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1. Introduction

Consider a particle whose motion is restricted to a plane or a layer. If the particle

is charged and exposed to a homogeneous magnetic field perpendicular to such a

configuration space region, its motion becomes localized, both classically and quantum

mechanically. However, adding an obstacle we can make the particle to move along it

and produce an electric current which even survives a weak disorder. This effect played

an important role in explaining the quantum Hall effect following the seminal paper of

Halperin [Ha82]. The obstacle can be of various types, for instance, a potential barrier

[MMP99], a wall with a boundary condition, Dirichlet [dBP99], Neumann [RS22], or

a mixed one; for more information we refer to the monograph [Ray]. Alternatively,

an obstacle may be created by a local variation of the magnetic field as observed by

Iwatsuka [Iw85], see also [MP97] or [CFKS, Sec. 6.5].
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And there are still other possibilities. It was shown recently [EKT18] that the

effect may also come from a geometric perturbation: edge currents arise if instead of

a planar confinement the particle is kept within an appropriately bent layer. In the

present paper we are going to describe another model in which the magnetic transport

is due to the geometry of the system. A common feature with the previous example is

that – in contrast to the models mentioned above – these geometrically induced edge

currents have no classical counterpart being thus of a purely quantum nature; it might

not have been easy to see in [EKT18] while here it will be quite obvious.

The model to discuss is simple. We consider two adjacent planar layers with hard-

wall (Dirichlet) boundary in a homogeneous magnetic field perpendicular to them. The

spectrum of such a system is pure point, the eigenvalues being sums of the Landau levels

with the transverse mode energies. This changes when we couple the layers laterally

by opening a window in the common boundary in the form of an infinite straight strip.

Some of the previous eigenvalues may survive provided the widths of the two layers are

commensurate but a infinite number of them spreads into absolutely continuous spectral

bands representing the edge states describing transport along the window borders.

Let us describe briefly the contents of the paper. As a preparatory step we analyze

in Sec. 2 a model example of a single layer with the Dirichlet condition replaced by

Neumann in a strip at one of the boundaries and derive properties of its spectrum in

dependence on the model parameters. This is first used in Sec. 3 to describe a mirror-

symmetric double layer, then we show there how the situation changes when the widths

of two layers are different. Sec. 4 is devoted to the discussion of the one-sided geometry

in which the boundary separating the two layers is removed in a whole halfplane and

edge currents follow a single barrier border. Concluding remarks in Sec. 5 present a few

open questions about the model.

2. A layer with an infinite Neumann window

To begin with, let us consider magnetic Laplacian in a planar layer Ω of width d with the

boundary which mixes Dirichlet and Neumann condition: it is Neumann at one of the

boundaries in a straight strip of width 2a and Dirichlet in all the rest; the magnetic field

is according to the assumption homogeneous and perpendicular to the layer, cf. Fig. 1.

A simple symmetry consideration tells us that the indicated situation is equivalent to

the (nontrivial part of the) spectral problem for a pair of adjacent layers of the same

widths coupled laterally by an infinite strip-like ‘window’.

To put the description in mathematical terms, the layer has the Cartesian product

form, Ω := Σ × R, with the cross-section Σ := R × (0, d); the Neumann condition is

imposed at W := {~x = (x, y, d) : x ∈ (−a, a), y ∈ R}. The magnetic field is of the form
~B = (0, 0, B); without loss of generality we may assume B > 0 and choose the Landau

gauge for the corresponding vector potential, ~A = (0, Bx, 0). The Hamiltonian is then

an operator on L2(Ω) acting as

H = −∂2
x + (−i∂y +Bx)2 − ∂2

z (2.1a)
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Figure 1. Magnetic layer with a Neumann window

with the derivatives understood in the distributional sense and the domain

D(H) = {ψ ∈ H2(Ω) : Hψ ∈ L2(Ω), ψ(~x) = 0 if x ∈ ∂Ω \W, ∂zψ(~x) = 0 if x ∈ W}
(2.1b)

which is obviously a subset H2(Ω); if we wish to stress the dependence on the parameters

we denote the operator as Ha or Ha,d. As usual in situations with a translational

symmetry – see, e.g., [CFKS, Sec. 6.5] or [Iw85, EKT18] and references therein – one

