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Abstract: We give an intrinsic definition of the special geometry which arises in global
N = 2 supersymmetry in four dimensions. The base of an algebraic integrable system
exhibits this geometry, and with an integrality hypothesis any special Kähler manifold
is so related to an integrable system. The cotangent bundle of a special Kähler manifold
carries a hyperkähler metric. We also define special geometry in supergravity in terms
of the special geometry in global supersymmetry.

Constraints on Riemannian metrics occur in many places in supersymmetry. For exam-
ple, the requirement of extended supersymmetry in a two dimensional σ -model con-
strains the target manifold to be Kähler or hyperkähler depending on the amount of
supersymmetry. The scalars in supergravity theories are often constrained to live on a
particular homogeneous Riemannian manifold. These sorts of special metrics – metrics
with restricted holonomy group (such as Kähler and hyperkähler metrics) and homo-
geneous metrics – are much studied by Riemannian geometers, but there are situations
in which we meet something new. One important example occurs in four dimensional
gauge theories with N = 2 supersymmetry: the scalars in the vector multiplet lie in
a special Kähler manifold. This is the case pertaining to global supersymmetry; when
coupled to N = 2 supergravity in four dimensions the scalars lie in a projective special
Kähler manifold.1 Notice thatN = 1 supersymmetry already constrains the scalars to lie

⋆ The author is on leave from theDepartment ofMathematics at theUniversity ofTexas atAustin,Austin,TX
78712, USA, where he receives support from NSF grant DMS-962698. At the Institute for Advanced Study
the author receives support from NSF grants DMS-9304580 and DMS-9627351, the Harmon Duncombe
Foundation, and from the J. Seward Johnson Sr. Charitable Trust.
1 Physicists use the term “special Kähler manifold” for both cases, and use words like “rigid” and “local”

to distinguish them. Since these words have other connotations in geometry, we adopt a different terminology.

Commun. Math. Phys. 203, 31–52 (1999) Communications in
Mathematical
Physics

© Springer-Verlag 1999

Special Kähler Manifolds
Daniel S. Freed⋆

Schools ofMathematics andNatural Sciences, Institute forAdvanced Study, Olden Lane, Princeton, NJ 08540,
USA. E-mail: dafr@math.utexas.edu

Received: 5 December 1997 / Accepted: 16 November 1998

Abstract: We give an intrinsic definition of the special geometry which arises in global
N = 2 supersymmetry in four dimensions. The base of an algebraic integrable system
exhibits this geometry, and with an integrality hypothesis any special Kähler manifold
is so related to an integrable system. The cotangent bundle of a special Kähler manifold
carries a hyperkähler metric. We also define special geometry in supergravity in terms
of the special geometry in global supersymmetry.

Constraints on Riemannian metrics occur in many places in supersymmetry. For exam-
ple, the requirement of extended supersymmetry in a two dimensional σ -model con-
strains the target manifold to be Kähler or hyperkähler depending on the amount of
supersymmetry. The scalars in supergravity theories are often constrained to live on a
particular homogeneous Riemannian manifold. These sorts of special metrics – metrics
with restricted holonomy group (such as Kähler and hyperkähler metrics) and homo-
geneous metrics – are much studied by Riemannian geometers, but there are situations
in which we meet something new. One important example occurs in four dimensional
gauge theories with N = 2 supersymmetry: the scalars in the vector multiplet lie in
a special Kähler manifold. This is the case pertaining to global supersymmetry; when
coupled to N = 2 supergravity in four dimensions the scalars lie in a projective special
Kähler manifold.1 Notice thatN = 1 supersymmetry already constrains the scalars to lie

⋆ The author is on leave from theDepartment ofMathematics at theUniversity ofTexas atAustin,Austin,TX
78712, USA, where he receives support from NSF grant DMS-962698. At the Institute for Advanced Study
the author receives support from NSF grants DMS-9304580 and DMS-9627351, the Harmon Duncombe
Foundation, and from the J. Seward Johnson Sr. Charitable Trust.
1 Physicists use the term “special Kähler manifold” for both cases, and use words like “rigid” and “local”

to distinguish them. Since these words have other connotations in geometry, we adopt a different terminology.





