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Abstract: We give an intrinsic definition of the special geometry which arises in global
N = 2 supersymmetry in four dimensions. The base of an algebraic integrable system
exhibits this geometry, and with an integrality hypothesis any special Kdhler manifold
is so related to an integrable system. The cotangent bundle of a special Kidhler manifold
carries a hyperkidhler metric. We also define special geometry in supergravity in terms
of the special geometry in global supersymmetry.
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Abstract: This paper considers the natural geometric structure on the moduli space of deformations of
a compact special Lagrangian submanifold L™ of a Calabi-Yau manifold. From the work of McLean this is
a smooth manifold with a natural L? metric. It is shown that the metric is induced from a local
Lagrangian immersion into the product of cohomology groups H*(L) x H™ !(L). Using this appr...
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INTEGRABLE SYSTEMS



symplectic manifold (M?2",w)

proper map h : M?2" —s B

Lagrangian fibres: w vanishes on M; = h~1(2)

r € B"9 = (connected component of) a fibre is a torus



tangent vector X € T, B = section of normal bundle of M,

lift to vector field X along M,

in well-defined and closed on M,

cohomology class: T»B = H (M, R)



e © € U C B contractible, H1(h~1(U),R) = H} (M, R)

e v,y c U= T,B =TyB flat connection



e z ¢ U C B contractible, HY(h~1(U),R) = H} (M, R)
e v,y c U= T,B =TyB flat connection
e w=2df in h1(U), dd = 0 on M,

e flat coordinates x;, = /C 0 C;, € HH(Myg,7Z)

= flat torsion-free affine connection



e suppose h: M — B is holomorphic

e M Kihler, [Q] € H2(M,R) = real symplectic form on B:

(X,Y):/ ’I:Xw/\’if/w/\ﬂn_l

X

e = flat symplectic connection



e suppose h: M — B is holomorphic

e M Kihler, [Q] € H2(M,R) = real symplectic form on B:
(X,Y):/ ’I:Xw/\’if/w/\ﬂn_l

X

e = flat symplectic connection

e complex structure?



1. Definition and Basic Properties

We introduce the following definition.

Definition 1.1. Let M be a Kdhler manifold with Kdhler form w. A special Kahler
structure on M is a real flat torsionfree symplectic connection V satisfying

dvl =0, (1.2)

where I is the complex structure on M.

o [ : T — T complex structure 12 = —1
o [ € QL(M,T) dyl =0 ¢€ Q2(M,T)

e |ocally I =dyX, X Hamiltonian vector field



HIGGS BUNDLES



e compact Riemann surface 2., genus > 1

e holomorphic vector bundle V rank n

e Higgs field ® € HO(Z,EndV @ K)



compact Riemann surface 2, genus > 1

holomorphic vector bundle V rank n

Higgs field ® € HO(Z,EndV ® K)

stability = moduli space M

M is symplectic ((V,®) ‘“conjugate variables)



o det(z — P) =z" 4 arz" 1 4+ ... 4 an, a; € HO(Z, K)

e h: M- B=HYZ, K)® - - @ HI(Z, K")



o det(z — P) =z" 4 arz" 1 4+ ... 4 an, a; € HO(Z, K)

e h:- M—>B=H'(Z,K)® ---®& H(Z,K")

e determinant line bundle = [Q] € H2(M, Z)

e hyperkahler metric w1 = €2, ws 4+ w3z = symplectic form

= algebraic completely integrable Hamiltonian system



o det(z — ®) = 2" 4 ay2™ 1 + ... 4+ an = 0 algebraic curve S

e B™Y9 = smooth spectral curves

o fibre h=1(b) = Jac(S) abelian variety



S:xn—l—alxn_l—l—...—l—an:O

.S — 2 n-fold branched covering

L line bundle on S

d
Direct image: U ¢ ¥ HO(U, n4«L) ef HO(=—1(), L)

L. =V rank n vector bundle



e z Single valued section of #*K on S

e v  HOY(x~1(U),L) - HY(=—1(U), L @ n*K)

e = : HO(U,V) - HY U,V ® K)

Higgs field



o (V,®)— (V,AP) C*-action

e holomorphic symplectic form w — Aw

e = vector field X, Lyw =w = d(iyw) = w



o (V,®)— (V,AP) C*-action

e holomorphic symplectic form w — Aw

e = vector field X, Lyw =w = d(iyw) = w

e periods of Re(ixw) on fibre h~1(b)

— real flat coordinates on B'€Y



e symplectic basis A;, B; for H1(Jac(S),Z)
= real coordinates «;, y;

= holomorphic coordinates z;, Rez; = z, or w;, Rew; = y;

e Kahler potential for Special Kahler metric =

1
K = EImeiZi
7



e symplectic basis A;, B; for H1(Jac(S),Z)
= real coordinates «;, y;