can simplify the spectral analysis with the help of a partial Fourier transformation by

which operator (2.1) is unitarily equivalent to the direct integral

H =

∫ ⊕
R
H(p) dp, (2.2a)

where the fiber operators act on L2(Σ) as

H(p) = −∂2
x + (p+Bx)2 − ∂2

z (2.2b)

with the domain

D(H(p)) = {ψ : H(p)ψ ∈ L2(Σ) : ψ(x, 0) = 0, x ∈ R, ψ(x, d) = 0 if |x| ≥ a

& ∂zψ(x, d) = 0 if |x| < a, x ∈ R}, (2.2c)

contained in H2(Σ) and independent of the momentum variable p.

Assume first that the window is absent, a = 0. In that case variables in the fiber

operator H0(p) separate and the spectrum is easily found; it consists of eigenvalues

λn,m = B(2n+ 1) +
(
πm
d

)2
, n ∈ N0, m ∈ N (2.3a)

combining the Landau levels with the Dirichlet eigenvalues in the transverse direction.

They are independent of the momentum p and associated with the eigenfunctions

φn,m(x, z) =
√

2
d
hn
(
x+ p

B

)
sin πmz

d
, (2.3b)
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where hn are oscillator eigenfunctions

hn(u) =
1√
2nn!

(
B
π

)1/4
e−Bu

2/4Hn

(√
Bu
)
. (2.3c)

The eigenvalues (2.3a) are simple provided Bd2

π2 6∈ Q, in the opposite case they may

have multiplicity two. We can arrange them in the ascending order into a sequence

{λk : k ∈ N}, with the multiplicity taken into account in the rational case; the

corresponding indices will be written as k(n,m) when necessary. Consequently, the

eigenvalues of H0 =
∫ ⊕
R H0(p) dp are infinitely degenerate and given by (2.3a) again.

Let us pass to the case of nontrivial coupling, a > 0, and look how the presence

of the window will change the spectrum (2.3). Its purely discrete character will not be

altered, so following general properties of direct integrals of operators [RS, Sec. XIII.16]

we have to find the eigenvalues λk(p) of the fiber operator (2.2b) and their dependence

on the momentum variable p; if we need to indicate the dependence on the parameters,

we write λk(p; a) or λk(p; a, d), λk(p;B), etc. We begin with several auxiliary results.

Lemma 2.1. For any p, p′ ∈ R and a, a′ ≥ 0 we have Ha′(p
′) ≤ Ha(p) in the form sense

whenever (p− a, p+ a) ⊂ (p′ − a′, p′ + a′)

Proof. The quadratic form associated with Ha(p) is

ha[ψ; p] =

∫
Σ

(
|∇ψ(x, z)|2 + (p+Bx)2|ψ(x, z)|2

)
dxdz (2.4a)

with the domain

Q(Ha(p)) = {ψ ∈ H1(Σ) : ha[ψ; p] <∞ , ψ(x, 0) = 0, x ∈ ∂Σ \W0(a)}, (2.4b)

where W0(a) := {~x = (x, d) : x ∈ (−a, a)}. By a simple change of variables in (2.4a),

ha[ψ; p] is unitarily equivalent to the form acting as ha[ψ; 0] on the domain of the type

(2.4b) in which W0(a) is replaced Wp(a) := {~x = (x, d) : x ∈ (p − a, p + a)}. The

inclusion relation Wp(a) ⊂ Wp′(a
′) then implies the result in analogy with Proposition 4

in [RS, Sec. XIII.15]

Corrolary 2.2. Under the assumption of the Lemma 2.1 we have λk(p; a) ≥ λk(p
′; a′),

in particular

λk(∞) ≤ λk(p; a) ≤ λk(0) for p ∈ R, k ∈ N, (2.5)

where λk(0) := λk = λn,m for k = k(n,m), independently of p, and

λk(∞) := B(2n+ 1) +
(
πm
2d

)2
, n ∈ N0, m ∈ N. (2.6)

Proof. Since the operator (2.1) and its fibers in the decomposition (2.2a) are obviously

below bounded, the claim follows from the form version of the minimax principle [RS,

Thm. XIII.2]. The lower bound (2.6) corresponds to the ’infinitely wide window’, that

is, a layer with one boundary Neumann and the other Dirichlet.
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Next we are going to show that the upper bound in (2.5) is saturated asymptotically.