INTEGRABLE SYSTEMS

24



• symplectic manifold (M2n,!)

• proper map h : M2n ! Bn

• Lagrangian fibres: ! vanishes on Mx = h�1(x)

• x 2 Breg ) (connected component of) a fibre is a torus
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• tangent vector X 2 TxB ) section of normal bundle of Mx

• lift to vector field X̃ along Mx

• iX̃! well-defined and closed on Mx

• cohomology class: TxB
⇠= H1(Mx,R)
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• x 2 U ⇢ B contractible, H1(h�1(U),R) ⇠= H1(Mx,R)

• x, y 2 U ) TxB
⇠= TyB flat connection

• ! = d✓ in h�1(U), d✓ = 0 on Mx

• flat coordinates

xi =
Z

Ci

✓
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• x 2 U ⇢ B contractible, H1(h�1(U),R) ⇠= H1(Mx,R)

• x, y 2 U ) TxB
⇠= TyB flat connection

• ! = d✓ in h�1(U), d✓ = 0 on Mx

• flat coordinates

xi =
Z

Ci

✓

Ci 2 H1(Mx,Z)

) flat torsion-free a�ne connection
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• suppose h : M ! B is holomorphic

• M Kähler, [⌦] 2 H2(M,R) )
real symplectic form on B:

(X,Y ) =
Z

Mx

iX̃! ^ iỸ ! ^⌦n�1

• ) flat symplectic connection
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• M Kähler, [⌦] 2 H2(M,R) )
real symplectic form on B:

(X,Y ) =
Z

Mx

iX̃! ^ iỸ ! ^⌦n�1
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• complex structure?
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This paper grew out of a seminar talk explaining [DW], and it had a long gestation
period since. During that time I benefited from conversations and lectures by many
colleagues, including JacquesDistler, RonDonagi, NigelHitchin,GraemeSegal, Nathan
Seiberg, Karen Uhlenbeck, and Edward Witten. From the first version of the paper I
received helpful remarks fromVicente Cortés, James Gates, Zhiqin Lu, Simon Salamon,
and the referees. I thank them all.

1. Definition and Basic Properties

We introduce the following definition.

Definition 1.1. Let M be a Kähler manifold with Kähler form ω. A special Kähler
structure on M is a real flat torsionfree symplectic connection ∇ satisfying

d∇I = 0, (1.2)

where I is the complex structure on M .

First we examine the consequences of the connection on the underlying real sym-
plectic structure on M . The connection ∇ determines an extension of the de Rham
complex

0 −−−−→ "0(T M)
d∇=∇−−−−→ "1(T M)

d∇−−−−→ "2(T M)
d∇−−−−→ · · ·. (1.3)

The flatness is the condition d2∇ = 0. Note that the Poincaré lemma holds for (1.3): a
closed T M-valued form is locally exact. The torsionfree condition may be expressed by

d∇(id) = 0, (1.4)

where id ∈ "1(T M) is the identity endomorphism of T M . Now if {ξα} is a flat local
framing ofM with dual coframing {θα}, then (1.4) implies dθα = 0, whence θα = dtα

for some local coordinate functions tα .3 Since∇ω = 0 we can choose these coordinates
to be Darboux; that is, the coordinate functions are xi, yj (i, j = 1, . . . , n = dimC M)
with

ω = dxi ∧ dyi. (1.5)

Summarizing, a flat torsionfree symplectic connection ∇ is equivalent to a flat sym-
plectic structure on M . This is a covering by flat Darboux coordinate systems {xi, yj }
whose transition functions are of the form

(
x

y

)

= P

(
x̃

ỹ

)

+
(

a

b

)

, P ∈ Sp(2n; R), a, b ∈ R
n. (1.6)

(The coordinates are “flat” since ∇dxi = ∇dyj = 0.) Equation (1.5) is valid in any flat
Darboux coordinate system.

