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I. INTRODUCTION

Our inquiry here is guided by the classical Kronecker-
Weber Theorem.

Theorem 1 (Kronecker-Weber) FEuvery finite abelian ex-
tension of Q is contained within some cyclotomic field.

This is a startling fact; every algebraic integer with abelian
Galois group can be expressed as the Q-linear sum of roots
of unity. Hilbert’s 12th problem asked for the analogue of
roots of unity for base number fields other than Q, the alge-
braic numbers which would generate the abelian extensions;
the theory of complex multiplication, is one of a few cases
where this problem has been completely solved. In partic-
ular, Kronecker postulated that the abelian extensions of
imaginary quadratic number fields (Q(v/—D) for D square-
free and positive) are generated by the values of elliptic (or
doubly periodic) functions at certain points, resulting in the
following, which we will prove:

Theorem 2 Let E/C be an elliptic curve with complex mul-
tiplication by Ok, where K/Q is an imaginary quadratic
number field, then K(j(E)) is the Hilbert class field of K.

The proof of this theorem, which is essentially a Kronecker-
Weber theorem for imaginary quadratic fields, will require
some amount of class field theory, as well as background on
the structure of elliptic curves and on modular forms. The
discussion here is distilled primarily from [2], with additional
background from the other references.

II. BACKGROUND
A. Elliptic Curves and Lattices

A preliminary notion required to understand the theory
of complex multiplication is the equivalence between lattices
in C (up to some equivalence) and elliptic curves over C.
The essential idea is simple: C is a plane, and quotienting
by the embedded Z? with basis (1,4) yields a torus via the
ordinary geometric arguments; however, our choice of Z? was
somewhat arbitrary. We could have chosen, say, (1,6”/ 4
which also defines a lattice, albeit a non-square one. It turns
out that different lattices (up to a notion of equivalence,
which we will define) produce different complex structures on
the resulting torus, in fact, infinitely many distinct complex
structures.

First, we must define lattices in C and the equivalence re-
lation among them (homothety); for our purposes, a lattice is

a free abelian subgroup of rank 2 in C; this can concretely be
thought of as an embedded copy of Z? (as a group) in C, but
to actually define it as such would encode the information
of a canonical basis for the lattice, which is not necessary
and leads to some extra work in classifying equivalent em-
beddings. We say that two lattices A; and Ay are homothetic
if there is a number ¢ € C* such that A1 = cAy. If we set
L to be the set of lattices in C, then we claim that the set
L/C* is in bijection with the set of elliptic curves over C up
to isomorphism respecting the complex structure.

Given a lattice A up to homothety, to produce an elliptic
curve, we need the Weierstrass p function:
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We take for granted that Gax, (we will generally suppress ref-
erence to the lattice A going forward) is absolutely conver-
gent for k > 1, that p(z) converges uniformly and absolutely
on compacta of C\ A, and that p is an even elliptic function
(elliptic here meaning that p(z) = p(z + w) for all w € A).
Note that p(z) can be written as a Laurent series as
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To see this, note that
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and back-substitute. One may use this formula to show that
¢ satisfies the differential equation

0 (2)* = 4p(2)® — 60G4p(z) — 140G

by calculating leading terms for the Laurent series of each
term, and then noting that

f(z) = ¢/ (2)?

is a holomorphic elliptic function, and therefore constant (by
Liouville’s theorem), and is in fact 0. Set go = 60G4 and
gs = 14OG6

Now, let E//C be an elliptic curve, with group law as shown
in Figure [1} one can show that the group law £ x E — FE is

— 4p(2)® 4+ 60G4p(2) + 140G



given locally by rational functions, so F in fact possesses the
structure of a complex Lie group (a complex manifold with
locally complex analytic group law). Via standard theorems
in the study of Lie groups, one can also see that the quotient
C/A is a complex Lie group as well.
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FIG. 1. The group structure on elliptic curves in projective space
(with O the point at co)

We will also need the fact that df’ is a holomorphic non-
vanishing differential on E (presented in Legendre form as
y? = x(x — 1)(z — \)); to see this, note that div(dr) =
(0) + (1) + (A) — 3(c0) = div(y), from which it follows that
% is both holomorphic and nonvanishing.