Lemma 2.3. lim|p|→∞ λk(p; a) = λk holds for any k ∈ N.

Proof. The simplest way to find the limit is to use bracketing [RS, Sec. XIII.15]. To

be specific, consider the limit p → ∞, the other case is similar. We clearly have

HN(p) ≤ H(p) ≤ HD(p) where the estimating operators are obtained by modifying

the domain (2.2c) by adding the Neumann or Dirichlet condition, respectively, at the

segment {−a} × (0, d). The spectrum of each of the estimating operators is then the

union of the spectra in the two parts of the strip Σ. It is clear that for a fixed k = k(n,m)

and p large enough the eigenvalues between which λk(p) is squeezed refer to the part

of Σ in the left halfplane, that is, the one without the window. Indeed, the spectral

threshold in the other part is easily estimated from below by (p−Ba)2 +
(
π
2d

)2
so that

it exceeds λk eventually as p increases.

In this part of the operator, however, the variables separate and the transverse

contribution to the eigenvalue,
(
πm
d

)2
, is independent of p. Hence it is sufficient to check

that the eigenvalues of the harmonic oscillator restricted to the interval
(
−∞, p

B
− a
)

with the D/N condition at its endpoint both converge to B(2n+ 1) as p→∞; this can

be done, e.g., using Feynman-Hellmann formula [CHS02].

What is more, the upper bound in (2.5) is sharp away from the asymptotics.

Lemma 2.4. λk(p; a) < λk holds for any a > 0, p ∈ R, and k ∈ N.

Proof. Given k = k(n,m), in view of the minimax principle it is sufficient to find

a unit-norm function ψ ∈ D(H(p) orthogonal to H(−)
k , the subspace spanned by the

eigenfunctions (2.3b) with indices n′,m′ satisfying k(n′,m′) < k(n,m), plus – in case of

λk(p) of multiplicity two – the ‘other’ eigenfunction, such that

(ψ,H(p)ψ) < λn,m (2.7)

To this aim we choose a nonzero function ϕ with the support, say, in (−1
2
a, 1

2
a)×(1

4
d, 3

4
d)

which is orthogonal to the eigenfunctions spanning the subspace H(−)
k and such that

Re (ϕ, ψn,m) 6= 0. Note that there is enough room for choosing such a function, since

restrictions of the spanning functions to the indicated rectangle form a finite-dimensional

subspace in L2(−1
2
a, 1

2
a) ⊗ L2(1

4
, 3

4
d) the dimension of which is infinite. Then we put

ψε := ψn,m + εϕ obtaining for the left-hand side of (2.7) the expression

(ψε, H(p)ψε) = λn,m
(
1 + 2εRe (ϕ, ψn,m)

)
+ ε2‖H(p)1/2ψn,m‖2. (2.8)

This gives the sought result because for small enough parameter ε the linear term on

the right-hand side of (2.8) dominates over the quadratic one and choosing ε of a proper

sign we can satisfy the inequality (2.7).

Remark 2.5. There is an alternative way to prove this inequality: one has to combine

the sharp Dirichlet monotonicity result of [GZ94] with the fact that the capacity of the

window segment is positive [Ran, Sec. 5.2]. Moreover, this argument shows that the the

function λk(p; ·) is decreasing in [0,∞).
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With these preliminaries, we can state and prove our first main result:

Theorem 2.6. Spectrum of the operator (2.1) is for any positive a, d, and B purely

absolutely continuous and has the band-and-gap structure.

Proof. The band structure follows from the decomposition (2.2a), and in addition,

Lemma 2.4 shows that the Lebesgue measure of the spectrum is nonzero. To learn

more about its character, we have to know more about the regularity of the functions

λk(·). To this aim we express the quadratic form (2.4) in the vicinity of a point p0 ∈ R
as the form sum

ha[ψ; p] = ha[ψ; p0] + q[ψ], (2.9)

where the perturbation can be estimated in the following way

q[ψ; p] = (p− p0)2‖ψ‖2 + 2(ψ, (p− p0)(p0 +Bx)ψ)

≤ (p− p0)2(1 + δ−1)‖ψ‖2 + δ‖(p0 +Bx)ψ‖2 (2.10)

≤ (p− p0)2(1 + δ−1)‖ψ‖2 + δha[ψ; p0].

