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PREFACE

The two papers in this volume compute the components of the space of pseudo-
isotopies of a compact manifold of dimension at least seven and the main result can
be viewed as a third step in relating differential topology to algebraic K-theory.
Historically, the first step was Whitehead's theory of simple homotopy types, the
Franz-Reidemeister torsion invariant, and then later Smale's h-cobordism theorem
and its generalization to the non-simply connected case ; namely, the s-cobordism
theorem of Barden-Mazur-Stallings, which showed how the Whitehead group measured
the obstruction to putting a product structure on an h-cobordism. Next, work of
Browder-Levine-Livesay followed by work of Siebenmann, of Golo, and of Wall in the
non-simply connected case showed how the Grothendieck group KO of the category of
finitely generated, projective modules gave the obstructions to putting a boundary
on an open manifold. On the algebraic side Serre showed that algebraic vector bundles
over an affine variety correspond to finitely generated projective modules over its
coordinate ring. Then Swan showed that the Atiyah-Hirzebruch group of virtual vector

bundles over a compact space was just K  for the ring of continuous functions on

0
that space. Bass studied the functor K1 on rings, of which the Whitehead group is

a suitable quotient, and showed how to fit K and K1 into an exact sequence si-

0
milar to the one in the Atiyah-Hirzebruch K-theory. Consequently, a feeling emerged
that there must be an "algebraic" K-theory concerned with an appropriate sequence

of functors K K1, K2, etc. Such a theory has recently been developed and is an

0!
active area of research. The third step began on the geometric side with Cerf's
theorem that pseudo-isotopy implies isotopy in the simply connected case in dimen-

sions at least five. Just as the s-cobordism theorem was related to the uniqueness

of putting a boundary on an open manifold, the pseudo-isotopy problem measures the



uniqueness of a product structure on a trivial h-cobordism and it seemed natural
that a non-simply connected version of Cerf's result would be related to a functor
K2. Around 1967 Milnor defined a K2 group along the lines of Steinberg's work on

universal coverings of Chevalley groups and this turned out to be what was needed.

However, unlike the previous two geometric problems corresponding to K. and K

0 1

the non-simply connected pseudo-isotopy theorem requires a second obstruction which
depends not only on the fundamental group but on the second homotopy group as well.

For a precise statement of the result see the Introduction to Part I of this volume.



PREFACE *)

Les deux articles ici réunis aboutissent & la détermination compleéte de
1l'ensemble des composantes connexes de l'espace des pseudo-isotopies de toute va-
riété compacte de dimension au moins sept ; le résultat final peut &tre considéré
comme établissant la troisieme relation connue entre la topologie différentielle et
la K-théorie algébrique.

Historiquement, la premidre étape fut constituée par la théorie du type
d'homotopie simple de Whitehead, la définition de l'invariant de torsion par Franz
et Reidemeister, puis beaucoup plus tard le théoréme du h-cobordisme de Smale et sa
généralisation au cas non simplement connexe, appelée "théoréme du s—cobordisme de
Barden-Mazur-Stallings" ; ce théoréme montrait comment le groupe de Whitehead mesu-
rait 1'obstruction & munir un h-cobordisme d'une structure de produit.

Seconde étape, des travaux de Browder-Levine-Livesay, puis de Siebenmann,
Golo, et Wall dans le cas non simplement connexe, montrérent comment le groupe de
Grothendieck K, de la catégorie des modules projectifs de type fini fournissait
les obstructions & munir d'un bord une variété ouverte. Du c6té de 1l'algebre, Serre
montra que les fibrés vectoriels algébriques sur une variété affine correspondaient
aux modules projectifs de type fini sur 1l'anneau de coordonnées de la variété. Puis
Swan montra que le groupe d'Atiyah-Hirzebruch des fibrés vectoriels virtuels de base
un espace compact n'était autre que le K, de l'anneau des fonctions continues sur
cet espace. Bass étudia le foncteur K1 sur les anneaux (le groupe de Whitehead

d'un groupe 7 est un certain quotient du K, de 1l'anneau Z[w]) et montra comment

1

(*) Version francaise de la "Preface" des auteurs.



faire entrer K, et K1 dans une suite exacte analogue & celle de la K-théorie d'

Atiyah-Hirzebruch. A la suite de ces travaux 1l'impression se fit jour qu'il devait

exister une "K-théorie algébrique" qui traitft d'une certaine suite de foncteurs K,

K, , K

4 «e. 5 etc. Une telle théorie s'est en effet développée ces dernidres an-

2’
nées, et elle est actuellement la matidre d'actives recherches.

La troisiéme étape débuta du c8té de la géométrie par le théoreme de Cerf
d'aprés lequel "pseudo-isotopie entraine isotopie" dans le cas des variétés simple-
ment connexes de dimension au moins cinq. De méme que le théoréme du s—cobordisme
résoud le probleéme d'unicité correspondant au probléme de "munir d'un bord une va-
riété ouverte" , de méme le probléme de la pseudo-isotopie est celui de 1l'unicité de
la structure de produit sur un h-cobordisme trivial. Il semblait donc naturel qu'une
version "non-simplement connexe" du résultat de Cerf mit en jeu un foncteur K2 .
Vers 1967, Milnor, s'inspirant des travaux de Steinberg sur le revétement universel
des groupes de Chevalley, définissait un groupe K2 , et cette notion se révéla par
la suite &tre exactement celle dont on avait besoin. Mais contrairement au cas des
deux problémes géométriques précédents, qui correspondent au K, et au K1 , 1'énon-
cé du théoreéme de pseudo-isotopie dans le cas non simplement connexe fait intervenir,
outre le K2 , une "seconde obstruction", laquelle dépend non seulement du groupe
fondamental mais aussi du second groupe d'homotopie. Pour un énoncé précis du résul-

3

tat, le lecteur se reportera & 1'Introduction de la premidre partie de ce volume.
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Introduction and summary of results.

Let (M,3M) be a smooth, compact, C~ manifold of dimension
n. A pseudo-isotopy of (M,3M) is a diffeomorphism
f: (My,aM) x I + (M,oM) x I such that f restricted to M x 0 is
the identity and f restricted to 8M x I is an isotopy (i.e.
it preserves projection onto I). Let & = #€(M,3M) denote the group
of pseudo-isotopies of (M,3M) where the multiplication is composi-
tion and we give €& the c” topology. The problem is to compute
nO(P). See the introduction to [3] and Sections 4 and 5 of [12]
for applications of such a computation.
Here are the algebraic K-theory functors we will need:
Following [19] let A be any associative ring with unit and
define the Steinberg group St(A) to be the free group generated
by symbols xij(A) where 1 <i, j <o, 1# 3, and X €A,

modulo the relations

(i) xij(A)-xij(u) = xij(A+u)

(ii) [xij(A), xkl(u)] =1 for i # % and j # k

(iii) [xij(x), xjk(u)] = xik(Au) for i,j,k distinct.

A _ .
i3 for xij(A). Let GL(A) = %&Q GLn(A)

be the infinite general linear group and E(A) C GL(A) be the

Sometimes we write x

subgroup generated by the elementary matrices eéj , Wwhere eij

is the identity on the diagonal, has A as the (i,j)th entry,

and is zero elsewhere.

The correspondence X, > el defines a surjective homomor-

1] 1]
phism
m: St(A) » E(A)

-9 -



and Milnor defines the functor K2 in [19] as

K2(A) = kernel of .

