
M392C NOTES: REPRESENTATION THEORY

ARUN DEBRAY
MAY 14, 2017

These notes were taken in UT Austin’s M392C (Representation Theory) class in Spring 2017, taught by Sam

Gunningham. I live-TEXed them using vim, so there may be typos; please send questions, comments, complaints,

and corrections to a.debray@math.utexas.edu. Thanks to Kartik Chitturi, Adrian Clough, Tom Gannon, Nathan

Guermond, Sam Gunningham, Jay Hathaway, and Surya Raghavendran for correcting a few errors.

Contents

1. Lie groups and smooth actions: 1/18/17 2

2. Representation theory of compact groups: 1/20/17 4

3. Operations on representations: 1/23/17 6

4. Complete reducibility: 1/25/17 8

5. Some examples: 1/27/17 10

6. Matrix coefficients and characters: 1/30/17 12

7. The Peter-Weyl theorem: 2/1/17 13

8. Character tables: 2/3/17 15

9. The character theory of SU(2): 2/6/17 17

10. Representation theory of Lie groups: 2/8/17 19

11. Lie algebras: 2/10/17 20

12. The adjoint representations: 2/13/17 22

13. Representations of Lie algebras: 2/15/17 24

14. The representation theory of sl2(C): 2/17/17 25

15. Solvable and nilpotent Lie algebras: 2/20/17 27

16. Semisimple Lie algebras: 2/22/17 29

17. Invariant bilinear forms on Lie algebras: 2/24/17 31

18. Classical Lie groups and Lie algebras: 2/27/17 32

19. Roots and root spaces: 3/1/17 34

20. Properties of roots: 3/3/17 36

21. Root systems: 3/6/17 37

22. Dynkin diagrams: 3/8/17 39

23. Representations of semisimple Lie algebras: 3/10/17 41

24. Root data: 3/20/17 43

25. Representations of U(n) and SU(n): 3/22/17 44

26. Example with sl3: 3/24/17 45

27. The Weyl character formula: 3/27/17 47

28. The Weyl integration formula: 3/29/17 49

29. Weyl modules for U(n): 3/31/17 49

30. : 4/3/17 50

31. : 4/5/17 50

32. : 4/7/17 50

33. Representation theory of SL2(R): 4/10/17 50

34. Principal series: 4/12/17 53

35. Harish-Chandra modules: 4/17/17 55
1

mailto:a.debray@math.utexas.edu?subject=M392C%20Lecture%20Notes


2 M392C (Representation Theory) Lecture Notes

36. Quiver representations for Harish-Chandra module categories: 4/19/17 57

37. Unitary representations of SL2(R): 4/24/17 59

38. : 4/26/17 61

39. Harmonic analysis on the upper half-plane: 4/28/17 61

40. Localization: 5/1/17 62

41. The Riemann-Hilbert correspondence: 5/3/17 64

42. The Kazhdan-Lusztig conjectures: 5/5/17 65

Lecture 1.

Lie groups and smooth actions: 1/18/17

“I’ve never even seen this many people in a graduate class. . . I hope it’s good.”

Today we won’t get too far into the math, since it’s the first day, but we’ll sketch what exactly we’ll be
talking about this semester.

This class is about representation theory, which is a wide subject: previous incarnations of the subject
might not intersect much with what we’ll do, which is the representation theory of Lie groups, algebraic
groups, and Lie algebras. There are other courses which cover Lie theory, and we’re not going to spend much
time on the basics of differential geometry or topology. The basics of manifolds, topological spaces, and
algebra, as covered in a first-year graduate class, will be assumed.

In fact, the class will focus on the reductive semisimple case (these words will be explained later). There
will be some problem sets, maybe 2 or 3 in total. The problem sets won’t be graded, but maybe we’ll devote
a class midsemester to going over solutions. If you’re a first-year graduate student, an undergraduate, or a
student in another department, you should turn something in, as per usual.

Time for math.

B ·C

We have to start somewhere, so let’s define Lie groups.

Definition 1.1. A Lie group G is a group object in the category of smooth manifolds. That is, it’s a smooth
manifold G that is also a group, with an operation m : G×G→ G, a C∞ map satisfying the usual group
axioms (e.g. a C∞ inversion map, associativity).

Though in the early stages of group theory we focus on finite or at least discrete groups, such as the
dihedral groups, which describe the symmetries of a polygon. These have discrete symmetries. Lie groups are
the objects that describe continuous symmetries; if you’re interested in these, especially if you come from
physics, these are much more fundamental.

Example 1.2. The group of n× n invertible matrices (those with nonzero determinant) is called the general
linear group GLn(R). Since the determinant is multiplicative, this is a group; since det(A) 6= 0 is an open
condition, as the determinant is continuous, GLn(R) is a manifold, and you can check that multiplication is
continuous. (

Example 1.3. The special linear group SLn(R) is the group of n× n matrices with determinant 1. This is
again a group, and to check that it’s a manifold, one has to show that 1 is a regular value of det : Mn(R)→ R.
But this is true, so SLn(R) is a Lie group. (

Example 1.4. The orthogonal group O(n) = O(n,R) is the group of orthogonal matrices, those matrices A
for which At = A−1. Again, there’s an argument here to show this is a Lie group. (

You’ll notice most of these are groups of matrices, and this is a very common way for Lie groups to arise,
especially in representation theory.

We can also consider matrices with complex coefficients.

Example 1.5. The complex general linear group GLn(C) is the group of n× n invertible complex matrices.
This has several structures.
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• For the same reason as GLn(R), GLn(C) is a Lie group.
• GLn(C) is also a complex Lie group: it’s a complex manifold, and multiplication and inversion are

not just smooth, but holomorphic.
• It’s also a algebraic group over C: a group object in the category of algebraic varieties. This perspective

will be particularly useful for us.

We can also define the unitary group U(n), the group of n × n complex matrices such that A† = A−1:
their inverses are their transposes. One caveat is that this is not a complex Lie group, as this equation
isn’t holomorphic. For example, U(1) = {z ∈ C such that |z| = 1} is topologically S1, and therefore is
one-dimensional as a real manifold! This is also SO(2) (the circle acts by rotating R2). More generally, a
torus is a finite product of copies of U(1). (

There are other examples that don’t look like this, exceptional groups such as G2, E6, and F4 which are
matrix groups, yet not obviously so. We’ll figure out how to get these when we discuss the classification of
simple Lie algebras.

Here’s an example of interest to physicists:

Example 1.6. Let q be a quadratic form of signature (1, 3) (corresponding to Minkowski space). Then,
SO(1, 3) denotes the group of matrices fixing q (origin-fixing isometries of Minkowski space), and is called the
Lorentz group.

Smooth actions. If one wants to add translations, one obtains the Poincaré group SO(1, 3) nR1,3. (

In a first course on group theory, one sees actions of a group G on a set X, usually written G y X
and specified by a map G×X → X, written (g, x) 7→ g · x. Sometimes we impose additional structure; in
particular, we can let X be a smooth manifold, and require G to be a Lie group and the action to be smooth,
or Riemannian manifolds and isometries, etc.1

It’s possible to specify this action by a continuous group homomorphism G→ Diff(X) (or even smooth:
Diff(X) has an infinite-dimensional smooth structure, but being precise about this is technical).

Example 1.7. SO(3) := SL3(R) ∩O(3) denotes the group of rotations of three-dimensional space. Rotating
the unit sphere defines an action of SO(3) on S2, and this is an action by isometries, i.e. for all g ∈ SO(3),
the map S2 → S2 defined by x 7→ g · x is an isometry. (

Example 1.8. Let H := {x+ iy | y > 0} denote the upper half-plane. Then, SL2(R) acts on H by Möbius
transformations. (

Smooth group actions arise in physics: if S is a physical system, then the symmetries of S often form a
Lie group, and this group acts on the space of configurations of the system.

Where do representations come into this? Suppose a Lie group G acts on a space X. Then, G acts on
the complex vector space of functions X → C, and G acts by linear maps, i.e. for each g ∈ G, f 7→ f(g · –)
is a linear map. This is what is meant by a representation, and for many people, choosing certain kinds of
functions on X (smooth, continuous, L2) is a source of important representations in representation theory.
Representations on L2(X) are particularly important, as L2(X) is a Hilbert space, and shows up as the state
space in quantum mechanics, where some of this may seem familiar.

Representations.

Definition 1.9. A (linear) representation of a group G is a vector space V together with an action of G on
V by linear maps, i.e. a map G× V → V written (g, v) 7→ g · v such that for all g ∈ G, the map v 7→ g · v is
linear.

This is equivalent to specifying a group homomorphism G→ GL(V ).2 Sometimes we will abuse notation
and write V to mean V with this extra structure.

If G is in addition a Lie group, one might want the representation to reflect its smooth structure, i.e.
requiring that the map G→ GL(V ) be a homomorphism of Lie groups.

The following definition, codifying the idea of a representation that’s as small as can be, is key.

1What if X has singular points? It turns out the axioms of a Lie group action place strong constraints on where singularities
can appear in interesting situations, though it’s not completely ruled out.

2This general linear group GL(V ) is the group of invertible linear maps V → V .
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Definition 1.10. A representation V is irreducible if it has no nontrivial invariant subspaces. That is, if
W ⊆ V is a subspace such that for all w ∈W and g ∈ G, g · w ∈W , then either W = 0 or W = V .

We can now outline some of the goals of this course:

• Classify the irreducible representations of a given group.
• Classify all representations of a given group.
• Express arbitrary representations in terms of irreducibles.

These are not easy questions, especially in applications where the representations may be infinite-dimensional.

Example 1.11 (Spherical harmonics). Here’s an example of this philosophy in action.3

Let’s start with the Laplacian on R3, a second-order differential operator

∆ = ∂2
x + ∂2

y + ∂2
z ,

which acts on C∞(R3). After rewriting in spherical coordinates, the Laplacian turns out to be a sum

∆ =
1

r2
∆sph + ∆rad,

of spherical and radial parts independent of each other, so ∆sph acts on functions on the sphere. We’re
interested in the eigenfunctions for this spherical Laplacian for a few reasons, e.g. they relate to solutions to
the Schrödinger equation

ψ̇ = Ĥ(ψ),

where the Hamiltonian is

Ĥ = −∆ + V (r),

where V is a potential.
The action of SO(3) on the sphere by rotation defines a representation of SO(3) on C∞(S2), and we’ll see

that finding the eigenfunctions of the spherical Laplacian boils down to computing the irreducible components
inside this representation:

V0 ⊕ V2 ⊕ V4 ⊕ · · ·
dense
⊆ C∞(S2),

where the V2k run through each isomorphism class of irreducible representations of SO(3). They are also
the eigenspaces for the spherical Laplacian, where the eigenvalue for V2k is ±k(k + 1), and this is not a
coincidence since the spherical Laplacian is what’s known as a Casimir operator for the Lie algebra so(3).
We’ll see more things like this later, once we have more background. (

Lecture 2.

Representation theory of compact groups: 1/20/17

First, we’ll discuss some course logistics. There are course notes (namely, the ones you’re reading now) and
a website, https://www.ma.utexas.edu/users/gunningham/reptheory_spring17.html. We won’t stick
to one textbook, as indicated on the website, but the textbook of Kirrilov is a good reference, and is available
online. The class’ office hours will be Monday from 2 to 4 pm, at least for the time being.

The course will fall into two parts.

(1) First, we’ll study finite-dimensional representations of things such as compact Lie groups (e.g. U(n)
and SU(2)) and their complexified Lie algebras, reductive Lie algebras (e.g. gln(C) and sl2(C)).
There is a nice dictionary between the finite-dimensional representation theories of these objects.
The algebra sl2(C) is semisimple, which is stronger than reductive. Every reductive Lie algebra
decomposes into a sum of a semisimple Lie algebra and an abelian Lie algebra, and abelian Lie
algebras are relatively easy to understand, so we’ll dedicate some time to semisimple Lie algebras.

We’ll also spend some time understanding the representation theory of reductive algebraic groups
over C, e.g. GLn(C) and SL2(C). Again, there is a dictionary between the finite-dimensional
representations here and those of the Lie groups and reductive Lie algebras we discussed.

All together, these form a very classical and standard subject that appears everywhere in algebra,
analysis, and physics.

3No pun intended.

https://www.ma.utexas.edu/users/gunningham/reptheory_spring17.html
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(2) We’ll then spend some time on the typically infinite-dimensional representations of noncompact
Lie groups, such as SL2(R) or the Lorentz group SO(1, 3). These groups have interesting infinite-
dimensional, but irreducible representations; the classification of these representations is intricate,
with analytic issues, yet is still very useful, tying into among other things the Langlands program.

All these words will be defined when they appear in this course.

B ·C

We’ll now begin more slowly, with some basics of representations of compact groups.

Example 2.1. Here are some examples of compact topological groups.

• Finite groups.
• Compact Lie groups such as U(n).
• The p-adics Zp with their standard topology: two numbers are close if their difference is divisible by

a large power of p. Zp is also a profinite group. (

Definition 2.2. Let G be a compact group. A (finite-dimensional) (continuous) (complex) representation of
G is a finite-dimensional complex vector space V together with a continuous homomorphism ρ : G→ GL(V ).

If you pick a basis, V ∼= Cn, so GL(V ) ∼= GLn(C). These are the n×n invertible matrices over the complex
numbers, so ρ assigns a matrix to each g ∈ G in a continuous manner, where ρ(g1g2) = ρ(g1)ρ(g2), so group
multiplication is sent to matrix multiplication. Sometimes it’s more natural to write this through the action
map G× V → V sending (g, v) 7→ ρ(g) · v.

The plethora of parentheses in Definition 2.2 comes from the fact that representations may exist over
other fields, or be infinite-dimensional, or be discontinuous, but in this part of the class, when we say a
representation of a compact group, we mean a finite-dimensional, complex, continuous one.

Example 2.3. Let S3 denote the symmetric group on 3 letters, the group of bijections {1, 2, 3} → {1, 2, 3}
under composition. Its elements are written in cycle notation: (1 2) is the permutation exchanging 1 and 2, and
(1 2 3) sends 1 7→ 2, 2 7→ 3, and 3 7→ 1. There are six elements of S3: S3 = {e, (1 2), (1 3), (2 3), (1 2 3), (1 3 2)}.

For representation theory, it can be helpful to have a description in terms of generators and relations. Let
s = (1 2) and t = (2 3), so (1 3) = sts = tst, (1 2 3) = st, and (1 3 2) = ts. Thus we obtain the presentation

(2.4) S3 = 〈s, t | s2 = t2 = e, sts = tst〉.
The relation sts = tst is an example of a braid relation; there exist similar presentations for all the symmetric
groups, and this leads into the theory of Coxeter groups.

There’s a representation you can always build for any group called the trivial representation, in which
V = C and ρtriv : G→ GL1(C) = C× sends every g ∈ G to the identity map (1 ∈ C×).

To get another representation, let’s remember that we wanted to build representations out of functions on
spaces. S3 is a discrete space, so let’s consider the space X = {x1, x2, x3} (with the discrete topology). Then,
S3 acts on X by permuting the indices; we want to linearize this.

Let V = C[X] = Cx1⊕Cx2⊕Cx3, a complex vector space with basis {x1, x2, x3}. We’ll have S3 act on V
by permuting the basis; this is an example of a permutation representation. This basis defines an isomorphism
GL(V )

∼→ GL3(C), which we’ll use to define a representation. Since s swaps x1 and x2, but fixes x3, it should
map to the matrix

s 7−→

0 1 0
1 0 0
0 0 1

 .

Similarly,

t 7−→

1 0 0
0 0 1
0 1 0

 .

(You should check that these assignments satisfy the relations in (2.4).)
Now something interesting happens. When you think of X as an S3-space, it has no invariant subsets (save

itself and the empty set). But this linearization is no longer irreducible: the element v = x1 + x2 + x3 ∈ V is
fixed by all permutations acting on X: ρ(g) · v = v for all g ∈ S3.

More formally, let W be the subspace of V spanned by v; then, W is a subrepresentation of V . (
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Let’s take a break from this example and introduce some terminology.

Definition 2.5. Let G be a group and V be a G-representation. A subrepresentation or G-invariant subspace
of V is a subspace W ⊆ V such that for all g ∈ G and w ∈W , g · w ∈W . If V has no nontrivial (i.e. not 0
or V ) subrepresentations, V is called irreducible.

This means the same G-action defines a representation on W .
If W ⊆ V is a subrepresentation, the quotient vector space V/W is a G-representation, called the quotient

representation, and the G-action is what you think it is: in coset notation, g · (v +W ) = (gv +W ). This is
well-defined because W is G-invariant.

We can always take quotients, but unlike for vector spaces in general, it’s more intricate to try to find a
complement: does the quotient split to identify V/W with a subrepresentation of V ?

Returning to Example 2.3, we found a three-dimensional representation V and a one-dimensional subrepre-
sentation W . Let’s try to find another subrepresentation U of V such that, as S3-representations, V ∼= W ⊕U .
The answer turns out to be U = spanC{x1 − x2, x2 − x3}.

Claim. U is a subrepresentation, and V = U ⊕W .

This isn’t as obvious, because neither x1 − x2 or x2 − x3 is fixed by all elements of S3. However, for any
g ∈ S3, g · (x1 − x2) is contained in U , and similarly for x2 − x3. Let’s set U ∼= C2 with x1 − x2 7→ ( 1

0 ) and
x2 − x3 7→ ( 0

1 ). Then, we can explicitly describe U in terms of the matrices for s and t in GL(U) ∼= GL2(C),
where the identification uses this basis.

Since s = (1 2), it sends x1−x2 7→ x2−x1 = −(x1−x2) and x2−x3 7→ x1−x3 = (x1−x2) + (x2−x3), so

s 7−→
(
−1 1

0 1

)
.

In the same way,

t 7−→
(

1 0
1 −1

)
.

The general theme of finding interesting representations inside of naturally arising representations will occur
again and again in this class.

Lecture 3.

Operations on representations: 1/23/17

“I want to become a representation theorist!”
“Are you Schur?”

Last time, we discussed representations of groups and what it means for a representation to be irreducible;
today, we’ll talk about some other things one can do with representations. For the time being, G can be any
group; we will specialize later.

The first operation on a representation is very important.

Definition 3.1. A homomorphism of G-representations V →W is a linear map ϕ : V →W such that for
all g ∈ G, the diagram

V
ϕ //

g·
��

W

g·
��

V
ϕ // W.

This is also called an intertwiner, a G-homomorphism, or a G-equivariant map.
An isomorphism of representations is a homomorphism that’s also a bijection.4

More explicitly, this means ϕ commutes with the G-action, in the sense that ϕ(g · v) = g · ϕ(v). This is
one advantage of dropping the ρ-notation: it makes this definition cleaner.

4If f : V →W is an isomorphism of representations, then f−1 : W → V is also a G-homomorphism, making this a reasonable

definition. This is a useful thing to check, and doesn’t take too long.
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Remark. If ϕ : V → W is a G-homomorphism, then ker(ϕ) ⊆ V is a subrepresentation, and similarly for
Im(ϕ) ⊆W . (

The set of G-homomorphisms from V to W is a complex vector space,5 denote HomG(V,W ).
Several constructions carry over from the world of vector spaces to the world of G-representations. Suppose

V and W are G-representations.

• The direct sum V ⊕W is a G-representation with the action g · (v, w) = (g · v, g · w). This has
dimension dimV + dimW .

• The tensor product V ⊗W is a G-representation: since it’s generated by pure tensors, it suffices to
define g · (v ⊗ w) to be (gv)⊗ (gw) and check that this is compatible with the relations.

• The dual space V ∗ := HomC(V,C) is a G-representation: if α ∈ V ∗, we define (g · α)(v) := α(g−1v).
This might be surprising: you would expect α(gv), but this doesn’t work: you want g · (hα) to be
(gh) · α, but you’d get (hg) · α. This is why you need the g−1.
• Since HomC(V,W ) is naturally isomorphic to V ∗ ⊗W ,6 it inherits a G-representation structure.

Definition 3.2. Given a G-representation V , the space of G-invariants is the space

V G := {v ∈ V | g · v = v}.

This can be naturally identified with HomG(Ctriv, V ), where Ctriv is the trivial representation with action
g · z = z for all z ∈ C. The identification comes by asking where 1 goes to.

These are also good reasons for using the action notation rather than writing ρ : G → Aut(V ), which
would require more complicated formulas.

There are a couple of different ways of stating Schur’s lemma, but here’s a good one.

Lemma 3.3 (Schur). Let V and W be irreducible G-representations. Then,

HomG(V,W ) =

{
0, if V 6∼= W

C, if V ∼= W.

“Irreducible” is the key word here.

Remark. Schur’s lemma requires us to work over C (more generally, over any algebraically closed field). It
also assumes that V and W are finite-dimensional. There are no assumptions on G; this holds in much
greater generality (e.g. over C-linear categories). (

In general, there’s a distinction between “isomorphic” and “equal” (or at least naturally isomorphic);
in the latter case, there’s a canonical isomorphism, namely the identity. In this case, the second piece of
Lemma 3.3 can be restated as saying for any irreducible G-representation V ,

HomG(V, V ) = C · idV .
Thus, any G-homomorphism ϕ : V → V is λ · idV for some λ ∈ C, and in a basis is a diagonal matrix with
every diagonal element equal to λ.

Proof of Lemma 3.3. Suppose ϕ : V →W is a nonzero G-homomorphism. Thus, ker(ϕ) ⊂ V isn’t be all of
V , so since V is irreducible it must be 0, so ϕ is injective. Similarly, since Im(ϕ) ⊂W isn’t 0, it must be all
of W , since W is irreducible, Thus, ϕ is an isomorphism, so if V 6∼= W , the only G-homomorphism is the zero
map.

Now, suppose ϕ : V → V is a G-homomorphism. Since C is algebraically closed, ϕ has an eigenvector:
there’s a λ ∈ C and a v ∈ V such that ϕ(v) = λ · v. Since ϕ and λ · idV are G-homomorphisms, so is
ϕ− λidV : V → V , so its kernel, the λ-eigenspace of ϕ, is a subrepresentation of V . Since it’s nonzero, then
it must be all of V , so V = ker(ϕ− λidV ), and therefore ϕ = λidV . �

This is the cornerstone of representation theory, and is one of the reasons that the theory is so much nicer
over C.

Corollary 3.4. If G is an abelian group, then any irreducible representation of G is one-dimensional.

5Recall that we’re focusing exclusively on complex representations. If we look at representations over another field k, we’ll
get a k-vector space.

6This depends on the fact that V and W are finite-dimensional.
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Proof. Let V be an irreducible G-representation and g ∈ G. Since G is abelian, v 7→ gv is a G-homomorphism:
g · (hv) = h(g · v). By Schur’s lemma, the action of g is λ · idV for some λ ∈ C, so any W ⊆ V is G-invariant.
Since V is irreducible, this can only happen when V is 1-dimensional. �

Example 3.5. Let’s talk about the irreducible representations of Z. This isn’t a compact group, but we’ll
survive. A representation of Z is a homomorphism Z→ GL(V ) for some vector space V ; since Z is a free
group, this is determined by what 1 goes to, which can be chosen freely. That is, representations of Z are in
bijection with invertible matrices.

By Corollary 3.4, irreducible Z-representations are the 1-dimensional invertible matrices, which are
identified with GL1(C) = C×, the nonzero complex numbers. (

Our greater-scope goal is to understand all representations by using irreducible ones as building blocks. In
the best possible case, your representation is a direct-sum of irreducibles; we’ll talk about that case next
time.

Lecture 4.

Complete reducibility: 1/25/17

We’ve discussed what it means for a representation to be irreducible, and irreducible representations are
the smallest representations; we hope to build all representations out of irreducibles. The nicest possible case
is complete reducibility, which we’ll discuss today.

Suppose G is a group (very generally), V is a representation, and W ⊆ V is a subrepresentation. If
i : W ↪→ V denotes the inclusion map, then there’s a projection map onto the quotient V � U := V/W . This
is encoded in the notion of a short exact sequence:

0 // W
i // V

j // U // 0,

which means exactly that i is injective, j is surjective, and Im(i) = ker(j). The nicest short exact sequence is

0 // W // W ⊕ U // U // 0,

where the first map is inclusion into the first factor and the second is projection onto the second factor. In
this case, one says the short exact sequence splits. This is equivalent to specifying a projection V � U or an
inclusion W ↪→ V . Since direct sums are easier to understand, this is the case we’d like to know better.

Example 4.1. We saw last time that a representation of Z is given by the data of an invertible matrix which
specifies the action of 1, akin to a discrete translational symmetry.

Consider the Z-representation V on C2 given by the matrix

A :=

(
1 1
0 1

)
.

This is not an irreducible representation, because
(

1
0

)
is an eigenvector for A with eigenvalue 1, so

W :=

{(
a

0

)
| a ∈ C

}
is a subrepresentation of V . Since

(
1
0

)
has eigenvalue 1, W is the trivial representation Ctriv. Moreover, the

quotient V/W is also the trivial representation, so V sits in a short exact sequence

0 // Ctriv
// V // Ctriv

// 0.

However, V itself is not trivial, or it would have been specified by a diagonalizable matrix. Thus, V is
not a direct sum of subrepresentations (one says it’s indecomposable), but it’s not irreducible! If U is a
1-dimensional subrepresentation of V , then U = Cv for some nonzero v ∈ V . Since Av ∈ U , Av = λv for
some λ ∈ C, meaning v is an eigenvector, and in our particular case, v = e1. Thus any direct sum of two
nontrivial subrepresentations must be U + U = U , which isn’t all of V . (

We want to avoid these kinds of technicalities on our first trek through representation theory, and
fortunately, we can.
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Definition 4.2. A representation V of G is completely reducible or semisimple if every subrepresentation
W ⊆ V has a complement, i.e. another subrepresentation U such that V ∼= U ⊕W .

Remark. There are ways to make this more general, e.g. for infinite-dimensional representations, one may
want closed subrepresentations. But for finite-dimensional representations, this definition suffices. (

A finite-dimensional semisimple representation V is a direct sum of its irreducible subrepresentations. The
idea is that its subrepresentations must also be semisimple, so you can use induction.

The terminology “semisimple” arises because simple is a synonym for irreducible, in the context of
representation theory.

So semisimple representations are nice. You might ask, for which groups G are all representations
semisimple? To answer this question, we’ll need a few more concepts.

Definition 4.3. A representation V of G is called unitary if it admits a G-invariant inner product, i.e. a
map B : V × V → C that is:

• linear in the first factor and antilinear in the other,7

• antisymmetric, i.e. B(v, w)) = B(w, v),
• positive definite, i.e. B(v, v) ≥ 0 and B(v, v) = 0 iff v = 0, and
• G-invariant, meaning B(g · v, g · w) = B(v, w) for all g ∈ G.

The reason for the name is that if V is a unitary representation with form B, then as a map G→ GL(V ) ∼=
GL(Cn), this representation factors through U(n), the unitary matrices, which preserve the standard Hermitian
inner product on Cn. So unitary representations are representations of G into some unitary group.

Proposition 4.4. Unitary representations are completely reducible.

