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Abstract. The paper is concerned with the number of open gaps in spectra of
periodic quantum graphs. The well-known conjecture by Bethe and Sommerfeld (1933)
says that the number of open spectral gaps for a system periodic in more than one
direction is finite. To the date its validity is established for numerous systems, however,
it is known that quantum graphs do not comply with this law as their spectra have
typically infinitely many gaps, or no gaps at all. These facts gave rise to the question
about the existence of quantum graphs with the ‘Bethe-Sommerfeld property’, that
is, featuring a nonzero finite number of gaps in the spectrum. In this paper we prove
that the said property is impossible for graphs with the vertex couplings which are
either scale-invariant or associated to scale-invariant ones in a particular way. On the
other hand, we demonstrate that quantum graphs with a finite number of open gaps
do indeed exist. We illustrate this phenomenon on an example of a rectangular lattice
with a § coupling at the vertices and a suitable irrational ratio of the edges. Our result
allows to find explicitly a quantum graph with any prescribed exact number of gaps,
which is the first such example to the date.
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1. Introduction

Quantum graphs are one of the fast developing areas of quantum physics, the interest

to them being driven both by their ‘practical” use in modeling nanostructures and other
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physical objects, as well as by theoretical reasons. They allow us to understand better
various quantum effects by analyzing them in the situation where the configuration
space has nontrivial geometrical and topological properties. The literature concerning
quantum graphs is extensive and we limit ourselves to referring the reader to the recent
monograph [2] as a guide to further ilumination.

While the quantum graph Hamiltonians describing particles ‘living’ on a metric
graph share many properties with the ‘usual’ Schrodinger operators, this analogy is far
from being complete; a well-known example is the failure of the unique continuation
property [2, Sec. 3.4] that makes possible, for instance, the existence of compactly
supported eigenfunctions on infinite graphs. This concerns, in particular, infinite
periodic graphs the spectrum of which may not be purely absolutely continuous
containing flat bands, or infinitely degenerate eigenvalues, and it is even possible that
the absolutely continuous part is empty as is the case for magnetic chain graphs with a
half-of-the-quantum flux through each chain element [10, Thm 2.3].

Our goal in this paper is to investigate Hamiltonians of infinite periodic graphs
from another point of view, namely the number of open gaps in their spectra. To begin
with we recall the Bethe-Sommerfeld conjecture [20] put forward in the early days of
the quantum theory, according to which a quantum system periodic in more than one
direction — with a slight abuse of terminology one usually speaks of Z”-periodicity with
v > 2 — has a finite number of open gaps in the spectrum only. The reasoning behind
the conjecture is based on the behavior of the spectral bands identified with the ranges
of the dispersion curves or surfaces. Those at most touch for Z-periodic systems while
in higher dimensions they typically overlap making opening of gaps more and more
difficult as we proceed to higher energies. This looked convincing and the property was
taken for granted, although mathematically it proved to be a rather hard problem and it
took decades before an affirmative answer was obtained for most cases of the ‘ordinary’
Schrodinger operators — see, for instance, [6, 11, 14, 18, 19] and references therein.

Discussing this question in the context of quantum graphs, the authors of [2] recall
the above mentioned heuristic argument (Sec. 4.7), however, they add immediately that
this is not a ‘strict law’; in Sec. 5.1 of [2] they illustrate this claim by examples of periodic
graphs with an infinite number of resonant gaps created by a graph ‘decoration’, the
effect noticed first in the context of discrete graphs [16] and later verified also for metric
graphs. In other words, we have examples of numerous situations in which the claim
represented by the BS conjecture is false. The question thus arise whether it is a ‘law’ at
all, that is, whether there are infinite periodic graphs having a finite nonzero number of
open gaps above the threshold of the spectrum. This is the topic we are going to discuss
in the present paper; for the brevity of expression we will speak of those graphs as of
graphs belonging to the Bethe-Sommerfeld class, or simply Bethe-Sommerfeld graphs.

We have two main conclusions. The first one concerns the fact that the said property
is sensitive to the type of vertex coupling. Recall that the standard coupling conditions

U -1V +i(U+1)T¥ =0, (1.1)
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where W, U’ are vectors of values and derivatives at the vertex, U is an n X n unitary
matrix, where n is the degree of the vertex, can be decomposed into the Dirichlet,
Neumann, and Robin parts [2, Thm. 1.4.4] corresponding to the eigenspaces of U
referring to eigenvalues —1, 1, and the rest, respectively; if the latter is absent we call
such a coupling for obvious reasons scale-invariant.

Theorem 1.1. An infinite periodic quantum graph does not belong to the Bethe—
Sommerfeld class if the couplings at its vertices are scale-invariant.

In fact, one can make a stronger claim. Given a graph with general couplings we
consider the same graph with the couplings made scale-invariant by removing the Robin
component in the way described in Sec. 2.6. If the latter has at least one gap open, the
original one is not of the Bethe-Sommerfeld class, cf. Proposition 2.6 below.

On the other hand, we are going to demonstrate that the said class is nonempty.
Our second main result in this paper is expressed in the following claim.

Theorem 1.2. Bethe-Sommerfeld graphs exist.

As it is usually the case with existence claims it is sufficient to present an example.
With this aim we revisit in the second part of the paper the model introduced in [7] and
further discussed in [8, 9] describing a periodic lattice whose basic cell is a rectangle of
the side ratio 6 and the coupling in the vertices is of the J-type with a coupling constant
a € R. It was shown in the mentioned papers that the spectral properties of such a
quantum graph depend on the number-theoretical properties of the ratio . Here we
are going to demonstrate that if 6 is badly approximable by rationals, there are values
of a for which this graph belongs to the Bethe-Sommerfeld class. More than that, our
construction makes it possible to find values of « for which the lattice graph in question
has any prescribed number of gaps.

Before closing the introduction, let us recall that there are examples of the ‘usual’
Schrodinger operators where the question about validity of the conjecture remains open,
a prominent example being Laplacian in a periodically curved tube or a Schrodinger
operator in a straight tube with a Z-periodic potential. These systems are sometimes
said to have a ‘mixed dimensionality’ even if they are obviously periodic in one direction
only, however they have a ‘two-dimensional’ feature, namely that in the absence of
potential or the deformation they have intersecting dispersion curves, which could
suggest a BS-type behaviour. An analogue of such systems in the present context are
Z-periodic graphs with period cells connected by more than a single link for which the
question about the Bethe-Sommerfeld property remains also open.

2. Absence of the Bethe-Sommerfeld property

In this section we are going to prove Theorem 1.1 and its generalization.
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2.1. The ST-form of the coupling

As it is common in the quantum graph theory the Hamiltonians we consider act as the
(negative) second derivative on the graph edges with the domain consisting of functions
which belong locally to the second Sobolev space and satisfy suitable coupling conditions
at the vertices. For the purposes of the argument it is useful to replace the vertex
condition (1.1) by an equivalent form proposed in [4] and referred to as the ST-form.
Given a vertex of degree n, the vectors ¥ and ¥’ in C™ will again stand for the boundary
values in the vertex,

¥1(0) ¥1(0)
Y= : , U= : ,

n(0) U (0)

where the limits of the first derivatives are conventionally taken in the outward direction.
The coupling condition at the vertex can be then written in the form

JARNNA ) S 0

for certain 7, S, and T, where the symbol I(") denotes the identity matrix of order r and
the matrix S is Hermitian. The condition (2.1) allows us to single out scale-invariant
couplings; it is easy to see that the coupling has this property if and only if S =0 [5].
In particular, the on-shell scattering matrix S(k) for the vertex in question is in the
ST-formalism given by

o) 1\
— _jn) (r) * T (r)
S(k) = —1I +2( T ) (1 L TT iks) (1 T) (2.2)

and it obvious that it is independent of k iff S = 0.