The group K2 is abelian because it is the center of St(A). See

[19]. Now let A\ = Z[nlM], the integral group ring of mM. Let

W(tﬂl) C St(A) denote the subgroup generated by words wij(tg) of

-1
the form xij(tg)-xji(+g )-xij(tg) for g € m M.  Let

Wo(tﬂl) = KZ(A) n W(iﬂl) and define
th(ﬂlM) = KZ(Z["IM]) mod Wo(tnlM)

This is the first obstruction group for measuring ﬂU(P).
To define the second part let (22 x sz)[wlM] denote the

group of all functions f: mM > Z, x wM which are zero except

2

on finitely many elements of M; that is, (Z, x nzM)[wlM] is

"1 2

the direct sum of |w1M| many copies of Z, x mM. Any element

of (22 x nzM)[nlM] can be written as a finite formal sum

Eaiai where oy € 22 X n2M and gs € nlM. Let wlM act trivially

on Z2 and let it act in the usual way on “2M' If o € 22 x "ZM

and Tt € mM, denote the action of t on a as aT. Define
Whl(nlM;22 x "2M)

to be (Z2 x nzM)[ﬂlM] modulo the subgroup generated by

a0 - a¥etor™! and Bl for a,B€ Z, x mM and o,t € mM.

Here 1 denotes the identity of nlM. See [12] for a more. conceptual
definition of this group.

-10 -



The main result is

Theorem. For any connected, compact, ¢® manifold (Mn,aMn) there

are homomorphisms
Z:WO(P) > Wh2(u1M)
and

ezno(f) > Whl(ﬂlM;22 x nzM)

such that both are surjective for n » 5 and whenever n > 7 (*)

L+ G:HO(P) - th(wlM) ® Whl(nlM;Z2 x nzM)

is an isomorphism.

The homomorphism I was constructed and its kernel identified
geometrically by both of the authors working independently. See
[11] and [28]. The homomorphism 6 was constructed by the first
author in [12], which is Part II of this volume. In Part I we
shall prove the main theorem except for giving the construction of
8. This theorem has also been announced by I.A. Volodin in [35].
When m,M = 0 the group th(nlM) vanishes becaﬁse K2(Z) = 7,
with the generator being le(l)u' See [19]. Also Wh, (132, x m,M)
vanishes as one sees directly from the definition above. Although
in the general case I + 6 is injective for n > 7, in the simply

connected case our methods work when n > 5 to recover Cerf's

theorem [3] that wO(P) = 0.

(*) Note added in proof : In fact n)»6 is sufficient. See p.VII.11.

-11 -



Here is some information presently known about th(ﬂ).
(a) If n is finite, then Wh,(m is probably finite. See {71, [87.
(b) Wh,(Z,,) has at least order 5 (Milnor).
(c) Wh,(m x 2) = th(‘") Q)Whl(ﬂ) ® (?)
Here Wh,;(m) is the usual Whitehead group. See [29]. This
algebraic result was suggested by geometric examples in [22].
(d) th(free abelian group) = 0. This follows from (c) and the
fact recently proved by Quillen that for a left regular ring
A there are isomorphisms K2(A) = KZ(A[t]) and
K,(ALt,t71]) = K,(A) @ K (A). Compare [29], [1, Chap. XII]
or [9].
(e) th(free group) = 0 (Swan and Gersten using methods of

Quillen).

The formula in (c) is related to pseudo-isotopies on M X st
where ™ =n1M. Using geometric arguments Wu-chung Hsiang has

recently in [32] given a description of (?), showing in

particular that (?) is not finitely generated for w = 2 2 X 23

P
where p 1is an odd prime. Pseudo-isotopies on a manifold which is

the connected sum of X" and Y" with wlx = A and nlY = B are related

to the computation of Wh2(A*B). In [24] it was shown that
Whl(A*B) = Whl(A) ® Whl(B). Is the same true for th? Note that
Whl(ﬂl;Z

2 X “2) behaves badly with respect to connected sum. For

example, when m,X = mY = Z, and 7m,X = m,Y = 0 we have Whl(Zz;Zz) = Z,
while Wh,(Z,4%,32,) is not finitely generated.

Beyond this volume there is the problem of computing the
higher homotopy groups ﬂk(P) for k # 1. The techniques used

here and those of [13] indicate that these groups will probably

-12 -



depend more and more on the tangential homotopy type of M as k
gets large. Part of nk(P) should however depend only on q;M

and there should be higher algebraic K-theory functors th+2(n1M)
together with surjections nk(P) > th+2(w1M). Compare [33]1, [34]1,[351,
and [36]. One problem in studying wk(P) with Cerf's approach [3] of
using the stratification of the space of smooth real valued
functions on M x I 1is that continuous moduli appear in smooth
singularities of high codimension. However, Mather's work on
singularities shows there are only finitely many singularity types
up to piecewise linear equivalence in a given codimension. Thus may-
be the piecewise-linear case is easier to handle. Coincidentally
Burghelea and Lashof have shown recently that the space Pp.l. of
piecewise-linear pseudo-isotopies has the same number of components
as the space Pdiff of smooth pseudo-isotopies. However, the map-

(4 (4 is not an isomorphism (n large). See [35], [36].

diff - M1%p.1.
Here is how Part I is organized: In Chapter I we explain

™

Cerf's approach to the pseudo-isotopy problem using one parameter
families in the space % of C° functions on M x I and then
introduce the space of gradient-like vector fields. The key
concepts are the graphic of a k-parameter family, the stratifica-
tion of %, nice gradient-like families of vector fields, i/j
intersections of trajectories, general position of a family of
gradient-like vector fields, independence of trajectories, sus-
pension, and one and two parameter ordering. See the tables

"?l graphics" and ng2 graphics" in §2.for a summary of how one
and two parameter families of functions behave. Section 8 discusses
one and two parameter ordering and shows how to deform one and two

parameter families using essentially only general position methods

- 13 -



into families with a graphic that is relatively simple, i.e.,
ordered. In later parts of the paper we usually just start with
ordered families.
Chapter II shows how the geometry of the i/i crossings in
certain one-parameter families of gradient-like vector fields
gives rise to a word in the Steinberg group. In order to show
this word determines a well-defined invariant in th(nlM) it
is necessary to see what happens as the one-parameter family is
deformed. The reader should consult Table 2.3 in §2 of II for
a summary of the three basic types of changes in the graphic
which must be analyzed. Chapter III develops the algebraic ma-
chinery used in proving that the Steinberg word of a one parameter
family gives a well-defined element in th(ﬂlM)- The material is
the one-parameter analogue of what is done in defining the White-
head torsion of an acyclic complex of length greater than two.
Chapter IV completes the definition of the WhZ("lM) invari-
ant of a pseudo-isotopy. The main work is to show why the geometric
changes which occur when a one parameter family of gradient-like
vector fields is deformed only alter the Steinberg word of that
one parameter family by relations defining the Wh, group.
Chapter V is mostly geometric. Techniques for simplifying
the graphic of a k-parameter family are given and in particular it
is shown that for 0 < k € 2 any k-parameter family can be reduced
to one with critical points having indices only in two consecutive
dimensions. This is needed in Part II for the definition
of the Whl(nlM;Z2 x nzM) invariant of a pseudo-isotopy. Attention
is called to the last section which shows how the definition of the

th(ﬂlM) invariant is much simpler in the "two index" situation.

- 14 -



Chapter VI and VII give the proof of the main result computing
“0(9) except for showing that the second obstruction in
Whl(vrlM;Z2 x wZM) is well-defined. This last part is computed in
[12], which is Part II of this volume. Chapter VIII gives product
and duality formulae for the th invariant of a pseudo-isotopy.