Proposition 3 Given a lattice A with associated quantities
g2, g3 as above, A = g3 —27g3 is nonzero, and therefore E/C
given by

y? =4a® — gow — g3

is an elliptic curve. Moreover, there is a compler analytic
isomorphism of complex Lie groups ¢ : C/A — E(C) given
by ¢(2) = [p(2), ¢'(2), 1].

Proof: First, since g’ is an (odd) elliptic function with
respect to the same lattice, this map is well-defined. To
see that A is nonzero, pick a basis wy,ws for A, and set
w3 = w1 + ws. Since ¢’ is odd and elliptic,
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/(3)- 0 (5)-(5)
from which it follows that @’ (%) = 0. By the differential
equation satisfied by g, we can see that 423 —gyx— g3 vanishes
at x = ¢ (%) for all 4. It suffices to show that these three
values are distinct so that our elliptic curve is nonsingular
and A # 0. To see this, note that p(z) —p(w;/2) is even, and
therefore has a zero of order at least two at z = w;/2; but p

is of order two (has two poles in an appropriate fundamental
parallelogram), and therefore does not have any other zeros
in the given fundamental domain, from which it follows that
our three zeros are distinct.

To see that ¢ is an isomorphism of complex Lie groups, we
first show that it is a bijection. For surjectivity, let (z,y) €
E(C) and consider p(z) — = which is a nonconstant elliptic
function and therefore has a zero a (the number of zeros
and poles of an elliptic function are equal, and nonconstant
elliptic functions have poles). Then, by assumption,

4p(a)® — gap(a) — gs = y* = ¢'(a)?

so, replacing a with —a if necessary (since ¢’ is odd), we have
that y = ©'(a) as desired. For injectivity, suppose ¢(z1) =
p(22); assuming 221 € A, p(z) — p(z1) is elliptic of order 2
and vanishes at z7, —z1, and z5. Since an order 2 elliptic
function has two zeros, some two of these three are equal
modulo A, and z; # —z; by the assumption that 2z; & A, so
29 = *+21. Then,

9'(21) = 9'(22) = £¢'(21)

implies that z; = z9. If 221 € A, then p(z) — p(z1) is even
and has a double zero at z;, and vanishes at z,, from which
we may again conclude that z; = 2.

To see that ¢ is a complex diffeomorphism, we need only
show that ¢* is bijective on cotangent spaces; to that end,
recall that dy—w is holomorphic and nonvanishing on F(C) (and

therefore generates the cotangent space at each point), with

Ldr dp(z)

=dz
y  9(2)

where the latter equality is the chain rule. Clearly, dz is
holomorphic and nonvanishing on C/A, from which the result
follows.

We will omit the check that ¢ is a group homomorphism,
which relies on the Weierstrass o-function and the fact that
the field of elliptic functions with respect to a given lattice
is C(p(2), ¢'(2))- u

With this result alone, we can see that there is a map
from L/C* (lattices up to homothety) to the space of elliptic
curves up to isomorphism; in fact, though we will not show it,
this map is bijective, and two elliptic curves are isomorphic
over C iff their lattices are homothetic.

Moreover, this bijection is in fact an equivalence of cat-
egories, between the category of elliptic curves E/C with
group homomorphisms as maps, and the category of lattices
with Hom(A1, Ag) = {a € C: aA; C As}. Note that it turns
out that any complex analytic map of elliptic curves fixing
the point at infinity (the neutral element, the identity of the
group operation) is in fact a group homomorphism, so we
are not artificially restricting our maps here to move from
analysis to algebra.

This result allows us to more easily study the endomor-
phism rings (addition is pointwise, multiplication is com-



position) of elliptic curves; we know that for any E/C,
[m] : E — E is an endomorphism for all m € Z, so End(F)
always contains Z. However, given a lattice L associated to
FE, we know that

End(E)={a€C:aL CL}

In fact, we can say more:

Definition 4 (Orders) Given L a Q-algebra with [L : Q] =
d, an order in L is a subring O which as an abelian group is
isomorphic to Z%.