The spectrum is obtained using the Bloch-Floquet theory [2, Sec. 4.2]. We assume
that the graph is locally finite and consider its elementary cell; cutting it out from
the original periodic graph we get a finite family of pairs of ‘antipodal’ vertices related
mutually by the action of the corresponding translation group. Each such pair of vertices
(v_,vy) can be regarded as a single vertex with the boundary conditions

P(vs) = e"p(oo), Y (vy) = e (vo) (2.3)
for some 9, € (—m, 7|, where [ = 1,...,v, and v is the dimension of translation group
associated with graph periodicity. The pair of edges with the endpoints vy can be
turned into a single edge by identifying these endpoints, and the acquired phase ¥,
coming from the conditions (2.3) can be also regarded as being induced by a magnetic
potential. Denoting such a graph I' and assuming that it has £ edges, we consider the
2F x 2FE matrices A, L, and S which are defined in the following way. The diagonal
matrix L is determined by the lengths of the directed edges (bonds) of the graph T
The diagonal matrix A has the entries e’ or e™ at the positions corresponding to
the edges created by the mentioned vertex identification, all its other entries are zero;
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the sign in the exponents depends on the edge orientation. Finally, the matrix S is the
bond scattering matrix, which contains directed edge-to-edge scattering coefficients. In
this way, each element of the matrix S corresponds to a certain entry of the scattering
matrix at a certain vertex of the elementary cell, cf. [2, eq. (2.1.15)]. Recall that the
bond scattering matrix S is unitary.

This definitions follow the usual treatment of periodic quantum graphs [1]. Having

-,

introduced the matrices A, L, and S, we define the function F(k;) as
F(k;3) := det (T — fAFLIS(k)) (2.4)
this allows us to write the spectral condition in the form

eoH) < 3e(—m 7)) (Fk;J)=0). (2.5)

Note that the function F'(k;) is in general complex, however, one can consider a real-
valued function instead, dividing F(k; ) by \/det(elAFLIS(k)), cf. [2, Rem. 2.1.10].

2.2. Graphs with scale-invariant couplings

Consider first the case of a periodic graph with scale-invariant couplings at all
the vertices. The scale-invariance assumption implies that the scattering matrix
at each graph vertex is independent of k and the same is naturally true for the
matrix S entering formula (2.4). The function value F(k;d) thus depends on the
vectors ¥ and (klo, kty, ... kly), where {lg,l1,...,4q}, d +1 < E, is the set of

-

mutually different edge lengths of I'.  Moreover, the value F(k;?) is 2m-periodic

—,

in each of the terms kly, kly,...,kly. As a result, F(k;9) depends on the vectors
({klo}2m) (k1 }2mys - - - » {kla} 2m)) and 0 only, where {€o, €1, ..., 04}, d+1 < E, is the
set of mutually different edge lengths of I and the symbol {2} 2, stands for the difference
between x and the nearest integer multiple of 2, i.e.

{z}omy =2 —2mm if z € (2m—1)m, (2m+ 1)7]. (2.6)

The spectral condition (2.5) can be, therefore, written in the form

K2 eo(H) o (35 € (—m, W]V) (Fo({kfo}(gﬂ), {601 oms - (e} om0 = o)

(for simplicity here and elsewhere in this section the subscript 0 refers to graphs with
scale-invariant couplings).

Proposition 2.1. Let the assumptions given above be satisfied, then the following holds:

(i) If o(Hy) contains a gap, then it contains infinitely many gaps.
(ii) The gaps can be classified into series that have asymptotically constant lengths with

respect to k, thus the gap lengths within a series grow linearly with respect to k2.

(i1i) In particular, if all the graph edge lengths are rationally dependent, then the
momentum spectrum is periodic.
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Proof. The easiest part to prove is (iii). If all the lengths are rationally dependent, there
exists an elementary length L > 0 and integers m; € N such that ¢; = m;L holds for
7=0,1,...,d. Hence (k + %’T) l; = kl; 4+ 2mm; which implies

2
L (2m)

for all j = 0,1,...,d. This means that Fy({klo}n), {k1}2n), - .,{k@d}(gﬂ);ﬁ) as a
function of k is periodic with period 27 /L, and consequently, the spectrum has a periodic
structure in terms of the momentum.

Next we proceed to the proof of (i). We shall prove that the existence of a k > 0
with property k? ¢ o(Hy) implies

(VC' > 0)(3K > C)((K')* ¢ o(Ho)).

-,

Since the function k — F(k;9) is continuous, it obviously suffices to check that for any
k > 0 and C > 0 there is a k" > C such that the values k'¢; are arbitrarily close to k¢;
up to an integer multiple of 27, more explicitly

(Vk > 0)(YC > 0)(Y8 > 0)(3K' > C)(¥j € {0,1,...,d}) (| (K — kY g | < 5), (2.7)

where the symbol {-} ) was defined in (2.6).
We shall prove the claim (2.7) using the simultaneous version of the Dirichlet’s
approximation theorem. First of all, we set

2]
R ] 2.8
aJ go ( )
for all j = 1,...,d. The said theorem guarantees for any aq,...,ay € R and for any
natural number N the existence of integers pq,...,p4, ¢ € Z, 1 < q < N, such that
Dj 1
Let k£, C and ¢ be given and choose m as an integer with the property that
6 C
> —. 2.10
m> (2.10)

Once m is fixed, the number N can be taken as any integer satisfying

N > (%ﬂmy . (2.11)

Let g be the integer from the simultaneous version of the Dirichlet’s approximation
theorem corresponding to N chosen according to (2.11). Notice that ¢ depends on N,
and therefore also on 0. For this ¢, we define kj as follows,

ks =k + orm L.
lo
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Our aim is to show that k§ satisfies the following two conditions:
ks > C (2.12)
|{kg€j—k€j}(%)\ <4, j=0,1,...,d (2.13)
Applying the definition of &%, the inequality ¢ > 1 and the assumption (2.10), we get
]{7:5:/{}4-271'771% > 271'772% > 27rm% > C,

in other words, condition (2.12) holds true. Let us proceed to condition (2.13). We have

ksl; — kl; = 27rm€g€j = 2Tmqa; ,
0
where a; was introduced in equation (2.8). Since [{z} x| < |z — 27p| holds obviously
for all x € R and p € Z, we obtain in particular
Dj

’{kéﬁj — kéj}(%)‘ < |ksl; — kl; — 2mmp;| = |2rmga; — 2wmp;| = 2mmq |o; — ==

for p1,...,ps denoting the integers from (2.9). Consequently, the inequality (2.9) and
the assumption (2.11) imply
1 2mm
= <
q N1 /d N1 /d
which proves condition (2.13). The claim (2.7) thus holds true.
Finally, the claim (ii) is a consequence of the argument used to prove (i). It follows

‘{kgfj - Mj}(%)’ < 27myg 5 (2.14)

trivially from (2.14) that letting 6 — 0 we can always construct a number kj > C' with
the property that lims—o {(k5 + 2)¢; — (k + x){;},,) = 0 holds for any = € R. This
means that lims_,o F'(kj + x,ﬁ) = F(k + x,ﬁ) holds for any z € R as § — 0, and in
particular,

lim F(kj; 5)

6—0

d (2.15)

=0 if F(k;d)=0;
40 if F(k;9)#0.

Suppose that the momentum spectrum of Hy has a gap (kK — Ay, k 4+ Ag) of the width
Aj + Ay located around the value k. For any C' > 0 and § > 0 we can construct a gap
(ks — AL, ks + A), located around the momentum value k5 > C. Relation (2.15) implies
that in the limit 6 — 0 we haves A} — A; and A}, — A, hence the width of the gap
around kj is A} + AL — Ay 4+ Ay, In other words, if k5 is constructed by the procedure
described above by choosing a sufficiently small §, then the widths of gaps around k& and
ks can be as close to each other as required. O

Corollary 2.2. Theorem 1.1 is valid.
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2.3. More general vertex couplings

Our next aim is to show that the Bethe-Sommerfeld property can be excluded also for
graphs with vertex couplings from a wider class. We begin with the following definition.

Definition 2.3. Let a vertex coupling be given by condition (2.1). The associated scale-
invariant vertex coupling is given by condition

T 0 0
U = v, 2.1

In other words, the coupling associated to a given (2.1) is obtained by removing the
Robin part represented by the square matrix S.

In the following proposition we show that the scattering matrix referring to (2.1)
decomposes into a constant part and a part that vanishes as & — oo. This observation
is useful for dealing with high momenta values, k& > 1, note that this is the regime
crucial from the viewpoint of the Bethe-Sommerfeld property.