3 For simplicity we always choose our coordinate systems to be defined on connected open sets, and we
allow the domains of the coordinate systems to shrink when necessary.

• I : T ! T complex structure I2 = �1

• I 2 ⌦1(M,T ) drI = 0 2 ⌦2(M,T )

• locally I = drX, X Hamiltonian vector field
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• compact Riemann surface ⌃, genus > 1

• holomorphic vector bundle V rank n

• Higgs field � 2 H0(⌃,EndV ⌦K)

• stability ) moduli space M

• M is symplectic
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• holomorphic vector bundle V rank n

• Higgs field � 2 H0(⌃,EndV ⌦K)

• stability ) moduli space M

• M is symplectic

2

THE NILPOTENT CONE

((V,�) “conjugate variables”)

• tr�2 ⇠ (x� a) 2 H0(P1,O(1)) ⇠= H0(⌃,K)

• nilpotent Higgs bundles: 16 copies of P3 ⇢ M

• ... which intersect N = P3 in 16 Planes (tropes)

• each plane intersects the Kummer surface in a conic through
6 singular points V = U � U,U2 ⇠= O

• the line of intersection of a pair contains two singular points

1



• det(x��) = xn + a1x
n�1 + . . .+ an, aj 2 H0(⌃,Kj)

• h : M ! B = H0(⌃,K)� · · ·�H0(⌃,Kn)

• determinant line bundle ) [⌦] 2 H2(M,Z)

• hyperkähler metric !1 = ⌦,!2 + i!3 = symplectic form
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• hyperkähler metric !1 = ⌦,!2 + i!3 = symplectic form

• ) algebraic completely integrable Hamiltonian system
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• det(x��) = xn + a1x
n�1 + . . .+ an = 0 algebraic curve S

• Breg = smooth spectral curves

• fibre h�1(b) ⇠= Jac(S) abelian variety
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• S : xn + a1x
n�1 + . . .+ an = 0

• ⇡ : S ! ⌃ n-fold branched covering

• L line bundle on S

Direct image: U ⇢ ⌃ H0(U,⇡⇤L)
def
= H0(⇡�1(U), L)

• ⇡⇤L = V rank n vector bundle

1



• x single valued section of ⇡⇤K on S

• x : H0(⇡�1(U), L) ! H0(⇡�1(U), L⌦ ⇡⇤K)

• = � : H0(U, V ) ! H0(U, V ⌦K)

2

• det(x��) = xn + a1x
n�1 + . . .+ an = 0 algebraic curve S

• Breg = smooth spectral curves

• fibre h�1(b) ⇠= Jac(S) abelian variety

Higgs field

1



• (V,�) 7! (V,��) C⇤-action

• holomorphic symplectic form ! 7! �!

• ) vector field X, LX! = ! ) d(iX!) = !

• periods of Re(iX!) ) real flat coordinates on Breg

1



• (V,�) 7! (V,��) C⇤-action

• holomorphic symplectic form ! 7! �!

• ) vector field X, LX! = ! ) d(iX!) = !

• periods of Re(iX!) ) real flat coordinates on Breg
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• (V,�) 7! (V,��) C⇤-action

• holomorphic symplectic form ! 7! �!

• ) vector field X, LX! = ! ) d(iX!) = !

• periods of Re(iX!) ) on fibre h�1(b)

) real flat coordinates on Breg

1

• (V,�) 7! (V,��) C⇤-action

• holomorphic symplectic form ! 7! �!

• ) vector field X, LX! = ! ) d(iX!) = !