If L is commutative, then there exists a unique maximal
order. Equivalently (for our purposes), if K/Q is a number
field (and therefore a Q-algebra), a subring O is an order if
it is finitely generated as a Z-module and O ® Q = K, and
the maximal order in this case is Ok.

Theorem 5 If End(FE) is larger than Z, then, given gener-

ators wy,ws for the lattice A associated to E, Q (%‘) s an

imaginary quadratic extension of Q and End(E) is isomor-

phic to an order O in Q (% . In this case, we say that E

has complex multiplication by O.

wa

Proof: Let 7 = 22; multiplying A by 77! shows that we
may write A = Z @ 7Z (up to homothety). Let O = {a €
C : aA C A} = End(FE); then for any o € O, there exist
a,b,c,d € 7 (since nonintegers cannot preserve an integral
lattice) such that

a=a+br ar=c+dr
Eliminating 7, this becomes
o — (a+d)a+ (ad —bc) =0

so O consists of elements integral over Z, and is therefore
an integral extension of Z. Assuming O is bigger than Z,
let « € O\ Z, sob#0, and eliminating « in our equations
above yields

b’ +(a—d)T—c=0

from which it follows that Q(7) is an imaginary quadratic
extension of Q since 7 ¢ R; moreover, since O C Q(7), and
O is integral over Z, O is an order in Q(7). [ |

The above results justify the rather unimaginative term
“complex multiplication” which is often used to describe the
of study elliptic curves whose endomorphism rings are larger
than Z: all the endomorphisms of a complex elliptic curve
correspond to multiplication by complex numbers «. Note
that this result only holds for complex elliptic curves, to
which we have restricted our study; in the general case, el-
liptic curves over arbitrary fields may also have an order in
a quaternion algebra as their endomorphism ring.

B. The j-invariant

There is a standard (but not entirely canonical) way to
associate a complex number 7 to an elliptic curve which
amounts to manipulating the lattice associated to the curve;
in particular, given E/C, choose a basis wy,ws for the cor-
responding lattice A such that Im(w; /we) > 0 (by swapping
w1 and we, if necessary). Then A is homothetic to Z—;Z &7,
and this suggests looking at H (the upper half plane in C)
as a classifying space for elliptic curves. Clearly, we have a
map H — L/C* given by 7 — A, := 7Z ® Z, but this map
is not injective.

Lemma 6 Let 7,70 € H. Then the corresponding lattices
A;,, A;, are homothetic iff there exists (¢Y4) € SLa(Z) such

that 7, = 40E8.

The proof of this lemma consists of a sequence of unenlight-
ening calculations, so we omit it here. Note, however, that
—1I acts trivially upon H:

L0 T
0 _1)T=—{="7
This leads us to define the following;:

Definition 7 (Modular Group) The modular group writ-
ten I'(1) or PSLo(Z) is the quotient group SLo(Z)/{%I}.

It is easy to see that I are the only elements in SLy(Z)
fixing H: if v = (2%) € SLy(Z) satisfies y7 = 7 for all
7 € H, then

ar +b

ard T = e’ +(d—a)T—-b=0

for all 7. Because there are more than two elements of H,
this quadratic must be identically 0, so c =b =0 and a = d.
Moreover, ad = a® = 1 by the determinant constraint, from
which it follows that a = d = £1.

Therefore, I'(1) is the group whose action on H corre-
sponds to homothety on the set of lattices or isomorphism
on the set of elliptic curves, e.g, H/T'(1) is in bijection with
elliptic curves over C up to isomorphism.

Definition 8 (The j-invariant) Given an elliptic curve E
written in the form

y? =42® — gow — g3

define

3 3
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J(E) = 17282 — 179892
(E) A g3 — 2793

The prefactor 1728 can be omitted in our case, as it is in-
cluded to resolve some issues that arise when dealing with



elliptic curves over a field of characteristic 2 or 3. The pur-
pose of the above discussion is to see that j is in fact a func-
tion on the upper half plane, given by 7 — j(E(7)) where E
is the elliptic curve associated to 7. By this definition, j is
manifestly well-defined under the action of I'(1), and is there-
fore a modular function. Since (§1) € I'(1) corresponds to
7+ 7+ 1, j is Z-translation invariant, (e.g j(t4+1) = j(7)),
and can be shown to be meromorphic with a simple pole,
therefore admitting a Fourier expansion in a neighborhood
of ¢ = 2™ = (:

§(7r) = ¢ ' + 744 + 196884¢ + 21493760¢> + - - -

The j-invariant is important for our study, as we will see
that arithmetic facts about elliptic curves with complex mul-
tiplication correspond to arithmetic facts about the values of
certain modular functions and forms, including j. In particu-
lar, over C, the j-invariant is a complete invariant for elliptic
curves; e.g, F = E' iff j(E) = j(E').