Proof sketch. How would you find a complement to a subspace? The usual way to do this is to take an
orthogonal complement, and an invariant inner product is what guarantees that the orthogonal complement
is a subrepresentation.

Let V be a unitary representation and B(–, –) be its invariant inner product. Let W ⊆ V be a subrepre-
sentation, and let

U = W⊥ := {v ∈ V | B(v, w) = 0 for all w ∈W}.
Then, U is a subrepresentation (which you should check), and V = W ⊕ U . �

Classifying unitary representations is a hard problem in general. Building invariant Hermitian forms isn’t
too bad, but making them positive definite is for some reason much harder. In any case, for compact groups
there is no trouble.

Proposition 4.5.

(1) Given an irreducible unitary representation, the invariant form B(–, –) is unique up to multiplication
by a positive scalar.

(2) If W1,W2 ⊆ V , where V is unitary and W1 and W2 are nonisomorphic irreducible subrepresentations,
then W1 is orthogonal to W2, i.e. B(w1, w2) = 0 for all w1 ∈W1 and w2 ∈W2.

Proof. Part (1) is due to Schur’s lemma (Lemma 3.3). Consider the map B : V → V
∗

defined by v 7→ B(v, –)
(here, V is the conjugate space, where the action of a+ bi on V is the action of a− bi on V ); in fact, you could
use this map to define a unitary structure on a representation. B is a G-isomorphism, so by Schur’s lemma,
every such isomorphism, derived from every possible choice of Hermitian form, must be a scalar multiple of
this one. Since B must be positive definite, this scalar had better be positive. �

One particular corollary of part (1) is that if V is a unitary representation, V ∗ ∼= V .
So if you care about compact groups (in particular finite groups), this is all you need.

Theorem 4.6 (Maschke). Any representation of a compact group admits a unitary structure.

We’ll give a first proof for finite groups, then later one for Lie groups; we probably won’t prove the most
general case.

7Some people have the opposite convention, defining the first factor to be antilinear and the second to be linear. Of course,
the theory is equivalent. Such a form is called a Hermitian form, and if it’s antisymmetric and positive definite, it’s called a

Hermitian inner product.
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Proof for finite groups. Let G be a finite group and V be a G-representation. The first step to finding a
G-invariant inner product is to find any Hermitian inner prodict, e.g. picking a basis and declaring it to be
orthonormal, yielding an inner product B0 that’s probably not G-invariant.

We want to average B0 over G to obtain something G-invariant, which is why we need finiteness.8 That is,
let

B(v, w) :=
1

|G|
∑
g∈G

B0(g · v, g · w).

Then, B is a unitary structure: it’s still positive definite and Hermitian, and since multiplication by an h ∈ H
is a bijection on G, this is G-invariant. �

Lecture 5.

Some examples: 1/27/17

Last time, we claimed that every finite-dimensional representation of a compact group admits a unitary
structure (Theorem 4.6), and therefore is completely reducible. We proved it for finite groups; later today,
we’ll talk about the Haar measure on a Lie group and how to use it to prove Theorem 4.6. The Haar measure
also exists on topological groups more generally, but we won’t construct it.

Semisimplicity is a very nice condition, and doesn’t exist in general, just as most operators aren’t self-
adjoint, and so generally don’t have discrete spectra. This is more than just a metaphor: given a compact

group G, let Ĝ denote the set of isomorphism classes of irreducible representations of G, sometimes called its

spectrum. (In some cases, this has topology, but when G is compact, Ĝ is discrete.) Using Theorem 4.6, any
representation V of G is a direct sum of irreducibles in a unique way (up to permuting the factors):

V =
⊕
W∈Ĝ

W⊕mW ,

where mW is the multiplicity of W in V . The summand W⊕mW is called the W -isotypical component of V .
The analogy with the Fourier transform can be made stronger.

Example 5.1. Let G = S3. We’ve already seen the trivial representation Ctriv and a representation
V = C(x1 − x2)⊕ C(x2 − x3), where S3 acts by permuting the xi terms; we showed that V is an irreducible
representation of dimension 2.

There’s a third irreducible representation Csign, a one-dimensional (therefore necessarily irreducible)
representation ρsign : S3 → C×, where ρsign(σ) is 1 if σ is even and −1 if σ is odd.

Exercise 5.2. Show that Ctriv, V , and Csign are all of the irreducible representations of S3 (up to isomor-
phism).

We’ll soon see how to prove this quickly, though it’s not too bad to do by hand. (

Example 5.3. The circle group, variously denoted S1, U(1), SO(2), R/Z, or T, is the abelian compact Lie
group of real numbers under addition modulo Z. Corollary 3.4 tells us all irreducible representations of S1

are 1-dimensional.
Since S1 is a quotient of the additive group (R,+), we’ll approach this problem by classifying the one-

dimensional representations of R and seeing which ones factor through the quotient. Such a representation is
a map (R,+)→ (C×,×) ∼= GL1(C); in other words, it turns addition into multiplication.

We know a canonical way to do this: for any ξ ∈ C, there’s a representation χξ : t 7→ eξt. And it turns out
these are all of the continuous 1-dimensional representations of R up to isomorphism.

Exercise 5.4. Prove this: that every 1-dimensional representation ρ : R → C× is isomorphic to some χξ.
Here’s a hint:

(1) First reduce to the case where ρ is C1. (This requires techniques we didn’t ask as prerequisites.)
(2) Now, show that ρ satisfies a differential equation ρ′(t) = ρ′(0)ρ(t). As ρ is a homomorphism, this

means ρ(0) = 1. Then, uniqueness of solutions of ODEs shows ρ = χρ′(0).

8More generally, we could take a compact group, replacing the sum with an integral. Compactness is what guarantees that

the integral converges.
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There’s something interesting going on here: representations of R are determined by their derivatives at
the identitty. This is a shadow of a grander idea: to understand the representations of a Lie group G, look at
representations of its Lie algebra g.

The noncompactness of R is also reflected in its representation theory: not all of its representations are
unitary. U(1) is the group of unit complex numbers under multiplication, so χξ is unitary iff ξ = iη for η ∈ R.

In this case, R̂ is used to denote the unitary representations, so R̂ = iR. In particular, it’s a group (since R is
abelian), abstractly isomorphic to R, and not discrete (as R is not compact).

Great; now, when does χξ descend to a representation of S1? This means that χξ(0) = χξ(1), so ξ is an
integer multiple of 2πi. Thus, S1, a compact group, has a discrete set of irreducible representations, and

Ŝ1 = 2πiZ. You might be able to see the Fourier series hiding in here. (

Example 5.5. Let’s look at a nonabelian example, SU(2), the set of matrices

SU(2) :=

{(
a b

−b a

)
| a, b ∈ C, |a|2 + |b|2 = 1

}
.

As a manifold, this is isomorphic to the unit sphere S3 ⊂ C2, and indeed it’s a Lie group, compact and
non-abelian.

Today we’ll write down some representations; later, we can use theory to prove this is all of them. The
first one, as for any matrix group, comes for free: the standard representation or defining representation uses
the preexisting embedding ρstd : SU(2) ↪→ GL2(C) sending A 7→ A. We also have the trivial representation.

We’ll obtain some other representations as functions on a space SU(2) acts on. Matrix multiplication
defines a smooth action of SU(2) on C2, so consider the vector space P of polynomial functions on C2. Then,
SU(2) acts on P as follows: if f ∈ P and A ∈ SU(2),

A · f(x) := f(A−1x).

The A−1 term arises because you need composition to go the right way:

A(Bf(x)) = f(B−1A−1x) = f((AB)−1x) = (AB)f(x).

This is an aspect of a very general principle: if a group acts on the left on a space, then it acts on the right
on its space of functions. But you can always turn right actions into left actions using inverses.

This P is an infinite-dimensional representation, but it splits into homogeneous finite-dimensional subrep-
resentations. Let Pn denote the homogeneous polynomials of degree n, e.g. P 3 = spanC{x3, x2y, xy2, y3}.

Proposition 5.6. These Pn are irreducible of dimension n+ 1, and form a complete list of isomorphism
types of irreducible representations of SU(2).

In particular, ŜU(2) = Z≥0. We get a discrete set of representations, since SU(2) is compact, but it’s not a
group, because SU(2) isn’t abelian. Abelian groups are nice because their representations are 1-dimensional,
and compact groups are nice because their representations are discrete. Abelian compact groups are even
nicer, but there’s not so many of those. (

In the last few minutes, we’ll say a little about integration. Next time, we’ll talk about characters and
matrix coefficients.

On a topological group, finding the Haar measure is a delicate matter (but you can do it); on a Lie group,
it’s simpler, but requires some differential geometry. For the finite-groups case of Maschke’s theorem, we
averaged an inner product over G so that it was G-invariant. For compact groups, we can’t sum in general,
since there are infinitely many elements, but you can integrate. So what we’re looking for is a measure on a
Lie group. This comes naturally from a volume form, and to prove G-invariance, we’d like it to be G-invariant
itself.

That is, our wish list is a left-invariant volume form on a Lie group G, an ωg ∈ Λtop(T ∗gG). But you can

get this by choosing something at the identity and defining ωg = (·g−1)∗ω1 (that is, pull it back under left
multiplication by g−1).

If G is compact, then you can use right-invariance to show the space of such forms is trivial, so the form is
also unique. We’ll return to this a little bit next time.
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Lecture 6.

Matrix coefficients and characters: 1/30/17

We’ll start with a review of the end of last lecture. Let G be a compact Lie group; then, there’s a
bi-invariant volume form ω on G, and gives G finite volume. You can normalize so that the total volume is 1.
The measure this defines is G-invariant, and is called the Haar measure, written dg.

Remark. If G is a finite group, this is 1/|G| times the counting measure. You can use this to obtain the
finite-groups proof of Maschke’s theorem, etc. from the Lie groups one, as the integrals becomes sums. (

Example 6.1. Let’s consider the circle group U(1) again. We saw in Example 5.3 that its irreducible
representations are of the form χn : t 7→ e2πint for t ∈ R/Z (or z 7→ zn for z ∈ U(1)), indexed over n ∈ Z.

We can tie this to Fourier series. Consider C(U(1),C) = C(U(1)), the space of complex-valued continuous
functions on U(1). We’ve already seen how a group acts on its space of functions, so C(U(1)) is an
infinite-dimensional representation of U(1). We want to decompose this as a sum of irreducibles χn. The
χ−n-isotypical component Cχn ⊂ C(U(1)) (since χn is itself a continuous, C-valued function on U(1)) is
isomorphic to the one-dimensional representation determined by χn. So we might hope to decompose C(U(1))
as a sum of these χn indexed by the integers.

Consider the Hermitian inner product on C(U(1)) in which

(6.2) (f1, f2)L2 :=

∫
G

f1(g)f2(g) dg

(i.e. taken in the Haar measure); since U(1) is compact, this converges. The same construction may be made
for any compact Lie group G. Now, we can ask how the χ−n-isotypic components fit together inside C(U(1)).

It’s quick to check that, with the Haar measure normalized as above,

〈χn, χm〉 =

{
1, n = m

0, n 6= m.

If Calg(U(1)) denotes the space of algebraic functions on U(1), then

Calg(U(1)) =
⊕
n∈Z

Cχn ⊂ C(U(1)).

Then, using the Stone-Weierstrass approximation theorem (which we take as a black box), Calg(U(1)) is
uniformly dense in C(U(1)): any continuous function U(1) → C can be approximated by sums of these
χn. Also, if L2(U(1)) denotes the completion of C(U(1)) in this inner product, Calg(U(1)) is also dense in
L2(U(1)).

This recovers the Fourier-theoretic statement: the χn are an orthonormal basis for L2(U(1)), so every
function has a Fourier series, an infinite sum of characters. (

We want to do the same thing, but for a general compact Lie group G.
Let V be a finite-dimensional representation of G, and choose a basis of V , which provides an identification

GL(V ) ∼= GLn(C). Thus, the representation may be considered as a map ρV : G→ GL(V )
∼=→ GLn(C). Let

1 ≤ i, j ≤ n; then, taking the ijth component of a matrix defines a map GLn(C)→ C. Composing this map
with ρV defines the matrix coefficients map mV,i,j : G→ C.

Picking a basis is unsatisfying, so let’s state this in a more invariant way. Let v ∈ V and α ∈ V ∗; they will
play the role of i and j. Then, we have a matrix coefficients map

mV,α,v : G // C
g � // α(ρV (g) · v).

Another way to write this is as a map mV : V ∗ ⊗ V → C(G) sending α, v 7→ mV,α,v. Since V ∗ ⊗ V ∼= End(V )
canonically, this is determined by where it sends the identity function 1V . The resulting function, denoted
χV , is called the character of V , and is the trace of ρV (g): in a basis, the formula is

χV (g) :=

n∑
i=1

mV,i,i(g).
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Characters are extremely useful in representation theory.
Inside C(G), let Calg(G) denote the union of Im(mV ) as V ranges over all finite-dimensional representations.

Lemma 6.3. Calg(G) is a subring of C(G) under pointwise addition and multiplication.

Proof sketch. The reason is that if V and W are representations, v, w ∈ V , and α, β ∈ V ∗, then

mV,α,v +mW,β,w = mV⊕W,α+β,v+w

mV,α,vmW,β,w = mV⊗W,α⊗β,v⊗w. �

If you like algebra, this is very nice: we’ll later see that Calg(G) has the structure of a commutative Hopf
algebra, meaning it’s the ring of functions of a complex algebraic group.

Proposition 6.4.

(1) If V is an irreducible representation of G, mV is injective.
(2) If V and W are non-isomorphic irreducible representations of G, then Im(mV ) ⊥ Im(mW ) in the

L2-inner product (6.2).
(3) If you restruct this inner product to V ∗ ⊗ V through mV (where V is irreducible), it equals

(1/ dimV )(–, –)V ∗⊗V , where

(α1 ⊗ v1, α2 ⊗ v2) := (α1, α2)V ∗(v1, v2)V ,

for any G-invariant inner product (–, –)V and induced dual inner product (–, –)V ∗ .

Exercise 6.5. Under the canonical identification V ∗ ⊗ V ∼= EndV , what does this inner product do on
End(V )?

Now, consider C(G) as an (infinite-dimensional) representation of G×G, where the first factor acts on
the left and the second acts on the right.

We’ll prove the proposition next time. It turns out that V ∗ ⊗ V is irreducible as a (G×G)-representation,
and the matrix coefficients map is (G × G)-equivariant. Thus, we can express all of this in terms of
(G×G)-invariant bilinear forms.

Lecture 7.

The Peter-Weyl theorem: 2/1/17

Last time, we introduced Calg(G), the subspace of continuous (complex-valued) functions on G generated
by matrix coefficients of finite-dimensional representations.

Theorem 7.1. There is an isomorphism of (G×G)-representations

Calg(G) ∼=
⊥⊕

V ∈Ĝ

(V ∗ ⊗ V ),

where
⊥
⊕ denotes an orthogonal direct sum. This isomorphism preserves an invariant Hermitian form.

Proof sketch. Suppose V ∈ Ĝ; we then check V ∗ ⊗ V is an irreducible (G×G)-representation (which is an
exercise). Last time, we saw that mV : V ∗ ⊗ V → C(G) is a (G×G)-homomorphism, and therefore must be
injective (since its kernel is a subrepresentation of V ∗ ⊗ V ). This implies orthogonality, by a lemma from last
week.

It remains to check that (–, –)L2 , restricted to V ∗ ⊗ V via mV , is (–, –)V ∗⊗V · (1/ dimV ). This can be
computed in coordinates, choosing an orthonormal basis for V . �

This relates to a bunch of related statements called the Peter-Weyl theorem, excellently exposited by Segal
and Macdonald in “Lectures on Lie groups and Lie algebras.”

Theorem 7.2 (Peter-Weyl). Calg(G) ⊆ C(G) is dense in the uniform norm.
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If you only care about compact matrix groups,9 this density is a consequence of the Stone-Weierstrass

theorem: any continuous function on a compact subset of Rn2

can be approximated uniformly by polynomials.
Then, one shows that the Peter-Weyl theorem holds for every compact Lie group by showing every compact
Lie group has a faithful representation. Maybe we’ll return to this point later, when we return to more
analytic issues.

There’s another consequence involving L2 functions.

Corollary 7.3. Calg(G) is dense in L2(G), i.e.

L2(G) ∼=
⊕̂

(V ∗ ⊗ V ).

Here, ⊕̂ denotes the completion of the direct sum.

You can compare this to the usual situation in Fourier analysis: you can write functions on a circle in terms
of exponentials, and this is a generalization — you can write any function in terms of matrix coefficients.

If you restrict to class functions, there’s a cleaner result.

Definition 7.4. The class functions on a group G are the L2(G) functions invariant under conjugation.
That is, G acts on L2(G) by g · f(x) = f(gxg−1), and we consider the invariants L2(G)G.

Corollary 7.5. The class functions decompose as

L2(G)G ∼=
⊕̂

V ∈Ĝ
(V ∗ ⊗ V )G =

⊕̂
CχV .

Here, (V ∗ ⊗ V )G = EndG(V ) = C · 1V and χV (g) := tr(ρV (g)) is the character of V .

Corollary 7.6. The set {χV | V ∈ Ĝ} is an orthonormal basis for the class functions L2(G)G. In particular,

(χV , χW ) =

{
0, V 6∼= W

1, V ∼= W.

This makes it clear that the orthogonality relations arise purely from representation theory.
This has the following surprising corollary.

Corollary 7.7. The isomorphism class of a representation is determined by its character.

Usually you check for things to be isomorphic by finding an isomorphism between them. But in this case,
you can just compute a complete invariant, and that’s pleasantly surprising.

Proof. Any finite-dimensional representation W can be written

W ∼=
⊕
V ∈Ĝ

V ⊕mV .

Thus,

χW =
∑
V ∈Ĝ

mV χV ,

so mV = 〈χV , χW 〉. �

Maybe this is less surprising if you’ve already seen some character theory for finite groups.
The Peter-Weyl theorem is also useful for studying functions on homogeneous spaces. For the rest of

this lecture, let G be a compact Lie group and H be a closed subgroup. Then, C(G/H) = C(G)H , the
H-invariant functions on G,10 where H has the right action on C(G). The Peter-Weyl theorem says that

C(G.H) = C(G)H ∼=
(⊕̂

V ∗ ⊗ V
)H

=
⊕̂

V ∗ ⊗ V H .

9That is, we think of G ⊆ U(N) for some N , or equivalently, G admits a faithful, finite-dimensional representation.
10This is a different action than the conjugation action we used to write C(G)G. Unfortunately, there’s no easy way to

notate these both.
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Example 7.8. For example, consider the 2-sphere S2 = SO(3)/SO(2), or SU(2)/U(1) through the Hopf
fibration, which is the double cover of the previous quotient.

Recall that the irreducible representations of SU(2) are Pn for each n ≥ 0, where Pn is the space of
homogeneous polynomials of degree n in two variabls (which is an (n+ 1)-dimensional space). Then,

C(S2) = C(SU(2))U(1) ∼=
⊕̂
n∈N

P ∗n ⊗ (PU(1)
n ).

Here, we’ve switched from L2 functions to continuous ones, which is overlooking a little analysis, but the
analysis isn’t that bad in this case, so it’s all right.

Anyways, what does it mean for a polynomial to be fixed by U(1)? Well, U(1) ↪→ SU(2) through matrices
such as

(
t 0
0 t

)
, and the action is (

t 0
0 t

)
· xayb = (t−1x)a(ty)b = tb−axayb.

Thus, we need b = a and a+ b = n, so

PU(1)
n

∼=

{
C, n even

0, n odd.

Therefore

C(S2) =
⊕̃

n∈2N
P ∗n ,

and you can go even further and figure the decomposition out explicitly. (

The point of this example is that, even though we used very little information about the sphere, we put
some significant constraints on functions on it, which is part of what makes representation theory cool.

Remark. In physics, these are indexed by n/2 instead of by n, and n/2 is called the spin of the representation.
One says that only the integer-spin representation terms appear, not the half-integer ones. (

Lecture 8.

Character tables: 2/3/17

There’s homework posted on the website; it’s due at the end of the month.
Let G be a compact group. Then, C(G), the space of continuous (complex-valued) functions on G, is

called the group algebra: it has an algebra structure given by pointwise multiplication, but there’s another
algebra structure given by convolution: if f1, f2 ∈ C(G), we define

(f1 ∗ f2)(g) :=

∫
G

f1(h)f2(h−1g) dh,

where dh is the normalized Haar measure. This looks asymmetric, which is kind of strange, but what we’re
doing is integrating over the pairs of elements whose product equals g:

(f1 ∗ f2)(g) =

∫
{h1h2=g}

f1(h1)f2(h2).

The identification comes by h 7→ (h, h−1g).11 This product makes C(G) into a noncommutative C-algebra.12

If V is a finite-dimensional representation of G, then C(G) acts on V by the formula

f ∗ v =

∫
G

f(g)(g · v) dg

for any v ∈ V and f ∈ C(G). You can check that this makes V into a module for C(G). A δ-function at
some h ∈ G isn’t continuous, unless G is finite, but the integral still makes sense distributionally, and you get
δh ∗ v = h · v.

You can also restrict to class functions.

11If G isn’t compact, e.g. G = Rn, this definition makes sense, but doesn’t always converge; in this case, you can restrict to

compactly supported functions, though their convolution won’t be compactly supported. In this way one recovers the usual
convolution operator on Rn.

12There’s a slight caveat here: there’s no identity in this algebra, unless G is discrete.
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Exercise 8.1. Show that class functions are central in (C(G), ∗), and in fact that C(G)G = Z(G): the class
functions are the center.

In particular, this means the class functions are a commutative algebra, and it sees the representation
theory of G: the characters are all in C(G)G, satisfy orthogonality relations, and see isomorphism classes of
representations. The irreducible characters also have a nice formula under convolution.

Proposition 8.2. If V,W ∈ Ĝ, then

χV ∗ χW =


(

1

dimV

)
χV , V = W

0, V 6= W.

Proof. The trick is to turn the inner product into convolution at the identity:

(χV , χW )L2 =

∫
G

χV (g)χW (g) dg

=

∫
G

χV (g)χW (g−1) dg

= (χV ∗ χW )(1).

This proves it at the identity; the rest is TODO. �

Finite groups. In this section, assume G is finite.
There are some particularly nice results for finite groups, since every function on a finite group is continuous.

If you’ve been going to Tamás Hausel’s talks this week (and the two more talks next week), his work on
computing cohomology of moduli spaces, uses the character theory of finite groups in an essential way.

When G is finite, the group algebra C(G) is usually denoted C[G]. This notation means a vector space
with basis G, i.e.

C[G] =
{∑

agg | g ∈ G, ag ∈ C
}
.

You can make this definition (finite weighted sums of elements of G) for any group, but it won’t be isomorphic
to C(G) unless G is discrete. In any case, when G is finite, C[G] is a finite-dimensional, unital algebra.

Let’s think about what the Peter-Weyl theorem says in this context. Since C[G] is finite-dimensional, we
can ignore the completion and obtain an isomorphism

(8.3) C[G] ∼=
⊕
V ∈Ĝ

(V ∗ ⊗ V ).

This has a number of fun corollaries. First, take the dimension of each side:

Corollary 8.4. Let G be a finite group. Then, G has finitely many isomorphism classes of irreducible
representations, and moreover

|G| =
∑
V ∈Ĝ

(dimV )2.

For example, once you’ve found the trivial and sign representations of S3, you’re forced to conclude there’s
one more irreducible 2-dimensional representation or two more one-dimensional representations.

Looking at class functions, every function invariant on conjugacy classes is continuous now, so we have

two bases for C[G]G: {χV | V ∈ Ĝ} as usual, and the set of δ-functions on conjugacy classes of G.

Corollary 8.5. |Ĝ| is equal to the number of conjugacy classes of G.

This leads to an organizational diagram called the character table for a finite group: across the top are
the conjugacy classes [g] and down the left are the irreducible characters χ. The entry in that row and that
column is χ(g). This table says a lot about the representation theory of G. By Corollary 8.5, it’s square.

Example 8.6. Let G = S3, so conjugacy classes are cycle types (as in any symmetric group). The trivial
representation has character 1 on all conjugacy classes; the sign representation has value 1 on e and (1 2 3)
and −1 on (1 2). Then, you can compute χV where V is the irreducible two-dimensional representation, and
see Table 1 for the character table. Alternatively, you can use the orthogonality relations to compute the
remaining entries. (
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e (1 2) (1 2 3)
χtriv 1 1 1
χsign 1 −1 1
χV 2 0 −1

Table 1. Character table of S3.

This matrix looks like it should be unitary, but isn’t quite. Nonetheless, it has some nice properties: notice
that the columns are also orthogonal.

Example 8.7. S4 is only a little more complicated. The conjugacy classes are e, (1 2), (1 2 3), (1 2)(3 4),
and (1 2 3 4).

We know the trivial and sign representations, and there’s the defining representation W where S4 permutes
a basis of C4. This is reducible, since it fixed (1, 1, 1, 1); alternatively, you could use the orthogonality relation
to check. So we know there’s a copy of the trivial representation, so χV := χW − χtriv, and you can check it’s
irreducible. (

Lecture 9.

The character theory of SU(2): 2/6/17

Last time, we got stuck on the proof of Proposition 8.2. The key idea that was missing is that if
mV : V ∗⊗V → C(G) is the matrix coefficients function for the representation V , then Im(mV ) is a two-sided
ideal of C(G) under convolution. This follows from the formula for convolving with a matrix coefficient:
given v ∈ V , α ∈ V ∗, and an f ∈ C(G),

mV,α,v ∗ f = mV,α,v′ ,

where

v′ =

∫
G

f(h)h−1 · v dh.

This is fairly easy to prove.

Characters are examples of matrix coefficients, so if V,W ∈ Ĝ, χV ∗ χW ∈V (V ∗ ⊗ V )G ∩mW (W ∗ ⊗W )G.
Since mV (V ∗⊗V )G ∼= EndG V , and similarly for W , this space is trivial when V 6∼= W and is one-dimensional
when V ∼= W . So the proof boils down to checking χV ∗ χV = (1/ dimV )χV .

This means that the characters are almost orthogonal idempotents. To get actual idempotents, though, we
have to normalize: let eV := dim(V )χV ∈ C(G)G, so that eV ∗ eV = 1 and eV ∗ eW = 0 if V 6∼= W . If U is
any (unitary) representation of G, then C(G) acts on U , and under this action, eV acts by projection onto
the V -isotypical component of U .

For yet another way of thinking about this, we have the matrix coefficients map mV : EndC(V )→ C(G),
which sends 1V 7→ χV , but also the action map actV : C(G)→ End(V ). This sends eV 7→ 1V , so these maps
aren’t literally inverses. They are adjoint with respect to the appropriate Hermitian forms, however.

B ·C

Last time, we also worked out some examples of representations of finite groups. We managed to translate
that problem into a completely different problem, of identifying certain class functions in C(G)G. Today,
we’re going to try to generalize this to an infinite group, namely SU(2).

Let’s fix some notation. Concretely,

G = SU(2) =

{(
a b

−b a

)
| |a|2 + |b|2 = 1

}
,

and inside this lies the maximal torus

T = U(1) =

{(
z 0
0 z

)
| |z| = 1

}
.