Proposition 2.4. Consider a quantum graph vertex with a general coupling described
by the condition (2.1). Its scattering matriz satisfies

S(k) =Sy + %Sl(k) , (2.17)

where

k—00 T

) _
So = lim S(k) = —1™ +2 ( ! ) (1@ + 1) (10 T )

18 the constant scattering matrix corresponding to the associated scale-invariant vertex
coupling (2.16), and

Im -1 1 !
_ o ") 4 o) e _ L ")
S (k) 21<T* )(1 +TT) 5(1 +TT iks) (1 7).

Moreover, the matriz function k — S1(k) is bounded on the interval [1,00).

Proof. 1t is easy to check that the sum &y + %Sl(k) is equal to the right-hand side of
equation (2.2). The boundedness of S;(k) on [1, 00) is a straightforward consequence of
the continuity of k£ — &1 (k) and the existence of the limit

: : I(T) r *_1 r *_1 r
klggosl(k):—m(T*)(ﬂwTT) S (I +1TT%) (ﬂ) T).

]

Since each entry of the matrix S(k), appearing in (2.4) and referring to all the
vertices of the graph I', corresponds to a certain entry of S(k) for a particular vertex,
we can decompose the matrix S(k) in a way similar to (2.17), writing

S(k) = So + %sl(k;), (2.18)
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where Sy is a constant unitary matrix, corresponding to the same graph with the
associated scale-invariant couplings at its vertices, and S; (k) is a matrix that is bounded
on [1,00) as a function of k.

-

Proposition 2.5. The quantity F(k;9) of (2.4) can be expressed as

- - 1 -
F(ka 19) = Fo({kfo}(zw), {kgl}(Qﬂ')’ SRR {kgd}(%r)) 19) + EF1<I€7 19) ) (219)

where

Fo({ELo} amy, k1 Y amys - - - {Rla}(amy; V) i= det (T — elA+RLIS )

and the function k — Fy(k;9) is continuous and bounded on [1,00).

Proof. According to (2.4) and (2.18) we have

- . 1
F(k;9) = det (I — AS(k)) = det (MO +7 M1>

with My := I — A+tFLS, and M, := —el(AHFLS, (k). We distinguish two cases.

(i) Let Fo(k;9) # 0, i.e., det My # 0. This assumption means that M, is regular, hence

= 1
F(/{i, 19) = det |:M0 . (I + EM61M1>:| = det Mo(l + O(k’_l)) = det M0+k3_10(1) .

-,

(ii) On the contrary, let Fy(k;v) = 0, i.e., det My = 0. Then

F(k;U) = det (MO - %Ml) =k "O(1),

where h > 2F — rank (M) > 1.

In both cases the leading term of the component O(1) is a sum of products of entries
of the matrices Sy and S;(k) in (2.17), all of them being continuous and bounded with
respect to k € [1,00). Consequently, the terms k~'O(1) and k~"O(1) in F(k;J) can
be written in the form %Fl(k;g), where the function k +— Fj(k;9) is continuous and
bounded on [1, c0). O

=,

For the sake of brevity we would also often employ the symbol Fy(k;?) as a

—

shorthand for the expression Fo({klo}(2r), {kl1}2n)s - - - {kla}(2r); ¥) appearing in (2.19).

Proposition 2.6. Consider a periodic graph with general couplings at the vertices and
denote its spectrum as o(H). Let further o(Hy) be the spectrum of the same graph, in
which all vertex couplings are replaced by the associated scale-invariant couplings. Then
the following claims hold true:

(i) If o(Hy) has an open gap, then o(H) has infinitely many gaps.

(i1) If the edge lengths are rationally dependent, then the gaps of o(H) asymptotically
coincide with those of o(Hy).
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Proof. (i) 1If o(Hp) has a gap, then there is a k? > 0 such that &* ¢ o(Hy). From now
on we regard k > 0 as a fixed number. Let us recall that

K ¢o(H) <« (V€ (—ma]")(|Fo(k; V)| > 0).

Since |Fy(k; )| is a continuous function of the quasimomentum 4, it attains a minimum
on any compact interval, hence

_min |Fy(k; )| = .

Je[—m )
Moreover, the Brillouin zone has the structure of a torus, hence the function |Fy(k;-)|
is periodic with the period 27 in every component of the vector 5, which in particular
means that the same value of minimum is attained also at the left-open interval (—m, 7]".
Since k? ¢ o(Hy), the value v must be positive, hence we obtain

(Y € (—m, 7)) (| Fo(k; )| >~ > 0). (2.20)
Equation (2.15) implies that for every C' > 0 there is a &’ > C' such that
Fo(k':9) — Fy(k; 0)| < % (2.21)
Let us limit ourselves to large values C', specifically, to the values C' with the property
Bk 9) v
K> C (s _ 2.22
> 1 <3 (2.22)

where %Fl(k;,ﬁ) is the term appearing in equation (2.19). Now we apply twice the
triangle inequality to the decomposition (2.19) and after that we use inequalities (2.20),
(2.21), and (2.22). In this way we obtain

-,

. / / , - Fi(K50
|F(K';9)| > ‘Fo({’f ot omy {F O}y, 1k gd}@”);ﬁ)‘ = l(k:' .
. . NN AR
T v
173737370

for all J € (—m,7]"; hence k' ¢ o(H). To sum up, for any sufficiently large C' > 0 one
can find a &' > C such that £ ¢ o(H), which proves the existence of infinitely many
gaps in o(H) given the fact that the operator in question is unbounded.

(i) We know from Proposition 2.1(iii) that the momentum spectrum of the graph
with scale-invariant couplings is periodic. Every such period contains a finite number
of gaps, thus there is a finite number of possible gap widths. Choose § > 0 as a number
sufficiently small in the sense that all the gaps are wider than 2. Gaps are open intervals
of type (a,b); for each of them we consider the closed interval [a 4 §,b — §], nonempty
by construction, and define their union as follows:

M5:U{[a+5,b—5]; (a,b) is a gap} .
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The set Ms covers the gaps of o(Hy) up to their margins of width 4. Obviously, for all
v € [—7, 7" we have

ke Ms = Fo(k‘,ﬁ)#o
The function k Fo(k;ﬁ) is periodic, the set M; is closed, and the set [—m,7]" is
compact. Consequently, there exists the minimum

min {|F0(k,1§)| ke Ms,dJe [—71’,77']”} =7;>0. (2.23)

=,

The quantity F}(k;4) appearing in equation (2.19) is bounded with respect to k, hence
there is a Cj such that

-

Fi(k; v
k>C5 = w<% (2.24)
Applying the triangle inequality to (2.19) and using inequalities (2.23) with (2.24), we
arrive at .
- - Fi (kv
(ks 9)] > | Folk; 9)] - w > 05— 5 =2 >0,

for all C5 < k € My and ¥ € (—m,7]", i.e. k2 ¢ o(H). At the same time, the value 0
can be chosen as small as necessary. To sum up, to any > 0 there is a Cy such that

k>Cs N\ plk,o(Hy)) > = ké¢o(H),

where p(k,0(Hy)) is the distance of k from the momentum spectrum of the graph with
scale invariant couplings. In other words, as k — oo, gaps of o(Hp) coincide with gaps
of o(H). O

3. Number theoretic preliminaries

Before turning to our second main topic we need to recall some number-theoretic notions
on which the analysis of rectangular-lattice graphs will rely substantially. A number
0 € R is called badly approximable if there exists a ¢ > 0 such that

-
q

>C
q2

for all p,q € Z with ¢ # 0. An irrational number 6 is badly approximable if and only if
the elements of its continued-fraction representation [co, ¢1, 2, ¢3, .. .| are bounded [13].
With our goal in mind we observe that according to [8, Thm. 3.2] the badly approximable
numbers are the only ratios § for which the spectrum of the rectangular lattice described
above may have a finite number of gaps.

The so-called Markov constant (0) of 6 € R is defined as

1(6) :inf{c>0 (Fuo(p, ) € 72) (‘9—2‘ < ﬁ)} (3.1)

q) ¢
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The Markov constant is sometimes denoted by v(#), cf. [3]. Notice that u(6) > 0 if and
only if 0 is badly approximable. Since every § € Q has trivially u(f) = 0, some authors
define p(6) only for 6 being irrational.