Since δ can be any positive number, inequality (2.10) means that q[·] is infinitesimally

form bounded by ha[·; p0]. Consequently, ha[·; p] given by (2.9) is an analytic family of

type (B) in the sense of Kato [Ka, Sec. 7.4]. This in turn implies that the eigenvalues

λk(p) are real analytic functions of the momentum variable, and as such they could be

constant on an open subset of R only if they were constant, however, this possibility

is excluded in view of Lemmata 2.3 and 2.4. The absolute continuity of the spectrum

then follows from [RS, Thm. XIII.86].

The spectral character is not the only claim one can make about our Hamiltonian,

its explicit form allows us to say more about it:

Theorem 2.7. In the described situation, spectrum of the operator (2.1) has the

following properties:

(i) The upper endpoint of each spectral band coincides with one of the eigenvalues

(2.3a) whose indices can be thus used to label the bands (and gaps).

(ii) For a fixed p ∈ R and fixed a, d > 0, each eigenvalue λk(p) depends continuously

on the field intensity B away from zero.

(iii) For a fixed p ∈ R and fixed a,B > 0, each eigenvalue λk(p) depends continuously

on the layer width d away from zero.

(iv) For a fixed p ∈ R and fixed d,B > 0, each eigenvalue λk(p, a) is continuous and

decreasing as a function of the window width a in [0,∞).

(v) For fixed d,B > 0 and indices n,m, there is a positive ao such that the gap below

the band indexed (n,m) is open for a < ao.

(vi) The eigenfunctions corresponding to λk(p, a) satisfy φk(x, z; p, a) = φk(−x, z;−p, a),

in particular, the probability current p|φk(x, z; p, a)|2 changes sign under the mirror

transformation with respect to the (y, z) plane.
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Proof. Claim (i) follows from Corollary 2.2. As for (ii), the continuity of B 7→ λk(p;B)

in the vicinity of a fixed B0 > 0 can be checked in a way similar to the proof of the

previous theorem. To estimate form difference ha[·; p,B] − ha[·; p,B0] in terms of the

last form, it is sufficient to bound (p− Bx)2 − (p− B0x)2 for all x ∈ R by δ(p− B0x)2

with δ < 1 to be able to use analytical perturbation theory [Ka]; this is clearly possible

as long as |B −B0| < B0. Moreover, it shows that the function B 7→ λk(p;B) is in fact

real analytic. In a similar way one can check the continuity in claim (iii) using scaling

in the z direction.

Likewise, the continuity (in fact, real analyticity) away from zero in claim (iv)

is proved using scaling in the x direction, the strict monotonicity was mentioned in

Remark 2.5. To show the continuity at zero, we have to proceed differently. From

Lemma 2.1 we know that the function a 7→ λk(p; a) is for any k non-increasing which

in combination with Corollary 2.2 means that lima→0 λk(p; a) ≤ λk exists. To check

that the last inequality is in fact equality, we recall that the behavior of eigenvalues in

the situation when a Neumann window in a Dirichlet boundary shrinks to a point is a

classical problem [Sw63, MNP84, Ga92a]. The results in these and related papers are

typically formulated for elliptic operators on bounded regions, however, the presence of

the oscillatory potential in (2.2b) makes the spectrum discrete and allows one to modify

the reasoning to the present situation.

To prove (v), let us fix k = k(n,m). It follows from the continuity of λk(·, a) and

Lemma 2.3 that to a given a > 0 there is pa such that λk(pa, a) = minp∈R λk(p, a). The

indicated gap is open provided λk(pa, a) > λk−1. If we take an a1 < a, the dispersion

curve λk(·, a1) has a minimum at pa1 and by Corolary 2.2 we have λk(pa1 , a1) > λk(pa, a).

