


"The Bianchi groups|

Let d be a square—fréé positive ﬁitéger, and Od t—he
ring of algebraic integé:rs in the field Q(v/—d). The

collection of groups

€ '“‘l(?) Z discrcte Subg ps
| - of PsSL,(C).

1s called the Bianchi groups.
G

The quotients (Bianchi orbifolds):

O

Qa = H’/PSL(2, O4) |

are finite volume hyperbolic orbifdlds.

Definition: Let M = H3 /T be a non-compact finite
T —— S —

volume hyperbolic 3-manifold (or orbifold). Then I’

is arithmetic if some conjugate of I' in PSL(2, C) is
“
commensurable with PSL(2, O4).
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Hyperbolic Manifolds .~

Let H? denote hyperbolic 3-space.
R

The full group of orientation-preserving isometries

- can be identified with PSL(2, C).

\"wew- {Vad-'(one‘ action
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extended o \H‘ 5', \>°'m<uc I
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. . . “.
We will only be interested 1nlx_]- on-compact finite

volumdhyperbolic 3-manifolds(and orbifolds). These

manifolds (and orbifolds) have the form:

Cusp Bk looks
like

B‘X [0199)
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These manifolds can be describéd as complements of

links in closed orientable 3-manifolds.
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Remarks:(1) Let h; denote the class number of .. -

Q(v—d). Hurwitz showed:

Q

4 has hgq cusps.

l )

(2) When d # 1, 3, every cusp cross-section of Qg is

a torus.

When d =1 the cusp cross-section is
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When d = 3 the cusp cross-section is
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Some Bianchi orbifolds .




Comparison with the PSL(2,7Z) = .-

gl_l.spidal Cohomology

Let I" be a non-cocompact Kleinian (resp. Fuchsian)
group acting on H* (resp. H?).
Let U(I') denote the subgroup of I' generated by

parabolic elements of I' and define:
V(D) = (D/U(T))* ®z Q

- Then pr(I') = dimq (V(T'))|denotes the dimension of
the space of non-peripheral homology or equivalently

r(I) is the dimension of the 'Cuszidal Cohomol-

ogy of I.
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Examples:

(1) If H? /T is genus g surface with p punctun@d/

finitely many orbifold points, then (T = Jla

Thus (PSL(2, Z)) = 0.

Let n be a square-free positive integer and define: |

[o(n) = P{(a b) : ¢ =0 mod n}
c d
and O,, = H?/T4(n).
 Now the Riemann-Hurwitz formula shows easily that
g(On) = 0 if and oﬁly; if1 <n <10 and n =

/

12,13,16, 18, 25. . -/
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(2) If L C 5% is a link then r(T') = 0. The link group
'u-

1s generated by meridians. \ ®
= w5\ L)

(3) |.F Lis o liukR "\ &  valewnal “\O;\MO‘Ogb
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Grunewald’s work on Bianchi groups

with Schwermer:

Subgroups of Bianchi groups and arithmetic quotients
of hyperbolic 3-space. Trans. Amer. Math. Soc. 335
(1993).

A%nonvanz’shz’ng theorem for the cuspidal cohomol-
ogy of SLqy over imaginary quadratic integers. Math.
Ann. 258 (1981/82).

- Arithmetic quotients of hyperbollz'c 3-space, cusp forms
and link complements. Duke Math. J. 48 (1981),
Free nonabelian quotients of SLo 01)/57; orders of 1mag-

mary quadratic numberfields. J. Algebi‘a 69 (1981).
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with Elstrodt and Mennicke: -

g A R

Lisenstein series for imaginary quadratic number fields.

Contemp. Math., 53.

Eisenstein series on three-dimensional hyperbolic space

and tmaginary quadratic number fields. J. Reine

Angew. Math. 360 (1985).

On the group PSLo(Z[i]). London Math. Soc. Lec-
ture Note Ser., 56.

PSL(2) over imaginary quadratic integers. Astefisque,

94.



with Mennicke:

L

Some 3-manifolds arising from PSLg(Z[i]). Arch.
Math. (Basel) 35 (1980).

with Helling and Mennicke:

ﬂ

SLo over complex quadratic number fields. I. Algebra

i Logika 17 (1978).

with Hirsch: Link complements arising from arith-
S

metic group actions. Internat. J. Math. 6 {1995)
7% \ )

with Jaikin-Zapirain and Zalesskii: Cohomolag—

ical goodness and the proﬁmte completzon of Bianchi

/-

groups. Duke Math. J. 144 2008%
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Theorem:(Cuspidal Cohomology Problem) (Harder,

——
Zimmert, Grunewald-Schwermer, Rohlfs, ....,Vogt-
mann) |

a——,

The only Bianchi orbifolds Qg that can admit a finite

sheeted cover that is a link complement in S3 arise

when

e

d e {1,2,3,5,6,7,11,15,19, 23,31, 39,47, 71}.

Lee ((PSLJOQ) =0 & de lid abuve )

Theorem:(Baker) For all values d as above, there

exists a link complement covering/Qq.’
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EXOMPLES




Arithmetic Knots

e

What can one say about M — (4 with M having 1
cusp.(o'f Wove 5&\«.#&(\5 |- tsped auth, 3 - waflds )

Note: If M — Qg and M has 1 _cusp, then (Jq has
1 cusp. Thus hg = 1 (by Hurwitz’s theorem).
w -

Solution to the class number 1 problem: hgy = 1 if

and only if

D ( wy du.tovevs] . (6; I\:O:__‘ES L
L, ((a‘)( vaaelf, Tvame , Lee
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avitewctic 3 ~weaui foldy

Understanding 1-cusped x is the same as.under- .
standing arithmetic kpots, -~ - —

Definiton: A knot K ""’(or link L) in a closed ori-

entable 3-manifold is called arithmetic if M\ K (resp.