= holomorphic coordinates z;, Rez; = z, or w;, Rew; = y;

e Kahler potential for Special Kahler metric =

1
K = EImeiZi
7

e dual basis «;, 3; of H1(Jac(S),Z)
o [ixw]l=)> zo;+wp

Kahler potential K =1Im ixw Adxo AQP L
Jac(S)



SPECTRAL CURVES
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special Lagrangian submanifolds in a Calabi-Yau manifold, we follow an analogous approach for
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° az”—l—alxn_l +...4+a, =0, x & HO(S,TF*K)

e r embeds S in total space of K = cotangent bundle of >

e one-dimensional = Lagrangian C (T*X,w)

° Breg

moduli space of spectral curves

— moduli space of Lagrangian fibres in M



e tangent space T,B = HO(S, K) = H%(Jac(S), Q1)

o det(zx — Ad) = A"det(A\ 1z — @)

= action of A on M = )1 on T*x

o X € TyB = ixw|jac(s) € H°(Jac(S),24)

= —iyw|g = 0 = canonical 1-form on T*3*



e same special Kahler metric on B'®Y

e Kahler potential

1 _
K =1Im in/\chTJ/\Qn_lz II’ﬂ—/@/\@
Jac(S) 4 JS

(D.Baraglia & Z.Huang, Special Kdhler geometry of the Hitchin
system and topological recursion, arXiv:1707.04975v?2)



e same special Kahler metric on B'®Y

e Kahler potential

1 _
K =1Im in/\iXLTJ/\Qn_lz II’ﬂ—/@/\@
Jac(S) 4 JS

(D.Baraglia & Z.Huang, Special Kdhler geometry of the Hitchin
system and topological recursion, arXiv:1707.04975v?2)

e SL(2,C)- Higgs bundles S : 22 —q¢=0,q € HO(Z, K?)

= fo v



QUESTION

/SH/\§ IS defined for any compact curve in K, singular or otherwise ...

. what geometry does it define?




THE CRITICAL LOCUS



e h: M?2™ — B™ functions hq,...,hm

e critical locus = critical points for some f = Zcihi
i

= {x e M :rkDhgz <m}

singular locus of a degenerate torus



e Hamiltonian vector fields X1,..., X, vanish at € M?™

e action on tangent space 1, preserving symplectic form w

o LLC 1Ty spanofall X;,, dmL=m—d



e Hamiltonian vector fields X1,..., X, vanish at € M?™

e action on tangent space 1, preserving symplectic form w
o LLC 1Ty spanofall X;,, dmL=m—d

e w(X;, X;)=0=LCL"

e L1 /L symplectic, dimension 2d



e Xq,...,X, span a commutative subalgebra of sp(2d, C).

Defn: The point z is called nondegenerate if this is a Cartan

subalgebra.

e sp(2d,C) = quadratic functions on C24

e commutative subalgebra spanned by the Hessians of hy,..., hy



SUR CERTAINS SYSTEMES DYNAMIQUES SEPARABLES.

By J. VEv.*

1. Algébres de Liouville. Soit X une variété symplectique, disons analy-
tique réelle, de dimension 2m; et soient f;, ..., f,, m fonctions analytiques réelles
sur X, commutant deux a deux pour le crochet de Poisson. Si les fonctions f;
sont indépendantes, et si les variétés

f1=Cl,...,fm=Cm
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nondegeneracy + analytic = local normal form

Cy={x € M :dimker Dh; = d} is a submanifold

dimension 2(m — d) and symplectic

. and is a fibration by tori of dimension (m — d)

— subintegrable system




THE DERIVATIVE OF h - M — B



e holomorphic vector bundle: 94 : QO(V) — QOL(V)

e holomorphic Higgs field: 4P = 0

e tangent vector to M: 94D + [A, P] =0

modulo (A, ®) = (04, —[¢, P])



e holomorphic vector bundle: 94 : QO(V) — QOL(V)
e holomorphic Higgs field: 4P = 0

e tangent vector to M: 94D + [A, P] =0

modulo (Aa CD) — (5A¢7 _[wa CD])
e = hypercohomology H1 of complex of sheaves

oEnd V) 57 0(End v @ K)



Two spectral sequences

o > HY(Z EndV®K) »H! 5> HI(Z,EndV) —
~ fibration M D T*N — N

N moduli space of stable bundles

e 0 —» HI(XZ kerad(®)) - HI — HO(Z, cokerad(®)) — 0

~ integrable system h : M — B



Two spectral sequences

e > HY(Z EndV®K) —»H! - HI{(Z,EndV) —
~ fibration M D T*N — N

N moduli space of stable bundles

e 0 » HI(Z, kerad(®)) - HI — HO(Z, cokerad(®)) — 0

~ integrable system h : M — B



e ® everywhere regular = centralizer generated by 1, ®, ..., 71
= kerad(®) 20K 1g...¢ Kk~ (1)