In this way for any sequence {an} such that an → 0 as n → ∞ we get an increasing

sequence {λk(pan , an)}. The gap would close for any a > 0 if limn→∞ λk(pan , an) ≤ λk−1,

however, this would contradict the fact that lima→0 λk(p; a) = λk for any p ∈ R. The

claim vi is obvious from (2.2b).

Remarks 2.8. (a) We do not ask about the continuity of λk(p; ·) at the B = 0 because

the spectral character changes in the limit of vanishing magnetic field. The variables in

the operator (2.1a) then separate. The transverse part in the (x, z)-plane has then the

essential spectrum covering the interval
((

π
d

)2
,∞
)

and a finite number of positive discrete

eigenvalues below the threshold [EK, Sec. 1.5.1]. Consequently, the full operator has an

absolutely continuous spectrum in which the states with the energy support below
(
π
d

)2

can only propagate being localized in the vicinity of the window.

(b) A naive limit d→ 0 makes no sense, of course. One may ask, however, what happens

if we renormalize the energy by subtracting the divergent quantity
(
π
d

)2
. It might then

happen that, in the spirit of [Gr08], the limit would be for a fixed p ∈ R generically

trivial, but the question is not simple and we leave it open.

(c) Using the machinery mention in the proof of (iv), in particular, the method of

matching asymptotic expansions [Ga92b] one can not only prove the continuity but also

to find the asymptotic behavior of λk(p, a) in the narrow-window regime, a → 0. We
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Figure 2. Laterally coupled magnetic layers

postpone discussion of this question to a subsequent publication.

3. Laterally coupled layers

Let us pass now to the primary subject of this paper, spectral properties of the magnetic

Laplacian describing a charged particle confined to a pair of parallel and adjacent planar

layers Ωj, j = 1, 2, of widths d1, d2, in general different, coupled laterally through a

straight window in the form of an infinite strip of width 2a. The magnetic field is

again supposed to be homogeneous, perpendicular to the layers, and pointing upwards

as sketched in Fig. 2.

To fix the notation, the double layer is of the form, Ω := Σ × R, with the cross-

section Σ := R × (−d2, d1) \ {(x, 0) : |x| ≥ a}; the Dirichlet condition is imposed

at the ‘outer’ boundary, z = −d2, d1, and at the plane z = 0 except the window,

W := {~x = (x, y, 0) : x ∈ (−a, a), y ∈ R}. The magnetic field is of the form
~B = (0, 0, B) with B > 0; we again choose the Landau gauge for the corresponding

vector potential, ~A = (0, Bx, 0). The Hamiltonian is then an operator on L2(Ω) acting

as

H = −∂2
x + (−i∂y +Bx)2 − ∂2

z (3.1a)

with the domain

D(H) = {ψ ∈ H2(Ω) ∩H1
0 (Ω) : Hψ ∈ L2(Ω)}, ; (3.1b)

we again may write Ha or Ha,d when we wish to stress the dependence on the parameters.

By a partial Fourier transformation the operator (3.1) is unitarily equivalent to the direct

integral

H =

∫ ⊕
R
H(p) dp, (3.2a)

where the fiber operators act on L2(Σ) as

H(p) = −∂2
x + (p+Bx)2 − ∂2

z (3.2b)
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with the domain

D(H(p)) = {ψ ∈ H2(Σ) ∩H1
0 (Σ) : H(p)ψ ∈ L2(Σ)}, (3.2c)

independent of the momentum variable p. If the layers are decoupled, a = 0,

the variables in the fiber operator H0(p) separate and the spectrum consists of the

eigenvalues

λn,m1,m2 = B(2n+ 1) +
(
πm1

d1

)2
+
(
πm2

d2

)2
, n ∈ N0, m1,m2 ∈ N (3.3a)

combining the Landau levels with pairs of Dirichlet eigenvalues in the transverse

direction. They are independent of the momentum p and associated with the

eigenfunctions

φn,m(x, z) =
√

2
d
hn
(
x+ p

B

)
sin πmz

dj
, (−1)j−1z ∈ (0, dj), j = 1, 2, (3.3b)

where hn are oscillator eigenfunctions (2.3c). The eigenvalues (3.3a) may be simple

or degenerate of maximum multiplicity three depending on rational (in)dependencies

between the numbers B and
(
π
dj

)2
; we again arrange them in the ascending order into

a sequence {λk : k ∈ N}, with k = k(n,m1,m2) and the multiplicity taken into account

in case of degeneracies. Needles to say, the eigenvalues of H0 =
∫ ⊕
R H0(p) dp are all

infinitely degenerate and given by (3.3a).