Some of what we say will generalize, but SU(2) is the nicest case.
We’d like to understand the conjugacy classes of SU(2). Let τ := (tr /2) : SU(2)→ [−1, 1], so τ( z 0

0 z ) =
Re(z). The fibers of τ are exactly the conjugacy classes of SU(2). What do they look like? Geometrically,



18 M392C (Representation Theory) Lecture Notes

SU(2) is a 3-sphere in R4, and we’re fixing one of the real coordinates to be a particular number, so the level
sets are 2-spheres, except for the poles, which are single-point conjugacy classes, and are the central elements
of SU(2).

What this means is that a class function is determined by its restriction to the maximal torus T , and for
any unit complex number z, ( z 0

0 z ) and ( z 0
0 z ) are in the same conjugacy class. Thus, restriction determines an

isomorphism

(9.1) C(SU(2))SU(2) ∼=−→ C(U(1))Z/2,

where Z/2 acts on C(U(1)) by conjugation. This means we can think of class functions on SU(2) in terms of
their Fourier coefficients!

Given a representation V of SU(2), we can restrict it to a U(1)-representation V ′. We decompose this into
weight spaces

V ′ =
⊕
n∈Z

Vn,

where z ∈ U(1) acts on Vn by zn. Thus, identifying the character χV ∈ C(SU(2))SU(2) with its image
under (9.1), we get

χV 7−→
∑
n∈Z

dim(Vn)zn.

Part of what made the representation theory of U(1) awesome was integration: we had a nice formula for the
integral of a class function. How can we generalize this to SU(2)? The map (9.1) doesn’t preserve volume, as
its fibers are spheres with different radii.

Recall that the irreducible representations of SU(2) are the spaces Pn of homogeneous polynomials in two
variables of degree n. If we restrict Pn to a U(1)-representation and decompose it, we discover

Pn = C · xn ⊕ C · xn−1y ⊕ · · · ⊕ C · xyn−1 ⊕ C · yn.
The term xkyn−k has weight n− 2k, i.e. z acts as zn−2k on C · xkyn−k. Therefore as a U(1)-representation,

χPn(z) = zn + zn−2 + · · ·+ z−n+2 + z−n

=
zn+1 − z−n−1

z − z−1
.(9.2)

(9.2) is called the Weyl character formula for SU(2). There will be corresponding formulas for other groups.
We would like to use something like this to do integration: given a class function f ∈ C(SU(2))SU(2), let

f(φ) := f

(
eiφ

e−iφ

)
,

so z = eiφ. We want to determine a function J(φ) such that∫
SU(2)

f(g) dg =

∫ 2π

0

f(φ)J(φ) dφ.

The thing that powers this is that f is determined by its image under (9.1), so we should be able to determine
its integral in those terms. This requires that f is a class function, and is not true in general.

Here, J(φ) is the area of the conjugacy class whose trace is 2 cosφ. This conjugacy class is a sphere of

radius
√

1− cos2(φ) = |sinφ|. Thus, J(φ) = C sin2 φ, where C is such that∫ 2π

0

C sin2 φdφ = 1.

This means C = 1/π, so the integration formula for class functions is

(9.3)

∫
SU(2)

f(g) dg =
1

π

∫ 2π

0

f(φ) sin2 φdφ.

Example 9.4. Let’s try to compute this for n = 1.

‖χP1‖
2

=
4

π

∫ 2π

0

cos2 φ sin2 φdφ.
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This is difficult but tractable, and the answer is

=
1

π

[
1

2
φ− 1

8
sin(4φ)

]2π

0

= 1.

This is good, because we said P1 is irreducible, so the norm of its character had better be 1. (

Lecture 10.

Representation theory of Lie groups: 2/8/17

Last time, we discussed the character theory of SU(2), using a convenient isomorphism of the algebra
of class functions C(SU(2))SU(2) with C(U(1))Z/2. If Pn denotes the irreducible SU(2)-representation of
dimension n+ 1, and z = eiφ, the image of χPn in C(U(1))Z/2 is

χPn(z) = zn + zn−2 + · · ·+ z−n+2 + z−n.

Then we used the Weyl integration formula for SU(2), (9.3), to show that

‖χP1
‖2 =

1

π

∫ 2π

0

sin2(2φ) dφ

=
1

π

[
φ

2
− 1

8
sin(4φ)

]2π

0

= 1.

Thus, P1 is an irreducible representation!

Exercise 10.1. Show that for every n, ‖χPn‖
2

= 1, so each Pn is irreducible.

So we’ve found some irreducible representations, and in a very curious manner, only using their characters.
We then need to show there are no additional irreducible representations.

Exercise 10.2. Show that the functions {cos(nφ)}n∈Z≥0
are a basis for Calg(U(1))Z/2.

This implies {χPn} is also a basis, and are orthonormal, so they account for all irreducible representations.
You might next wonder what the isomorphism class of Pn ⊗ Pm is, as a direct sum of irreducibles. Recall

that χV⊗W = χV χW , so if m ≤ n,

(10.3) χPn⊗Pm = χPnχPm =

(
zn+1 − zn−1

z − z−1

)(
zm + zm−2 + · · ·+ z−m

)
.

Exercise 10.4 (Clebsch-Gordon rule). Show that (10.3) satisfies

χPnχPm =

m∑
k=0

χPn+m−2k
.

Now that that’s settled, let’s look at other compact Lie groups. There’s a double cover SU(2)� SO(3), so
SO(3) ∼= SU(2)/± I. Thus, the irreducible representations of SO(3) are given as the representations of SU(2)
in which −I acts trivially. These are the Pn for even n. In other words, SU(2) ∼= Spin(3), so the irreducible
representations of SO(3) have integer spin, and those of Spin(3) may have half-integer spin.

It’s possible to get a little more information from this: there’s a double cover SU(2)× SU(2)→ SO(4), so
you can work out the representation theory of SO(4) in a similar way. But there’s loads of other interesting
groups, including Un, Spn, and many more.

An overview of the theory. Let G be a compact, connected Lie group.13 Then, G admits a maximal
torus T , a maximal abelian subgroup (which is necessarily isomorphic to U(1)n), and any g ∈ G is conjugate
to an element of T . For example, when G = U(n), T is the subgroup of diagonal unitary matrices, which is
isomorphic to U(1)n; that every g ∈ U(n) is conjugate to something in T means that every unitary matrix is
diagonalizable. It’s also true that any two maximal tori are conjugate to each other.

Thus, just like we did for SU(2) and U(1), we can express a class function on G in terms of its restriction

to T , and then use Fourier theory. Let T̂ = Hom(T,U(1)), which is a lattice Zn. Our goal is to write the

13Focusing on connected groups isn’t too restrictive: any compact Lie group G is an extension of its identity component G0

by the finite group π0(G).
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irreducible characters of G as Fourier series on T . There are still some questions, though: how do we do
integration? And can we obtain a formula for the characters of the irreducible representations? The Weyl
integration formula and Weyl character formula will answer these questions.

Tackling a general compact Lie group with the technology we’ve developed is complicated. The unitary
group is within reach, but it involves knowledge of symmetric functions and representation theory of the
symmetric group. So we’ll start with some more general theory.

Lie algebras. We want to reduce the representation theory of Lie groups to pure algebra. For example, if
G is a finite group, there are finitely many generators and relations, so we can express a representation as a
finite set of matrices satisfying the relations. Lie groups aren’t finitely (or even countably) generated, so we
can’t just do algebra.

There are good presentations of Lie groups that are topological, however: SO(3) is generated by rotations
about certain angles Rx,t, Ry,t, Rz,t, which form a frame in R3, and t ∈ R/Z is an angle. So SO(3) can
be described in terms of a one-parameter subgroup. We’d like to replace SO(3) with its collection of one-
parameter subgroups; these can be identified with tangent vectors at the identity, which is why the somewhat
surprising notion of a Lie algebra is introduced.

Definition 10.5. A one-parameter subgroup of a Lie group G is a homomorphism ρ : R→ G, where R is a
Lie group under addition.

Homomorphisms of Lie groups are always smooth. Given a one-parameter subgroup ρ, we can obtain its
derivative at the identity, ρ′(0) ∈ T1G. We’ll let g (written \mathfrak g in LATEX) denote T1G: what we’re
saying is that a smooth path going through the identity defines a tangent vector.

Lemma 10.6. The assignment Φ: ρ 7→ ρ′(0) is a bijection HomLieGrp(R, G)→ g.

That is, a direction in g gives rise to a unique one-parameter subgroup in that direction.

Proof sketch. This is a generalization of the proof that the characters of R are exponential maps: that also
involves showing they’re determined by their values at 0 using a differential equation.

Let ρ be a one-parameter subgroup; then, it satisfies the ODE ρ′(t) = ρ(t)ρ′(0) with the initial condition
ρ(0) = 1G. Surjectivity of Φ follows from the existence of solutions to ODEs, and injectivity follows from
uniqueness. You need a way of passing from a local solution to a global one, but this can be done. �

Now, we can define the exponential map exp: g → G sending A 7→ Φ−1(A)(1): given a tangent vector,
move in that direction for a short time, and then return that element. This map is a local diffeomorphism
(by the inverse function theorem), so the Lie algebra encodes the Lie group in some neighborhood of the
identity. Then, one asks what algebraic properties of g come from the group structure on G.

Lecture 11.

Lie algebras: 2/10/17

“We’re the Baker-Campbell-Hausdorff law firm — call us if you can’t commute!”

Let G be a Lie group. Last time, we defined its Lie algebra g := T1G, and a local diffeomorphism exp: g→ G.
A local inverse to the exponential map is called a logarithm.

Example 11.1. If G = GLn(R), then G is an open submanifold of Mn(R), the vector space of n×n matrices.
Thus, T1GLn(R) = T1Mn(R), and the tangent space to a vector space is canonically identified with that
vector space. Thus, the Lie algebra g, also written gln(R), is Mn(R). More generally, the Lie algebra of
GL(V ) is gl(V ) = End(V ).

In this case, the exponential map is the matrix exponential exp: Mn(R)→ GLn(R) sending

A 7−→ eA =

∞∑
i=0

Ai

i!
= 1 +A+

A2

2
+ · · · ,

so a one-parameter subgroup ρA in GLn(R) is given by ρA(t) = etA for any matrix A. (

More generally, if G ⊂ GLn(R) is any Lie subgroup, the exponential map g→ G is the restriction of the
matrix exponential Mn(R)→ GLn(R) to g ⊂Mn(R).
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Example 11.2. SLn(R) is the group of matrices {A ∈ GLn(R) | det(A) = 1} (since 1 is a regular value of
the determinant function, this is in fact a Lie group). If you differentiate the determinant condition, you get
that tr(A) = 0, because exp(tr(A)) = det(exp(A)), and therefore the Lie algebra of SLn(R) is

sln(R) = {A ∈ gln(R) | tr(A) = 0}.
In particular, the logarithm gives a local chart from SL(n) into the vector space sln(R), which is another way
to show SLn(R) is a Lie group. (Kirrilov’s book uses this to explain why all of the classical groups are Lie
groups.)

O(n) is the group of n× n matrices with AAt = I, so differentiating this, the Lie algebra is

o(n) = {A | A+At = 0},
the skew-symmetric matrices. This is also the Lie algebra for SO(n): SO(n) ⊂ O(n) is the connected component
of the identity, and therefore T1O(n) = T1SO(n) = o(n) is again the Lie algebra of skew-symmetric matrices.

The same does not apply for SU(n) ⊂ U(n), since U(n) = {A ∈Mn(C) | AA† = I} is connected: its Lie
algebra is

u(n) = {A | A+A†} = 0,

the skew-Hermitian matrices. But not all of these are traceless, so su(n) is the skew-Hermitian matrices with
trace zero. (

The basic question is, how much does g know about G? Clearly not everything, because o(n) = so(n). To
make this question precise, we need more structure on g.

To recover information about G, we need to know what g says about the multiplication on G. Thus, given
A,B ∈ g, what is C(A,B) := log(exp(A) exp(B))? We can Taylor-expand it around A = B = 0. The first
term is A+B (essentially by the product rule), and there must be higher-order terms unless G is abelian.
Let b(A,B) be twice the second-order term, so

C(A,B) = A+B =
1

2
b(A,B) +O(A2, AB,B2).

This b : g× g→ g has some important properties.

Proposition 11.3.

(1) b is bilinear.
(2) b is skew-symmetric: b(A,B) = −b(B,A).
(3) b satisfies the Jacobi rule:

b(b(A,B), C) + b(b(B,C), A) + b(b(C,A), B) = 0.

This allows us to clarify what exactly we mean by a Lie algebra.

Definition 11.4. A Lie algebra is a vector space L together with an operation b : L× L→ L, called the Lie
bracket, satisfying the properties in Proposition 11.3. A Lie algebra homomorphism is a linear map between
Lie algebras that commutes with the Lie bracket.

All of the Lie algebras we’ve defined, e.g. those in Examples 11.1 and 11.2, will be understood to come
with their Lie brackets.

Exercise 11.5. Prove Proposition 11.3. Part of this will involve unpacking what “Taylor series” means in
this context. Hint: first, notice that C(A, 0) = A, C(0, B) = B, and C(−B,−A) = −C(A,B) by properties
of the exponential map. These together give (1) and (2); the last part will also follow from properties of C.

This is pretty neat. You might wonder what additional information the higher-order terms give you, but it
turns out that you don’t get anything extra.

Theorem 11.6 (Baker-Campbell-Hausdorff). The Taylor expansion of C(A,B) can be expressed purely in
terms of addition and the Lie bracket. In particular, the formula begins

C(A,B) = A+B +
1

2
b(A,B) +

1

12
(b(A, b(A,B)) + b(B, b(B,A))) + · · ·

This is already quite surprising, and it turns out you can calulate it explicitly for most Lie groups we care
about.



22 M392C (Representation Theory) Lecture Notes

Example 11.7. If G = GLn(R) or GLn(C), so g = Mn(R) (resp. Mn(C)), then b(A,B) is the matrix
commutator [A,B] = AB − BA. The same is true for any matrix group (i.e. Lie subgroup of GLn(R) or
GLn(C)): the commutator of two traceless matrices is traceless, so [, ] also defined the Lie bracket on sln(R),
son, sun, un, and so on. (

We’ve seen that Lie algebras can’t distinguish a Lie group and the connected component of the identity.
It also can’t see covering maps, since the tangent space depends only on local data, so, e.g., spinn = son
through the double cover Spin(n)� SO(n). However, these are the only obstructions: the Lie algebra tells
you everything else.

Theorem 11.8 (Lie’s theorem). There is an equivalence of categories between the category of connected and
simply-connected Lie groups and the category of finite-dimensional Lie algebras, given by sending G 7→ g.

Lecture 12.

The adjoint representations: 2/13/17

Last time, we talked about Lie’s theorem, Theorem 11.8. Given a Lie group G, one obtains a Lie algebra
g, its tangent space at the identity, with first-order commutation information defining the Lie bracket.
Theorem 11.8 states that there’s an equivalence of categories from connected, simply connected Lie groups to
Lie algebras, where G 7→ g and F : G1 → G2 is mapped to dF |1 : g1 → g2.

Remark.

(1) One consequence is that for any Lie algebra g, there’s a corresponding Lie group G. This is tricky in
general, but easier for matrix groups. This is sort of like integration

(2) On morphisms, if f : g1 → g2 is a morphisms of Lie algebras, how do you define F : G1 → G2? In a
neighborhood of the identity, it makes sense to take F (exp(x)) := exp(f(x)). It turns out this suffices
to define F on all of G: in particular, G is generated by any neighborhood of the identity, though
this uses that G is connected and simply connected. (

This has consequences on representation theory.

Definition 12.1. A representation of a Lie algebra g is a pair (V, ρ) where V is a (finite-dimensional,
complex) vector space and ρ : g→ gl(V ) = EndC V is a Lie algebra homomorphism.

Just like for groups, we’ll use x · v as shorthand for ρ(x) · v, representing the action map g× V → V . That
ρ is a Lie algebra homomorphism means that for all x, y ∈ g and v ∈ V ,

x · (y · v)− y · (x · v) = [x, y] · v.
Lie’s theorem in particular tells us that the finite-dimensional representations of a connected, simply connected
Lie group G are in natural bijection with the representations of its Lie algebra g.14 And if you care about a

group G that isn’t simply connected, such as U(n) or SO(n), you can pass to its universal cover G̃, which is,
and ask about which of its representations project back down to G.

Remark. We’ve been working with Lie algebras over R, but the same definition (and that of a Lie algebra
representation) also works over C. There are also complex Lie groups, which are groups in complex manifolds
where multiplication and inversion are holomorphic. There is also an analogue of Lie’s theorem in this setting.
The category of Lie algebras over R is denoted LieR, and the category of Lie algebras over C is LieC.

When we talk about complex representations of real Lie groups in this setting, something interesting
happens. If hC is a complex Lie algebra and gR is a real Lie algebra, then hC is also a Lie algebra by forgetting
the complex structure, and gR ⊗ C is a complex Lie algebra. There’s an almost tautological fact that

(12.2) HomLieR(gR, hC) = HomLieC(gR ⊗ C, hC),

and this is natural in a suitable sense. This means it’s possible to complexify Lie algebras, letting gC := g⊗C:
there’s no good way to complexify a real Lie group into a complex Lie group, but on the Lie algebra level
you can make this happen. When hC = gln(C), the adjunction (12.2) tells us that the representationss of gR
are the same as those of gC, and we’ll soon see these as modules over a certain algebra, called the universal
enveloping algebra. (

14I hear you saying, “whoa, GLn(C) isn’t simply connected!” And you’re right (its fundamental group is Z), but the statement

of Lie’s theorem can be suitably generalized to the case where only the source need be simply connected.
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Example 12.3. Suppose G = U(n), so g = u(n) is the Lie algebra of skew-Hermitian matrices (with
commutator for its bracket). Its complexification is u(n)C = gln(C), because every invertible complex matrix
is the sum of a Hermitian matrix and i times a Hermitian matrix:

A =

(
A−A†

2

)
u(n)

+

(
A+A†

2

)
i·u(n)

. (

Notice that gln(R)⊗ C = gln(C) as well, so different real Lie algebras may map to the same complex one.

Definition 12.4. Let gC be a complex Lie algebra and k ⊂ gC be a real subalgebra such that kC = gC. Then,
k is called a real form of gC.

To begin analyzing the theory of Lie groups, we’d like to have a few representations hanging around. Usually
we defined them as acting on spaces of functions, but in general these representations are infinite-dimensional,
which is unfortunate. However, there is an important finite-dimensional representation of G on g.

Definition 12.5. Let g ∈ G and ϕg : G → G be the action of g by conjugation: h 7→ ghg−1, and let
Adg := dϕg|1 : g→ g. Then, Ad: G→ GL(g) is a G-representation, called the adjoint representation of G,
and its derivative ad: g→ gl(g) (also called the adjoint representation) is a Lie algebra representation of g.

The Lie algebra adjoint representation is the bracket: adx = [x, –].15 For example, if G ⊂ GLn(R)
is a matrix group, then AdD(A) = DAD−1, and adB(A) = AB − BA. Since we care about complex
representations, we’ll often consider the adjoint representation of gC.

In Example 11.2, we found Lie algebras for a few groups. In more explicit detail, su(2) is the algebra
traceless skew-Hermitian matrices, which is a 3-dimensional vector space with basis

iσ1 :=

(
0 i
i 0

)
iσ2 :=

(
0 1
−1 0

)
iσ3 :=

(
i 0
0 −i

)
.

The notation is because these σj are generators for Hermitian matrices. This allows for a generators-and-
relations definition of su(2):

su(2) = {iσ1, iσ2, iσ3 | [iσ1, iσ2] = −2iσ3, [iσ2, iσ3] = −2iσ1, [iσ3, iσ1] = −2iσ2}.

Skew-symmetry tells us that [iσi, iσi] = 0. In other words, we’ve defined su(2) to be the complex vector
space spanned by these three things, and the Lie bracket is the unique skew-symmetric pairing extending the
specified relation.16

The Lie algebra so(3) is the skew-orthogonal matrices, which are already traceless. Once again, this is a
three-dimensional space (well, since SU(2) double covers SO(3), su(2) ∼= so(3)), and has a basis

(12.6) Jx :=

0
−1

1

 Jy :=

 1
0

−1

 Jz :=

 −1
1

0

 .

These are the derivatives of rotation around the x-, y-, and z-axes, respectively, and have the same commutation
relations as the generators of su(2).

sl2(R) is a nonisomorphic Lie algebra, but will have the same complexification. It’s also three-dimensional,
generated by

(12.7) e =

(
0 1
0 0

)
f =

(
0 0
1 0

)
h =

(
1 0
0 −1

)
.

That so(3)⊗ C ∼= su(2) ∼= C ∼= sl2(R)⊗ C has an interesting corollary: there’s an equivalence of categories
between the finite-dimensional representations of SU(2), those of sl2(C), and those of SL2(C) as a complex
Lie group. Thus, we’ve found an algebraic way to tackle representations of Lie groups.

15This is definitely not always invertible, e.g. if g contains central elements, then they’re trivial in the Lie bracket.
16If you want to be fancy, you could think of this as a quotient of a free Lie algebra by something.
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Lecture 13.

Representations of Lie algebras: 2/15/17

There’s homework on the website, and it’s due at the end of February (minimum three questions). Students
are encouraged to come to office hours and ask questions!

Last time, as a corollary to Theorem 11.8, we saw that there’s an equivalence of categories between
(complex, finite-dimensional) representations of a connected and simply-connected Lie group G and the
representations of its complexified Lie algebra gC.

Example 13.1. One simple example is given by G = (R,+) ∼= (R>0, ·). Then, g = R with trivial Lie bracket,
since G is abelian, and gC = C.

The one-dimensional representations of gC are given by HomLieAlg(C,C) ∼= C, and the one-dimensional
representations of R are HomLieGrp(R,C×), which is isomorphic to C again, with λ 7→ eλt. The one-dimensional
representations are the irreducibles, so this generates the whole category. (

Another example, relating to what we discussed last time, was the relation between the representations of
SU(2) and those of its complexified Lie algebra su(2)C ∼= sl2(C). We wrote down the generators of sl2(C)
in (12.7), and those of su(2) in (12.6); they’re related by iσ1 = ie+ if , iσ2 = e− f , and iσ3 = ih. You can
also take the real span of e, f , and h, which defines the Lie algebra

(13.2) sl2(R) = spanR{e, f, h | [e, f ] = h, [h, e] = 2e, [h, f ] = 2f}.

Now, an SU(2)-representation V ′ defines an sl2(C)-representation V , which in particular comes with actions
of e and f . However, these do not integrate to an action of a 1-parameter subgroup of SU(2), meaning Lie’s
theorem has actually introduced extra structure into the theory of SU(2)-representations that we didn’t have
beforehand.

Multiplication and the universal enveloping algebra. One thing which might be confusing is that even
though elements of the Lie algebra have come to us as matrices, they’re not acting by matrix multiplication.
That is, there’s an operator (x·) : V → V for every x ∈ g, such that the Lie bracket [x, y] is sent to
(x·)(y·)− (y·)(x·). Multiplication of matrices isn’t remembered, so even though h is of order 2 as a matrix,
its eigenvalues as an operator on V could be more than ±1. In particular, x · (y · v) 6= (xy) · v.

Sometimes it’s nice to multiply things, though, and we can build a ring in which the above expression
makes sense.

Definition 13.3. Let V be a vector space. Then, the tensor algebra T (V ) is the free associative algebra on
V , i.e.

T (V ) =
⊕
n≥0

V ⊗n,

where (x1 ⊗ · · · ⊗ xn) · (y1 ⊗ · · · ⊗ ym) = x1 ⊗ xn ⊗ y1 ⊗ ym extends linearly to define the multiplication.

Definition 13.4. Let g be a Lie algebra. Then, its universal enveloping algebra U(g) is the free associative
algebra on g such that the Lie bracket is the commutator, i.e.

U(g) = T (g)/(x⊗ y − y ⊗ x− [x, y]).

Exercise 13.5. Exhibit an equivalence of categories Repg
∼= ModU(g).

The representations of sl2(C). Let V be an sl2(C)-representation, so the actions by e, f , and h define
three operators (e·), (f ·), and (h·) satisfying the relations in (13.2), and this is sufficient to define the whole
representation. From the perspective of Lie groups, this is incredible — there’s so much information in the
group structure of a Lie group, so this perspective would be impossible without passing to Lie algebras.

Let V [λ] denote the λ-eigenspace for h acting on V . Then, V [λ] is known as the λ-weight space for V , and
its elements are called λ-weight vectors.

Lemma 13.6. e · V [λ] ⊆ V [λ+ 2] and f · V [λ] ⊆ V [λ− 2].

So e and f act by shifting the weights up and down.
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Proof. Let v ∈ V [λ], so that

h · (e · v) = e · (h · v) + [h, e] · v
= λ(e · v) + 2e · v
= (λ+ 2)e · v,

so e · v ∈ V [λ+ 2]. The proof for f is identical. �

Now, assume V is irreducible and that there’s a nonzero eigenvalue λ. Then,
⊕

λ V [λ] ⊂ V is a nonzero
subrepresentation, and therefore must be all of V ! Thus, for irreducible representations the actions of e and
f are completely determined on the weight spaces:

(13.7) · · ·
  

V [λ− 2]

e

!!
^^ V [λ]

e

!!

f

aa
V [λ+ 2]

e

##

f

aa
V [λ+ 4]

��

f

cc
· · ·

``

Diagrams that look like (13.7) appear often in mathematics, and the representation theory of sl2(C) is always
hiding in the background.

Let µ be a highest weight, i.e. an eigenvalue such that Re(λ) is maximal;17 a v ∈ V [µ] is called a highest
weight vector. In particular, by (13.7), e · v = 0. Let

vk :=
1

k!
fk · v ∈ V [µ− 2k].

You can interpret fk either as a composition of (f ·) k times, or as an honest element of U(sl2(C)).

Claim. f · vk = vk+1, and e · vk+1 = vk.

So e and f walk the ladder between the weight spaces.

Proposition 13.8.

(1) The highest weight is a nonnegative integer.
(2)

V ∼=
µ⊕
k=0

V [µ− 2k],

and the actions of e and f move between these subspaces as in the previous claim.

Lecture 14.

The representation theory of sl2(C): 2/17/17

“Let’s call it n; that’s more integer-sounding.”

Today, we’ll finish the representation theory of sl2(C) that we started last time. We’ve already seen that any
irreducible finite-dimensional representation of sl2(C) = 〈e, f, h〉 has a highest weight vector, i.e. a v ∈ V [µ],
where µ is the largest eigenvector of h (all eigenvectors are real) and V [µ] denotes its eigenspace.

Let’s build an U(sl2(C))-module Mµ, i.e. sl2(C)-representation (we may refer to these as sl2(C)-modules
when they’re not finite-dimensional) freely generated by a highest weight vector vµ of weight µ. That is,

Mµ = U(sl2(C)) · vµ := U(sl2(C))/(h− µ, e).