In addition to constructing the Whl(nlgz2 x ﬂz) invariant,
Part II includes product and duality formulae for the second
obstruction.

Finally, the pages in Part I are numbered so that, say,V. 13

means p. 13 of Chapter V.

- 15 -



HATCHER & WAGONER

CHAPTER I. Pseudo-isotopies and real valued functions.

In this chapter we begin by recalling Cerf's reduction of the
pseudo-isotopy problem to the study of the space of all c® fune-
tions on M x I. Then we discuss a number of results and techni-

ques which form the groundwork for the rest of the paper.

- 16 -



PSEUDO-ISOTOPIES AND REAL VALUED FUNCTIONS

§1. Cerf's "functional approach" to pseudo-isotopies [3].

Let 7 Dbe the space of C® functions f: M x I » I such
that f(x,0) = 0 and f(x,1) =1 for all x €M, f has no
critical points near M x 0 and M x 1, and f(x,t) =t for all
x € 3M. Here I denotes the interval [0,1]. Let p:M x I »1I
denote the standard projection. Let & C ¥ be the subspace con-
sisting of those functions with no critical points. The corres-

pondence g + pog induces a fibration

J >0+ 8
™

where the fiber ¥ = n_l(p) is just the space of isotopies of
the identity of M (i.e. the space of level preserving diffeo-
morphisms of M x I which are the identity on M x 0). To see,
for example, that w 1is onto choose f € & and choose a Riemannian
metric on M. Give M x I the product metric. A diffeomorphism
g of M x I to itself with pog = f is obtained by mapping the
interval x x I to the trajectory of grad f which starts at
x x 0 €EM x 0 and ends somewhere in M x 1. Now the space J s
contractible because it is just the space of all paths from the

identity in Diff(M,3M). Hence there is a homotopy equivalence

m € > & .

Since & 1is contractible we have

ni(P) S ni(ﬁ) £ wi+l«T,8;p).

-17 -



HATCHER & WAGONER

The general plan, then, for measuring the obstruction to connecting
any pseudo-isotopy g € € to the identity by a path in € is to
join P to pog by a path in ¥ and then try to deform this path
down into & keeping endpoints fixed.

Since wO(P) is a group the bijection above induces a group
structure on wo(&) and nICT,&;p). Here is how to do this
directly. Let f,g € ¥. Deform f and g by a very small
amount (so that if f and g are in & they remain in &) until

they agree with p on M x [0,e] and M x [1l-¢,1] for some small

€ > 0. Then define f#g: M x I - I by

%f(x,Zt) , 0<t <%
fH#g(x,t) =
11
%g(x,Zt-l) + 3 F<t<1

If [fl and [gl are in m, (& then

[£f1-[gl = [f#gl.

Similarly, if [fs] and [gs] are in n107}8;p) are represented

by paths fS and g., O < s <1, then

[£,1-[g ] = [f #g,] -

Lemma 1.l. If dim M 2 6, then ﬂO(P) is abelian.

This lemma will not be needed in the sequel and in fact for
dim M 2 7 it is a consequence of the main theorem.

-18 -



PSEUDO-ISOTOPIES AND REAL VALUED FUNCTIONS

Proof. Choose an ordered morse function f: M » R (i.e. index

p > index q = f(p) > f(q)). Let 3 <k <dim M - 3 be a fixed
integer and let ¢ € R be a non-critical value of f such that
for any critical point p of f, f(p) < ¢ iff index p <k and
and f(p) > ¢ iff index p > k. Let A = f_l((-m,c]) and

B = f—l([c,w)). Both A and B have handle decompositions in
which each handle has codimension at least three. Now let F and
G € €. Use the fact that "pseudo-isotopy implies isotopy" in
codimension at least three [15] to inductively deform F on the
subspaces (handle of A) X I until it becomes the identity on

A x I and has support in B x I. See [20]. Similarly deform G
so that it is the identity on B x I and has support in A X I.

Then clearly F+G = G°F.

Remark. Since the space of paths from the identity in Diff (9M)

is contractible the space (M,3M) defined in the introduction has
the same homotopy type as the space of diffeomorphisms of (M,dM) x I
which are the identity on M X O and oM x I. We shall henceforth

identify these spaces.

-19 -



HATCHER & WAGONER

§2. The stratification of & .

In this section we recall from [3] some facts about the low
dimensional strata in the space of all smooth real valued functions
on a manifold. We shall describe what a "generic" k-parameter
family of maps looks like for 0 <k < 2.

Let vitl

be a smooth compact manifold with 3V = C uD.
Let ¥ denote the space of all ¢® functions £:(V;C,D) » (I;0,1)
with no critical points near 3V. As in [3] we can write ¥ as

the disjoint union
F=F R v v ux

where ¥ consists of those functions of codimension k (0 <k < 3)
and ¥ consists of functions of higher codimension. For 0 <k < 3
we can compute the codimension of a function as follows: Let

f € F and let p be an isolated critical point of f. The co-
dimension of p is the codimension (as a vector space over the

real numbers) of the ideal generated by the partial derivatives

of f in the ideal of all germs of functions on V vanishing at

p. The codimension of a critical value a of f is the number

of critical points in f-l(a) minus one. Let

vl(f) sum of codimensions of critical points
vz(f) = sum of codimensions of critical values.
Then for 0 <k < 3

codimension of f = vl(f) + \)Z(f).

-20 -



PSEUDO-ISOTOPIES AND REAL VALUED FUNCTIONS

The canonical forms for critical points of codimension less

than or equal to two are

Codim 0 (non degenerate critical point)

2 2 2 2 2
(0) mXymeeemXy + xi+l+...+xn + Xn+1
Codim 1 (birth or death point)

2 2 2 2 3
(1) =Xy e mXy + xi+1+...+xn + X4l
Codim 2 (dovetail point)

2 n
(2) =X e e mXy + xi+1+...+ Roo® X4 -

We shall say for the above models that 0 1is a critical

point of index i in the cases (0) and (1). In the case (2) we

say 0 is a critical point of index i when "+xﬁ+l" is the
last term and of index i+l when "-xﬁ+l“ is the last term.

The canonical mpdels for the universal unfoldings of these

singularities are respectively

' 2. 2,2 2
(0o") KP=eoemXy b XL telotx

' 2 2.2 2 3
(1" X]=eoe-x; t Rigqteeotx +otx 0t Xo41

. 2 2, .2 2 2 4
2") LIRTRRE: LA SFER PP (txn+l +osxpyy X4
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For 0 Sk <3 the subspace 7Ou, . . s open in ¥ and
for any f € K the stratification is locally trivial at f. This
means that there is a neighborhood of f in F of the form Rk x W
where W is a neighborhood of f in 7% and where there is a

k with 0 as a point stratum such that the

k

stratification of R
stratification induced on R" x W by the :7i is just the product
stratification whose strata are (strata of Rk) x W with 0 x W = W.
It is an interesting open problem to find a good stratification of

¥ . Recent examples of H. Hendriks (to appear in Comptes Rendus)
show that the stratification of ¥H by codimension is in general

not locally trivial above dimension 7.

The following is an explicit description of 37D, 71, and 872.

The stratum Sro. We must have vl(f) = v2(f) = 0. Hence 70 con-

sists of functions with only non-degenerate critical points and

distinct critical values.

The stratum &+ = 7+ UL .

=0 B

gi: vl(f) = 1 and vz(f) = 0. There is just one birth point, all
other critical points are non-degenerate, and the critical values
are distinct.

31: vl(f) = 0 and vz(f) = 1. All critical points are non-degen-
erate and there is exactly one pair of critical points with

the same critical value.