• periods of Re(iX!) on fibre h�1(b)

) real flat coordinates on Breg

29



• symplectic basis Ai,Bi for H1(Jac(S),Z)

) real coordinates xi, yi

) holomorphic coordinates zi, Re zi = xi or wi, Rewi = yi

• Kähler potential for Special Kähler metric =

K =
1

2
Im

X

i

wiz̄i

1
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• dual basis ↵i,�i of H1(Jac(S),Z)

•
[iX!] =

X

i

zi↵i + wi�i

Kähler potential

K = Im
Z

Jac(S)
iX! ^ iX!̄

•
Z

S0 p
⇤(✓ ^ ✓̄) = 2

Z

⌃
ss̄

• ) flat Kähler metric on H0(⌃,KU)/± 1
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• xn + a1x
n�1 + . . .+ an = 0, x 2 H0(S,⇡⇤K)

• x embeds S in total space of K = cotangent bundle of ⌃

• ✓ = canonical one-form on cotangent bundle

• Kähler potential =

Im
1

4

Z

S
✓ ^ ✓̄

e.g. curves in T ⇤⌃ or a K3 surface

27

• one-dimensional ) Lagrangian

• Breg = moduli space of spectral curves

= moduli space of Lagrangian fibres in M
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• one-dimensional ) Lagrangian ⇢ (T ⇤⌃,$)

• Breg = moduli space of spectral curves

= moduli space of Lagrangian fibres in M
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• tangent space TbB ⇠= H0(S,K) ⇠= H0(Jac(S),⌦1)

• det(x� ��) = �n det(��1x��)

) action of � on M ) ��1 on T ⇤⌃

• X 2 TbB = iX!|Jac(S) 2 H0(Jac(S),⌦1)

= �iY$|S = ✓ = canonical 1-form on T ⇤⌃
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• same special Kähler metric on Breg

• Kähler potential
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• same special Kähler metric on Breg

• Kähler potential
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K =
Z

⌃

p
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• h : M2n ! Bn functions h1, . . . , hn

• critical locus = critical points for some
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X

i

cihi

= {x 2 M : rkDhx  n}
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• Hamiltonian vector fields X1, . . . , Xd vanish at x 2 M2m

• action on tangent space Tx preserving symplectic form !

• L ⇢ Tx span of all Xi, dimL = m� d

• !(Xi,Xj) = 0 ) L ⇢ L?

• L?/L symplectic, dimension 2d
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• X1, . . . , Xd span a commutative subalgebra of sp(2d,C).

• Defn: The point x is called nondegenerate if this is a Cartan
subalgebra.

• sp(2d,C) ⇠= quadratic functions on C2d

• commutative subalgebra spanned by the Hessians of h1, . . . , hd

5



 SUR CERTAINS SYSTEMES DYNAMIQUES SEPARABLES.

 By J. VEY.*

 1. Algebres de Liouville. Soit X une variete symplectique, disons analy-
 tique reelle, de dimension 2m; et soient fi,. ,fm m fonctions analytiques reelles

 sur X, commutant deux 'a de-ux pour le crochet de Poisson. Si les fonctions fi
 sont independantes, et si les vaiete's

 fi C1, ... fm =Cm

 (C, constantes reelles) sont compactes, il est bien connu que ce sont des tores,
 et qu'on peut introduire un systeme de coordonnees dit "angle-action"

 canoniquement attache a l'algebre associative qu'engendrent les fi, coordonnees
 dans lesquelles l'integration du systeme dynamique defini par une fonction des
 fi devient particulierement transparente (cf. [4], p. 175). Je me propose ici
 d'examiner la situation analogue ou les fonctions fi snt simultanement critiques
 en un point, leurs hessiennes satisfaisant une condition de genericite que je vais
 expliquer dans un instant. J'ai trouve commode d'argumenter dans le contexte
 holomorphe, le cas analytique reel etant obtenu en corollaire au section 6.