That is, we take the free U(sl2(C))-module, and make µ a weight (so h− µ = 0), then make it the highest
weight (so e acts as 0).

Definition 14.1. Mµ is called the Verma module of highest weight µ.

17We’ll eventually prove that all weights are real, so that µ is unique.
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We’ll talk about Verma modules for other simple Lie algebras later.
Why is this good? If V is any representation of sl2(C) with a highest weight vector v, then there is a

homomorphism of sl2(C)-modules Mµ → V sending vµ 7→ v. In particular, if V is irreducible, then this
is a quotient map, so V ∼= Mµ/W for some submodule W . This is another approach to classifying the
representations of sl2(C): find all the Verma modules and then list their finite-dimensional quotients.

We can make this very explicit: let vkµ = (1/k!)fkvµ; then, {vkµ} is a basis for Mµ: it’s an infinite set,

because there’s no lowest weight. The action of f sends viµ 7→ vi+1
µ , and e sends vi+1

µ 7→ (µ− i)viµ. Finally,

h · vkµ = (µ− 2k)vkµ. So what we need are quotients of this.

Lemma 14.2. If µ is negative, then Mµ is irreducible.

The key is that µ− i is never zero, so starting from any viµ, you can use e and f to get anywhere.

What if µ = n is a nonnegative integer? Then, e ·vn+1
µ = 0. The subspace W =

⊕
λ<µ V [λ] is a submodule,

and the quotient Lµ := Mµ/W is a finite-dimensional sl2(C)-representation. Moreover, W is again a Verma
module, and is of the form M−n−2 (check the action of h on vn+1

µ ).

Corollary 14.3. Any finite-dimensional irreducible representation of sl2(C) is isomorphic to Ln for some
nonnegative integer n.

We can also compute the character:

χLn(z) =
∑

(dim(Ln[λ]))e2πiλt = z−n + z−n+2 + · · ·+ zn−2 + zn

=
z−n−1 − zn−1

z−1 − z
,

where z = e2πit. Each factor of zk corresponds to a weight space of weight k.

Remark. The Verma modules Mµ are infinite-dimensional representations of sl2(C), but they do not integrate
to representations of SU(2). It’s interesting that they’re nonetheless part of the process of calculating the
representations of SU(2). This is an example of infinite-dimensional phenomena behaving badly. (

We want to generalize this to talk about representations of other Lie algebras and Lie groups. To do this,
we need to discuss the classification of Lie algebras, which will occupy the next week or so. Eventually, we’ll
restrict to semisimple Lie algebras, but we have to get there first.

Consider an abelian Lie algebra (i.e. the Lie algebra of an abelian group) t: the Lie bracket is 0, so this is
just the data of a finite-dimensional vector space. Therefore its universal enveloping algebra is U(t) = Sym(t),
the free commutative algebra on t.18

This is the nicest case; what’s next? Let’s consider the things that can be built from abelian Lie algebras.

Definition 14.4.

• A Lie subalgebra h ⊆ g is a vector subspace closed under Lie bracket, i.e. [h, h] ⊆ h.
• An ideal in a Lie algebra I ⊆ g is a vector subspace such that [I, g] ⊆ I.

These are the analogues of subgroups and normal subgroups, respectively; in particular, if I ⊆ g is an
ideal, g/I is a Lie algebra with the bracket inherited from g.

Definition 14.5. A Lie algebra b is solvable if there is a sequence

b ⊇ b1 ⊇ b2 ⊇ · · · ⊇ bn ⊇ bn+1 = 0

such that each bi ⊂ bi−1 is an ideal, and the quotient bi−1/bi is an abelian Lie algebra.

This is just like the definition of solvable groups.

Example 14.6. Let b denote the algebra of n× n triangular matrices inside gln(C). Then, b is solvable: let
b1 be the strictly upper triangular matrices (zero on the diagonal), which is an ideal: the quotient is the Lie
algebra of diagonal matrices, which is abelian. Then, one can repeat by setting the superdiagonal to 0 to
define b2, and so forth. (

18Alternatively, this can be identified with the algebra of polynomials on t∗.



15 The representation theory of sl2(C): 2/17/17 27

On the other hand, gln(C) is not solvable; we’ll see that in a much more general context later on.
To understand the representation theory of solvable Lie algebras, we should start with the representations

of abelian Lie algebras t. We saw these are identical to Sym(t)-modules, hence representations of a polynomial
ring.

Schur’s lemma implies that irreducible representations of an abelian Lie algebra are 1-dimensional. This
is equivaent to the statement that any collection of commuting matrices has a common eigenvector: the
eigenvector defines a 1-dimensional invariant subspace.

Irreducible representations of an abelian Lie algebra t are easy to classify: they are given by

HomLieAlg(t,C) = HomVect(t,C) = t∗.

This is also the same as HomAlgC(Sym(t),C) = Spec(Sym(t)). These statements, fancy as they may look, boil
down to families of commuting matrices sharing a common eigenvector.

However, there’s no analogue to Maschke’s theorem in this context: not every representation is completely
reducible. (Recall that a representation V is completely reducible if for every subrepresentation W ⊂ V ,
there’s a complement U ⊂ V such that V = W ⊕ V .) Completely reducible representations are direct sums
of irreducibles.

If a representation cannot be written as a nontrivial direct sum of subrepresentations, it’s called indecom-
posable. Irreducible representations are indecomposable, but the converse is not always true. So to understand
the representation theory of a Lie algebra, it suffices to classify its indecomposable representations.

In some sense, this is the wrong question to ask: it’s wild, meaning it’s nearly impossible. This is important
to understand, especially given how tractable the theory is for semisimple Lie algebras.

Lecture 15.

Solvable and nilpotent Lie algebras: 2/20/17

Throughout today’s lecture, t will denote an abelian Lie algebra, b will denote a solvable Lie algebra, and
n will denote a nilpotent Lie algebra.

Last time, we talked about the representation theory of abelian Lie algebras. The irreducible representations
of t are classified by t∗ := HomC(t,C), and all irreducibles are one-dimensional: an element of t is an assignment
of an eigenvalue to each operator. We wish to classify more general Lie algebras.

Given a finite-dimensional t-representation V and a λ ∈ t∗, let’s consider its generalized eigenspace

V(λ) := {v ∈ V | for all x ∈ t, (x− λ(x))Nν = 0 for some N � 0}.

Proposition 15.1.

V =
⊕
λ

V(λ).

In particular, if V is indecomposable, then V = V(λ) for some λ ∈ t∗.

So irreducible representations are points in t∗, but indecomposables may be slightly “thicker,” though they
still live over a single point. More general representations are less local.

Remark. One can use algebraic geometry to establish (more or less by definition) that the category of
U(t)-modules and the category of quasicoherent sheaves on t∗ are equivalent. This is useful for thinking of
representations of t geometrically.

For example, U(t) ∼= Sym(t) ∼= C[t∗], and inside these are the finite-dimensional representations, which
correspond to coherent sheaves with finite support. So a representation V becomes a sheaf over the vector
space t∗: the fiber over a λ ∈ t∗ is the λ-eigenspace of V . But in algebraic geometry, it’s also possible to
take higher-order neighborhoods of a point, and the fiber over such a neighborhood (when n is sufficiently
large) is the generalized eigenspace of λ. In particular, every finite-dimensional representation is a finite
direct sum of indecomposables, hence is a union of skyscraper sheaves over finitely many points. This makes
the classification problem more geometric: we just need to know what the representations over a single point
are. (

So how should we classify indecomposable representations?
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Example 15.2. Let’s start with the example where t = C is one-dimensional. A representation of a
1-dimensional Lie algebra is a module over C[x]. This is special: C[x] is a PID, and polynomial rings in more
variables aren’t.

We have the following tautology: the isomorphism classes of n-dimensional t-representations are in bijection
with the conjugacy classes of n× n matrices. The latter are classified by the Jordan normal form, whose
theory implies there’s a unique indecomposable representation (up to isomorphism) of C[x] of dimension n
generated by a single λ-eigenvector, where the action of x is by the matrix

λ 1 0
λ 1 0

. . .
. . .

...
λ 1

λ

 . (

In this case, the representation theory of t is tame, in that it’s easily understood. However, there’s no
analogue even for t = Ck when k > 1, and in fact the representation theory is very complicated! So instead,
the best we can do is the geometric picture described above.

One instance of this phenomenon is that the commuting variety, the set of k-tuples of nilpotent n × n
matrices that all commute up to conjugacy, is not discrete, and so understanding it is very complicated: much
is either unknown or was resolved recently.19

Solvable Lie algebras. Last time, we defined a Lie algebra b to be solvable if it is built from abelian Lie
algebras by successive extensions.

Definition 15.3. Let g be a Lie algebra. Then, its derived ideal is D(g) := [g, g] ⊆ g, i.e. the ideal spanned
by [x, y] for x, y ∈ g. Then, g/D(g) is called the abelianization of g, and the projection π : g → g/D(g) is
initial among maps to abelian Lie algebras. That is, if f : g → t is a morphism of Lie algebras, where t is
abelian, there’s a unique map h such that the diagram

g
π // //

f
""

g/D(g)

∃! h

��
t

commutes.
The derived series of g is

g ⊇ D(g) ⊇ D(D(g)) ⊇ · · · .

Proposition 15.4. A Lie algebra g is solvable iff its derived series terminates, i.e. DN (g) = 0 for some
N � 0.

Remark. The use of the word “derived” is ultimately related to differentiation, as how the derived series in
groups can be used to obtain infinitesimal information about a group. Also, the Jacobi identity implies that
taking the bracket with something is a derivation on U(g). (

Solvable Lie algebras have properties generalizing abelian ones.

Theorem 15.5 (Lie). Let V be a finite-dimensional representation of b. Then, there’s a simultaneous
eigenvector v for the action of all elements of b on V .

Corollary 15.6. An irreducible representation of a solvable Lie algebra is one-dimensional. Moreover, the
irreducible representations of b are parameterized by (b/[b, b])∗.

Proof. The proof that they’re one-dimensional is the same as for abelian Lie algebras. Thus, any irreducible
representation is a map b → C, hence a Lie algebra homomorphism, which must factor through the
abelianization. �

19If instead you ask for the matrices to be invertible, you obtain a better-understood algebraic variety called the character

variety.
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Thus, the pictorial description of the representations of abelian Lie algebras also applies to solvable Lie
algebras.

Another corollary of Theorem 15.5 is that the representations of b are filtered. By a (full) flag for a
(finite-dimensional) vector space V we mean a sequence 0 = V0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vn = V where dimVi = i.

Corollary 15.7. Let V be a b-representation. Then, there’s a b-invariant flag 0 = V0 ⊂ · · · ⊂ Vn = V , i.e.
each Vi is a subrepresentation.

Choose a basis {e1, . . . , en} for V such that Vi = span{vj | j ≤ i}. The action of b on V in this basis is
through upper triangular matrices, since span{e1, . . . , ei} is preserved for each i. That is, if bn(C) denotes
the Borel subalgebra of gln(C), i.e. the algebra of upper triangular matrices, any representation ρ : b→ gln(C)
factors through the inclusion bn(C) ↪→ gln(C). One says that representations of solvable Lie algebras are
upper triangulizable.

Nilpotent Lie algebras.

Definition 15.8. A Lie algebra n is nilpotent if there is a sequence n ) n1 ) ni ) · · · such that [n, ni] ⊆ ni+1.

You could also relax to nonstrict inclusions if you require the chain to terminate at 0 at some finite step.

Theorem 15.9 (Engel20). A Lie algebra n is nilpotent if the adjoint action adx is nilpotent for each x ∈ n.

Lecture 16.

Semisimple Lie algebras: 2/22/17

Today we’ll continue to discuss the taxonomy of Lie algebras. This is a course in representation theory,
rather than Lie theory, so we won’t get too involved in this.

The Jordan decomposition. The following result may be familiar from an algebra class; it’s purely linear
algebra.

Proposition 16.1. Let A : V → V be a linear operator, where V is a finite-dimensional vector space. Then,
there is a unique way to write A = As +An, where

• As is semisimple, i.e. V is a direct sum of As-eigenspaces;21

• An is nilpotent, i.e. ANn = 0 for some N � 0; and
• [As, An] = 0.

For example, if A is a Jordan block on Cn, its semisimple part is the entries on the diagonal, and its
nilpotent part is the entries on the superdiagonal. The proof for general A puts A in Jordan normal form,
more or less.

Definition 16.2. If g is a Lie algebra, its radical rad(g) is the largest solvable ideal in g.

This exists because the sum of two solvable ideals is solvable, so the solvable ideals form a poset which is
bounded above.

Definition 16.3. A Lie algebra g is semisimple if rad(g) = 0, i.e. it has no nonzero solvable ideals.

For any Lie algebra g, there is a short exact sequence

(16.4) 0 // rad(g) // g // g/ rad(g) // 0.

The third term is denoted gss, and is semisimple. The sequence (16.4) splits, albeit noncanonically, and the
isomorphism g ∼= rad(g)× gss is called the Levi decomposition.

There’s an ideal radn(g) := [g, rad(g)]; if V is any finite-dimensional representation of g, then radn(g)
acts by nilpotent operators. This is due to Lie’s theorem (Theorem 15.5): rad(g) acts by upper triangular
matrices, and one can then show that radn(g) acts by strictly upper triangular matrices.

Definition 16.5. A Lie algebra is called reductive if radn(g) = 0. Equivalently, rad(g) = Z(g) (the center).

20Friedrich Engel the mathematician is distinct from Friedrich Engels the Marxist.
21Over C, a matrix is semisimple iff it’s diagonal.
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There’s a sense in which the difference between reductive and semisimple Lie algebras is entirely abelian
Lie algebras.

Example 16.6. gln(C) is reductive, but not semisimple: rad(gln(C)) = Z(gln(C)) = C · 1nn, the scalar
multiples of the identity. The quotient is (gln(C))ss = sln(C), which is semisimple, and gln(C) ∼= sln(C)⊕C. (

The Levy decomposition expresses any reductive Lie algebra g as a direct sum of a semisimple Lie algebra
gss and an abelian Lie algebra Z(g).

B ·C

Let’s apply some of to representation theory.

Proposition 16.7. Let g be a complex Lie algebra. Then, g is reductive iff g = Lie(G)C for some compact
Lie group G, and G is unique up to finite covers.

That is, the reductive Lie algebras are exactly the ones whose representations we want to study! Semisimple
Lie algebras are only a little different.

Proposition 16.8. Let g be a complex Lie algebra. Then, g is semisimple iff g = Lie(G)C for some compact,
simply connected Lie group G, and G is unique up to isomorphism.

In both of these propositions, we mean real Lie groups G: there’s a theorem that any compact complex
Lie group (i.e. complex manifold with holomorphic multiplication and inversion) is a torus, in particular is
abelian. If g is a semisimple Lie algebra, a compact Lie group G with g = Lie(G)C is called a compact form
for g.

The upshot is that “semisimple” is apt for Lie algebras.

Corollary 16.9. If g is a semisimple Lie algebra, then the category Repg of finite-dimensional complex
representations of g is semisimple, i.e. every representation is a direct sum of completely reducible ones.

Though we’ve arrived here through some geometry on Lie groups (“Weyl’s unitary trick”), you could prove
it directly.

Example 16.10. Let G = SO+(1, 3) be the Lorentz group, i.e. the 4× 4 matrices that preserve a form of
signature (1, 3) and have determinant 1; we further restrict to the identity component. This is a noncompact
Lie group, and is not simply connected: as Lie groups, G ∼= PGL2(C), and the universal cover of the latter is

a double cover SL2(C)� PGL2(C).22 Let G̃ be the connected double cover of G, which could also be written
Spin(1, 3).

Let so(1, 3) denote the Lie algebra of SO(1, 3) (as a Lie group), so as real Lie algebras, so(1, 3) ∼= sl2(C), and

therefore so(1, 3)C ∼= sl2(C)⊕ sl2(C). By Lie’s theorem, the category of finite-dimensional G̃-representations
is equivalent to the category of finite-dimensional sl2(C)⊕ sl2(C)-representations. This is a semisimple Lie
algebra, so by Proposition 16.8 it admits a compact form SU(2)× SU(2) = Spin(4), a double cover of SO(4).

The upshot is that the category of G̃-representations is semisimple (every finite-dimensional representation

is completely reducible), even though G̃ isn’t compact. Thus, while we weren’t able to prove it directly, the
theory of Lie algebras is still useful here. Finally, if you want to understand representations of G, they’re
naturally a subcategory of RepG̃ for which the kernel of the covering map acts trivially; the finite-dimensional
representations of G are also completely reducible. (

Though the finite-dimensional representation theory of the Lorentz group looks like that of a compact
group, but this is far from true for infinite-dimensional representations.

Definition 16.11. A Lie group G is called reductive (resp. semisimple) if its Lie algebra g is reductive (resp.
semisimple).23

So finite-dimensional representations of semisimple, simply connected Lie groups are completely reducible.
In fact, this also applies to “algebraically simply-connected” groups such as SL2(R) (its covering spaces aren’t
central extensions as algebraic groups, which implies its étale fundamental group vanishes).

22Here in characteristic 0, PGL2(C) and PSL2(C) are the same.
23This is equivalent to asking gC to be reductive (resp. semisimple).
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Lecture 17.

Invariant bilinear forms on Lie algebras: 2/24/17

Today, we’re going to talk about invariant bilinear forms on Lie algebras, a rich subject we haven’t discussed
yet. g will denote a Lie algebra over C; a lot of this will also work over R.

Definition 17.1. Let B : g × g → C be a symmetric bilinear form. B is called invariant if for all x ∈ g,
B(adx(y), z) = −B(y, adx(Z)), where ad is the action of g on itself by Lie bracket.

You can express this diagrammatically: let o(g, B) denote the Lie algebra of endomorphisms of g that
preserve B, i.e.

o(g, B) := {α : g→ g | B(α(–), –) = −B(–, α(–))}.
This is the Lie algebra of the Lie group

O(g, B) := {A ∈ GL(g) | B(A(–), A(–)) = B(–, –)}.
This condition looks more natural than the one for o(g, B). For B to be invariant, we want the adjoint
ad: g→ gl(g) to factor through o(g, B):

g
ad //

""

gl(g)

o(g, B)
?�

OO

Equivalently, B is invariant iff the induced map g→ g∗ sending x 7→ B(x, –) is a morphism of g-representations,
where g acts on itself through the adjoint action and g∗ is the dual to that representation. In this context, g
is called the adjoint representation and g∗ is called the coadjoint representation.

Definition 17.2. Let B be an invariant bilinear form. Then, B is nondegenerate if the map g→ g∗ sending
x 7→ B(x, –) is an isomorphism.

Example 17.3. Let g = gln(C). Then, Bstd : g×g→ C sending A,B 7→ tr(AB) is a nondegenerate invariant
symmetric bilinear form. (

This example really depends on g being gl(V ), or more generally, we can make the same construction for
any Lie algebra g and a g-representation ρ : g→ gl(V ), and the representation is necessary.24 Explicitly, we
let BV : g× g→ C send

(x, y) 7−→ tr(ρ(x)ρ(y)).

This is always invariant and symmetric, but in general isn’t nondegenerate.
In particular, we can take ρ to be the adjoint representation. In this case, Bg is written K and is called

the Killing form.

Example 17.4. Let g = sl2 and V = C2 be the standard representation. That is, we defined sl2 to be the
Lie algebra of traceless, 2× 2 complex matrices, and we want it to act on V by precisely those matrices.

Recall that sl2 is generated by three matrices e, f , and h as in (12.7), so BV can be represented by a 3× 3
matrix describing what happens to those generators. If we use the order (e, f, h), the matrix is

BV =

0 1 0
1 0 0
0 0 2

 .

This matrix is clearly diagonalizable, so BV is nondegenerate.
Similarly, the Killing form can be described with a matrix. First, the relations (13.2) define the adjoint

representation:

ad(e) =

0 0 −2
0 0 0
0 1 0

 ad(f) =

 0 0 0
0 0 2
−1 0 0

 ad(h) =

2 0 0
0 −2 0
0 0 0

 .

Then, K(x, y) = tr(ad(x), ad(y)), and you can check that K = 4BV . (

24For gln(C), we’re implicitly using the defining representation.
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Remark. That the Killing form is a multiple of BV is no coincidence: it’s possible to use Schur’s lemma to
show that for a simple Lie algebra g, there’s a unique nondegenerate, invariant, skew-symmetric bilinear form
on g up to scalar multiplication by an element of C×. (This uses the fact that the adjoint representation is
irreducible.) (

There’s lots of things to say about this subject, and they’re all really important. Here are some facts
which we won’t have time to prove.

Theorem 17.5.

(1) g is reductive iff there exists a representation V for which BV is nondegenerate.
(2) g is semisimple iff the Killing form is nondegenerate.
(3) g is solvable iff K(x, [y, z]) = 0 for all x, y, z ∈ g.
(4) Let gR be a real Lie algebra. Then, gR is the Lie algebra of a semisimple25 compact group G iff the

Killing form is negative definite.

For example, the Killing form for gln isn’n nondegenerate, since scalar matrices lie in its kernel. This
implies that gln is reductive but not semisimple.

The idea behind the proof of (3) is that a representation of a solvable Lie algebra can be chosen to be
through upper triangular matrices; then, the bracket of two upper triangular matrices is strictly upper
triangular, so causes the trace to vanish.

We can use these properties to understand what semisimple, reductive, and solvable Lie algebra actually
look like. First let’s organize the examples we have.

Example 17.6 (Classical groups).

• U(n), GLn(R), and GLn(C) all have (complexified) Lie algebra gln. As we saw above, this Lie algebra
is reductive but not semisimple.

• SU(n), SLn(R), and SLn(C) all have (complexified) Lie algebra sln, the Lie algebra of traceless
matrices. This is reductive and semisimple, as we calculated, and in fact is an example of a simple
Lie algebra.

• SO(n), SOp,q, and SOn(C) all have (complexified) Lie algebra son, the Lie algebra of skew-symmetric
matrices. (

We’ll talk more about this, as well as the choice of order, next time.

Lecture 18.

Classical Lie groups and Lie algebras: 2/27/17

We talked about how the classification of Lie algebras splits into the classification of solvable Lie algebras
and semisimple Lie algebras, and we’re going to discuss the classification of semisimple Lie algebras, or
compact Lie groups.

Recall that we started with a compact Lie group, e.g. SU(2) or SO(3), which is the thing we originally
wanted to study. From this we obtained a reductive Lie algebra g, and it is a direct sum of an abelian part
and a semisimple part g′ := [g, g]: g ∼= Z(g)⊕ [g, g]. In particular, G′ = [G,G] is a semisimple Lie group.

Thus, to understand the representation theory of compact Lie groups, it suffices to understand the
representation theory of semisimple Lie algebras. In particular, given a semisimple complex Lie algebra g,
one can recover a simply-connected Lie group G whose complexified Lie algebra is g, and its real Lie algebra
is the unique real form of g such that the Killing form is negative definite.

Definition 18.1. A Lie algebra g is simple if it has no nontrivial ideals. By convention, the one-dimensional
abelian Lie algebra is not simple.

Recall that g is semisimple if it has no solvable ideals; here we ask for no ideals at all.

Proposition 18.2. Any semisimple Lie algebra is a direct sum of simple Lie algebras, i.e. the bracket is
defined componentwise.

25The semisimplicity hypothesis is necessary because Lie algebras cannot tell the difference between an n-dimensional torus

and the additive group underlying an n-dimensional vector space.
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Proof idea. By Corollary 16.9, if g is semisimple, its representations are completely reducible. In particular,
the adjoint representation decomposes as g ∼= g1 ⊕ · · · ⊕ gk, and this is the decomposition of g into simple Lie
algebras. �

So to understand semisimple Lie algebras, we only need to understand simple Lie algebras. Excellent.
Where do simple Lie algebras come from? This is an interesting question because it has two quite distinct
answers.

• From the perspective of classical groups, the Lie algebras and Lie groups we’re familiar with arise as
symmetries of linear-algebraic data. For example, the unitary, orthogonal, and symplectic groups
arise as the groups of endomorphisms preserving certain forms, and this is a good source of simple
Lie algebras.

• The Cartan-Killing classification adopts the perspective that simple Lie algebras are built out of
copies of sl2(C) in particular combinatorial configurations.

A priori, these things have nothing to do with each other. Moreover, while the first perspective seems more
natural, the second one is hugely important in modern physics. It will also take a little longer to explain, but
it will make the whole classification make a lot more sense.

Let’s first talk about the perspective coming from classical groups.

• The unitary group U(n) is the group of n× n complex matrices preserving the standard Hermitian
form on Cn. Its complexified Lie algebra is un ⊗ C ∼= gln(C), which it shares with GLn(R). This
is reductive, but not semisimple, since Z(U(n)) is one-dimensional. Quotienting out by this, one
obtains the special unitary group SU(n), whose complexified Lie algebra is sln, which is simple when
n ≥ 2. SL2(R) has the same complexified Lie algebra.

• The special orthogonal groups are the groups preserving positive definite forms on a real vector space.
SO(2n) and SOn,n(R) have the same complexified Lie algebra so2n, and SO(2n+ 1) and SOn,n+1(R)
have the same complexified Lie algebra so2n+1; in both cases, the former group is compact and the
latter isn’t. If n ≥ 3, so2n is simple, and if n ≥ 1, so2n+1 is simple. However, so4

∼= su2 ⊕ su2.
• There’s a notion of a positive definite standard Hermitian form on the free H-module Hn, and the

symplectic group Sp(n) is the group of n× n quaternionic matrices preserving this form. Confusingly,
the most common convention is for its Lie algebra to be denoted sp2n; this is the algebra of Hamiltonian
matrices, and is always simple. There’s a noncompact Lie group Sp2n(R) with the same Lie algebra,
which is the group of 2n × 2n real matrices which preserve a symplectic form (a skew-symmetric
bilinear form) on R2n.

So we have a table of correspondences between compact groups, noncompact groups with the same Lie algebra
(called “split”), and their shared complexified Lie algebra. This is all organized in Table 2, which also lists
the type of each Lie algebra in the Cartan-Killing classification of simple Lie algebras.

Compact Split Lie algebra Dimension Type
U(n) GLn(R) gln(C) n2 n/a
SU(n) SLn(R) sln n2 − 1 An−1

SO(2n) SOn,n(R) so2n n(2n+ 1) Dn

SO(2n+ 1) SOn,n+1(R) so2n+1 n(2n− 1) Bn
Sp(n) Sp2n(R) sp2n n(2n+ 1) Cn

Table 2. A table of classical Lie groups and Lie algebras. Since gln(C) isn’t simple, it
doesn’t have a Cartan-Killing type.

It seems like you should be able to turn this into a nice story where you start with R, C, and H and derive
this table, but there’s some inevitable weirdness that creeps in. In particular, this list contains almost all of
the simple Lie algebras — exactly five are missing! They are called e6, e7, e8, f4, and g2. Each one of these is
the Lie algebra of a Lie group, so we obtain Lie groups E6, E7, E8, F4, and G2.