Recall that by a theorem of Hurwitz [12] for every irrational number # there are

infinitely many (p,q) € Z? such that ‘9 £ ‘ \f 5, in other words, p(6) < 15 holds
for any 6 € R.
We say that 0,0 € R are equivalent if there are integers r, s, t, u such that
rd + s
T 0 +u
According to [3, Thm. IV], 0,6 € (0,1) are equivalent if and only if their continued

and ru —ts = *£l. (3.2)

fractions take the form

6/: 0;a1,a9,...,a;,¢1,Ca, ... (3.3)
6) == [0;b17b2,...,bm,Cl,Cg,...]
for suitable [,m and ay,...,a;, b1,..., by, and ¢, ca, . ... One can prove that if # and 6’

are equivalent, then p(0) = u(0'); cf. [3, p. 11]. The particular choice r = u = 0 and
s =t =1 in equation (3.2) establishes the equivalence of the numbers 6 and #~'; hence

u(0) = 1(67Y). (3.4)
Now we will introduce a function v : R — R, the values v(f) of which will play an
important role in the analysis of our spectral problem; they can be regarded as a one-
sided version of the Markov constant.
Definition 3.1. For any 6 > 0, we set
c

v(f) = inf{c>0 ‘ ((p, q) € Z7) (0<e—72 < —)} (3.5)

q ¢
Proposition 3.2. For every 6 > 0, we have
v(@) =inf{c >0 | (Foom € N) (m(mb — [mb|) < c)}, (3.6)
v(@ N =inf{c >0 | (Foom € N) (m([mb] —mb) <c)},
p(0) = min{v(9), v(67")},

where |-] and [-] are the floor and the ceiling function, respectively.

Proof. One can see easily that the right-hand side of (3.5) will remain unchanged if we
assume ¢ > 0 and p is replaced with |¢0], i.e

U(@):inf{c>0‘(EIOOQGN)(Q—LQ—@J<(]—C2)}.

q

In this way we obtain formula (3.6).
Let us next prove (3.7). It follows from the definition that the left-hand side of
(3.7) equals

LHS = inf {c¢ > 0 | (3(p,q) € (Z\{0})*) (¢(g0™" —p) <) }. (3.9)
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At the same time, in analogy with the previous step, it is easy to see that the right-hand
side of (3.7) is equal to

RHS = inf {¢ > 0 | (3(p,q) € (Z\{0})*) (p(qg —pb) <) }. (3.10)
Our goal is to prove that LHS = RHS. To that end we will use the identity
[p(q — p)]?

q(q0~" —p) = p(q — pb) + (3.11)

p0

which implies

q(q0~" —p) > plg—pd)  forall (p,q) € (Z\{0})*;

hence LHS > RHS. At the same time, for every ¢ > RHS there are infinitely many
(p,q) € (Z\{0})? such that p(q — pf) < c. Therefore, due to identity (3.11), there are
infinitely many (p,q) € (Z\{0})? such that
6! ¢
e < —_.

q(q p) <c+ peT]
Choosing p large enough, we can find for any ¢ > RHS and any € > 0 infinitely many
pairs (p,q) € Z* with the property

q(g0™" —p) <c+e.

Consequently, we have also the inequality LHS < RHS which completes the proof of the
sought relation LHS = RHS.

It remains to prove formula (3.8). We know from the previous step that p(671) =
RHS according to (3.10), hence

v(07!) = inf {c >0 ’ (3 (p,q) € Z7) (% —0< %) } . (3.12)

p
Formula (3.8) follows trivially from equations (3.5), (3.12) (where we have to rename
the variables, p — ¢, ¢ — p) and (3.1). ]

Regarding equation (3.8), let us remark that the values v() and v(#~') may or
may not coincide. For example, for the golden mean, ¢ = (v/5 + 1)/2, we have
v(p) = v(p™) = 1/v/5 (see Section 5 below), on the other hand, the literature on
the Markov constant provides hints of the existence of numbers § with the property
v(0) £ v(671), see e.g. [15].

Function v(€) is closely related to approximations of 6 by rationals. A number

}—; € Q with p,q € Z is called best Diophantine approzimation of the second kind to a
given 0 € R if

|46 — pl < [q'0 —p| (3.13)

holds for all Z—; #+ § such that p',¢’ € Z and 0 < ¢ < q. Every best Diophantine
approximation of the second kind to a # € R is a convergent 5—" of the continued
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fraction corresponding to 0, see e.g. [13]. If the inequality (3.13) is replaced with
0 — g‘ < ‘9 — fli:), the corresponding fraction § is called best Diophantine approzimation
of the first kind to the number 6.

For the discussion of the problem we address in this work, we will need a certain
type of one-sided best approximations, which we will call, in analogy to the notions

mentioned above, ‘best approximation from below (respectively, from above) of the
third kind’. They are defined as follows.

Definition 3.3. Let § € R and § € Q forp,q € Z. We say that the number § is a best
approximation from below of the third kind to 6 if

0 <q(gf0 —p) <q'(q0—p) (3.14)
for all f]i: > 0 such that ’qii #* %, p.¢ € Z and 0 < ¢ < q. Likewise, we call § a best
approximation from above of the third kind to 6 if

0<qlp—qb) <q'@® —q0) (3.15)
for all Tqi: < @ such that Z—: #* 75’, p.¢ €Z and 0 < ¢ <q.

Best approximations from below of the third kind to 6 greatly simplify the
evaluation of the function v(#). Indeed, we have

v(f) = inf {q(qQ —p) ’ S is a best approximation from below to 0} . (3.16)

Formula (3.16) is very efficient providing that one knows best approximations from below
of the third kind to #. Their explicit characterization will be given in Proposition 3.5.
To derive the result, we will need the following lemma.

Lemma 3.4. Let 6 = [ag;ay,a2,a3,...] and Z—:, n € N, be convergents of 6. If the
inequalities
Pn—1 < p < Pr+1 <0 or Pn-1 N p > Pni >0
n—-1 q dn+1 n—1 q n+1
hold, then we have
1
qlq —p| > —.
Qn
Proof. First we estimate the absolute value |2 — £2=1| from below,
n— n—1 n— 1
‘]_9_]? I ekl 7 (3.17)
qd  Gn-1 q - 4n-1 q - 4n-1

where we used a trivial fact that |pg,_1 — qpn_1] > 1 because the expression is by

assumption a nonzero integer. In the next step we find an upper estimate of the same
k—1

quantity, taking advantage of a known formula 22 — 22 — ED7 0k (of [13) Cor. of

qk—2 9k qk9k—2
Thm. 3]) for [ao; ay, as, .. .| representing the continued-fraction form of 6,
n— n n— a’n
P Pn-1 <p+1_p 1 _ ' (3.18)
q Gn—1 Gn+1 Gn—1 Gn+19n—1
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Combining inequalities (3.17) and (3.18), we obtain

g > It (3.19)
Qp,

Now we use the assumptions of the lemma to estimate ’9 — § :

‘9_1_9‘ S [Poes _1_9‘ _ i =Pl L
q n+1 4 q-qn-1 q- gn+1
Hence we obtain, taking advantage of inequality (3.19),
q 1
qlq0 —p| = > —,
qn+1 Qp,
which yields the sought claim. O

Proposition 3.5. Every best approximation of the third kind from below to a number
0 € R is a convergent of 6.

Proof. We will proceed by reductio ad absurdum. Suppose that § is a best approximation
of the third kind from below of # which is not a convergent of 6. Then either we have
£ < B = 0], where |-] is the floor function, or £ lies between two convergents that are

¢ "
smaller or equal to 6. First we will disprove the former case. For every § < | @] we have

(g0 — p) = ¢ (9-2) 29—§>9— 0] =1-(1-6—0)).
Comparing this result with condition (3.14) for p’ = [0] and ¢’ = 1, we see that 2
cannot be a best approximation from below of the third kind.

In the rest of the proof we will therefore suppose that § lies between two convergents
that are smaller or equal to 0, i.e.

