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Real : make K-theory into a generalized colemology daim.
The above sequence is exact.

theory . Pf idea
~ Dimqx=Kerix (Hatcher Prop 2. 9)

imqAC Kerix Since gi=Ept3
We'll work in the reduced form but can also do

Herix <im qx
: use trivialization of bundle over A

to construct bundle over a nbhdo A/ACYAit unreduced · & extend to all of NA

Axioms : contravariant functors E : Entpy classes of
a pairs or top .3 -Ab ② rest of sequence to the left

boundary maps "(A)-k Spaces -composition of inclusions sends each space to~itix
,Al a contractible space

Since all maps Contre sequence of spaces)
· homotopy equivalent spaces induce Pomaphic are inclusions, only the above space is killed.

ki(X)
-y, X = AVB = YA = B

· ALES ... - k"(X, A) - Y"(A) + ki(X) -> k"(X
,A) - ...

... -> k(Sx) - k(SA) ->F(B) ->E(x) -> FCA)

· Isuspension) #"(X) = & "* (EX) ~ Anything in im (B) is contractible
in SA . So sequence breaks

(additivity) X = YXi
,
then E"(X) = E(Xi) -

into Split SES :WxVCA *B I *(X) = k(A) A k(B)
C USAXVLA)

Main goal is to construct E" (x) and the LES .

The this was an axiom ~

other properties will follow. Interlude: Bott Periodicity (recall from Isaac

Recall X compact Hausdyrff . Ac chesed . Rall External product ((x) & k(Y) + k(xxy)
-

R(X) reduced complex K-group A reduced version
: *(X) & E(Y) -> k(x-Y)

-

fixty induces fa: F(Y) -> EC) via pullback
define by LES XxY/XVY

Start with Acx-X/A . How to getaCES from this? Cs(xxY))-
**(x,y) + (xxy) + ExvY)

split Ex (y)

A- 1- XC(XVCA)UCX - (XUCASUCX) UCCXVCA) quotient (x-2x => RISX) = R(EX) Since 20ixI contractible
↓* SN a * b = p,*(a)42* (b) is zeroin K(XVY) so lis in k(XxY)

Each vertical map is a hitpy & pulls back to unique elt of E(Xis)

equivalence arising from
quotienting by a contractible Ate SYX=24x

space . Six-SYY induces E(Sx) = Y(snx)e
This induces isomorphisms So we can we the Fundamental Product The
on K .

Note the sequence of spaces itself is engineered to to state one of many formulations of Bott periodicity:

look exact : spaces included will be mac

homotopically trivial two terms later . #m .
F(X) =, FCS2X)

,
a (H-1)*G

↓ ↑ by above tantological line
Get a sequence of groups : If bundle overSEKP1

9* i*
... -> k(sx) - k(SA) ->k(YA)->E(x) -> K(A) #(SQK(X) = K(51x)

I

Fundamental Product Thm



can computer of spheres :

for more tune in nextweek

for.

E(S2n+1) = 0
,

F(924) = Z generated by
CH-1) *

" *M
e (H-1)

cohomology groups & LES

... -> k(sx) - k(SA) -> F(NA)-E(x) K(A)

Define F
-* (x) = FCSX)

Y -

(X, A) = F(S(X/A))

positiven
: R2"(X) = F(X)

,

E2+

(X) = F(SX)

& LES becomes

-(x) - - /A) - kX
,A) - Fox) + KA)- ...

By periodicity,
can write this as a 6 term cycle

So there's really only two groups In

oint
can define RYC) as ECA) ,

X+
=x sasepoint

Ring Structure :

· product EC) & RLY) -> + (nY) from reduced
external product

· Define [x() = Yo() - KF(x)

compose with map (xnx) -> FCA) inducedby diagonal
extends ring stron RiX) .

· commutes up to sign : 2 =hi(X)
, Bet(X)

, <B= H1) "BK