C. Class Field Theory

Class field theory, loosely, is the study of abelian exten-
sions of number fields, of which complex multiplication is
a specific case where many results can be made explicit. In
this section, we will attempt to state, without proof, the bare
minimum background in class field theory required to state
and/or prove the results we want to further explore.

Let K be a totally imaginary number field, L a finite Ga-
lois extension of K with abelian Galois group G (henceforth
referred to as an abelian extension). Let p be an unramified
prime of K, *3 in L above p, with corresponding residue field
extension (O, /PB)/(Ok/p) (which is Galois, as we saw in lec-
ture). There is a natural (surjective) homomorphism from
the decomposition group Dy (the stabilizer of B in G) to
G’ = Gal((OL/PB)/(Ok/p)) given by restriction. G’ is cyclic
generated by the Frobenius automorphism z +~ zVx/o®).
since p is unramified iff the inertia group is trivial, there is a
unique o, € Gal(L/K) mapping to the Frobenius automor-
phism, satisfying (and uniquely determined by)

op(z) = 2Ne/e®) (mod P) for all z € Of,
Let ¢ be an ideal in O divisible by all primes which ramify
in L/K, and let I(c) be the group of fractional ideals of K
relatively prime to c.
Definition 9 (The Artin Symbol) Define (—,L/K)
I(c) —» Gal(L/K) by

(a,L/K) = []p™.L/K | :=]]opr
p p

where a = [, p"».

The Artin map, in this formulation, just glues together the

local information of o, at each unramified prime. It is a
relevant quantity because of the following important fact:

Theorem 10 (Weak Artin Reciprocity) With L/K a
finite abelian extension of number fields, there exists an ideal
¢ C Ok divisible by only the primes of K which ramify in
L, such that ((«), L/K) =1 for all « € K* satisfying « = 1
(mod c).

Note that if Artin reciprocity holds for ideals ¢; and ¢y, then
it vacuously holds for ¢; +c¢s, so there exists an ideal maximal
with respect to the property that Artin reciprocity holds; we
call this ideal the conductor of L/K, denoted ¢z, k.

To at least partially justify the use of the term “reci-
procity” here, we will show that quadratic reciprocity follows
from Artin reciprocity via straightforward calculations. Con-

sider Q(v/p*) :=Q ( (—1)p21p> C Q(¢p) where ¢, = e

for some odd prime p; to see that this containment holds,

recall that
p—1
p—1 2
VEns=p=3¢
k=0

which follows by a mod 4 analysis and the fact that

-5 (-0)s

k=0

27
p

(this from the proof that all quadratic extensions are con-
tained in some cyclotomic extension, a special case of the
Kronecker-Weber theorem). Therefore, our setup is a num-
ber field an an extension of it: Q@ C Q(y/p*) C Q(¢,); more-
over, since all quadratic extensions are Galois, and Q((p) is
abelian with Galois group (Z/(p))* = Z/(p—1), we may con-
clude that Q(y/p*) C Q(¢p) is abelian Galois as well. This
allows us consider the Artin map with respect to only primes
in Z, as the (distinct) primes above a given prime in Z are
all Galois conjugate, and therefore equal by abelianity.

Let ¢ be another odd prime, and note that p* is a square
mod g iff ¢ splits in Q(/p*) which in turn holds iff the Artin
symbol of ¢ in Q(1/p*)/Q is trivial (this is where we use Artin
reciprocity); this Artin symbol arises as the restriction of the
corresponding Artin symbol in Q(¢{,)/Q.