Dot D Pril g for a certain odd n; (3.20)

Gn—1 4  4n+1
recall that the parity of n determines whether the convergents are larger or smaller
than . Our goal is to show that £ contradicts the requirement (3.14) on a best
approximation of the third kind from below, i.e.,

¢>q N q(@0—Dp) > gu1(qn-10 — pp_1). (3.21)

On one hand, obviously

P Pno1_ Pdn-t =Pt 1 (3.22)
q In—1 q - Qdn-1 q - Qdn-1
On the other hand, the well-known formula z—: — Z:—j = % in combination with

assumptions (3.20) implies

]z_pn—l < pn—l—l_pn—l _ pn—l—l_&_i_&_pn—l o

—1)" —1 n—1 o —
" CUT it — om0
q 4n-1 Gn+1 Gn—1 Gn+1 qn qn Gn—1 Gn+19n Gndn—1 qn—19nGn+1
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Combining inequalities (3.22) and (3.23), we obtain

q> dndn+1 ’
Qn+1 — Qn-1
which, in particular, implies
q> qn- (3.24)
This verifies the first part of (3.21). In the next step we estimate ¢,—1(gn—10 — Pr—1)-
Since zz—j is a convergent, we have

_ 1
9 . pn 1 <
qn—1 Gndn—1

or, in other words

Qn—l(Qn—le _pn—l) < o1 . (325)

n

Now we use Lemma 3.4 to obtain the estimate

1
a(¢0 —p) > —. (3.26)
A well-known rule for continued fractions, ¢, = a,¢n—1 + ¢n_o, implies ¢, > a,q,—1, and
therefore
1 —
~ S Gn—1 .
G, dn
Inequalities (3.25), (3.26) and (3.27) together imply ¢(¢0 — p) > Gn-1(gn-10 — Pn—1).

Taking into account that ¢ > ¢, in view of estimate (3.24), we conclude that § is not

(3.27)

a best approximation of the third kind from below to 6. n

As for the approximation from above, the situation is slightly different.

Proposition 3.6. Fvery best approximation from above of the third kind of a 0 € R is
either [0] or a convergent of 6.

Proof. We proceed again by contradiction. Let 2 # [0] be a best approximation of the

third kind from above to # which is not a convergent of . Then either § lies between

two convergents that are smaller than 6, or £ > £ AL 3£ [§]. The former case can be

treated in the same manner as in the proof of Proposition 3.5; therefore, we will omit

it here and proceed directly to the case £ > L 2 =£ [§]. Since &L = qg + L = wutl
q q1’ q q1 al ai
every § > % satisfies
1 q
p>qlag+— ) =qag+ —. (3.28)
aq ap

We distinguish two cases.
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a

Figure 1. The rectangular-lattice graph

e If ¢ < ay, inequality (3.28) gives p > gag + 1; hence
q(p —q0) > q(qao+ 1 —qf) =ap+1 -0+ (¢—1) (1 — (g +1)(0 — ao))

(the last equality can be easily checked). The assumption ¢ < a; gives ¢ + 1 < a;.
Taking advantage of the trivial estimate 6 — ay < i, we get 1 —(q+1)(0 —ag) > 0;
hence

a0—|—1—9+(q—1)(1—(q—|—1)(9—a0))2@04—1—9.

Since ag + 1 > [0], we conclude that

q(p—qf) >1-([0] —1-0),

Le., every £ 5 [¢] contradicts the condition (3.15) with the choice p" = [6], ¢’ = 1.
e If ¢ > ay, inequality (3.28) gives

a(p—qb) > q (qao 2 q9) — ar(apar + 1 — ab) + (@ — a?) (l (6 ao)) |

ai ai

Using the assumption g > a; together with the trivial estimate 0 — ay < a—ll, we get
q(p — q0) > ai(apa; + 1 — a10);

ie., § contradicts the condition (3.15) with the choice p' = apa; + 1, ¢ = a;.

To sum up, in both cases we found that § > %, ’5’ [0] cannot be a best approximation

from above of the third kind to 6. O

4. Number of spectral gaps of lattice graphs

Now we can address our second main topic, the existence of graphs with the Bethe-
Sommerfeld property. As indicated in the introduction, to this aim we shall revisit the
model introduced in [7] and further discussed in [8, 9]. Let us first recall some needed
notions. Consider a rectangular lattice graph in the plane with edges of lengths a and
b — cf. Fig. 1. In addition, suppose that the graph Hamiltonian H is the Laplacian
defined as a self-adjoint operator by imposing at each graph vertex v the ¢ coupling
condition — that is, continuity together with the requirement Z?Zl V' (v) = ap(v) —
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with a parameter o € R. According to [8], a number k% > 0 belongs to a gap if and
only if k£ > 0 satisfies the gap condition, which reads

ka m | ka kb m | kb o

ka 7w | ka kb m | kb || _

we neglect the case a = 0 where the spectrum is trivial, o(H) = [0,00). Note that

and

for a < 0 the spectrum extends to the negative part of the real axis and may have a
gap there. From the point of view of our present problem this is not that important,
though, the reason is that if such a gap exists, it always extends to positive values of the
energy — see Proposition 4.7 below and Figure 2 in [9] — hence it is sufficient to analyze
solutions to the gap conditions (4.1) and (4.2) only. Since the sign of « plays role here,
it is reasonable to discuss the two cases separately.

4.1. The case a > 0

Let us first make the gap description more specific.

Proposition 4.1. Let 0 = ¢. The following claims are valid:

e Every gap in the spectrum has the left (lower) endpoint equal to k* = (%)2 or
k? = (%)2 for some m € N.

o A gap with the left endpoint at k* = (%)2 is present if and only if

2mm ™ 1 1
- tan <§(m9 — |mb J)) < a. (4.3)
o A gap with the left endpoint at k* = (%)2 s present if and only if
2mm s
a tan <§(m9 — Lm@J)) <a. (4.4)

Proof. The gap condition (4.1) is equivalent to F'(k) < a, where

rog =2 (552 o (55 [21))

Function k — F(k) has discontinuities at points & = ™* and k = % for m € N. It is
easy to check that F'(-) is strictly increasing in each interval of continuity and has limits

lim F(k) = lim F(k)=+o0

k fmn k fmn
at the right endpoints of the continuity intervals. Hence there is at most one gap in
each interval of continuity of F(k), and moreover, all gaps are adjacent to points k>
corresponding to k being left endpoints of those intervals. This proves the first part of
the proposition.
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Furthermore, a gap with the left endpoint equal to k? = (?)2 is present if and
only if limy, m= F'(k) < a, and since

2
lim F(k)= 7 tan (z <m§ - {méJ )) ,
N a 2 a a

we arrive at the gap conditions (4.3); the gap condition (4.4) is obtained similarly by

considering limy\ mr F'(k) < a. O

Corollary 4.2. Let 0 = §. If

27;” tan (g(mﬁ’l — Lm971J)> >a A QTZW tan <g(m9 - LmQJ)) >a  (4.5)

holds for all m € N, then there are no gaps in the spectrum.

Next we relate the number of gaps to values of the function v(6) introduced above.

Proposition 4.3. Let 0 = ¢. If

o < 72-min {@ ”(9;) } , (4.6)

then the number of gaps in the spectrum is at most finite.

Proof. The expression at the left-hand side of condition (4.4) satisfies

2mrm 2

27;” tan (5 (6m — om))) > =5 7 (0m — [6m]) = "

“(@m — |Om]).
At the same time, (3.6) implies that for every ¢ < v(6), the inequality

c
_ > =
Om — [Om] > —

holds except possibly for finitely many values of m. Therefore, if ¢ < v(f), we have

’ITL?T2 C 7T2

b m b

Q”b” tan (5 (6m — [om))) >

for all m with at most finitely many exceptions. To sum up, if

(Je < v(6)) (a < %2(;) , (4.7)

the gap condition (4.4) is satisfied for at most finitely many values m only; note that
condition (4.7) is equivalent to

7T2

a<— v(0). (4.8)

One can repeat the same considerations for the gap condition (4.3). We get

QTZW tan (g (0~'m — LG’WnJ)) > Qmng (07'm—[07"'m]) = % (07'm—07"'m]).
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For every ¢ < v(#~!) we have in view of (3.6)

0 'm — [0 m| > <

3

except possibly for finitely many values of m. Hence

2mm mi c T

tan (g (0'm — Lﬁ’lmj)) >

a a m a

holds for all m with possibly finitely many exceptions. To sum up, if

(e <ov(07) (a < ~ c) : (4.9)

a

then the gap condition (4.3) is satisfied for at most finitely many values m only, and we
can again simplify (4.9) to the form

’/T2

a<—uvh). (4.10)

a
The assumption (4.6) guarantees the validity of both (4.8) and (4.10), and thus implies
the finiteness of the total number of gaps with regard to Proposition 4.1. O

To see that the condition on the number of gaps stated in Proposition 4.3 is sharp,
consider now the opposite situation.