R

M \ L) is arithmetic.
Example—S3

Theorem:(R) The figure eight knot is the only arith-

metic knot.

Links are different. There are inﬁniteiy many arith-

metic links {even of two components /

To.'lc
/\ - fold C"Clvc
Lovevls (3,&)"!
d.:z.
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A question that naturally arise from-this: ... . .-

Question: Does every closed orientable 8-manifold

contain an arithmetic knot?

lWhy Care? '

A positive answer implies the Poincare Con-
D EECEEEEEEEEEE———— e

jecture.

The proof that the figure eight knot is the only arith-

metic knot in S® shows that the figure eight knot in

is the only arithmetic knot in a homotoEz -
sphere.

R



Remark: Once again links are different. - —

sed orientable 3-mani 'old contains an arith-

Every clo

metic link.

The reason 1s:

The figure eight knot 1s universal (every closed Oori-
-

‘entable 3-manifold arises as a branched cover of S°

with branch set K).
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Theorem 1:(Baker-R)Suppose L is a Lens space

R E——

with w1(L) of odd order Zé 5. Then L does not con-

tain an arithmetic knot.
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Unlike the case of S°, there are examples of closed.
orientable hyperbolic 3-manifolds that contain more

than one arithmetic kn”ét.

Examples:

V. S?xS! contains at least 2 arithmetic knots (the com-

plements being commensurable with Q3 and Q-).

2. R“P?’#RP3 contains at least 2 arithmetic knots (the
complements being commensurable with Q; and Q3).

S. L(4,1)#L(4,1) contains at leaét 2 arithmetic knots
( both the complements being commensurable with
Q7). | - »/ |

t+ RP%#(5? x S) contains at least 2 qrithmetic knots

(the complements being commensurable with Q); and

Qs).
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There are hyperbolic examples:

The manifold obtained by 5/1-Dehn surgery on the

figure eight knot contalns at least 2 arithmetic knots.

One obvious one, and the other is shown: /‘“‘Q‘)*\
-~

Bvewner - Frame - Lee
Wie\cu\uq .

Question: Is the number of arithmetic knots i a

~closed orientable 8-manifold finite?
D e e
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One can generalize the question about the unique-

ness of the figure eight knot in 5% in two obvious

3 / SP‘{\C\:\c&‘ '

\ iw\'csvc.( b\ymo'.sv
3~ spheve .

Question: What can one say about arithmetic knots

in spherical 3-manifolds or integral homology 3-spheres?

ways.

- Theorem 2:(Baker—R) Suppose M be q spherical 3-
manifold or an integral homology 3-sphere. Suppose

—— - T —— —‘.7 R . -
that e

Then,

(1) If M is spherical then d = 3.

(2) If M is an integral homology 3-sphere, d = 1, 3.
- Be mmmme ™ S '
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Remark: If M is an integral homology 3-sphere and. -
K C M an arithmetic knot then one can show that

M\ K — Qq for some d.

[Tvuc $ov kwots iw wocdh 2 hewelegy
Spheves l

Cdnjecture: Let M be an integral homology 3-sphere.
If M contains an arithmetic knot JX. then M is ob-

- tained by 1/n-Dehn surgery on the figure eight knot
————————————— e ——

complement and K s “the core of the surgery solid

torus”. B ,/‘
P )

ie. M\ K =S\ fig 8 knot.
“’
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Final Comments .

1-CUSEed congruence subgrouQs

In the case of the modular group H. Petersson showed

that there are only finitely many 1-cusped congru-
ence subgroups of PSL(2.7).

In her (2005) thesis, K. Petersen (my former student)

showed that there are only finitely many mazimal 1

cusped congruence subgroups.
‘/

| Indeed for d = 11,19, 43, 67, 163 there are only finitely

many l-cusped congruence sUbgroups

—m

For d = 19,43,67,163 there are ho torsion-free 1-

m
cusped congruence subgroups
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Arithmetic number of a closed orientable 3-

manifold

Let M be a closed orwi’éyntable 3-manifold. The _t_@_e

arithmetic number of M, denoted A(M), is the min-

imal number of components of a non-empty arith-

metic link in M.

Asremarked, M contains an arithmetic link, so A(M)
~

1s well defined positive integer.
P g
m

- Examples:(1) A Lens Space L is a Dehn surgery
on the Whitehead link, so that, . A(L) < 2. Theorem
1 thereforé shows A(L) = 2 for. 9 With m1 (L) odd
order # 5. -



(2) The Poincare homology sphere ‘¥ contains a 2- -

component arithmetic link so A(X) < 2.

vamu ~ Frauae
‘» "ng - \J'\O\n-\)on,o

This prompts:

- Question: Does the Poincare homology sphere con-

tain an arithmetic knot?

(3) Methods of proof of Theorér;i[l' show “many”

non-hyperbolic 3-manifolds have arithmetic number

> 2.



Challenges:

(1) Prove that there exists closed prientable 3-manifolds

for which A(M) is arbitrarily large.

(2) Prove that there exists a closed orientable hyper-

bolic 3-manifold that does not contain an arithmetic

kﬁot; ie A(M) > 2.

(1) loohs lLihe 11 W veleted 7o
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