 Voici le probleme. Soit X une variete analytique complexe de dimension
 2m, 0 l'un de ses points, ? les germes de fonctions holomorphes en 0, m son
 ideal maximal, T= TOX I'espace tangent en 0, w la forme symplectique sur X,
 co sa valeur sur T. Soit A cm2 une algebre analytique de fonctions (i.e. si
 fi,... 5frE A, toute fonction F(f15... 5fr)' avec F holomorphe nulle 'a l'origine,
 appartient 'a A), deux elements quelconques de A commutant pour le crochet
 de Poisson (tel est le cas si A est l'algebre analytique engendree par un certain
 nombre de fonctions commutant entre elles). Considerons ce qui tient lieu de
 hessienne, c'est-'a-dire la projection de A dans

 m2/m3- S2T* _(T,wo)

 je note S2T* l'espace des formes quadratiques sur T= TOX, et tP(T, oo)
 l'algebre de Lie du groupe Sp(T, wo) des automorphismes de l'espace vectoriel
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I Introduction 

In this paper, we consider integrable Hamiltonian systems and study their 
singularities. Let (M, a) be a smooth symplectic manifold of dimension 2 n, i.e., 
a is a nondegenerate closed two form on M. A smooth function H : M ~ R  
defines a Hamil tonian vector field X ,  by the relation a ( X n , - ) =  dH. The Poisson 
bracket of two functions G, H: M ~ R is defined by 

{G, H} .'=a<Xa, Xn} = X n  G 

and G, H are said to be Poisson commuting or in involution if {G, H} = 0  identi- 
cally. The identity {G, H } - 0  implies that G is an integral of the vector field 
X n . 

An integrable system on M is defined by the mapping 

F:=(F1 . . . . .  F,): M - ~ R "  

with n functions F~ : M -~ R satisfying the following conditions: 

(i) {F~, Fj} - -0  for all i , j= 1, ..., n; 
(ii) dF1 . . . . .  dF~ are linearly independent on an open and dense subset of M. 

We call the triple (M, ~, F) an integrable system. The functions F1 . . . . .  F, are 
said to be functionally independent if the above condition (ii) holds. Clearly 
each vector field X v  (i = 1 . . . . .  n) possesses n functionally independent and Pois- 
son commuting integrals F~ . . . . .  F,. In this sense, we also say that each vector 
field Xv, is integrable. 

Since F1 . . . . .  F. are integrals of the vector fields Xe, (i = 1 . . . . .  n), the orbits 
of Xv, passing through a point p o e M  are confined to a connected component  
of the level set 

F -  1(c) = {p~MI F(p)=ceR"} ,  

where c =  F(Po). Let F (p~ denote the connected component  containing Po- Sup- 
pose that F (po) is compact  and that  dF~ . . . . .  dF, are linearly independent every- 
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• nondegeneracy + analytic ) local normal form

• Cd = {x 2 M : dimkerDhx = d} is a submanifold

• dimension 2(m� d) and symplectic

• ... and is a fibration by tori of dimension (m� d)

9

QUESTION

= subintegrable system

1



THE DERIVATIVE OF h : M ! B

80



• holomorphic vector bundle: @̄A : ⌦0(V ) ! ⌦01(V )

• holomorphic Higgs field: @̄A� = 0

• tangent vector to M: @̄A�̇+ [Ȧ,�] = 0

modulo (Ȧ, �̇) = (@̄A ,�[ ,�])

• = hypercohomology H1 of complex of sheaves

O(EndV )
[�,�]! O(EndV ⌦K)
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• tangent vector to M: @̄A�̇+ [Ȧ,�] = 0
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Two spectral sequences

• ! H0(⌃,EndV ⌦K) ! H1 ! H1(⌃,EndV ) !
⇠ fibration M � T ⇤N ! N
N moduli space of stable bundles

• 0 ! H1(⌃, ker ad(�)) ! H1 ! H0(⌃, coker ad(�)) ! 0

⇠ integrable system h : M ! B

3



Two spectral sequences

• ! H0(⌃,EndV ⌦K) ! H1 ! H1(⌃,EndV ) !
⇠ fibration M � T ⇤N ! N
N moduli space of stable bundles
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⇠ integrable system h : M ! B
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• � everywhere regular ) centralizer generated by 1,�, . . . ,�n�1

