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HW Assignment 1

Problem 1.1. Let ) be a nonempty finite set, and let A be the family of all algebras on 2,
and let IT be the family of all partitions of 2. Construct a mapping F': II — A as follows:
for a partition P = {Ay, As,..., A} of Q, let F(P) = A be the family consisting of the
empty set and all possible unions of elements of P.

(1) Show that so defined family A is an algebra, and

(2) Show that the mapping F' is one-to-one and onto.

Problem 1.2. For n € N, let a, be the number of different algebras on €2 when 2 has
exactly n elements. Show that

(1) a1 =1, ag = 2, ag = 5, and that the following recursion holds

Apy1 = Z <Z> ag,

k=0
where ag = 1 by definition, and

(2) the exponential generating function for the sequence {a,}nen is f(z) = e 71, ie,
that .
Z an% =L
n=0
(Note: The numbers ag, ay, ... are called Bell numbers.)

Problem 1.3. Show the following equivalence: & € N is a successor of & € N if and only
if there exists representatives (1, w;) and (t2,ws) of & and &, such that t; <ty and wy = ws.
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