8), and since g — w(g)
is an isometry (X x Y,K x L;C) — #(X,K;E) (No. 1, Lemma 1), the
mapping

gH/ JaA=@(g.)) (g€ #(XxY,K xL;C))

is also continuous for the norm topology. Thus ¢ is separately continuous.
111.47, 0. —4, 3.
‘...the conditions A € B and p € C° therefore imply A®@ u € A°.”
Polars are being taken; what are the dualities involved?

As to C°: We have C C #(Y,L;C) C #(Y;C); as C is a compact
subset of ' (Y,L;C), it is a strictly compact subset of #(Y;C) (for the
direct limit topology). The duality in question is the canonical duality

(ho 1) v (o ) = pu(h) = / hdy
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between £ (Y;C) and # (Y;C) = #(Y;C), thus

(i) C°={pe#(Y;C): Hh,p)>—1 forallheC}

(TVS, 11, §8, No. 4, Def. 1).

As to A°: Similarly A € # (X x Y,K x L;C) is a strictly compact
subset of # (X x Y;C), and

(ii) A°={ve #(XxY;C): Z(f,v)>-1 forall feA}.
Let f e #(XxY,KxL;C), A\ € #(X;C), u € #(Y;C). Then
e(f.A) = [ f(z,)dA\(x) € #(Y,L;C), and

o) = [ ([ fay)dia)dut) by (3) of No. 1

— [ () dx@) du
= (p(f, A), 1) -

If feA, AeB and p€ C°, then p(f,\) € C and, by (i),

the validity of (*) for all f € A says, by (ii), that A ® p € A°. This proves
the assertion
A\p)eBxC® = A@ueA’.

So to speak, B® C° C A°.

One notes that if € #Z(Y;C) is such that A@ p € A° for all A € B,
then the validity of (*) for all f € A and A € B shows, since ¢(f,A) then
runs over ¢(A x B) =C, that € C°. Thus if p € #(Y;C), then

A@ueA°foral N eB = peC,

so to speak, B® u C A° = p € C°. Combining this with the preceding
paragraph, we see that

Co={pue#(Y;C): BoucCA°}.
Sets such as C and A figure in the topologies of strictly compact con-

vergence on . (Y;C) and .# (X xY;C), respectively. Crucial for the rest
of the proof is that the sets C° (resp. A°) form a fundamental system of
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neighborhoods of 0 in .Z(Y;C) (resp. .# (X x Y;C)). The details are
given in the next note; in preparation, we give here the following:

PROPOSITION . — If Z s a locally compact space and A is a strictly
compact subset of # (Z;C) then the closed balanced convex envelope of A is
strictly compact (therefore the closed balanced envelope and the closed convex
envelope of A are strictly compact).

Say A ¢ #(Z,K;C), K a compact subset of Z. Since .# (Z,K;C)
is a closed topological subspace of J#(Z;C) and is a Banach space, the
assertion is immediate from the following lemma:

Lemma. — If A is a compact subset of a complete Hausdorff locally
convez space G, then the closed balanced convex envelope of A is compact.

Proof. Let A; be the balanced envelope of A, Ay the convex envelope
of Aj. Then A; is compact (TVS, I, §1, No. 5, Prop. 3), and A, being
the set of all convex combinations of elements of A; (TVS, II, §2, No. 3,
Cor. 1 of Prop. 8), is obviously balanced, thus A, is the balanced convex
envelope of A ; therefore A, is precompact (TVS, II, §4, No. 1, Prop 3),
that is, the completlon A2 of A iscompact. Since G is complete, A2 may
be identified with the closure Ay of A, in G (GT, II, §3, No. 9, Cor. 1 of
Prop. 18), thus A, is compact; since, moreover, A, is balanced and convex
(TVS, 1, §1, No. 5, Prop. 2 and II, §2, No. 6, Prop. 14), it is clear that A, is
the closed balanced convex envelope of A. (The lemma remains true in any
Hausdorff locally convex space G provided that the compact subset A is
contained in a complete balanced convex subset of G, cf. TVS, II, §4, No. 1,
Cor. of Prop. 3.)

111.47, /. —3 to —1.
“In view of the definition of the topology of strictly compact conver-
gence, this proves the proposition (TVS, III, §5, No. 3, Def. 2).”

The formula u(A\, u) = A ® p defines a bilinear mapping
u: M(X;C) x M(Y;C) = H(XxY;C).

Let us take on faith (details later) that the sets of the form A° (resp. C°)
are a fundamental system of neighborhoods of 0 in .Z(X x Y;C) (resp.
A (Y;C)) for the topology of strictly compact convergence. As in the note
for I11.47, ¢. 13-17, let us write & (resp. ¥ ) for the set of vaguely bounded
subsets of .Z(X;C) (resp. #(Y;C)).

Given a neighborhood W = A° of 0 in .Z(X x Y;C) and a set
B € & that is vaguely closed (not a restriction, since, in any real or complex
topological vector space, the closure of a bounded set is bounded—because
the closed neighborhoods of 0 are fundamental), we have produced a neigh-
borhood C° of 0 in .Z(Y;C) such that u(B x C°) C A°, informally



INT III.x115 MEASURES 84

B ® C° C A°. In particular, if A € .Z(X;C) and B = {\}, one sees that
1— A® p is continuous. A symmetric argument shows that A — A ® p is
continuous for each p (one begins with mappings

W (X xY,KxL;C) — #(Y,L;,.#(X,K; C))

and ¢ (X xY,KxL;C) x .#Z(Y;C) — #(X,K;C)), whence separate
continuity, and so the G-hypocontinuity of w is established. A symmetric
argument proves T-hypocontinuity.

The details. The following argument for X will apply as well to Y
and X x Y. To simplify the notations, we make the abbreviations % =
H(X;C), M = #(X;C); A is equipped with the direct limit topology,
so that .# = ¢’ . A priori, the only obvious topology on .# is the vague
topology, that is, the topology o(.#; #") derived from the canonical duality

(f,A)H<f,A>=/fdA (fex, xed).

But .# is a set of functions on J#°, and “A; — X vaguely” means simply
that \;(f) — A(f) for each f € %, whence \; — X uniformly on every
finite subset of % ; thus vague convergence in .# means uniform conver-
gence in the finite subsets of % . By modifying the sets of subsets of J#
considered, one opens the door for other topologies on .# . To wit:

Let of be the set of all strongly compact subsets A of JZ, and let .%
be the set of all subsets of J# that are contained in some A € &7 ; since &
is closed under finite unions, the same is true of ., thus .# is a bornology
on . (TVS, III, §1, No. 1, Def. 1). One knows (see the Proposition at the
end of the preceding note) that if A € &7, say A C # (X,K;C), then the
closed balanced convex envelope of A in ¢ is also compact, is contained
in #(X,K;C), hence belongs to & ; the same is therefore true of every
subset of A, hence (varying A) for every set S € .. In particular, if
S € . then the closure of S belongs to .7 (indeed, to <7 ). Moreover, if
Se. and c € C, then ¢S € .. These properties may be summarized by
saying that the bornology . on % is adapted (loc. cit., No. 2, Def. 4), and,
in particular, it is convex (loc. cit., No. 1, Def. 2). {Another example: When
A is equipped with the vague topology, the set & of (vaguely) bounded
subsets of .# is an adapted bornology on .# (loc. cit., No. 2, Prop. 1).}

Now, .# C §(;C) and . is a set of subsets of . ; the topol-
ogy of strictly compact convergence on .# is by definition the .#-topology,
that is, the topology of uniform convergence in the sets of . (GT, X, §1,
No. 2). Equipped with this topology, .# = ¢’ is also denoted .. =
Loy(H;C) =My (X;C), and is itself a locally convex space (TVS, III, §3,
No. 1, Cor. of Prop. 1).
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We now describe a fundamental system of entourages for the uniformity
of .#-convergence. A fundamental system of entourages for the uniformity
of C is given by the sets

Ve={(c,d) eCxC: |c—d|<e} (¢>0);

if S €., afundamental system of entourages for the topology of uniform
convergence in S is given by the sets

Wes={(\WN)e M x M : INf)—N(f)|<e forall f€S} (e>0);

a fundamental system of entourages for the uniformity of .-convergence is
therefore given by the finite intersections

W51781 m"'mWEn,S

n

(GT, X, §1, No. 2, Remark 2). If e =min{ey,...,e,} and S=S;U---US,,,
then
Wg,s Cng,Slﬁ'--ﬂWEms

n )

it follows that the sets W, g form a fundamental system of entourages. But
if Se.¥ and A is the closed balanced convex envelope of S, then A € .
and W, o C W, g; thus the sets

W.a (>0, A€ .o balanced and convex )
form a fundamental system of entourages. Now,
MO =Nl <e & NeHH-NETNHILT,

whence W, o = W; .—14; since the e 'A run over the closed, balanced
convex elements of &/ as A does, the sets

Wi a (A €.« balanced and convex)
form a fundamental system of entourages. Therefore the sets
Ur={eZ: |Nf)]<1forall feA},

as A runs over the set of balanced, convex, strictly compact subsets of K,
form a fundamental system of neighborhoods of 0 in .# for the topology
of .-convergence, that is, the topology of strictly compact convergence. In
the canonical duality between the vector spaces ¢ and 4 ,

(*) Ua = A°



INT III.x117 MEASURES 84

(TVS, II, §8, No. 4); thus the sets (*), as A runs over the set of balanced,
convex, strictly compact subsets of £, form a fundamental system of neigh-
borhoods of 0 € .4 for the topology of strictly compact convergence.

Incidentally, by the theorem on bipolars (TVS, II, §6, No. 3, Th. 1),
A°° is the closure of A in # for the weakened topology o(.#,.#). But
the strongly closed convex set A is also closed for o(%", #) (loc. cit., Cor. 3
of Th. 1); thus A°° =A.

I11.48, /7. 1,2.
“The conclusion of Prop. 6 is no longer valid when the topology of
strictly compact convergence is replaced by the vague topology (Exer. 2 ¢)).”

A surprising result, since u is separately continuous for the vague topol-
ogy (Prop. 5).

In the cited exercise, X =Y = [0,1], and .Z(X;C), .#(X x X;C)
are equipped with the vague topology. Write u(A,u) = A ® p as in the
preceding note. Let & be the set of vaguely bounded subsets of .Z (X;C).
The set B = {u € #(X;C) : ||u|| < 1} is vaguely compact (§1, No. 9,
Cor. 2 of Prop. 15), hence vaguely bounded. If u were G-hypocontinuous
for the vague topology, then the restriction of u to B x .Z(X;C) would be
continuous (TVS, 111, §5, No. 3, Prop. 4), contrary to part ¢) of the exercise.

111.48, /. 2-6.

“...if B (resp. C) is a vaguely bounded subset of .#(X;C) (resp.
A (Y;C) ), then the image of B x C under the mapping (A, p) — A ® p
is vaguely bounded in .Z (X x Y;C) and therefore the restriction of this
mapping to B x C is vaguely continuous ...”

Let w: #(X)x#(Y) — #(XxY) be the bilinear mapping u(\, u) =
A®@pu, and let & (resp. T) be the set of vaguely bounded subsets of .# (X)
(resp. A (Y)); we know from Prop. 6 that u is (&, ¥)-hypcontinuous when
each of A (X), #(Y) and .# (X xY) is equipped with the topology Tscc
of strictly compact convergence.

From §1, No. 10, Prop. 17, we know that & is also the set of subsets
of X that are bounded for 7y, and similarly for € and Y. By TVS, III,
§5, No. 3, Props. 4,5, u(B x C) is bounded for 4. —hence for the vague
topology—and the restriction of © to B x C is continuous when each of
B, C is equipped with the topology induced by 74, and B x C with the
product topology. Since B, C and u(B x C) are vaguely bounded, the
topologies induced on them by 74, and the vague topology are identical by
the Prop. 17 cited above; and the product topology on B x C coincides with
the topology induced by the product of the vague topologies on . (X) and
A (Y) (GT, 1, §4, No. 1, Cor. of Prop. 3); therefore the restriction u|B x C
is continuous when all spaces in sight are equipped with the vague topology.
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111.48, /. 10-14.
“The set of linear combinations of complex functions of the form

(1,22, ..., 2n) = fi(z1) fa(@2) - - - fu(2n),
where f; € #(X;;C) (1 <1< n), may be identified canonically with the
tensor product @ % (X;;C), and it follows from Lemma 1 of No. 1, by
i=1

induction on n, that this tensor product is dense in % (X;C).”

The case n =2 is proved in the remarks following the cited Lemma 1.

Assume inductively that all is well for for n — 1 and consider the
case of n. Write Y = X; X -+ X X,,_1. The canonical homeomorphism of
Xy x---xX,, with YxX,, permits the identification of # (X; x---xX,,) with
A (Y xX,,) . By the induction hypothesis, the set of functions f1®---® f,,_1
is total in #(Y), therefore the set of functions

fl®"‘®fn:(f1®"‘®fnfl)®fn (fle'%/(xl) fori:lv"'?”)

is total in (Y xX,,) = # (X1 x---xX,) (see the Proposition in the note
for 111.41, ¢. —9,—8).

111.49, ¢. —13 to —11.

“The integral notation and formula (14) may be extended in an obvious
way to functions f € % (X;E) with values in a Hausdorff locally convex
space E, such that f(X) is contained in a complete convex subset of E.”

Preparatory to computing the case n = 3, let us review the Remark in
No. 1 (which is the case n = 2). In the context of a measure v = A ®@
on X xY,if fe #Z(XxY;E) is such that f(X xY) ¢ C C E with C
complete and convex, so that [fdv € E by §3, No. 3, Prop. 7, then

/ fdy = / duly) / £(z,y) d\(z) = / dA(x) / £(z,y) du(y)

in the sense that

(i) for each y € Y, the integral [ f(z,y)d\(z) exists and is an element
of E,

(ii) the function h:Y — E defined by h(y) = [f(z,y)d\(z) belongs
to #(Y;E), and

(iii) [hdp= [fdv;
thus, for each z’ € E/,

[aaran={ [ran)={ [aut) [ 5.0 ir@e)
:/</f(x,y) dA(x),z’>du(y)
_ / ( / (£, 9),2') AN(@) ) dpu(y)
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and similarly

</fd1/,z’> - </d)\(x)/f(w7y) du(y)72'>
- [{ [t dutw).a"yiria)
_ / ( / (£, ), 2') du(y) ) dA(x).

Now consider locally compact spaces Xi1,X9,X3, and let Z = X; X
Xo x X3, canonically identified with (X; x X3) x X3 and X; x (X3 x X3).
Let p; be a measure on X; (i =1,2,3) and let f € #(Z;E) be such that
f(Z) c C for some complete convex subset C of E. Write v = 1 @ua®pus =
(1 @ po) ® p3 = p11 @ (2 ® pz) . We know that [fdv € E.

From the preliminary remarks, with A = p; ® po and pu = 3, we have

/fdy=/fd((u1 ® p2) X pu3) :/dus(m)/f(x1,w27x3)d(u1 ® p2) (21, z2)
:/dug(w?’)(/dﬂz(wz)/f(whx?awi%)d”l(xl))

:/dﬂ3($3)/d,UQ(l‘Q)/f(1'1>1‘27$3)d#1(1'1),
as well as

/fdu:/d,ug(:vg)</d,ul(:vl)/f($1,9€2,$3)d,u2($2)>
:/dﬂg(;cg)/dm(xl)/f(ml,xz,:cs)duz(:cz)-

This accounts for the permutations (3,2,1) and (3,1,2). On the other hand,
/fdy = /fd [ @ fi2) @ fis3) /d 1 @ fi2) 1‘1#62)/f(9€17$27l‘3)dﬂ3(953)

/d,ul x1) /d,u2(952)/f(w17x2=333)d/‘3(953)>
:/d,ul(l’l)/d,u2($2)/f(9517x27333)d/~‘3(x3)’

as well as

/fdu: /dﬂg(x2)</dul(wl)/f(w17x2,w3)d/~t3(963)>
:/duz(@)/dm(l‘l)/f(ib”l,xz’fﬂs)dﬂ?)(fﬂ?)),
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accounting for the permutations (1,2,3) and (2,1,3). Finally,

/fdl/ = /fd(,ul ® (12 ® p3))

leads to formulas for the permutations (2,3,1) and (3,2,1).

I11.50, . —14, —13.
“It is clear that (.#Z(X4;C),(Pap)y) is an inverse system of vector
spaces, and that ((pa),) is an inverse system of linear mappings ...”

If a < f3,sothat pag: Xz — X4, then, by the foregoing,
(Pap)y : #(Xg;C) — M (Xqa; C)

is a linear mapping, continuous for the vague topology.
If o <3< then, from poy = pag o pgy (GT, I, §4, No. 4) we infer
that, for every f € ¢(X,;C),

pa'y,(f) =f OPay = (f Opaﬁ) O DB~
= gy (f 0 Pap) = Py’ (Pas’(f))

thus pa~' = gy’ 0 pag’; taking transpose,

ey (Par)y = (Pap)y © (Pay), Whena < B <.
Since pao is the identity mapping of X, ,

(I1) (Paa)y is the identity mapping of .Z(X4;C).

Thus, assuming .# (X,;C) equipped with the vague topology, the family
(/// (Xa; C)) of topological vector spaces and the family ((pag) *) of contin-
uous linear mappings form an inverse system

(T) ('//(Xod C)7 (paﬁ)*)

(S, I11, §7, No. 1 and GT, loc. cit.).
Recall that the inverse limit

X =limX,,

is a closed subspace of the compact space [[X, (GT, I, §8, No. 2, Cor. 2 of

(0%
Prop. 7), the canonical mapping

Pa: X — X,



INT III.x121 MEASURES 84

of X into X, is defined to be the restriction to X of the projection map-
ping pr, of the product space into X, (GT, I, §4, No. 4). When X, is
nonempty for every «, the compact space X is also nonempty (GT, I, §9,
No. 6, Prop. 8).

From the relation p, = pag o pgwhen o < 3, one infers that

*) (Pa)y = (Pap)y © (Pp)y When a < 3.

The sense in which the term “inverse system” is applied to the family of
mappings

(Pa)y + A (X;C) — M (Xa; C)

is explained in S, I11, §7, No. 2, Remark 2 (reviewed at the end of this note),
but what the property (*) is called is not important; what is important is
the role that it plays in Definition 2 below, as follows.

Consider the inverse limit of the system (t), namely

lim Z (X,;C);

its elements are the families (po) € [[.#(Xqo; C) such that po = (pag)y (13)

when a < (.
For example, suppose 4 is a measure on the compact space X = lim X4, .

For each «, define a linear form p, on % (X4;C) by
ta(f) =pu(fopa)  (f € €(Xa;C));
since, for f € €(X4;C), fops belongs to €(X;C), one has
o (A< lpll - 11f o pall < Hlull - I£1]

thus p, is a (bounded) measure on the compact space X, such that
llpall < ||p]| - By definition, for all f € €' (X,;C) one has

pa(f) = pu(f o pa) = p(pa’(f))
= (/1' Opa/)(f) = [t(pa,)(lu’)](f) = ((pa)*(ﬂ))(f) )

whence (pa), (1) = pto for all a. It then follows from (*) that, for o < 3,

(Pap)s (1) = (Pap)y (P84 (1))
((Pap)s © (28)5) (1) = (Pa)y (1) = far
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thus the family (1) is (in the sense of Def. 2) an inverse system of measures
admitting g as inverse limit. One can therefore define a (linear) mapping

¢ A (X;C) — lim.#(X,;C)
by the formula

() = ((pa) (W)  (n€ A(X;C)).

By Def. 2 the range of ® consists of the set of all inverse systems of measures
that admit an inverse limit. A preview of Prop. 8:

By (i) of Prop. 8, ® is injective.

By (ii) of Prop. 8, if (44) is an inverse system admitting an inverse
limit g, then the family (||pq||) is bounded (indeed, (po) = ®(u) satisfies
|t || < [Jp]| for all a as noted above).

By (iii) of Prop. 8, if the p,s3 are surjective, then every inverse sys-
tem (po) for which (||pal]) is bounded has an inverse limit; in this case,
the range of @ is precisely the set of elements (u,) of hﬁl//l (Xq;C) for

which (||pa|) is bounded, and @ is a bijection of .Z(X;C) onto this set
(a linear subspace of lim .#(X,;C)).

By (iv) of Prop. 8, if the p,g are surjective, then @ is a bijection
of #1(X;C) onto the set of elements (p,) of lim.#(X,;C) such that

to =0 for all a, and, when p € #,(X;C), ||uall = || for all a.

To summarize, the family of mappings ((pa)*) and their property (*)
are the link between inverse systems of measures on the X, and possible
measures 4 on the space X = 1{&1 X, that may correspond to them.

We now review the justification for calling the family ((pa)*) an “inverse
system” of mappings.

Let (Eq, fap) be an inverse system, E = liﬁlEa ,and fo: E — E, the
canonical mapping.

{In the application at hand, E, = .#(X,) (we drop the “ ;C” for
brevity), fog = (Pap)y, E = lim .7 (X4) and f, the restriction of

pro : [[#(Xg) — #(Xa) to lim#(Xg). Thus fa((ps)) = pa for every
6 —
inverse system of measures ug € #(Xg).}
Let (Fa,943) be a second inverse system, F = limF,, g, : F — F,

the canonical mapping.
{In the application at hand, F, = .#Z(X) for all a, gop is the identity
mapping on #(X); the elements (p,) of limF, are then the “constant

families” (po) where, for some p € #(X), po = p for all a; and the
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canonical mapping g, : imFz — F, assigns to a constant family (u) the
value p. In effect, limF,, is the “diagonal” of the product space [[F, ; one
may identify limF, with F = .#(X), and g, with the identity mapping
id on #Z(X).}

Suppose that for each o we are given a mapping U : Fo — Eo such
that, when o < (3, the diagram

Fgs e Es
Gap fa,@

FaT@’Ea

is commutative, that is, U © gag = fap © ug when o < B. One then says
that the family (uy) is an inverse system of mappings of (Fa,gag) into
(B, fag) (S, I1L, §7, No. 2).

{In the application at hand, u, = (pa), , the diagram takes the form

(X)) P )

id (paﬁ)*

M (X) M (Xo)

(pa)*

whose commutativity reduces to the relation

(*) (poz)* = (paﬁ)* © (pﬁ)*

whenever a < .}
By S, 111, §7, No. 2, Cor. 1 of Prop. 1, there exists a unique mapping
u:F — E such that the diagram

F Y .
Ja fo

Fqo

Uq Ea

is commutative for all oo. The mapping w is then called the inverse limit
of the family (uq), written w = limu, (S, III, §7, No. 2).

{In the application at hand, the diagram takes the form
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M (X) Ui (X )

id fa

A X) (Pa)

where f, is the restriction of pr, : [[ #(Xp) — #(X,) to lim.#(Xp).
The property required of u is that f, (u(,u)) = (pa)y (n) for all a; since

O(p) = ((pﬁ)* (u)) has this property, ® = u by the uniqueness of u. Thus
((pa)*) is an inverse system of mappings and ® = lim(p,), .}

M (Xa)

{Another application of inverse limits occurs in the theory of Souslin
spaces (GT, IX, §6, No. 5).}

II1.51, /. 10-13.
“...which shows that

g+h: (gﬁop,@a +hwop'ya)opa

belongs to F ...”
In slow motion,

g+h=ggopg+hyop,
(*) =49p©° (p,@a Opa) +h'y © (g'ya Opa)
= (gﬁ Opﬁa) 0P + (hfy Op*yoz) O Pq -

Now, A = gg opgn and B = hy o p,, are continuous functions X, — C,
that is, elements of % (X,;C); therefore their sum is defined and belongs to
€ (Xa;C),say A+ B = f, € €(X,;C), and, by the definition of sum,
(A+ B)(xq) = A(x) + B(zy) forall z, € X, .
In particular,
(A+ B) (pa(z)) = A(pa(z)) + B(pa(z)) forall z€X,
that is, (A+ B)op, = Aop, + Bop, as functions X — C. In view of (*),
g+h=Aop,+Bop, = (A+B)Opo¢ = fa © Pa,

where f, = A+ B € €(X,;C), consequently g +h € F.
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11.52, /. 10.
“oo (Pa)y (W) = po forall ael...”
For every f, € €(X4;C),

pa(fa) = Mfa 0 Pa) = 1(fa 0 pa) = ((pa)*(:“))(foc)v

whence fta = (pa)y ().
IT1.52, ¢. 13.
“...the relation 1o = (Pag)y (1p) implies that pq(1) = pg(1) ...

Write 1, € €(X,;C) for the constant function equal to 1. The point
is that 1, o pag = 13, thus

b

15(1) = pp(la © pag) = ((Pap)y (1)) (1a) = pa(la) .

I11.52, /. 15, 16.

“...the subspace F obviously satisfies the property (P) of §1, No. 7,
Prop. 9...”7

The constant function 1 belongs to F because 1 = 1, o po, where
1o € €(X4;C) is the constant function equal to 1, and f = 1 trivially
satisfies the requirements of (P) in the cited Prop. 9.

I11.52, /. —13 to —10.

“We know that (Xj,prjix) is an inverse system of compact spaces, and
that the inverse limit of the system of continuous mappings (pr;) is a hom-
eomorphism of X onto the inverse limit space IE Xy, permitting one to

identify these two spaces (GT, I, §4, No. 4 and S, III, §7, No. 2, Remark 3).”
I had great difficulty applying the cited references, making many mis-

takes along the way; be suspicious of every move in the following exposition.
To recapitulate the notations, we are given a family of nonempty com-

pact spaces, and
X =][xx

AEL
is the product topological space, the topology being defined as the initial
topology for the family (pry)aer of projection mappings
pry: X — X,

No order relation on the index set L is assumed.
Let § be the set of all nonempty finite subsets J of L; § is an in-
creasing directed set for the order relation J C K on §. For each J € §

one writes
Xy =][]Xx.
AeJ
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and the mapping
pry: X — Xy

is defined, for & = (z))xer, in X by

pryx = (zx)res = (Pra®)reg;

so to speak, pry “masks out” the coordinates A € L — J. If J,K € § with
J C K, then
PriK : XK — XJ

is defined to be the mapping (x))aex — (Tx)res (thus masking out the
coordinates A € K — J); also pry; =id on Xy and, when ICJC K € §,

prij © prjk = prik -
To summarize,
(X3, priK)
is an inverse system of sets relative to the index set § (S, III, §7, No. 1).

Writing Z = [] Xy, the inverse limit
Jeg

lim XJ
is the subset of the compact space Z consisting of the elements (zj)jez € Z

such that
prik zxk = 23 when J C K;

explicitly, if zx = (a,)uex , where a, € X, for all x4 € K, then prjk zx =
(au)pes - In particular, if A € K and J = {A}, then

Pr{\}K 2K = (%)ue{x} =ay;

thus, when A € K, the effect of pryyyk on an element zx of Xy is to single
out the M\'th coordinate of zk .

For all # = (xa)xer € X, prok(prk @) = pryx ((za)aex) = (Ta)res =
pryx, thus
(*) PrjK © PIK = pIJ

as functions X — Xj. We write

Y = thJ
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and, for J € §,
pJZY—>XJ

for the restriction to Y of the J’th coordinate projection mapping Z — Xj.
By GT, I, §9, No. 6, Prop. 8, Y = lim X; is compact and nonempty;

our problem is to show that X is homeomorphic to Y. At any rate, there
is a natural mapping h: X — Y, defined by

h(z) = (pry®)ses
where h(z) € Y by (*); explicitly, if J C K then
pryk(prx ) = (prjk o prg)r = pry .

For every K € § and every A € K, we have the commutative diagram

[ X, = X h Y =limX;,
AeL -

Prk PK

X Xk

PTK A
where pri  is the A'th coordinate projection on the product space X . The
equality pk o h = prg expresses the definition of h, and pri x o prg = pry
is clear from the definition of pry .

We prove that h is a homeomorphism in three steps:

(i) h is injective;

(ii) A is continuous;

(iii) h is surjective.

Proof of (1): If h(z) = h(z’) then, for every J € §, pryxz = prjz’;
thus if A € L and if J is an element of § containing A, then

prya(pryx) = prya(prya’),

that is, pryz = pryz’.

Proof of (ii): Y bears the initial topology for the family of mappings
(pk)kes, and pk o h = pri is continuous for every K, therefore h is
continuous.

Proof of (iii): Given y = (y;)jeg € Y, we seek an element = € X such
that h(x) =y, that is, pryjz =y; forall J € §F.

Given any A € L, we have {A\} € § and yp\} € X{ny = X\, therefore
yixy = o for a unique x) € Xy . Define = (zx)xcL -
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As noted earlier, if K is any element of § that contains A, then the
effect of pryy;k on an element zx of Xk is to single out its A’th coordinate;
in particular, priyyk ¥k = y{ay = a shows that the A’th coordinate of yk
1S T) .

Now let J be any element of § and let us show that pryz = y;. Say
y; = (ax)aes, where ay € X, for all A € J. For every A € J, we know
from the preceding paragraph that the A’th coordinate of 3y is x) , that is,
ay = xx, whence y; = (zx)rey =PIy .

I11.52, /. —9 to —6.

“Since the projections prj i are surjective, it follows from Prop. 8 that
the set #(X;C) (resp. .#+(X)) may be identified with the set of inverse
systems (ugy) such that the family of norms (||uy]|) is bounded (resp. such
that the pj are all positive, and necessarily of the same total mass).”

Both notations prjk and prjk are employed in the Ezample to de-
note the canonical projection Xg — Xj. The former, without a separating
comma, is consistent with the general notation for an inverse system, but
the latter is used here three times.

By the discussion at the beginning of No. 5, to a continuous map-
ping p : A — B between compact spaces there is associated a mapping
p, : H#(A;C) — #(B;C), p, = *(p'). The correspondence evidently
satisfies (poq), = py 0q, and (1a), = 1 z(a;c)- (In the language of
categories, p — p, defines a covariant functor between the appropriate
categories.) When p is surjective, p’ preserves norm, hence so does p, .

As shown in the preceding note, if X = [[ X\ and Y = limX;

€L ‘*
(J € §), then the mapping h : X — Y defined by h(x) = (prjz)jez is

a homeomorphism. It follows that the mapping
(i) hy : M (X) — #(Y)
defined, for p € #(X)) and g € €(Y) by

(hy (1), 9) = ("(") (1), g) = (u, W' (g)) = (u, g o h)

is an isomorphism of vector spaces such that © > 0 & h,(u) > 0, and
Ay (1)]] = ]l (because h' preserves norm).
On the other hand, by the note for I11.50, £. —14, —13, there is a linear

mapping
(ii) @:%(Y)—)@%(XJ),

defined by ®(v) = ((pJ)*(V))Jeg, that is injective (by (i) of Prop. 8), the
range ®(.Z(Y)) of ® is the set of inverse systems (uy)jcz of measures
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on the Xj for which the norms ||u;]| are bounded (by (iii) of Prop. 8; see
also the note for III. 50, £. —14,—13); and, by (iv) of Prop. 8, ® (., (X))
is the set of all inverse systems (uj)jez for which py; > 0 for all J, in
which case ||py]| is constant, specifically, if ®(u) = (uy)jez then p > 0
and ||py|| = ||p|| forall JeF.

Combining the mappings (i) and (ii), we have a mapping

(iii) 9:(I>oh*:e//(X)—>l(i£1///(XJ)

such that € is linear, injective and preserves positivity, its range 6 (/// (X))
is the set of all inverse systems (uj)jez of measures on the Xj for which the
norms ||uy]| are bounded; and 6(.# (X)) is the set of all inverse systems
(13)sez for which py > 0 for all J, in which case, if 0(u) = (uy)sez, one
has ||us| = ||p| for all J.

Let us calculate 0(u) explicitly for p € #(X). Writing v = h,(n) €
A (Y) , we have

(1) = (@ ohy) () = ®(hy (1) = D) = ((P2) (V) 55 »

where (p;), (v) € #(X;) is the measure on X; whose effect on a function
f1 € €(Xy) is given by

((P1) W), f3) = (v, fs o p3)

« (1), f3opy)
(fiopy)oh)
s fyo(pyoh))

(3o h)y(m), fa)

whence (py), (v) = (pyoh), (i), and so

(1) = (P o h)y (1)) sz 5

(v
= (h
= (u,
= (u
= (

thus the inverse family 6(u) = (us)jez is given by

(iv) py = (pyoh),(n) foral JegF.

Now, pjoh = pry by the definitions of A and pj, thus the meaning of (iv)
is that, for all J € § and all f; € €(X;), one has

(13, f3) = ((P3 o h)y (1), f3)
= <M,fJ o (pJ Oh)> = </’LafJ OprJ>7
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that is,

(v) wi(fs) =p(fyopry) foral JeF and fy € €(Xy).

We may regard (v) in two lights:

(a) given any pu € #(X), the formulas (v) define an inverse sys-
tem (uy)jez of measures on the Xj, so to speak providing a represen-
tation of 1 as the inverse limit of a family of measures on the Xy, concisely
= (11)1es;

(b) given any inverse system (uj)jecz of measures on the Xj, linked by
the formulas

(pryk ), (px) = py  when JCKeF,
that is,

(g, f1) = (px, fyopryx) when JCK e § and fy € € (Xy),

then there exists a unique measure p € #(X) satisfying (v), providing,
so to speak, a representation of the inverse system (pjy)jez of measures on
the X; as a measure p on X, concisely (pj)jeg = . It is in the sense
of this correspondence that one “identifies” measures on X with inverse
systems of measures on the Xj. In view of Prop. 8, the inverse systems
(13)sez on the Xj that correspond to measures on X are precisely those
for which the norms |u;|| are bounded; and an inverse system (uj)jeg
corresponds to a positive measure p € 4, (X) if and only if puy; > 0 for
all J € §, a condition that implies that the norms ||uj| = ps(1lx,) are all
equal to each other (if J,K € § then JUK € § provides a link between || ]|
and ||uk||) hence are bounded, so that the system (uj)jez corresponds to
a measure p > 0 on X and in fact ||us]| = ws(lx,) = w(lx) = ||u|| for
all Je§.

II1.52, ¢. —3.
For “subsets of 1”7 read “subsets of L ”.

IT1.52, ¢. —3 to —1.
“...we have, by virtue of formula (14) of No. 4,

(17) px (fyopryk) = pa(fs) - H pa(1).”

AeK=1J

One is assuming that J C K, and f; is a given function in %' (X;;C).
Define fx = fyopryx. If J =K, the formula reduces to p;(fy) = ps(fs)-
Let us assume that J has j elements, K has k elements, and j < k. To
simplify the notation, let us suppose that

J={1,....5}, K={1,...,5,j+1,...,k}.
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Then for each fixed (x1,...,2;) € Xj and every (zjy1,...,2;) € Xk=17,
one has

fK(xl,...,1‘j,.CCj+1,...,CCk) :fJ(acl,...,:cj)-l;

by the cited formula (14), successive integration with respect to the variables
Zjt1,...,2, produces the factors p1(1),..., ux(1), thus

/fK(wlw”7xj7xj+17"'7$k)d,u’K—J :fJ(xlu"'vl.j) : H Nz(l)

i€eK=—1J
Denote groups of variables by x = (z1,...,2;,j41,...,28) € Xk,
y=(z1,...,2;) € Xy, 2= (j41,...,2) € Xg—7, making the identifica-

tion x = (y,z). Then

fx(x) = fx(y,z) = fi(y) - 1

and the formula (*) may be written

/ny, ) dpk — 3(z H pi(1

1eK—J

Then, citing (14) for the case of two variables,

p(fyopryk) = px(fk) = /fK d(py ® pg=13)

:/dﬂJ(Y)</fK(Y7Z) duK—J(Z)>
— [dme)(fs- T w)

ieK—1J

= () J] m)

ieK—1J

I11.53, /7. 1,2.

“For (ujy) to be an inverse system of measures, it is therefore necessary
and sufficient that either py = 0 for all A € L or puy(1) =1 for all
el

As in the preceding notes on the Fzample, § denotes the set of all
nonempty finite subsets J of L. The condition (17) may be written

((Prak)y (u) (f1) = pa(fa) - [ maCd

AeK=1J
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whenever J C K € § and fj € €(X;;C), that is,

(r3)u (i) = ([T () s when JCK e
A€eK=—1J

in order that (ujy)jez be an inverse system of measures on the Xj, it is
therefore necessary and sufficient that

(*) o= TI m@) us when JCKeg.
AeK=—1J

If px(1) =1 for all A € L, it is obvious that (*) holds, therefore
(13)sez is an inverse system. Whereas if py = 0 for all A € L, then
wy =0 forall Je€F and (u;)jez is trivially an inverse system.

Conversely, suppose (uy) is an inverse system, that is, satisfies the
condition (*). We are to show that either ) =0 forall A€ L or px(1) =1
for all A € L; assuming there exists a Ao € L such that p,, # 0, it will
suffice to show that px(1) =1 for all A € L. Let A be any element of L
such that A\ # Ag. Set J = {Ao}, K = {Ao,A}. Then py = py, and the
condition (*) reads px, = pa(1) -y, , whence px(1) = 1. In particular
i # 0, so the roles of A and Ao can be interchanged, leading to py, =1,
consequently px(1) =1 for all A e L.

I11.53, ¢. 5,6.
“We retain the notations of the Fxample of No. 5, so that in particular
wy = @ ux for every finite subset J of L.”

pYSH)
As in the preceding notes, we write § for the set of all nonempty finite
subsets J,K,... of L. The following remarks, or something like them,

should have been made at the outset of the Example of No. 5.

(i) What does X; = [] X\ mean? It is the set of all (finite) fami-
Aed
lies (xx)xes such that z, € X, for all A € J, equipped with the initial

topology for a family of canonical projections. Its elements are described
independently of any ordering that might exist in L orin J. If JC K e §
then the formulas

Xk = Xj X Xg—y = Xg=-J X X;

are a consequence of the associative law for products (GT, I, §4, No. 1,
Prop. 2), the equalities expressing canonical homeomorphisms. Thus if
y € Xj and z € Xg—j then (y,z) and (z,y) are representations of a
same element x of Xy .
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(i) If fn € €(X;C) for all X € J, what does Q) fn mean? It is the
Aed
function f on Xj defined by

F((@A)res) = H Ia(za),

AeJ

the product being independent of any hypothetical ordering of the \’s.

(iii) If py € 4 (Xx;C) for all A € J, what does @ puy mean? It is
Aed
the unique measure py on Xj characterized by the relations

MJ(@fA) = [ ua(f)  (HLeF(XNC) forall AeT),

Aed AeJ

the product being independent of any consideration of ordering.  If
J € K € § then the formulas

PK = p] Q UK—J = PK—J @ p]

exhibit three representations of the same measure on X , an instance of the
associative law for finite products of measures (No. 4, Prop. 7).

I11.53, ¢. —5 to —2.

“It then follows from Prop. 8 of No. 5 that there exists a positive measure
p' on X of total mass 1, such that p/(fyopry) = p)(fy) for every finite
subset J of L and every function fy € ¢(X;;C).”

As in previous notes, we write § for the set of all nonempty finite
subsets of L. Since p)(1) =1 for all A\, the measures

py = Q) 1
AeJ

form an inverse system of measures on the Xj by the last sentence of No. 5.
It is clear that for every J € §, one has p; > 0 and p)(1) = [] ph(1) =1.
Aed

By (iv) of the cited Prop. 8 there exists an inverse limit measure pu’ = 1(&11 e

on X that is > 0 and satisfies ||p'|| = p/(1) =p5(1) =1 forall J € F. In
particular,

W (fyopry) =us(fy) forallJeFand fy €% (X;;C)

(see the formula (v) in the note for 111.52, £. —13 to —10).
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II1.53, £. —2 to I11.54, (. 3.

“The positive measure
p= <H ux(1)> o
A€L

then meets the requirements, since

w3 (fy) = wy(fy) - HM,\(l)

AelJ

H pa(l) = H pa(1) - H (1)

A€EL AeJ AeL—1J

The factorization of [] wpx(1) in the preceding line is a special case
AEL
of an associativity theorem for multipliable families (GT, IV, §7, No. 5,

Remark).
For all J € § we have

Wy =k =R (1)

Aed Aed
—(IImw) - @m=(TIm®) -w.
Aed Aed Aed
whence
*) py = (T m) - uhs

AelJ

therefore, for all f; € €(X;;C),

p(fyopry) < H pa(l ) (fyopry) (definition of p)
AEL

= < H 'U,A(l))/.Lf](fJ) (preceding note)

AeL
=<Hm( My fJ) IT ma
A€ AL =

=) JI ma (by (%))

AeL—1J
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whence the formula (18). And, since p/(1) =1, the defining formula

= (H m(l)>u’

A€L

yields the formula (19).

I11.54, . 11-13.

“This follows at once from the formulas (18) and (19) and the associa-
tivity of the product for multipliable families in R4 (GT, IV, §7, No. 5,
Remark).”

(The term “at once” comes in various sizes. Am I overlooking a dramatic
simplification? The unpleasant length of the following argument carries with
it an increased risk of error.)

By the cited Remark, for every p € R the subfamily (ux(1))xer, is

multipliable, the family of products ( I1 ,u>\(1)> is multipliable, and
AEL, pER

(1) H ( H MA(1)> = H (1)

pER  A€L, AeL

Therefore, by Prop. 9, for each p € R there exists the positive measure

(2) l/p:®u>\ on YPZHXA

AEL, AEL,
satisfying
(3) vp(fropry) = pni(fy) H px(1)
A€L, —1J

for every finite J C L, and every fj € ¢(X;;C), and one has

(4) vp(1) = [] ma(D);

XEL,

moreover, since the family (I/p(l))
itive measure

(5) I/:®I/p on HYP:X

pER pER

pER is multipliable, Prop. 9 yields a pos-
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such that, writing

(6) vy = ®I/p for finite SC R,
pES
one has
(7) v(gsoprs) =ws(gs) [[ v()
pER—S

for finite S C R and all gg € ¥(Yg;C), where

(8) YS:HYPZI_I(HX/\): H X,

pES pES  XEL, AeUpES L,
and, by (4) and (1),
(9) v(1) = [T vo() = ] ma(1).
peER AEL

On the other hand, by Prop. 9 there exists the product measure
(10) uz@,u)\ on X:HXA
AEL A€L
satisfying
(11) pfroprs) = ps(fs) I ma(1)
AeL—1J
for all finite J C L and all f; € ¥(X;;C), and one has
(12) p() = [Tm@)  (=w(1) by (9)).

A€L

By (5) and (2),

(13) V:®Vp:®<®,u,\> on HYp:X;

pER peER  X€L, pER

since p = @ py on X, the problem is to show that v = . So to speak,
A€L

[I X and [] Y, are two representations of the same space X; we are to

AEL pER

show that p and v are two representations of the same measure on X.
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To this end, let J be a finite subset of L = |J L, and let f; €
pER
% (X;;C). Theset J can intersect only finitely many of the mutually disjoint

sets L, ; let S be a nonempty finite subset of R such that J C |J L, , which
pES
we can suppose to be minimal, so that JNL, # @ for every p € S. Then

(14) I=JInL, =],

pES pES

where the sets J, =JNL, (p €S) are pairwise disjoint and nonempty.

In view of (8) and the fact J C |J L,, setting T = |J L, one can
pES pES

Ys=[[Xa=Xsx [[ X

A€T AeT —1J

write

hence one can define a function gg € € (Ys; C) by the formula

(15) gs = fyoPpry,
where pry is the J'th projection in the context of the space Yg. Writing
prg for the S’th projection in the context of [[ Y, =X=Ygx [] Y,,

pER pER—S
one then has

(16) gs oprs = (fy o Pry) o prg = fyo (pTyoprg) = fyopry;

here prjy is the J’th projection in the context of

X=][xx=Xsx [ Xx.

A€L AeL—1J

thus

(17) gs o prs = fyopry

on the space [[ Y, = X = [] X\ (see (5) and (10)); this is the link
pER AEL
between the presentations v and p of the measure on X. Then

v(fyopry) = v(gs oprs) (by (17))
(18) =us(gs) [[ w() (v (7).

peER—S
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Consider again the decomposition J = |J J, of (14). Let s = cardS,
pES
j = cardJ. Since each J, contains at least one element of J, one has s < j.

Let us index S as follows:

S={p1,...,ps} (s=cardS).

Then J is the disjoint union
J=J,u---ul,,,

which yields a factorization
S
XJ :XJpl X oo X XJPS = HXJPi

ST(TT ) - T

peS A€, pES

(19)

This is the crucial step; functions on Xj ostensibly of j variables =) € Xy
(A € J) in the context of X = [] Xy, may be regarded as functions of s

A€L
variables y, € Xj, = [[ X\ = ( II XA) = (Y,)s, (p€S), where the
MET, M€EL, Ip
last equality is in the context of Y, = [[ X\ and J, CL,.
A€L,
Among the functions in € (X;;C) = < I1 X5, ) are the “elemen-
pES

tary functions”

(20) fJ:®pr (peS, f1,€€(X,;,;C)),

pES

which form a total set of continuous functions on Xj (GT, X, §4, No. 3,
Th. 4); such a function acts on a point

v = (2:)xes = ((@a)red,) pes € X = 11,
pES

as follows:

= H f1, ((xx)res,)

pES
We now construct a function gg € (Yg; C) such that (15) holds, that
is, fy oPTry; = gs, where Pry is the projection Yg — X; described there,
and f; is the function defined in (20).
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For each p € S define a function g, € €(Y,;C) by the formula
(21) Qp:proﬁJpa
where Py, is the projection Y, — Xj, in the context of
Yo=[][xX=]][xXx J] X=X,x [ X
A€L, Aed, AeL,—J, AeL,—J,

Define gs € ¢(Ys;C) =¢(]] Y,;C) by the formula
pES

(22) g5 =R

pES

§4

We now show that f; o Ppry = gs, where the projection pry: Yg — Xj
has been described in connection with (15). Let y € Yg = [[ Y,, say

pES

Y = (Yp)pes , where, for p €S, y, € Y, and y, = (zx)rcL, With z\ € X,

for A€ L,. Then (recall that J = (J J, with J, CL,)

pES
(23) Pryy = (Tx)res = ((xA)Aer)pes € H Xy, =Xy,
pES
therefore
(24) 1(PTyy) <®fJ >< Tx)red, pGS) 11 55, ((@3)aes,
pES pES

but, for p € S, by (21) one has

9p(Yp) = pr(ﬁJp Yp) = pr ((xA)Aer) )

whence, by (24),

1085 9) = [ 90 ) <®9p> Yp)pes) = 9s(y),

pES pES

(25) gs = fyopry € €(Ys; C)
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(that is, (15) holds), in other words, taking into account (20) and (22),

(26) R = (R f,) o1

pES pES

We now consider vg = @ v, € A ([] Y,;C) = #(Ys;C) (see (6))
pES pES

and apply it to the fanction gs € %(Ys; C) = €(I] Y, C):
vs(gs) = ((% ) (%gp) (by [()6) and (22))
= ljsup(gp) p (by (12) of No. 4)
— ﬁyp(pr Py ) (by (21))
=TI [wo(5)- TI m®] by )
pes NeL, =1,

= [pl;ISMJp(pr)] : [H( 11 Mx(l))]

peS AeL,—1J,

(@G (L o

pES

=mw(fn) I ma

AEM—J

where @ py, = @ ( X ,u,\) = py by No. 4, Prop. 7, and where M =

pES pES  AEJ,
U L,, so that by disjointness one has
pES
(27) M_J:ULP_UJP:U(LP_JP)7
pES pES pES

and the previous display may be abbreviated

(28) ( =] fJ H ,u>\

AeEM=—J

Noting that (15) has been verified, and substituting (28) into (18), we then
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have (for the “elementary functions” fy)

v(fyopry) = vs(gs) H vp(1)

pER—S
(29) = [NJ(fJ) 11 m(l)}- T »m
AEM =] pER—S
= [MJ(fJ) 11 u,\(l)} : [ 11 ( 11 M,\(1)>],
AEM =1 pER—S AEL,

the second and third equalities by (28) and (4), respectively; the indices A
for which (1) occurs as a factor in (29) are those in

(M—J)U( U Lp>:<ULp—USJp)U( U Lp) (by (27))

pER—S peES pE pER—S

-(Uwv U )= Uw

pES peER—S pER
_ ( U L p) _
pER

=L-1J,
whence (29) becomes
(30)  w(fyopry) =ps(fs) ] wa(D)=p(fyoprs) (by (11)).

AeL—1J

We have thus shown that for every finite J C L, and, behind the scenes, the
finite S C R chosen preparatory to (14), one has

v(fyopry) = u(fyopry)
for all fj running over a suitable set of “elementary functions” total in
% (X;;C), hence
(*) v(fopry) = p(fopry)
for all finite linear combinations of such fy’s. If now f € €(X;;C) is
arbitrary, it is the uniform limit of a sequence f,, of such linear combinations.
whence

[ fnopry — fopryl| = |(fo — f)oprs| < |[|fn — fIl =0,
consequently (*) holds for all f € ¥(X;;C) by the continuity of v and .
Such functions
fopry (J C L finite, f € CK(XJ;C))
form a dense linear subspace of % (X;C) by Lemma 3 of No. 5, therefore
v=p on ¢(X;C) by continuity.
Ouf!



CHAPTER IV

Extension of a measure. L’ spaces

§1. UPPER INTEGRAL OF A POSITIVE FUNCTION

Iv.1, /. —6,-5.
“Lemma. — FEvery function f € Z4 s the upper envelope of the set
(directed for the relation <) of all functions g € #, such that g < f.”

Let ¢ be the set of all g € #, such that g < f (for example, 0 € &)

and let go = sup¥ be its upper envelope, go(z) = sup g(x) for all z € X.
geYy
Since g,9' € 9 = sup(g,¢’) € Y, ¥ is directed upward for <.

It is obvious that gg < f ; we are to show that go = f. Fix z € X
and let us show that go(z) > f(x). Given any a € R with f(z) > a it
will suffice to find g € ¢ such that g(z) > a, for then go(z) > g(x) > a
and letting a — f(x) yields go(z) = f(z). If a <0 then g = 0 satisfies
g(x) =0 > a as desired; so we can suppose that a > 0.

Since 0 < a < f(x) it follows from lower semi-continuity that there
exists a neighborhood V of x such that f >a on V (GT, IV, §6, No. 2,
Def. 1) and we can suppose that V is compact. It follows from GT, IX,
§1, No. 5, Th. 2 that there exists a continuous function u : X — [0,1]
such that u(z) = 0 and uw = 1 on CV; then g = a- (1 — u) satisfies
0<g(y) <aforall y e X, g(x) =a,and g =0 on CV. Since V is
closed, Suppg C V, and since V is compact, g € # . Finally g € ¢ ; for,
if y €V then g(y) < a < f(y) (recall that f >a on V) and if y € CV
then ¢g(y) = 0 < f(y). Thus the requirements g € ¢4 and g(z) > a are
fulfilled.

Special case: Suppose f = @y is the characteristic function of an open
set U of X (lower semi-continuous by GT, IV, §6, No. 2, Cor. of Prop. 1).
In the foregoing proof, 0 < a < f(z) implies = € U, so one can sup-
pose in addition that V C U; then the constructed function g belongs to
4 (X,U;C), thus

ou =sup{g € #,: g<ou, SuppgC U}.



INT IV.x2 EXTENSION OF A MEASURE. LP SPACES 51

IV.2, (. —13.

“...which again proves the relation p*(f) = > a(x)f(z).
zeX

Recall that u € #,(X), X a discrete space, #, 1is equal to the
linear span of the characteristic functions ¢y, (r € X) with finite real
coefficients > 0, and «a(x) = pu(psy) (¢ € X); thus every g € %, has the

form
9= 9()¢(
rEM

”

with M a finite subset of X, and one has

(*) pH(f) = al@)f(z),

zeX
where, by convention, a(z)f(x) =0 when a(z) =0 and f(x) = +oo. Let
D={zeX: alr) =0 and f(x)=+oc0};
thus = € D implies a(z)f(z) = 0, and the right side S of (*) may be
written
S= ) a@)f(@).

zeX—D

We are to show that p*(f) =S. By definition,

p*(f)= sup pu(g).
g€H 4, g<f

Let
A={reX: flx) =+c0}.

case 1: There exists an xp € A such that a(zg) > 0.

Then for every positive integer n one has 0 < n < 400 = f(zg), so
that the function g, = n- ¢,y satisfies g, € #,, 0 < g, < f, and the
sequence (i(g,) = n - a(zy,) is unbounded, thus u(g,) < p*(f) shows that
w*(f) = +00. On the other hand, «a(z¢)f(z¢) = +00 is a term on the right
side of (*), therefore S = +o00 and the equation (*) holds.



81 UPPER INTEGRAL OF A POSITIVE FUNCTION INT IV.x3

case 2: a(z) =0 forall x € A.
Then D = A, so that

S= 3 a@)f(),

rzeX=—A

where, for every z € X — A, both «a(z) and f(z) are finite.
Let us first show that S < p*(f). Let M be any finite subset of X — A;

then g = > f(z)p(sy belongsto £, and g < f, therefore u(g) < p*(f),
reM
that is,

> al@)f(@) < 4 (f):

zeM

the validity of this inequality for every finite M C X — A shows that
S < p*(f)-

To prove the reverse inequality, let g € 2, be such that ¢ < f and let
us show that p(g) < S. Let M be the support of g, so that

9= _9@)pwEy and plg) = alx)g(z).

zeM reM

If x € MNA then f(x) = +oo and «a(z) = 0 by assumption, so that
a(z)f(x) =0 by convention, consequently (recalling that g < f)

wg) = Y ala)gla) < S ale)f@) = 3 al@)fa) <

zeM reM zeM=— A

(the last inequality because M — ACX — A CX —D).

IV.3, ¢. 11,12.

“...since H is directed, sois &, and f=supp.”
peP

If g, € H with g < ¢, clearly ®, C &, . Suppose ¢1,ps € @, say
o1 € By, p2 € &y,. Choose g € H so that g3 < g and go < g. Then
or € 4, C &, for k = 1,2, therefore sup(pi,¢p2) € ¢, C ®, thus & is
directed upward for <. The assertion that

Sup g = sup ¢,
geH ped

that is (in view of the Lemma)

Sllp( sup (,0) = sup @,

€H cd
g pePy p€e gcH d,
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is an application of the following result (a straightforward consequence of
the definition of supremum):

Let E be an ordered (i.e., ‘partially ordered’) space in which every
nonempty subset has a supremum (for example E = R, [0,+00] or ET

T any set). If (x;)ic1 is a family of elements of E and zf (Ij)jes s afamzly

of nonempty subsets of 1 such that 1 = |J I;, then
j€I
sup z; = sup (sup $Z>
iel jeJ Niel;
(‘associativity of sups’; S, III, §1, No. 9, Prop. 7).
IV.3, ¢. 12,13.

“Since ¥ < f, 1 is the upper envelope of the set of functions inf(1), )
as ¢ runs over ® ...”7

Since inf(¢, @) < for all p € @, obviously

() sup (inf(y),¢)) <9
%)
Given any x € X, the problem is to show that
(%) sup ((min (v(2), ¢(2) ) = ¥().
pE

case 1: (x) = ( )

Then min (¢(x), p(z)) = min (f(z),¢(x)) = ¢(z) for all ¢ € , and
one knows that sup ¢(x) = f(x), thus (T) reduces to f(x) = ¢(x).

peP
case 2: Y(x) < f(x).
Since sup ¢ = f, there exists pg € ® such that () < po(z) < f(x).
ped

Then min (v¥(z), ¢o(x)) = ¥(x), consequently
sup ((min (¥(2), 9(x)) ) > min (Y(2), 9o (@) = (),
peP
whence equality by (*).
IV.4, (. —7,—6.
“Moreover, p*(X) = |||, as is shown by formula (22) of Ch. III, §1,
No. 8.7

The cited formula reads ||| = sup ||(f) for any measure p;
0< <1, feX (X)
when p > 0 this simplifies to

[l = sup p(f) = p*(1) = pH(ex) = p*(X)
0< f<1, fFeX (X)

by the definitions.
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IV.11, 4. 5,6.
“These propositions are the translations of Props. 10 and 13 and of
Th. 3 of No. 3 for characteristic functions of sets.”

Let A =JA, . Then pa <> pa, , hence

15 (pa) < u*(ZcpAn) <Y u*(ea,)

by Props. 10 and 13, whence Prop. 18. If, moreover, (A,) is increasing, then
(pa, ) is increasing and ¢a = supga, , therefore p*(pa) = sup p*(pa,)

by Th. 3. "

§2. NEGLIGIBLE FUNCTIONS AND SETS

V.12, ¢. —7,—6.
“For, by Prop. 3, in order that an open set G be negligible, it is neces-
sary and sufficient that GNS = @, that is, G C £S.”

For G open, write f = pq, which is lower semi-continuous and > 0.

Then
lw*(f)=0 < f=0on S (Prop. 3)

& ScCia
& GcCs;
and, since CS is open, it is eligible to play the role of G.
IV.13, 4. 5,6.
“...therefore N is negligible (No. 1, Props. 1 and 2).”
Each nf is negligible (Prop. 1), hence supnf is negligible (Prop. 2),
hence N is negligible (Prop. 1), thus N is negligible. If P {x{ is the
property « f(z) = 0», then N = {z € X : not P{x{}; thus the negligi-

bility of N means that P {x{ almost everywhere, that is, f(z) =0 almost
everywhere.

IV.13, (. 8,9.
“...therefore f is negligible (No. 1, Props. 1 and 2).”

Each npy is negligible (Prop. 1), hence sup ney is negligible (Prop. 2),
hence f is negligible (Prop. 1).
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V.14, ¢. 10, 11.

“COROLLARY. — If ¢ is a mapping of [[F, into a set G, then the
mappings gp((fn)) and w((gn)) of X into G are equivalent.”

If 2 € X then (fn(z)) € [[F,. The mapping ¢((f)) : X — G of the

Corollary is the composite function X — [[F,, — G defined by

2= (Fal@) = o( (fa(@)) )

let us abbreviate it u = ¢((f,)), thus

u@) = o((fal@))  (@eX).

Similarly, let v = go((gn)) be the function

0@ = ¢((m(@))  (@eX).

Let H be a negligible subset of X as described in Prop. 8. If « ¢ H
then f,(z) = gn(z) for all n, therefore (f,(z)) = (gn(z)) as elements of

]}Fn, consequently gp((fn(x))> = go((gn(a:))), that is, u(x) = v(z); thus

u = v almost everywhere, that is, © and v are equivalent, i.e., go(( fn)) and
©((gn)) are equivalent.

The assumption on the f,, g, is that fn =g, for all n; the conclusion
of the corollary is that the classes of go(( fn)) and gp((gn)) are equal. The
class of ¢((fn)) is denoted cp((fn)) ; that is, cp((fn)) is defined to be the

—_—~—

class cp(( fn)) . Thus, the message of the corollary is that if ﬁ = g, for

all n, then ((fa)) = (7).
Another way of viewing the conclusion is that the class of ¢ ((f,)) is
unchanged if each f, is replaced by a function equivalent to it.

IvV.14, /. —7 to —5.
“...for, this is equivalent to saying that there exists a negligible set H
in X such that, for every = ¢ H, p,(f(x),g(z)) = 0 for all n, that is,

f(z) = g(x).”

To put it another way, from

{z: fla)=g(2)} =z : pulf(2),9(x)) =0},
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we have {z: f(z) # g(z)} = U{z : pn(f(),9(x)) # 0}, and the set on

the left is negligible if and only ?f each term of the union is negligible.

IV.15, (. 5,6.

“...for it to be negligible, it is necessary and sufficient that it not
intersect the support of p (No. 2, Prop. 5).”

Write G = {x : f(z) # g(z) }, an open subset of X since since F is
Hausdorff (GT, I, §8, No. 1, Prop. 2). Then

flz)=g(z) ae. G negligible

G c CSupp(i) (No. 2, Prop. 5)
Supp(u) € 0G ={z: f(z) =g(x)}
f(z) =g(x) for all z € Supp(u).

(A

IV.17, (. —3 to —1.

“For f to be negligible, it is necessary and sufficient that |f| be negli-
gible (or that both f* and f~ be negligible).”

If f(z) is defined, one defines |f|(z) = |f(z)|, f*(z) = sup (f(),0),
and f~(z) = sup( — f(ac),O) = —inf (f(w),O) Thus f, |f], f*, f~

have the same domain of definition; f*(z) and f~(x) can’t both be equal
to 400, hence f = ft — f7;and |f| = f* + f~. The assertions about
negligibility are then clear.

§3. LP SPACES

IV.19, (. 20-24.
“We extend Def. 1 to the case of numerical functions, finite or not,
defined on X, by again setting

5,00 = ([ W

for such a function f. One sees immediately that the relations (3) and (4)
also hold for these functions when f+ ¢ is defined on X and a #0.”

It is convenient to simultaneously treat the proof of Prop. 2.
If f,g: X — R and |f| < |g| almost everywhere in X, then |f|? < |g|P
almost everywhere, therefore |u|*(|f|P) < |u|*(lg|P) by §2, No. 3, Prop. 6

and §1, No. 3, Prop. 10, hence (|u[*(If|"))"" < (lul*(lg?))"/"; thus
(i) fI<lgl ae. = Ny(f) <Ny(g).
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Incidentally, N,(af) = |a| - N,(f) even if @ = 0, with the convention
0-(+00) =0.

Note that if f: X — F (F a Banach space, real or complex) then, by
definition,

(ii) Ny (£) = Ny (I£]) -
It follows from (i) and (ii) that if f,g: X — F and |f| < |g| a.e., then
(iif) Ny (f) < N,(g)-

If f,g:X — R and f+ g is defined, then |f + g| < |f| + |g|, hence
(by (i) and No. 1, Prop. 1)

Np(If +gl) < N ([f] + lg]) < Np(If]) + Np(lgl) »
thus
(iv)  f,9:X—=R, f+gdefined = N,(f+g) <N, (f)+N,(g).

If f,g:X — F then |f+g| < |f|+|g| by the triangle inequality in F,
therefore (by (i) and (iv))

N, (If +gl) < Np(If[ + Igl) < Np(If]) + Np(lgl),
thus
(v) f.g: X—=F = N,(f+g) <N, (f)+Ny(g).

IV.19, (. —1 to IV.20, ¢. 1.
“...the definition of N,(f), and Th. 3 of §1, No. 3, show that N,(f) =

sup Ny, (g5) .
By the definition of f, g, T f, hence (gn)? T fP, hence |u[*((gn)?) 1
* * 1/p * 1/p
[HI*(f7) by Th3 of §1, No. 3, hence (|ul*((9.)7)) " 1 (Iul*(s7)""" as
claimed.

IVv.20, /. 6.
“The proposition follows at once from Th. 1 of §2, No. 3.”

f g equivalent & f—g=0 a.e. (§2, No. 4)
< |[f—glP =0ae. for somep>1
If —g|P =0ae. forallp>1
lpe|*(|f — gl?) = 0 for some (all) p>1 (§2, Th. 1)

(lnl* (£ ~ g\p))l/p =0 for some (all) p > 1,

T ¢
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that is, f and g are equivalent if and only if N,(f —g) = 0 for some (hence
for all) p>1.

IV.20, /. 16-19.
“One can then define N,(f) for a function with values in F (resp.

in R) defined almost everywhere in X, by setting N,(f) = N,(f); it is
then clear that the relations (3) and (4) again hold (assuming « # 0 and
f + g defined almost everywhere, in the case of numerical functions, finite
or not).”

Recall (§2, No. 5) that if f is any function defined almost everywhere
in X, with values in a set G (not necessarily vectorial or numerical), the
class f is defined as follows: let f’ be any extension of f to all of X, with
values in G, and let f be the set of all functions g : X — G such that
g = f’ almost everywhere in X, that is, f is the equivalence class of f’ in
F(X;G), for the relation of equality almost everywhere; if f” is another
extension of f to X, then f” is equivalent to f’, whence it is clear that
f is independent of the particular extension f’ of f to X.

When G is equal to the Banach space F or to R, and f’ is any
extension of f to all of X, then N,(f’) is defined (Def. 1 and the remarks
following Prop. 2) and is independent of the particular extension f’ (§2,

No. 3, Prop. 6), thus the definition N,(f) = N,(f’") (= N,(f')) depends

only on f. The author defines N,(f) to be equal to N,(f); but what it
all comes down to is that N, (f) may unambiguously be defined to be equal
to N,(g), where ¢ is any function equivalent to any extension of f to X.

If f,g are functions defined almost everywhere in X with values in F,
then f+g is defined almost everywhere and if f’ and g’ are extension of f
and g to X, then f'+ g’ extends f+ g and the relation (4) for f’ and g’
says precisely N,(f +g) < N,(f) +N,(g). Similarly for (3).

If f,g are defined almost everywhere in X and if f+g is defined almost
everywhere, then there exists a negligible set N such that f, g and f+g¢g
are defined on CN;if f’ (resp. ¢’) is a function on X that extends f ‘ CN
(resp. g| CN), then f', ¢ and f’ + ¢' clearly represent the equivalence

classes f, g and f + g, respectively, consequently the relation (4) for f’
and ¢’ says precisely N,(f + g) < N,(f) +N,(g). Similarly for (3).

IV.21, /. 4-6.

“This terminology extends at once to the case that the functions f,, and
the function f are only defined almost everywhere (or have values in R,
and are defined and finite almost everywhere).”

When the functions f,,f have values in the Banach space F, there
exists a negligible set N on whose complement the f,, and f are defined;
in particular (for a pair of such functions) linear operations on the classes of
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such functions are readily defined, and the notation N,(f,, —f) is available
(see the preceding Note).

When the functions take their values in R and are, moreover, finite
almost everywhere, then there exists a negligible set N on whose comple-
ment the functions are defined and finite-valued; one then proceeds as in
the preceding paragraph. Note in this connection that if f is a function de-
fined almost everywhere in X and taking values in R, and if N, (f) < +oo
(where N,(f) is defined as in the preceding Note), then f is finite-valued
almost everywhere (§2, No. 3, Prop. 7).

Iv.21, ¢. 7-9.

“...the closure of 0 in this space is the linear subspace A% of negligible
mappings of X into F (No. 2, Prop. 3).”

The closure in question is the set {f € Z§ : N,(f) = 0} (TVS, II,
§1, No. 2, Prop. 2), and N,(f) =0 if and only if f is negligible (§2, No. 1,
Def. 1). It follows that 4% is contained in each of the spaces Z% to be
defined in No. 4 (Def. 2).

IV.21, (. —13, —12.
“From this, it follows that N,(f —fy) < eN,(h), whence the proposi-
tion.”

Since, for every € > 0, there exists an M € B such that
(*) If(x) —fo(z)| <e forallf € M and z € X,

and since every f € M is 0 on CK, it is clear that fy = 0 on CK, therefore
(*) yields

If(x) — fo(z)| < eh(x) forall f € M and z € X,

(+%) N, (f — f5) < eN,(h) forall feM;

since N,(h) < +0o0 one has N,(f — f5) < +oo, therefore f —fy € .FE and
so fo =f— (f — fo) € #§. Since, given any ¢ > 0 there exists an M € B
satisfying (**), the convergence in mean of order p of B to fy is proved.
Incidentally, the role of h can be played equally well by ¢k (§1, No. 4, Cor.
of Prop. 16).

Iv.24, 0. 5-7.

“PROPOSITION 7. — For a function f to belong to LF , it is necessary
and sufficient that, for every € > 0, there exist a continuous function g
with compact support such that N,(f —g) <e.”
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If f has the indicated property, then for any such g one clearly has
f—ge 7%, hence f = (f —g) +g € .Z§; thus f belongs to the closure of
H(X;F) in FE, that is, £ € 4. The converse is immediate from Def. 2.

IV.24, (. 15, 16.
“For, f is finite almost everywhere and N,(f —g) < N,(h —g) < ¢;
Prop. 7 therefore shows that f is p-th power integrable.”

Since the functions g,h of the statement are finite almost everywhere,
sois f;redefining f on a negligible set, we can suppose that it is everywhere
defined and finite. Then, given € > 0, choose g and h as in the statement
of the proposition; replacing them by equivalent functions, we can suppose
that g,h € ZP. Then all three functions are everywhere defined, finite, and
satisfy g < f < h almost everywhere in X; and since 0 < f—g< h—g
almost everywhere, N,(f —¢g) < N,(h —g) < €. Choose gy € #(X;R)
with N, (g — go) < ¢ (Def. 2); then

Np(f = 90) = Np((f —9) + (9 — 90)) < Np(f —9) +Np(g —g0) <e+e,

therefore f € P by Prop. 7, hence the original function f (before redefi-
nition) is p-th power integrable.

IV.24, (. —6, —5.

“...parts 2° and 3° then follow from Prop. 6 of No. 3 and the fact that
ZLE is closed in FR .7

By 1° and the cited Prop. 6, the series with general term f,, (z) —

f,,(x) is absolutely convergent for almost every z in X, and the function
g : X — F defined by

at the points = where the series converges, and by g(x) = 0 at the remaining
points x, belongs to .#% , and, as k — oo,

> My —fo] =fuy — £, - g in FE,

that is, in mean of order p; g € ¥ because the f,, —f,, belong to £
and ZF is closed in ZE. Thus, setting f = g+ f,,, one has f € ZF,
£, (x) — f(x) for almost every = in X, and f,, — f,, +g=1f in &,
that is, in mean of order p. Since (f,) is Cauchy in % and f,, — f
in ZF, it follows that f, — f in 2% (an easy application of the triangle
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inequality; for the abstract principle, see GT, 11, §3, No. 2, Cor. 3 of Prop. 5).
Whence 3°.

IV.24, (. —2,—1.
“...there exists a lower semi-continuous function g > h + |f,,| such
that N,(g) < +oo, which completes the proof.”

By definition, h(z) = > |f,, . @) — fa. (@) for all € X, thus h =
k
—f,,.].

> |fn,.. —fn,| is the sum of the positive numerical functions |f,, .,
k

By Th. 1 of No. 2,

Np(h) < ZNp(’fnkH — £l = ZNp(fnkH —f,) <+o0,
k k

thus h € ZP. For every positive integer k and every x € X,

k—1
Z (f”j+1($) iy (1‘)) = fn, (7) — £, (2),
thus f,, () =1, (z) + kil (£n,,,(x) — £, (2)) , therefore
j=1

k—1
£ (@) < By @)+ D [y (2) = £, (2)] < [y ()] + h(2)
j=1
briefly |f,, | < |f.,|+ .
From |f,,| € £P and h € #P we have |f,, |+ h € FP, thus
Np([£n,[ + h) < +o0,

whence |u|*((|f.,| + h)P) < +oo. By the definition of |u[* (§1, No. 3,
Def. 3) there exists a lower semi-continuous function u > 0 such that

(Ifn, ] +R)P <u  and |ul*(u) < +o0.
Since t - t'/P is continuous and increasing (GT, IV, §3, No. 3, with the
convention (+00)'/P = +00) it is easy to see that u'/P is also lower semi-

continuous (more generally, see GT, IV, §6, Exer. 4). Writing g = u/? | we
have |f,,|+h < g and

No(g) = (Iul*(g")) """ = (Jul*(w)'"” < +o0,
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thus g € Z#P. Finally, |f,, | < |f.,| +h < g, thus |f,, (z)] < g(z) for
all x € X. Incidentally, since g € .#? is lower semi-continuous, in fact
g € LP (see below, §4, No. 4, Prop. 5).

IV.25, 7. —3.
“...the theorem is proved.”

Recall that the functions in £ (in particular ) are defined everywhere
in X; and they are characterized as the functions in .#% that are in the
closure of J#% for the N,-topology. Since |(uof)(z)| < [Jul - |[f(x)| for all
xz € X, that is, [uo f| < ||u| - |f|, one has N,(uof) < |jul| - N,(f) < +o0,
thus uof € Z%; and the argument in the text shows that uof is in the
closure of J# , whence uof € ZE.

Theorem 4 extends to functions defined almost everywhere, as follows.
If f is p-th power integrable but is defined only almost everywhere in X,
there exists an f' € Z¥ such that f = ' almost everywhere (remarks
following No. 4, Def. 2). Then uof = uof’ almost everywhere, where
uof’ € ,,2”5 by the theorem, hence uof is p-th power integrable.

IV.25, 0. —2,—1.
“COROLLARY 1.”
In Theorem 4, take G to be the field of scalars of F, and u=a’ € F'.

IV.26, (. 4,5.
“This follows from the fact that the mapping ¢ +— at of R into F is
continuous.”

The field of scalars K of F can be either R or C. We can suppose
that & = 1. Thus, assuming a € F and f € Z?, one defines f = af by
the formula f(z) = f(x)a. Define u: K — F by u(t) = ta; then u is a
continuous linear mapping and

(uo f)(z) =u(f(z)) = f(z)a=1f(z),
whence f € 2% by Theorem 4 (with the substitutions of K for F, and F
for G).

IV.26, £. 10.
“This follows at once from Cors. 1 and 2 of Th. 4.”

Equip F with its unique compatible Hausdorff topology (TVS, I, §2,
No. 3, Th. 2) and let F’ be the dual space; since every linear form on F
is continuous (loc. cit., Cor. 2 of Th. 2), the topological dual coincides with
the algebraic dual. Let (e})i<k<n be the basis of F’ dual to (eg)i<kg<n ;
then

(f(z). e}) = fu(z) (z€X),
thus fr = (f,e}). If f € & then fr € £P for all k by Cor. 1 of Th. 4;

the converse is immediate from Cor. 2.
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IvV.27, /(. —8 to —6.
‘...the image of the section filter § of H under this mapping is there-
fore a base of a Cauchy filter on R..”

The set of all ||F||p (f € H) has a finite supremum A and is directed
upward by the relation < on Hj that is, the mapping ® : H — R defined
by ®(f) = |f || is increasing and has a finite supremum A. The sets

HEg) ={feH: f>g} (geH)
are a base for the section filter § of the directed set H. The sets

®(H(Z) = {[f[,: feH, f>g} (BeH)
form a base of a filter & on R (GT, I, §6, No. 6).
Given any € > 0, choose g € H so that ||g|| > A — €; then

feH, f>g = A-e<|[gl<|fl<A

thus ®(H(g)) C [A —&,A] C [A —&, A +¢]. This shows that the filter & is
convergent (to A ), hence is Cauchy.

IV.28, (. 10-12.

‘...every function f >0 in £? is the limit (for convergence in mean
of order p) of a sequence of continuous functions > 0 with compact support,
by the continuity of the mapping g+ |g| on £P (Prop. 11).”

By the definition of £, there exists a sequence (f,) in J# such that
fn — f (in mean of order p). Since |f,| — |f| = f by the cited Prop. 11,
one can suppose without loss of generality that f,, > 0 for all n. Similarly,
since g — f € ZP and g — f > 0, there exists a sequence (h,) in & with
h, >0 and h, — g— f. Then

fothy—f+(@—f)=g;

setting ¢, = fn + hn, we have 0 < f, < g, , where f,,9, € J#, and
fn — [y gn — g (in mean of order p). By the special case considered
earlier,

(Np (g = f))" < (Np(gn))" = (Np(fa))"  for all m,
and passage to the limit yields (9).

IV.31, ¢. 11,12.
. limg N,,(f — f,) exists and is equal to the common limit 0 of all
of the sequences (N,(f—f,,)).”

Explicitly: Given € > 0, we seek an index n such that N,(f —f,) <e¢
for all o € A,,. Assume to the contrary that for every n there exists an
an, € A, such that N,(f —f,,) > . This contradicts the fact, already
shown, that nlLH;o N,(f—f£,,)=0.
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§4. INTEGRABLE FUNCTIONS AND SETS

V.33, (. 13.
“...we have |u[*(|f]) = > |a(z)|-|f(z)| < +oo (§1, No. 3, Ezample)”
zeX

In the case that F is replaced by R and f is a numerical function, this
implies that a(r) = 0 when f(z) = £oo. In any case, a(x) = u(pis)) is
finite since y,) is a continuous function with compact support (X being
discrete).

IV.33, /. 16.
“...at the points = € M where |f]| is finite”

In the vector-valued case, |f(z)| is finite for every z € X. Apparently
the comment is intended for the case of numerical functions f; similarly for
the subsequent remark “by the conventions that have been made”.

IV.33, 7. —10.
“...whence the second assertion.”

The argument shows that as g — f in mean, u(g) — >, a(x)f(z);
zeX
but p(g) — [ fdu by the definition of [ fdu.

1V.34, (. 14.
“...whence the proposition.”

Since f € £! there exists a sequence f, € # such that f, — f
in mean, and since |f,| — |f| = f in mean (§3, No. 5, Prop. 11) we can
suppose that f, > 0. From Ny(f, — f) — 0 one infers Nyi(f,) — Ni(f)
(N; is a semi-norm on Z!); but

Ny (fn) = [pl*(1fnl) = 1l (fr) = |pl(F)

by the definition of [s](f), thus |ul(f) = lim N (f,) = Na(f) = [*fd|u|.

I1V.34, (. 15-17.
“COROLLARY 1.”

The positive function f = |f| belongs to £ by §3, No. 5, Prop. 11,
and N1 (f) = Nl(f) .
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1V.35, ¢. 3,4.
“This follows at once from the inequality (1) by passage to the limit, on
taking into account (3) and the continuity of Ny(f) on Z2.”

By the definition of “f integrable”, there exists a sequence f,, € g
such that

(*) Ny(f, —f) — 0,

and one defines

(1) /fd,u:lim/fnd,u.

But also ||f,| — |f|| < |f, — f|, therefore Ny(|f,| — |f]) < Ny(f, — ) — 0,
whence |f| € £! and

(i) [ 161l =tz [ 18] dlul

By (1),
(i) [t < [t =Nuce)s

since (*) implies Ny (f,,) — Ny (f), passage to the limit in (iii) yields

| [tau] < [ g1l =Naco

by (i) and (ii).

1V.35, . 9-11.

“...the relation (6), being valid for every f € J&, extends to every
integrable function f by the principle of extension of identities”

From |(uo f)(z)| = |u(f(z))| < [[ul| - [f(z)| for all z € X, we have
|luof]| < ||ul-|f], whence Ny(uof) < |lu||Ny(f); thus the linear mapping
f— uof is continuous in mean, therefore f — [(uof)dy is a continuous
linear mapping £} — G.

On the other hand, f — [ fdu is a continuous linear mapping .4 — F,
hence the composite f +— u( f f du) is also a continuous linear mapping
L —G.

Summarizing, the mappings

f|—>/(uof)d,u and fr—»u(/fdu>
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are continuous mappings of ;! into the Hausdorff space G ; since they agree
on the dense subspace % (cf. Ch. III, §3, No. 2, Prop. 2 and No. 3, Cor. 2
of Prop. 7), they are identical by the “Principle of extension of identities”
(GT, I, §8, No. 1, Cor. 1 of Prop. 2).

IV.35, (. —1.

(8) /(gakfk> dMZkZ::ak/fkdu-

Let K (= R or C) be the field of scalars for the Banach space F.
Assume first that the f, € Z! are defined and finite-valued on all of X.

By linearity, we can suppose that n = 1. Thus, given a € F and
a function f € £' defined and finite-valued on all of X, the formula
(af)(x) = f(x)a (x € X) defines a function af : X - F. Let u: K - F
be the continuous linear mapping defined by u(t) =ta (¢t € K). Then

(wo f)(z) = u(f(2)) = f(z)a= (af)(z) (z€X),

hence by Th. 1, af € .4} and

/afdu: (/fd,u)a.

(The notation af presumably suggests that a is a ‘constant coefficient’ for
the function f.)

When the f; are not necessarily finite-valued, let g, € £ be finite-
valued with g = fr almost everywhere, apply the foregoing to the gj , and
interpret (8) in the light of the comments at the end of No. 1.

IV.36, (. 7.

“For, B converges in mean to fy (§3, No. 3, Prop. 4).”

By the cited Prop. 4, fy € Z% and B — f; in mean (of order 1). But
the functions f € M € B belong to .2}, and %} is closed in F} (it is
by definition the closure of % in %} for convergence in mean), therefore
fo € 4} and since limg f = fy in mean, [fodp = limeg [fdp by the
continuity (for convergence in mean) of g — [gdu (g€ 4 ).

V.36, (. 14.
“ 9n = fn + ff 7

CAuUTION . The functions f,, are assumed to be integrable, but they
need not belong to .Z' (§3, No. 4) hence may have infinite values. For
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example, if f1(z) = —oo then fi (z) = sup(—fi(z),0) = +oo and the sum
fi(x)+ fi (z) is not defined. (This problem did not arise in §3, No. 6, Cor. 2
of Th. 5, because the functions f,, were assumed to belong to £7?.)

The cure: If the f, are replaced by equivalent functions f/ in .#*! then
the upper envelope f’ of the f] is equivalent to f; f’ may admit +o0o as
a value, but there is no problem with ¢’ = f'+ f{~ since f] is finite-valued.
To assure that the sequence (f/) is increasing, let A, be a negligible set on

n

whose complement f] = f, , and redefine the f/ tobe 0 on (JA,, . Finally,

n
g = fL+fi= = fil+fi~ = fiT, thus the functions g/, belong to #! and
are > 0. The proof of Prop. 4 carries through for the f/ as indicated (see
the next note), and the validity of Prop. 4 for the f, follows at once from
the function equivalences.

IV.36, (. 15, 16.
“...the proposition follows from Th. 5 of §3, No. 6.”

As observed in the preceding note, we can suppose that the f, are
finite-valued, that is, belong to Z!. Since (recall that f, + f; = 0) the
norms

Ny(fu+ i) = / (o £7) dlt| = / Fudlpa] + / £ dlul

have a finite upper bound, it follows from the cited Th. 5 that the function
g = f+ fi 1is integrable, therefore f = g — f; is integrable. Th. 5 also
yields

Ni(f+f1)= S%le(fn +f1),

that is,
[+ 1y dl =sup [ 57l

[ il =su [ fudul

thus ffn dlp| — ffd|u|, therefore f(f — fo)dp] — 0;but f—f, >0
and, citing Prop. 2 of No. 2, one has

whence

| [ = tan] < [15 = flal = [ (7= 5y dul —0,

whence [ fp,du— [ fdu.
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1Vv.36, (. —8.
“The theorem follows from Lebesgue’s theorem (§3, No. 7, Cor. of
Th. 6)...”

Here the functions f, belong to 2 (F a Banach space), and f : X — F;
one applies the cited Cor. with p = 1, to conclude that f € %} and that
f, — f in mean with respect to §, whence [f,dp — [fdp in F with
respect to § by the continuity of the integral.

IV.36, /. —5to IV.37, L. 5.
“COROLLARY 1.”

Here Q will play the role of A in Th. 2, and the role of § will be
played by the neighborhood filter of ¢y in © (which, by hypothesis, has a
countable base). For each ¢t € 2 define f; : X — F by the formula

fi(x) =f(z,t) (xeX).
By the hypothesis a), we have f; € £} for every t € Q. The strategy

is to apply Th. 2 to the family (f;):cq, where Q is filtered by §.
By the hypothesis b), for each z € X we have

fi(x) =1f(z,t) — f(z,t0) = £, (x) as t —tp;

in other words, the family (f;)icq converges pointwise in X to f;, with
respect to the filter §.
By the hypothesis c¢), for each t € U we have

Ifi(z)| = |f(x,t)] < g(z) forall z € X.

Since the neighborhoods V of tg with V C U form a base for §, it follows
from Th. 2 that f;, € % (which we already know from a)) and that

/fto dﬂzltlf?/ft d:“?

in other words
/f(w,t) du(x) — /f(x,tg)du(:z:) in Fast—tp,

which is the desired continuity property at tg .
Incidentally, the continuity in b) and the inequality in ¢) need only hold
for almost every z in X.
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IV.37, (. 6-13.
“COROLLARY 2.”

The points z € X for which the series with general term f,,(x) does not
converge form a negligible set; redefining all of the f,, to be 0 at such z, we
can suppose that f is defined everywhere in X . For each positive integer n,

define .
gn = Z fk )
k=1

then g, € %4}, g, — f pointwise in X, and
lgn(z)| < g(x) for almost every x in X (n=1,2,3,...).

Taking § to be the Fréchet filter on the set A = {1,2,3,...} of indices, it
follows from Th. 2 that f € £} and

fd :lim/ Ldu = lim /fd: /fnd
/M”’ggﬂ”*”;kﬂnzl m

as claimed.

IV.38, (. 8.

“We may limit ourselves to the case of lower semi-continuous functions”

For, if H is a set of upper semi-continuous functions directed for >,
then —H={—f: f € H} is a set of lower semi-continuous directed for <.

However, the case of lower semi-continuous functions of arbitrary sign,
directed for <, will be reduced to the case of Cor. 2 for sets of functions
> 0, thus will entail the consideration of sets H of both types: lower semi-
continuous and directed for < as well as upper semi-continuous and directed
for >.

IV.38, (. 10-12.
“...the upper (resp. lower) envelope of the f* (resp. f~), for f € H,
is equal to g™ (resp. g7 ).”
Let h = sup f*. Since f < g implies f* = sup(f,0) < sup(g,0) =g+,
feH
it is obvious that h < g* . To prove that gt < h,let x € X. Since g(x) =

sup f(z), there exists a sequence f,, € H such that g(x) = sup f.(z),
feH n

and since H is directed for < we can suppose that the sequence (fy)
is increasing. If g(xr) = 400 then f,(z) > 0 from some index onward,
therefore

g7 (x) = +oo = sup f,F (z) < sup [ (z) = h(z);
n feH
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if g(z) < +oo then f,(x) — g(x) in R, whence f,;7(z) — g*(x), so that
9" (x) = sup f () < h(z).

IV.38, (. 14.

“..then [ frdu|l < [ fdul+ [fydul”

If /> fo then f~ = sup(—/,0) < sup(—fo,0) = f; ; since f =
ft—f",and f and fy are finite almost everywhere, one has, for almost
every

Fra) = fla) + f(x) < f2) + fo (2),
whence the asserted inequality (which shows that sup [ f* d|u| < +o00).
feH
V.38, (. 15, 16.

“...we are reduced to proving the two assertions of the corollary when
H consists of positive functions.”

Suppose H consists of lower semi-continuous functions and is directed
for <, satisfying sup [ fd|u| < +oo. Since fi < fo implies i < ff and
feld

fi = fy , it is clear that the set
Hf ={f": feH} (resp. H- ={f": feH})

consists of lower (resp. upper) semi-continuous functions (GT, IV, §6, No. 2,
Prop. 2 and its analog for upper semi-continuous functions) and is directed
for < (resp. = ). Moreover, from f > f; one infers that, for almost every x,

(@) = fH@) = f@) = fof (@) = f(=),

[l > [ 55 diel = [ .

hich sh that inf —d —00.
which shows tha }Ielef || > —o0

whence

Thus, the validity of both parts of Cor. 2 for functions > 0 will imply

that
tdp = li *d d /d = i / —d
/g v flergl{/f p o an g~ dp = lim, [ dp,

as well as

[t dul=sw [ dpl ad [ g dal = it [ alul,
feH feH

whence

/gdu=/g+du—/g‘du=}gl{/(f+—f‘)duzjlcgl{/fdu,
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[odui= [ =g )dil = [ g* dul = [ g i

= p [ dul = nt [ £ dlu

as well as

= / £ i+ sp p [(-47)dlu
—hm/ f*d],u]—i—hm/ ) d|pl

= lim /f+d|u|+/(—f_)d|ﬂ|>
:}1£/fd]u] = ?telg/fd\ul-

To summarize: The validity of Cor. 2 for functions > 0 implies the validity
of the ‘lower semi-continuous half’ of Cor. 2 for functions of arbitrary sign
(hence the validity of the corollary as stated).

IvV.38, /. -9 to —T7.

“If H is directed for > and consists of upper semi-continuous integrable
functions f such that 0 < f < f1 with f; € H, then there exists a lower
semi-continuous integrable function h such that fi{ <h”

Given a set H of upper semi-continuous functions > 0, directed for >
and such that }n{{ [ fd|p| > —oco, one chooses any f; € H; then the lower
€

envelope g of H is equal to the lower envelope of the cofinal set

Hi={feH: 0<f<fi}:

also,

inf /fd\ul z}ng/fd\ul > —00,

feH

and if we can prove that ¢ is integrable and that

= 1i = inf
/gdu fglgll/fdu and /gdlul flenHl/fdlul,

it will follow that

dp = i d d dp| = inf [ fdlyl|.
/gu flg{/fu an /g\ul ;IelH/f\ul
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Replacing H by H;, we can suppose that 0 < f < f1 forall f e H.

Since f; is positive and integrable, |u|[*(f) < +oo (No. 2, Prop. 1),
hence there exists a lower semi-continuous function h such that f; < h and
|p|*(h) < 400 (81, No. 3, Def. 3), and h is integrable by Prop. 5.

1V.38, (. —6.
“...we may write f=h—f"...
Not quite; if f(x) < 400 but h(zx) = +o00, then by definition f'(z) =
h(z) — f(z) = 400, so that h— f’ is not defined at x. However, since h is
integrable it is finite almost everywhere, so that f = h — f’ almost every-
where (which is good enough for calculating integrals).

IV.38, ¢. —5,—4.

“...the f’ form a directed set, for <, of lower semi-continuous inte-
grable functions > 07

It is clear that the f’ are > 0. Since H is directed for >, it suffices
to show that if v,v € H and v < v < f1, then v/ > v'. At any rate,
0<u<v< fi <h;if v(x) < 4oo then also u(z) < 400, therefore

9

' (x) = h(z) —u(z) > h(z) —v(z) =v'(2),

whereas if v(z) = 400 then v'(x) =0 < u/(z).

Finally, to show that f’ is lower semi-continuous ( f € H), we revisit
the proof of a result on sums of lower semi-continuous functions (GT, IV,
§6, No. 2, Prop. 2). Recall that 0 < f < fi < h (where h depends
only on f;). The basic idea: h and —f are lower semi-continuous on X,
h—f =h+(—f) is defined almost everywhere and is lower semi-continuous
at every point x where it is defined, and f’ = h — f at almost every point
of X; but we have to show that f’ is lower semi-continuous at every point
of X.

Fix # € X and suppose that f’(z) > k € R; we seek a neighbor-
hood V of z in X such that f" > k on V. From f'(z) > k we know
that k& < +oo. If kK < 0 (in particular, if & = —o0) then, since f’ > 0
on X, one has f/ > k on the neighborhood V =X of z. Suppose k>0,
so that 0 < k < 400 and f'(xz) >k > 0. Since f'(xz) > 0, we know that
f(x) must be finite and f'(x) = h(z) — f(z) (possibly equal to +o0 ). Thus
h(z) — f(z) > k > 0. It follows that

k—h(z) < —f(x)

(trivial if h(z) = +o00, elementary algebra if h(x) is finite). As in the cited
Prop. 2, let  and s be (finite) real numbers such that

k=r+s, r<h(x), s<-—f(z);
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explicitly, choose s so that
k—h(z) <s<—f(z),

note that k—s < h(z) (trivial if h(z) = 400, elementary algebra if h(z) is
finite) and set r =k —s. If V; and Vs are neighborhoods of z such that

h>ronV; and —f>s on Vg,

then both inequalities hold on V = V; N Vy; and since f < —s < 400
on V,onehas f"=h—f on V and

f'(y):h(y)+(—f(y))>r+s:k: for all y € V,

briefly /' >k on V.

IV.38, (. —2.
‘...we can apply to them what has been proved above ...

“them” is the set H = {f’ : f € H}, consisting of lower semi-
continuous integrable functions > 0, and H’ is directed for the relation <.
Recall that the lower envelope of H is denoted g in the statement of Cor. 2.
Let us write g for the upper envelope of H'. {The text uses the notation ¢’
but this is confusing since ¢’ is not derived from ¢ in the same way that
f' is derived from f; more about this later.}

As just shown, sup [ f'd|u| < —oo, thus, by the case of Cor. 2 for

feH

7

positive lower semi-continuous functions, we know that g is integrable and

that
Jaau=tim [san and [ Gal=suw [ £ alul.
fen feH

Recall that 0 < f < fiy < h for all f € H. Note that
0<f'<h foral feH;

for, if f(x) = 400 then f/'(x) =0 < h(z), whereas if f(z) < 400 then
f'(z) = h(z) — f()1<hbecausef>0and>0becausef<h It
follows that 0 < g < h everywhere in X . Since h is integrable, the set

A={zeX: h(z) =40}

is negligible. If 2 € CA then 0 < f(z) < h(z) < +oo (f € H), and
f'(x) =h(z) — f(x), g(x) and g(=x ) are finite, therefore

g(x) = sup f'(z) = sup[h(z) — f(z)] = h(z) + sup (- f())
feH feH

fen

= h(z) — }&f{ f(z) = h(z) — g(z);
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thus ¢ = h — g almost everywhere, and since h and g are integrable, so
is g. {Incidentally, the argument shows that if ¢’ were to be defined to
be h(z) — g(z) when g(z) < 400 and to be 0 otherwise, then ¢’ = g
almost everywhere.} Moreover, since, for every f € H, f' = h — f almost
everywhere, we have

/gduz/hdu—/’ﬁduz/hdu—lim/f'd,u
feH
— [ ndp—tim ([ ndu~ [ 7an).

therefore chmﬁ | fdu exists and is equal to [ gdu; and
€

/gd\ul =/hd\u| —/?dlﬂl Z/hd!u! —;jhelg/f’d!u!
:/hdm| _fCZE(/hdm' —/fdluo
:/hd|u|—/hd|u|—§1€1§<—/fdlu|> — inf [ .

which completes the proof of Cor. 2.

IV.39, (. 18,19.
“The condition is sufficient by a general criterion for integrability (§3,
No. 4, Prop. 8), Prop. 5 and its Corollary 1.”

Note that if 0 < g < f < h with h lower semi-continuous and inte-
grable, and ¢ is upper semi-continuous, then

/ “gdlul = Ny (g) < Ny (k) = / “hdju);

but f*hd],u] = [hd|p| < 400 (No. 2, Prop. 1), thus f*gd],u] < 400,
hence ¢ is integrable by Cor. 1 of Prop. 5. By hypothesis, given any ¢ > 0
there exist such g and h with [(h —g)d|p| < e, that is,

Nl(h—g)=/*\h—g!dlu| =/(h—g)dlu| <e,

whence f is integrable (§3, No. 4, Prop. 8).

IV.39, (. 16, —15.
“...since u(z) is everywhere finite, it follows that (u(z) —v(x))" <
flx) <u(z)+v(x) forall zeX.”
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From —uv(z) < f(z) — u(z) < v(x), we have
u(z) —v(z) < fz) <u(@) +o(z);

also 0 < f(x), therefore sup(u(z) —v(z),0) < f(x).

IVv.39, (. —14.
“The functions g = (u—v)" and h =u-+v meet the requirements.”

At any rate, 0 < g < f < h. Since u is continuous—hence lower semi-
continuous—and since v is lower semi-continuous, it follows that h = u+wv is
also lower semi-continuous (GT, IV, §6, No. 2, Prop. 2); since v is integrable
by Prop. 5, h = u + v is integrable.

Since —wv is upper semi-continuous and wu is continuous, u — v and
(u—v)t = sup(u — v,0) are upper semi-continuous (by the upper semi-
continuous analog of the cited Prop. 2 from GT). Moreover, the function
g = (u—wv)* has compact support: if u(x) =0 then from —v < 0 we infer
that (u(xz) —v(z))* = 0; therefore

(u—v)T(x) #0 = wu(x)#0,

whence Supp (v —v)* C Suppu. Also, g is finite-valued everywhere in X;
for, if v(z) = +oo then g(x) =0.
From h—g=(u+v)— (u—v)" and v —v < (u—v)" we see that

0<h—g=(w+v)—(u—v)" <(u+v)— (u—0)=2v,

whence

Nl(h—g)<2N1(’U)§2'§:€,

that is, [(h—g)d|u| < e as desired.
IV.40, (. 2,3.
“...since g < f, g is integrable by Prop. 4 of No. 3”

The g, are integrable (§3, No. 5, Cor. of Prop. 12) and ¢, T g < f;
since [ gnd|p| < [ fdlu| < +oo for all n, it follows from Prop. 4 of No. 3
that g is integrable and that [ gd|u| =lim [ g, d|p|.

IV.40, ¢. —15.

“step function”

The French original is “fonction en escalier” (literally “function in
steps”), signifying a (finite) linear combination of characteristic functions
of subintervals of R (FVR, II, §1, No. 3). Later in the section (No. 9,
Def. 4) a more general concept is introduced, signifying a function X — F
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(F a Banach space) that is a finite sum »_ a;pn;, , where the a; belong to F

(3

and the M; belong to a given clan ® of subsets of X—so to speak, a linear
combination of characteristic functions of sets of ®, with ‘coefficients’ a;
in F; this concept is translated as “step function with respect to ®”, or
“®-step function” (in the original, “fonction ®-étagée” or “fonction étagée
sur les ensembles de ®”). A fuller discussion of how this double usage of
“step function” came about is given in the note for IV.66, ¢. —15, —14; for
the present, suffice it to note that “step function” in the sense of FRV is
intended also at the following places in Integration: the footnote on p. xi of
Vol. I, and, in the present chapter, the hints for Exers. 29 d) and 30 for §5,
and Exer. 17 for §6.

Iv.40, ¢. —12 to —8.

“It follows that if f is a requlated function on R with compact support
(FRV, II, §1, No. 3), then f is integrable, because it is the uniform limit of
a sequence of step functions g, with support contained in a fixed compact
set (No. 3, Prop. 3); moreover, [fdu= nh—{%ofgn du.”

From the boldface notation and the references, we can suppose that
f:R — F, F a Banach space.

Let [a,b] be a compact interval in R such that Suppf C [a,b] and let
g, : R — F be a sequence of step functions such that g, — f uniformly
in [a,b] (FRV, II, §1, No. 3, Def. 3). Multiplying g, by the characteristic
function of [a,b], one can suppose that Suppg, C [a,b] for all n; then by
Prop. 3 of No. 3, f is integrable and [fdu = nlLH;o [ &gndu.

IV.40, {. —6, —5.

“...the integral [fdp is equal to the integral fj;o f(x)dx defined
in FRV, 11, §2, No. 1.”

The following remark will be useful in the proof: If f : R — F is a
requlated function (F a Banach space) such that fj:j f(z)dx exists, then,

for every closed interval [a,b] of R, fj;o(gp[a 0] f)(z)dzx exists and

/+Oo(90[a7b]f)(m) de = /ab £(x) dz .

Proof. One knows that f has a primitive F : R — F (FRV, II, §1,
No. 3, Th. 2), thus f;} f(x)dz exists and is equal to F(b) — F(a) (FVR, II,
§1, No. 4).

Now, Lp[a,b]f is also regulated (FRV, II, §1, No. 3, Th. 3). The core

observation is that

/ (g ) do = / ' (o) do.
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Indeed, let G : R — F be a primitive of la b]f , and consider the restric-
tions G, Fy, ((p[a b]f)o’ fo of G, F, ar b]f’ f to [a,b]. Then Gy, Fy

are continuous and, for all but countably many x in ]a,b[,
Go(r) = (SO[Q,b]f)o(l‘) =1-fo(x) = f(z)
and
Fi(z) = fo(z) = f(z),

therefore Gy and Fy differ by a constant vector (FRV, II, §1, Prop. 1) and

b
[ (@) de = G(b) - Glo) = Goh) ~ Gol)
‘ b
— Fo(b) — Fo(a) = F(b) — F(a) = / £(z) da.

Next, we note that if [r, s] is a closed interval of R that contains [a,b],
then

s b
() / (P, F) (@) dz = / £(z) da

For, by formula (6) in FRV, II, §1, No. 5, one has

/ S(<P[a,b]f)(a:) do =
a b s
[ Claerds + [ gt [ ep, oo de,

the first and third terms of the right member are 0 because Pla b]f is equal

to 0 on |r,a[ and on ]b,s[ (then consider its restrictions to [r,a] and
[b,s] as in the foregoing discussion to argue that the zero function serves
as primitives for these restrictions), whereas the middle term is equal to
f; f(x)dx, thus () is verified.

Now let R be the set of all compact intervals [r,s] of R, which is
directed for C. For every [r,s] € R satisfying [r,s] D [a,b], the equa-
lity (1) holds; since such intervals [r,s| are cofinal in 8, it follows that the
limit

lim [r,s]eﬁ /TS((p[a,b] f) (33) dx
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exists and is equal to fab f(x) dx, consequently

/:o(éﬁ[a,b]f)(x) dr = /abf(x) dx

by the definition of the left member (FRV, II, §2, No. 1); if, moreover,
Suppf C [a,b], then la b]f = f and we have the following:

400 b
(1) / f(x)dx :/ f(x)dr when Suppf C [a,b].

— 00

To return to the assertion of IV.40, ¢. —6,—5, suppose first that
f =af, where a € F and f is the characteristic function of an interval I
in R with finite end-points ¢ < d. Then, by No. 2, Cor. 2 of Th. 1,

/fd,u:a/fd,,u:(d—c)a.

But also fj:: f(r)der = (d — c)a. For, if F : R — R is the continuous
piecewise linear function

0 forx<e
Flz)=<dxz—c forec<z<d
d—c for z>d

then F'(z) = f(z) except at the points ¢,d, thus the function F: R — F

defined by F = aF' is a primitive for f in R (FRV, II, §1, No. 1, Def. 1),
and, for every closed interval [r,s] containing I,

(FRV, II, §1, No. 4, paragraph preceding (2)), therefore

/ twydr =  lm / f(@)dr = (d— o)a,

oo r——00, §$—+00

and so
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for all such f (FRV, II, §2, No. 1, formula (1)). It follows by linearity that
(*) holds for every step function with compact support.

Now let f: R — F be a regulated function with compact support and
let (g,) be a sequence of step functions with support contained in a fixed

compact interval [c,d], such that g,, — f uniformly in R (see the preceding
note). By (%),

“+oo
(**) /gn dMZ/ gn(z)dx for all n;

— o0

we know that [fdp = lim [g,du, and it follows from FRV, II, §3, No. 1,
Cor. 1 of Prop. 1 that

+oo d d +o0
/ f(z)de = / f(z)dz = lim [ g,(z)dz= lim g, (z) dx

— —
oo n—oo J. n—oo J_

(the first and last equalities by (1)), so passage to the limit in (**) shows
that (*) holds for every regulated function f with compact support.

IV.40, (. —1 to TV.41, /. 1,
“...therefore [|f|dp= lim [ |f(z)|dz by Th. 2 of No. 3”

By the cited Th. 2, [|f|dy = lim [y, |f|du. Since ¢r, |f| is regu-

lated and has compact support,
+oo
*) [eultian=[ "o lth(e)ds

by the preceding Fxample. With primitive-function arguments, one shows,
as at the beginning of the preceding note, that

[ tt@r= [ s ae.

—-_n 1

next that

/s(goln|f|)(m)da::/n f](z)dz  when [r,5] > [—n,n],

—n
whence the limit
r——00, §—

[ en@a= [ e ae;

— 00 1

i [ (o ) @) do

exists, and
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/ o, ] dp = / () da

and passage to the limit yields the desired formula.

V.41, 4. 1,2.

‘...thus, the integral fj;o f(z)dz is absolutely convergent (FRV, II,
§2, No. 3).”

Note that if f: R — R is a regulated function such that f > 0, and
F is a primitive of f, then F' is an increasing function; for, if @ < b then

:/abf(m)d:n>0

by the theorem of the mean (FRV, I, §1 No 5 Prop 6), and it follows that

for intervals [a,b] C [r,s] one has f f(z < [7 f(z)dz (FRV, 11, §1,
No. 5, formula (6)).

In particular, if F' is a primitive for the regulated function |f| then F
is increasing. Thus if R is the set of compact intervals [r,s] of R, directed

by C, then the function
rel = [ It do

is increasing. As shown in the preceding note,

/|f|dp: lim/ 1] (2) da

since the intervals [ —n,n] are cofinal in R, it follows that

Sup / If|(z dx—sup/ If|(z) dz = hm/ If|(z dm—/|f|dy,
rs Eﬁ noJ-n

in other words,

therefore by (*),

i / |f|(:n)d:c:/|f|du<+oo.

Thus, in the terminology following FRV, II, §2, No. 1, Def. 1, the integral
of |f| over the interval (—oo,+00) is convergent and

J T irwde = [ ian;
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that is, in the language of FRV, 11, §2, No. 3, Def. 2, “the integral of f is ab-
solutely convergent”. It then follows from loc. cit., Prop. 4, that [ j;o f(z)dz
exists; more precisely, see the next note.

V.41, 0. 2.
“Moreover, [fdu = f_t:j f(z)dr by Th. 2 of No. 3.”

As remarked at the end of the preceding note, fj;o f(r)dzr exists (by
FRV, II, §2, No. 3, Prop. 4). Thus, writing & for the set of compact intervals
[a,b] of R, directed by C,

+o0 b
/ f(r)dr = lim f(z)dz.
—00 [a,b]eﬁ a

On the other hand, by the cited Th. 2 (with |f| playing the role of g; the
intervals [ —n,n] form a countable base for K),

/fd,u: lim gp[ab]fd,u.
[a,b]Eﬁ ’

Since Pla b]f is regulated and has compact support,

+oo
[epfn= [ (epynia)ds

by the preceding Ezample, and, as shown at the beginning of the note for
V.40, £. —6, =5,

/+Oo(<p[a7b]f)(a:) de = /ab f(x)dx,

— 00

therefore

b +o00
/fdu: lim la b]fdu: lim f(z) d:z::/ f(z)dz.
[a,b] s ' [ab]es Ja —o0

Iv.41, /. 2-4.
“Conversely, suppose that [ j;o f(z)dz is absolutely convergent; again,

by Th. 2 of No. 3, [fdu= [T f(z)dz.”

+

Assuming f is a regulated function such that [~ |f|(z)dx is conver-

gent (i.e., exists; equivalently, the integrals [" |f|(z)dz are bounded), the
problem is to show that f is y-integrable. (We know from FRV, II, §2, No. 3,

Prop. 4 that fj:oo f(z) dx exists, but no use of this fact will be made.)
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We will show that [ *\f |dp < 400, so that the function |f| can play
the role of g in the cited Th. 2. The numerical function g = |f| is regulated
and > 0. Let I, = [—n,n] (n =1,2,3,...). For every n, the function
¢1, g is regulated, positive, and has compact support; by the above Example,
@1, g is p-integrable and

/@Ingd:u: /m(sﬁxng)(fr) dx .

— 00

Since fj;o g(x) dx exists by hypothesis, we have

| Tnowi= [ gwas

by the remark at the beginning of the note for IV.40, ¢. —6,—5; thus
Jergdu=[", g(z)dz, and

n —+o00
w1, 9) = /golngd,u =/ g(x) dx </ g(x)dx < 400 for all n

1 — 00

(the first equality by No. 2, Prop. 1); since 1, g T g pointwise, by §1, No. 3,
Th. 3 one has

—+oo
p*(g) = sup p*(¢r, 9) < / g(z)dr < 400,
n

— o0

qualifying ¢ for its role in the cited Th. 2: each ¢, f is p-integrable (it is reg-
ulated and has compact support), |1, f| = 1,9 < g for all n, and ¢y f — f
pointwise in R, hence f is p-integrable (and [ fdp = lim [ ¢, fdp). The

formula [fdp = fj;o f(x)dx then follows from the preceding note.

IvV.41, /. —10 to —8.
“...for a set to be negligible, it is necessary and sufficient that it be of
measure zero with respect to || .”

Every negligible function is integrable; for, the set .4 of negligible
functions (the functions f such that N;(f) =0, equivalently N, (f) = 0 for
1 < p < +00) is the closure of {0} in the topological vector space .#P? (§3,
No. 3), consequently A C ZP for 1 < p < 400 (loc. cit., No. 4, Def. 2).

IV.42, 0. 4,5.
“1° If A and B are two integrable sets such that B C A, then the set
C=A — B isintegrable ...”
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It follows that the condition B C A can be omitted; for, A U B is
integrable by Prop. 6, and A — B=(AUB) — B.

1Vv.42, /. 10.
“pa =infp, , therefore A is integrable (No. 3, Prop. 4).”
n

For the cited Prop. 4 to be applicable, the sequence (A,) must be
decreasing; thus the crux of the matter is to show that if A and B are

integrable then ANB is integrable, so that A, may be replaced by [ Ax.
k=1
Since

©AnB = YA = inf(pa, ¢B),

the integrability of A N B is immediate from §3, No. 5, Cor. of Prop. 12.

Alternate proof: A UB is integrable by Prop. 6, therefore AUB — B
is integrable by 1° of Prop. 7; but AUB—B = A —B, thus A—B is
integrable without the restriction B € A, and ANB = A — (A —=B) is
integrable. This shows that the set ® of integrable sets is a (Boolean) ring
of sets, that is, a clan (No. 9, Prop. 17 below).