The Artin symbol of Q((,)/Q at the prime ¢ is
(2),Q)/Q) = (¢ = ¢1) in Gal(Q(()/Q), since

No(e,)/0(q) = ¢~ = q (mod p). ((¢), Q(v/p*)/Q) is the im-
age of the previous Artin symbol under the restriction mor-

phism; since both Galois groups are cyclic, this morphism
is the unique nontrivial homomorphism from (Z/(p))* —
Z/(2) = {£1}, e.g, the Legendre symbol. Therefore, we
have shown that (%) =1 iff (%) = 1, e.g, their product is
always 1, so

-



where the latter equality uses Euler’s criterion.

Definition 11 (Hilbert Class Field) The Hilbert Class
Field of a number field K/Q is a finite abelian extension
H/K with the property that for any other finite abelian ex-
tension L/K, L C H.

The Hilbert class field is the maximal unramified abelian ex-
tension of a given number field K, and satisfies Gal(H/K) =
Cl(K) (where = denotes a canonical isomorphism). That
such a field uniquely exists is a difficult result in general
which we will borrow, although we will directly construct
the Hilbert class field for imaginary quadratic number fields
and directly prove its usual nice properties in this case.

Theorem 12 (Results from Class Field Theory)

With L/K and c¢p/x as above, the Artin map
(= L/K) : I(cpx) — Gal(L/K) is a surjective homo-
morphism, with kernel (Np,xIp)P(cr i) where I, is the
group of non-zero fractional ideals of L, P(cr k) the group
of principal ideals which are 1 (mod ¢p, k).

Moreover, the Hilbert class field H of K uniquely exists,
with conductor (1), and satisfying the property that all prime
principal ideals in K split completely in H.

Note that I(cz/x) = I(1) consists of all non-zero fractional
ideals of K, P(cp k) consists of all non-zero principal ideals
of K, so the above results imply that (—, H/K) induces an
isomorphism between Cl(K) and Gal(H/K).

Finally, we will need the following version of Dirichlet’s
theorem on primes in arithmetic progressions:

Theorem 13 Let K be a number field, ¢ an integral ideal.
Every class in I(c)/P(c) contains infinitely many degree 1
primes of K.

III. RESULTS

We are now nearly ready to prove our main result:

Theorem 14 Let E/C be an elliptic curve with complex
multiplication by Ok, where K/Q is an imaginary quadratic
number field, then K(j(E)) is the Hilbert class field of K,
and Gal(K(j(E)),K) = CI(K) (which we show without ap-
peal to the general theory of Hilbert class fields).

First note, however, that given O, we can always produce
an elliptic curve with complex multiplication by O, for ex-
ample, by taking E to be Ep,, the curve corresponding to
the lattice, since End(Ep, ) 2 {a € C: a0k C Ok} = Ok
where the latter equality follows from the observation that
if a0k C Ok, then a € Ok since Ok contains 1 (with the
other inclusion obvious). Clearly, any lattice homothetic to
Ok also corresponds to an elliptic curve with O complex
multiplication; in fact, more can be said, and we will explore

this below. Understanding which elliptic curves (equivalently
lattices) have complex multiplication by O is useful. For
the following discussion, let ELL(O) be the set of elliptic
curves E/C up to isomorphism with End(E) = O.

Proposition 15 Cl(Ok) has a natural action on ELL(Ok)
which is simply transitive.

Proof: To produce the action, we observe that, given
a, b nonzero fractional ideals of K, a lattice A with E) €
ELL(Ok), aA is a lattice with End(aA) & Ok, and Fqp =
Egyp iff a = b in CI(K), e.g, up to principal ideals (homo-
thety). To see that aA is a lattice in C, note that since
End(Ey) = Ok, OxA = A. Since a is a fractional ideal,
there exists d € Z such that da C Ok, so aA C ZA, so aA.
Similarly, finding d s.t dOx C a, this implies that dA C aA
from which it follows that aA spans C and is therefore a
lattice.

To see that aA corresponds to an elliptic curve with com-
plex multiplication by Ok, note that for any a € C, a a
nonzero fractional ideal, we have

agA Cal < alaaA Ca'aA < aA CA

s0o End(E4sp) = {a € C : aA C A} = Ok by the above
identifications, and by assumption.