) ker ad(�) ⇠= O �K�1 � · · ·�K�(n�1)

) coker ad(�) ⇠= K �K2 � · · ·�Kn

• p : EndV ! coker ad(�), tr(�k�̇) = tr(�kp(�̇))

tr�k = universal polynomial in a1, . . . , ak

• everywhere regular ) not on critical locus

2



• Suppose � regular except on a divisor D ⇢ ⌃

(e.g. S is reduced)

0 ! O �K�1 � · · ·�K�(n�1) ! ker� ! C ! 0

C supported on D

• H0(C) ! H1(⌃,O �K�1 � · · ·�K�(n�1))

• Serre duality ) linear functions on base B
= functions critical at (V,�).
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• Suppose � regular except on a divisor D ⇢ ⌃

(e.g. S is reduced)

0 ! O �K�1 � · · ·�K�(n�1) ! ker ad(�) ! C ! 0

C supported on D

• H0(C) ! H1(⌃,O �K�1 � · · ·�K�(n�1))

Serre duality ) linear functions on base B
= functions critical at (V,�).

• ) Hessians localized around points xi 2 D

2



NODAL SPECTRAL CURVES
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• spectral curve S : xn + a1x
n�1 + . . .+ an = 0

singular at some point over xi 2 D ⇢ ⌃

• suppose ordinary double point (x, z) = (0,0)

local form x2 = z2

• fibre in M over S 2 B ⇠ rank one torsion-free sheaves

3



• locally free at singularity

) x(f0(z) + xf1(z)) = z2f1(z) + xf0(z)

) Higgs field

� =

 
0 z2

1 0

!

• regular nilpotent at z = 0
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• non-locally free at singularity

• ) direct image of locally free on normalization

• normalize x2 = z2 to {x = z} [ {x = �z}

• ) Higgs field

� =

 
z 0
0 �z

!

....vanishes at z = 0
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• normalize x2 = z2 to {x = z} [ {x = �z}
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z 0
0 �z

!

....vanishes at z = 0 and �0(0) semisimple

1



• if S has d nodes, then d functions hi are critical

• symplectic vector space

L/L? ⇠=
dM

1
Li

• Li
⇠= tangent space of coadjoint orbit of semisimple ai 2 sl(2)

• ) nondegenerate critical locus
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12



• xm = zm normalize to

{x = z} [ {x = !z} [ · · · [ {x = !m�1z}

•

� ⇠ z

0

BBBB@

1 0 . . . 0
0 ! . . . 0
. . . . . . . . . 0
0 0 0 !m�1

1

CCCCA
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• nondegeneracy ) integrable system

• base Bd = spectral curves with d nodes (Severi variety)

• fibre ⇠= Jac(S0), S0 = normalization of S

p : S0 ! S, p⇤L = torsion-free sheaf on S

• tangent space to Bd = H0(S,⇡⇤Km ⌦ I) ⇠= H0(S0,KS0)

1
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• fibre ⇠= Jac(S0), S0 = normalization of S

p : S0 ! S, p⇤L = torsion-free sheaf on S

• tangent space to Bd = H0(S,⇡⇤Kn ⌦ I) ⇠= H0(S0,KS0)
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1



REMARK

• f : B ! C linear

= (↵0,↵1, . . . ,↵n�1) 2 H1(⌃,O)�H1(⌃,K�1)� · · ·

• x 2 H0(K,⇡⇤K) ↵0 + ↵1x+ · · ·+ ↵n�1x
n�1 2 H1(K,O)

• principal C-bundle over K = Calabi-Yau 3-manifold Z

• normalization S0 ⇢ Z

) critical points ⇠ sheaves on a Calabi-Yau

1



SPECIAL KÄHLER METRIC ON Bd
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• subintegrable system Cd ⇢ M, C⇤-invariant

