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Symmetry protected topological phases

Physical situation:  zero-temperature quantum-mechanical 
states of matter that have a fixed (internal) symmetry and a 
finite energy gap.



Symmetry protected topological phases

Physical situation:  zero-temperature quantum-mechanical 
states of matter that have a fixed (internal) symmetry and a 
finite energy gap.

Principle: the deformation class of a quantum system is 
determined by its low energy behavior.

Principle: the low energy physics of a gapped system is 
classified by a topological field theory.
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Topological quantum field theories

An n-dimensional topological quantum field theory is…

Z(Mn)

Z(Mn-1)

Z(cobordism)

Z(disjoint union)

complex number

complex vector space

tensor product

linear transformation

(Atiyah, Segal, Witten) 



A (fully extended)  n-dimensional topological quantum field 
theory is a symmetric monoidal functor

some symmetric monoidal infinity 
n-category of manifolds

some symmetric monoidal infinity 
n-category of “values”

(...,Freed, …) 

Fully extended topological quantum field theories



Fix a space X equipped with a vector bundle V of dimension n

and an isomorphism

disjoint union

Topological quantum field theories
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Invertible theories

Theorem (GMTW):

(invertible objects 
and morphisms)



Invertible theories

Theorem (GMTW):

some other spectrum (infinite loop space)

(invertible objects 
and morphisms)



The basic model



The basic model

A map of spectra

for some spectrum E.



The basic model

A map of spectra

for some spectrum E.

Madsen-Tillmann spectrum



General classification

Note: The space of maps

is the space of sections of the associated bundle

Theorem (GMTW) The space of invertible field theories

is the space of sections of an associated bundle over X with 
fiber



General classification

Theorem (Lurie) The space of field theories



General classification

Theorem (Lurie) The space of field theories

Baez-Dolan cobordism hypothesis



Field theory model

So far our field theory model of a “material” is just an arbitrary 
map of spectra (in the invertible case)

B → C
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The value category

B → C
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



(complex numbers)

The value category



(complex numbers)

The value category

Examples:



The value category (invertible case)

one hasSince



The value category (invertible case)

one hasSince

k>0



The value category (invertible case)
k>0

There is a universal spectrum      with this property

Brown-Comenetz dual of the sphere



The value category (invertible case)

Ansatz:



The value category (invertible case)

The universal property

corresponds to the idea that the partition function determines 
the field theory. 

Ansatz:



The value category (invertible case)

Ansatz:

Reality check:



The value category (invertible case)

Ansatz:

Reality check:

suggests compatible with “statistics”



The value category (invertible case)

To classify “phases” (deformations) we want to regard R as 
contractible



Field theory model

Now our field theory model of a “material” is a map of spectra

But the domain is still pretty arbitrary.   More input is needed 
from the physical situation being modeled.

B → ΣnIC×
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B → Σn+1IZ(1)
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The bordism categories

B → C
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Dimension d



Vector space

Dimension d



Vector space

Algebra
(object in a 

2-category)

Dimension d

Dimension d-1



Vector space

Algebra
(object in a 

2-category)

object in a 3-category

Dimension d

Dimension d-1

Dimension d-2



Ansatz:  The emergent field theory is a (d+1)-dimensional 
relativistic invariant field theory.  

After Wick rotation it becomes (d+1)-dimensional topological 
quantum field theory for Spin manifolds.  

Field theory model

So n=(d+1) and the model has something to do with maps

Sn MTSpinn → Sn+1IZ(1)
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Field theory model

In condensed matter physics there is an "internal" symmetry 
group I specified.   It acts trivially on space, and comes 
equipped with a homomorphism 

specifying how I implements time reversal, and a homomorphism

indicating the presence (or absence) of fermions.

φ : I → {±1}
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k0 : {±1} → K = kerφ
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Field theory model

Associated to this data is a family of group homomorphisms  

wtih kernel K, and fitting into homotopy pullback squares

BHn−1

ρn−1

!!

"" BHn
ρn

!!
BOn−1 "" BOn

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Write

The bordism categories

MTHn = Thom(BHnc−ρn)
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So n=(d+1) and, incorporating the (internal) symmetry I, the model 
has something to do with maps

SnMTHn → Sn+1IZ(1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



The symmetry groups



Symmetry protected topological phases

Physical situation:  zero-temperature quantum-mechanical 
states of matter that have a fixed  symmetry and a finite 
energy gap



Symmetry protected topological phases

Physical situation:  zero-temperature quantum-mechanical 
states of matter that have a fixed  symmetry and a finite 
energy gap

Model: classification requires a model incorporating the 
symmetry group, and expressions of locality and unitarity 
of time evolution.   