The stratum 7°. There are six types of function in 672.

3%: vz(f) = 2 and vl(f) = 0. There is exactly one dovetail point

and all critical values are distinct.
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Sﬁé vz(f) = 2 and vl(f) = 0. There are exactly two birth points
and all critical values are distinct.

gﬁ: vl(f) =1-= vz(f). There is one birth point and one double
critical value for two non-degenerate points.

3%: vl(f) = 1= v2(f). A birth point and a non-degenerate point
have the same critical value.

Fo: vl(f) = 0 and v2(f) = 2. Three non-degenerate points have
the same critical value.

72, vl(f) = 0 and “Z(f) = 2. There are two double critical values.

If f_: Vn+l + R 1is a k-parameter family where =z varies over

z
a parameter domain D C R® define the graphic of the family f, to

be
U Copiti
zeD[crltlcal values of fz]

The graphic is a subset of D x R.

For example, the graphic of the one parameter family (1') is

]
i i+l :
i
| .

-

Here the i+l and the i appearing next to the lines in graphic
indicate that those lines are the images of critical points of
index i+l and i respectively. When n = 0 in (1') the

actual one parameter family looks like
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-/

The graphic of the one parameter family

D

| .

P\m e

—

is

1
1

| o

Another typical graphic which might occur for a one parameter

family is

-2 -
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e a

|
| N e .
| > //{\\ \
| i
i
| ﬁ(
i Tee— .
/"/ +l
e ;
The graphic of the two parameter family fr g ° -(tx + sx? + xu)
3

2

which is the universal unfolding of xu is a subset. of R“ x R.

The intersections of this graphic with the planes s = constant are

s

[ [ /ﬁ A ] ﬂ
‘ v !, v, k
/ T | v | " |

- 25 =
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Here is a table of some universal unfoldings of the functions

in !71 and 72:

3; graphics

i+)-
or <l__
i

birth point

7.
T 3
crossing point
72 graphics
! ! ’
Poi+l J i+] i+l |
= i S — rn\,<" ‘t index i+l
i H «z
e ; | ' i
or
d f i+l
i =
i_ —_ —— “,sx\\wwﬁ index i
i i
i !
! K
2 e s =
o B' o
|
' .
7'2: —_— _>/: —_— ~ q
Y 2 P ’
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z? graphics

Any k-parameter family fz: Vn+1 + R where 1z € Dk determines

a map F: Dk x V » Dk x R preserving projection onto Dk where

F(z,x)

(z,fz(x)). It also determines a map a:Dk + # where

a(z) = f,. The following are equivalent statements for 0 < k <« 2.

(a) a(Dk) C 70 U 71 V) 72 and the map o is transverse to each

stratum 71.

(b) The map F 1is "generic". This means first that F has only

nt1,0 _.n+, 1,0 .n+1,1,1,0
’ ?

transverse singularities of type I z L

(cf. [2]). Furthermore let I C Dk x V denote the set of

all singular points of F. T i1s a smooth k-dimensional

submanifold of Dk x V and L= EO U Zl vz, where

- 27 -
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Iy = zn+"o(F)= singular points of type zn+4’0,zl = Zn+1’1’0(FL
and 22 = zn+1’1”90(p), In fact Iy consists of those points
(z,p) € DX x v such that p 1is a critical point of f, of

codimension 1i. I, VI, is a smooth submanifold of 3 of
dimension k-1 and zZ, is a. smooth submanifold of dimension
k-2. The second condition for genericity of F requires

that if 1f

and zf are components of Zi and Ej then
the maps F: Zg > Dk x R and F: zf > Dk x R are in general
position.
Thom transversality methods show that any k-parameter family
can be approximated by a generic family as described above when

0 <k € 2. Consequently, any k-parameter family can be deformed

off of strata of codimension greater than k and
@ 70U, = 0

for i<k <2.

Let fz: V + R be a generic k-parameter family and let
(u,p) € C Dk x V. A parametrized version of the splitting theorem
of [10],see [31] also, says that there is a neighborhood U of u
in DX and a k-parameter family of imbeddings F,: R L v with
¢u(0) = (u,p) such that for some quadratic form
q(xl,...,xn) = :xit,..:xﬁ and some k-parameter family dz: R+ R

we have
(%) fo?(xl,...,xn+l) = q(xl,...,xn) + dz(xn+l)

for z € U. If (z,p) € Z;s then d, has 0 as a critical point
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of codimension i. This says that £, is essentially a suspension
of du(see §5 below) and so its behavior is like that of d, near

(u,p). Canonical models for generic families d,: R > R are

One parameter
D(t,x) = (t,+x?) , 0 €z,
or

D(t,x) = (t, tx + x°) , o€

Two parameters
D(t,s,x) = (t,s,ixz), 0 € Zg

or
D(t,s,x) = (t,s,sx + x3), 0 e Zl

or
2

D(t,s,x) (t,s,+(tx + sx” + xu), 0 € I, -
A complete description of gﬁ could be given as was done for
71 and 572. We content ourselves with listing the codimension
three critical points and their universal unfoldings. See [27].
Two of these three kinds of singularities will be used to prove
a result in Chapter V §3 (Th. 3.1.b) which, however, is not necessary
to our proof of the main theorem. To describe these singularities
it suffices by the splitting (*) to give the degenerate part of
the function; namely, the du's. The function d0 is usually called

the organizing center.
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Name Organizing Center Universal Unfolding

Butterfly xs tlx + t2x3 + tax3 + xs

Hyberpolic x3 + y3 x3 + y3 +otyxy - tox - t3y
umbilic

Elliptic x3 - 3xy2 %3 - 3xy2 + tl(xz*yz) - fzx—tay
umbilic

The trace of a map a:Dk + F 1is the decomposition of p¥

into the disjoint sets a-l(component of some Gfk). Here are some
examples.
The trace of the universal unfolding of the dovetail singular-

___ ity is

Consider a two parameter family f éV +R with a graphic
k]

t
like
% [ l i ! i+2 i i+2
i+ . NS, | £
| nothing l —_ <:Tl\> ! ——wél }*}— {ﬁl N ‘ X
| ’ P I N L oA = >
! ! i : ! i : ; i
1 : | H |
| d | i
f i+2 , f
—_— <:::1::’ I — nothing
m |
|
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This has trace

This is a two dimensional section in the trace of the universal

unfolding of the hyperbolic umbilic. See [5].
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§3. Gradient-like vector fields.

We shall be interested in studying triples (n,f,u) where
f:Vn+1 +R is a C” functionon V as in §2 and n is a
vector field on V that is gradient-like for f with respect to

the Riemannian metric yu on V. The term gradient-like means that
(a) dfx(nx) > 0 whenever x 1is not a critical point of f and

(b) There is a neighborhood U of each critical point p such
that n(x) = gradu f(x) for =x € U where the gradient is

computed using yu.

Let 1; denote the space of such triples and, when V = M x I,
let g () 3’ denote the subspace consisting of those triples
(n>f,u) where f has no critical points. In the case M # 0
we take F to be all those triples (nsf,u) such that near M x I
the metric yu 1is the product metric of some fixed metric on M
and the standard metric on I. Now fix a Riemannian metric {i
on V. Then the map 7+ F given by f - (graduf,f,ﬁ) is a
homotopy equivalence which induces a homotopy equivalence of pairs

A A

(7,8) 2 (F,8).