Passing to coupled layers, let us begin with the symmetric situation where the

widths are the same, d1 = d2 =: d. The mirror symmetry makes than the analysis

easy: the operator (3.2a) and its fibers (3.2b) commute with the reflection changing the

sign of z on Ω and Σ, respectively, hence the operators are reduced by projections on

the z-even and z-odd subspaces. Spectral properties of the former coincide with those

discussed in the previous section while the latter refer to an unperturbed single layer.

We thus arrive at the following conclusions:

Theorem 3.1. In the described situation, spectrum of the operator (3.1) consists of

infinitely degenerate eigenvalues (= flat bands) (2.3a) and absolutely continuous bands

adjacent from below to them; both can be labeled as in Theorem 2.6 with an additional

label indicating the even and odd parts. Furthermore, we have:

(i) In the limit a→ 0 the spectrum shrinks to the family of flat bands (2.3a).

(ii) The eigenvalues λk(p) determining the absolutely continuous bands depend

continuously on the (positive values of the) parameters p, B, a, and d.

(iii) For fixed d,B > 0 and fixed band index k(n,m), the gap below the corresponding

pair of bands is open for all a small enough.

(iv) The eigenfunctions corresponding to λk(p) satisfy φk(x, z; p) = φk(−x, z;−p)
so that the probability current p|φk(x, z; p)|2 changes sign under the mirror

transformation with respect to the x = 0 plane.

Claim (iv) reveals the characteristic feature of transport in coupled layers. In

the non-magnetic analogue of our problem a transport exist too, since the variables
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describing the motion in Σ and in the y direction separate. The eigenfunctions referring

to the discrete spectrum of the two-dimensional problem [EK, Sec. 1.5.1] combine

with the free motion, e±ipy, perpendicular to the (x, z) plane. However, the said

eigenfunctions (and generalized eigenfunctions) are symmetric or antisymmetric with

respect to the line x = 0, and as a consequence, the probability current associated with

a nonzero p is even with respect to the (y, z) plane. In contrast, the magnetic transport

exhibits a preferred direction: the mirror image of its profile corresponds to the motion

in the opposite direction. If you wish this can be interpreted as a particular type of

PT -symmetry in which the space reflection and momentum reflection coming from time

reversal are applied in two perpendicular directions.

We also stress that, in contrast to planar regions with Dirichlet boundary [EK,

Sec. 7.2.1], the magnetic transport in coupled layers we are discussing here has no

meaningful classical analogue as indicated in the introduction. The reason is that the

set of initial conditions for which a charged particle can propagate by repeated reflections

from the window edges has zero measure in the corresponding phase space.

Let us pass to the general case in which the widths d1 and d2 need not coincide.

Theorem 3.2. In this case the spectrum of (3.1) has a band-and-gap structure with

bands labeled by the indices appearing in (3.3b), plus possibly an additional label specified

in (i) below, and the following properties:

(i) The spectrum is absolutely continuous if d1 and d2 are incommensurate. In the

opposite case there is an infinite number of flat bands corresponding to pairs

(m1,m2) satisfying m1

m2
= d1

d2
; to each of them there is an absolutely continuous

band adjacent to it from below.

(ii) In the limit a→ 0 the spectrum shrinks to the family of flat bands (3.3a).

(iii) The eigenvalues λk(p) determining the absolutely continuous bands depend

continuously on the (positive values of the) parameters p, B, a, and d.

(iv) For fixed d,B > 0 and fixed band index k(n,m1,m2), the gap below the

corresponding band, or pair of bands, is open for all a small enough.

(v) The eigenfunctions corresponding to λk(p) defining an absolutely continuous band

satisfy φk(x, z; p) = φk(−x, z;−p) so that the probability current p|φk(x, z; p)|2
changes sign under the mirror transformation with respect to the x = 0 plane.