You can realize these geometrically from an 8-dimensional nonassociative division algebra called the
octonions O, which John Baez has written about. The octonions are constructed from the quaterions in
the same way that the quaterions are constructed from C, but iterating this construction further produces
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more pathological objects. In any case, the exceptional Lie algebras can be obtained by looking at projective
planes associated to the octonions as Riemannian symmetric spaces. Specifically,

• e6 is a 78-dimensional Lie algebra arising from C⊗R O.
• e7 is a 133-dimensional Lie algebra arising from H⊗R O.
• e8 is a 248-dimensional Lie algebra arising from O⊗R O.
• f4 is a 52-dimensional Lie algebra arising from O2.
• g2 is a 14-dimensional Lie algebra arising from O, e.g. G2 = Aut(O).

These seem to come out of nowhere, but make more sense from the Cartan-Killing perspective.

Remark. The Lie algebras outlined in Table 2 determine their compact forms up to covering. SU(n) and
Sp(n) are simply connected, but π1(SO(m)) ∼= Z/2 when m ≥ 3, so there exists a unique Lie group Spin(m)
that double covers SO(m) and the covering map Spin(m)� SO(m) is a group homomorphism. (

Remark. There are some redundancies in Table 2 in low dimension.

• so3
∼= sl2 ∼= sp2, i.e. A1 = B1 = C1.

• so4
∼= sl2 × sl2, as we’ve seen, and therefore D2 = A1 ×A1.

• so5
∼= sp4, i.e. B2 = C2.

• so6
∼= sl4, i.e. A3 = D3.

These last two are called exceptional isomorphisms. (

Next time, we’ll begin explaining Dynkin diagrams and the Cartan-Killing perspective.

Lecture 19.

Roots and root spaces: 3/1/17

Last time, we discussed ho to obtain some simple Lie algebras from classical Lie groups O(n), U(n), and
Sp(n). Today, we’ll take adopt the Cartan-Killing approach of building semisimple Lie algebras from copies
of sl2(C).

Throughout today’s lecture, g denotes a semisimple Lie algebra over C.

Definition 19.1. An element x ∈ g is called semisimple if ad(x) ∈ EndC(g) is semisimple, and is called
nilpotent if ad(x) is nilpotent.

Later we’ll see that we could choose a different representation than the adjoint.
The Jordan decomposition for matrices says that every matrix is the sum of a semisimple part and a

nilpotent part that commute in a unique way. There’s a similar result for semisimple Lie algebras.

Proposition 19.2 (Jordan decomposition). Let x ∈ g. Then, there exist xss, xn ∈ g such that x = xss + xn,
xss is semisimple, xn is nilpotent, and [xss, xn] = 0, and they are unique.

Proof idea. In the adjoint representation, ad(x) = ad(x)ss + ad(x)n, but why do these pieces in EndC(g) come
from the action of elements of g? This is where semisimplicity of g is used in an essential way. �

Remark. The set of elements of g that are either semisimple or nilpotent are not a vector subspace, but are
dense. (

If every element of g is nilpotent, then Theorem 15.9 would imply g is nilpotent, which is a contradiction.
Thus, there exists at least one nonzero semisimple element of g. This will allow us to decompose g into
eigenspaces for the semisimple elements. In fact, if we have a commuting family of semisimple elements, we
can decompose g into their simultaneous eigenspaces.

Definition 19.3. Let h ⊂ g be a Lie subalgebra. Then, h is called toral if it’s abelian and consists solely of
semisimple elements of g.

Any semisimple element generates a 1-dimensional abelian Lie subalgebra, which is in particular toral. So
toral subalgebras exist.

Definition 19.4. A Cartan subalgebra of a semisimple26 Lie algebra is a maximal toral subalgebra.

26There’s a notion of a Cartan subalgebra of any Lie algebra, but it’s slightly different and not so useful for us.
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Let Cg(h) := {x ∈ g | [x, y] = 0 for all y ∈ h} denote the centralizer.

Proposition 19.5. h ⊂ g is a Cartan subalgebra iff it’s a toral subalgebra and Cg(h) = h.

Though we won’t give a proof, the idea is reasonable: if we could add something to h, then whatever we
added must centralize h.

Example 19.6. If g = sln, the Lie algebra of n × n traceless matrices, then the subalgebra of diagonal
traceless matrices is a Cartan subalgebra. (

Let h be a Cartan subalgebra of g. Then, the restriction of the adjoint representation to h acting on g is a
family of semisimple operators acting on g, which can in particular be simultaneously diagonalized. Thus, as
h-representations,

g =
⊕
α

gα

for some finite set of α ∈ h∗, and where h ∈ h acts on gα by ad(h) · v = α(h) · v for all v ∈ gα. It’s for exactly
this reason that we consider Cartan subalgebras.

Definition 19.7. Let R = {α ∈ h∗ | gα 6= 0} \ {0}. The elements of R are called roots of g, and gα is called
the root space for α.

The idea behind the Cartan-Killing classification is that the data (h∗,K|h∗ , R), i.e. a finite-dimensional
vector space, a finite subset of it, and a bilinear form on it, is enough to reconstruct g up to isomorphism!

Proposition 19.8.

(1) [gα, gβ ] ⊆ gα+β.
(2) With respect to any invariant inner product 〈–, –〉, gα ⊥ gβ unless α+β = 0, and 〈–, –〉 : g−α×gα → C

is a perfect pairing.

Example 19.9. For example, let Eij denote the n× n matrix with a 1 in the ij th entry and 0s everywhere
else, so Eij ∈ sln. Let h be the subalgebra of diagonal matrices whose entries sum to zero, which are a Cartan
subalgebra for sln, which in particular is a subspace of span{Eii}. In particular, if ei ∈ h∗ is dual to Eii, then

h∗ =
⊕
i

C · ei/C(e1 + · · ·+ en).

Let h ∈ h be the matrix with diagonal entries h1, . . . , hn. Then,

[h,Eij ] = (hi − hj)Eij = (ei − ej)(h)Eij .

Thus, the roots are

R = {ei − ej | i, j = 1, . . . , n, i 6= j},
and sln(C)ei−ej = C · Eij . (

Now we need to figure out how sl2 appears.

Remark. If 〈–, –〉 is an invariant inner product on g, then its restriction to h× h is nondegenerate, and in

particular defines an isomorphism h
∼=→ h∗. Thus, given an α ∈ R, let Hα = 〈α, –〉 ∈ (h∗)∗ = h be its dual. (

Let hα = 2Hα/〈α, α〉 ∈ h.

Lemma 19.10. If e ∈ gα and f ∈ g−α, then [e, f ] = 〈e, f〉Hα.

Thus, rescaling e and f as necessary, one can assume 〈e, f〉 = 2/〈α, α〉, which in particular implies the
following.

Proposition 19.11. The elements e, f , and hα above generate a subalgebra of g isomorphic to sl2(C).

That is, e, f , and hα satisfy the commutation relations we established for the generators e, f , and h of
sl2(C) in (13.2).

We’ll call the subalgebra generated by e, f , and hα sl2(C)α. This will be really useful for us, allowing us
to understand the representation theory of g in terms of that of sl2.
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Lecture 20.

Properties of roots: 3/3/17

“If you take away one thing from this course, it should be the representation theory of sl2.”

Once again, g will denote a semisimple complex Lie algebra, and (–, –) be an invariant inner product on g.
Last time, we saw that given a Cartan subalgebra h, the roots of g are the set R ⊂ h∗ of α such that

gα 6= 0 (the eigenvalues in the adjoint representation). We saw that given α, we can define e ∈ gα, f ∈ g−α,
and hα ∈ h that satisfy the commutation relations of sl2(C), i.e. [e, f ] = hα, [hα, e] = 2e, and [hα, f ] = −2f .
Thus they define an embedding sl2(C) ↪→ g, whose image we called sl2(C)α.

Proposition 20.1.

(1) The roots span h∗ as a vector space.
(2) Each gα is one-dimensional.
(3) If α, β ∈ R, nαβ := 2(α, β)/(α, α) ∈ Z.
(4) Let sα : h∗ → h∗ be defined by

sα(λ) := λ− 2(α, λ)

(α, α)
α.

Then, sα(R) = R.
(5) If α ∈ R and c is a scalar such that cα ∈ R, then c = ±1.
(6) If α, β, and α+ β are in R, then [gα, gβ ] = gα+β.

Proof. For (1), suppose h ∈ {k ∈ h | α(k) = 0 for all α ∈ R}. Then, ad(h) = 0, so h ∈ Z(g) = 0 since g is
semisimple.

For (2), consider g as an sl2(C)α-representation. You can check that

· · · ⊕ g−2α ⊕ gα ⊕ C · hα ⊕ gα ⊕ g2α ⊕ · · ·

is a subrepresentation for sl2(C)α, and is a decomposition into weight spaces, where gjα has weight 2j. In
particular, the zero-weight space is 1-dimensional and there are no odd weights, so V is an irreducible sl2(C)-
representation, and therefore all of the other weight spaces are 1-dimensional, in particular gα. Moreover,
this implies gα = C · e, and therefore ad(e)(gα) = 0, so g2α = 0, g3α = 0, and so forth. The same is true for
g−α, which proves (5): sl2(C)α = gα ⊕ C · hα ⊕ gα.

For (3), consider the action of hα ∈ sl2(C)α on gβ ; by definition, hα acts by the weight β(hα), and the
only weights that can occur are integers, so β(hα) ∈ Z as required. What’s cool about this is that it provides
a very explicit restriction on what the angles between roots can be.

For (4), consider again the action of sl2(C)α on g. Then, hα acts with weight nαβ on gβ if β 6= 0, and
ad(fα)nαβ carries gβ to gβ−nαβα, and this is an isomorphism. This “hard Lefschetz formula” occurs because
this is a reflection across the origin in g, and so carries root spaces to root spaces. �

The point is that the representation theory of a semisimple Lie algebra is governed by some pretty restrictive
data, because sl2 controls it. There’s also some geometry hiding in the background.

Let hR denote the R-span of hα for a root α ∈ R. We now know that the adjoint action ad(hα) acts with
integer eigenvalues, then K(hα, hβ) = tr(ad(hα) ad(hβ)) ∈ R and K(hαhα) = tr(ad(hα)2) > 0. Thus, (hR,K)
is a real inner product space, and so h∗R is spanned by R and equipped with a positive definite inner product.

Example 20.2. When g = sl3,

h∗R = (R · e1 ⊕ R · e2 ⊕ R · e3)/R · (e1 + e2 + e3)

hR = {(h1, h2, h3) ∈ R3 | h1 + h2 + h3 = 0}.

We can normalize the inner product such that (ei, ej) = δij . The roots are

R = {α1 := e1 − e2, α2 := e2 − e3, α3 := e1 − e3,−α1,−α2,−α3},

and the Killing form is (α1, α2) = −1 and (αi, αi) = 2. Thus the roots have an angle of 60◦ from each other,
and this data knows everything there is to know about sl3, which we’ll see next week. (
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Lecture 21.

Root systems: 3/6/17

Today, we’ll talk about root systems in the abstract, which will allow us to classify them for semisimple
Lie algebras. Today, E will always denote a Euclidean vector space, i.e. a finite-dimensional real vector space
together with an inner product 〈–, –〉.

We care about root systems because if g is a semisimple complex Lie algebra and h ⊆ g is a Cartan
subalgebra, then E = h∗R with inner product K(–, –) and R = {α ∈ h∗ | gα 6= 0} \ {0} will be our model
example for a root system.

Definition 21.1. A root system is a pair (E,R) where R ⊆ E satisfies the following axioms:

(1) R spans E as a vector space.
(2) For all α, β ∈ R,

nαβ :=
2〈α, β〉
〈β, β〉

∈ Z.

(3) For all α ∈ R, the reflection

sα(λ) := λ− 2〈α, λ〉
〈α, α〉

α

maps R into itself.

If in addition whenever α ∈ R and cα ∈ R for some c ∈ R, then c = ±1, then (E,R) is called a reduced root
system.

In Proposition 20.1, we showed that if g is a semisimple Lie algebra, its roots R ⊂ h∗R form a reduced root
system.

Even in the abstract, root systems come with quite a bit of additional data.

Definition 21.2. The Weyl group W(E,R) of a root system (E,R) is the subgroup of O(E) generated by the
reflections sα for α ∈ R. If (E,R) is clear from context W(E,R) will be denoted W .

Since each sα restricts to a permutation of R, you can also think of W as a subgroup of the symmetric
group SR.

Remark. Suppose a complex semisimple g is the Lie algebra of a compact, semisimple Lie group G. With
(h∗R, R) as before, the Weyl group W(h∗R,R)

∼= NG(H)/H, where H is a maximal torus of G. This equivalence
is far from obvious, but sometimes is used as an alternate definition for the Weyl group. (

Example 21.3. Let E = Rn/R(1, 1, . . . , 1) with the inner product inherited from the usual one on Rn. Then,
R = {ei − ej | i 6= j} ⊆ E is a reduced root system, and in fact is the root system associated to sln, denoted
An. (

Other classical examples include so2n+1, which produces a root system Bn; sp2n, which gives Cn; and
so2n, which gives Dn.

The number nαβ prescribes the ratio of the length of projection of α onto the direction of β to the length
of β: nαβ is twice this ratio. In fact, comparing nαβ and nβα severely restricts the possible angles.

• Suppose nαβ = 0 and nβα = 0. Then, α and β are orthogonal to each other.
• Suppose nαβ = nβα = 1. Then, |α| = |β|, and the angle between them is π/3.

• Suppose nαβ = 2 and nβα = 1. Then, |α| =
√

2|β| and the angle from β to α is π/4.

• Suppose nαβ = 3 and nβα = 1. Then, |α| =
√

3|β| and the angle from β to α is π/6.

All of these come from special right triangles.
There are more possibilities where nαβ , nβα < 0:

• You can have nαβ = nβα = −1, for which |α| = |β| and the angle between them is 2π/3.

• If nαβ = −2 and nβα = −1, then |α| =
√

2|β| and the angle between them is 3π/4.

• if nαβ = −3 and nβα = −1, then |α| =
√

3|β| and the angle between them is 5π/6.

You can check these (and π) are the only possible angles between two roots!
However, it could be the case that not all possible angles are realized by actual root systems. However, a

few examples will realize every case.
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• A2 realizes π/3 and 2π/3. See Figure 1 for a picture.
• B2 = C2 realizes π/4, π/2, and 3π/4. See Figure 2 for a picture.
• The remaining angles are realized by G2. See Figure 4 for a picture.

Figure 1. The rank-2 root system A2 realizes the angles π/3 and 2π/3.

Figure 2. The rank-2 root systems B2 and C2 are isomorphic, and contain long (green)
and short (red) roots.

Figure 3. The rank-2 root system D2 splits as a product A1 ×A1.

Figure 4. The rank-2 root system G2, which corresponds to the exceptional Lie group G2 = Aut(O).

Theorem 21.4. The root systems A2, B2, D2, and G2 depicted in Figures 1 to 4 are a complete classification
of rank-2 root systems.
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In all of these examples, it looks like one can start with two vectors and generate the rest with reflections.
Let’s make this precise.

Definition 21.5. Let t ∈ E be an element perpendicular to no element of R, which is a generic condition.
Such a t determines a polarization of R as a disjoint union of R+ = {α ∈ R | 〈α, t〉 > 0} and R− = {α ∈ R |
〈α, t〉 < 0}.

Different values of t may define the same polarization, and in general there’s no canonical polarization
around.

Definition 21.6. Given a polarization R = R+ qR−, the set Π of simple roots is the subset of α ∈ R+ such
that α 6= β + γ for β, γ ∈ R+.

Proposition 21.7. The simple roots form a basis for E.

Therefore in particular any α ∈ R may be written as

α =
∑
αi∈Π

niαi, ni ∈ Z,

and if α ∈ R+, then ni > 0. Let the Cartan matrix A = (aij) be the r × r matrix (where r = |Π| = dimE)
with aij = nαjαi , where Π = {α1, . . . , αr}. Next time, we’ll use this to define a certain graph called the
Dynkin diagram associated to (E,R).

Lecture 22.

Dynkin diagrams: 3/8/17

Today, we’ll continue along the path that will lead us to Dynkin diagrams.
Recall that if E is a Euclidean space and R ⊂ E is a root system, a generic vector in E determines a

splitting of R = R+ qR−, where R+ is called the set of positive roots, and the simple roots Π ⊆ R+. All of
this came from the data of a compact semisimple Lie group, once upon a time.

Suppose Π = {α1, . . . , αr}. Then, the root system is determined by the Cartan matrix A = (aij), where
aij = nαjαi = 2〈αi, αj〉/〈αi, αi〉. It’s not necessarily symmetric, but notice that aij = 0 iff aji = 0. We can
encode this data in a graph called the Dynkin diagram, built according the the following recipe.

(1) There will be a node vi for each αi ∈ Π.
(2) If aij = 0 (equivalently aji = 0), there is no edge from i to j.
(3) If aij = −1 and aji = −1, there’s an edge • − •.
(4) If aij = −1 and aji = −2, there’s an edge • ⇒ •.
(5) If aij = −1 and aji = −3, there’s an edge •V •.

It’s possible to classify the irreducible root systems in terms of their Dynkin diagrams, which leads to a
somewhat bizarre-looking classification: the four infinite families

An = • • · · · • •
Bn = • • · · · • +3•
Cn = • • · · · • ks •

Dn =

•
• • · · · •

•
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and five exceptional diagrams

E6 =

•

• • • • •

E7 =

•

• • • • • •

E8 =

•

• • • • • • •
F2 = • • +3• •
G2 = • *4•.

Though this classification looks strange, it makes the classification elementary, and could be done by an
interested high-school student, though it’s a bit rote.

In any case, given a root system, we’d like to build a Lie algebra. If g is a simple Lie algebra, then it splits

g =
⊕
α∈R−

gα ⊕ h⊕
⊕
α∈R+

gα,

and the embedded copies of sl2(C)α = g−α ⊕ [gα, gβ ]⊕ gα, where fα ∈ g−α, hα ∈ [gα, gβ ], and eα ∈ gα, with
〈eα, fα〉 = 2/〈α, α〉.

Let ei := eαi , and similarly for fi and hi. Then, these elements satisfy the Serre relations

[hi, hj ] = 0 [ei, fj ] = δijhi

[hi, ej ] = aijej [hi, fj ] = −aijfj
(ad ei)

1−aijej = 0 (ad fi)
1−aijfj = 0.

This suffices to recover g from its root system.

Theorem 22.1. Let R be a root system. Then, the free Lie algebra g(R) generated by ei, fi, hi, i = 1, . . . , r
satisfying the Serre relations is a finite-dimensional, semisimple Lie algebra with root system R.

The hardest part of this theorem is showing that g(R) is finite-dimensional.

Example 22.2. Let’s look at the rank-2 examples, which illustrate that Theorem 22.1 is nontrivial. We
have e1, e2, f1, f2, h1, and h2, and we know

ad(e2)1−a21e1 = 0

ad(e+ 1)1−a12e2 = 0.

But there’s still quite a bit to pin down.

• For A2, we have [e2, [e2, e1]] = 0 and [e1, [e1, e2]] = 0.
• For B2 = C2, ad(e2)3e1 = 0 and ad(e1)2e2 = 0.
• For D2 = A1 ×A1, [e1, e2] = 0.
• For G2, ad(e2)4e1 = 0 and ad(e1)2e2 = 0.

There are plenty of other things you could choose for aij , but only these ones work: if you asked ad(e2)5e1 = 0
and ad(e1)2e2 = 0, you get something infinite-dimensional. (

Remark. There’s a notion of a generalized Cartan matrix, and you can define the notion of a Lie algebra
associated to such matrices using the same Serre relations, which is called a Kac-Moody algebra. The analogue
of Theorem 22.1 is that the Kac-Moody algebra is finite-dimensional iff its generalized Cartan matrix is an
actual Cartan matrix.

In addition to semisimple Kac-Moody algebras, people also care about affine Lie algebras, whose Dynkin
diagrams look like those for the ADE classification, but have one more node and additional constraints on
the edges. Even after working with this for a long time, this can still seem crazy. (
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We’ve come quite far from our original approach to representation theory, but with these tools in hand
we can now study the finite-dimensional representations of a semisimple Lie algebra g. This involves a
classification and character formulas, which are part of the general theory, and we’ll also focus on some
examples, namely An and the orthogonal groups. The latter will lead us into spinor representations.

Anyways, let V be a finite-dimensional representation of g. Fix a Cartan subalgebra h of g and a root
system R = R+ qR−, etc. Then, V decomposes into weight spaces as an h-representation:

V =
⊕
λ∈h∗

V [λ],

and h ∈ h must act semisimply on V . This is because there’s a compact Lie group G whose complexified Lie
algebra is g, and if T ⊂ G is a maximal torus, h is the complexified Lie algebra of T . This is not obvious.

The next question is: which possible weights λ ∈ h∗ can occur? Each hα ∈ h must act with integer
eigenvalues, i.e. if V [λ] 6= 0, then λ(hα) ∈ Z. Therefore we can define the lattice of coroots, called the weight
lattice

P := {λ ∈ h∗ | hα(λ) ∈ Z for all α ∈ R}.
As an element of h∗∗ = h, hα is written α∨. So the coroots are the things which pair with roots to get
integers.

There are two more lattices around: the root lattice Q ⊂ h∗ and the coroot lattice Q∨ ⊂ h defined by

Q := spanZ(R), Q∨ := spanZ(P ).

Curiously, the dual lattice to Q isn’t Q∨; instead, P is dual to Q∨.
The root lattice has a basis given by the simple roots, i.e. Q = ZΠ. If Π = {α1, . . . , αr}, then Q∨ has for

a basis {α∨1 , . . . , α∨n}. The dual basis to this is denoted {ωi}, i.e. (α∨i , ωj) = δij , and {ωi}, called the set of
fundamental weights, is a basis for P .

Example 22.3. Let’s look at A1, which corresponds to sl2. In this case, the roots are α = 2 and −α = −2,
so the root lattice is the even numbers: Q = 2Z. The weight lattice is all integers. (

This ±2 is why factors of 2 and 1/2 appear so much in these definitions.

Lecture 23.

Representations of semisimple Lie algebras: 3/10/17

Today, g will denote a semisimple Lie algebra and h will denote a Cartan subalgebra. Let R denote the
set of roots, and choose a splitting R = R+ q R−. If V is a finite-dimensional g-representation, then it
decomposes into weight spaces

V =
⊕
λ∈P

V [λ],

where P ⊆ h∗ is the weight lattice

P := {λ ∈ h∗ | 〈α∨, λ〉 ∈ Z for all α ∈ R}.
The sublattice Q = ZR is contained in P .

Example 23.1. TODO: add picture for the root system of the two-dimensional Lie algebra sl3 = A2. (

Given a finite-dimensional representation V of g, we can define its character to be

χV :=
∑
λ∈P

dim(V [λ])eλ ∈ C[P ].

The term eλ is used to indicate that we’re thinking of this group multiplicatively. As before, we’ll see that
the character encodes everything about the representation.

Remark. If G is a simply-connected, compact Lie group whose (complexified) Lie algebra is g and T ⊂ G is a
maximal torus whose (complexified) Lie algebra is h, then the image of the differentiation Hom(T,U(1))→
Hom(t,C) = h∗ is the weight lattice P .

Given a representation V of G, we defined its character χV ∈ C(G)G ∼= C(T )W . If V ′ denotes the
induced representation of g, then its character is the Fourier expansion of χV , with the eλ term actually an
exponential. (
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Example 23.2. Consider the standard representation V of sl3 on C3. We have generators h1, h2 for sl3,
where

h1 =

1
−1

0

 h2 =

0
1
−1

 .

Thus, the eigenvalues of h1 are {1,−1, 0} and those of h2 are {0, 1,−1}. Let ω1 and ω2 be the fundamental
weights (corresponding to the irreducible roots); then,

χV = eω1 + e−ω1+ω2 + e−ω2 . (

The character of a representation of a Lie group is invariant under the Weyl group on the maximal
torus. We’d like something similar to hold. In the context of Lie algebras, we can realize the Weyl group as
W = 〈sα | α ∈ R〉.

Proposition 23.3. χV ∈ C[P ]W .

Proof. The proof once again uses sl2-representation theory. Let λ be a weight of V . We’d like to show that
dimV [λ] = dimV [sαiλ], where αi is an arbitrary simple root.

Let n := 〈α∨i , λ〉, which is neither nonnegative or nonpositive. First assume n ≥ 0. Then, sαi(λ) = λ−nαi,
so we need to compare the dimensions V [λ−nαi] and V [λ]. The key is that eni ◦fni : V [λ]→ V [λ−nαi]→ V [λ]
is multiplication by λ, so the two spaces are isomorphic. �

In fact, just as for compact Lie groups, the characters of the irreducible finite-dimensional representations
of g form a basis for C[P ]W !

This allows us to classify representations of g, akin to the highest-weight/Verma module classification for
sl2. All the notation we’ve been introducing will shine now: it would be nice for everything to live in R, but
since in general weights live in the root lattice, we had to introduce the terminology to address this and
provide analogies.

Recall that g = n− ⊕ h⊕ n+, where n+ and n− are the pieces corresponding to the positive and negative
roots, respectively. It’s not hard to check that the Borel subalgebra b := h ⊕ n+ is a Lie subalgebra, and
moreover a maximal solvable subalgebra.27

Definition 23.4. Let V be a g-representation, which could be infinite-dimensional.28 A highest weight vector
in g (with respect to b) is a v ∈ V such that n+ · v = 0.

The idea is that finite-dimensional representations will have highest-weight vectors; if they’re irreducible,
there will be just one. In the infinite-dimensional case, one cannot expect a weight-space decomposition, nor
for the weights to lie in the weight lattice.

Proposition 23.5. Every finite-dimensional representation of g has a highest weight vector. In particular,
if V is an irreducible, finite-dimensional representation, then it is a highest-weight representation.

Proof. Let P (V ) be the set of weights of V . We’ll show there’s a λ ∈ P (V ) such that λ+ α 6∈ P (V ) for any
α ∈ R+. To do so, choose an h ∈ h such that 〈h, α〉 = 0 for all α ∈ R+; since there are only finitely many
roots, we can choose λ such that 〈h, λ〉 is maximal. �

The theory of Verma modules behaves like that for sl2.

Definition 23.6. The Verma module with highest weight λ ∈ h∗ is the U(g)-module

Mλ := U(g)⊗U(b) Cλ = U(g)/

U(g) · n+ +
∑
h∈h

U(g)(h− λ(h))

.
That is, Mλ = U(g) · σλ, where h · σλ = λ(h)σλ for h ∈ h and n · σλ = 0 for n ∈ n+.

27You might have been noticing that we’re making a lot of choices: a Cartan subalgebra, a set of positive roots, etc. This is
okay, but there is something to check here.

28Often, one thinks of infinite-dimensional representations as U(g)-modules.



24 Representations of semisimple Lie algebras: 3/10/17 43

Lecture 24.

Root data: 3/20/17

Today, we’re going to regroup29 a bit after spring break. We’d like to dummarize the whole story of
representations of compact Lie groups, using the Lie algebra technology we’ve developed. We’ll see the
general Weyl character formula, which generalizes (9.2), and provide two different proofs: Weyl’s original one
and one using Verma modules. After that, we’ll cover some examples: U(n), SU(n), Spin(n), and so on. This
will take us the next few lectures.