The deformation retraction of F down in ’F is done in two stages.
First deform (n,f,u) to (graduf,f,u) via the path

(t~graduf + (1-t)n,f,u), 0 € t <1, and then deform (graduf,f,u)

to (gradif,f,ﬁ) by the path (gradutf,f,ut) where

My = tfd + (1-t)py for 0K t< 1.
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We have in particular
"16’ &p) = nl(é', é;lg)
where P = (gradﬁp,p,ﬁ).
Now let (n,f,u) € 5’ and let p €V be an isolated critical

oint of f. Let ¢ be the one parameter family of diffeomorphisms
P t

generated by n. Define the stable and unstable sets of p, written

*
W(p) and W (p) respectively, by the equations

W(p) = {x € V| lim JE(X) = p}
tro

and
w*(p) = {x € V| lim Qu(x) = p}

ts-

Let p and q be two critical points of f of index i and

_1(c) be an

j respectively. Suppose f(p) > f(q) and let L = f
intermediate level surface where f(p) > ¢ > f(q). Then the inter-
section W(p) N w*(q) N L will be called an i/j intersection.
Suppose we have a smooth k-parameter family (nz,fz,uz) in 5;,
z € Dk, such that the map F:Dk x V » Dk x R is in general position
as in §2. For each point (z,pz) in the critical set I, P, is
a critical point of fZ and we have the sets W(pz) and W*(pz)
contained as subsets of 2z x V. We shall need to know how these
sets vary as (z,pz) moves around in I Dbecause the Wh2 invariant
for pseudo-isotopies comes from the i/i intersections in a one-
parameter family in é} and the Whl(nlM322 x "ZM) invariant comes

from the i+1/i intersections in a one parameter family.
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In the remainder of this section we will first give six
examples of the behavior of the stable and unstable sets near the
generic singularities and then give an existence theorem for nice
families of gradient like vector fields. To economize in notation
we shall often suppress the notation for the Riemannian metric in

a k-parameter family and shorten (nz,fz,uz) to (“z’fz)'

Example 1. Each function fz of the k-parameter family has only
isolated, non-degenerate critical points, say of index i. Then

n+l-i

i *
1 and w (pz) = R

*
W(pz) = R and W(pz) intersects W (pz)
transversely in the point P,- As 2z moves smoothly in Ip = L
the stable and unstable manifolds vary smoothly. This is just

"stable manifold theory". See [14].

Example 2. (k=1). Consider the one-parameter family (grad ft’ft’“)

s . +
where u 1is the standard metric on R" 1 and
_ 2 2 2 2 3
ft(xl""’xn+1) = =Xy=eeemXg + xi+1+...+xn + txn+1 + Xn41° When

t = 0 there is just one critical point, namely 0, which lies in

z When t < 0, f_ has two non-degenerate critical points

1° t
a, = (0 4...,0, \/~t73) and bt = (0y...,0, - /~t73) of index i

and i+l vrespectively. Both a, and bt are in Zg- For t > 0

ft has no critical points at all. Then for t < 0 we have (in
R* x R*™* x R)

= i . = A/ -
W(at) = R" x 0 x {ct}, cyp =V t/3
* -3
W-(at) =0 x R*7%

_ ool
W(bt) = R" x 0 x {xn+1 < ct}

x {-ct < xn+1}
W) = 0 x R« (o)
t t
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For t = 0 we have

i * _ n-i
x 0 x {xn+l < 0} and W (0) = 0 x R x {0 < x

W(0) = R N+l

}.

*
In particular W(0) and W (0) are half spaces.

Let € > 0 and choose d > 0 so that for t € [-e,e] the

critical values of ft are contained in (-d,d). The corresponding

graphic is

-1
For t < 0, let X, = ft ([-d,d]) n (W(at) V] w*(at) V] W(bt) V] W*(bt)).

Let

Xy = £51([-d,d]) N (WD) v Ww'(0)). For t <0, let

X, (2d) = f;l(:d) N X,. Then for t <0 we have

(a)

(b)

(c)

For

(d)

Xt is contractible

Xt(d) is an (n-i) disc with boundary the (n-i-1) sphere
Wb, ool

t t
Xt(—d) is an i-disc with boundary the (i-1) sphere

-1
W(a,) N £y7(-d).

t <0 we also have

the i-sphere W(b.) N f;l(O) and the (n-i)-sphere

* -
W (at) n ftl(O) intersect each other transversely in a single
point in the level surface f;l(O).
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Example 3. Consider the two parameter family (nt s’ft S) where
b 3
_ 2 2 2 2
ft,s R SETRRES ST xi+l+...+xn + (txn+1 + Xn+1)

and Ny s is the gradient of f with respect to the standard
2

t,s
3 -( . . 3 .
metric. This is just a one-parameter version of the previous

example. In each slice s = constant the behavior of the stable

and unstable manifolds is as in Example 2.

Example 4. (Dovetail singularity). Let (nt s’ft S) be the two
k] bl

parameter family where

2 2
...+ - + +
X (txn §X 41

2 2
—...-xi + X, +1

i+l

N

ft,s(xl""’xn+l) = -x n+l

and L, is the gradient of f with respect to the standard
>

t,s
. + s .
metric of R® 1. As s goes from positive to negative the change

in the graphic is

' * x !
I i+l i+l i _itl i+1
, | e T
1 I = PR
] i
s >0 s =0
s < 0

For s > 0 there is just one non-degenerate critical point of
index i+l at each time t; for s = 0 there is a non-degenerate

critical point when t # 0 and a codimension two critical point,
. i n-i
namely 0, when t = 0. For t = s = 0, we have (in R™ x R x R)
. * s
W(0) = R* x 0 xR and W (0) = 0 x R%™* x 0.
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Fix s < 0 and for all t set (”t’ft) = (nt,s’ft,s)' Let

a, for t < § and by for -6 < t denote the critical points of

index i+l as indicated in the diagram below. For =-8< t < § let

c denote the critical point of index 1i. Let c_s and s be

t
the birth and death critical points respectively.

Here is how the stable and unstable sets vary within the intermediate

level surfaces. See [33IV.14] and particularly [5, Chap. 2].

- 37 -



HATCHER & WAGONER

(1) Near the birth and death points the situation is just as in

Example 2 above.

(2) In the u-level X, = f;l(u):
* n-i-1
W (at) n Kt ) (at)
* n-i-1
W (bt) n Kt E IR (bt)

closure of

® -] -
W(ct)ﬂKtSSnllxI

See the following diagram:

n-i-l(a )

t < -6
-6t < $§

where

Sn-i-l x 0 o Sn-i-l(at)
e e
n-i-1
S (bt)
i
§< t

Another diagram illustrating the variation is

/Sn—l-lxl

[

n-i-1
S (bt)
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(3) In the v-level surface L, = f-l(v):
For t <0
n L el
W(at) Lt z S (at)

* . nn-1
Wie_ 9 NL_& D" e o

* 2n-i
W (ct) n L, = D (ct) for -8§< t< 0
* * n-i-1
= N = -
%) (bt) n L, = (W (ct) Lt) x 3 (bt) for 6§ < t<0
For t > 0

. ol

W(bt) n L =S (bt)
* . =1

W (06)n Lg& D (CG)
on_i

D¢

*
n =
w (ct) L, ct) for 0 < t< ¢
* * n-i-1
N = [g] =1
Wo(a)) L, = 3(W (cy) L) =s (ay) for 0 < t< $
. on_3
Note that for -6< t < 0, Sl(at) intersects D" 1(ct) transversely

in exactly one point; similarly for 0 < t <§, Sl(bt) intersects

ONei . . .
p" 1(ct) transversely in one point. See the following diagram:

o°n-i
ooy s i-1cg )
t

'f\ ) TSi(bt)

stap) sP i1y )
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-1
£ ¢

*
[} and W (at) n W(bt) = ¢ .