Proof. Each operator H(p) has a discrete spectrum which follows from the minimax

principle and the fact that it is bounded from below by the H(p) with the barrier

removed, a = ∞, which has eigenvalues B(2n + 1) +
(

πm
d1+d2

)2
of multiplicity at most

two. In view of (3.2a), the spectrum of H has a band structure.

If m1

m2
= d1

d2
, the eigenfunctions (3.3b) vanish at the the line z = 0, and since they

have there the same partial derivative with respect to z, being thus locally odd and

smooth, they belong to D(H(p)) and give rise to eigenfunctions, even when the window

is open, producing the flat bands. In the decoupled case, a = 0, however, such an

eigenvalue has multiplicity of at least two, and other linear combinations of the two parts

are not smooth anymore, thus they are affected by the coupling and give rise to nonzero
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Figure 3. Straight interface between split and non-split magnetic layer

width bands. Needles to say, if d1 and d2 are incommensurate, the eigenfunctions (3.3b)

do not vanish at the the dividing line and are affected by the coupling.

Mimicking then step by step the reasoning that lead to Theorem 2.6 one can

check that for a given k = k(n,m1,m2) the function λk(·) is real analytic with

λk(p) < lim|p|→∞ λk(p) = λk, and that for the other parameters fixed it is decreasing as

function of a. This yields the absolute continuity of the non-flat bands. The continuity

of λk(p) with respect to the parameters B a, d1, and d2 which concludes the proof of

claim (iii) can be checked in a similar way as in Sec. 2.

To prove claim (iv), we use bracketing estimating our operator H(p) from below by

the Hamiltonian of the system in which the window is replaced by Neumann condition.

By minimax principle the eigenvalues of H(p) are thus squeezed between those of such

a Neumann modified Hamiltonian and the one without the coupling window, however,

by Theorem 2.6(iv) the two bounds converge to each other as a → 0. The remaining

claim (v) is obvious from (3.1a).

4. One-sided barrier

If the window width 2a is large the transport at one of its edges is practically independent

of what is happening at the other one. To understand it better, it is useful to fix the

position of the edge and to examine what happens if the other disappears, that is, to

assume that one side of the barrier between the layers is removed as sketched in Fig. 3.

The double layer is now of the form, Ω := Σ × R, with the cross-section Σ :=

R × (−d2, d1) \ {(x, 0) : x ≥ 0}; the Dirichlet condition is imposed at the ‘outer’

boundary, z = −d2, d1, and at the left part of the halfplane z = 0. The magnetic field

is of the same form as before corresponding to the vector potential, ~A = (0, Bx, 0). The

Hamiltonian acts on L2(Ω) as

H = −∂2
x + (−i∂y +Bx)2 − ∂2

z (4.1a)
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with the domain

D(H) = {ψ ∈ H2(Ω) ∩H1
0 (Ω) : Hψ ∈ L2(Ω)}, (4.1b)

and by partial Fourier transformation, (4.1) is unitarily equivalent to the direct integral

H =

∫ ⊕
R
H(p) dp, (4.2a)

where the fiber operators act on L2(Σ) as

H(p) = −∂2
x + (p+Bx)2 − ∂2

z (4.2b)

with the domain independent of p, namely

D(H(p)) = {ψ ∈ H2(Σ) ∩H1
0 (Σ) : H(p)ψ ∈ L2(Σ)}. (4.2c)

Its spectrum is again purely discrete, the difference to the previous sections is that now

we do not have a parameter controlling the perturbation allowing us, in particular, to

switch it off. Nevertheless, a significant part of the previous reasoning can be adapted

to the present situation.

Theorem 4.1. The spectrum of (4.1) consists of bands, in general overlapping, with

the following properties:

(i) The spectrum is absolutely continuous if d1 and d2 are incommensurate. In the

opposite case there is an infinite number of flat bands at the values (3.3a) with

(m1,m2) satisfying m1

m2
= d1

d2
; to each of them there is an absolutely continuous

band adjacent to it from below.

(ii) The lower edges of the absolutely continuous are of the form

λfree
n,m = B(2n+ 1) +

(
πm
d1+d2

)2
, n ∈ N0, m ∈ N,

in particular, inf σ(H) = B +
(

π
d1+d2

)2
and the spectrum in the vicinity of the

threshold is absolutely continuous.

