Centre de Physique Théorique^∗ - CNRS - Luminy, Case 907 F-13288 Marseille Cedex 9 - France

ON LIMIT’S THEOREM FOR CLASS H^1.

Grigori VARTANIAN^{1,2}

Abstract

In a recent paper by P.W.Jones and J.Journé (On weak convergence in H^1(R^d) , Proc. Amer. Math. Soc. 120 (1994) , 137 - 138. ) , there are some inaccuracies. In this note, we give a counterexample to his theorem and a corrected form of the limit’s theorem.

Key-Words : 42B30 H^p-spaces

June 1994 CPT-94/P.3038

anonymous ftp or gopher: cpt.univ-mrs.fr

�Unité Propre de Recherche 7061 1and Université de Toulon et du Var.

2On leave of absence from Odessa State Univefsity, Petra Velikogo, 2, 270000, ODESSA, UKRAINE.

Let H^1(R^d) denote the Hardy space of functions on R^d whose Poisson maximal function belong to L^1, and let V MO denote the closure of the Schwartz space in BMO(R^d). The following example shows that the P.W.Jones and J.Journé theorem concerning the limits on H^1 is not correct.

Let φ be an unbounded functions belonging to V MO. We try a sequence of functions {f_n} from H^1 = H^1(R) which converges almost everywhere to f∈H^1 and such that lim_{n→∞} ‖ f_n − f ‖_H1 = 0.

But, contrarity to the assertion given in [2] ∫ R f_nφdx −̸→ ∫ R fφdx, since fφ ∉ L^1.

Indeed, if locally integrable function φ belong to V MO and φ ∉ L^∞, then for almost every x ∈ R | φ(x) |= lim_{δ→0} 1 2δ ∫_x+_δ x−δ | φ(t) | dt. (1) Consider the sequence {x_n} with the following properties

(i) | φ(x_n) |= lim_{δ→0} 1 2δ ∫_xn+_δ xn−δ | φ(t) | dt , (ii) | φ(x_n) |> 2 | φ(x_{n−1}) |> ... > 2^{n−1} | φ(x_1) |> 2^n. Then for every n there exists δ_n > 0 such that δ_n < 1 3 inf 1≤k≤∞,n≠k | x_n − x_k | and 2^n < 1 2δ_n ∫_xn+_δn xn−δn | φ(t) | dt. For each n ∈ N put

f_n(x) = n∑ k=1 2^{−k}a_k(x), f(x) = ∞∑ k=1 2^{−k}a_k(x). Where a_k(x) = δ^{−1}_k , x ∈ (x_k − δ_k, x_k), −δ^{−1}_k , x ∈ (x_k, x_k + δ_k), 0 , x ∉ (x_k − δ_k, x_k + δ_k). It is known [1] that f∈H^1 , ‖ f_n ‖_H1 < C and lim_{n→∞} ‖ f_n − f ‖_H1 = 0. (2)

¿From (2) and by the duality H^1 - BMO (cf. R.R.Coifman and G.Weiss [1] ) we obtain, that lim_{n→∞} ∫ R f_nφdx exists.

In the other hand a simple calculation gives ∫ R | fφ | dx = ∫ R | ∞∑ k=1 2^{−k}a_k(x)φ(x) | dx = 2 ∞∑ k=1 2^{−k} 1 2δ_n ∫_xn+_δn xn−δn | φ(x) | dx > 2 ∞∑ k=1 2^{−k}2^k = ∞

Consequently, fφ ∉ L^1. Moreover, in [3] one exhibit examples of functions φ ∈ BMO and f ∈ H^1 such that fφ is not A - integrable and even is not Q - integrable. A simple modifications on these examples show that the product fφ, if f ∈ H^1 and φ ∈ V MO, may be not Q - integrable too.

Therefore a correct version of the theorem given by P.W.Jones and J.Journé is: Theorem 1. Suppose {f_n} is a sequence of functions belonging to H^1(R^d) such that ‖ f_n ‖_H1 ≤ 1 for all n and such that f_n(x) → f(x) for almost every x ∈ R^d. Then f ∈ H^1(R^d), ‖ f ‖_H1 ≤ 1, and ∫ Rd f_nφdx −→ ∫ Rd fφdx for all φ ∈ C_0.

Here C_0 is the set of all continuous functions with compact support. This corresponds to the analogous result given by R.R.Coifman and G.Weiss [1, pp.638].

It is known [1] that every φ ∈ BMO(R^d) determines a bounded linear functional on H^1(R^d) and the dual form is given by ⟨f, φ⟩ = ∞∑ k=1 λ_k ∫ Rd a_k(x)φ(x)dx, where ∑∞ k=1 λ_ka_k is any atomic decomposition of f. By means of a representation of a bounded linear functionals on H^1(R^d) we can obtain the similar result:

Theorem 2. Suppose {f_n} is a sequence of functions belonging H^1(R^d) such that ‖ f_n ‖_H1 ≤ 1 for all n and such that f_n(x) → f(x) for almost every x ∈ R^d. Then f ∈ H^1(R^d), ‖ f ‖_H1 ≤ 1, and ⟨f_n, φ⟩ −→ ⟨f, φ⟩ for all φ ∈ V MO. Theorems 1 and 2 give the correct version of the limit’s for the class H^1(R^d) .

Acknowledgments. The author is grateful for the hospitality of Center of Theoretical Physics CNRS, Marseilles.

References 1. R.R.Coifman and G.Weiss , Extensions of Hardy spaces and their use in analysis, Bull. Amer. Math. Sos. 83 (1977), 569 - 645.

2. P.W.Jones and J.Journé , On weak convergence in H^1(R^d), Proc. Amer. Math.

Soc. 120 (1994), 137 - 138.

3. G.M.Vartanyan , On a resonance theorem, Izv. Vyssh. Uchebn. Zaved. Mat. 1990, n. 8, 3 - 13; translation in Soviet Math. (Iz.VUZ) 34 (1990), no. 8, 1 - 12.