Proposition 4.4. Let 0 = £. For all a satisfying

a>w2-m1n{@7v(971)}

the spectrum has infinitely many gaps.

SlfS]

Proof. If min{@,“wT_l)} = %‘9), we set ¢ = bo‘ﬂ# Since o > 72 - @, we have
¢ > v(f). For such ¢ and for any § > 0, equation (3.6) guarantees that
c 2
dom € N 0—ml| < —<—0], 4.11
(am €19 (1t~ Lt < = < 25) (a11)

where the second inequality can be satisfied by taking values m large enough. Now we
use the general fact

(V€ > 1)(30 > 0)(Vx € (0,9))(tanz < &x). (4.12)

Taking & = U(Ce) and the corresponding J, we use (4.11) to estimate the left-hand side of

the gap condition (4.4) as follows:
2mm ¢ 0T TC

tan (g(mﬁ — [m@J)) < o @ : §<m9 — [mb]) =

2mm

b

(4.13)
Since % = «, we have established the existence of infinitely many m € N satisfying
the gap condition (4.4). Consequently, the total number of spectral gaps is infinite due
to Proposition 4.1.
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If min {@, “(aa_l) = “(‘9&_1), we set ¢ = %&9_1) and proceed similarly as above.
Using function v(671), we establish the existence of infinitely many m € N satisfying
the gap condition (4.3). O

As an immediate consequence of Propositions 4.1 and 4.3, we obtain a sufficient
condition for the graph in question to have the Bethe-Sommerfeld property:

Theorem 4.5. Let 6 = % and

5 = min { inf {2”” tan (2 (mt " ~ Lmelj))} in {27;” tan (5 (m# — [m6))) }} (4.14)

meN a meN

If the coupling constant o satifies

v(0) vt
y<a<w2-min{ﬁ, ( )}, (4.15)
b a
then there is a nonzero and finite number of gaps in the spectrum.
. . . . . U(Q) U(Qfl) .
Remark 4.6. Using equation (3.8), we can estimate the quantity min {T, T} in

terms of the Markov constant of 8; namely:

WO) o [60) o0 ()
maux{a,b}S { b’ a }Smin{a,b}‘

Propositions 4.3, 4.4 and Theorem 4.5 can be thus formulated in a weaker way as follows:

o If > ngi/f((fz))p the spectrum has infinitely many gaps.

w2 ()
max{a,b}’

o fy<ax< % for v given by (4.14), there is a nonzero and finite number of

gaps in the spectrum.

o [fa<

the spectrum has at most finitely many gaps.

4.2. The case a < 0

In this situation, the gap condition is of the form G(k) < |a|, where

G(k) = 2k (C(’t (%‘g @D oot (%‘g @D)

Using the identity
T

cot (g(x — ij)) = tan (5((331 — SL’)) forall = ¢ Z,

we can rewrite G(k) for all k except for the points of discontinuity in the form

G(k) = 2k (tan (% G% - %)) i (g U% - %)D /

which allows to write the condition in the form more similar to the case a > 0, the main
difference being the swap between the floor and ceiling functions in the arguments.
Since the reasoning is completely analogous to the previous case, we limit ourselves to
presenting the results omitting the proofs.
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Proposition 4.7. Let a <0 and 6 = ¢, then the following claims are valid:

e Every gap in the spectrum has the right (upper) endpoint equal to k* = (%)2 or
k? = (%)2 for some m € N.
o A gap with the right endpoint at k* = (%)2 s present if and only if

2mm

- tan <g (fm6~"] — m@‘l)) < al. (4.16)

o A gap with the right endpoint at k* = (%)2 s present if and only if

2
ﬂbm tan <g ([m0] — m@)) <al. (4.17)
e In particular, if
2 2
Z” tan (g([me—w —m9_1)> > la| A ”b” fan (g([mﬂ —me)) > |a| (4.18)

for all m € N, then there are no gaps in the spectrum.

Proposition 4.8. Let a <0 and 0 = . If

the number of gaps in the spectrum is at most finite. On the other hand, for |a| greater

la] < 7r2-min{

than the right-hand side of the above inequality, there are infinitely many spectral gaps.

Note that in case of attractive potential o < 0, the bound on |«| in Proposition 4.8
(i.e., min{v(6=1)/b,v(0)/a}) is different from the bound in case of a repulsive potential,
which is equal to min{v(0~")/a,v(6)/b} (cf. Propositions 4.3 and 4.4). However, the
estimates of the bounds in terms of the Markov constant for a < 0 are the same as for
a > 0, cf. Remark 4.6, namely

po) mm{v(9‘1) 0(9)} - __1o) (4.19)

max{a,b} — b 7 a J 7 min{a, b}

Theorem 4.9. Let a <0, 0 = 7, and

e 22 1)) 5 )

If the coupling constant « satisfies

v < |a| < 7* - min {U(eb_l), #} : (4.20)

there is a nonzero and finite number of gaps in the spectrum.
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5. Example: golden-mean lattice

The sufficient conditions in Theorems 4.5 and 4.9 do not yet solve our problem because
we do not know whether these statements are not empty. Let us now examine a
particular case discussed already in [8, 9] in which we choose the golden mean, ¢ = @,
for the rectangle side ratio 6.

For proving Theorem 5.1 below, we will employ the convergents of ¢. The continued

fraction representation of ¢ is [1; 1,1, 1, .. .], and therefore the convergents are of the form
Fn+1 Pn—-1
—_— = 5.1
Fn Gn—1 ( )
where F), are Fibonacci numbers; recall that

V5

We will also need the values of v(¢) and v(¢~!). Tt is possible to find them using
formula (3.16) and Proposition 3.5, but we instead take advantage of known results on
the Markov constant. Since ¢! = ¢ — 1, we have, due to (3.6),

v(@™") = inf{c>0 | (Jum € N) (m(m(¢—1) = [m(¢ - 1)]) <)}
= inf{c>0 | (Jm € N) (m(m¢ — [me]) <c)} =v(e).

Consequently, equation (3.8) implies v(¢) = v(¢~1) = u(¢), where the value of u(¢) is
known to be equal to 1/+/5, cf. [3, Chapter I, Thm. V]. To sum up,

v() =v(¢™') = (5.2)

8-

Theorem 5.1. Let ¢ = ¢ = */g;l, then the following claims are valid:

(1) If a > \Wf_; or a < —}—;a, there are infinitely many spectral gaps.

(i) If
_ 2
—2—7Ttan 3 \/57'(' <a< L,
a 4 V5a

there are no gaps in the spectrum.

(iii) If
_\;r;a <a< _%r tan (3 _4\/571') : (5.3)

there is a nonzero and finite number of gaps in the spectrum.

Proof. (i) With regard to (5.2), the existence of an infinite number of spectral gaps for
o > }—; follows immediately from Proposition 4.4, for a < —\7}—; we similarly employ

Proposition 4.8.
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The case o = _T We shall demonstrate that there are infinitely many m € N
such that the gap condition (4.16) which reads

7'('2

tan( (fme~"] —me~ )><E

is satisfied. Choosing m = F), for even n and using the identity ¢! = ¢ — 1, we can

2mm

rewrite the gap condition in the form

Fytan (5 ([Fa0] = F0)) < 57z (5.4)

For even n, we have

¢ ¢— B ¢n+l _ ¢—n+1 B ¢n+1 + qb_n_l _¢—n—1 _ ¢—n+l
METE T T v T v
_ ot (0 g

- _n:Fn - —ne Fn _17Fn y
7 NG ¢ 1= ¢ (Frs +1)

which means that

[Fhn0] — Fop=Foy — =0 " for even n. (5.5)

Hence we get, using the Taylor series of tan(z),

F, tan< ([Fno] — ngb)) \/3 tan (qu_”)
- o) (3o s (3) e 2 (3)
/5 2 3 \2 15 \2

¢
o 1 7? —om, 1 7 2 4 —dn
s (- (-3 T) - 5% )

That is, taking n even leads to the expansion

F, tan( ([Fo] — )) - 2% (1 + G—é - 1) o 4 O(¢‘4”)) . (56)

Since the coefficient 71r—2 —1 at 2" in (5.6) is negative, condition (5.4) is satisfied for all
sufficiently large even n. The gap condition (4.16) with o = —\}—; is thus satisfied for
infinitely many numbers m = F), with n being even; then Proposition 4.7 implies the

existence of infinitely many gaps.