The property 2° of ® (closure under countable intersections) makes it,
so to speak, a “d-ring” (“0” asin “Gs”). In general, ® is not closed under
countable unions, hence is not a o-ring: if (A,) is a sequence in ® such

oo
that |u|(A,) is unbounded, then obviously the set |J A, is not integrable.
=1

On the other hand, if the function A — |u|(A) on @ is bounded, then it
follows from Prop. 8 below that ® is closed under countable unions, hence
is a o-ring, and the formulas in this No. show that p and |u| are ‘measures’
in the set-function sense (see the 2nd Note for IV.85, ¢. 19-27).

One notes that, in a d-ring R, if (A,) is a sequence that is ‘bounded
above’ in the sense that there exists a set B € R such that A, C B

for all n, then |J A, € R; for, B—A, € R for all n, and | A, =

n=1 n=1
B— N (B=A,.
n=1
IV.43, (. —15, —14.
“COROLLARY 1. — FEwery compact set is integrable; every relatively

compact open set is integrable.”

(i) If A is compact (hence closed) then |u|*(A) < +oo (§1, No. 4, Cor.
of Prop. 16), hence A is integrable by Prop. 10.

(i) If A is relatively compact, then |u|*(A) < 400 by §1, same Cor.;
if, moreover, A is open, then A is integrable by Prop. 10.
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IV.43, (. —13, —12.

“COROLLARY 2. — For every positive measure jn on X, A+ p*(A)
is a capacity on X (cf. GT, IX, §6, No. 9, Example).”

We have p*: #(X) — R, where p* is monotonic (§1, No. 4, Prop. 16),
A, 1 A implies p*(A,) T ©*(A) (loc. cit., Prop. 17), and if A,, | A with
the A,, (hence also A) compact, then p(A,) | u(A) (by Cor. 1 and No. 5,
Cor. of Prop. 7). These are the defining properties of a capacity (GT, IX, §6,
No. 9, Def. 8). {In TG (apparently published after GT), the axiom (CAyy)
for a capacity f is changed to

fK)=inf{f(U): KCU, U open}

for every compact set K, such capacities being called ‘continuous on the
right’; this version of the axiom is also satisfied by p* (§1, No. 4, Prop. 19).}
IV.43, (. -2, 1.

“...the proposition therefore follows from Prop. 10.”

Alternate arrangement (with proof of the formulas). Let H = {¢g :
G € &}; then H is directed for the relation <, and ¢ is the upper
envelope of H.

The g are lower semi-continuous and integrable, and, by hypothesis,
sup [ ¢ d|u| < +o0; therefore (No. 4, Cor. 2 of Prop. 5), ¢4 Is integrable,
Geo

Joadu= lim Jadu and [ oadlu| = sup [ocd|u|.
€ Geo

V.44, 0. 7.
“...we are thus reduced to Prop. 11.”

As the sets H € § with H C Hy are cofinal, we can suppose that
HCU for all He §. By Prop. 11, the set

UnCB=UnJ CH=JU-H)
HegF HeF
is integrable, therefore so is B=U — (U — B) by No. 5, Prop. 7, and

#(U) = p(B) = p(U = B) = lim (U — H)

= 1im [p(U) — p(H)] = u(U) —lim p(H),

H,§
whence p(B) = %HSI (H) ; similarly,
(V) = [l (B) = |1al(U = B) = |pul ( |J (U = 1))
HeF
= sup || (U = H) = sup[|u| (U) — || ()]
HeF HeF

= |u|(U) - Ii{réglul(H),
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h B) = inf H).
whence |u|(B) = inf |ul(H)

IV.44, (. —11.

“f<¢x+ops”

For f(z) = 0, the inequality is trivial. Suppose f(xz) > 0. Then
oA = [ yields pa(z) > 0, 50 pa(x) =1, x € A; if x ¢ K (that is,
f(z) < §) then z € A — K = B and the desired inequality reduces to
f(x) < 0+ 6 -1, whereas if z € K then ¢k(z) = 1 and the desired
inequality results from f(z) < pa(z) =1 = pk(z).

IV.45, (. 1-3.

“The condition is sufficient, because it says that, for the topology of
convergence in mean, @, is in the closure of the set of integrable func-
tions ¢k (K an arbitrary compact subset of A).”

Observe first that oo € .#': for € =1 choose a compact set K; C A
with |u[*(A — K;) < 1; then

|u[*(A) = [ul*((A = K1) UKy)
< pl*(A = Kiq) + [p[*(K1) < 1+ |p[*(K1) < +oo,

thus oa € .#!. The sufficiency of the condition then follows from the fact
that £t is closed in Z1 (§3, No. 4, Def. 2).

The set § of all compact sets K C A is directed for C, and from
|| (A) = |u|(K) = |u|(A — K) and the monotonicity of |u|, one infers that

[l (A) = lim |u|(K) = sup |p|(K);
3 Keg

and then (No. 5, Prop. 7) |u(A) — u(K)| = |u(A — K)| < |p|(A — K) yields
p(A) = lim u(K).

IV.45, (. —11,—10.
“ py is the upper envelope of the set H of functions f € J#, such
that f < ¢u and Supp(f) C U (cf. the proof of §1, No. 1, Lemma)”
Clearly H={f e # : 0< f <1 and Suppf C U}, and H is
directed for the relation C. Writing

g(x) = sup f(x) (v €X),
feH

we are to show that ¢ = py. Since f < @y for all f € H, obviously

gspu-
Conversely, assuming = € X, let us show that ¢y(z) < g(z). If x ¢ U
then ¢u(x) =0 < g(x). Whereas if = € U, then there exists an f €
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such that 0 < f < 1, f(z) =1 and f =0 on CU: for, let V be a
compact neighborhood of z such that V C U, and let f be a continuous
function X — [0,1] such that f(z) = 1 and f = 0 on [V, whence
Suppf CVCU; thus f€H and so g(z) > f(z) =1 = py(z).

IV.45, 0. —8,-T7.
“...the corollary is then immediate from the fact that if f € H and
K =Supp(f), then f <k <¢pu.”

From ¢y =g =supscy f and Th. 1 of §1, No. 1, we have
() [u*(U) = |u*(eu) = sup [u](f) .
feH
For f € H, writing Ky = Supp f, we know that Ky C U, so that

f=vk,f<yk, 1< pu;

in view of Cor. 1 of Prop. 10,

|l *(U) = |ul*(Ky) = [ul(Kp) = |pl(f),
and it follows from (*) that

||*(U) = sup |pl(Ks) = sup |u|(f) = |u|*(U),
feH feH

whence
|u[*(U) = sup |u|(Ky)
feH

But |p|(K) < |p|*(U) for all compact K C U, so a fortiori
|u|*(U) = sup{|u|/(K) : K C U compact}.

IV.46, (. 7,8.

“For, we have seen that |u|*(X) = ||u|| (§1, No. 2); the proposition
therefore follows from Prop. 10 of No. 6.”

By the remarks following §1, No. 2, Def. 2, |u|*(X) = |||u||l, and
|1l || = [|nl] (Ch. III, §1, No. 8, Cor. 1 of Prop. 10); u is bounded if
and only if |u|| < +oo (loc. cit., I11.16, £. —11,—10), hence if and only if
|pe|*(X) < +o00, that is (No. 6, Prop. 10), X is p-integrable. This means, in
turn, that px =1 is p-integrable (No. 5, Def. 2), in which case [1d|u| =
|u*(1) (No. 2, Prop. 1), that is, [d|u|=||p||, and one writes

100 = [ exdul= [ du

(No. 5, Def. 2).
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IV.46, (. —8,—T.
“.if £eMNN then Np((f —fo)ex) <e and N,((f —fo)ppk) <

7

2ae
From f € N we see that |f — fy|ox < E(M(K))_l/png, whence

N (If — foliow) < (1l () /"N, (k) = e (|l (K)) 7 (1l (1)) /7 = e

On the other hand, |f| < a (because f € M), and |fy| < a, thus
If —fol < |f| + |fo| <2a; then |f—folppk < 2appyk, whence

Ny (|f — folgi) < 20N, (pgx) = 2a((|ul(CK)) /" < 2ae.

IV.46, (0. —1 to IV.47, /. 3.

“It is clear that the sets Mk form a filter base B on .4}, that the
functions belonging to Mgk are uniformly bounded, and that B converges
uniformly to f on every compact subset of X, whence the corollary.”

The functions hf belong to % , hence to Z% (§3, No. 4, Def. 2), thus
Mg C ZF for every compact set K C X. If K;,K, are compact and K is
a compact set such that K D K; UKy, then Mg C Mg, N Mg, (because
h=1on K = h=1on K; and h =1 on Ks), so that the Mk form
a filter base on % . The uniform boundedness of the Af is clear from the
boundedness of f and the fact that ||kl =1.

Given any compact Ky C X, we are to show that 8 — f uniformly
on Ko (it will then follow from Prop. 13 that f € £% and that B — f in
mean of order p). Given any & > 0, suppose K D K, K compact, and let
hf € Mk, where he Z, 0<h<1 and h=1 on K; then

reKyg = €K = h(x)=1 = (hf —f)(x) =0,

thus sup |(hf —f)(z)| = 0 < ¢ and the claimed uniform convergence on K
zeKo
holds trivially.

IvV.47, 0. 4,5.

“ [fdp is the limit with respect to B of the integrals [ hf du.”

The integral is (by definition) a continuous linear mapping £ — F
(No. 1, Def. 1).

V.47, (. 13-17.

“the mapping f +— [ fdp is continuous on the Banach space CP(X;F);
its restriction to the closure €°(X;F) of #(X;F) in €°(X;F), that is,
to the space of continuous functions tending to 0 at the point at infinity
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(Ch. I11, §1, No. 2, Prop. 3), is therefore the extension by continuity of the
integral to €°(X;F).”

The notations €°(X;F) and %°(X;F) are established in Ch. III, §1,
No. 2. Measures are defined in the following subsection (loc. cit., No. 3), the
set A (X;C) of all (complex) measures p being defined to be the vector
space dual to the topological vector space £ (X;C) (equipped with the
direct limit topology).

Bounded measures p are defined loc. cit., No. 8, the definition of u(f)
being limited to f € #(X;C); it is observed that the linear subspace
M (X;C) of #(X;C) consisting of the bounded measures p may be re-
garded as the dual of the vector space £ (X;C) equipped with the topol-
ogy defined by the norm ||f|| = sup|f(z)|, but the domain of u remains

zeX

H (X;C). The possibility of extending p to €°(X;C), and in particu-
lar to €°(X;C), is not taken up, but it is is latent in the observation
that if g € ¥°(X;C) then g - u is a bounded measure (ibid., Prop. 12),
whence px =1 is (g - u)-integrable (Prop. 12 of the present No. 7), invit-
ing the definition p(g) = [1d(g-p) (No. 1, Def. 1). This is accomplished
in the present No., more generally for f € ¥°(X;F) (Cor. of Prop. 13):
EP(X;F) € LE(X, ) and, by the inequality (20), the mapping f — u(f) so
defined is a linear mapping ¢°(X;F) — F continuous for the norm topology
on €°(X;F).

Write L(f) = [fdu (u a bounded measure, f € ¢°(X;F)), which is
a linear mapping 4°(X;F) — F continuous for the norm topology, and let
Lo = L|¢°(X;F) be the restriction of L to €°(X;F). One has

H(X;F) c €°(X;F) c €°(X;F) ¢ L(X, p)

(for p bounded); since # (X;F) is by definition dense in ¢°(X;F) for the
norm topology, and since Lq is continuous for that topology, it is clear that
Lo is the extension by continuity of the integral f— [fdu (f € # (X;F))
to €9(X;F).

Iv.47,¢. —11,-10.
“Let p be a measure on X whose support S = Supp(p) is compact;
the open set X — S is negligible (§2, No. 2, Prop. 5).”

In particular, ¢x and g are equivalent, whence
|ul*(X) = [ul*(S) = [ul(S) < +o0,

thus X is integrable (No. 6, Prop. 10) and so x is bounded (No. 7, Prop. 12),
as already observed in Ch. III, §2, No. 3, Prop. 11.
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IV.47, (. —5, —4.
“If, moreover, f is bounded on S, it follows from (20) that

(22) 1 / fdu‘ <l -sup )]

We know that p is bounded (see the preceding note). Let M =

sup |f(z)|; by assumption, M < +oo. It is also assumed that f is p-
€S

integrable, equivalently, fog is p-integrable. Then [fpg| < Mps < Mepx
and

| [tau| = | [tosan] < [ 10l diel < Mlul(2) =M.

where the first inequality holds by the inequality (5) of No. 2, Prop. 5 (cited
also in the proof of (20), which, strictly speaking, is stated only for contin-
uous bounded functions).

Iv.47, 7. -3 to —1.

“In particular, if f is continuous on X then f is p-integrable, since
fh € #(X;F) for every function h € #(X;R) equal to 1 on S (Ch. III,
§1, No. 2, Lemma 1).”

Let h be any such function (which exists by the cited lemma). Then
f—fh =0 on S;since CS is p-negligible (§2, No. 2, Prop. 5), it follows that
|f — fh| = 0 almost everywhere, consequently Ny (f —fh) = 0 (§2, No. 3,
Prop. 6). Thus, f—fh is negligible for p (§2, No. 1, Def. 1) hence belongs to
LH(X,p) (see the note for IV.21, £. 7-9); but fh € # (X;F) C L2 (X, p)
(83, No. 4, Def. 2), therefore f = (f — fh) + fh € Z3(X, ). (The same
argument shows that f € £ (X, u) for 1 <p < +00.)

Thus, when g has compact support, every f € €(X;F) is p-integrable;
since such a function is bounded on every compact subset of X, and in
particular on S = Supp(u), the inequality (22) holds for every f € ¢(X;F).

IV.48, (. 9-11.
“...the mapping f— [fdu of ¢(X;F) into F is continuous for the
topology of compact convergence.”

The locally convex topology in question is defined by the family of semi-
norms pk(f) = sup |f(z)|, where K C X is compact (GT, X, §1, No. 3,
eK

Example III and No. 6; TVS, II, §1, No. 2 and §4, No. 1, Cor. of Prop. 1;
and the note for IT1.39, ¢. 8-11). The inequality (22) shows that the linear
mapping £ — [fdu (f € €(X;F)) is continuous for the topology defined
by the semi-norm pg (S the support of p ), hence for the (finer) topology
defined by all the pk .
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IV.48, (. 12-14.
“Then, there is a compact set K C X and a number a > 0 such that
|u(f)| < a-sup |f(x)| for every function f e 7 (X;F)”
zeK
It follows from the hypothesis that the formula ¢(f) = ‘ [f d,,u‘ defines a

semi-norm on % (X;F) continuous for the topology of compact convergence;
as that topology is defined by the family of semi-norms pg(f) = sup |[f(x)|
zeK

with K € X compact (see the preceding note), at issue is the character-
ization of the continuous semi-norms on % (X;F) (and %(X;F)) for the
topology. As the topology of a topological vector space can be defined by
a set of semi-norms if and only if it is locally convex (TVS, II, §4, No. 1,
Cor. of Prop. 1), it is of interest (and notationally simpler) to consider the
general case.

Let E be a vector space (over R or C) and let p be a semi-norm
on E. The sets

V(p,a)={z€E: p(z) <a} (a>0)

form a fundamental system of neighborhoods of 0 for a locally convex topol-
ogy 7, on E, and 7, is the coarsest topology on E that makes p continu-
ous and is compatible with the additive group structure of E (TVS, II, §1,
No. 2).

Lemma 1. For a semi-norm q on E, the following conditions are equiv-
alent:

(a) ¢ is continuous for T,;

(b) 74 C 7

(c) there exists a constant M > 0 such that ¢ < Mp on E.

Proof. (b) = (a): ¢ is continuous for 7, hence a fortiori for the finer
topology 7, .

(a) = (b): The topology 7, is compatible with the additive structure
of E and makes ¢ continuous, hence 7, is coarser than 7, .

(¢c) = (a): For every a > 0, clearly p(z) < a/M = ¢(z) < «, thus

{z: q(z) <a}D{z: p(z) <a/M};

since the right side is a neighborhood of 0 for 7, (by the continuity of p
for 7,) so is the left side, consequently ¢ is continuous at 0 for 7,. It
then follows from |g(z) —q(z’)| < q(z—2') that ¢ is (uniformly) continuous
for 7,.

(a) = (c): Let D={X: |A] <1}, aneighborhood of 0 in the field of
scalars. By hypothesis, ¢ is continuous at 0 for 7,, hence the set

V(g,1) ={z: q(z) <1} = ¢(D)
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is a neighborhood of 0 for 7,; it follows that there exists a scalar o > 0
such that

{z: q(z) <1} D{z: p(z) <a}.
Let M = 1/a. If z € E and ¢ > 0 is arbitrary, then the vector z’ =
a(p(z) + 5)_1z satisfies

p(z') = a(p(z) +¢) plz) < a,

therefore ¢(z’) < 1, that is, a(p(z) + 6)_1q(z) < 1, in other words ¢(z) <
M(p(z) + €); since € is arbitrary, ¢(z) < Mp(z).

Lemma 2. Let I' be a set of semi-norms on E and let T be the (locally
convex) topology on E defined by T', that is, the coarsest topology T on E
that is compatible with the additive structure of E and is such that every
p € I' is continuous (TVS, II, §1, No. 2).

Assume, moreover, that if p1,...,p, belong to I' then there exists a
p €T such that p > sup p; (the upper envelope of p1,...,pn ). Then, for
1<i<n

a semi-norm q on E, the following conditions are equivalent:
(i) q is continuous for T;
(ii) there exist a p € I’ and a constant M > 0 such that ¢ < Mp.

Proof. Clearly 7 is the coarsest topology, compatible with the additive
structure of E, for which 7 D 7, for all peI'.

(ii) = (i): By Lemma 1, ¢ is continuous for 7,, hence a fortiori for
the finer topology 7.

(i) = (ii): The sets D, = {A : |\ < a} (o > 0) form a base for
the neighborhoods of 0 in the field of scalars. By the definition of T,
a neighborhood base at 0 € E for 7 is given by the finite intersections

-1 —1
pP1(Day) NN p,(Da,),

where p1,...,p, € I' and ay,...,a, are > 0 (TVS, loc. cit.). If a =
min(aq,...,a,), then Dy C Dy, for all i, therefore the sets

f)ll(Da)ﬂ---ﬂf)ln(Da) (>0, p;elfor 1<i<n)

also form a neighborhood base at 0 for 7. By assumption, there exists a

p €' such that p > sup p;. Then
1<ign

p(z) <a = pi(z)<a fori=1,...,n,
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thus f)l(Da) C f)li(Da) for i=1,...,n, whence

—1 —1 —1
p(Da) C pl(Da) n---N pn(Da),

therefore the sets )
p(Da) (a>0,pel)

also form a neighborhood base at 0 for 7.

By assumption, ¢ is continuous at 0 for 7, hence the set ?jl(Dl) =
{z : q(z) <1} is a neighborhood of 0 for 7; by the foregoing, there exist

an « >0 and a p € I' such that ?]1(D1) D fol(Da), that is,
{z: q(z) <1}D{z: p(z) <o},

therefore, as argued in the proof of “(a) = (¢)” of Lemma 1, ¢ < Mp with
M=1/a.

Consider now the space # (X;F) (or ¢(X;F)) equipped with the
topology of compact convergence, that is, the topology defined by the family
of semi-norms

pk(f) = sup [f(z)] (K C X compact).
zeK

n
If Ky,...,K,, are compact and K = |J K;, then px > pk, for i=1,...,n,
i=1
therefore px > sup pg,; in view of Lemma 2, if ¢ is a semi-norm on the
1<i<n

space, then ¢ is continuous for the topology of compact convergence if and
only if ¢ < a-pk for some a > 0 and compact set K, whence the original
assertion of the text.

IV.48, (. 16, 17.
“u(h) =0 for every function h € J(X;C) whose support does not
intersect K ”

Recall that p(ha) = p(h)a (Ch. III, §3, No. 4, Prop. 8).

IV.48, /. 17,18.
“...which proves that Supp(p) C K.”

By the foregoing argument, u(h) = 0 for every h € #(X;C) such
that Supp(h) € CK; this means that the measure induced by p on the
open set LK is 0 (Ch. IIL, §2, No. 1), therefore CK C CSupp(u) by the
definition of Supp(u) (loc. cit., No. 2, Def. 1).
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IV.48, (. 22-24.

“The set of measures on X with compact support may therefore be
identified with the dual %’ (X;C) of the Hausdorff locally convex space
¢ (X;C).

Write .. for the set of all measures on X with compact support. Since
the support of the sum of two measures is the union of their supports (Ch. I1I,
§2, No. 2, Prop. 4), it is clear that .#. is a linear subspace of the space
A (X; C) of all measures on X. According to Prop. 14, for each measure pu
with compact support, every f € ¢ (X;C) is u-integrable, the linear form
f — [fdp is continuous for the topology 7. of compact convergence on
% (X;C) (hence is an element of the dual space €’(X;C)), and it is the
only element of ¢”(X;C) that extends the linear form u: % (X;C) — C.

For each p € . let us write p’ € ¢'(X;C) for its unique Tce-
continuous extension to %(X;C). The mapping #, — ¢'(X;C) defined
by p — g’ is linear; for instance, if uq,pe € A, then pj + pb extends
w1 + o, therefore (1 + pe)’ = p) + ph . The mapping is injective; for, the
restriction of ' to A (X;C) is u,soif u' =0 then pu=0. Thus p+—
is an injective linear mapping .#. — %’ (X; C) ; our problem is to show that
it is also surjective.

Thus, given v € ¢’/ (X;C), we seek a measure p on X with compact
support such that u' = v. Let u = I/‘,%/(X; C) and let us show that pu
is a measure on X with compact support. It suffices to show that p is
a measure, for, by Prop. 14, compactness of its support is assured by the
existence of the extension v; and then p’ = v, because v extends p.

Given any compact subset K of X, it suffices to show that there exists
a constant M > 0 such that

(%) (I < M-[[f]| - forall fe i (X,K;C),

where ||f|| = sup|f(x)| (Ch. III, §1, No. 3). Now, the topology 7. on
zeX
€ (X;C) is defined by the set of semi-norms pr,(f) = sup|f(x)| (L a com-
€L

pact subset of X), and the semi-norm ¢(f) = |v(f)| (f € €(X;QC)) is
continuous for 7. ; as shown in the note for IV.48, ¢. 9-10, there exist a
compact set L and a constant M > 0 such that ¢ < M- p, on €(X;C),
hence on #(X;C). Thus, for f € #(X;C), we have

()l = ()l =q(f) and pL(f) <[]

therefore |pu(f)] < M-pL(f) < M- | f]; in particular, (*) holds.

The argument shows incidentally that a measure p with compact sup-
port is continuous on £ (X;C) for the norm topology—not news, since u
is bounded (Ch. III, §2, No. 3, Prop. 11).
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IV.48, {. —13 to —11.
‘...the topology of % (X;C) can be defined by the countable family
of semi-norms p,,(f) = sup |f(z)|, therefore €(X;C) is a Fréchet space

.Z'G n
in this case.”

Following GT, X, §1, No. 6, we write ¢.(X;C) for ¢(X;C) equipped
with the topology of compact convergence (7.). We know that 7. is defined
by the semi-norms pk(f) = sup |f(z)| (K C X compact), and the sets

zeK

{f: px(f)<e} (K CX compact, € >0}

form a fundamental system of neighborhoods of 0 in %.(X;C) (see the note
for IV.48, ¢. 12-14). To show that 7. is defined by the semi-norms p,, , it
suffices to show that if K is any compact set in X then there exists an index
n such that pk < py ; for, this will imply that

{fopu(f)<e}c{f: px(f)<e},

hence that the sets

{f: pu(f)<e} (e>0,n=1,23,...)

form a fundamental system of neighborhoods of 0 for 7. .
If K is any compact set in X, then

o0 OOO
KcX=|JK,=JKns1,

n=1 n=1

thus the sets K form an open covering of K; smce K1 - K2 - K3 C -

and since K is covered by finitely many of the Kn, one has K C K for
some n, whence K C K,, and so px < pk, = pn -
It follows that the sets

{f: pn(f)<1/m} (mn=1,23,...)

form a countable fundamental system of neighborhoods of 0 for 7., and
their intersection is visibly equal to {0}, therefore %.(X;C) is metrizable
(TVS, 1, §3, No. 1); being locally convex and complete, it is a Fréchet space
(TVS, II, §4, No. 1), hence is barreled (TVS, III, §4, No. 1, Cor. of Prop. 2).

I1V.49, ¢. 11.
‘...and proves the proposition.”
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Write V.= {u € €'(X;C) : |u(f) —ez(f)] < 6 forall f € H},
where H is a compact subset of %.(X;C), and ¢ > 0; such sets form a
fundamental system of neighborhoods of £y in ¢”(X;C) for the topology
of uniform convergence in the compact subsets of %,.(X;C). The argument
produces a neighborhood U of zy in X such that

r€eU = e (f) —ex(f)| <6 forall feH,

that is, x € U = ¢, € V, whence the continuity of = — ¢, at xg for the
indicated topology on ¢’ (X;C).

IV.49, ¢. 17,18.
“It is clear that on L, the topology induced by .7 is finer than the
topology induced by 7’.”

As in the note for IV.48, (. 22-24, we write .#. for the set of all
measures on X with compact support, and p+— p’ for the linear bijection
M. — €' (X;C) described there.

CAUTION . There is defined on .Z(X;C) a topology of compact con-
vergence (uniform convergence in the subsets of # (X; C) that are compact
for the direct limit topology); the topology it induces on the subset ..
of . (X;C) is not to be confused with the topology 7 on the dual space
¢ (X;C)={p': pe .} of €(X;C) (7 is the topology of uniform con-
vergence in the compact subsets of %' (X;C), where % (X;C) is equipped
with the topology of uniform convergence in the compact subsets of X).
Thus, although it is possible to identify the vector space .#Z. with the vector
space €’ (X; C), in the present discussion it is useful to maintain the distinc-
tion between them, that is, between u € .#. (a linear form on #(X;C))
and u' (a linear form on %' (X;C)).

{Incidentally, L is a vaguely closed linear subspace of .Z (X;C) (Ch. III,
§2, No. 2, Prop. 6), but I see no way to invoke Prop. 17 of Ch. III, §1,
No. 10).}

Since L C A, C #(X;C), we may write
L'={4: pnelL}c?(XC).

We have L € #(X;C) and .7’ is a topology on .#(X;C); let us
write ' N L for the topology on L induced by 7.

On the other hand, L' C ¢’(X;C) and 7 is a topology on ¢'(X;C);
we write Z NL’ for the topology on L’ induced by 7 .

Proposition 16 asserts, informally, that 7 NL = .7/ NL; we interpret
this to mean that the mapping p+— u’ (1 € L) is a homeomorphism L — L’
for the topologies ' NL and  NL'.
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In the present note, the task is to show that “.Z N L is finer than
J" N L”; we interpret this to mean that the inverse mapping L’ — L
defined by p/ — p (p € L) is continuous for the topologies .7 NL' and
J'NL. It will suffice to prove that the bijection ¢”’(X;C) — .. defined by
w' — p is continuous for 7 and 7' N .. (for, this will imply the asserted
continuity for an arbitrary subset L of .#,, since 7' NL = (7' N.#.)NL).
Informally, we will show that if ' — puf in €'(X;C) for the topology
of uniform convergence in the compact subsets of ¢ (X;C), then u — pg
in .. for the topology of strictly compact convergence. {The argument
can be formalized using the concept of convergence of nets, as exposed in
S. Willard’s General topology [Addison—Wesley, Reading, 1970], p. 75, but
it is simpler to argue with neighborhoods of zero in locally convex spaces.}
We will need the following two lemmas.

Lemma 1. If J is a compact subset of X, then the topology of €(X;C)
induces on # (X,J; C) the norm topology.

Proof. €(X;C) bears the topology 7. of uniform convergence in the
compact subsets of X, thus the assertion is that 7.. N (X, J;C) is the
topology of uniform convergence in X (equivalently, in J), in other words
the norm topology, which we shall denote by 7, . Thus, the assertion is that
Tee N K (X, J;C) =1y

Let G be a compact subset of X, let € > 0, and write

V(G,e) ={f e €(X;C): |f(x)|<e forall ze€G};
such sets form a fundamental system of neighborhoods of 0 for 7... Then

e forall ze G}

V(G,e) N (X, );C) ={f e #Z(X,J;C): |f(z)]
| <e forall xeX},

<
D{f e A (X, J;C): [f(z)] <

which shows that V(G,e) N ¢ (X,J;C) is a neighborhood of 0 for 7,
whence 7.. N #(X,J;C) C 7.
On the other hand, for £ > 0 write
W) ={fe (X, J;C): |f(x)| <e forall x €X};
such sets form a fundamental system of neighborhoods of 0 for 7,. Then

W(e)={fe?X;C)): |f(zx)|<e foral ze€J} N (XJ;C),

which shows that W(e) is a neighborhood of 0 for 7..N.# (X, J; C), whence
Tn C Tee N K (X, J;C).
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Lemma 2. If S is a strictly compact subset of # (X;C), then S is
compact in € (X;C).

Proof. Let J be a compact subset of X such that S is a compact
subset of (X, J;C) for the norm topology. By Lemma 1, S is compact
in #(X,J;C) for the topology 7.. N .#(X,J;C), whence it is elementary
that S is compact in ¢ (X;C) for 7.

We are ready to prove that the (bijective) linear mapping ® : ¢’ (X;C) —
M. defined by ®(p') = p is continuous for the topologies .7 and 7' N .
Given a strictly compact subset S of J#(X;C), and £ > 0, let

US,e) ={p e #(X;C): |u(f)| <e forall feS};

such sets form a fundamental system of neighborhoods of 0 in .Z(X;C)
for .7, hence the sets

US,e)N e ={p € M : |u(f)| <e foral feS}

form a fundamental system of neighborhoods of 0 in .Z. for 7' N ...
Since S is a compact subset of € (X;C) (Lemma 2), the set

V={ e?X;C): |(f)|<e forall feS}
is a neighborhood of 0 in ¢”(X;C) for .7 ; but /| # (X;C) = p, so

V={e?XC): |u(f)|<e forall feS}
={ e (X;C): peU(S,e)n..}

= B (US,2) n.),

-1
thus @ (U(S,e) N.#.) is a neighborhood of 0 in ¢”(X;C) for .7, whence
the asserted continuity of &.

V.49, /. 19, 20.

“It is clear that the set H’ of functions fh, where f runs over H, is
strictly compact in ' (X;C) ”

The formula ¥(f) = fh defines a linear mapping ¥ : ¥(X;C) —
¢ (X;C), and U(H) = H'. Moreover, if G is the support of h, then ¥
takes all of its values in .# (X, G;C) and in particular H C (X, G;C).
It will suffice to prove that ¥ is continuous (for the topology 7.. of compact
convergence); for, this will imply that H = U(H) is compact in ¢(X; C)
for 7., whence H’ is compact in #(X,G;C) for the induced topology
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Tee N (X, G; C), in other words, for the norm topology on .# (X, G; C)
(Lemma 1 of the preceding note), whence the strict compactness of H’.
For each compact subset J of X, let p; be the semi-norm on %' (X;C)
defined by p;(f) = sup|f(z)|; the topology 7. of € (X;C) is the topology
z€J

defined by the semi-norms py. For J C X compact and ¢ > 0, write
V(J,e) ={f € €(X;C): py(f) <e};

the sets V(J,e) form a fundamental system of neighborhoods of 0 for 7.
For every f € %(X;C) one has p;(fh) < ps(f)- |||, therefore

{fe€XC): pa(f) <e/lpl} c{f € €(X;C): pa(fh) <e},

in other words

V(1.e/Ihll) c{f € €(X;C): W(f) eV(J,e)} =¥ (V(],e));

-1
this shows that, for every J and &, \I’(V(J,s)) is a neighborhood of 0 in

¢ (X;C) for 7., whence the continuity of V.

V.49, /. 21.
“ for every measure pu € L, u(f) = u(fh) for every function f € H”

As f e €(X;C) and fh € #(X;C), a review of the notations is in
order. In the expression p(fh), p is the original linear form on % (X;C).
As noted at the beginning of the No., since p has compact support, f is
p-integrable in the sense of No. 1, Def. 1 (f — fh =0 on K D Supp(x) and
C(Supp(u)) is negligible (§2, No. 2, Prop. 5), therefore f = fh p-almost
everywhere) and, by Prop. 14, f — [ fdu (f € €(X;C)) is the unique
linear form on % (X;C) that is continuous for the topology of compact
convergence and extends the original linear form f — u(f) (f € #(X;C)).
One also writes p(f) for [ fdu (f € €(X;C)), so that u(f) = u(fh)
(because f = fh p-almost everywhere).

In the note for I'V.48, £. 22-24, we have introduced the ephemeral nota-
tion p’ for the linear form in €(X; C) so defined, as an aid to understanding
the proofs; thus p/(f) = u(f) (f € €(X;C)) by the definition of u’, and
1 (f) = u(f) = pu(fh) = W' (fh).

IV.49, (. 21,22.

“...whence the conclusion.”

The linear bijection ® : €' (X;C) — ., (1) = p (pn € M) was
introduced in the note for IV.49, ¢. 17-18, and shown to be continuous
for the topologies 7 and Z' N ., whence the continuity of the linear
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bijection (I>|L’ : L/ — L for the topologies 7 NL' and .7’ NL; the desired
conclusion is that <I>|L’ is a homeomorphism, thus we must show that the
inverse mapping (®|L/)~" : L — L’ is continuous for .7/ NL and .7 NL'.
Let us abbreviate © = (®|L/)7*.

For every compact subset H of ¢ (X;C) and every € > 0, write

W(H,e) ={p' € ¢'X;C) : |/(f)| <e forall feH};

such sets form a fundamental system of neighborhoods of 0 in ¢/(X;C) for
the topology .7, thus the sets

WH,e)NL' ={p el’: |J/(f)|<e forall feH}

form a fundamental system of neighborhoods of 0 in L’ for the topology
T NnL.

Given any compact set H in € (X;C), choose h € % (X;C) as in the
text, so that the set Hh = {fh : f € H} is a strictly compact subset of
H(X;C), and, when pe L, p/(f) =/ (fh) = pu(fh) for all f € H. Then
the set

V(Hh,e) = {p e A4 (X;C): |u(fh) <e forall fecH}
is a neighborhood of 0 in .#Z(X;C) for the topology 7', so that the set
V(Hh,e)NL={pueL: |u(fh)<e forall feH}

is a neighborhood of 0 in L for 7' NL. But, when p € L, u(fh) = p'(f)
for all f € H, thus

VHh,e)NL={pel: |4 (f)|<e foral feH}
={pel: W eWHeNL}
={®(): v e WH,e)nL"}
={(@|L)(t'): #' € W(H,e)nL"}
= (L) (W(H,e) N L) = 0L (W(H,2) NL);

this shows that ©~(W(H,e)NL') is a neighborhood of 0 in L for J'NL,
whence the continuity of ©.

IV.49, (. —12 to —8.

“For, let H be a subset of %(X;C) consisting of functions that are
uniformly bounded on K; there exists a number ¢ > 0 such that |u(f)] <
¢ |||l € ac for every function f € H and every measure p € B, by virtue
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of (22); therefore B C acH® in the dual %'(X;C) of %(X;C), which
proves the equicontinuity of B ”

We retain the notations introduced in the note for IV.48, ¢. 22-24,
thus maintaining the distinction between a measure p on X with compact
support and its unique extension to a linear form g’ on %' (X; C) continuous
for the topology 7. of compact convergence; as observed in the cited note,
w +— p' is a linear bijection .#, — ¢'(X;C), where .. is the vector
space of all measures on X with compact support. In that light, since
B C .. we interpret the assertions of the corollary to mean that the subset
B'={y : pe B} of ¥/(X;C) acts equicontinuously on ¢ (X;C), and
that B’ is compact for the topology 7 .

The set H of the statement is a parameter at our disposal; we need
only one such set that “works”. For simplicity, let ¢ > 0 (for even greater
simplicity let ¢ =1) and let

H={fe¥X;C): |f(z)|<c forall zeK}
={fe€(XC): px(f) <c},

where pk(f) = sup |f(z)| defines a semi-norm on % (X;C); recalling that
zeK

the topology of % (X;C) can be defined by such semi-norms, one knows that
pK is a continuous semi-norm and so H is a neighborhood of 0 in ¢ (X;C).
Moreover, H is a balanced subset of % (X;C); therefore, in the canonical
duality

(fou) =W (f)  (f€CXC), p €' (X;C)),

the polar of H in ¢’(X;C) is given by
H ={p €€ (X;C): |[¢/(f)| <1 forall feH}

(TVS, 11, §8, No. 4), H° is also balanced, and H C (H®°)° (loc. cit., § 6,
No. 3).

Now, for every p € 4. and every f € €(X;C), f is p-integrable (that
is, f e LE(X,pn)), the inequality (22) holds, and p/(f) = u(f) = [ fdu
defines, via Prop. 14, the element p/ of ¢"(X;C); thus |p'(f)] = |u(f)| <
llell - ps(f) , where S is the support of . When p € B and f € H, so that
SCK, [[ull <a and pk(f) < ¢, we have ps < pk and

W (O < Nl - ps(f) < llull - pe(f) < ac,
that is, |(ac) 1/ (f)| < 1; thus

(ac)™tp' c H® for all 4/ € B,
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that is, (ac)™'B’ C H°.

Since H is a neighborhood of 0 in ¢ (X;C) and (H°)° D H, (H®)°
is also a neighborhood of 0 in %(X;C), therefore H° is equicontinuous on
¢ (X;C) (TVS, 111, §3, No. 5, Prop. 7, (iii) = (i), with E = ¥(X;C) and
M = H°), hence so is its subset (ac) !B’ whence also B’.

IV.49, /. —8 to —4.

“...the fact that B is compact for .7 follows from the fact that, on B,
Z and the vague topology induce the same topology (Prop. 16 and Ch. III,
§1, No. 10, Prop. 17) and the fact that B is vaguely compact (Ch. III, §1,
No. 9, Cor. 2 of Prop. 15 and §2, No. 2, Prop. 6).”

As explained at the beginning of the preceding note, we interpret the
assertion to mean that B’ = {y/: u € B} is a compact subset of €’(X; C)
for the topology .7 . Let us write

L={pe #(X;C): Supp(n) CK}
M={pe#(XC): |u|<a};

thus B=LNM. Since L is vaguely closed in .#(X;C) (Ch. III, §2, No. 2,
Prop. 6) and M is vaguely compact (Ch. III, §1, No. 9, Cor. 2 of Prop. 15),
B = LNM is vaguely compact, hence vaguely bounded (TVS, III, §1, No. 2,
Prop. 2). In the notations of Ch. III, §1, No. 10, Prop. 17, B is compact,
hence bounded, for the vague topology 75, therefore the induced topologies
I5NB and Z3NB are identical, where 73 = .7 is the topology of strictly
compact convergence; thus the topology ' NB = 95 NB is compact, that
is, B is compact for T'.

We know from Prop. 16 that the mapping p — p’ defines a homeomor-
phism L — L/ for ’NL and Z NL’' (see the note for IV.49, ¢. 21,22),
whence, since B C L, an induced homeomorphism B — B’ for ' NB
and 7 NB’. Since B is compact for .7/, that is, the topology 7' N B is
compact, it follows that B’ is compact for .7 .

V.50, /. 3-6.
“For, on the set B of measures v such that Supp(v) C Supp(x) and
lv]] < ||pll, the topology induced by the vague topology is identical to the

topology induced by .7, and the corollary therefore follows from Ch. III,
82, No. 4, Cors. 2 and 3 of Th. 1.”

We retain the conventions of the preceding note. Setting K = Supp(u)
and a = ||u||, we are in the situation of Cor. 1; thus the set

B={ve.Z(X;C): Supp(v) C Supp(p) and |[v|| < |}

is compact for the topology 7’ on .#(X;C), and the induced (compact)
topology ' N B coincides with Z N B, where Z is the vague topology
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on #(X;C). Let
C={veB: |v]|=Igl}
Ct={reC: v>0}.
By Cor. 2 of Th. 1 of Ch. III, §2, No. 4, u belongs to the closure of C in
A (X; C) for the vague topology, hence for 7' ; and when p > 0, p belongs

to the closure of C* in .Z(X;C) for the vague topology (loc. cit., Cor. 3),
hence for 7.

As observed in the preceding note, the mapping v +— v’ defines a
homeomorphism B — B’ for the topologies .7’ N B and .7 N B’, there-
fore u' belongs to the closure of C’ in ¢”/(X;C) for 7 ; and when p >0,
u' belongs to the closure of (C*)" in ¢/ (X;C) for 7.

IvV.53, (. —8,—T1.

“...for every compact subset S of X, u and v take on the same values
in #(X,S;C).”

Let f e #(X,S;C). By Cor. 2, if € > 0 there exists a finite linear

combination
9= Nigk,
i

such that ||f — g|]| < e, where the K; are compact subsets of S, and it is
clear from the hypothesis that u(g) = v(g). Then f—g is p-integrable and

f=9=(=9)ps,so
[f =gl =1f—gles <eps,
therefore (No. 2, Prop. 2)

lu(f) = (9l = [n(f — )l < |pl(lf —gl) <elul(S),

where |u|(S) < 4+o00. Letting € = 1/n, construct a sequence (g,) of such
linear combinations satisfying || f — g,|| < 1/n; then

1)~ o) <~ 14l(S),

thus u(gn) — p(f) - Similarly v(gn) — v(f). But u(gn) =v(gn) for all n,
whence u(f) =v(f).

IV.55, (. 10.
“...the I(K,U) form a base for the topology 7 ”
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The formula displayed in ¢. 7 shows that the set of all I(K, U) is closed
under finite intersections, therefore the set of unions of arbitrary families of
sets I(K, U) is the set of all open sets for .7 . In particular, for each M C X,
the set of all I(K,U) for which K € M C U forms a fundamental system of
neighborhoods of M. Note that .7 exists independently of any function « .

IV.55, (. 12,13.
“...in P(X), the set of compact subsets of X is dense.”

Let R be the set of all compact subsets of X. If & is any nonempty
open subset of P(X) for 7, then € contains some set I(K,U), whence
K € I(K,U) C &; thus, every nonempty open subset of PB(X) contains an
element of R.

IV.55, (. 13.
“The condition (PCyy) expresses that ® is dense in P(X) ”

If & is any nonempty open subset of PB(X) then & contains some set
I(K,U), and I(K,U)N® # & by (PCyy), whence 6 N® # &.

IV.55, (. 14,15.

“...condition (PMyy) expresses that the function « is continuous on ®
for the topology induced by 7 .”

Let M € ®. Given € > 0, choose K and U as in (PMyy); then I(K, U)
is a neighborhood of M in PB(X) for 7, and

NelK,U)Nd = |aN)—aM)| <e¢;

thus I(K,U) N ® is a neighborhood of M in @ (for the induced topology
Z N @) that is mapped by « into the e-neighborhood of a(M) in R.

IV.55, (. 15-17.
“Th. 4 of No. 6 expresses that the function M — p(M) is continuous
on the clan of p-integrable sets, for the topology induced by 7 .”

Here, p can be any measure on X (not necessarily positive). Write W
for the set of all u-integrable subsets of X; it follows from Props. 6 and 7
of No. 5 that W is a clan, hence satisfies (PCy). We are to show that the
function ¥ — C defined by A — pu(A) (A € V) is continuous for the
topology .7 N¥ induced on ¥ by the topology 7 on PB(X).

Given M € V¥, let us show continuity at M. Given any ¢ > 0, choose
K and G as in the cited Th. 4, so that M € I(K,G) and |u[(G — K) <e.
Then

NelK,G)n¥ = [u[(G—=N)<[ul(G—K)<e,
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and in particular |u|(G — M) < e, whence

[t(N) = p(M)[ < |p(N) = p(G) + |(G) — p(M)]
= (G = N)| + [u(G = M)
< pl(G = N) + [p(G = M) < 2.

(This proves the asserted continuity, but Th. 4 says more.)

IV.55, /. 19,20. B

“We denote by @ the set of subsets M C X such that «(N) tends
to a finite limit as N tends to M (for the topology .7 ) while remaining
in 7

@ is not to be confused with the closure of ® in §3(X) (it excludes the

elements of the closure where the limit is either infinite or fails to exist), the
closure of ® being equal to PB(X) by (PCry).

IV.55, £. 20-22.

“...we may then extend « in only one way to a continuous mapping &
of @ into R (GT, I, §8, No. 5, Th. 1).”

To apply the cited Th. 1, we must check that ® C ®. One is assuming
here that ® and « satisfy the conditions in the first sentence of Th. 5, and
that there exists a measure p on X such that the sets of ® are p-integrable
and p(M) = a(M) for all M € ® (since « is positive, it will turn out
that g is necessarily positive). The problem is to show that p is uniquely
determined by its values on @ .

(1) One first observes that every u-integrable set M C X belongs to ®.
For, since ® is dense in P(X) for 7 (by (PCyp)), in particular M belongs
to the closure of @ ; therefore if U is the filter of neighborhoods .4 of M
in P(X), then its trace LN P on P is a filter on & (GT, I, §6, No. 5,
FEzample). The assertion is that the filter base (U N ®) on R converges
to an element of R (GT, I, §7, No. 3, Prop. 7).

Now, p is continuous for 7 on the clan ¥ of p-integrable sets (see
the note for ¢. 15-17); the continuity of u at M € ¥ means that the filter
base u(U N W) converges to u(M) € R (GT, I, §7, No. 4, Prop. 9). Thus,
given any ¢ > 0, there exists a neighborhood .4 of M in B(X) such that

|u(N) —u(M)| <e forall Ne / NV;
we are assuming that ® C ¥ and that 4 =« on ¢, therefore
|a(N) —p(M)|<e forall Ne A/ N®eYND,

and we have shown that the filter base a(8 N ®) converges to u(M) € R.
{Indeed, pu(M) € R* since a > 0. Thus p(M) > 0 for every p-integrable
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set M. In particular, u(K) > 0 for all compact K C X, therefore u > 0
on &(V), where &(V) is the R-linear span of the characteristic functions of
the sets in ¥ (No. 9, Prop. 18). It follows that if f € J#, (X), there exists
a sequence (g,) of functions in &(¥) such that 0 < g, < f for all n and
gn — [ uniformly (No. 10, Prop. 19); since Supp(g,) C Supp(f), it follows
that p(f) = nllrgou(gn) >0 (Ch. III, §1, No. 3), thus x> 0.}

(2) By (1), we have ® C ¥ C @ in particular ® C @, so we may speak
of extensions of o to ®.

Since @ is dense in P(X) for .7, it is dense in ® for 7 N ®; and
since o : ® — R is such that, for every M € ®, the limit

lim «(N)
Ned, N—M
exists in R (by the definition of ®), it follows that « is uniquely extendible
to a continuous mapping @: ® — R (GT, I, §8, No. 5, Th. 1), explicitly,
aM)=_lim «(N) forall Me®.
Ned, N—M
(3) If K is any compact set in X then, by (1), @(K) = u(K); since pu

is characterized by its values for compact sets (No. 10, Cor. 3 of Prop. 19),
the uniqueness of @ implies that of .

IV.55, /. —16, —15.
_“Without assuming the existence of u, we are now going to study the
set ® and the extension @ of o to ¢.”

For the rest of the proof, (PMyy) is in force, consequently « is contin-

uous on @ for the topology .7 N ® induced by .7 on & (see the note for
0. 14,15). Then, for every M € @, the limit

lim  «a(N)
Ned, N—M

exists and is equal to a(M), consequently ® C ®. The formula

aM)= 1 N Me ®

(M) NE@I,II{IIHM o) (Me2)
then provides a unique continuous extension of a to ® for the topology
T Ne (GT, 1, §8, No. 5, Th. 1).

IV.56, (. 8-10.

“For, let U be an open set belonging to ®; for every ¢ > 0 there
exists a compact set K C U such that, for every set M € & satisfying
KcMCU,onehas |[@U)—aM)| <e, whence |[a(U)—a(K)| <e”
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Since U € @, by the definition of ® and @ one has

NGQIDI,IIQHUO[(N) =a(U) eR.

Thus, given any ¢ > 0, there exists a neighborhood I(K,V) of U in B(X)

such that
MednIK,V) = |aM)—-aU)| <e;

since U € I(K,V), one has K C U C V, whence I(K,U) C I(K, V), conse-
quently
MednNIK,U) = |aM) -—aU)|<Le,

that is,
(*) Med, KcMcU = [aM)-aU)<e.
By 3°, one has
aK)= inf «aM);
Med, MDK

by the monotonicity of @& established in 3°, the infimum is unchanged if we
restrict the M to be subsets of U—for, by (PCyy) there exists an N € ®
with K C N C U, and we may replace the M’s by the M N N’s—therefore
the inequality [@(U) —a(K)| < e is a consequence of (*).

IV.56, (. 10-12.
“...if K’ is any compact set contained in U, then K c KUK’ c U,
whence |[@(U)—a(KUK’)| <e and so a(U) > a(KUK')—e > a(K') —¢”
With U, ¢ and K as in the preceding note, we also know that KUK’ €

@, hence
lim a(M).
Med, M—KUK’

Given 0 > 0, choose a neighborhood I(K*, U*) of KUK’ such that

a(KUK') =

(**) MedNI(K*U* = |aM) -aKUK) <J.
In particular, KUK’ € I(K*, U*), so
K* c KUK’ Cc U*;
replacing U* by U*NU (which still contains KUK’ ), we can suppose that
U*cU.
By (PCqp) there exists a set M € & with

KUK’ c M c U*.
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Since KC KUK’ ¢ M C U* C U, by (*) of the preceding note one has
la(M) —a(U)| <e,
and since K* Cc KUK’ € M C U*, by (**) one has
(M) — &K UK)| < 6,
therefore
|[a(U) —a(KUK')| < |[a(U) —aM)| + |aM) —a(KUK')|<e+4,

concisely |a(U)—a(KUK’)| < e+4¢; since ¢ was introduced after U, ¢, K
and K’ were fixed, letting 6 — 0 yields the first inequality of the statement.

It follows that @(U) > a(KUK’) —e > @(K’) —e (the latter inequality
by the monotonicity of @ for compact sets). In particular, @(K’) < @(U)+e,
which is needed for the next note.

IV.56, (. 12,13.
“... @(U) is therefore indeed equal to the supremum of the num-
bers @(K) as K runs over the set of compact subsets of U.”

With notations as in the preceding note, the argument shows that if
an open set U belongs to ®, then for every € > 0 and every compact set
K’ ¢ U, one has

a(K) <a(U)+e

(the K and M in the argument play auxiliary roles, and can be forgotten
here); fixing K’ and varying e, one has @(K’) < @(U), and since K’ is an
arbitrary compact subset of U, we conclude that

sup a(K') <a(U).

K’ compact, K’CU

But, by the note for ¢. 8-10, given any ¢ > 0 there exists a compact sub-
set K’ of U such that the difference between @(K’) and @(U) is as small
as we like, therefore the preceding displayed inequality is in fact an equality.

IV.56, (. 17-19.
“...by (PM{y), for every set M € ® such that K C M C U, there
exists a compact set K’ C M such that

aM) <aK')+e<b+e”

Let M be any set in ® such that K ¢ M C U (such M exist by (PCryy)).
Then (PM],) provides a compact set K’ C M such that o(N) > o(M) —«¢
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for every N € ® with N D K’; but by 3°, K’ € ® and @(K’) is the infimum
of a(N) over all such N, therefore @(K’) > a(M) — e, whence the first

of the asserted inequalities—whereas the second follows from the definition
of b.

IV.56, £. 20.

“...therefore b—¢ < a(M) < b+ ¢, which proves that U € @ .”

We know that b — e < @(K) by the choice of K; but @(K) < a(M)
because K C M (see the definition of @(K) in 3°), and a(M) < b+ ¢ by
the preceding note.

Thus, given any ¢ > 0 one has found a neighborhood I(K,U) of U
in P(X) such that

MednI(K,U) = |aM)—b<e;

this shows that
lim oM)=beR,
Med, M—U
therefore U € ®, and @(U) = b (as one also knows from the proof of
“necessity” of the condition b < 400).

IV.56, ¢{. —8 to —3.

“The definition of ® and @ can now be transformed as follows (taking
into account (PCyp)): in order that M € @, it is necessary and sufficient
that, for every € > 0, there exist a compact set K and an open set U € &
such that K ¢ M Cc U and @(U) —a@(K) < e; @(M) is, moreover, the
infimum of the @(U) for the open sets U € ® containing M, and the
supremum of the @(K) for the compact sets K C M.”

One is assuming that the hypotheses of Th. 5, including (PMyy), are
fulfilled, and that, as shown in 3°: B
(i) Every compact set K C X belongs to @, with @(K) € Rt defined
by the formula
a(K)= inf P);
a(K) PqulPDKa( );
@ is monotone, subadditive and additive on the set & of all compact subsets
of X, that is, @(K;) < @(K3) when K; C Ky, and @(K; UKs) < a(Ky) +
a(Ky), with equality when K;, Ky are disjoint. Moreover, as shown in 4°:
(ii) Denoting by 4 the set of all open sets U in X for which
sup  a(K) < +oo,
KeR, KCU
an open set U in X belongs to @ if and only if U € i; that is, writing %
for the set of all open sets in X, one has % N® = Y. Moreover,

a(U)= sup @(K) forall Ued,
KeR, KCU
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and @ is monotone and glbadditive on i
To summarize, 8 C &, U =% N®, and @ has the indicated properties
on K and Y.

We are to show:

(A) A set M C X belongs to ® if and only if it satisfies the following
condition: for every & > 0, there exist sets K € & and U € 4 such that
KcMcCU and |@(U) —a(K)| < e. Moreover:

For every M € &, one has

(B) a(M) = Ke;}l}[{)CMa(K) = Ueul,nlnga(U)‘

Let us write ® for the set of all M C X that satisfy the condition
in (A); we are to show that ® = ® and that the formulas (B) hold for every
M € ®. The proof is organized into three parts: ® C CTD, dC &, and the
formulas (B).

Proof of ® C ®. Let M € ® and let € > 0. Since a(N) — @(M) as
N — M while remaining in @, there exists a neighborhood I(K,U) of M
in P(X) such that

(%) NednIK,U) = |aN)—aM)| <e/2.

We assert that U € ® (that is, U € ). To this end, let us show that, as K’
runs over all compact subsets of U, the @(K’) have a finite upper bound.
Let K" € U be compact. Then KUK’ € U, and by (PCyy) there exists a
set N € ® such that

KUK cNcU.

Since K’ € N € @, one has a(K’) < a(N) by 3°; but K € N C U, therefore
a(N) <a@aM)+e/2 by (x), whence @(K’') < @(M)+¢/2, so that @(M)+¢e/2
serves as an upper bound for the a(K’) (K’ € K, K’ € U), which proves
that U € ®. Then, by 4°, @(U) = supa(K’) over all such K’, whence
a(U) <aM)+¢e/2.

Since K C U € @, it follows from 3° that @(K) < @(U). On the other
hand, it follows from (%) that |a(K)—a(M)| < ¢/2; for, one knows from 3°
that @(K) is the infimum of the a(P) over all P € ® such that P D K, and
by the monotonicity of « one can restrict P to be a subset of any fixed N
occurring in (*) (an argument made in the note for . 8-10). Then

0<a(U)—aK) =[a@U) —aM)] +[aM) —aK)] <e/2+4+¢/2,

concisely a@(U) — @(K) < e, which proves that M € &, and so ® C ¢ .
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Proof of dCD. First, a useful lemma:

Lemma 1. If KC N C U, where N € ¢, K is compact and U is an
open set with U € ® (that is, U € i), then @(K) < a(N) < @(U).

Proof. That @(K) < a(N) was shown in 3°.

To prove that a(N) < @(U) we apply (PMpy) to N: given any € > 0,
there exists a neighborhood I(Kg,Up) of N in B(X) such that

N e®dnI(Kp,Uy) = |a(N)—aN)|<e.
But I(K,U) is also a neighborhood of N, therefore so is
I(K UKo, UN Up) = I(K, U) N I(Ko, U) :
replacing 1(Ko, Up) by I(KUKy, UNUyp), we can suppose that
KCKoCNCUpCU,

and since U € @ it is clear from the criterion in 4° that also Uy € ®.

We assert that [@(Up) — a(N)] < e. We know from 4° that
a@(Ug) = sup@(K’), where K’ runs over all compact subsets of Uy ; since
also Ko C Uy, whence K’ € Kg UK’ C Uy, and since @ is monotone for
compact sets, @(Up) is also the supremum of the @(K’) where K’ is com-
pact and Ko C K’ C U, thus it will suffice to show that |@(K’) —a(N)| <e
for every such K’.

Now, given such a K’, we know from 3° that @(K’) = inf a(N’), where
N €@ and N’ D K'. But K’ C Ug, so by (PCyy) there exists an N” € ®
with K’ ¢ N” € Ug. Then for every N’ € ® with N’ D K’, one has
K’ ¢ NN N"” c Ug; thus, by the monotonicity of «a, it suffices to consider
only N’ € & with K’ € N’ € Up. For such an N’, we need only show that
la(N") — a(N)| < e. Indeed,

KcKygcK cN c U,

thus N’ € ® NI(Kg, Up), therefore |a(N’) —(N)| < e by the choice of K
and Up, which completes the verification of |@(Up) — a(N)| < ¢.
To summarize: given any ¢ > 0, we have found an open set Uy € ®
such that
NcUycU and [a(Uy)—a(N)| <e.

With ¢ = 1/n (n = 1,2,3,...) choose an open set U, € ® such that
N cU, c Uand |a(U,) —aN)| < 1/n. Then @(U,) — «(N); but
@(U,) < @(U) because @ is monotone on i, so passage to the limit yields
a(N) < @(U) and the lemma is proved. <
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Assuming now that M € @ (that is, M satisfies the condition in (A)),
let us show that M € ®. By assumption, given any & > 0, there exists a
neighborhood I(K,U) of M with K compact and U an open set belonging
to ®. We assert that if N,N’ is any pair of elements of ® NI(K,U), then

ja(N) —a(N')| <&
indeed, from K C N C U and K ¢ N’ C U, the lemma yields
a(N) € [a(K),a(U)] and o(N') € [@(K),a(U)],

whence |a(N) —a(N')| <a(U) —a(K) <e.

This shows that the image, under «, of the trace on ® of the neighbor-
hood filter of M, is Cauchy in R, hence is convergent to an element of R.
In other words M € @, which completes the proof that ® C ®, and hence
that ® = ®.

Proof of the formulas (B). The formulas are an easy consequence of the
following generalization of Lemma 1:

Lemma 2. If K€ M C U, where K is compact, M € ®,and U € ® is
open, then a(K) < a(M) < @(U).

Proof. If N € ®NI(K,U), then @(K) < a(N) < @(U) by Lemma 1,
thus

(%) a(®NIK,U)) C [aK),a(U)].

Since @ is dense in P(X), every neighborhood of M in JB(X) intersects P,
and since I(K,U) is a neighborhood of M, clearly every neighborhood of M
intersects ®NI(K, U); it follows that if I(K’, U’) is any neighborhood of M,
then ® NI(K’,U’) (which is a basic neighborhood of M in @) intersects
® NI(K,U), thus M belongs to the closure of ® NI(K,U) in ®. Since
@:® — R is continuous and extends «, it follows from (x*) that (the long
overbars indicate closure in R)

aM) ea(®nI(K,U)) =a(®nIK,U)) C [aK),a(U)],

that is, @(K) <a(M) < a(U). ¢
Given any M € @, define

r=inf{a(U): MCUe®, U open},
s =sup{a(K): Kc M, K compact };

we are to show that r = s =a(M).
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Since M € ® = &, we know that M satisfies the condition in (A):
given any € > 0, there exist K € 8 and U € 4 such that K M C U and
@(U) —a(K) < €; by the above lemma,

a(K) <aM) <a(U).

Obviously @(K) < s and r < @(U).

For every compact subset K’ of M, one has K’ € M C U, therefore
a(K’) < @(M) by Lemma 2; consequently s < @(M). On the other hand,
for every set U’ € U such that M C U’, one has K € M C U’, therefore
@(M) < @(U’") by Lemma 2; consequently @(M) < r. Thus

aK)<s<aM) <r <a(U),

whence 0 <r—s < @(U) —@(K) < e. Since ¢ is arbitrary, » —s = 0; thus
s<aM < r with s =r, whence equality throughout.

An immediate consequence of either of these formulas for @(M): @ is
monotone on ®.

V.57, ¢.7,8.

“By the foregoing, we have @(U) < @(K) +a(U — K).”

Since U—K isopen and U—K c U € &, U—=K € & by the
criterion in 4°; apply the preceding assertion (‘conditional subadditivity’) to
U=KU((U=K).

IV.57, 0. 11.

“...aK)+a(U—=K)<au).”

By the previously displayed formula, @(K’)
compact sets K" C U— K C @, whence @(U — K)
IV.57, (. —16.

“...K'cMnECNcCcU"...”

From KCcMcCU and LU c CN c CK’, one has

(U) — @(K) for all
(U) —a(K).

<@
<a

K'=KNCU cMNCNcCcUNnCK =U".

IV.57, (. —16, —15.
“. .. U” —=K" is contained in the union of UNCK and U'NCK’ ...”

For,

U/ —K'=U"nCENCU)=U"Nn(CKUU)
=(U"NnCK)uU (U N
=(UNCK'NnCK)u(UNnCK' NnU")
c(UNCK)U (U NCK),
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whence @(U” — K”) < a@(U — K) +@(U’ — K’) by the subadditivity of @

for open sets belonging to ®.

IV.57, (. —12, —11. B

“... MUN belongs to ®.”

This completes the proof that ® is a clan (No. 9, Prop. 17). Conse-
quently @ is subadditive on ® by the ‘conditional subadditivity’ (p. IV.56,
¢. —2,—1) proved earlier.

IV.57, (. -9, —8.

“...since ¢ is arbitrary, we have @(M UN) = a(M) + @(N).”

Since ¢ is arbitrary, we have @(MUN) > @(M)+@(N), and the reverse
inequality holds by the subadditivity of @.

IV.57, /. -3 to —1. B
“Since (3 is positive, |5(f)] < @(K)-||f|| for every function f € &(P)
whose support is contained in K”

For such a function f, —||fllyx < f < ||f|l ¢k , whence

=71 8Gex) < B(f) < £ Blek)

where [(pk) = a(K).

IV.58, 7. 1,2.
_ “...it may therefore be extended to a positive continuous linear form
Bk on 9(K).”

A detail to be checked: the positivity of .

Recall that &(®) is a Riesz space for the pointwise ordering of functions
(No. 9, second paragraph following Def. 4); so is its linear subspace

&(®)NF(X K;R)

(the functions in &(®) whose support is contained in K ), whose closure ¢ (K)
in the Banach space Z(X;R) of bounded functions on X (TVS, I, §1, No. 4,
Ezamples) is also a Riesz space. Note that &(®)NF(X, K;R) = &(®)N¥(K).

Let g € 4(K) and choose a sequence f, € &(®) N ¥(K) such that
|fn—gll = 0. Then |g| € 9(K) and || |fn| — |g| || — 0, therefore

Bic(lgl) = lim Byc( ful) = lim Bc([ ) > 0.

In particular, if g > 0, that is, g = |g|, then Bk(g) = 0.

V.58, (. 3,4. - ~
“...the restriction of Sk, to ¥(K) is identical to By ”
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If g€ 9(K) and f, € &(®)NY(K) with ||f, —g|]| — 0, then also
g € 9(Ky) and f, € &(®) NFX,Ki;;R) = () NY(Ky), therefore
5}{1(9) = hifl B(fn) = Bx(g) -

IV.58, ¢. 8,9. _
“...the restriction to J# of the positive linear form S is therefore a
positive measure p.”

Every positive linear form on #(X;R) is a positive measure (Ch. III,
§1, No. 5, Th. 1).

IV.58, ¢. 10.
“there exists an open set U € ® such that K C U, u(U) < p(K)+¢”
There exists an open set V with K € V. V C U and V compact;
replacing U by V, we can suppose that U is relatively compact, thereby
assuring that every function whose support is contained in U has compact
support.

IV.58, (. 13.

“Then p(K) < pu(f) < p(U) < p(K) +¢7

To justify the notation u(f) at this stage, we must assume that f has
compact support; this is assured by arranging that U be relatively compact
(or by constructing f to have compact support). Moreover, the equality
u(f) = B(f) will shortly be needed.

{Absent this precaution, we do not know that f is p-integrable; of
course, after it has been shown that every open set belonging to @ is
u-integrable, a bounded continuous function with support contained in such
a set will be integrable (No. 4, Prop. 5).}

IV.58, (. 15.
“...we see that |pu(K) —a(K)| <e”

From the above inequalities, we extract (noting that u(f) = B(f) by
the definition of p)

n(K) < p(f) < p(K) +¢
and @(K) < B(f) = u(f) < a(K) + ¢, that is,

—a(K) —e < —u(f) < —a(K).
Adding term-by-term the displayed inequalities, we get
(1K) —a(K)] —e < 0 < [u(K) —a(K)] +¢;

adding p(K) — @(K) throughout then yields —e < u(K) —a(K) < e.
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IV.58, ¢. 18,19. B
“...the open sets belonging to ® are none other than the u-integrable
open sets”

Write K for the set of all compact subsets of X. One knows that
u(K) =a(K) for all K€ &. Let U be an open subset of X and let

b= sup a@K)= sup wu(K).
Ke&, KCU KeR, KCU

By 4°,
Ued < b<+4oo,

in which case @(U) = b. On the other hand, by Prop. 10 of No. 6,
U is p-integrable < p*(U) < +o0,

in which case u(U) = p*(U) by definition. But p*(U) = b (No. 6, Cor. 4
of Th. 4), thus

U is p-integrable < b< +oo <« Uc€®,

in which case p(U) =b=a(U).

IV.58, (. 21. B
“...the p-integrable sets are the sets of ¢ ”

Write K for the set of all compact subsets of X, and let M be any
subset of X.

As shown in 5°, M € @ if and only if it satisfies the following condition:

(A) For every € > 0, there exist a compact set K and an open set
U € ® such that KCM CU and @(U — K) <e¢.

By the foregoing discussion, we know that an open set U belongs to ®
if and only if it is p-integrable, and that ©(U) = @(U) for all open sets
U € ®. Thus the condition (A) may be expressed in terms of u as follows:

(A’) For every € > 0, there exist a compact set K and an integrable
open set U such that KCM C U and pu(U—-K) <e.

But (A’) holds if and only if M is p-integrable (No. 6, Th. 4), thus

Me® < M is p-integrable.
Moreover, when M € ® one has, as shown in 5°,

aM) = sup a(K);
Kes, KCM
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whereas when M is p-integrable,

p(M) = sup p(K),
Ker, KCM

as observed in No. 6, Cor. 1 of Th. 4 (see the note for IV.45, ¢. 1-3). Since
u=a on R, one concludes that u(M) =a(M).

IV.58, (. 22.

“p*(U)= sup «a(M) for every open set U”

Med, MCU

Every M € @ is p-integrable and a(M) = aM) = u(M) = p*(M);
if, moreover, M C U, then a(M) = p*(M) < p*(U), so the supremum in
question is < p*(U).

Write K for the set of all compact subsets of X. By Cor. 4 of Th. 4
of No. 6,

(*) p*(U) = sup u(K).
Kef, KCU

But if K € 8 and K C U, by (PCyy) there exists a set M € ® such that

K ¢ M c U, therefore p*(K) < p*(M) < p*(U); since K and M are
p-integrable, and (M) = (M), one has

whence it is clear from (x) that p*(U) = sup «(M).
Med, MCU
IV.58, (. —6, —5.
“The conditions (PCy), (PCry), (PMp), (PMyy), (PMyr) and (PM{y,) are
then satisfied.”

Recall that ¥ is a tribe, namely, the tribe generated by the set ® of
all compact subsets of X (GT, IX, §6, No. 3, Def. 4). The property (i) of
is called complete additivity (last sentence of No. 5); one notes the following
consequences of (i) and (ii):

a) B(@) = 0. For, B(Z) < +oo by (i), and (&) = ﬁ(pl o) =

S B(2) by ().
k=1

b) § is (finitely) additive (in the sense of No. 9, Def. 5), by a) and (i).

¢) B is monotone. For, if By C By then By = By U (By — By) is
a disjoint union, whence, by b), B(B2) = B(B1) + (B2 — B1) > 5(B1);
if, moreover, ((B;) is finite, then S(Bs — By) = [(B2) — 8(B1) (5 is
‘conditionally subtractive’).
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d) 8 is subadditive. For,

B(B1UBg) = B(B1) + 8(B2 — B1) < B(B1) + B(Bz)

by b) and ¢).
e) If (Bg)g>1 is an increasing sequence in ¥ and B = |J By, then
k=1

B(B) = S%Pﬁ(Bk) =lim §(By) in R.

For, setting C; = By and C, = B,, — B,,_1 for n > 2, the C,, are pairwise

disjoint and |J C,, = B, therefore
n=1

B) = > 8(C) =sup Y B(C) = sup 8 | Cx )
n=1 " ok=1 "

=1

k
= sgpﬁ(Bn) = lim 5(By,)

by the theorem on monotone limits (GT, IV, §5, No. 2, Th. 2).
f) For any sequence (By)r>1 in VU, B( U Bk> < Y B(Bg) (‘complete
k=1 k=1

n
subadditivity’). For, writing C,, = |J B for n = 1,2,3,... and C =

U Bk, by e) and d) one has

n

B(C) = sup B(C, SupZﬁ By) =Y B(By
" k=1 k=1

g) If (Cp)n>1 is a decreasing sequence in ¥ such that 5(C;) < 400,

then 6( N Cn> = inf 5(C,) = limpB(C,). For, writing C = [ C,
n=1 n n n=1

and B, = C; — C,, for all n, the sequence (B,) in V¥ is increasing and

C; — C= | By, soby c¢) and ¢) one has

n=1

B(C1) = B(C) =B(C1 = C) = S%P B(Bn)
= sgp[ﬂ(Cl) = B(Cn)] = B(C1) — inf 5(Cy).
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As for the assertions at hand concerning the restriction a of § to the
set ® of compact subsets of X:

(PCy) If Kyi,Ks are compact, then so are K3 UKy and K; NKj.

(PCH) Let M =K.

(PM;) Follows from ¢) above.

(PMpp) Follows from d) above.

(PMyyp) Follows from b) above.

(PM{y,) Let K= M.

Thus, to apply Theorem 5, it remains only to verify the condition
(PMjy); this is the condition whose verification requires that X have a
countable base.

IV.58, ¢. —5 to —3.
“Then K is the intersection of a decreasing sequence (Uj,Us,...) of
relatively compact open sets of X (GT, IX, §2, No. 5, Prop. 7).”

Since X is locally compact and has a countable base, it is metrizable
(GT, IX, §2, No. 9, Cor. of Prop. 16). Let (W,,),>1 be a sequence of open

sets such that K = ﬂ W,, (loc. cit., No. 5, Prop. 7). For each n, there

exists a relatively compact open set V,, such that K C V,, C W,,, and the
open sets U, =V N--- NV, meet the requirements.

Let us proceed directly to the objective: the verification of the con-
dition (PM{y). Given any element of ® —in other words any compact
set K—and any ¢ > 0, we seek an open set U such that for every set
N € ® contained in U—that is, for every compact subset N of U-—one has

BN) < B(K) +e.
With K = () U, as above, one knows that (U, ) < oco; for, all open

n=1
sets and closed sets are Borel sets, and 3(U,) < 3(U,) < +oo by the
hypothesis (ii) of the Corollary. Therefore §(U,,) — B(K) by item ¢) in the
note for IV.58, ¢. —6, —5. Choose an index m such that 3(U,,) < B(K)+e
Then, for every compact N C U,,, one has

B(N) < B(Up,) < BK) + ¢,

thus U = U,,, meets the requirements of (PM[y,).

IV.59, (. 1.
“This proves that the condition (PMiy ) is satisfied.”
See the preceding note.

IV.59, (. 3, 4.

“Since every open set U of X is the union of an increasing sequence of
compact subsets, we have p*(U) = (U).”
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One is assuming that X is locally compact and has a countable base,
therefore X is countable at infinity (GT, IX, §2, No. 9, Cor. of Prop. 16).
A subset of U is compact in X if and only if it is compact in U for the
induced topology. {This is immediate from the definition of compact subset
(GT, 1, §9, No. 3, Def. 2) and the transitivity of induced topologies (GT, I,
§3, No. 1).} Since U is a neighborhood of each of its points, it follows that
the subspace U is itself locally compact and has a countable base, hence is

o0
countable at infinity; therefore U = [J K,, with the K, compact in U,

n=1
hence also in X . Replacing K,, by K;U---UK,, , one can suppose that the
sequence (K,) is increasing. Then

p*(U) = sup n(K,) = sup BK,) = B(U),

the first equality by §1, No. 2, Prop. 7, and the last by item e) of the note
for IV.58, ¢. —6, —5.

IvV.59, 7. 6,7.
“...if B is an element of ¥ contained in L, then B is u-integrable”

Let . be the tribe of u-integrable subsets of L. The set of all A C X
such that ANL € . is easily seen to be a tribe that contains every compact
subset of X, hence contains the tribe W of all Borel sets in X; that is,
BNL is p-integrable for every B € W. In particular, if B € ¥ is contained
in L, then B=BNL is y-integrable.

IV.59, £. 8,9.

“Since f(U) = p*(U) and B(K) = u(K), we see that |u*(B)—5(B)| <
2.

For,

= p(U) = B(K) = p*(U) — w(K) < ¢,

therefore, taking absolute values in (x) yields |u*(B) — 8(B)| < & + ¢ since
e is arbitrary, pu*(B) = 3(B).
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Since L is an arbitrary compact subset of X, the argument shows that
w*(B) = B(B) for every relatively compact Borel set B.

IV.59, (. 10,11.
“...every Borel set C of X is the union of a sequence of pairwise
disjoint, relatively compact Borel sets”

Write X = |J K,, with (K,) an increasing sequence of compact sets.
n=1
Then -
X=K U] (Kn—Kn 1)

n=2

expresses the Borel set X as such a union, so the decomposition
o
C=(CnKyulJcn (Kn - Kn,1>
n=2

meets the requirements.

V.59, (. 11.
“...whence B(C)=p*(C).”

o0
Write C = |J B,,, with (B,,) a sequence of pairwise disjoint, relatively
n=1

compact Borel sets. As shown above, the B,, are p-integrable and 5(B,,) =
w*(By) = u(B,,), so the assertion follows from the complete additivity of
(No. 5, Prop. 6) and 3.

IV.59, (. 11,12.
“The uniqueness of p follows at once from Th. 5.”

Suppose also v is a measure on X such that v*(B) = §(B) for all
B € ¥. In particular, for every compact set K one has

thus 1/|<I> = ,u|<I> = «, 80 4 = v by the uniqueness part of Th. 5.
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§5. MEASURABLE FUNCTIONS AND SETS

1v.60, ¢. 6,7.
“...therefore the restriction of f to H is continuous.”

GT, I, §3, No. 2, Prop. 4.

IV.60, ¢. 17.
Jul(K = Ko) < 3 e/2n7

Write A, = K=K, and A = K — K, and cite §4, No. 5, Cor. of
Prop. 8.

IV.60, (. —14 to —11.

“...it comes to the same to say that a measurable set A is a set such
that, for every compact set K, there exist a negligible set N C K and a
partition (K,) of K — N formed by a sequence of compact sets each of
which is contained either in KN A orin KNCA.”

Suppose A is measurable, that is, @a is measurable, and let K be
any compact set in X. By Def. 1, there exist a negligible set N C K and
a partition (K,,) of K — N into a sequence of compact sets K,, such that
<,0A|Kn is continuous for each n. But 0,1 are the only possible values
of pa ; let

K, =K,Npa(l), K/ =K,N ga(0).

Then K/, K/ partition K,, into subsets that are closed (by the continuity
of pa|K, ) hence compact, with K/, C A and K], C CA. Thus N, together
with the compact sets (K/,), (K!/) satisfy the condition in the assertion.

The converse is immediate from Def. 1, since ¢, is constant (hence
continuous) on each of the sets KN A and KN CA.

Iv.60, ¢. —7.
“The condition is necessary...’
Suppose A is measurable and let K be any compact set in X. As
noted following Def. 2, there exists a partition

Y

K=NuU GK;QU GKZ,
n=1 n=1
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where N is negligible, the K/ and K!' are compact, and K/, C A,
K” c CA for all n. Then ANK/! =@ for all n, so

(%) ANK=(ANN)U UK

A NN is negligible, hence integrable with |u|(A NN) =0; and, for all n,
> 1l(55) = Jul( U K}) < Jul(K) < +o0,
i=1

therefore U K/, is integrable (84, No. 5, Cor. of Prop. 8). Thus each of the
two terms on the right side of (x) is integrable, hence so is ANK.
IV.60, ¢. —5.

“The condition is sufficient...”

Let K be any compact set in X. By hypothesis A N K is integrable,
hence there exists a partition

AmK:N’UGK;,

n=1

where N’ is negligible and the K/ are compact (§4, No. 6, Cor. 2 of Th. 4).
But (CA)NK =K — ANK is also integrable (§4, No. 5, Prop. 7), so there
is also a partition

[ee]
CANK=N"U[]J K]
n=1
with N’ negligible and the K! compact. Then N = N’ UN" is negligible

and

K=AnK)UCANK)=NU [ JK,u K],

where the K/, K (n=1,2,3,...) partition K — N into compact sets such
that K/, C A and K/ C CA for all n, therefore A is measurable by the
remark following Def. 2.

It follows from Prop. 3 that every integrable set A is measurable; for,
by Prop. 7, 2° of §4, No. 5, AN K is integrable for every compact set K.

Iv.60, ¢. —2.
“The open sets and the closed sets are measurable.”
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The measurability of closed sets is obvious from Prop. 3; as for open
sets, it suffices to prove the following:

A measurable = [ A measurable.

For, if A is measurable and K is any compact set in X, then CANK =
K — ANK is the difference of two integrable sets, hence is integrable (§4,
No. 5, Prop. 7).

Prop. 3 yields a brief proof of the following:

“COROLLARY 3.” —If p is a measure on the locally compact space X,
then:

(i) The set of pu-measurable subsets of X is a tribe.

(ii) Every Borel set in X is p-measurable.

These assertions are proved in No. 4 below as corollaries of Egoroff’s
theorem (Cors. 2 and 3 of Th. 2). For the definition of a tribe, see the
footnote on p. IV.50.

(i) If (A,) is a sequence of measurable sets, then the set A = (A,

n
is measurable. For, if K is any compact subset of X, the set ANK =
(A, N K) is the intersection of a sequence of integrable sets, hence is

integrable (§4, No. 5, Prop. 7). It follows by complementation that the set

(JA,, is also measurable.
n

(ii) The tribe of measurable sets contains every open set in X by Cor. 1,
hence it contains the tribe they generate (GT, IX, §6, No. 3, Def. 4).

1V.61, ¢. 3,4.
“...it suffices to verify that every relatively compact Souslin set A is
p-integrable.”

Let A be a Souslin subset of the metrizable locally compact space X,
and let ;1 be any measure on X. We are to show that A is p-measurable;
given any compact subset K of X, it suffices by Prop. 3 to show that ANK
is u-integrable. Since K is a metrizable compact subspace of X, it is Polish
(GT, IX, §6, No. 1, Cor. of Prop. 2) hence Souslin (loc. cit., No. 2), therefore
ANK is a Souslin subset of X (loc. cit., Prop. 8) and is obviously relatively
compact; thus, one is reduced to showing that a relatively compact Souslin
subset of X is u-integrable.

IV.61, /(. 4,5.
“...such a set A is capacitable for |u|[* (GT, IX, §6, No. 9, Th. 5).”

That |u|* is a capacity on X is noted in §4, No. 6, Cor. 2 of Prop. 10.
(See the note for IV.43, ¢. —13, —12, where it is noted that the definition of
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‘capacity’ is different in GT and TG, but that with either definition, |u|* has
the desired properties. In both cases, the property asserted for A is

|1l *(A) = sup{|p[*(K) : KC A, K compact},

established in GT, IX, §6, No. 9, Th. 5 and TG, IX, §6, No. 10, Th. 6,
respectively.

For the purposes of the proof at hand, one need read no further; the rest
of this note is devoted to the comparative analysis of the two definitions.

In GT, IX, §6, No. 9, Def. 8, a capacity on (a Hausdorff space) X is
defined to be a function f:B(X) — R satisfying the following axioms:

(CA;) If ACB,then f(A)< f(B).

(CAq) If (A,,) is any increasing sequence of subsets of X, then

H(Un) =sm ).

(CAmp) If (K,,) is any decreasing sequence of compact subsets of X,

then
<ﬂ K ) 1nf fK,).

Whereas in TG, IX, §6, No. 10, Def. 9, a function f : PB(X) — R is
called a ‘capacity’ if it merely satisfies (CAy) and (CApr); to compensate
for the absence of (CAyr), a capacity continuous on the right (for short,
a CR-capacity is required in addition to satisfy the axiom

(CAfy) For every compact subset K of X and every number a > f(K),
there exists an open set U containing K such that f(U) < a.

The prime " in (CAf;;) does not appear in TG but is added here to avoid
confusion. It is shown (TG, loc. cit., Remark) that every CR-capacity is a
capacity in the sense of GT (for short, a GT-capacity); so to speak, axiom
(CAfyp) is (in the presence of (CAy)) stronger than (CAyyy).

Note that (CAfy;) is, in the presence of (CAp), equivalent to the following
condition:

(CAY};) For every compact subset K of X,

f(K)=inf{f(U): KCU, U open}.

For, let o be the infimum on the right side; if U is any open set containing K
(at least U = X qualifies) then f(K) < f(U), whence f(K) < «.
(CA) = (CAY): If f(K) = +o00 then also a = 4o00. If f(K) < 400,
let a be any real number such that f(K) < a < 4o0; since a > f(K),
by (CAjf;) there exists an open set U such that K € U and f(U) < a,
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whence, by the definition of o, a < f(U) < a, and varying a yields
a < f(K).

(CAY;) = (CAfyp): Let K be a compact subset of X and let a > f(K).
By assumption, f(K) = «a, that is, f(K) is the greatest lower bound of
the f(U) for U open and K C U; since a > f(K), a is not a lower bound
for the f(U), so there must exist an open set U D K such that f(U) < a.

Already noted above is that the function |u|* : (X) — R (in other
words, p* for any positive measure p) is a GT-capacity; in view of the
preceding equivalence, it is also a CR-capacity, indeed, the formula

|ul*(A) = inf{[u[*(U) : ACU, U open}

holds for every subset A of X (§2, No. 4, Prop. 19).
For f either a GT-capacity or a CR-capacity, a subset A of X is said
to be capacitable if it satisfies the condition

f(A) =sup{f(K): KC A, K compact}

(GT, IX, §6, No. 9, Def. 9) or (TG, IX, §6, No. 10, Def. 10). For f = |u|*
the condition reads

||*(A) = sup{|p|(K) : KC A, K compact}.

If f is a GT-capacity on a metrizable space X, then every relatively
compact Souslin subset A of X is capacitable for f (GT, loc. cit., Th. 5),
whereas if f is a CR-capacity on a Hausdorff space X, then every Souslin
subset A of X is capacitable for f (TG, loc. cit., Th. 6).

V.61, 4. 5,6.

“Therefore, for every € > 0 there exists a compact subset K of A such
that [p[*(A) < [p[*(K) +e”

Since |p[*(A) < +oo (A is relatively compact), this is immediate from
the definition of capacitability (GT, IX, §6, No. 9, Def. 9; see the discussion
in the preceding note).

Iv.61, /. 6-8.
“Let U be a relatively compact open set in X containing A such that

[ul(U) = |p*(U) < |pul[*(A) +e.7

Since A is compact, |u|*(A) < |u[*(A) < +oo, hence there exists an
openset V with A CV and |u[*(V) < |u[*(A)+e (81, No. 4, Prop. 19). On
the other hand, there exists a relatively compact open set W with A C W
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(every point of A has a relatively compact open neighborhood; extract a
finite subcovering of A). Let U=VNW. Then A=ANACVNW=U,
where U is relatively compact (because W is) and |u[*(U) < |p|*(V) <
[ul*(A) +e.

IV.61, ¢. 17-21.

“It follows at once (§4, No. 9, Lemma) that there exist a negligible set
N C K and a finite partition of K — N formed of integrable sets M; such
that each of the sets KN V,, is the union of a subset of N and a certain
number of the M, , and such that on each of the M;, f is equal to one of
the functions g, .”

Say ¢ runs from 1 to r. For brevity, write V; =V,, and ¢; = g,, for
i =1,...,r. By hypothesis, for each ¢ one has f = g; almost everywhere
in V;, so there exists a negligible set N; C V; such that f =g¢g; on V; — N;.
Write A; = V; — N;; as the difference of integrable sets, A; is integrable.
Thus

a disjoint union with N; negligible and A; integrable.
For every r-tuple € = (e1,...,&,) with ¢; = £1, write

V.=Vin...nver,

with the conventions V% =V, and V L'— X—=V,. The 2" sets V.
partition X:

X=(ViUClV)n(VoaulVy)n---n(V,ulV,) = JV..

Let g9 = (—1,...,—1); since
Ve, =CVin---nCV,=C(V,U---UV,),

the 2" — 1 sets V. (e # eo) are integrable (each being contained in at least
one V; ), pairwise disjoint, and

vi=J V., vi=[JVe.

=1 e#eg g;=1

<

Since K C |J Vi, one has
i=1

1=

(1) K:Kﬂovi:UKﬂVE, KNV, =JKnV..

i=1 e#eo g;=1
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The plan is to decompose each of the sets KNV, (¢ # ¢p) in the form
of (x)—the disjoint union of a negligible part and an integrable part—then
decompose each integrable part as the disjoint union of a negligible set and
a sequence of compact sets on which f is continuous.

To begin with, consider V¢, , where ¢; = (1,...,1); citing (x),

T

VEI:Vlﬂ---ﬂVr:ﬂ(NiUAi):NEIUhAi,

i=1 =1

where N, is the union of 2" —1 sets of the form B;N---N B, , each B;
being equal to either N; or A;, and at least one of the B; being equal

to N;. Writing A., = () A;, one has
i=1

V., =N, UA, ,

where N., is negligible, A., is integrable, and A, C A; for at least one
value of ¢ (in this instance, for every ).

Consider now any e such that ¢ # ¢y and e # €; (that is, &; is equal
to 1 for at least one value of ¢ and to —1 for at least one value). Then

Vez(ﬂlvi)ﬂ( N CVi)z(EOIVi)ﬂc( Ulvi)szCS,

;= gi=— gi=—

where R= () V. and S= |J V.. By the argument used for V., , one

gi=1 g;i=—1
can write R as a disjoint union R = NqUA with Ny negligible, A integrable
and A C A; for some i (indeed, A= () A;). Then

gi=1
V.=RNECES=(NgUA)NCS
=(NoNCSYUANLS)=(NgNECS)U(A—=ANSY),

where Ng N CS is negligible, A — A NS is integrable and is contained in
some A; (indeed,in [\ A;). We write N. = NgNCS and A, = A — ANS.

g;=1
To summarize: for every € # £9 we may write

V. =N, UA,
with N. negligible, A. integrable, N. N A, = @ and A. contained in
some A; (indeed, in [\ A;), so that, for such i, f=g; on A;. Then

e;=1

(1) (Ve#e) KNVe=(KNN)U(KNAL),
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a disjoint union with K N N, negligible, K N A, integrable, and K N A,
contained in some A; (indeed, in [ A;). Setting

Ei=1

N=[JKnN,,
e#eo

we have a disjoint union

K= |JKnV.=NuU [ JKnA,,
e#eo e#¢€o

where N is negligible, every KN A, (¢ # g¢) is integrable and is contained
in some A;.

Let M; (1 < j < 2" — 1) be any enumeration of the sets K N A,
(e # &0). We then have a disjoint union

(1) K=NulJwm;,

J

where N is negligible, the M; are integrable and, for each j, there exists
an index 4 such that f =g; on M;.

{Though it is not needed for the rest of the proof of Prop. 4, we verify
that for each 7 (1 <i<r), KNV, =K NV,, has the form

KNV, =Nju My,
JEJ;

where N, C N and J; is some set of the indices j (1 < j < 2" —1). Indeed,
as observed in (),

KNV, = JKnV.;

Ez‘:].

in view of (f1) this may be written

knvi=(JxnN)u(UJxna.),

e;=1 e;=1

where the KN N, are all subsets of N, and each KN A, is equal to one of
the M, . (The set J; of indices in question depends on how the KN A, are
enumerated.)}

Iv.61, ¢. —9.
“... f is measurable.”
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The conclusion of the proof of Prop. 4 is a matter of refining (twice) the
partition (111) of K of the preceding note, so as to exhibit the measurability
of f. Since each M; is integrable, there exists a partition

M; =N; U | Ka;

neN

with N; negligible! and (K,;)nen a sequence of pairwise disjoint compact
sets (§4, No. 6, Cor. 2 of Th. 4). Also, for each j, there exists an index i
such that f =g; on M;, hence f = g; on K,; for all n € N; since g; is
measurable and K,,; is compact, there exists a further partition

Knj = Pnj U U Kmnj

meN

with P,,; negligible and (K,,,j)men asequence of pairwise disjoint compact
sets such that the restriction to K,,,; of g; —hence also of f-—is continuous
(No. 1, Def. 1). The partition (ft) doubly refined now takes the form

K=NulJ(NWu [ Kuy)
j neN
- (Yo e U (b U )
j j neN meN
. (NUUNjUUPm> U U Koy
J Jm Jomsmm
=N U U Kmnj

]7n?m

with N = NU|JN; U |J P,; negligible and the K,,,; compact sets such
J Jmn

that f|Kmnj is continuous; since K is an arbitrary compact subset of X,

f is measurable (No. 1, Def. 1).

Iv.61, /. —4.
“By the principle of localization, every locally negligible set is measur-
able.”

Let A C X be locally measurable. Given any compact set K in X, it
suffices to show that ANK is integrable (No. 1, Prop. 3). Indeed, ANK is
negligible by Prop. 5 below (which is derived directly from Def. 3 without the

IThe N;’s here are different from the N;’s occurring in the preceding note (an
ephemeral notation on the way to the partition (111)).
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intervention of Prop. 4); but every negligible set N is integrable: ¢x = 0
p-almost everywhere, therefore pn € P for all p > 1 (§3, No. 4, remarks
following Def. 2) and so ¢n is integrable (§4, No. 1, Def. 1) with integral 0
(loc. cit.).

The proof via Prop. 4 is overkill, but here it is: Let A be a locally
negligible set and let f = @a . For every x € X, there exists a neighbor-
hood V, of x such that V, N A is negligible; dropping down to a compact
neighborhood of x contained in V, , we can suppose that V, is compact,
hence integrable. Set g, = 0 (the zero function on X); then ¢ A‘Vm =0
except on the negligible set V, NA, thus f = g, almost everywhere in V, ,
and so f is measurable by Prop. 4.

1v.62, ¢. 10,11.
“Conversely, if it is satisfied then A is contained in an integrable open
set G 7

Since |p|*(A) < 400, there exists an open set G with A C G and

|u|*(G) < 400 (§1, No. 4, Prop. 19), and an open set with finite outer
measure is integrable (§4, No. 6, Prop. 10).

IV.62, (. 18-20.

“...if G is locally negligible then |u|(K) = 0 for every compact set
K contained in G”

For, K=K NG is negligible by Prop. 5.

Thus, |u/*(G) = sup{|u/(K) : K C G, K compact} = 0 (§4, No. 6,
Cor. 4 of Th. 4), whence G C CSupp(p) (§2, No. 2, Prop. 5).

Iv.62, (. —12.
“If the set N of points of discontinuity of f is locally negligible...”

The proof shows, more generally, that if N is any locally negligible set
such that f |X — N is continuous, then f is measurable.

Iv.62, ¢. -9, -8.

“...for every € > 0, there exists a compact set K; C K — (KNN)
such that |u|(K — K;) <e”

Let € > 0. Since |pu/*(KNN) = 0, there exists an open set U with
KNNCU and |p|(U) <e (§1, No. 4, Prop. 19). Let

Ki=KNCU=K—-U=K—-KnU;

then K; is compact, Ki € K, and K—K; = KN U C U, whence
lp|(K — K1) < |u/(U) < e. Since KNN € KNU, so that K; =K — KNU C
K—KNN=K — N, and since f‘X — N is continuous, f|K1 is also con-
tinuous; thus f is measurable by No. 1, Prop. 1.
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Note that it suffices to assume the weaker condition that N is a locally
negligible set such that f |X — N is continuous (i.e., f need not be contin-
uous as a function on X at the points of X — N). Consider, for example,
X = R, p the Lebesgue measure on R, and f = ¢q the characteristic
function of the rationals. Since Q is negligible and f !R — Q =0 is con-
tinuous, f is measurable by the foregoing argument, despite being nowhere
continuous.

Iv.62, /. —6,—5.
“« Pixi locally almost everywhere (with respect to p)»”

Let N={z: x € X and non P {z{}; then Prop. 5 yields the criterion

P {xilocally almost everywhere in X
< N is locally negligible
< (V compact K) KNN is negligible
< (Vcompact K) {z: x € K and non P {z{} is negligible
< (V compact K) P {x{ almost everywhere in K.

IV.63, /. 11-13.

“PROPOSITION 6.”

It is convenient to change the notation: assuming ¢ : X — F is measur-
able and f: X — F is a function equal locally almost everywhere to g, let us
show that f is also measurable. Let N={x € X: f(z) # g(z) }, a locally
negligible set. The plan is to cite the principle of localization (Prop. 4).

For each z € X let V, be any compact (hence integrable) neighborhood
of x and let g, = g. Then V,NN is negligible (Prop. 5) and, on the subset
Vo= V,NN of X—=N, f =g = g,, thus f = g, almost everywhere
in V.. Quote Prop. 4.

IV.64, /. 6-9.
“COROLLARY 4.”

One will observe that the same proof works with R replaced by C. It
is tacit that F has its unique compatible Hausdorff topology (TVS, I, §2,
No. 3, Th. 2).

Sufficiency. Assume each f, : X — F is measurable. For each k,
erfr : X — F is the composite X — R — F, where

x— fryx) = fr(z) e (xeX);

since x +— fi(x) is measurable, and ¢ — c- ey is continuous, the composite
n

e fr is measurable by Th. 1, so f = > epfr is measurable by Cor. 3.
k=1
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(Here, ej,...,e, can be any finite list of vectors, not necessarily linear

independent, in any topological vector space.)
n
Necessity. Assume f = > epfr is measurable. Let u : F — R™ be
k=1
the linear mapping such that wu(ey),...,u(e,) is the canonical basis of R™.
Since F is Hausdorff, u is continuous (even bicontinuous, by Th. 2 of TVS,

§2, No. 3). For all z € X,
u(f@) = u( D erfil@) = (fi(@).. . fula)).
k=1

If priy : R® — R is the k’th coordinate projection, then pry (u(f(m)) =
fr(x) for all x, thus
fw = (pryou)of;
since f is measurable and priow is continuous, fi is measurable by Th. 1.
IV.64, (. 10-13.
“COROLLARY 5.”

The mapping [f-g] : F x G — H is the composite X — F x G — H
defined by

z— (£(2), 8(x)) — [f(2) - g(@)]
where f and g are measurable and (u,v) — [u-v] is continuous, so the
composite is measurable by Th. 1.

The notation [f - g| is suggestive of a bilinear operation, but in fact
bilinearity plays no role in the proof and can be omitted from the hypothesis.

Iv.64, (. —5.

“The first assertion obviously follows from the second”

With notations as in 2°, f is continuous on Kj ; cite No. 1, Prop. 1.
IV.65, (. 4,5.

“ B, is a countable union of compact sets contained in Ky, hence is
integrable ”

For any pair (o, ) € A x A, write Fy, 3 : Ko — R for the function

Fo () = d(fa(2), f3(z))  (z € Ko).

Then F, g is continuous, so the set

{2 € Ko d(fale), f5(2) > 1/r} = Fap([1/r, +00])



INT IV.x84 EXTENSION OF A MEASURE. LP SPACES 85

is a closed, hence compact, subset of K ; by definition,

1
(*) Bo,= |J  Faps(ll/r,+00]),
(a,B)EA,L X AR

a countable union of compact subsets of K. If (S,),>1 is any enumeration
m

of these compact subsets then, for each index m, the set T,, = (J Sg is
k=1

compact, hence integrable (§4, No. 6, Cor. 1 of Prop. 10), with

[ul(Tim) < |pl(Ko) < +oo  for all m,

therefore B,,, = |J T,, is integrable (§4, No. 5, Prop. 8).
m=1

Note that since A,, is a decreasing function of n, it is clear from (x)
that, for fixed r, B, , is also a decreasing function of n; and for fixed n,
B, is an increasing function of r.

IV.65, (. 6-8.

“If r is fixed, the intersection of the decreasing sequence of sets B,, ,
(n =1,2,...) has measure zero, since f,(x) tends to f(z) almost every-
where in K¢ with respect to the filter § 7

Set B, = () B,,. Since (B, ,)n>1 is a decreasing sequence of in-
n=1
tegrable sets, we know that B, is integrable and |u|(B,.,) — |p|(B,)
as n — oo (§4, No. 5, Cor. of Prop. 7).

We are to show that |u|(B,) = 0; since Kg NN is negligible (No. 2,
Prop. 5) and B, C Ky, it will suffice to show that B, C N.

Let x € B, and assume to the contrary that © € X — N. Then,
fa(z) — f(xz) with respect to §F, hence the family (fa(ac))aeA is Cauchy
with respect to §; since the A,, form a base for §, given any € > 0 there
exists an index n such that

(o, 8) € Ap x A, = d(falz), fa(z)) <e.

In particular, let € = 1/r and let n be such an index, so that

d(falz), fa(z)) <1/r forall (o, ) € Ap X Ay

the existence of such an n means that z does not belong to B,, ,, contrary
to z € B, C By,
Thus lim |u|(B,.,.) = |ul(B,) = 0.
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IV.65, /. 8.
‘...thus lim |p|(B,,)=0"

See the preceding note.

IV.65, (. 13-16.

“Let C be the complement of B in Ky ; by construction, f,(z) con-
verges uniformly to f(x) in C with respect to the filter §, and since the
restrictions of the f, to C are continuous, so is the restriction of f to C.”

Of course B C Kj. Recall that Kg N N is negligible; for reasons that
will be clear in the following argument, it is convenient to take C to be the
complement of BU (Ko NN) in K. Writing Ng = Ko NN, an elementary
calculation yields

C=Ky— (BUNg) = (Ko —B)N(X =N).

Note that C is integrable; for, B is integrable and Ny is negligible (hence
integrable), whence the integrability of BUN( and then of Ky — (BUNj) =
C (84, No. 5, Props. 6 and 7). Moreover, Ko — C = B U Ny, whence

[1l(Ko = C) < [ul(B) + [u[(No) = |p[(B) < /4.
Let z € C. Since z € X — N, we know that f,(z) — f(x) with
respect to §. Also,

weKO—B:KOmCB:KOnc(UBW)
=1

:Kgﬁﬁ cBnr,r ﬁ KO—Bnrr

Thus, for all x € C and all r, we have z € Ko — B,,, ., therefore (by the
definition of B,,, )

d(fa(x),fg(w)) <1/r forall a,0 €A, ,.

In other words: given any integer r > 1, for every («,() € A, » X A,
we have

d(fa(z), f3(x)) <1/r forall z€C,
whence sup d(fa(z), fs(z)) < 1/r; this shows that the family of restric-
zeC

tions fa|C is uniformly Cauchy with respect to §, and since f, — f
pointwise in C it follows that fa|C — f ‘C uniformly with respect to §
(GT, X, §1, No. 5, Prop. 5). And since C C K; and the fa|K0 are contin-
uous, we conclude that f ‘C is continuous.
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Since C is integrable, there exists a compact set K; C C such that
|u|(C — K;) < e/4 (84, No. 6, Cor. 1 of Th. 4), and since f|C is continuous,
so is f|K1. Now, K; € C € Kg C K, so it remains only to check that
lu| (K — K;) < e. Indeed,

K=K =K-=KyU(Ky—C)u(C—Ky),
therefore

(K = K1) = |l(K = Ko)+|ul(Ko — C)+[ul(C = Ky) < 2/2+¢/4+e/4.

IV.65, (. —15, —14.
“ f is the limit of the sequence (f,,) locally almost everywhere, hence
is measurable”

We can suppose that the sequence (A, ),en is decreasing; then
n=zm = a, €A, CA,.

Let x € X — N. By hypothesis, f,(z) — f(x) with respect to §; thus,
given any € > 0, there exists an index m such that

acA, = d(falz), f(z)) <e
(GT, 1, §7, No. 3, Prop. 7), consequently
nzm = o, €A, = d(focn(w)7f(x))<5

This shows that the sequence (fa, (ac))n en converges in F to f(z) for every
x € X — N. Switching to N as index set and to the Fréchet filter on N (GT,
I, 86, No. 1, Example 3), Th. 2 becomes applicable: f,, |X —N— f|X — N
pointwise with respect to the Fréchet filter (that is, for each x € X — N the
elementary filter associated with the sequence ( fou, (m))n cn converges in F
to f(z)), therefore f extended in any manner to all of X is measurable
by 1° of Th. 2. In this context, 2° of Th. 2 holds, but restricted to the
sequence of functions f,, (the classical form of Egoroff’s theorem).

As for condition 2° as stated in the text, recall that its proof entails the
countability of the sets A,, (see (x) in the note for £. 4-5).

It is perhaps useful to state the classical sequential form explicitly:
THEOREM 2'. — Let X be a locally compact space, p a measure

on X, and (f,) a sequence of measurable mappings of X into a metriz-
able space F.
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Assume that there exists a locally negligible subset N of X such that
lim f,(x) exists in F for every x € X — N. Then:
n—oo

1°If f:X — F is any mapping such that

f(x)= lim f,(z) forall z€X =N,

then f is measurable.

2° For every compact subset K of X and every e > 0, there exists
a compact set K; C K such that |pu|/(K — K;) < € and such that the
restrictions of the f, to K; are continuous and converge uniformly to f
on Kj.

In the language of Th. 2 and its proof, A = N and § is the filter on N
generated by the sets A,, = {k € N: k > n}. Another way of packaging
the result:

THEOREM 2”. — Let X be a locally compact space, pu a measure
on X, and (f,) a sequence of measurable mappings of X into a metrizable
space F'.

If f:X — F is a mapping such that f,(x) — f(z) locally almost
everywhere in X (i.e., for z in the complement of a locally negligible set),
then:

1° f is measurable.

2° Same as in Th. 2’ above.

IV.66, (. —15.

13

. f is measurable.”

Recall that A; N K is integrable (No. 1, Prop. 3), whence (§4, No. 6,
Cor. 2 of Th. 4) the existence of the partitions

Ame:NzUUKm (221,,777,)

n=1

m
The A; N K are pairwise disjoint, with union K (because |J A; = X),
i=1

therefore
m

K:QAiOK:<UNi)UG GKn

i=1 i=1n=1

where the first union is negligible and the K;,, are pairwise disjoint compact
sets with f =a; on K,;,, thus f is measurable by No. 1, Def. 1.
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IV.66, /. —15, —14.
“By an abuse of language ...”

Heretofore, the term “step function” (fonction étagée) was used only
for functions with values in a Banach space (§4, No. 9, Def. 4), whose addi-
tive structure admits representing step functions by means of characteristic
functions and confers algebraic structure on the set of step functions.

There is another sense in which the language is abused: if f:X — F is
a step function (with respect to some clan) and f is a measurable function
(with respect to the given measure on X ) then f need not be a ‘measurable
step function’ in the sense of the text. For example, if F = {a,b} is the
2-point space whose only open sets are F and @, then every function X — F
is continuous, hence measurable; but if X has a non-measurable subset A,
then the function f : X — F that assigns the value a to the points of A
and the value b to the points of X — A is a step function with respect to
the clan {@, A, X — A, X} but is not a measurable step function.

However, if F is a T;-space (all 1-point subsets closed) then all is well:
every measurable function f: X — F with finite range f(X) is a measurable

-1
step function, because f(a) is measurable for all a € F by Prop. 7 below.

The term used for a linear combination of characteristic functions of
intervals is fonction en escalier (FVR, 11, §1, No. 3, Def. 2); having translated
it as “step function” for the footnote on p. ix of Vol. I and in the Fxample
in §4, No. 4 (p. IV.40), when I arrived at fonction étagée, I did not notice
the difference between the French terms and translated it as “step function”
too. There’s a real abuse of language, somewhat mitigated by the fact that
“fonction en escalier” is a special case of “fonction étagée”; alas, I noticed
my abuse of language only when exploring, for these notes, why the author
thought he had abused it.

For the record, I can find just 5 places in Integration where “step func-
tion” is to be interpreted in the FRV sense:

page xi of Vol. 1: footnote.

IV.40: Ch. 1V, §4, No. 4, Ezample (once in italics, once in roman).

IV.133: Ch. IV, §5, the hint for Exer. 29 d). (Regrettably, in part c)
of the same exercise, “step function” is to be interpreted as fonction étagée;
part of the exercise is to guess the clan, the tribe of measurable functions
being a promising suspect.)

IV.134: Ch. IV, §5, the hint for Exer. 30 (twice).

IV.139: Ch. 1V, §6, Exer. 17.

The following comments should help prevent misunderstandings:

a) a “step function” in the sense of FRV is defined on an interval I
of R and is a step function with respect to the clan ® generated by the set
of subintervals of I;
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b) for a step function whose domain is not an interval of R, the clan ®
in question must be either signaled explicitly or be inferable from the context;

¢) ambiguity can occur only when the domain of the function is an
interval of R ; if such a function does not fall under case a), the clan ® in
question should be explicitly stated or be inferable from the context.

If not “step function”, what were the alternatives for “fonction étagée”?
Harrap’s Unabridged gives “tiered” or “terraced” as possibilities for “étagée”.
The frequent translation of “ét...” as “st...” suggests “staged”. In the ter-
minology of P.R. Halmos’ Measure theory, a “fonction ®-étagée” (@ a clan)
is a “simple function” with respect to a ring ® of subsets of a set (op. cit.,
p. 84), whereas T.H. Hildebrandt’s Introduction to the theory of integration
employs “finite-step function”, with “step function” reserved for functions
with a countable number of values (op. cit., p. 208).

After consulting twenty or so textbooks on Integration and Real Anal-
ysis, I can report the following usage:

(1) “step function” (or “step map”), for “fonction en escalier”: Asplund
& Bungart, Burrill & Knudsen, Dieudonné, Hewitt & Stromberg, K. Hoff-
man, Lang, McShane & Botts, K.A. Ross, Royden, Stromberg, Zaanen. The
overwhelming choice. {Not all books treated the topic, and Hildebrandt em-
ploys the interesting term “staircase function”, with “interval step function”
as possible alternative (op. cit., p. 218).}

(2) “step function” (or “step map”) with respect to a class of sets,
for “fonction étagée”: Dinculeanu, L.M. Graves, Lang, McShane, Segal &
Kunze, Zaanen.

(2") “simple function” for “fonction étagée”: Berberian, Burrill & Knud-
sen, Halmos, Hewitt & Stromberg, Munroe, McShane & Botts, Royden,
Rudin, Saks, Stromberg. Somewhat in the lead, but it translates “étagée”
poorly.

Two possible solutions seem to me to stand out for the usage in Inte-
gration:

(A) “step function” for “étagée”, and “interval step function” for “en
escalier”;

(B) “simple function” for “étagée” and “step function” for “en escalier”.

Were Integration to receive a second edition, (A) would be easy to
implement—insert ‘interval’ at the 5 places noted above (twice on p. IV.40
and on p. I'V.134). This would highlight, not contradict, the usage in FRV,
which clearly has first claim on “step function”.
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Iv.66, ¢. —7,—6.
“The condition is sufficient by Egoroff’s theorem and the principle of
localization.”

Assuming the condition, we are to show that f is measurable. Let
x € X and let K be a compact (hence integrable) neighborhood of x.
In order to invoke the principle of localization (No. 2, Prop. 4), we seek a
measurable function g on X such that f =g almost everywhere in K.

By assumption, there exists a sequence of measurable step functions
gn @ X — F such that g, — f almost everywhere in K. Let N be a
negligible subset of K such that g, — f on the set A = K — N, which
is measurable (indeed, integrable; see the comment at the end of the note
for IV.60, ¢. —5).