B ·C

Let G be a compact Lie group. Just as we fixed a Cartan subalgebra of g, we’ll fix a maximal torus T ⊂ G.
As T is a compact abelian Lie group, it’s a product of copies of U(1). The complexified Lie algebra of T is a
Cartan subalgebra of g (i.e. the complexified Lie algebra).

Just as semisimple Lie algebras give rise to root systems, we can describe compact Lie groups combinatorially.
We do not require G to be semisimple. Recall that if g is reductive, it splits into a semisimple part g′ = [g, g]
and its center Z(g). The Lie algebra decomposes over the root space:

g =
⊕
α∈h∗

gα.

We’ve defined lattices associated to g and h∗, and there’s yet another,

L := LG,T = Hom(T,U(1))→ h∗,

where we use the standard lattice embedding Zn ↪→ Cn. Given a G-representation V , V =
⊕

λ∈L V [λ].
If G is semisimple, meanign that Z(G) is a discrete group, then there’s a nice chain of inclusions of these

lattices: Q ⊂ L ⊂ P ⊂ h∗, where Q is the root lattice and P is the weight lattice. if Gss = G/Z(G), then the
weight lattice is LGss , and if G is simply connected, then Q = LG.

Recall that given an α ∈ R, we found an embedding sl2(C) ↪→ g as g−α ⊕C ·α∨ ⊕ gα. This integrates to a
map SU(2)→ G, though this map is not always injective, e.g. we can get the covering map SU(2)� SO(3).

Recall that R∨ := {α∨ | α ∈ R}, and R∨ ⊂ L∗ := Hom(L,Z), which is equal to Hom(U(1), T ) (by
restricting to the maximal torus).

So associated to the compact Lie group G, we have the lattice L, the dual lattice L∗, and the sublattice of
coroots R∨.

Definition 24.1. A root datum is a quadruple (L,R,L∗, R∨), where L and L∗ are dual lattices (e.g. through
the specification of a perfect pairing 〈–, –〉 between them), and R ⊂ L and R∨ ⊂ L∗ are finite subsets, together

with an explicit bijection (–)∨ : R
∼=→ R∨, which satisfies some axioms:

(1) 〈α, α∨〉 = 2, and
(2) the map sα : L→ L sending x 7→ x− 〈α∨, s〉α sends R to R, and the dual map s∨α : L∗ → L∗ sends

R∨ to R∨.

You could just fix L and R and get L∗ and R∨ from the duality pairing, but this is how the root datum is
usually defined.

This looks different from the notion of a root system because root systems were equipped with definite
bilinear forms coming from the Killing form. For G a compact Lie group, the Killing form on g need not be
nondegenerate, so we don’t always have an identification of L and L∗.

Also, in case you’re wondering why we’re doing this, it will be useful for studying the representation theory
of groups that aren’t simply connected, or of groups that aren’t semisimple, such as U(n).

Remark. We’ve now seen two definitions of the Weyl group associated to a Lie group G. Given a maximal
torus T ⊂ G, we defined W := NG(T )/T , and so W acts on T , hence on L and on R. It’s nontrivial to prove,
but W is generated by {sα | α ∈ R} ⊂ SR (the symmetric group on R). We saw something like this for Lie
algebras, and we also saw it in examples.

For G = Un, T = (U(1))n, the subgroup of diagonal matrices. The Weyl group is Sn (the symmetric
group), and W is represented explicitly by permutation matrices. If {e1, . . . , en} is the standard basis of Cn,

29No pun intended.
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then L = Zn and L∗ = (Zn)∗, which contain R = {ei − ej | i 6= j} and R∨ = {e∗i − e∗j | i 6= j}, respectively.
The Weyl group acts on T by permuting entries, and sei−ej ∈W is the reflection transposing i and j. (

There’s a bijection between the isomorphism classes of compact Lie groups and the isomorphism classes of
root data.30 In particular, given a root datum, there’s a way to engineer a compact Lie group out of it.

Remark. In fact, root data classify reductive algebraic groups over an algebraically closed field: the notion
of a root datum doesn’t depend on the base field being C, and this in particular means that if k is an
algebraically closed field, it’s possible to build a reductive algebraic group over k out of a root datum over k.
The category of representations of a reductive algebraic group is also given by discrete combinatorial data
(up to equivalence).

If k = C and GC is a complex reductive algebraic group, its maximal compact subgroup G is the compact
Lie group that’s associated to the root datum for GC. (

Remark. Given a root datum (L,R,L∗, R∨), we can obtain another root datum by switching the roles of L
and L∗, and of R and R∨, i.e. producing the root datum (L∗, R∨, L,R); you can check that this satisfies the
axioms of a root datum. This defines an involution on the isomorphism classes of compact Lie groups, which
sends a compact Lie group G to its Langlands dual group G∨. For example:

• We already saw that the unitary group is self-dual: U(n)∨ = U(n).
• The dual of SU(n) is PSU(n) (the simply connected and adjoint forms, respectively.).
• SO(2n+ 1) is exchanged with Sp(n): these are semisimple, so establish a duality on Dynkin diagrams

of types Bn and Cn.
• Finally, Dynkin diagrams of type Dn are self-dual, and SO(2n)∨ = SO(2n).

The statements about the Lie groups are stronger than those about the Lie algebras or Dynkin diagrams, as
they contain nontrivial information about groups which are not simply connected. This duality is kind of
crazy: there’s no obvious geometric relationship, but this duality seems to crop up in a lot of places in both
math and physics: the Langlands program and Kapustin-Witten’s explanation of Langlands duality as an
instance of S-duality.31 (

Lecture 25.

Representations of U(n) and SU(n): 3/22/17

“As usual, I’m engaging in an internal struggle about notation.”

Last time, we associated to a compact Lie group G a root datum (L,R,L∗, R∨). Today, we apply this to do
representation theory.

Definition 25.1. Fix a polarization R = R+ q R−. Then, a λ ∈ L is dominant if 〈α∨, λ〉 ∈ Z≥0 for all
α ∈ R+.

We’ll let L+ denote the set of dominant weights (within the context of a specified polarization).

Theorem 25.2 (Highest weight theorem). For every dominant weight λ, there is a unique irreducible
representation Vλ for G, and every irreducible representation of G arises in this way.

The representation Vλ of G defines a highest weight representation of the complexified Lie algebra g, i.e.
Vλ = U(g) · vλ, where h · vλ = λhvλ for all h ∈ h and n · vλ = 0 for all n ∈ n =

⊕
α∈R+ gα.

This is why we took a detour into Lie algebra representations: it’s hard to say what this means if you only
know about G and not g: there’s nothing corresponding to n in the real Lie algebra for G, and in particular
does not integrate to anything on G.

Example 25.3. Consider G = U(n), which has for a maximal torus the diagonal matrices T = U(1)n ⊂ T .
The root data is L = L∗ = Zn and R∨+ = R+ = {ei − ej | i > j}. Then, the dominant weights are

L+ = {(a1, . . . , an) | a1 ≤ a2 ≤ · · · ≤ an}.

30This can be upgraded to an equivalence of categories, though it requires some care about, e.g., the choice of maximal tori
and whether maps preserve maximal tori.

31See https://arxiv.org/abs/hep-th/0604151 for more information.

https://arxiv.org/abs/hep-th/0604151
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If G = SU(n), then its character lattice is a quotient of that of U(n): LSU(n) = Zn/(1, 1, . . . , 1) and the
dominant weights are

LSU(n)+ = {(a1, . . . , an) | a1 ≤ · · · ≤ an}/(1, 1, . . . , 1).

We can fix a1 = 0 and obtain representatives 0 ≤ a2 ≤ · · · ≤ an, indexed by partitions λ = (λ1, . . . , λn−1),
where λi = ai+1−ai. So irreducible representations of SU(n) are determined by partitions, and an irreducible
representation of U(n) is a partition plus an extra integer. (

Given a partition, how do we construct the corresponding representation? What is its character? (Recall
that the characters χV live in Calg(G)G = Calg(T )W = C[L]W .) The irreducible characters of G form an
orthonormal basis for Calg(G)G, and therefore also for C[L]W , but what is the inner product on the latter
space? Also, the dominant weights L+ form a fundamental domain for the action of the Weyl group on L,

i.e. L+

∼=→ L/W . We’ll see how to understand these explicitly next week. For example, for SU(2), the Weyl
group is Z/2, so acts by an involution sending a positive root to a negative root.

Constructing Vλ through Verma modules. We’ve successfully used Verma modules to construct the
irreducible representations of sl2, so let’s apply them in other settings.

Recall that if λ ∈ h∗, we defined Mλ := U(g)⊗U(b) Cλ, where Cλ is the h-representation with eigenvalue λ
and b =

⊕
α∈R+

gα ⊕ h� h.

This Mλ is a cyclic U(g)-module: there’s a σλ ∈ Mλ and an ideal I ⊆ U(g) such that Mλ
∼= U(g)/I ∼=

U(g) · σλ. In particular, as U(n−)-modules, U(n−) · σλ = Mλ
∼= U(n−), which we can use to deduce the

character of Mλ χMλ
∈ Ĉ[L] is defined by

(25.4) χMλ
=
∑
µ∈Q+

K(µ)eλ−µ,

where K(µ) is the number of ways of writing µ as a sum of positive elements of the root lattice and

Q+ =

{ ∑
α∈R+

nαα | nα ∈ Z≥0

}
.

The monomials fn1
α1
fn2
α2
· · · fnrαr define a basis for U(n−), and

fn1
α1
· · · fnrαr · vλ ∈Mλ

[
λ−

∑
niαi

]
,

which proves (25.4).

Lecture 26.

Example with sl3: 3/24/17

We want to construct the finite-dimensional irreducible representations of a compact Lie group G or a
reductive Lie algebra g. We know that if V is such a representation, it contains a highest weight vector vλ,
and λ must be a dominant weight, i.e. 〈α∨, λ〉 is a nonnegative integer for all α ∈ R+. Here, 〈α∨, λ〉 is the
weight of σλ for the action of sl2(C)α ↪→ g. In particular, V = Vλ is a quotient of the Verma module Mλ.
We’d like to understand questions of existence and uniqueness (namely, the highest representation should
exist and be unique), as well as how to compute characters. Check out Figure 5 for a picture when g = sl3.

Let λ be a dominant weight for sl3, and decompose g = n− ⊕ h⊕ n+. Let Mλ = U(n−) · vλ be a Verma
module (which is a free U(n−)-module of rank 1). In sl3, n− = 〈fα1

, fα2
, fα1+α2

〉, and a basis for U(n−) is
fn1
α1
fn2
α2
fn3
α1+α2

, where n1, n2, n3 ≥ 0. Pictorially, you can think of it containing the all of the weights that are
below and/or two the left of λ. You can compute the dimension of the weight space by seeing how many
times a weight appears in this way.

Associated to λ are the integers 〈α∨, λ〉, which are the lengths of λ projected onto the spaces spanned by
α, as α ranges over the simple roots.

Anyways, what we want to do now is figure out how to find a finite-dimensional quotient of Mλ, which in
particular will be irreducible.

For a simple root αi, let fi := fαi . Everything works just like for sl2: fi carries fnii (vλ) to fni+1
i (vλ) and

ei goes back in the other direction. In particular, since this piece is a copy of U(sl2), ei · fn1
i (vλ) = 0: the

proof is the same as for sl2.
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Figure 5. The geometry of the root system for sl3. The white lines are spanned by the
roots, and the white dots are the lattice h∗. The blue linear are chamber walls, orthogonal to
the roots. The dominant weights are those between the 12:00 and 2:00 blue lines (or rather,
this is the result of the choice of a polarization).

In fact, fni+1
i (vλ) is a highest weight vector, as ejf

ni+1
i (vλ) = 0 for all j = 1, . . . , r. So we’ve found more

highest weight vectors. We can look at the subrepresentations they’ve generated, which also look like Verma
modules. Thus for each i = 1, . . . , r, we have maps Msi(λ)−αi −→Mλ. Let

E = Im

(
r⊕
i=1

Msi(λ)−αi −→Mλ

)
.

That is, we take the images of all the other Verma modules. Then we throw it away.

Proposition 26.1. Vλ := Mλ/E is a finite-dimensional irreducible representation.

The main point is to show that Vλ is finite-dimensional. For each i, vλ generates a finite-dimensional
sl2(C)αi-module.

Geometrically, in Figure 5, the Verma module is generated by the intersection of the lattice h∗ and a
convex set whose highest weight is λ, and we’re removing some infinite-volume convex subsets from it.

Next we have to discuss some multiplicities; this boils down to the Weyl character formula. You get a nice
equilangular, if not equilateral, hexagon and intersect it with h∗. (The picture is in Kirrilov’s book.)

We’d like to compute the character, but the map E → Mλ is not always injective, though the map
Msi(λ)−αi →Mλ is the beginning of a free resolution of Vλ as a U(g)-module. Specifically, the following is

called the BGG-resolution:32

· · · //
r⊕
i=1

Mαi(λ)−αi
// Mλ

// Vλ // 0.

This will be a finite resolution.

32“BGG ” stands for Bernstein-Gelfand-Gelfand.
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However, to get the character formula, we need to get a different, translated action of the Weyl group W :
let

ρ :=
∑
α∈R+

α

and the dot action of W = 〈sα〉 on h+ by

w · λ = w(λ+ ρ)− ρ.
That is, translate by ρ, act in the usual way, and then translate back. Under this action, sαi · λ = sαi(λ)−αi.

Next time, we’ll put this together into the character formula.

Lecture 27.

The Weyl character formula: 3/27/17

Today, we’re going to talk about the Weyl character formula, which we’ve been leading up to for a while.
The setup includes a compact group G (or its complexified Lie algebra g, which is a reductive Lie algebra,
and most of what we say today only depends on the semisimple part). Let L+ be the positive weights in the
weight lattice L and Vλ be the irreducible representation of highest weight λ ∈ L+.

Definition 27.1. Given an element w ∈W := NG(T )/T of the Weyl group, its length is

`(w) := min{k | w = si1si2 · · · sik},
where si is the reflection across α⊥i .

Example 27.2. For G = U(n), W = Sn and si, where 1 ≤ i ≤ n − 1, si = (i i + 1), and the length of a
permutation is how many transpositions of adjacent elements are needed to generate it. (

With this notation in hand, we can state the Weyl character formula.

Theorem 27.3 (Weyl character formula). The character χλ ∈ C[L] of Vλ is

(27.4) χλ =

∑
w∈W (−1)`(w)ew·ρ∏
α∈R+

(1− e−α)
,

where w · λ := w(λ+ ρ)− ρ is the dot action, and the exponentials are formal.

For example, the trivial representation has highest weight 0 and character χ0 = 1, so (27.4) reduces to the
Weyl denominator formula

(27.5) eρ
∏
α∈R+

(
1− e−α

)
δ

=
∑
w∈W

(−1)`(w)ew(ρ).

Here, δ is called the Weyl denominator, and we’ve rewritten the dot action into the usual action of the Weyl
group.

Using (27.5), we can rewrite the Weyl character formula: let

Aλ =
∑
w∈W

(−1)`(w)ew(λ).

Then,

χλ =

∑
w∈W (−1)`(w)ew(λ+ρ)∑
w∈W (−1)`(w)ew(ρ)

=
Aλ+ρ

Aρ
.

For example, when G = SU2, the positive weights are identified with nonnegative integers, ρ = 1, and α = 2.
If Pn denotes the irreducible representation with highest weight n, as explicated in Example 5.5, then

χPn =
en+1 − e−n−1

e1 − e−1
= en + en−2 + · · ·+ e−n+2 + e−n.

In a sense, to go from formal exponentials to actual exponentials, you should multiply by a 2πi coming from
the Fourier transform.

We’d like to prove Theorem 27.3, and there are two different approaches.
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Proof sketch of Theorem 27.3. Let Mλ be the Verma module with highest weight λ, so that its character
(again as an element of C[L]) is

(27.6) χMλ
= eλ

( ∏
α∈R+

(
1− e−α

)−1

)
,

where the inverse is formal (i.e. 1 + e−α + e−2α + · · · ). Now we can use the BGG resolution

(27.7) · · · //
⊕
w∈W
`(w)=2

Mw·λ //
⊕
w∈W
`(w)=1

Mw·λ // Mλ
// // Vλ // 0.

The character, as a trace, is a graded kind of dimension, so we can use it to figure out the character of Vλ.
That is, since (27.7) is exact, χVλ is an alternating sum of the characters of the other terms in the resolution.

χVλ =
∑
w∈W

(−1)`(w)χMw·λ ,

and combining this with (27.6), we’re done. �

The idea of the proof is that χVλ looks nice in terms of characters of certain infinite-dimensional repre-
sentations, But there are certain ways it’s not satisfying, and there’s an alternate proof, based on the Weyl
integration formula, which has complementary strengths.

Second proof of Theorem 27.3. We proceed via the Weyl integration formula, using the fact that C(G)G ∼=
C(T )W . For example, class functions on U(n) are the same thing as Sn-invariant class functions on U(1)n.
When we studied the special case of SU(2)-representations, we related measures on G and on T using (9.3);
it also has an analogue in this more general setting.

The engine that makes this work is that the map r : G/T × T → G sending (gT, t) 7→ gtg−1 is generically
|W |-to-1. In cases where a matrix has repeated eigenvalues, there are fewer elements in the fiber, but these
matrices are the complement of a dense subset and thus have measure zero, so we can ignore them when
integrating.

Concretely, for G = U(n), this says that the set of diagonalizable matrices has full measure, so we can
throw out nondiagonalizable matrices when computing integrals, then use conjugacy invariance to assume
our matrices are diagonal.

Anyways, the formula is ∫
G

f(g) dg =
1

|W |

∫
T

r∗f(gT, t)J(gT, t)d(gT, t),

where J is the Jacobian. If you only care about class functions, this formula simplifies: G acts on G/T × T
on the first factor by left multiplication and on G by left multiplication, and r is equivariant for those actions.
Then the Jacobian is the determinant of the induced map on tangent spaces

dr|(gT,t) : T(gT,t)(G/T × T ) −→ Tgtg−1G,

and since we’re just taking the determinant, it makes no difference if we pass to the complexified Lie algebras,
giving us a map

drC : g/h⊕ h −→ h.

We can identify g = (n+ ⊕ n−)⊕ h, so we can really make sense of this map an an endomorphism and hence
also make sense of its determinant.

As a block matrix, drC has the form

dr|C =

(
id−Ad(t) 0

0 id

)
and therefore its Jacobian is

(27.8) J(gT, t) = det
(
id−Ad(t)|g/h

)
=
∏
α∈R

(1− eα),

because eα is the eigenvalue of ad t acting on gα.
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At this point we need to pick a polarizaton, which in effect is a choice of square root of the Jacobian. That
is, a choice of R = R+ qR− decomposes (27.8) into∏

α∈R
(1− eα) =

∏
α∈R+

(
1− e−α

)
δ

∏
α∈R−

(
1− e−α

)
δ

.

We’d like to define a map L2(G)G → L2(T ) sending f 7→ fδ, and this is a bounded linear map preserving
the inner product. However, fδ isn’t Weyl-invariant; instead, we get functions whose action under the Weyl
group is alternating (hence the (−1)`(w) terms). �

Lecture 28.

The Weyl integration formula: 3/29/17

Lecture 29.

Weyl modules for U(n): 3/31/17

I missed Wednesday’s lecture (if you have notes, let me know). I’ll also be out of town next week, so notes
will appear later than usual. Sorry about that. In other news, we’re also back in the 11th floor classroom.

Anyways, today we’re going to talk about Weyl modules for U(n). Recall that for SU(2), we gave a couple
of constructions for the irreducible representations Vn.

• The first construction was Pn, the space of homogeneous polynomials of degree n.
• Pn is also isomorphic to Vn = Symn(C2), where C2 is the defining representation of SU(2).
• Finally, we constructed them as quotients of Verma modules: Vn = Mn/M−n−2 (where n is the

highest weight).

We’ve generalized the last construction, but the second one sounds like it should admit a generalization, and
it would be nice to have, especially for classical groups where they’re easier.

If λ := (λ1, . . . , λn), where λ1 ≥ · · · ≥ λn are positive integers, then there’s a unique irreducible
representation Vλ of U(n) with highest weight λ. How can we construct Vλ concretely?

Let Cn be the standard representation of U(n). Then, v := (1, 0, . . . , 0) ∈ Cn is the highest weight vector for
V with highest weight (1, 0, . . . , 0), because v is annihilated by n, the subalgebra of strictly upper triangular
matrices. Thus, Cn = V(1,0,...,0). We’ll adopt the convention to ignore trailing zeros, so Cn = V(1), and its
character is χ(1) = z1 + · · ·+ zn. Additionally, all weights we mention today will be highest weights.

Remark. Since we’re considering only finite-dimensional representations, there’s an equivalence of categories
between the smooth representations of U(n), the algebraic representations of U(n) (i.e. those polynomial in
the entries of a matrix A and 1/det(A)), and the algebraic representations of GLn(C). Moreover, these are
also the same as the representations of the monoid of all matrices under multiplication. (

We can also understand these representations through their characters. If C = V(0) denotes the trivial
representation, χ(0) = 1, and if Cdet denotes the determinant representation where a matrix acts through its

determinant, then Cdet = V(1,...,1) and χ(1,...,1) = z1 · · · zn. Therefore C⊗kdet = V(k,k,...,k) and its character is

χ(k,k,...,k) = zk1z
k
2 · · · zkn.

Like for SU(2), we’ll use symmetric powers to generate other representations.
Let e1, . . . , en be a basis of the standard representation. A basis for Sym2(Cn) is {ei ⊗ ej}1≤i≤j≤n, and

similar things hold for Symd(Cn). It has ed1 for a highest weight vector, and the highest weight is (d, 0, . . . , 0),

so Symd(V ) = V(d). Its character is χ(d) = Hd, the complete symmetric polynomial of degree d, i.e. the sum
of all degree-d monomials.

For exterior powers, Λ2(Cn) has for a basis {ei ∧ ej}1≤i<j≤n, and Λd(V ) = V(1,...,1,0,...,0) where there are d
1s. Its character is χ(1,...,1) = Ed, the elementary symmetric polynomial of degree d, i.e.

Ed :=
∑

i1<···<id

zi1zi2 · · · zid .
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We can also take tensor powers, but
V ⊗2 = Sym2(V )⊕ Λ2(V ).

In fact, S2 acts on V ⊗2 by permuting the factors, and this is a decomposition into isotypic components. This
doesn’t generalize in the way you might expect: as S3-representations,

V ⊗3 = Sym3(V )⊕ Λ3(V )⊕ Ṽ ,

where Ṽ should be the term corresponding to the 2-dimensional irreducible S3-representation.
In general, Sd acts on V ⊗d by permuting the factors, and it should decompose into a sum of isotypic

components indexed by the irreducible representations of Sd. Let M be an irreducible Sd-representation, and
define

SM (V ) := M ⊗C[Sd] V
⊗d,

where Sd acts on V ⊗d by permuting the factors. SM is a functor RepU(n) → VectC, and is called the Schur
functor. Thus,

V ⊗d ∼=
⊕
M∈Ŝd

SMV

as vector spaces. But since the actions of U(n) and Sd on V ⊗d commute, this is also a decomposition as
U(n)-representations!

This helps us make progress on the irreducible representations of U(n), but now we have to understand
the irreducible representations of the symmetric group Sd! Fortunately, we can now apply techniques from
the representation theory of finite groups to our cause.

Proposition 29.1. The irreducible representations of Sd are indexed by the partitions of d, i.e. λ =
(λ1, . . . , λn), where λ1 ≥ · · · ≥ λn and λ1 + · · ·+ λn = d.

We’re not going to prove this.
Often, people describe partitions pictorially, via Young diagrams:

The length of the ith row is λi. If you put numbers in the boxes, you get a Young tableau of shape λ. Then,
Sd acts on a Young diagram by permuting the boxes.

Lecture 30.

: 4/3/17

Lecture 31.

: 4/5/17

Lecture 32.

: 4/7/17

Lecture 33.

Representation theory of SL2(R): 4/10/17

“You can do this in a first course in representation theory. . . which I guess this is.”

I was out of town last week and missed three lectures, which I’ll try to put up at some point.
Today, Sam is out of town, so David Ben-Zvi gave today’s lecture, continuing the story of Borel-Weil theory,

which constructs the (finite-dimensional or algebraic) irreducible representations of SU(2) geometrically. We
started with the action of G = SL2(C) on CP1 ∼= G/B, where B is the subgroup of upper triangular matrices.
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Then, if K ⊂ G is the copy of SU(2), this action descends to an action of K on K/T , and T is the subgroup
of diagonal matrices, isomorphic to S1.

On CP1, we have a collection of line bundles O(n) for n ∈ Z, and for n ≥ 0 they have nonzero global
sections. Specifically, all of the representations of SU(2), and the finite-dimensional representations of SL2(C),
are realized as the sections of these line bundles under the induced action. The representation Pn that we
cooked up arises as the representation on Γ(O(n)).

Now we’ll replace SU(2) with SL2(R), which is a noncompact, nonabelian group, and probably the simplest
possible such example (we looked at R for our first noncompact example, and SU(2) for our first nonabelian
example). We’d like to apply Borel-Weil theory to SL2(R), but it doesn’t apply mutatis mutandis.

The main difference is that there are different kinds of semisimple elements in SL2(R), and hence different
kinds of tori.

Definition 33.1.

• The split torus is the subgroup of g ∈ SL2(R) diagonalizable over C, which are the matrices(
a

a−1

)
, a ∈ R×.

As for compact Lie groups, these are isomorphic to the multiplicative subgroup of the field, which is
reassuring.

• The compact torus is the subgroup of rotation matrices(
cos θ sin θ
− sin θ cos θ

)
.

This subgroup is isomorphic to S1.

In particular, these two tori, both maximal abelian subgroups, are not conjugate to each other. In other
noncompact Lie groups, there will be more than two kinds of tori.

Let SL2(R)rss denote the subgroup of regular semisimple elements, i.e. those whose eigenvalues are all
distinct. SL2(R) acts on SL2(R)rss by conjugation, and the quotient is a disjoint union of two open subsets:
the split elements, those conjugate to something in a split torus, and the compact elements, those conjugate
to something in a compact torus.

There’s a beautiful picture here due in this form to Harish-Chandra, with bits known earlier to Gelfand,
Graev, Piatetskii, Shapiro, and Lusztig, called the philosophy of series. This says that if G is a semisimple33

group over any field, e.g. SL2(R), SL2(C), SL2(Fp), or SL2(Qp), its irreducible representations break up
into families called series, and these families are labeled by conjugacy classes of maximal tori in G.34 For
SL2(R), the two different classes of tori tell us there should be two different families of representations: the

family associated to a torus Ti is “Fourier theory on the torus Ti,” i.e. the family is in bijection with T̂i (the
characters of Ti) up to some Weyl group symmetry. This is a generalization of the statement for compact
groups, for which there’s only one kind of maximal torus and therefore the highest weight theory is indexed
by the characters for the maximal torus.