(ii) We divide the argument into several parts referring to different values of a:
The case o € (O m =] Using the identity ¢~ ' = ¢ — 1, we obtain

2mm /m

22” tan (mo™ = mo™'])) > == (Flmo™! ~ Lme ™)

= T (m( = 1) = [m(¢ = 1)) = =m(mo — [mg))

and similarly,

omm 2

tan (S(mo — [m))) = =5 (Smo — [m))) = Zm (mo— [ma)).  (5.7)

2mm
b
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In order to disprove the existence of gaps using Corollary 4.2, we shall demonstrate that
2 2 2 2

Tommo— o)) = T A Tm(mo — mo)) > T

With regard to the assumption a > b, condition (5.8) is equivalent to

forall me N. (5.8)

m(m¢—[m¢J)2% forall m €N, (5.9)

which we are about to prove. We will verify that m (m¢ —p) > \/ig for any m € N and
p € Ny. In view of Definition 3.3, it suffices to consider pairs (p,m) such that £ is a best
approximation from below of the third kind to ¢. Such approximations are convergents

of ¢, ct. Proposition 3.5. Convergents of ¢ that are smaller than ¢ are known to be of

Fn+1

you , where n is odd. We obtain

"+ " (¢”+¢‘”¢_
V5 %

_ 1 -1 “omy _ +¢2” 1
R e e Y 1

i.e., the inequality m (m¢ — p) > \/Lg holds true for each best approximation from below

the form

Fn (Fn¢ FnJrl)

¢n+1 qb (n+1)
i)

of the third kind to ¢. Consequently, it holds true for all § < @, in particular, for
p/q = |m¢|/m. This proves condition (5.9), hence there are no spectral gaps for
a € (0, \7}—;]

The case o = 0. Kirchhoff couplings obviously generate no gapsi, see also [9].

The case a € | — %tan(%gﬂ),O). We are going to show that for all m € N,
condition (4.18) holds true; then the claim would follow from Proposition 4.7. If m = 1,
we have

and

2-1-7 T 27 T 3—45
: tan<§((1-¢}—1-¢)>:7tan<§. 5 )zm\.

If m > 2, we use the identity ¢! = ¢ — 1 to get
2mn tan ( (fmo~"] — m¢’1)> = tan < ([mo] — ))
2mm 2

> 228 (2 (Ime] —mg)) = Tm ([me] —mg).

2mm

and
2mm 2

tan (3 ([mo] —me)) > Tom ([mo] —me) .

1 Note that this also means that Proposition 2.6 has no implications for the present case, because
Kirchhoff condition is scale-invariant and associated with the d-coupling of the considered model.




Periodic quantum graphs from the Bethe—Sommerfeld perspective 26

According to condition (4.18), we have to check that

min {?m ([mo] — mo) , : 5 \/57'('>

_m([qu}—mgb)}Z%tan( 1

holds for all m > 2, which is equivalent, due to a > b, to

3—5
4

m ([mo] —me) > —t an ( 7T) ~ 0.4355 forall m > 2. (5.10)

Again, in view of Definition 3.3, it is sufficient to verify that m(p —m¢) >
%tan (%W) holds for £ (with m > 2) being best approximations from above of
the third kind to ¢. According to Proposition 3.6, such approximations are convergents

. . . F . . .
of ¢, i.e., we have to consider § taking the form —*, where n is even. For this choice
n

we obtain

¢n ¢—n (¢n+1 + ¢—(n+1) B ¢n _ ¢—n ¢)
V5 V5 V5

_1 -1 —2n _1_¢—2n
= oo - o =

Moreover, we may assume n > 4, because F; = 3 is the smallest Fibonacci number F,

Fn ( n+l — nqb)

obeying our conditions (having an even index n and satisfying m = F,, > 2). Hence

1— ¢S

Fn( n+1 — n¢) \/5 )

and consequently,

— ¢—8
V5
for all Z > ¢; in particular, for p = [m¢|. This verifies condition (5.10), hence there
are no gaps in the spectrum.

~ 0.4377

m(p —meo) >

3—vV5
4

(iii) It remains to deal with the case when —\”[—52 <a< = tan( 7T). The

claim follows from Theorem 4.9 in combination with equation (5.2) and the estimate

o {5 (5 (o1 o)) < 2 (S (1071 - 107)

_27rt 7T3\/_
a 2 2

This concludes the proof of the theorem. n

In particular, the claim (iii) of the theorem provides and affirmative answer to the
question we have posed in the introduction.

Corollary 5.2. Theorem 1.2 is valid.
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Remark 5.3. Note that a finite nonzero number of gaps in the spectrum can occur only
for « < 0. If & > 0, there are either no gaps in the spectrum or infinitely many of them
in accordance with the numerical observation made in [9]. In addition, the window in
which the golden-mean lattice has the Bethe-Sommerfeld property is narrow, roughly
can be characterized as 4.298 < —aa < 4.414.

We are also able to control the number of gaps in the Bethe-Sommerfeld regime.

Theorem 5.4. For a given N € N, there are exactly N gaps in the spectrum if and
only if a is chosen within the bounds

_27T (¢2(N+1) _ ¢_2(N+1)) tan <E¢—2(N+1)> <a< _27T (¢2N - ¢_2N)

V5a 2 V5a

Proof. The bounds on « can be concisely written as —Ay,1 < a < —Ay, where

_2m(¢¥ — o) T
Aj — \/5 tan (§¢ 2 ) .

One can easily check that {A; }j’;l is an increasing sequence with the property

A = M\/gﬁbﬂ tan (ggb_Q) = 27 tan (3 _4\/§7r>

fan (ggs—?N) (5.11)

and
2

T
A < —
J \/5

Let us examine validity of the conditions (4.16) and (4.17) for m € N. Using the identity
¢! = ¢ — 1, we can rewrite them in the form

forall j € N. (5.12)

2T (% (1m = m)) < ol (5.13)
and
2
”b” tan (g ([me] — mqb)) <o, (5.14)
respectively.

We start with the situation where m = F,, for an even n. In this case we have
[FLo] — Fngp = ¢, cf. (5.5). The gap condition (5.13) for m = F,, with n even thus
acquires the form

2 n __ A—n
RS ) (9" —¢7") tan <Zq§’”) < |af,
V5a 2
in other words, éA% < |a]. Since |a| € [ATM%

(5.11), the gap condition (5.13) is obviously satisfied with m = F, for all even values

) in view of the assumptions

n=2,4,...,2N, and violated for even values n > 2(/N+1). Similarly, the gap condition
(5.14) acquires the form
1

bA% < |Oé|
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¢>A1 ¢27r (3 —4¢5W> 6955

Since

A

a~
SIS
l
SHASS

|3

SN =

a

and
| | < 2 4.414
a ~

= \/ga’\‘ a

9

we have yAn # |a]. Consequently, the gap condition (5.14) cannot be satisfied for the
special choice m = F,, with n even.