(iii) If the layer widths d1, d2 are unequal and B ≥ 3
(

π
d1+d2

)2
, the spectrum contains

an open gap.

Proof. The band character of the spectrum follows from the fact that the spectrum of

each H(p) is purely discrete similarly as in the proof of Theorem 3.2. If d1 and d2 are

rationally related, the argument used to prove claim (i) there shows the existence of the

flat bands in (i) and of another eigenvalue λk(p) of H(p) below them for each p ∈ R and

k = k(n,m1,m2). Repeating the reasoning from the proof of Theorem 2.6 we infer that

the functions λk(·) are real analytic, hence the non-flat bands are absolutely continuous.

Furthermore, by a simple change of variable operator (4.2b) is unitarily equivalent

to −∂2
u + B2u2 − ∂2

z with barrier at the halfline
(
− ∞, p

B

)
; using the argument from
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Remark 2.5 we conclude that each λk(·) is an increasing function. As in Lemma 2.3 we

have limp→∞ λk(p) = λk given by (3.3a) and similarly we get

lim
p→−∞

λk(p) = λfree
n′,m′ (4.3)

for some (n′,m′) such that that λfree
n′,m′ < λk; the map k 7→ (n′,m′) is injective with the

possible exception of the situation when B and
(

π
d1+d2

)2
are rationally related and the

spectrum of the double layer without the barrier is not simple.

This completes the proof of claim (ii) because the lower edge of the first band

corresponds to n = 0 and m = 1 and the nearest possible flat band, if it exists, must be

above B+
(

π
min(d1,d2)

)2
since the index combination m1 = m2 = 1 is excluded if d1 6= d2.

While most bands touch or overlap, open gaps still may exist. Consider the values (4.3)

with n = 0. Under the condition in (iii) the second lowest one corresponding to m = 2

does not exceed any value referring to n ≥ 1 and at the same time, the upper edge of

the first band is at

λ2 = λ0,1,1 = B +
( π

min(d1, d2)

)2

< B +
( 2π

d1 + d2

)2

,

where the last inequality holds whenever d1 6= d2; this proves claim (iii).

The preferred direction character of the magnetic transport is again visible. The

eigenfunctions of H(p) with p > 0 giving rise to the generalized eigenfunctions of H

describing transport in the direction of the y axis are dominantly supported in the

divided part of the double layer, the more the larger p is, while the transport in the

opposite direction is more pronounced in the undivided part. This is a rough description,

however, which does not take into account effects in the transport associated with higher

Landau levels coming from the shape of the oscillator eigenfunctions 2.3c.

5. Concluding remarks

The above discussion by far does not exhaust all questions one may ask about properties

of these systems. We have touched already some; let us mention other directions in which

analysis of the model could be extended:

(a) Weak coupling: We know that the bands shrink to points as a → 0, asymptotic

expansion of the functions λk(·) in the vicinity of this point would allow us to

understand better the dependence of the band widths on the parameters and make

conclusions about the number of open gaps in the spectrum.

(b) Properties of the ac spectrum: The tools used here do not allow to see the finer

structure of the dispersion functions, in particular, the character of their crossings,

their derivatives, etc.

(c) Other lateral couplings: One can ask about effects caused by windows of different

shapes. As in the present case, the analysis simplifies if we can reformulate it as a

problem of reduced dimension, say, for parallel strip windows, an annular form, etc.
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There are other interesting cases, though, like non-straight strip windows or crossed

strips which require a different technique.

(d) Other geometric perturbations: In [EKT18] we have shown that a magnetic

transport can occur in a single Dirichlet layer if it is bent appropriately keeping

the translational invariance in one dimension. In the same vein one can ask, e.g.,

what happens in layers, single or laterally coupled, if their width is locally modified.

(e) Impurity effects: A big question in transport problems generally, and magnetic ones

in particular, is the stability with respect to random perturbations, see for instance

[dBP99, FGW00, CHS02, HS08a, HS08b]. Here too one expects that the disorder

will give rise to Anderson localization, but a part of the absolutely continuous may

survive if the added potential responsible for it will be sufficiently weak. We note

that this question is closely connected with (b) above.
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