We will define a sequence of measurable step functions h, : X — F
that converges to the desired function ¢g. Fix a point a € F. For each n,
define h,, by

gn(y) if y€A
a if ye X —A.
Since ¢,,(X) is finite, so is h,(X). To show that h, is a measurable step
function, we need only show that if b is any value of h,, , then hln(b) is a

measurable set; indeed, if b # a then

-1

ha(b) = {y €A galy) =b} = AN gu(b),

whereas if b = a then
() = ha(@) = (v € A+ ga(y) = BJUX = &) = (AN, (@) U(X = A)

If y € A then h,(y) = gn(y) — f(y), and if y € X — A then h,(y) =a
for all n; defining
fly) fyeA=K-=N
9(y) = .
a fyeX—A,

we have h, — ¢ pointwise in X; since the h,, are measurable, g is mea-
surable by Egoroff’s theorem (No. 4, Th. 2) and the assertion is proved.

IV.66, (. —2 to IV.67, (. 2.

“...for each K; with index ¢ < n, there exists a finite partition of K;
into integrable sets A;; (1 < j < ¢;) sufficiently small that the oscillation
of f on each of the A;; is < 1/n (§4, No. 9, Lemma)”
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To accommodate special cases, it is convenient to rearrange slightly the
notations. We have a partition

K:NUUKi

with N negligible and (K;) a countable family of pairwise disjoint compact
sets such that the restrictions f ‘Kz are all continuous. The problem is to
construct a sequence (g,) of measurable step functions g, : X — F such
that, for every i, g, — f almost everywhere in K; . For technical purposes,
fix a point a € F.

(i) If K is negligible then every sequence (g,) of measurable step func-
tions meets the requirements: K; is a negligible subset of K;, and ¢, — f
vacuously on K; — K; = @. (For example, let every g, be the constant
mapping g,(z) =a for all z € X.)

Assuming K is not negligible, we can assume henceforth that every
negligible K; has been assimilated in N, so that every remaining K; is
non-negligible, hence nonempty. We are going to construct a sequence (g,)
of measurable step functions such that ¢, — f at every point of K — N
(hence almost everywhere in K).

(ii) Suppose there are only finitely many K,;, say Kj,...,K,. Then

'

K=NUK’, where K’ = |J K; is compact and f‘K’ is continuous (GT, I,
i=1

§3, No. 2, Prop. 4), thus we are reduced to the case r =1.

Suppose then that K = N UK’ is a partition of K with N negligible
and K’ a nonempty compact set such that f ‘K’ is continuous.

Given any integer m > 1 let us construct a measurable step function g,
as follows. If z € K’ then, by the continuity of f at z in K’, there exists
a compact neighborhood V, of z in X such that

d(f(y), f(x)) <1/2n  forall y € V, NK';
since K’ is compact, K’ € V,, U---UV, for suitable zy,...,z, in K.
Then

,
K = |V, nK',
k=1
where each of the sets V,, NK’ (1 < k < r) is nonempty (it contains at

least xj ) and compact (hence integrable) and on which the oscillation of f
is <1/n; for, if y,z € V,, NK' then

d(f(y), f(2)) <d(f(), f(zx)) +d(f(x), f(2)) <1/2n+1/2n.
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By the Lemma of §4, No. 9 there exists in the clan generated by the V,, NK’
(hence in the clan of integrable sets and in the tribe of measurable sets)
a finite family </ of pairwise disjoint sets such that each V,, NK’ may be
expressed as the union of a subfamily of 7. Let Aj,As,..., A, be alisting
(without repetitions) of those nonempty members of o/ that occur in the
expressions of V,, NK’,...,V, NK’; then

q r
Ua; = U V,, NK' =
j=1 k=1

where the A; are nonempty measurable (and integrable) sets on each of
which f has oscillation < 1/n. For j =1,...,¢ choose a; € f(A;) and
define a function g, : X — F with finite range by

a; if y € A; for some j
gn(y): . ’.
a if ye X — K';

gn is a measurable step function since (keeping in mind that, although
the A; are pairwise disjoint, the a; need not be distinct, and any or all of
them may be equal to a)

gula) =X =K)U |J A

ap=—a
(that is, the union of X — K’ and those Aj for which a; = a), and Zyln(aj)

is equal to
U A, or (X—K/)U U Ay
ap=a; Ap=0a;
according as a; # a or a; = a, respectively.

Given any y € K', say y € A, then

gn(y) = a; € f(A;) and f(y) € f(A;);

since f has oscillation < 1/n on Aj, we have d(g,(y), f(y)) <1/n.
To summarize: for each integer n > 1 we have constructed a measurable
step function g, : X — F such that

d(gn(y), f(y)) < 1/n forall yeK';

fixing y € K’ and letting n — oo, we have ¢,(y) — f(y), thus g, — f
pointwise on K’ = K — N, whence g, — f almost everywhere in K.
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o
(iii) Finally, suppose K =NU |J K; is a partition of K with N negli-
i=1
gible and (K;) an infinite sequence of non-negligible compact sets such that
every f |Kz is continuous.

n
For every n > 1 let J,, = |J K;, so that (J,) is an increasing sequence
i=1

o0
of compact sets such that (J J, = K= N and f |Jn is continuous for
1

n—

every n.
For each n, the technique of the preceding case shows that there exists
a measurable step function g, such that

() d(gn(y), f(y)) < 1/n forall yel,,

and, say, g,(y) = a for all y € |J K; = (K= N)—=1J,. Given any
i=n—+1

ye K—=N= | J,, we assert that g,(y) — f(y). Say y € J,,. Given

n=1
any € > 0, choose an integer n; such that 1/n; < e; increasing ny if
necessary, we can suppose that n; > ng. Then, for all n > ny we have

YE€Jn, Cdpny CTIny

therefore by (x), d(gn(y), f(y)) <1/n<1/ny <e. Thus g, — f pointwise
on K — N, hence almost everywhere in K.

Iv.e7, ¢. 5,6.
“It is clear that the sequence (gn (ZC)) converges to f(x) at every point
of K not belonging to N.”

See the preceding note.

IV.67, £. 12.
“With notations as in the proof of Th. 3 ...”

The notations in the note before the last are readily adapted to the
present corollary, following the analysis into cases (i)—(iii).

(i) If K is negligible, define g,, =0 for all n.

(ii) If K = NUK' is a partition of K with N negligible, K’ compact and
f |K’ continuous, given any integer n > 1 construct a function g, : X — F
as follows. As in the previous note, let K’ = A; U--- U A, be a partition
of K’ such that the A; are nonempty measurable sets on each of which f
has oscillation < 1/n. For each j =1,...,¢ choose a point z; € A; and
let a; = f(z;). If j is an index for which |a;| > 1/n, that is, nla;|—1 >0,
define

1
! - .
a; = (1 n|aj|)a] cF,
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and note that [a}| = |a;[—1/n, a)—a; = oA and [a} —a;|=1/n.

|ay|
Define
0 ifzeX=-K=(X-=K)UN

gn(z)=¢0 if x€A; and |a;| <1/n
a; if € A; and |aj| > 1/n.

Each of the finitely many values of g, is assumed on a measurable subset
of X:

g.(00=X-K)u |J A;,

laj|<1/n
and if |a;| > 1/n then

—1
gn(a;‘): U A,

ag=4a;

thus g, is a measurable step function. We assert that

(%) lgn(z) — f(x)| <2/n  forall x € K';

for, if x € A; and |a;| < 1/n then g,(z) =0 and

18a(2) — £()| = [£(2)] < [£(x) — £(o,)| + [£(2)] < 1/n +|ay| < 1/n+1/n,
whereas if |a;| > 1/n then

lgn(z) — £(2)| = |aj — f(2)] < [a] — a;| + |a; — f(2)]
=1/n+|f(z;) —f(z)| <1/n+1/n.
Having constructed such a g, for every n, it is clear from (x) that
gn(x) — f(x) for every z € K'.

Fix an index n > 1 and assume the foregoing notations for g, ; let us
show that

(%) lgn (z)| < |f(z)| forall 2 €X.

If g,(z) = 0 this is trivial, so we can suppose that « € A; for some index j
with |a;| > 1/n. Then

lgn (@) = [aj| = laj| — 1/n = |f(x;)] = 1/n;

but
|£(z;)| — [£(z)| < [£(z;) —£(z)| < 1/n,



85 MEASURABLE FUNCTIONS AND SETS INT IV.x95
thus |f(z;)| < |[f(x)| 4+ 1/n, therefore
lgn ()| = [f(z5)] = 1/n < (|f(z)] +1/n) = 1/n = |f(z).

o0
(iii) Finally, suppose K = NU |J K; is a partition of K, with N
i=1
negligible and (K;) an infinite sequence of non-negligible compact sets such

n
that f |Kz is continuous for all i. For every n > 1 let J,, = |J K;, so that
=1

oo
(J) is an increasing sequence of compact sets such that |J J, = K—N
n=1
and f |Jn is continuous for every n.
For each n, the technique of the preceding case (with K’ replaced
by J, ) shows that there is a measurable step function g, : X — F such
that

(%) lgn(z) —f(z)| <2/n forall zelJ,,

g,=0on X—K)UNU | Ki=X=K)U(K—-=1J,)=X-=1J,, and
1=n+1
lgn(z)] < |f(x)| for all x € X. It follows from (x), as in the previous note,

that g, (x) — f(z) for every z in |J J, =K —N.
n=1

IvV.67, (. —13,—12.
“...the proof can then be concluded as in Th. 3 without modification.”

n
Except that, writing J,, = |J K; as in the note for IV.66, ¢. —2ff, we

i=1

now have (J J, =X =N (i.e.,, “K” is out of the picture). When F is a

n=1
Banach space, one can arrange, as in Cor. 1, that [g,(z)| < |f(z)| for all
x € X (see the preceding note).

IV.67, (. —1.

-1
“...which proves that f(A) is measurable.”

-1
With B = f(A) in mind, the proof depends on the following charac-
terization of measurability:

Lemma. For a subset B of X, the following conditions are equivalent:
(a) B is measurable;
(b) for every compact subset K of X, there exists a partition

KNB=NuUl JK,
n
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of KN B with N’ negligible and (K/)) a sequence of (pairwise disjoint)
compact sets.

Proof. (a) = (b): Assuming B measurable and K C X compact, by
the remarks following No. 1, Def. 2 there exists a partition

K:NUUKn

with N negligible and (K,,) a sequence of (pairwise disjoint) compact sets
such that, for each n, either K,, € B or K,, ¢ (B. Writing N' =NNB
and K/ = K,, N B we have a partition

KNB=Nul K,

with N’ negligible and K/, (=K,, or @) compact.

(b) = (a): To show that B is measurable, it will suffice to show that,
given any compact set K C X, the set KN B is integrable (No. 1, Prop. 3).
By assumption, we have a partition

KNB=NuUl K,

with N’ negligible (hence integrable) and the K/ compact (hence inte-
grable). For every n we have (§4, No. 5, Prop. 6)

n

D bl = [l (U 7)< Inl(K) < 4o

i=1
therefore | JK/, is integrable (loc. cit., Cor. of Prop. 8), hence so is KNB.
n

IV.68, /. 8-10.
“...in the notations of Th. 3, condition b) is satisfied by taking H to
be the countable set formed by the values of all of the functions g, .”

A proof can be based directly on the definition of ‘measurable function’.
Given a compact set K C X, we seek a negligible set N C K and a countable
set H C F such that f(K — N) C H. Since f is measurable, there exist
a negligible set N C K and a sequence (K,) of compact sets such that
K- N =K, and f‘Kn is continuous for every n (No. 1, Def. 1; that

n
the K,, can be taken to be pairwise disjoint is not needed here). For each n,
f(K;,) is a compact metrizable subspace of F, hence has a countable base
(GT, IX, §2, No. 9, Prop. 16) and therefore a countable subset H,, such that
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H, = f(K,) (loc. cit., No. 8, Prop. 12; since f(K,) is a closed subset of F,
closure in f(K,) means the same as closure in F). Then H = [JH,, is a

countable subset of F such that (with closure in the sense of F')

Ho | JH, =K = F(|UKn) = FK=N).

One can arrange that H C f(K — N). For, f(K — N) C H, where H is
a metrizable subspace of F containing a countable dense subset, therefore
H has a countable base (GT, IX, §2, No. 8, Prop. 12); then the subspace
f(K = N) of F also has a countable base (transitivity of induced topologies),
hence has a countable dense subset H' (loc. cit., No. 8, Prop. 12 again). Thus
H Cc f(K—N)cCH.

A tiny supplement to Th. 4: If f: X — F is a measurable function,
where F is a Souslin space in the sense of TG, IX, §6, No. 2, Def. 2,(*) one
can again prove that b) holds, and one can arrange that H C f(K — N).
For, f(K,) is a compact subset of F', hence is closed in F, hence is a Souslin
subspace of F (loc. cit., Prop. 5), hence is metrizable (TG, IX, App. 1, Cor. 2
of Prop. 3); thus the earlier arguments are applicable.

The condition b) can be formulated in terms of neighborhoods:

Remark. — If X is a locally compact space equipped with a mea-
sure, and F is any topological space, the following conditions on a function
f: X — F are equivalent:

b) for every compact set K C X, there exist a negligible set N C K
and a countable set H C F such that f(K — N) C H;

b’) for every point x € X, there exist a neighborhood V, of x, a neg-
ligible set N, C V., and a countable set H, C F such that f(V, — N,) C
H, .

When F is metrizable, one can arrange that H C f(K — N) (or that
H, C f(V, = N.)).

Proof. b) = b’): Given any x € X, let V, be a compact neighborhood
of x and apply b) to K=V,

b’) = b): Let K be a compact set in X . For each x € K, choose V.,
N, and H, as in b’); say

KCV,, U---UV,, .

Writing N = KN(N,, U---UN,, ) and H=H,, U---UH,_, N is a negligible
subset of K such that

K—=NcC (Vy, = Ng)U---U(Vy, — N ),

(*) In TG (resp. GT), a Souslin space is defined to be a Hausdorff space (resp.
metrizable space) that is a continuous image of a Polish space.
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H is a countable subset of F, and
f(K=N)C f(Vy, =N, )U---Uf(Vy, =N, )CHyU---UH, =H.

When F is metrizable, by an earlier argument we can arrange that
Hc f(K—=N).

IV.68, (. 13, 14.
“...which we arrange in a sequence (a,).”

Before having chosen a compact set K, fix a point b € F for use in all
choices of K.

-1
Note that for every a € X, f(a) is a measurable set; for, writing B,(a)

-1
for the closed ball of radius r and center a, f (B, (a)) is measurable by the
assumption a), therefore the set

|

F@)=1((Bup@) = N 7 Bip(@)

is measurable (No. 4, Cor. 2 of Th. 2).

Given any compact set K C X, it will suffice to show that there exists a
measurable function gk : X — F such that gx = f almost everywhere in K;
it will then follow from the local compactness of X that f is measurable
(see the note for ¢. 23-25). If K is negligible, the constant function x — b
will serve for gk . Assume K is non-negligible.

By b), there exist a negligible set N C K and a countable set H C X
such that f(K — N) C H. By assumption, K — N # &. As observed in
the preceding note, we can suppose that H C f(K — N) C H.

If H is finite then H = H = f(K — N). Write f(K — N) = {a1,...,a,}

-1

with the a; distinct, and let A; = (K — N)N f (a;), which is a measurable
set. Then the A; form a partition of K — N and the function gk : X — F
defined by
a; if x € A; for some (unique) i € {1,,...,n}
gk (z) = :
b if xe(X=K)UN
is a measurable step function such that gx = f on K — N.
Suppose henceforth that H is infinite, and write H = {a1,a2,as,...}

with a, € f(K — N) for all n (distinct, if we like, but it is not necessary).
For later use, for each n choose z, € K — N with f(z,) = a, .
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IV.68, (. 15.
“It follows from condition a) that A, , is measurable.”

We continue with the notations established in the preceding note. Fix
an integer p > 1. For every integer n > 1,

A,,={reK-=N: d(f(:n),an) <1/p}
— (s €K —N: f(z) €Byplan)} = (K= N) [ (Byyp(an)).

which is a measurable set. For later use, we observe that

K—N= GAW.

n=1

For, if # € K= N, so that f(z) € f(K—=N) C H, there exists an ele-
ment of H, say an , such that d(f(w),an) < 1/p, whence = € A,, ,. Thus

K—-NC U A, p, and the reverse inclusion is immediate from the defini-

tion of the An -
Incidentally, with z, € K — N chosen in the preceding note so that
f(zyn) = a, , one obviously has z,, € A,, ,, thus every A, , is nonempty.

IV.68, /(. 18,19.
‘...the sets B,,, are measurable, and those that are nonempty form
a partition of K — N.”

For fixed p, we have K — N = U A, , by the preceding note; the B, ,,

are the result of ‘disjointifying’ the An p in the usual way: B; , = A, and

n+1

n n
Bniip = U Ak‘,p U App = An+1,p - U Ak,p-
k=1 =

At least By, = A;, is guaranteed to be nonempty: x; € A;, (see the
preceding note).

IV.68, (. 19-21.

“Let gm.p be the function equal to a; on the set B; , for 1 <i<m
and equal to a constant b € F on the complement of the union of these
sets”

For every integer m > 1, write C,, , = U B; p; some of the B;, may

be empty, but at least By, = A; , # & (see the preceding notes), therefore
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Cin,p is nonempty hence eligible to be part of the domain of a function.
One has

K—NZGBi,pzcm,pu G Bi,.

=1 i=m+1

Define g¢,,,: X — F by

b ifze€X—=Cpp=X=-KUNU (] B,
Imp(T) = i=m+1

a; if z € B, for some (unique) i € {1,,...,m}.

IV.68, (. 21-23.
“...as m tends to infinity, g,,, converges pointwise to the function f,
equal to a, on B,, (n>1)and to b on NUCK ”

Continuing the notations of the preceding note, the sets C,,, (m =
1,2,3,...) form an increasing sequence with union K — N.

As B,, may be empty for some n, the definition of f, must be
adjusted. Let’s just calculate n%iinoogmvp(w). If 2 € (X—=K)UN then

Gm p(x) = b for every m , so the limit is b. On the other hand, if z € K — N,
then x € B,, , for a unique n; clearly g, »(z) = gnp(z) = a, forall m >n
(by the uniqueness mentioned in the definition of g, , ), thus the limit is a,, .
So the pointwise limit of the g, , as m — oo is the function f, : X — F
defined by

fo(x) =

b if re X—=K)UN

a, if z € B, , for some (unique) n.
Thus only the nonempty B,, ,, figure in the definition of f,, (but their union
is still K — N); if B, , = @ then a, does not get used in the definition
(but, being an element of f(K — N), it will necessarily show up as a limit
of values of the f,).

At any rate, f, is measurable, being the pointwise limit of a sequence

of measurable step functions (No. 4, Th. 2).

IV.68, (. 23 25.
“As p tends to infinity, f,(x) tends to f(x) for every z € K — N,
and to b for t € NUCK ”

Let + € K— N. Given any integer p > 1, = belongs to B, , for
some n. We know that for all m > n, g p(z) = gnp(x) = a, and so

d(f(2), gmp(@)) = d(f(z),an) <1/p;
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letting m — oo, we have d(f(z), fy(z)) < 1/p, whence f,(z) — f(z) as
p — 00. On the other hand, if x € (X — K)UN then f,(x) =10 for all p,
therefore f,(x) — b trivially. Thus the function gk : X — F defined by

(b ifzeX—KUN
gx(@) = f(z) fzxzeK—=N

is the pointwise limit of the sequence of measurable functions f,, hence is
measurable.

To summarize, given any compact set K C X, we have found a mea-
surable function gk : X — F such that f = gk almost everywhere in K.
Applying this to K =V, , where V, is a compact (hence integrable) neigh-
borhood of any given point x € X, f is measurable by the Principle of
localization (No. 2, Prop. 4).

IV.68, (. 25, 26.
“...the limit of the f, is therefore measurable, and the principle of
localization proves that f itself is measurable.”

See the preceding note.

IV.69, /. 10.
“...and Th. 4 may be applied.”

Some reflections on the topology of R are in order. By definition, it
is the topology generated by the open intervals of R (GT, IV, §4, No. 2).
Then R is homeomorphic to every nondegenerate closed interval [a,b] of R
(loc. cit., Prop. 2), hence is a metrizable compact space. Explicitly, let
u: R — ]—1,1] be the order-preserving homeomorphism defined (for
example) by

t
u(t) = teR);
0=137 (ER)
defining u(—o0) = —1 and wu(+o0) = +1, one obtains an order-preserving

homeomorphism u : R — [~ 1,1]. It follows that the metric on R. defined
by

d(a,b) = u(a) — u(®)|  (a,b€ R)
is compatible with its topology. The ‘closed balls’ in [-1,1] (for the absolute
value metric) are its closed subintervals I, therefore the closed balls in R for

the metric d are the sets E(I) , that is—since w is an order isomorphism—
the closed subintervals of R..

-1
Thus, to verify condition a) of Th. 4, it suffices to show that f ([a,b])
is measurable for every closed interval [a,b] of R.
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Condition b) is trivially verified: since D is dense in R (because R
is dense in R)), for every compact set K C X one may take N = @& and
H=D.

IV.69, (. 13.
“COROLLARY.”

If f is lower semi-continuous then, for every a € R the set

{z: —fl@)za}=A{z: fz) < —a}

is closed (GT, IV, §6, No. 2, Prop. 1), therefore —f is measurable (cite
Prop. 8 with D = Q) hence so is f (No. 3, Th. 1 and the continuity of
c— —cin R).
1v.69, ¢. —9,-8.

“It is clear that d(f(z),gn(z)) <2/n forall z € X.”

Say x € Ay, so that f(x) € By. Say x € C; C Ay, so that

gn(z) = f(ci) € f(Ax) C By

Thus f(x),gn(x) € B, where diamBj < 2/n.
IV.69, (. —2.
“The condition being obviously necessary (No. 3, Th. 1) ...”

The scalar function in question is a/, of , so its measurability is a special
case of No. 3, Th. 1; the following argument is perhaps more transparent:

Proposition. If f:X — F is measurable and v : F — G is continuous,
then wo f : X — G is measurable (where X is a locally compact space
equipped with a measure, and F, G are any topological spaces).

Proof. Immediate from the definition of measurability (No. 1, Def. 1).

But beware: if u: X — X is continuous and f : X — F is measurable,
then the composite function fowu: X — F need not be measurable (No. 3,
Remark 2).

V.70, /. 1-3.
“...1it will suffice by the principle of localization to prove that, for every
compact subset K of X and every closed ball B C F, with center a and

-1
radius 7, the set A =KnN f (B) is measurable”

-1
The objective is to show that f (B) is measurable. More generally,

Proposition. For a subset S C X, the following conditions are equiva-
lent:
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a) S is measurable;
b) KNS is measurable for every compact set K C X;
¢) KNS is integrable for every compact set K C X.

Proof. a) < ¢): No. 1, Prop. 3.

¢) = b): Suppose S satisfies ¢). Given K C X compact. To prove that
KNS is measurable, it suffices by ¢) = a) to show that for every compact
K" € X, the set K'N(KNS) is integrable; indeed, K'N(KNS) = (K'NK)NS
is integrable by c).

b) = ¢): Suppose S satisfies b). Given K C X compact. We know that
K NS is measurable, hence KNS =K N (KNS) is integrable by a) = ¢).

The following corollary is sharpened in No. 6, Th. 5 below.
Corollary. For a subset S C X,

S integrable = S measurable.

Proof. Suppose S is integrable. Given any compact set K C X, one
knows that K is integrable (§4, No. 6, Cor. 1 of Prop. 10), hence so is KNS
(84, No. 5, Prop. 7, 2°), thus S is measurable by the above proposition.

Iv.70, ¢. 3,4.
“...forevery z€eF,

|z = sup [(z, a,)|/|ay,| ”
n

Since F is separable, the unit ball B’ = {z’ € F' : |a’| < 1} of F/
is a metrizable compact space for the weak topology o(F’,F), hence has a
countable subset D’ that is dense in B’ for the weak topology (TVS, III,
§3, No. 4, Cor. 2 of Prop. 6).

We assume given such a countable subset, indexed as a sequence, D’ =
{a/, : n=1,2,3,...}, having the further property that for every n, the
function

(%) x> (f(z),a),) (z€X)

is measurable. The asserted formula suggests replacing D’ by D =D’ —{0};
to be sure that the weak closure of D includes 0 (hence is equal to B'),
one can add to the original subset D’ the vectors (1/n)al, (n =2,3,...),
where a/,, is a nonzero element of D, noting that the functions (x) for the
added vectors are also measurable.

In other words, we can suppose that the vectors a/, are all nonzero.
The asserted formula is then the formula (5) of TVS, IV, §1, No. 3, Cor. of
Prop. 8; as the D of that corollary is part of the conclusion rather than part
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of the hypothesis, it may be useful to review the proof. For every z € F
define

p(z) = sup[(z,a;,)|/|a;, | = sup |(z,a")|/]a|;
n a’eD
we are to show that p(z) = |z|. Fix z € F. For every n,

(2, @)/ |an| = lay,(2)|/|as,| < (lag| - |z])/|a;,| = |2|,
therefore p(z) < |z|. On the other hand,

|z| = sup |(z,a')|
a’eB’

(loc. cit., Prop. 8, (i)); to show that |z| < p(z), it suffices to show that
|(z,a’)] < p(z) for every a’ € B’. Indeed, if a’ € B’ then a’ belongs
to the weak closure of D, hence there exists a sequence in D, say aj,

(k = 1,2,3,...) such that aj, — a’ weakly as k& — oo. In particular

(z,a), ) — (z,a), hence [(z,a;, )| — [(z,a’)|; but

(z, a5, = ((z, a5, )l/[ay,, |) - |ag, | < |(z,20,,)|/|ag, | < p(z),

and passage to the limit yields |(z,a’)| < p(z).
Thus, writing b/, = a/,/|a],| (a unit vector in F’), one has

|z| = sup|(z,by,)|
n

forall ze F.

V.70, ¢. 5,6.
“ A is thus the intersection of K and the sets defined by
(f(x),ay) — (a,a,)| < rlag,|”

r

To simplify the notation slightly, write b/, = a/, /|al | asin the preceding
note. Recalling that B is the closed ball B,(a),

A—KNfB) ={rcK: f(z) cB}
={zxeK: [f(x) —a|<r}
={reK: s%p|<f(:n) —abl) <r}

={zeK: [{(f(z),b),) —(a,b])| <r forall n}

=Kn ({z: (f(),b],) <r+(ab))}
n=1

N (e (£2),bl) = —r + (a,by)};
n=1
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since each function = — (f(z),b]) = (f(x),al)/|al,| is by assumption
measurable, A is the intersection of (countably many) measurable sets by
Prop. 7, hence is measurable (No. 4, Cor. 2 of Th. 2).

IV.70, (. 16-18.
“...we may (on account of b_)) suppose, after modifying f if necessary
on a negligible set, that f(K) C H, where H is a countable subset of F.”

-1

The objective is to show that KN f (B) is measurable (where B = B,.(a)
is the ball with center a and radius 7). By b), there exists a negligible set
N C K and a countable set H C F such that f(K — N) C H. Fix an
element b of H and define g: X — F by

(2) = b for x € N
s = f(r) for x € X —N.

Then g = f almost everywhere, therefore g also satisfies the condition a)
(No. 2, Prop. 6), and it satisfies condition b) for every compact set
K’ € X (not just for K) because the union of two negligible sets is neg-
ligible. Moreover, for the particular compact set K, we have

g(K) =g(N) Ug(K — N) = {b} Uf(K — N) C H.

If we succeed in showing that KN _gl(B) is measurable, it will follow from

KN f(B)=[(K—N)n £(B)]UNN £ (B)]
_[(K=N)N8(B)UNN £ (B)]

— [(K = N)n (K £(B))] UN N £(B)

-1
that KN f (B) is also measurable (being the union of two measurable sets).

IV.70, ¢. 20, 21.

“...every continuous linear form on V is the restriction of a form
a/ 6 F/ ”

The assertion is immediate from the Hahn—Banach theorem; it follows
that when F is replaced by V, the condition a) continues to hold (with g
as in the preceding note) for the function go: X — V defined by z — g(z)
(as of course does condition b)).

The argument in the ‘sufficiency’ part of Prop. 10 then shows that the

set A=Kn Tglg (B) is measurable. But

A={zeK: gz)eB}={zcK: gz) e B} =Kn g(B),
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_ -1
thus KN g1 (B) is measurable, hence so is KN f (B) as argued in the

preceding note.
IV.70, 4. 21,22.

-1
“...the same reasoning as in Prop. 10 then shows that KN f (B) is
measurable.”

See the preceding note.

Iv.70, ¢. —10, 9.
“We may regard F as a subspace of a countable product [[E, of
n

Banach spaces (TVS, II, §4, No. 3)”

As the proof of ‘necessity’ is immediate (see the note for IV.69, ¢. —2),
one is concerned here with the proof of ‘sufficiency’.

The cited reference refers back to an earlier section (TVS, II, §1, No. 3);
let us review the argument, which entails some subtleties.

If F is any locally convex space (but not necessarily Hausdorff), its
topology can be generated by a family of continuous semi-norms (TVS, II,
84, No. 1, Cor. of Prop. 1), say (p,).cr. For each ¢, the set

N,={acF: p(a)=0}

is a closed linear subspace of F, the quotient topology on F, = F/N, (TVS,
IT, §4, No. 4, Ezample 1) coincides with the norm topology for the norm
on F, deduced from p, (TVS, II, §1, No. 3); thus the quotient mapping
u, : F — F, is a continuous linear mapping of F into the normed space F, .
Writing [[F, for the product locally convex space (TVS, II, §4, No. 3),

L

u:F — []F, for the mapping u(a) = (uL(a))LeI and pr,: [[ Fy, = F, for
L x€l

the ¢’th projection mapping, so that pr, ou = u, for all ¢, the continuity of

the u, implies that of u (GT, I, §4, No. 1, Prop. 1).
For F to be Hausdorff, it is necessary and sufficient that the family
(p.) be separating (p,(a) =0 for all © = a=0), equivalently (N, = {0},

L
which is equivalent to the injectivity of w. Writing M = u(F), regarded as a
topological subspace of [[F,, one sees that u implements a topological vec-

L
tor space isomorphism F — M (TVS, 11, §1, No. 3 and I, §1, No. 7, Prop. 7);
the crux of the matter is that the topology of F is the coarsest locally convex
topology that renders continuous the semi-norms p, (equivalently, the lin-
ear mappings u, ; equivalently, the linear mapping « ). {Thus the topology
generated by a separating family of semi-norms is an ‘initial topology’ with
respect to locally convex topologies (TVS, II, §4, No. 3, Prop. 4).}
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Assuming F Hausdorff, let E, be the Banach space obtained by com-
pleting F, . Since []F, is a topological subspace of [[E, (GT, I, 4, No. 1,

Cor. of Prop. 3), M is also a topological subspace of [[E, (transitivity of
L

induced topologies); thus, every Hausdorff locally convex space is isomor-
phic as a topological vector space to a (topological) subspace of a product
of Banach spaces (TVS, II, §1, No. 3, Prop. 3). {Since a continuous linear
mapping of topological vector spaces is uniformly continuous (GT, III, §3,
No. 1, Prop. 3) it follows that if F is Hausdorff then the uniform structures
of F and M are isomorphic; if, moreover, F is complete, then so is M, con-
sequently M is a closed linear subspace of [[F, (GT, II, §3, No. 4, Prop. 8)

hence also of [[E, (TVS, II, §4, last paragraph of No. 3).

Consider now the space F of the present corollary. Since F is metriz-
able, it has a countable fundamental system (V,) of neighborhoods of 0
(TVS, I, §3, No. 1), and since F is locally convex, the V, may be taken
to be closed, balanced and convex (TVS, II, §4, No. 1). If p,, is the gauge
of V,, , the topology of F is generated by the family of semi-norms (p,,) (loc.
cit., Cor. of Prop. 1; see also the note for I11.39, ¢. 8-11). With notations
as in the foregoing discussion, if u : F — [[F,, is the mapping defined by

u(a) = (un(a)), where F,, = F/}@ln(O) (a normed space) and u,, : F — F,, is
the quotient mapping, then u defines a topological vector space isomorphism
of F onto M = u(F) regarded as a topological subspace of [[F, . If E,

n
is the Banach space completion of F,,, then u may be regarded as linear
mapping F — [[E, that defines a topological vector space isomorphism

n
of F onto the topological subspace M = u(F) of [[E,. Since F has a

n
countable dense subset, so does the subspace pr, M of E, (n=1,2,3,...);
replacing E,, by the closure of pr, M in E, , we can suppose that the E,,
are separable Banach spaces. Identifying F with M, we have shown that
F is a topological linear subspace of the product of a sequence of separable
Banach spaces.

IvV.70, ¢. -8, 7.
“For every n, the mapping pr, of is then measurable by Prop. 10”
With notations as in the preceding note, write E = [[E,, and regard
n

F as a topological linear subspace of E.

Since f: X - F, F C E and pr, : E — E,,, the composition that is
possible is pr, o8 o f, where 6 : F — E is the canonical injection; since
prpof = prn|F, it is the composition (prn‘F) of that we are to show is
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measurable. Let us write u,, = prn‘F7 which is a continuous linear mapping
F — E,, so that u, of : X — E,,. To show that u, of is measurable, it
suffices by Prop. 10 to show that, given any a/, € E/ | the function

(*) r— ((u,of)(z),al) (xreX)

rn

is measurable. Now,
((un o f)(2), ;) = (u,(f(2)),a;,) = (f(z), 'wpay,) = (f(z),a), ouy),

where ‘u,, : E/, — F’ is the transpose of u, ; since 'u,a/, € F’, by hypoth-
esis the function
v (f(e), uel) (2 € X)

is measurable, in other words the function (*) is indeed measurable.
To summarize, for every index n, the function (prn|F) of : X - E, is
measurable.

Iv.70, ¢. —7.
“...therefore f is measurable by No. 3, Th. 1.”

Conserving the notations of the preceding note, we have a sequence of
measurable functions u, of : X — E,, , where u,, = prn|F. For all x € X,
f(x) e F C E=]]E,, hence

n

f(z) = (pra(f(2))) = ((pra|F)(f(2))) = ((un 0 £)(2));

it follows from the cited Th. 1 that, taking u to be the canonical injection
f(X) — E, the mapping uof : X — E is measurable. But f takes its values
in F, and we wish to show that f: X — F is measurable.

Let K € X be compact. By the measurability of u o f, there exist
a negligible set N C K and a partition (K;);e; of K — N into compact
sets K; on each of which wof is continuous, that is, the function

z— (uof)(z) =u(f(z)) =f(z) eF (2 €K,)

is continuous, whence the measurability of f.

IV.71, /. 4,5.
“...the polar sets V¢ are equicontinuous and their union is all of F’.”

The inclusion V;° D V,, shows that V;° is a neighborhood of 0 in F,
hence V? is equicontinuous (TVS, III, §3, No. 5, Prop. 7).

Let a’ € F/. Since a’ is continuous at 0 and the V, are basic, there
exists an index m such that a’(V,,) C {\: |A\] <1}, that is, |a’(z)| < 1
for all x € V,,,; since V,, is circled, this means that a’ € Vo, (TVS, II, §8,
No. 4).
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V.71, /7. 9.
“...each of the S, is measurable”

Sy is the inverse image, under the measurable mapping = — (y, f(z)),
of the closed set {c: |c| <1} in the field of scalars, hence is measurable by
No. 5, Prop. 7.

Iv.71, 7. 9,10.
“X,, is the intersection of the countable family of Sy for y € DNV,,.”
Since D =F and V,, is open in F, one has V, =V, ND c V,ND
(GT, 1, §1, No. 6, Prop. 5), whence V,, = V,, N D. The following computa-
tion then depends on a formula for the polar of a balanced set (cf. TVS, II,
§8, No. 4) and the continuity of the linear forms f(x):

reX, & flr)eV

& |y, f(z))| <1 forall y eV,
& |y, f(z))| <1 foral y eV,
& |y, f(z))| <1 foral yeV,ND
< [y, f(z))] <1 forall yeV,,NnD
& x €Sy forall y e V,ND,

that is, X, = [\ Sy.
yeV,,ND
IvV.71, ¢. 10-13.

“...for every compact subset K of X and every e > 0, there exists an
integer n such that |u|(K — (KNX,)) <e&/4, and then a compact subset
K; of KNX, such that |u[((KNX,)—K;)<e/4”

Since the X; are measurable, the KN X, form an increasing sequence
of integrable (No. 1, Prop. 3) sets with union K, therefore

(K = (KNXp)) =0

(84, No. 5, Cor. of Prop. 7), whence the existence of n. The existence of K1
then follows from the ‘inner regularity’ of || (§4, No. 6, Cor. 1 of Th. 4).

IV.71, ¢. 18,19.
“...the restriction of f to Ky is therefore continuous”

Let (x;) be a directed family in Ky such that z; — x € Ky; we are
to show that f(xz;) — f(z) in F’ for o(F/,F), that is, for the topology
of pointwise convergence in F. We know that (y,f(z;)) — (y,f(z)) for
each y € D, by the choice of Kg; thus f(z;) — f(x) for the topology of
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pointwise convergence in D. But f(x;) and f(z) belong to the equicontin-
uous set f(Kg) C V; , therefore f(z;) — f(x) for the topology of pointwise
convergence in F (GT, X, §2, No. 4, Th. 1).

IvV.71, ¢. 20,21.
“If 2z’ is a continuous linear form on F, its restriction z, to F,, is
continuous”

This is where the hypothesis F = lim F,, gets used: the canonical injec-

tion i, : F,, — F is continuous (TVS, II, §4, No. 4, Ezample II), therefore
the composite z’ o4, = 7z’ ‘Fn is continuous. But it is not assumed that F,,
is a topological subspace of F (TVS, loc. cit., Remark).

IV.71, (. 21-23.
“...the dual F’ of F may be identified (algebraically) with a linear

/o »

subspace of the product [[F!,, and then pr,(z') =z, .
n

/

'), where

Define a linear mapping w : F' — [[F, by u(z') = (z

/

z,, = 7/|F, € F), (see the preceding note). The injectivity of u follows

from |JF, = F. Identifying F’ with the linear subspace w(F’) of the

product space via u, u becomes the canonical injection F/ — [[F),, 2z’ be-
n

/
n

IV.71, ¢. 24,25.
“...the topology o(F’,F) is none other than the topology induced by
the product topology of the topologies o(F! F,).”

Recalling that F = JF,, if (z}) is a directed family in F; and if

/ /
comes (z),), and pr,z’ =z .

7z € F’, then
z; — 7 in F' for o(F',F) ,2;) — (a,z') forall acF
(a,2z}) — (a,2') forall acF,

n)
n)(VacF,) (a(z))n) — (a(Z))
n)

pr,z; — proz  for o(F,,F,)

tr ¢ 000

/ !/ . !/
z; >z in HFn,
n

where [[F/, is equipped with the indicated product topology (GT, I, §7,
No. 6, Cor. 1 of Prop. 10).

IV.71, ¢. —11.
“ (an,pr, of) = (a,,f)”
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For all a,, € F,, and x € X, one has

(an, pry © £)(z) = (an, (pro o £)(2))
= (an, pra(£(2)))
= (a,,f(z ‘Fn
= (an, f(z)) = (an,f)(2)
by the definition of the notations.

IV.71, 0. —4 to —2.

“..f fe ZE then there exists a sequence (g,) of continuous func-
tions with compact support that converges almost everywhere to f (§3,
No. 4, Cor. 2 of Th. 3)”

Recall that 2% is defined to be the closure of the subset J# (X;F) of
FE(X, ) for the topology of convergence in mean of order p (§3, No. 4,
Def. 2).

IV.72, 0. —12,—11.
COROLLARY 1. — For a set to be integrable, it is necessary and sufficient
that it be measurable and have finite outer measure.

By definition, A is measurable (resp. integrable) if and only if ¢4 is
measurable (resp. integrable); and |u|*(A) = |u|*(va). Quote Th. 5.

IV.73, 0. —2.

“ ¢’ is upper semi-continuous on X ”

It is the same to show that —g’ is lower semi-continuous. Let k¥ € R
and let A ={r e X: —¢() <k} ={reX: ¢(x) > —k}; the
problem is to show that A is a closed subset of X (GT, IV, §6, No. 2,
Prop. 1). If —k <0 then A =X (because ¢’ > 0). If —k > 0 then, since
g =0on X—Y,onehas A={yeY: gy > —k} C Supp(g); since
g € #(Y), Supp(g) is compact, so its closed subset A is compact in Y,
hence also in X, therefore A is closed in X (GT, I, §9, No. 3, Prop. 4).

Addendum. One observes that the proof, that ¢’ is upper semi-continuous
on X when g € #,(Y), does not require that Y be locally compact—it
can be any subspace of X (and X can be any Hausdorff space).

When Y is locally compact, it contains enough compact sets for every
point to have a fundamental system of compact neighborhoods, and 74 (Y)
contains enough functions to separate the points of Y (III, §1, No. 2, Lem-
ma 1). But if Y is an arbitrary subset of X, does it contain enough compact
sets, and #(Y;C) enough functions, to be useful?

At any rate, #(Y;C) is, for arbitrary Y, a complex vector space
closed under complex conjugation, and J# (Y;R) is a Riesz space, so that
every g € #(Y;C) is a linear combination of four elements of 5 (Y).
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More about such matters in the next note.

V.74, 0. 3-6.
“...denote by uy or ,u‘Y, the measure defined by the formula

(1) /gduy = /g’du

for every function g € # (Y;C), where g’ denotes the function equal to g
onY andto 0 on X—=Y.”

The mapping % (Y;C) — F(X;C) defined by g — ¢’ is linear and
positive (¢ >0 = ¢ > 0); writing g = g1 —g2+igs —igs with g; € ZL(Y),
it follows from the foregoing that ¢’ = g} — g5 + igh —ig)y is u-integrable, so
that g +— ¢’ is a linear mapping # (Y; C) — Z&(Y, 1) . One may therefore
define a linear form py : #(Y;C) — C by puy(9) = [ ¢ du.

If, moreoever, p > 0, then g — [ ¢’ du defines a positive linear form on
2 (Y;R), that is, a positive measure on Y (III, §1, No. 5, Th. 1); we set
aside, for the moment, the question of whether py is a (complex) measure.

What if g is not positive? Of course p = p1 — po + ipug — ipg with
the p1; positive measures < ||, but, absent an analysis of [ d(u+v) (see the
Note for V.10, ¢. 13,14), it is not clear how to exploit this expression for pu
to show that py is a linear combination of (positive) measures. Instead, let
us show that py is a measure by verifying the criterion of Ch. III, §1, No. 3:
given any compact subset K of Y, there exists a constant Mg > 0 such
that

kv (9)] < Mk [lg|| for all g € #(Y,K;C);

indeed, K is also a compact subset of X, its characteristic function @
is p-integrable, and, for every g € #(Y;C), one has ¢’ = ¢x¢ and
9'] < llgllex , whence (84, No. 2, Prop. 2)

(@l =| [exd dn| < [lacolan < [ o loldil =gl -1l

thus Mg = |u|(K) meets the requirements (§4, No. 6, Cor. 1 of Prop. 10).

Addendum. Pursuing the addendum to the preceding note, suppose Y
is an arbitrary subspace of X, and let g € . (Y). As observed there, ¢’ is
lower semi-continuous on X; it is also bounded and has compact support.
The argument in the preceding note shows that for every k € R, the set
{r € X: ¢'(x) > k} is either equal to X or is a compact subset of X,
hence is measurable for u (No. 1, Cor. 1 of Prop. 3); therefore ¢’ is measur-
able (No. 5, Prop. 8). Since every g € #(Y;C) is a linear combination of
four elements of #, (Y), it follows from the linearity of g — ¢’ that ¢’ is
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bounded, measurable, and has compact support; therefore |u|*(g’) < 400,
g is p-integrable (No. 6, Th. 5), and one can define a linear form
py © A (Y;C) — C by py(g9) = p(g’); and when p > 0, g — py(g')
defines a positive linear form on #(Y;R).

But...we can’t call py a measure (even if 1 > 0), because the term
‘measure’ has been defined, and its properties developed, only for locally
compact spaces. At any rate, the argument used for locally compact Y
shows that for every compact set K in Y, there exists a constant Mg > 0
such that |uy(g9)] < Mk ||g|| for all g € Z(Y,K;C).

A theory of measures on Hausdorff spaces is developed in Chapter IX,
permitting induced measures on measurable subsets (IX, §2, No. 1, Def. 1).
The correspondence g +— ¢° there seems to be the analogue of g+ ¢’ , but
I have not explored further the relationship between the two contexts.

1V.74, (. —13.
“(i) For every compact (resp. open) subset H of K, ux(H) = p(H).”

We remark that this will imply that

(+) jxc(B) = u(B)

for every Borel set B in K, in other words, for every Borel set B in X such
that B C K (GT, IX, §6, No. 3, Remark 2).

For, writing B(T) for the set of Borel sets in a topological space T
(the tribe generated by its open sets, equivalently by its closed sets), we have

BK)={BeBX): BCK}={BnNnK: BeB(X)},

concisely B(K) = B(X) N K. Every set in B(X) (resp. B(K)) is
pu-measurable (resp. pk-measurable) by No. 4, Cor. 3 of Th. 2, thus every
set in B(K) is both pk-measurable and p-measurable; and since pk(K)
and p(K) are finite (moreover equal by (i)), every B € B(K) is both
uk-integrable and p-integrable (No. 6, Cor. 1 of Th. 5).

The set function B — pk(B) (B € B(K)) is a ‘finite measure’ in the
sense of Halmos (Measure theory, Van Nostrand, New York, 1950; reprinted
by Springer-Verlag); in particular, if (B,,) is any sequence of pairwise disjoint

sets in B(K) then
mc((UBn) = Y (Bn)
(84, No. 5, Prop. 9), and

pk(A = B) = px(A — ANB) = ux(A) — ux(ANB)
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for all A,B € B(K) (loc. cit., Prop. 7). The same is true of the set function
B +— u(B) (B e B(K)). Let € be the set of all compact (i.e., closed)
subsets of K. By (i), () holds for every set in % ; since € is closed under
finite unions and intersections, and since the tribe of subsets of K generated
by € is B(K), it follows that (%) holds for every set in B(K) (Th. 51.F in
Halmos’ book, p. 223; or S.K. Berberian, Measure and integration, Th. 2 on
p. 185, Macmillan, New York, 1965, reprinted by Chelsea). The heart of the
matter is that the clan generated by % is the set of all finite disjoint unions
of sets C — D, where C,D €% and D C C.

V.74, (. 9.
“(i) We can restrict ourselves to the case that H is compact.”

Suppose the assertion proved for compact sets, so that, in particular,
uk(K) = p(K), and let J be an open set in K (that is, a set of the form
UNK, where U is an open set in X ); then the set H =K — J is compact,
therefore by assumption

that is (§4, No. 5, Prop. 7),
p (K) = p(J) = p(K) — n(J),

whence pgk(J) = p(J).

{It follows that ux(H) = pu(H) for every Borel set H in K (see the
preceding note). }
IV.74, (. -5, —4.

“ ¢!, is upper semi-continuous”

The argument is given in the note for IV.73, /. —2.

IV.75, (. 1,2.
“(ii) If N is p-negligible then, for every ¢ > 0, there exists a relatively
compact open neighborhood U of N in X such that p(U) <e”

Since p*(N) = 0, there exists an open set V in X such that N C V
and p*(V) < e (§1, No. 4, Prop. 19). But N C K, where K is compact;
let W be a relatively compact open set in X such that K € W. Set
U= VNW;: U is an open neighborhood of N, U C W shows that it is
relatively compact, and p*(U) < p*(V) < e. Since U is integrable (84,
No. 6, Cor. 1 of Prop. 10), we may write p(U) for p*(U).

IV.75, 0. 7,8.
“(iii) For every open set U in K that intersects S, by hypothesis

px(UNS)#07
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Arguing contrapositively, assuming pk(U NS) = 0 let us show that
UNS =@. Since u (hence also pk ) is positive, UNS is ux-negligible (§2,
No. 2, Def. 2). On the other hand, since S is closed in K, UnN (K — S)
is an open set in K that is contained in K — S, therefore UN (K — S) is
ux-negligible (loc. cit., Prop. 5). It follows that the union

(UNS)u(UN(K =15))=UNK=U

is a uk-negligible open set in K, consequently U C K — S by the cited
Prop. 5, that is, UNS=g.

IV.75, 7. 9.
< ps(UNS) £0 by ()"
By the transitivity of induced topologies, UNS is also an open set in

the compact subset S of X, therefore us(UNS) = p(UNS) by (i) with S
playing the role of K.

V.75, ¢. 10.

“...this proves that Supp(us) =S.”

By the foregoing argument, if U is an open set in K such that UNS # &,
one has ug(UNS) #0. Thesets UNS (U open in K) are the open sets
in the subspace S of X (by the transitivity of induced topologies). Thus,
the only us-negligible open set in S is the empty set, therefore S — @ =S
is the support of ug (§2, No. 2, Prop. 5).

IV.75, (. 13-15.
“...Dby definition...”

Ch. I11, §1, No. 6, formula (12).

IV.75, /. —13,—12.
“...let K be the support of f and let U be a compact neighborhood
of K in X such that |pu|/(U—-K)<e”

Since |u|(K) = |pu/*(K) < 400 (84, No. 6, Cor. 1 of Prop. 10), there
exists an open set G such that K € G and |u[*(G) < |u|(K) + ¢ (81,
No. 4, Prop. 19). For each =z € K, choose an open neighborhood V,
of x with V, compact and V, C G; cover K by a finite number of such
neighborhoods, and let V be their union. Thus K ¢ V C V C G since all
sets in sight are integrable (§4, No. 6, Prop. 10), |u|(V — K) < |u|(G — K) =
|| (G) —|u|(K) < e (§4, No. 5, Prop. 7) and U = V meets the requirements.

IV.75, £. —12 to —10.
“...by Urysohn’s theorem, there exists a function f; € J#(X), ex-
tending f, with support contained in U and such that ||f1] = ||f].”
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It is straightforward to define a continuous function on X, with compact
support contained in U, that agrees with f on K the trick is to ensure
the the extension agrees with f on all of Y, i.e., isequal to 0 on Y — K.
The following argument is terribly long-winded. There must be a shortcut;
I did not find it. (On the plus side, the argument works for any subspace Y
of X.)

Theorem. Let X be a locally compact space, Y any subspace of X
(not necessarily locally compact), and let f € #(Y;R). Then f may be
extended to a function f; € (X;R), such that if [a,b] is the smallest
closed interval in R containing 0 and the compact set f(Y), then also
f1(X) C [a,b] ; consequently ||f1]| =||f]|, and if f >0 then also f; > 0.

Moreover, if K is the (compact) support of f in Y, and U is a neigh-
borhood of K in X, one can arrange that the support of f; is contained
in U.

Proof. If A C Y, we write Cly(A) for the closure of A in Y; thus
Cly(A)=ANY (GT, I, §3, No. 1, Prop. 1). Since the support K of f is
compact in Y, it is also compact in X, hence is closed in X.

From the local compactness of X, we know that the compact neighbor-
hoods of K in X are basic, so we can suppose that U is compact. Note
that K C UNY . Define a subset Z C X by

Z=KuUnY —K;

since K = K, we have

Z=KUuUNY—-K=KU(UNY—-K)=UNnYcU=U,

thus Z=UNY is a compact subset of the compact subspace U of X.
Let us analyze the intersection of the two terms defining Z:

KNUNY—-K=XnY)nUNY =K
=Kn(YNUNY —K)
=KnNnCly(UNY — K);

since f =0 on Y—K DUNY—K and f is continuous on Y, it

follows that f =0 on Cly(UNY — K), hence on KNCly(UNY — K) =
KNUNY — K, therefore we may define a function fy, : Z — R by the

formula
flz) ifzeK
fo(z) = . N
0 fzeUNnY —-K.

Since fo is continuous on each of its closed subsets K and UNY — K,
it is continuous on their union Z (GT, I, §3, No. 2, Prop. 4). One has
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K C Z C U; the domain Z of fy neither visibly contains nor is contained
in Y, so fp may not extend nor be extended by f-—all we’re sure of is that
they agree on K.

From the definition of Z, it is clear that

7—-KcUnY =K,

therefore fo = 0 on Z — K; one can therefore redescribe the continuous
function fy:Z — R by the formula

| fl@) ifzeK
fo(w)_{o ifreZ—K,

where Z = UNY, equipped with the topology induced by that of X (or
of U).

The sets f(Y) and fo(Z) can differ only by 0; for, they both contain
f(K) and both are contained in f(K) U {0}. Let [a,b] be the smallest
closed interval of R containing 0 and f(K); then [a,b] contains f(Y) and
Fo(Z), Il = I foll = max{|a|,|b|}, and f>0 & fo >0 < a>0. Let us
regard fo as a function Z — [a,].

Now, the compact space Z is a closed subset of the normal space U
(GT, IX, §4, No. 1, Prop. 1); by the proof of Urysohn’s theorem (loc. cit.,
No. 2, Th. 2), there exists a continuous function Fy : U — [a,b] such
that F0|Z = fo (a result also known as the ‘Tietze extension theorem’). In
particular, Fo|K = fo|K = f|K.

Let V be an open set in X such that K € V C U. There exists a
continuous function h : X — [0,1] such that h(z) =1 for x € K, and
h(z) = 0 for z € X =V (III, §1, No. 2, Lemma 1); the cited Lemma 1
provides such a function with compact support contained in V, but in any
case Supp(h) C V C U = U also shows that h has compact support.

Define a function f; : X — R by

_ J (@) Fo(x) ifzelU
fl(w)_{o if reX—U.

Since h =0 on X—=V D U=V, we have f{ = 0 on U=V, hence
fi=0on

X=0D)u(U=V)=X-=1V;
thus fl‘X —V =0 and f1|U = (h‘U)Fo are continuous, where X — V
and U are closed sets in X with union X, therefore f; is continuous on X.

Since 0 € [a,b], [a,b] contains the segment joining 0 with any of its points;
it follows that f1(X) C [a,].
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Since K C U and h =1 on K, we have f1|K = FO‘K = f‘K; to show
that fl‘Y = f, we need only show that f1 =0 on Y — K.

Let + € Y—=K. If z € X=1U, then fi(z) = 0 by the definition
of fi; whereas if x € U then x e UNY — K C Z, therefore

fi(z) = h(x)Fy(x) = h(z) fo(x) = h(z) -0 =0
by the definitions of f; and fj.
IV.75, (. 8.
“...then he #(Y;C)”
From |h| < f one infers Supp(h) C Supp(f) = K, thus Supp(h) is a
closed subset of the compact subset K of Y.
IV.75, (. —8.

“...and p(hy) — py (h) = p(hipu-xk)
From |h1| < f1 one infers Supp(h1) C Supp(f1) C U, whence

b

hipuv—k = hipu — hipk = h1 — h1yxk,

where h; € #(X;C) and hipu—k, hipk are p-integrable (No. 6, Cor. 3
of Th. 5); thus
p(hiou—x) = p(hy) — p(higk) ,

where the first and third p’s are abbreviations for [ du. The assertion is
that wu(hipkx) = wy(h). Recall that by definition py(h) = p(h'), where
h’|Y = h and h"X — Y = 0; thus it will suffice to show that hipx = h'.
Indeed, since f =0 on Y — K and |h| < f, one has h =0 on Y — K;
therefore

reY—-—K = h(@)ex(x)="h(z)-0=0-0=h(z)
reK = h(x)ex(x) =h(z) 1= h(z)
reX =Y = h(z)px(x)=h(x)-0=0,

thus hipk isequal to h on Y = (Y —K)UK, and to 0 on X =Y, in
other words hypx = h'.
IV.75, . —6.

“fu(h) = py (W< fI1- 10I(U = K) <ellf]]”

Note that |hou—x| < |fil pu—k < ||flli pv—x = [ f|| pu=k , whence
lu(hi) — py(h)] = [p(hiou—x)| < [pl(|heu=x) < [If] - |#[(U—=K) <
ellfll-

IV.75, (. —4.
“pl(h) = ey (F) = [pl(frev-k) and [[ul(f) = ey ()] <ellf]”
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We know that f; € #;(X) and Supp(f1) C U, therefore

fivu—x = fivv — fivxk = f1 — frex,

whence |ul(fipu—x) = |u|(f1) — |x|(fiex) . To prove the first assertion, we
need only show that fipox = f’. Indeed, since fl‘Y = f and f =0 on
Y — K, one has

reY—-K = filv)ex(zr)=f
reK = fil@)ex(z)=f
reX=Y = fil@)ex(@)=fi(z) 0=0,

thus fipk isequalto fon Y, and to 0 on X — Y, in other words f1px =
The first assertion and fipy—k > 0 imply that |u|(f1) — |ply(f) =
finally, from 0 < fipu—k < ||fillev=xk = ||fllov =K, we infer that

f
0;

[el(f1) = [y ()| = ul(fipu=x) < |If] - [#l(U=K) <e|lf].

IV.75, (. —2.

“uly (F) < lpy (B[ +e(@+ 2 F1) < [py|(f) + @+ 2[f]]) 7
In slow motion: the inequalities

[lel(f1) = luly (D)) <ellfl
| (f1) < [pu(ha)] + e,
lu(h)] < |p(ha) — py (R)] + [py (R)] < e || £l + [ny (R)]
[y (R)] < [py [([A]) < |py[(f)

yield, respectively,

uly (F) < |pl(fr) +ell FIF < Jul(ha) + € + el f]]
< (Nl + Iy ()] + e +ell £l
= [y (R)] + (1 +2[|£1)
< v [(F) + e+ 2[ £ -

IV.76, (. 18.
“It is immediate (No. 2, Prop. 5) that d) implies a) ”

Assuming d), we are to show that for a set B C A,

B is locally negligible < BNK is negligible for every K € K.
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Proof of =: Indeed, if B is any locally negligible set in X, then BNK
is negligible for every compact set K in X by the cited Prop. 5.

Proof of <=: Assume B has the indicated property; according to the
criterion of the cited Prop. 5, we are to show that B N K is negligible for
every compact set K in X.

Suppose first that K is a compact subset of A. By d) we may write
K=NUH, with N negligible and (H,,) a sequence of sets in £; then

n

BNK=BNN)U|( JBNH,),

where BN N is negligible and the BN H,, are negligible by the assumption
on B, therefore B N K is negligible.

Now let K be any compact set in X. Since A is measurable, one can
write ANK = NU{JK,, with N negligible and (K,,) a sequence of compact

sets (see the Lemma in the note for IV.67, ¢. —1); since B C A, one has

BNK=(BNA)NK=BNANK)=BnN)U| JBNK,),

where the BNK,, are negligible by the preceding paragraph, therefore BNK
is negligible.
IV.76, (. —19, —18.

“...one defines recursively a sequence (H,) of sets of & such that
H,s1cB— U H, and [p|(B—= U Hp,) <1/n (84, No. 6, Th. 4).”

p<n p<n
By b), choose H; € & with H; € B and |u|(B—H;) < 1. Since
B — H; is integrable, there exists a compact set By C B — H; such that
lu|((B — Hi) — By) < 1/4 by Cor. 1 of the cited Th. 4; if, by b), Hy € R is
chosen so that Hy C By and |u|(By — Hy) < 1/4, then since Hy C By C
B — H;, so that

(B—H;) —Hy = ((B—H;) — By) U(B; — Hy),

it follows that
lu[(B—Hy) —Hy) <1/4+1/4,

that is, [u|(B — (H; UH)) < 1/2.
Suppose Hi,Hs,...,H, in K already constructed satisfying the rele-
vant inclusions and inequalities, in particular

H,cB— |J H, and |u|(B- UHP><%.

p<n—1 p<n
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Then B — |J H, is integrable; choose a compact set B,, ¢ B— |J H,

p<n psn
such that )
B— | |H,) =B ) <—
p<n
then, by b), a set H, 11 € K such that H,,,; C B,, and
(B = ) < 5
M n n+1l) X 2(7‘L+ 1) .
Then H,4+; C B, c B— | H,, thus
p<n
B— UH) = Hu=(B= JH) = B.)U By = Hup),
psn p<n
therefore
(B = UH,) = How) < gt b5
P 2(n+1)  2(n+1)’
PN
. 1 . : .
that is, [u/(B— U H,) < ——, which completes the induction.
p<n+1 n+1
Set N =B— |JH,; then N C B— [J H, for all n, therefore
p=1 PN
|1|/*(N) < 1/n for all n, thus N is negligible.

IV.76, (. —17.
“It remains to prove that a) implies b).”

In view of |u|(Ko — K) = |u|(Ko) — |p|(K) (84, No. 5, Prop. 7), the
meaning of b) is that, for every compact subset Kq of A,

u|(Ko) = sup [u[(K).
Kef, KCKo

The proof by contradiction ultimately rests on the fact that the measure
(for |u|) of an integrable set is the supremum of the measures of its compact
subsets (84, No. 6, Cor. 1 of Th. 4).

IV.76, (. —13, —12.
“ B is integrable and |u|(B) =« ”

Because (L,,) is an increasing sequence of integrable sets such that the
sequence |u|(L,) has a finite supremum « (§4, No. 5, Prop. 8).
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IV.76, (. —11,—10.

“|ul (KN (Ko — B)) = 0, which, by virtue of a), will imply a contra-
diction.”

It will imply, by a), that Ko — B is locally negligible; but |u|*(Ko — B)
is finite, therefore Ky — B is negligible (No. 2, Cor. 1 of Prop. 5).

Iv.77, 0. 1.
“The set of all compact subsets of A is u-dense in A.”

The set R of all compact subsets of A clearly satisfies (PL;) and (PLyp);
let us verify that R satisfies the condition ¢) of Prop. 12. Since A is
measurable, that is, ¢ is a measurable function on X (No. 1, Def. 2),
given any compact subset K of X there exists a sequence (K,,) of pairwise
disjoint compact subsets of K such that the set N = K — |JK,, is negligible

n
(No. 1, Def. 1; the continuity properties of @A are of no interest here); if,
in particular, K C A, that is, K € K, then also K,, € & for all n.
In this sense, a measurable subspace of a locally compact space does
have an abundance of compact subsets (cf. the Addendum to the note for
IV.73, 0. —=2).

Iv.77, 0. 3,4.
“If X — A is locally p-negligible, then every set of compact subsets
of A that is pu-dense in A is also p-dense in X.”

Since X — A is measurable (see the note for IV.61, /. —4), so is A.
Let R be a set of compact subsets of A that is u-dense in A ; in particular,
the condition a) of Prop. 12 is valid for A. We will show that & is pu-dense
in X by verifying that X satisfies the criterion a) of Prop. 12: given any
subset B of X such that BN K is negligible for every K € K, we are to
show that B is locally negligible. Now,

B=(B—A)U(BNA);

we show that both terms of the union are locally negligible. Since X — A
is locally negligible, so is its subset B — A. On the other hand, for every
K € R, the set

BNA)NK=BN(AnK)=BnK

is by assumption negligible, therefore B N A is locally negligible by the
p-density of R in A and its property a) in Prop. 12.

V.77, ¢. 10-12.

“If K is a compact subset of X, it comes to the same to say that a set
of compact subsets of K is u-dense in K or that it is ux-dense in K ; this
follows from Lemmas 2 and 3 of No. 7 and condition b) of Prop. 12.”
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If Ky C K is compact in the subspace K of X (hence is compact in X)
and if J € K, J C Ky, then

lul(Ko = J) = |ul(Ko) — |u[(J)
= |ulk (Ko) — |u[x(J)  (Lemma 2, (i)
= |ux|(Ko) — |pk[(J)  (Lemma 3)
= |ux|(Ko — J);

in particular, |u|(Kg—J) < e & |uk|(Ko — J) < £ and the assertion is
now clear from the criterion b) of Lemma 12.

Iv.77, 0. —8 to —6.

“Def. 7 shows that the union of a locally countable set of u-measurable
(resp. locally p-negligible) subsets of a locally compact space is p-measurable
(resp. locally p-negligible) (No. 1, Prop. 3 and No. 2, Prop. 5).”

Let 20 be a locally countable set of subsets of the locally compact
space X equipped with a measure p; present 2 as a family (A,)aer,
faithfully indexed by I, that is, a — A, is an injection I — P(X) with
range A. Let A= (J A,.

agcl
For each x € X, choose an open neighborhood U, of z in X such that

the set
I, ={acl: U, NA,#2}

is countable; in particular, U, N A, = @ when « ¢ I, , thus

U, nA=U,n|JAa=JUonAu= ] UsnA,,

a€cl a€cl a€l,

where the index set I, is countable.

Assuming the A, are measurable (resp. locally negligible), we are to
show that A is measurable (resp. locally negligible). Note that when the A,
are locally negligible, they are also measurable (see the note for IV.61, £. —4).

Given any compact subset K of X, it will suffice by No. 1, Prop. 3
(resp. No. 2, Prop. 5) to show that KN A is integrable (resp. negligible).

With the open sets U, chosen as above, the U, (z € K) form an open
covering of K, hence

KcU, U---uUU,,

n
for a suitable finite set of points z1,...,2, of K. Then K= |JKNU,,,
i=1
therefore .
KNA=|JKNU, nA.
i=1
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For each ¢ the set,

KNU, nA=Kn [ J Au= | KnA,

is a countable union of measurable sets, hence is measurable; being contained
in K, it is integrable (No. 6, Cor. 1 of Th. 5). Thus KN A is a finite union
of integrable sets, hence is integrable. This shows that A is measurable.

If, moreover, the A, are locally negligible, then every KNA, is negligi-
ble, hence each KNU,, NA is a countable union of negligible sets, therefore
sois KNA, thus KNA is negligible. This shows that A is locally negligible.

IV.77, 0. —5 to —1.
“PROPOSITION 14.”

For an application, see Théories spectrales, Ch. 11, §3, No. 3, Lemma 3
(p. 146, item 4)) and Prop. 5, (iii).

A nontrivial special case (A = X and £ the set of all compact subsets
of X; cf. IV.77, £. 1): There exists a locally countable set $) of pairwise
disjoint compact sets such that X — [|J K is locally negligible.

Keh
IV.78, ¢. 13.

“lp/(KNV) >0 forevery K e Hy”

The set KNV is a nonempty open set in the subspace K of X, and
Supp(uk) = K, therefore |ux|[(KNV) > 0 by §2, No. 2, Prop. 5; and
luk|(KNV) = |ulxk(KNV) = |p[(KNV) by Lemmas 3 and 2 of No. 7.

IV.78, (. 15.
“ N is p-measurable”
The set |J K is measurable (see the note for IV.77, . —8 to —6), and

Ke$H
the difference of two measurable sets is measurable.

IV.78, (. 15, 16.

“If N were not locally negligible, it would contain a non-negligible com-
pact set Lg ”

If N is not locally negligible then there exists a compact set K in X
such that KNN is not negligible (No. 2, Prop. 5). Since KNN is measurable
and has finite exterior measure ( < |u|(K) ), it follows that KNN is integrable
(No. 6, Cor. 1 of Th. 5); thus |u|(KNN) = |u/*(KNN) > 0, therefore there
exists a compact set Ly C KNN such that |x|(Lp) > 0 by ‘inner regularity’
of |u| (§4, No. 6, Cor. 1 of Th. 4).

V.79, 0. 3.
“d) implies ¢)”
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Suppose f : A — I satisfies d); let y € I be a point such that the
function f: X — F defined by

_ f(z) forzeA
flx) =
Y forre X—=A
is u-measurable. (By hypothesis, y can be any point of F'; the existence of
a single such point is sufficient to prove that c) is satisfied.)
Let G=F, g=f:X—F =G, and let j be the identity homeomor-
phism F — F = G. For every x € A,

g9(x) = f(z) = f(z) = j(f(2)) = (o f)(x),

thus g‘A =jo f as mappings A — G.

IV.79, ¢. 3,4.
“The fact that c¢) implies a) follows from condition ¢) of Prop. 12 of
No. 8.7

One assumes that there exist a topological space G, ‘a homeomorphism
j of F onto a subspace of G, and a p-measurable mapping g : X — G
such that g‘A =jof.

What the author means by the phrase in quotes is that j : F — G is
a mapping such that, if the range j(F) of j is equipped with the topology
induced by G, and if jo : F — j(F) is the function having the graph
of j, then jp is a homeomorphism. It follows that j is injective (obvious)
and that j is continuous; for, if ¢ : f(F) — G is the canonical injection,
then ¢ is continuous (j(F) has the initial topology for i) hence so is the
composite function j = i o jo. Since jg is a homeomorphism, it is trivial
that F has the initial topology for jg ; it then follows that F has the initial
topology for j = iojy (‘transitivity of initial topologies’, GT, I, §2, No. 3,
Prop. 5). Indeed, for a mapping j : F — G to have the property that jo
is a homeomorphism, it is necessary and sufficient that j be injective and
that F have the initial topology for j; for, if the condition in italics holds
then jo is bijective and, by the cited Prop. 5, F has the initial topology
for jo, consequently jo is a homeomorphism. The further assumption that
g|A = jo f is that the diagram

A f F
A J
X G




INT IV.x126 EXTENSION OF A MEASURE. L” SPACES 85

is commutative, where ip : A — X is the canonical injection.

Consider now any subset K of A, andlet ux : K — A and ix: K - X
be the canonical injections, so that ¢x = ia cuk as mappings K — X . Then
the diagram

K ug oS

is commutative; in particular,
(jof)ouk = (goia)oux =go(iaouk)=goix.

Note that if K is given the topology induced by X (equivalently by A),
then
f ‘K is continuous & g|K is continuous;

for, since F has the initial topology for j, the following conditions are
equivalent:

f|K = fouk is a continuous mapping K — F

jo(fouxk) is a continuous mapping K — G

and since jo (fouk) = (jof)oux =goix = g‘K7 the assertion is proved.
{One observes that the injectivity of j is not needed for this argument; it
is sufficient that F have the initial topology for j.}

Now let $) be the set of all compact subsets K of A such that f ‘K
is continuous (equivalently, g‘K is continuous); we are to show that £ is
u-dense in A .

It is clear the $ is closed under finite unions (GT, I, §3, No. 2, Prop. 4),
thus satisfies (PLyy) of Prop. 12, and (PLy) is obviously satisfied; to complete
the proof, it will suffice to show that $) satisfies the condition ¢) of Prop. 12
(No. 8, Def. 6) stated for §) instead of 8.

To that end, let B be a compact subset of A. Since g : X — G is
p-measurable, one can write

B=NU[JKn,,

where (K,) is a sequence of pairwise disjoint compact sets such that
N = B — UK, is p-negligible and g‘Kn is continuous for all n (No. 1,
n
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Def. 1); therefore f|Kn is continuous for all n, thus K,, € $ for all n,
which completes the proof that £ is p-dense in A, and hence that the
condition a) of Prop. 15 is implied by its condition ¢).

{One observes that the condition a) of Prop. 15 is implied by the fol-
lowing condition weaker than c):

') There exist a topological space G, a mapping j: F — G such that F
has the initial topology for j, and a p-measurable mapping g of X into G,
such that g|A =jof.

In particular, condition a) of Prop. 15 is implied by the following special

case of ¢), namely, that f may be extended to a p-measurable mapping
X —=F:

") There exists a p-measurable mapping g : X — F such that g|A = f.

For, if ¢”) is satisfied, then (') is satisfied with G=F and j:F — F
the identity mapping.

Thus, after the proof of Prop. 15 is completed, one can add ¢’) and ')
to the list of equivalent conditions. See also the last paragraph of the note
for IV.79, ¢. 7 for a condition d’) weaker than d) that can be added to the
list. }

Iv.79, (. 5.

“b) implies a)”

By assumption, K is a set of compact subsets of A that is p-dense
in A, such that for every K € &, the function f ‘K is pk-measurable.

Let $ be the set of all compact subsets H of A such that f‘H is
continuous; we are to show that $) is u-dense in A. We know that $
satisfies (PLy) and (PLyp) (cf. the preceding note); by Prop. 13, it will suffice
to show that for every K € R, theset Hx ={He H: HC K} is ug-dense
in K. (Incidentally, one sees easily that HSx ={HN K: He H}.)

Let K € R. Since $ satisfies the conditions (PL;) and (PLyp), it is
immediate that $Hk also satisfies them. Consider Prop. 12 with K playing
the role of both X and A, and pux playing the role of p; in this context,
let us show that )k satisfies the property c) of Prop. 12 (hence is pk-dense
in K). To this end, let B be any compact subset of K. Since K € &, f‘K
is by assumption pk-measurable, therefore (No. 1, Def. 1) one can write

B=NuU|JH,,

where (H,,) is a sequence of pairwise disjoint compact sets in B such that
f‘Hn = (f‘K)‘Hn is continuous for every n, and N = B — (JH,, is uk-
n

negligible; in particular, H,, € $k , thus the desired property c) is verified.
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IvV.79, 0. 7.

“a) implies d).”

Assuming that the set $ = {K C A : K compact, f|K continuous }
is pu-dense in A, we are to show that, given any y € F, the extension of f
to X by y, that is, the function ¢ : X — F defined by

f(z) forzeA
g(x) =
Y forx e X— A,

is p-measurable. By No. 1, Prop. 1 it will suffice to show that, given any
compact set L C X and any € > 0, there exists a compact set K C L. such
that |p|(L — K) < e and g|K is continuous.

The sets LNA and LN(X — A) are p-integrable, since the intersection
of an integrable set and a measurable set is integrable (No. 6, Cor. 3 of Th. 5).
Therefore there exist compact sets P C LNA and Q C LN (X — A) such
that

ul(LNA)=P)<e/4 and M((Lﬂ(X——A))-—Q)ge/éL

(84, No. 6, Cor. 1 of Th. 4). Since P is a compact subset of A, and § is
p-dense in A | by b) of Prop. 12 there exists a set H € § such that H C P
and

lul(P—H) <e/2.

Set K = HUQ, which is a compact subset of L ; since g|H = (g|A)|H = f‘H
is continuous (because H € §) and ¢|Q is continuous (even constant), it
follows that g‘K is continuous (GT, I, §3, No. 2, Prop. 4). Finally, one has

L—K=[LNnA)ULNX=A4))]-HUQ)
C(LﬂA—H)U((Lﬂ(X—A))—Q)
:(LmA—P)u(P—H)u<(Ln(X—A)) —Q),

whence |p|(L — K) < e/4+¢/24¢/4 by the subadditivity of |u| (§4, No. 5,
Prop. 6).

An outline of the proof:
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(where the arrows signify implication). The argument for ‘ d) = ¢)’ shows
that if there exists at least one element y € F such that the extension g of f
to X by y is measurable, then ¢) holds, whence a) and therefore d) hold;
thus, the existence of an element y € F for which ¢ is measurable implies
that for every y’" € F the extension ¢’ of f to X by ' is measurable.
{This is obvious when F is a topological vector space, since g’ — g is then
a measurable step function (No. 5) and ¢’ = (¢’ — ¢g) + g (No. 3, Cor. 3
of Th. 1), but it is not obvious when F is merely a topological space.} Thus,
with the proof of Prop. 15 completed, one can add to its list of equivalent
conditions the following;:

d') There exists an element yo € F such that the extension of f to X
by yo s p-measurable.

V.79, ¢. —17,—16.
“If A islocally u-negligible, then every mapping of A into F is there-
fore pu-measurable.”

Let f : A — F, where A is locally p-negligible. Then A is
pu-measurable (see the note for IV.61, ¢. —4), and it will suffice to show
that the condition a) of Prop. 15 is satisfied. Let $) be the set of all com-
pact subsets K of A such that f ‘K is continuous (for example, every finite
subset of A belongs to $). One knows that § satisfies (PLy) and (PLyr)
of Prop. 12; to show that $) is u-dense in A, it will suffice to verify that
satisfies the condition ¢) of Prop. 12. Let B be a compact subset of A ; then
B = ANB is negligible (No. 2, Prop. 5), so setting N =B and K; = @ one
has a partition B = NUK; with K; € § trivially. (The same argument
shows that if A C X is locally u-negligible then the set $9 = {@} is pu-dense
in A, so a fortiori $) is u-dense in A.)

IV.79, (. —4.
“...the conclusion therefore follows from Prop. 12 of No. 8.”

Recall that § = {K € & : K C A and f|K is continuous } ; the con-
clusion in question is that §) is y-dense in A . Clearly $ satisfies (PL;) and
(PLyp) of Prop. 12; it will suffice to show that it satisfies the condition b) of
that proposition. {The proof requires only that & be u-dense in A .}

Thus, given any compact set Ko C A and any ¢ > 0, we seek a set
K € $ such that K € Ky and |p[(Kg — K) < e. Since R is p-dense
in A, by b) of Prop. 12 there exists a set K; € 8 such that K; C Ky and
lu[(Ko — K1) < e/2.

On the other hand since f : A — F is measurable, by Def. 8 and d)
of Prop. 15, the function g : X — F obtained by extending f to X by
an (any) element of F is measurable. Then (No. 1, Prop. 1) there exists a
compact set K C Ky such that |u|(K; — K) <&/2 and g‘K is continuous;
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since K C K; € 8 one has K € K, and since f|K = (g|A)|K = g|K is
continuous, one has K € §. Finally, since K C K; C Kq one infers from
KO —K= (Kg - Kl) U (Kl - K) that ‘M‘(Kg - K) < 8/2 +E/2

IV.80, ¢. 1,2.
“In view of Lemma 2 of No. 7, this follows at once from Prop. 1 of No. 1
and condition a) of Prop. 15.”

Let $ be the set of compact subsets H of K such that f‘H is contin-
uous. One knows that

$ is p-dense in K < 9 is uk-dense in K
(see the note for IV.77, £. 10-12). We are to show that
f is p-measurable < f is ux-measurable

(the statement on the left, in the sense of Def. 8; the statement on the right,
in the sense of No. 1, Def. 1 applied in the compact space K).

Proof of =: Suppose f is p-measurable. By criterion a) of Prop. 15,
we know that $) is u-dense in K, hence is uk-dense in K ; from the charac-
terization of density in b) of Prop. 12 (applied to the measurable subset K
of the compact space K), it follows that f is ux-measurable (No. 1, Prop. 1,
applied in the space K).

Proof of <=: Suppose f is ux-measurable. By No. 1, Prop. 1 and b) of
Prop. 12 (both applied in the space K) we see that $) is uk-dense in K,
hence p-dense in K, therefore f is p-measurable by a) of Prop. 15.

IV.80, 7. 7,8.
“The condition being obviously necessary...”

Suppose f : B — F is p-measurable (in the sense of Def. 8). Fix
A € A; we are to show that f‘A is p-measurable. Applying to B and f
the criterion ¢) of Prop. 15, there exist a topological space G, an injective
mapping j : F — G such that F has the initial topology for j, and a
p-measurable mapping g : X — G such that g‘B = jo f (see the note for
IV.79, ¢. 3,4); thus the diagram

B f F
B J
X G
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is commutative, where ig : B — X is the canonical injection. It follows that
the diagram

is also commutative, where us and is are the canonical injections A — B
and A — X. In particular,

g|A=goin=jofous=jo(f|A),

therefore f |A is p-measurable by criterion ¢) of Prop. 15 applied to A
and f‘A in place of B and f.

IV.80, ¢. 9,10.
“By hypothesis, there exists a sequence (A,) of sets belonging to 2
such that the KN A,, form a covering of K.”

Since K C B one has

K=KnB= | JKnA,
Aed

and KN A =@ for all but countably many A in 2 (No. 9, sentence after
Def. 7).

IV.80, /. 14.
“...the restriction of f to C,, is u-measurable ”

Since f‘An is p-measurable by hypothesis, and C,, C A, is measur-
able, f!Cn = ( f!An)‘Cn is p-measurable by the argument in the proof of
“necessity” (see the note for ¢. 7,8).

IV.80, (. 14-16.
“...there exists a partition of C,, formed by a p-negligible set N,, and
a sequence (L, )m>0 of compact sets such that f ‘Lmn is continuous.”

Recall that K is a compact subset of the y-measurable set B, and that
C,, is a p-integrable (hence p-measurable) subset of K.

Let R,, be the set of compact sets H € C,, such that (f!Cn)|H = f‘H
is continuous; since f‘Cn is u-measurable, &, is u-dense in C,, by a) of
Prop. 15. Then by No. 9, Prop. 14, there exists a locally countable set
$Hn C Ry, consisting of pairwise disjoint (compact) subsets of C,,, such
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that the set N,, = C, — |J H is locally negligible. Since N, C K,
N,, = N,, N K is negligible (No. 2, Prop. 5). Since $),, is locally countable

(because R, is), KNH = @ for all but countably many H in £, ; that is,
since HC C,, CK forall He $,, H=KNH = @ for all but countably
many H in $,, , in other words §),, is countable.

IV.80, /. 1618.
“Since N = JN,, is p-negligible, we see that condition a) of Prop. 15

is satisfied, whence the proposition.”

Note that

K:Ucn:U(Nnungn) =NuJ(ULm)

n n n m

where all unions are ‘disjoint’, therefore K — N = |J Ly, -
m,n

Thus it has been shown that, given any compact subset K of B, there
exists a partition of K formed of a p-negligible set N and a countable family
(Lynn) of compact sets such that the f ‘Lmn are continuous. This shows that
the set $ of all compact sets H C B such that f ‘H is continuous satisfies
condition ¢) of Prop. 12 (as well, of course, the conditions (PLy) and (PLyy)),
therefore §) is p-dense in B (No. 8, Def. 6); thus condition a) of Prop. 15
is satisfied, consequently f:B — F is indeed pu-measurable (Def. 8).

IV.80, (. —15, —14.
“...these generalizations are left to the reader.”

The proofs are sketched in the note after the next.

IV.80, /. —14 to —11.

“...the principle of localization (No. 2, Prop. 4) remains valid when it
is assumed that each of the functions g, is only defined in V, (or almost
everywhere in V, ) and is measurable.”

The key to interpreting this statement is the phrase “and is measurable”.
Two interpretations of ‘measurable function’ are available: Def. 1 or Def. 8;
it is clearly Def. 8 that is intended here.

Let us call Prop. 4’ the proposed generalization of Prop. 4. One is given:

(i) a topological space F and a mapping f: X — F;

(ii) for each z € X, a neighborhood V, of z in X, a negligible sub-
set N, of V,, and a function g, , measurable in the sense of Def. 8, whose
(measurable) domain of definition B, contains the (integrable, hence mea-
surable) set A, =V, — N, , such that gI‘Ax = f!AI.
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We are to prove that f is measurable. By d) of Prop. 15, the function
gz : B, — F may be extended to a function h, : X — F that is measurable
in the sense of Def. 1. Since

helAr = (he|Bo)|As = 00| As = f|As,

that is, hg|(V = fl(v N.), one has h,(y) = f(y) almost ev-
erywhere in Vm, therefore fis measurable by No. 2, Prop. 4.

IV.80, ¢. —17 to —14.

“Property d) of Prop. 15 makes it possible to immediately generalize the
properties of measurable functions defined on all of X, observed in Nos. 2
to 5, to measurable functions defined on a measurable subset A of X; these
generalizations are left to the reader.”

We write, for example, Th. 1’ for the contemplated generalization of Th. 1,
skipping over results not susceptible to generalization via property d) of
Prop. 15 (for instance, No. 2, Prop. 5, to which Prop. 15 can add nothing).

No. 2, Cor. J' of Prop. 5. Not amenable to generalization. If A is
a measurable subset of X (equipped with the induced topology), and if
f:A — F is a function such that the set

N={zx € A: f is not continuous at x }

is locally negligible, one would like to show that the extension f’ of f
to X by an element of F is measurable, presumably by applying Cor. 4
(without the prime) to f’. But the extension to f’ might introduce a set
of discontinuities not locally negligible, rendering Cor. 4 inapplicable.

For example, let X = R equipped with Lebesgue measure, F = R,
A = Q equipped with the induced topology, and f :Q — R the constant
function equal to 1. Then N = &, the extension f’ of f to R by 0
(the characteristic function of Q in R) is a measurable function, but it is
nowhere continuous, hence owes nothing to Cor. 4 for its measurability.

No. 2, Prop. 6'. Let A C X be measurable, f : A — F measurable,
and ¢g: A — F a function such that g = f locally almost everywhere in A ;
we are to show that g is measurable.

Let f’,¢" be the extensions of f and g to X by some point yg in F.
Then f’ is measurable by d) of Prop. 15, and ¢’ = f’ locally almost every-
where in X, therefore ¢’ is measurable by the original Prop. 6, and finally
g is measurable by d) of Prop. 15.

No. 8, Th. 1. With X, u, (F,) and F asin Th. 1, let A be a
measurable subset of X, f, : A — F,, asequence of mappings y-measurable
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in the sense of Def. 8, f = (f,) : A — F,and u: f(A) — G a continuous
mapping into a topological space G. We are to show that the composite
mapping uo f: A — G is y-measurable.

Fix a point a € A, define y, = fn.(a) € F,, for all n, and let y =
(yn) = (fula)) = f(a) € F. Write f’ for the extension of f to X by y;
clearly f’ = (f]), where, for each n, f, isthe extension of f, to X by v, .

Note that f/(X) = f(A); for, f/|A = f, whereas if 2 € X — A
then f'(x) =y = f(a) € f(A). It follows that the composite function
uwo f': X — G is defined. Moreover, (u0f’)‘A =wuo (f"A) =wuof,
whereas if € X — A then (uo f')(z) = u(f'(z)) = u(y); thus wo f’ is
the extension of wo f to X by u(y) =u(f(a)) = (uo f)(a).

So much for the notation. For each n, f, is u-measurable, therefore
flis p-measurable by Def. 8 and d) of Prop. 15. Since f’ = (f)) and u is
continuous on f(A) = f/(X), it follows from the original Th. 1 that wo f’ is
pu-measurable, that is, the extension of uwo f to X by u(y) is pu-measurable;
thus wo f satisfies the condition d') at the end of the note for IV.79, ¢. 7
hence is p-measurable by Def. 8.

In the present situation, it was convenient to extend the f, to X
‘uniformly’ by the particular elements f,(a) of f,,(A) rather than by general
elements of the F,, ; this led to an extension of wo f to X by a particular
element of G, whence the utility of adding the weaker condition d’) to the
list in Prop. 15.

To avoid tedious repetitions, henceforth a function f: A — F will be
said to be p-measurable in the sense of Def. 8 if it satisfies the conditions of
Prop. 15 to which have been added the equivalent conditions d’), ¢’), ¢”)
described at the end of the notes for IV.79, £. 7 and IV.79, £. 3,4. When there
is only a single measure g in the picture, ‘ u-measurable’ may be abbreviated
to ‘measurable’.

No. 3, Cor. 1’ of Th. 1. Suppose A is a measurable subset of X, and
f,9: A — R are functions p-measurable in the sense of Def. 8; we are to
show that sup(f,g) and inf(f,g) are also such functions.

With ’ signifying ‘extension to X by 0’, we know from Def. 8 that
f',¢" are measurable functions X — R ; since

(sup(f,g)) =sup(f’,g') and (inf(f,g)) =inf(f’g')

are measurable by the original Cor. 1, it follows from Def. 8 that sup(f, g)
and inf(f,g) are measurable functions A — R.

No. 3, Cor. 2" of Th. 1. Given a measurable subset A of X and a
function f : A — R, we are to show that f is measurable if and only
if f* and f~ are measurable. Writing O for the function on A (or on X)
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identically equal to 0 € R, and f’ for the extension of f to X by 0, one
has

(f7) = (sup(£,0))" = sup(f’,0') = sup(f’,0) = (f)*,

so it is clear from Def. 8 that f* is measurable if and only if (f/)* is
measurable; similarly, f~ is measurable if and only if (f’)~ is measurable.
Therefore

f is measurable < f’ is measurable  (Def. 8)
& (f)t and (f')” are measurable (Cor. 2)

& fT and f~ are measurable.

No. 3, Cor. 3" of Th. 1. Assuming A a measurable subset of X, and
f, g measurable mappings A — F, we are to show that f+g and of («a a
scalar) are also measurable. If f’ g’ are the extensions of f,g to X by 0,
then

(f+g) =f+g and (af) =af,
therefore f + g and af are measurable by Def. 8 and the original Cor. 3.

No. 3, Cor. /' of Th. 1. With notations as in Cor. 4, assume that
the fr and f are defined on a measurable subset A of X. Then f’ =
n
> erfr, where f’ and f; are the extensions to X by 0 € K™ and 0 € K,
k=1
respectively (K =R or C), whence

f is measurable < f’ is measurable (Def. 8)
< fi,...,[f) are measurable (original Cor. 4)
< fi,..., fn are measurable (Def. 8).

No. 8, Cor. 5" of Th. 1. With F,G,H and (u,v) — [u-v] as in
the original Cor. 5, suppose f : A — F and g : A — G are measurable
mappings; we are to show that the mapping [f-g] : A — H defined by
x— [f(x),g(z)] (x € A) is measurable.

To simplify (at least visually) the notation, let us write h(u,v) = [u-v]
(u € F,v € G); by hypothesis, h: F x G — H is a continuous mapping, but
it need not be bilinear (see the note for IV.64, £. 10-13). We are to show
that the mapping k = ho (f,g) : A — H, defined by k(z) = h(f(z),g(x))
(x € A) is measurable.

Let f’ and g’ be the extensions of f and g to X by 0 € F and
0 € G, respectively, and let k¥’ be the extension of & to X by the element
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h(0,0) of H. (Of course if h is bilinear, then h(0,0) = 0 € H.) Then
k' =ho (f',g'), that is,

K (z) = h(f'(z),g'(z)) forall z€X.

Since f’ and g’ are measurable (Def. 8), k' is measurable by the original
Cor. 5, therefore k is measurable (Def. 8).

No. 8, Cor. 6’ of Th. 1. If f : A — F and f’ is the extension of f
to X by 0, then |[f|" = |f’|, etc.

No. 4, Th. 2" (Egoroff). With X, p, A, § as in the original Th. 2,
let M be a measurable subset of X, and (fa)aca a family measurable
mappings of M into a metrizable space F. (Why “M”? Our favorite
letter A has been pre-empted by the index set, and the letters B, C figure
in the proof of Th. 2.) Assume that there exists a locally negligible set
N C M such that limg f,(x) exists in F for every z € M — N, and let
f:M — F be any function such that

lim g fo(x) = f(x) forall z € M — N.

We are to show that:

1° f is measurable; and

2° for every compact subset K of M and every ¢ > 0, there exists a
compact set Ky C K such that |u|(K — K;) <& and such that the fo|K;
are continuous and converge uniformly to f ‘Kl .

Fix a point yo € F and let f!, f’ be the extensions of f,, f to X
by yo. The f! are measurable by Def. 8 and f., — f/(z) for all
x € X=Nj for, if # € M= N then f!(z) = fo(z) — f(z) = f(x),
and if z € X — M then f!(z) =yo — yo = f'(x).

Thus the f! and f’ satisfy the hypotheses of the original Th. 2, hence
satisfy the corresponding conditions 1° and 2°: f’ is measurable—hence so
is f, by Def. 8—and f!, f’ satisfy 2° for every compact set K C X, in
particular for every compact set K C M. But this is not the end of the
story: given a compact set K C M and an € > 0, we must find a compact
set Ky € K that avoids the points of N, i.e., is contained in K — N, so
that fé‘Kl = fa|K1 and f"Kl = f‘Kl .

Let K be a compact set in M and let € > 0. Since N is measurable
(IV.61, £. —4), the set K — N is integrable, hence there exists a compact
set K’ C K — N such that [p|((K—=N)—K’) <e/2 (84, No. 6, Cor. 1 of
Th. 4). Note that

K—K c(K=N)—K)uU(EKnN),
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where K NN is negligible (No. 2, Prop. 5), therefore |u|(K — K’) < /2.
Now choose (by 2°) a compact set Ky C K’ such that |u|(K' — K;) <¢&/2
and such that the f(;|K1 are continuous and converge uniformly to f’ |K1 .
Finally, from K; € K’ ¢ K —= N we infer that the f&!Kl = fa‘Kl and
f'|K1 = f|Ki, and from K; € K’ € K we infer that [p|(K —K;) <
e/2+¢/2.

No. 4, Cor. 1’ of Th. 2. Let A C X be measurable, and let (f,) be
a sequence of measurable functions A — R. Writing f/ for the extension

of f, to X by 0, one has (sup fn), = sup f,, , etc.

No. 5, Th. 3'. With X, pand F asin Th. 3 (in particular, F is metriz-
able), let A be a measurable subset of X. A function g : A — F will be called
a measurable step function if g has only finitely many values, each assumed
on a measurable subset of X. It follows that ¢ is measurable in the sense
of Def. 8; for, X — A is a measurable set, so if f’:X — F is the extension
of f to X by some element yg € F, then f’ is a measurable step function
in the sense of the first paragraph of No. 5, hence is measurable (as noted

-1
there). {There is no harm if yq is already a value of g; in this case ¢/ (yo) is

_ _ -1
the disjoint union gl(yo) U (X — A), so that gl(yo) =g W) — X—=A)=
-1 —1
¢ (yo)NA will be measurable if and only if ¢/(yo) is measurable.} Note that

if ¢g: A — F is a measurable step function, then for every measurable set
B C A, the restriction g|B is a measurable step function on B because, for

yeF, (gB)"(y)=Bn _gl(y) is the intersection of measurable sets.
The proposed Th. 3’ can then be stated as follows.

If f: A — F is a function such that, for every compact set K C A,
there exists a sequence g, : A — F of measurable step functions on A such
that gn(x) — f(z) for almost every = in K, then f is measurable.

It may be helpful to outline the long-winded proof. We will show:

1) For every compact set K C A, the restriction f|K is measurable
(proof based on Th. 2" above).

2) For every compact set K C A, the set $k of all compact sets H C K
such that f ‘H is continuous is p-dense in A (proved by verifying criterion c¢)
of Prop. 12 in the context of the measurable subset K of X).

3) The set $ of all compact sets H C A such that f ‘H is continuous
is p-dense in A (proof based on Prop. 13, with & the set of all compact
subsets of A ).

4) f is measurable (proof by verifying that $) satisfies criterion a) of
Prop. 15).
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The details are as follows.

1) Let K € A be compact. By assumption there exist a sequence
gn : A — F of measurable step functions and a negligible set N C K such
that g,(z) — f(z) for all 2 € K — N. Then (g, |K) is a sequence of mea-
surable step functions on K such that gn‘K — f‘K pointwise on K — N,
therefore f !K is measurable by Th. 2’ (the generalization of Egoroff’s the-
orem proved above; metrizability of F is needed here).

2) Let K C A be compact, and let $k be the set of all compact sets
H C K such that f|H is continuous. We know that $k satisfies (PLy)
and (PLyr) of Prop. 12 (in the context of the measurable subset K of X);
it also satisfies criterion ¢) of Prop. 12, for, if B is a compact subset of K
(hence of A), then f |B is measurable by the preceding paragraph, therefore
f‘B has a measurable extension (f‘B)’ to X. By No. 1, Def. 1, there
exists a sequence (H,) of pairwise disjoint compact subsets of B such that
(f|B)'|H,, is continuous for all n, and such that B — (JH, is negligible.

But (f|B)'|H, = (f|B)|H, = f|H,, therefore H, € $K. Thus Hi is
p-dense in K (No. 8, Def. 6).

3) Let R be the set of all compact sets K C A, and let $) be the set of
all compact sets H C A such that f ‘H is continuous; thus, in the notation
of2), Sk ={He H: HC K} for every K € K. We know that § satisfies
(PL;) and (PLyg) of Prop. 12. By the preceding paragraph, for every K € 8
the set 9k is p-dense in K; since R is p-dense in A (IV.77, £. 1), it follows
from Prop. 13 that § is p-dense in A.

4) By the preceding paragraph, $) satisfies condition a) of Prop. 15,
therefore f is measurable by Def. 8.

A simplification of the above argument yields an extension of the Prin-
ciple of localization (No. 2, Prop. 4):

Proposition. Let X be a locally compact space, u a measure on X, A a
measurable subset of X, and f: A — F a mapping of A into a topological

space F (not necessarily metrizable). Let R be the set of all compact subsets
of A. Then

f is measurable < f|K 1s measurable for all K € K.

Proof. =: Fix yo € F and let f’ be the extension of f to X by yq.
Then f’ is measurable by Prop. 15, therefore f’ !B is measurable for every
measurable set B in X (because f"B has a measurable extension to X,
namely f’). In particular, if K € &, then f!K = (f"A)!K = f’!K is
measurable.

<: Let K€ 8 and let HK be the set of all H € £ such that f‘H is

continuous. By assumption, f ‘K is measurable, so by a part of the argument
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in 2) above, 9K is p-dense in K . By the argument in 3) above, the
set § = {H € & : f|H is continuous} is p-dense in A, therefore f is
p-measurable by the argument in 4) above.

Remark. A simpler result in this vein: If A,B are measurable sets
in X such that BC A, and if f: A — F is measurable (F any topological
space), then f ‘B is also measurable. For, f has a measurable extension
to X, therefore so does f|B.

No. 5, Cor. 1’ of Th. 3. As in the original Cor. 1, Let X be a locally
compact space equipped with a measure, and let F be a Banach space.
Let A be a measurable subset of X and let f : A — F be a mapping
measurable in the sense of Def. 8; we are to show that, given any compact
set K C A, there exists a sequence g,, : A — F of measurable step functions
(as defined in the note for Th. 3") such that (i) Supp(g,) C K, (ii) |g.| < |f]
on A, and (iii) g,(x) — f(z) for almost every z in K.

Let K be a compact subset of A. By Def. 8, f may be extended to a
measurable mapping h : A — F, so by the original Cor. 1 there exists a se-
quence h,, : X — F of measurable step functions such that Supp(h,) C K,
|h,| < |h| on X, and h,(z) — h(z) for almost every = € K. The restric-
tions g, = hn|A meet all the requirements.

No. 5, Cor. 2" of Th. 3. As in the original Cor. 2, let X be a locally
compact space countable at infinity, equipped with a measure, and let F be
a metrizable space. Let A be a measurable subset of X, and f: A — F
a mapping measurable in the sense of Def. 8; we are to show that there exists
a sequence g, : A — F of measurable step functions (as defined in the note
for Th. 3') such that g,(z) — f(z) for almost every = € A.

By Def. 8, f may be extended to a measurable mapping h: X — F, so
by the original Cor. 2 there exists a sequence of measurable step functions
hy, : X — F such that h,(z) — h(z) for almost every =z € X. Then
the restrictions g, = hn|A are measurable step functions on A such that
gn(z) — f(z) for almost every = € A.

No. 5, Prop. 7'. Let X be a locally compact space equipped with a
measure (say p), and F any topological space. By the original Prop. 7,

-1
if h: X — F is measurable and U is an open set in F, then h(U) is
a measurable set. Since the measurable subsets of X form a tribe (No. 4,

-1
Cor. 2 of Th. 2), it follows that h (B) is measurable for every Borel set B

-1
in F (the set . of sets S C F such that h(S) is measurable in X is a
tribe that contains every open set, hence . contains every Borel set). Now,
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if BCF then

-1

ANKB)={rcA: hiz)eB}={rcA: f(x)eB}= f(B),

thus if B is a Borel set in F then fl(B) is the intersection of two measurable
sets, hence is measurable.
-1

In particular, if B is any open set or closed set in F, then f(B) is a
measurable set of X that is contained in A, that is, a u-measurable subset
of A.

Remark. The term ‘measurable subset of A’ was avoided, as it begs the
question of whether A is a locally compact subspace of X equipped with a
measure of its own.

Suppose, indeed, that A is a locally compact subspace of X, hence is
a measurable subset of X (No. 7, first paragraph). One has the measure
A = ,u|A induced on A (No. 7, Def. 4), defined by pa(g) = [ ¢ du for
g € A (A;C), where ¢’ is the extension of g to X by 0. Borrowing from
the future (Ch. V, §7, No. 1, Cor. of Prop. 2), we know that a set C C A
is pa-measurable if and only if it is y-measurable. And (loc. cit., Prop. 2),
a mapping f: A — F is ua-measurable if and only if it is y-measurable in
the sense of Def. 8, hence has a uy-measurable extension h : X — F'; in this

case, if C is a Borel set in F, then fl(C) =AnN hl(C) is a p-measurable
set contained in A by the earlier discussion, hence (by the foregoing) is a
ua-measurable subset of A.

The bottom line: when A is a locally compact subspace of X, the term
‘measurable subset of A’ is unambiguous.

No. 5, Th. 4'. As in the original Th. 4, let X be a locally compact
space equipped with a measure p, F a metrizable topological space, and d
a metric on F compatible with its topology.

The original Th. 4 asserts that a mapping h : X — F is measurable if
and only if it satisfies the following two conditions (slightly reworded):

a) For every closed ball B in F, h1 (B) is a measurable set in X;

b) for every compact set K C X, there exist a countable set H C F
and a negligible set N C K such that h(K — N) C H.

An equivalent formulation of b) is that for every compact set K C
X, there exists a negligible set N C K such that the topological subspace
h(K — N) of F has a countable dense subset, equivalently (GT, IX, §2,
No. 8, Prop. 12), has a countable base for open sets, in other words (loc.
cit., Def. 4) is a separable metrizable space. For, writing S = h(K — N) , if
there exists a countable set H C F such that S C H, then the subspace H
of F has a countable base for open sets, therefore so does the subspace S,
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therefore S has a countable subset Hy whose closure in S is equal to S,
that is (GT, I, §3, No. 1, Prop. 1), SNHy = S, in other words S C Hy. (The
same argument shows that in a separable metrizable space, every subspace
is separable.) Condition b) can be rephrased succinctly:

b) for every compact set K C X, there exists a negligible set N C K
such that h(K — N) is a separable (topological) subspace of F'.

The proposed Th. 4’ can then be formulated as follows: If A is a
measurable subset of X then a mapping f : A — F is measurable in the
sense of Def. 8 if and only if it satisfies the following two conditions:

-1
d') For every closed ball B in F, the set f(B) C A is measurable;
b’) for every compact set K C A, there exists a negligible set N C K
such that f(K — N) is a separable subspace of F.

For, suppose f is measurable. By Def. 8, f has an extension i : X — F
that is measurable. Given any closed ball B in F and any compact set

-1

K C A, we know from the original Th. 4 that h(B) is measurable and
that there exists a negligible set N C K such that A(K — N) is a separable
subspace of F. Then

ANKB)={rcA: hiz)eB}={rcA: f(x)eB}= f(B),

-1
thus f(B) is the intersection of two measurable sets, whence a’) is satisfied.
And

J(K = N) = (| A)(K — N) C h(K — N).

thus f(K — N) is a subspace of the separable subspace h(K — N), whence b ")
is satisfied.

Conversely, suppose f satisfies a’) and b’). Fix a point yo € Fand let
h: X — F be the extension of f to X by yg; to prove that f is measurable,
it will suffice by Def. 8 to show that h is measurable, and by the original
Th. 4 we need only verify that h satisfies the conditions a) and b).

a) If B is a closed ball in F, then

-1
. 7 (B) if yo ¢ B
-1
FB)UX—A) if yo € By
-1 —1

since f(B) is measurable by a’), we see that h(B) is also measurable.

b) Let K C X be compact; we seek a negligible set N C K such that
h(K — N) is separable. Since A is measurable, KN A is integrable (No. 2,
Prop. 3), hence there exists a sequence (K,) of pairwise disjoint compact
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subsets of KN A such that the set N’ = KN A — (JK,, is negligible (§4,

No. 6, Cor. 2, 2° of Th. 4). For each n, since K,, C A is compact, by b’)
there exists a negligible set N,, C K,, such that f(K, — N,,) is separable.
The set N =N UJN,, is negligible, NC KNA C K, and

KNA=NU|JK, =NU[J[N, UK, = N,)] =NU JK, = N,),
therefore KNA — N = |J(K,, = N,,); then

FKNA =N) = Jf(K, = N,),

thus f(KN A — N) is the union of a sequence of separable subspaces of F,
therefore

(+) FKNA —N) is separable.
We assert that h(K — N) is separable. For,
K—N=[K=NnX=A)JU[K=N)NAc (X—=A)U[KNA=DN)],
whence

WK —N) C h(X — A)UR(KNA = N) = {yo} U fKNA = N);

in view of (%), h(K — N) is a subspace of a separable subspace of F, hence is
separable. Thus h satisfies condition b), which completes the proof that f
is measurable.

No. 5, Prop. 8. Let X be a locally compact space equipped with a
measure, A a measurable subset of X, f: X — R, and D a countable
dense subset of R. Then:

1) If f is measurable, then the set {x € A: f(x) > a} is measurable
for every a € R.

2) If, for every a € D, the set {z € A : f(x) > a} is measurable,
then f is measurable.

Proof. Let h: X — R be the extension of f to X by 0.

1) If f is measurable, then h is measurable (Def. 8). For every a € R,
[a, +00] is a closed subset of R, therefore the set

(eA: h(x)>al = h(la+od])
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is measurable by Prop. 7; consequently the set

{reA: f(z)=a}={zeA: h(x) 2a}=Aﬂﬁ([a,+oo])

is measurable.
2) For every a € D, the set

if a>0
ecX: h > =
to (@) >a { UX—=A) ifa<0
is measurable, therefore h is measurable by the original Prop. 8, and so f
is measurable by Def. 8.

It may be useful to review here the proof of Prop. 8.  Suppose
h : X — R is a function such that {z € X : h(xr) > a} is measurable
for every a € D. As observed in the note for IV.69, £. 10, the topological
space R can be metrized in such a way that the closed balls are precisely its
closed intervals [a,b]. Since R has a countable dense subset, condition b)
of Th. 4 is trivially satisfied by h, so to prove that h is measurable, it

suffices to show that hl ([a,b]) is measurable for every closed interval [a,b]
of R.

For every a € R, the set {x € X : h(x) > a} is measurable: this is
trivial if @ = —oo, and if @ > —oo then there exists a sequence a, € D
such that a, < a and a, — a, whence

{zeX: h(@)2a} =z eX: h(z)>a,}

is the intersection of countably many sets that are measurable by hypothesis.
Its complement {z € X : h(x) < a} is therefore also measurable (empty
when a = —o00).

For every b € R the set {z € X : h(xr) < b} is measurable. This is
trivial if b = +o0o. Assuming b < 400, there exists a sequence a, € D
such that b < a,, and a,, — b. Then

[_Oovb]:ﬂ[_oo7aﬂ[:ﬂc[am+oo]v

-1 -1
therefore {z € X : h(z) < b = h([—00,b]) = (€ h([an,+00]) is the
intersection of a sequence of measurable sets.
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Finally, if [a,b] is any closed interval in R then the set

h(ab]) = {reX: h(z)>a}n{zeX: hiz)<b}

is measurable, therefore h is measurable by Th. 4.
Incidentally, since the measurable subsets of X form a tribe (No. 4,

_ 4
Cor. 2 of Th. 2), it is clear that the set .7/ ={S C R: h(S) is measurable}
is also a tribe, and since % contains all closed intervals, it contains the tribe

-1
they generate, namely, the tribe of Borel sets. Thus h (B) is measurable for
every Borel set B in R.

No. 5, Prop. 9'. Let X be a locally compact space equipped with a
measure, F' a metrizable compact space, A a measurable subset of X, and
f A — F a mapping measurable in the sense of Def. 8. Then f is the
uniform limit of a sequence g, : A — F of measurable step functions.

See the earliler note for Th. 3’ for the definition of ‘measurable step
function’. Let h : X — F be a measurable extension of f (Def. 8). By
the original Prop. 9, there exists a sequence of measurable step functions
hy : X — F such that h, — h uniformly in X; the sequence of restrictions
Jn = hn|A meets the requirements.

No. 5, Prop. 10’. Let X be a locally compact space equipped with a
measure, F a separable Banach space (over K = R or C), F’ its dual,
and let (a/,) be a weakly dense sequence in the unit ball of F’.

Let A be a measurable subset of X, f: A — F a mapping. Then the
following conditions are equivalent:

a) f is measurable.

b) For every n, the scalar-valued function z +— (f(z),al) (z € A) is
measurable.

Write f,, : A — K for the function f,(z) = (f(z),a),) (x € A). Let

T

h : X — F be the extension of f to X by 0 € F, and, for each n, let
hp, : X — F be the extension of f, to X by 0 € K. Note that

(*) (h(z),a)) = hy(z) forall z €X.

Then:
f is measurable < h is measurable
& h, is measurable for all n
< fp is measurable for all n

(the first equivalence by Def. 8; the second by (*) and the original Prop. 10;
the third by Def. 8), thus a) < b).
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No. 5, Cor. 1" of Prop. 10. Let X be a locally compact space equipped
with a measure, F any Banach space, and A a measurable subset of X. In
order that a mapping f : A — F be measurable, it is necessary and sufficient
that it satisfy the following two conditions:

a’) For every a’ € F/, the scalar function z — (f(x),a’) (x € A) is
measurable;

b’) for every compact set K C A, there exist a countable set H C F
and a negligible set N C K such that f(K — N) c H.

“Necessity”: Assuming f measurable, let h : X — F be a measurable
extension of f to X (Def. 8). By the original Cor. 1, h satisfies conditions a)
and b) of that corollary; then f = h|A satisfies a’) by a) and Def. 8. If K
is a compact subset of A, and if HCF and N C K are chosen as in b) of
Cor. 1, then

f(K—=N)=h(K—-N)cCH,

thus f satisfies b').