Let us proceed to the situation when m is different from the values F,, with even
indices n. In this case we will show that none of the gap conditions (5.13) and (5.14) is
satisfied. First, we estimate an expression appearing on the left-hand side of conditions
(5.13) and (5.14) as follows:

2nmtan (3 (Img] —mo)) = 2nm= ([mo] — m¢)=ﬂ2m((m<ﬂ—m¢)-

The bounds (5.11) together with the estimate (5.12) imply that || < J=. Therefore,
conditions (5.13) and (5.14) can be disproved for a given m by showing that
2 2 2 2
—m (|mo| —me) > AN —m(|mo| —meo) > . 5.15
(o) =mo) > T Tom(fmo] =mo) > T (519
Since a > b holds by assumption, condition (5.15) is equivalent to
1
m([mg] —me) > —, (5.16)

V5

which we are now about to prove. We distinguish the following three possibilities:

(i) “Z%ﬂ lies between two convergents greater than 6, that is, Mﬁﬂ € <§Zﬁ, ol 1) for

a certain odd n;
(ii) “mﬂ lies above the greatest convergent 3 B — f;

(iii) m =r- F, and [m¢]| =r - F, 41 holds for a certain r > 2 and even n € N.
In case (i) we use Lemma 3.4 to obtain the estimate
1
m(Ime] —me) > — =1,

which means that (5.16) holds true. Case (ii) is actually impossible. Indeed, one can
easily check that % < 2 for all m € N. Finally, in case (iii) we get

2 1—¢ 2"

m ([me¢] —me) = e F.(Fh — Fop)=r 7

Since r > 2 and n € N is even, we have

m([mg] —mo) > 4- ~
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and therefore (5.16) holds true. Consequently, the gap conditions (5.13) and (5.14)
cannot be satisfied in any of the cases (i)—(iii).

To sum up, the assumption (5.11) allows the gap condition (5.13) to be satisfied
for m = F,, with n = 2,4,6,...,2N, while the gap condition (5.14) is never satisfied.
This implies the existence of exactly N gaps in view of Proposition 4.7. O]

6. Concluding remarks

As we have seen in the example discussed in Section 5, the Bethe-Sommerfeld property
for the special case of golden-mean ratio required an attractive  coupling. One may ask
whether the Bethe-Sommerfeld behaviour is possible for some other ratios, and whether
it can occur for repulsive couplings. In this section we give an affirmative answer to both
these questions. First, we present an example of an edge ratio # for which the Bethe—
Sommerfeld property is valid within a certain range of a for both signs of a. Then
we introduce an explicit method to construct ratios 6 for which the Bethe-Sommerfeld
property of the graph is guaranteed.

Let 0 = ¢. Without loss of generality, we may assume 6 < 1, i.e., a <b. If a > 0,
then Theorem 4.5 and Remark 4.6 imply that the rectangular-lattice Hamiltonian has
a nonzero and finite number of gaps in its spectrum whenever there exists an m, € N
such that

2mym T 72 1(6)
a tan <§(m+9 - ngﬂ)) <o < —

Similarly, if @ < 0, Theorem 4.9 together with the estimate (4.19) implies that the
Hamiltonian has a nonzero and finite number of gaps in the spectrum whenever there
exists an m_ € N such that

2mym m 2 u(0)
: tan(i([m_m—m_ﬁ)><|a|< .

Therefore, the Hamiltonian has a nonzero and finite number of gaps in the spectrum
for some repulsive and attractive potentials whenever conditions (6.1) and (6.2) below
are satisfied, respectively:

™

(Im, € N) (27;“ tan (§(m+9 — |m.0 j)) < u(@)) , (6.1)

™

(Im_ € N) (2m tan (gGm,m . m,9>) < u(@)) . (6.2)

As the following Theorem explicitly shows, there exists a 6 such that both conditions

(6.1) and (6.2) are satisfied at the same time.
Theorem 6.1. Let the edge ratio be
2% — 2t —1+/5
0= for te N, t>3; 6.3
B+ —t+1) = (6.3)

then there is a nonzero and finite number of gaps in the spectrum for some a > 0 and

for some a < 0 as well.
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Proof. The number 6 defined in (6.3) can be written as 6§ = % for ¢ = %5

being the golden mean. Since 6 is equivalent to ¢, cf. (3.2), the Markov constant of 6 is
p(0) = () = & ~0.4472,

It is easy to check that conditions (6.1) and (6.2) are satisfied for the choice m; =1
and m_ =t with t > 3, respectively. Indeed,

“Lian (T-0-[1-0) = > tan (f 20 -2t~ 1+ 5 )

T 2 7r 2 2L — B+ —t+1)

is a decreasing function of ¢ that has an approximate value 0.3310 < u(f) at ¢t = 3.
Similarly, for m_ =t, we get

2t 7r 2t T 22 —t—t/5+2
o <§(Wﬂ _t9)> =t (5 ' 2(t4—t3+t2—t+1)> ’

which is again a decreasing function of ¢ being approximately equal to 0.2546 < p(6) at
the point ¢ = 3. O

To conclude the paper, we present a general method to construct ratios 6 that
give rise to graphs with the Bethe-Sommerfeld property. We start from any badly
approximable irrational number 5 € (0,1) with a continued-fraction representation

6 - [0;01)027637"'];

recall that § is badly approximable if and only if the terms ¢y, co, c3, ... are bounded.
Then we define numbers p, ¢ and 7 with continued-fraction representations

p=1[0;t,c1,co,3,.. ] (6.4)
¢=[0;1,t,¢1,¢0,C3,...]; (6.5)
T =[0;t,t,c1,09,c3, .. ] (6.6)

for t € N being a parameter to be specified. Since the numbers p, ¢, 7 are equivalent to
B, cf. (3.3), we have

pp) = p(s) = pu(r) = u(B),
where p(3) > 0, because 5 is badly approximable. Now we examine conditions (6.1) and
(6.2). At first we prove that p and 7 with a large enough parameter ¢ satisfy condition
(6.1) for my = 1. Indeed, since p < 1/t and 7 < 1/t, we have

2-1 ™ 2 ™ 2 T

(000 ) = 2o (5) < 2 () -

- tan<2( p—11-p]) 7Ttan 5P <7Ttan 57 —0 ast—o0 (6.7)
and

2-1 2 2

—tan(z(l-T—Ll-TJ)>:—tan<z7'><—tan<1>—>0 as t — 0o. (6.8)

T 2 T 2 T 2t

Similarly we can show that the number ¢ for a large enough t satisfies condition (6.2)

with m_ = 1. Since 1/(1 + 1/t) < ¢ < 1, we have [¢] = 1 and 1 — ¢ < 1/t; therefore,
2-1 s 2
Sy <_ 1oc]—1- ) =2 (
— tan (5 ([1-<] <) an

™

2
g(l —g)) < =tam (%) S0 ast— oo (6.9)
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Finally we prove that 7 with a large enough ¢ obeys condition (6.2) with the choice
m_ =t. Since t/(t + 1/t) < tr < 1, we have [t7] =1 and 1 —t7 < 1/(¢* + 1); hence
s 2t m 2t s 2 s

Ztan (2 ([t = 17)) = Ztan (S0 - 47)) < Ttan s < Ztan (£0) (6,10
Lt (grl—im) ) = Ttan (1= 7)) < Ttan gramy < Jtan g ) - (6:10)
To sum up, we see from equations (6.7)—(6.10) that choosing ¢ such that

2 s

Z4 (—) < 6.11

—tan (o7 ) < p(f) (6.11)
guarantees the Bethe-Sommerfeld property of the graph as follows:

e for a/b = p and certain repulsive potentials (a > 0);

e for a/b = ¢ and certain attractive potentials (o < 0);

e for a/b = 7 and certain potentials of both repulsive (a > 0) and attractive (a < 0)
type.

Example 6.2. Let 5 be a root of a quadratic irreducible polynomial over Z with
discriminant D. For such [ we have the estimate u(3) > \%’ which follows from
[17, Sect. I, Lem. 2E]. Consequently, with regard to (6.11), we can define the numbers

p,S, T by (6.4)-(6.6) for any t such that 2 tan . < %.

The idea was applied to construct the number 6 from Theorem 6.1. The continued-
fraction representation of 6 from equation (6.3) is [0;¢,¢,1,1,1,1,.. ], i.e., f was obtained
from 8 = [0;1,1,1,...] = (v/5 — 1)/2 using scheme (6.6). Since u(B) = 1/v/5 (because
B = ¢ 1, see also Section 5 and (3.4)), condition (6.11) gives t > 3.

As a final remark, recall the observation made in the introduction, namely that the
question of validity of Bethe-Sommerfeld property remains open for Z-periodic graphs
with the period cells linked by more than a single edge.
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