Unitarity

(reflection positivity)



Reflection positivity

Wick rotated unitarity = reflection positivity



Reflection positivity

Wick rotated unitarity = reflection positivity

M = Mn-1 (spacelike slice)
= M  with time reversed

given then is M, equipped with



Reflection positivity

Wick rotated unitarity = reflection positivity

M = Mn-1 (spacelike slice)
= M  with time reversed

Reflection:

given then is M, equipped with



Reflection positivity Wick rotated unitarity = reflection positivity

Reflection:



Reflection positivity Wick rotated unitarity = reflection positivity

Reflection:

Duality:  Since



Reflection positivity Wick rotated unitarity = reflection positivity

Positivity:  This Hermitian inner product is positive definite.



Doubles



Doubles

In a reflection positive theory, we must have 



Doubles

In a reflection positive theory, we must have 

This number can be computed as 

in which



Reflection

−→
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Reflection

−→
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There are natural Z/2 actions on 

corresponding to reflection and complex conjugation.

Sn+1IZ(1)
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Reflection

−→
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There are natural Z/2 actions on 

corresponding to reflection and complex conjugation.

Model:  The space of "reflection theories" is the space of Z/2 
equivariant maps

−→
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The dual of V is uniquely determined by V

…



Duality

The fiber of

is the set of pairs (V,W) equipped with an isomorphism
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Duality

The fiber of

is the set of pairs (V,W) equipped with an isomorphism

The dual of V is uniquely determined by V

…



Duality

Cofibration sequence



Conjugation



Conjugation

This checks out in the three cases we can interpret:



Reflection

Definition:  The space of "reflection theories" is the space 
of Z/2 equivariant maps

−→
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Reflection

Definition:  The space of "reflection theories" is the space 
of Z/2 equivariant maps

−→
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>SnMTHn

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Sn+1IZ(1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A reflection theory associates to each manifold an object equipped  
with a Hermitian inner product: a "higher Hermitian line."



Reflection

Definition:  The space of "reflection theories" is the space 
of Z/2 equivariant maps

−→
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>SnMTHn

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Sn+1IZ(1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

A reflection theory associates to each manifold an object equipped  
with a Hermitian inner product: a "higher Hermitian line."

Question:  What does it mean for a higher Hermitian line to be 
"positive definite?"
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Positivity

For Hermitian inner products, "positivity" is a condition one 
checks.   In a fully extended field theory it corresponds to  
further structure.   

It is a choice of deformation from a certain (n-1)-dimensional 
topological field theory to the trivial theory.   



Positivity

For Hermitian inner products, "positivity" is a condition one 
checks.   In a fully extended field theory it corresponds to  
further structure.   

It is a choice of deformation from a certain (n-1)-dimensional 
topological field theory to the trivial theory.   

Definition:  A reflection positive map

is a reflection map, equipped with a positivity structure.  

Sn MTHn → Sn+1IZ(1)
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Reflection positivity

Theorem:  The space of reflection positive maps

is naturally weakly equivalent to the space of maps

(resp. )MTH → Sn+1IZ(1)
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don’t seem to be 
in the literature



Modeling gapped material



Modeling gapped material

space of d-dimensional 
gapped lattice systems 
with specified internal 
symmetry.

E = E(I-φ- k0) = Map(MTH-S2IZ(1))
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(Freed, H-, Kapustin, Kitaev, Moore, Teleman)

(building on work of Kitaev)



space of gapped lattice 
systems with specified 
internal symmetry on a 
space X.

E = E(I-φ- k0) = Map(MTH-S2IZ(1))
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(building on work of Kitaev)

0-space of SdE^ X
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Modeling gapped material

X = 3-space // 180 deg rotation

H = Spin (fermions with no additional symmetry)

(from a discussion between Dan and Mike Hermele)



Modeling gapped material

X = 3-space // 180 deg rotation

H = Spin (fermions with no additional symmetry)

The topological model predicts only one phase.  

(from a discussion between Dan and Mike Hermele)



physically:  Kitaev's Majorana chain deforms in 3-space to a 
tube of px + ipy superconductor material.
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Landscape of infinity categories
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