“Sufficiency”: Suppose f satisfies a’) and b’). Fix a point yo € F and
let h be the extension of f to X by yg. To show that f is measurable,
equivalently (Def. 8) that h is measurable, it will suffice to show that h
satisfies the conditions a) and b) of Cor. 1.

Now, h satisfies b) of Cor. 1 by the argument for the proof of ) in the
earlier proof of Th. 4’. Also, h satisfies a) of Cor. 1: for, if a’ € F’ then
the function z — (h(z),a’) (z € X) is the extension to X of the function
x— (f(z),a’) (x € A) by (yo,a’), hence is measurable by a’) and Def. 8.

No. 5, Cor. 2" of Prop. 10. Let X and F be as in the original Cor. 2,
and let A be a measurable subset of X. In order that a mapping f: A — F
be measurable, it is necessary and sufficient that, for every a’ € F’, the scalar
function z — (f(z),a’) (z € A) be measurable.

For, let h : X — F be the extension of f to X by 0 € F. For each
a’ € F/, the function

(1) z+— (h(z),a") (z €X)
is the extension to X by 0 of the function

(2) x— (f(z),a’) (zeA).
Then:

f is measurable < h is measurable
< the functions (1) are all measurable

< the functions (2) are all measurable
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(the first equivalence, by Def. 8; the second, by the original Cor. 2; the third,
by Def. 8).

No. 5, Prop. 11’. Statement and proof as in the preceding, with “Cor. 2”
replaced by Prop. 11”7 (but note that the conditions on F are different in
the two statements).

IV.81, (. 2,3.
“..af V-V, B DB and ¢ <6, then
W(V',B',8') © W(V,B,5)”

Let (f,g) € left side, and write
M={z€B: (f(2),9(x) ¢V}, M={zeB: (f(z),9(z)) ¢ V'};
the assumptions B € B’, VO V' clearly imply M € M’, therefore
[ * (M) < [pl*(M) < 6" <6,

whence (f,g) € right side.

Remark. (f(z),g(z)) € V means that f(z) and g(z) are ‘near of
order V7 (or ‘ V-close’). Then (f,g) € W(V,B,d) means, so to speak, that
f and g are uniformly within V of each other on the complement, relative
to B, of a subset of B of exterior measure < §. Since A has an abundance
of integrable (indeed, compact) subsets B, as B expands and V and ¢
shrink, it is clear that one has here the makings of a concept of uniform
convergence for measurable functions f: A — F.

IV.81, /. 4.
“...1t therefore suffices to verify the axiom (Ujy) (GT, II, §1, No. 1).”

One disposes of (Uj) and (Uj;) as follows. Since every entourage V
for F contains the diagonal of F x F, the set

M={zxeB: (f(m),f(x)éV}z@,

thus |u[*(M) = 0 < 0, whence (f,f) € W(V,B,d) for all functions
-1
f:A—TF. And (f(z),9(x)) € V& (g(z), f(z)) € V, therefore

(f.g) € WIV,B.0) < (g.f) € W(V,B,3).

—1

-1
Writing W = W(V,B,d) and W = W(V,B,d), we then have W = W.
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IV.81, (. 4-6.

“Now, if V' is an entourage such that \?' C V, then
W(V',B,d§/2) o W(V',B,d6/2) € W(V,B,d).”
If 01,90 are > 0, then
W(V',B,d1) o W(V'B,d2) C W(V,B,d; +2).
For, let (f,g) € left side; then, for a suitable function h, one has (f,h) €
second factor and (h,g) € first factor (GT, II, §1, No. 1, footnote). Since
(f(z),h(z)) e V' & (h(z),9(z)) € V' = (f(z),9(z)) eV oV CV,

one has

(f(x),9(x) ¢V = (h(x),g(x)) ¢V or (f(z),h(z)) ¢ V';

thus, writing

M={zeB: (f(x),g(x)) ¢V}

M;={zeB: (h(a:),g(w)) ¢V'}

My = {z€B: (f(2),h(x) ¢ V'},
we see that M C My U My, therefore

[l (M) < |p*(My) + |pf*(Mz) < 61 + 02,

whence (f,g) € right side.
IV.81, ¢. 9-11.

“...there exists a compact set K € R contained in B such that
|u|(B — K) < ¢, and therefore W(V,K,d) C W(V,B,2§).”

Since B is integrable, there exists a compact set K; C B such that
ln|(B — Ki) < d/2 (84, No. 6, Cor. 1 of Th. 4). In turn, since R is p-dense
in A (such a R exists—cf. IV.77, £. 1), K; has a subset K € & such that
|| (K1 — K) < 6/2 (by b) of Prop. 12), therefore |u|(B — K) < d§/2+ /2.

Suppose (f,g) € W(V,K,d). Write

M, ={zeK: (f(x),g(x)) ¢V}
My ={zeB: (f(z),9(z)) ¢V}.
By assumption |u|*(M;) < §; we wish to show that |u|*(Ms) < 20.

From K C B we see that My C My . Moreover, My — M; C B — K:
for, if © € My — M; then z € My C B, therefore (f(:n),g(x)) ¢ V; if
one had z € K, then from = ¢ M; we would infer that (f(z),g(z)) €V,
a contradiction. From My — M; C B — K we infer that

MQCM1U(B—K),
whence |pu[*(Mz) < [p[*(My) + [p*(B — K) <0 +4.
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IV.81, (. —14 to —11.

“...the set M of x € B such that f(x) # g(x) is p-integrable, be-
cause it is the inverse image, under the p-measurable mapping
x +— (f(z),g(x)), of the complement of the diagonal in F x F, which is
open (No. 5, Prop. 7)”

The mapping is measurable by Th. 1’ (the generalization of No. 3, Th. 1
proved in the note for IV.80, £. —17 to —14). The measurability of M then
follows from Prop. 7’ (the generalization of No. 5, Prop. 7 proved in the same
note), and M is then integrable by No. 6, Cor. 1 of Th. 5.

IV.81, (. —11 to —9.

“ooif |p|(M) = a > 0, there exists a compact subset K C M such
that |u|/(M — K) < «/2 and such that the restrictions of f and g to K
are continuous”

Since M is integrable, there exists a compact set Ko C M such that
lu|(M — Ko) < a/4 (84, No. 6, Cor. 1 of Th. 4).

The set K of compact sets K C M such that ( f,g)|K is continuous
(equivalently, both f‘K and g|K are continuous) is p-dense in M by the
condition a) of No. 10, Prop. 15; applying b) of No. 8, Prop. 12 (with M
playing the role of A), there exists a set K € & such that K C Ky and
1Ko — K) < a/d.

Finally, [p/(M — K) < |u|(M = Ko) + |p[(Ko — K) < a/4 +a/4.

IV.81, ¢. —9,-8.

“...there exists an entourage Vo of F such that (f(x),g(z)) ¢ Vo
forall z e K”

The mapping z — (f(z),g(x)) (x € K) is a continuous mapping of the
compact space K onto a compact subset S of F x F such that SNA =g,
where A is the diagonal of F x F (recall that K € M and f(x) # g(x) for
all z € M). The closed entourages form a fundamental system of entourages
for F (GT, II, §1, No. 2, Cor. 2 of Prop. 2); since F is Hausdorff, it follows
that 1V = A, where V runs over the set of all closed entourages for F
(loc. cit., Prop. 3). Thus, since SN A = &, for every p € S there exists a
closed entourage V, such that p ¢ V,,, that is, p € CVp; the sets CVP
thus form an open covering of the compact set S. Let pq,...,p, be a finite
set of points of S such that

ScCV, u---uUlVv, =C(V,,n---NV,);

then Vo = V,, N---NV, s a closed entourage such that SNV, = @,
therefore

veK = (f(z),9(z)) €S = (f(2).9(@)) ¢ Vo,

thus Vy meets the requirements.
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IV.81, (. -8,
“...consequently (f,g) ¢ W(Vy,B,a/2).”

Let Mg = {z € B : (f(z),9(z)) ¢ Vo}; we are to show that
[ul*(Mo) > a/2.

Clearly K C My by the construction of Vg, and My C M because Vg
contains the diagonal A of FxF (if z € My then (f(z),g(z)) ¢ Vo, hence
(f(x),g(x)) ¢ A, thatis, f(z) # g(z), and so x € M); thus K C Mg C M.
Then

a/2 > |p|(M = K) = |p|(M) = [p|(K) = a = |u](K),
whence |p|(K) > a — a/2 = «/2 and finally |u|*(Mp) > |u|(K) > /2.

To summarize: Write . = (A, u; F) (F a Hausdorff uniform space)
and let B be a fundamental system of entourages for ¥ . For every integrable
set BCA,

{(f,9) e S xS : f=g ae. in B} = ﬂ W(V,B,d).
VeB,i>0

Proof of C: Suppose (f,g) € left side, so that the set

N={zeB: f(z)#g(x)}

is negligible. Let V be any entourage for F. Since V contains the diago-
nal A of FxF, one has {z € B: (f(z),9(z)) ¢ V} CN, therefore

Wz e B: (f(2),g(2)) ¢ V) < [ul*(N) =0 <&

for all 6 > 0; thus (f,g) € W(V,B,d) for every entourage V (in particular
for every V € B ) and every § > 0, whence (f,g) € right side.

Proof of D: Assuming (f,g) ¢ left side, we are to show that
(f,g) ¢ right side.

Writing M = {x € B : f(x) # g(x)} (an integrable set), by as-
sumption |u|(M) = a > 0, and the earlier argument shows that there
exists a closed entourage V such that (f,g9) ¢ W(Vo,B,a/2). Choose
V € 8B so that V C Vy; then W(V,B,a/2) C W(Vy,B,a/2), therefore
(f,9) ¢ W(V,B,a/2) and so (f,g) ¢ right side.

IV.81, (. —7 to —5.

“...if F is Hausdorff, then the intersection of all the entourages of
(A, u; F) is the set of pairs (f,g) such that f(z) = g(x) locally almost
everywhere in A.”

(Tt is then a triviality that the same is true of the intersection of any
fundamental system of entourages of (A, u;F).)



INT IV.x150 EXTENSION OF A MEASURE. L” SPACES 85

Recall that the entourages of .7 (A, u;F) are the supersets of the sets
W(V,B,0), where 6 > 0, V runs over the set of entourages for the uni-
formity of F', and B runs over the set of integrable subsets of A. A fun-
damental system of entourages is also given by the sets W(V,K,¢), where
V runs over a fundamental system of entourages for the uniformity of F,
K runs over any set & of compact subsets of A that is u-dense in A, and §
runs over, say, the values 1/n (n=1,2,3,...).

Write . = .7 (A, u;F) and let .4 be the intersection of all the en-
tourages for .. To be specific, let K& be the set of all compact subsets
of A, and let B be a fundamental system of entourages for the uniformity
of F, so that

N = N W(V,K, )
KeRr,VeB, >0

- ﬂ( N W(V,K,5)>

KER VEB,6>0

= ﬂ{(f,g)ery: f=g ae in K}

Kegr
={(f,9) € & x . : for every compact set KC A, f=g ae in K}

(the third equality, by the formula proved in the preceding note). For each
pair (f,g) € & x .7, write

M(f,g) ={z € A: f(z)#g(z)};

M(f,g) is a measurable set (by the argument in the note for IV.81, ¢. —14
to —11). The assertion to be proved is that

(f,9) €/ <= M(f,g) is locally negligible,
in other words (No. 2, Prop. 5) that
(f,9) €/ < KNM(f,g) is negligible for every compact set K C X.

Proof of <: In particular, for every compact set K C A, the set
KN M(f,g) is negligible; since

K—KNM(f,g)={zeK: f(z)=gx)},

this means that f = ¢ almost everywhere in K. Thus (f,g9) € .4 by the
formula for 4" proved above.
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Proof of =: Assume (f,g) € 4 and let K C X be compact; we are
to show that KN M(f,g) is negligible. Since M(f,g) is measurable, there
exists a partition

() KNM(f,9) = NU[ K,

with N negligible and (K,) a sequence of compact sets (see the note for
IV.67, 0. —1).

Now, K, € M(f,g9) € A. Since (f,g) € A, we know that f =g
almost everywhere in K,, (by the formula for .4" proved above), that is,
the set

{reKn: fz)#9(x)} =Ky N M(f,9) = K
is negligible. It then follows from (x) that KN M(f,g) is negligible.

IV.81, ¢. =5 to —1.

“The Hausdorff uniform space associated with (A, u;F), which we
shall denote S(A,pu;F) ...therefore consists of the equivalence classes for
the relation « f(z) = g(z) locally almost everywhere in A » in the set
S (A, F).”

It is implicit in the wording that the notation S(A, u;F) is reserved for
the case that F is Hausdorff, as the following argument will show.

Consider the uniform space . = . (A,; F), with F not necessarily
Hausdorff. The associated Hausdorff space S can be obtained as follows.
As in the preceding note, let .4 be the intersection of all the entourages
for .. The condition «(f,g) € A" clearly defines an equivalence relation
f~gin & write f for the equivalence class of f, and

S=S)~={f: feT}
for the quotient set. For each entourage W for .7, write

W={(f.9): (f.9) eW};
it is routine to check that the sets W form a fundamental system of en-
tourages for a uniform structure on S, and this structure is Hausdorff since

AW =N{(f.9): (f.9) €W} ={(f.9): (f.9) €W forall W}
W W

—{(f.9): (e ¥ =\Wy={(f.0): f=3g}
(GT, 11, §1, No. 2, Prop. 3).
In brief, S is derived from . by passing to quotients for the equivalence
relation « (f,g) € 4" ». For this to be the same relation as

« f(x) = g(x) locally almost everywhere in A,

one requires the formula for .4 in the preceding note, whose proof assumes
that F is Hausdorff.
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IV.82, (. 7.
“It follows from No. 10, Prop. 16 that v is bijective.”

It is tacit that F is Hausdorff (see the preceding note). Let Ay =

J Ay and N =A — Ay; thus Ay is measurable (IV.77, . —8 to —6) and
AEL
N is locally negligible. .

¢ is injective. Suppose f,g € S (A, p;F) with ¥(f) = ¥(g), that is,
fx = gy for all A, in other words f ‘AA = g|A>\ locally almost everywhere
for every A; thus, for each A there exists a locally negligible set N, C A,
such that f =g on Ay — N, . Then (pairwise disjointness)

=g on U(AA—N,\):UA,\— UN,\ZAU—NO,
X x x

where Ng = [JN,; since the A, are locally countable, so are the Ny,
Y
therefore Ny is also locally negligible (loc. cit.).

Since NUNj is locally negligible and A — (NUNg) = (A — N) — Ny =
Ao — No, it follows that f = g locally almost everywhere (on A), that is,
=g

Y is surjective. Let u = (uy) € [[S(Ax, u;F); we seek a function
)

f e S (A, u;F)such that (f) = u, that is, fy =uy for all .

For each X, let g* be any mapping in . (A, u; F) whose equivalence
class is uy (it is not assumed that g* is the restriction to A, of a mapping g
on A). Let fo =Ap — F be the mapping such that f(]‘A)\ = ¢ for all A
(disjointness); since g* is y-measurablein A, for every A, it follows that fo
is p-measurable in Ay (No. 10, Prop. 16). Let f; : X — F be a measurable
extension of fy to X (No. 10, Def. 8), and define f = fl‘A; then f is
p-measurable (Def. 8), that is, f € (A, u; F), and, for all X,

o= FIAx = (1]A)|Ax = fi]Ax = (f1]Ao)|Ax = fo]Ax = ¢*

(the first equality defines fy, as in ¢. 4,5), whence f>\ =u) for all A.

IV.82, (. 7-9.
“Consider an entourage T of S(A,p;F) that is the canonical image of
a W(V,B,0), where B is a compact subset of A”

The sets W = W(V,B,¢) form a fundamental system of entourages
for (A, u;F) (see the note for IV.81, ¢. 9-11), therefore the sets T =
W = {(f,¢) : (f,g) € W} form a fundamental system of entourages for
S(A, u; F) (see the Note for IV.81, ¢. —5 to —1).
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IV.82, /. 9,10.
“...theset J of A €L such that BNA) # @ is countable (No. 9),

and [p|(B) = > [u[(BNAy)”
Aeld

Since the family (A))xes is locally countable, J is countable (para-
graph following No. 9, Def. 7). With notations for Ay and N as in the note
for ¢. 7, one then has

B=BNA=BnNA)UBNN)= (UBmAQu(BmN),
Aed

where BN N is negligible (No. 2, Prop. 5), whence the formula for |u|(B)
(84, No. 5, Prop. 9).

IV.82, (. 13-16.
“The image of T under % x v is ... which proves the proposition.”

Let us pause to review product uniform spaces. Let (Xy))aer, be a

family of uniform spaces, X = [] X the product set, and pry : X — X
XeL
(A € L) the family of projection mappings. The product uniformity of X is

the initial uniform structure for the family (pry)ier, that is, the coarsest
uniform structure on X that renders uniformly continuous every pry (GT,
I1, §2, No. 6, Def. 4). If A\g € L and W), C X, x X}, , then

(Pra, X Prag) H(Wa,) = Wi, x [ (Xa x Xa).
A£No

More generally, if H is a finite subset of L, and if, for each A € H, W is
a subset of Xy x X, then

(*) () eraxpra) "(Wa) = [T Wax JT XaxXy).

A€H A€H AeL—H

If H runs over the set of finite subsets of L and if, for each A € H, W runs
over a fundamental system of entourages for X , then the sets (x) form a
fundamental system of entourages for the product uniformity on X (GT, loc.
cit., No. 3, Prop. 4). {See also J.L. Kelley, General topology (Van Nostrand,
New York, 1955), p. 182.}

=t is uniformly continuous. Given a basic entourage W for . =
(A, u; F), so that the set

W=A{(f,9): (f,9) e W}
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is a basic entourage for S = S(A, i; F) (see the note for IV.81, £. =5 to —1),
it will suffice to show that (¢ x ¥)(W) D ¥ for some entourage ¥ for

I Sx, where Sy = S(Ax, ; F) for all A € L; for then, writing
A€EL

o=y txy Tt =@wxy) T []Sax [[Sa—S xS,

A€L A€L

one has (W) = (¢ x¢)(W) D ¥, thus &' (W) contains—hence is—an
entourage for [[ Sy, which will show that ¢~ is uniformly continuous (GT,
A

I1, §2, No. 1, remarks following Def. 1).
For the basic entourage W for ., take W = W(V,B,d), with V
an entourage for F, B a compact subset of A, and § > 0 , so that W
is the set T of the text; we seek an entourage ¥ for [[S, such that
b

(b x )W) D7

Let H C J C L (J countable, H finite) be chosen as in the text
and let m be the number of elements of H. For A\ € H write W, =
W(V,A\,0/2m), and

={(fM M) A gd e A=A wF)} = {(ur,v2) 0 uy, vy €Sy };

then W, is an entourage for S, , and the set

= (TIWa) x ( TT sxx80)c IIsvx T

A€H AeL—H A€L A€L

is an entourage for the product uniformity on [] Sx. Let us show that

_ AEL
¥ C (W x B)W). |
Let (u,v) € 7. Say u = (ux)reL, v = (vx)reL , 50 that (uy,vy) € Wy
for all A € H (but no restriction on the uy,vy € Sy for A € L — H).

Since ¥ : S — ][] Sa is bijective, there exist functions f,g € . such
AEL

that ¢(f) = u and ¥(g) = v, and so (¢ x i,b)((f,g)) = (u,v). Thus, for
every A € L, uy (resp. vy ) is the equivalence class of f) = f|A>\ (resp.
gr = g|A>\ ). By the definition of ¥, for every A € H one has (ux,v)) € W,

and so
W € Ax: (F(@).9(@) ¢V} < 6/2m.

Write
My={z€Ax: (f(z),9(z)) ¢V} for A\eH,

M={zeB: (f(z),g(x)) ¢V};
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for all A € H we have M N Ay C My and |p|*(My) <d/2m.
If we can show that |u|*(M) < 4, it will follow that (f,g) € W(V,B,d),
whence (f,§) € W, and so

(u,0) = (¥ x V) ((£,9)) € (¥ x )W),

as we wish to show.

Now, M C B C A, and we have a partition A = NU [J A\ with N
A€L
locally negligible. Then

M:MmBmA:MmBn(NU UAA>
€L
:(MOBON_)U [Mm(}GJLBmAA)]
=(MNN)U -MQ(ALEJJBHAAH
= (MNN)U _UMOAA}
“aeJ

= (MNN)U U MOAA] U[ U MﬂAA];

" A\€EH AeJ—H

but MNA, CM, forall A€ H,and MNAy, Cc BNA, forall A\e J—H,
therefore

Mc (MNN)U [UMA} [U BmAA].

The first term on the right side is negligible; in the middle term, |u|*(M)) <
d/2m for all A € H; and the third term has outer measure < §/2 by the
choice of H; therefore

Ll (M) < 0+ m - (5/2m) +6/2 =5,

as we wished to show.

Y is uniformly continuous. Given a basic entourage ¥ for the prod-

uct uniformity on [] Sy, it will suffice to find an entourage W for . =
AeL

(A, 1; F) such that (¢ x )(W) C ¥ (GT, loc. cit.).
We can suppose that

"V:HWAX H S)\XS)\,

AeH AeL—H
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where H is a finite subset of L and, for each A € H, W) = W(V,B,,J)
in the context of .\ = (A, u;F), with V a basic entourage for F,
B\ a compact subset of Ay, and ¢ > 0; that is, ¥ is the set of pairs of

families ((U)\),(U)\)) € II Sax I Sa such that, for A € H, (ux,vy) € Wy.
AEL AEL
Construct W as follows: let B= |J B, (a compact subset of A such
A€H
that BNAy =By for A€ H,and BNA)x =2 for A € L — H), and form

the entourage W = W(V,B,d) for .#; let us show that the entourage W
for S =S(A,u;F) satisfies (¢ x ¢)(W) C 7.

Let (f,g) € W. Then (¢ X ¢)((f,g)) = ((U)\),(’U)\)), where uy
(resp. vy ) is the equivalence class of the function f) = f‘AA (resp. gx =
g|AA), so that (ux,vx) = (fx, ) ; to show that (1 x ¢)((f,g)) €V we
need only show that (uy,vy) € Wy for all A e H.

Let A€ H. Then

{zeBx: (fa(x),9a(2) ¢V C{zeB: (f(z),9(x)) ¢ V};

since the outer measure of the right side is < § (because (f,g) € W), the
outer measure of the left side is also < d, in other words, (fi,gx) € Wy,
and so (uy,vy) € Wy.

IV.82, /. —16 to —14.
“Since each A,, is the union of a negligible set and a sequence of compact
sets, we can suppose that the A,, are already compact and pairwise disjoint.”

Say A = NU(JA,, with N locally negligible; replacing N by N — [JA,

n n

we can suppose that NN |JA,, = @. Then, replacing A, by A, — | Ax
n k<n

(84, No. 5) we can suppose that the A, are pairwise disjoint. For each n,

there exists a partition A, = N,, U|JA.,x with N,, negligible and (A,x) a
k

sequence of pairwise disjoint compact sets (§4, No. 6, Cor. 2 of Th. 4). Then
A= (NUUNH> uUAnk,
n n,k

where N U (JN,, is locally negligible, disjoint from |J A, , and the A,
n n,k

are pairwise disjoint compact sets.
I1VvV.82, (. —14.
“Prop. 17 then allows us to suppose that A is compact.”

Writing S = S(A, u; F) and S,, = S(A,,, ;F), we know from Prop. 17

that the mapping ¢ : S — [[S, is an isomorphism of uniform spaces. If
n
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the compact case is established, so that every S,, is metrizable, it will follow
that [][S,, hence S, is metrizable (GT, IX, §2, No. 4, Cor. 2 of Th. 1).
n

IV.82, (. —14 to —11.

“If (V,) is a countable fundamental system of entourages of F, it is
clear that the W(V,,A,1/n) form a fundamental system of entourages of
(A, u;F) as n runs over N7

Our objective is to prove that S = S(A, u; F) has a countable funda-
mental system of entourages (GT, IX, §2, No. 4, Th. 1), and to this end we
are free to choose any countable fundamental system of entourages (V)
for F; replacing V,, by ViN---NV,,, we can suppose that the sequence
(V) is decreasing. It will suffice to show that . = (A, u;F) has a
countable fundamental system of entourages.

Let W be any entourage for .. We know (IV.81, ¢. 7-9) that there
exist an entourage V of F, a compact subset K of A, and a number § > 0
such that W(V,K,d§) € W. Choose an index m with V,, C V; since the
sequence (V) is decreasing, we can choose m as large as we like, so we can
suppose that 1/m < . Then (IV.81, ¢. 1-3)

W(V,,,A,1/m) C W(V,K,§) CW,
thus the entourages W(V,,, A, 1/n) form a fundamental system of entourages
for 7.

IV.82, /. —11.
“...whence the proposition.”
GT, IX, §2, No. 4, Th. 1.
IV.83, 7. 1,2.

“...the possibility of such a definition follows from the fact that (f,,)
is a Cauchy sequence in (A, u; F).”

The crux of the matter is the following construction: If (dx)r>0 is a
decreasing sequence of numbers > 0 such that &, — 0, then there exists a
subsequence (f,,)r>0 (also Cauchy) of (f,) such that

For, set
Vi={(y,y) eFxF: dyy) <o} (k=0,1,2,...)

(since d is compatible with the uniformity of F, the V form a fundamental
system of entourages for F). Since B is integrable, we may form the sets

Wk = W(Vk,B,ék) N
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W, is the set of all pairs (f,g) € . = .7 (A, u; F) such that

ul({z € B (f(2),9(2)) ¢ Vi }) <,

that is,
ul({z € B d(f(x).g(a)) > 3 }) <.

It is clear that the W, form a fundamental system of entourages for the
uniformity of . (IV.81, £. 1-3). Construct, by induction on k, a sequence
(nk)k>o0 of indices ng < ny < mng < ... such that

(*) nan/>nk = (fnyfn’)ewka
as follows: since (f,) is Cauchy in ., we may choose ng so that
n,n’}ng = (fnyfn/)ew(]

(GT, 1I, §3, No. 1, second paragraph following Def. 2). Having chosen
ng < ... < n,_p satisfying (%) for k = 0,...,r — 1, choose an index n,
such that (x) is satisfied for k& = r; since (x) continues to hold if n, is re-
placed by a larger integer, we can suppose that n, > n,_1, which completes
the induction. In particular, for every k one has npy; > ng > ni and so
(fru> fresr) € Wy, thus

(**) ’:U”({x €B: d(fnk (‘T)7fnk+1 (x)) > O }) < O

by the definition of Wy, .

For each m > 0, the sequence (fmn)n>0 is constructed inductively, as
follows.

m = 0: Already defined is fo, = fn (n =0,1,2,...).

m = 1: Set 8§y = 1/2m+F+L = 1/21%k+1  Gince (f,) is Cauchy
in ., the argument for (xx) shows that (f,) has a subsequence (fi,)n>0
(of course Cauchy) such that, writing

Mln == {IL' c B: d(fln(ﬂf),fl,n+1(x)) > 1/21+n+1}

(a measurable set, by No. 3, Th. 1 and No. 5, Prop. 7), one has |u|(M1,) <
1/2177+1 Note that

1 1 1 1
Z [l (M) < Z oltntl 9 Z on+l 9 1=1/2".

n>0 n>0 n>0
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m > 1: Assuming the (Cauchy) sequence (f,—1.n)n>0 already defined,
set Ok = 1/2m+k+1 and, by the argument for (*#), choose a subsequence
(fmn)n20 of (fm—l,n)n}O such that, writing

an - {(E €B: d(fmn(w)7fm,n+1(x)) > 1/2m+n+1 }7

one has |u|(My,) < 1/2mT7 L (n = 0,1,2,...), which completes the in-
duction. Note that

1 1 m
(k) Z|M|(an)<2—mZW:1/2 (m=1,23,...)

n>0 n=0

For notational completeness, and convenience later in the proof, we define
Mg, =B for all n>0.

V.83, (. 2,3,
“Set M,, = U My ; then
n>0
1l (M) < |l (M) < 1/277
n=0

It is intended here that m > 1; the inequality then follows from ()
of the preceding note.
By the convention established at the end of the preceding note,

My = B; the above inequalities assure that the set N = () M,, is negligi-
m=0
ble, irrespective of the value of |u|(My).

1V.83, (. 4,5.
“...and, for every x € B — M,,, we have d(fmn(2), fr.ntp(x)) <
1/2m*" forall n >0 andall p>07

It is assumed here that m > 1. Thus,

n=0 n>0

means that d(fomn (@), fmnt1(x)) < 1/2mF7H forall n > 0. It then follows
from the triangle inequality that

p—1 p—1
1
d(fmn(x)v fm,n+p(x)) < d(fm,n+k(x)7 fm,n+k+1(x)) < Z W
k=0 k=0

-1
1 = 1 1
= 2m+n Z 2k+1 < am+n -1
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V.83, £. 8-10.

“...if x € B—= N, there exists an index m such that x ¢ M,, , which
proves that the sequence (g,(z)) is a Cauchy sequence in F.”

Since x ¢ N we know that there exists an index m > 0 such that
x ¢ M,,. But x € B=Mj, so m > 1; by the preceding note, (fn(z))n>0
is Cauchy, hence so its its subsequence (g, (Z))n>m -

IV.83, (. 11-15.

“If now B is the union of a sequence (B,,) ... where P,, is negligi-
ble.”

The notations for m = 0 can be handled as follows. We can suppose
that Bg = @; setting Pg = @ and gg,, = f, for all n > 0, the sequence
(gno)n>o0 is vacuously pointwise Cauchy in By — P(. The recursive defini-
tion then proceeds as in the text.

IV.83, (. —11,—10.
“...we are thus reduced to proving the proposition when A is integrable”

A product of nonempty uniform spaces is complete if and only if every
factor is complete (GT, II, §3, No. 5, Prop. 10).

IV.83, (. -9, 8.

“...for every Cauchy sequence (f,) in .Z(A,;F) there exists a sub-
sequence (fp,) that is convergent in A — N, where N is negligible”

This is immediate from Lemma 4 and the completeness of F.

But...where does the Cauchy sequence (f,) come from? We are to
show that S = S(A, u;F) is complete, thus one begins with a Cauchy se-
quence (u,) in S. Say f, € ¥ = (A, ;F) with w, = f, (in the
notation of Prop. 17); we need to know that (f,) is Cauchy in .7 .

Lemma. Let A be any measurable subset of X, and W = W(V,B, /),
where V is an entourage for F', B is an integrable subset of A, and § > 0,
and let

W={(f9: (fg9 eW}.

Then, for a pair of functions f,g in .#, one has
(f,9) €W & (f,9)eW.

= : By the definition of W .

«<: Suppose (f,g) € W. This means that there exists a pair (h, k) € W
such that (f,g) = (h, k), that is, locally almost everywhere, f = h and g = k.
Let M be a locally negligible subset of A such that f = h and g = k
everywhere in A — M. Since B is integrable, B N M is negligible (No. 2,
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Cor. 1 of Prop. 5), and f =h and g = k everywhere in BN (A — M) =
B — BN M; it follows that the sets

{reB: (f(w),g(x))géV} and {x € B: (h(m),k(sc))gé\/'}

differ at most by the negligible set B N M, therefore
[ul*({z € B: (f(2),9(z)) ¢ V}) = [ul*({z € B: (h(x),k(z)) ¢ V}).

Since (h,k) € W, we know that |u[*({z € B: (h(z),k(z)) ¢ V}) <4,
therefore |u|*({z € B: (f(z),9(z)) ¢ V}) <4 andso (f,g) € W. <

With notations as in the Lemma, if (u,) is a sequence in S and if
Uy = fr with f,, € ., then

(un) is Cauchy in S < (f,) is Cauchy in ..

For, if W = W(V,B,d) as in the Lemma, so that the sets W (resp. W)
form a fundamental system of entourages for . (resp. S), one has

(um’un)ew & (fm,fn) €W,

thus the assertion follows from GT, II, §3, No. 1, second paragraph following
Def. 2.

IV.83, ¢. —7,—6.
“...is then p-measurable ”

By 1° of the generalization of Egoroff’s Theorem proved in the note for
IV.80, ¢. —17 to —14 (item “No. 4, Th. 2’ in that note).

1Vv.83, (. —6,—5.
“...it follows from the extension of Egoroff’s theorem mentioned in
No. 10 that the sequence (f,,) converges in measure to f in A.”

By 2° of the generalization cited in the preceding note, if K C A
is compact and 0 > 0, there exists a compact set K; C K such that
|u|(K — K1) < 6 and f,, — f uniformly on K; (we do not need the
continuity of the restrictions to K; established there). We are to show that
(fn,) converges to f in the uniform space . = .7 (A, 1; F).

Given a basic entourage W for .7, it will suffice to find an index kg
such that

k=zky = (fnkvf)ew

(GT, 11, §3, No. 1, second paragraph following Def. 2). We can suppose that

W = W(V,K,5),
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where 6 > 0, V = {(y,v') € FxF: d(y,y') < e} (d a metric on F
compatible with its uniformity, and ¢ > 0), and K is a compact subset
of A (IV.81, £. 7-9); thus W is the set of all pairs (g,h) € .¥ x . such
that

lu|({z € K: d(g(z),h(z)) >e}) <9.

Let Ky C K be a compact set such that |u|(K — Ky) <6 and f,, — f
uniformly on Kj, and choose an index kg such that

k>ky = d(fn(z),f(z)) <e forall ze€Ky;
it follows that if & > ko then
{r e K: d(fn,(2),f(z)) >} CK =Ky,
whence

l(fe € K¢ d(fu, (@), f(2)) > e}) < ul(K = K1) <5

and so (fy,,f) € W by the preceding paragraph.

Note that, with W as above, W(f)={g€ . : (g,f) € W} is a basic
neighborhood of f in %, and the foregoing shows that for every index n,
there exists an index k such that ny > n and f,, € W(f); thus f is a
cluster point of the sequence (f,) (GT, I, §7, No. 3, second paragraph of
Ezample 1).

IV.83, (. —4.
“... f is a cluster point of the sequence (f,) in (A, u;F) ”

Observed at the end of the preceding note.

IV.83, 7. —3,—2.
“...since the sequence (f,) is by hypothesis a Cauchy sequence, it
converges to f.”

GT, II, §3, No. 2, Cor. 2 of Prop. 5.

To recapitulate the argument: After reducing to the case that A is
integrable, one shows that every Cauchy sequence (f,) in the uniform space
S =S (A, u; F) is convergent (in measure) to an f € .. If, then, (u,) is
a Cauchy sequence in the (metrizable) uniform space S = S(A, ;F), say
Uy = fn with f, € .7, one knows that (f,,) is Cauchy in . (see the note
for £. —9, —8) hence is convergent in measure to an f € .; as (fn,f) € W
is equivalent to (f,,f) € W for an entourage W = W(V,B,d) (loc. cit.),
it follows that (u,) converges to u = f in S.
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IV.84, ¢. 1.
“COROLLARY.”

This is a corollary of Lemma 4, using parts of the proof of Prop. 19.

IV.84, (. 10,11.
“The assertion follows at once from the extension of Egoroff’s theorem
mentioned in No. 10.”

One is assuming that there exists a locally negligible set N C A such
that f,(z) — f(z) for all x € A — N. The argument that f is measurable
is given in the note for IV.83, ¢. —7,—6 (completeness of F is not needed
since the limits f(x) for x € A — N are assumed to exist); and the argument
that f, — f in the uniform space .#(A, ;) (that is, in measure) is given
in the note for IV.83, ¢. —6,—5 (valid for A measurable but not necessarily
integrable; the role of integrability arises in the proof of Prop. 19 because of
the citation of Lemma 4 in order to obtain a limit function f, whereas f
is given here in advance).

1V.84, (. 15. R

“... f’ is a u-measurable mapping of B — N into F”

Write gx = fn, |B — N; we know that g : B— N — F is y-measurable
( fn, has a measurable extension to X, therefore so does gy ; see item )
in the note for IV.79, ¢. 3,4). Let ¢ : F — F be the canonical injection,
and g, =iogy:B—N— 13; since 4 is continuous, g is y-measurable by
the generalization of No. 3, Th. 1 (item No. 3, Th. 1’ in the note for IV.80,
0. —17 to —14). One has g;, — f’ pointwise (on all of B — N), therefore f’

is p-measurable by 1° of the generalization of Egoroft’s theorem (loc. cit.,
item No. 4, Th. 2").

IV.84, (. 15, 16.
“...the sequence (f,) converges in measure to f’ in B — N by (i)

7

Lemma. If C is a measurable subset of A, then the mapping f +— f |C
of S (A, u;F) into (C, u; F) is uniformly continuous.

For, f|C is measurable (since f has a measurable extension to X, so
does f ‘C ). If K is a compact subset of C then it is also a compact subset
of A;let V be a basic entourage for F, let 6 > 0, and write

Wi = W(V,K,§) and W¢ = W(V,K,5)

for the corresponding entourages for ¥, = . (A, u; F) and .%c = 7 (C, i;; F) .
Then, for f,g € (A, u;F),

{reK: (f(2),9(x)) ¢V} ={z e K: ((f|O)(2),(9[C)(x)) ¢ V},
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whence obviously
(f,9) €eWa & (f|C,g|C) € We.

Since W describes a basic entourage for .7, and W, is an entourage
for %, that is mapped into W¢ by f — f‘C, the mapping is indeed
uniformly continuous.

In particular, if the sequence (f,,) is Cauchy (in measure) in the uniform
space %A , then ( fn|C) is Cauchy in .%c; and if f, — f in measure then
fn|C — f|C in measure.

Consider now the given convergent (in measure) sequence f, — f
in #A, the ‘countably integrable’ set B C A, the negligible set N C B,
and the subsequence (f,,) of (f,.) such that f,, (z) — f'(x) € F for all
re€B—=N. Write C=B —N.

Writing i : F — F for the canonical injection, and fr. =10 (fn, |C),
we have

fl(x) = f'(z) forall 1€ C=B—N;

ng

by (i) of the present Corollary, f;, — f’ (in measure) in .7, = . (C, u; F).

On the other hand, since f, — f in measure, hence f,, — f in
measure, we know that f,, ‘C — f ‘C in measure by the Lemma; and since
i:F — F is uniformly continuous, it follows that i o (fns |C) — o (f‘C) in
measure, that is, f), —io (f‘C) in .

Thus, if u, € S = S(C,u;f‘) is the equivalence class of f; , u is
the class of 7o (f‘C), and u’ is the class of [/, we have up — u and
up — u in Sg; since S is Hausdorff (IV.81, £. —7 to —1), it follows that
u=1u', thus io(f |C) = f’ locally almost everywhere in C, and since C is a
countable union of integrable sets, in fact io (f ‘C) = f" almost everywhere
in C. But f,,(z) — f(x) for every z € C, and f'(z) = f(x) for almost
every x € C, therefore f,,(x) — f(x) for almost every x € C. Since
B =CUN and N is negligible, we conclude that f,, (z) — f(x) for almost
every x € B this proves the assertion (ii) of the Corollary.

As for the original assertion, since f, — f in measure, the argument in
the paragraph before the last shows that 7o (fn‘C) — 10 (f‘C) in measure;
but we now know that io (f ‘C) = f’ almost everywhere in C, therefore

io(fn|C)— f' in measure.

This is the sense in which the original assertion holds, avoiding the abuse of
notation where the f, take values in F whereas f’ takes its values in F.
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IV.84, ¢. 16,17.

“... f" is therefore equal to f almost everywhere in B.”

Writing C = B — N as in the preceding note, we know that f’:C — F
is measurable (IV.84, ¢. 15); its extension to X by a point yo € F is then a
measurable function on X (No. 10, Def. 8), whose restriction to A is also
measurable (No. 10, Def. 8); denote this function A — F also by f’, so
that f’ € .Z(A,u;F). Since f'(z) = f(z) for almost every z € C (by the
next-to-last paragraph of the preceding note) and N is negligible, it follows
that f'(z) = (iof)(x) for almost every z € B = CUN, that is, the functions
flyiof of L(A,p; I*A“) are equal almost everywhere in B.

The assertion (ii) of the Corollary is proved in the next-to-last paragraph
of the preceding note.

One observes that the statement of the Corollary makes no complete-
ness assumptions; the complete space F is merely auxiliary to the proof.
Assuming F to be complete would simplify the proof of the Corollary, but
would needlessly restrict its generality.

IV.84, (. —14 to —11.

“...if V; is the entourage of F formed by the pairs (y,z) such that
|y —z| < J, the entourage W(Vs,B, ) is the set of pairs (f,g) of measur-
able mappings of A into F such that f —g e T(B,9).”

Write . = (A, u; F). By definition, W(Vs,B,d) is the set of pairs
(f,g) € ¥ x . such that

ul({z €B: (f(z),8(2)) ¢ Vs}) <0,

whereas the condition f —g € T(B,d) means that

ul({z €B: [(f —g)(@)] > 0}) <9

so the assertion will be true if

(1) ((F(x).8(z)) ¢ Vs & |[f(x) —g(z)] >0.

We have a choice: if the definition of T(B,d) in the text is retained, then
one should define

(%) Vs ={(y,z) e FxF: |[y—z|<d}.

On the other hand, if the proposed definition of Vs (with < instead of <)
is retained, then T(B,J) should have been defined as the set of f € . such
that

ul({z € B [f(2)] >4d}) <4
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I propose to leave the definitions of T(B,d) and W(Vs,B,d) as in the
text, and to make them compatible by redefining Vs as in (x).

Note that entourages of the form W{(Vs,B,0) are basic for the unifor-
mity of .%; for, if V is any entourage for F, B is any integrable subset
of A, and 0 is any number > 0, one can choose ¢’ > 0 sufficiently small
that both Vs € V and §' < 4, and so W(Vy,B,d) € W(V,B,d). Note
also that since the Vs are symmetric, so are the W(V,B,J), that is,

(fag) € W(V57B35) <~ (ga f) € W(V(sza(S) .
V.84, (. —10.

< 'T(B,5) + T(B,5) € T(B,25) "
Let f,g € (A, u; F). One has

{zeB: |f+g)(z)| =220} C{zeB: [f(x)|>2d}U{zeB: |gx) =}

by the triangle inequality for the norm on F; if f,g € T(B,d) then the
|p|-measure of each set on the right is < J, so the set on the left has
measure < 20, therefore f+ g e T(B,26).

IV.84, (. —10, 9.
“ T(B,|a|d) C aT(B,d) for every nonzero scalar « such that |a] <17

f € T(B,|a|d0) means that
(+) ul({z €B: IE@)] > lals}) < lald,
whereas f € aT(B,§) means that a~'f € T(B,d), that is,
ul({z €B: o™ f(2)] > 0}) <9,
in other words
(%) lul({z €B: |f(z)| = |ald}) < 6;

since |a| <1, (%) implies (xx), whence the asserted inclusion.

This shows that aT(B, ) is a neighborhood of 0 in (A, ;;F) when
0 < |a| < 1; a subtler argument is needed for arbitrary « # 0 (see the note
for 0. —2,—1).
IV.84, (. —6.

“No. 3, Cor. 6 of Th. 17

More precisely, its generalization (item No. 3, Cor. 6’ of Th. 1 in the
note for IV.80, ¢. —17 to —14).
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IV.84, (. —2,—1.
“...which completes the proof of assertion (i).

Write . = (A, u; F) . Recall that

9

W(Vs,B,8) ={(f,.g) € ¥ x.%: f—ge T(B,5)}.

Since the sets W(Vs,B, ) form a fundamental system of entourages for the
uniformity of ./, the sets

{fes: (f,g) € W(Vs,B,0)}

form a fundamental system of neighborhoods of g € . for the topology of
convergence in measure. In particular, the sets

{fes: (£,00 e W(Vs,B,0)}={fe: f—0¢€ T(B,d) } = T(B,0)
form a fundamental system of neighborhoods of 0 in . ; and their translates
g+ TB,))={fec: f-geTB,))}={fec: (fg) € W(Vs,B,d)}

form a fundamental system of neighborhoods of g in ..

Let U be the set of all balanced neighborhoods of 0 in ., that is, the
set of all balanced subsets of . that contain some set T(B, d) ; it will suffice
to show that U satisfies the conditions (EVy), (EVy), (EVynp) of TVS, I,
81, No. 5, Prop. 4.

(EVi): Every T(B,¢) is balanced. For, if f € T(B,d) and || <1
then

{zeB: |af(z)| =20} C{zreB: |[f(x)|>d};

since the |u|-measure of the set on the right is < J, so is that of the set on
the left, in other words of € T(B,¢). Thus every T(B,d) belongs to U.

Every T(B,d) is absorbent. For, given any f € ., the argument
in the text shows that there exists a positive number A = n? such that
f € AT(B,0), and since T(B,0) is balanced, it is absorbent (TVS, loc. cit.,
remarks following Def. 4).

Every set in U is by assumption balanced, and since it contains some
T(B,¢) it is absorbent. Thus U satisfies (EV7).

(EVin): For every T(B,d) one has T(B,d/2) + T(B,d/2) C T(B,9).

(EV1r): This follows from (EVy) and (EVyyp) (TVS, loc. cit., Remark 2).
For, let U €U and let A be a scalar # 0; we are to show that \U € . At
any rate, since U is balanced, so is AU ; we must show that T(B,d") C AU



INT IV.x168 EXTENSION OF A MEASURE. L” SPACES 85

for some integrable set B C A and some number ¢’ > 0. Say T(B,¢) C U.
Then
2T(B,d/2) C T(B,d/2) + T(B,d/2) C T(B,J);

thus 27T(B,d/2) C T(B,d) for every 6 > 0, whence, by induction,
2"T(B,0/2") C T(B,¢) for every integer n > 1.

Choose n so large that 2"|\| > 1; since T(B,d/2™) is balanced, one has
(2" A)~rT(B,5/2") € T(B,6/2"), whence

T(B,5/2") C |A]2" T(B,5/2") C |\|T(B,5) C |A\|[U = AU

(AU = AU because U is balanced, hence circled).

IV.85, (. 1 4.
“The relation [ |[f|P d|p| < 6PT! implies that if C is the set of xz € X
such that |f(z)| > ¢, then

Wmﬁ@></HWﬂM<5“H

whence |u|*(C) < ¢, which proves (iii).”

Recall that every p-th power integrable function f : X — F is mea-
surable, that is, 2 (X,u) C L(X,u;F) (No. 6, Th. 5). Let us abbreviate
L = L (X,p) and S = S (X, 1 F).

We are to show that the norm topology on .Z? is finer than the topology
on Z? induced by that of .¥; that is, for p-th power integrable functions,
convergence in mean of order p implies convergence in measure; in other
words, the canonical injection .£P — . is continuous. Since both .ZP
and . are topological vector spaces and the mapping is linear, it suffices
to establish continuity at 0.

Thus, given a basic neighborhood U of 0 in ., it suffices to show that
UNZP is a neighborhood of 0 in £?. We can suppose that U = T(B, ),
where B is an integrable (or even compact) set in X, and 6 > 0. It will
suffice to show that T(B,d) contains a closed ball in .£? centered at 0;
thus we seek a real number p > 0 such that

(%) {fe ZP: Ny(f) <p} C T(B,9).

Suppose, provisionally, that 0 < p < +o0 and f € £? with N,(f) < p.
For f to belong to T(B,J), one must have

Hl({z € B: [f(@) > 0) <.

N
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Let C={z e X: |f(x)] >0}. Since |f| is measurable (No. 3, Cor. 6 of
Th. 1), so is the set C (No. 5, Prop. 8). In fact, C is integrable; for, if p¢
is its characteristic function, we have 0Ppc < |[f|Ppc < |f|P, whence

5 |uf*(C) < / P ] < o < +oo

and we may write |u|(C). To assure that f € T(B,¢), in other words that
|u|(BNC) < 4, it suffices to assure that |u|(C) < §. But 07|u|(C) < pP,
that is, |u|(C) < (p/d)?; so £ € T(B,d) is assured if (p/d)P = §, that is,
pP = 6Pt p = §ltl/p

To recapitulate: given a neighborhood T(B,d) of 0 in ., where
B C X is integrable and § > 0, setting p = §'T1/P assures that (x) is
satisfied.

IV.85, ¢. 5-7.

“In view of (iii), it suffices to show for example that %, is dense in %,
since by definition # (X;F) is densein %3 for the topology of convergence
in mean.”

The argument is easily modified to cover the case of £ ; borrowing
from the next note, let us assume already established that .2} is dense
in yp .

Let U be a nonempty open set in .Yp; we are to show that
UnN .2 (X;F) # @. By the foregoing assumption, UN.ZL is nonempty,
and by (iii) it is an open set in Z% , therefore

Und(XF)=Un (LN (X;F) = UnZL)Na (X;F) £
by the density of # (X;F) in 2% (§3, No. 4, Def. 2).

IV.85, (. 7-12.

“Now, let f be any element of /% ... and obviously f—g € T(B,d).”

The objective is to prove that ZF? is dense in %% . Given f € Y% and
aset T(B,0), so that £+ T(B,d) is a basic neighborhood of f in ./, we
are to show that (f+ T(B,d)) N.ZE # &, establishing that f belongs to the
closure of .2 in %% ; thus we seek a function g € £ such g € £+ T(B, ).

As shown in the proof of (i), there exists a number n > 0 such that
the (integrable) set C = {x € B: |f(x)| > n} satisfies |u|(C) < §. Then
If| <1/n on B — C, thus the function g : X — F defined by g = pp—cf is
measurable (No. 3, remarks following Cor. 5 of Th. 1) and |g| < (1/n)¢s-c .
It follows that g € £, since

N, (8) = Np(lgl) < (1/n)Np(p—c) = (1/n)(|ul(B = €))7 < +o0
(No. 6, Th. 5).
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Finally, g € f + T(B,¢). For, g—f = 0 on B — C, therefore if
lg(x) — f(z)] > § then x € X — (B = C); if, moreover, x € B, then
r€B—=(B—=C)=C, thus {z €B: |g(z) —f(z)| >} C C, whence

H({z € B lg(@) — £@) > 8}) < lul(C) < 8
and so g —f € T(B,0).

IV.85, (. 19-27.
“DEFINITION 10.”

The definition is self-explanatory and needs no notes—but to the reader
familiar with measures as set functions (let us call them ‘set-measures’, re-
serving ‘measures’ for the Bourbaki concept) as in the book of P.R. Halmos
(Measure theory, Springer), the definition invites interpretation; so to speak,
the numerical measures |f|P-|u| to be defined shortly are (i) equi-‘absolutely
continuous’ with respect to |u| and (ii) equi-‘inner regular’.

To get a feeling for the definition, we consider the case that H consists
of a single function. The essence of the definition concerns a positive mea-
sure (|p|) and positive numerical functions ( |f|P) that are integrable with
respect to the measure; let us simplify the notation by assuming that pu
is a positive measure and H = {f}, where f € £!(u) and f > 0. The
conditions then read:

(i) for every & > 0 there exists a 6 > 0 such that, for a u-integrable
set A,

wA) <o = /sOAfduée;

(ii) for every £ > 0 there exists a compact set K C X such that

/SDX—deM<€-

Our goal is to establish these properties by interpreting the symbol f-u
as a measure on X . We will in fact construct two candidate measures v and
p (both positive and bounded). The precedent of Ch. III, §1, No. 4 (g - &,
g continuous) suggests strongly that the notation f-pu be awarded to v,
which has the easiest and most natural definition, but it is p that yields
the properties needed for item (i). For item (ii) there is a direct proof not
making use of any new measures (Prop. A below). The two measures will
be shown to be equal if every compact set in X is a G5 (the intersection of
a sequence of open sets), as is the case when X is metrizable (GT, IX, §2,
No. 5, Prop. 7). My guess is that v = p always, but I have not succeeded
in putting the pieces together.
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Proposition A. Condition (ii) always holds.

Proof. Recall that @a f is p-integrable for every py-measurable set A
(No. 6, Cor. 3 of Th. 5). Writing £ for the set of all compact subsets of X,
the assertion of (ii) is equivalent to

Sup/soxfduz/fdu-
KeRr

By 84, No. 4, Cor. of Th. 3, there exists an increasing sequence (g,) of
p-integrable functions with compact support such that g¢,(z) — f(z) for
p-almost every x. Consider the doubly indexed family of numbers

/ PR Gn At ;

by the ‘associativity of sups’ we may compute the supremum of the family
in two ways (a special case of GT, IV, §5, No. 4, Prop. 8):

(%) sup (sup/nggn d,u> = sup ( sup /@Kgn du),

Kegr n n Ker

Now, for each K € R,

sup/sngn dp = /cpdeu

because ¢kg, 1 wxf p-almost everywhere (§3, No. 6, Th. 5; or §4, No. 3,
Prop. 4 or Th. 2); whereas for each n,

sup/cngn dp = /gn dp
Kegr

since @kgn = gn for K = Suppg,. Thus (x) yields

sup/cpdeuzsup/gndu:/fdm
Kegr n

whence (ii). {We will see later that this number is p(X).} ¢

Definition of the measure v = f - .

For each h € # = J#(X;C) the function hf is u-measurable (No. 3,
remark following Cor. 5 of Th. 1) and |hf| < ||h| f, whence

Ni(hf) < RN (f) < +o0,
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thus hf is p-integrable (No. 6, Th. 5); the formula

u(h) = /hfdu (he )

defines a linear form on % such that h > 0 = v(h) > 0, that is, a positive
measure v on X (Ch. III, §1, No. 5, Th. 1). We write v = f - 1, a notation
consistent with Ch. III, §1, No. 4 when f is continuous. Moreover,

w(h)| < w(Ih]) < |Ih] / fu,

thus v is a bounded measure on X (loc. cit., No. 8, remark following Def. 3).
It follows that X is v-integrable (§4, No. 7, Prop. 12) and that ||v| = v(X) =
sup{v(K) : K C X compact } (§4, No. 6, Cor. 1 of Th. 4).

Note that a compact set K in X is a Gy if and only if there exists a
decreasing sequence (h,) in J,(X) such that h, | ¢x: for, if (U,) is a
sequence of open sets such that K = (U, let k,, € 4 (X) with k,, = 1 on K

and Supp(k,,) C U, (III, §1, No. 2, Lemma 1) and let h,, = inf(k1,...,kpn);
conversely, if hy, | pk then for each n the set K,, = {z: h,(z) > 1} =

ﬂ{m hn(z) >1—1/m} is a compact Gg, and ﬂK =K.
=1
Deferrlng any hypothesis on X, we observe that if K is a compact G

then v(K) = [ ¢k fdu; for, if (hy) is a decreasing sequence in # (X) such
that hy, l ¢k , then v(hy,) | [wxdv = v(K) (84, No. 3, Prop. 4) whereas

hof | pxf implies [hy,fdu | [exfdu, thus

v(K) = limv(h, —hm/h fdu= /cpde,u.

n

This gives the clue for defining a second measure.

Definition of the measure p.

Let @ be the set of all u-integrable subsets of X, and define a positive
real-valued function a on ® by the formula

a(A) = /goAf dp (A p-integrable).

We propose to use Th. 5 of §4, No. 11 to construct a second measure on X;
let us verify that its hypotheses are satisfied.

(PCy): §4, No. 5, Props. 6 and 7.

(PCpp): If K € U with K compact and U open, then M = K € ®
satisfies KC M C U.
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(PMp): If M,N are sets in ® with M C N, then ¢\ f < ¢onf, whence
a(M) < a(N).

(PMy): For any sets M,N € & one has omqun < oM + ¢n,
whence (M UN) < a(M) + a(N).

(PMppp): If M,N € ® are disjoint, then ¢oyun = @M + @N, Whence
aMUN) =a(M) + «(N).

(PMyy): Given M € ® and ¢ > 0, we seek a compact set K C Mand
an open set U D M such that, for every N € & satisfying K C N C U, one
has |a(N) —a(M)| < €.

Since M is p-integrable, there exist a sequence of compact sets (K,,)
and a sequence (U,,) of u-integrable open sets such that K,, ¢ M C U,, and
w(U, — K,,) — 0 (84, No. 6, Th. 4). We can suppose that (K,,) is increasing
and (U,) is decreasing (contemplate K; U--- UK, and Uy N---NU,).
Then (U, — K,,) is decreasing. Let A = |JK,, and B = (U, , which

are p-integrable sets such that K,, C A C 1\/7[1 c BcU, for gll n. Since
U, —K, | B— A, we have

u(B —=A)=limpU, —K,) =0,

that is, B — A is u-negligible. Then

a(Uy — K,) = /soun_andm/soB_Afdu:o;

choose n so that (U, — K, ) <e¢/2, and set U=1U,,, K=K, . For any
N € & such that K C N C U, we have

0<aN)—aK)=aN—=-K)<a(U-=K)<e/2,

and in particular 0 < a(M) — «(K) < /2, whence |a(M) —a(N)| < e.
Thus the hypotheses of §4, Th. 5 are fulfilled: there exists a (unique)

measure p on X such that, for every A € ®, A is p-integrable and
p(A) = a(A) for all A € @, that is,

(1) p(A) = /(pAf dp - for every p-integrable set A C X,

whence p(A) < [fdp < +oo for all such A. In particular, p(K) =
[ e fdu for every compact set K C X, whence p(K) < [ fdp. For every
open set U in X we know that

p*(U) =sup{p(K): KcC U, K compact}



INT IV.x174 EXTENSION OF A MEASURE. L” SPACES 85

(84, No. 6, Cor. 4 of Th. 4). In particular,

p*(X)é/fdu<+oo,

therefore X is p-integrable (loc. cit., Prop. 10), that is, p is a bounded
measure and

o]l = p(X) = sup{p(K) : K C X compact} < / fdu

(84, No. 7, Prop. 12); we therefore have
(2) /gox dp = p(X) = sup{/ e fdu: KCX compact}.

Thus the condition (ii) is clearly equivalent to p(X) = [ fdu. I do not see
how to derive the condition (ii) from (2); but we established (ii) at the outset
(Prop. A), therefore

(3) /cpxdp =p(X) = /fdu-

On the other hand, the condition (i) does follow from the properties
of p:

Proposition B. — The condition (i) is satisfied without restrictions on
the locally compact space X.

Proof. Every p-negligible set A in X is v-negligible; for, such a set
A is p-integrable, hence it is p-integrable and p(A) = 0 by (1). Since p
is a finite measure, it follows that, given any ¢ > 0, there exists a § > 0
such that if A is a p-integrable set with p(A) < 0 then p(A) < e; since
p(A) = [ afdp, this will prove (i).

The argument for set-measures (cf. Halmos, op. cit., p. 125, §30, Th. B)
can be adapted as follows. Assume to the contrary that for some ¢ > 0,
no such ¢ exists; that is, for every d > 0 there exists a p-integrable set A
such that pu(A) < § but p(A) > e. For every positive integer n, choose a
p-integrable set A,, such that u(A,) <1/2" and p(A,) > e, and let A be
the set of all x € X that belong to A,, for infinitely many n, that is,
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which is a p-measurable set. Writing B,, = |J Ak, B, is p-measurable
k=n
and
wEBn) < D AR <Y op = 5oy

therefore B,, is p-integrable (No. 6, Cor. 1 of Th. 5); since B,, D A, it
follows that A is p-integrable and p(A) < w(B,) — 0, whence A is
u-negligible, so by assumption p(A) = 0. But B, | A and p is finite,
therefore p(B,) — p(A); since B, D A, , one has p(B,) > ¢ for all n,
whence p(A) > ¢ > 0, a contradiction.

Finally,

Proposition C. If every compact set in X is a G, then v =p.
Proof. As observed at the end of the discussion of v = f - pu,

(4) v(K) = /cpKf dp  for all compact sets K C X.

In view of the property of p established in (1) above, we have v(K) = p(K)
for every compact set K in X, therefore v = p (§4, No. 10, Cor. 3 of
Prop. 19). $

When v = p we gain information on p, the definition of v being
transformed into

(5) p(h):/hfdu for h e,

and on v, the property (1) of p being transformed into

(6) v(A) = /gpAf dp  for all p-integrable sets A C X;
in terms of the notation f-u = v = p, we thus have

(f-u)(h)Z/hd(f-u)z/hfdu,
(f - 1)(A) =/<,0Ad<f-m=/mdu

for functions h € £ and p-integrable sets A .

Remark. — Since every p-negligible set is p-negligible, it follows that
every pu-measurable set A is p-measurable (remarks following No. 1, Def. 1),
hence is p-integrable by the boundedness of p, but it is conceivable that the
formula of (1) may fail. In particular, we are not authorized to substitute
A =X in formula (1) as a means of obtaining (ii).

For a discussion of the relations with the book of Halmos (op. cit.), see
the next note.
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IV.85, /. 19-27. Echo.
“DEFINITION 10.”

The materials are at hand for a comparative anatomy of ‘measure’
as in Integration and in the book of Halmos (Measure theory, Springer;
briefly, [MT]).

In brief, measure in the sense of Bourbaki corresponds to the reqular
Borel measures of [MT]. As in the preceding note, ‘measures’ in the sense
of [MT] will be called set-measures. As vectorial matters are not treated
in [MT], the discussion concerns only numerical measures, and for simplicity
we restrict attention to positive measures.

To review some terminology of [MT], a set .7 of subsets of X is
called: a ring (=clan) if it is closed under finite unions and differences, and
an algebra if, moreover, it is closed under complementation (equivalently,
X € .¥); a o-ring (resp. o-algebra) is a ring (resp. algebra) that is closed
under countable unions. Thus .% is a g-algebra if and only if it is a tribe
(in other words, a tribe is a clan that is closed under complementation and
countable unions). The set . is said to be hereditary if it contains the
subsets of any of its sets, that is, BCAe ¥ = Be.¥.

Let v be a positive measure on X, and write 91 for the set of all
p-measurable sets A C X; 9 is a tribe (No. 4, Cor. 2 of Th. 2), that is,
a o-algebra of subsets of X. Let A = u* ‘E)Jt be the restriction of p* to 9 :

AA) = i*(A) (A em).

Note that A(A) < +o0 < A is p-integrable (No. 6, Cor. 1 of Th. 5), in
which case A(A) = p(A).

Obviously A(@) =0 and 0 < A(A) < 400 for all A € M, so to verify
that X is a set-measure, it remains only to check that it is countably additive
[MT, §7, p. 30], established at the end of the following list of properties.

monotonicity: A C B = A(A) < A(B) (§1, No. 4, Prop. 16).
finite additivity: ANB =@ = AMAUB) =AA) + A(B).
For, if A and B are both u-integrable, the equality holds by §4, No. 5,

Prop. 6, whereas if one of A, B is not integrable then AUB is not integrable,
whence both sides are equal to +oc.

continuity from below: If A = |J A, , where (A,) is an increasing

n=1
sequence of sets in 91, then A € MM and
A(A) =sup A(An)

(§1, No. 4, Prop. 17).
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countable subadditivity: If (A,) is any sequence of sets in 9t and A =
J A, , then A € M and
n=1

AA) < f: AA,)
n=1

(81, No. 4, Prop. 18).

oo
countable additivity: If A = |J A, , where (A,) is a sequence of pair-
n=1

wise disjoint sets in 9t, then A € 9 and

AA) =) A(A).
n=1

n
For, writing B,, = |J Ax, one has
k=1

AMA) =sup A(By) =sup > AM(Ax) = > A(An)
" " k=1

= n=1

by continuity from below and finite additivity.

In particular, \ is a set-measure.
Let us write R for the set of all u-integrable sets A C X, that is,

R={AeM: \NA) < +o0};

R is a ring (clan) of sets: A;B € R = AUB,A—-B € R (§4, No. 5,
Prop. 7). If A = |J A,, where (A,) is an increasing sequence of sets
n=1

in R, then
AeR & supA(A,)+ oo,

in which case A(A) = sup A(A,,) (§4, No. 5, Prop. 8). The restriction of A
to M is a finite set-measure on the ring R [MT, §5, pp. 30, 31].

Borel sets and H-Borel sets.

Let B be the tribe (o-algebra) of Borel sets in X, that is, the tribe
generated by the closed subsets of X (GT, IX, §6, No. 3, Def. 4). Of course
B C M (No. 4, Cor. 3 of Th. 2), and the restriction /\‘% is a set-measure
on B . However, the set of ‘Borel sets’ in the sense of Halmos [MT, §51,
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p. 219] is the o-ring generated by the compact subsets of X; let us denote
this o-ring by 91, and call its elements H-Borel sets.

Of course B, C B . In order that B, = B it is necessary and sufficient
that X be countable at infinity (i.e., o-compact), that is, X = (JK,, for

n

some sequence (K,,) of compact sets (in such a space, every closed set C
is the union of the sequence of compact sets C N K,, ), in which case 9B,
is a tribe (X € 9B ). Indeed, B; is a tribe if and only if X is countable
at infinity. {For, every element of B, is contained in a countable union of
compact sets, since the hereditary o-ring [MT, §10, p. 41] generated by a
collection of sets must contain the o-ring they generate; whence X € 98, if
and only if X is o-compact}.

Let us write A\; = A!‘Bl , a set-measure on the o-ring of H-Borel subsets
of X. Since A\ (K) = p(K) < +oo for all compact sets K C X, A\ is a
Borel measure in the sense of MT, §52, p. 223. In fact, Ay is a reqular Borel
measure [MT, §52, p. 224] in the sense that, for every A € B,

AA) =sup{\(K): KC A, K compact}
(inner regularity) and
AMA) =inf{\(U): ACU, U openand Ue B, }

(outer regularity). It suffices [MT, §52, Th. F, p. 228] to show that if U € B,
is an open set and U C K; for some compact set K;, then

A(U) =sup{\(K): Kc U, K compact},

and this follows from the p-integrability of U (§4, No. 6, Cor. 1 of Th. 4).
{Incidentally, if U C K; with U open and K; compact, then necessarily
U € 9B, ; indeed, it suffices that U can be covered by a sequence of compact
sets [MT, §51, Th. A, p. 219].}

To summarize:

Proposition A. If p is a positive measure on the locally compact space X,
then the restriction of p* to the o-ring generated by the compact subsets
of X is a regular Borel measure on X in the sense of Halmos [MT].

Conversely:

Proposition B. If A is a regular Borel measure in the sense of [MT]
(defined on the o-ring generated by the compact subsets of X ), then there
exists a unique measure p on X (in the sense of Integration) such that
AMK) = pu(K) for every compact set K in X.
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This follows from §4, No. 11, Th. 5, with ® the set of all compact sets
KcX,and a= )\‘q): for, the condition (PMpy) of Th. 5 follows from the
regularity of A, and the other conditions are obvious from the properties
of A.

In effect, the cited Th. 5 corresponds to the theory of regqular contents
in the book of Halmos [MT, §54].

IV.85, /. —6 to —4.

“Remark. — Suppose p is bounded. For every a > 0, the set of
measurable mappings of X into F such that [f(z)| < a almost everywhere
is equi-integrable of order p, and this is true for any p € [1,4+00[.”

Let H be the set of all such f € £ . For each f € H, write p¢ for the
bounded measure on X determined by the condition that

(+) fmm=/¢MWﬂm

for every p-integrable set A C X (see the first note for ¢. 19-27). Write
M for the tribe of all y-measurable sets A C X, and K for the set of all
compact sets K C X; since g is assumed to be bounded, every A € I
is p-integrable, hence (%) holds for all A € 9. Moreover, since [f| < a
p-almost everywhere for each f € H, one has

pe(A) < aP|p|(A) < a|p|(X) = a? sup || (K)
S

for every f € H and A € 90t.
Given any ¢ > 0, choose K € 8 so that aP|u|(X — K) < ¢ and set
d =¢/aP . Then, for every A € M with |p|(A) < J one has

/ f[Poa du| = pe(A) < aP|ul(A) < aPd=e,
and
[P excicdlul = pe(X = K) < @ lul(X = K) < =

thus H satisfies the conditions (i) and (ii) of Def. 10.

1V.86, (. 24.
“Let f,g in H be such that

c 1/p
(o) - 8 < )
|1l (K)
for x € K, except on a set M of measure < 4§.”



INT IV.x180 EXTENSION OF A MEASURE. L” SPACES 85

Note first of all that only compact sets K of measure > 0 are in play:
assuming N, (f) > 0, for e sufficiently small the K in property (ii) of Def. 10
will have to be non-negligible.

Where are we going? In the notations of Prop. 20, we have

HcC 22X, ) € (X, 15F);

by (iii) of Prop. 20, the uniformity { of . = . (X, u; F) (the uniformity of
convergence in measure) induces on .2 = ZF(X, ) a uniformity coarser
than the uniformity &, of convergence in mean of order p, in other words,
for functions in ZY, convergence in mean of order p implies convergence
in measure. Succinctly, the trace of 4 on ZE x £ is contained in iU,

UN (L x L) Y,

whence 4N (H x H) C Y4, N (H x H). We are embarked on a proof of the
reverse inclusion.

Thus, given a basic entourage U € 4, , we seek an entourage W € U
such that

(%) WnNnHxH)cUN(HxH),
which will show that UN (H x H) € 4N (H x H) and so 4, N (H x H) C
Un(HxH).
We can suppose that
U={(f,g) € LF x L : Ny(f —g) <[(2"*" +1)e]'/P}.
Let V be the entourage for F defined by
V{2 €FxF: ly -2l < (e/|ul(K) "},
and form the entourage W € 4l defined by
W= W(V,K,J),
consisting of all pairs (f,g) € . x . such that
ul*({z € K+ (f(z),g(x) € V}) <0.
Writing, for any pair (f,g) € . x .,
M(f,g) = {z € K: (f(2),g(x)) ¢V}
= {z € K: |f() — g(a)| > (c/Iul(K))""}.
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we thus have
W={(f,g) e/ x7: |[u[*(M(f,g)) <d}.

To establish (%), we wish to show that if (f,g) € W N (H x H), that is,
if f,g € H are such that \,u|*(M(f,g)) < 4§, then (f,g) € U, that is,
N, (f - g) < [P + 1)e] 7.

The statement of ¢. 24 starts the ball rolling by saying: let (f,g) €
W(V,K,d) N (H x H). The rest of the computation is straightforward.
IV.86, (. 5,6.

Based on property (ii) in Def. 10.
IVv.86, /. 8.

Based on property (i) in Def. 10.
Iv.86, (. 11.

Follows from /. 10 because

€

If —glP <
|| (K)

on K—M

by the definition of M in /. 4.

IV.86, /. —12 to —6.
“Lemma 5.7

One notes that the condition (i) reveals the Lemma as an analog, in lo-
cally compact spaces, of Lebesgue’s criterion for Riemann-integrability (see,
for example, §11.4, pp. 211-214 of my book A first course in real analysis,
Springer). Specialized to the case of a bounded function f : [a,b] — R
and Lebesgue measure p on [a,b], the lemma says (assuming Lebesgue’s
criterion) that f is Riemann-integrable if and only if, for every € > 0, there
exist continuous functions g, h : [a,b] — R, with h > 0, such that

|f —g| <h<2sup|f| and /hd,ués.

In effect, approximation of f by step functions (say, in the sense of op. cit.,
p. 174, Th. 9.8.2) is replaced by an approximation by continuous functions.

IV.87, (. 1-4.
“Multiplying ¢1,...,9, by a suitable same element of J# (X), we can
suppose in addition that

lgra1 + -+ - + gnay| < M = sup[f]
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on X, whence k < 2M.”

I am indebted to Professor Dixmier for crucial help with the proof of
Lemma 5.
For technical reasons, let us assume the g; and a; so chosen that,

on writing k = |f — g1a; — -+ — gpa,|, one has [kdu < /4 (instead
of €/2). When the g; are replaced by suitable functions g}, the function
K =If —giay — - — ga,| will satisfy [k du <e/2.

Write p = g1a; + -+ gpa,. Thus p: X — F, k = |[f — p| and
[ kdp <e/4. We seek a continuous function ¢ : X - R, 0 < ¢ <1, such
that, on defining

9 =¢9i, P'=¢p=giar+ - +gpa,, k=I|f-p,
one has |p’| <M and [k'dp <e/2. We define

o(z) = |P12/i)’ it [p(o)] > M

1 if |p(x)] <M.

The continuity of ¢ is a special case of the following proposition (with
g9=Ipl):

Proposition. Let X be any topological space, g : X — R a continuous
function > 0, and M a real number > 0. Let

U={zeX: gx)>M}
and define ¢ : X — [0,1] by
itzelU

p(a) = { 9(2)
1 ifreX-=1TU.

Then ¢ is continuous.

Proof. By the continuity of g, U is open and ¢ > M on U. On the
other hand, X = U={z € X: g(x) <M}, therefore

(*) gz) =M onUN(X=U)=U—-U.

(Incidentally, U= U=UNX — U =9U (the boundary of U.)

Now, U, X — U is a closed covering of X, so it will suffice to show
that the restrictions <,0|U and ga|X — U are continuous (GT, I, §3, No. 2,
Prop. 4). Indeed, @‘X — U is the constant function 1. On the other hand,

M _ _
—— on U=UU(U-=1);
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for, if # € U then ¢(x) = M/g(z) by definition, whereas if + € U — U =
UN(X — U) then g(z) =M (by (%)) and ¢(z) =1 (by definition), so again
p(x) =M/g(z).

Returning to the proof of Lemma 5, with U= {z € X : |p(z)| > M},
g; = ¢g; and p’ = ¢p, we have

M
‘pl@)|=M ifxeU
Ip'(2)] = ¢(z)|p(z)| = { Ip(a))| Ip(z)] c
L-p(x)| <M ifreX—=U,

thus |p/(z)] <M on X.
claim: |f —p’| <2|/f —p|.
For, if z € X — U, that is, if |p(z)] < M, then ¢(x) = 1 and so
p'(xz) = p(z), whence
() —p'(z)] = [f(2) — p(z)| < 2/f(2) — p()].

On the other hand, if x € U, that is, if |p(z)| > M, then

"(z) = p(z)p(z) = M T
p(x) = @) <1 and p'(z) = p(2)p(z) @) p(z),
thus M
px) /()] = pl) ~ ()
M M
=1 @) = (- o le)
= |p(z)| =M = |[p(z) — f(z)] + f(z)| - M
< |p(z) — £(2)| + [f(2)| - M
< |p(z) —f(2)| + M~ M = |p(z) — ()],
therefore

and the claimed inequality is established.

{For the purposes of Lemma 5, the continuous function ¢ is adequate;
but the assertion promises a ¢ with compact support. This is easily ar-
ranged: let g € #(X) be such that 0 < ¢ < 1 and g = 1 on the
union of the supports of the g;; then gg; = ¢; so (pg9)gi = ¢g; = ¢,
and (pg)p = ¢p = p’, thus, replacing ¢ by g € £ (X), the functions g,
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and p’ are unchanged. In particular, the inequality |f — p’| < 2|f — p| is
invariant under the modification of ¢ (no need to reconsider its proof with
a modified ¢ ). From this point on, the argument makes no reference to ¢,
hence is valid whether or not ¢ was modified.}

Writing &’ = |f — p’|, we thus have k¥’ < 2|f — p| = 2k, and so

/k’du<2/kdu<2(€/4):a/2;

and of course |p’| < M.
Thus, replacing the notations g¢/,p’, k" by ¢, p, k, we can suppose that
|p| < M; moreover, k < 2M since

k(@) = [£(x) - p(@)] < |£(@)] + [p(x)] < M+ M

for all z € X.

V.87, (. 6.
“Then 2M >1>k on X,and =% on X — N’ ”

We know that & : X — [0,2M]. By definition (GT, IV, §5, No. 6)

l(x) = inf (Sup k:(y)),

v yeVv

where V runs over the filter of neighborhoods of = (or any base thereof),
therefore [ : X — [0,2M], thus [ < 2M; and [(x) > k(x) because =z € V
for all V.

If x € X — N’ then k is continuous at z, hence is upper semi-continuous
at x (GT, IV, §6, No. 2, comment following Def. 1), hence

k(z) = limsup k(y) = I(z)

Yy—x

(loc. cit., ‘dual’ of Prop. 3). The function [ is upper semi-continuous (loc.
cit., the ‘dual’ of Prop. 4), and is called the upper semi-continuous reqular-
ization of k.

V.87, (. 7.
“...therefore [ldu<e/2.

Since [ = k almost everywhere, so that p*(1) = p*(k) < +o0, it follows
that | € & (§3, No. 3), hence | € Zg (§3, No. 4, third paragraph following
Def. 2) and [ldp= [kdp<e/2.
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1Vv.87, (. 7-9.
“ [ is bounded and upper semi-continuous, hence is the lower envelope
of the set of bounded continuous functions >1[.”

Of course 0 < I < 2M, and the upper semi-continuity of [ was observed
in the note before the last. Then 2M —[ is > 0 and lower semi-continuous,
that is, in the notation of §1, No. 1, 2M — [ € .#, | therefore 2M — [ is the
upper envelope of the functions g € J#; such that g < 2M — [ (loc. cit.,
Lemma); consequently [ —2M is the lower envelope of the functions —g,
and so

l=(1-2M)+2M

is the lower envelope of the functions —g +2M = 2M — ¢, which are indeed
bounded and continuous. Write

H={he%(X): h is bounded and I < h}.

Of course | < infH, where (inf H)(z) = inf {h(x) : h € H}; but we have
just seen that the functions 2M — g described above form a subset H' of H
such that { = inf H', therefore

I <infH <infH =1,

whence [ = inf H as claimed.

IV.87, (. 9-11.
“Therefore there exists a bounded continuous function A > 1 on X
such that h < 2M and [hdu < [ldu+e/2 (§4, No. 4, Cor. 2 of Prop. 5).”

Maintaining the notations of the preceding note, since the set of func-
tions g € #4(X) with g < 2M —1 is directed upward, with upper envelope
2M — [, the set H' of functions 2M — g is directed downward, with lower

envelope [, therefore
_ ’
/ld'u_ h}IGIIf{’/h d'u

by the cited Cor. 2. Since the h’ € H' satisfy 0 <1 < b’ < 2M, therefore
H' c H, it follows from the preceding formula that there exists an h € H
such that h < 2M and

/hdug/ldu+€/2:/kdu+€/2<€/2+E/2;
moreover,
If —gra1 — - —gna,| =|f —p| =k <I<h<2M,

thus the proof of (i) = (ii) is complete.
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IV.87, (. 14-15.
“For every x € X, w(x) is the oscillation of f — gja; — -+ — gpa,
at x, therefore w(z) < 2h(z).”

Let us write wg(z) = w(x) for the oscillation of f at z, that is (GT,
IX, §2, No. 3),
we(z) = 11\1/f5(f(V)),

where V runs over the filter of neighborhoods of x, and

(£(V)) = sup [f(y) —£(y)]

Y.y’ EV

is the diameter of f(V). Note that V — §(f(V)) is a decreasing function
of V, and, since |f| < M, one has 0 < wg < 2M.

Why are we considering w ?7; because f is continuous at z if and only if
w(z) =0 (GT, loc. cit., comment following the proof of Prop. 4), therefore

{reX: w@)>0}=N

(the set of discontinuities of f). Our objective is to show that p*(N) =0,
that is, w(x) = 0 for almost every z; since w > 0, it will suffice to show
that w is integrable and [wdu =0 (§2, No. 3, Th. 1).

Thus, given any ¢ > 0 (the a;, g; and h being chosen as in (ii)), it will
suffice to show that w is integrable and [wdp < 2e. The proof exploits
the invariance of w¢ under perturbation of f by a continuous function:

Proposition. (1) For any functions f,g : X — F, one has wgig <
wr + wg -

(2) If, moreover, g is continuous, then wgig = wr.

(3) wr is upper semi-continuous.

Proof. (1) Let V be a neighborhood of x € X. For all y,y’ € V one
has

(F+g)(y) — E+e) W)l = |[f(y) — £ + [gly) — g@)]|
< |f(y) - ( )l Ig( — g <I(E(V)) +6(g(V)),

whence

(%) 5((E+g)(V)) <I(E(V)) +d(g(V))-

We are to show that wgig(x) < we(z) + wg(x). This is trivial if either of
we(z) or wg(x) is infinite; if both are finite, then (x) shows that ‘ultimately’
(with respect to the neighborhood filter at x) all terms of (%) are finite,
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and since they are decreasing functions of V , passage to the limit yields the
desired inequality.

(2) If, moreover, g is continuous, then wg = 0 and so wryg < wr;
similarly wg = wigig)4(—g) < Wrig-

(3) See GT, loc. cit., Prop. 4. &

Returning to the proof of (ii) = (i), writing g = —g1a; — -+ — gra,
and w=f+ g, we have |w| < h. It follows that wy < 2h. For, if V is a
neighborhood of x € X then, for all y,y’ € V one has

lw(y) —w(y)| < [w(y)| +Iw(y)| < h(y) +hy');

for all y,y" € V, therefore
S(w(V)) < 20(h(V)) +2h(x):

since h is continuous at x, passing to the limit with respect to the neigh-
borhood filter at =, one has

ww(®) <2-wp(x) +2h(z) =2-0+2h(z),

thus wg < 2h.

Finally, wf = weig = ww < 2h; since wr is upper semi-continuous,
hence measurable (No. 5, Cor. of Prop. 8), and h is integrable, it follows
that we is integrable and

/wfd,u<2/hd,,u<25.

This completes the proof of Lemma 5.

IV.87, ¢. —3.

“...we can suppose in addition that h' > h.”

In slow motion: If K’ is a compact neighborhood of K (GT, I, §9, No. 7,
Prop. 10) and V is the interior of K’, there exists a function f € J#(X),
with Supp f C VC K’, such that 0 < f <1 and f=1 on K (Ch. III, §1,
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No. 2, Lemma 1); in particular, f =0 on X — K’. The continuous function
k =2M(1 — f) satisfies

0<k<2M, k=0onK, k=2Mon X — K.
Setting h’ = sup(h, k), it follows that
O0<h<h <2M, 0<Ah —h<2M—h <2M,

h =h on K,and ¥ =2M on X — K'.

IV.87, (. —3,-2.
“Then [(h' — h)dp < 2Mp*(X — K) < 2Me.”

With notations as in the preceding note,
0<h’—h: (h’—h)gOX_K <2M-¢X_K,

whence 0 < [(h' — h)dp < 2Mp(X — K) < 2Me.

IV.87, (. -2 —1.

S W =hy +2M, where hy € #(X).

With the foregoing notations, set h; = h’ — 2M; since A’ —2M =0 on
X — K', one has hy € #(X) (and hy <0).

IV.88, /7. 1,2.
“ [Wdv= [hydv+2M|v| tendsto [ hydu+2M|u| = [h'dp with
respect to B.”

[hidv — [ hydp because hy € #(X) and v — p vaguely, whereas
[l = llull by hypothesis, and

/h’du:/hldu+2M/1du:/h1du+2MHyH

by §4, No. 7, Prop. 12.

IV.88, /. 2-4.
“There then exists an A € 8 such that, for every v € A,

‘/(9131+“‘+9nan)dv—/(91a1+---+gnan)du <e,

/hdu</h’du</h’d,u+s</hdu+2Me—|—s<2(M+1)e.”
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By Ch. 111, §3, No. 1, Ezample 1 following Def. 1,

‘/(glal"i_’” +gnan) dv — /(glal + +gnan) dﬂ‘

:‘(/lth-:/Ql@Oal+‘”+‘(/gndV_l/gnWOan

since v — p vaguely, the coefficients of the a; tend to 0, hence there exists
an A; € 9B such that the inequality in the first row holds for every v € A; .

In the second row of the display, the crucial inequality is the second
one: since [h'dv — [h/du, there exists an Ay € B such that for every

v € Ay one has
/H@g/ww+a

The third inequality restates [(h' — h)dp < 2Me, and the fourth restates
[hdu<e.
Finally, choose A € B such that A C A;NAs.

IV.88, /. 5-8.
“These inequalities imply

‘/fdu—/fdu‘<

/M%ﬂ/@m+mﬂmww—/@m+m+%%wﬁ+/MM
<2(M+2)e”

)

Writing p = g1a; + -+ + gna, € # (X;F), one has

/fdz/—/fdu:/(f—p)dv—i—/pdu—/pdu—/(f—p)du,

where |f—p| < h and ‘ fpdl/—fpd,u‘ < € by the preceding note, therefore

‘/fd,y—/fd,u‘</hdu+€+/hdu<2(M+1)s+s~l—s.

IV.88, /. 10, 11.
“Remark.”

By 84, No. 7, Cor. of Prop. 13, f is integrable with respect to every
bounded measure.
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V.89, (. 3.
“ up(A) tends to u(A).”

One proposes to apply Prop. 22 to the function f = @a . The space X
is the disjoint union of the interior, exterior and boundary (‘frontier’) of A,

X:KU(CA)"U@A

[}
(GT, I, §1, No. 6). Since f is constant on each of the open sets A and
(CA)°, it is continuous at those points, whereas A = AN LA shows that
it is discontinuous at the points of OA, therefore the set of discontinuities

of f is precisely JA, which is by assumption negligible. Thus f satisfies
the conditions of Prop. 22, whence p,(A) = [ fdu, — [ fdp = p(A).

IV.89, (. 4,5.
“if p, denotes the number of integers k € [0,n] such that e%7™*% ¢ A |
then n~!p, tendsto u(A) as n tends to +00.”

For every integer k£ > 0,

1 if ™0 ¢ A
Vk(A) = /(pA de = {

0 otherwise,

therefore )
— .o f— p’I’L
(8= o) 4 (4) = 22
thus +1 +1
Pn n Pn n
— = . = <t (A A
. e —— ka(A) = p(A)

A stunning application of Prop. 22.

§6. CONVEXITY INEQUALITIES

IV.89, /. —4 to —1.

“COROLLARY.”

A variation on the argument shifts the burden from the measure to the
function:

Proposition. Let p be a positive measure, f : X — F an integrable
function that is equal to zero outside some integrable subset A of X. If C
is the closed convex envelope of f(X), then [fdu € p(A)-C.
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Proof. If 1(A) =0 then f is negligible and [fdu=0€0-C.
If 4(A) > 0 then g = @ meets the requirements of Th. 1, fg = f, and

[fdp  [fgdu

uw(A) — [gdu €C.0

The Corollary is a special case: If p is a bounded positive measure and
f : X — F is any integrable function, then X qualifies to play the role of A,
thus [fdu e u(X)-C.

For generalizations with F a Hausdorff locally convex space, see Ch. 111,
83, No. 2, Prop. 4, and, below, §7, No. 1, Cor. of Prop. 1.

IV.90, ¢. 13, 14.

“For every a > My (f), the set of x € X such that f(z) > o is
locally negligible ”

By the definition of My, (f) as the infimum of all “locally almost every-
where majorants” of f, there exists a number § such that M (f) < 5 < «
and f(x) < 8 locally almost everywhere; the set {x : f(z) > @} is thus
locally negligible, therefore so is its subset {z: f(z) > a}.

IV.90, /. 18.

““Moo(f) < Moo(f) if the measure p is nonzero”

It suffices that mo(f) < f(z) < Moo (f) for some point z € X. We
know that there exist locally negligible sets A and B such that f < My (f)
on X — A and f > ms(f) on X — B;if no such x exists, then

X—=A)NEX=B)=0,

so X = A UB is locally negligible. Then K = KN X is negligible for all
compact sets K (85, No. 2, Prop. 5), therefore |u[*(X) = 0 (§4, No. 6,
Cor. 4 of Th. 4), and so ||u|| =0 (p. IV4, . —=7,—6).

Iv.90, ¢. —8.
“...provided the second member is defined ”

That is, M (f) and M (g) are not infinite of opposite signs. For
locally almost every z, f(x)+ g(x) is defined, f(z) < My (f) and g(z) <
M. (g), and the desired inequality

f(x) +g(z) < Moo (f) + Moo (9)

follows from a property of addition in R (GT, IV, §4, No. 3): if a < 3,
v<d and a4+, B+ 0 are both defined, then a+~v < 3+9.

{If both members of the inequality are finite, then all numbers in sight
are finite, and one is reduced to a property of addition in R.. If a4+v = —oc0
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or f+0 = +o00, the inequality is trivial. If a4+~ = oo then one of «,~ is
equal to +oo, whence one of 3, ¢ is equal to +o0, therefore §+6§ = +oc.
One argues similarly if 5+ 0 = —0c0.}

V.90, (. —4.
“...provided the second member is defined.”

For multiplication in R, only the four products 0-(d00) and (£o0)-0
are forbidden (GT, IV, §4, No. 3).

However, if one makes the convention 0 - (+00) = (4+00) -0 = 0, then
all products in R are admitted and

a<f & v<d = ay<po.

For, if one of «,v is 0 then ay =0 < (d. Suppose a > 0 and ~ > 0: if
one of (3,0 is infinite then avy < +o00 = 3§, whereas if they are both finite,
one is reduced to a property of multiplication in R .

With this convention, the formula (2) is then valid: for locally almost
every T,
f(2) < Moo (f) and 0 < g(z) < Moo(g),

0
whence f(x)g(z) < Ma(f) Mao ()

Iv.91, /4. 3-10.
“PROPOSITION 1 (Inequality of the mean).”

<
<

As the proof entails arithmetical operations on functions not necessarily
everywhere defined, nor necessarily finite where they are defined, it is helpful
to review the definitions and make some preliminary simplifications.

To say that g is integrable means that there exists a function h € Zg
such that g = h almost everywhere (§4, No. 1, last sentence). Let D be
the set of x € X such that g(z) is defined, finite and > 0, and define
g : X — R to be equal to g at the points of D, and to 0 at the points
of X —D. Then X — D is negligible, so ¢’ = g almost everywhere; and
¢ = h almost everywhere, so ¢’ is integrable (§4, loc. cit.). The sets
{x: ¢(x) # 0} and {x : g(x) # 0} differ at most by a negligible set;
replacing g by ¢, we can suppose that ¢ is everywhere defined, finite
and > 0: none of the conclusions of Prop. 1 is thereby affected.

To say that f is bounded in measure implies that there exists a neg-
ligible set N such that, for every z € X — N, f(z) is defined and finite.
In particular, f need not be defined on all of X. Let A be the domain
of f;thus X — N C A C X. Then the set X — A C N is negligible, hence
measurable, therefore A is measurable; to say that f is measurable means
that the extension f’ of f to X by 0 is measurable (§5, No. 10, Def. 8).
Let f”:X — R be the extension by 0 of f‘X — N to X, so that f" = f’



56 CONVEXITY INEQUALITIES INT IV.x193

except possibly on the negligible set A — (X — N) = ANN; thus f” = f’
almost everywhere and so f” is measurable (§5, No. 2, Prop. 6) and every-
where finite-valued. Moreover, f” = f almost everywhere; it follows that
f"" is also bounded in measure, with same M., and m., as f. Moreover,
f"g = fg almost everywhere. To say that fg is integrable means that there
exists a k € 4% such that fg =k almost everywhere; then f”g =k almost
everywhere, hence f”¢g is also integrable. Replacing f by f” alters none
of the conclusions of Prop. 1.

To summarize: we can suppose that g : X — Ry and that f: X — R.

IV.91, (. 13-15.
“...because the set of points z € X where g(x) # 0 is a countable
union of integrable sets (§5, No. 6, Lemma 1).”

And a locally negligible integrable set is negligible (§5, No. 2, Cor. 1 of
Prop. 5).

V.91, /. 15.
“It follows that fg is integrable (§5, No. 6, Th. 5) ”

For, fg is measurable (§5, No. 3, remark following Cor. 5) and, writing
¢ = max{|mus (f)], [Moo(f)|}, one has —cg < fg < cg almost everywhere;
thus |fg| < cg almost everywhere, whence Ni(fg) < c¢-Ni(g) < +00.

IV.91, /. —9 to —5.
“DEFINITION 2.”

Note that |f| is defined and finite everywere on X, thus, for a function
f: X — R, the terminology here is consistent with that of No. 2.

IV.91, ¢. —4,-3.
“A function f in Z° may thus be characterized by the fact that there
exists a bounded measurable function equal locally almost everywhere to f.”

Suppose f € Z2°. In particular, M (|f|) < 400, and the set
N={zeX: [f(z) >M(|f])}

is locally negligible. Define g : X — F by g = ppeyf. Since g = f
locally almost everywhere, g is measurable (§5, No. 2, Prop. 6). Moreover,
lg] < M (|f]) everywhere on X, thus g is bounded.

Conversely, suppose g : X — F is a bounded measurable function
such that f = g locally almost everywhere; say |g(z)] < M < 400 for all
x € X. Then f is measurable (§5, No. 2, Prop. 6) and N (f) = M (|f|) =
Moo (lg]) < M < +o00, therefore f € Zg°.
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IV.92, (. 5-7.

“...for every integer m, there exist a locally negligible set H,, and an
integer ng such that |[f(z) —f,(z)] < 1/m for every integer n > ngy and
every = ¢ H,, 7

For each m, let ng(m) be an index such that
n>=ng(m) = No(f—1£,)<1/m;

thus, for each n > ng(m), there exists a locally negligible set H,,, such
that

If(x) — £,(2)] < Moo (If —£,]) < 1/m forall z € X — Hyypy

The set H,, = |J Hyup is then locally negligible and

n>=ng(m)

n>=no(m) = |f(z)—f,(z)|<1/m forall x € X—H,,.

IV.92, /. 10.
“...the converse is immediate.”

That is, if there exists a locally negligible set H such that f, — f
uniformly on X — H, then N (f, —f) — 0. For,

Noo(f, — ) = Moo (|, — £]) < supH |, (z) — f(z)| — 0.

reEX —

IV.92, /. 16,17.
“...its topology is defined by the norm deduced from N, by passage
to the quotient ”

TVS, II, §1, No. 3 (p. TVS IL5, £. 5-6).

IV.92, (. -9, 8.
“... g is bounded on the set of z € X where gk, (z)] < Noo(gk,) ”

Since g =0 on A, it is the points of X — A in which we are interested.
One has
X—ACX—A= (] X=4,).

r,s>ky

By definition, g, =f, on X — A for all n, so for all n > k; one has
gn— 8k, =58, —fi, on X—ACX— A ;
therefore, by the definition of A, ,
18n(7) — gk, ()] = [fa(z) — f, (z) <1 on X — A

for all n > k.
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Suppose now that x € X — A and |g, ()| < Noo(gk,) - Then, for all
n > ki, one has

8(2)] < [g(2) — gn(@) + [8n(®) — 8k (2)| + |&k, (z)]
< lg(#) — gn(@)| + 1+ Neo(gr,)

and passage to the limit yields |g(x)| < 04+14+Nuo (8%, ). Thus g is bounded
by 1+ Ns(gk,) on the indicated set.

IvV.92, ¢. —7.
“... g belongs to Zg°.”

The set N = {z € X : |gk, (z)] > Noo(gk,) } is locally negligible, so
g = ¢pn8 locally almost everywhere, and the measurable function ppyg
is bounded by the preceding note.

Iv.93, /. 24.
“...if there exists a continuous function f with negligible compact
support and not identically zero ”

Such a function exists if and only if Supp p # X:

If: Suppose Supp 4 # X. Then U = X — Supp p is a nonempty
negligible open set (§2, No. 2, Prop. 5). Choose a nonzero function f €
4 (X) such that Supp f € U, and a nonzero vector a € F, and define
f = fa; then f € Z(X;F), f # 0, and the set Suppf = Supp f C U is
negligible. Moreover, |f| = |f|-|a] < ||f||-|a] < +oc, thus f € €°(X;F)
(Ch. I11, §1, No. 2).

Only if: Suppose f € # (X;F) with f # 0 and Suppf negligible.
Then the openset V= {x: f(z) # 0} C Suppf is nonempty and negligible,
hence V C X — Supp p by the cited Prop. 5, thus Supp pu # X. &

For such a function f, one has |f| = 0 almost everywhere, hence locally
almost everywhere, therefore My (|f]) = 0; thus N (f) = 0 < [|f||. This
proves the implication

Noo(f) = ||f|| for all f € €°(X;F) = Supp u=X.

IV.93, (. 7.
“...which shows that N (f) = [[f|.”

We are assuming that Supp = X and f € ¥°(X;F). At any rate,
Noo(f) < ||f]]. Supposing to the contrary that My (|f]) = Noo(f) < [If]|,
choose «a so that My (|f]) < a < ||f|| and let U = {x : |f(z)] > a},
a nonempty open set. We know from the definition of M, that |f(z)| < «
locally almost everywhere, therefore U is locally negligible. Let V be a
nonempty open set with V compact and V C U; then V = VN U is
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negligible (§5, No. 2, Prop. 5), thus V is a nonempty negligible open set,
contradicting X — Supp p =@ (§2, No. 2, Prop. 5).

IV.93, /. 11-13.
“...but its canonical image in L is a closed subspace of Lg® (which
can moreover be identified with %°(X;F) in the case contemplated).”

For any measure p (with no asssumption about its support) every f €
€°(X;F) belongs to .£2° and N (f) < ||f]|, thus the canonical injection
EP(X;F) — Z£° is continuous for the norm topology on €°(X;F) and the
topology on Z° defined by the semi-norm N, . In turn, the quotient
mapping ZF° — L defined by f — f is continuous, where Ly is a
Banach space equipped with the norm ||f||sc = Noo () (also written Ny (f))
(Prop. 2). The composite mapping ¢°(X;F) — L&, defined by f — f,
satisfies ||f]|oc < ||f|| hence is continuous but in general not injective. Its
image in L° may not be complete: if f,, € €°(X;F) is a sequence such that
(f,) is Cauchy in L3°, there exists an f € £3° with |/f, — f[|c — 0, but
it is not assured that there exists a g € ¥°(X;F) such that f = g locally
almost everywhere.

However, when Supp p = X (the case contemplated), one has |[[f| =
Noo(f) = |If|ls, therefore the image of €°(X;F) in L is a complete,
hence closed, linear subspace of Lg°. Thus, the mapping ¢°(X;F) — L&
is a linear injection such that the norm (and topology) induced by L on the
image coincide with those of €°(X;F), whence the proposed identification
€°(X;F) C Lge.

IV.93, ¢. 15-17.

“This implies that the space # (X;F) of mappings of X into F, con-
tinuous with compact support, is in general not dense in Lg° 7

If the space # (X;F) C €°(X;F) were densein L$° then, since €°(X; F)
is closed in L2, it would follow that €°(X;F) = L&°.

IV.93, ¢. 19,20.
“...the topology defined by the semi-norm N, is finer than the topol-
ogy induced on Z° by the topology of convergence in measure ”

Let . = (X, u; F) be the set of all u-measurable functions f : X — F,
equipped with the uniform structure of convergence in measure (§5, No. 11).
Then Zp° C .5 if Wis a basic entourage for ., then the set

W = (L x L2YNW

is a basic entourge for the induced uniformity on Z°. It will suffice to show
that % is also an entourage for the uniformity on Z2° defined by the semi-
norm N ; it is enough to exhibit an entourage ¥ for the N .-uniformity
such that ¥ C # .
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We can suppose that
W= W(V,K,),

where K is a compact subset of X, § > 0, and, for some ¢ > 0, V is the
entourage of F given by

V={(a,b)e FxF: [a—b|<e}
(85, No. 11, paragraph preceding Def. 9). Recall that
W(V,K,0) ={(f,g) € &/ x 7 |u*({x € K: (f(z),g(x)) ¢ V}) <6}
—{(f.g) e 7 x 7 *({z € K: [f(2) — gla)| > £}) <
therefore
W = {(f,g) € Lp° X L5 |,u|*({a: eK: |f(z) —g(x)| > 5}) < 6}.

Let
v ={(f,g) € L° x L : No(f—g)<e}

(the same ¢); it suffices to show that ¥ C #, that is, for f,g € £,
No(f—g)<e = |u[*({zeK: [f(z)—g(x)| >e})<J.

Suppose N (f —g) < e, that is, M (|f —g|) <e; then |[f —g| < ¢
locally almost everywhere, that is, the set

A={zeX: [f(z)—g(z) > ¢}
is locally negligible (see the note for IV.90, ¢. 13,14), therefore the set
KNA={zeK: [f(x) —g(z)] >}

is negligible (§5, No. 2, Prop. 5) and so |u/*(KNA)=0<4.
IV.94, (. 3-7.

“COROLLARY 1.7

The hypothesis of bilinearity can be omitted.
IV.94, (. 8.

“... ®(f,g) is measurable (§5, No. 3, Cor. 5 of Th. 1)”

As in the cited Cor. 5, the hypothesis of bilinearity can be omitted; it is
in the criteria for continuity that bilinearity plays a role (GT, IX, §3, No. 5,
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Th. 1 or TVS, I, §1, No. 6, Prop. 5). This observation is useful for the proof
of Cor. 3 given below.

IvV.94, ¢. —13.

“For, [(z,2')| < |z|-|2'|.”

The inequality, noted in the proof of TVS, IV, §1, No. 3, Prop. 8, assures
the continuity of the bilinear form (z,z’) — (z,2z") (GT, IX, §3, No. 5, Th. 1).

For the definition of |z’|, see GT, X, §3, No. 2, discussion preceding
Prop. 6; TVS, IV, §2, No. 4; or the final section of TVS (“Summary of some
important properties of Banach spaces”, TVS p. 355).

IV.94, /. —9 to —5.

“COROLLARY 3. — Let p be a positive measure on X, F a real (resp.
complex) Hilbert space. On the space L%, the symmetric (vesp. Hermitian)
form

@@H/@QW

defines a Hilbert space structure, for which the norm is equal to HFH2 V7

A minor technical point: one could suppose that p is an arbitrary
measure, provided the integral is taken with respect to |u|, indispensable
for the form to be positive; for, L2 (X, u) = Z2(X, |p]) (§3, No. 4).

In the complex case (the real case being an obvious simplification) the
foom ® : F x F — C defined by ®(a,b) = (a,b) (the scalar product,
or ‘inner product’ of a and b) is sesquilinear ((ca,db) = @d(a,b)), so
a slight adjustment is needed to make Cor. 1 applicable. Let F be the
Hilbert space conjugate to F (TVS, V, §1, No. 3,): F is the set F equipped
with its original additive structure; if scalar multiples in F are denoted ca
(c € C, a € F), then scalar multiples c-a in F are defined by c-a =
¢a; and the Hermitian form on F is the conjugate of that on F (we need
not introduce a notation for it). The norm on F (hence also the norm
topology on F) is identical to that on F. Defining ¥ : F x F — C by
U(a,b) = ®(a,b) = (a,b), VU is a bilinear form on F x F (for instance,
U(c-a,b) = (c-a,b) = (ca,b) = c(a,b) = ¢¥(a,b)) such that

(W (a,b)| = [(a,b)| < [a] - [b],
hence ¥ is continuous (GT, IX, §3, No. 5, Th. 1), therefore so is ®, and

|®(a,b)| < |a| - |b|. Since the proof of Cor. 1 does not require that ® be
bilinear, we conclude that if f,g € %2 then ®(f,g) € £, and

[t < NaNa(e).
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Now,

(2(f,8)) () = (f, 8)(x) = (£(2), 8(x));

and if f € L% is the class of f for equality almost everywhere (§3, No. 4,
Def. 2), then

Nal®) = No(F) = ( [ i@ P ) = I

Thus (f,g) € £& and

© | [ €. du] < IFl - g

The integral in (x) depends only on the classes of f and g, so we may define
a function L% x L& — C by

@@H/m@w

that is clearly sesquilinear, Hermitian and positive, by the properties of the
inner product in F and the linearity of integration. Writing

.8 - [ €8 dn,
one has

= 2 TRY
E8) = [ € trdu= [ 1P du = (Na(0)° = (1)’
thus (f,f) >0 when f # 0. The norm f — |[f| derived from this form is
I = (£,6)/2 = [I£]|2:

as LZ is complete for this norm, we conclude that it is a Hilbert space for
the inner product (f,g).

A shortcut, based on the characterization of a Hilbert space as a Banach
space whose norm satisfies the “parallelogram law”:

By the parallelogram law in F, |[f +g|? + |f — g|? = 2|f]? + 2|g|?;
integration term-by-term yields

(IE+&ll2)* + (If — &ll2) = 2(I]l2)* + 2(/[&]12)?,
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thus the norm of the Banach space L% satisfies the parallelogram law, hence
L% is a Hilbert space, with inner product

F&) = 1 {F+ 227 (IF &) + (1 + 8l1)” — (I — i)}

1 . . ) .
:Z{/‘f+g!2du—/\f—g|2du+1/lf—|—zg[2d,u—z/!f—zg|2d,u}
1 e
= [ {liE+ e — £ — gl +ile +igl? it — igl?

- / (£(2). g(x)) duz) = / (£.g) du.

IV.94, /. —4 to —1.
“COROLLARY 4.”

Immediate from Cor. 1, with ®(\,a) = Aa (A scalar, a€ F).

IV.95, (. 7,8.
“...since the inequality (8) is true for upper integrals (Ch. I, No. 2,
Cor. of Prop. 2)”

One can suppose that the f; are everywhere finite and > 0 (§5, No. 6,
Cor. 3 of Th. 5), as required by the cited Cor. from Ch. I.

IV.95, /. —5 to —3.

n

“Suppose first that f is an integrable step function, f = > agpa, ,

k=1
where the Ay are pairwise disjoint (§4, No. 9, Lemma).”

The term ‘measurable step function’ is defined in the first paragraph
of §5, No. 5, but the term ‘integrable step function’ is nowhere explicitly
defined; we can infer its meaning from an earlier approximation theorem
(84, No. 10, Cor. 1 of Prop. 19) cited later in the present proof. Proposed
definition: An integrable step function is an element of & (®) (84, No. 9,
Def. 4), where ® is the clan (loc. cit., Prop. 17) of integrable subsets of X
(84, No. 5, Props. 6 and 7).

Proposition. For a function f : X — F, the following conditions are
equivalent:

a) f is an integrable step function (in the above sense);

b) f is integrable and has only finitely many values.

Proof. a) = b): Obvious.
b) = a): Let ay,...,a, be the distinct nonzero values of f and, for

-1
each index k, let Ay = f(a;). Then every Aj is measurable (§5, No. 5,
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Prop. 7) and

n
f= ZakcpAk .
k=1

The function |f| = > |ak|pa, is also integrable (§4, No. 2, Cor. 1 of Prop. 1)
k=1

and, for each k, goA,:g lag|~1|f|, whence Ay is integrable (§5, No. 6, Th. 5);
thus f is a step function with respect to the clan ® of integrable sets.

IV.95, (. —3 to TV.96, (. 1,

“For every ¢ > 0, there exists (for every index k) a vector aj, € F’
such that |a}|? = |ag|? if p>1 (resp. |aj|=1 if p=1) and (ay,a}) >
(1 —¢)|ag| - |a;| (TVS, 1V, §1, No. 3, Prop. 8).”

Fix k. By the cited Prop. 8,

lal = sup  [(ay,a’)[,
a’eF’, |a’|=1
so there exists an a’ with |a’| = 1 and |(ag,a’)| > (1 — ¢)|ag|; multi-

plying a’ by a suitable scalar of absolute value 1, we can suppose that
|(ax,a’)| = (ax,a’) and so

(*) (ag,a’) > (1 —¢)|ax|.

{Indeed, by the Hahn-Banach theorem, there exists an a’ € F’ such
that |a’| = 1 and (ai,a’) = |ag| (TVS, II, §8, No. 3, Cor. 1 of Th. 1).
However, in the proof of 2°, for F' not reflexive, one must make do with the
analog of (x).}

If p=1, define aj = a’; then |aj,| =1 and (x) is precisely the desired
inequality.

If p>1 (and < +00), define aj, = |ai|P/%a’; then |a}| = |ag|P/?, so
|a}.|9 = |a|P ; and multiplication of the inequality () by |az|P/¢ yields

(ar, lag[P/9a’) > (1 —&)lax| - |ag /7,

that is, (ag,a}) = (1 —¢)|ax| - |a}| as desired.
IV.96, (. 7.
“...which proves the relation (9) in this case.”

The case is 1 < p < +oo, with the normalization N,(f) = 1. The
argument shows that

sup
geggl ’ Np(g)gl

/<f,g> du‘ 2 Np(f);

the reverse inequality is immediate from Holder’s inequality (Th. 2).
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IV.96, /. 12.

/(fl,g>d,u>Np(f1)—s> 1—2e.

1 = Ny(f) < Np(f —f1) + N,(f1) < €+ Ny(f1), whence the second
inequality of the display.

IV.96, (. —10.

‘/(f,g>d,u‘ >1-3¢

Abbreviate the relation
/(f,g>du= /(fl,g>dﬂ+/<f—f1,g>du

as a = B+ 7; we know that [ is real, but « and =~ need not be. Citing
inequalities proved earlier, one has

llal = 18]] < la =Bl = |7] < N(f — 1) Ny(g) <e-1,
whence —e < |a| — |B] < e and so
ol =18l —e>2Pf—e>2(1—2)—c¢.

IV.96, (. —6.
“...the set of x € X such that |f(z)| > a is measurable”

For, f is measurable (§5, No. 6, Th. 5), therefore so is |f| (§5, No. 3,
Cor. 6 of Th. 1), therefore so is the set in question (§5, No. 5, Prop. 8).