• restrict iX! ) infinitesimal deformation of Jac(S0) ⇢ Cd

• H0(Jac(S0),⌦1) ⇠= H0(S0,KS0), iX! ⇠ p⇤✓

p : S0 ! S

• Kähler potential =

Im
1

4

Z

S0 p
⇤(✓ ^ ✓̄) = Im

1

4

Z

S
✓ ^ ✓̄

1
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• Bd ⇢ B

• complex structure on Breg extends to Bd

• Kähler potential extends

• flat connection has a logarithmic pole

) singular in normal direction, induces a flat connection
along Bd

1
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= xd⇡

• ✓ = xd⇡ =
p
q

Im
Z

S
✓ ^ ✓̄ =

Z

⌃

p
qq̄

•
Z

S
✓ ^ ✓̄ =

Z

C

|c0 + c1z + c2z
2|

|f(z)| dzdz̄

• two nodes:
Z

S
✓ ^ ✓̄ = |a|

Z

C

|(z � zi)(z � zj)|
|f(z)| dzdz̄

5

= xd⇡

• ✓ = xd⇡ =
p
q

Im
Z

S
✓ ^ ✓̄ =

Z

⌃

p
qq̄

•
Z

S
✓ ^ ✓̄ =

Z

C

|c0 + c1z + c2z
2|

|f(z)| dzdz̄

• two nodes:
Z

S
✓ ^ ✓̄ = |a|

Z

C

|(z � zi)(z � zj)|
|f(z)| dzdz̄

5

• SL(2,C) Higgs bundles tr� = 0,⇤2V ⇠= O

• B = H0(⌃,K2) spectral curve x2 = q(z)

• fibre = Prym variety P(S,⌃)

•

q = (c0 + c1z + c2z
2)

dz2

f(z)

12



• quadratic di↵erential

q = (c0 + c1z + c2z
2)

dz2

f(z)

• one node:

q = (a0 + a1z)(z � zi)
dz2

f(z)

B1 = 6 two-dimensional subspaces in C3

• two nodes:

q = a(z � zi)(z � zj)
dz2

f(z)

1

• quadratic di↵erential

q = (c0 + c1z + c2z
2)

dz2

f(z)

• one node:

q = (a0 + a1z)(z � zi)
dz2

f(z)

B1 = 6 two-dimensional subspaces in C3

• two nodes:

q = a(z � zi)(z � zj)
dz2

f(z)

1

• quadratic di↵erential

q = (c0 + c1z + c2z
2)

dz2

f(z)

• one node:

q = (a0 + a1z)(z � zi)
dz2

f(z)

B1 = 6 two-dimensional subspaces in C3

• two nodes:

q = a(z � zi)(z � zj)
dz2

f(z)

1

• quadratic di↵erential

q = (c0 + c1z + c2z
2)

dz2

f(z)

• one node:

q = (a0 + a1z)(z � zi)
dz2

f(z)

B1 = 6 two-dimensional subspaces in C3

• two nodes:

q = a(z � zi)(z � zj)
dz2

f(z)

1

• quadratic di↵erential

q = (c0 + c1z + c2z
2)

dz2

f(z)

• one node:

q = (a0 + a1z)(z � zi)
dz2

f(z)

B1 = 6 two-dimensional subspaces in C3

• two nodes:

q = a(z � zi)(z � zj)
dz2

f(z)

1

B2 = 15 one-dimensional subspaces in C3

• ⌃ genus 2, y2 = f(z) = (z � z1) . . . (z � z6)

B2 = 15 one-dimensional subspaces in C3

• quadratic di↵erential

q = (c0 + c1z + c2z
2)

dz2

f(z)

• one node:

q = (a0 + a1z)(z � zi)
dz2

f(z)

B1 = 6 two-dimensional subspaces in C3

• two nodes:

q = a(z � zi)(z � zj)
dz2

f(z)

11

• quadratic di↵erential

q = (c0 + c1z + c2z
2)

dz2

f(z)

• one node:

q = (a0 + a1z)(z � zi)
dz2

f(z)

B1 = 6 two-dimensional subspaces in C3

• two nodes:

q = a(z � zi)(z � zj)
dz2

f(z)