Heuristically, you could write this as

Ĝ ∼=
∐

tori Ti

T̂i/Wi.

And the representation theory of tori is easier to understand, even in the noncompact case. For example,
over R, a connected torus is of the form T ∼= Rn × (S1)m. The representation theory of R is encoded by the

Fourier transform, and that of S1 by Fourier series, so T̂i ∼= (Rn)∗ × Zm. In every noncompact direction,
there’s a continuous family of representations, and in the compact direction, there’s a discrete family.

The reason this philosophy of series should be true is simple, but actually producing these representations is
extremely difficult. Heuristically, you want to construct a basis for the space of class functions. Geometrically,
consider these functions over elements conjugate to each kind of torus. Then, Fourier theory gives you
sufficiently many class functions on each component.

33More generally, G can be reductive.
34Again, a torus means that, in the corresponding group over the algebraic closure, it’s conjugate to a subgroup of diagonal

matrices.
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Exercise 33.2. Play with this in the case SL2(Fp). You can determine how many conjugacy classes there
are, and therefore how many total representations there have to be, so you will see that one construction
gives you most, but not all, of them.

For G = SL2(R), there will be two series: the principal series and the discrete series.
The defining representation of SL2(R) defines an action of SL2(R) on R2 \ 0. This is a transitive action, so

R2 \ 0 ∼= SL2(R)/ Stab(1, 0). This stabilizer is isomorphic to the subgroup N = {( 1 ∗
1 )}, which is isomorphic

to R.
There’s another action on this homogeneous space by R× ∼= Z/2× R+, from the right, where an a ∈ R×

acts by ( a a−1 ). Here, the copy of Z/2 is called M , and the copy of R+ is called A. Thus, we can factor the

homoengeous space RP1 as

B = G/MAN =

{(
∗ ∗
∗

)}
.

Before quotienting, we also have S1 = (R2 \ 0)/A = G/AN .
The Iwasawa decomposition is G = KAN , where K ∼= SO(2) is the group of rotation matrices from before.

Thus, RP1 = K/N , and the action is transitive.
Now the line bundle: the map R2 \ 0→ RP1 is the tautological line bundle on RP1, minus the zero section,

and is denoted O(−1)×. We’ll write the representations of SL2(R) as induced from the character of MA = R×
acting for B, then induced up to G.

To understand this, we need the character theory of MA. The A part is R, written multiplicatively, as

A =

{(
a

a−1

)
, a > 0

}
send a 7→ es log a = as, which are maps R× → C×, and this makes sense for any s ∈ C. So we’ll look at the
functions on R2 \ 0 that transforms under the character s, i.e. the f ∈ C∞(R2 \ 0) such that f(x · a) = asf(x).
We call these functions homogeneous of degree s. Geometrically, we’ve said what such an f does on each ray
emerging from the origin, so f is determined by what it does to the circle: as a vector space, this space of
functions is isomorphic to C∞(S1). Fourier series says that there’s an isomorphism

C∞(S1) ∼=

{
f =

∑
n∈Z

bnz
n | bn → 0 rapidly

}
.

The isomorphism comes from sending z 7→ e2πiθ. What “rapidly” means is actually unimportant to
representation theory, in a sense that Harish-Chandra figured out. As SL2(R) acts on R2 \ 0, it acts on these
function spaces. This is the analogue of the Borel-Weil construction.

But there’s still way too much symmetry for these to be irreducible: we haven’t accounted for the action
of M . Its characters are the trivial or sign representation, so the characters of MA are s = (b, s), where
b ∈ {trivial, sign} and s ∈ C. If x ∈ R× = MA, then

xs =

{
|x|s, b = trivial,

xs = sign(x)|x|s, b = sign.

Thus, we can define the principal series representations to be

Vs = {f ∈ C∞(R2 \ 0) | f(x ·ma) = (−1)b(m)asf(x)}.
These are indexed by the characters of MA, and in general come from C∞(G/N). Alternatively, you can
take the left action of G on

{f ∈ C∞(G) | f(gman) = (−1)b(m)asf(g)}.
As a vector space, this is very simple, and has a nice description by Fourier series.

• When b is trivial, we’re looking at C∞(RP1), or even Fourier series

f =
∑
n∈2Z

bnz
n.

These are called the spherical principal series.
• When b is the sign representation, we get odd Fourier series, called the nonspherical principal series.

Theorem 33.3. For any Lie group G, the principal series representation Vs is irreducible for generic s.
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For example, for SL2(R), Vs is irreducible when s 6∈ Z. This is reminiscent of Verma modules, which are
irreducible when the weight is not an integer.

Theorem 33.4 (Casselman’s subrepresentation theorem). Every admissible irreducible representation of G
appears as a subrepresentation of some principal series representation.

We can reformulate these, at least for SL2(R), in geometric terms. Namely, Vs is the s-forms when b is the
sign representation, and s-densities when b is trivial.

Definition 33.5.

• An s-form is a differential 1-form on RP1 whose G-action is twisted by s, namely something which
looks locally like f(x) dxs and such that if g ∈ G,

g · (f(x) dxs) = f(g−1x) d(g−1x)s = f(g−1x)((g−1)′)s dxs.

• An s-density is the same thing, but for a density:

g · (f(x)|dx|s = f(g−1x)|(g−1)′|s|dx|s.
The idea is that O(n) is the space of −n/2-forms, though one has to make sense of this notion.

Lecture 34.

Principal series: 4/12/17

David spoke again today. Today we’ll learn about a few more concrete ways to think about principal series.
Let H be a group and π : P → X be a principal H-bundle. Given a group homomorphism ϕ : H → K, one

can define an associated K-bundle (P )K → X = P ×H K: we take the quotient of P ×K by the H-action on
the right for P and on the left for K.

For us, let H = R× and K = C×, so an H-principal bundle is a real line bundle and a K-principal bundle is
a complex line bundle. To make complex line bundles out of real ones, we need a homomorphism s : R∗ → C∗,
and these homomorphisms are the characters of R∗. We decomposed s = (b, s), where b is a character for Z/2
and s is a character for R+. If b is trivial, s(x) = |x|s, and if b is the sign representation, s(x) = xs.35 Given
a real line bundle L → X and a character s, we’ll call the associated complex line bundle L s. If s ∈ Z,
xs ∈ R for x ∈ R, so this is raising L to a power normally.

Example 34.1. Let M be an n-manifold and ωM = ΛnΩ1M be the bundle of volume forms, which is a real
line bundle on M . As we mentioned last time, ωs

M is s-densities if b is trivial, and s-volume forms if b is the
sign representation.

An s-density has notation f(x) dV s, which is notation that g · (f(x) dV s) = f(g−1(x))(det(g−1)′)s dV s:
the notation specifies how it transforms under the action. The density version is similar, but with |·| signs.
Ideally, both the highbrow and coordinate version make sense, but if one doesn’t feel free to think about the
other. (

Let Vs be the space of C∞ s-forms on RP1, i.e. C∞ sections of (T ∗RP1)s. You might complain that
T ∗RP1 is trivial, and this vector space doesn’t depend on s (it’s just C∞(S1) as a vector space, or Fourier
series on S1 with rapidly decreasing coefficients), but what’s interesting here is Vs canonically carries an
SL2(R)-action, and this action is nontrivial. SL2(R) acts on RP1 by diffeomorphisms (specifically, Möbius
transformations), and T ∗RP1 is not trivial as an equivariant line bundle. Thus, we have two one-parameter
families of SL2(R)-representations, one for b trivial and the other for b sign.

This SL2(R)-action is SL2(R) acting on SL2(R)/B, where B is the Borel subgroup of upper triangular
matrices. The character s passes to a character of B, and therefore a one-dimensional representation of B.
Then, we’re inducting it up to SL2(R), where it’s realized as sections of a line bundle. This is called smooth
induction from B to SL2(R).

If N denotes the subgroup of upper triangular matrices with 1s on the diagonal, we can consider its
“opposite” N−, the lower triangular matrices with 1s on the diagonal. The Lie algebras n− and b together
span sl2(R), and on the level of groups, that means that N−B is open (since we only have infinitesimal
information), and is called an open Bruhat cell. This means that for a generic 2× 2 matrix, there’s a unique
way to make it lower triangular with row operations that don’t permute the rows.

35To do this, you should choose the standard branch of the complex logarithm on R+.
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Thinking of RP1 ∼= G/B, there’s a basepoint R(1, 0) (the positive x-axis). Inside RP1, N− · 0 is B: upper
tringular matrices are exactly those that preserve the x-axis. Then, N− ∩ B = 1, and N− ∼= R. This is
stereographic projection, exactly the same as for the copy of C inside CP1, but it’s useful to be concrete
about it.

Looking back at the principal series, given an F ∈ Vs, we can restrict it to an f ∈ C∞(R) using this copy of
R ⊂ RP1. We want to know how this transforms under the SL2(R)-action, given that F (gman) = (ma)sF (g).
Concretely, the restriction is

f(x) :=

(
1 0
x 1

)
.

Suppose g =
(
a b
c d

)
, so ad−bc = 1 and g−1 =

(
d −b
−c a

)
. Then, SL2(R) acts by fractional linear transformations

(which might send finite points to ∞, however), and g−1x = g−1(1, x) = (ax− c)/(−bx+ d). The derivative
is g′ = 1/(−bx+ d)2, so the action is

(g · f)(x) = F

(
g−1

(
1 0
x 1

))
,

and we know what g−1 is, so we need to do some matrix multiplication. Thus we factor the product in the
opposite way, with the upper triangular matrix on the right, so we know how it transforms:

F

((
d −b
−c a

)(
1 0
x 1

))
= F

(
d− bx −b
−c+ ax a

)
= F

((
1 0

ax+c
−bx+d 1

)(
d− bx −b

0 1
d−bx

))
= F

(
1 0

ax+c
−bx+d 1

)
· (−1)χ(d−bx)|d− bx|s.

Here we write s = (χ, s). The absolute value is annoying, but goes away when we restrict to the spherical
principal series (where χ is trivial).36 So the action is

f(g−1x)(−1)|(g−1)′|s/2,

so f is a −s/2-density (or form, depending on the Z/2-character).
On RP1, the tautological bundle is O(−1), and O(2) is the 1-forms, so sections of O(−1) are −1/2-forms,

and Vs is the sections of O(−1)s.
One nice thing about this concrete description is that you can describe the concrete action of sl2: we can

describe the actions of e, f , and h on functions. They’ll act as vector fields on R on the space of sections
C∞(R) (with the SL2(R)-action of Vs). f is in n−, so it will act by actual translations, i.e. up to a sign act
by the vector field ∂

∂x . In particular, (etf · ϕ)(x) = f(x− t). Now we want to know the action of f in the

Lie algebra, so take the derivative. This ends up being d
dx .37 Then, in a similar way, one can show that the

actions of e and h are

(h·) = 2x
d

dx
− s

(e·) = x2 d

dx
− sx.

The group SL2(R) acts on all of RP1, and doesn’t preserve R. But these Lie algebra formulas are perfectly
well-defined for an R-action, because if G acts on a space X and U ⊂ X is an open subset, you can’t restrict
the G-action, but you can restrict the associated g-action. This is because it’s always possible to restrict
vector fields to open subsets.

If you run the same story for SL2(C) acting on CP1, you get the same Lie algebra action (for s = 0). You
can calculate the brackets for these vector fields and you’ll get exactly the usual relations of sl2. Thus, there’s
an sl2-action on the space of holomorphic functions on C! For SL2(R), we instead get a one-parameter family
depending on s, which comes because we’re looking at forms/densities, not densities.

36Warning: there’s a sign error somewhere in this exposition.
37For the full calculation, see Pavel Safronov’s notes from David’s class a few years ago.
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The Casimir element C = 2ef + 2fe+ h2 ∈ Z(U(sl2)) acts by a scalar in any irreducible representation
by Schur’s lemma. But now we have formulas for these sl2-actions, and you can check that all the d

dx terms

drop out, and you get (s+ 1)2 − 1.
There’s no class Friday, and Sam will be back next week. We’ll use the Casimir action to deduce these Vs

are irreducible.

Lecture 35.

Harish-Chandra modules: 4/17/17

Sam is back today. Today is also his birthday. Happy birthday, Sam!
We’ve moved into the second part of the course, on noncompact groups. This is a huge subject, so

we’ll probably be focusing on SL2(R) and SL2(C) as a taste.38 We’ve seen some differences between the
representation theory of compact and noncompact Lie groups:

• Representations of compact Lie groups are completely reducible (semisimple). This is not true in the
non-compact case.

• The irreducible representations of compact Lie groups are finite-dimensional, but we’ll construct some
interesting infinite-dimensional irreducible representations of noncompact Lie groups.

• All representations of compact Lie groups may be made unitary. This is not true in the infinite-
dimensional case.

• The spectrum (set of isomorphism classes of irreducibles) is discrete for a compact Lie group, but may
be continuous in general, and even has an interesting measure on it, called the Plancherel measure.

Last week, we constructed representations V(s,b) for SL2(R), where s ∈ C and b ∈ {0, 1} is a character of Z/2.
Together, (s, b) index a character for the Borel subgroup B of upper triangular matrices in SL2(R). There’s a
decomposition B = MAN , where:

• M is the group of matrices
(±1 0

0 ±1

)
,

• A is the group of matrices
(
a 0
0 a−1

)
for a > 0, and

• N is the group of matrices ( 1 n
0 1 ) for n ∈ R.

This may seem like notational overkill, but this is standard notation in representation theory, and generalizes
to other groups.

Though we said (s, b) index a character for B, it’s more precise to say that they specify a character for
B/N ∼= A×M , and this defines a character C(s,b) of B: namely, the action on C is man · 1 = asmb. Then,

we defined the (non-unitary) principal series representation V(s,b) := IndGB(C(s,b)).
There’s an explicit realization of this induced representation as a space of functions:

V(s,b) = {f ∈ C∞(SL2(R)) | f(gman) = mbasf(g)}

= {f ∈ C∞(SL2(R)/N) | f(r, θ) = rsf(1, θ), f(−r, θ) = (−1)bf(r, θ)}

The use of polar coordinates in the second description is because SL2(R)/N ∼= R2 \ 0. You can also think
of V(s,b) as the space of s/2-densities (resp. s/2-forms if b = 0) on RP1, i.e. sections of a relevant bundles

|ΛtopT ∗RP1 |s/2 (resp.
(
ΛtopT ∗RP1

)s/2
). These are trivial as complex vector bundles, but have interesting

SL2(R)-equivariant structures.
By stereographically projecting to an R ⊂ RP1, one can begin to understand these representations in

coordinates. Namely, the image of N− := ( 1 0
1 ) in G/B ∼= RP1 is the desired copy of R.

Thus, we obtain a Lie algebra representation of sl2 on C∞(R), where f acts by ∂x, h = 2x∂x − s, and
e = x2∂x − sx. You can use this to define the Casimir operator 2ef + 2fe+ h2, which acts by a scalar:

C = (s+ 1)2 − 1.

There’s a problem that doesn’t arise in the compact case: there aren’t necessarily weight vectors for h.
We’ll work around this by picking a different basis for the representation using the noncompact torus

38If we think of SL2(C) as a complex Lie group, and ask for its holomorphic representations, we obtain the representation
theory of sl2(C) and hence SU(2), so we’re asking for representations as a real Lie group. This also tells us about the Lorentz

group, as SL2(C) ∼= Spin+(3, 1).
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SO(2) ⊂ SL2(R), then picking a new copy of e, f , and h inside this representation that integrates to the
rotation subgroup rather than the compact torus (diagonal subgroup).

That is, there is an isomorphism SL2(R) ∼= SU(1, 1), the group of matrices preserving a Hermitian form
of signature (1, 1) with determinant 1. The copy of SO(2) inside SL2(R) is identified with the copy of
U(1) ⊂ SU(1, 1); the action of SL2(R) on the upper half-plane H by Möbius transformations is mapped to
the action of SU(1, 1) on the unit disc D. This is ultimately because these are both conjugat subgroups of
SL2(C), which acts via Möbius transformations on the entire complex plane: this is no abstract coincidence.

Now we pick the basis

H = i

(
0 −1
1 0

)
X =

1

2

(
1 −i
−i −1

)
Y =

1

2

(
1 i
i −1

)
.

This basis represents the natural basis for V(s,b) given by Fourier coefficients: let

fn := rse2πinθ,

which is in V(s,b) where b ≡ n mod 2. Then, we obtain weight spaces:

· · ·
X
''

C · fn−2

X
((

Y

ee C · fn

X
((

Yhh
C · fn+2

X

%%
Yhh · · ·

Ygg

Here, the actions of X and Y send one basis vector to a scalar multiple of another: X · fn = (n− s)/2 · fn+2

and Y · fn = (−n− s)/2 · fn−2. The space C · fn has weight n.
We’ll be able to extract a lot of information from V(s,b) by looking at this weight decomposition, which is

called a Harish-Chandra module associated to (s, b).

Definition 35.1. Let G be a semisimple Lie group G and K be its maximal compact subgroup.39 A
(g,K)-module or Harish-Chandra module is a vector space V which carries representations of g and K that
are compatible in the following senses:

(1) the action map g⊗ V → V is K-equivariant (where K acts on g by the adjoint G-action restricted to
K), and

(2) the derivative of the K-action on V agrees with the restriction of the g-action to k (the Lie algebra of
K).

(3) V is completely reducible as a K-representation.

This is the data of a g-representation that may not be integrable on all of G, but can be integrated to a
group representation on the maximal compact subgroup. It’s purely algebraic data that encodes a lot of the
somewhat geometric information of a representation of G.

Theorem 35.2 (Harish-Chandra). Given a representation of a reductive Lie group G on a locally convex
topological vector space V. Let K ⊂ G denote its maximal compact subgroup and

V = Vfin := {v ∈ V | dim(span(K · v) is finite}.

Then, V is irreducible (resp. unitary) iff V is irreducible (resp. unitary).

Note that V is a (g,K)-module, not a G-representation. As an example to keep in mind, suppose G = S1

and V = C∞(S1). Then,

V =
⊕
n∈Z

C · e2πinθ,

the Fourier series. What’s interesting is that when V = C(S1) or L2(S1), we get the same Harish-Chandra
module, and this is the sense in which regularity doesn’t matter.

Another example is when G = SL2(R), where V = V(s,b) and V is its corresponding (sl2(R),SO(2))-module.
Next time, we’ll discuss the classification of Harish-Chandra modules. There’s a relationship to a certain

quiver, and we’ll see how this goes. We will also discuss SL2(C) at some point; there’s extra structure coming
from the complex structure, which leads to the notion of a Harish-Chandra bimodule.

39For G = SL2(R), K = SO(2). However, it is rare in general for the maximal compact subgroup to be abelian.
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Lecture 36.

Quiver representations for Harish-Chandra module categories: 4/19/17

Last time, we saw how analytic questions about the principal series of SL2(R)-representations led to the
notion of Harish-Chandra modules, or (g,K)-modules. Today, we’re going to study these modules completely
algebraically with the end goal of classifying them.

Today, G will always be SL2(R), so g = sl2(C) and K = SO(2). The center Z(g) acts by a fixed scalar on
any irreducible representation, and Z(g) = C[C], where C = 2XY + 2Y X +H2 is the Casimir operator. It
will be useful to study which modules we get when this character is fixed.

Let Modχ(g,K) denote the category of (g,K)-modules M where Z(g) acts through χ, i.e. C ·m = χm for all

m ∈M . Since M is a Harish-Chandra module, it has a decomposition into weight spaces: if M [n] denotes
the weight-n subspace, then X : M [n]→M [n+ 2] and Y : M [n]→M [n− 2]. Thus the odd and even weights

don’t talk to each other at all, so let Modχ,b(g,K) (b ∈ {0, 1}) denote the subcategory of Modχ(g,K) consisting of

modules whose weights are equivalent to b mod 2.
Recall that the Casimir operator acts on the principal series representation Vs,b by χ = (s+ 1)2 − 1. Let

λ := s+ 1, so sometimes people say that C + 1 acts by λ2. This shift-by-one has been very pervasive, and
this again comes from taking a square root of the canonical bundle on a flag variety.

Given an M ∈ Modλ(g,K) and a v ∈M [n], then

(C + 1)v = λ2v = (2XY + 2Y X +H2 + 1)v

= (4XY + (H − 1)2)v

= 4XY v + (n− 1)2v.

Putting this together, we have formulas

XY v =
1

2

(
(n− 1)2 − λ2)

)
ν

Y Xv =
1

2

(
(n+ 1)2 − λ2)

)
ν.

Suppose λ 6∈ Z. Then, (n ± 1)2 − λ2 6= 0, so these maps are always isomorphisms. In this case, action by
X and by Y is always an isomorphism, and therefore there’s exactly one isomorphism class of irreducible

objects in Modλ,b(g,K), and therefore this category is isomorphic to VectC. In particular, it’s semisimple.

Suppose instead λ ∈ Z, and let b ≡ λ mod 2. Then, again (n± 1)2 − λ2 6= 0, so Modλ,b(g,K)
∼= Vect again.

However, if λ ∈ Z \ 0 and b ≡ λ+ 1 mod 2, then XY and Y X can act by 0. The picture breaks up into
three pieces:

• All of the maps for weights n ≤ −λ− 1 are isomorphisms.
• All of the maps for weights between −λ+ 1 and λ− 1 are isomorphisms.
• All of the maps for weights n ≥ λ+ 1 are isomorphisms.

So the data of this category is determined by three vector spaces with some maps between them. This is
encompassed in the structure of a quiver.40

Definition 36.1. A quiver is a directed graph (which may have more than one edge from vi to vj , and
allows self-loops). Using “quiver” instead of “directed graph” indicates that you’re thinking in terms of
representation theory.

We can think of a quiver Q as a category Q by appending an identity self-loop at every vertex and
compositions of any arrows that make sense.41 Then, a quiver representation of Q is a functor Q→ Vect.

40A reference for this is David Ben-Zvi’s lecture notes from his class on quivers.
41Formally, there’s a free-forgetful adjunction between directed graphs and small categories, where you recover the directed

graph defined by the objects and morphisms a category; then, Q is to be the free category on the quiver Q.
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That is, a representation of a quiver is a collection of vector spaces for each vertex and linear maps for
each edge. For example, consider the quiver

Q = •−1

p

""
•0

r

""

q

ff •1.
s

dd

A representation of Q is a diagram of vector spaces and linear maps:

W−1

p
&&
W0

r
%%

q

gg W1.

s

ee

Now, looking at the maps between weight spaces for objects in Modλ,b(g,K) in the last case we’ve been discussing,

they look like a certain class of quiver representations.

Proposition 36.2. There’s an equivalence of categories from Modλ,b(g,K) (when b ≡ λ+1 mod 2 and λ ∈ Z\0)

to the category of representations of Q such that pq = qp = 0 and rs = sr = 0.

There are three irreducible objects of this category:

C
!!
0

!!
aa 0`` , 0

""
C

!!
aa 0aa , 0

!!
0

$$
`` C.aa

Notice that this category is not semisimple. For example, the Verma module

C

0
""
C

!!

∼
aa 0aa

has the first irreducible as a subobject and the second as a quotient object, but isn’t their direct sum.
The (g,K)-modules corresponding to the middle irreducible are the finite-dimensional weight spaces, and

those corresponding to the first and third ones are the discrete series, or Verma modules.
Now, let’s see what the principal series reprsentation V(s,b), where λ = s+ 1, looks like in this context.

Last time, we wrote down formulas for the action of X and Y , and those tell us that we get

C

∼
""
C

0
$$

0

aa C.
∼

aa

So in the other cases, the module category was just Vect and the principal series representations were
irreducible, but these are a non-semisimple category, and the V(s,b) are reducible. In particular, there’s a
discrete series as a quotienmt and a finite-dimensional representation as a subrepresentation.

We’re used to thinking of V(s,b) as C∞-sections of O(s) → RP1. In this case, the finite-dimensional
subrepresentation is the space of polynomial sections, by the Borel-Weil theorem.

Now suppose λ = 0 and b = 0. In this case, Modλ,b(g,K)
∼= Vect, as V(−1,0) is irreducible, and this is

semisimple, but when λ = 0 and b = 1, we instead get two pieces, and the category of modules is isomorphic
to the category of representations of

•

p

��
•

q

``

such that pq = qp = 0. In this case, V(−1,1) corresponds to the representation

C

0
""
C

0

aa
∼=
(

C
!!
0aa

)
⊕
(

0
""
Caa

)
.

These two pieces are called limits of the discrete series.
So this classifies the representations of SL2(R), more or less. If you want irreducible pieces with different

central characters, semisimplicity is going to fail horribly, but we still know what the irreducible objects are.
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In particular, every irreducible object of Modλ,b(g,K) is isomorphic to a subrepresentation of V(s,b) for some

s ∈ {±λ− 1}. In general, this is called Casselman’s subrepresentation theorem for other reductive groups.
Another way to say this is (by adjunction/reciprocity) that every irreducible representation has coinvariants
for upper triangular matrices.

So now it’s a reasonable question to ask: when do these SL2(R)-representations admit a unitary structure?
This is known, but doing it for a general reductive group, including describing the measure on the unitary
dual and proving the corresponding Plancherel theorem, is largely open. We want something like

L2(G) =

∫
Ĝ

V,

whatever that means, and this is a desirable goal for doing harmonic analysis on G and its symmetric spaces.
Even in the case of SL2(R), this is intricate.

Lecture 37.

Unitary representations of SL2(R): 4/24/17

Last time, we classified the irreducible (g,K)-modules for G = SL2(R), and discussed their actions on
weight spaces. Today, we’ll discuss which of these are unitary, i.e. act by unitary operators on a Hilbert space.

For example, any Lie group G acts unitarily on L2(G); this representation often isn’t irreducible. One
motivation for studying unitary representations of G is harmonic analysis: the analogue of the Peter-Weyl
theorem (Theorem 7.2) will be useful. However, not every irreducible representation will be unitary, unlike in
the compact case.

Specifically, we’ll ask about the principal series representation Γ(G/B; Ls,b), where B is the Borel subgroup,
in this case upper triangular matrices. We want to know when this admits a positive inner product.

Definition 37.1. The space of densities is Dens(X) = Γ(X; |ΛtopT ∗X|), where the absolute value means to
take the absolute values of the transition functions.

Another way to describe this is as sections of the top exterior power (also called the determinant bundle
Det(T ∗X)) tensored with the orientation bundle. You can think of these as functions on X which can
be integrated and whose integrals lie in C ∪ {∞}, but we haven’t picked a measure; a measure chooses a
trivialization of Dens(X).

To make this into a Hilbert space, we have to take the square root of |DetX|, whose sections form the

bundle of half-densities Dens1/2(X). Choose a (complex-valued) measure µ on X; then, there’s an inner

product on Dens1/2(X) given by

〈f1, f2〉 :=

∫
X

f1f2 dµ,

and

L2(X; dµ) = {f ∈ Dens1/2(X) | 〈f, f〉 is finite}.
For example, let H ⊂ G be a Lie subgroup and X = G/H. Then, T ∗X is a G-equivariant vector bundle on
X, and T ∗1HX = (g/h)∗ is a representation of H. Since Det((g/h)∗)⊗Det(h∗) ∼= Det(g∗), then we can write

|Det((g/h)∗)| = |Det(g∗)|
|Det(h∗)|

.