Finally, to see that the action of ideals descends to the
action of ideal classes, note that if a = b in CI(K), then
a = cb for some ¢ € K, so aA and bA are homothetic.

Then, we define the action CI(K) ~ ELL(Ok) as
axX Ey =FEq -1p
where we multiply by a~! so that
ax (bx Ey)=ax (Ep-14) = E@p)-1a

e.g so that the group action axioms are satisfied. This ac-
tion is simply transitive, which will imply that | Cl(K)| =
|ELL(OK)|. To see this, given Fy, and Ej,, we need to
find (precisely one) a such that aEy, = Ea,. Pick A, A2
nonzero in Ay and A, respectively, and set a; = /\%Ai which
are clearly fractional ideals. Then '

A
72QQC(1_1A1 = A2
A1

so, setting a = %a;lal, we have aEj, = Ej,. To see that
this a is unique, we want to show that aEy = bE, implies

a = b, but this is part of what we have already shown above.
[ |

We will apply this result several times on the road to our
main theorem.

Let E/C be an elliptic curve, o : C — C any field automor-
phism. Then we may define E? as the elliptic curve obtained
by allowing o to act on the coefficients of a Weierstrass equa-
tion for E. This construction satisfies the nice property that



End(E?) = End(FE) (which is immediate by the fact that o
is an automorphism), which allows us to prove the following:

Proposition 16 Let E/C be an elliptic curve with complex
multiplication by O where K is an imaginary quadratic
number field. Then j(E) € Q.

Proof: Let 0 € Aut(C). Since E“ is obtained by the ac-
tion of o on the coefficients of an equation for F, and since
the j-invariant is a rational function of those coefficients,
we have that j(E°) = o(j(E)). However, since E is in
ELL(OK), which is finite via the simply transitive action
of CI(K), o(j(E)) takes on only finitely many values as o
ranges over Aut(C). Therefore, [Q(j(F)) : Q] is finite, and
j(E) is algebraic. In fact, one can show that j(F) is an alge-
braic integer, not just an algebraic number, but this is just
beyond the scope of our discussion. |

From the above arguments, we can easily see that there is
a natural Gal(K /K) action on ELL(Ok) where o - E = E°.
For any such o, there exists a unique a € CI(K) such that
a x E = E° (since the action of CI(K) is simply transitive).
This gives a well-defined map F : Gal(K/K) — CI(K) char-
acterized by E? = F(o) x E for all o; this map will be crucial
in understanding the field K (j(FE)).

Proposition 17 F is a homomorphism.

Proof: Given 0,7 € Gal(K/K), for any elliptic curve E/C
we have that

Flor)xE=E°"=(E")° = (F(1)xE)’ = F(o)xF(T)xE

Since we only obtained F'(o), F(7) by fixing E, we now must
show that this definition is independent of F; let E, Fy €
ELL(OK), and write EY = a1Eq, E§ = aFE;. We want
to show that a; = as; to that end, by the transitivity of
CUK) ~ ELL(OK), there exists b such that Es = b x Fj.
Then

(bxEy)° = B = ayxFy = agx (bx (a7 ' xEY)) = asba; ' x EY

Then, assuming that (b x E1)? = b x EY (the proof of which
we omit), we have that EY = asa;'EY; again by simple
transitivity, this implies that a; = ay as desired. |

That F' is a homomorphism will be crucial in establishing a
canonical isomorphism between Gal(H/K) and Cl(K). The
last ingredient we need for our main theorem is the following
technical lemma, the proof of which we will omit:

Lemma 18 There is a finite set of primes S C Z such that
for primes p & S which split in K, say, as pOg = pp’, then
F(op) =p € CUK) (e.g F(op) =p for some prime p above
p)-

We are, at last, ready to prove the main theorem:

Proof: The homomorphism F : Gal(K/K) — CI(K) pro-
duces a field extension L/K where L is the fixed field of

ker F. Then Gal(K /L) = ker F consists of ¢ € Gal(K /K) s.t
F(o)=1,eg, F(o) x E=E for any (or all) F € ELL(O)
(by simple transitivity). Reformulating (by the definition of
F), this is the set of all o with E? = E. Since the j-invariant
is a complete invariant for elliptic curves, this condition may
be replaced with j(E?) = j(FE), and, finally, by a previous
result, we know that j(E?) = o(j(F)), so

Gal(K/L) = {0 € Gal(K/K : 0(j(E)) = j(E)} = Gal(K/K(j(E)))

where the final equality is obvious.