Iv.96, (. —5.
“...therefore it contains a compact set K of measure > 0.”

Let B={z e X: |[f(x)| > a}. Since B is not locally negligible, there
exists a compact set H such that BNH is not negligible (§5, No. 2, Prop. 5).
Since B is measurable, BNH is integrable (§5, No. 6, Cor. 3 of Th. 5), and
since BN H is not negligible it contains a compact set K of measure > 0
(84, No. 6, Cor. 1 of Th. 4).

IV.96, /. —3 to —1.
“...for every € > 0, there exists a partition of Ky into a finite number
of integrable sets, in each of which the oscillation of f is <e”

Since f |K1 is continuous, for every x € K; there exists an open neigh-
borhood U, of x in X such that |[f(y)—f(z)| <&/2 on U,NK;. Cover K;
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with a finite number of open sets Uq,...,U, in X such that f|K1 has os-
cillation < e on each U; NK;. The sets U; N K; are integrable, and since
the integrable sets form a clan, the sets

UlﬂKl, UiﬂKl - UUjﬂKl (222,,77,)
j<i
form a partition of K; with the desired properties.

1V.97, (. 3, 4.
“...the function g =@ -a’/u(A) is integrable and N;(g) =1"

1
Writing g = mcpA,one has g € 4}, Jgdu=1 and g =g-a’;
7

thus g is an integrable step function X — F’ (see the note for IV.95, ¢. —5
to —3) and |g| =|a’| - g = g, whence Ny(g) = [gdu=1.

V.97, (. 5.

/<f,g) dp = @/@,a’%ﬁzx dp.

Since f € £ and g € %4}, , we know from Cor. 2 of Th. 2 that
(f,8) € Z&. Explicitly, writing g = g-a’ as in the preceding note, (f,g)
is the function

z— (f(z),9(z) -a') = (f(z),a")g(x),
where the function x — (f(x),a’) belongs to .£> and g € .Z*'.

IvV.97, 0. 7.

/ (£.2") o du = (a,a)u(A) + / (£ — a,a')pa du

Here a also represents the constant function X — F with value a.
Thus f —a € £2° whereas pa -a’ € %, and

<f7a/>g0A = <a + (f - a)aa,>g0A = <a7 a/>§0A + <f —a, a/>§0A )

whence the asserted equation. Note that (f,a’)pa = p(A)(f,g).
V.97, (. 11.

/<f,g)du‘ > |(a,a’)| —e>|a| —2e >a—2¢

Since (f,a’)pa = p(A)(f,g), the equation of £. 7 may be written

H(A) / (£.g) du = (a,a')u(A) + / (£ — a,a')pa dy;
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abbreviate the equation as a = b+ ¢. Then
lal = 1] < la = =Iel < [ eondn=<u(a),
therefore —e u(A) < |al — |b] <ep(A), whence

la| > [b] —ep(A) = [(a,a")] - u(A) —ep(A) = ([(a,a")] —)u(A),

and so

‘/<f,g>dﬂ‘:%>|<a aY—e>(a]—¢)—e>a—2¢.

Iv.97, (. 12,13.
‘...the relation (9) is also verified in this case.”

The foregoing shows that given any « with 0 < a < Ny (f) and
any € > 0, there exists a function g € %3 such that Ni(g) = 1 and
U (f,g d,u‘ a—2¢. This shows that the supremum in (9) is > a—2¢ hence
(letting @@ — Noo(f) and € — 0) it is > N (f). The reverse inequality is
immediate from Cor. 2 of Th. 2.

IV.97, /. —15,—14.
.1t suffices to observe that the interior B of B is dense in B and
that Bﬂ & is dense in B since B is open.”

It is not necessary that the dense subset & of .2, be a linear subspace.
By GT, I, §1, No. 6, Prop. 5,

o

ﬁmgzﬁmgz

therefore BN& 5 B = B  (TVS, 11, §2, No. 6, Cor. 1 of Prop. 16), whereas

Bﬁ@p Cc B = B, thus Bﬂg = B, whence obviously BN& = B. Let
f e 2 and let

5= sw [(£g)l:
geBN&

we are to show that s = N,(f). The inequality s < N,(f) is immediate

from Cor. 2 of Th. 2. To prove the reverse inequality it will suffice, by (9),

to show that |(f,g)| < s for every g € B. Given g € B, choose a sequence

g, € BN & such that Ny(g, —g) — 0. Then (f,g,) — (f,g), and since

|(f,g,)| < s forall n,it follows that [(f,g)| <s.
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IV.97, (. —12, —11.
“But in this case, the formula (9) is true as g runs over BN.#Z(X;F’),
even for p=1.7

The strategy is to refine the argument in the first paragraph of (i) in
the proof of Prop. 3 restricted to the case p = 1, ¢ = +o00; the second
paragraph then completes the argument without change.

We are given an integrable step function f : X — F with Ny (f) = 1.
Let

B={ge % Nu(g) <1};

we know from Prop. 3 that

sup
geB

/(f,g}du‘ —Ny(f) = 1.

Inspection of the proof shows that B can be replaced by its subset consisting
of all integrable step functions g such that |g| < 1. Of course |g| <1 =
Noo(g) < 1. In the reverse direction, if g: X — F’ is a measurable function
such that N (g) < 1 then |g(x)] < 1 on the complement of a locally
negligible set N; the function g, = ppyg is then measurable, [g;| < 1
and g = g1 locally almost everywhere. Since the set A = {zx: f(z) #0}
is integrable, its intersection with N is negligible; for, A NN is integrable
(85, No. 6, Cor. 3 of Th. 5), and every compact set K C ANN is negligible
(85, No. 2, Prop. 5), therefore ANN is negligible (§4, No. 6, Cor. 1 of Th. 4).
It follows that (f,g) = (f,g1) almost everywhere; thus, writing B; for the
set of measurable functions g : X — F’ such that |g| < 1, that is, in the
notation of §5, No. 11,

By ={ge X, ;;F): |g| <1},

one has

(*) sup
geEB,

/<f,g> du' = Ny (f).
Consider now the set
B =BNXA(X;F)={ge #(X;F'): No(g) <1};

we are to show that

() sup
g€Ba

[ du' Ny ().
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In fact, defining
By ={ge Z(X;F): [g/]<1}

(a subset of By N By) the argument will show that

(***) Sup
gE€Bs3

[ du' Ny ().

{Incidentally, if Supp u = X then By = Bs. For, suppose g € By and
let U={zeX: |g(x)|>1}. Then U is open, locally negligible (because
Noo(g) < 1) and has compact closure, therefore U= UNTU is negligible (§5,
No. 2, Prop. 5), hence U =& (§2, No. 2, Prop. 5); in other words |g| <1,
that is, g € B3 .}

IvV.97, 0. -8 to — 6.

“There exists a finite number of pairwise disjoint compact sets K; such
that g has a constant value a) on each K; and such that, if K is the union
of the K;, then [ [flppydu<e.”

As in (i) of the proof of Prop. 3, we can suppose that f = Z a;pa, ,

where the a; are the distinct nonzero values of f, and the A; are pa1rw1se
disjoint integrable sets. Given ¢ > 0, one constructs elements a € F’ such

that |aj| =1 and (a;,a}) > (1 —¢)|a;|, and one defines g = Z alpoa, .
For each ¢, choose a compact set K; C A; such that ,u(A —K;) <
e/nla;| (84, No. 6, Cor. 1 of Th. 4) and let K = U K;. Then A; N CK =

A; — AiNK = A; — K;, therefore fpp, = > ajpa, -k, and
i=1

L ZraZmA—m Sen=ce.

=1

Iv.97, ¢. —3.
“Setting h =) alh; ”
We require that h, hence the h;, have compact support: K; C V; C

H; c U; for suitable open V; and compact H;; a suitable h; then exists
by Lemma 1 of Ch. III, §1, No. 2

IV.97, 0. —1.

/|<f,h>|go[;Kdu<e
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For, (f,h)ppx = (fpek,h), whence, by Cor. 2 of Th. 2,

[ HE) g < Ni (B N ) < 1.

IV.98, (. 1.
“...consequently | [(f,h)du| > 1 — 3¢, which proves our assertion.”

Abbreviate the equation

Jiemdn= [ mecdns [ n)egd

by o« =3+ +. Then

lal = 181] < la = 8= bl < [ [ Blpgucdn <,
thus —e < |a| — |B] < e, whence |a| > |3| —e. Now,

<f7h>80K = <f7h§0K> = <fag90K> = <fag>§0K = <fag> - <fag>90[:K7
thus

B = /(f7g>du—/(f7g>s@chu;

abbreviate this equation as 3 = o — 7, noting that |o| > 1—¢ by the choice
of g. Then

18] = lol| <18 = of = 7] < Ni(fogx)Nw(g) <e-1,
therefore —e < |3] — |o| < e, whence
Bl = lo] —e > (L—¢) —e¢,
and finally |o| > |8]—¢ > (1 —2¢) —e, which verifies the asserted inequality.

As in the note for IV.97, ¢. —12, —11, writing B3 = {k € Z(X;F’) :
k| <1}, the foregoing shows that h € Bs and

sup
keBs

/(f,k)d,u‘ > ‘/(f,h)d,u‘ —la|>1- 3.
Since ¢ is arbitrary,

sup
keB3

[t dn] =1 =300,

and the reverse inequality is immediate from Cor. 2 of Th. 2.
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IV.98, /(. 4.

“ whose support is contained in a countable union of compact sets K,, .”

Here, by “support” is meant the set {z : f(x) # 0}; it is not necessary
that its closure be contained in the union.

IV.98, . 8.
“ ... a special case of (9)”

That is, (9) as generalized in Remark 1.

IV.98, /. 8,9.

“ f is then equivalent to a function in .£? (§5, No. 6, Th. 5).”

Since N,(f) < 400, the set N = {x : f(z) = +oo} is negligible (§2,
No. 3, Prop. 7). Then fypy is a finite-valued measurable function such
that fopy = f almost everywhere, whence N,(fopey) = Np(f) < +o0o,
thus fopy € £7 by the cited Th. 5. In other words, f is p-th power
integrable (§3, No. 4, second paragraph after Def. 2).

Incidentally, the set {z : (fypy)(z) # 0} is contained in the union
of a negligible set and a sequence of compact sets (§5, No. 6, Lemma 1),
hence the same is true of {z : f(z) # 0}; thus the assumption about the
‘support’ of f, not used in the case N,(f) < +o00, is in a sense redundant.

V.98, ¢. 10.

“...set fp, =inf(n, fek,).”

It is understood that if f(z) = +oo and = ¢ K, then f,(z) =
inf(n,0) = 0 by the convention 400 -0 = 0. One can suppose that the
sequence (K,) is increasing.

Note that f,, is measurable and 0 < f,, < nyk,, , hence f,, is integrable.
If p < 400 then N,(f,) < nNy(¢k,) < +00, whereas Noo(f) < n < 400,
therefore (11) holds for f, for 1 < p < 400.

The sequence (f,) is increasing, with upper envelope equal to f, that
is, fn(xz) T f(x) for all z € X. For, since vx, < ¢k, 1, fo < foy1 I8
assured by f(z)pk, () < f(z)pnt1(z) (even if f(x) =400 and = ¢ K,,).
If f(x) = 400 then z € K,, for some index m; then, for all n > m,
f(z)pk, (r) = 400, therefore f,(z) = n, thus f,(z) T +o0o = f(z). If
0 < f(x) < 400 then z € K,, for some m, and one can suppose that
m > f(z); then f,(x) = f(x) for all n > m, whence f,(z) 1 f(z). And if
f(x) =0 then f,(z)=0 forall n, f,(x) T0= f(x).

IV.98, /. 12,13.

“...passing to the limit (assuming, as we may, that the sequence (K,)

is increasing), we have sup f*]fg] dp = +oo (§1, No. 3, Th. 3).”

By assumption, N,(f) = 4o0o. We know (see the preceding note)
that the sequence (f,) is increasing, with upper envelope f, and that
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N,(fn) < +o0 for all n. Thus every f, satisfies (11): writing By =
{g H(X;R): Ny(g) <1}, we have

N, (fa) = sup / gl < s / Faldp < +o0 = Ny (f):

gE€Bo

to verify that f satisfies (11), it suffices to show that sup N, (f,,) = N,(f) =

oo. When p < +o0, this follows from the cited Th. 3.
There remains the case that p = 400, ¢ =1, Bg = {g € Z(X;R) :
Ny(g) < 1}. We are to show that sup N (f,) = +oo. Assume to the

contrary that the sequence N (f,) is bounded, say N (fn) < a < 400

for all n. Then f, < «a locally almost everywhere; let M,, be a locally

negligible set such that f, < @« on X —M,,. The set M = |J M,, is
n=1

then locally negligible and, for x € CM, f,(x) < «a for all n, therefore

f(x) < a. Thus f(z) < a locally almost everywhere; but then N (f) < «,

contrary to Noo(f) = +00.

IV.98, /. 14-17.

“COROLLARY. — Let u be a positive measure on X, F a Banach space,
F’ its strong dual, and g any function in Z2, . Then, the linear form
on LY., deduced from the linear form £ — [(f,g)du on ZL by passage to
the quotient, is continuous and has norm N,(g).”

When 1 < p < 4oo, LL is defined to be the set of elements f
(f € Z4Y), where f is the class of f for the relation of equality almost
everywhere (§2, No. 6, §3, No. 4, Def. 2). But ¢ = 400 when p =1, and
L is defined to be the set of elements g (g € Z5°), where g is the
class of g for the relation of equality locally almost everywhere (No. 3); we
are then in the situation of “mixing apples and oranges”. The purpose of
this note is to clarify this situation (of which the case of 1 < p < 400,
qg=(p—1)/p is a straightforward simplification).

Lemma. If f,f; € £} and g,g1 : X — F/ are functions such that
f = f; almost everywhere and g = g; locally almost everywhere, then
(f,g) = (f1,81) almost everywhere.

Proof. Tt suffice to show that (f,g) = (fi,g) almost everywhere and
(f1,g) = (f1,g1) almost everywhere. By bilinearity (the note for IV.94, ¢. 8
is pertinent here!) this reduces to showing that, for f € £} andg:X — F’,

f=0ae = (f,g)=0 ae
g=0 lLae. = (f,g)=0 ae.
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The first implication is obvious. Suppose g = 0 locally almost everywhere,
and let M = {z : g(x) # 0}, A ={x: f(x) # 0}; then f = fp,,
g = gom. We know that M is locally negligible; and, since f € £,
A c NU U K, with N negligible and the K,, compact (85, No. 6, Lem-

n=1

ma 1). Then the set

ANMc (NNM)U UK NM

is negligible (85, No. 2, Prop. 5), therefore parpym = wanm = 0 almost
everywhere, thus (f,g) = (fpa,gom) = (f,8)paem = 0 almost every-
where. $

Fix g€ 4. If f € 4} then by Hélder’s inequality (Cor. 2 of Th. 2)

(f,g) is integrable and
| [t.gan] < NN (o).

By the Lemma, we may define A : Li — R by
AE = [tegde EeLh);

A is a linear form, and |A(f)| < N;(f)Noo(g) shows that it is continuous
and that its norm, defined by

[A[] = ‘/ (f.g du‘ sup ‘/<f,g> du(,
feL1 Nl(f)<1 fe 3, Ny (f)<1

satisfies ||A|| < Noo(g). Indeed, ||A]| = Noo(g) by formula (10) of Prop. 3.
Moreover, the Lemma shows that A depends only on the class g of g. Thus,
to each u =g € LE® there corresponds a continuous linear form A, € (Lll;),
such that [|[Ay|| = Neo(g) = Noo(u); and u +— A, defines a linear isometry
of Ly into the dual space (Lllr)/ (shown in Ch. V, §5, No. 8, Th. 4 to be
surjective when F = R). The dual (LIE)/, for F a separable Banach space,
is calculated in Ch. VI, §2, No. 6, Prop. 10.
The ‘dual’ result also holds: for fixed f € £, the correspondence

gH/(f7g>du (& € £%)

defines a continuous linear form on Lg%, with norm equal to Ny(f). The
proof is formally the same, citing the formula (9) of Prop. 3 in the calculation
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of the norm. Whence a linear isometry Li — (L%‘? )’; but this mapping need
not be surjective, even when F =R (Ch. V, §5, No. 8, Prop. 14).

When 1 < p < 400, one does business with f and g, obtaining linear
isometries LE — (LqF,)/ and L} — (L’F),)/, both of which are surjective when
F=R (Ch.V, loc. cit., Th. 4).

IV.98, /. —10 to —T.

“We already know (Ch. I, No. 3, Prop. 5) that the set J of finite num-
bers p > 1 such that N,(f) < 400 is either empty or is an interval, and
that log N, (f) is a convex function of 1/p on J (when f is not negligible);
this of course implies the continuity of p+— N,(f) on J.”

The cited Prop. 5 contemplates f — N,(f) (f e F(X R) for
0 < p < +o0. In the present context, a measurable function f : X — F
is fixed, |f| plays the role of f, and we are interested in the function

1
p = Np(l) = ([P dlpl) " for 1< p < +oo (53, No. 2, Def. 1)
the definition can be stretched to 0 < p < 400 by means of the same for-
mula, as follows. One observes (§3, No. 1) that the function M defined on
the set of all positive functions f: X — R by M(f) = [ * fd|u| satisfies
the axioms 1°, 2°, 3° of Ch. I, No. 1, Def. 1. In Ch. I, No. 3 one defines, for
every p with 1 < p < 400, the vector space .#P = .ZP(X, M) to be the set
of all functions f : X — R such that M(|f|?) < +oo. Then, for every p
with 0 < p < +00, one defines

N,(f) = (M(fIP)" (f € Z(XR)),

accepting that N,(f) = +oo when M(|f|?) = +o0o. The notation .#?
remains reserved for the vector space obtained when 1 < p < 400, in which
case Np|9 P is a semi-norm. Thus, for f: X — F, the proposed definition

N0 = ([l dl) " 0 <p <+

is consistent with the notations of Ch. I, No. 3.

Fix a function f : X — F. Let us dispose of a trivial special case:
Suppose f is negligible, by which we mean that N;(f) = f*]f\ dlp| = 0.
{This is the definition suggested by the paragraph before the Remark in
§3, No. 3 (see §3, No. 2, Def. 1 and Prop. 3); equivalently, f = 0 almost
everywhere (§2, No. 3, Th. 1); equivalently, |f|? = 0 almost everywhere,
for 0 < p < 4+o00; equivalently, N,(f) = 0 for 0 < p < 4o00.} Then
also Noo(f) = 0: for every a > 0, |f| < « almost everywhere, hence
locally almost everywhere, therefore N, (f) = infa =0. Thus I = [1,+0o0]
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and the function p — N,(f) (p € I) is identically 0, as its restriction to
J=[1,+o00].
Assume henceforth that f is not negligible. By Prop. 5 of Ch. I, No. 3,
the set
S={1/p: 0<p<+oo, Ny(f) < +o0}

is either empty or is an interval (possibly degenerate). {This set is called I
in the cited Prop. 5, but the letter I has been preempted here for other use.}
Now,

J={p: 1<p<+oo, Ny(f) <+oo}={p: 1/peS and 1/p <1};
thus J is the image of SN]0,1] under the mapping s — 1/s, that is,
J={s"': 5€8n]0,1],

consequently J is either empty or is an interval (possibly degenerate).
If J=o then SNJ0,1] = &, therefore

0<a<l = a¢S = Ny,(f)=+o0,
thus N, (f) = +oo for all p € [1,+00[, whence the set
T={pe 1,400 : Np(f) < +00}

is equal to either @ or {400}, and the assertions of Prop. 4 hold trivially.
If J = {p} forsome 1/p €]0,1], then 1 < p < 400, 0 < N,(f) < 400,
and the continuity condition is trivially satisfied.
Finally, suppose J is a nondegenerate interval. If o € S, then oo = 1/p
with 0 < N,(f) < 400, in particular log N, (f) # —oo (i.e., N,(f) #0); so
by the cited Prop. 5, we know that the function

(*) o logNyjo(f) (a€$)

is convex on S, hence is continuous at every interior point of S (FRV, I,
§4, No. 3, Prop. 6). Indeed, writing g(a) = logNy/,(f) (a € S), the cited
Prop. 6 shows that at every interior point of S, ¢ has finite left and right
derivatives (whence continuity at the point); and the proof shows that if an
endpoint of S belongs to S, then ¢ has a finite 1-sided derivative at that
point, hence is continuous on the right or on the left at the point, as the case
may be. Thus the mapping (*) is continuous everywhere on S. A fortiori,
its restriction

(%) a—logNy /o (f)  (a€J™t=8n]0,1])
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is continuous; composing it with the mapping p+— 1/p (p € J), we see that
the mapping

(**%) p—logNy(f) (peJ)

is continuous; finally, composing with the exponential function, the desired
mapping

(%) p=Ny(f) (ped)

is continuous.

IV.98, (. —3 to —1.
“If s € J then, for every finite number p > s, |f|P = [f|*|f|P~*, and
the inequality of the mean shows that

(12) N, (F) < (N(£))” (N (£)) P77

Since s € J and f is not negligible, 0 < (Ns(f))s/p < +oo. If Noo(f) =
+oo the right side of (12) is equal to +o00 and the inequalilty is trivial.

Suppose N (f) < +o0, that is, +00 € I, thus f is bounded in measure.

Note that Ny, (f) > 0. {For, N (f) = 0 would imply that the set A = {z:

f(z) # 0} is locally negligible; but |f|P is integrable, so A C NU |J K,
n=1

for a suitable negligible set N and compact sets K,, (§5, No. 6, Lemma 1),

whence A = (ANN)U U ANK, isnegligible (§5, No. 2, Prop. 5), contrary

to the assumption that f is not negligible.} Thus 0 < N (f) < +00. Since
p—s >0, one has

Noo (£177%) = Moo ([£177*) = (Mo ()" = (Nao(£))" " < 00

thus the measurable function [f|P~° is bounded in measure, whereas
If|* € £1; by the inequality of the mean (No. 2, Prop. 1), |f|? = |f]*|f]P~*
is integrable—therefore p € J—and

/ 17 dl] < Mo (J£17~) / I£1° dlul

that is, (Np(f))p < (Noo(f))pis(NS(f))s, whence the asserted inequality.
The argument shows that p € J for all p € (s,+00), therefore J must be
of the form ]a,+oo[ or [a,+oo[, and then I = ]Ja,+o0] or [a,+0].
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A corollary of the argument is that if J consists of a single point then
+oo ¢ 1, therefore I =1J.

For use in the next note, we observe that as p — 400, (Ns(f))s/p —1;
and if Ny (f) < +00 then (Noo(f))(p_s)/p — No(f) as p — +00.

IV.99, (. 1,2.
“Letting p tend to +o0, it follows that

(13) limsup N, (f) < N (f) .”

p—too

The presumption is that J is of the form ]a,+oo[ or [a,+oo[, so that
p — +o0o makes sense. If N (f) = 400, the inequality holds trivially.
If Noo(f) < 400 then, applying Prop. 11 of GT, IV, §5, No. 6 to the in-
equality (12), one has

lim sup N, (f) < limsup [(Ns(f))s/p (Noo(f))(P*S)/p}

p——+o00 p——+o0

— lim [(Ns(f))s/p(Noo(f))(”‘S’/p} —1-Noo(f)

p—Fo0

(by the preceding note).
If the right endpoint of J is < 400, then N (f) = 400 by the pre-
ceding note, so +oo ¢ I and I=1J.

I1V.99, /. 4. B o
“...thus I is indeed an interval of R, and I =J.”

If 400 ¢ 1 then I = J, whereas if 400 € I then, by the foregoing,
J has right endpoint equal to +oo and I = JU {+oc}; in either case, I is
an interval of R and I=1J.

1V.99, /. 4-6.
“The proposition will be proved if we show that p— N,(f) is contin-
uous on J, and it suffices to establish continuity at the end-points of J.”

After continuity is proved, the conclusion about convexity on J will be
a trivial consequence of the convexity on J already established.

We already know that p +— N,(f) is continuous on J; in particular
one-sided continuity holds at an endpoint that belongs to J. Assuming the
interval J to be nondegenerate, let 7, s be its endpoints, 1 <r < s < +0.
There are three situations where continuity in J remains to be established:
(i) r¢ J; (i) s < +oo and s ¢ J; (ili) s =+oo. In the following analysis,
p always signifies an element of J.

(i) If » ¢ J, then N,(f) = 400 and the problem is to show that
N,(f) — 400 as p | r. The function 1/p — logN,(f) is already known
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to be convex on J~! (whose endpoints are 1/s < 1/r, where 1/s = 0 if
s = 400 ); with the convention that log(+oc) = +oo, the addition of the
point (1/r,4+00) to its graph creates no new chords between pairs of points
to challenge convexity.
(ii) If s < +o00 and s ¢ J, then Ny(f) = 400 and the problem is
to show that N,(f) — 400 as p T s, with the same conclusion concerning
convexity.
(iii) When s = +o0, of course s ¢ J; and J~! has endpoints 0 < 1/r.
Whether 400 €1 or 400 ¢ I, that is, Ny (f) < +00 or N (f) = 400, the
problem is to show that N,(f) — N (f) as p T +o00. It has already been
shown that
limsup N, (f) < Noo () ;
p—Foo

showing that
liminf N, (f) > N (f)

p——+o00

will establish that

Noo(f) < liminf N, (f) < limsup N, (f) < Noo(f),

p—+oo p——+o00

whence the continuity of p — N,(f) at +o00. There remains the question of
convexity in this case. We have J = ]r, +oo[ or [r,+oo[, therefore J=! =
10,1/r[ or ]0,1/r]. If Noo(f) = 400 then log N (f) = +o00 and the addi-
tion of the point (0,400) to the graph of the function o(1/p) = log N, (f)
(1/p € J71) produces no new chords, so all is well with convexity. Other-
wise, 0 < No(f) < +00 and one adds the ‘finite’ point (0,log N (f)) to
the graph of ¢, which does introduce new chords, namely the ones with left
endpoint (0,log No(f)). Suppose 0 < 1/t < 1/p and consider the chord C
joining (0,log Noo(f)) and (1/p,logN,(f)); we wish to show that the point
(1/t,log Ny(f)) lies on or below C. Let ¢’ besuch that 0 < 1/t' <1/t <1/p
and let C’ be the chord joining (1/t',log Ny (f)) and (1/p,logN,(f)). By
the convexity of o on J~!, we know that (1/t,logN,(f)) lies on or be-
low C’; as t' converges to t, the chord C’ ‘converges’ to C, so in the
limit (1/t,logN.(f)) lies on or below C. (One can, tediously, say it with
inequalities.)

To summarize (assuming J a nondegenerate interval and f non-negligi-
ble): once lim N, (f) has been calculated at the points of the set J — J (a set
with at most two elements, at least one of them finite), the issue of convexity
of the mapping 1/p — logN,(f) (p € I=1J )—in other words the convexity
of t — log Ny, (f) on the closure of J —1 s straightforward, and adds to
what we know about J only in the case that J has right endpoint +oo and
Noo(f) < 400.
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1V.99, (. 14.
“ [If|Ppad|p| tends to [ |£|"pa d|pn| (84, No. 3, Prop. 4).”

When p > r, [f|"pa < |f|Poa € L assures that |f|"pp € L.

V.99, (. 15.
“ Therefore [ |f|Pd|pu| tends to f*\f]’” dlp| "

We need only consider the case that r ¢ J, so that f*]f\” d\p] = +o00.
Then

*
/ 1P dlu| = / EP o dlpal+ / EP g dinl — / £ o dlpil+ / £ o dli]

by the preceding Note, Th. 3 of §1, No. 3, and the continuity of addition in
[0, +00] (GT, 1V, 84, No. 3, Prop. 7), and [*|f|["¢p o d|u| = +00 follows
from the fact that |f|” is not integrable.
V.99, /. 15, 16.

“...which proves the continuity of p+— N,(f) at r.”

When r € J this is not news; assuming r ¢ J, so that N,.(f) = 400,
we are to show that N,(f) — 400 as p — r. To simplify the notation, let

us write a, = [ |f|Pd|p| (p € J). We know that a, — f*|f|'"d|,u| =+o0. It
follows that loga, — 400 (given any real number M > 0, a, > eM for p
sufficiently near r). As p — r one has 1/p — 1/r, therefore

11 1(+) +
—loga, — — - (4+00) = +00
p T

(GT, 1V, §4, No. 3, Prop. 8), whence (a,)'/? — +oc, that is, N,(f) — +o00.
IvV.99, 4. 17.

“The same reasoning may be applied at the point s if s < 400.”

In particular, the roles of A and CA are reversed: when p < s,
[flfopa < |f[Pppa € 2" assures that [f|pp, € £
IV.99, (. —12.

“...let a be a number such that 0 < a < N(f).”

Since J # @ we know that N (f) > 0 (see the note for IV.98, ¢. —3
to —1). {It is not enough to note that f is not negligible; it might still be
locally negligible—that is, Ny, (f) = 0—but not when J # & .}

IVv.99, ¢. —10.
“...non-negligible”

Since Noo(f) is the infimum of the numbers M > 0 such that |f| <M
locally almost everywhere, it is not the case that |f| < a locally almost
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everywhere. That is, the set A = {f : |f(x)] > a} is not locally negligible,
hence is not negligible.

Iv.99, ¢. —7.
‘... which completes the proof.”

Letting a — Ny (f), one has limJirnf N,(f) > Noo(f). This completes
p—+o0
the proof of lil_’l_l N, (f) = N (f) and hence of the Proposition (see the
p——4o00
note for ¢. 4-6).

IV.99, /. —6 to —4.

“COROLLARY.”

By assumption, 1 <7 <p < s < +oo and f € Z5 N.Z3; we are to
show that f € £, and can suppose that f is not negligible.

From f € £ we know that N,(f) < 400, so that r belongs to the
interval J of the proof of Prop. 4; if s < 400 then similarly s € J, therefore
N, (f) < +oo forall p € [r,s]. On the other hand, if s = 400 then f € Z°
is bounded in measure, N (f) < 4o00; since J is nonempty, the proof of
Prop. 4 shows that J is an interval with right endpoint +oco, consequently
N, (f) < +oo for every p € [r,+o0[.

IVv.100, ¢. 9,10.
“This is an immediate consequence of Prop. 4 above and of the Cor. of
Prop. 4 of Ch. I, No. 3.”

We may write simply |||l = |p|/(X) = [ d|u| (84, No. 7, Prop. 12). Since
1 is bounded, every measurable set in X is integrable (§5, No. 6, Cor. 1 of
Th. 5). It follows that every locally negligible set A in X is negligible; for,
A is measurable (§5, No. 2, sentence after Def. 3), hence integrable, therefore
A =NU | K, with N negligible and the K,, compact (§4, No. 6, Cor. 2

n=1

of Th. 4), and the K,, = A NK, are also negligible (§5, No. 2, Prop. 5).
If Noo(f) < 400, then N (f) may be described as the infimum of all real
numbers « > 0 such that |f| < a almost everywhere, and N (f) = 0
means that f =0 almost everywhere (Nos. 2,3). If N (f) < +o0o then, for
all p € [1,+oo[, |f|” < (Noo(f))” almost everywhere,

/ 17 dlu] < ( / dlul,

whence N, (f) < Noo(F) - || VP < +oc.
As in Ch. I, No. 1, write P for the set of all functions f: X — R such
that f > 0, and define

M(f) =l ul*(f)  (f €P);
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then M satisfies the conditions 1°,2°,3° of Ch. I, No. 1 (§1, No. 3, Props. 10,
11, 12), and M (1) = [|u|| ~Yu/*(1) = 1. For 0 < p < +o0o and any function
f: X —F, define

NL(F) = (M(Jg[P) "

(cf. the note for IV.98, ¢. —10 to —7); since M(af) = aM(f) for f € P
and scalars a > 0, we have

(%) N (8) = (il = (£17)) 7 = lull /2N (8)

which suggests the definition N’_(f) = N (f) (formally ‘let p — oo in (x)’).
Since M(1) = 1, for every function f : X — F the mapping p +— N (f)
(0 < p < 400) is increasing (Ch. I, No. 3, Cor. of Prop. 4). {Review: The
argument given in Ch. I shows that if 0 < r < p and N}, (f) < +o0, then
N;.(f) < N, (f), whence p — N (f) is finite-valued and increasing on the
interval [r,p]. It follows that if 0 < r < p < 400 then Nj(f) < N (f):
trivial if N, (f) = +o0, and true by the foregoing if N} (f) < +oo.}

Consider now the assertion of Prop. 5 (in particular, f is measurable):
let T be the set of all p € [1,+00] such that N,(f) < +oo , equivalently,
N, (f) < 400, and assume that I# @ ; we are to show that I is an interval
and the function p+— N} (f) (p € 1) is increasing. We can suppose that f is
not negligible, equivalently, N (f) > 0.

If Noo(f) < 400, that is, f € Z2°, then, as observed in the first
paragraph of the note, f € £ for all p € [1,+00[. Thus I = [1,+o0].
We know that p ~— N (f) is finite-valued and increasing on [1,+oo[; it
remains to show that if 1 < p < +oo then N (f) < N (f). Indeed,
fP < (N (f))p -1 almost everywhere, therefore

[ e dlnl < (N D) el
whence N, (f) < Noo(f) - [|]|}/? and so
N (F) = [|ul 7PN, (£) < Noo(F) = NI (F) -
Finally, suppose N (f) =+00, so that
T={pe[1,+oo[: Ny(f) < +o0}.
By assumption, [ # @; let p € I. We know from the discussion above that
[1,p[ C I, thus I is an interval (it is the interval J of the proof of Prop. 4)

with left endpoint 1, conceivably degenerating to the single point 1, on
which the function p — N, (f) is increasing (Ch. I, No. 3, Cor. of Prop. 4).
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IV.100, ¢. 11-13.
“COROLLARY.”

The corollary is valid for 1 < r < s < 400, except that when s = 400
the topology on Z2° defined by the semi-norm N, is the topology of
‘uniform convergence locally almost everywhere’ (No. 3).

For a measurable function f : X — F let us write I¢ for the set of all
p € [1,400] such that N,(f) < 4o00. Suppose f € 253, that is, s € If. By
Prop. 5, I is an interval with left endpoint 1, therefore [1,s] C I¢ and in
particular r € I¢, that is, f € £ . Thus £ C £ . Moreover, for a fixed
measurable function f, if I¢ # @& then, with notation as in the preceding
note, the function

p= NL(E) = [lul 7PN, (6)  (pele)

is increasing. In particular (for the given r and s), N/ (f) < N,(f) when
f e £, that is,

() el =N (£) < el =N ()

(when s = +o00, the convention is that 1/s = 0 and the inequality reads
]| =Y/"N(F) < 1-Ngo(f) = N’_(f)). Writing the inequality (*) as

N.(f) < w Ns(f) forall f e 2
S ) N .

we see that the canonical injection % — £ is continuous for the respec-
tive semi-norm topologies; in other words, the topology on .2} induced by
the N,-topology on .Z} is coarser than the N,-topology.

Incidentally, #r C ZE for all p € [1,+00], and the normed space L%
derived from the semi-norm N, is a Banach space (No. 3, Prop. 2 and §3,
No. 4, Th. 2).

IV.100, (. —13.
“ Noo(f) = [|f]| = sup [£(z)] 7
rzeX

Every function f : X — F is continuous, hence measurable, and the
empty set is the only negligible set, hence the only locally negligible set.

IV.100, ¢. —13 to —11.
“...if there exists a number « > 0 such that |f(z)| > « for infinitely
many values of € X, then N,(f) = +oo for every finite p”

In this case I = @ or {+00} according as |f| is unbounded or bounded.
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IV.100, /. —11 to —8.
“in the contrary case, there exists an zg € X such that |[f(xzq)| = |f||,
whence
Noo(f) = [f(z0)| < Np(f)

for every finite p.”

The contrary case: for every o > 0, |f(z)|] < a for all but finitely
many x; since the compact sets are the finite sets, this means that the
(continuous) function f “tends to 0O at infinity”, that is, f € €°(X;F)
(cf. Ch. III, §1, No. 2, Prop. 3). In particular, f is bounded.

Choose y € X with f(y) # 0. The set A = {x : |f(z)] > |f(y)|} is
finite; if x¢p € A is chosen so that [f(xg)] = max{|f(z)|: = € A}, then
N (F) = [£(x0)

For every finite p > 1, (Noo(f))” = [f(z0)[? < (N,(f))”, whence
Noo(f) < N, (f).

If N,(f) = +oo for all finite p > 1 , then I = {+o0} (an example is
given at the end of this note).

Otherwise, there exists a finite p > 1 such that N, (f) < +oo, in which
case | is a nondegenerate interval with right end-point +o0o and left end-
point r, 1 < r < +oo (Prop. 4). Then I = [r,+oc], and = [0,1/r].
We know from Prop. 4 that the function

g(a) = logNl/a(f) (a S [07 1/T] )

is convex. Note that ¢g(0) = log Noo(f) < +00, whereas g(1/r) = logN,.(f)
is finite or equal to +o0o according as r €I or r ¢ I.

(i) Consider first the case that r € I, so that I =1 = [r, +00], and g is
a finite-valued convex function on [0,1/r]. We know that for r < p < 400,
0 < Noo(f) < N, (f), whence

9(0) =log N (f) < log N, (f) = g(1/p),

that is, ¢(0) < g(a) for all a € ]0,1/r]; thus g takes its smallest value
at the left end-point 0. Let us show that ¢ is an increasing function. For
0<a,B</r, a# [, write

MaB:M:MBa

0 — «

for the slope of the chord of the graph of ¢ joining the points (a, g(a)) and
(B,9(B)). Since g is convex, for every o € [0,1/r] the function

(%) v May (v €[0,1/r] = {a})
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is increasing (FRV, I, §4, No. 3, Prop. 5). Suppose 0 < a < g < 1/r. If
a =0, then
TR CETUR

by the minimality of ¢(0), thus ¢(0) < g(8) for all g €]0,1/r]. Whereas,
if 0 << B <1/r,necessarily g(a) < g(f); otherwise, g(a) > g() would
imply that M, < 0, which, along with M,o > 0, would contradict the fact
that the mapping (x) is increasing.

(ii) Consider now the general case. If r € I then ¢ is increasing on I 1
by the foregoing. Suppose r ¢ I, that is, g(1/r) = +oo. Fix a number =,
0 < < 1/r; therestriction of g to [0,7] is convex, therefore g is increasing
by the argument of case (i). But for every such v, g(v) < +o0 = g(1/r);
thus g is increasing on [0,1/r] =171,

We have shown that if I # @ and I # {4+o00} (equivalently, there exists
a finite p > 1 such that N,(f) < 4o00; see the Proposition below), then
f — 0 at infinity, I is a nondegenerate interval with right end-point equal
to +oo, I = [r,+o00] with 1 <r < +oc, and the function

o — log Ny /() (eIt =10,1/r])

(convex by Prop. 4) is increasing. In particular, as p € I increases,
a = 1/p decreases, therefore log N, (f) decreases, therefore N, (f) decreases;
thus N,(f) is a decreasing function of p € I, attaining its minimum at
p=+00. <

Proposition. Let X be a discrete space, p a measure on X, F a Ban-
ach space, f : X — F, f # 0, and I the set of all p € [1,400] such that
N, (f) < +oo . The following conditions are equivalent:

(a) I# @ and 1# {+o0};

(b) there exists a finite p > 1 such that f € £F;

(¢c) f — 0 at infinity and I # {400} .

Proof. (a) = (b): Obvious.

(b) = (c): At any rate p € I, so I # {4oc}. If one did not have f — 0
at infinity, there would exist an € > 0 such that |f(xz)| > ¢ for infinitely

many values of =, whence Y. |f(z)|? = 400, contrary to f € £F.
zeX
(¢) = (a): Since f — 0 at infinity |f| is bounded, that is, +oo € I;
thus I# @, whereas 1 # {+o00} by assumption. <
The following example shows that the condition I# {+oc0} in (c) can-
not be omitted:

A positive-term sequence (c,) such that ¢, — 0 but (c,) 1is not
p-summable for any finite p > 1. Here X is the set of positive integers
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with the discrete topology, p is the atomic (hence discrete) measure defined
by a mass +1 at every point of X (Ch. III, §1, No. 3, Ezample 1), and a
function on X is displayed as a sequence.

1
Let ¢, = If 0 < p < 400, then ¢ > — for all sufficiently
n

logn
large n, therefore > ¢ = +oo. Thus I = {400} for this sequence. {This
i=1

example is given in Konrad Knopp’s Infinite sequences and series (Dover,
New York, 1956), p. 60, Example 7 of 3.2.1; and Theory and application of
infinite series (Hafner, New York, 1951), p. 119, Example g).}

A sequence for which I = @ : Interlace (c,) with any unbounded se-
quence.

A sequence for which I = [1,4+00]: Any absolutely summable sequence.

IV.100, /. —4 to —1.
“COROLLARY.” (of Prop. 6)

The corollary is valid for 1 < r < s < +00, except that when s = 400
the topology on Zg° defined by the semi-norm N, is the topology of
uniform convergence.

Let 1 <r <s < +oo and let f € Z5. In the notation of Prop. 6,
r € I. By Prop. 6, [r,+o00] C I, hence also s € I, that is, f € £}
thus 2 C £ . Moreover, r < s implies by Prop. 6 that N,.(f) > N,(f),
therefore the canonical injection Z; — Z7 is continuous for the respective
semi-norm topologies; in other words, the topology on £} induced by the
N;-topology of £} is coarser than the N,-topology.

§7. BARYCENTERS

IV.101, /. 7,8.
“...theintegral [xdp(x) istherefore defined and is an element of E’*
(Ch. 111, §3, No. 1).”

Write ik : K — E for the canonical injection; then ix € #(K;E) C
K (K;E) and, by definition, [ixdy = [ik(x)du(x) = [xdup(x) is the
unique element z € E’* such that, for all x’ € E,

(2.x) = i),y u) = [ ) d(x)

— [ 1) doe = 1) = o o ).
See also the note for I11.33, ¢. 6-11.
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IV.101, /. 8,9.
“Moreover, on K, the topology induced by the weak topology o(E’* E’)
is identical with the original topology.”

As K C E, the assertion entails the identification of E as a linear
subspace of E'*: for x € E write x* for the linear form on E’ defined by
x*(x') = x'(x) = (x,x) for all x’ € E/, and define the mapping (linear and
injective) 6: E — E'* by 0(x) =x* (x € E).

The topology o(E'*,E’) on E’* is the initial topology for the family
of ‘evaluation mappings’

(i) [ f) (f€EY)

indexed by x’ € E’. The topology on #(E) induced by o(E’*,E’) is the
initial topology for the canonical injection 6(E) — E’*, which is, by the
‘transitivity of initial topologies’ (GT, I, §2, No. 3, Prop. 5), the initial
topology for the family of mappings

(ii) x* - x*(x') = (x,x') (x€E)
indexed by x’ € E' —which is, in turn, the topology G(G(E), E’ ); concisely,
o(E*,E')NO(E) =c(4(E),E).

By ‘topology on E induced by o(E’*, E’) is meant the initial topology for the
mapping 6 : E — E'* where E'* is equipped with the topology o(E'* E),
that is (transitivity again), the initial topology for the family of composed
mappings

(iii) x = x* - x*(x') = (x,x') (x € E)

indexed by x’ € E’, which is precisely the weakened topology o(E,E’)
on E; after identifying E and 6(E) as vector spaces, we may write

o(E*, E')NE = o(E,E).

Thus the topology induced on E by o(E'* E’) is coarser (i.e., ‘weaker’) than
the original topology, therefore the topology on K induced by o(E'* E’)
is coarser than its original topology; since K is compact for its original
topology, and Hausdorff for o(E’*,E’) N K, the two topologies are equal
(GT, I, §9, No. 4, Cor. 3 of Th. 2).

{See also the note for II1.38, ¢. 8.}
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IV.101, £. 9-12.

“...if C is the closed convex envelope of K in E’* equipped with
o(E*E'), then CNE is the closed convex envelope of K in E for the
original topology (or for the weakened topology o(E,E’)).”

Write 7 for the original topology on E, and 7* for the topology
o(E*,E). Let:

1) A be the convex envelope of K (in E), and

2) B the closure of A in E for .7 ; thus B is the closed convex
envelope of K in E for .7 (TVS, II, §2, No. 6, Prop. 14), equivalently, for
the weakened topology o(E,E’) (TVS, IV, §1, No. 2, Prop. 2).

As shown in the preceding note, viewing E as a linear subspace of E’*
the induced topology 7*NE coincides with o(E,E’).

Now, C is the closure of A in E’* for J*; we are to show that
CNE=B. From A C E C E'*, we know that the closure of A in E for
T*NE =0(E,E) is equal to CNE (GT, I, §3, No. 1, Prop. 1), that is,
B=CnNE.

IV.101, ¢. —15 to —13.
“Let © be a discrete measure on K, positive and of total mass 1; it is

thus of the form p = > \ex, , where x; € K, and the \; are real numbers
i=1

such that A\; >0 forall ¢ and Y A\, =1."
i=1

Here, K can be any compact space (not necessarily a subspace of a
Banach space); let us write € K instead of x € K.
To say that p is discrete means that it is atomic (Ch. III, §1, No. 3,

Ezample 1), given by a function « : K — C such that Y |a(z)| < +o0,
zeK
and that, morever, the set

N={zeK: a(z) #0}

is finite (because K is compact and N = NNK). Say N = {z1,...,z,},
with the z; distinct. By the definition of p, for f € # (K;C) = ¢(K;C)
one has

n n

p(f) = a@)fl@) =D al@)f(@) = alw)e,(f),

zeK i=1 =1

thus p= > ey, , where \; = a(z;
i=1

There exist functions fi€e €(K), 0 < f; <1, such that f;(z;) = 0i;
for all 4,5 =1,...,n, whence u(f;) = a(x;). The assumption that g > 0
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is clearly equivalent to the condition A; > 0 for all i (i.e., a(z) > 0 for all
x € K). Moreover, from

NI< () (e e®)

n
we know that g is bounded, with ||u|] < > A\;; since K is compact, we

have in fact

el = |1 ZA e, (1) = ZA

(Ch. III, §1, No. 8, Cor. 2 of Prop. 10), and to say that p has total mass

n

equal to 1 means that Y A\; = 1, so that p is a convex combination of
i=1

Dirac measures.

IV.101, (. —12.

“b, = [xdu(x) = >oAix; 7

For all x' € E,

(bx) = [ xdu<x>,x'> = [, x) dpu(x) = pl(x'[K)
_szx :Z/\- x'|K) (x;)
= Z)\ix X;) Z)\ X, X ) = <Z)\ixi,x'

Iv.101, ¢. —11.
“x is the barycenter of the measure ey .”
The discrete measure defined by a = oy is p=1-¢x.

Iv.101, ¢. —6, 5.
“This is nothing more than Prop. 5 of Ch. III, §3, No. 2 applied to the
canonical injection of K into E.”

As in the note for £. 9-12, let us instead write B for the closed convex
envelope of K in E for the original topology 7 on E, reserving the letter C
for the closed convex envelope of K in E’* for topology 7* = o(E'*,E') as
in the sentence preceding Def. 1, where it is shown that CNE =B (with E
canonically identified as a hnear subspace of E’* as in the note for £. 8,9).
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Write ., for the set positive measures on K of total mass 1, and set
S:{but /J,E%l},

which is a subset of E'* (Def. 1); we are to show that ENS = B.

Let f: K — E be the canonical injection; E and K being equipped
with their original topologies, we have f € ¢(K;E), f(x) = x forall x € K,
and, by Def. 1,

S={[f(x)du(x): pe .}

By the cited Prop. 5, S is the closed convex envelope of f(K) =K in E’*
for the topology &*, thatis, S=C; thus ENS=ENC =B.

IV.101, {. —4 to —2.
“COROLLARY. — If the closed convex envelope C of K in E is compact,

then the barycenter of every positive measure of total mass 1 on K belongs
to E.”

The statement can (should) be sharpened from “...belongs to E” to
“...belongs to C”. For, with notations and hypotheses of the Corollary as
stated in the text, if p is a positive measure on K of total mass 1, so that
b, € E by the Corollary, then b, is a point of E that is the barycenter of
at least one positive measure on K of total mass 1, therefore b, belongs
to C by Prop. 1.

IV.101, ¢. —1 to IV.102, /. 2.

“For, C is then also the closed convex envelope of K in E'* equipped
with the weak topology o(E’*,E’), and it suffices to apply, to the canonical
injection of K into E, Prop. 4 of Ch. III, §3, No. 2.”

As in the note for IV.101, £. —6, —5, let us instead write B for the closed
convex envelope of K in E for the original topology 7 on E, and let C
and S have the meanings in that note. Thus, writing A for the convex
envelope of K, B is the closure of A in E for 7, and C is the closure
of A in E'* for 7* = o(E'*,E).

We are to show that B=C and S C E. (We show in fact that S =B.)

By assumption, B is compact for .7, hence it is compact for the coarser
topology o(E,E’); but o(E,E’) coincides with the topology on E induced
by 7* (see the note for IV.101, ¢. 8-9), therefore B is a compact subset
of E'* for %, and so B is closed in E'*. Now, A C B and C is the
closure of A in E’* | therefore C C B; but B=CNE c C,andso B=C.
Finally, S = C was shown in the preceding note, thus S=B C E.

Iv.102, /. 4.
“...or when E is quasi-complete.”
TVS, II1, §1, No. 6, third paragraph after Def. 6.

43
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Iv.102, ¢. 16.
“Therefore sup [ hq(x) du(x) = sup ha(b,) = f(b,) ”

In the expression [ hq(x)du(x), by he is meant the restriction
of he to K; and the second equality holds because 1) sup(he|K) = f,

and 2) b, € K by the preceding Remark.

Iv.102, ¢. 17,18.
“When p is a discrete positive measure on K of total mass 1, Prop. 2
yields anew the inequality that defines the convex functions on K.”

To say that f: K — R™ is convex means that if xy,...,x, are distinct
elements of K, and x = > \;x; with A; >0 and > \; =1, then
i B

f(x) < Z)\if(xi) = (Z)\z‘é?xi)(f);

one knows from the Ezample following Def. 1 that  \jex, is the general

7
discrete positive measure on K of total mass 1, and that its barycenter
is x. To formulate this result in terms of Prop. 2 we will make use of the
following:

Remark. If K is a compact space and p is a positive discrete measure

on K, then every lower semi-continuous function f : K — R™ is integrable;
n

and if 1=y Nieg, as in the note for IV.101, £. —15 to —13, then [ fdp =

i=1
f:l Aif () -

Proof. Since f is measurable for any measure (§5, No. 5, Cor. of Prop. 8)
and p* =3 N\i(ez,)* (81, No. 3, Prop. 15), one is reduced to the case that

u =€z (85, No. 6, Th. 5). Let H be the set of all functions g € €4 (K)
such that g < f; by the Lemma of §1, No. 1,

f(z) = sup g(x) = supe,(9g),
geH geH

thus f(z) = (e,)*(f) in the sense of loc. cit., Def. 1, hence also in the sense
of §1, No. 3, Def. 3. Thus f*f de; = f(z) < +o0o, whence [ fde, exists
(84, No. 4, Cor. 1 of Prop. 5) and is equal to f(z).

Finally, with K as in Prop. 2, for a lower semi-continuous function
f =0 to be convex, it is necessary and sufficient that it satisfy the inequality
of Prop. 2 for every positive discrete measure p on K of total mass 1.
Proof. Necessity: A special case of Prop. 2.
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Sufficiency: The assumption is that f(b,) < [ * f dp for every positive
discrete measure p on K of total mass 1. If x4,...,x, are distinct points
of K and if x =) A\;x; with A\; >0 and Y A, =1, then x = b, for the
measure [ = y_ A\ex, by the Ezample following Def. 1, so by assumption

f(x) = f(b,) < / iz

whence, citing the above Remark, f(x) < [ fdu =Y \if(x;).
IV.102, /. —13.

“It suffices to note that ig( g(x) = a is finite and apply Prop. 2 to
g—a

The values of g are finite, and a = g(y) for some y € K (GT, IV, §6,

No. 2, Th. 3).
The function f = ¢ — a satisfies the hypotheses of Prop. 2, so

(g —a)(b,) < f*(g — a)dp; moreover, g — a is bounded and measurable,
and p is bounded, therefore g — a is integrable (§5, No. 6, Th. 5) and

g(bu)—az(g—a)(bu)</(9—a)du=/gdu—a-

IvV.102, /. —3 to IV.103, /. 1.
“For every point a € K, there exists a closed convex neighborhood V,
of 0 in E such that

(2) [fi(y) — fi(a)| < 6/2

for 1<i<p andforevery y e Wo=Kn(a+V,).”

Let 7 be the given topology on the locally convex space E. As V
varies over the set of all closed convex neighborhoods of 0 in E, the sets
W =Kn(a+ V) vary over a fundamental system of neighborhoods of a
in K for the topology on K induced by .7 (TVS, 11, §4, No. 1). Fix a € K.
For each i =1,...,p there exists, by the continuity of f;, a closed convex
neighborhood V; of 0 in E such that (2) holds for all y € W; = KN(a+V,).

P
Setting Vo = [ V; and
i=1

)

=1 =1 =1

the inequality (2) holds for every i and every y € W,.
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IV.103, 4. 5-7.

“Each of the measures p; is positive, of total mass 1, and its support
is contained in the compact convex set Wa, ”

If oj #0 then p;(1) = aj_l w(g; 1) = Ozj_lozj =1, and, citing Ch. III,
§2, No. 3, Prop. 10,

Supp(p;) = Supp(g; - ) = {y € Supp(n) : g;(y) #0}
C Supp(p) N Supp(g;) C Supp(g;) C Wa, ;

whereas if a; =0 then p;(1) =ea,(1) =1 and

Supp(uj) = Supp(ea;) = {a;} C Wa, .

Iv.103, ¢. 7-9.
“...by definition,

(3) p= o ajmy
j=1

since g; -pu =0 if p(g;)=0"

If a;j = 0, that is, if pu(g;) = 0, then, for every f € €, (K) with
0< f<1,o0nehas 0<g,f < gj, therefore 0 < pu(g;f) < p(gj) =0, thus
gj - =0, whence aju; =05, =0 = g; - u; whereas if a; > 0 then
ajpy = g; - p by the definition of ;. Thus

gj - b= il G=1...,7).

Since ) gj =1, for every f € €(K;C) one has f= ) g;f, therefore
j=1 j=1

T T

() =D mgif) =3 (g5 m(f) = 3 (a5 - 1) (),

J=1 Jj=1

whence (3).

IV.103, ¢. 11.
“Let x; be the barycenter of 11, which belongs to Wy, (No. 1, Prop. 1)”

At any rate, p; is a positive measure on K of total mass 1, its barycen-
ter x; is defined, and x; € K by the corollary of the cited Prop. 1 (since
the closed convex envelope of K in E is K itself).
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Let K; = Supp pj. We know that K; C W,, = KN (a; + Va,). Since
K, is a compact subset of K, the induced measure p; = (u;)kx, on Kj is
defined: if h € €(K;;C) and R’ is the extension by 0 of h to K, then A’
is pj-integrable and one defines p;(h) = [ h'dp; . In particular, 1 € €(K;)
and 1’ = gk, (the characteristic function of K; in K); since yu; has total
mass 1 and K — K is u;-negligible, one has

pi(1) = [ Vs = [ e, duy = 5 (05) = s (1) = 1.

thus p; is a (positive) measure on K; of total mass 1. The barycenter b,
of p; is, a priori, an element of E'*; but K; C Wy, , where W, is a
compact convex subset of I, thus the closed convex envelope C; of K;
in E is a compact convex subset of Wy, , hence of E. It then follows from
the Cor. of Prop. 1 (with K; playing the role of K) that b,, € C; C Wy, ,
so it will suffice to show that b, = x;, that is,

barycenter of (f4;)suppp; = barycenter of f;;
and for this, it suffices to show that
(%) (by,,2') = (x;,2') forall 2z’ € E.

Let z' € E'. As the letter x is frozen in the statement of Prop. 3 (namely,
x = b, ), we employ y for the variable of integration in the following:

(x;,2') = </ydﬂj(Y)7Z/>
— /(y,z’>d,uj(y) = /(y,Z/>SDKj () du; (y)

(all integrations are over K ), whereas if y — (y,z’)’ (y € K) denotes the
extension by 0 to K of the function y — (y,z’) (y € K;), then

(b,,.2') = </ydpj(y),2’> = /<yvz'>dl)j(3’)
— [ dlos i, ) = [ 5.2 duiy)
= / (v,2")ex; (y) du;i(y)

(the first three integrations are over K, the last two over K), thus (x) is
verified.
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IV.103, (. 13, 14.

“...its barycenter is ) «;x;, which is also the barycenter of p by
j=1
virtue of (3), thus is equal to x.”
For each 2z’ € E’, the function z'|K belongs to ¢ (K;C) = ¢ (K;C),
therefore, citing (3) at the third equality, we have

(b,2') = /<y,Z’>du(Y) = u(z'|K)

3

@ / (y,2") dp;(y)

=D oy (@ |K) =
j=1

= zr:aj<bujvzl> = <

<.

1
B,
ab,. .z

iPu; 2 ),
-1

J

whence b, = } a;b,, . But x = b, and x; = by, by definition, thus
j=1
X = ), o;X;. On the other hand b, = ) a;x; by the Ezample following

J=1 J
Def. 1 of No. 1, thus b, =x=Db,,.

IV.103, /. 15,16.
“...since Supp(u;) C Wa, , |u;(fi) — fi(a;)] <0/2 for 1<i<p.”
Writing K; = Supp(p;), we have K; € Wy, C K, and K — Kj is a
pj-negligible open set in K. Let ¢k, be the characteristic function of K;

in K. Since K; C W, , we know from (2) that the function f; — fi(a;)-1
in ¥(K;C) = #(K;C) satisfies

ok, |fi — filay) - 1] < 6/2,

whereas |f; — fi(a;) - 1| = ¢k, |fi — f(a;) - 1| pj-almost everywhere in K,
therefore

li (fi — fi(ay) - D < w1 fi = fi(ay) - 1)) :/\fi — fi(ay) - 1| dp;
= [l = fta) Uy < 6720 1) = 572,

that is, |u;(fi) — fi(a;)] < 6/2.

IV.103, ¢. 19-21.
“Since the «; are > 0 and have sum 1, it follows from (3) and the
definition of v that v satisfies the inequality (1).”
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Fix an index i (1 <4 < p). We know that |u;(f;) —ex,;(fi)] < 0 for
all j=1,...,r. Citing (3) and the definition of v, we have

() = V() = | 2 sy = D e, ()

=3 ol (£ o, (1)

<Y gl (fi) — e, (F) <D s =4
=1

j=1

Thus v satisfies the inequality (1).

Summarizing: If p is a positive measure on K of total mass 1, and x
is its barycenter, then every vague neighborhood of p contains a discrete
positive measure v of total mass 1 and barycenter x; thus Prop. 3 is
verified.

IvV.103, ¢. —5.
“Suppose x is an extremal point of K ”

The supposition would have implied that x belongs to K’ even if this
had not been assumed in the statement of the Corollary (TVS, II, §7, No. 1,
Cor. of Prop. 2). However, the condition x € K’ is essential to stating the
Corollary: by ex is meant the measure on K’ defined by f+— f(x) for all
f € €(K'), whence the need for x € K’; it then follows that the positive
measure £ on K’ of total mass 1 has barycenter x (No. 1, Ezample fol-
lowing Def. 1).

IV.103, ¢. —5 to —2.

“...to prove that e4 is the only positive measure on K’, of total
mass 1, having x as barycenter, it suffices, by Prop. 3, to see that the
set of discrete measures v on K’ that are positive, of total mass 1, and
have x as barycenter, reduces to ex.”

Let us write .#(x) for the set of all positive measures on K’ of total
mass 1, having barycenter x; we know that ex € .Z(x) (No. 1, Ezample
following Def. 1), and we are to show (assuming x is an extremal point
of K) that .#(x) = {ex}.

Let #4(x) be the set of measures in .#(x) that are discrete (for
example ex € .#4(x), as noted in the cited example). It will suffice to show
that #;(x) C {ex}; for, since {ex} is vaguely closed, it will then follow
from Prop. 3 that #(x) C #4(x) C {ex} = {ex} (the overbar signifying
vague closure in . (K’; C) ), whence .4 (x) = {ex}.
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Iv.104, ¢. 1,2.

“...the hypothesis that x is the barycenter of v may be written
X = Z )\ixi 7

i=1

Recalling that the x; belong to K’, the computation in the note for
IV.103, ¢. 13,14 yields b, = > Aibe, , that is, x = dAiX; .
i=1 i=1

IV.104, (. 9.
“Then x is the barycenter of Ap/ + (1 —A)u”.”

Arguing as in the preceding note, by, 4 (1—x)y7 = Aby + (1 = A)byr =
X'+ (1= N)x" =x.
IVv.104, ¢. 9,10.

“Therefore A/ + (1 = AN)p” =ex .”

By the assumption on &y .

IV.104, . 10.
“Therefore p’ and p” are proportional to ey ”

Note first that Supp(ex) = {x}. {At any rate, Supp(ex) # @ since
ex # 0, so it suffices to show that Supp(ex) C {x}, that is, K’ — {x} C
K’ —Supp(ex) , in other words, the restriction of £x to the open subset Y =
K’ — {x} of K’ is zero (Ch. III, §2, No. 2, Def. 1). Indeed, if g € #(Y;C)
and ¢’ is the extension by 0 of g to K’ (i.e., by setting ¢'(x) = 0), then

(ex)v(9) = ex(¢') = ¢'(x) = 0.}
From 0 < Ay < ex one then infers (loc. cit., Prop. 3)

Supp(p') = Supp(Au') C Supp(ex) = {x},

therefore ' is proportional to ex (loc. cit., No. 4, Prop. 12), hence so is pu” .
And from p/(1) =ex(1) = (1) =1 one infers that p/ =ex = p”.

IV.104, (. 10, 11.

“...whence x'=x"=x"

For, x’ =b,, =b. = x and similarly x” =x.
IV.104, ¢. 18-20.

“...the subset U of K x K xI formed by the triples (x,y,A) such
that x#y and 0 <A <1 isopenin Kx K x17”

If A is the diagonal of K x K then U= (K x K — A) x (0,1).

IV.104, (. —16.
13 K_M:q(U) bY]
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Let z € K. Then
z is not extremal in K < z=Ax+ (1 - \)y for some (x,y,\) € U,

that is, z ¢ M < z € q(U).

IV.104, (. —6 to —4.

“By the Hahn-Banach theorem, for (a,b) to belongto S, it is necessary
and sufficient that h(a,b) > 0 for every continuous affine linear function h
on E x R such that h(x,u(x)) >0 for x € K.”

Review. A function f : E — R is affine linear if there exist a linear
form fo on E and a real number « such that f(x) = fo(x) + a for all
x € E (A, 11, §9, No. 4, Prop. 6); f is continuous when fy € E’.

Thus, a function h: E x R — R is a continuous affine linear function
if there exist a continuous linear form hg € (E x R)’ and an a € R such
that h(x,t) = ho(x,t) + a for all (x,t) € E x R. But we can make the
identifications (Ex R) =E' @R’ =FE @R (TVS, IV, §1, No. 5), so there
exist fo € E' and 8 € R such that ho(x,t) = fo(x) + St, whence

h(x,t) = (fo(x) + Bt) + a = (fo(x) + ) + Bt;

thus f(x) = fo(x)+ « defines a continuous affine linear function on E such
that h(x,t) = f(x)+ pt for all (x,t) e ExR. $

Necessity. Suppose (a,b) € S (the closed convex envelope in E x R of
the graph G of u). If h is a continuous affine linear function on E x R
such that A > 0 on G, then clearly h >0 on S; in particular, h(a,b) > 0.

Sufficiency. Arguing contrapositively, assuming (a,b) ¢ S let us show
that there exists a continuous affine linear function h on E x R such that
h(a,b) <0.

Since S is the intersection of the closed half-spaces that contain it (T'VS,
I1, §5, No. 3, Cor. 1 of Prop. 4), there exist a continuous linear form hgy on
E x R and a real number « such that ho(x,t) > a for (x,t) € S and
ho(a,b) < a. Then h = hy — « is a continuous affine linear function on
E x R such that h > 0 on S (equivalently, h(x,u(x)) >0 for all x € K)
and h(a,b) <0.

IV.104, . —3 to IV.105, £. 2.
“...the relation (a,b) € S is equivalent to the following property: the
relation

(4) f(x) > Au(x) forall x e K
implies

(5) fa)=Ab.”
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Here f stands for any continuous affine linear function on E, and
A € R; thus h(x,t) = f(x) — At defines the most general continuous affine
linear function h on E x R, (4) signifies h(x,u(x)) > 0 for all x € K,
and (5) signifies h(a,b) > 0. Thus the proposition

(a,b)eS < ((4) = ()

is a restatement of the assertion just proved.

IV.105, /. 11.
“This proves the lemma...”

The organization of the proof is somewhat complicated. With the no-
tations established in the lemma, we are to show:

(a,b) €S < acK and u(a) <b<7ua).

Proof of =: Suppose (a,b) € S. Since K is convex and closed, clearly
a € K. Let h be any continuous affine linear function on E x R. We know
that

(%) h>0on G = h(a,b) >0.

Say h is given by h(x,t) = f(x) — At, where f is a continuous affine linear
function on E, and A € R.

case 1. X =0.
We know from (*) that

(1) f=20on K = f(a)>0.

Now, the closed half-spaces in E are the sets {x: f(x) >0}, where f is

a continuous affine linear function on E. Therefore the validity of (i) says

that a belongs to every closed half-space that contains K, so a belongs to

their intersection, which is equal to K (TVS, II, §5, No. 3, Cor. 1 of Prop. 4).
Conversely, if a € K, then a belongs to every closed half-space con-

taining K, thus (i) is satisfied and so (*) holds for every h with A =0.
Conclusion: Assuming (a,b) € S,

() holds when A =0 < acK.

case 2. A= —1.
For such h, the meaning of (*) is

fx)+t>0o0on G = f(a)+b>0,
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that is,
f(x)+ux)>0on K = fa)+b>0,

that is,
—f(x)<u(x) on K = —f(a) <b;

since f +— —f is a permutation of the set of all continuous affine linear
functions on E, we may write this implication as

(i) f<uon K = f(a)<b.

Now, u is the supremum of the f |K as f runs over the set of all continuous
affine linear functions such that f|K < wu (TVS, II, §5, No. 4, Prop. 5; see
the Remark at the end of this note); by (ii), f(a) < b for every such f,
therefore u(a) <b.

Conversely, if a € K (as is the case when (a,b) € S, as noted above)
and u(a) < b, then f < u on K implies that f(a) < u(a) < b, so the
implication (ii) holds.

Conclusion: Assuming (a,b) € S,

(%) holds when A =—-1 < wu(a) <b.

case 3. A=1.
For such h, the meaning of (x) is

fx)—t=0on G = f(a)—b2>0,

that is,

F6)—u(x) >0 on K = fla)—b>0,
that is,
(iii) u(x) < f(x) on K = b< f(a).

Now, w is, by definition, the lower envelope of the f, as f runs over the
set of all continuous affine linear functions such that u < f|K; by (iii),
b < f(a) for every such f, therefore b < u(a).
Conversely, if a € K (as is the case when (a,b) € S) and b < u(a),
then
u< fon K = @< fonK

by the definition of %; in particular, b < u(a) < f(a), thus the implica-
tion (iii) holds.
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Conclusion: Assuming (a,b) € S,
() holds when A =1 <« b<7(a).

Summary. If (a,b) € S then a € K and w(a) < b < w(a). This
completes the “Proof of =”. Moreover, the “Conversely” assertions show
that if a € K and u(a) < b < @(a), then the implications (i), (ii), (iii) hold.

Proof of <=: Assuming a € K and u(a) < b < u(a), we know from the
foregoing “Summary” that the implication (*) holds in the special cases that
A=0,—1or 1 in the formula for h. To infer that (a,b) € S, it suffices to
show that (%) holds for every h (i.e., with no restriction on \).

Let us write H(A) for the set of all continuous affine linear functions h
on E x R of the form h(x,t) = f(x) — At. Then

H(\) = A-H(1) when A >0
~ | |A|-H(=1) when A< 0

(because, for X\ # 0, f+— |A|f is a permutation of the set of all continuous
affine linear functions on E); thus the validity of (%) for all A € R is a
consequence of its validity for A =0,1, and —1. $

The proof of the cited Prop. 5 from TVS, II, §5, No. 4 is based on the
following:

Remark. If X is a topological space and f : X — R is lower semi-
continuous, then the function ¢ : XxR — R defined by o(z,t) = f(x) —t
is lower semi-continuous.

Proof. Given a point (zg,tp) € X x R and a real number h € R such
that ¢(xg,tp) > h, we seek a neighborhood of (zg,ty), say of the form
U x V, such that ¢(x,t) >h on UxV (GT, IV, §6, No. 2, Def. 1).

We have f(xg) —to = @(xg,t9) > h, that is, f(zo) — (to + h) > 0;
choose € so that 0 < e < f(zo)— (to+h), thus f(z¢) > to+h+e. Since f
is lower semi-continuous at xq, there exists a neighborhood U of zy such
that f(z) >to+h+e forall x € U.

Let V =]ty —e,tp + €[, so that for ¢ € V one has ¢t < tg + €, hence
—t> —tg—e.

Then UxV is a neighborhood of (z,%y) and, for every (z,t) € UxV,

oz, t)=f(zx) —t>(to+h+e)—t>(to+h+e)—tg—e=h,

that is, ¢ >h on Ux V. $

{The argument shows that if f is lower semi-continuous at a point
a € X, then ¢ is lower semi-continuous at (a,b) for every b € R.}



INT IV.x238 EXTENSION OF A MEASURE. L” SPACES 87

IV.105, (. —14.

“a(x) > (aly) + () /27

Proof #1. If f is a continuous affine linear function on E such that
f>wuon K, then f >% on K by the definition of @, therefore

F¥)+ 57(2) = F(x).

N —

§ﬂ(y) + %ﬂ(z) <

and the assertion follows on taking the infimum of f(x) over all such f.

Proof #2. Since U|K is the lower envelope of a family of concave (even
affine-linear) functions f‘K minorized by the finite-valued function wu, it
follows that H‘K is concave (TVS, II, §2, No. 9). That is, if y,z € K and
x=ay + (1 —a)z with 0 <o <1, then u(x) > au(y) + (1 — o)u(z) .

IV.105, /. —11,—10.
“...there exists, by Prop. 1 of No. 1, a positive measure v on G, of
total mass 1, having (a,u(a)) as barycenter.”

Recall that S is the closed convex envelope of the compact set G ; note
that Prop. 1 does not require that the closed convex envelope be compact.

IV.105, (. —6.

(6) a= [xdub) and (@) = [ u(x)dutx).

The mapping ¢ : K — E x R defined by ¢(x) = (x,u(x)) (x € K)
is continuous and injective, and ¢(K) = G (the graph of w); defining
p: G — K by p(x,u(x)) = x (x € K) (that is, p = pri|G), one sees
that ¢ effects a homeomorphism of K onto the subspace G of E xR, with
inverse mapping p.

If g€ ¥(K;R), then gop € €(G;R) and one defines u(g) = v(gop);
formally,

(+) /@@ﬁm@%i/@om&ﬂwde&M@)=/9@MM&UQ».

On the other hand, if F is any Hausdorff locally convex space over R
and if g € ¢(K;F), then

(%) /gd,u = /(g op)dv  (as elements of F'*);



87 BARYCENTERS INT IV.x239

for, if w’ € F/ then

([gdunw') = [w)au= [ ogydu= [ (wog)op)ar
— [ oen)dr = [gopw)dr={ [gor)anw).

In particular, consider F = E x R and let g: K — E x R be the function
defined by

g(x) = (xulx))  (xeK);

then (gop)(x,u(x)) = g(x) = (x,u(x)), thus gop is the canonical injection
G — E x R, and () yields the formula

) / (s, u(x)) dp(x) = / (s, u(x)) di(x, u(x)) = b, = (a,7(a))

by the choice of v. Let us calculate the left side of () as an element of
(ExR)*: for 2/ + A€ (ExR) =E @R one has

([ cut) duto.a +3) = [(xu0).2 + 3 du(x)
/ [(x,2) + u(x)] du(x)
— [ duto) 1 [ o) )

- </xdu(x),z'> +>\/U(X) dpu(x)
_ <</xd,u(x),/u(x) dn(x)) 2 + ).

thus
(i) [ a0y dut) = ([ xdue), [ utx) i)

from (1) and (1) we have (fxd,u(x), [ u(x) d,u(x)) = (a,u(a)), whence (6).

I1V.105, ¢. —5,—4.

“The function u is upper semi-continuous and bounded on K ”

If f is a continuous affine linear function on E such that f > v on K,
then f ‘K > E|K > u, thus E‘K is sandwiched between two continuous
functions on the compact space K, hence is bounded on K. Since the
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functions f |K are upper semi-continuous (even continuous) so is their lower
envelope H|K (GT, 1V, §6, No. 2, Th. 4).
IvV.105, ¢. —4,-3.

“...hence is p-integrable (§4, No. 4, Cor. 1 of Prop. 5)”

Let ¢ = inf{ u(x) . For every continuous affine linear function f on E
xX€E

such that f > wu on K, one has 0 < u—clg < f|K—clK, and H|K—01K
is the lower envelope of the positive continuous functions f |K — ¢l hence
is upper semi-continuous (GT, IV, §6, No. 2, Th. 4); since U|K —clk is
bounded and g is a bounded measure, it follows that p*(w|K—clk) < +o0
(81, No. 3, Prop. 10), therefore H!K — clk is integrable (§4, No. 4, Cor. 1 of
Prop. 5), hence so is U|K

IV.105, (. —3,—2.
“...the function —u is by definition convex”

The convexity of —U|K is immediate from the concavity of H|K (see
the note for ¢. —14).

IV.106, /. 3,4.

“u(x) =u(x) almost everywhere for w.”

From u < u|K we have [wdp < [(u|K)dp, whereas [udp > [(u|K)du
by (8); thus 7|/K —u > 0 and [(u|K —u)du = 0, therefore u|K —u =0
p-almost everywhere in K (§2, No. 3, Th. 1).

IV.106, /4. 5.
“Theorem 1 will be proved once the following lemma has been estab-
lished:”

Let E and K be as in the statement of Th. 1 and assume Lemma 3
established, whose proof shows that there exists a continuous strictly convex
function u : K — R. Construct H‘K as in Lemma 1.

Fix any point a € K and construct the measure p on K as in the
discussion following the proof of Lemma 2; thus p has barycenter a, and
u = u|K p-almost everywhere, that is, the set {x € K : u(x) < u(x)},
which is u-measurable (§5, No. 5, Prop. 8) hence p-integrable, is p-negligible:

p{xeK: u(x) <ux)}) =0.

But, if M is the set of extremal points of K, we know from Lemma 2 that
K—Mc{xeK: u(x)<u(x)}, therefore K — M is p-negligible.
Summarizing: Given any a € K, there exists a positive measure p
on K with total mass 1 and barycenter a, such that pu(K — M) =0.
{In the language of Ch. V, §5, No. 7, Def. 4, u is concentrated on the
set M of extremal points of K.}
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1V.106, 4. 10.
“...subspace & ”

Clearly a linear subspace of ¢ (K;R).

IV.106, . 18.
“...for this it suffices that h,(x) # h,(x)”

Let h be an affine linear function on K, and let x,x’ be points of K
such that h(x) # h(x'); we are to show that h? is strictly convex on the
segment [x,x'] = {dx+ (1 —A)x': 0 <A< 1}. That h? is convex has
already been noted (TVS, II, §2, No. 8, Ezamples), and the computation in
the cited Examples show that if 0 < A < 1 then

R2(Ax + (1= A)x') < AB2(x) + (1 — MR (X))

Suppose y,y’ € [x,x'] with y # y’, and let 0 < A < 1; to prove that
h?(Ay + (L = N)y') < Ah%(y) 4+ (1 — A\)h?(y’) , it suffices by the foregoing to
show that h(y) # h(y’). Say

y=px+(1—-px', y=0x+(1-0)x" (0<p,o<1).
Assuming to the contrary that h(y) = h(y’), one has
ph(x) + (1 — p)h(x) = oh(x) + (1 — G)A(X'),

whence (p—o)h(x) = (p—o)h(x’); since h(x) # h(x'), necessarily p—o = 0,
contrary to y Zy’.

Implicit in the foregoing: Suppose E is a vector space over R, x and
x' are distinct elements of E, [x,x] ={Ax+ (1 -X)x': 0< A< 1}, and
h : [x,x'] — R is affine-linear. Then h(x) = h(x') < h is constant on
[x,x'], and h(x) # h(x") < h is injective.

IV.106, ¢. —13 to £. —7.
“COROLLARY.”

Review of terminology. To say that C is a cone in E with ver-
tex 0 means that for every x € C, x # 0, C contains the set RTx =
{rx: r >0}, called a closed half-line originating at 0 (TVS, II, §2,
No. 4, paragraph following Def. 3); in other words, C is the union of a set
of half-lines originating at 0. A convezr cone C with vertex 0 is said to be
proper if it contains no line passing through 0 (loc. cit., sentence before
Prop. 9), in other words, if x € C, x # 0, then —x ¢ C. A convex cone C
with vertex 0 is proper if and only if 0 is an extremal point of C (TVS, II,
§7, No. 2); for, to say that 0 is internal to a segment with distinct end-points
in C is equivalent to saying that C contains a line through 0.
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Let C be a convex cone in E with vertex 0, and let D C C be a closed
half-line originating at 0. One says that D is an extremal generator
of C if, whenever I is an open segment in C that does not contain 0 but
intersects D, necessarily I C D.

Ezamples. (i) In E = R? let

Ci={(z,y,2): R, ycR, 2<0},
Co={(z,y,2): z€R,y>0,2<0},
Cy={(z,9,2): >0,y>0,2>0},

respectively: the points on or below the xy-plane; the points that are on or
below the xy-plane and are on or to the right of the xz-plane; the points of
the ‘first octant’.

C; is a convex cone with vertex 0 (not proper) with no extremal gener-
ators; Cy is a convex cone with vertex 0 (not proper) whose only extremal
generators are the positive z-axis and the negative z-axis; Cg is a proper
convex cone with vertex 0, whose three extremal generators are the positive
coordinate axes, and whose only extremal point is (0,0,0).

(ii) In a plane in R? that does not pass through (0,0,0), let K be
a circular disk, and let C be the set of all closed half-lines originating at
(0,0,0) and passing through some point of K; then C is a proper convex
cone with vertex (0,0,0) whose only extremal generators are the half-lines
originating at (0,0,0) that pass through some point of the circumference
of K (i.e., some extremal point of K ), and whose only extremal point is
(0,0,0).

If instead K is a convex polygon, then C is polyhedral (TVS, II, §7,
Exer. 24), its extremal generators are the closed half-lines originating at
(0,0,0) that pass through a vertex (i.e., extremal point) of the polygon, and
its only extremal point is (0,0,0).

Let C be a convex set in a Hausdorff topological vector space E.
A nonempty compact convex subset A of C is called a cap of C if C — K
is convex (TVS, II, §7, No. 2, Def. 3).

If a is an extremal point of C (if there are any!) then A = {a} is a
cap of C.

In the above examples: C; contains no caps. For, assume to the con-
trary that A isa cap of Cy. If A contained a point P of the zy-plane, then
Cy1 — A would contain two points @ and R on the zy-plane such that P is
internal to the segment QR , contradicting the convexity of C; — A. Thus
A is contained in the interior z < 0 of C;. Let P be any point of the zy-
plane and let @ be a point of A. Prolong PQ to a point R in the interior
of C; that does not belong to A. Then Q belongs to the segment PR in
the convex set C; — A, contrary to Q € A.
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Similarly Cy contains no caps.

Slice C3 into two parts by a plane, not containing (0,0,0), that inter-
sects all three positive coordinate axes—a bounded closed convex part A and
an unbounded convex part C3 — A (so to speak, A is a compact ‘truncate’
of C3). Then A is a cap of C3, and C3 is obviously the union of all of its
caps (see also TVS, II, §7, No. 2, Prop. 5). Other caps of C3: the segments
OP, where O = (0,0,0) and P is a point on one of the positive coordi-
nate axes (so to speak, a bounded truncate of a positive coordinate axis);
a triangular area OPQ, where P and Q are points on different positive
coordinate axes (a truncate of the ‘first quadrant’ of one of the coordinate
planes).

IV.106, (. —6.
“For, x belongs to a cap K of C (TVS, II, §7, No. 2, Prop. 5)”

Write 7, = o(E,E’) for the weakened topology on E. The cited
Prop. 5, applied in the weak space (E,7,), asserts that C is the union
of its caps K, which are convex sets compact for 7, . In particular, x be-
longs to such a K.

IV.106, (. —5.

“MNK contains the set of extremal points of K (loc. cit., Cor. 1 of
Prop. 4).”

Let B be the set of extremal points of K. Since C is proper, 0 is

extremal in C, hence also in K; thus 0 € B. By the cited Cor. 1 (applied
in the weak space (E,7,) of the preceding note),

B = {0} U { certain points of M };

since 0 € M, we see that B C M, thus BC M NK.

IV.106, (. —4.
“It then suffices to apply Th. 1.”

As noted above, K is a convex subset of C that is compact for the
weakened topology 7, = o(E,E’), and by assumption C is metrizable for
the topology induced by 7, , therefore so is K ; applying Th. 1 to the metriz-
able compact convex subset K of (E,7,), there exists a positive measure
A on (K, 7, NK), of total mass 1, such that x is the barycenter of A and
AMK — B) =0, where B is the set of extremal points of K. As observed in
the preceding note, B C MNK, therefore also A*(K — MNK)=0.

Iv.107, ¢. 9,10.
“...the second assertion follows at once from the definitions and (9)”
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At issue is the continuity of the mapping i 5 : X — J#” for the topology
o(AH', ) on H'. For every f € A, the mapping

z = (frip(r) = f(z)

is continuous, and o (7, ) is the initial topology for the family of linear
forms

a—a(f)=(fa) (a€H)
indexed by the functions f € 5 (TVS, 11, §6, No. 2, Def. 2), whence the
assertion (GT, I, §2, No. 3, Prop. 4).
In more direct terms, given any xy € X, the continuity of i, at xg

may be seen as follows. A basic neighborhood V of i_(zg) in " is given
by

V={aed: |alfe) = (in(wo)(fi)l <c for k=1,...,n},
where fq,...,f, € 2 and € > 0. Then

in(V)={z€X: iy() eV}
={z € X [(i(x)(fr) = (in(x0)(fr) <& for k=1,...,n}
={zxeX: |fu(x) = fu(zo)| <e for k=1,...,n}

= (V{z eX: |filz) - fulzo)| <e},
k=1

which is a neighborhood of xy in X by the continuity of the f .

Iv.107, ¢. —11 to —9.

“...and the assertion follows from the fact that J#”’, equipped with the
weak topology o (', ), is quasi-complete (TVS, III, §4, No. 2, Cor. 5 of
Th. 1).”

In such a space, the closed convex envelope of a compact set is compact
(TVS, II1, §1, No. 6, sentence before Prop. 9; see also TVS, IV, §5, No. 5,
Th. 3). For a simpler proof of the compactness of C, one may cite the weak
compactness of the closed unit ball of the dual of a normed space (TVS, III,
§3, No. 4, Cor. 3 of Prop. 4).

IV.107, ¢. —6.
“...the Dirac measure €i () arising from ¢, .”

The generic function g € € (in(X)) = H# (in(X)) has the form
g=[", where f €% (X)=J(X) and

f'in(2) = f(z) forall zeX.
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Let A be a measure on X. The corresponding measure p on iy (X) is
defined by

p(f)y=Xf) forall fe?(X).
In particular, if A =¢, then, for all f € ¥(X),

u(f') = eu(f) = f(2) = f'(ie (@) = i) (f)

thus p = Eip(a) -

IvV.107, ¢. —6 to —3.
“To say that p admits iy (x) as barycenter means, by definition, that

wammwazwww»

for every function h € 2.7

I did not succeed in working through the assertion as stated, but have
persuaded myself that the following reformulation is correct: assuming
A€ #(X) and p € A (iy(X)) are paired as in the preceding notes,

(%) by=1ip(r) & h(:c):/hd)\ for all h e 72,

that is, p has barycenter i (x) if and only if A\ satisfies (10) for every
he .

The setting for discussing the barycenter of u is as follows. We have
a Hausdorff locally convex space E = J#’, where ¢ C ¢ (X) is a normed
space, and E is equipped with the weak topology o(¢’, %) ; then E' =
() = # (TVS, 11, §6, No. 2, Prop. 3). We have a compact subspace
K = ip(X) of E, whose closed convex envelope C in E is compact by
part (i) of the present Proposition. Thus the measure p on K is eligible to
have a barycenter b, € E'* = (2')* = J* (No. 1, Def. 1), and in fact
b, € CCE =" (No. 1, Prop. 1 and its Corollary), characterized by the
property

b) = @et) = ( [ aduta). ) = [ tamyaute) = [ adnta)

K

for all h € # = E'. Defining h : K — R by h(a) = a(h) for all
a e KCE=., onehas h € €(K) because a — a(h) = (a,h) is the
restriction to K of one of the linear forms defining the topology o ("', )
on E. The corresponding function &’ € € (X) is defined by

W(2) = h(in(2)) = (in(2))(h) = h(z)  (by (9))

for all z € X. Continuing the above calculation,
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teh) = [ o) dn(e) = [ fo)dito)

:/Xfl’(z) dX(2) :/::h(z)d)\(z) :/hdA.
Therefore

by=1iy(z) & (by,h)=(iy(x),h) foral he
& /hd)\ = (iy(z))(h) = h(z) for all h €

whence (x).

While the notations are at hand, let us complete the proof of (ii). Con-
sider the statements

(a) iy (z) is an extremal point of of C;

(b) e, is the only positive measure A on X satisfying the condition (10)
(A(h) = h(x)) for all he .

We are to show that (a) < (b).

Proof of (a) = (b). The measure A\ = ¢, trivially satisfies (10) for
every h € 7. Assuming (a), suppose A is any positive measure on X
satisfying (10) for every h € S (in particular, 1x € 5, and A(1x) =
Ix(z) =1, s0 A has total mass 1). Let u be the corresponding measure on
i(X), which is also positive and of total mass 1. We know from (x) that
by, =iy (x); but iy (x) is extremal in C by the assumption (a), therefore
W= Ei () by the Corollary of Prop. 3 of No. 2. Since the measure on X
corresponding to &; (x) 18 €, We conclude that A = ¢, , whence (b).

Proof of (b) = (a). Assume (b). To prove (a), it suffices to verify that
iy (x) satisfies the conditions of the above-cited Corollary. At any rate,
€i () is a positive measure on iy (X), of total mass 1, whose barycenter
is iy (z) (No. 1, Example). On the other hand, suppose p is a positive
measure on iy (X), of total mass 1, such that b, = i (x), and let A
be the corresponding measure on X. By (%), A satisfies (10) for every
h € A, therefore, by the assumption (b), A\ = ¢,. As the measure on
i(X) corresponding to e, is €i (x) » We conclude that pu=¢;  (;). Thus
the conditions of the Corollary are satisfied, whence (a).

Remarks. 1. If X\ is any measure on the compact space X, its restriction
to the normed space # is a continuous linear form, and [|A|Z|| < [|A].
The positive measures on X are the positive linear forms on J#(X) = ¢'(X)
(Ch. III, §1, No. 5, Th. 1), and ||A|| = A(1) for all such measures A\ (§4,
No. 7, Prop. 12); since 1 € . and ||1]| = 1, one has

NN = [(A[22)(1)] = A1) = [IAll,
thus ||)\‘jf|| = [|Al| = A(1) when A >0.
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Let us write ® : .#Z(X) — ' for the mapping defined by ®(\) =
Ao . From [|[®(A)|| < ||A|| we see that @ is a continuous linear mapping
between Banach spaces, and [|[®| < 1; in fact ||[®]] = 1 since, if X is
any nonzero positive measure on X of norm 1 (for example, any Dirac
measure ;) then [[®] > |®(A)|| = ||\ = ||| =1.

2. If x € X, X is a positive measure on X of total mass 1, and p is
the corresponding measure on i (X), the equivalence (x) can be expressed

as
NA =eo|# & by =iylz).

3. Writing #4(X) for the set of all positive measures on X, the
assertion (ii) of Prop. 4, for a point x € X, can be expressed as

(i) A€ A4 (X): O(N) =¢e,|#} ={e.} & iyp(a) is extremal in C.

If @ is injective then the condition on the left in (ii) holds for every z € X,
and so iy (X) is precisely the set of all extremal points of C; this is the case
if S is dense in € (X)—for example, if f € # = |f| € # (M.H. Stone’s
theorem, GT, X, §4, No. 1, Th. 2) or if f,g € # = fg € A (loc. cit.,
No. 4, Prop. 6).

The case that 7 = % (X) has been taken up in §4, No. 8 Prop. 15
and is continued in Ch. VI, §1, No. 6, Remark 1). A (real) character of
a commutative algebra o/ over R with unity is an algebra epimorphism
o/ — R ; the characters of ¢'(X) are precisely the ¢, (Gillman and Jerison,
Rings of continuous functions, p. 57, item 4.9, Van Nostrand, Princeton,
N.J., 1960).

5. In a vague sense, i 4 (X) is a ‘linearization’ of the compact space X,
‘tailored’ to the linear subspace # of ¥(X), placing X in a structurally
richer context (topological vector spaces) than that of topological spaces.
Prop. 4 reformulates a property of a point x € X with respect to .7 in
terms of measures on X; measures on i, (X) play only an auxiliary role
in the proof. The property is reformulated in Prop. 6 in topological terms,
with measures playing a role only in the proof; this theme culminates in the
theorem of Errett Bishop (No. 5, Th. 2), where measures are nowhere in
sight. In Prop. 8 and in Choquet’s theorem (No. 6, Th. 3), it is measures
that are in the forefront.

All in all, Prop. 4 is a subtle, far-reaching result whose cunning remains
a mystery to me.

IvV.107, ¢. -3 to —1.
“...the assertion (ii) is just the translation of the criterion of No. 2,
Cor. of Prop. 3 for i (z) to be an extremal point of C.”

See the preceding note.
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IV.108, /. 8,9.

“the weakly closed hyperplane of 7" with equation (h,t") = (h,i 4 (z))
is a support hyperplane of i (X).”

Order of events: Fix h € 2 and let « be a point of X where h
attains its supremum. The linear form t’' — (h,t') (t' € ) is continuous
for o(H', H); the set H = {t' € " : (h,t') = (hyiy(x))} is a closed
hyperplane in ", the relation

« (hyiyg(z) < (hyiy(x)) foral zeX»

expresses that the points of i, (X) lie on the same side of H, and since
H contains at least the point iy (x) of i, (X), it is a support hyperplane
of iy (X) (TVS, 11, §5, No. 2, Def. 3). It follows that H is also a support
hyperplane of the closed convex envelope C of i 4 (X) in 7, therefore H
contains some extremal point t{, of C (loc. cit., §7, No. 1, Cor. of Prop. 1).
Necessarily t( € i »(X) (loc. cit., Cor. of Prop. 2), say t{, =i 4(y); then y
is by definition .#7-extremal, and

hy) = (hyin(y)) = (h.to) = (hyix(2)) = h(z)
is the supremum of h (the third equality, because t(, € H).

IV.108, /. 20-24.

“...it is known (TVS, II, §3, No. 1, Prop. 1) that the infimum of the
numbers A(f), for all the positive measures on X such that A(h) = h(z)
for every function h € S, is equal to the supremum of the numbers h(zx),
where h runs over the set of functions h € 7 such that h < f.”

I should have said EVT instead of TVS (explanation below).

In the language of the cited Prop. 1, we are talking about the num-
ber o ; the notational ‘table of concordance’ between Prop. 1 and its appli-
cation here is as follows:

E <« Z¢(XR)
V &
[ e (apositive linear form on %)
Sy « {Ae i (X): NA# =e,|#} (Ch. Il §1, No. 5, Th. 1)
heS; « e (X) and NI = e, |
acE < fe?XR)
o sup (6x|<%”)(h) = sup h(x)
hed, h<f hed, h<f
o e inf (e;|#)(h) = inf h(z).

hed, f<h he, f<h
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The assertion of the cited Prop. 1 in EVT (p. EVT I1.22) is that
(%) {h(a) : heSy}=[d,a"],

whence
o =inf[o/,a"] =inf{h(a): h €Sy}.

Translated to the present context, this says that

sup  h(z) = inf{A\(f): A€ .#((X) and | =¢,|#},
he, h<f

as asserted.
Incidentally, the infimum in the assertion is attained: there exists a

AN eSS p such that N(f)= sup h(x), but A depends on f (be-
51?‘ ’ hest, h<f
cause o does) as well as on x. Similarly, there exists a A" € S_ |, such

that \'(f) = he}fnfh>f h(z).

{This argument was perfectly clear to me when I first studied it in 1974;
it is lifted verbatim from my notes at the time. On rereading the argument
when preparing these notes, with TVS at my elbow, I found that I no longer
understood it. After several days of struggle, it occurred to me to look at
the French original, and all was clear again.

The problem: In TVS, instead of the conclusion (%), one finds the con-

clusion
{h(a): heSs}C [, "],

which (i) follows at once from the fact that if y,z € V with z < a <y, and
h € Sy, then
f(z) = h(z) < h(a) < h(y) = f(y),

whence o < h(a) < ", and (ii) is of no help in proving (x). The problem
did not arise in 1974, as [ was working from the 2nd French edition of Chs. I
and II of EVT.}

IV.108, /. 24-26.
“Suppose that x is J-extremal; it then follows from Prop. 4, (ii) that
for every function f € €(X;R),

(11) f(x)= sup h(x).”
he, h<f

Since x is J¢-extremal, by the cited Prop. 4 the only positive mea-
sure A on X that extends Ex‘% is A = g, ; thus, in the notation of the
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preceding note, SE | w = {e.}. Tt follows that, for every f € € (X;R),
[, "] = {e.(f)}, whence o/ = " = f(z). Thus, if x is S -extremal,
then
f(x)= sup h(x)= inf Az
(=) hes, h<f (=) het’,h>f (@)
for every f e €(X;R).

IV.108, (. —1.
“A{zx}) = i%f AU)=1—-¢7

By §1, No. 4, Prop. 19.

IV.109, /. 1.
“...therefore A({z})=1.”

Obviously A({z}) > 1; but A has total mass 1 since it satisfies (10),
therefore A({z}) <1.

IV.108, /. 2.

“...necessarily A =¢, "

From A(X — {z}) = A(X) — A({z}) = 1-1 = 0, one has Supp(\) C {z}
(82, No. 2, Prop. 5), therefore Supp(\) = {z} (because A\ # 0); since
A(1) =1, it follows that A =&, (Ch. III, §2, No. 4, Prop. 12).

IV.109, ¢. 12,13.
“The condition a) signifies that G contains the set of extremal points

of C.”

Recall that C is defined in Prop. 4 to be the closed convex envelope of
ix(X) in " (the dual of the normed subspace # of % (X), equipped
with the weak topology o(s#', 7)), and shown to be a compact subset
of A" . It follows that the set C.p of extremal points of C is contained in
the compact subset i (X) of s’ (TVS, II, §7, No. 1, Cor. of Prop. 2).

By definition, Ch j»(X) is the set of all = € X that satisfy the condition

-1
in (i) of Prop. 4, that is, such that i 4 (z) € Cep ; thus Chp(X) = i 4(Cep) -
Since F is closed in X and S_j»(X) is the closure of Ch_(X) in X, one
has

FOSy(X) & FDOChy(X) & in(F)Dir(ChypX)),

that is, & G D Cgp .

IV.109, /. 13, 14.
“The condition b) signifies that G meets the intersection of i 4 (X)
with each of the closed support hyperplanes of i 4 (X).”
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A (weakly) continuous linear form on 7’ is a function z’ — (h,z’)
(z' € ") defined by an element h € 5, and if a € R the set

{Zen: (hz)=a}

is a typical closed hyperplane in " ; since X is compact, there exists a
point y € X such that sup h(z) = h(y), that is,
zeX

sup(h, iz (2)) = (h i (y)),

zeX

and since (h,i(x)) < (h,ip(y)) for all z € X, the set
(%) H={z"e " (h,z') = (h,in(y))}

is a typical closed support hyperplane of i, (X).

Note that a closed hyperplane H in 7’ is supporting for i, (X) if
and only if it is supporting for its closed convex envelope C. For, it is clear
that i, (X) lies to one side of H if and only if C does, so it suffices to
observe that HNi 4 (X) # @ & HNC # @, and this is clear from the fact
that if H is supporting for C then H N C contains at least one extremal
point of C (TVS, II, §7, No. 1, Cor. of Prop. 1) and every extremal point
of C belongs to i (X) (loc. cit., Cor. of Prop. 2).

Condition b) says: If h € # and if

o = suplh, iy (2)) = sup h(x),
zeX reX

then there exists a point y € F such that (h,i 4 (y)) = «; that is, every
h € A attains its supremum on iy (X) at some point of i (F) =G.

This means: If H is any closed support hyperplane of i, (X), then
there exists a point y € F such that i 4 (y) € H, in other words GNH # & .
Since G Cip(X), GNH = GnNiyw(X)NH, so it is equivalent to say (as
in the text) that G intersects i 4 (X) N H.

1V.109, ¢. 15, 16.

“...the condition c¢) signifies that every point of i 4 (X) is the barycen-
ter of a measure with support contained in G ”

Reviewing the notations employed in the proof of Prop. 4, let us write
A for a measure on the compact space X, and p for the corresponding
measure on the subspace iy (X) of ' homeomorphic to X, defined by

u(f') =Af) forall fe@(X),
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where f’(isr(z)) = f(z) for all € X (see the note for p. IV.107, £. —6).
Writing Z(f) ={zx € X: f(x) =0} (the ‘zero-set’ of f), from

e ZL(f) & iy(x)eZ(f)

we see that = € Supp(f) < i(z) € Supp(f’), whence Supp(f’) =
2% (Supp( f)) It follows easily that Suppu = i 4 (SuppA) (remarks fol-
lowing Def. 1 of Ch. III, §2, No. 2).

Now, i (X) is a compact subset of the Hausdorff locally convex space
" if X\ and p are paired as above, the barycenter of p is the element b,
of (H')* = #* such that

(+) (b ) = /hd)\ for all h € 7

(see the note for p. IV.107, ¢. —6 to —3).
For consistency with these notations, let us restate condition ¢) as fol-
lows (replace the letter A\ by p):

c*) For every point x € X, there exists a positive measure \ of total
mass 1 on X, such that Supp(A) CF and h(z) = [hdX for every func-
tion h € .

Then, if p is the measure on iy (X) corresponding to A, the condition
Supp A C F is equivalent to iy (Supp A) C iy (F), that is, to Suppu C G.
Thus, the condition c¢*) says that for every point = € X, there exists a
positive measure p on i 4(X) of total mass 1, such that Supppu C G and

(i (), h) :/hd)\ for all h € 2,

that is, in view of (*), b, =i ().

To summarize, condition c¢) is equivalent to the following condition: for
every point i (z) of i (X), there exists a positive measure p on iy (X)
of total mass 1, such that Suppu C G and b, =i p(x).

IV.109, (. 16-18.
“...by No. 1, Prop. 1, this is also equivalent to saying that the closed
convex envelope of i (X) is equal to the closed convex envelope of G.”

The closed convex envelope of i (X) in " is C; denote by D the
closed convex envelope of G =i 4 (F). Since i 4 (X) is compact, C is equal
to the set of all barycenters b, of positive measures p on i (X) of total
mass 1 (No. 1, Prop. 1); similarly, D is the set of all barycenters b, of
positive measures v on G of total mass 1. We are to show that

condition ¢) holds < C=D.
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Proof of <: Given a point i (z) € iu(X) it suffices, by the last
paragraph of the preceding note, to show that there exists a positive measure
poon i, (X) of total mass 1, such that Suppp C G and b, =i ().

Since iy (z) € C = D, there exists a positive measure v on G of total
mass 1 such that b, =iy (x). Let u be the measure on iy (X) defined
by

(1) w(f) =v(f|G) for f e (ip(X)),

which is also positive and, since p(1) = v(1|G) =1, of total mass 1.

If f e %(in(X)) and Supp(f) C ix(X) — G, then f|G =0, hence
wu(f) = 0; this is true in particular for the functions f € € (i (X)) that are
extensions by 0 of functions g € . (i_»(X) — G), therefore the restriction
of p to the open subset i (X) — G of iy(X) is equal to 0 (Ch. III, §2,
No. 1), and so

i(X) — G Ciy(X) — Supppu
(loc. cit., No. 2, Def. 1), that is, Suppu C G.
It remains to show that b, =i (x), that is, b, = b, ; given h € JZ,
it suffices to show that (b,,h) = (b, h).
Let f € €(i(X)) be the function
flie W) = (i), h) (yeX).

Then f|G € €(G) is the function

iw(y) = (iw(y),h) (yeF).

By the definition of barycenter (No. 1, Def. 1),
bty = [ @) duta) = (1),
i (X)

whereas

<mm=4wmw@ﬁwm®,

whence (b, h) = u(f) = v(f|G) = (b,,h).

Proof of =: The foregoing computations show that if v is a positive
measure on G of total mass 1, then the measure p on i 4 (X) defined
by () is a positive measure of total mass 1 such that b, = b, ; in particular,
b, =b, € C (No. 1, Prop. 1), and since D is equal to the set of all such b,
(same Prop. 1), one has D C C.
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Assuming that ¢) holds, we are to show that C C D. Since D is a
closed convex set and C is the closed convex envelope of i (X), it will
suffice to show that i (X) C D.

Given x € X, we are to show that i.(x) € D. By ¢), iy(x) =b, for
some positive measure p on iy (X) of total mass 1 such that Suppu C G.
Let v = pug be the restriction of p to the compact subspace G of i (X),
in the sense of §5, No. 7, Def. 4:

/gdyz/ g du forall g€ €(G),
G i (X)

where ¢’ is the extension by 0 of g to i4(X). Note that u(G) =1; for,
iy (X) = G Ciy(X)— Suppp,

thus the open subset iy (X) — G of i 4 (X) is u-negligible, therefore u(G) =
w(ip (X)) = 1. It follows that if g =1 (the function on G identically equal
to 1) then ¢’ = ¢g, therefore

= [ eadi=n@) =1,
i (X)

thus v is a positive measure on G of total mass 1; consequently b, € D
(see the Note for No. 1, Cor. of Prop. 1).

To show that b, € D, it will suffice to show that b, = b, (the argument
in the proof of D C C does not apply here, for the present measure p is
not defined by the formula (f)); given h € 4, it suffices to show that
(bu, h) = (by, h). By the definition of b,,,

(b, ) = /qu () du(e)

the integrand is the function f € € (i (X)) defined by

flie(y)) = (iw(y),h) foryeX,

thus, since pg =1 p-almost everywhere,

o= [ fdu= [ pasdu.
i (X) i (X)

But (¢af)(ine(y)) isequal to f(izu(y)) when iy (y) € G, and to 0 when
iw(y) ¢ G, thus pgf is the extension by 0 of the function g € €(G)
defined by

9(in(y)) = (iw(y),h) for yeF,
that is, pqf = ¢’ . Thus
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(bmh>=/ sDGfdMZ/ g’duz/gdv
i (X) i (X) G
= / (z',h)dv(z') = (b,,h).
e

We extract from the foregoing argument the following observation (a
similar argument will be employed below in the proof of Prop. 8):

If G is any closed subset of iy (X), and p is a positive measure on
i (X) of total mass 1 such that Supp u C G, then the restriction v = pg
of v to G s also a positive measure of total mass 1 and b, = b, .

IV.109, /. 18,19.
“The equivalence of the conditions a), b) and ¢) therefore follows from
TVS, II, §7, No. 1, Cor. of Prop. 2.”

In the cited Corollary, E is a Hausdorff locally convex space, A is
a compact convex subset of E, and K is a compact subset of A. The
dictionary for translating the Corollary to the present setting is as follows:

E « s  (equipped with o(J#', #))

A & C (the closed convex envelope of i (X))

K < G (=iy(F), F aclosed set in X)
KcA « GcC.

Let us write a’), b'), ) for the (equivalent) conditions of the cited Corollary:

a’) the closed convex envelope of K is equal to A;

b') K meets the intersection of A with any closed support hyperplane

of A;
) K contains every extremal point of A.

The translation of a’): the closed convex envelope of G is equal to C,
i.e, in the notation of the preceding Notes, D = C; in other words, ¢) holds.

The translation of ¥'): G meets the intersection of C with any closed
support hyperplane of C; in other words, b) holds.

The translation of ¢’): G contains every extremal point of C; equiva-
lently, a) holds.

Thus, the equivalence of a’), b'), ¢’) implies the equivalence of a), b), ¢),
whence Prop. 7.

IV.109, ¢. —15, —14.
“This is the translation of Th. 1 of No. 2, by transport of structure by
means of the homeomorphism z — i (x), as in Prop. 5.”

Probably intended: “as in Prop. 4.”
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The dictionary between Choquet’s theorem (No. 2, Th. 1) and its ap-
plication here is as follows:

E « '  (equipped with o(#", 7))
K < C (the closed convex envelope of i (X))
M < Cg  (the set of extremal points of C).

One knows that i (Chy (X)) = Cep C in(X) C C (see the note for
IV.109, £. 12,13).

To apply Choquet’s theorem, we must verify that C is a metrizable
subspace of .. As noted in the proof of Prop. 4, (i), iz (X) is contained
in the set

B={z e |Z| <1},

which is compact for o(, ) (TVS, 111, §3, No. 4, Cor. 3 of Prop. 4),
whence C is contained in B and is compact. Moreover, since the com-
pact space X is assumed here to be metrizable, the Banach space % (X)
is separable, i.e., of countable type (GT, X, §3, No. 3, Th. 1), therefore its
linear subspace 57 is a normed space of countable type; it follows that B
is metrizable for o(H#', ) (TVS, loc. cit., Cor. 2 of Prop. 6, read “second
axiom of countability”), therefore so is C.

For consistency with the notations in the proof of Prop. 4, it is useful
to replace p by A in the statement of Prop. 8: Given any x € X, we seek
a positive measure A on X of total mass 1 such that )\(X - Chyf(X)) =0
and h(z) = [hdX for all h € .

By Choquet’s theorem, Cg, is the intersection of a sequence of open
sets in C (i.e., is a Gy in C), hence is a Borel set in C (§5, No. 4, Cor. 3
of Th. 2); and, since iy (z) € C, there exists a positive measure p on C of
total mass 1 such that b, =i, (z) and p(C — C¢p) = 0. From

Cep Cip(X)CC

we have p(C — iy (X)) < p(C = Cep) = 0, thus the open set C — i (X)
in C is p-negligible, whence C — i 4 (X) C C — Supp p (Ch. III, §2, No. 2,
Def. 1), that is, Supp p C iy (X).

Let u = p|ip(X) be the restriction of p to the compact subset i_y»(X)
of C; thus,

1u(g) = plg’) for all g € €(ip(X)),

where ¢’ is the extension by 0 of g to C (§5, No. 7, Def. 4). In particular,
if g=1 then ¢’ =¢; ,(x) (the characteristic function of the subset i (X)
of C), and since ¢’ =1 p-almost everywhere, one has

p(l) = /C%'W(X) dp=p(1) =1,
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whence p is a positive measure on i (X) of total mass 1. Note that, since
i(X) — Cep C C — Cgp, is p-negligible, it is also p-negligible (§5, No. 7,
Lemma 2), that is, p(i(X) — Cep) = 0.

We assert that b, = b, (= izu(z)); given h € 2, it suffices to show
that (b,,h) = (b,, h). By the definition of b,,

() = [ @ B dp(a).

C

The integrand is the function f € %(C) defined by
f@)= (' h) (2 €C);

since ¢; ,(x) =1 p-almost everywhere, one has

<%m=Aj@=A%MMMm

where ((pl-%(x)f) (z') is equal to f(z') = (z',h) if 2’ € iy (X), and to 0 if
z' ¢ i (X). On the other hand,

ot = [ @wdut) = [ g,
i (X) i (X)

where g € €(i (X)) is defined by

9(in(y) = (iw(y),h) =h(y) for y € X;

since ¢’ is the p-integrable function such that ¢'(z’) is equal to (z’,h) if
7' € iy (X), and to 0 if 2’ ¢ ip(X), one has ¢’ = ¢; ,(x)f. Therefore

<bp,h>=/soi%oqfdp:/g’dp:/ gdp=(bu,h).
C C i (X)

Thus b, = b, =i p(x).