(4) In the w-level Pt = f w): For -6< t < &

*
W(at) N w (bt)

. ol
W(at) n Pt = S (at)

R

N
W(bt) Pt

i
S (bt)
* n-i
N ~
W (ct) Pt S (c

+)

In fact each of Sl(at) and Sl(bt) intersect S

transversely in a single point in P

£
- 1 .
(5) In the »r-level Qt = ft (r):
i
W(at) n Q = S (at) (t < =6
~ pi
w(at) n Qt =D (at) (-6t < ¢
=~ pi -
W(bt) n Q. =D (bt) (-6<t< O
~ oi-1 _ a21 _ ~2i
W(Ct) n Qt xS (ct) = 3D (at) = 9D (bt)

~ pi
We_o N Q. = ? (c_g

o l
W(cé) N Qt =D (c5)

~ ol
W(bt) n Q =8 (bt) (8 < 1)

See the following diagram:

- 40 -
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Y N - D™ (a.)
‘>k°7/ \ \\ / t \
1 log - \‘\
\ y. bi(a_p . T
\ N ,' -6 < < 6 t= g
N
t= -6
/ )
i N
( }si(at)
\\
T~ §< t
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Example 5. (0 <k <2). Let F:Dk x R + Dk x R be a generic map

where F(z,x) = (z,fz(x)) and let u,» 2 € Dk, be a smooth family
of metrics on R. Let n, = graduzfz. Since we are dealing here
with gradients of functions of a single real variable the situation
is easy to analyze and one sees that the stable and unstable sets
of points in I have the same intersection phenomena as in the
above examples where the standard metric was used.

n+l

Example 6. Suppose fz: R + R is a generic k-parameter family,

z € Dk, of the form

fz(xl,...,x

n+1) = q(xl,...,xn) + dz(xn+1)

where q is a non-degenerate quadratic form in the variables
KpseoesXy and dz: R + R is a generic k-parameter family as in
Example 5. Suppose yu, and u; are smooth k-parameter families

n+l be

of metrics on R® and on R respectively and let R
given the direct sum metric. Let n, be the corresponding gradient
of fz. As in Example 5 it is easy to analyze the behavior of

dz: the suspension principle in §5 below shows that the inter-
sections of the stable and unstable manifolds of the critical points
of the fz are the same as those for the critical points of the

d,.

"Nice" families of gradient-like vector fields.

+
n+l

Theorem 3.1. Given a generic k-parameter family fz: v R,

z € p¥ and 0 <k < 2,it is possible to choose a k-parameter
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family of metrics M, and a k-parameter family n, of vector

s 8o that the

fields, gradient-like for fz with respect to M,

family (nz’fz) has the following properties:

(A) For (z,pz) €z and index P, = i, the stable and unstable

0
*

sets W(pz) and W (pz) in 2z x V are Euclidean spaces of

dimension i and n+l-i which vary smoothly as (z,pz)

varies smoothly in 20.

*
(B) For (z,pz) €I W(pz) and W (pz) are smoothly varying

1’
half spaces (see Eg. 2). Furthermore, let "(Zl) c p* be
the image of Zl under the projection m: Dk x vV > Dk and

k

suppose Yy € D is a small arc cutting w(zl) transversely

in one point as in the diagram

k n(Zl)

Then the one parameter family ft’ where t runs along Y,

locally has a graphic like
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Let bt be the critical point of index i+l of ft and a,
be the critical point of index i of ft near the point pP,-
Then in any intermediate level surface Lt between

-1 -1 i
£y (ft(bt)) and ft (ft(ét)). The spheres S, = W(bt) N L
-i *
and S: Taw (a't) n Lt intersect each other transversely

in one point (as in Example 2).

*
(C) For (z,pz) €1, W(pz) and W (pz) are Euclidean spaces
of complementary dimension intersecting transversely in P,
The stable and unstable manifolds of the critical points

near (z,pz) vary as in Example 4 above.

Any k-parameter family (nz,fz) satisfying (A),(B), and (C)

will be called nice.

This definition of nice gradient-like families is more or less
ad hoc. One would like to be able to prove (A),(B), and (C) under
reasonable hypothesis instead of having to construct a family n,
for which (A),(B), (C) holds. In any case this definition suffices
for the present paper. Actually in Chapter V we will need to
consider deformations of two parameter families (i.e. three para-
meter families). However, all the deformations performed will
take nice families to nice families.

One way of constructing the n, and u, satisfying (A)
through (C) is to first choose local coordinates for the fz as
in (*) of §2 near the points of I. The gradient with respect to
these local coordinates is easy to analyze as in Examples (1)

through (6) and satisfies (A) through (C). The various choices of

local coordinates can be made in such a way that they overlap nicely.
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Then the local metrics can be patched together by a partition of
unity to get a global family of metrics u, such that n, = grad fz
with respectto H, satisfies (A), (B), and (C). See [11] and [5]
for example. The proof below uses the methods of the splitting

theorem in [10].

Proof of (3.1). For k = 0, f 1is a function with non<«degenerate
critical points. We can choose u to be any metric on yntl
because the stable and unstable manifolds satisfy (A) by stable
manifold theory [14]. We shall do the case k = 2 and leave the
easier case k = 1 to the reader.

Start with the generic two parameter family fz’ z € D2, as
in §2 with singular set I = IgUZI; UL, Let T = Iuvi, and

let AC D’ be the part of the trace which is the image of T

under the projection n:D2 x Vn+1 > D2. The parameters z € A

for which fz has a dovetail (resp. birth or death) singularity
will be called dovetail (resp. birth-death) parameters. The set A
is stratified as follows. The (isolated) 0-dimensional strata

are the dovetail parameters (i.e. fz € 72) and the double birth-

death parameters (i.e fz € ?2). Each l-dimensional strata consists

B
of parameters z where fz has exactly one birth or death critical
point and is either the interior of an arc joining two 0-dimensional
strata or is a circle. It will be convenient to introduce two

more O-dimensional strata on each such circle by choosing a pair

of points on each. Give TI the stratification induced by the

map w:l' + A .
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n+l be a

Now let u a point stratum of A and P, eV
dovetail or birth-death critical point for fu’ The splitting
theorem methods of [10] show there is a small ball A centered at
u together with a family of embeddings q;:Rn*l > Vn+1 and a
family of functions dz: R + R, where 2z € A, such that

(1) if Py is a dovetail point, ¢u(0) = Py’
(ii) 1if Py is a birth-death point, then there is an arc
Y C A of birth-death parameters with end points in 3A
and there is an arc y C I which maps homeomorphically
onto y by w such that ¢,(0) =p, € Y where
n(p,) = 23
2

cos ) - 2 2 2
(iii) fz°¢z(x1,...,xn,xn+l) T =X meeemX] b X[ teeetx td (XL 0)

and the family d,: R » R has the same type of generic

singularity as the family fz'

n+l

Give each slice (R n+l

) CzxV

from the standard metric on Rn+l

the metric u, induced
by the embedding qz. Then the
stable and unstable manifolds of graduz(fz) satisfy (B) if Py
is a birth-death point and satisfy (C) if Py is a dovetail
critical point.
Do this for each of the point strata UyseeosUp in A. This gives

n+l

a family of embeddings of R over the parameter domain

Ay, U A2U...UAm where Ai is a small ball centered at u; - The

1
closure A' of A-(Alu...UAm) is the union of finitely many arcs
“j whose end points lie in the boundary of 8,U. . UA .