As a G-representation, Γ(|Det(g∗)|) is called the modular representation: that it’s one-dimensional says
there’s a unique Haar measure up to scaling, and the character of this representation ∆G, called the modular
character, encodes whether it’s also right-invariant.

Proposition 37.2. The following are equivalent:

(1) The modular character ∆G = 1.
(2) G admits a bi-invariant volume form.

In this case, G is called unimodular.

Proposition 37.3. If G is semisimple, then it’s unimodular.
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The idea is that the modular representation G → GL(g∗) factors through O(g∗,K), the subgroup of
orthogonal matrices.

However, the Borel subgroup of SL2(R), the group of upper triangular special unitary matrices, is not
unimodular:

∆B

(
a b
0 a−1

)
= |a|−2

.

We’ll use this in a technique called unitary induction. Let W be an H-representation with a unitary structure,
i.e. give W the structure of a Hilbert space on which H acts by unitary operators. We want to use induction
to produce a unitary G-representation, but the näıve approach doesn’t work.

Definition 37.4. The unitary induction of a unitary H-representation W is

UIndGH(W ) := IndGH(W ⊗∆
1/2
G/H).

This is naturally a unitary representation. This uses the fact that W carries an H-invariant inner product,

and the induction of W ⊗∆
1/2
G/H is the space of sections of the associated bundle W ⊗ Dens

1/2
G/H → G/H,

where W is the vector bundle on G/H induced by the representation W . To do this precisely, one must
restrict to L2 sections and then complete, but everything works.

Now let’s apply this to SL2(R).

Theorem 37.5. The modular character for the principal series B-representation Cs,b is

∆B

(
a c

a−1

)
= |a|s sign(a)c,

and in particular, C(s,b) is unitary iff s is purely imaginary.

In particular, the unitary induction is

UIndGB(C(it,b)) = IndGB(C(−1+it,b)) = V(−1+it,b).

So just as in the Weyl integration formula, there’s a shift by −1, and it’s there for the same reason, ultimately
arising from a square root of the determinant bundle. These V(s,b) are called the unitary principal series of
SL2(R).

These are not the only unitary irreducible SL2(R)-representations.

Theorem 37.6. Suppose V(s,b) admits a unitary structure. Then, either

(1) s = −1 + it and t ∈ R, or
(2) −2 < s < 0,

and all of these occur.

We called (1) the unitary principal series, and (2), the exceptional cases, are the complimentary series.
There’s a natural measure on the space of unitary representations called the Plancherel measure, and the
complimentary series will have measure zero.

Proof. We’ll look at (g,K)-modules to prove that these are the only possibilities, but not address why all of
them occur.

Suppose λ = s + 1 and b = 0, V(s,b) is unitary, and x† denotes the adjoint of a Lie algebra element x.
There is a copy of sl2(R) inside sl2(C); let {e, f, h} be its standard generators. Similarly, there’s a copy of
su(1, 1) inside sl2(C); let {X,Y,H} be its generators. Then, as operators on V , H† = H and X† = −Y .

Choose v0 ∈ V [0], and let v2n = Xnv0, which is in V [2n] for any n ∈ Z. Let an = ‖vn‖, which is a
positive number, and define cn to be the nonzero complex number such that Y vn = cn−2vn−2. Then, since
[X,Y ]vn = Hvn, cn−2 − cn = n. Thus,

a2
n+2 = 〈Xvn, vn+2〉 = −〈vn, Y vn+2〉 = −cna2

n,

so cn is a negative real number.
Now we check the action of the Casimir operator C = 2XY + 2Y X +H2:

λ2vn = (C + 1)vn = (1 + 2cn−2 + 2cn + n2)cn.

Thus, for all even n,
4cn = λ2 − (n+ 1)2 < 0,
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which leads to the two possibilies in the theorem statement. �

Lecture 38.

: 4/26/17

Lecture 39.

Harmonic analysis on the upper half-plane: 4/28/17

A huge motivation for representation theory of (not necessarily compact) Lie groups G is to do harmonic
analysis on G or homogeneous spaces G/K. More precisely this means studying L2(G) or L2(G/K) as
representations of G, which is how we started out the whole course.

Let’s fix G = SL2(R) and G/K = H the upper half-plane.
Recall that in the compact case, we obtained spherical harmonics from the action of SO(3) on L2(S2),

which decomposes as a completed direct sum of one copy of each irreducible SO(3)-representation, and the
Casimir operator C ∈ Z(sl2) acts as the spherical Laplacian on L2(S2).42

There’s a similar picture for functions on the upper half-plane: once again (suitably normalized) the
Casimir operator C ∈ Z(sl2) acts as C = (−1/4)∆hyp, where

∆hyp = y2(∂2
y + ∂2

x)

is the hyperbolic Laplacian, the Laplacian operator coming from the hyperbolic metric on H. Then, the
eigenspaces of C (or ∆hyp) are subrepresentations of SL2(R), and are unitary, since they’re contained in
L2(H). We’d like to understand the decomposition of L2(H) as irreducible representations, and what the
possible eigenvalues of the Laplacian are.

Proposition 39.1. As SL2(R)-representations,

L2(H) ∼=
∫
t∈R≥0

V(−1+it,0).

This integral means that an f ∈ L2(H) can be expressed as an integral over t in terms of elements of these
unitary principal series, just like in the Fourier inversion formula. In particular, it is not a direct sum. The
Plancherel formula could be written in this way as

L2(R) ∼=
∫
Rξ

Cξ,

where Cξ is the irreducible representation of R with character ξ.
The action of the Laplacian on V(s,0) is by (−s/2)(1+s/2) = (t2 +1)/4. This is a positive real eigenvalue of

at least 1/4, a phenomenon called the spectral gap. However, the action of the Laplacian on the complimentary
series would precisely fill the spectral gap, but this series does not appear in L2(H).

For any given t, V−1+it
∼= L2(RP1), and this admits maps to and from L2(H). This is called the Poisson

transform, e.g. if you think of the hyperbolic plane as a disc, the boundary value is a function on RP1. These
maps are not inverses of each other, though one is a section of the other, which is a projection.

Another thing you can ask is about the intertwiners of L2(H), i.e. the operators A : L2(H) → L2(H)
commuting with the action of SL2(R). Thinking of H = G/K, the intertwiners act on the right by the algebra
Cc(K\G/K), the K-biinvariant functions in the convolution algebra of G.43 One surprise is that this is a
commutative algebra!

There’s a classification of pairs (G,K) for which Cc(K\G/K) is a commutative algebra; such a pair (G,K)
is called a Gelfand pair. There’s a generalization of this to the action of a monoidal category of sheaves in
the geometric Langlands program, and in this case it happens to be symmetric monoidal.

Were we to go down this route, we’d next look at discrete or arithmetic subgroups of G, e.g. SL2(Z), or
π1(Σg), where Σg is a Riemann surface of genus at least 2. As Σg is uniformized by the upper half-plane, we
can take the quotient SL2(R)/π1(Σg). This leads to cool things like the theory of modular forms.

42There’s some regularity issue here that we’re going to not worry about today, e.g. using tempered distributions. Analogues

of the Plancherel theorem mean that it does make sense in L2, however.
43This is an example of a Hecke algebra, though “the” Hecke algebra (or the spherical Hecke algebra) is the one where

G = SL2(Qp) and K = SL2(Zp).
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If you more generally think about a reductive Lie group G, this quickly becomes the Langlands program.

B ·C

Let G be a reductive Lie group (possibly with additional hypotheses). Fix a maximal compact subgroup
K ⊂ G, e.g. SO(2) ⊂ SL2(R). In general, it’ll be nonabelian. We mentioned that, very roughly, you can
go between the theory of representations of G on a Hilbert space (unitary or not) and (g,K)-modules. We
discussed the passage in the forward direction, sending V to its K-finite vectors, and we may need to restrict
to admissible G-representations to avoid pathologies (e.g. requiring that every irreducible representation of K
appears only finitely many times in G).

Going backwards, producing a representation from a Harish-Chandra module, is more interesting: there
are multiple ways to go back, and they sometimes give you different results. But if you’re interested in unitary
representations, there’s a strong uniqueness result. So: can we classify all admissible representations? How
about all unitary ones? Or tempered ones?

These three questions have very different answers. Classifying the unitary representations in general is
open. The classification of tempered representations is work of Harish-Chandra from 1960. The Langlands
classification of all admissible representations uses the Harish-Chandra representation.

Recall that for SL2(R), the subgroup of diagonal matrices H is a copy of R×, and the maximal compact
subgroup is T = SO(2). Then we had a decomposition

ŜL2(R)temp = Ĥ/W q T̂
∼= (R× Z/2)/Z/2q Z.

In general, there will be a disjoint union across all of the Cartan subgroups, modulo some finite group
symmetries.

Remark. A lot of this was originally studies by physicists, e.g. Wigner. Harish-Chandra was a student of
Dirac. It was only later the connections to number theory were discovered. (

Physicists also care about the Lorentz group SL2(C) ∼= Spin+(1, 3). There’s only one conjugacy class of
Cartan subgroup H ∼= C×, the diagonal matrices. As a real Lie group, this looks like U(1)× R≥0, so

ŜL2(C) = Ĥ/(Z/2) ∼= (R× Z)/(Z/2).

The Langlands classification of admissible representations expresses them in terms of Levi subgroups: the
decomposition is the tempered representations, and irreducible quotients of principal series representations.

Lecture 40.

Localization: 5/1/17

We’ve already seen examples of obtaining representations of Lie groups through their actions on manifolds,
e.g. SL2(R) acting on RP1, or more generally G acting on G/B. The character λ : B → C× corresponds to
an equivariant line bundle Lλ over G/B. From this we can obtain some spaces of representations: G acts on
Γ(G/B; Lλ), and differentiating, g acts on Γ(G/B; Lλ) by differential operators. Therefore it extends to an
action U(g)→ Diff(Lλ,Lλ), the differential operators (e.g. derivators on the trivial bundle). But it makes
sense to consider a differential operator from Lλ to itself restricted to subsets of G/B, and so this defines a
sheaf of algebras DλG/B , whose value on an open U is Diff(Lλ|U ,Lλ|U ).

Let M be a DλG/B-module; then, taking global sections defines a g-module Γ(G/B,M ). This has a left

adjoint called localization, which takes a g-module M to the DλG/B-module Loc(M) := DλG/B ⊗U(g) M .

This harkens back to the definitions of quasicoherent and coherent sheaves in algebraic geometry: the left
adjoint to taking global sections of a (quasi)coherent sheaf on a variety defines a way to turn modules over
Γ(X,OX) into (quasi)coherent sheaves using localization of rings. These are equivalences of categories iff X
is affine. When is the corresponding representation-theoretic localization an equivalence?

D-modules. Though D-modules are a notion from algebraic geometry, we’ll try to keep the algebro-geometric
content relatively light.

Let X be a complex manifold or smooth algebraic variety, and let OX be its sheaf of algebraic functions.
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Definition 40.1. The sheaf of differential operators on X is the subsheaf of rings DX ⊆ EndC(OX ,OX)
generated by

• OX , acting on itself by multiplication, and
• (the sheaf of) vector fields on X, acting by derivation.

A D-module on X is a DX -module.

Sometimes, to simplify the passage between algebra and geometry, we’ll assume X is affine.

Example 40.2. When X = A1, DX is called the ring of differential operators in one variable or the Weyl
algebra. Then, functions are polynomials in x, and vector fields are generated by ∂x. This operator satisfies
the Leibniz rule:

∂x(x · f)− x∂x(f) = f,

and therefore an explicit presentation for the Weyl algebra is

DA1 = C〈x, ∂x〉/[∂x, x] = 1.

This arises in many situations in mathematics and physics.
One simple example of a DA1 -modules is C[x], where ∂x acts trivially. But you can also encode differential

equations: let f ∈ C∞(C); then, there’s a DA1-module DA1 · f(x) which encodes the differential equation
f satisfies. For example, DA1 · eλx ∼= DA1/DA1 · (∂x − λ). In this way, DA1-modules are stand-ins for
transcendental functions which OX doesn’t naturally see. (

Example 40.3. Let G be a (complex) Lie group. On A1, we took advantage of the existence of a global
translation x, which doesn’t exist in general on a complex manifold. But on a Lie group, we do have one, so
there’s a decomposition

DG ∼= OG # U(g),

and U(g) ∼= (DG)G and # is a twisted tensor product, which as a vector space is the ordinary tensor product,
but whose ring structure encodes the Leibniz rule. This expresses the notion that any differential operator is
a function times a left-invariant differential operator. (

But we want to do this for the flag variety, which is not affine. Let’s focus on P1 = G/B for G = SL2(C).
Inside P1, there’s a copy of A1 with coordinate x plus a point at infinity.

The vector fields on P1 are spanned by ∂x, x∂x, and x2∂x, and as a sheaf Vect(P1) ∼= O(2). This comes
from a map sl2 → Vect(P1) sending f 7→ −∂x, e 7→ −2x∂x, and h 7→ −x2∂x coming from the quotient action
of sl2 on SL2(C)/B.

Let y = 1/x, so that x and y are together an atlas for P1. Then, ∂y(x) = ∂y(1/y) = −y−2 = −x2, so
∂y = −x2∂x.

The map sl2 → Vect(P1) does not tell us everything: there’s a relation that appears. We’ve seen that
Z(g) acts on Γ(G/B,Lλ) by a character χλ : Z(g)→ |C, and in the SL2(C) example, this is 2ef + 2fe+ h2.
Therefore this element goes to 0, so

Γ(P1,DP1) = U(sl2)/(U(sl2) · (2ef + 2fe+ h2)).

If we took twisted differential operators, i.e. those acting on the line bundle Lλ instead of on OP1 , then we
would have quotiented out by χλ instead, whose formula we computed.

So we’ve computed global sections; what about the rest of the sheaf? To what extent is a sheaf on P1

determined by its global sections? This was addressed independently by Bĕılinson-Bernstein and Brylinski-
Kashiwara on the way to proving the Kazhdan-Lusztig conjecture.

Theorem 40.4 (Bĕılinson-Bernstein, Brylinski-Kashiwara). Let G be a complex reductive group and λ ∈ h∗

be a regular dominant weight.44 Then, there is an adjoint equivalence of categories between ModλU(g) (i.e. the

U(g)-modules where Z(g) acts by χλ) and ModDλ
G/B

given by (Loc,Γ).

We won’t give the proof, but there are two important steps.

(1) First, it’s important to verify that Γ is exact. That is, when λ is a regular dominant weight, DλG/B-

modules can have no higher cohomology. This places severe restrictions on what these sheaves can
be.

44This means that |w · λ| = |w| under the dot action, for all w ∈W . Choosing the dot action means that λ = 0 is a regular

dominant weight.
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(2) Second, one must show Γ is faithful, and hence that DλG/B-modules without global sections are trivial.

A variety X such that Γ on X is exact and faithful is called D-affine, by analogy with quasicoherent sheaves.

Example 40.5. Let’s look at SL2 and P1 again. Here, ρ = −1. When λ ∈ Z, there are actual holomorphic
line bundles on P1 which correspond to DλP1 — but in other cases, the line bundle doesn’t quite exist, but the
differential operators still make sense.

Part of the Borel-Weil-Bott theorem was about these line bundles: O(0) = OP1 , O(1), O(2), and so on.
O(n) is regular dominant for n ≥ 0, singular for n = −1, and anti-dominant for n ≤ −2. In particular, looking
at cohomology, H∗(P1; O(n)) is concentrated in degree 0 if regular dominant, 1 if regular anti-dominant, and
trivial for n = −1. (

There’s a generalization of Theorem 40.4 which takes the derived version of global sections, namely
cohomology. In this case one can generalize to regular anti-dominant line bundles, but it will never be possible
to capture the singular bundle.

Lecture 41.

The Riemann-Hilbert correspondence: 5/3/17

Today and the last class, we’ll talk more about localization, with an eye towards an application to the
Kazhdan-Lusztig conjectures.

Throughout today’s lecture, G will be a reductive group over C and B will be its Borel subgroup (e.g. the
upper triangular matrices if G = SL2(C)), so G/B is the flag variety (P1 for SL2(C)). Last time, we discussed
the category Mod0

U(g) of U(g)-modules where Z(g) acts as χ−ρ. Also, recall that Spec(Z(g)) ∼= h∗/W .

Last time, we discussed global sections, a functor Γ: ModDG/B → Mod0
U(g), which has an adjoint we called

localization. By Theorem 40.4, these are equivalences. For example, the structure sheaf of holomorphic
functions (on SL2(C), for which the picture is the same) OG/B is a D-module, where DG/B acts as differential
operators, and localization sends it to the trivial representation: a δ-function δB maps to the Verma module
M−2ρ. If you look instead at the sheaf C∞(G/B) of smooth functions, which is a D-module in the same way,
its localization is the principal series representation V(0,0).

Let GR denote SL2(R). We’re interested in (gR,KR)-modules, where KR ⊂ GR is the maximal compact
subgroup, and let K denote the analogous subgroup of G := SL2(C); thus, KR = SO(2) and K = SO(2,C).
Thus, K acts on G/B.

Definition 41.1. A (strongly) equivariant D-module for this action of K is a D-module M such that

• the induced action of K on M is by D-module homomorphisms, and
• the two actions of k := Lie(K) on M given by differentiating the K-action and by including k ↪→ DG/M

agree.

If only the first criterion is met, M is called weakly equivariant.

Localization carries K-equivariant DG/B-modules to (g,K)-modules where Z(g) acts by −ρ.

The key fact is that K acts on the flag variety with only finitely many orbits, e.g. the action of C× on
P1. Hence, a K-equivariant DG/B-module looks on each orbit like the trivial vector bundle over that orbit
with a flat connection. And this is the same thing as specifying the monodromy of the connection, hence a
representation of the fundamental group. This is a purely topological question, and you don’t need to know
any algebraic geometry to use it.

Theorem 41.2 (Riemann-Hilbert correspondence). There is an equivalence of categories between the K-
equivariant DG/B-modules and the K-equivariant perverse sheaves on G/B.

A perverse sheaf F is approximately a sheaf on a space with some stratification such that F is locally
constant on each stratum. This is a topological idea; the Riemann-Hilbert correspondence puts topology
in the world of (g,K)-modules, which we saw were given by a category of quiver representations. This is
associated with Bĕılinson gluing and nearby and vanishing cycles.

Another example is g-modules generated by highest weight vectors. Here we need to define the category
correctly, but one solution is to replace K with B, i.e. look at (g, B)-modules.

Definition 41.3. A representation M is a (g, B)-module if
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• n acts finitely, i.e. U(n) ·m is finite-dimensional for each m ∈M , and
• h acts semisimply with integer eigenvalues.

The category of (g, B)-modules encodes the idea of things with highest weights.
Localization tells us that the category of (g, B)-modules where Z(g) acts by −ρ is equivalent to the

category of B-equivariant DG,B-modules. As before, B acts on G/B with only finitely many orbits, but in
this case describing the orbits is easier, using the Bruhat stratification: the orbits of B on G/B (or the double
coset space B\G/B) fall into the following pieces.

G =
∐
w∈W

BẇB,

where W is the Weyl group, and if f : NG(H) � W is projection, then ẇ ∈ f−1(w). Thus, B-orbits are
parameterized by the Weyl group; the orbits are all affine spaces, and the w-orbit is A`(w) (`(w) is the smallest
number of simple reflections needed to generate w). The combinatorics of these orbits (e.g. when generalized
to partial flag varieties or Grassmannians) is very interesting.

Once again, turning to topology is helpful: there’s a similar statement to Theorem 41.2 equating the
categories of (g, B)0-modules (i.e. (g, B)-modules where Z(g) acts by −ρ) and certain perverse sheaves on
G/B, which we can again identify as a category of quiver representations.

For G = SL2, the quiver is •
p //•
q

oo , and we consider the category of representations such that pq = qp = 0.

The idea is that one bullet corresponds to M [0] and one to M [2], and p and q are e and f . These categories
are not semisimple, but they have four indecomposable objects, C � 0, 0 � C, C � C (where one is an
isomorphism and the other is 0), and C� C (where the isomorphism and 0 have been switched).

Remark. If you weaken the condition to where pq and qp act nilpotently, the correspondence is roughly
equivalent to asking for (g, N)0-modules instead of (g, B)0-modules, and exactly one more indecomposable
module appears: C2 � C, where the right map kills the second factor and the left map includes into the
second factor. This is called the tilting module, and the category where you allow this object, called category
O, is particularly nice: the tilting module gives you a derived autoequivalence called Koszul duality, as written
in a famous paper of Bĕılinson. (

So now, we’re interested in solving a general problem: classify the simple (irreducible) highest-weight
representations of U(g), and find their characters. In particular, we want more than just the finite-dimensional
ones. The simple objects are indexed by the Weyl group, but computing the characters is harder: the Weyl
character formula worked in the finite-dimensional case, but we’re no longer in the finite-dimensional case.

This is the subject of the Kazhdan-Lusztig conjectures, which tie into a lot of topics, and we’ll talk about
next time.

Lecture 42.

The Kazhdan-Lusztig conjectures: 5/5/17

We’ve been discussing localization and related phenomena, which lead to the Kazhdan-Lusztig conjectures
that we’ll talk about today.

Consider the category of highest weight g-modules. For each λ ∈ h∗, we have a surjection Mλ � Lλ, where
Mλ is a Verma module and Lλ is a simple module. Our goal is to compute the character of Lλ.

Recall (27.6) that the character of the Verma module was easier when we looked at sl2, so let’s start with
that.

χMλ
=

e−λ∏
α∈R+(1− e−α)

.

Now we’ll try to express Lλ in terms of Mµ for some µ, e.g. if λ is dominant integral, then Lλ is finite-
dimensional and we had the BGG resolution (27.7)

· · · //
⊕
w∈W
`(w)=2

Mw·λ //
⊕
w∈W
`(w)=1

Mw·λ // Mλ
// Lλ.
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For example, when g = sl2, this takes the form

0 // M−λ−2
// Mλ

// Lλ.

We also know that if w0 ∈W is the longest element, then Lw0·λ = Mw0·λ, i.e. the Verma module is already
irreducible.

Now, what about Lw·λ for other values of w? This is what the Kazhdan-Lusztig conjectures are about. We’ll
restrict to λ = 0, from which you can rehydrate the rest of the theory; then, L0 is the trivial representation,
and Lw0·0 = L−2ρ = M−2ρ. So we’re studying the category Mod

χ−ρ
(g,B), those (g, B)-modules for which Z(g)

acts by χ−ρ.
We’ve indexed this category on the Weyl group in two different ways.

• Lw := Lw·(−2ρ) over all w ∈W . These are the simple objects.
• Mw := Mw·(−2ρ) over all w ∈W . These are the verma objects.

These are both “bases,” i.e. are generating sets for the Grothendieck group K0(Mod
χ−ρ
(g,B)),

45 so in particular

it’s isomorphic to Z|W |.
The Weyl character formula ultimately arose from the change-of-basis formula for these two bases for the

Grothendieck group. We want to do the same thing in this context: there are coefficients av,w and bv,w such
that in K0(Mod

χ−ρ
(g,B)),

[Mw] =
∑
v∈W

av,w[Lv]

[Lw] =
∑
v∈W

bv,w[Mv].

The answer uses a rather different kind of representation theory, that of Hecke algebras.
Pick a prime power q = pn, and let G(q) be a finite group that’s the Fq-points of a split reductive group

over Fq with the same root data as G. The existence and representation theory of these objects is a large
field we didn’t get to touch on, but there are many analogies: there’s a form of parabolic induction on the
finite flag variety:

C[G(q)/B(q)] ∼= Ind
G(q)
B(q) C.

Definition 42.1. The Hecke algebra is the vector space

Hq := EndG(q)(C[G(q)/B(q)]) = C[B(q)\G(q)/B(q)]

together with an algebra structure: there’s a basis Tw := δB·wB , and these satisfy the relations

(Ts + 1)(Ts − q) = 0

for all simple relations s, and

TvTw = Tvw

whenever `(v) = `(w) = `(v · w).

Simple reflections are the smallest ones, those which can’t be written as compositions of other reflections
in a nontrivial way.

Though we started with q as a number, we can pretend it’s a formal parameter: the Hecke algebra is an
algebra over Z[q], or Z[q1/2, q−1/2]. If you set q = 1, then the Hecke algebra collapses to Z[W ], so we can try
to understand the two bases in terms of the Hecke algebra. We already have Tw

Definition 42.2. The Kazhdan-Lusztig basis {Cw | w ∈ W} of Hq is characterized by the following two
properties.

(1) They’re fixed by the involution Hq → Hq sending∑
w

Fw(q)Tw 7−→
∑
w

F (q−1)T−1
w−1 .

45Because we’re thinking about infinite-dimensional representations, there are subtle questions about what category we’re

actually taking K0 of. As written, some of this may need to be said in category O to be true.
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(2)

Cw =
∑
v

Pv,w(q)Tv,

where Pv,w(q) are the Kazhdan-Lusztig polynomials, certain polynomials such that degPv,w(q) ≤
`(w)− `(v)− 1.

There is motivation for this definition, which we lack the time to fully explain. There’s motivation from
both combinatorics and geometry. Classically, for G = GLn and W = Sn, this relates to Schubert calculus,
for example.

So we have two bases, one of which is easy to define and has easy relations. The other has nice properties,
but we don’t know their properties. Computing the Kazhdan-Lusztig polynomials seems easy for small g, but
become combinatorially incredibly complicated in general.

Theorem 42.3 (Kazhdan-Lusztig conjectures (1978); proven Bĕılinson-Bernstein, Brylinski-Kashiwara
(1980)). The change-of-basis matrix between [Lw] and [Mv], (bb,w), satisfies

bv,w = (−1)`(w)−`(v)Pv,w(1).

The reason this is interesting is that there’s no reason the Hecke algebra should have anything to do with
Mod

χ−ρ
(g,B). This is also what made it difficult. In particular, it’s not at all clear where the ring structure on

K0(Mod
χ−ρ
(g,B)) comes from: it ought to arise from a monoidal structure on the underlying category, but this is

also not clear.
The proof walks through localization, and indeed localization was invented to solve this problem. Local-

izations establishes an equivalence of categories between (g, B)−ρ-modules and D-modules on B\G/B. The
latter has a convolution product coming from the double coset formula, so it’s monoidal, and K0(ModDB\G/B )

is a ring. Thus, localization says K0(Mod−ρ(g,B)) is also a ring. These are both isomorphic to Z[W ] as abelian
groups.

The trick is to see where the Verma and simple modules go under these equivalences (or, where their classes
go in K0). Namely, if Mw := iw!(Cχw) and Lw := Kχw are D-modules, then localization sends Mw 7→Mw

and Lw 7→ Lw. The way this works is to interpret the Kazhdan-Lusztig polynomials in terms of stalks.
One key aspect of this, which we haven’t mentioned, is that you need more than just Z[W ]: you need the

Hecke algebra. The q-parameter corresponds to the weight (in the sense of mixed Hodge theory) on these
D-modules, and this ends up being important.
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