Let A be the positive measure on X of total mass 1 that is paired
with u as in the proof of Prop. 4, (ii), so that p is derived from A via the
homoemorphism 44 of X onto i, (X). Since b, =i (x), we know that

h(x):/hd)\ for all h € #
X

(see the note for IV.107, ¢. —6 to —3). It remains only to show that
AMX = Ch(X)) = 0, and this is immediate from (i (X) — Cep) = 0
and the fact that

iy (X = Chyp(X)) = in(X) =iy (Chyp(X)) =inp(X) = Cep.
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IV.109, (. —5, —4. V
“It then follows easily from Props. 5 and 7 that Ch 4 (X) = S_z(X) =
S2 R

The dictionary between Prop. 7 and its application here:

E < R?3

X <« X={xeR®: x| <1}

F < Sy={xcR®: |x|=1}

H — A CE(X) as described here.

Recall that, on a finite-dimensional real vector space, all compatible
topologies coincide (TVS, I, §2, No. 3, Th. 2) and all hyperplanes are closed
(loc. cit., Cor. 1 of Th. 2); in particular, the word “weak” can be omitted
from the present discussion, and (R?)’ may be identified with R?® equipped
with its norm topology. Thus X is a compact convex subset of R?, with
boundary Ss, and interior equal to {z € R®: ||x| <1}.

{‘Intuitively’, So is the set of extremal points of X, but let us play by
the rules—mno pictures, and only internal references.}

For h € 2, write M, = {x € X : h(x) = suph(y)}. If h is
yeX
nonconstant, then by hypothesis M, C S5, whereas if h is constant then

M;, = X; in either case My NSy # &, therefore

(*) Sr(X) C S

by Prop. 7 (specifically, b) = a)).
On the other hand, if x € S, then there exists a support (i.e., ‘tangent’)
hyperplane H of X that contains x (TVS, §5, No. 2, Prop. 3). Say

H={yeR’: f(y)=c},

where ¢ € R and f € (R?) C ¥(R3?), and f(y) < c forall y € X. In
particular, x € HN Sy . In fact, HN Sy = {x}. {For, if also y € HN S,

1 1
then the point z = §x+ Ey also belongs to the convex set HNX. Since X
lies to one side of H, HNX cannot contain an interior point of X, therefore
|z|| = 1. Then

1 1 1
1=|z|* = 1Tt §<X|Y>,

whence (x|y) =1 = |x[/|ly]l, and so y = +x. As y = —x would imply
z =0, we are left with y =x.}
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By assumption, ¢ contains the affine linear function h = f ‘X, which
attains its supremum ¢ at x; and since h can attain its supremum only at
points of H, necessarily M, = HNX. By Prop. 5, M; NCh 4 (X) # @; but
Ch_yp(X) C S p(X) C Sy by (*), therefore

M; N Chyf(X) CHNS, = {X}7

whence M, N Ch 4 (X) = {x} and so x € Ch_»(X). Thus Sy C Ch 4 (X),
and finally )
Ss C Chjf(X) C S%(X) CSs,

whence equality throughout.

IV.110, ¢. 13-15.
“The .77.-extremal points in X are again called 7 -extremal, the set
of them is denoted Ch j(X), and the closure of the latter set is denoted

S (X).”
Thus Chyf(X) = Cht;ﬁ (X) and

S#(X) = Chp(X) = Chy (X) = S.(X) -

Note that the concept of .77-extremal point does not depend on the existence
of measures, but is characterized in terms of measures in Prop. 4. If x € X
and if A is a positive measure on X of total mass 1, the conditions

(10) h(z) = /hd)\ for all h € 72,
and
(10)’ flx) = /fd)\ for all f e 7

are obviously equivalent, and if 4 is the corresponding measure on iy (X)
then (see the note for IV.107, £. —6 to —3)

by, =i (r) < the condition (10) holds
< the condition (10)" holds,
and
z € Chy(X) & x€Chy(X) (by definition)
< (10) holds only for A =¢, (Prop. 4)
& (10)" holds only for A =&, .
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Inasmuch as the concept of s#7-extremal point refers back to 7., it is not
necessary here to define and develop the properties of i (X).

Iv.110, ¢. —12.
“...whence |g(b)] =1 since |g(b)] <17
In fact, g(b) = 1; for, 1 =Z(g(b)) < |g(b)| < 1, whence .#(g(b)) =0.
The Proposition is remarkable in that |f| is not required to belong

to . In particular, with notations as in Prop. 5, if h € % then |h|
attains its supremum at at least one JZ-extremal point.

IV.111, 4. 3.
“The fact that a) implies b) follows from Prop. 9.”

If f € S then, by Prop. 9, |f| attains its supremum at some point
be Chp(X) CSy(X),and beF by a), therefore b) holds.

IV.111, ¢. 4,5.
“this is a matter of seeing that if b) is verified, then, for every h € J7,.,
F intersects the set of points where h attains its infimum in X.”

Suppose established that every h € J#. attains its infimum at some
point of F. If h € J#. then also —h € JZ, ; by supposition, —h attains its
infimum at some point a € F', whence

suph = —inf(—h) = —((—h)(a)) = h(a).

Then F O S (X) =S, (X) by “b) = a)” of Prop. 7, thus a) of the present
proposition holds.

IV.111, (. 14, 15.
“Since g — b € 4, the hypothesis on F implies that |¢ —b| <b”

By the hypothesis on F, |g — b| attains its supremum at some point
a € F;but |[g—0b| is < b at every point of F, therefore for every x € X
one has

lg(z) — b < suplg —b| = |g(a) —b] <b,
that is, |g — b| < b.
Indeed, since g — b € 47, , one can replace b) by the weaker condition
b), For every g € s, , F intersects the set of points of X where |g|

attains its supremum.

IV.111, ¢. —13 to —11.
“...apoint where |f| attains its supremum is a point where one of the
functions f,—f attains its supremum.”
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If f is a real function (continuous or not) such that |f| attains its
supremum at a point a, then either f or —f attains its supremum at a.
For, if f(a) > 0 then sup f = f(a) because, for all x € X,

fl@) <|f@)] < |fl(a) = f(a);

whereas if —f(a) > 0 then, since | — f| = |f| attains its supremum at a,
the foregoing yields sup(—f) = (—f)(a).

On the other hand, if f attains its supremum at a, and —f attains its
supremum at b, then |f| attains its supremum at one of these points. For,
let M =supf = f(a) and m =inf f = —sup(—f) = —(—f)(b) = f(b). If
f is constant, then |f| assumes its supremum at every point. Assume f
nonconstant, i.e., m < M .

If m <M <0 then sup|f| =—m = —f(b).

If m <0< M then sup|f| = max{—m, M} = max{—f(b), f(a)}.

If 0<m < M thensup|f|=M = f(a).

In all cases, sup|f| = max{|m|, [M|} = max{[f(b)],[f(a)[}, thus [f]|
attains its supremum at either a or b.

IV.111, ¢. —11 to —9.

“For a vector space 7 of continuous real functions satisfying the hy-
potheses of No. 3, the Props. 9 and 10 are thus trivial corollaries of Props. 5
and 7, respectively.”

Call ‘Prop. 10, the result of stating Prop. 10 with J# consisting of
real functions, and denote its three conditions by a),, b),, ¢),. Let a), b),
¢) have their meanings as in Prop. 7.

Condition a), is identical to condition a) of Prop. 7.

Condition ¢), is identical to condition ¢) of Prop. 7.

b) = b),: If f € then, by b), f attains its supremum at some point
of F; but also —f € 57, so —f attains its supremum at some point of F,
therefore |f| attains its supremum at one of these points (see the preceding
note), whence b),.

b), = b): As observed in the note for IV.111, ¢. 14,15, b),. implies a),
and a) implies b) by Prop. 7.

Thus b) < b),.

The equivalence of a), b), ¢) (Prop. 7) then assures the equivalence of
a)r, b)r, ¢),, thus Prop. 10, is proved.

Call Prop. 9, the result of stating Prop. 9 with J# consisting of real
functions. Let f € 5. By Prop. 5, f attains its supremum at some point
a € Chp(X). Since also —f € #, —f attains its supremum at some point
b € Ch_p(X). As noted above, |f| attains its supremum at one of a,b, thus
Prop. 9, is proved.
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IV.111, ¢. —7 to —1.
“Lemma 4.7

So to speak, if a € X is an “approximate peak point” and has a count-
able neighborhood base, then a is a “peak point” (relative to J#).

{For the terminology, cf. the book of G.M. Leibowitz (Lectures on com-
plex function algebras, p. 54, Scott, Foresman, Glenview, IL, 1970).}

As indicated by the “resp. ¢ (X;R)” in the statement of the lemma,
the proof works for either the real or the complex case.

IvV.112, ¢. 2,3.
“...let A u,e be numbers such that

0<A<l, 1<pu<pt+e<l+A"7

The order of events: Fix A with 0 < A< 1. Fix p with 1 <p <1+A.
Then choose any € > 0 (which will also remain fixed) such that p+e < 1+A,
for example ¢ = (1 + \) — .

IV.112, 4. 4-6.

“We are going to define, by induction on n (n > 1), a decreasing
sequence (U,) of open neighborhoods of a such that U, C V,, for all n,
and a sequence (h,) of functions in % ”

To get a feeling for the intricate argument, I found it necessary to look
at n=1,2,3.
One is assuming that

(%) O0<A<l, l1<p<p+e<<ltA,
whence

A1
(1) 0<-<-—-<1.

poop

The argument for n = 1. Define U; = V1, set U = Uy, and apply
the hypothesis to the inequalities (1), that is, with ¢ = A/u, d =1/ and
U = U; : there exists a function f € 5 such that

1 A
(121) Ifl<1, If(a)|>;, |f(l‘)|<; for all z € X — Uy
Define hy = Lf Then
IO
1
(131) ha| = 7 < W
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_fla)
(141) hl(a) = —f(a) 1,
_@l A1 A
(15;) forallz € X — Uy, |hi(x)| = ()] < 0 @) < p w=A\;

2
(161) for all y € X, [A'hy(y)l = Alha(y)] < dp < A1+ X) =) M.
j=1

With the convention Uy = X, the condition Uy C Uy NVy is fulfilled.

2-1
The argument for n = 2. The function Ahy (formally equalto )" Ajh;)
j=1

is continuous and takes the value A at a, therefore there exists an open
neighborhood U, of a, which we can suppose to be contained in Uy N'Vy,
such that

(173) A1 (y)| < A+eX? forall y € Us.

Apply the hypothesis to (1) with U = U, to obtain a (new) function f € ¢
such that

A
(122) <1, [fla)l = =, |f(l‘)|<; forallz € X — Uy.

T~

1

The function hg =
°7 fla)

f then satisfies (132), (142) and (153). Set

2
9= MNhj=Ahy + Nhy;

j=1
we have |g| < A|h1|+A?|ha|, and to prove (162) we must show that |g(y)| <

3
5™ A3 for all y € X. At any rate, by (16;) we know that
j=1

2
gl <D N +X2hy|  on X

j=1

if y € X — Uy then |h2(y)| < A by (152), so

2 3
W) <Y N A A=) "N
Jj=1 j=1
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whereas if y € Us then |ha(y)| < p by (132) and, by (172), [Mri(y)| <
A+ e\?, therefore

l9(W)] < (A +eX?) + pA?
=X+ (u+e)A\?

3
<A+ (1 + M)A Z (by (%))

thus (163) is verified.
The argument for n = 3. The function i N h; is continuous and
2 =
takes the value z A at a, therefore there exists an open neighborhood
Uz of a, which V]V?can suppose to be contained in Uy N V3, such that

2
(173) ‘Z)\jhj(y)‘ <A+ A2 4+eX® forall yeUs.
—

Apply the hypothesis to () with U = Uz to obtain a function f € 5 such
that

1 A
(123) Ifl<1, If(a)|>;, |f(l‘)|<; for all z € X — Us.
1
The function hz = mf then satisfies (133), (143) and (153). Set
= Nhj =Y Nhj+Xhs.
j=1 j=1

4
To prove (163) we must show that [g(y)] < > M for all y € X. At any
j=1
rate, by (162) we know that

3
lg] < Z)\j + X3|hs|  on X;
j=1

if y € X — Us then |hs(y)] < A by (153), so

3 4
PI<Y N A=) "M,
j=1 j=1
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whereas if y € Us then |hs(y)| < p by (133) and, by (173),
2
‘Z)\jhj(y)‘ <AHAZ N3,
j=1

therefore

lgW)] = A+ A% +eX®) + Np

=A+ A2+ (u+e)N?
4
<A+ H A+ =D"N  (by (%)

Jj=1

thus (163) is verified.

IV.113, (. 1.
“ ..for x € X =T, wehave |h,(z)] <A for 1<p<n”

A mirage, not justified by the n inequalities
(15,) |hp(x)] <A for e X =T,
(1 < p < n), the direction of the inclusions
X=-U,02X=U,1D---2X=1,4
being unfavorable for x € X — U,,. An alternate path to (16,,) is indicated

in the preceding note.

IV.113, 4. 8,9.
“...if = # a, there exists an integer n such that x ¢ U, 11 ; therefore
[hpsk(z)| <A forall £ >17

Because (| U; C () V; ={a}; and, for all k> 1,
j=1 j=1

.Z'GX—UnJrlCX—UnJrk,

whence |l ()] < A by (15,4%).
IV.113, ¢. 13-20.
“THEOREM 27

With notations as in No. 4, the theorem says that, when # is a norm-
closed subalgebra of % (X;C) that contains the constants and separates
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the points of X, a is a ‘peak point’ of X (relative to ) if and only if
a € Ch 4 (X) and a has a countable neighborhood base.

The analogous theorem for J# C €(X;R) is also true, as observed in
subsequent notes.

{CAUTION: . need not be a subalgebra of % (X;C). For example,
if X is the closed unit disk {z : |z2| < 1} of C, and % is the norm-
closure in %' (X; C) of the algebra of complex polynomial functions on X,
then every f € J is differentiable in the open disk {z : |z| < 1}, hence
the function w(x,y) = Zf(x +iy) is harmonic there (uzqy + uyy = 0); the
function z — x = Z(z) (z € X) belongs to ., but its square z — 2
cannot be the real part of a function in J#°. This example of X and JZ is
worked out in detail in the book of Leibowitz (pp. 55-64) cited in the note
for IV.111, . —7 to —1.}

IvV.113, ¢. —10, 9.
“...by Prop. 9 of No. 4, a is an &/-extremal point.”

Because a is the only point where |f| attains its supremum.
{The cited Prop. 9 is also valid when 77 C € (X;R) (No. 4, Remark).}

IV.113, (. 3.
“...set e =logd/logc”

Not to be confused with the ¢ in the proof of the cited lemma.

IV.113, (. -2, —1.
“Since a is an «7,.-extremal point, there exists a function ¢ € .« such
that

£(9) 20, Z(g(a)) <e, Z(g(z))>1 forzeX—=U

(No. 3, Prop. 6, b)).”

We are given 0 < ¢ < d < 1 and an open neighborhood U of a; the
objective is to construct a function f satisfying the condition (12) of No. 5,
Lemma 4.

The cited Prop. 6—which does not require . (= ..) to be norm-
closed in € (X;R) nor that it be an algebra—proves the existence of a
function h € 7, having the indicated properties, and h = Zg for some
ge o .

{The argument remains valid when & C % (X;R), with the obvious
simplifications. }

IV.114, (. 1,2.
“Set f = c¢9; since f is the sum of the normally convergent series

(logc)™g™/n!, we have f € o/ 7

i
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Rather than explain the meaning of ¢Y, it is simpler to define the
function f by the formula

F(z) = expl(og )g(a)] = 3 118"

o n!
. . 1
the series is normally convergent since ||g|| < 400, |logc| = | — log E‘ =
1
log — and
c
>~ (logel )" _ & [(log >”9H] _ (og 1) lgll _ 1yl
g E =(3) " <o
[(log c)g]"
and f € o/ because the partial sums z — belong to &/ and &7 is
n=0 .
norm-closed.
IV.114, ¢. 3.
“IFI<L, |fla) = =d, |f(z)|<c for z€X—=TU."

Write g = h 4 ik, where h,k € o,.; thus h = Zg > 0. For every
e X,

f(z) = exp|(log c)g(z)] = exp[(log c)h(z) + i(log c) k()]
= exp|(log c)h(z)] - expli(log c)k(x)];

the first factor is positive and < 1 since (logc)h(x) < 0, and the second
factor has absolute value 1 since (logc)k(x) is real, therefore |f(z)| < 1.

Since Zg > 0 and h(a) = Zg(a) < €, one has 0 < h(a) < €, whereas
log ¢ < 0, therefore (logc)h(a) = (logc)e; citing the formula for f(x) as a
product,

log d
] =

|f(a)| = exp[(log c)h(a)] > exp[(log c)e] = exp [(logc) - o ¢

Finally, if x € X — U then h(z) = Zg(x) > 1, whereas logc < 0,
therefore (logc)h(x) < loge and

|f(x)] = exp[(log ¢)h(x)] < exp(logc) = c.

{The argument remains valid when &/ C ¢ (X;R), with simplifications:
o, =4, h=g, k disappears from the stage, and f(x) = exp|(logc)g(x)] =
@) Thus Theorem 2 remains valid when &/ C €(X;R).}
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IV.114, (. 9.
“c) Let MM be the set of subsets M of X such that...”

If M €9 and M’ D M then obviously M’ € 9 ; thus minimal sets M
are of interest. By No. 4, Prop. 9, Ch/(X) € 9. The implication a) = ¢)

says that Ch,/(X) C M for every M € 9, therefore Ch,(X) C (| M,
Mem
and the reverse inclusion is immediate from Ch,(X) € 9; thus Ch/(X) =

(1 M, Ch,(X) is the smallest element of 9, and
Mem

M={AcCX: ADChyX)}.
In particular, S/ (X) € 9.

IV.114, ¢. 12.
“d) Let M be the set of subsets N of X such that ...”

Such a set N is called a boundary for the algebra o/ (cf. G.M. Leib-
owitz, op. cit., p. 53, Exer. 4). If N € t and N’ D N, then N’ € 9. By
Prop. 5 of No. 3 applied to ., Chy(X) = Chg (X) € NM; arguing as in
the preceding note, one sees that the meaning of the implication a) = d) is

that Ch(X)= [) N, Chy(X) is the smallest element of O, and
Nem

N={ACX: ADChy(X)},

which is also equal to 9. In particular, S,/ (X) € 9.

One calls Ch/(X) the Choquet boundary, and S_,/(X) the Shilov bound-
ary, for o/ (Leibowitz, op. cit., p. 49). Another valuable reference for §7 is
the book of Robert R. Phelps, Lectures on Choquet’s theorem, Van Nostrand,
Princeton, NJ, 1966.

IV.114, ¢. —15,—14.

“...we can restrict ourselves to the case that X does not reduce to the
single point a ”

When X = {a}, each of a), ¢), d) (resp. b)) is trivially (resp. vacuously)
true.

IV.115, 4. 8,9.
“...the spaces X; and X, are homeomorphic, both being bounded
convex sets in R* with nonempty interior.”

A convex body in a topological vector space over R or C is a closed
convex set with nonempty interior. The theorem “Any two compact convex
bodies in R™ are homeomorphic” is cited in the prerequisites of the book
of E.H. Spanier (Algebraic topology, p. 10, McGraw-Hill, New York, 1966;
reprinted by Springer-Verlag, New York); presumably a proof can be found
in one of the 29 books listed there, but I have not tracked it down.
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IV.115, ¢. 12.
“...pointed convex cone in E.”

With vertex 0 (TVS, II, §2, No. 4).
IV.115, /. 12.
“One knows...”
TVS, 11, §2, No. 5, Prop. 13.
IV.115, ¢. —9.
“The Cj, are disjoint convex cones with union C.”

The proof is delicate. Note that, since the f) are affine, hence convex,
it follows that f is convex (FRV, I, 84, No. 2, Prop. 3). Since the f, are
positively homogeneous, so is f: f(tz) =tf(x) for z € C,t>0.

For every y € C there is at least one index j such that f(y) = f;(y),
and y € Cy if and only if k is the first such index; thus C is the union of
the Cg, and the Cj to which y belongs is unique, whence disjointness.

Consider C; ={y € C: fily)=f(y)}. f y,y’ €C; and 0 <t <1,
we are to show that ty + (1 —t)y’ € C;. At any rate, ty + (1 —t)y’ € C,
and

filty+ 1 —=0y) =tfily)+ (1 —t) 1Y) (f1 is affine)
=tf(y) + (1 -1)f(y) (because y,y" € Cy).

Assume to the contrary that ty + (1 —t)y’ € Cy for some k > 1. Then, by
the definition of Cy

flty+ A =ty) > filty+ A =t)y) =tf(y) + 1 =) f W),
which contradicts the convexity of f. Thus C; is convex; moreover, f |C1 =

fl‘Cl is affine. Since tCy C C; for ¢ > 0 by the positive homogeneity of f;
and f, C; is a convex cone.

“At the other end”, consider

Cp={yeC: fily) < fly) for 1<k<p}.
Of course y € C, = f,(y) = f(y). Suppose y,y’ € C, and 0 <t < 1.
If ty + (1 —t)y’ did not belong to C,, then ty + (1 —t)y’ € C;, for some
k < p, therefore
fty+(1 = 0)y) = fu(ty + (1 —t)y') (because ty + (1 —t)y’ € Cy)
=tfe(y) + (1 =) fu(¥)
<tfp(y)+ (1 —1t)fp(v) (because y,y’ € C, and k <p)
= fp(ty + (1= )y')
< flty+ (1 —0)y) (by the definition of f),
whence the absurdity f(ty +(1- t)y') < f(ty +(1- t)y’).
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Thus C,, is convex, hence is a convex cone (positive homogeneity), and
f‘Cp = fp|Cp is affine.
“In between”, consider 1 < m < p and
Coo={yeC: fely) < [fly) for 1<k <m, and fm(y) = f(y)}-
If y,y9/ € C,, and 0 <t <1, then
f(ty + (L =0)y') = tfm(y) + (L = 1) fin(y)
=tf(y) + A -0)f(y

If ty+ (1 —1t)y" did not belong to C,, , one would have ty+ (1 —t)y’ € Cy
for some k # m, therefore

(o) fly+ Q=) = felty+ (1 —t)y') =tfily) + A1 =) ().
case 1. k < m. Then

Flty+(1 —t)y) =tfuly) + (1 — ) fi(¥) (by (+x))

(%) :
") (because y,y’ € Cy,).

<tfly)+ (1 =8 f") (because y,y’ € C,, and k <m)
= fm(ty + (1 - t)y/) (by (*))
< flty+ (1 —t)y) (by the definition of f),

whence the absurdity f(ty + (1 —t)y') < f(ty + (1 —t)y’).
case 2. m < k < p. Then

tf(y)+(1 =) f(y") = fu(ty + (1 —)y') (by (+))
< fu(ty+ (1 —1)y) (because ty + (1 —t)y’ € Cx and m < k)
= f(ty+ (1 —1)y) (because ty + (1 —t)y’" € Cy),

contradicting the convexity of f.
Thus C,, is convex, indeed is a convex cone, and f ‘Cm = fm‘Cm is
affine.

IV.115, 4. —7.

“Then Y1 +y2++yp :.’,U.”

Recall that a convex cone with vertex 0 is closed under addition (TVS,
IT, §2, No. 4, Prop. 10); thus its operations are = +y and tx (t > 0; or

t > 0 when the cone is pointed). In particular, y, € C for £k =1,...,p
Thus

y1_|_+yp:x1++xn
is immediate from the associativity theorem (A, I, §1, No. 3, Th. 1).
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For use below, we note that a positively homogeneous affine function

1 1
g:C — R is additive: z+y=2- (5:17 + Ey), therefore

g(x+y) = 29(%:6 + %y> = 2[%9(%) + —g(y)} =g(z) +9(y)-

In particular, the functions f ‘Ck = fk|Ck are additive.

IV.115, (. —7,—6.
“Since f is affineon Cy, f(y1)+ -+ f(yp) = f(x1) + -+ fzyn)
In slow motion, let I = {z e{l,...,n}: z; € Ck}; then yr = > =;,

1€l
and f(yr) = >, f(x;) by the additivity of f‘Ck = fk‘Ck (see the preceding
i€y
note), and
p P n
S i) =3 (D f@) =3 fa)
k=1 k=1 i€l i=1

by the associativity theorem. Resist writing f(z) for this sum; f is convex
on C but need not be additive.

For use below, we note that the convexity and positive homogeneity
of f implies that f is subadditive, that is, f(z +y) < f(x) + f(y) for
x,y € C; for,

Flaty)=2f (52 +5v) <2[3@) + 3F)] = F@) + ).
IV.115, ¢. —5.
(19 F() = sup (fun) + -+ [),”

A misprint; read f(z) instead of f(z).

IV.116, ¢. 8. _
“...therefore f is concave.”

For z,y e C and 0 <t <1,

fltz+ (1 =t)y) > F(t) + (1 - t)y) = tf(2) + (L= 1) f(y).

Iv.116, ¢. 11.
“...weakly complete”

Regarding the product space R x E as a weak locally convex space.
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IV.116, /. 12,13.

“By Lemma 5, this sum is equal to L.”

Suppose (t,x) € L, thatis, z € C and 0 <t < f(x). By Lemma 5 one
can write * = 21+ -+, with the x; in C and f(z) = f(x1)+- -+ f(zp).
Since _

0<t< flz) = flz)+-+ f(zp)
and the f(x;) are >0, one can write t =t +---+t, with 0 <t; < f(z;)
for i =1,...,p: for, if f(z;) =0 for all i, so that ¢ =0, one sets t; =0
for all 7; otherwise, one sets
f(zs) t
= b= flxi) <1 f(z).
T+ fap) T T Tt Sy TSI
Then (¢;,z;) € L; and (t,z) = (t1,21)+- - -+ (tp, zp); thus L C Li+---+L,.

On the other hand, if (¢1,21) € L1, ..., (tp,x,) € Ly, are given, so that

x; € C and 0 <t; < f(x;) for all i, then

0<ti+ - +t, < flm)+ -+ flap) < flwr+ -+ ),
whence (t1+4---+tp,x1+---+x,) € L, thatis, (t1,21)+---+(tp,zp) € L.
Thus Ly +---+L, CL.
Note that since the sets L; and L are closed in R, x C, which is
complete hence closed in Ry x E, they are also closed in Ry x E.

Iv.116, ¢. 13, 14.

“... f is upper semi-continuous.”

Equivalently, we are to show that —f is lower semi-continuous. Thus,
given any t € R, it is to be shown that the set A; = {x € C: f(z) >t}
is closed in C (GT, IV, §6, No. 2, Prop. 1). If ¢t <0 then A, =C.If t >0
then A; is the inverse image, under the continuous mapping
C — Ry x E defined by = — (t,z) (z € C), of the closed subset L =
{(s,7): 2€C,0<s< f(z)} of Ry xE.

IV.116, (. —11.

“... f is indeed convex.”

The argument can be simplified slightly (no need to bring in ¢). By
Lemma 5 (with z + y in the role of x) one can write

(%) rty=z1+--+2

with the z; in C and f(z+y) = f(21) +--- + f(2p) . Applying the decom-
position theorem to (%) (A, VI, §1, No. 10, Th. 1) (with ¢ =2), x +y is
the sum of 2p elements z;; of C (i=1,...,p; j =1,2) such that

p p
xr = E Zi1, Y= E Zio, zi=2zi1+zip fori=1,...,p.
=1 =1
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Setting x; = z;1 and y; = 20 for i =1,...,p, one has
r=x1+ - +xp, Y= +---+yp, zi=x;+y; fori=1,... p.

Since f(z;) < f(z;) + f(y:) (see the note for IV.115, . —7,—6) one has

p p p

Fa+y)=> fz) <D fla)+ > fw) < @)+ Fy);

i=1 =1 i=1

therefore, for 0 <t <1,
Fltr+ (1 —t)y) < f(ta) + F((1 - t)y) =tf(x) + (1 - 1) f(y),

thus f is convex in C. Combined with concavity, this proves that_f is affine.
It follows directly from the inequalities established here that f(z + y) =
f(z)+ f(y) for all z,y € C (see also the note for IV.115, £. =7, —6).

IV.116, (. —2.
“affine functions”

That is, the functions z — (z,2’) + ¢ (2 € E), were 2’ is a continuous
linear form on E and c is a scalar; also called “affine linear functions” (A,
I, §9, No. 4, Def. 3).

IV.117, 0. 1,2.
“...where fi1,...,fp, belongto &, f1 20,...,f, 20"
Read: where fi,..., f, belong to &, are < f,and f; >0,...,f, >0.

1V.117, . 5.
“fly)=fly) if ye G

By Lemma 5, there exist y1,...,y, € C with y =y1 +--- +y, and

fy)=Ff(w1)+- -+ f(yp). If p=1 the assertion is trivial; assume p > 1.

If y=0 then y; =0 for all ¢ (because —y; = > y; € C and C is proper)

i#i
and f(y) =0= f(y). Assume y # 0.
From y —y; = Y. y; € C we know that 0 < y; < y for the order

J#i
relation < on E with positive cone C, therefore y; = r;y with 0 <7; <1
P
(TVS, 11, §7, No. 2, Remark 1), whence ) r; =1 and
i=1
p p p
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IV.117, 4. 5,6.

“Since A*(K — (KN G)) =0, we have A(f|K) = A(f|K).”

We have just shown that f = f on G. Since K = (KNG)U(K — KNG),
where f = f on KNG and MK — KN G) = 0, we have ﬂK = f‘K
A-almost everywhere, therefore )\*(ﬂK) = )\*(f|K) (82, No. 3, Prop. 6).

The function f (resp. f) is lower (resp. upper) semi-continuous, by
hypothesis (resp. Lemma 6), hence so is its restriction to K (GT, IV, §6,
No. 2). It follows that f|K and ﬂK are measurable with respect to any
measure on K (§5, No. 5, Cor. of Prop. 8); being bounded, they are inte-
grable with respect to the (bounded) measure A (§5, No. 6, Th. 5), so one
can drop the asterisks: )\(f‘K) = )\(ﬂK) .

IV.117, ¢. 9.

“Let x € K be the barycenter of \.”

Since K is compact and convex, the barycenter of A—a priori an ele-
ment of E’*—may be viewed as an element of K (No. 1, Cor. of Prop. 1).
IV.117, ¢. 9,10.

“If g€ o/ then A(g|K) = g(z).”

Recall that © = by = [, ydA(y) € E'*. If g € & then g|K = 2/|K for
some z' € E/, thus

g(x) = (z,2) = /<y,z’>d/\(y) = /(9|K)(y) d\(y) = Mg|K) .

IV.117, . 10.

“Therefore A(f|K) = f(z) (84, No. 4, Cor. 2 of Prop. 5).

Since A(g!K) = g(x) for every g € &/, and since A(1) = 1, it is
immediate that the equality holds for every g € &/’. The functions in &’
are continuous, f(K) is the lower envelope of a decreasing directed set 2
of functions g|K with g € &', and the numbers A(g|K) (= g(z)) are
bounded below (by f(z)), therefore

/(ﬂK) d\ = inf /(g\K) dA

geg
by the cited Cor. 2, that is, )\(ﬂK) = in; g(z) = f(x).
g€
Iv.117, ¢. 13.
“. .. admitting a compact sole M7

This means (TVS, II, §7, No. 3) that M = CNH, where H is a closed
hyperplane in E that does not pass through the vertex 0 of C, the convex
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set M is compact, and M generates C in the sense that C is the smallest
pointed cone with vertex 0 that contains M.

Example: Imagine in R? an ‘infinite pyramid’ resting on its ‘peak’ at
the origin (0,0,0), extending indefinitely above the xy-plane. The extremal
generators of C are its edges. A cross-section of C by a plane not passing
through the origin is a convex polygonal area M that is a compact sole of C.

IV.117, . 16.
“...such that N*(M — (GNM))=0"

In the language of Ch. V, §5, No. 7, Def. 4, X\ is “concentrated on
GNM7,or “GNM carries A 7. If G is closed (for example, if there are
only finitely many extremal generators, as in the example of the preceding
note) then M — GNM is open in M, so that SuppA € GN M. In the
example of the preceding note, GNM is the set of vertices of the polygonal
boundary of M, and A is a convex combination of the Dirac measures at
the vertices (Ch. III, §2, No. 4, Prop. 12).

IV.117, 2. 17,18.
“Replacing the topology of E by the weakened topology (which does
not change the topology of M), ...”

Let .7 be the original topology on E, E’ the dual space of E, and
Ty = o(E,E') the weakened topology on E. As M is compact for the
induced topology 7 N M, and the coarser topology 7, N M is Hausdorff
(by the Hahn—Banach theorem), the two topologies on M coincide (GT, I,
§9, No. 4, Cor. 3 of Th. 2), whence the assertion. Thus M is a compact,
hence closed, convex subset of E for 7, .

Also unchanged by the replacement: the set of measures on K, the
continuous linear forms on E (i.e., the dual space E’), the closed hyper-
planes in E, the closed convex sets in E (TVS, IV, §1, No. 2), the weak
topology o(E’,E) on E’, the algebraic dual (E')* of E’, and the concept
of barycenter by € (E')* of a positive measure A on K of total mass 1.

IV.117, ¢. 20, 21.
“...let h be a continuous linear form on E such that M is the inter-
section of C and the hyperplane with equation h(z)=1."

See the note for ¢. 13.
{“ h(y) =17 would have been preferable, as the letter x is conscripted
for duty as a barycenter.}

IV.117, (. 21,22.
“Let . be the subset of (M) ...”

Clearly . is a pointed convex cone in ¢ (M) with vertex 0, hence is
closed under addition and under multiplication by scalars > 0; it follows



INT IV.x276 EXTENSION OF A MEASURE. L” SPACES 87

that . — . is a linear subspace of ¥(M). If f,g € . then fUg and
fNg (the upper and lower envelopes) also belong to .. Other properties
will be noted below.

{The order relation in € (M) (or in . — .7 ) with positive cone .&
(TVS, II, §2, No. 5, Prop. 13) is not at issue here.}

IV.117, £. —12.
“By Th. 3, A(f) = N(f) for every fe ..

Given f € /,let f': C — R be a continuous, positively homoge-
neous convex function such that f’ !M = f. Write .} (X) for the positive
measures of total mass 1 on a compact space X.

The dictionary between Th. 3 and its Corollary is as follows:

E « E
C « C
foef
K <« M
fIK = fM=f
= E)LTI}|r (K) < M)Ne zmi(M) .

The assertion is now clear.

IV.117, ¢. —11 to —9.
“If f1, f2, f3, fa belong to .7, then

sup(f1 — fo, f3 — fa) =sup(f1 + fa, fa+ fa) = (fo+ fu) €S =
inf(f1 — fo, fs = fa) = —sup(fe— f1, fa—f3) €S = .7

Regard %' (M) as a Riesz space in the usual way, with f < g the point-
wise order relation, and with fUg and fNg as the pointwise supremum
and infimum (Ch. III, §1, No. 5). As observed in the note for ¢. 21,22, .% is
closed under finite sups and infs. The first displayed relation is an applica-
tion, in the Riesz space @ (M), of the invariance of order under translation
by the element fo + f4 of ¥ (Ch. II, §1, No. 1, formula (5)), and shows
that .7 — . is closed under finite sups; and the second displayed relation is
a consequence of the first, showing that . — .7 is closed under finite infs.
(It follows that if f €. —.% then |f|=sup(f,—f) €S —.7.)

Conclusion: . —.7 is itself a Riesz space for the order relation induced
by that of €(M).
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IvV.117, ¢. -8.
“Since h‘M €Y, Y — . contains the constant functions.”

The half-space H = {y € E: h(y) > 0} is a pointed cone (albeit
degenerate) with vertex 0, and M C H’ (since h(y) = 1 for y € M),
therefore C C H' (see the note for £. 13), that is, h >0 on C. Thus h|M
qualifies for membership in ., that is, the constant function 1,; belongs
to ., whence the assertion.

IvV.117,¢. —6, 5.
“...this form is the difference of two continuous linear forms that are
positive on C (TVS, II, §6, No. 8, Lemma 1).”

The weak completeness of C plays a role here.

IV.117, ¢. —5 to —3.

“It follows from the foregoing that for «,3 real, there exists f €
& — . such that f(z)=a, f(y) =067

Say k € E' with k(z) # k(y) (Hahn-Banach), and write k = k1 — ko
with k; € E' and k; > 0 on C for i = 1,2 (see the preceding note). Then
k!M = k1|M — /{:2‘1\/[ €. — .7, thus .¥ — . does contain a function that
distinguishes between x and y; the passage to a function in the vector space
7 — . (containing 1) taking on specified values at x and y is carried out
in the proof of Stone’s theorem (GT, X, §4, No. 1, Th. 2).



CHAPTER V
Integration of measures

§1. ESSENTIAL UPPER INTEGRAL

V.2, (. 11,12.
“...the condition u®(f) =0 meansthat f is locally negligible (Ch.IV,
§5, No. 2, Prop. 5)”

The condition p®(f) = 0 means that for each compact set K in T,
w*(fex) = 0, ie., fex is negligible (Ch. IV, §2, No. 2, Def. 1), i.e., the
set {t : f(t)px(t) > 0} is negligible (loc. cit., No. 3, Th. 1), that is,
writing A = {t : f(t) > 0}, the set ANK is negligible; this means that
A is locally negligible (by the cited Prop. 5), in other words f is locally
negligible (remarks following Cor. 4 of the cited Prop. 5).

V.2, (. 14.
“The mapping p® of #,(T) into R coincides with p on # (T).”

Let fe . (T). By (1), u*(f) < p*(f); but K = Supp f is compact

and f = fox. therefore u*(f) = u*(for) < p*(f). whence u*(f) =
w*(f) = u(f) (Ch. IV, §1, No. 1, remark following Def. 1).

V.2, (. —6,—5.
“...a) from Proposition 6 of Ch. IV, §2, No. 3 and Proposition 5 of
Ch. 1V, §5, No. 27

By assumption, the set A = {t : f(t) # g(t)} is locally negligible.
For every compact set K in T, A NK is negligible by the cited Prop. 5,

thus fek = gpk almost everywhere, so p*(fex) = p*(gpk) by the cited
Prop. 6.

V.2, 0. —5 —4.
“...b), ¢), d) from Propositions 10, 11, 12 of Ch. IV, §1, No. 3.”

As to ¢), the cited Prop. 11 assumes that « is finite. But ¢) is also true
for a = 400, as follows.
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case 1. u®(f) =0.

Then f is locally negligible, and the convention (4+00)-0 in R assures
that (400)f is also locally negligible, whence 1®((+00)f) =0 = (+00)-0 =
(+00) - p*(f) -

case 2. p*(f)>0.

Then (400) - u®(f) = +o0, and f(t) >0 < (4+00) - f(t) = +oo (GT,
IV, §4, No. 3, Prop. 8). Write A = {t: f(t) > 0}. By hypothesis, A is
not locally negligible, hence there exists a compact set K in T such that
ANK is not negligible. But (+00)f = +00 on ANK, thus (+00)f - ¢k is
not almost everywhere finite, therefore ,u*((+oo)f . ng) = +oo (Ch. 1V, §2,
No. 3, Prop. 7), whence u'((+oo)f) = +oo and the equality in ¢) reduces
to +00 = +00.

V.2, 0. —2,—1.

lim p®(fn) = sup sup p*(fnpk) = sup sup p*(fneK)
n—oo neN Kef Kef neN

= sup p*(fox) = p°(f).
KeRr

By the theorem on monotone limits, f = sup f, (GT, IV, §5, No. 2,
neN

Th. 2 applied with X = R). In view of b), the first displayed equality says
that lim p®(f,) = sup p®(fn) (the cited Th. 2, with X = #,(T) and
n—0oo neN
f=n*).
The second displayed equality follows from the ‘associativity of sups’

(S, III, §1, No. 9, Cor. of Prop. 7).
The third displayed equality follows from Ch. IV, §1, No. 3, Th. 3.

V.3,4.6,7.
“One is immediately reduced to the proof of the analogous formula for
the upper integral.”

Write R for the set of all compact subsets K of T. Assuming proven
the analogous formula for [ * , for each K € K one has

/* Flg+ ) du = /*<fsoK><g+h> dy = / foxg du+ / foxhdp:

as K varies over K, the supremum of the left-most member is by definition
. k *k
p(f(g+h)). Write ax = [~ fexgdp, Bk = [ fexhdp, so that

u® (f(g+h)) = sup (ax + Bk)-
Ker
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We know (GT, IV, §5, No. 7, formula (26)) that

sup  (ak, + Bk,) = sup ax + sup Bk = u*(fg) + p*(fh),
Ki,Ke€R Kegr KeR

so it will suffice to show that

sup (ak + Bk) = sup (ak, + Bk,).
Kes K1, Ko €R

The left member v is obviously < the right member §; on the other hand,
for all Ki,Ks € 8 one has

aKl + ﬁKg g aKlqu + ﬁKlqu < 77

whence § < 7. {Perhaps this is a special case of GT, loc. cit., Cor. 1 of
Prop. 13; I have not checked the details.}

V.3, £. 10.
“...it remains to establish the reverse inequality.”

Let a:f*fgdu, ﬂ:f*fhdu, 'y:f*f(g—i—h)du;we are to show
that

() a+ <y,

At any rate, 0 < o, < v. If v = 400 then (%) holds trivially, so we
can suppose that v is finite; if one of «, 3,7 is equal to 0 then (x) holds
trivially, so we can suppose that «, 3,7 are all finite and > 0. It then follows
that, at almost every point of T, the functions fg, fh and f(g+ h) are
finite-valued (Ch. IV, §2, No. 3, Prop. 7), none of the sets

A={t: f(t)g(t) >0}, B={t: fO)h(t) >0}, C={t: f(t)(g+h)(t) > 0}

is negligible, and AUB = C.

Let N be a negligible set such that fg, fh, and f(g+ h) are finite-
valued on T — N. Replacement of f by for—n does not change the
numbers «, 3,7, so we can suppose that fg, gh, and f(g+ h) are finite
at every point of T. This is useful for the next note.

CAuTION: The functions f and g+ h are permitted to have infinite
values but, at a point where one of them is infinite, the other must be 0.

V.3, (. 12,13.
“...then v>f and u>wv(g+h)”

We can suppose, after excluding special cases and modifying f on a
negligible set, that f(g+ h) is finite at every point of T (see the preceding
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note). It is tacit in the definition of v that if (g+h)(t) = 400 then v(¢t) =0.
Thus:

7u(t) 1 00
) TEDIO fO<(g+h)(t) <+
v(t) = 0 if (g+h)(t) = +o0

+o0 if (9+h)(t)=0.

Proof that v > f. If (¢ + h)(t) = 0 then v(t) = 400 > f(t);
if (g9 + h)(t) = +oo then f(t) = 0 (by the finiteness of f(g + h)) and
v(t) =0= f(t); and if 0 < (g + h)(t) < +oo then (since u > f(g+h))

ut) B+ M)
(g+n)(t) = (g+h)(t)

Proof that uw > v(g+h). If (g+h)(t) =0, the inequality holds trivially
at t since u > f(g+h) > 0; if (¢ + h)(t) = +oo then v(t) = 0 and
the inequality again holds trivially at ¢; and if 0 < (g + h)(t) < +oo then
u(t) = v(t)(g + h)(t) by the definition of v(t).

V.3, (. 15.
“... v being measurable (Ch. IV, §5, No. 6, Cor. 4 of Th. 5)”

The cited Cor. 4 justifies the equality in the the display that follows,
once the measurability of v is established. We assume that the definition
of v has been fine-tuned as in the preceding note.

Let A={t: 0<(g+h)(t) <+oo} and let k = (g+ h)|A be the
restriction of g +h to A. Since g + h is measurable (Ch. IV, §5, No. 3,
Th. 1), the set A is measurable (loc. cit., No. 5, Prop. 7), therefore the
function k: A — R is measurable in the sense of Ch. IV, §5, No. 10, Def. 8
(see the criterion ¢”) on p. IV.x127 above). Since a +— 1/a (0 < a < +00)
is continuous, the function 1/k : A — R is also measurable (see the item
No.3, Th. 1’ on p. IV.x133). It follows that the extension by 0 of 1/k
to T is measurable (Ch. IV, §5, No. 10, Prop. 15, criterion d)), that is, the
function w defined by

o(t) = = (1).

1
—_— for t € A
w(t) =4 (9+h)(t)
0 forteT—A

is measurable. Since u is measurable (loc. cit., No. 5, Cor. of Prop. 8),
so is uw (see the note for IV.64, ¢. 10-13), therefore uw‘A is measurable;
moreover, uw|A = U‘A, and uw is the extension by 0 of U|A to T, briefly
(v!A)’ = ww . On the other hand, the sets

B={t: (g+h)(t)=0}, C={t: (g+h)(t)=+o0}
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are also measurable (Ch. IV, §5, No. 5, Prop. 7), therefore the step function
(+00) - pp on T is measurable (loc. cit.), so the function

v = (v|A) + (+00) - pB + 0 po = uw + (+00) - B

is the sum of measurable functions.

V.3, (. —7,—6.
“The case of an infinite sequence may be deduced from this by means
of Prop. 1, e).”

n

Writing h, = > g, h = > gk, one has h, | h pointwise, therefore
k=0 keN

fhn T fh pointwise (the convention 0-(400) =0 plays a role here), hence

f' fhodu T f' fhdu by the cited proposition.

V.4, (. 1,2
“The proof is immediate from the analogous statement in Ch. IV (§1,
No. 3, Prop. 15).”

It is understood that the measures g and v are positive. In slow
motion: for every f € Z#,(T), as K varies over the set of all compact
subsets of T,

(L+v)°(f) = stép(,u +v)*(fex)
= s%p (¥ (fex) + v*(fex)]
= sup p*(fox) + sup v*(fek)
K K
=p*(f) +v°(f)
= (u* +v°)(f),

where the second equality holds by the cited Prop. 15; the third, by the
theorem on monotone limits (GT, 1V, §5, No. 2, Th. 2) and the continuity
of addition in R4 (GT, IV, §4, No. 3); and the other three, by definitions.

V.4, (. 6,7
“Tt follows, by the definition of upper integral, that p*(f) < p*(f)”

In the notation of Ch. IV, §1, No. 1, f € £, (T), therefore pu*(f) =
sup 1(g) as g varies over the set of all functions in J#4 (T) such that g < f
(loc. cit., Def. 1). For any such ¢, write K(g) for its (compact) support;

then g = go(g) < fex(g) and
n(g) = p*(g) < p*(fex)) < u*(f),

whence the assertion.
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V.4, (. 20.
“Ch. IV, §1, No. 4, Prop. 19”

And Ch. IV, §4, No. 6, Prop. 10.

V.5, (. 14.
“... f also has it.”
By assumption, f = >  f,. What does the notation mean? For
neN

every t € T, the sum Y f,(t) exists in R, as the supremum of the
neN
finite subsums (GT, IV, §7, No. 5, Prop. 2) and one defines a function

>, fn€F4(T) by

neN

(X )= fo.

neN neN

{I can’t put my finger on where this notation is explicitly defined; it appears
already in Ch. IV, §1, No. 1, Prop. 3 and No. 3, Prop. 13.}

Suppose that for each n € N one has f, = > hni, where hy, €
kEN
F4(T) (k € N), hypo is p-negligible, and, for every k > 1, there exists
a compact set K, in T such that hnk|Knk is finite and continuous, and
hpr, =0 on T — K., . Thus, by assumption,

oY e Y (S
neN neN  keN
For every t € T, one has

S (X hu®) = 3 hut);

neEN keN (n,k)ENXN

for, all of the sums exist in R , and the equality holds by associativity (GT,
IV, §7, No. 5, Remark). In other words,

S(Th)= X b

neN  keN (n,k)eENxXN

(n,k)ENXN

that is,

Another application of associativity yields

neN, k>1 neN
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Let (hy)n>1 be any rearrangement of the h,; (n € N,k > 1), and (K, )n>1

the corresponding rearrangement of the K,;, and define hg = > hyo;
neN
then, by commutativity (GT, III, §5, No. 1, Remarks 2,3),

f:Zhn,

neN

where hg is negligible and, for n > 1, h, =0 on T — K,, and hn|Kn is
finite-valued and continuous.

V.5, £. 16-18.
“...since f is equal to the sum of the sequence (f,,), it will thus suffice
to establish the proposition assuming f to be moderated and bounded.”
For every n, 0 < inf(f,n) < n, in particular inf(f,0) = 0 and
inf(f,n) is bounded; and 0 < inf(f,n) < f, so inf(f,n) is moderated.
Also, inf(f,n) < inf(f,n+1). It follows that every f, is > 0, bounded,
measurable and moderated, and (‘telescoping sum’)

Zn:fk =inf(f,n+1) —inf(f,0) = inf(f,n+1).
k=0

Moreover, the sequence of functions inf(f,n+1) is increasing and has upper
envelope f (even at points where f(t) = 4o00), whence > f, = f.

neN
V.5, £. —15 to —12.

“Let K be the set of compact subsets K of T such that f‘K is con-
tinuous; since K is p-dense (Ch. IV, §5, No. 10, Prop. 15), L is the union
of a negligible set N and a sequence (K, ),>1 of pairwise disjoint elements
of R (Ch. IV, §5, No. 8, Def. 6).”

The introduction of & and the reference to the cited Prop. 15 are con-
fusing, as that Proposition pertains to functions defined on a measurable
subset of T and taking values in a topological space.

Our situation is much simpler. We have a bounded, measurable nu-
merical function f > 0 defined on all of T, and we are given a compact
set L in T such that f = 0 on T — L. Apply to f the definition of
measurability (Ch. IV, §5, No. 1, Def. 1): there exist a negligible set N C L
and a countable family (K,,) of pairwise disjoint compact sets such that
L—-N=K, and f ‘Kn is continuous for every n. Then

n

f:fSDL:f‘PN+Zf‘PKn7

and the functions hg = fon, hn, = fek, meet the requirements.
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V.5, ¢ —2,—1.
“The first assertion follows immediately from Lemma 1 of Ch. IV, §5,
No. 6.”

Assuming p*(f) < 400 we are to show that f is y-moderated. Since f
is equal p-almost everywhere to a finite-valued function (Ch. IV, §2, No. 3,
Prop. 7), we can suppose that f is finite-valued (Remark 4 and Ch. IV, loc.
cit., Prop. 6), i.e., takes its values in the Banach space R ; then, by the cited
Lemma 1, the set A = {t: f(t) # 0} satisfies the condition ¢) of Prop. 5,
hence is p-moderated, thus f = 0 on the complement of a p-moderated set.

One notes that to say that f is py-moderated, that is, f is zero on the
complement of a y-moderated set—in other words {t: f(t) #0} C M for
some moderated set M —is equivalent to saying that the set {¢t: f(¢) #0}
is moderated.

The following reformulation of 1) exhibits its parallelism with 3):

1) If w*(f) < +oo then there exists a p-moderated subset A, the union
of a sequence of compact subsets of T, such that f = fpa almost every-
where.

For, if p*(f) < +o0o we know from the foregoing remark that the set
{t: f(t) # 0} is moderated, hence

{t:f(t) 0}y cNUJK,

with N negligible and (K,,) a sequence of compact sets. Let A = JK,,. If
f(t) # f(t)pa(t) then f(t) #0 and ¢t ¢ A, whence t € N; thus f = foa

almost everywhere.
V.6, (. 14.
“...from which 3) follows.”

p*(fepa) = 0 means that fep, is locally negligible (V.2, £. 11,12),
thus the set

N={t: f(t)pgalt) #0} =CAN{t: f(t)#0}

is locally negligible; on its complement CN = AU{t: f(t) =0} one clearly
has f = fpa .
V.6, (. 15, 16.
“COROLLARY 1.7
The assertion is that p*(|f|]) =0 < p*(|f]) =0 and f is moderated.
«: Citing Prop. 7, 2), p*(|f[) = p*(|f]) =0.
=: The set N = {t: f(t) # 0} is negligible, hence (trivially) moder-
ated; that is, f is moderated, whence p*(|f|) = p*(|f]) =0.
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V.6, /. 17,18.
“COROLLARY 2.”

All functions on T are p-moderated, so pu* = u® by Prop. 7, 2).
V.6, (. —3to —1.

“There exists a compact set K such that (Ch. IV, §4, No. 4, Cor. 1 of
Prop. 5):

(1 (ho) — a < p*(hopk) = p(howk) < p®(ho).”

The existence of K satisfying u®(ho) —a < p*(hopk) < p®(hg) follows
from the definition of ©®. Since hy and @k are upper semi-continuous,
so is hopk (by the ‘dual’ of GT, IV, §6, No. 2, Prop. 2); but hopk is
moderated, so p*(hopx) = p®(hovx) < pu®(ho) < +oo, therefore hopx is
p-integrable by the cited Cor. 1, whence p*(hoyk) = pu(hopk) (Ch. IV, §4,
No. 2, Prop. 1).

V.7, 0. 5.
“But (Ch. IV, §4, No. 4, Cor. 1 of Prop. 5) u®(hoppyk) <a”

One has hg = hopk +hoppy , where px and ¢py are measurable and
ho = 0; by No. 1, Prop. 2,

p®(ho) = p®(howx) + p*(hoppx) ;
but p®(hoex) = p*(howk) = ulhowk) (preceding note), thus
1 (hopgk) = 1 (ho) — p®(hopx) = p*(ho) — p(hopk) < a.

V.7, L. 8.

W k > : [ _ .77
(o) > faf ) —a

For all h € H with h < hg, one has pu®(hppk) < p(hoppk) < a and
SO

p®(h) = p®(hek) + p®(hpgk) < p°(hex) +a = p*(hek) +a,
thus p*(hek) = p®(h) — a, whence the asserted inequality.

V.7, 0. —8,—T.

“The closure of 0 for this topology is the space A 7

The set in question is {f € Fp : N,(f) = 0} (TVS, II, §1, No. 2,
Prop. 2); to say that f : T — F is locally negligible means that u*(|f]) =0
(V.2, ¢. 11,12). Thus the assertion is that

N,(f)=0 < f =0 locally almost everywhere.

Given f € ’; let g € Zf with f = g locally almost everywhere. By the
o = 1
definitions, N, (F) = N,(g) = (u*(lg|"))""".
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Proof of =: If N,(f) = 0, that is, N,(g) =0, then g =0 almost ev-
erywhere (Ch. IV, §3, No. 2, Prop. 3); but f = g locally almost everywhere,
therefore f = 0 locally almost everywhere.

Proof of <: If £ = 0 locally almost everywhere, then also g = 0 locally
almost everywhere; but g is moderated, therefore g = 0 almost everywhere
by the Lemma, whence N, (f) = N,(g) =0.

V.7, L. —6,—5.

“...the normed space ?11; /A&° may be canonically identified with
FE A

If fe ?11;, and g € FE with f = g locally almost everywhere, the
class g = g+ A% of g for equality almost everywhere depends only on the
class £+ 4> of f for equality locally almost everywhere; for, if £/ € ?5
with f' = f locally almost everywhere, and if g € 2% with f' = g
locally almost everywhere, then g’ = g locally almost everywhere, therefore
g — g’ € A by the Lemma. The correspondence f + A — g =g+ A7
(where g € ZF and f = g locally almost everywhere) is therefore a well-
defined mapping

T/ N = TR N,

clearly linear and surjective. Moreover, by the definitions,

(cf. Ch. IV, §3, No. 2), thus the mapping is an isometry. Since Zf is
complete (loc. cit., No. 3, Prop. 5), .#E /A% is a Banach space (given a
Cauchy sequence (g,) in Zp5 /A%, the sequence (g,) is Cauchy in ZF,
etc.), therefore so is JFIIZ J AN, consequently ?11; is complete.

CAUTION: Note the author’s avoidance of the notation f for the class
f+ A5° of f for equality locally almost everywhere, as this notation has
been pre-empted for f + A% in Ch. IV, §3, No. 2. {In another context, the
notation f=f + A° has been employed (Ch. IV, §6, No. 3).}

V.7, 0. -3, -2.
“We shall similarly denote by Zn(T,u) (or Zm(p), or L) the sub-
space LE + N of Fp”

As for the notation Eﬁ , note that .4 is dense in yﬁ , that is, ?g =
Z¢. For, {0} ¢ Zf c Fp and the closure of {0} in Fp is A,
therefore the closure of {0} in ?5 is A ﬂ?lf =M (GT, 1, §3, No. 1,
Prop. 1); since .Z¥ contains {0}, its closure in ,,?ﬁf is a linear subspace

containing £ and 44>, hence containing £ + A5 = Zy.
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Better yet, #p is dense in ylf . For, if f € ylf, say f = g locally
almost everywhere, where g € Z¥, there exists a directed family (g;)
in J such that N,(g; —g) — 0 (Ch. IV, §3, No. 4, Def. 2); since g, —g =
g; — f locally almost everywhere, one has

N,(g; —f) =N,(g; —g) — 0,

that is, g; — f in yﬁ.

V.7, 0. —2,—1.

“...one can also characterize .Z i: as the subspace of ?1; constituted
by the measurable mappings (Ch. IV, §5, No. 6, Th. 5).”

Note that every function in 45> is measurable, since it is equal locally
almost everywhere to the measurable function 0 (Ch. IV, §5, No. 2, Prop. 6).
Let f € ?ﬁ, say f = g locally almost everywhere with g € .Z%; then
f—ge M, s0 f —g is measurable.

If f is measurable then sois g =f — (f — g); but g € .Z#L, therefore
g € &L by the cited Th. 5, thus f =g+ (f — g) € ZE + A = 7.

Conversely, if f € LE + A4 then f is the sum of two measurable
mappings, hence is measurable.

V.8, (. —15,—14.

“COROLLARY.”

Necessity: f € ZF C Z¢ ., and [f]P (hence also f) is moderated by
Prop. 7, 1).

Sufficiency: If £ € Ly is moderated then p*(|f|P) = p®(|f]?) < +oo
(Prop. 7, 2) and Prop. 9); moreover, f is measurable (Prop. 9) therefore
fe.#2 (Ch.1V, §5, No. 6, Th. 5).

V.8, ¢. —13 to —7.
“DEFINITION 3.”

—1
In the present context, f denotes elements of £ ; thus the composition
indicated in Def. 3,

yllv —LL—F
is the mapping f — g = g+ A5 € LL (where g € £ and f = g locally

almost everywhere), followed by the mapping g +— p(g). The continuity of
the composite is immediate from the definitions:

Ni(f) = Ni(g) = Ni(g) = [l = u(lg])

(cf. Ch. IV, §3, No. 4) and |u(g)| < p(lg]) (Ch. IV, §4, No. 2, Prop. 2).
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V.8, ¢. —6,—5.
“Two essentially integrable functions that are equal locally almost ev-
erywhere have the same integral.”

More precisely, if f € y; and f' : T — F is such that f' = f locally
almost everywhere, then also f/ € yll: and [f'dp = [fdp. Thisis implicit
in Def. 3. Indeed, f'—f € A andso ' =f+(f'—f) ?11;4—{/1/170‘3 = ?11;;
and if g € 4} with f = g locally almost everywhere, one knows that the
class § =g+ A5 of g for equality almost everywhere (hence also [ gdu)
is independent of the class f+ A5° =" + A of f for equality locally
almost everywhere, whence [f'duy= [gdu= [fdu.

V.8, (. —5,—4.

“For every function f > 0 that is finite and essentially integrable,
J*fdu=[fdu.”

Note that a subset of T is negligible if and only if it is moderated and
locally negligible (No. 2, Cor. 1 of Prop. 7).

Let g € % with f = g locally almost everywhere. Then g > 0
locally almost everywhere, thus the set N = {¢t : g¢(t) < 0} is locally
negligible. On the other hand, g is moderated (No. 2, Prop. 7, 1)), thus
the set A = {t : g(t) # 0} is moderated. But N C A, so N=NNA
is both locally negligible and moderated, hence negligible, that is, g > 0
almost everywhere. Replacing g by gyppy, we can suppose that g > 0
(everywhere). Then

/.fduz/.ngZ/gduz/fdu,

the equalities holding, respectively, by No. 1, Prop. 1, a), No. 2, Prop. 7, 2),
and Def. 3.

V.8, ¢ —4 to —2.
“If A is a set whose characteristic function is essentially integrable,
then A is said to be an essentially p-integrable set”

For a subset A of T, the following conditions are equivalent:

a) A is essentially integrable;

b) there exists an integrable set C such that ¢a = ¢ locally almost
everywhere;

¢) there exists an integrable set C such that the ‘symmetric difference’
of A and C, that is, the set (A — C)U (C — A), is locally negligible.

Proof. b) < ¢): For, (A—=C)U(C—=A)={t: val(t) # pc(t)}.
b) = a): Obvious from the definitions.



INT V.x13 INTEGRATION OF MEASURES 61

a) = b): By assumption, there exists a function g € Zg such that
©a = g locally almost everywhere. Since (pa)? = pa we have g% = g
locally almost everywhere, hence g% = g almost everywhere (Lemma). Let

B={t: git)>=g(t)} ={t: g(t) =0 or 1};

we know that CB is negligible. Let

C={t: glt)=1}=g(1)={t€B: g(t) £0},

which is a measurable set (Ch. IV, §5, No. 5, Prop. 7). If ¢t € C then
g(t) =1 = @c(t); that is, g = ¢ on C. To show that pa = ¢c locally
almost everywhere, it will suffice to show that

{t: g(t) #pc(t)} c CB

(whence g = ¢¢ almost everywhere). Indeed, suppose ¢(t) # ¢c(t). By
the foregoing, ¢t ¢ C; therefore pc(t) =0 and so g(t) # 0. If one had ¢t € B
it would follow that g(¢) = 1, consequently ¢ € C, a contradiction. Finally,
since ¢ is integrable and ¢c = g almost everywhere, one has p*(pc) =
1*(g) < +oo, consequently o¢ is integrable (Ch. IV, §5, No. 6, Th. 5), that
is, C is an integrable set.

V.9, £. 12-16.
“We note for example the inequality

(3) '/fdu‘é/\f!dﬂ,

valid for every essentially integrable function f with values in a Banach
space.”

Choose f; € % with f = f; locally almost everywhere. Then
Ifi| € Z (Ch. 1V, §3, No. 5, Prop. 11) and |f| = |f;| locally almost ev-
erywhere, therefore, by definition, [fdu = [fidp and [ |f|dp = [ |fi|du,
thus (3) is immediate from the corresponding inequality for f; (Ch. IV, §4,
No. 2, Prop. 2).

Another example. The analogue of Th. 1 of Ch. IV, §4, No. 2: Suppose
F,G are Banach spaces, u : F — G is a continuous linear mapping, and

f e y; Choose f; € £} with f = f; locally almost everywhere. Obvi-
ously uof = uof; locally almost everywhere, therefore, by the cited Th. 1,

uof; € %4 and
/(uofl)d,u:u</f1d,u>;
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thus uofeyé and

/(uof)du:/(uofl)duzu</f1du) :u</fd,u).

V.9, /. -9 to —7.
“To establish a), it suffices to show that for every compact subset L
of T, f*fgoL du = sup f*fgoK du, where K runs over the set of subsets
K

of L belonging to K.”

For, assuming this to be shown, it would follow that
* *
/ feLdp < Sup/ fexdp,
Kegr

whence, varying L, p®(f) < sup [ * fek du , whereas the reverse inequality
Kegr

follows trivially from the definition of u*®.

V.10, /. 2.
: ‘/fdu - /fsoHdu‘ < [ togudn”

If fj € 4} with £ =f; locally almost everywhere, then f;¢y, fioen
belong to £ by Ch. IV, §5, No. 6, Th. 5, therefore

[fidn= [tudu+ [t dn

by the additivity implicit in Ch. IV, §4, No. 1, Def. 1.

V.10, ¢. 5,6. o

“The Banach space .,Z”IF)(T, w) may then be equipped with a natural
complex Banach space structure”

The notation §§(T p) has only been defined for functions with values
in a real Banach space, thus it is intended that, at the outset, F is regarded
as a real Banach space by restriction to real scalars However, if f € zr P
and ¢ € C, the function cf defined by (cf)(t) = cf(t) belongs to Zp ;
for, f is measurable, hence so is cf, and p®(|cf|P) = |c[Pu®(|f]P) < +oo
(cf. Prop. 9). It is clear that ?5 becomes, thereby, a complex vector space,
on which f — N,(f) = (,u'(]f\p))l/p is a semi-norm that makes Zp a
complete locally convex space over C, and for which N,(f) = 0 if and only
if £ € 4. The complex Banach space in question is the quotient space
Lo N2, equipped with the norm || + 452°(|, = N, (f).
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To recapitulate: when F is a complex Banach space, .Z lf is the same
set of functions whether F is regarded as a real or a complex Banach space;
all that changes is the field of scalars.

V.10, ¢. 13, 14.
“Assertion b) of Prop. 10 then extends at once to complex measures.”

Proof #1. Note that the inequality

() [ras] < [imiam

valid for f € Z2(0) = £2(]0]) (Ch. 1V, §4, No. 2, Prop. 2), generalizes at
—i
once for f € Zr(0).
Let f € ?;(0) Apply b) of Prop. 10 to = |0| and |f| € ?;(,u) to

obtain
[ g1 =t [ Iglecalel

iim [ £l g dil = 0;

that is,

then, citing (*), one has

[ rovas] < [intogical.

whence h}anff@CK df = 0, that is,

/fd@zligl/f(p}{d@. &

Proof #2. The idea is to express 6 as a linear combination of positive
measures (Ch. III, §1, No. 5)

(%) 0=p1 —p2+ips —ipa, 0<pp <0 (k=1,...,4)

and apply b) of Prop. 10 to each of the p;. However, to put together the
four limits, we need to know that the expression 6(f) is the corresponding
linear combination of the puy(f); when F = R and f € J#(T;R), this is
immediate from the definition of the linear operations in .#(T;R) (loc. cit.,
No. 3), and the case of f € #(T;F), F a Banach space, is implicit in Ch. III,
§3, No. 2, Prop. 1 and No. 3, Cor. 2 of Prop. 7, but for f € Z21(0) = £2(|9]),
a different approach is required.
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Recall that for f € Z3(0), [fdf is defined as follows (Ch. IV, §4,
No. 1, Def. 1): & is dense in Z2(0) for the semi-norm N; = |0]*; the
linear mapping 6 : £ — F defined by 6(g) = | gdf being continuous with
respect to N7, one extends 6 by continuity to %2 (), and the value of the
extension at f € £ () is denoted 6(f) or [fd.

Thus, given any f € Z2(0), we may choose a sequence (g,) in g
such that Ny(f —g,) — 0 (Ch. IV, §3, No. 4, Prop. 7), and we then have

0(f) =1limé(g,) in F.

If ¢’ is any measure on T such that [0'| < |0], and if N} = |0'|*, then
(Ch. 1V, §1, No. 3, Prop. 15)

Ni(f —gn) < Ni(f —gn) = 0,
consequently f € £} (0) and

0'(f) =1limé'(g,) in F.

Suppose now that 6 is decomposed as in (x*). The foregoing shows
that, for k=1,...,4, f € L () and

pi(f) = lim piy.(gn) im
therefore

0(f) = lim 6(g,) = lim (111 (8n) — p2(8n) + ipia(gn) — ipta(gn))
= lim 11 (gn) — lim p12(gy) + i 1im p13(gn ) — 71im 14(gy)
= p1(f) — pa(f) + ips(f) — tpa(f).

Applying b) to each of the four terms on the right, one obtains the desired
formula: for f € Z2(0),

0(f) = lim iy (fiprc) —lim oo (ipxe) i lim g (Fprc ) —i limm pua (Fiprc) = lim 6(fpxc)
(the second equality, because 0(fpk) = p1(fox) — pa(fox) + ius(fex) —

ipa(fpk ) ), that s,
/fd@zlién/fngdH;

—1
its extension to f € £ () is then immediate.
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The definition of a ‘universal’ bilinear mapping (6,f) — 0(f) remains
elusive, as the eligible functions f depend on 6 ; but the foregoing arguments
yield the following:

Lemma. If p is any positive measure on T, and if .#), is the vector
space of complex measures 6 on T such that || < cu for some scalar ¢
(depending on @), then O(f) is defined for every f € Z}(u) and every
0 € #, , and the mapping

(0,£) — 0(f) (0€ ., fec L)

is bilinear.

Proof. 1t is clear that .#,, is a vector space. If f € £} (i) and (g,) is
a sequence in % such that p(f —g,) — 0 then, for every 6 € .#,,,

|01*(f — gn) — 0,
whence f € Z3(0) and 6(f) = lim,, 6(g,,) in F. Thus, if 61,05 € 4, then

(61 + 02)(f) = im(61 + 02)(gn) = lim (01(gn) + 2(gn))
= lim 6, (gn) + lim 05(g,) = 01(f) + 0a(f) ,

and similarly (af)(f) = a - 0(f) for all scalars a. ¢

It follows at once that if g and u’ are positive measures on T and if
feZp(u+u), then £ e L3(u)N L) and (u+p)(E) = u() + 4/ (f).
The converse is contained in the following:

Theorem. Let 6,0’ be any two complex measures on the locally compact
space T, let F be a Banach space, and suppose f € Z2(0)N.%2(0'). Then
fe ZH0+0) and (04 6')(F) =0(F) + 0'(f).

Proof. Since Z32(0) = £2(|0]) and ZL(0') = £L(10']) (Ch. 1V, §3,
No. 4, remark following Def. 2), one has |0*(f) < 400 and [0'|*(f) < +o0
(Ch.1V, §5, No. 6, Th. 5). Set p = [0|+]0’|. Then p* = |0|*+]0'|* (Ch.1V,
§1, No. 3, Prop. 15), therefore

pH(E) = [01%(£) + [0'[*(F) < +o00;

by the cited Th. 5, to show that f is u-integrable it will suffice to show that
it is p-measurable.

To this end, we employ the criterion of Ch. IV, §5, No. 1, Prop. 1. Let
K be any compact subset of T, and let € > 0. Since f is |f|-measurable,
there exists a compact set H C K such that

0|*(K — H) <e/2 and f|H is continuous ;
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similarly, there exists a compact set H' C K such that
0'|*(K — H') <e/2 and f|H' is continuous.
Then HUH’ is a compact subset of K and
K— HUH)=(K—-HnN(K-H),
therefore

p*(K — (HUH")) (K— HUH)) +¢'|*(K — (HUH))

= |0]*
<|OF(K —H)+|0')"(K— H') <e/2+¢/2;

the coup de grace: f|(HUH’) is continuous (GT, Ch. I, §3, No. 2, Prop. 4),
thus f is p-integrable.

Since |0 + 0’| < || + |0'| = p (Ch. III, §1, No. 6) it follows from the
Lemma that f is (0 + 6’)-integrable and (6 + 6')(f) = 0(f) + 0'(f). &

Remark. Recall that, for every measure p on T, the p-integrable sets
form a clan (Ch. IV, §4, No. 9, Ezample) that contains every compact set
(loc. cit., No. 6, Cor. 1 of Prop. 10), hence contains the clan R generated by
the compact sets; thus every set in R is ‘universally integrable’ in the sense
that it is p-integrable for every measure p on T. Thus, in hindsight, one
can omit the asterisks in the above computation (loc. cit., No. 5, Def. 2).
However, with the asterisks in place, the equality in the above display is
justified by the known property (|0]+16'|)* = |0]* 4+ |0'|* of outer measures
(Ch. IV, §1, No. 3, Prop. 15); to justify removing the asterisks would require
verifying the special case of the Theorem being proved, for the measures
10],16’| and the (universally integrable) numerical function f = ¢k mun),
which verification would bring back the asterisks.

The above Theorem extends, by induction, to finitely many complex

measures; but the analogous proposition for f € Z 117(9) N ?; (0"), a special
case of §2, No. 2, Prop. 3, is more complicated (see (i) of Cor. 3 below for a
simpler proof).

Corollary 1. Let 6 be any complex measure on T and suppose 0 is
decomposed as in (xx) (for example, in the canonical way). Then

4
feZi(0) o fe()Lm),
k=1
in which case 0(f) = 1 (f) — po(f) + ius(f) — ipa(f) .
Proof. =: The argument for this is given in “Proof #2” above.
<: This follows at once from the above Theorem. <>
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Corollary 2. If 6 is any real measure on T, then f € £} () if and
only if f € £(07)N L(07), in which case

10(£) = 67 (£) + 0~ (F), O(f) =07 (f) — 6 (F).

Proof. By Cor. 1, ZX(0) = £2(07) N ZE(0~) and the second formula
holds for f € Z}(0); and, since Z2(0) = £1(0]) and 0] = 6 + 6, the
first formula is immediate from the Theorem. <

Corollary 3. Let 604,...,0, be complex measures on T .
(i) If w=161]+---+ 10| then

1

N Zr60) = L)
k=1

(i) If @ =601+ ---+ 0, then ?é(ek) C y;(@) and, for every
k=1

fe () Zu(6r), one has [£d6 = [£df, + -+ [£db,.
k=1
(iii) F] LrOr) = L) € L) and, for f € ﬁ L (0) , one has
k=1 k=1
O(f) =0.1(f) +--- 4+ 0,(f).

Proof. {Recall that for any complex measure 0, & ;(0) = y;(\@]) by
definition. }

(i) For a function f: T — F, p*(|f]) = |61|°(|f) + --- + |0.]°(|f]) by
No. 1, Prop. 3, therefore p*(|f|) < +oo if and only if |8|*(|f]) < oo for
every k; in view of No. 3, Prop. 9, to show that f € .,?117(/1) if and only if
fe ?}T(ek) for all k, it will suffice to show that

f is p-measurable < f is Op-measurable for k=1,...,n.

To this end, recall that p* = [01[*+---+16,* (Ch.1V, §1, No. 3, Prop. 15).
=: If f is p-measurable, it is clear from |04 |* < p* and the definition
of measurability that f is ;-measurable.
<: Assuming f is fg-measurable for all k, we are to show that f is
pu-measurable. As in the proof of the Theorem, we employ the criterion of
Ch. IV, §5, No. 1, Prop. 1: if K C T is compact and ¢ > 0, there exist
compact sets Hy € K (k = 1,...,n) such that f|H;€ is continuous and



81 ESSENTIAL UPPER INTEGRAL INT V.x20

|05,|*(K — Hg) < ¢/n; then f|(H; U---UH,) is continuous and

p* (K — OHj) Zilé’k\*(K— OHJ‘)

Jj=1

=D 6" (K - Hy))

k

1 Jj=1

Sl

< Z 0k [*(K — Hy) < ¢,
k=1

thus f is u-measurable by the cited Prop. 1.
(i) Let £ € () Zp(6k) = Lp(u). Since 0] < |04] + -+ + [6n] = 1,
k=1

it follows that f € E;(Q); for, f is p-measurable and [0|*(|f]) < p*(|f]) <
+o0o (Prop. 9), and from |0]* < p* it follows from the definition of mea-
surability that f is #-measurable, consequently f is essentially #-integrable
(Prop. 9 again). Say g € Z(u) with f = g locally p-almost every-
where, hence locally f-almost everywhere. Since |0;|® < p®, f =g locally
0x-almost everywhere for every k. Moreover, from g € Z¢ () and |0x| < p

we know that g € Z2(0x), thus g € (| ZE(0x) and 0x(f) = Ok(g); by
k=1
recursion on the Theorem, g € £ () and

0(g) = 01(g) +--- +0n(g),
whence 0(f) = 6,(f) +--- + 0,,(f).

n

(i) If £ € () L0, then £ € LL6) and O(F) = 3 O(F) follow
k=1 k=1

recursively from the above Proposition. The inclusion Zg(0) C % (u)
follows from |0 < p and the Lemma to the Proposition.

One has %2 (0) = £2(]0]) and similarly for the 6 (Ch. IV, §3, No. 4,
line following Def. 2). Let f : T — F be any function. We know from
w*=1011*+---+ |0, that p*(|f]) is finite if and only if |0, |*(|f]) is finite
for every k; and, by the proof of (i), f is u-measurable if and only if f is
fr-measurable for every k; thus f is p-integrable if and only if it is 6-inte-

grable for every k (Ch. IV, §5, No. 6, Th. 5), that is, (| £ (0x) = L2 ().
k=1

Incidentally, since f € Z}(0) if and only if f € ?11: (#) and f is

f-moderated (Cor. of Prop. 9), one can derive (iii) from (i) and (ii) based on

the observation that f is gy-moderated if and only if it is 8x-moderated for
k=1,...,n; equivalently, writing A = {t: £(¢) #0},

(1) A is p-moderated < A is fp-moderated for k=1,...,n.
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=: Immediate from |f;|* < p* and criterion ¢) of No. 2, Prop. 5.
<: By the cited criterion c¢), for each k there exist a 0;-negligible set
Nj and a sequence (Ky;) of compact subsets of T such that

ACNkUGKkia
=1

that is, A — U Ki; C Ny ; then the set N = ﬂ N} is 6p-negligible for
k=1
every k, hence 1s p-negligible, and

_ ICLYL{(QKM) :ﬁl (A— QK;”) CﬁlNk —

thus ACNU | ( U Kk,) and so A is p-moderated.
k=1 Ni=1
Application of (1) to (iii): the equivalences

fe ﬂ L0y & fe ?11;(9145) and f is fx-moderated (k =1,...,n)
k=1

< fe y;(u) and f is p-moderated
& feZ(p)

hold, respectively, by the Cor. of Prop. 9; by (i) and (f); and the Cor. of
Prop. 9. &

V. 10 l. —7,—6.
V() < vlg) < . or AA(F) > A(f) — ¢ (Ch. IV, §1, No. 3,
Prop. 15)’
Since 0 < f < g, one has v*(f) < v*(g) = v(g) = AMg) — Aa(g) <€ by
the choice of g. By the cited Prop. 15, \* = (A, +v)* = A\X + v*, therefore
M) — XE(f) = v*(f) < e, whence the second asserted 1nequahty

V.10, /. —1.
“AN(f) = sup A*(fn) = sup sup A (fn) = sup sup A3,(fn) = sup A5(f).”

neN acA a€EA neN acA

1st equality: No. 1, Prop. 1.

2nd equality: By the special case just proved.
3rd equality: Associativity of sups.

4th equality: No. 1, Prop. 1.
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V.11, . 3,4.
A*(f) = sup A*(fyk) = sup sup A3 (fek)
Ker Ker acA
= sup sup A5 (fex) = sup AS(f)-
acA KeR acA

1st equality: Definition of A®, where A*(fyk) = A*(fek) by No. 2,
Prop. 7.

2nd equality: By the special case just proved.

3rd equality: Associativity of sups.

4th equality: Definition of A, .

V.11, ¢. 5,6.
“COROLLARY 1.7
By Prop. 11 applied to f = pn, A*(N) = sup A%(N). Thus (p. V.2,
a€A
0. 11,12)

N locally A-negligible < A*(N) =0
& AL(N) =0 for all «
< N locally Ay-negligible for all «.

V.11, 4. 10,11.
“The condition is obviously necessary, since A, < A for every «
(Ch. IV, §1, No. 3, Prop. 15).”

By the cited Prop. 15, A\ < \*, therefore

g A-negligible = \,-negligible,

whence g A-measurable = ¢g A,-measurable (Ch. IV, §5, No. 1, comment
following Def. 1).

V.11, ¢. 13.
“...let L be a compact set such that ...

2

The assumption that L. be compact is unnecessary and confusing.

Assume g is A,-measurable for all «, and let & be the set of all
compact subsets K of T such that g|K is continuous. To show that g
is A-measurable, it suffices to show that K& is A-dense (Ch. IV, §5, No. 10,
Prop. 15, criterion a), with A = X = T'); to this end, it will suffice to show
that K satisfies criterion a) of Ch. IV, §5, No. 8, Prop. 12. Thus, given an
arbitrary subset L. of T, we are to show that

L locally Ad-negligible < LNK Mnegligible for every K € K.
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=: Immediate from Ch. IV, §5, No. 2, Prop. 5.

«<: By Cor. 1 it suffices to show that, given any «, L is locally
Aq-negligible. Since g is A,-measurable, K is A,-dense by “d) = a)” of
the cited Prop. 15. For every K € K, by assumption L N K is A-negligible,
hence \,-negligible (because A, < A); since & is A,-dense, it follows from
criterion a) of the cited Prop. 12 that L is locally \,-negligible.

§2. SUMMABLE FAMILIES OF POSITIVE MEASURES

V.12, (. —9, -8.
“This follows at once from Remark 1, Prop. 11 of §1, No. 3 and Prop. 3
of §1, No. 1.”

For every finite set J C A, write vy = > A, . By the cited Remark 1,
agcl]
v =supvy in .4, (T), in the sense that vy < v forevery J, and v < v/ for
J

every measure v’ such that v; < v/ for all J; equivalently, v(g) = supv;(g)
J
in R for every g € . (T). In other words, v = supv; in the fully lattice-

J
ordered Riesz space .Z(T;R) (Ch. III, §1, No. 5, Th. 3).
Then, for every f e #,(T), v*(f) =supvj(f) by the cited Prop. 11,
J

where v§(f) = > A%(f) by the cited Prop. 3, thus v*(f) =>_A%(f).

acl]

V.12, ¢. -7 to —5.
“COROLLARY 17

For every subset M of T,

v (M) = > ALM)
a€A
by Prop. 1 (with f = ¢nm). If M is v-integrable then, since A" < v*
(Ch. 1V, §1, No. 3, Prop. 15), M is A,-integrable (Ch. IV, §4, No. 6, Cor. 1

of Th. 4) for every «; since M is v-moderated (first sentence of §1, No. 3),
v* (M) =v*(M) = v(M) (§1, No. 2, Prop. 7), and similarly for A, . Thus

v(M) = Y Xa(M)
a€A

for every v-integrable set M, and in particular for every compact set, or
relatively compact open set (Ch. IV, §4, No. 6, Cor. 1 of Prop. 10).
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V.12, (. —4,-3.
“COROLLARY 27

One knows that N is locally v-negligible if and only if v*(N) = 0

(p. V.2, £. 11,12), and v*(N) = > A2(N) (put f = ¢n in Prop. 1),
acA

whence the assertion.
V.12, 0 —2 1.
“COROLLARY 3”

If f is not v-moderated then v*(f) = 400 (No. 2, Prop. 7), so (4)
holds trivially.

If f is v-moderated then f is A\,-moderated for every «. For, writing
A={t: f(t) #0}, we know that

AcNuUKn,
n

where (K,,) is a sequence of compact sets and v*(N) = 0 (No. 2, Def. 2);
then, for every a, A,* < v*, therefore A*(N) = 0 and so f is
Ao-moderated. By the cited Prop. 7, v*(f) = v*(f) and A&(f) = N(f)
for all «a, so it follows from (3) that (4) holds with equality.

V.13, /(. 11.
“This follows at once from Cor. 2 of Prop. 11 of §1.”

It does, provided one has verified the proposition for finite sums of
the A, . The crux of the matter: If u,u’ are positive measures on T, and
f:T — G, then

fis (1 + p')-measurable < f is measurable for p and for p’.

From (4 p')* = p*+ p'* one sees that a subset N of T is negligible
for p+ p' if and only if it is negligible for each of wu,pu’.

Proof of =: Immediate from the preceding remark and the definition
of measurability (Ch. IV, §5, No. 1, Def. 1).

Proof of <=: This is shown in the proof of the Theorem in the Note for
p. V.10, ¢. 13,14 (see also Cor. 3 of the cited Theorem).

V.13, £. —10, 9.
“The first part of the statement therefore follows at once from Props. 2
and 1.7

At any rate,
(%) doan(e) = ve(If)
acA

by Prop. 1.
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Suppose f is essentially v-integrable. Thus f is v-measurable and
ve(If]) < +4oo (§1, No. 3, Prop. 9); then, for every a« € A, f is
Aq-measurable (Prop. 2) and A8 (|f]|) < +oo by (x), therefore f is essentially
Ao-integrable (§1, Prop. 9).

Conversely, suppose f is essentially A,-integrable for all «, and that

S>> AL (f]) < 4oco. Then, for every «, f is A,-measurable (§1, Prop. 9),
acA
therefore f is v-measurable (Prop. 2) and v*(|f|) < 400 by (%), therefore f

is essentially v-integrable (§1, Prop. 9). We may then write (%) as v(|f]) =
ZA Aa([f]), or
ae

/\fydyz Z/\f]d)\a

acA

(81, No. 3, Def. 3).

V.13, /. —6 to —4.

“The set of f € Z}(v) that satisfy (6) is thus a closed linear subspace
H of Li(v)?

Note the absence of overbars; we are dealing with integrable functions.
For g € % (v) write

<I>(g)=/gdv’ U(g) = Z/gdka,

acA

both of which are defined and are elements of F; ® and W define linear
mappings %3 (v) — F.

® is continuous for convergence in mean: for, by the definition of inte-
gral, it is the extension to Z}(v) of the mapping g — v(g) (g € #%(T))
by continuity with respect to the semi-norm N; = v* (Ch. IV, §4, No. 1,
Def. 1).

V¥ is likewise continuous for convergence in mean, by virtue of the com-
putation

W) <X | [ear] < X [leldr. = 3 Aale)
a€A acA

acA

= An(gl) =v*(lg) = v(gl)-

acA

Since F is Hausdorff, it is elementary that the linear subspace
H ={ge Li): ®(g) = V(g)} is closed in Z(v) (GT, I, §8, No. 1,
Prop. 2).
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V.13, /. —4 to —2.

“...it contains the functions of the form f-a, where a € F and f
denotes a finite integrable positive function (Prop. 1).”

Assuming f € g (v), f = 0, the assertion is that the function f = f-a
satisfies (6).

One has f-a€ Zi(v) and [(f-a)dv = (ffd,y) -a (Ch. 1V, &4, No. 2,
Cor. 2 of Th. 1); from A, < v it follows that f € Z4(A\.), consequently
[(f-a)d\a = () fd\a)-a. By Prop. 1,

V() =D A/,

acA

and since f is integrable (hence moderated) for v and the A, , this may be

written
/fdy:;e;/fd)\a.
Then
/(f-a)dy: </fdu)-a: (O;/fd)\a)-a
:2(/fdAa>‘a=2/<f-a>dAa

(the third equality, by the continuity of scalar multiplication in F), thus
frae .

If fe #r(T) then f-a= fT-a— f~ -a € 5 by the foregoing;
it follows that ¢ is dense in Zg(v) for the topology of convergence in
mean (Ch. IV, §3, No. 5, Prop. 10), whence 2 (v) = # = # (the overbar
signifying closure for that topology).

V.13, (. -2, 1.
“Therefore ' = %2(v) and the proposition is established.”

For the equality, see the preceding note. Given f € & ;(V), choose
g € 4} (v) such that f = g locally v-almost everywhere; thus [fdv =
[gdv. For each o € A, one has A\, < v, therefore g € ZF(\,) (because
A< v*) and f = g locally \,-almost everywhere (because A\ < v*);

therefore f € ?;()\Q) and [fd\, = [gd),. Since L (v) = H# we know

that [gdv = ) [gd\,, which may be written [fdv = ) fd\,, that
acA a€A

is, f satisfies (6).
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V.14, (. 8-11.

“Conversely, if A is finite and if f is A,-integrable for all a € A,
then f is essentially v-integrable by Prop. 3, and it suffices to verify that
v*(|f]) < +oo; this follows at once from the relation v* = > A\* (Ch. IV,

acA
§1, No. 3, Prop. 15).”

The proof cites Prop. 3, which cites Prop. 2, which cites Cor. 2 of
Prop. 11 of §1, whose proof employs the concept of a A-dense set K of
compact sets.

For A finite, there is a simpler proof: in the Note for p. V.10, £. 13,14,
see Cor. 3, (iii) of the Theorem proved there.

But for arbitrary A, the additivity property v® = > A® and the
acA
concept of A-dense sets K prove their worth.

V.14, (. 12-17.
“COROLLARY 27

See also the note for p. V.10, ¢. 13,14 (Cor. 1 of the Theorem proved
there).

V.15, (. 3, 4.
“...the linear form p, on J#(T) is positive, therefore is a positive
measure, with support contained in K, .”

That g, is a measure is shown in Ch. III, §1, No. 5, Th. 1.

To show that Supp(u.) C K, , it suffices to show that ,ua‘ CK, =0
(Ch. III, §2, No. 2, Def. 1 and the sentence before it). Indeed, if f € #(T)

and Supp(f) € LK, then fox, =0 and so ua(f) = u(fex,) = 0; thus
ua‘ CK, =0 (loc. cit., No. 1; for every g € 2# (CK,), the extension by 0
of g to T is such a function f).

{The earlier-cited Prop. 14 (Ch. IV, §5, No. 9) also shows that one can
suppose that Supp(uk,) = K, ; an alternate proof of Prop. 4 based on the
measures g, is given below in the Note for V.15, £. 11,12.}

V.15, (. 8,9.
“...let A’ be the countable set formed by the a € A such that
SNK, #2.

Remark following Ch. IV, §5, No. 9, Def. 7.

V.15, ¢. 9,10.
“...the set NNS is p-negligible”

Ch. IV, §5, No. 2, Prop. 5.
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V.15, 0. 11,12,
“ulf) =nlfes) = D wfesnk,) = Y u(fex,)
acA’ a€gA’
=Y ulfex) =) palf).”
aEA aEA

1st equality: f = fys by the definition of S.
2nd equality: One has

s=snT=8n(NU|J Ka)
acA
=(SNN)U [ J(SNKa)
a€A
=(SNN)U [ J (SNK,)

acA’

(because SNK, =@ when a ¢ A’). It follows from the disjointness of the
terms of the union that

f="fes=Ffeson+ Y fosnk, ;

acA’

since SN N is negligible, so is fygnn, thus all terms are p-integrable, and
every sum of finitely many terms on the right is positive and < f, therefore

p(f) =0+ > u(fesnx.)

acA’

(Ch. 1V, §1, No. 3, Th. 3 or Ch. IV, &4, No. 3, Cor. 2 of Th. 2).

3rd equality: fosnk, = (fes)ex, = fex, -
4th equality: For o« € A — A’ one has SNK, = @, whence fok,B =

(fes)ek, = fesnk, = f-0=0.

Proof of Prop. 4 based on the measures uk, . For each o € A, the
correspondence

frm (flKa)  (f€#(T)
defines a positive linear form p!, on #(T), that is, a positive measure
on T. Then Supp(p)) C K, ; for, if f € #(T) and Supp(f) C CK, , then

fIKa =0and u,(f) = px, (f|Ka) = 0.
Fix f e #;(T) and define A’ and S as above. One argues, as above,

that
w(f) = > p(fex.);

acA’
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since fypk, = (f|Ka)’, where (f‘Ka)’ is the extension by 0 of f‘Ka
to T, u((f|[Ka)') = pk.(f|Ka) by the definition of px, (Ch. IV, §5,
No. 7, Def. 4), and f‘Ka =0 for « € A — A’ one has

p(f) =D po(f) =D pn(f).

acA’ acA

Varying f € #,(T) (and, along with it, A’), this proves that

=) -

acA

Finally, if « € A and f € #,(T) then

1o (f) = px, (f|Ka) = n((f|Ka)') = u(fex.) = pal(f)

therefore u! = pq ; the two procedures yield the same result.

V.15, (. 15, 16.
“...let A’ be the countable set of o € A such that K, intersects one
of the L,,.”

For each n,let Al ={a € A: L,NK, # @ };since L,, is compact and
(Ka)aea is locally countable, A’ is countable, therefore so is A’ =(J A/ .
n

V.15, 1. 16.
“Then po =0 for a ¢ A" 7

With A’ defined as in the preceding note, suppose « ¢ A’. Then
KoNL, = @ for all n, thus K, ¢ T— |JL,; but T— (JL, is by

construction p-negligible, therefore so is K, . Then, for all f € #(T), the
function fpk, is p-negligible, and so p.(f) = M(ﬂPKa) =0.

§3. INTEGRATION OF POSITIVE MEASURES

V.17, (. 1-4.
“For, verifying that A is scalarly essentially integrable for a positive
measure 77 on T comes down to verifying that ¢+ A;(g) is n-measurable
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and admits a finite essential upper integral, with respect to 7, for every
function g € #, (X).”

Prop. 9 of §1, No. 3. In what follows, the role of 7 is played by u and
the ;.

V.7, 4. 4,5.
“The proposition therefore follows at once from Prop. 11 of §1, No. 4
and its Corollary 2.”

Suppose A is scalarly essentially u-integrable. Given g € J#(X), let
: T — R, be the function defined by g(t) = Ai(g); by assumption,
g€ y;(,u), thus g is p-measurable and p*(g) < +oo (§1, No. 3, Prop. 9).

Since p = sup p;, it follows from the cited Prop. 11 that
il

) )

sup 15 (9) = p*(g) < +oo.

1€

Moreover, for every i € I, g is u;-measurable by the cited Cor. 2, and since
u(g) < p*(g) < +oo, g is essentially p;-integrable by the cited Prop. 9;
thus, since g € J#, (X) is arbitrary, A is scalarly essentially u;-integrable.
Writing

v= [ Ndute), = [ ndno),

we have, for all g € %, (X),

o) = [ Moautt) = [ gau

— 1*(§) = sup 12 (G) = sup / o
€1 i€l

= sup / At(g) dpi(t) = sup vi(9);

thus v = supv;, which is the relation (2).
i€l
Conversely, suppose that for every ¢ € I, A is scalarly essentially
pi-integrable and, writing v; = [ A, dp;(t), suppose that

supv;(g) < +oo for every g € 4 (X)
i€l

(a condition equivalent to the existence of a measure p € .#(X) such that
v; < p forall i € I). Let g € #(X) and define g(t) = M\(g) (t € T).
By hypothesis, for every i € I, g is essentially u;-integrable, hence g is
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wi-measurable and p?(g) < +oo; therefore g is p-measurable by the cited
Cor. 2, and since

(@) = sup it @) = sup [ Gaus =suprily) <+,
icl icl icl

g is essentially p-integrable. Since g € 7, (X) is arbitrary, we conclude

that A is scalarly essentially p-integrable.

V.17, (. 6-11.
“COROLLARY”
Consider first the case that = > p, with A finite. Then =z (n) =
acA

N Z'(10) and

acA

pt(f) = Y us(f) forall feZ (u)

acA

(a special case of §2, No. 2, Prop. 3; cf. Cor. 3 of the Theorem in the Note
for V.10, ¢. 13-14). Given a mapping A : t — \, € #1(X), for g € #,(X)
define g: T — R by g(t) = M\¢(g) . The following conditions are equivalent:

a) A is scalarly essentially p-integrable;

b) ge yl(u) for all g € #,(X);

c) ge yl(ua) for all « € A and all g € #, (X);

d) A is scalarly essentially p,-integrable for all o € A,
in which case the positive measures v = [ Ay du(t) and vy = [ A dua(t)
are defined, where, for all g € 7 (X),

o) = [ M@ du®) =@ = X 12 @ = 3 [ Mlo)dialt) = Y o),

acA a€A a€A

that is, v = ) v, . This proves the Corollary for the case that A is finite.
a€cA
In the general case, for every finite set J C A write uy = Y. fa;
a€cl
then (pj) is an increasing directed family of positive measures, and we

are assuming that the family admits p as supremum. We know from the
foregoing that A is scalarly essentially p,-integrable for all o € A if and
only if it is scalarly essentially pj-integrable for all finite J C A, in which

case vy = Y v, for every J, that is,
acd

//\t duy(t) = Z//\t dpia(t) -

acl]
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By Prop. 1, the following conditions are then equivalent:
(i) A is scalarly essentially u-integrable;
(ii) A is scalarly essentially pj-integrable for every finite J C A, and

the family (f)\t duJ(t)) = ( Y dua(t)> indexed by the J’s is bounded
aelJ

above in ., (X);
(ili) A is scalarly essentially p,-integrable for all a, and the family

<f At dua(t)> N is summable in .# (X) in the sense of §2, No. 1,
(¢3S
in which case, for every ¢ € J#, (X),

o) = [ Mo)autt) =u@ = 3 iz @ = 3 [ Mlo)dual) = X valo)

acA a€A a€A

(the third equality by §2, No. 2, Prop. 1), whence the family (v4)aca is
summable in 74 (X), with Y v, =v.
a€cA
V.17, 4. 12,13.
“It follows immediately that every scalarly essentially p-integrable map-
ping is also scalarly essentially u’-integrable for every measure ' < p.”

Overkill. Writing p” = p — ', the assertion follows from p = pu’ + p”
and the case of the Corollary for A finite.

A more direct proof: Regard A as a mapping % (X) — % (T), where,
for g € . (X), one writes A(g) for the function ¢ — A?(g) (¢t € T); in
particular, when g € #;(X), A(g) is the function g € Z () defined by
g(t) = \i(g) as in the preceding note. To say that A is scalarly essentially
p-integrable means that

A(HL (X)) € Z (1)
thus the assertion is immediate from the fact that
0<u<p = Z(WcZ )
(see the Note for V.10, £. 13,14, proof of (i) in Cor. 3 of the Theorem).

V.17, 0. 17-25.
“DEFINITION 1.”

As in the preceding note, regard the scalarly essentially p-integrable
mapping A as a mapping #4(X) — F,(T), let v = [N\ du(t) and, as
in Ch. IV, §1, No. 1, write .#,(X) for the set of all lower semi-continuous
functions f > 0 on X. If f € #,(X) then f is universally measurable
(i.e., measurable for every measure on X) by Ch. IV, §5, No. 5, Cor. of
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Prop. 8; moreover, v*(f) = v*(f) and A (f) = A\ (f) for every t € T (§1,
No. 1, Prop. 4), and

(A)®) = A () = AF () = / “Far.

Thus, to say that A is p-pre-adequate means that for every f € .#,(X) the
function A(f) is p-measurable and

which may also be written (when f € (X)) as

[ 1@ ane) = [Caute) [“r v,

It follows that, for every positive measure p’ < p, A is scalarly essentially
p/-integrable (by the preceding note)—hence the measure v’ = [ X\, dp/(t) is
defined—and, for every f € #,(X), the function t — (A(f))(t) = Af(f) =
A (f) is p'-measurable (§2, No. 2, Prop. 2); thus, for the u-pre-adequate
mapping A to be u-adequate, it is necessary and sufficient that for every
positive measure p’ < p and every f € 7, (X),

[ rwae = [Cace [ i@,

which may also be written (for f € #, (X)) as
[r@ara = [T [(wan.

or V*(f)=p'*(A(f)), where (A(f))(t) = A$(f) =X/ (f) forall teT.

V.17, (. —6 to —4.

“It can be shown that if A is p-pre-adequate and if the measure v =
J At du(t) is moderated—in particular if X is countable at infinity—then
A is p-adequate (Exer. 7)”

The exercise (p. V.97):

7) a) Let A :t — X\ be a scalarly essentially integrable mapping
of T into .#+(X), and let v = [A;du(t). Show that for every lower
semi-continuous function f > 0 defined on X,

[ r@ae) < [Cau) [ s@ani).
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b) Suppose that A is u-pre-adequate, denote by u’ a positive meas-
ure < g, and write p = p' 4+ p”, v = [N dp/(t). Deduce from a) that,
for every lower semi-continuous function f > 0 that is v-integrable,

[ r@ae = [Cacw [ iwane).

Extend this result to a lower semi-continuous function f > 0 that is
v-moderated. From this, deduce that if v is a moderated measure (in par-
ticular, if X is countable at infinity), then A is p-adequate.

Proof of a): Assuming f € .#, (X), we are to show that
v*(f) < ut(A(S)),

where (A(f))(t) = Ap(f) for all t € T. Since f is lower semi-continuous,
we know that f is measurable with respect to every measure (Ch. IV, §5,
No. 5, Cor. of Prop. 8), and that v*(f) = v*(f) and A (f) = A\f(f) for
every t € T (§1, No. 1, Prop. 4). The key idea: since f is lower semi-
continuous,
vi(f)=  sup  v(9)
9gEH L (X), 9<f

(Ch. IV, §1, No. 1, Def. 1 and the remark following Def. 3 of No. 3).

Let g € #.(X), g < f. Then, for every t € T, A(g) < A(f); that
is, A(g) < A(f) pointwise on T, therefore u®(A(g)) < p*(A(f)). On the
other hand, by the definition of v,

() =vif)=  saup  w(g) <pt(A(S)).

geA (X), g<f
Proof of b): Writing " = p—p/, from p = p' + p” we know that A

is scalarly essentially integrable for both p’ and p”, so we can also define
v = [ A dp”(t). The key observation is that

(1) V+Yv =,

For, if g € #,(X) we know from p = p' + p/ that

GeZ (=2 (W)NZ (W) and u*(G) = p1'*G) + 1" (3)
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(see, e.g., the Note for p. 17, £. 6-11), therefore, citing the definition of v, v’
and v,

v(g) = pn*(9) = ( 1 (@) = (W' +1"*)(@)
=1*(9) + ( )= vi(g) +v"(9) = (V' +v")(9),

whence (f). {A trivial special case of the Cor. of Prop. 1.}
Let f e #,(X). Since A is p-pre-adequate, we know that

Assuming in addition that f is v-integrable—equivalently, essentially
v-integrable (§1, No. 1, Prop. 4)—hence also v’-integrable and v"-integrable,

we are to show that
V' (f) = 1 (A()).

At any rate, by Part a) we have

(1) VIO(f) < p/*(A(f)) and v"°(f) < u"*(A(f)),
therefore

v(f) = n* (ACS)) = (W + 1) (M) = (W' + ") (A(S))
=W (A(S)) + 1" (A()
2V (f) +V"(f) = (V" +")(f)
="+ ") (f) = v*(f)

(the inequality, by (1), and the last equality by (f)); we thus have equality
throughout, and since v*(f) = v*(f) < +oo the inequalities in (1) must in
fact be equalities. This proves the first assertion of b).

Suppose now that f is merely a v-moderated lower semi-continuous
function > 0. With 4/ < p and v/ = [ A\ dp/(t) as above, we are to show
that the equality v'*(f) = u/*(A(f)) again holds. The key idea (§1, No. 2,
Prop. 5, a)): every v-moderated set is contained in the union of a sequence
of p-integrable open sets.

Let A = {z € X : f(z) # 0}. By assumption there exists a
v-moderated set B C X such that f =0 on CB, in other words A C B;
since subsets of moderated sets are moderated, it is the same to say that A
is v-moderated. Let (U,) be a sequence of v-integrable open sets in X
such that A € U =JU, ; we can suppose that the sequence is increasing.

n

N

The functions fey, are lower semi-continuous (GT, IV, §7, No. 2, Cor.
of Prop. 1 and Prop. 2) and the sequence (fyuy,) is increasing; if =z € A
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then = € U, so ¢y, (x) =1 from some index onward, whereas if = ¢ A
then (feu, )(xr) =0= f(x) for all n, consequently the sequence has upper
envelope f, concisely fouy, T f pointwise on X. Define

fn = inf<n7 f@Un) )

which is also lower semi-continuous (GT, loc. cit.), and f, T f pointwise
in X.

Being lower semi-continuous, f, is v-measurable, and, since v*(f,) <
nv*(U,) < 400, f, is v-integrable, therefore, by the preceding case,

(%) VO (fa) =W (Afn))  (n=1,2,3,..);

but from f,, T f it is immediate that Af(f,) T AP(f) for every t € T (81,
No. 1, Prop. 1), that is, A(f,) T A(f) pointwise on T, and passage to the

limit in (%) yields v/*(f) = p'* (A(f)).

Finally, suppose A is p-pre-adequate, v = [ A du(t), and let p’ be a
positive measure < pu; one knows that A is scalarly essentially p'-integrable
and, defining v/ = [ A\, dp/(t), obviously v/ < v. As observed in the Note
for V.17, £. 17-25, in order that A be p’-pre-adequate, it is necessary and
sufficient that v'*(f) = w'*(A(f)) for every f € £, (X), a condition that is
satisfied (as shown above) when every f € £, (X) is v/-moderated. If v is
moderated, so that X = NU(JK,, with (K,,) a sequence of compact sets

n
and N v-negligible, then N is also v’'-negligible, thus v/ is moderated and
so every function on X is v’-moderated. Conclusion: When A is p-pre-
adequate and v = [ A;du(t) is moderated, then A is p/-pre-adequate for
every positive measure u’ < p, that is, A is p-adequate.

V.17, (. —4.
“...it is not known if these concepts are in general equivalent.”

The question implicitly posed: Is every p-pre-adequate mapping
A it — )\ automatically p-adequate? {Perhaps the matter has been settled
by now? (5-14-2007).}

Exercise 7 (see the preceding note) and Prop. B below give an affirmative
answer for some special cases, and Exercise 8 (worked out later in this Note)
effectively reduces the problem to the case that u has compact support.

First, some simple preliminaries:

Proposition A. Let A :t— \; be scalarly essentially u-integrable, and
suppose that g = Y u; for some summable family (u;)icr in 4 (T). If A
il
is p;-pre-adequate for all 7 € I, then A is u-pre-adequate.



INT V.x37 INTEGRATION OF MEASURES 63

Proof. Since A is scalarly essentially p-integrable, it is scalarly essen-
tially p,-integrable for all i; write v = [ A du(t), v; = [ A du;(t), and,
for every finite J C I, write py = > i, vy = >, v;. Let f € J4(X)

icJ i€l
and write A(f) for the function t — A?(f) (t € T). For every i €I, A is
pi-pre-adequate; by Def. 1, A(f) is p;-measurable and v (f) = ug (A(f)). It
follows (§2, No. 2, Prop. 2) that A(f) is u-measurable and p j-measurable for
all J, and v3(f) = p$(A(f)) < p*(A(f)); in particular when f € 4 (X),
u® (A( I )) < 400 (since A is scalarly essentially p-integrable), thus the fam-
ily (VJ( f )) indexed by J is bounded, so the family (v;);e1 is summable (§2,
No. 1). By the Cor. of Prop. 1, v = Y v;. Then p® = > pu?, v* = > v

i€l i€l i€l

(82, No. 2, Prop. 1) and, for every f € .7, (X),
nt (M) =D m(AN) =D w () =r"(f),

iel iel
thus A is p-pre-adequate (Def. 1).

Corollary. Suppose that A is scalarly essentially p-integrable and that A
is p/-pre-adequate for every positive measure p’ < p with compact support.
Then A is p-adequate.

Proof. Given any positive measure u’ < p we are to show that A is
' -pre-adequate. At any rate, A is scalarly essentially p/'-integrable (V.17,

0.12,13). By §2, No. 3, Prop. 4, ' = > pq for a summable family (14)aca
a€cA
of positive measures on T with compact support. By hypothesis, A is

to-pre-adequate for all a, therefore A is p’-pre-adequate by Prop. A. $

Proposition B. Let (u;);c1 be an increasing directed family of positive

measures on T that is bounded above in .#(T), and let p = suppy;.
il

Suppose that the mapping A : ¢ — \; is scalarly essentially p-integrable,

and that A is pu;-pre-adequate for every ¢ € I. Then A is p-pre-adequate.

Proof. Let v = [ A;du(t). By Prop. 1 of No. 1 we know that A is
scalarly essentially p;-integrable for all 7 € I, and, writing v; = [ Ay du;(t)
for i € I, (v;)ie1 is an increasing directed family for which v serves as an
upper bound in .#, (X), indeed v = supv; .

iel

We now make use of the assumption that A is p;-pre-adequate for
all i €I. Let f e 7. (X). For every i € I, the function A(f):t — A?(f)
is p;-measurable and v?(f) = p$ (A(f)), therefore f is p-measurable (§1,
No. 4, Cor. 2 of Prop. 11) and, by the cited Prop. 11,

v (f) = supvi(f) = sup p] (A()) = 1 (A(S)),

thus A is u-pre-adequate. <
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FEzercise 8 (p. V.97):

8) Let A:t+— )\ beamapping of T into ., (X).

a) Let p1,...,4, be measureson T, and g = p; +--++ p,. For A
to be p-adequate, it is necessary and sufficient that A be u;-adequate for
every i (make use of the decomposition lemma).

b) Suppose that p is the supremum of an increasing directed family
(i)ie1. For A to be p-adequate, it is necessary and sufficient that A be
ui-adequate for all ¢ € I and scalarly essentially p-integrable.

¢) Suppose that 4 is the sum of a summable family (u;) ey of positive
measures. For A to be p-adequate, it is necessary and sufficient that A be
pj-adequate for all j € J and that A be scalarly essentially p-integrable.

d) For A to be p-adequate, it is necessary and sufficient that A be
scalarly essentially pu-integrable and that A be p/-pre-adequate for every
measure u' < p with compact support.

Proof of a): Sufficiency. Suppose that A is u;-adequate for all i
(1 < i< n). In particular, A is scalarly essentially p;-integrable for all i,
therefore A is scalarly essentially u-integrable by No. 1, Cor. of Prop. 1 for
the case of finite sums.