Let I' =AY n £;. The map m: r' » A is a homeomor-
phism. Let ﬁj be the arc which maps to o under 7. We must

extend the metrics already constructed to metrics on the local
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slices near each of the arcs a.. Let a be one of the arcs “j

as in the following diagram:

Let & denote the corresponding arc a.; in Iy Let e, = an by

and e, = ar\Az be the endpoints of o and let 31 and 32 denote

2
the corresponding endpoints of a. More generally for z € a let
Z € o denote the unique point such that @(2z)= z. Let U=x>J x q

be a small neighborhood of a such that U nN 8, = J x ey and

un 8, = J x e, where J is a small interval. The embeddings

42: Rn+1 > Vn+1, z € Alu...UAm, constructed above give embeddings

qz: Rn+1 -+ Vn+1 where 2z runs through J x ey and J x e,. By
n+l

a translation of the variable Xn+1 in R change the families
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. -
4, and dz for z € J x ey UJd x e so that (Fﬂxei(O) = e. and

2 i
so that (iii) holds. Since translation preserves the metric on
+ . . .
R" 1, the metrics induced on the images 4Z(R“*1), z €J x e, UJ x €5

by the new embeddings remains the same. Using the techniques of

the splitting theorem [10] extend these embeddings to a family

q : RS Vn+1

2 where z runs through U (made smaller perhaps)

and extend the family dz: R =+ R, to one defined for z € U such

that

(i") qzm) =z for z € o

) = -x2-...-x?+x?

2
1 i 1+1+...+xn + dz(xn+ )

il T
(ii") fzoqz(xl,...,x 1

n**n+1

for z € U.

Caution. To obtain this extension it may be necessary to match up
orientations by changing the embeddings dz, z €J x ey by reflection
in one of the axes Xs 1l < i < n, however, the induced metrics

Mys 2 € J x e remain unchanged.

n+l

As before let for z € U be the metric on ¢_(R )

1
z z
induced from the standard metric on Rn+l by the embedding qz.

Then the vector fields grad (fz) satisfy (B) for 2z near g.

z
For any pair (u,p) € D2 x vl yith z g Aor p€é&T choose

n+l | yntl

a two parameter family of embeddings 4Z: R \ where <{u(0) = p

and 2z runs through a small neighborhood around wu. Let M,

denote the metric induced on qz(Rn+1) by qz from the standard

. n+l
metric on R .

Finally, piece these local metrics together with a partition

of unity to get a two parameter family Wys Z € D2, of metrics on
Vn+l and set n,= gradu (fz). As noted above the stable and
z
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unstable sets of critical points near Zl uiI, satisfy (B) and
(C). The stable and unstable manifolds of the (non-degenerate)

critical points in Ly satisfy (A) by stable manifold theory [14].

Remark 3.2. Relative version of (3.1).

+
n+l has been constructed

If a nice family (”z’fz’“z) on V
as above for 2z running through a neighborhood of a closed set
in Dz, then the family can be extended to all parameter values
in D2 by the construction. In particular, suppose (n;,f;,u;)
and (n:,f;,u;) are two one-parameter families constructed as
above such that (n;,f;,u;) = (n:,f:,u:) for t = 0,1. Then

there is a nice two parameter family (Yz,hz,vz) which restricts

"

L 1 1 " "
to ("t’ft’”t) for z = (t,0) and to (nt’ft’ut) for z = (t,1).

There is the general problem of relating the higher homotopy
groups ﬂiG7;&;p) to higher algebraic K-theory functors Whi+1
and this requires studying k-parameter families (nz,fz) for k
large. The difficulty is to know how the stable and unstable sets
vary with the parameter 2z. For example, in attempting to prove
that nice gradient-like families of vector fields exist one is
tempted to fix a metric on V and take n, = grad f, for all
z € Dk. But consider the one parameter family ft as in Example
2. and let W be an arbitrary Riemannian metric on R,

If ng = graduft is (d) of Example 2 still satisfied? Another
typical problem is that for a given function the topological type
of the stable set of an isolated critical point may vary as the

metric changes. See [26]. Perhaps the machinery of gradient-
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like vector fields can be replaced by something easier to handle
but which also enjoys the same global aspects. In any case one
should look at the homology of a singularity p of a function f,
written H,(f,p), as defined in [10] and [21]. If n is the
gradient of f with respect to a metric so that W(p) and W*(p)

are reasonable (say, stratified sets) then
Hye(f,p) = H*(w_e,aw_e)

where W__ = W(p) N £TN(L£(p) - €, £(p) + €]) and

wW__ = Wp) N £71(£(p) - €) for a small enough ¢ > 0. What can
be said about Hg(f,p)? If Hu(f,p) = 0 can f Dbe approximated

in the C~ topology by a function with no critical points?
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§4. General position of nice gradient-like families.

Let j be a nice gradient like vector field for a function f
which has only non-degenerate critical points. We say (n,f) is

in general position provided that for any two critical points p

and q of f the intersection W*(p) N W(g) 1is transverse. In
[23] it was shown that any nice gradient like vector field for f
can be deformed into general position. Here is the basic idea of
the proof: suppose p and q are critical points of f with
f(p) < f(q) and let L be an intermediate level surface between
p and q. By an isotopy of L make the spheres W*(p) Nn L and
w*(q) N L transverse. This isotopy can then be used as in [18,
Th. 4.4] to deform n just in a neighborhood of L so that W*(p)
and W(q) become transverse. This type of argument (i.e. deforming
n by isotopies of intermediate level surfaces) can be used to
obtain a k-parameter version of general position.

Let (nz,fz) be a nice k-parameter family, z € Dk, such
that F:Dk x V> Dk X R 1is generic as in §2. TFor each component

S of a stratum of the singular set § of F let

W(s) = U W(p_)
(z,p)es 2
z
and
* , *
W (S) = U W (p.)
(z,p,)€S z

%
Then W(S) and W (S) are smooth fiber spaces embedded (not as

closed subspaces) in Dk x V with fiber either a Euclidean space
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or a half space. Define the index of S to be the common index
(as defined at the beginning of §2) of the critical points in S.

A nice k-parameter family (nz,fz) is in general position

*
provided that W(Sl) and W (SZ) are in general position in

Dk x V for any two components S1 and 52

singular set. The following is most likely a theorem:

of strata in the

Probable Theorem 4.1. Any nice k-parameter family (nz,fz),

0 € k € 2, can be deformed into general position. If (nz,fz)

is already in general position when 2z is restricted to a neighbor-

hood of a closed set C C Dk, then (nz,fz) can be kept fixed for z € C.
This theorem will not be needed in full generality. The follow-

ing example indicates the transversality method used in proving such

a result and without always giving full details we will use this

transversality technique in the remainder of the paper to put

certain k-parameter families in "partial" general position (i.e.

it will only be necessary for W(Sl) and W*(SZ) to be transverse

for certain pairs of components S1 and 82)-

Suppose the one parameter family (“t’ft) has a graphic like
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Let p, denote the critical point of ft of index i and 1let q
denote the critical point of ft of index j as indicated in the
graphic. At the two crossings (i.e. when ft GC’%) certainly

W(pt) n W*(qt) = 0 and hence this also holds for all t satisfying
|t - al <€ and |t - b| < e for a small enough € > 0. Let

= f;l(u). The one parameter families Sl—l(pt) = W(Pt) n Lt

=
1

and Sn+l-3(qt) = w(qt) n L, (a + e€t <DL - ¢€) form isotopies

x J and S x g » Lose J. Deform these

XJ'*La +

+e
maps into general position by approximations. Then use the techni-
ques of [18, Th.4.4] to deform the one parameter family (“t’ft)’
a-e€St<b+ e, into general position keeping (nt,ft) fixed

for t=a-eand t =Db + €.
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§5. Suspension.