= cokerad(P) =KD K2®---d K"

e p: EndV — cokerad(®), tr(dFd) = tr(drp(d))

tr &% = universal polynomial in a1, ...,ay

e everywhere regular = not on critical locus



e Suppose & regular except on a divisor D C > (e.g. S is reduced)

00K 1le. ..o Kk~ (n1) 4 kerad(®) - C — 0

C supported on D

e HO(C) » HY(Z, 00K 1o .. k—(n"1)
Serre duality = linear functions on base B

= functions critical at (V, ®).

e = Hessians localized around points z;, € D



NODAL SPECTRAL CURVES



e spectral curve S:az"+az" 14+ ... 4 a, =0

singular at some point over xz; € D C >

e suppose ordinary double point (z,z) = (0,0)

2 _ 2

local form z« z

e fibre in M over S € B ~ rank one torsion-free sheaves



e |locally free at singularity

= 2(fo(2) + zf1(2)) = 22f1(2) + 2 fo(2)

0 22
= Higgs field & =
6 (1 O)

e regular nilpotent at z =0



e Nnon-locally free at singularity
e = direct image of locally free on normalization

e normalize 22 =22 to {x = 2} U{z = —2}

. . z 0
e = Higgs field &P = ( )
0O —z

....vanishes at z = 0 and ®’(0) semisimple



e if S has d nodes, then d functions h; are critical

d
e symplectic vector space Lt/L £ P L,
i=1

e [, = tangent space of coadjoint orbit of semisimple a; € sl(2)

— nondegenerate critical locus



o ' = 2z normalize to

{r=z2}U{z=wz}U---U{z=wm1z}




e nondegeneracy = integrable system

e base B,; = spectral curves with d nodes (Severi variety)



e nondegeneracy = integrable system

e base B,; = spectral curves with d nodes (Severi variety)

o fibre £ Jac(S’), S’ = normalization of S

p:S" — S, peL = torsion-free sheaf on S

e tangent space to By = HO(S,m*K" ®T) = HO(S', Kg)

HO(S', Ko))* =2 HI(S',0)



REMARK

f:B— C linear

= (ag,a1,...,an_1) € H(Z,0) 0o HY(Z, K H o ---

re HY (K, n*K) ag + a1z + -+ a,_12" 1 € HY(K,0)

principal C-bundle over K = Calabi-Yau 3-manifold Z

normalization S’ c Z

= critical points ~ sheaves on a Calabi-Yau



SPECIAL KAHLER METRIC ON B,



e subintegrable system C; C M, C*-invariant
e restrict iyw = infinitesimal deformation of Jac(S’) C C4

o HY(Jac(9"),Q) 2 HO(S', Kq), ixw ~ p*d

p:S — 8



e subintegrable system C; C M, C*-invariant
e restrict iyw = infinitesimal deformation of Jac(S’) C C4
o HY(Jac(9"),Q) 2 HO(S', Kq), ixw ~ p*d

p:S — 8

e Kahler potential = Iml p* (O N 6) :Iml/ N0
4 Js’ 4.JS



B;CB

complex structure on B'®Y extends to By

Kahler potential extends

flat connection has a logarithmic pole

= singular in normal direction, induces a flat connection
along B,



EXAMPLE



e SL(2,C) Higgs bundles tr® = 0,A\2V £ O
e B= HY(X, K?) spectral curve z2 = ¢q(2)

o fibre = Prym variety P(S,X)

¢ ) = xdm = ,/q Im/SQ/\éz/Z\/qu



e X genus 2, y2=f(2) =(z2—21)...(z — zp)

dz?
e quadratic differential q=(co+ci1z+ szz)f(z)
dz?
e One node: q = (ap + a12)(z — 2;)
f(z)

B; = 6 two-dimensional subspaces in C3

dz?

f(z)

e two nodes: q = a(z — 2;)(z — 2;)

B> = 15 one-dimensional subspaces in C3




° ON0O =

z —z;)(z — z;)|

dzdz
7(2) -

e two nodes: /9/\§=|a|/ (
S C

o K = kla

a = w? = flat metric on a #% 0, singular at origin

d 1
V(idw) =0=V = |
da 2a




MORE GENERALLY...

e suppose d =2g — 2

e deg K2 =4g—4,d=29g—2=q=s? for s HO(Z, KU)

where U? is trivial

e Boy_o=HYZ,KU)/+1, dmHO(Z,KU) =g —1

e Kahler potential N/Z SS

= flat metric



U e H(XZ,Z>) acts on M for SL(2,C)

(V,®) - (VRU,P)

fixed point set = Cy,_» = hyperkahler submanifold

p: S’ = ¥ unramified =

L2 hyperkahler metric

flat metric = semiflat metric
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