11



•
Z

S
✓ ^ ✓̄ =

Z

C

|c0 + c1z + c2z
2|

|f(z)| dzdz̄

• two nodes:
Z

S
✓ ^ ✓̄ = |a|

Z

C

|(z � zi)(z � zj)|
|f(z)| dzdz̄

• K = k|a|
a = w2 ) flat metric on a 6= 0, singular at origin

1

•
Z

S
✓ ^ ✓̄ =

Z

C

|c0 + c1z + c2z
2|

|f(z)| dzdz̄

• two nodes:
Z

S
✓ ^ ✓̄ = |a|

Z

C

|(z � zi)(z � zj)|
|f(z)| dzdz̄

• K = k|a|
a = w2 ) flat metric on a 6= 0, singular at origin

1

•
Z

S
✓ ^ ✓̄ =

Z

C

|c0 + c1z + c2z
2|

|f(z)| dzdz̄

• two nodes:
Z

S
✓ ^ ✓̄ = |a|

Z

C

|(z � zi)(z � zj)|
|f(z)| dzdz̄

• K = k|a|
a = w2 ) flat metric on a 6= 0, singular at origin

1

•
Z

S
✓ ^ ✓̄ =

Z

C

|c0 + c1z + c2z
2|

|f(z)| dzdz̄

• two nodes:
Z

S
✓ ^ ✓̄ = |a|

Z

C

|(z � zi)(z � zj)|
|f(z)| dzdz̄

• K = k|a|
a = w2 ) flat metric on a 6= 0, singular at origin

1

•
Z

S
✓ ^ ✓̄ =

Z

C

|c0 + c1z + c2z
2|

|f(z)| dzdz̄

• two nodes:
Z

S
✓ ^ ✓̄ = |a|

Z

C

|(z � zi)(z � zj)|
|f(z)| dzdz̄

• K = k|a|
a = w2 ) flat metric on a 6= 0, singular at origin

1

•
r(dw) = 0 ) r =

d

da
+

1

2a

• same special Kähler metric on Breg

• Kähler potential

• SL(2,C)- Higgs bundles S : x2 � q = 0, q 2 H0(⌃,K2)

K =
Z

⌃

p
qq̄

1



MORE GENERALLY...
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• suppose d = 2g � 2

• degK2 = 4g � 4, d = 2g � 2 ) q = s2 for s 2 H0(⌃,KU)

where U2 is trivial

• B2g�2 = H0(⌃,KU)/± 1, dimH0(⌃,KU) = g � 1

• Kähler potential

⇠
Z

⌃
ss̄

) flat metric

1

• suppose d = 2g � 2

• degK2 = 4g � 4, d = 2g � 2 ) q = s2 for s 2 H0(⌃,KU)

where U2 is trivial

• B2g�2 = H0(⌃,KU)/± 1, dimH0(⌃,KU) = g � 1

• Kähler potential

⇠
Z

⌃
ss̄

) flat metric

1

• suppose d = 2g � 2

• degK2 = 4g � 4, d = 2g � 2 ) q = s2 for s 2 H0(⌃,KU)

where U2 is trivial

• B2g�2 = H0(⌃,KU)/± 1, dimH0(⌃,KU) = g � 1

• Kähler potential

⇠
Z

⌃
ss̄

) flat metric

1

• suppose d = 2g � 2

• degK2 = 4g � 4, d = 2g � 2 ) q = s2 for s 2 H0(⌃,KU)

where U2 is trivial

• B2g�2 = H0(⌃,KU)/± 1, dimH0(⌃,KU) = g � 1

• Kähler potential

⇠
Z

⌃
ss̄

) flat metric

1



• U 2 H1(⌃,Z2) acts on M for SL(2,C)

• (V,�) 7! (V ⌦ U,�)

• fixed point set = C2g�2 = hyperkähler submanifold

• p : S0 ! ⌃ unramified )
L2 hyperkähler metric = flat metric = semiflat metric

1
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