Given a positive measure p’ < p, we are to show that A is u/-pre-
adequate (No. 1, Def. 1). By the corollary of the “decomposition theorem”
(A, VI, §1, No. 10, Cor. of Th. 1), one can write

p'=py 44y, where 0 < <py (1<i<n)

(the term “decomposition lemma” is introduced at the end of Ch. II, §1,
No. 1). For every i, A is u,-pre-adequate (No. 1, Def. 1), therefore A is
' -pre-adequate by the above Prop. A.

Necessity. If A is p-adequate (in particular, scalarly essentially
p-integrable) then, for every positive measure u’' < u, it is obvious from
the definition of adequacy that A is also p’-adequate. In particular, A is
ui-adequate for every i.

Proof of b): Sufficiency. Suppose that A 1is scalarly essentially
p-integrable and p,;-adequate for all ¢ € I. Given any positive measure
1w < p, we are to show that A is p/-pre-adequate.

Define p) = inf(u/,p;) for all i € I; then (u));er is an increasing
directed family whose supremum in .Z,(T) is equal to inf(u',pu) = o
(A, Ch. VI, §1, No. 12, Prop. 13). Since u; < u;, A is p)-pre-adequate for
every i € I, therefore A is p’-pre-adequate by Prop. B.

Necessity. Same argument as in Part a).

Proof of ¢): Sufficiency. Suppose A is scalarly essentially u-integrable
and pj-adequate for all j € J. Let A be the set of all finite subsets
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a of J and, for every a € A, define po, = > pj. By assumption,
JEa
[ = Ssup fio . By Part a), A is ps-adequate for every a € A, therefore
aEA
it is p-adequate by Part b).
Necessity. Same argument as in Part a).
Proof of d): Sufficiency. This is the Corollary of Prop. A.
Necessity. If A is p-adequate (in particular, scalarly essentially
p-integrable) then it is p’-pre-adequate for every p’ < p regardless of sup-
port.

V.18, /. 3-11.
“PROPOSITION 2.”

The ingenious argument in the text merges the proofs of Parts a) and b),
at some cost in clarity of the structure of the argument. The following
rearrangement highlights structure, at some cost in repetition.

Proof of a): We employ the notations A(f) and g as in the preceding
notes (e.g., the Note for V.17, £. —6 to —4); in particular, when f € ¥, (X),
(A(F) (@) = A (f) = AS(f) for all t € T (§1, No. 1, Prop. 4), and when
g € A (X), g abbreviates A(g), so that g(t) = A\ (g) = A\i(g) forall t € T.
Since A is scalarly essentially u-integrable, the measure v = [ A;du(t) is
defined, by the formula v(g) = p*(g) for g € #(X) (No. 1).

The vague continuity of A : T — .#,(T) means that for every ¢ €
(X)), the function t — A¢(g) is continuous on T, that is, g is continuous.

Let f e 7. (X) and define F = {g € #(X): g < f}. The functions
g € F form an increasing directed family of functions whose upper envelope
is f (Ch. IV, §1, No. 1, Lemma), concisely ¢g T f (pointwise on X). By
definition,

v¥(f) = supr(g)
geF

(loc. cit., Def. 1); similarly

A (f) = sup \(g) = supg(t) forevery t€ T,
g€eF g€eF

thus A(f) is the upper envelope of the functions g (¢ € F), and since
the g form an increasing directed family (g < ¢’ = A(g9) < M\ (¢)), we
may write g T A(f) (pointwise on T'). Since the g are continuous, A(t) is
lower semi-continuous on T (GT, IV, §6, No. 2, Cor. of Th. 4).

To show that A is p-adequate, it suffices to show that it is pu-pre-
adequate; for, A is scalarly essentially u’-integrable for every positive mea-
sure ' < g and will therefore be u/-pre-adequate by the same argument. We
already know that A(f) is lower semi-continuous, therefore p-measurable
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(Ch. IV, §5, No. 5, Cor. of Prop. 8), hence need only show that v*(f) =
u® (A(f)) Indeed, for all ¢ € F one has

whence

v*(f) = supv*(g) = sup p*(g) = p*(A(f)) = pu* (A(S))

geF geF

(the 1st and 3rd equalities, by §1, No. 1, Prop. 4 and Ch. IV, §1, No. 1,
Th. 1; the 2nd, by the preceding display; the 4th by §1, No. 1, Prop. 4).

Proof of b): Suppose A is scalarly essentially u-integrable and vaguely
p-measurable. As in the text, let & be the set, u-dense in T, of all compact
sets K € T such that the mapping A‘K : K — . (X) is vaguely continuous
(Ch. IV, 85, No. 10, Prop. 15), and let (ga)aca be a summable family of

positive measures on T such that ©= > p, and Suppu, € R (§2, No. 3,
acA
Prop. 4). In particular, the restriction of A to Supp u, is vaguely continuous

for all « € A. To show that A is py-adequate, it will suffice to show that
it is po-adequate for every o € A (see assertion c¢) of Exer. 8, proved in
the preceding Note). We are thus reduced to proving the following: If A is
scalarly essentially p-integrable and its restriction to S = Supp p is vaguely
continuous, then A is py-adequate; since, for every positive measure p' < i,
A is p/-scalarly essentially integrable and Supp ' C Suppp (Ch. III, §2,
No. 2, Prop. 3), it suffices to show that A is u-pre-adequate. In the text,
the argument for this is given in the proof of Part a), as follows (in slightly
different notation). Let v = [ A;du(t); by definition, v(g) = u*(g) for
g € #(X) (§1, No. 1).

Let fe Z.(X) and let F = {g € Z,(X): g < f}. Given any
g € A (X), by the vague continuity assumption the restriction to S of the
mapping ¢ — g(t) = A\(g) is continuous, that is, ’g\‘S is continuous; write g
(instead of hy ) for the function on T defined by

_ gt) fortesS
g(t) =
400 for teT—S.
Then g is lower semi-continuous on T'; for, given any k € R, the set

{teT: glt)<k}={teS: gt)<k}={teS: g(t) <k}

is closed in S (by the continuity of g§|S), hence is closed in T (because S
is closed in T), whence the assertion (GT, IV, §6, No. 2, Prop. 1). Since
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g(t) =g(t) for t € S, and T — S is p-negligible, one has § =g p-almost
everywhere, therefore

1t (g) = n*(9) =v(g)
(§1, No. 1, Prop. 1, a), and the definition of v ).

The functions § (¢ € F) form an increasing directed family; let

f = supg be its upper envelope. Since the § are lower semi-continuous,
geF

sois f,and for t €S one has

F(t) = supg(t) = supg(t) = sup \i(g) = A/ (f) = AL (f) = (A()(D)-

geF g€eF g€eF

{The 1st equality, by the definition of f; the 2nd equality, because ¢ € S;
the 3rd, by the definition of §; the 4th, by Ch. IV, §1, No. 1, Def. 1; the 5th,
by §1, No. 1, Prop. 4; the 6th, by the definition of A(f)}. Thus f = A(f)
p-almost everywhere; since f is u-measurable (Ch. IV, §5, No. 5, Cor. of
Prop. 8) so is A(f) (loc. cit., No. 2, Prop. 6), and

p* (A(S)) = p* (F) = p* (supg) = sup u*(g) = supv(g) = v*(f) = v*(f)
g€eF g€eF g€eF

(the 3rd equality, by §2, No. 2, Prop. 8; the 4th by the next-to-last display).

V.18, (. 15-17.
“Similarly, set

hp(t) = AL (f) = AT (f) = sup hy(t)

(81, No. 1, Prop. 4).”

In the notations used in earlier Notes (for example, the preceding one),
he(t) = g(t) for g € H(X), t € T, and, for f € S (X), hy(t) =
(A(H) (&) = A2(f), where

A (f) = N[ (f) = sup Ai(g) = sup g(t) = sup hy(t)
g€eF g€eF g€eF

(the 1st equality, by §1, No. 1, Prop. 4; the 2nd, by Ch. IV, §1, No. 1, Def. 1
and No. 3, Def. 3; the 3rd and 4th repeat definitions of the notations g
and hy ).

V.18, (. —13. B B
“Set hy =suphgy;then hy=nhy on S.”
geFr
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If t €T —S then hy(t) = +oo for all g€ F, so

hy(t) =suphy(t) = +o0,
geF

whereas if ¢ € S then

Ry (t) = sup hg(t) = sup hy(t) = sup Ai(g) = A\ (f) = hy(t);
geF g€eF g€eF

thus Ay is given by the same formula used for defining h, :

_ hy(t) for teS
hy(t) =
+o0o for teT —S.

V.18, /. —13 to —11. B B
“For every g € F, the function h, is lower semi-continuous; hy is
therefore lower semi-continuous. . .”

Given any k € R, the set
{teT: hyt)<k}={teS: hy(t)<k}={teS: M(g) <k}

is closed in S (by the vague continuity of ¢ — X; on S), hence is closed
in T (because S is closed in T); thus h, is lower semi-continuous on T
(GT, §6, No. 2, Prop. 1), therefore sois hy (loc. cit., Th. 4).

V.18, £. —10.

“p¥(hy) = sup p*(hg) = sup p*(hg) = sup v(g) = v*(f)”
geF geF geF

1st equality: Ch. IV, §1, No. 1, Th. 1.

2nd equality: Ch. IV, §2, No. 3, Prop. 6.

3rd equality: Ome has v(g) = p®(hy) by the definition of v, and
p®(hy) = p®(hy) = u*(hy) = p*(hy) because hy, = h, p-almost everywhere
and hg, is lower semi-continuous.

4th equality: Ch. IV, §1, No. 1, Def. 1.

V.19, 0. —12,-11.
“...we identify ¢ (X) with a subset of € (X’).”

The open sets in X’ are the open sets U of X together with the sets
(X = K) U{w}, where K is a compact subset of X (GT, I, §9, No. 8);
thus the open neighborhoods of w are the sets (X — K) U {w}. For every
fe (X)), let f' beits extension to X’ by defining f'(w) = 0. One sees
easily that the functions f’ are the functions in % (X’) that are equal to 0
on a neighborhood of w.



INT V.x43 INTEGRATION OF MEASURES 63

V.19, (. —7,—6.

“...let o, bea function in %, (X) equal to 1 on U, .”

Ch. III, §1, No. 2, Lemma 1, with n =1 and V; = X.
V.19, /(. —6,—5.

“...denote by S the countable set of elements of #(X) of the form
ong (neEN,geS")”

The g € S’ belong to ¢ (X’) and the ¢, to J#(X), therefore the ¢, g
belong to . (X); thus S C #(X). {#(X) is an ideal in the ring ¢ (X’).}
V.19, (. —5 —4.

“If fe #(X),let (g,) beasequence of elements of S’ that converges
uniformly to f 7

This approximation argument is the reason for embedding % (X) in
€ (X'); although f can be viewed as an element of ¢(X’), it is not assured
that the g, are 0 in a neighborhood of w, that is, the functions gn‘X need
not belong to # (X).

V.19, ¢ —2, 1.

“The functions f, = ¢rg, belongto S and satisfy the statement, with
p =mpy.”

Note that ¢ = (m - 1x/ )¢k, where m - 1x» € S’ by assumption, thus
p€S. Since ¢ =1 on Uy, hence on Supp f, one has ¢ f = f; thus, for
every n,

1
Lh—fhﬂwwn—fhﬂwwn—wuﬁZwm%—fh=Ewﬂ%—JL

where the vertical bars denote absolute value (not norm). Since ||g,—f| — 0,
given any ¢ > 0 there exists an index ng such that |g, — f| < me for
all n > ng, whence

\h—%ﬁém@(%-@=ﬂw

for all n > ng.

V.20, (. 7-9.

“...the function ¢t — A(f) is then the uniform limit on K of the
continuous functions t — A¢(f,,); it is therefore continuous on K, and the
proposition is proved.”

Forget X': the functions f, f,,¢ belong to J#(X); thus we may
write f = M(f), etc., as in previous notes, and the problem is to show
that an - f||K — 0, where

[ fn = Fllic = sup [Ae(fn) = Ae(£)] -
teK
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Given € > 0 choose ng so that |f, — f| < e for all n > ng; then
—ep < fn—f<ep forall n>ng,
therefore
—eAie(@) S Me(fn) = Me(f) <el(p)  forall n>ng and te€T,

that is, —ep < fn - f < ep, whence |fn - f| < ep. We know that the
restriction to K of the mapping ¢ — ()\t(g))g s € RS is continuous; there-
fore, for every ‘coordinate’ g € S of the product space RS, the restriction
to K of the mapping ¢ — A¢(g) is continuous, that is, §|K is continuous.

In particular, since ¢ and the f,, belong to S, cﬂK and the ﬁ‘K are
continuous, hence bounded; and from

[fn = fllx <ell@llk  for n=no

we see that ﬂK is the uniform limit of the continuous functions fn‘K,
hence is continuous.

Since f € . (X) is arbitrary, this shows that the restriction to K of
the mapping A : ¢+ )\; is vaguely continuous; and since K € R is arbitrary
and R is p-dense in T, A is indeed vaguely p-measurable (Ch. IV, §5,
No. 10, Prop. 15). A tour de force.

V.20, /. —4 to —2.
“The first of the inequalities (6) then follows from the definition of

f*f(ac) dv(z) (Ch.IV,§1, No. 3, Def. 3), and the second follows immediately

from it.”

The new actor in Prop. 3 is the function

(+) - / f@)dn() = NG (e T)

for an arbitrary function f € .#,(X). In analogy with the notation A(f)
for the function

i [ Cf@ydn@) =) (teT)

introduced in the above notes, it is an aid to grasping the formulas (and
saves much scribbling) to write A*(f) for the function defined by (x):

(A*(N)) () =X () (teT);
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the inequalities (6) may then be written succinctly as

vE(f) 2 nt (A*(f)) = p°(A(F)),

and the second inequality of (6) becomes obvious: A\f(f) > Af(f) for all
t €T (§1, No. 1, formula (1)), thus A*(f) > A(f) pointwise on T, whence
u® (A*(f)) > u® (A(f)) (loc. cit., Prop. 1). As for the first inequality, since

* _ inf *
R

(Ch. 1V, §1, No. 3, Def. 3), it will suffice to show that
v*(g) = p* (AX(f))

for every lower semi-continuous function g > f; for such a function g, one
has (§1, No. 1, Prop. 4)

Xi(9) = \f(g) > Mf(f)  forall teT,

whence A(g) = A*(g) > A*(f) pointwise on T, and since A is p-pre-

adequate,
v¥(g) = v*(9) = n*(Alg)) = p® (A*(f))-

{Note that if, in addition, f is lower semi-continuous, then

v*(f) = v*(f) = u* (AX(F)) = u* (A(S)) = v*(f)

by the foregoing and the p-pre-adequacy of A; thus for f not necessarily
lower semi-continuous, the possible gap between the extreme members of (6)
is interpolated by 1®(A*(f)).}
V.20, 0. —2,—1.

“The inequality (7) is proved in an analogous way if A is vaguely con-
tinuous, using (5) instead of (4).”

Writing A*(f) for the function t — Af(f) we are to show that

vE(f) = n*(AX(f))

and, as in the preceding note, it suffices to show that if g € #,(X) and
g = f then v*(g) > p* (A( f )), indeed, by the monotonicity of outer measure
one has A*(g) > A*(f) pointwise on T, and, citing (5) applied to the lower
semi-continuous function g,

vi(g) = n*(A%(g9)) = 1 (A*(f)).
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{Recall that if f is lower semi-continuous and if A is scalarly essen-
tially p-integrable and vaguely continuous, the function A*(f) = A(f) is
lower semi-continuous and equality holds in (7) (Prop. 2, a)), whereas if f
is lower semi-continuous and A is only assumed to be scalarly essentially

p-integrable then
vE(f) <t (A%())

by item a) of Exer. 7 (see the note for V.17, . —6 to —4); it is puzzling
(intriguing) that in two attempts to generalize the equality (4) (namely,
item b) of the present proposition, where f € %, (X) is arbitrary but A is
u-pre-adequate and vaguely continuous; and Exer. 7, where f is lower semi-
continuous but A is only assumed to be scalarly essentially u-integrable),
the inequality in (7) “goes the other way” from the one in Exer. 7. That
equality holds when both sets of hypotheses are assumed teaches us nothing,
since (4) is then immediate from the definition of u-pre-adequacy.}

V.21, 0. 1.
“The mapping t + A\(1) is measurable”

For, A is p-pre-adequate and the constant function 1 is lower semi-
continuous, therefore the function ¢ — A?(1) is p-measurable and AP (1) =
Af(1); with notations as in the preceding note, A(1) = A*(1) pointwise
on T and v*(1) = p®(A(1)), that is, v*(1) = pu*(A*(1)).

V.21, (. 2-4.
“The set & of compact subsets of T such the restriction of ¢+ A(1)
to K is finite and continuous is therefore u-dense ”

Write h(t) = Af(1) for t € T and let
A={teT: h(t) < +o0}.

By assumption, [ A islocally pu-negligible; in particular, CA is y-measurable
(p- IV.61, £. —4), therefore so is A . Since h is y-measurable, it follows that
the (finite-valued) function h‘A is p-measurable in the sense of Ch. IV, §5,
No. 10, Def. 8 (see ¢”) in the Note for IV.79, ¢. 3,4). To say that a compact
set K belongs to £ signifies that K C A and h|K = (h|A)|K is contin-
uous; since h|A is p-measurable, it follows that K is p-dense in A (loc.
cit., Prop. 15, criterion a)), and since T — A is locally u-negligible, R is
p~dense in T (p. IV.77 £. 3,4).

V.21, (. 6.
“The mapping A is p,-adequate for every o € A 7

Recall the remark following No. 1, Def. 1, to the effect that in Nos. 2
and 3, in “a,b,c propositions”, the parts a) and b) will be valid for A p-pre-
adequate, whereas part c¢) will require that A be u-adequate. The present
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proposition illustrates the principle and its logic: in part ¢) arguments, it
is necessary to express p as a sum of ‘better-behaved’ measures p’ < p,
whence the need for p-adequacy.

V.21, (. 8,9.
“ v, is a bounded measure (because A} (1) is bounded on Supp(ja)).”

Since the constant function 1 is lower semi-continuous and A is
po-pre-adequate, writing h(t) = AP(1) = A\f(1) for ¢t € T one has

v (1) = pg(h)

by (4) of No. 1. Write S, = Supp(a), so that S, € K. By the defini-
tion of K, we know that the restriction of h to the compact space K, is
finite-valued and continuous, hence bounded, say h|Sa < M < 400. Then
0 < hps, < Myps,, , whence

pa(hes,) < Mus(ps,) < Mpuk(es,) = Mpa(Sa) < +oo

(actually p®(ps,) = p*(es,) by §1, No. 2, Prop. 7); but T —S, is
to-negligible, therefore h = hpg_ pq-almost everywhere and so

va(1) = ps(h) = pg(hes,) < +oo,

thus v, is indeed bounded (Ch. IV, §4, No. 7, Prop. 12).

V.21, (. 11-14.
“...then

[ @iz [Cawt) [Cr@ine = [Cdua® [ s@ane)

(the last equality due to the fact that A; is bounded locally almost every-
where, and Prop. 7 of § 1).”

As in earlier notes, let us write A(f) for the function t — A$(f)
and A*(f) for the function t — Af(f), so that A(f) < A*(f) pointwise
on T by (1) of §1, No. 1.

For locally p-almost every t € T one has A\f(1) = A?(1) < +oo and
so A¢ is bounded (Ch. IV, §4, No. 7, Prop. 12); but if A; is bounded then
it is moderated (§1, No. 2, Remark 2), therefore f is A;-moderated (loc.
cit., comment following Def. 2) and so Af(f) = A(f) (loc. cit., Prop. 7).
It follows that A*(f) = A(f) locally p-almost everywhere, therefore locally
[to-almost everywhere, and so pg, (A*(f)) = pe (A(f)).
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To summarize: Assuming Af(1) < +oo locally p-almost everywhere,
one has (by §1, No. 2, Prop. 7, and (6))

va(f) = va(f) = na(A*(f) = pa (A(S))

for every a and for every function f > 0 on X, and summing over «

yields (8):
v (f) = 1* (A*(f) = n*(A(f))
(§2, No. 2, Prop. 1). Note that the first equality in (6) is sharpened in (8)

(because [ > [*), and the second inequality in (6) becomes an equality
in (8).

V.21, (. 18-24.
“COROLLARY 1”

{Cor. 1, Prop. 4 and Prop. 5 are variations on the same general pattern;
as the variations are numerous and subtle, it is helpful to have the pattern
in mind as one thrashes through the details.

One is given a mapping A : ¢t — \; that is scalarly essentially
p-integrable, so that the measure v = [ A, du(t) is defined; certain con-
ditions are imposed on f and v, and one shows that the same conditions
are satisfied for “most” of the ;. The progression from a) to ¢) tends to
be from general to special:

(i) In assertion a), A is assumed to be p-pre-adequate, and “most”
means “for locally p-almost every t”.

(ii) To the hypotheses of a), assertion b) adds the assumption that A
is vaguely continuous, and “most” is sharpened to “for u-almost every t”.

(iii) In assertion ¢), A is assumed to be u-adequate, and the function
t— Af(1) = \f(1) is assumed to be finite-valued locally p-almost every-
where, in other words, the measure \; is assumed to be bounded for locally
p-almost every t € T'; “most” means “for locally p-almost every ¢ 7.}

Let A : ¢~ X bescalarly essentially p-integrable and let v = [ A, dp(t) .
Assume in a) and b) that A is p-pre-adequate, and in ¢) that A is
p-adequate. Let f € #,(X) and set

H={teT: X\ (f)>0}={teT: (A*(f))®) >0}.

a) Assuming v*(f) =0, we are to show that p®(H) =0, that is, f is
A¢-negligible for locally p-almost every ¢t € T'. Citing a) of Prop. 3, we have

0=v*(f) = pu*(A*(f)) >0,

therefore p®(A*(f)) = 0, that is, A*(f) = 0 locally p-almost everywhere
in T; in other words, u*(H) =0.
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b) Assuming v*(f) =0 and A vaguely continuous, we are to show that
w*(H) = 0, that is, f is A\;-negligible for p-almost every t € T. Citing b)
of Prop. 3, we have

0=v*(f) = p*(A*(f) >0,

therefore p* (A*(f)) =0, that is, A*(f) =0 p-almost everywhere in T'; in
other words, p*(H) =0.

¢) Assuming v*(f) = 0 and A$(1) < 4oo for locally p-almost every
t € T, we are to show that p®*(H) =0, that is, f is A\;-negligible for locally
p-almost every t € T. Citing ¢) of Prop. 3, we have

0=2*(f) = p*(A%(f)) 2 0,

therefore u® (A*( f)) = 0, that is, A*(f) = 0 locally p-almost everywhere
in T'; in other words, p®*(H) =0.

V.21, (. —8 to —6.

“ fo is then A;-negligible except for ¢ forming a set that is locally
p-negligible (and even p-negligible, if A is vaguely continuous) by Cor. 1,
and the statement then follows at once.”

Write N = {t € T: \(fo) >0} for the set of all ¢ € T such that f
is not A\;-negligible. Since f; is v-negligible, it follows from a) of Cor. 1 that
wu®(N) = 0; and when A is vaguely continuous, p*(N) =0 by b) of Cor. 1.

Let M = {t € T : f isnot \;-moderated }; we are to show that
u*(M) = 0, and that p*(M) = 0 when A is vaguely continuous; it will
suffice to show that M C N.

Assume t ¢ N and let us show that ¢t ¢ M, i.e., that f is A\;-mode-
rated; by criterion ¢) of §1, No. 2, Prop. 5, it suffices to show that the set
{r € X: f(x) >0} is contained in the union of a A;-negligible set and a
sequence of compact sets. Indeed, f(z) > 0 if and only if f,(x) > 0 for
some index n > 0, thus {z: f(z) >0} is equal to the set

{z: folz) > 03U [ J{z: fal®) >0} C{z: fo(x) >0}u | Ky,
n>=1 n>=1
where {z: fo(x) >0} is \-negligible (because ¢ ¢ N).

V.22, (. 6,7.
“...the function f is constant on the complement B of a countable
union of v-integrable open sets.”
Let A be a v-moderated set such that f is constant on X — A, and
let (U,) be a sequence of v-integrable sets such that A C |JU, (§1, No. 2,
s
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Prop. 5, a)). Then X — YU, C X — A and the set B=X — |JU, meets

T T
the requirements. The reason for choosing criterion a) of Prop. 5 is that the

set B is then closed, hence is a Borel set, hence is measurable with respect
to any measure.

V.22, 0. 79.

“There exists a partition of X — B formed by a v-negligible set N and
a sequence (K,,) of compact sets such that the restriction of f to each K,,
is continuous.”

With X — B = (JU, as in the preceding note, let (A,) be a ‘disjoin-

tification’ of the U, , for example A; = Uy, A,y; = U1 — U Uy, so
s<r

that X — B is partitioned by the sequence (A,) of v-integrable sets. The
sets A, need no longer be open, but their union is, and B remains a Borel
set.

Consider first the case of a single v-integrable set A. By Ch. IV, §4,
No. 6, Cor. 2 of Th. 4, there exists a countable partition of A,

A=Noul JG,

with Ny v-negligible and the C; compact. Then, since f is v-measurable,
for each i there exists a countable partition

C; :NlUUKU
J

with N; v-negligible, the K;; compact and f ‘Kij continuous (Ch. IV, §5,
No. 1, Def. 1); setting N = No U JN; and enumerating the K,; into a
i

sequence (K,), we have a partition

A:NUUKn

of the desired sort.
With X — B = [JA, as above, for each r let A, = N, U{JK,; be
r J
such a partition of A, . The negligible set N = [JN,. and an enumeration

ps
(K,,) of the compact sets K,; then yield a partition

X—B:NUUKn

that meets the requirements of the assertion.
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V.22, 0.9 11.
“Let S be the set of ¢ € T such that N is not As;-negligible: S is
locally p-negligible (resp. p-negligible) by Cor. 1 of Prop. 3.”

Part a) (resp. Part b)) of Cor. 1 is being applied to the v-negligible
function ¢y, the set S being denoted H there.

V.22, (. 11-13.
“The sets K,,B,N are measurable for every measure on X, and the
restriction of f to each of them is A;-measurable for every ¢ ¢ S.”

Since B and the K,, are closed sets, all sets in the formula

N=(X-B)- [ JKn,

are Borel sets, hence are ‘universally measurable’ (Ch. IV, §5, No. 4, Cor. 3
of Th. 2).

By construction, f|B is a constant function, say equal to yo € G at
every point of B; its extension to X by yg is constant on X, hence contin-
uous, hence ‘universally measurable’, in particular measurable for every A,
(t¢S).

The function f |Kn is continuous. Let K be the set of all compact
subsets of K,,. Obviously R is closed under finite unions, thus K satisfies
the conditions (PLy) and (PLy) of Ch. IV, §5, No. 8, Prop. 12; moreover,
condition b) of the cited Prop. 12 is satisfied with A = K,,, K = Ky, and
any measure on X, therefore K is dense in K,, for every measure on X
(loc. cit., Def. 6). Thus K and f‘Kn satisfy condition a) of Ch. IV, §5,
No. 10, Prop. 15 with A = K,,, for every measure on X, therefore f!Kn is
measurable for every measure on X (loc. cit., Def. 8) and in particular for
every A\ (t¢8).

Let t ¢ S. Then N is A;-negligible (hence also locally A;-negligible),
therefore f|N is \;-measurable (see the Note for IV.79, ¢. —17, —16).

Thus, for every t ¢ S, the restriction of f to B, N and every K,, is
As-measurable.

V.22, (. 13-14.
“The function f is therefore \;-measurable for every ¢ ¢ S (Ch. IV,
§5, No. 10, Prop. 16).”

Continuing the preceding note: since the set consisting of B, N and
the K,, is countable, a fortiori locally countable, and since

X=BUNU[JK,,
n
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it follows that f = f‘X is A;-measurable for every ¢t ¢ S (Ch. IV, §5, No. 10,
Prop. 16).

V.22, /. —4 to —2.
“The assertions concerning the set N have already been established
(Prop. 4, and Cor. 2 of Prop. 3).”

Let
L={teT: f is not \;-moderated }

M= {teT: f is not \;-measurable };

then t € N means that t ¢ CLN CM, thus
N=LUM.

Since f is v-measurable and v-moderated, p®(L) = 0 by the cited Cor. 2,
and p*(M) =0 by a) of Prop. 4, therefore p*(N) = 0; if, moreover, A is
vaguely continuous, then p*(L) = 0 by Cor. 2, and p*(M) = 0 by b) of
Prop. 4, therefore p*(N) =0.

V.22, 0. —2 to V.23, (. 3.

“By Prop. 6 of §1, No. 2, we may limit ourselves to proving a) (resp. b))
in each of the following special cases:

1) The function f is v-negligible.

2) There exists a compact set K such that f is zero outside K and
the restriction of f to K is continuous.”

*The argument is intricate and repetitious. To lighten the burden of
referencing, some basic results are bundled together here; any of the items
in («) will be referenced simply by “(«)”, and similarly for (3).

Let p be a positive measure on a locally compact space, and let h and
hy (n € N) be numerical functions > 0 on that space.

(a) If hy, T h pointwise then

p*(hn) T p*(h) and p*(h,) T p*(h)

(Ch. IV, §1, No. 3, Th. 3 and Ch. V, §1, No. 1, Prop. 1). If, moreover,
the h, are p-measurable, then so is A (Ch. IV, §5, No. 4, Cor. 1 of Th. 2).
If the h,, are p-moderated, then so is h (Ch. V, §1, No. 2, Remark 3).

(B) If the h,, are p-measurableand h = > h, , then h is p-measurable:

neN
the measurability of hg + hy follows from Ch. IV, §5, No. 3, Th. 1, ap-

plied to the mapping = — (ho(z),h1(z)) (x in the given space), with
u(a,b) = a+0b for (a,b) € A’ x A’, where A’ = RU {+c0} (GT, 1V,
84, No. 3, Prop. 7); the measurability of the finite sums hg+---+h,, follows
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at once, and h = sup (ho + --- + hy,) is then measurable by («). Moreover
neN
(the h,, still measurable)

p(h) = 3 p*(ha) and p*(h) = 3 p*(hn)

neN neN

by Ch. IV, §5, No. 6, Cor. 4 of Th. 5 and Ch. V, §1, No. 1, Cor. of Prop. 2).
If the h,, are p-moderated, then so is h (Ch. V, §1, No. 3, Remark 3).,

By the cited Prop. 6, there exists a sequence f, (n = 0,1,2,...) of
numerical functions > 0 on X such that fy satisfies 1), and the f, for
n > 1 satisfy 2) and are finite-valued. Moreover, the f, for n > 1 are
v-measurable and v-moderated: for fq, this is obvious, and it is obvious
the f, for n > 1 are moderated (for any measure on X). It remains to
check that if n > 1 then f,, is measurable. Let K,, be a compact set in X
such that fn‘Kn is continuous and f, = 0 outside K,,, let « € R and let

A={zeX: fulz) 2a};
if a <0 then A =X, whileif a >0 then A={z €K, : f,(z) >a} isa
closed set in K,, by the continuity of fn‘Kn , hence is closed in X. Thus f,
is upper semi-continuous (GT, IV, §6, No. 2, Prop. 1 applied to —f,, ), hence

is measurable for every measure on X (Ch. IV, §5, No. 5, Cor. of Prop. 8).
Assuming it has been shown that for every n, the function

- / Ful) dNe(a)
(denoted A(f,) in earlier notes) is y-measurable, and that

(i) v (fn) = 1* (A(fn)),

and, when A is vaguely continuous, that the function A*(f,) : t +— A (fn)
is pu-measurable and p-moderated, and satisfies

(if) v (fn) = 1 (A (fn)),

we must verify that the same is true of f.

Verification of a) for f assuming it has been verified for the f, : For
every n € N, one shows as in the preceding Note that f, is y-measurable
and p-moderated for locally p-almost every t; it follows that, for locally
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p-almost every t, f, is u-measurable and p-moderated for every n. For

every n, define
n
gn = Z frs
k=0

since fo,..., fn are A;-measurable and A;-moderated for locally p-almost
every t, the same is true of g,, and

Af(gn) Z At (fx) for locally p-almost every t € T
k=0

by (8). Thus A(g,) = z A(fx) locally p-almost everywhere on T, conse-
=0
quently

n n

() pt(Algn) =D (A(fr) = D v (fu) = v*(gn) forall n
k=0

k=0

by (B) and (i). Since g, 1 f pointwise on T, for every ¢t € T one has
A (gn) TAL(f) by (a); thus A(gn) T A(S) p01ntW1se on T, therefore

(iv) u® (A(f)) = sup p° (Algn))

by (a), and similarly v*(f) = supv®(g,). From (iii) and (iv) we see that

n

v (f) = sup v (gn) = sup ” (Algn)) = 1* (A(S))-

Since, by assumption, the A(f,) are u-measurable, so are the > A(f%)

k=0
by (f3), therefore so are the A(g,) (Ch. IV, §5 No. 2, Prop. 6), therefore so
is A(f) by (a). And since every g, is p-measurable and p-moderated, so

is f=supg, by (@).

Verification of b) for f assuming it has been verified for the f, : As-
sume in addition that A is vaguely continuous. For every n, one shows as
in the preceding Note that for p-almost every t, f, is A\;-measurable and
A-moderated; it follows that there exists a u-negligible subset P of T such
that f, is A;-measurable and \;-moderated for all n and for all t € T — P.
In particular,

Mo (gn) ZA (fe) forall m and forall te T — P
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by (8), thus A*(g,) = >, A*(fx) p-almost everywhere for all n; since the
k=0

A*(f,) are by assumption p-measurable and p-moderated, it follows that

> A*(fx) is p-measurable and p-moderated by (), therefore A*(g,) is

k=0

/;rneasurable by Ch. IV, 85, No. 2, Prop. 6, and is obviously pu-moderated.
Moreover,

p*(A*(gn)) = ZM*(A*(fk)) for all n
k=0

by (83); but

n n

pF (A () =Y v (i) = v*(gn)

k=0 k=0
by (i) and (3), therefore

(v) p*(A*(gn)) = v*(gn) for all n.
Since g, T f pointwise on T, it follows from («) that
A (gn) TAL(f) foreveryteT,

thus A*(g,) T A*(f) pointwise on T; since the A*(g,) are p-measurable
and p-moderated, by («) so is A*(f), and

(vi) p*(A*(f)) = sup 1*(A*(gn)).

Finally,
v(f) = supr¥(ga) = Sgpu*(/\*(gn)) = p*(A*(f))
by («), (v) and (vi).

V.23, (. 4.
“The special case 1) has already been treated (Cor. 1 of Prop. 3).”

Assuming f is v-negligible (hence v-measurable and v-moderated), we
are to show that a) and b) are satisfied. Let

N={teT: f isnot both \;-measurable and A\;-moderated }.

a) The assumption that f is v-moderated is redundant. Let

H={teT: f isnot A\;-negligible };
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by part a) of Cor. 1 of Prop. 3, H is locally u-negligible; since a negligible
function is both measurable and moderated, one has N C H, therefore N
is also locally p-negligible. {The information about N is redundant here,
but N was not yet in the picture in the cited Cor. 1.}

If t ¢ H then f is A\¢-negligible and, a fortiori, locally As;-negligible,
thus A\ (f) and Af(f) are both equal to 0; the functions

A(f) 1t = A3(f) and A*(f):t = N(f)
are therefore both locally p-negligible, hence are p-measurable, and
p*(AD) = 0 = * (A%(1)).
But f is v-negligible, therefore v*(f) =v*(f) =0. In particular,

v*(f) =0=p°(A(f)),

thus f satisfies (9).

b) If, moreover, A is vaguely continuous, then the set H is p-negligible
by part b) of Cor. 1 of Prop. 3, hence so is N. Since f is A;-negligible for
t¢ H, A*(f) =0 p-almost everywhere; thus A*(f) is p-negligible, hence
p-moderated, and

v*(f) = 0= p*(A*(f)),
thus f satisfies (10).
V.23, /. 8,9.

“Moreover, f,g,h are v-integrable.”

Recall that f can be assumed to be finite-valued (§1, No. 2, Prop. 6).
The functions f,g,h are all positive; being semi-continuous, they are (uni-
versally) measurable, and since 0 < f < h = Myg,

vE(f) < Mv*(G) < 400

shows that h and f are v-integrable, therefore sois g =h — f.

V.23, (. 11-13.
“By subtraction, we see that the function

t /. f(x)dM\(z) (resp. /*f(w) di(z))

is p-measurable and that the formula (9) (resp. (10)) holds.”
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Verification of a). Since g and h are lower semi-continuous func-
tions > 0, and A is p-pre-adequate, it follows from Def. 1 that the functions

A(g) :t— A (g) and A(h):t+— A7 (h)
are p-measurable and satisfy (4):
v*(g) = u*(A(g) and v*(h) = u*(A(R)).

Since g is v-integrable, u®(A(g)) = v*(g) < 400, thus the p-measurable
function A(g) is essentially u-integrable, and similarly for A(h). Write

Ngy={teT: g is not both A\;-measurable and p-moderated } .

As shown at the outset, p*(Ng) = 0, and similarly p*(Nj) = 0. For
t € C(N; UNy), ¢g and h are A\i-measurable, hence so is f = h — g,
therefore (§1, No. 1, Prop. 2)

AL(R) =X (f +9) =X () + A (9),

thus A(h) = A(f) + A(g) locally p-almost everywhere. Since A(g) and
A(h) are essentially u-integrable, so is A(f); for, if u,v € £1(u) are equal,
locally p-almost everywhere, to A(g) and A(h), respectively (§1, No. 3,
Def. 3), then, for locally p-almost every t € T,

vu(t) = A (f) +u(t),

therefore A(f) = v —u locally p-almost everywhere, where v —u € Z1(u),
and so

1

A(f) = (w—u)+ (A(f) = (v —w)) € L () + N> =Z (n).
In particular A(f),A(g),A(h) are p-measurable functions > 0, therefore
pt(A(R)) = 1 (A(S)) + 1* (Alg))
(§1, No. 1, Prop. 2), whence
e (A(F) = p* (M) = p*(Alg)) = v*(h) = v*(g) = v(h) = v(g) = v(f),
thus f satisfies (9).

Verification of b). If, moreover, A is vaguely continuous, it follows
from a) of No. 1, Prop. 2 that the functions

A*(g) s t— AT (g) and A*(Rh):t— AS(h)
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are p-measurable and satisfy (5):
v¥(g) = p*(A*(g)) and  v*(h) = p*(A*(h)),

and the v-integrability of g and h implies that that A*(g) and A*(h) are
p-integrable (Ch. IV, §5, No. 6, Th. 5).

As shown at the outset, ¢ is A;-measurable and A;-moderated for
p-almost every ¢, and similarly for h, so the same is true of f = h—g, and

A (R) = N (F) + N (9);

thus A*(h) = A*(f) 4+ A*(g) p-almost everywhere. Since A*(g) and A*(h)
are p-integrable, they are finite p-almost everywhere (Ch. IV, §2, No. 3,
Prop. 7), hence there exist functions u,v € £ (u) such that A(g) and A(h)
are equal, p-almost everywhere, to u and v, respectively. Then, for
p-almost every t € T,

v(t) = A (f) +u(t),

therefore A*(f) is equal u-almost everywhere to the py-measurable function
v — u, hence is p-measurable (Ch. IV, §5, No. 2, Prop. 6). It follows that

p*(A*(h)) = p*(A*(f)) + p*(A%(9))
(Ch. IV, §5, No. 6, Cor. 4 of Th. 5), therefore
P (A*(f)) = p*(A*(h)) — p*(A*(g)) = v*(h) — v*(9) = v(f) < +oo,

thus A*(f) is p-integrable (Ch. IV, §5, No. 6, Th. 5), hence is y-moderated
(81, No. 2, Prop. 7), and satisfies (10).
Thus parts a) and b) of Prop. 5 are proved in full generality.

V.23, (. —12.
“ f is vo-measurable and v,-moderated”

Because f is v-measurable and 0 < v, < v; and because v, is bounded
(§1, No. 2, Remark 2).

V.23, /. —9.
“It remains only to sum on «, applying Props. 1 and 2 of §2, No. 2.”

By the cited Prop. 1, f satisfies (9).

By the cited Prop. 2, the function A(f): ¢+ A$(f) is p-measurable.

By assertion a), N is locally p,-negligible for all «, therefore N is
locally p-negligible by Cor. 2 of the cited Prop. 1.
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V.23, (. —2,—1.
“This follows at once from Prop. 5 and the criterion for integrability
(Ch. IV, §5, No. 6, Th. 5).”

Since f is v-measurable and v-moderated, so is |f|, and v*(|f]) =
v*(|f]) (81, No. 2, Prop. 7). By Prop. 5, a), v*(|f]) = p®(A(|f])), where
A(|f]) denotes the function t — A?(|f|) on T. By the cited Th. 5,

f is v-integrable < v*(|f|) < 40
& v(|f]) < oo
& ,u'(A(|f|)) < 400,

whence the Corollary.
Another way of packaging the Corollary:

COROLLARY'. — Let £ be a function defined on X, with values in a
Banach space F or in R, suppose A :t s A\, is a p-pre-adequate mapping
T Ay (X), and let v = [ A\ du(t).

Then f is v-integrable if and only if it is v-measurable, v-moderated and
satisfies p®(A(f)) < +oo.

V.24, (. 13,14.
“This statement is true when f is a positive numerical function (Prop. 5)”

a) Assuming f > 0 and v-integrable, let
N={teT: f isnot both A\;-measurable and A\;-moderated }.

Since f is both v-measurable and v-moderated (§1, No. 2, Prop. 7, 1)), by
part a) of Prop. 5, N is locally p-negligible, the function A(f) : ¢ — A$(f)
is p-measurable, and

(%) pt(A(F)) = v*(£) = v¥(£) < +o0,

therefore A(f) is essentially u-integrable (§1, No. 3, Prop. 9). It follows that
A(f) is finite locally p-almost everywhere, that is, the set

P={teT: \(f)=+oc0}
is locally p-negligible. If ¢t ¢ PUN then f is A;-measurable, A;-moderated,

and \f(f) = A\ (f) < +o0, therefore f is \;-integrable, that is, ¢ ¢ H. Thus
HC PUN, hence p*(H) =0.
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Since A(f) is essentially integrable, notational conventions permit writ-

ing (%) as
/ £(z) dv(z) = / AE) dpt = / du(t) / £() d\y (2)

(§1, No. 3, Def. 3), that is, (11) holds.

Writing A*(f) for the function t — A} (f), since f is A\;-moderated for
locally p-almost every ¢, one has A*(f) = A(f) locally p-almost everywhere
(81, No. 2, Prop. 7), therefore A*(f) is also essentially p-integrable, and

i (A(6) = i (A(D) = v*(£) = (D).

b) Suppose, in addition, that A is vaguely continuous. Then by b)
of Prop. 5, N is p-negligible and A*(f) is p-moderated; since A*(f) is
essentially p-integrable and p-moderated, it is p-integrable (§1, No. 3, Cor.
of Prop. 9), hence is finite p-almost everywhere (Ch. IV, §2, No. 3, Prop. 7).
Let

P*={tecT: \(f)=+c0},

which is a p-negligible set (incidentally, the inclusion P C P* is useless
here). If t ¢ P*UN then f is \;-measurable and \J(f) < +oco, hence f is
A¢-integrable; therefore H C P* U N, whence H is p-negligible.

Finally, the [ signs in (11) may be interpreted as ordinary integrals
(rather than essential integrals)—in the case of [ f(x)d\;(x), for p-almost
every t (namely, for ¢ ¢ H).

V.24, /. 16.
“...extends at once to f by subtraction.”

At first glance ‘obvious’, it heralds a new phenomenon: heretofore, sym-
bols such as

A(E) st AS(E), AX(E) it = NE(E), A(E) : £ — M(f)

have (in these notes) denoted numerical functions that are defined every-
where on T, either because f > 0 or because f € #(X) (No. 1); even in
the Cor. of Prop. 5 of No. 2, it is A(|f|) that figures in the proof, not A(f).
From now on, we have to deal with functions ¢t — [fd)\; that are defined

only on the set of ¢ € T such that f € yl()\t) (or Z*(\;)), and which
may have values in a Banach space.
A review of the core results on numerical functions that are involved:

(i) f is measurable & f* and f~ are measurable, in which case
|f| = £t + £~ is measurable (Ch. IV, §5, No. 3, Cors. 2 and 3 of Th. 1).
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(ii) f is integrable < f is measurable and |f| is integrable (by (i) and
loc. cit., No. 6, Th. 5).
(ii) f is integrable < f* and f~ are integrable, in which case

[f=[ft—[f".

The equivalence is clear from (i), (ii) and the fact that when f is mea-
surable, f*|f| = f*f+ + f*f* (loc. cit., No. 6, Cor. 4 of Th. 5). If f is
integrable, by definition there exists a (finite-valued) function g € #! such
that f = g almost everywhere, whence f* = g™ and f~ = g~ almost
everywhere, and so [f= [g= [gt — [g~ = [fT — [f~ by the linearity
of integration on .Z*.

(iv) f is essentially integrable < f is measurable and |f| is essentially
integrable (§1, No. 3, Prop. 9).

(v) f is essentially integrable < f* and f~ are essentially integrable,
in which case [f= [ft — [f~.

The equivalence is clear from (i), (iv) and the fact that when f is
measurable, [*|f| = [*fT + [*f~ (§1, No. 1, Prop. 2). The formula
for [f is proved by the argument of (iii) with “almost everywhere” replaced
by “locally almost everywhere”.

Proof of a) for a numerical function f. Assuming f v-integrable, let

Ht ={te€T: f" is not \;-integrable },
H™ ={teT: f is not \;-integrable };

since f is \s-integrable if and only if f* and f~ are \;-integrable, one has

CHTNCH ={teT: f* and f~ are \i-integrable }
={teT: f is \-integrable } = CH,

whence H=H* UH™. Since f* and f~ are v-integrable, we know from

the case of functions > 0 that HT and H~ are locally u-negligible, hence
so is H; that the functions

AET) it = AP(ET), A(f7 )t — AN (),
defined everywhere on T, are essentially p-integrable; and that
v(f7) = p* (A(ET)), v(f7) = p®(A(ET)).

With [ denoting essential integral, define A(f): CH — R by

(A(f))(t):/fd)\t:/f*d)\t—/f_d)\t:A;(f+)—>\;(f_) (te CH),
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that is, A(f) = A(f")|CH — A(f~)|CH. We are to show that the function
A(f), defined locally p-almost everywhere in T, is essentially u-integrable
in the sense of §1, No. 3, and that [ A(f)du = v(f).

Since A(f*) and A(f~) are essentially p-integrable, there exist func-
tions h,k € £ (u) such that A(fT) = h and A(f~) = k locally p-almost
everywhere (§1, No. 3, Def. 3); since H is locally p-negligible, it follows
that A(f) = h—k locally p-almost everywhere, therefore A(f) is essentially
p-integrable in the sense of §1, No. 3 (p. V.9, ¢. 1-5) and

/A(f)du=/(h—k)du=/hdu—/k‘du
/Af+ dp— /A

=v(ft) —v(f~

thus (11) is satisfied.

{Incidentally, the functions u = @pgA(f*) and v = ppyA(f~) are
the extensions by 0 of A(f™)|CH and A(f7)|CH to T; they are finite-
valued, p-measurable, and, locally p-almost everywhere, A(f™) = u and
A(f7) = v, thus u,v € yl(u) (§1, No. 3, Prop. 9). Moreover, the extension
by 0 of A(f) to T is equal pointwise to u —v. Thus, the extension by 0
of A(f) to T belongs to yl(u) and may be substituted for A(f) in (11).}

Proof of b) for a numerical function f. Assuming in addition that A
is vaguely continuous, the argument proceeds as in a), with “locally negli-
gible” replaced by “negligible”; “locally almost everywhere” by “almost ev-

erywhere”; “essentially integrable” by “integrable”; and £ ! (u) by L ().
V.24, (. 19, 20.

‘...the result pertaining to real functions implies at once the validity
of the statement for the elements of 7 .”

By linearity it suffices to consider f € J# of the form f = af (the
function x — f(x)-a), where f € #(X) and a € F. One knows that f is
integrable for every measure on X (Ch. IV, §3, No. 5, Cor. 2 of Th. 4); in
particular, for every t € T, f is A;-integrable and

/fd)\t = ([fdr)-a=\(f)-a

(Ch. 1V, §4, No. 2, Cor. 2 of Th. 1). Thus, for such an f, H = @ and,
writing A(f) for the vector-valued function ¢ — [fd\; (t € T), one has

A(f) = aA(f)
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pointwise on T, where A(f) is the real-valued function ¢ — A;(f) (t € T).
By the numerical case of a) (resp. b)) already treated, A(f) is essentially
p-integrable (resp. p-integrable, when A is vaguely continuous) and

wﬁz/kumW

Being finite-valued, A(f) belongs to ?Flt(,u) (resp. Za(n)).  Let
h € Z:(u) with A(f) = h locally p-almost everywhere (resp. p-almost
everywhere; when A is vaguely continuous, h = A(f) will serve). Then

JA(f)dp = [ hdp, thus
()= [ .

Now, ah is u-integrable and

/ahd,u: (fhdp) -a

(loc. cit., Cor. 2 of Th. 1); since A(f) = ah locally p-almost everywhere
(resp. p-almost everywhere), A(f) is essentially p-integrable (resp. p-inte-
grable) and

/A(f)du:/ahdu: (fhdp) -a=v(f) a=wv(f),

that is, (11) holds for f.

V.24, (. 20,21.
“ A is dense in L (v)”
Ch. IV, §3, No. 5, Prop. 10.

V.24, (. 21-26.
“...for every f € Z}(v), there exists a sequence (f,) of elements
of JZ that has the following properties:
1) the sequence (f,) converges to f in mean in %} (v), and v-almost
everywhere;
2) the function g = |fo| + > |f.41 — f,| is such that v*(g) < +o0
neN

(Ch. IV, §3, No. 4, Th. 3).”

From a sequence in 57 converging in mean to f, by the cited Th. 3
select a subsequence (f,),en such that f, converges to f wv-almost ev-

erywhere in X, the series > v*(|f,4+1 — f,|) is convergent and the series
neN
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> |1 (z) — £, (x)| is convergent for v-almost every x € X. Let ¢ be the
neN

numerical function on X defined by

9(@) = fo(@)| + D |fug1(@) — fu(w)]  forall z € X,

neN

that is, g = |fo| + >_ |[fn4r1 — f,]. We know that ¢ is finite for v-almost
neN
every = € X; moreover, g is measurable for every measure on X, and

v*(g) = v*(fol) + D v* (|1 — £al) < +oo

neN

(see item () in the Note for p. V.22, . —2 to V.23, £. 3), therefore ¢ is
v-integrable.

V.24, (. —11,-10.

“... Ny islocally p-negligible (resp. p-negligible) by formula (6) (resp.
(7).

Proof #1. As observed in the preceding note, the function ¢ is ‘univer-
sally measurable’ and v-integrable. In particular, g is A;-measurable for all
t € T, thus g is M\s-integrable if and only if A}(g) < +oc; in other words,

Ny ={teT: g is not \i-integrable },

therefore Nj is locally p-negligible (resp. u-negligible) by a) (resp. b)) for
the case of numerical functions.

Lemma. If h is a positive function on T such that p®(h) < 400,
then h is finite locally p-almost everywhere in T.

Proof. By 3) of §1, No. 2, Prop. 7, there exists a py-moderated pos-
itive function A’ such that h = h’ locally p-almost everywhere, whence
u®(h) = p®(h'). Let A be a locally u-negligible set such that h = h’
on CA. By 2) of the cited Prop. 7,

i) = (1) = p®(h) < +o0,

therefore h’ is finite p-almost everywhere (Ch. IV, §2, No. 3, Prop. 7);
let B be a p-negligible set such that h’ is finiteon CB. If t € C(AUB) =
CANCB, then h(t) = h(t') and h/(t) is finite, thus h(t) is finite on the
complement of the locally u-negligible set A UB. $

Proof #2: By (6) (resp. (7)) of No. 2, Prop. 3,

1® (A*(g)) <v¥(g) <+oo  (resp. u*(A*(g)) < v¥(g) < +00),
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therefore A*(g) is finite locally p-almost everywhere (resp. p-almost every-
where) by the Lemma (resp. Ch. IV, §2, No. 3, Prop. 7); thus u*(Ny) =0

(vesp. p*(N1)=0). ¢

V.24, . —10 to —7.

“For t ¢ Ny, the f, belong to Z2(\;), the sequence (f,) converges
Ai-almost everywhere, as well as for the topology of convergence in mean in
ZE(\) (Ch. 1V, §3, No. 3, Prop. 6).”

Let us write
f,=1, £ =£f —f,_1 for n=1,23,...;

it is to the sequence (f},)nen and the measure \; that the cited Prop. 6 will
be applied.

As observed in the Notes for £. 19, 20 and 21-26, for every measure on X
the f,, are integrable—hence so are the f/ —and g¢ is measurable. Since
t ¢ N1, \f(g) < +oo, therefore g is \s-integrable and, by the argument in
the latter Note,

D AR =AY (9) < +oo,
neN

that is, the series with general term Af(|f/|) is summable. Therefore, by
the cited Prop. 6, for A;-almost every x € X the series with general term
f/ (z) is absolutely convergent in F; the n’th partial sum of the series is
equal to f,(x), thus, writing N; for the set of all such x, we may define a
function X — F by

lim f,(z) forxze CN;
ft(l‘) _ n—oo
0 for x € N;.

We assert that f; is A\;-measurable. For, the f,, are universally measurable
and CN; is M;-measurable, therefore the functions ven,n  are
A+-measurable for every n, hence so is their pointwise limit f; (Ch. IV,
§5, No. 4, Th. 2).

Also by the cited Prop. 6, f; € Z5(\,), that is, A\J(f;) < +o0; and f,
converges to f; in mean for \;, that is, Af(|f, — £;|) — 0. Since f; is
A\i-measurable, we thus have f; € Z2(\;) and f, — f; in the semi-normed
space £ (\), therefore

/ft d)\t = lim fn d)\t

n—oo

because the integral is by definition continuous on Zg()\;) (Ch. IV, &4,
No. 1, Def. 1).
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V.24, /. -3 to —1.
“Suppose that ¢ does not belong to N; U Ny ; the sequence (f,) con-

verges in mean in % (\;), and converges \;-almost everywhere to f. There-
fore fe () and [fd\, = lim [f,d\ (Ch. IV, §4, No. 1).”

Since t ¢ Ny we may construct f; € Z2(\;) as in the preceding Note;
in particular, f,, — f; A;-almost everywhere in X, and f, — f; in mean in
L0

Since t ¢ Ny, M is A\;-negligible, that is, f,(x) — f(z) for A\;-almost ev-
ery x € X; but already f,(z) — f;(z) for A\;-almost every z € X, therefore
f =f; M\i-almost everywhere. Since f; € £ (\;) we have also f € Z(\;)
and f, — f in mean in .Z}()\;), whence [fd\, = nan;offn d\¢ (Ch. 1V,
§1, No. 1, Def. 1).

In particular, since f is A\;-integrable we have ¢ ¢ H, and we have shown
that H C Ny U Ny ; therefore H is locally u-negligible (resp. p-negligible).

V.25, (. 2-4.

“...the function ¢ — [fd)\; is equal locally p-almost everywhere to
the limit of a sequence of y-measurable functions; it is therefore py-measur-
able.”

Since the f,, belong to J# we know (see the Note for V.24, ¢. 19, 20)
that the functions A(f,) : ¢ — [f,d\; are defined everywhere in T, are
essentially p-integrable (resp. p-integrable), and satisfy v(f,) = [ A(f,) du.
Moreover (see the preceding Note) for every ¢t € [(N; UNj) one has
fe Zi(\) and [f£,d\ — [fd);.

Define a function A(f) : T — F by the formula

lim ffn d)\t for ¢ € C(Nl U Ng)

(+) (A®) (1) = { R for t € Ny UN, .,

The functions SOC(NluNg)A(fn) are A\;-measurable and converge pointwise
on T to A(f), therefore A(f) is A;-measurable (Ch. IV, §5, No. 4, Th. 2).

Moreover, A(f,) — A(f) locally p-almost everywhere (resp. p-almost
everywhere) in T by (x).

V.25, (. 8-11.

“Now, the function ¢ [ ¥ g(x) dA¢(x) is essentially p-integrable (resp.
u-integrable) by Prop. 5. We may therefore apply Lebesgue’s theorem, which
yields

/ du(t) / f(@) d\i(a) = lim / du(t) / £,(2) dN () = lim | £ (2) dv(z). "
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b) With notations as in the preceding Note, consider first the case that
A is vaguely continuous, the A(f,) are p-integrable, and A(f,) — A(f)
p-almost everywhere in T'. By the case of a positive numerical function, we
know that the function A*(g) (defined everywhere on T') is u-integrable;
moreover, as just noted in the text, |[A(f,)| < A*(g) on C(N;UN3), that is,
p-almost everywhere in T . It follows from Lebesgue’s theorem (Ch. IV, §3,
No. 7, Th. 6) that A(f) is p-integrable and A(f,,) converges to A(f) in mean
for p, therefore [A(f,)dy — [A(f)du. Finally since, by construction,
f, — f in mean for v, we have

n—oo n—oo

/fdz/ = lim [ f,dv= lim [ A(f,)du= /A(f) du,

thus f satisfies (11).

a) Assuming only that f is v-integrable, we know that the (everywhere
defined) functions A(f,,) are essentially p-integrable, A(f) is p-measurable,
and A(f,) — A(f) locally u-almost everywhere in T'. By the case of a posi-
tive numerical function, the function A(g) : t — Af(g) (t € T) is essentially
p-integrable and A(g) = A*(g) locally p-almost everywhere in T. And
|A(f,)] < A*(g) on C(N; UNy), that is, locally u-almost everywhere in T.

Choose functions h,, k € £ (n) such that A(f,) = h, and A*(g) =k
locally p-almost everywhere in T (§1, No. 3, Def. 3). Then h,, — A(f) and
|hn| < |k| locally p-almost everywhere in T. Now, the sequence (h,(t)) is
Cauchy in F for locally p-almost every ¢ € T; but the set of t € T such
that (h,(t)) is not Cauchy, namely, the set

e=UN U #eT: ) hlo) >},

r=1N=1 mmn>=N, m#n

is p-moderated because the functions h,, — h,, are y-moderated; thus Q is
both locally negligible and moderated for p, hence is p-negligible (§1, No. 2,
Cor. 1 of Prop. 7), that is, the sequence (hy(t)) is Cauchy in F for p-almost
every t in T. Defining

lim h,(t) forteT—Q
0 fort € Q,

we have h,,(t) — h(t) p-almost everywhere in T, therefore h is y-measurable.
Similarly, since h, and k are p-moderated, we have |h,| < |k

p-almost everywhere. It now follows from Lebesgue’s theorem that h is

p-integrable, h,, converges to h in mean for p, and so [ h,dpy — [hdu,
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that is, [A(f,)dp — [hdp. Since h,, — A(f) locally p-almost every-
where, we have A(f) = h locally u-almost everywhere, therefore A(f) is
essentially p-integrable and

/A(f)d,u:/hd,u: lim [ A(f,)dp = lim fndy:/fdu,

thus f satisfies (11).

Remark. In case it is needed in the future: the foregoing argument shows
that Lebesgue’s theorem holds with “integrable” replaced by “essentially
integrable”, and “almost everywhere” by “locally almost everywhere”.

V.25, L. 17-19.
“Then g =f almost everywhere for \;, except for ¢t forming a locally
p-negligible set P (Cor. 1 ¢) of Prop. 3).”

We are assuming A is p-adequate and A\ (1) < +oo for locally p-almost
every t € T. Given an essentially v-integrable function g with values in F
orin R, let

He ={t € T: g is not \;-integrable}

and write A(g) for the function on T defined by

(@) (1) = /gd)\t for t ¢ Hg
0 for t € Hg;

we are to show that Hg islocally p-negligible, A(g) is essentially p-integrable,
and [A(g)du= [gdv.

The letter f was reserved for a v-integrable function such that g = f
locally v-almost everywhere, so that [gdv = [fdv (§1, No. 3, Def. 3), and
to which part a) of the theorem is to be applied; we can suppose that if g
is a numerical function then f € 2} (v), that is, all values of f are finite
(which facilitates subtraction). Writing

H={teT: f is not A\;-integrable},

we know from part a) that H is locally p-negligible, that the function A(f)

defined by
fd\, fort¢H
(A(f )) (t) = /

0 fort e H
is essentially p-integrable, and that [A(f)du = [fdv.
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The numerical function |g — f| is locally v-negligible; by the cited
Cor. 1 c) of Prop. 3, the set

P={tcT: \(g—f])>0}

is locally p-negligible. Thus the set P U H is locally p-negligible.

Suppose t € 0(PUH); then f is \-integrable (because ¢t ¢ H) and
g = f A\;-almost everywhere (because t ¢ P), therefore g is A\;-integrable, i.e.,
t € CHg, and [gd\, = [fd\;. In particular, H; C PUH, hence Hg is
locally p-negligible. Moreover, A(g) = A(f) on C(PUH), thus A(g) = A(f)
locally p-almost everywhere, whence A(g) is essentially p-integrable and

/A(g)d,u:/A(f)dp:/fdu:/gdy,

thus g satisfies (11).

V.25, (. —13, —12.
“...1it follows at once from the definitions that A’ is also u-adequate,
and that A and A’ have the same integral.”

Given two functions A :t+— Ay, A’ :t+— A, of T into .44 (X), such
that Ay = A} for locally p-almost every ¢ € T:

(i) If A is scalarly essentially p-integrable, with v = [ A, du(t), then
A’ is also scalarly essentially p-integrable and [ A, du(t) = [ A;du(t), that
is, v =v.

For, if f € #(X) then the functions

A st X(f) NS = ()

are equal locally p-almost everywhere in T; since A(f) is essentially
p-integrable so is A'(f) and v/(f) = p®(A'(f)) = p*(A(f)) = v(f) for
all f e #(X), whence the assertion.

(ii) If A is p-pre-adequate then so is A’.

For, for every lower semi-continuous function f > 0, A'(f) = A(f)
locally p-almost everywhere in T and

pt () = u* (A(F) = v () =v"*(f),

thus A’ is u-pre-adequate.

(iii) If A is p-adequate then so is A’. For, given any positive mea-
sure p < p, A = A’ locally p-almost everywhere and A is p-pre-adequate,
therefore so is A’.
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V.25, (. —6,—5.
“...the propositions proved in the preceding Nos. extend to p-adequate
functions defined locally p-almost everywhere.”

I don’t see anything here except notation: if one comes across a function
H of the indicated type, one should do business with a corresponding A,
with the understanding that the measure denoted [, du(t) is simply the
measure v = f At du(t) and depends only on H, or on the equivalence class
of A under the relation of equality locally p-almost everywhere.

The following theme seems to me more interesting: Start with a function
H:t—n (t € A), where A is a subset of T such that u*(T — A) =0
and 1, € #4(X) for all t € A. For each f € #(X) we have a numerical
function

H(f) st =n(f) (te€A).

Suppose that, by some miracle, for every f € #(X) the function H(f)
is essentially p-integrable, in other words that there exists a function ¢ in
Z (1) such that H(f) = ¢ locally p-almost everywhere in T (§1, No. 3,
first paragraph on p. V.9). One can unambiguously define v(f) = [gdu
and it is clear that v is a positive linear form on #(X), i.e., is a positive
measure on X. If A: T — .#,(X) is any extension of H to T with values
in #,(X), then, for every f € #(X), the function

A(f):t=X(f) (teT)

is equal locally p-almost everywhere to H(f), hence to some g € Z3(n),
thus A(f) is essentially p-integrable and [A(f)dp = [gdp; and since
H(f) = g locally p-almost everywhere, [ gdu = v(f), whence

(+) / A(f) dpi = ().

Summarizing: A is scalarly essentially p-integrable; [ A; du(t) = v, because
the left side of () is equal to ( [ A;du(t))(f); and A has the contemplated
relation to H.

Will any of this prove to be useful? (See also §4, No. 4, Remark.)
V.26, (. —6, 5.

“ N is a universally measurable set”

We are to show that the (numerical) function ¢y is universally measur-
able. For every t € T let V; be a compact (hence ‘universally integrable’)

neighborhood of ¢ in T'. By the Principle of Localization (Ch. IV, §5, No. 2,
Prop. 4) it suffices to show that for every ¢ € T there exists a universally
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measurable function g; : T — R such that goN‘Vt = gt|Vt. Now, ¢N|Vt is
equal to 1 on V;NN and to 0 on V; — V; NN, therefore

oN|Vi = ov,an|Vi;

since @v,nN is universally measurable (because Vi NN is a Borel set), the
functions g; = ¢v,nn meet the requirements.

V.26, (. —5.
“ f’ is a universally measurable function (Ch. IV, §5, No. 10, Prop. 16).”

The sets N and K; (¢ € I) are universally measurable and form a locally
countable family with union T, so it will suffice, by the cited Prop. 16, to
show that the restriction of f’ to each of these sets is universally measurable.
The function f’ ‘N is constant and the functions f’ ‘KZ are continuous; the
argument that they are all universally measurable is given in the Note for
V.22, /. 11-13.

V.26, /. —2.
“DEFINITION 3.”

We record here some more-or-less immediate consequences of the defi-
nition.

(i) If A:t+— N\ is pre-adequate for every positive measure on T with
compact support, then A is a diffusion.

For, if u is a positive measure with compact support then every positive
measure p' < p also has compact support (Ch. II1, §2, No. 2, Prop. 3).

(ii) If p is a positive measure on T and A : ¢t — \; is a mapping
T — #(X) such that A is p-pre-adequate, it is implicit that A is scalarly
essentially u-integrable (No. 1, Def. 1).

(iii) Let u be any positive measure on T. One knows that p is the sum
of a family (fq)aca of positive measures on T with compact support (§2,
No. 3, Prop. 4). Thus, if A : ¢t +— A is a diffusion then A is p,-adequate
(hence scalarly essentially j1,-integrable) for every «, but one does not know
whether A is scalarly essentially p-integrable.

However, if A is scalarly essentially u-integrable and if p is the sum of
a family (fq)aca of positive measures such that A is p,-pre-adequate for
every a,then A is p-pre-adequate and (with | signifying essential integral)

[rvdutt) =X [ Avduatt

aE€A

(see Proposition A in the Note for V.17, . —4).
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(iv) Let p be a positive measure on T. If a mapping A : ¢t — \; is
scalarly essentially p-integrable and if A is p-pre-adequate for every positive
measure 4 < p with compact support, then A is p-adequate (see part d)
of Exer. 8, worked out in the Note for V.17, £. —4).

(v) Let A:t— At be adiffusion T — .Z,(X) and let p be a positive
measure on T. In order that A be u-adequate, it is necessary and sufficient
that it be scalarly essentially p-integrable. (This is equivalent to Prop. 11
below.)

Necessity: (ii).

Sufficiency: By (iv) and the definition of a diffusion.

(vi) If A:tw— X is adiffusion T — #4(X) and if g € #;(X), then
the function A(g) : t — A¢(g) is universally measurable, and is integrable
for every positive measure on T with compact support.

For, let p be any positive measure on T, and write u = > p, with
acA
(ta)aea a family of positive measures on T with compact support. Since A

is a diffusion, it is po-adequate for every «, therefore A(g) is p,-measurable

for all @ (No. 1, Def. 1), whence A(g) is p-measurable (§2, No. 2, Prop. 2).
Suppose now that p is any positive measure with compact support.

Then A is p-adequate, and if v = [ A du(t) and g € #,(X), one has

1* (Alg)) =v*(9) = v(g) < 400,

thus A(g) is essentially p-integrable (§1, No. 3, Prop. 9). But p is bounded
(Ch. III, §2, No. 3, Prop. 11), hence moderated (§1, No. 2, Remark 2),
therefore every function on T is pu-moderated (loc. cit., Def. 2), whence
A(g) is p-integrable (§1, No. 3, Cor. of Prop. 9).

V.27, (. —14, —13.

1
“...then wu is not integrable for the measure = — & with
g M 5 Etn
n>1 "M
compact support”
1
i) The family of measures —¢&;, (n > 1) is summable: for, if
y 2 n
n
f € #,(T) then for every finite set J of integers > 1 one has

S (e ) ()= 30 i) <A1 Y < +oc,

neJ neJ n>=1

where || f| is the ‘sup-norm’ of f.

(ii) If h is a lower semi-continuous function > 0 on T then &/ (h) =
h(t) for every t € T.
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For, h is the upper envelope of the set &7 of all f € J, (T) such that
f < h, and, by definition,

ey (h) = sup &(f) = sup f(t) = h(t).
fed fed

{Since h is universally measurable (Ch. IV, §5, No. 5, Cor. of Prop. 8), it
follows that h is es-integrable < h(t) < 400 (loc. cit., No. 6, Th. 5).}

(iii) p*(u) = +oo (whence the assertion).

By definition, p*(w) is the infimum of p*(h) for all lower semi-continuous

functions h > wu, so it will suffice to show that p*(h) = +oo for all such h.
Indeed, by §2, No. 2, Cor. 3 of Prop. 1, one has

w(h) = Z (%atn)*(h) - Z %h(tn) > Z —u(ty) = +oo

n2
n n n

because %u(tn) >1.¢

An example. The computation in (ii) throws light on the formula
p = [ezdu(z) of Ch. III, §3, No. 1, Ezample 2, where it is restricted to
functions in . (X) and is merely a notation.

In the present context, consider the mapping A : z — &, of X into
M4 (X), that is, T =X and A\, = ¢, for all x € X. Since ¢, is bounded,
e* = & (§1, No. 2, Cor. 2 of Prop. 7), thus, for every function f > 0
on X, we have (A(f))(z) =e2(f) =ei(f) for all z € X. In particular, if
f e #.(X) the function

A(f) sz e (f) = ealf) = f(2)

is ‘universally integrable’; for every positive measure g on X and every

f e # (X) one has
pt (M) = p*(f) = u(f),

thus A is scalarly essentially p-integrable and v = y, that is, [ e, du(z) = p.
Moreover, the continuity of A(f) = f for every f € #,(X) shows that A
is vaguely continuous (better yet, see Ch. III, §1, No. 9, Prop. 13). {In fact,
A(f) = f for every function f >0 on X; see item (v) later in this note.}

If h is any lower semi-continuous function > 0 on X, by (ii) above one
has

(A(h)(z) = e3(h) = e5(h) = h(x),
thus A(h) is universally measurable (Ch. IV, §5, No. 5, Cor. of Prop. 8),
and, for every positive measure g on X,

ut (A(R)) = (k) = v* (h):
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thus A is p-adequate for every positive measure p on X, and in particular
A is a diffusion, indeed, a bounded diffusion (|le,|| =1 for all x).

Fix a positive measure p on X and consider a p-integrable function
f > 0. Let us apply No. 3, Th. 1, b): the set

H={xe€X: f isnot e,-integrable}
is p-negligible, the function
A(f)ra e e (f)

is p-integrable, and [ fdv = [ A(f)dp, that is

(%) /fduz/A(f)du-

As in the proof of the cited Th. 1, one extends this result, in particular (x),
to an arbitrary p-integrable function f by considering |f| = f™ + f~ and
f = ft—f. We shall show that the underlying reason for the equality (x) is
that A(f) = f p-almost everywhere; this entails a close look at the meaning
of e,-integrability.

Fix a point a € X.

(i) The key fact is that Supp(e,) = {a}. (See the Note for III.29,
0.2-4.)

(ii) The negligible sets for e, are the subsets of X — {a}, that is,
the subsets of X that do not contain a. For, X — {a} = CSupp(e;) is
eq-negligible; whereas if a € A C X then €¥(A) > £f({a}) = 1 because
©1a} = px = 1 g4-almost everywhere, therefore A is not e,-negligible.

For something to happen e,-almost everywhere in X, it is necessary
and sufficient that it happen at a; for, the set A where it does not happen
is e,-negligible if and only if a ¢ A..

For example, if f,g are functions on X then f = g e,-almost every-
where if and only if f(a) = g(a).

(iii) Every function f on X is g,-measurable (obvious from Ch. IV, §5,
No. 1, Def. 1, with N =K — {a}). It follows that f is e,-integrable if and
only if €¥(|f|) < +oo (loc. cit., No. 6, Th. 5).

(iv) A numerical function f is e,-integrable < f(a) is finite, in which
case [ fde, = f(a).

=: If f is g,-integrable, then the set A = {x € X : f(z) = £o0} is
negligible for ¢, (Ch. IV, §2, No. 3, Prop. 7), thus a ¢ A.
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<: If f(a) is finite, let g € #(X) with g(a) = f(a). Then g is
eq-integrable and f = g almost everywhere for ¢, , therefore f is g,-inte-
grable and

[ saca= [gde = ule) = ot0) = S,

(v) Summarizing (iii) and (iv): f is e4-integrable < ¥ (|f]) < +o0 <
f(a) is finite, in which case [ fde, = f(a).

If f>0 then £f(f) = f(a) always; for, if f(a) = +o0o then f is not
gq-integrable, so ) (f) = 400 = f(a). &

Returning to the discussion of a p-integrable function f, in the context
of Th. 1 of No. 3 we have

H={zeX: f is not g,-integrable}
={x € X: |f] is not ,-integrable}
={reX: [f(x)] =+oo},

and we know from (v) above that for = ¢ H one has

(A)) () = / Fdes = f(x);

thus A(f) = f p-almost everywhere, and the message of () is that

[tan= [ rav= [ ra(fe duta).

further justification for the notation p = [ &, du(z) of Ch. IIL

V.27, 0. —13 to —11.
“...contrary to the hypothesis on A, which implies that ¢+— A;(g) is
integrable for every positive measure with compact support.”

See item (vi) of the Note for V.26, ¢. —2.

V.27, ¢. —10,-9.
“Conversely, the conditions 1) and 2) imply that A is scalarly essentially
u-integrable for every measure p with compact support.”

Conditions 1) and 3) imply that A is scalarly essentially u-integrable
for every positive measure with compact support, but stating 3) requires
knowing that v = [ A, du(t) exists; thus we must infer from 1) and 2) that
A is scalarly essentially u-integrable.

Given g € . (T), we must show that the mapping A(g) : t — A¢(g)
is scalarly essentially u-integrable; since it is y-measurable by 1), it suffices
to show that u* (A(g)) < 400 (Ch. IV, §5, No. 6, Th. 5).
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By assumption the set K = Supp(u) is compact. By 2), every point
of T has a neighborhood on which A(g) is bounded; therefore A(g) is
bounded on K (cover K with a finite number of such neighborhoods). Say
oxA(g9) < Mk, where M < +o00; since u(CK) =0, ¢k = 1 p-almost
everywhere, therefore

A(g) = pxA(g) < Mpk p-almost everywhere,

whence p*(A(g)) < Mp*(K) < 4o00.
Remark. Note that the above proof cites 1) only for f € J#, (X) .

V.28, (. 4.
“ A is scalarly essentially p-integrable”

See the Remark at the end of the preceding note. This property is
required for the application of No. 1, Prop. 2.

V.28, /. 10.
“...we shall denote by Af the mapping t — A$(f).”

The notation Af is consistent with the notation A(f) used earlier in
these notes (see, e.g., the note for V.20, £. —4 to —2), but is more restric-
tive. The restrictions: A must be a diffusion, and f must be a universally
measurable function > 0.

V.28, ¢. 10,11.
“If p is a positive measure on T such that A is scalarly essentially
p-integrable ... ”

As is the case when A is u-pre-adequate (No. 1, Def. 1), in particular
when g has compact support (Def. 3).

V.28, (. 12-14.
“The definition of the integral then takes the form

(u, f) = (u, Af)  for fe A (X). 7

By “the integral” is meant the measure puA = [ A\, du(t). The displayed
condition is

(uB)*(f) = p*(Af) forall fe A (X);

by employing the symbol pA, it presumes that the given diffusion A is
scalarly essentially u-integrable and recapitulates the definition of the mea-
sure v = [ A du(t),

v(f)=p*(Af) forall fe #(X),



INT V.x77 INTEGRATION OF MEASURES 63

which is formula (1) of No. 1 written for a diffusion A.

{It can’t be the definition of [ A;du(t), as the presence of the diffusion
A requires (via the definition of adequacy) that one already know how to
define the integral of a scalarly essentially p-integrable mapping t — A,
(t € T). There is here a bit of potential incest that is to be avoided.}

V.28, /. 16-18.

“...this amounts to saying (in view of Prop. 8) that A is scalarly
essentially p-integrable and (u'A, f) = (u/, Af) for every positive measure
1 < poand every lower semi-continuous positive function f.”

(i) Suppose that the diffusion A is scalarly essentially u-integrable and
satisfies the stated condition. Then, for every positive measure p' < p,
one knows that A is scalarly essentially p’-integrable (see the Note for V.17,
0.12,13), so that the measure p'A = 1/ is defined; and, for every lower semi-
continuous function f > 0, Af is universally measurable by 1) of Prop. 8,
so the assumption that

VI (f) = W (AS)

for all such f says that A is p/-pre-adequate, and this, for every positive
measure p' < p, thus A is p-adequate (No. 1, Def. 1).

(ii) Conversely, if g is a positive measure on T such that A is
u-adequate, then it is clear from No. 1, Def. 1 that A is scalarly essen-
tially p-integrable and satisfies the stated equality for every positive measure
1 < poand every lower semi-continuous function f > 0 (with the added
spice, via 1) of Prop. 8, that Af is universally measurable).

It turns out (Prop. 11 below) that the stated condition is superfluous:
the diffusion A is p-adequate for a measure p > 0 if and only if it is scalarly
essentially p-integrable. {See also item (v) in the Note for V.26, ¢. —2.}

V.28, /. 19-28.
“PROPOSITION 10.”

See the next Note.

V.28, /. 28.
“See also the next proposition.”

An excellent suggestion. Prop. 11 has already been verified in an earlier
note (item (v) in the Note for V.26, £. —2): the proposition says that if A is
a diffusion and p is a positive measure on T, then A is uy-adequate if and
only if it is scalarly essentially u-integrable. The proof of Prop. 10 can then
be conducted as follows.
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a) Since f and g are universally measurable, so are f + g and af.
For every t €T,

MN(f+9)=X(f)+A(9  (§1, No. 1, Prop. 2)
Af(af) = aXi(f) (loc. cit., Prop. 1)
thus
A(f+g) = (Af)(E) + (Ag)(t) = (Af + Ag)(t)
Alaf) = t— a(Af)(t) = (a(Af)) (1),

whence A(f +g) =Af+ Ag and A(af) = a(Af).

b) Assuming that A is p-adequate and v-adequate, so that, in partic-
ular, A is scalarly essentially integrable for both p and v, we are to show
that A is (u + v)-adequate and that (u+ v)A = puA + vA, that is,

/ Ned(+0)(t) = / Nedu(t) + / M du(t).

Let f € #(X). Since A is scalarly essentially integrable for both p and v,
we know that Af is essentially integrable for both p and v, that is,

A EZ WNZ () =Z (u+v)

(in the Note for V.10, ¢. 13,14, see item (i) of Cor. 3 of the Theorem there),
therefore Af is essentially (1 + v)-integrable and

(4 v)*(Af) = p®(Af) +v*(AS)

(81, No. 1, Prop. 3); thus A is (u+ v)-scalarly essentially integrable—hence
(1 + v)-adequate by Prop. 11—and, for every f € . (X),

(L +)A)*(F) = (+ )" (Af) = p* (Af) + v (Af) = (LA)* () + (VA)*(f)

by the definition of adequacy (No. 1, Def. 1), that is,

(e +)A)"(f) = (A +vA)*(f)

(§1, No. 1, Prop. 3), whence (u + v)A = pA + vA (§1, No. 1, comment
preceding Prop. 1).
Similarly for apu .

V.28, /. —11 to —9.
“PROPOSITION 11.”

See item (v) in the Note for V.26, . —2.
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V.29, 4. 6,7.

“COROLLARY 1.7

Note that [[M\¢|| = Af(1) < +o0 and ||u|| = p*(1) < 4+oo (Ch. IV,
§4, No. 7, Prop. 12); moreover, A\f = A\ and p® = u* because bounded
measures are moderated (§1, No. 2, Remark 2 and Prop. 7).

To show that A is p-adequate, it suffices (Prop. 11) to show that Ag is
p-integrable (hence essentially u-integrable) for every g € 1 (X). At any
rate, Ag is universally measurable (Prop. 8). For all ¢ € T one has

0 < Aulg) <Al lgll < 1A gl

thus Ag is bounded and

p*(Ag) < IAIHIgll (1) = A gl Il < 400,

therefore Ag is p-integrable (Ch. IV, §5, No. 6, Th. 5). Thus A is scalarly
essentially p-integrable and

(nA)(g) = p*(Ag) < [[Al gl Nl -

Then, for every g € % (X), one has

[(e)(9)] < (ud)(lgl) < Mgl Al

thus the measure pA is bounded and ||pAll < ||A] [|u]| -

V.29, (. 12.
“It suffices to apply the Corollary of Prop. 1 of No. 1.”
To set the stage slightly differently, let © = > po, where (pa)aca is

acA
any summable family of positive measures on T.

The cited Corollary says that A is scalarly essentially integrable for p if
and only if it is scalarly essentially integrable for every u, and the resulting

measures [, A are summable, in which case > poA = pA.
a€cA
In the light of Prop. 11, one can replace “scalarly essentially integrable”

by “adequate”.

V.29, /. 15-19.
“PROPOSITION 12.”

Prop. 5 pertains to a mapping A : ¢t +— A; and a measure g such that
A is u-adequate in part ¢) but may be u-pre-adequate in parts a) and b) (see
the comments following No. 1, Def. 1); for simplicity, a global assumption of
pu-adequacy is imposed on No. 2, where Prop. 5 appears.
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In the context of a diffusion A, even if the statement of Prop. 5 only
assumes that A is scalarly essentially u-integrable, Prop. 11 ensures that it
is p-adequate. Prop. 5 remains more general than Prop. 12 in that f is only
required to be measurable for v = uA ; the reason that f is assumed to be
universally measurable in Prop. 12 is that the notation Af requires it.

At any rate, in the notations of Prop. 12, writing v = pA = [ A du(t),
formula (13) says that

vA(f) = (Af);

when f is v-moderated, this is the relation (9) given by part a) of Prop. 5,
and when the measures \; are bounded it is the (same) relation (9) given
by part ¢) of Prop. 5 (where the \; are only required to be bounded for
locally p-almost every t € T).

V.29, (. —11 to —9.
“COROLLARY.”

One is assuming, as in Prop. 12, that pu is a positive measure on T such
that the diffusion A is p-adequate, and that f is a universally measurable
function > 0 on X.

If X is countable at infinity then every numerical function on X is
moderated for every positive measure on X (in particular, f is moderated
for pA). Thus the hypotheses in the Cor. fulfill the hypotheses in Prop. 12,
consequently Af is p-measurable and (13) holds. But, by the definition of
diffusion, the role of u in Prop. 12 can be played by any positive measure
on T with compact support, therefore Af is universally measurable by
Prop. 6 of No. 4.

From the foregoing we can extract the following, for application in No. 6:

SCHOLIUM. Let A be a bounded diffusion of T in X and let f >0 be
a universally measurable function on X. Then:

(i) Af is a universally measurable function on T;

(i) if p is a positive measure on T that belongs to the domain of A,
then (uA, f) = (. Af), that is, (A)*(f) = u*(Af).

(i) of p is a bounded positive measure on T, then p belongs to the
domain of A (hence (uA, fy = {(u,Af)), pA is a bounded positive measure
on X, and |[pAl] < |[p]l [|A]]

For, (i) and (ii) follow from the present Corollary, and (iii) is the con-
clusion of Cor. 1 of Prop. 11.

V.30, (. 4.
“Set vy = N 7

See item (iii) in the preceding Note: since H is a bounded diffusion of
X in Y and A; is a bounded measure on X, \; belongs to the domain
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of H and [N H| < ||\l ||H||, whence [[A\H| < [|A]l ||H||; moreover, if f is
any universally measurable function > 0 on Y, the function

Hf s o= n3(f) =03 (f)

on X is universally measurable and (A\:H, f) = (\;, Hf), that is,

v (f) = AL (HS).

V.30, (. 4-6.

“...we shall denote by I" the mapping AH of T into .Z,(Y), and
by T'f the function t— (v, f) (an abuse of notation, since we do not yet
know whether I' is a diffusion).”

This No. is about the composition of diffusions, an operation that is
applied to mappings. How are we to regard a diffusion as a mapping? Let
me count the ways ...

1° When mappings A : ¢ +— \; were introduced in No. 1, clearly A was
being regarded as a mapping T — #, (X).

2° But A also induces a mapping % (X) — Z.(T): if f € F,(X)
the corresponding element of .# (T) is the function

t= N(f) (teT),

which we have been denoting in these notes by A(f) (with parentheses)
since the Note for V.17, £. 12,13; in this sense, A : .7, (X) — .Z,(T).

3° Finally, if A is a diffusion, we have a correspondence pu — uA,
where “p is in the domain of A”. It is time to introduce a notation for “the
domain of A”; 1 propose writing

Dn ={p€ #.(T): A is p-adequate }.

Then A may be regarded as the mapping A : Py — A4 (X) defined by
w— uA (n € Zy). It is this perspective that is appropriate for the compo-
sition of diffusions: given diffusions A of T in X, and H of X in Y, if a
measure p on T belonging to 2, is such that the measure pA on X be-
longs to Zy , then we may form the measure (uA)H on Y ; such measures p
form the domain (in the set-theoretic sense) of the composite mapping AoH
(resp. Ho A) according as mappings are written to the right (resp. left) of
the elements on which they act.

A mildly instructive example is the bounded diffusion ¢ — ¢; of T
in T considered in the Note for V.27, £. —14,—13; let us denote it by E.
As shown there, every positive measure g on T is in the domain of E and
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pE = p; that is, 9y = #(T), and E as a mapping of measures is the
identity mapping on .Z, (T). As functions acting on the right,

Den={pe€ M (T): pE=p€ Dy} =9

and p(EA) = (WE)A = pA; thus EA = A. Similarly P, = %4 and
AE = A . Of course
{et: t€T}C Dy,

and if g € #,(T) then the computation

(eth, g) = (e, Ag) = €7 (Ag) = (Ag)(t) = Mi(9)

shows that ;A = \;; thus, when A is restricted to this subset of %
(vaguely homeomorphic to T), the result is in effect the presentation of A
as a function T — Z, (X).

V.30, £. 6-28.
“Then (v, f) = ... in the course of the above proof.”

The main goal is to prove that the mapping I' : ¢t — ~; of T into
A+ (Y) is a (bounded) diffusion of T in Y; the notation I' = AH is
proposed for it, but the relation of the notation with the set-theoretic com-
position of mappings remains to be developed (see item (viii) below).

The proof is essentially a repeated application of one or more parts
of the Scholium in the Note for V.29, . —11 to —9 (referred to briefly as
Scholium).

All numerical functions occurring in the proof will, one way or another,
be universally measurable. It is helpful to ‘color-code’ the functions: the
letter f is reserved for a general universally measurable function > 0 on Y ;
g for an element of # (Y); and h for a lower semi-continuous function > 0
on Y ; they are eligible to be acted on by I' or H, to produce functions on T
or X. Until it is established that I' is a diffusion, we provisionally employ
the notation I'(f) (with parentheses) for the mapping t — ~; (t € T).

(i) By the Scholium, if f > 0 is a universally measurable function on Y
then Hf is a universally measurable function on X and, since the bounded
measures A; belong to the domain of H, one has

(AtH7 f) - <At7Hf> )
that is, 7 (f) = Af(Hf) for all ¢ € T; in other words,
(%) I'(f) = A(HS)

for every universally measurable function f >0 on Y.
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{The parentheses on the left side of (%) are provisional, pending the
status of I'; on the right side, they group together the symbols that make
up the universally measurable function on which A is acting.}

(ii) Let f > 0 be a universally measurable function on Y. By (i),
Hf is universally measurable on X. Since A is a bounded diffusion of X
in Y, it follows from the Scholium that A(Hf) is a universally measurable
function on T and, for every measure p € Y5 (the domain of A),

(uh, Hf) = (u, A(HS))

that is, (uA)*(Hf) = p®(A(Hf)). Combined with (x), this shows that
['(f) = A(Hf) is a universally measurable function on T, and

(%) (1, T(f)) = (u, A(HS)) = (uA, HS)

for every universally measurable function f >0 on Y and every pu € Zj .

(iii) If p is any bounded (positive) measure on T, then the mapping
F:t—~y=XMNH (t €T) is scalarly essentially p-integrable.

Given any g € #4(Y) we are to show that the function I'(g) is essen-
tially p-integrable; by (ii), I'(g) = A(Hg) is universally measurable, so it will
suffice to show that p*(T'(g)) < 400 (§1, No. 3, Prop. 9). The computation

(Hy) (@) = n.(9) < el gl (x € X)

shows that 0 < Hg < |[H| ||g]|, therefore
A (Hg) < [H[ gl A7 (1) = [IH[ gl 1Al < ] gl 1A

for all t € T, whence 0 < A(Hg) < ||H|||lgll||A]|. Thus the universally
measurable function I'(g) = A(Hg) is bounded, hence it is integrable for the
bounded measure .

Anticipating that A will prove to be a diffusion, we denote by ul' the
integral [~ du(t) of T' (without relinquishing control to auto-pilot).

(iv) If p is a bounded measure on T, then (uA)H = ul.

Here, pI' is the measure on Y defined in (iii). Since p is a bounded
measure on T, by the Scholium p € P, and pA is a bounded measure
on X, whence puA € Py and (puA)H is a bounded measure on Y. For
every g € 44+ (Y),

(ul'yg) = (1, T'(g)) = (uA, Hg) = (LA)H, g)

by the definition of uI', the equality (xx), and the fact that uA € Py ; thus
the measures puI' and (uA)H on Y are equal.
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(v) T is a diffusion (hence is a bounded diffusion).

Assuming g is a measure on T with compact support, we know from
(iii) that T' is scalarly essentially u-integrable, and we write ul' for its
integral [~;du(t). We are to show that I' is p-adequate, and since the
positive measures p’ < p also have compact support, it suffices to show
that T" is p-pre-adequate.

Given any lower semi-continuous function A > 0 on Y, we must show
that I'(h) is p-measurable (already noted in (ii)) and that

(uD)* (h) = p*(T(h)),

that is, (uI',h) = (u,T'(h)). Indeed, since p and pA are bounded and h
is universally measurable, one has

(ul', h) = ((ud)H; h) = (A, Hh) = (p, A(HR)) = (1, T'(h))

(the first equality by (iv), the second and third by the Scholium, and the
fourth by (xx). Thus I' is a diffusion.

Finally, |v:|l = |AH|| < X\l [|H|| < JA]| [|[H|| < 400 by the Scholium,
thus the diffusion I' is bounded.

(vi) If p € 25 and pA € Py (so that pA and (pA)H are defined)
then p € Zr and pl' = (uA)H.

Since I' is a diffusion, it suffices by Prop. 11 to show that I' is scalarly
essentially p-integrable. Given g € J#,(Y) we are to show that I'g is
essentially p-integrable.

At any rate, I'g and Hg are universally measurable (Scholium) and

(1, Lg) = (u, A(Hg)) = (A, Hg) = ((pA)H, g)

(the first equality, by (#x); the second, by the Scholium applied to A;
the third, because pA € Zy), and the last expression on the right is
the result of applying the measure (uA)H to g € #5(Y) hence is finite.
Thus (u,T'g) < +oo, that is, u®(l'g) < 400, therefore T'g is essentially
p-integrable (§1, No. 3, Prop. 9).

Thus p € Pr . But then, for every g € #,(Y) one has

(ul',g) = (1, Tg) = (kA)H, g)

consequently upl' = (uA)H.

(vii) By definition, AH is a notation for T'; thus, assuming that u €
and pA € Py, we know from (vi) that u € Zzp; we are to show that the
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following equalities hold for every universally measurable function f > 0
on Y:

(Ul f) = (uAHf) = (0, Tf);

(5 (WAJH = T A(Hf) = Tf

In the first line of the display, the first equality holds by (%), while
(ul', f) = (u, T f) holds by the Scholium.
In the second line, the first equality holds by (vi), the second by (x).

(viii) Let A: ¢+ A\ and H: z — 1, be bounded diffusions of T in X
and of X in Y, respectively. If p is any bounded positive measure on T
then, by the Scholium, u € P, and pA is bounded, hence pA € Py . Thus,
viewing A and H as mappings

N9y — #(X), H:Dy— #.(Y),

the domain of the composite mapping (A followed by H) is nonempty. In
this context, let us write diffusions on the right of elements of their domain,
so that the composite in question is Ao H (thus p(AoH) = (uA)H). We
have shown in (vi) that

WE Dpyon = peZr and p(AoH) = (pA)H = pul';
thus, identifying mappings with their graphs, we have the inclusion
AoHCT,

that is, AoH C AH. The inclusion may be proper. {For example if 1, =0
for all x € X, then Hg =0 for all g € #,(Y), and so

(v6,9) = (MH,g) = (A, Hg) =0 forall t € T;

thus T'g = 0 for all g € #,(Y). If p is any positive measure on T then,
for every g € #,(Y), I'g = 0 is essentially p-integrable, therefore p € Zr
(Prop. 11); thus 9r = #,(T), whereas Ppoy C Za, which may be a
proper subset of .#(T).}

Thus T' is an extension of A o H, of which, in a sense, it is the ‘com-
pletion’.

V.30, (. —2, 1.
“It follows at once from Prop. 13 that

(A1A2)A3 = A (AgA3) .7



83 INTEGRATION OF POSITIVE MEASURES INT V.x86

Say Ay :x1 — A\, € A1 (Xy) for 27 € Xy. Let us write I' = AjAg,
a bounded diffusion of X; in Xj; for z; € X;, A;, is a bounded measure,
hence belongs to the domain of Ay, and, writing ~,, = A, A2, one has
I':zy— 7, (x1 €X1). Then

(a) (AlAg)Ag = FA3 A 7x1A3 = ()\xlAg)Ag (.CCl S Xl) .
On the other hand,
(b) Al(AgAg) x> )‘:171 (A2A3) (1’1 c Xl) .

Since (Az, A2)As = Ay, (A2A3) by the equation in the southwest corner
of the array (15), the mappings (a) and (b) are equal.
V.31, (. 4-8.

“...one defines diffusions A and H by the formulas

At = Eu(t)s MNe = Eo(a);

the diffusion I' = AH is then given by

Ve = E(wou)(t) -
If fe #Z,(X) then the function

t= A(f) = euq (f) = f(ult) = (fou)(t)

is bounded and universally measurable, hence is integrable for every bounded
measure on T, therefore:

(i) A is scalarly essentially p-integrable for every bounded positive mea-
sure p on T';

(ii) A is ‘vaguely universally measurable’, that is, vaguely measurable
for every measure y on T

(iii) A is p-adequate for every bounded positive measure p on T,
by (i), (ii) and Prop. 2, b) of No. 1; in particular,

(iv) A is p-adequate for every positive measure p on T with compact
support, hence is a diffusion. And |[A\;|| =1 for all ¢, so A is a bounded
diffusion of T in X.

Similarly H is a bounded diffusion of X in Y.

Then I"' = AH is defined by

:t— MH=¢,nH;
but, for every g € #,(Y),
(euyH, 9) = (euy, Hg) = (Hg) (u(t)) = nu)(9) = u(uy)(9) »
thus e, H = €(youy(r) for all t € T, whence

I':it— NMH= 5u(t)H = E(vou)(t) -
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¢4. INTEGRATION OF POSITIVE POINT MEASURES

V.31, (. —15.
<T@ AN () = [ @) dh() = £(7 () g(t) 7
The assertion is that AJ(f) = A (f) = f(7(¢))g(t). Since X; is a
bounded measure, A\f = A\ (§1, No. 2, Cor. 2 of Prop. 7).
If g(t) =0 then A\, =0, so Af(f) =0, and f(m(t))g(t) =0 (even if

f(m(t)) = +o0).
Otherwise, 0 < g(t) < 400 and A; = g(t)e () , whence

A () = 90 (F) = () f(x(2))
by item (v) of the Example in the Note for V.27, ¢. —14, —13.

V.31, (. —13,-12.
“Every function (with values in a topological space) defined on X is
Ar-measurable for every ¢t € T.”

See item (iii) of the Example cited above.
V.31, 4. —12,—11.

“Every mapping f of X into a Banach space F is A\;-integrable for all
teT,and [f(z)d\(z)="F(n(t))g(t).”

If g(t) =0 then A\, = 0 and it is trivial that f is A;-integrable with
integral 0. {The gory details are worked out at the end of this note.}

Otherwise 0 < g(t) < 400 and Ay = g(t)er) . We know that f is
measurable for A;; moreover,

M) = gtz () = g(8) - [f] (7 (1)) < +o0

(the second equality by item (v) of the above-cited Ezample), therefore f is
A¢-integrable (Ch. IV, §5, No. 6, Th. 5).
It remains to show that

[ tin=tx)a® = o) Eom)0).

Given any continuous linear form u on F, it suffices to show that

(%) u(/fdAt> — g(t) - (wo £)(n(1)).
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By Th. 1 of Ch. IV, §4, No. 2, uof is \;-integrable (see also the next Note)
and
u(/fd)\t> :/(uof)d/\t§

Jwenan =g / (w0 £) derqry = g(t)(u o £) (n(1))

(the second equality, by item (iv) of the above-cited Example), whence the
asserted equality.

{Write 6 for the zero measure on X. One has 6*(|f|) = 0; for, (g) =0
for every g € #,(X), therefore 8*(h) =0 for every lower semi-continuous
function h > 0 (Ch. IV, §1, No. 2, Def. 2), whence 6*(f) = 0 for every
numerical function f > 0 (loc. cit., No. 3, Def. 3). In particular |f| is
-negligible for every function f with values in a Banach space F orin R,
thus f = 0 almost everywhere for 6, whence f is #-integrable with inte-
gral 0 (p.1V.33,¢. —3).}

V.31, ¢{. —10 to —8.

“Finally, if f is an arbitrary numerical function defined on X, for f
to be A\s-integrable it is necessary and sufficient that f (W(t))g(t) be finite,
in which case [ f(z)dX\(z) = f(n(t))g(t).”

As shown in item (iv) of the above-cited Ezample, f is integrable
for e,y if and only if f(7(t)) is finite, in which case [ fderq) = f(7(t)).
Then,

[ is A¢-integrable < Ay =0 or f is e,()-integrable
& g(t)=0 or f(m(t)) is finite
& g(t)f(m(t)) is finite,

in which case the asserted equality is evident from the preliminary remark.

V.31, (. —4,-3.

“2° For every function f € 4 (X), the mapping t — f(m(t))g(t) is
essentially p-integrable.”

Defining A\; = g(t)erq for t € T, the validity of 2° for every
f € A (X) says that the mapping A : ¢t — A\, € 4 (X) is scalarly es-
sentially p-integrable (§3, No. 1).

Conversely, if the assertion in 2° holds for every f € % (X), then it
holds for every f e % (X); for,

(fomg=((f"—f)omg=(fTomg—(f om)g
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is then the difference of finite-valued essentially integrable functions, hence
is essentially integrable.

It is important here that ¢ is finite-valued; eventually (No. 4, Remark
below), g may be defined only locally p-almost everywhere and may have
infinite values.

V.32, (. 9-11.

“In the general case, the set of compact subsets K of T such that the
restrictions of © and g to K are continuous is p-dense (Ch. IV, §5, No. 10,
Prop. 15)”

Proof #1: The mapping f(t) = (m(t),g(t)) of T into X x R is
p-measurable (Ch. IV, §5, No. 3, Th. 1, with « the identity mapping on
X xR), and its compositions with the coordinate projection mappings are 7
and g;if K is a compact set in T such that f ‘K is continuous (the set of
such K is p-dense by the cited Prop. 15), then 7T|K and g‘K are continuous.

Proof #2: Writing K for the generic compact subset of T, we know
that the sets

R ={K: 7|K is continuous }, & ={K: g|K is continuous }

are pu-dense in T by criterion a) of the cited Prop. 15 (with A = T'); it will
clearly suffice to show that the set

A={KNK': K€ &, and K' € &,}

is also p-dense. To this end, we verify that K satisfies the conditions (PLy),
(PLyp) and b) of Ch. IV, §5, No. 8, Prop. 12.

(PLy): If KNK’ € 8 and B is a closed subset of KNK’, then B C K
and B C K, whence Be R, N R, andso B=BnNB € K&.

(PLyp): Suppose K; NK] and Ky NKY belong to 8. Then the set
B = (K; NK/})U(KsNKY) is a closed subset of the set

(Ki UKs) N (K] UK)) € R,

hence B € 8 by the property (PLy) just proved.
Incidentally, & = R, N R, . For, & C R N K, since KNK’ is a closed
subset of K and of K'; whereas if K € R, N &, then K=KNK € {&.

b): Let Ky be a compact subset of T, let £ > 0, and choose K € &,
and K’ € R so that K C Ky, K’ C K( and

nKo —K) <e/2, (Ko —K')<e/2;
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then KNK' € 8 and Kg— KNK' = (Ky—K) U (Kg — K’), whence
(Ko — KNK') <e.

Remark. From here on, the proof that A is py-adequate is straightfor-
ward.

Example. If m and g are universally measurable, and g is bounded,
then A is a bounded diffusion and ||A|| =]g] -

For, if f € #(X) then ¢ g(t)f(m(t)) is universally measurable and
bounded, hence p-integrable for every bounded positive measure p on T.
By the part of Prop. 1 already proved, the mapping A : t +— A\, = g(t)er(p) is
u-adequate for every bounded positive measure p, hence for every positive
measure with compact support. Thus A is a diffusion (§3, No. 5, Def. 3)
and || A¢]| =g(t) forall t € T.

V.32, (. 18-20.
“The set R of compact sets K C S such that g‘K is continuous and
A‘K is vaguely continuous is u-dense in S (Ch. IV, §5, No. 10, Prop. 15)”

It is well to pause over the concept of vague measurability introduced
in §3, No. 1 (whose definition is subtly different from that of vague continu-
ity). To say that A is vaguely continuous means that for every f € J#(X),
the function Af :t— \(f) = (A, f) is continuous (loc. cit.). Whereas:

To say that the mapping A : T — .#(X) is vaguely p-measurable means
that when .Z(X) is equipped with the vague topology, A is p-measurable
in the sense of Ch. IV, §5, No. 1, Def. 1; this is equivalent to the condition
that the set Kj of all compact sets K in T, such that the restriction
A‘K : K — #(X) is continuous, is u-dense in T (loc. cit., No. 10, Prop. 15);
and, for a compact set K in T, K € 8y means that for every f € #(X),
the numerical function ¢ — A(f) (¢t € K) is continuous, that is, Af|K is
continuous.

{CAUTION. It is clear that if A is vaguely p-measurable, then for
every f € J(X) the numerical function Af is p-measurable since, in the
foregoing notations, &y C Ray, so that the p-density of £, implies that
of Ras (the set of all compact sets K such that Af |K is continuous; clearly
Ry satisfies (PLy) and (PLyr) of Ch. IV, §5, No. 8, Prop. 12, and f5 C Ry
ensures that it satisfies criterion a) of that Proposition). Problem: When is
the converse true?}

Since S is a pu-measurable subset of T and the restriction A|S has a
(vaguely) p-measurable extension to T (namely A itself), it follows that
A‘S is p-measurable (see criterion ¢’) in the Note for IV.79, ¢. 3,4).

Similarly, g‘S is p-measurable. {Alternate proof: the extension by 0 of
g|S to T is the py-measurable function gpg, therefore g|S is pu-measurable
by criterion d) of the cited Prop. 15.}
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With K denoting the generic compact subset of S, we know from cri-
terion a) of the cited Prop. 15 that the sets

Aps = {K: A!K is continuous }, Rgs = {K: g‘K is continuous }

are pi-dense in S. Obviously fsNRys = R (the set in the assertion). One
proves, as in the preceding Note, that the set

{KOK/: KE.QMS and K/Eﬁms}

is p-dense in S and is equal to & (with S playing the role of A in Ch. IV,
§5, No. 8, Prop. 12).

V.32, (. 21,22.
“...and this implies the continuity of T‘K (Ch. II1, §1, No. 9, Prop. 13).”

By the cited Prop. 13, the mapping = +— ¢, (z € X) is a homeomor-
phism of X onto a subspace & of .#(X), whence the continuity of the
composite

t— A —

1
— N =€, t teK),
g(t)t Exry = () ( )
where the last mapping is the restriction of the inverse homeomorphism
& — X to the subspace {e; : t€ K} of &.
V.32, /. —14 to —9.
“Lemma.”

The following graphics help to keep track of the numerous players in
the otherwise elementary proof.

) = {inf{g(t) : w(t) ==z} when z € n(T)

+00 when z € X — 7(T).
T—" X
g f
R R

The range of 7 determines a partitioning of T into the sets of constancy
of 7: that is, the relation R{t,t'{ < 7w(t) = w(t') defines a quotient set T/R
whose elements are indexed by the elements of the range of 7, thus there is
a bijection 7(T) — T/R, namely

ze 7({z})  (zen(T)).
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Then g defines a numerical function gg : T/R — R that assigns to an
equivalence class the infimum of the restriction of g to that class:

gr 7 ({o}) > inf g7 ({2}) (2 €n(T));

the definition of the function f: X — R then takes the form

o) — gR(%l({x})) when z € w(T)
/) { +o0 when z € X — 7(T).

V.32, (. —1.
“...and nonempty”

Since f(z) < a < +o0, 7r1(ac) is nonempty by the definition of f .
V.32, (. —1 to V.33, (. 1.

‘...there exists a t € #(m) such that ...”

Recall that the restriction of ¢ to any subspace S of T is lower semi-

continuous, since {t € S: g(t) <a}=SN{teT: g(t)<a}.

V.33, ¢.10,11.
“For every numerical function f >0 defined on X,

W / " fla)dv(z) = / T F () gty du(t) .

We know that the mapping A : ¢ +— \; = g(t)er() is p-adequate (No. 1,
Prop. 1), thus (1) is known to hold for every lower semi-continuous function
f =0 (83, No. 1, Def. 1); the miracle of (m,g) is that (1) holds for every
function f > 0.

V.33, (. 13-15.
“By formula (4) of §3, No. 1, v*(1) = [, g(t) ) < 400, so that all
of the measures that figure in formula ( ) are bounded 7

Since 1 is lower semi-continuous, by the cited formula (4) one has

(*) V(1) = / du(t) / 1d); .

The crux of the matter is the calculation

/ L = X) = N = [l = 90 leno | = g(t) < 400
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(the second equality by §1, No. 1, Prop. 4; or by the fact that \; is bounded,
hence moderated, cf. §1, No. 2, Prop. 7). Thus () may be written v*(1) =
u®(g), or, since p is bounded,

v*(1) = u*(g)-

Next, we note that ¢ is p-integrable. Since p has support K, px =1
u-almost everywhere, therefore g = pxg p-almost everywhere, so it suffices
to show that @kg is p-integrable. Indeed, pkg is p-measurable and is
bounded (because g‘K is continuous), hence it is integrable with respect to
the bounded measure p ; therefore g is p-integrable and

u*(g)z/gdu=/sngdu=/Kgdu

(the last equality is merely a notation). Finally
v¥(1) = p*(g) = /gdu < +oo0,

thus v is bounded and |v|| = [gdp.
V.33, (. —12.
“In view of formula (6) of §3, No. 2 ...”

The context here is the p-adequate mapping A :t+— Ay = g(t)er ) , for
which the cited formula (6) yields

[ r@ane) = [Cauw) [T ani.

where f*f(w) d\i(z) = f(7(t))g(t) (V.31,¢. —15) and p® = p* (preceding
Note), thus

/?wmmw>/?wwmwmw»

V.33, (. —5, 4.
“...let u be the function (h+ €)/g, which is lower semi-continuous
in K.”

The function u: T — R is defined by

h(t) +¢
u(t) = g9(t)
+00 when ¢(t) =0.

when g(t) >0
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The assertion is that u‘K is lower semi-continuous; thus, given any a € R,
we are to show that the set

Ke={teK: u(t)<a}
is a closed set in K. From the definition of u, it is clear that

h(t) + ¢
g(t)

If a <0 then K, =@ because u© > 0. If a =0 then

h(t) +¢
9(t)

because the fraction is > 0. So we can suppose that a > 0. Then

K,={teK: g(t) >0 and <a}.

Ko={teK: g(t) >0 and <0} =0

={teK: g(t) >0 and h(t)+ ag(t) }
={teK: h(t)+e<ag(t)}
—{teK: h(t)+e—agt) <0}
since h‘K is lower semi-continuous, and (& —ag) ‘K is finite and continuous,

their sum is lower semi-continuous (GT, IV, §6, No. 2, Prop. 2), therefore
K, is closed.