Therefore, L = K(j(E)) by the Galois correspondence.
Moreover, since F' restricted to Gal(L/K) is an embedding
into CI(K), an abelian group, we may continue that L/K is
an abelian extension. Let ¢z,x be the conductor of L/K,
and consider the following chain:

G, Galr/K) 5 (k)

I(cn/x)
We claim that this composition is the natural projection
I(c k) — Cl(Ok) sending an ideal to its class, e.g,
F((a,L/K)) = a € CI(K) for all a € I(c/x). Let S be
the finite set of primes in the above proposition; by the ana-
logue of Dirichlet’s theorem we stated above, there exists a
degree 1 prime p € I(cz k) in the same class as a and not
lying over a prime in S, e.g, a =1 (mod ¢, /i) and a = (a)p
for some o € K*. Therefore,

F((a,L/K)) = F((()p, L/ K)) = F((p, L/K)) = p = a

where the second equality is just the fact that @ = 1
(mod ¢z,/x) and the third equality is from the above propo-
sition.

Note that this argument implies that F(((«), L/K)) =
1 for all (a) € I(cr/k); since F @ Gal(L/K) — CI(K) is
injective (via the definition of L in terms of ker F), we may
conclude that ((«), L/K) = 1 for all (o) € I(cp k). Since
the conductor is defined as the largest integral ideal ¢ with
the property that

a=1 (modc¢) = ((o),L/K)=1

it follows that ¢/ = (1). Since, by Artin reciprocity, all the
primes of K which ramify in L divide ¢/, we may conclude
that L is unramified everywhere. Thus L C H where H is
the Hilbert class field of K. We will show that L = H: since
the map I(cy k) = I((1)) — CI(K) is vacuously surjective,
that F((a,L/K)) = a implies that F : Gal(L/K) — CI(K)
is also surjective, and therefore an isomorphism, so

[L: K] =|Gal(L/K)| = | CI(K)| = | Gal(H/K)| = [H : K]

which implies that L = H, that is, K(j(F)) is the Hilbert
class field of K. [ |

In terms of using this theorem to calculate class numbers,
we can say more:

Proposition 19 [Q(j(F)) : Q] = hk



Proof: Note that [Q(j(E)) : Q] < hx by the argument used
to show that j(FE) is an algebraic number; the values of E
are contained in ELL(Ok) which is in bijection with O,
and these values correspond to the values of o(j(E)). Since
[K(j(F)) : K] = hg by the above, and [K : Q] = 2, so
[K(j(E)) : Q] = 2hk; forming this extension differently, we
could first take Q(j(F))/Q and then adjoin the square root
giving K. If QG(E)) : Q] < hx, then [K((E)); Q] < 2hx.
from which the result follows. |

Example 20 Consider the elliptic curve E given by the
equation

y? =42° —az

which all determine the same curve (up to isomorphism)
since j(F) = 1728. These curves have complex multipli-
cation by Z[i], since they Z/(4) automorphisms, generated
by (z,y) — (—z,1y). However, since j(F) € Q (in fact Z),
we can see that Q(¢) has class number one, and is its own
Hilbert class field.

Example 21 (Numerics Taken from [2]) Let

K = Q(V/-15), Ok = Z[a] where a = *Y=12 " One
can show that K has class number 2, generated by (2, ),
therefore |[ELL(Ok)| = 2, and the two isomorphism
classes are conjugate to one another, in the sense that if

i(Eoy) = A+ BV5, j(E@ga) = A — BV5 (where we

know that the j-invariant lands in Q(+/5) by the fact that
H = K(v/5,v/=3) and j must land in R here). Using the
g-expansion of the j-invariant, we may calculate

i(EBo,) = j(e™*) ~ —191657.832863
and
§(Ba.a)) = (e VI5/2) ~ 632.83286254

With these two values, we can calculate A and B as above,
and find that

j(Boy) = —52515 — 85995a € O
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