V.34, 0. 1,2.
“for every x € X let v(z) be the infimum of u(t) for t € #({w})ﬂK.”
Note that 711({1‘}) NK = ‘K ({z}), thus v(x) = +oo when

z ¢ m(K) = (7|K)(K) since (r|K)~!'({z}) =2 and tleng = 400 by conven-
tion.
V.34, (. 3, 4.

‘...it is lower semi-continuous on X by the Lemma (applied to the
restriction of m to K)”

The measure p has compact support K, but it is a measure on T . The
Lemma is purely topological, thus we are concerned here exclusively with
topology. The picture is

7K

K X

u|K v

R R
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The meaning of the parenthetical remark is that, in the Lemma,
K plays the role of T, 7w|K plays the role of w, u‘K plays the role of g,
and v plays the role of f; thus the recipe for v is the one prescribed for f
in the Lemma. Since wu is lower semi-continuous, so is its restriction to K.
Finally, it must be noted that the continuous mapping F‘K is proper; this
follows from the compactness of K (GT, I, §10, No. 2, Cor. 2 of Th. 1).
Thus the hypotheses of the Lemma are fulfilled.

V.34, (. 4,5.
“...and v(m(t))g(t) < h(t) +e for all ¢ € K (recall that the first
member is zero by convention if g(t) =0).”

Let t € K. By the parenthetical remark, we can suppose that g(t) > 0.
Set x = 7(t). By definition,

v(z) = inf{u(s) : s € 7({z}) NK} < u(t)

because t € ;rl({w}), then

by the definition of w.
V.34, (. 7-9.

/*f(x) dv(z) < /*v(w) dv(z)
(1) = [(olr@natydute) < [ () + 2) dutt
:/mwmmmwmu

{Incidentally, the desired inequality (3) is trivial if p*(h) = +o00, so we
can suppose (to reduce the stress level) that h is u-integrable.}

The first inequality follows from v > f, and the last equality, from
¢k = 1 p-almost everywhere (because Supp p C K ). The second inequality
results from

o((w(t)g(t) < h(t)+e forteK,

equivalently (v o m)gek < (h+ ¢)pk everywhere on T, and the fact that
(vom)g = (vom)gpk p-almost everywhere.
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It remains to verify the first equality. Since the mapping A : ¢ +— A,
is p-adequate (No. 1, Prop. 1) and v > 0 is lower semi-continuous on X,
formula (4) of §3, No. 1 is applicable and yields

/. v(x)dv(z) = /. du(t) /. v(x)dA(x),

that is, v*(v) = p®((vom)g) (p. V.31, £. —15). Since v is lower semi-
continuous and y is bounded, this may be written v*(v) = p*((v o m)g),
which is the asserted equality.

V.34, (. 13,14.
“...the set R of compact subsets K of T such that the restrictions of
m and g to K are continuous is p-dense (Ch. IV, §5, No. 10, Prop. 15).”

See also the Note for V.32, £. 9-11.

V.34, (. 16,17.

“...the pair (m,g) being p,-adapted for every a € A ”

If (m,g) is p-adapted, then it is p/-adapted for every positive measure
poS

1° 7 and g are p’-measurable (because p-negligible sets are p’-negligi-
ble);

2° every essentially u-integrable function is essentially p/-integrable; in-
deed, writing p” = p— p’, one has 7 (1) = yl(u’) nz' (1) (see Corol-
lary 3 in the Note for V.10, ¢. 13,14).
V.34, (. —8 to —6.

“COROLLARY.”

We propose to apply Th. 1 to the function f = ¢n. Since gy o7 =
©r-1(N), by Th. 1 one has

V*(N) =v(on) = 1 ((en 0 m)g) = p® (Pr-10)9);

thus N is locally negligible for v if and only if the set

{teT: (prrng)(t) £0} = F(N)N{t € T+ g(t) #0}

is locally negligible for u (§1, No. 1).

V.35, (. 3, 4.
“...for every function ¢ € #(X), ¥ o is continuous with compact
support, since 7 is proper ”



INT V.x97 INTEGRATION OF MEASURES 84

Let K be a compact set such that ¢y =0 on X — K. If w(ﬂ(t)) #0
then m(t) € K, thus

{t: Wom)(t)#0} C 7(K);

since 7 is proper, #(K) is compact (GT, I, §10, No. 2, Prop. 6), therefore

Supp(pom) = {: (Gom)(t) #0} C 7(K),

whence Y om € #(T).

V.35, (. 4,5.
“...the pair (m,g) is therefore p-adapted”

The functions 7 and g are universally measurable and, for every
Y € H(X), the function (¢ o m)g is continuous with compact support,
hence is integrable with respect to every measure on T. Thus (m,g) is, so
to speak, ‘universally adapted’, that is, y-adapted for every positive measure
pwon T.

Remark. It then follows from No. 1, Prop. 1 that the mapping
At N = g(t)eq is p-adequate for every positive measure p on T,
in particular for every positive measure with compact support, thus A is a
diffusion of T in X (§3, No. 5, Def. 3) whose domain is all of .Z(T).

See also the Example in the Note for V.32, £. 9-11.

V.35, (. 5,6.
“...the mapping t+ g(t)er() is vaguely continuous.”

For every ¢ € ¢ (X), the mapping ¢ — g(t)e ) () = ¥((7(t))g(t) is
continuous (with compact support), whence the assertion (§3, No. 1).

Thus, for the diffusion A :t+— Ay = g(t)er(1) (see the preceding Note),
A = (Yom)g e #L(T) for all ¢ € #,(X).

V.35, £. —10.
“1° f(z) > f(z) for all z € X (since g(t) >0 forall t e T).”

If # ¢ m(T), then f(z) = 4+oc and the inequality is trivial. If z € 7(T)

then f(x) is defined as an infimum over %1(:5), now, for every t € %1(:5)

one has
B h(t
f(z) = f(ﬂ(t)) < ﬁ

by the choice of h, and taking the infimum over ¢ € %l(ac) yields f(z) <
f(z).

~—
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V.35, (. 9.
“2° f(m(t))g(t) < h(t) foral teT.”

Fix t € T and set @ = 7(t). Thus f(7(t)) = f(z) is defined as an
infimum over ;rl(:n) Now, ;Tl(l‘) is compact since 7 is proper (GT, I, §10,
No. 2, Th. 1), and h/g is lower semi-continuous on T, hence on 711(@"),
therefore h/g attains its infimum on %1(:5) (GT, 1V, §6, No. 2, Th. 3).
Thus there exists a point to € 7r( ) such that

Fla) = 10) M) ol s € R,

g(to) ~ g(s)

and in particular f(z) < h(t)/g(t), whence f(m(t))g(t) < h(t).

V.35, /. —2 to V.36, /. 4.
“PROPOSITION 3.7

The main players:

T — T +X
g f
R, G

V.36, (. 7.
‘...is p-dense in S (Ch. IV, §5, No. 10, Prop. 15).”

Since 7 is p-measurable, its restriction to the py-measurable set S is
pu-measurable in the sense of loc. cit., Def. 8 (because 7T‘S has an extension
to T that is p-measurable, namely m itself; see the condition ¢”) in the
Note for IV.79, ¢. 3,4). Therefore K is p-dense in S by the equivalent
condition a) of the cited Prop. 15.

V.36, (. 8-10.

‘...1it therefore suffices to prove that for every K € K, the set of com-
pact subsets H of K, such that the restriction of fow to H is continuous,
is p~dense in K (Ch. IV, §5, No. 8, Prop. 13).”

Write § for the set of all compact subsets H of S such that (fom) |H is
continuous. One sees easily that §) satisfies the conditions (PL1) and (PL1y)
of loc. cit., Prop. 12, that is: if H € § then every closed subset of H belongs
to $; and if Hy,Hy € § then H; UHy € $ (GT, I, §3, No. 2, Prop. 4).

Thus if, for every K € &, the set of all H € $ such that H C K is
shown to be p-dense in K, it will follow from the cited Prop. 13 that $
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is p-dense in S, and this will establish that (f o 7T)|S is p-measurable by
criterion a) of Ch. IV, §5, No. 10, Prop. 15.

Review of the cited Prop. 13: With the notations K and $ as in that
Prop., given K € K& note that the set of H € § such that H C K is the
trace HNK of H on K, that is,

(HeH: HCK}={HNK: HeH}.

For, the inclusion C is immediate from H = HNK; whereas if H € §) then
HNK € 9 (because $ satisfies (PL;)), whence the inclusion DO .

The message of Prop. 13: If K and § are sets of compact subsets of the
pu-measurable set A, such that (i) K is p-dense in A, (ii) HNK is pu-dense
in K for every K € 8, then $ is also p-dense in A .

(A kind of ‘transitivity’ of u-denseness.)

V.36, (. 14,15.

“KnN ;Tl(N) is p-negligible by virtue of the Cor. of Th. 1 of No. 2”

By the cited Cor., the set SN %1(N) is locally p-negligible, therefore
KnSn ;Tl(N) is p-negligible (Ch. IV, §5, No. 2, Prop. 5); and K C S.
V.36, (. 15.

“...thesets KN ?Tl(Cn) are compact”

For, KN #(Cn) = (7|K)~*(Cy) and 7|K is continuous.

V.36, (. 16.
“...the restriction of fom to each of the latter sets is continuous”

. . . . -1 -1
Since W‘K is continuous, so is W‘Kﬂ 7 (Cp). Thus 7 maps KN« (C,)
continuously into C,; but f ‘Cn is continuous, therefore f o m maps

Kn ;Tl(Cn) continuously into G.

V.36, (. 17.
“...the restriction of fom to S is y-measurable.”

As in the Note for £. 810, write $ for the set of all compact sets
H C S such that (f o7)/H is continuous. We know that $ satisfies
(PLp) and (PLy) of Ch. IV, §5, No. 8, Prop. 12; to show that (fo)|S is
p-measurable, it will suffice to show that § is p-dense in S (loc. cit., No. 10,
Prop. 15, criterion a)).

We know that the set & of all compact subsets of S on which 7 is
continuous is p-dense in S. To show that $ is p-dense in S, it will suffice
to show that for every K’ € R, the trace of $ on K’, namely, the set

S =HNK ={HeH: HCK'},
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is p-dense in K’ (loc. cit., No. 8, Prop. 13, with T playing the role of X
in Prop. 13, and S the role of A). Since $ satisfies (PL;) and (PLy;), so
does Hk’ .

Let K’ € K. To show that $k is p-dense in K’ it will suffice to show
that $k- satisfies the criterion c¢) of loc. cit., Prop. 12 (with T playing the
role of X, K’ the role of A, and $k: the role 8). Thus, let K be any
compact subset of K’. Then K € 8. Apply to K the arguments of the first
part of the proof to produce a partition

K=(Kn7(N) Ul JKNT(C,),

where KN 711(N) is p-negligible (¢. 14,15) and KN #(Cn) € $ for all n
(€. 16); since KN %1(Cn) C K c K’, one has KN %1(Cn) € 9k, and the
criterion c) is verified.
V.36, (. —17.
“...let us show that N is locally r-negligible.”
It will then follow from criterion a) of Ch. IV, §5, No. 8, Prop. 12 that
£ is p-dense (in X).
V.36, (. —14.
“...is by hypothesis p-dense in S (Ch. IV, §5, No. 10, Prop. 15).”
The argument for this is given in the Note for V.32, /. 9-11.

V.36, (. —13.

“It therefore suffices to prove that #(N) N H is p-negligible for every
He9n.”

By criterion a) of Ch. IV, §5, No. 8, Prop. 12.

V.36, (. —12 to —10.

“ w(H) is compact and may be identified with the quotient space of H
by the equivalence relation w(t) = 7(¢t'), 7 being identified with the canon-
ical mapping of H onto this quotient space (GT, I, §5, No. 2, Prop. 3).”

Since W‘H is a continuous mapping of the compact space H into the
Hausdorff space X, it is a closed mapping hence is eligible for application
of the cited Prop. 3. One has the diagram

H—P2 ou/R—D ) L X,

where R is the equivalence relation in H defined by = (t) = n(t’). The
elements of H/R are the sets of constancy of 7T‘H. Let us write ¢ for the
equivalence class of t € H, that is,

i=HN7(x(t)) = (x[H) (1) (¢t €H);
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thus p(t) = ¢ for t € H, h(t) = w(t) for { € H/R, and i is the canonical
injection of w(H) into X.

By definition, H/R bears the quotient topology, that is, the final topol-
ogy for the mapping p, and the topology of the subspace w(H) is the initial
topology for the mapping ¢. By the cited Prop. 3, h is a homeomorphism,
therefore the topology on 7w(H) is also the final topology for h; by transi-
tivity (GT, I, §2, No. 4, Prop. 7) the topology on m(H) is the final topology
for the mapping hop:H — w(H), which is the mapping F‘H :H— 7(H).

Consequence: a mapping 7w(H) — G will be continuous if and only if
its composition with 7r|H is continuous (loc. cit., Prop. 6).

V.36, £. —10 to —8.

“Since the restriction of foxw to H is continuous, the restriction of f
to w(H) is therefore continuous”

The continuity of (f om)|/H = (f|r(H)) o (x|H) implies the continuity
of f!ﬂ(H) by the preceding Note.

V.36, ¢. -2 to V.37, (. 2.
“Remark.”

One is contemplating Prop. 3 with G = F (a Banach space).

Suppose (fom) |S is y-measurable. This is equivalent to the measurabil-
ity of the function h = (forr)epg , because h is the extension by 0 of (fomr)|S
to T (Ch. IV, §5, No. 10, Prop. 15, criterion d)). Then hg is also measur-
able on T (loc. cit., No. 3, Cor. 5 of Th. 1). Since S={teT: g(t) #0}
one has g = psg, therefore (fom)g = (fom)psg =hg is measurable.

Conversely, assume that (f o 7)g is measurable. The function g|S is
measurable (its extension by 0 to T is the measurable function ¢ ) and takes
its values in ]0, +00[ ; composing it with the continuous function u(a) = 1/a
on 0, +o0o[, it follows that the function

1
—t—1/g(t) (t€X9)
gl8
is measurable by loc. cit., No. 3, Th. 1 as generalized to measurability on S
(see item No.3, Th. 1’ in the Note for IV.80, ¢. —17 to —14). Let k be the
1
extension by 0 of g to T; since k is measurable on T, sois (f om)gk,
g
therefore the function ((f o m)gk) ‘S is measurable. In other words, since
gk=1on S, (fom)[S is measurable.

Note: The argument is valid for the case that G = R ; in particular,
the equality of h and the extension by 0 of (f o 7r)|S to T is assured by
the convention (+o00)-0=0.
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V.37, (. 15,16.
“The measures p and v are then bounded”

Let K=Supppu. Then pg =1 p-almost everywhere.

Boundedness of p: ||p|| = p*(1) = p*(¢k) = p*(K) < +00.

Boundedness of v: For every h € J#,(X), one has v(h) = u®((hom)g),
which can be written v(h) = p*((h o m)g) since p is bounded (§1, No. 2,

Prop. 7). By assumption, g‘K is bounded, equivalently, gpk is bounded.
Thus

(hom)g=(hom)gpk  p-almost everywhere,

where h o m and gpx are bounded and p-measurable; the bounded
p-measurable function (how)gek is integrable for the bounded measure p:

p*((hom)g) = p*((hom)gex) < |||l lgexll *(1) < +o0,

whence v(h) < ||| |lg|K]| ||x]| . Thus v is bounded and [jv|| < ||lg|K]| [|x]|-

V.37, ¢.17,18.

“...the function f(7(t))g(t) is then p-integrable, and the relation (9)
is verified, by Th. 1 of §3, No. 3.”

By No. 1, Prop. 1, the mapping A : t — A\ = g(t)aﬂ(t) is u-adequate,
hence part a) of the cited Th. 1 is applicable.

V.37, (. 19, 20.
“f is then v-measurable (No. 3, Prop. 3 and Remark)”

Since (f om)g is p-integrable, it is pu-measurable; it follows from the
cited Remark (or its analog for G = R) that (f o W)‘S is p-measurable,
therefore f is v-measurable by Prop. 3.

V.37, (. —5,—4.
“The pair (g,m) is obviously p,-adapted for every a € A”
See the Note for V.34, ¢. 16,17.

V.37, (. —2, 1.

“Since the argument of A) may be applied to the measures iy, v, , the
first part of the statement then follows from Prop. 3 of §2, No. 2.”

Suppose f is essentially v-integrable. By the cited Prop. 3 (and the
boundedness of the v, ), f is v,-integrable for every «, and

(i) / fdv = Z / fdv,  (absolutely summable).

acA
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By Part A), the function h = (f o 7)g is u,-integrable for every «, and

(i) /fd,ya = /hdua.

But |f| is also essentially v-integrable, and (|f| o7)g = |h|, therefore |h| is
lo-integrable and

(ii*) / 1] dv, = / b djtg -

The equality

() [ istar =5 [ s,

acA

holds by §2, No. 2, Prop. 1 (with no restrictions on f). Now,

Z/.|h|dua:Z/|f|dua:/.|f|d1/<+oo

a€A acA

by (ii®), (i*) and the essential v-integrability of f; it then follows from the
cited Prop. 3 that h is essentially p-integrable and

(iii) /hd,u = Z /hd,ua (absolutely summable) .

acA

Combining (i), (ii) and (iii), we see that

/fdu: Z/fdua: Z/hdua:/hdu,
aEA acA
thus (9) is verified

Conversely, suppose h = (f o7)g is essentially u-integrable. For every
a € A, h is p,-integrable, hence f is v,-integrable by Part A). It follows
that f is v-measurable (§2, No. 2, Prop. 2); and, since |h| is also essentially
lio-integrable, the equality (ii®) holds for every «. Then

[ itlar =" [l = Y [ bldua = [ bldu < 400
a€A

acA

(the 1st and 3rd equality, by §2, No. 2, Prop. 1, the 2nd equality by (ii®)),
therefore f is essentially v-integrable, and the relation (9) holds by the first
part of the argument.
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V.38, (. 4,5.
“The second part of the statement therefore follows from the first part
and Proposition 2.”

By the cited Prop. 2 and the inequality (1) of §1, No. 1, we have the
diagram (where h = (f o 7)g):

vi(E) = ve(If])
| :
pr(f) = p*(h))

If f is v-integrable, then the (equal) elements of the first column are
finite, f is v-measurable, and v*(|f|) < 400, therefore f is essentially
v-integrable (§1, No. 3, Prop. 9); whence, by the first part of the statement,
h is p-measurable (and more), and since p*(|h|) = v*(|f|) < 400, h is
p-integrable (Ch. IV, §5, No. 6, Th. 5). The argument is symmetric in f
and h: If h is py-integrable, then the (equal) elements etc.

In this case, we have equality in the last column (by the first part of the
statement) and, since integrable functions are moderated (§1, No. 3, Cor. of
Prop. 9), equality in the top row and in the bottom row (loc. cit., No. 2,
Prop. 7), thus all four corners are equal.

V.38, (. —15 to £. —13.
“The statements of Ths. 1 and 2 and of Prop. 3 remain valid when =«
and ¢ are only assumed to be defined locally almost everywhere.”

With the notations (7,¢) and (7', ¢’) as in the immediately preceding
text (7’ and ¢’ defined only locally p-almost everywhere), write

v= [ Ndutt) = [ gz dute).

We know that for f € #(X), the function (fom)g is essentially u-integrable
and

(for")g =(fom)g locally u-almost everywhere,

where (f on’)g’ is only known to be defined locally p-almost everywhere.
By definition (§1, No. 3, Def. 3) there exists a function h € .Z(u) such
that (f om)g = h locally p-almost everywhere, and one writes

Jtromgdn= [ hau;
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then also (fon’)g’ = h locally p-almost everywhere, therefore, by the same
Def. 3, (fon’)g’ is said to be essentially u-integrable and one writes

[trewrgdu= [hau= [(somgan.

This motivates defining the symbol [ ¢'(t)er ) du(t) to be equal to the
measure v, with A} = ¢'(t)e/(+) defined only locally p-almost everywhere
(cf. V.25, £. —6,—5).

Re Theorem 1: Assume f >0 on T. The left side of (1) for (7’,¢’)
is, by the definition of [ ¢/(t)eq ) du(t), equal to v*(f), thus is the same
as for (m,g). On the right side of (1), for (7, g) we have p®((fom)g). The
function (fon’)g’, defined only locally p-almost everywhere, satisfies

(for")g = (fom)g locally y-almost everywhere ;

by the extension of the notation p°® to functions > 0 defined only locally
p-almost everywhere, one therefore has

p((fom)g') = p®((f om)g),
that is, the right side of (1) for (#’,¢’) is by definition equal to the right
side for (m,g). Thus the extension of Th. 1 to (n’,¢’) is simply a matter of
notation.

Re the first part of the statement of Theorem 2: Simply a matter of
notation.

Re the second part of the statement of Theorem 2: The terms “contin-
uous” and “proper” are not appropriate for functions defined only locally
almost everywhere. With (7, ¢) as in the statement, one assumes that =’
and ¢’ are functions, defined locally p-almost everywhere in T, such that
7' =m and ¢’ = g locally p-almost everywhere. The rest is simply notation.

{For the record: “proper” is defined only for continuous mappings (GT,
I, §10, No. 1, Def. 1). Thus, the expression “continuous proper function”
would be redundant; but the expression “proper continuous function” is not,
since not every continuous function is proper.}

Re Proposition 3: The new element here is S. With (7/,¢’) and (7, g)
related as above, suppose (7,¢g) satisfies the hypotheses of Prop. 3. Let

S"={teT: ¢'(t) is defined and 0 < ¢'(t) < +o0 }.

Since g = ¢’ locally p-almost everywhere, S and S’ differ at most by a
locally p-negligible set, thus g = ¢g locally p-almost everywhere in T,
whence S’ is also y-measurable. Moreover, (for’)|S’ and (for)|S are equal
locally p-almost everywhere; since their extensions by 0 to T are then equal
locally p-almost everywhere, it follows that (fon’ )|S’ is p-measurable if and
only if (fom)|S is p-measurable (Ch. IV, §5, No. 10, Prop. 15, criterion d)).
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§5. MEASURES DEFINED BY NUMERICAL DENSITIES

V.38, /. —10 to —3.
“PROPOSITION 1.”

There is a problem here: each of the conditions a), b), c¢) implies that
the function g is defined almost everywhere (not merely locally almost ev-
erywhere).

To set the stage, we note that, for a mapping g defined locally
p-almost everywhere in T and taking values in a topological space F, the
domain of g, being the complement of a locally negligible set, is measurable
(Ch. IV, 85, No. 2, sentence following Def. 3); the following conditions are
therefore equivalent:

(i) g is measurable in the sense of loc. cit., No. 10, Def. 8;

(ii) g has a measurable extension to T (see the condition ¢”) in the
Note for IV.79, ¢. 3,4);

(iii) every extension of g to T is measurable (Ch. IV, §5, No. 2,
Prop. 6).

Re a): The assertion that gy is integrable means that the function
gpy (hence also g) is defined almost everywhere, and is equal almost ev-
erywhere to an everywhere-defined integrable function (Ch. IV, §4, No. 1,
last paragraph).

Re b): For the symbol f*]g]goK dp to be defined, it is necessary that
the function |g|pk (hence also g) be defined almost everywhere (Ch. IV,
§3, No. 2, next-to-last paragraph).

Re c): Similar to a).

What is the problem? In Def. 1 below, a function g is defined to be
locally integrable if it satisfies the conditions of Prop. 1. It follows from the
foregoing that if f is a function defined locally almost everywhere but not
almost everywhere, then f cannot be locally integrable—even if it is equal
locally almost everywhere to a locally integrable function g-—contrary to
the assertion immediately following Def. 1.

PROPOSED REMEDY: In the statement of Prop. 1, replace ‘integrable’
by ‘essentially integrable’, and [ * by [*.

{So far, the essential upper integral | ® has only been applied to every-
where-defined positive functions (§1, No. 1). For a function f defined lo-
cally almost everywhere in T and > 0 locally almost everywhere, define
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[*fdu = [° f*du, where f* is any function, defined and > 0 at every
point of T, such that f = f* locally almost everywhere; for example, let
f" be the extension by 0 of f to T andlet f* = f'ppy, where N is the
set (locally negligible) of points ¢t where f(¢) is defined and < 0.}

Prop. 1 then takes the form:

PROPOSITION 1'. — Let g be a function defined locally almost every-
where in T (for the positive measure ), with values in a Banach space F
(resp. in R). The following properties are equivalent:

a') For every point t € T, there exists a neighborhood V of t such that
the function gev is essentially p-integrable.

b’") The function g is u-measurable and, for every compact set K C T,
J* Iglex dp < +o00.

c) For every numerical function h € J#(T), gh is essentially
p-integrable.

Proof. a’) = b’): Assume that g satisfies a’), and let g’ be its extension
by 0 to T. To say that gyvy is essentially integrable (with respect to u)
means that there exists a function f € &} (resp. f € %5 when the values
of g are in R) such that gpy = f locally almost everywhere (§1, No. 3,
first paragraph on INT V.9). Since g = g’ locally almost everywhere, one
has g’y = f locally almost everywhere, therefore g’¢y is also essentially
integrable, and in particular measurable (Ch. IV, §5, No. 2, Prop. 6).

To show that g is measurable, it suffices to show that g’ is measurable.
For every t € T, by assumption there exists a neighborhood V; of ¢ such
that gpy, is essentially integrable, and so g’¢y, is essentially integrable,
say g'¢v, = f; locally almost everywhere, where f; € 4} (resp. f; € 4} ).
If W; is a compact neighborhood of ¢ such that W; C V;, then

g'ow, = (&ev,)pw, = fipw,

locally almost everywhere, where fipw, is integrable (Ch. IV, §5, No. 6,
Cor. 3 of Th. 5); replacing V; by W, , we can suppose that V, is integrable,
hence moderated (§1, No. 2, Def. 2). Moreover g’¢y, is integrable, since it
is essentially integrable and moderated (§1, No. 3, Cor. of Prop. 9). Define
g: = g'pv, . Forevery t € T, g; is a measurable function such that g’ = g;
everywhere in V;, consequently g’ is measurable by the cited Principle of
localization (Ch. IV, §5, No. 2, Prop. 4).

If, moreover, K is any compact set in T, then, by the argument of
the text, the measurable function g’'¢x satisfies [ >|<|g’|<,0K dp < 400, hence
g’k is integrable; since gyx = gk locally almost everywhere, gpi is
essentially integrable and (by the convention about [ * proposed above)

° ° *
/ IgIsOKduz/ Ig’lwxduz/ g’k dp < 400
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(the second equality by §1, No. 2, Prop. 7, 2)).

b’) = ¢’): Assume that g satisfies b’). Since g is measurable, its
extension g’ to T by 0 is measurable. As noted in the preceding paragraph,
g’k is integrable for every compact set K in T, hence [ >|<|g’|g0K dp < +00.
By the argument in the text, if h € J(T) then g'h is integrable, and
since gh = g'h locally almost everywhere, it follows that gh is essentially
integrable (§1, No. 3, second paragraph after Def. 3).

c’) = a’): Assume that g satisfies ¢’), and let g’ be its extension by 0
to T. Since g is defined locally almost everywhere, g = g’ locally almost
everywhere. If h € #(T), by assumption gh is essentially integrable, and
since g’h = gh locally almost everywhere, it follows that g’h is essentially
integrable, and, being moderated, it is integrable. By the argument in the
text, for every t € T there exists a neighborhood V of ¢ such that g’¢v
is integrable, and since gpv = g'¢v locally almost everywhere, govy is
essentially integrable. {

An equivalent form of Prop. 1’ is as follows (my guess is that this is
what the author had in mind, and that the version in the text was intended
as a more memorable paraphrase):

PROPOSITION 1”. — Let g be a function defined locally almost every-
where in T (for the positive measure ), with values in a Banach space F
(resp. in R), and let g’ be the extension of g to T by 0. The following
properties are equivalent:

a") For every point t € T, there exists a neighborhood V of t such that
the function g'ov is p-integrable.

b”) The function g is p-measurable and, for every compact set K C T,
S8 ok dpp < +00.

c) For every numerical function h € 2 (T), g'h is p-integrable.

Proof. We will show: a’) < a”); b’) < b”); ¢/) & ¢”). Since g is defined
locally almost everywhere, we know that g = g’ locally almost everywhere.

a') < a’): Assuming g satisfies a), it is shown in the proof of Prop. 1’
that for every t € T there exists a neighborhood V of t such that g’y is
integrable.

Conversely, if g’y is integrable then, since gpyv = g'¢v locally almost
everywhere, gpy is essentially integrable.

b’) < b”): At any rate, since g is defined on a measurable set, we
know that g is measurable if and only if g’ is measurable. Moreover, for
every compact set K C T, one has gyk = g'vx = (gpk)’ locally almost
everywhere, whence

[} L[] *
/ Iglsaxduz/ Ig’lwxduz/ g’k dp
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the first equality by the definition of the left member, the second because
lg'|pk is moderated. Thus

° *
/ glek dp < 400 & /Ig’lsoKdu<+oo;

since gpk is measurable if and only if (gyk) = g'pk is measurable, this
can also be expressed by saying that gpk is essentially integrable if and
only if g’k is integrable (§1, No. 3, Prop. 9).

c') & ¢”): Similarly, for h € #(T),

[ [ ] k
[ ttldi= [Clghldn = [Cghldn.

° *
/|gh|d,u<+oo & /|g’h|du<+oo,

thus

whence gh is essentially integrable if and only if g’h is integrable. {

It remains to see how the proposed modifications will play out in the
rest of the text.

V.39, (. 20, 21.
“If g is locally f-integrable, then every function equal to g locally
almost everywhere is locally integrable.”

Let f and g be functions defined locally almost everywhere in T,
with values in F (or R.), such that f = g locally almost everywhere, and
let " and g’ be their extensions by 0 to T. Then f’ =g’ locally almost
everywhere and, for every numerical function h € J#(T), one has

f'h = g’h almost everywhere

(because the set K = Supp h is compact). In detail, the set

N={t: £'(t) # &'(t) }

is locally negligible, and, if f'(t)h(t) # g'(¢t)h(t) then h(t) = 1 (by the
convention +oo -0 =0) and f'(t) # g'(¢t), whence t € NN K, which is a
negligible set (Ch. IV, §5, No. 2, Prop. 5).

It follows that f’h is integrable if and only if g’h is integrable (Ch. IV,
§5, No. 6, Th. 5 and No. 2, Prop. 6, and §2, No. 3, Prop. 6); thus f is
locally integrable if and only if g is locally integrable, by the criterion c”)
of Prop. 1” in the preceding Note.
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V.39, (. 21,22.
“It is clear that the sum of two locally integrable functions is locally
integrable.”

See the next Note.

V.39, (. 22-24.
“The functions with values in F, everywhere defined and locally inte-
grable for 6, form a vector space denoted 4! (T,0;F)”

For, if f,g € 4! (T,6;F) and « is a scalar, then, for every h € #(T),
one has
(f+g)h=fh+gh and (af)h = a(fh),

and the assertion is immediate from criterion c¢”’) of Prop. 1” in the Note for
Prop. 1.

The assertion of the preceding Note is an immediate consequence of the
following:

Proposition. In order that a function g with values in a Banach space F
(resp. in R) be locally integrable for a complex measure 6 on T, it is neces-
sary and sufficient that it be equal locally almost everywhere to a function f
in AL (T,0;F) (vesp. LL.(T,0;R)).

Proof. Sufficiency: Immediate from the Note for ¢. 20, 21.

Necessity: Suppose g is locally integrable (in the sense of Def. 1),
consider first the case that g takes its valuesin F, and let g’ be its extension
to T by 0. Then g’ also takes its values in F, and since g’ = g locally
almost everywhere, g’ is locally integrable by the Note for £. 20,21, thus
f = g’ meets the requirements.

Suppose now that the locally integrable function g takes its values
in R. The foregoing argument is thwarted by the fact that g may have
infinite values; let us show that g is finite locally almost everywhere.

Let A be the domain of g, so that the set N = [ A is locally negligible,
and let

M={teA: g(t)=2o00};

to show that M is locally negligible, it will suffice to show that for every
compact set K C T, the set KN M is negligible. By criterion b”) of

Prop. 1” in the Note for Prop. 1, f*\g’]goK d|f| < +oo, therefore |g'|pk is
finite almost everywhere (Ch. IV, §2, No. 3, Prop. 7), thus the set

{t: (g'vx){t) =200} ={t€K: t€e A and g(t) =t} =KNM

is indeed negligible. Thus, g is finite on the set A — M, whose complement
N UM is locally negligible.
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Then the function f = g'pa—y on T is finite-valued and f = g
locally almost everywhere, therefore f is also locally integrable, whence
fe 4 (T,0;R).

loc

V.39, (. 26,27.
“...the topology defined by the semi-norms g — [ ‘gng| d|f|, where
K runs over the set of compact subsets of T.”

It may be useful to pause to get a feeling for the topology just defined.
For the (locally convex) topology defined by a set of semi-norms, see TVS,
I1, §1, No. 2, or §37 of my book LFAOT.(!)

For each compact set K C T, let pk be the semi-norm on iﬁ}m =
2L (T,0;F) defined by pk(g) = [ |glek d|f]. Equip 4. with the locally

convex topology generated by the semi-norms pg . Our objective is to prove
the following:

Proposition. If E is a topological vector space and u: E — Z!_is a
linear mapping, the following conditions are equivalent:

a) wu is continuous;

b) for every compact set K in T, the semi-norm px ou on E is
continuous.

The proof is accomplished in two lemmas.

Lemma 1. Let T' be a set of semi-norms on a vector space G and let
7(T") be the (locally convex) topology on G generated by I'; a semi-norm p
on G is continuous for 7(I") if and only if p < p; + -+ p, for a suitable
finite set of semi-norms p; € I' (TVS, 11, §1, or LFAOT, p. 151, 37.15 and
37.17).

In particular, a semi-norm p on %!  is continuous if and only if
p < cpg for some scalar ¢ > 0 and some compact set K C T. For, if p is
continuous, say p < pk, + -+ pk, (Lemma 1), then p < n - pk,u..UK,;
conversely, if p < c¢pk then the continuity of p is immediate from Lemma, 1.

The Proposition is a special case of the following:

Lemma 2 (LFAOT, p. 153, 37.24). Let G be a vector space equipped
with the (locally convex) topology generated by a set I' of semi-norms. If
u : E — G is a linear mapping of a topological vector space E into G,
following conditions are equivalent:

(i) w is continuous;

(ii) for every p € I', the semi-norm powu on E is continuous.

Proof. (i) = (ii): Because every p € I' is continuous.

) Lectures on functional analysis and operator theory (Springer, 1974), whose
treatment of topological vector spaces was based on the fascicles of the first edition of EVT.
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(ii) = (i): Given any neighborhood V of 0 in G, it will suffice to

show that ﬂl(V) is a neighborhood of 0 in E. We can suppose that V
is convex, balanced and closed, since such neighborhoods are fundamental
(TVS, 11, §8, No. 2); there then exists a continuous semi-norm p on G such
that V={y € G: p(y) <1} (TVS,II, §2, No. 11, Prop. 22, or LFAOT,
p. 146, 37.4).

By Lemma 1, p < p1 + -+ + p, for suitable p; € I', whence pou <
prou—+---+p,ou. Since the p; ou are, by assumption, continuous on E,
the topology o’ they generate is coarser than the given topology o on E;
then pow is continuous for o/ (Lemma 1), hence for the finer topology o .
Then

U(V)={x€E: ux) eV}
={xeE: p(u(x)) <1}
={xeE: (pou)(x)<1},
which is a neighborhood of 0 in E by the continuity of powu}. {

If G is a locally convex space, its topology is generated by the set of
all continuous semi-norms on G (TVS, II, §4, No. 1, remarks following the
Cor. of Prop. 1, or LFAOT, p. 151, 37.17); Lemma 2 then takes the form:

Remark 1. If E is a topological vector space, G is a locally convex
space, and v : K — G is a linear mapping, then u is continuous if and only
if, for every continuous semi-norm p on G, the semi-norm pow on E is
continuous.

With notations as in Lemma 2, the topology 7 on G generated by
the set I' of semi-norms is characterized by the validity of the equivalence
(i) & (ii):

Remark 2. Let G be a locally convex space whose topology 7 is gener-
ated by a set I' of semi-norms. If ¢ is a locally convex topology on G for
which the equivalence (i) < (ii) of Lemma 2 holds, then o = 7. The proof
in three steps:

1) The semi-norms p € I' are continuous for o . For, consider the iden-
tity mapping v : (G,0) — (G, 0); since u is continuous, by the assumption
(i) = (ii) for o one knows that every pou=p (p € T') is continuous on G
for o.

2) It follows that for every p € I', the (locally convex) topology 7,
on G generated by p satisfies 7, C o (LFAOT, p. 147, item (4) of 37.5),
therefore 7 C o.

3) Consider the identity mapping v : (G,7) — (G,0). We know that
for every p € T', the semi-norm pov = p on G is continuous for 7 (because
7, C T ), therefore v is continuous by the assumption (ii) = (i) for o; that
18, o CT.
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In particular, the locally convex topology on .Z!. generated by the
semi-norms pg is characterized by the validity of the equivalence a) < b)
of the Proposition.

V.39, (. —12 to —10.
“The associated Hausdorff space, the quotient of %! (T,6;F) by the
subspace A4 of mappings that are zero locally almost everywhere, is de-

noted L{ (T,0;F).”

loc

The space A was defined in Ch. IV, §6, No. 3. As in the preceding
Note, we write pk(g) = [ |g|¢k d|f] for every g € L1, = 4L .(T,0;F) and
every compact set K C T.

Proof that 4> C #L : Let g € A4 . For every compact K C T, the
function gpk is locally negligible and moderated, hence negligible (§1, No. 2,
Cor. 1 of Prop. 7), therefore integrable, whence g € 4!  and pk(g) = 0
for every K.

Conversely, if g € £ and pk(g) = 0 for every compact K C T, then
the integrable function |g|ek is negligible, whence g is locally negligible
(Ch. 1V, 85, No. 2, Prop. 5). Thus

M ={ge L. : pk(g) =0 for every compact set K C T}.

Since the semi-norms pk define the topology of 4!, it follows that

oc)

AN s the closure of {0} in ! (TVS, 11, §1, No. 2, Prop. 2, (i)), there-
fore the quotient space ZL_ /A4 is the Hausdorff topological vector space
associated with 4! (loc. cit., No. 3). The space Ll = 4! /4> is also
locally convex (TVS, II, §4, No. 4, Example 1), its topology being defined by
the family of semi-norms g — px(g) (& the equivalence class of g in 4!
for equality locally almost everywhere); the details are as follows.

As L _ bears the final topology for the quotient mapping u : £},
LL. (loc. cit.), a semi-norm ¢ on L{ . is continuous if and only if the semi-
norm gou : g — ¢(g) on %! is continuous. Every continuous semi-norm p
on AL iszeroon A4® (because the px are), so the formula ¢(g) = p(g)
defines a semi-norm ¢ on LlloC such that p = gou, and ¢ is continuous
by the foregoing. In particular, for every compact set K C T the formula
qk(g) = pi(g) defines a continuous semi-norm on L{ . On the other hand,

loc *
if ¢ is any continuous semi-norm on Ll _, then the semi-norm gou on %}

loc
is continuous, therefore qou < pk, +--- + pk, for suitable Ki,... K,
(Lemma 1 in the preceding Note), whence ¢ < gk, + -+ + ¢k, ; it follows
(Lemma 1 again) that the locally convex topology of Ll . is generated by
the semi-norms ¢x .

{The argument carries over to the case that £  and the px are
replaced by a vector space E and a set I' of semi-norms on E (cf., TVS,

IT, §1, No. 3, . 3-6 on p. TVS IL.5).}

—
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Remark. If T is countable at infinity, then L] _ is metrizable.

Proof. One knows (GT, I, §1, No. 9, Prop. 15) that T is the union of
a sequence (U,) of relatively compact open sets such that U, C U,y for
all n. Let K,, = U, ; (K,) is an increasing sequence of compact sets with
union T, and each compact set K is contained in K,, for some n (loc. cit.,
Cor. 1).

As in the preceding Note, write ¢k(g) = px(g) = [ |glek d|f| for
the semi-norms gk that generate the locally convex topology of Ll .. For
every compact set K in T, one has gk < ¢k, for some n, consequently
the topology of L[ is generated by the sequence of semi-norms gk, (Lem-
ma 1 in the preceding Note); it follows that the uniform structure of L] _ is
metrizable (GT, IX, §2, No. 4, Cor. 1 of Th. 1). {

{In general, a Hausdorff locally convex space is metrizable if and only
if its topology is generated by a sequence of semi-norms:() “If” by the
cited Cor. 1; “Only if”, because a metrizable locally convex space has a
fundamental sequence of neighborhoods of 0, which one can suppose are
closed, balanced and convex, whence the desired sequence of semi-norms
(TVS, 11, §2, No. 11, Prop. 22).}

V.39, (. —9,-8.
“It can be shown that the topological vector spaces just defined are
complete (Exer. 31).”

If T is countable at infinity, then L{ . is metrizable (Remark in the
preceding Note), and the present assertion implies that Li  is a Fréchet
space (TVS, II, §8, No. 2, last sentence). The hint given in Exer. 31:

“Write |0| in the form ) u,, where (uo) is a summable family of

measures > 0 on T whose supports form a locally countable family of
pairwise disjoint compact subsets. This defines a continuous mapping of
LL.(T,6;F) into [[LE(T, ua). Let § be a Cauchy filter on L (T,0;F).

loc
Its image in [[Li(T,pa) converges to an element (f,). Show that the f,,

define a f-measurable function f on T, then that f is locally f-integrable,
and that f is the limit of § in Li (T,6;F).”

loc

I did not succeed in showing that f is locally 6-integrable, but the
following construction of a measurable function f may be a step in the right
direction:

(1) Cf. H.H. Schaefer, Topological vector spaces, p. 48, Macmillan, 1966; W. Rudin,
Functional analysis, p. 27, Remark 1.38, ¢), McGraw-Hill, 1973; J. Horvath, Topological
vector spaces and distributions. 1., p. 113, Addison-Wesley, 1966; R.E. Edwards, Func-
tional analysis: Theory and applications, p. 422, Holt, Rinehart and Winston, 1965.
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Write p = |0|. By §2, No. 3, Prop. 4, u = > po , where (p,) is a

summable family of positive measures on T whose supports K, = Supp o
are compact, pairwise disjoint, and form a locally countable family (K,).
The natural mapping is

w: Lio(Ty 5 F) = T LE(T, )
«

where u(g) = ((gnga )) for g € AL (T, u;F), characterized by
proou:g— (gyk,) forall a and g.

In detail:

(i) Definition of u. Let g € AL (T,u;F), and fix an index «. One
knows that g is p-measurable and gpk, is pe-integrable (Def. 1 and
Prop. 1). Since po < p, it follows that g is also pus-measurable (§1, No. 4,
Cor. 2 of Prop. 11) and gyk, is pa-integrable. Since pX*(T —K,) = 0
(Ch. 1V, §2, No. 2, Prop. 5), it follows that ¢k, =1 ps-almost everywhere,
whence gyk, = g flo-almost everywhere; thus g € Z2 (T, pa). Moreover,
if g =g’ locally p-almost everywhere then g = g’ p,-almost everywhere,
whence a well-defined mapping

Ue - Llloc(T7M;F) - L%‘(Thu’oé)

such that u,(g) =g for g € L. (T, ;F), where the over-dot signifies, in
turn, the class of g in 4. (T, u; F) for equality locally p-almost everywhere

and the class of g in Z3(T, ) for equality p,-almost everywhere. Thus
the proposed mapping w is defined by

u:g— (8) for ge LT, i F),

where the (g) on the right side is the family, indexed by «, whose a-th
coordinate is & € L&(T, pa); in other words, pry o u = u, .
(ii) Continuity of w. It suffices to show that for each «, the mapping

Pro © U = U, is continuous. The topology of Li (T, u,) is generated by the
norm function ¢¢,

(&) = / 18] dpte = / glox. dite

to prove that w, is continuous, we need only show that the semi-norm
q® o u, on LL (T,u;F) is continuous (Lemma 2 in the Note for V.39,
¢.26,27). Indeed,



85 MEASURES DEFINED BY NUMERICAL DENSITIES INT V.x116

(¢° o un)(g) = qa( (g)) (g € Li,o(T, ; F))
g € Ly(T, Ma))

/@Mx/@%ﬂw

</mWJWWM®=m@>

(gk,, is defined in the Note for V.39, ¢. —12 to —10), that is, ¢®ou, < gk, ;
since gk_ 1s a continuous semi-norm on L}OC(T, w;F), sois ¢ ou,.

(iii) Since w is linear and continuous, it is uniformly continuous (GT, III,
§3, No. 1, Prop. 3); therefore, if § is a Cauchy filter on L{ (T, u; F), then
the filter base u(§) is Cauchy on []JLL(T,pa) (GT, II, §3, No. 1, Prop. 3).

Now, [IL&(T,pa) is locally convex for the product topology (TVS, 11, §4,

No. 3, Prop. 4), and, for the product uniformity (GT, II, §2, No. 6, Def. 4),
it is complete (GT, II, §3, No. 5, Prop. 10), therefore the Cauchy filter base
u(3F) is convergent; say u(F) — (f.), where f, € Z2(T, o) for all .

We can suppose that the f, are universally measurable, i.e., measurable
for every measure on T (§3, No. 4, Prop. 7).

(iv) Definition of f. Let (f,) be the family of universally measurable
functions on T constructed in (iii), with f, ps-integrable for all «. Define
f: T—F by

f.(t) for t € K,

ft) =94 o for t €T — | JKa.

(iv) Universal measurability of f£. Since the family (K,) is locally
countable, the set B = | JK, , is universally measurable (Ch. IV, §5, No. 9);

(0%
moreover, for every «, the function f |Ka = fa|Ka is universally measur-
able (in the sense of loc. cit., No. 10, Def. 8), therefore f |B is universally
measurable (loc. cit., Prop. 16). Finally, f is the extension by 0 of f !B
to T, hence is universally measurable (loc. cit., Prop. 15).

V.39, (. —7,—6.
“Every measurable function g, that is essentially bounded on every
compact set, is locally integrable.”

The term “essentially bounded” is not indexed and seems nowhere to
be defined. My guess is that “g is essentially bounded” means the same
thing as “g is bounded in measure” (Ch. IV, §6, No. 3, Def. 2), i.e., there
exists a bounded function h such that g = h locally almost everywhere,
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equivalently, N, (g) < +o0. If so, then a function g: T — F is measurable
and essentially bounded if and only if g € Z°(T,0) (ibid.); and, to say that
g is essentially bounded on a compact set K means that gy is bounded
almost everywhere (Ch. IV, §5, No. 2, Prop. 5), that is, |g|¢k < ¢ almost
everywhere for some constant ¢ < 4+o00. Thus, if g is measurable and is
essentially bounded on a compact set K, then gk is integrable (loc. cit.,
No. 6, Th. 5); and if this is true for every compact set K, then g is locally
integrable.

V.39, (. —2 to V.40, /. 2.

“Let F,G,H be three Banach spaces, and (u,v) — ®(u,v) a contin-
uous bilinear mapping of F x G into H. If f is locally integrable and takes
its values in F, and if g e Z5°, then ®(f,g) is locally integrable (Ch. IV,
§6, No. 4, Cor. 1 of Th. 2).”

The role of bilinearity is to assure the existence of a real constant ¢ > 0
such that |®(f,g)| < ¢- N1 (f)Noo(g) for f € £} and g € £ (GT, IX,
§3, No. 5, Th. 1).

Suppose f € AL (T,0;F) and g € £(T,0). For every compact set
K C T, the function fok is integrable, therefore ®(fyk,g) € ZA(T,0) by
the cited Cor. 1. But, for all € T, by definition

((fex,8)) () = @((fex) (1), 8(t))
= @ (px(H)f(t), (1))

= ok ()@ (f(t),8(1))

= (px®(f,g)) (),

thus px®(f,g) = ®(fpk,g) is integrable. Since K is arbitrary, ®(f,g) is
locally integrable—and, in particular, measurable (Prop. 1).

V.40, ¢. 5-9.

‘...the set of ¢t such that g¢(t) = 400 is then locally p-negligible,
because gpk is p-integrable for every compact set K (Ch. IV, §2, No. 3,
Prop. 7). Now let ¢’ be a locally integrable function that is positive and
finite, equal to g locally p-almost everywhere”

See the Proposition in the Note for V.39, £. 22-24. (Here, u is a positive
measure on T—for example, p = || for some complex measure 6 on T.)

V.40, (. 9-11.

“The mapping t — A, of T into #,(T) is vaguely p-measurable
and scalarly essentially integrable (or again, the pair (I,g’), where I is the
identity mapping of T, is p-adapted)”
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The mapping A : T — #,(T) defined by A :t — X, = ¢'(t)e; is
scalarly essentially p-integrable (§3, No. 1); for, for every f € #(T), the
function

A(f) st = X (f) =g (De(f) =g () f (1),

that is, the function ¢’ f , is pu-integrable (Def. 1) hence essentially u-integrable;
one can therefore define the positive measure v = [ A} dpu(t) .

Since the functions I and ¢’ are pu-measurable and, for every f in
2 (T), the function

t f(I(t)g (1) = f(t)g'(t)

is p-integrable, the pair (I,¢’) is u-adapted (§4, No. 1, Def. 1); therefore A
is vaguely measurable (and p-adequate) (loc. cit., Prop. 1).

The measure v is defined by v(f) = [ N,(f)du(t) = [ ¢'(t)f(t) du(t)
for all f e #(T) (§3, No. 1); since gf = ¢'f p-almost everywhere, one is
permitted to write

u(f) = / of dj = / o(1) £ (t) dpu(t)

(Ch. 1V, §4, No. 1, last paragraph), to replace A by the mapping t — \; =
g(t)er (defined at the points in the domain of g where g is finite), and to
write v = [ A du(t) (§3, No. 3, Remark).

V.40, /. —15 to —12.
“...one can write

u=g1 — g2+ (g3 — ga)

2
@ 0= p1 — p2 +i(ps — pa)

where py = (20)", ...”

Understood, that when u takes its valuesin R, g5 = g4 = 0 and g¢1, ¢»
are not simultaneously equal to +o00 at any point; when u takes its values
in C, the g; are all finite-valued; when 6 is a real measure, pus = puq4 =0.

One need not take u; = (Z0)7, etc., but it is essential that the g; be
f-measurable, 0 < g; < |g| and 0 < p; < p for all 4 and j (the argument
of §2, No. 2, Cor. 2 of Prop. 3 is then applicable); thus the local integrability
of u for 6 implies that g; is locally p;-integrable for all ¢ and j.

It is clear from the earlier discussion that one can suppose u to be
defined and finite at every point of T, i.e., that u € %! (T,6;C).

{Conversely, if g; is pj-integrable for all i and j, then each g; is
integrable for # (§2, No. 2, Cor. 2 of Prop. 3), therefore so is u ; it follows that
if g; is locally pj-integrable for all ¢ and j, then w is locally #-integrable.}
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V.40, ¢. —9 to —6.
“...the mapping

f / F(tyu(t) do(t)

on (T) is a complex measure.”

By assumption, fu is |f|-integrable for every f € J#(T) = #(T;C)
(No. 1, Def. 1). Regarding 6 and the p,; as linear forms on #(T), the
second equation of (2) means that

(i) O(f) = u1(f) — pa(f) +ius(f) —ipa(f)

for all f e J(T). It follows from the assumptions on the p; that every
f-integrable function h is pj-integrable for all j, and that

(i) /hd@:/hdul —/hdu2+z‘/hdu3—z‘/hdu4

(see the Note for V.10, ¢. 13,14). In particular, for every f € J#(T) one
has

(iii) /fud&z/fud,ul—/fudu2+i/fudu3—i/fudu4.

Also, for f € 2 (T) one has

fu=fg1— fgo+ifgs —ifga;

substituting this expression for fu on the right side of (iii), it follows from
the linearity of integration that the linear form f+— [ fudf on #(T) is a
linear combination of the (sixteen) linear forms

(iv) f / faidp; (€ #(T)),

each of which is known to be a positive linear form on J#(T;R), hence is a
measure on T (Ch. IIL, §1, No. 5, Th. 1). Thus, the linear form f +— [ fudf
on # (T), being a linear combination of measures, is itself a measure, i.e.,
is continuous for the inductive limit topology (loc. cit., No. 3, Def. 2).

V.41, . 6,7.
“...if u; and wgy are locally f-integrable, then (uj +wus)-0 =wu; -0+
usg - 6.
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The function w1 4+ usy is defined and finite locally #-almost everywhere
in T and, for every f € #(T), f- (u1 + u2) = fuy + fuy 6-almost
everywhere; since fu; and fuo are f-integrable, so is f - (u; + uz), and

/f-(u1+u2)d,e9:/fuldH—I—/fung,

whence the assertion. {Alternatively, one can suppose that u; € .i”léc etc.}

V.41, . 7-9.

‘...if #; and 6y are two measures on T, and if u is a function locally
integrable for 6; and 65, then w is locally integrable for 67 + 65 and one
has w- (01 +03)=u-0;+u-03.

Let A = {t € T : w(t)is defined and finite}, and let N = CA.
Since N is locally negligible for 8; and 6, it is locally negligible for 6, + 65
(101 + 62]° < 161]° + |62]° ); we can therefore suppose that u is defined and

finite everywhere on T'.
By assumption, for every f € J(T) one has fu € £1(6;) N L1(6s),
therefore fu € .Z(6; + 03) and

/fud, (61 + 02) = /fud91+/fud,e92

(see the Theorem in the Note for V.10, ¢. 13,14).
V.41, (. —13.

(4) (101, 1f1) = sup [(,cf)] = sup [(6,cf)]

ce ce%b

The brackets pertain to the duality between measures and integrable
functions (discussed at length in the Note for V.10, ¢. 13,14). In the second
member of (4), cf is integrable because f is essentially integrable and
¢ € J#(T) is bounded, measurable and moderated (§1, No. 3, Cor. of
Prop. 9), and so (6,cf) = [(cf)df. However, in the first and third mem-
bers, |f| and cf are only known to be essentially integrable; nevertheless,

wun=/uww<mw=/wma

because f = f’ locally almost everywhere for some f’ € £&(T,0) and, by
definition (loc. cit., Def. 3),

[1sidei= [151de1, [terdo= [(er)ao

(the left members are ‘essential integrals'—merely a notation for the right
members, which are ‘honest’ integrals).
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V.41, £. —10 to —8.
“Obviously

sup [0, cf)| < sup [(0,cf)] < (|0],[f])

ceX ceERB,

(Ch. IV, &4, No. 2, Prop. 2).”

The first inequality results from the fact that continuous functions are
Borel (GT, IX, §6, No. 3, Prop. 10).(Y) Note that if X is any locally compact
space and Y is a metrizable space with a countable base for open sets
(e.g., a separable Banach space), then every Borel mapping ¢ : X — Y is
universally measurable (§3, No. 4, Def. 2 and Ch. IV, §5, No. 5, Remark 2).

As for the second inequality: if ¢ € #; then ¢ is (universally) measur-
able and |cf| < |f|, whence

[0, )l < {161, lefl) < (6], [£D)

by the generalization of the cited Prop. 2 to essentially integrable functions
(signaled in the paragraph preceding §1, No. 3, Prop. 10).

V.41, /. —8 to —4.

“...let g be an element of J#(T;C) such that |g| < |f|; g is the
uniform limit of a sequence (g,) of elements of % (T;C) whose supports
are contained in the open set U formed by the ¢t such that f(¢) # 0, and
one may clearly suppose that |g,| < |f| for every n.”

The condition |g| < |f] looks forward to a supremum over all such g.
For n =1,2,3,... let K, ={t € T: |g(t)] > 1/n}; then K,, is a closed
subset of the support of g, hence is compact, and K, C U. For each n,
choose h,, € #,(T) sothat 0< h, <1, h, =1 on K,,, and Supph,, C U
(Ch. II1, §1, No. 2, Lemma 1). Then h,g € #(T;C), |hng| < |g| < |f],
and

Supp(hng) C Supp hy, C U;

moreover, h,g —g =0 on K, , and, for t € CK,,,

[(hng — 9)(t)| = (1 = k(1)) - lg(t)] < lg(t)| < 1/n,

whence ||h,g —g|| < 1/n. Thus g, = h,g meets the requirements of the
assertion (and, moreover, satisfies |g,| < |g]).

(1) The Borel sets of a topological space X are the elements of the tribe generated
by the set of closed subsets of X (GT, IX, §6, No. 3, Def. 4). The proof of the cited
Prop. 10, and Exer. 16 for GT, IX, §6, suggest that a mapping f : X — Y between
topological spaces should be called a Borel mapping if the inverse image of every Borel
set (equivalently, of every closed set) in Y is a Borel set in X, but GT does not pass to
the act; TG passes to the act (TG, IX, §6, No. 3, Def. 5).
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V.41, (. —3 to V.42, (. 2.
“...then ¢, € #1, g = lim ¢,f, therefore |(0,g)| = lim [(0,c,f)],

and finally

sup 10, 9)| < sup [{0,cf)].
lg|<|f], g€ (T;C) cety

One concludes by observing that the first member of this inequality is equal
to (|0],|f|) (Ch.IIL, §1, No. 6, formula (12)).”

In slow motion,
gn(t)
Cn (t) = f(t)
0 for t€ CU.

From Supp ¢, C Supp g, one knows that ¢, has compact support; at issue
is the continuity of ¢, . From Supp g, C U one knows that the open sets U
and 0 (Suppg,) have union T, so it suffices to show that the restrictions
of ¢, to U and C(Suppg,) are continuous. Indeed, from the definition
of ¢, it is clear that cn|U is continuous; whereas if t € C(Suppg,) then
¢n(t) =0 whether t € U or t € U, thus ¢,|C(Suppgn) =0.

Note that c,f = g,: the equality holds at the points of U by the
definition of ¢,, and both members are equal to 0 on the subset CU
of C(Suppgn). It follows that [|g — ¢ f|l = lg — gnll — 0, thus ¢, f — g
uniformly. Let K = U = Supp f; then Supp(c,f) C Suppf = K and
Suppg C Supp f = K (because |g| < |f|), thus ¢,f and g belong to
# (T,K; C), consequently ¢, f — ¢ in 2 (T,K;C). Since the norm topol-
ogy on £ (T,K;C) is equal to the topology induced by the (inductive limit)
topology of # (T;C), it follows that ¢, f — g in J(T;C); by the conti-
nuity of 6, 6(c,f) — 0(g), whence

T [(0. )] = 1(0.9)].

Passing to the limit in the inequality [(0,c, f)| < sup |(d,cf)|, one has
CG%

(6, 9) < sup [(0,cf)],
CG%

and the validity of this inequality for all ¢ yields

sup (6, 9)] < sup [(0,cf)],
l91<I£1, g€ (T;C) e

for teU

in other words

(101, 1f1) < sup [{0,cf)]

cee}ﬁ
by the cited formula (12). This implies that in the inequalities of ¢. —9,
equality holds throughout. Thus the equalities (4) are verified for the case
that f € Z(T;C).
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V.42, (. 6.
“...the dense subspace # (T;C).”

Note that the semi-norm N; on ?é coincides with Ny on £ (81,
No. 2, Prop. 7, 2)).

The closure of J#(T;C) in yé is a linear subspace that contains
& (Ch. 1V, §3, No. 4, Def. 2) and A#S° (§1, No. 3) hence it contains

LE+NE =P
V.42, 0. 8,9.
101 1D = (61 LD < 6L Lf = 1) =Na(f = f)
[0, cf) = O.cf) < (l0] el |f = fI) <Nu(f = f)

If g€ Z& with f =g locally almost everywhere, then cf = cg locally
almost everywhere and

NN

(Q,Cf):/cfdGZ/cgdGZ<9,cg>

by the definitions, and similarly for the other five bracket expressions in the
displayed relations; one can therefore suppose that f and f’ belong to 4,
whence also Ny (f — f/) =Ny (f — f).

The first line of the displayed relations then follows from the inequality
||f| - |f’|| < |f — f'| and the computation

(61 1£1) = <161, LF D] = |6l 1F1 = 1D
< 161 1A =11 < 0L 1 = f/1) = Nu(f = f)

(Ch. 1V, §4, No. 2, Prop. 2); similarly for the second line of the display,
taking into account that c¢ is (universally) measurable and |c| < 1.

From the first line of the display, it is clear that the first member of (4)
depends continuously on f € ?é . As to the second member, let us abbre-
viate by defining

a(f) = sup [(0,cf)]  (f € Zo).
CE%

For f,f’e?é and ¢ € ), one has

0, ch)l < U0, cf) — (O, cf) +1(0, cf")|
SNuU(f = )+ 10 ef ) < Nu(f = f) + alf)
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(the first <, by the triangle inequality in C; the second <, by the second
line of the display; the third <, by the definition of «). Varying ¢ € J¢7,
one has

a(f) < Nu(f = ) +a(f);
by symmetry in f and f’, clearly

lo(f) —a(f) < Nu(f = 1),

whence the continuity of the second member of (4) as a function of f, and
a similar argument establishes the continuity of the third member of (4).

{For the purposes of Prop. 2, it is not necessary to introduce the pa-
rameter ¢ € % ; perhaps it is destined for a future application.}

V.42, (. —6, 5.
“This follows at once from Prop. 2 and the formulas (6) of Ch. II, §1,
No. 1.7
1
The equality sup(gi,g2) = 5(91 + g2 + |91 — g2|) holds on the set of

points where ¢g; and g are both defined and finite—hence locally almost
everywhere—therefore

1
sup(g1,92) - p = 5(91 A ge - pA g — g2| - 1)

1
:5(91'M+92'M+’(91—92)'MD

1
=5(91-u+gz-u+lgl-u—gz-u|)
=sup(g1 - p, g2 - 1)

(the second equality, by Prop. 2; the fourth, by the cited formula), and
similarly
inf(g1, g2) - p = inf(g1 - p1, 92 - 1) -

In particular, setting g; = g and g, = 0, one has

+.

sup(g - 1,0) = sup(g,0) - p =g
G- =(—(g-w) =((-9)-n) =9 - u=9g n.

V.42, /. -3 to —1.

“In the statements of this subsection, g denotes a positive numerical
function, defined everywhere and locally p-integrable, 0 denotes a complex
measure, and u a locally 0-integrable complex function.”
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Here u denotes a positive measure on T. As announced in No. 2
(p. V.41, £. 10,11), henceforth all locally integrable functions are assumed
to be defined everywhere on T. In particular, u(t) € C for all ¢t € T; the
function g > 0 may take the value 400 , but, being locally integrable, it is
finite locally almost everywhere.

V.43, 0. 1-3.

“The remarks in No. 2 show that the results of §4 are applicable to the
measure v =g-pu= [g(t)e, du(t) (even though the measure g(t)e; is not
defined unless g(t) # +00).”

Since ¢ is locally u-integrable, there exists a (everywhere finite) function
g € AL (T, u; R) such that g = ¢’ locally u-almost everywhere and g’ (t) > 0
for all t € T. Defining A\, = ¢'(t)e; for all t € T, the mapping A’ : ¢t — A}
is scalarly essentially p-integrable: for f € ¢ (T), the function t — A, (f) =

g (t)f(t) is the p-integrable function ¢’f, and the formula

v = [ o fdu= [ X5 dute

defines a measure v > 0 on T (by the cited remarks). The functions gf
and ¢'f are defined everywhere in T and ¢gf = ¢'f p-almost everywhere
( f is p-moderated), therefore gf is also u-integrable, and one can also write
v(f)=[gfdu (p.IV.34, £.1-5). By No. 2, Def. 2, g- p=v.

Another perspectiveon v: let A= {t € T: g(t) # +oo} and consider

the mapping
A:t—g(t)ey (teA).

One knows (by the cited remarks) that (I,¢’) is p-adapted, hence the map-
ping A" 1t — ¢'(t)ey (t € T) is p-adequate (and vaguely p-measurable)
by §4, No. 1, Prop. 1. Since A = A’ locally p-almost everywhere, we are
authorized (§3, No. 3, Remark) to say that A is u-adequate, and to write

/ o(t)er dpt) = / § (Oer dult),

that is, [g(t)erdu(t) =v.

V.43, (. 6.
“This follows from Th. 1 of §4, No. 2.”

By assumption, g is defined and > 0 everywhere in T, but may have
values equal to +oo. With notations as in the preceding Note, (I,g’) is
p-adapted; in particular, ¢’(¢) is finite and > 0 for every ¢t € T, and one

has v = [¢'(t)e; du(t).
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If f is defined everywhere on T, the cited Th. 1 immediately yields
v (f) = u*(fg’). As fg is also everywhere-defined and fg = fg’ locally
p-almost everywhere, one has u®(fg) = p®(fg’), whence v*(f) = u*(fg),
that is,

(+) / " F#) du(t) = / " F0)g(t) du(t).

When f is only defined and > 0 locally p-almost everywhere, the same
istrue of fg and fg',and fg= fg¢' locally u-almost everywhere. Imitating
p. V.9, £. 1-5, if one defines [* fdv = [* f'dv, where f’ is the extension
by 0 of f to T, and similarly f'fgdu = f'(fg)’d,u = f' f'gdu (the
convention 0 - (+o0) =0 is at work in the last equality), then

/ " P dult) = / " P (0g(t) du(t)

by (+); in other words [* f(t)dv(t) = [° f(t)g(t)du(t), that is, f satis-
fies (x) formally.

V.43, (. 13.

“...the statement then follows at once from Prop. 3.”

InProp. 3, put u= 0], g = |ul, f = |f|; then v = g-pu = [u||0] = |u-0|
(No. 2, Prop. 2) and Prop. 3 yields

028D = [ ieldu-0) = [ 61kl ol = [ futl o) = 01t

in particular, |u-0|*(|f]) = 0 < |0]*(Juf]|) = 0, thus f is locally negligible
for w- @ if and only if uf is locally negligible for 6 (§1, No. 1).

V.43, (. 17.
“One is immediately reduced to showing that ...”

Suppose, more generally, that wi,us are defined locally almost ev-
erywhere for @, with values either in C or in R. For i = 1,2 choose
v; € £L(T,0;C) with u; = v; locally almost everywhere for 6. For every
fex(T), fu; is O-integrable and fu; = fv; |f]-almost everywhere (No. 1,
Def. 1 and 1V.34, ¢. 1-5), whence u; - 6 = v; - 6 (No. 2, Def. 2).

We can therefore suppose that uq,us are defined and complex-valued
everywhere in T, whence ug -0 = (ug —uy)-0+wu; -6 (V.41, £.6,7). Then
up-0=wus-0 & (ug —uy) -0 =0 < (uy —up)l is locally negligible for 6
(Cor. 1, with 1 the constant function equal to 1 on T'), that is, if and only
if u; = ug locally almost everywhere for 6.
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V.43, (. —9,-8.
“When u and 6 are positive, this follows at once from Prop. 3 of §4,
No. 3.7

When 0 > 0 and the locally #-integrable function u is > 0 everywhere
in T then, by the first paragraph of No. 2, the pair (I,u) is f-adapted and
it follows from (1) that the measure v = [u(t)e; df(t) is the measure u -6
of Def. 2 (loc. cit.). Since fol= f, the assertion is indeed immediate from
the cited Prop. 3.

V.43, (. -8, 1.
“The result then extends to the case that v and 6 are complex thanks
to Prop. 2.7

In slow motion,

f is measurable for u-6 < f is measurable for |u - 6|
< f is measurable for |u| - |6
& f|S is measurable for |6
s f |S is measurable for 6

(the 1st and 4th equivalence, by Ch. IV, §5, No. 1, Def. 1), the 2nd by No. 2,
Prop. 2, and the 3rd by the ‘positive case’ already considered). This settles
the case that u is defined everywhere on T .

Suppose more generally that the locally #-integrable function w (with
values in C or in R) is defined only locally #-almost everywhere, say
with domain A C T, where T — A is locally #-negligible. Choose u’
in 4! (T,6;C) such that u = u’ locally §-almost everywhere, and let N
be a locally #-negligible set such that u(t) is defined and equal to u/(¢) on
T — N, thatis, T—NCA and u=u" on T — N. By Cor. 2, u-6 =u'-0.
Let

S={teA: ult)#0}, S'={teT: () #0}.

By the foregoing, we know that f‘S’ is f-measurable if and only if f is
measurable for u’ -0 = u - 60 ; to show that f ‘S is #-measurable if and only
if f is measurable for u - 60, we need only show that

* fIS is -measurable < f|S’ is -measurable.
(*)

One knows that the set S’ is #-measurable (Ch. IV, §5, No. 5, Prop. 7),
therefore so is S’ N (T — N). Note that

SN(T=N) =8N (T =N);
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for, if t € T — N then wu(t) = u/(t), therefore u(t) # 0 < wu(t) # 0, that
is, t €S« teS. Inother words, psppy = Psppn, Whence ps = psr
locally f-almost everywhere, and so the §-measurability of S’ implies that
of S.

Fix any point ¢ € G and let g (resp. g’) be the extension by ¢ of
f‘S (resp. f‘S’ ) to T. Observe that g = ¢’ locally #-almost everywhere;
indeed, on the set

T—(SUS)=(T—=S)N(T =195
one has g = ¢’ = ¢, whereas on the set

SUSHN(T=N)=[SN(T=N)JuU[s' N (T — N)]
=SN(T=N)=8N(T =N)

one has g = f = ¢, therefore ¢ and ¢’ can differ only on the locally
negligible set (SUS’) NN. Finally, with respect to 6,

f |S is measurable < ¢ is measurable
& ¢’ is measurable

& f|S' is measurable

(the 1st and 3rd equivalences, by Ch. IV, §5, No. 10, Prop. 15, more precisely,
criterion d’) in the Note for IV.79, ¢. 7; the 2nd, by Ch. IV, §5, No. 2,
Prop. 6), that is, (%) holds.

V.43, (. —3.
“For, uf is the extension by 0 of (uf)|S to T.”

By assumption, u: T — C and f: T — G, where G = F (a Banach
space) or G = R. What does uf mean? The interpretation uf : t
u(t)f(t) (t € T) has consequences:

When G =F is a real Banach space, then uv: T — R.

When G =F is a Banach space over C, then v: T — C.

When G = R, let us assume that v : T — R; for, if f(t) = o0,
permitting wu(t) to be a non-real complex number opens the door to too
many ‘infinities’.

In any case, if u(t) =0 then u(t)f(t) =0 (even if G =R and f(t) =
+00 ), consequently

0= s
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This means that uf is the extension by 0 of (uf)|S to T. Since S is
f-measurable, it follows that

(1) uf is f-measurable < uf ‘S is f-measurable

(Ch. IV, 85, No. 10, Prop. 15, more precisely, criterion d’) in the Note for
1

IV.79, ¢. 7). But u|S and ﬁ are f-measurable functions on S (Ch. IV,
u

§5, No. 3, Th. 1, as generalized in the Note for IV.80, ¢. —17 to —14), so

from f|S = i . (uf‘S) it follows that
u‘S

(ii) uf|S is f-measurable < f|S is f-measurable

(Ch. IV, 85, No. 3, Cor. 5 of Th. 1, as generalized in the Note just cited).
On the other hand, by Prop. 4,

(iii) f|S is -measurable <« f is (u-6)-measurable.

From (i)—(iii) we infer that uf is #-measurable if and only if f is (u - 0)-
measurable, as asserted.

Suppose, more generally, that the locally f-integrable function wu is
defined only locally #-almost everywhere in T, and let v’ be the extension
by 0 of u to T. By the case already considered, f is (u’ - 6)-measurable
if and only if u'f is f-measurable; but v-60 =« -0, and uf = u'f locally
f-almost everywhere, whence again f is (u - 6)-measurable if and only if
uf is f-measurable.

V.44, (. 6,7.

“The case that u and 6 are positive follows at once from Th. 2 of §4,
No. 4.”

Since u is locally f-integrable, there exists a function u’ € 4! (T, 6; C)
such that u = u’ locally f-almost everywhere. Then w -6 = v’ -6 and
uf = u'f locally #-almost everywhere; and when f is f-integrable, uf = u'f
f-almost everywhere. We can therefore suppose that u(t) is defined and > 0
at every point ¢ € T, and, in the third assertion, that 0 < u(t) < 400
for all t € T. Then (I,u) is f-adapted by the first paragraph of No. 2,
hence all three assertions are immediate from the cited Th. 2, inasmuch as
n=u-0= [u(t)e;di(t) and fol=f. {The need for u to be everywhere
finite may be traced back to Prop. 2 of §4, No. 2.}

V.44, ¢. 10.
“Finally, ...”

It remains to verify the second assertion, i.e., that when f is essentially
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n-integrable, the equality (6) holds with | signifying essential integral (it
will hold a fortiori when f is n-integrable and wu(t) # 0 for all t € T,
with [ signifying integral).

V.44, ¢. 11-13.
“... f is essentially integrable for each of the measures 7;; = g; - y;
(1=1,2,3,4, 7 =1,2,3,4), because these measures are < |n|.”

Since w is everywhere finite, it is continuous at a point ¢t € T if and
only if every g; is continuous at t; it follows that the -measurability of u
is equivalent to that of all the g; (Ch. IV, §5, No. 1, Def. 1). Similarly, the
f-integrability of uf for every f € J#(T) is equivalent to that of the g;f for
all i (loc. cit., No. 6, Th. 5), which is in turn equivalent to that of the g, f
with respect to p; for all i and j (because 0 < ,u;‘f < |0]*; see, e.g., the
Note for V.10, ¢. 13,14). Thus the (positive) measures 7,; = g¢; - j1; exist
for all @ and j; moreover, g; - pu; < |u|-|6| (that is, n;; <|n|) because, for
every f € . (T), one has

(o m) (D) = [ty < [Vlsau; < [ fulsaol = (ul- ()

by No. 2, Def. 2.

Since f is essentially integrable for n, and 0 < n;; < |n|, it follows
that f is essentially integrable for every 7;;; for, n-negligible sets are n;;-
negligible and so measurability of f for n implies its measurability for
the n;;, and, since ny; < [n|*, the essential integrability of f for the n;;
follows from 77 (|f]) < |n|*(|f]) < +oo (§1, No. 3, Prop. 9 and Def. 3).

V.44, (. 15.
“The formula (6) follows immediately from this.”

Let us consider the case of a Banach space F (of which the case for R
is a simplification).
It will be convenient to write the decompositions (2) in the form

4
(2a) U= Z a;g;
i=1
4
(2b) =2 au
j=1

where a; = 1, ag = —1, ag = i, ay = —i (forgive the double use of “i”

index and as complex number).

as
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By the preceding Note, each g; is locally integrable for a;u; for all j;
therefore, for every f € J#(T), fg; is integrable for aju; for all j, and so
fg; is integrable for 6 and one has

/fgidezjﬁgaj/fgidﬂj

(by (2b) and the Theorem in the Note for V.10, ¢. 13,14). Thus each g; is
locally integrable for 8, and

4
gi-0= Zaj(gi'iuj)‘
j=1

Similarly, since the a;g; are locally integrable for @, it follows from (2a) and
the above-cited Theorem that

4 4
w-f=> ai(gi-0)= aa;(g;-py),

i=1 i,j=1
4
thatis, n = > a;a;n;;. Since f is essentially integrable for n and the 7;; ,

ij=1
it follows from Corollary 3 of the above-cited Theorem that

(%) /fdn: 24: aiaj/fdmj.

i,j=1

But, by the ‘positive case’ already treated, one has the 16 equalities

(%) /fdm‘j = /gifd,uj (1<i4,j<4).

Finally,

:Zai/gifdezZai(zaj/gifd”j)
i i J

= Zaiaj/gz‘fdﬂj :Zaiaj/fdmj
iy B,]

:/fdn

(the 2nd equality, by the additivity of the essential integral; the 4th, by the
above-cited Corollary 3; the 6th, by (xx); and the last, by (x).
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The case that F = R. Given f : T — R essentially integrable for
n = u -0, we know by the first assertion of Th. 1 that uf is essentially
integrable for 6; we are to show that [fdn = [(uf)df. By assumption,
u: T — R is locally integrable for 6 (see the convention in the Note for
V.43, £. —3).

By the definition of “f essentially integrable for n” (V.9, £. 7-9) there
exists a function g € y;(T, n) such that f =g locally almost everywhere
for 1, and one sets [fdn= [gdn.

By the case F = R (a simplification of the Banach space case), we
know that ug is essentially integrable for  and [gdn = [ugdf. Thus we
need only show that [ugdf = [ufdf, and for this it suffices to show that
uf = ug locally almost everywhere for 6.

Let N={teT: f(t) # g(t) }; we know that |n|*(N) = 0, that is,
[* ondln| = 0. Citing (5) of Prop. 3, one has

0= [ exanl= [ (oxlul) .

thus ¢n|u| = 0 locally almost everywhere for |0]. Let

P={teT: (exful)(t) #0}
={teT: teN and u(t) #0}

={teT: ut)#0 and f(t) #g(t)};

we know that P is locally negligible for |6]. If w(t)f(¢ ) u(t)g(t) then
u(t) # 0 (recall the convention 0-+oo = 0) and f(t) # g(t), therefore

t € P; thus
[teT: wh(t)# (ug)t)} C P,

and since P is locally negligible for || we conclude that uf = ug locally
almost everywhere for 6.

V.44, (. 16,17.
“COROLLARY. — For the measure wu -0 to be bounded, it is necessary
and sufficient that u be essentially 0-integrable.”

Taking f to be the constant function 1 (continuous, hence universally
measurable) in Th. 1, we know that u = ul is essentially integrable for 6
if and only if 1 is essentially integrable for w - 6 ; but

1 is essentially integrable for u-0 < |u-0|*(1) < 400
& |u-01%(1) < o0
< -6 is bounded

(the first equivalence, by §1, No. 3, Prop. 9, the second by §1, No. 1, Prop. 4,
and the third by Ch. IV, §4, No. 7, Prop. 12), whence the assertion.
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V.44, (. 18,19.
“...for pa tobelocally u-integrable, it is necessary and sufficient that
A be pu-measurable.”

As announced at the beginning of the chapter, p denotes any positive
measure on the locally compact space T.

Necessity. If pa is locally p-integrable then it is pu-measurable (No. 1,
Prop. 1), equivalently, A is g-measurable (Ch. IV, §5, No. 1, Def. 2).

Sufficiency. If A is p-measurable then, for every f € J(T), fpa
is p-integrable (Ch. IV, §5, No. 6, Cor. 3 of Th. 5), thus ¢ is locally
p-integrable.

In particular, if # is a complex measure on T, and p = |6|, then
f-measurability and pu-measurability are equivalent (Ch. IV, §5, No. 1, Def. 1),
as are local f-integrability and local p-integrability (No. 1, Def. 1); thus the
assertion is true with g replaced by any complex measure 6.

V.44, ¢. —10 to —8.
“For a mapping g of T into a topological space G to be v-measurable,
it is necessary and sufficient that the restriction of g to A be p-measurable.”

The assertion holds with p replaced by any complex measure 6, and v
by n = @a - 6. For, writing u = @A in Prop. 4, one has S = A, thus
a mapping g : T — G is measurable for ¢, - 6 if and only if g!A is
measurable for 6. Writing p = |0, this means that ¢ is measurable for
lpa - 0] = @ - |0] (No. 2, Prop. 2) if and only if g|A is measurable for ||;
that is, g is measurable for v = pa - p if and only if g|A is measurable
for p.

V.44, (. —3 to V.45, (. 1.

“...if two mappings of T into G (resp. F, R) coincide on A, then for
one of them to be v-measurable (resp. essentially v-integrable), it is necessary
and sufficient that the other be so.”

As in the preceding Note, let 8 be any complex measure on T, and let
p=10], n=pa-0, v=In=pa-p. -

Suppose, more generally, that f,g: T — G (resp. F', R) are mappings
such that f(t) = g(¢) locally n-almost everywhere in A, i.e., that there
exists a locally n-negligible set N C A such that f =g on A — N. Note
that the set T — A is locally n-negligible; for,

|n|°<T—A>=/ soT_Ad|n|=/ o1 — apadlf] = 0.

Then N U (T — A) is locally n-negligible, and f = g on its complement
A — N; thus f =g locally n-almost everywhere in T'.
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_It follows that if f is measurable for 7, then sois g; and (when G =F
or R)if f is essentially integrable for n then sois g, and [gdn= [fdp.
Thus the assertion holds when p is replaced by 6, and v by n=pa - 0.

V.45, ¢. 5,6. B
“...if some extension f to T of the restriction of f to A is essentially
v-integrable”

Then every extension of f !A to T is essentially v-integrable, and any
two extensions are equal locally r-almost everywhere (see the preceding
Note).

V.45, (. 7,8.
“...one then sets

/fd,u:/fd,u:/ﬂoAd,u”
A A

The first two members are being defined to be equal to the third, which
is equal to [fdv.

V.45, ¢. 10,11.
“...one defines similarly f: fdu and flz fdu.”

Let f be any function > 0 on T such that ﬂA = f|A7 and define
/A fdu=p*(foa);

if also f’ is a function > 0 on T such that f’|A = f|A, we know that
f' = f locally almost everywhere for v = @A - u (see the Note for V.44,
0. =3 to V.45, £. 1), therefore f' fldv = f.?dl/, whence f' floadu =
i * foa dp by the preceding argument in the Ezample. Thus the symbol
i) 1; fdu is well-defined, i.e., is independent of the choice of f.

The situation for [ : fdp is more delicate. One would like to define it
to be u*(fipa). Assuming that f and f’ are any two functions >0 on T
that coincide with f on A, one knows that foa = f'pa locally p-almost
everywhere; for [ : fdu to be well-defined, one must arrange that fpa =
f'oa p-almost everywhere (Ch. IV, §2, No. 3, Prop. 6). This will be the
case, for example, if A is y-moderated (§1, No. 3, Lemma). CAUTION: One
knows that p®(feoa) = v*(f) by Prop. 3, but the corresponding equality
for outer measure is not justified. {Problem: If A is pg-moderated, is the
measure @A - p moderated? (answered in the Note for V.48, /. 2,3)}

Remarks. (i) If A is a p-measurable set such that pu®(A) < 400 —
in other words if the function ¢, is essentially p-integrable (§1, No. 3,
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Prop. 9)—then the measure v = 4 - p is bounded (Cor. of Th. 1), hence
moderated (§1, No. 2, Remark 2), and so v* = v* (loc. cit., Cor. 2 of
Prop. 7). Then, if f is a function > 0 defined on a set B D A, and if f is
any function > 0 on T such that ﬂA = f|A, by the Ezample one has the
equality
vi(f) =v(f) = u*(fea),

the last member of which is known to be independent of the particular
extension f of f ‘A.

(ii) If the set A is p-integrable, that is, if A is p-measurable and
w*(A) < o0, then A is py-moderated; as we saw above, the symbol

() /A*f dp = p*(fpa) = /*ﬂoA dp

is well-defined (f a function > 0 defined on B O A, and f any function
>0 on T such that f‘A = f‘A) But fpa is also py-moderated, therefore
(§1, No. 2, Prop. 7)

() W (fea) = n®(feoa).

Moreover, u®(A) = p*(A) < +oo, thus A is essentially p-integrable and

(x%) vA(F) = 1 (fea)
by (i). From (#x) and (%) we have pu*(fpa) = v*(f) and (x) may then
be written . . .
Jran= [Tonau= [Fav.
V.45, (. 13,14.

“...this is equivalent to saying that, for every compact subset K of T,
JPrnA Is p-integrable.”

The following conditions are equivalent:

a) g is locally v-integrable;

b) gk is v-integrable for every compact K C T';

) gk is essentially v-integrable for every compact K C T}

) gk pa is essentially p-integrable for every compact K C T}

€) gorna is p-integrable for every compact K C T

)
for, a) < b) by No. 1, Def. 1; b) < ¢) and d) < e) because compact sets
are (universally) moderated; and c¢) < d) by the Example.



85 MEASURES DEFINED BY NUMERICAL DENSITIES INT V.x136

V.45, (. 17.
“...admitting in A (T) a supremum X\.”

Review: The criterion for this is that, for every f € J, (T), the (in-
creasing directed) family of real numbers A\, (f) > 0 admit a finite upper

bound (Ch. II, §2, No. 2, Lemma). That the correspondence f +— sup A\, (f)
acA
defines an additive function on J# (T) follows from the theorem on mono-

tone limits (GT, Ch. IV, §5, No. 2, Th. 2) and the continuity of addition
in R; that it is extendible to a linear form A on . (T) then results from
the fact that every f € J#(T) is the difference of two functions in %5 (T)
(Ch. II, §2, No. 1, Prop. 2), and, being a positive linear form on % (T),
A is a measure on T (Ch. III, §1, No. 5, Th. 1).

This construction—as a result of which, the space .#(T;R) of real
measures on T is a fully lattice-ordered Riesz space (loc. cit., Th. 3)—is
fundamental for the concept of essential integral (cf. §1, No. 4, Prop. 11).

V.45, (. —10.
“It is clear that the condition is necessary.”

Suppose ¢ is locally integrable for A. Given any h € J#(T), one
knows that gh is A-integrable; since A is the sum of the positive measures
Ao and A — A, , it follows that gh is integrable for every A, and A,(gh) <
A(gh) < +oo (see, e.g., the Note for V.10, ¢. 13,14, the remark preceding
the Theorem), consequently g is locally integrable for A\, and g-A, < g-A,
whence the assertion.

Thus, by the preceding Note, the measure sup g - A, exists, and it is
acA
equal to g - A by the following computation: for every h € #(T),

(sup g- Aa)(h) = sup(g - Aa)(h) = sup Aa(gh) = A(gh) = (g- M) (h);
a€cA a€A a€A

the first equality, by Ch. II, §2, No. 2, Lemma; the third, because gh is
(universally) moderated and

A(gh) = A*(gh) = sup A%, (gh) = sup Aa(gh)

aEA aEA

by §1, No. 4, Prop. 11. {A striking application of the essential integral!}

V.46, (. 1-5.
COROLLARY.
Let § be the set of all finite subsets J of A, and for each J € §

write gy = Y. o ; then (uy)jez is an increasing directed family of positive
a€clJ
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measures such that pu = suppu; (§2, No. 1, Remark 1). If J € § and
Jeg
h € #,.(T) one knows (§2, No. 2, Cor. 1 of Prop. 3) that

gh is py-integrable < gh is po-integrable for every a € J,

in which case pj(gh) = > pa(gh). It follows that ¢ is locally pj-inte-
acl]
grable if and only if it is locally p-integrable for every « € J, in which case

g 3= 29" Pa-
aclJ
Necessity. Suppose g is locally p-integrable. Since py < p for every
J € §, it follows that ¢ is locally integrable for the p; and that g-py < g-p
(see the preceding Note), consequently g-u =sup g-puy by Prop. 5. By the
Jes

preceding remarks, ¢ is locally p.-integrable for every o € A, and

g l=SUpY g fa;
JGSQEJ

that is, for every h € J#,(T),

(9-m)(k) = sup (> g pa)(h) = §g§2<g pia)(h) =D (g pa)(h)

acl] acld acA

therefore the family (g - fta)aca is summable and > g puo = g- 1 (§2,
a€cA
No. 1).
Sufficiency. Suppose g is locally p-integrable for every a € A and

the family (g - po) is summable, and let p = > g - po; then, for every
a€A
J €5, g is locally integrable for uy and g-py = > g- o . Moreover, the
aclJ
family (g - pJ)jez is increasing and

p=supg- i =Sup »_g-fia
Jes a€elJ

(loc. cit.,, Remark 1). Tt then follows from Prop. 5 that g is locally
p-integrable and that g-pu=supg-pus=p= >, g- fa-
JeF a€A

V.46, (. 8,9.

“...if the family (S,) is locally countable (Ch. IV, §5, No. 9)”

The concept of local countability (loc. cit., Def. 7) has been defined
only for a set of subsets (not a family of subsets) of a topological space T.
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Guided by the definition of a ‘locally finite family’ (GT, I, §1, No. 5, Def. 8),
the appropriate definition is as follows: call a family (S,)aca of subsets
of T locally countable if, for every t € T, there exists a neighborhood V
of t such that the set of indices {a € A: VNS, # @} is countable.

It is obvious that if the family (S,)aeca is locally countable in the
foregoing sense, then the set 2 ={S,: a € A} is locally countable in the
sense of the cited Def. 7 (Ch. IV, § 5, No. 9). However, the converse is false.
{For example, if the index set A is uncountable and S, =T for all « € A,
then the set A = {S, : a € A} = {T} is trivially locally countable, but
the family (Sa)aea is not.}

V.46, ¢. 9,10.
“...this amounts to saying that, for every compact set K in T, the
set of o € A such that ga|K is not zero is countable.”

Consider the conditions:

a) The family of functions (ga)aca is locally countable, that is, the
family (Sa)aca is locally countable;

b) for every compact set K in T, the set of a € A such that KNS, # &
is countable;

c) for every compact set K in T, the set of o € A such that g‘Ka #0
is countable.

Since KNS, # @ < ga‘K # 0, the equivalence b) < ¢) is trivial.

a) = b): The finite covering argument for locally countable sets 2,
following Def. 7 of Ch. IV, §5, No. 9, is readily adapted to the case of
families.

b) = a): When T is locally compact, every point ¢t € T has a compact
neighborhood K.

Thus the assertion “amounts to saying” entails the local compactness
of T.

V.46, (. 16,17.
“It is clear that g is u-measurable (Ch. IV, §5, No. 2, Prop. 4 and No. 4,
Cor. 1 of Th. 2).”

Lemma. If f is a function on the locally compact space T such that
fek is p-measurable for every compact set K C T, then f is u-measurable.

Proof. For every t € T let V; be a compact (hence p-integrable) neigh-
borhood of T. Since fyy, is by assumption p-measurable, and
f = fev, on Vi, f is p-measurable by the Principle of localization (Ch. IV,
§5, No. 2, Prop. 4). &

Consider now the given function g. Given any compact set K in T, it
will suffice to show that gk is u-measurable. Let

AK:{OZEAZ gK‘K#O}
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(by assumption, a countable set). Since g,¢x =0 when o ¢ Ak, one has

IPK = D GaPK;

acAk

for, if ¢t ¢ K then both sides are equal to 0 at t, whereas if ¢ € K then

g (t) =9(t) =D ga) = D gat) = D galt)px(t).

a€A aEAk a€Ak

Since the g, are locally integrable, the g, @K are measurable by criterion b)
of No. 1, Prop. 1, thus gk is the sum of a countable family of measurable
functions; as the finite subsums are measurable (Ch. IV, §5, No. 3, Cor. 3 of
Th. 1) and gyxk is the supremum of a sequence of such subsums, it follows
that gpk is indeed measurable (loc. cit., No. 4, Cor. 1 of Th. 2).

V.46, (. 17,18.
“For ¢ to be locally u-integrable, it is therefore necessary and sufficient
that u®(gf) be finite for every f € #,(T).”

Since gf is (universally) moderated, this will follows from criterion c)
of No. 1, Prop. 1 and §1, No. 3, Cor. of Prop. 9 provided gf is shown to be
pu-measurable. We know that the g, f are pu-measurable (even p-integrable),
but the measurability of gf is not obvious, as application of Th. 1 of Ch. IV,
65, No. 3 is thwarted by the fact that multiplication in R, is not continuous:

— - (4+00) 4 0 (4+00). The following lemmas settle the matter:
n

Lemma 1. If ¢ € Ry and a;, € Ry (k= 1,2,3,...) then ¢ Y a; =

. k=1
> cay .
k=1

Proof. If ¢ = 0 or ¢ = +00 the equality is obvious. Suppose that
0 < c< +4o0o. Write

n n o0 o0
Sp = E ag, tn = E cag, S= E ap =Sups,, t= E cap =supty;
k=1 k=1 k=1 " k=1 "

we are to show that cs =t.

If ap = +oo for some k, the assertion reduces to +0o = +00. Assume
that ay < +oo for all k; then cs,, = t, for all n. If the sequence (s;,)
is bounded then so is (t,) and the assertion reduces to clim s, = limcs, ;
whereas if (s,) is unbounded then so is (¢,) and the assertion reduces to
+oo = +00.
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Lemma 2. gf is p-measurable for every f e J,(T).
Proof. Let K be a compact set such that f =0 on CK, and let

Ak ={aeA: go|K#£0}

(a countable set). As observed in the preceding Note, gk = >, ga¥xk,
aEAk
therefore

(9¢x)f = Z Japi f

acAk

by Lemma 1, and since fox = f one has

(+) 9f = 9(fex) = (9eK)f = D gapxf = D 9al;

acAk a€Ak

thus ¢gf is the sum of a sequence of measurable functions > 0, hence is
measurable by the argument of the preceding Note.

V.46, {. 18-20.
“...since the set of o € A such that g,f # 0 is countable, we have

w(gf) = ZAN‘(gaf) (§1, No. 1, Cor. of Prop. 2).”
(¢S

Applying u°® to the equality (%) of the preceding Note, one has

€ p(gf) = > 1*(gaf)

acAk

by the cited Cor. of Prop. 2; as gof = 0 for o ¢ Ak, this may be written
as p®(gf) = ZAM'(gaf)-
aec

Incidentally, since gf and the g, f are measurable and moderated, the
relation (#%) may also be deduced from §1, No. 2, Prop. 7 and Ch. IV, §5,
No. 6, Cor. 4 of Th. 5.

V.46, (. —4, 3.

“It suffices to apply Prop. 6 to the functions (positive locally almost
everywhere) ¢!, = gnt1 — gn.”

{Misprint: In the statement of the Corollary, for ( g,) read (g,).}

Regarding the g,, as indexed by n € N, it is not assumed that go-p = 0,
ie., that gy > 0 locally u-almost everywhere (No. 3, Cor. 3 of Prop. 3).
{Positivity is relevant for sums (GT, IV, §7, No. 5, Remark) but not for
suprema of increasing families (loc. cit., § 4 No. 2, Prop. 4).}

To avoid dealing with (undefined) differences such as (4+o00) — (+00),
we can suppose, on redefining the g, on a countable union of locally u-
negligible sets, that the g, are everywhere finite-valued (see the Proposition
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in the Note for V.39, ¢. 22-24); their supremum g (which may take on
infinite values) is then altered at most on a locally p-negligible set—and the
measures ¢p - and g-pu, not at all (No. 3, Cor. 2 of Prop. 3). The relations
In - 1 < gnt1 - 4 then imply that

0< gnt1 = Gn-p=(Gn+1 — gn) - b

(see the Note for V.41, ¢. 6,7), whence g,, < gn41 locally p-almost every-

where. Let H= (J{t € T : g,(t) > gnsr1(t)} (a locally p-negligible
neN
set); redefining the g, to be equal to 0 on H, we can suppose that, for

every n, gn < gnt+1 at every point of T. Thus, for every t € T, g(t) is
the supremum of the increasing sequence g, (t) of real numbers.

The functions g}, = gn+1—gn (n € N) are positive, locally p-integrable,
and

> gh=gnt1—90 (REN),
k=0
Let § be the set of all finite sets J C N. For J € § write

SJZZQL VJ:ZQ;g'M§

keJ kelJ

one knows that sj-pu = vy. In particular, writing J, = {k: 0 < k < n}
for n € N, one has

83, =Y9n+1 — 90, Vi, =Gnt+1 MU —Go K.

Since the sets J,, are cofinal in the set § ordered by C, one has

Z gi =Sup sy = sup sj, = sup(gn+1 — go)
beN Jeg neN neN

= —go + SUp gn+1 = —go + Sup gn
neN neN

=—g0+9,

thus g =go+ Y g1 -
keN

Necessity. Assuming the sequence (g, - 1) has an upper bound in
A (T), we are to show that ¢ is locally u-integrable. Since .Z(T) is fully
lattice-ordered (Ch. III, §1, No. 5, Th. 3), the measure p = sup(g, - )
neN
exists, as does
SUp (gn -t —Go - 1) =P — go - [t
neN
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Then
p =90 ft=-sup(gnp) = go = Sup(gnt1 ) = go-
neN nelN
= SUp (gn+1 - f — go - 1) = sup vy,

neN nelN
= supvj = sup (Zgz'c 'u>;

this means that the family (g, - @)ren is summable, with sum equal to

p—go- - It then follows from Prop. 6 that the function ) g =g —go is
kEN
locally p-integrable, whence so is g, and

(G=90) m=> Gh-m=p—go-;
keEN

thus g-pu=p=sup(gn ).
neN

Sufficiency. Conversely, suppose that ¢ is locally p-integrable. Then,

from the local p-integrability of g — go = > g}, one infers (Prop. 6) that
kEN
the family of measures (g;. - t)ren is summable and that

> ghn=1(9-90) p;

keN

this means that

(g —go0) - p=supvy = sup vy, = sup(gn41- 41— go - 1),
Jeg neN neN

whence gni1 -4 —go-p < (9 —go) - p, that is, gnyp1-p < g-p forall n.
Thus the sequence (gy, - t)nen does indeed have an upper bound in .Z(T).

V.47, (. 5.

9) g‘v:/(g-kt)du(t)-

When g is continuous the equality is elementary, X can be any locally
compact space and t — A; any scalarly essentially p-integrable mapping
of T into .#,(X). For, the measure g-v of No. 2, Def. 2 then coincides
with the measure

h—wv(gh) (he 2 (T))



INT V.x143 INTEGRATION OF MEASURES 85
defined in Ch. III, §1, No. 4. On the other hand, for h € J#(T), the function
t— (g A)(h) = Ai(gh)

is essentially p-integrable because gh € J (T) and the mapping ¢ +— A; is
scalarly essentially p-integrable; it follows that the mapping ¢t — g - Ay is
also scalarly essentially u-integrable, and, for h € 2 (T),

<h7/(g-kt)du(t)> = /(Q‘At)(h) du(t) = /At(gh) du(t) = v(gh) = (g-v)(h),

whence (9).

The formula is more memorable when written as a ‘distributive law’
(©) g [ Nedutt) = [(g- M) autt),

but (9) has the merit that it forces one to check the stringent hypotheses
on X and the mapping t — A\ € A4 (X).

V.47, 0. 7,8.
“...to say that g is locally n-integrable is equivalent to saying that
gpK, is m-integrable for every n.”

If g is locally n-integrable, then gpk is n-integrable for every compact
set K in T by condition b) of No. 1, Prop. 1.

Conversely, suppose gyxk, is n-integrable for every n. If K is any com-
pact set in T then K C K,, for some n (GT, 1, §9, No. 9, Cor. 1 of Prop. 15),
and the n-integrability of gpk, implies that of gk = (g9¢xk, )¢k ; in par-
ticular, gpk is n-measurable for every K, hence g is n-measurable (Lemma
in the Note for V.46, £. 16,17), therefore g satisfies the cited condition b),
hence is locally n-integrable.

V.47, (. 10.
“.let H={H, "~

By the preceding Note, g is not A;-integrable if and only if gyxk, is
not A;-integrable for some n, therefore

{t € T: g is not A\s-integrable } = UH" =H.

n

V.47, (. 10,11.
“...since H,, is locally u-negligible for all n (§3, No. 3, Th. 1), the
same is true of H, which establishes the first assertion of the statement.”
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For each n the function gk, is v-integrable, therefore, by Part a) of
the cited Th. 1, the set H,, is locally u-negligible, the function

to Nlgo,) (¢ ¢ Hy)

is essentially p-integrable, and

/QSOKn dv = /. At(gek,, ) dp(t).

The local p-negligibility of H = |JH,, then follows from Ch. IV, §5, No. 2,

Def. 3, and the first assertion of the statement follows from the fact that
{t € T: g is not A\i-integrable } = H

(preceding Note).

V.47, L. 14-16.
“...we have, by Prop. 3 and by Prop. 5 of §3, No. 2,

[ vty = [“amav = [ auto) [Cgmyar = ["auo [“naga

Here, v = [ A du(t). As the cited Prop. 3 employs the notation v
in another sense, it is helpful to restate it: If n is a positive measure on
a locally compact space X and if g is a locally n-integrable function > 0

on X, then . .
| tiam= [ ttoran

for every function f >0 on X.

The displayed equalities, in slow motion: For the first equality, apply
the cited Prop. 3 with 1 = v, applicable because g is locally v-integrable;
for the third equality, apply Prop. 3 with n = A;, applicable because g is
locally integrable for every A;; the second equality holds by Part a) of the
cited Prop. 5, applicable since the mapping

ts e (X) (teT)

is p-adequate, with integral v = [ A;du(t), and gh is v-measurable (be-
cause g and h are; see the Lemma at the end of this Note) and v-moderated
(because g is v-integrable; in fact, since X is countable at infinity, all func-
tions on X are moderated for every measure on X).
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The cited Prop. 5 shows, in addition, that the function

tn—>/.(gh)d/\t:/.hd(g-)\t) (teT)

is p-measurable; when h € 4 (X), the equality

[ awto) [“hatg- 30 = [t ) = g < oo

shows that the mapping t — ¢ - Ay € #(X) is scalarly essentially
u-integrable, and

(n, / (g M) du(t)) = / “(hg A dua(t) = / (gh. \e) du(t)

= [C o) [“amar

:/Ohd(g.u)=<h7g-1/>;

thus [(g-A¢)du(t) = g - v, which is the formula (9).

The following minor point, touched on in the Note for V.46, £. 17,18,
seems not to have been established explicitly (if it has, I have forgotten
where):

Lemma. Let p be a measure on a locally compact space X, and let
f,g: X — R be functions that are (with respect to p) measurable and are
> 0 locally almost everywhere on X. Then fg is measurable.

Proof. We can suppose that p > 0 (Ch. IV, §2, No. 1, Def. 1 and §5,
No. 1, Def. 1). Redefining f(z) and g(x) to be 0 on the locally negligible
set where either number is < 0, we can suppose that f and g are > 0
everywhere on X (Ch. IV, §5, No. 2, Prop. 6).

A function h >0 on X is measurable if and only if the set

S={zeX: h(zx)>a}
is measurable for every real number a > 0 (loc. cit., No. 5, comment pre-

ceding the Cor. of Prop. 8, plus the fact that S = X when a < 0); and since
(for the case a =0)

{w: h(z)>0}=J{z: h(z)>1/n},
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h is measurable if and only if S is measurable for every real number a > 0
(loc. cit., No. 4, Cor. 2 of Th. 2).
It will therefore suffice to show that the set

A=A{z: (fg)(z)>a}

is measurable for every real number a > 0. Now, (fg)(xz) > a if and only
if one of the following three conditions holds:

f(z) = 400 and g(x) > 0;
f(z) >0 and g(z) = +oo;
0< f(zx) < 400, 0<g(r) <+oo and f(x)g(z) > a.

Thus, writing

B={z: f(z)=+occ}n{z: g(zx) >0}
C=A{z: f(x)>0}n{z: g(x) =400}
D={z: 0< f(z) < 400}, E={x: 0 < g(x) < +o0},

one has
A=BUCUDNEN{z: f(z)g(x) >a});

the sets B,C,D,E are known to be measurable, so it suffices to show that
the set
DNENn{z: f(z)g9(x) > a}

is measurable. This set can be written

DNEN{z: (¢pf)(z)prg)(x) > a},

so it will suffice to show that the set

{z: (ppf)(x) prg)(x) > a}

is measurable for every real number a > 0. Now, the finite-valued functions
opf and pgg are measurable; for example, the set

{z: (¢ppg)(x) > a} =DN{z: g(x)>a}

is measurable for every real number a > 0. One is thus reduced to proving
that the product of measurable functions with values in R is measurable,
and this is known from the comments following Ch. IV, §5, No. 3, Cor. 5 of
Th. 1. &
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V.47, L. 21,22.
“...it follows at once from these relations that ¢t — g-A; is py-adequate
(83, No. 1, Def. 1).”

As shown in the preceding Note, the mapping

is scalarly essentially p-integrable, and its integral (in the sense of §3, No. 1)
is given by the ‘distributive law’ (9),

/<g-At>du<t> —gv,

where v = [ A;du(t). Moreover, for every v-measurable function h > 0
on X, one has the equality

/.hd(g-V)=/°du(t)/.hd(9-kt);

in particular, its validity for every lower semi-continuous function h > 0
on X means that the mapping (x) is u-pre-adequate (loc. cit., Def. 1).

We are to show that the mapping (%) is u/-pre-adequate for every pos-
itive measure ' < g on T. Indeed, the original mapping t — A; is
a fortiori scalarly essentially p/-integrable and, writing v/ = [ A dp/(t),
obviously v/ < v. It follows that ¢ is also locally v/-integrable, and the
foregoing argument shows that ¢ +— g- \; is p/-pre-adequate (with integral
g-v').

Incidentally, if T and X are any locally compact spaces, u is a positive
measure on T, and ¢t — 1 € #(X) is a p-pre-adequate mapping whose
integral [n; du(t) is a moderated measure on X, then t — 7, is in fact
p-adequate (see the Note for V.17, . —6 to —4). {This comment is not in-
tended as a generalization of the present Prop. 7, whose proof makes heavy
use of the countable compactness of X in arranging that ¢ be locally inte-
grable for every \;.}

V.47, 0. —2, 1.
“For every function f € J#,(T) we have, by Propositions 2 and 3,

/|gz|fd|el|=/ |92|f|91|d|9|=/ lg21 £ dl6)].”

In slow motion:

/|gg|fd|el|=/ Igzlfdlgl-ﬂlz/ 192! £ d(lgu] - 16)
- / 9ol £ 91| dI6] = / 9291 £ dl6)].
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For these equalities to be valid, ¢g» can be any complex function and f
any positive function on T; it is only necessary that ¢; - 8 be defined,
i.e., that g1 be locally f-integrable, equivalently (No. 1, Def. 1) that g; be
locally |f]-integrable, equivalently (since g; is f-measurable) that |gi| be
locally |f|-integrable, equivalently that |gi|-|6| be defined (this is implicit in
Prop. 2). The first and last equalities are cosmetic; the 2nd equality holds
by Prop. 2, and the 3rd by Prop. 3.

In particular, when f belongs to #, (T), hence is universally moder-
ated, the equality of the first and last members may be written (§1, No. 2,

Prop. 7)
* ES
/Igzlfdl01|=/ 9201 £ dI6).

so that the two members are simultaneously finite or simultaneously in-
finite; thus when, in addition, go is #;-measurable (equivalently, gog; is
f-measurable), gof is f;-integrable (i.e., the left member is finite) if and
only if gog1 f is f-integrable (i.e., the right member is finite); in other words,
assuming ¢; locally #-integrable, the following conditions are equivalent:

a) go is locally 6;-integrable—which implies that g is f;-measurable
(No. 1, Prop. 1), hence g2g1 is f-measurable;

b) g2g1 islocally #-integrable—which implies that gog; is -measurable,
hence ¢, is Ai-measurable.

V.48, /0. 2,3.
“...by Th. 1 we have”

Since f is universally moderated, in applying Th. 1 (twice) the word
“essentially” can be omitted, and [ * replaced by [.

ADDENDUM: The answer to a question posed in the Note for V.45,
£. 10,11 is as follows:

Ezample. There exist a locally compact space T, a positive measure p
on T, and a pu-moderated subset A of T such that the measure pa - u is
not moderated.

Lemma. If p a positive measure on a locally compact space T such that
[ = sup [y, , where (i) is an increasing sequence of positive measures, and

n
if A is a p-measurable subset of T such that Suppu, C A for all n
(for example A = |JSupp p,, which is a Borel set, hence is universally

n
measurable), then ¢ - p=p.

Proof. Write S,, = Supp 4, . Since p, < p, one knows that A is
tn-measurable for all n, therefore ¢, is locally p,-integrable (No. 3, Ex-
ample). Thus, for every g € 1 (T), pag is p,-integrable and, p,-almost
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everywhere, one has pag = s, ©ag = ps, g =g, whence

(oA - 1n)(9) = pn(pag) = un(g) = pn(g)

that is, @A - ft = fy . Since p® = suppud (§1, No. 4, Prop. 11) it follows
that, for all g € #(T),

(pa - 1)(g) = p*(pag) = sup pi (0ag) = sup pn(g) = p*(g) = u(g),

thus pa -p=p. <

The example. Let T and p be as in Ch. V, §2, Exer. 4 (on p. V.95).
By part a) of the exercise, p is not moderated but p = sup p, , where

(1) is an increasing sequence of positive measures with finite support. The
set A = |JSupp p, is the union of a sequence of compact sets, hence is

universally moderated, but ¢a - ¢ = p by the Lemma, thus ¢a - p is not
moderated.

CopA. This is a good place to stop—the Notes are getting too fre-
quent and too long, the document a bloated 586 pages, and the complicated
arrangement of the proof of the Lebesgue-Nikodym theorem in No. 5 exacer-
bates the trend; the reader who has gotten this far will probably find filling
in the gaps easier than studying how I filled them in.

As epitome of the formal beauty of Bourbaki’s treatment of integration,
I nominate the formula

lp+iv| =/ pu? + v?

of No. 9 (1 and v real measures) with its audacious right member.