In this section we describe suspension maps from the spaces

A ~
£,8,%& and F for the manifold (M,3M) to the corresponding
spaces for the manifold (M x J,3(M x J)). Here J = [-1,1]. These

maps will be natural up to homotopy for the sequence
€ > &+
and the homotopy equivalence
(7,8) » (7,8)
On elements of §' suspension has the property that no new critical
points are introduced and the intersections of the stable and

unstable manifolds are preserved. The basic idea of the construction

is illustrated in the following diagram:
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For convenience in defining the suspension we replace & (M,3aM)
by €'(M,3M), the subspace of diffeomorphisms of M x I which are
the identity on M x [0,e] VU 3M x I and which are of the form
(x,t) + (£(x),t) for 1 -e<t<1l; Z(M,3M) by %'(M,aM), the
subspace of functions M x I + I which are the projection onto I
on Mx [0,e] UM x [1-€,1] U 3M x I; and S;(M,BM) by 5'(M,8M),
the subspace for which the function belongs to F'(M,3M) and for
which the metric is the product metric and the vector field is
the gradient vector field on M x [0,e] UM x [1-€,1] VU 3M x I.

Here € is a fixed small positive number. We also replace & and
& by &' =&n7% and &' = &n7. These replacements are justi-
fied up to homotopy type by [ 4] where it is shown that the
inclusions e' ¢ e, (?!,3’) C (¥,8), and (;!,é') C (},é) are
homotopy equivalences.

There are two kinds of suspensions: st and s”. we give
the details of the construction of s* and leave the construction
of 8 +to the reader.

Let I = [0,1]. Define C CJ x I to be the set

c=2Jx [0,1 - %]. Thus:

o Fm
Ejo
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Define an embedding G: C + J x I such that:
(a) G(1,t) = (1-t,1)
(b) 4(-1,t) = (t-1,1)
(c) d(s,t) = (s,t+52) for |s| < %
(d) for fixed t € [0,1 - %] the map s * ¢(s,t) followed by

the projection J x I + I 1as a critical point only at s = 0.

Via the embedding { we can introduce coordinates u and v
on the image {(C) where the "horizontal" lines v = constant are
of the form u = {(s,t), t = constant, and the "vertical” lines
u = constant are of the form v = @(s,t), s = constant. See the

diagram below.
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£

N

Flw

£|o

s —>
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L
For F € € (M,3M) define the suspension of F
s'F e @M x 3, aM x J))

to be F|M x [0, l-%] on each of the sections M x {u = -zonstant,

0Sv<]l - %} , the identity below the "horizontal" line v = C,

and F|M x {1} on each slice M x {s,t} above the line {v = 1 - %}.
The pseudo-isotopy obtained by restricting S+F to M x J x {1}

is the "double" of F.
Let w: J x I -+ I be projection. If f € G#(M,aM), define

F: MxJ xI+JxI tobe f: M x {u= constant,
0<Sv<]1l- %} + {u = constant, 0<v<1l- %} on each slice

M x {u = constant, 0<v<1- %} and the projection onto J x I
elsewhere. Then let the suspension of f
s'f e M x J, aM x J))
be given by
stF = qoT .
Then S+f|M x {0} x I = £f and property (d) above implies
(5.1) {critical points of s*fl={critical points of £}

. s . +
Furthermore, in a neighborhood of a critical point of S f we have

S+f(x,u,v) = f(x,v) + u2.

- 58 -



PSEUDO-ISOTOPIES AND REAL VALUED FUNCTIONS

~

Next we extend S' to %' by defining it on an element
(n,f,n). Let My and up be the standard metrics on J and I
respectively and let u, = u|M x {0}. on M x @) let S*u be
induced by § from u x u;, and on M x JxI-Mx@() Ilet

S+u be the product of Mo with a fixed extension of ?(uJ x uI)

to J x I.

To define S+n, let n(x,u,v) = n(x,v) + 2u'§% wherever the
(u,v) coordinates are defined, and let p: M X J X I > I be a
function which is 0 outside a neighborhood of M x {0} x [e,1l-€]

and 1 inside a smaller neighborhood of M x {0} x [e,1-e]. Then

set

+ - +
S'n = + (1-p) d
n en p) gra uOXuJXu? £)

. + . . . .
It is easy to check that S n 1is a gradient-like vector field for

+ . . + . .
S f with respect to the metric S p. The continuous suspension

map -

~t ~
st ¥ (M, 0M) > F(M x J,0(M x J))
is given by

+
s (n,f,m = (sTn,sYE,sT)
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One defines S~ in a similar way but in a neighborhood of
any critical point of S™f we have S f(x,u,v) = f(x,v) - u?.

Let h:B > R be a C” - function on a smooth manifold B
with an isolated critical point p such that h(p) = c¢. Let n
be a gradient like vector field for h and € > 0 be such that

h has no other critical points than p in h—l([c-e,c+s]). Define

W (p,h) = W(P) N h™ ([e-g,c*e)
* * -1
We(p,h) = W (p) Nh “([c-e,ct+el)
aW_(p,h) = W(p) N h™l(c-¢)
* * -1
awe(p,h) =W {(p) Nh “(cte).

For any two isolated critical points p and q of f we

have

+ * + *
(5.2) W(p,S™f) N W (q,87f) = W(p,f) N W (q,f).
Furthermore, if p is an isolated critical point of £, then

(W_(p,ST6), aW_(p,S'E)) = (W (p,£), W (p,£))

R

*
W2 (p,S*£), aWa(p,STE)) = (SW.(p,£),S2W,(p, D))

(5.3)
(We(p,S-f),awe(p,S-f)) = (SW (p,£),S83W_(p,f))

* - * - * *
(W_(p,S £), aW_(p,S £)) = (We(p,f), awe(p,f))

where the capital S on the right-hand side denotes ordinary sus-

pension of topological spaces. Compare [10].
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Remark 1. Under suspension the space SM of functions

(M x I; Mx 0, Mx 1) » (I;0,1) which have no critical points and
are the standard projection near oM X I gets mapped to the
corresponding space 8M x J for the manifold M x J. If dim M =2 7

the main result of this paper shows there is an isomorphism

no(ﬁM) = n0(8M . J)
Can this fact somehow be derived in a direct way?

Remark 2. By repeating the suspension construction a number of
times one can, by (5.3), increase the codimensions of both the
stable and unstable sets of all the critical points and also make

* *
the pairs (we ,OW _ ) and (we,awe) as highly connected as might

€

be desired.
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§6. Independence of birth and death points.

Let n be a nice gradient-like vector field for f. Two
critical points p and q of f are called independent (for n)
if

MW(p) VW (P N (W) uw (@) = o

A single critical point is independent (for n) provided it is

independent of all other critical points of f.

Lemma 6.1. Let (nt’ft) be a nice one-parameter family. Suppose
all the critical points p of each £y satisfy 1 < index p <n.

Then can be deformed to a nice one-parameter family of gradient-

Nt
like vector fields for which all birth-death singularities of the
ft are independent.

Proof. To make a birth-death critical point p of a particular ft

independent of all the critical points q of £, with ft(p) > ft(q)
we deform n, near p by an isotopy of the level surface L just
below p as follows: Choose a point x in the interior of the

dise W(p) N L. By a small isotopy of the level surface deform

n, so that w*(q) N L doesn't hit x. This can be done because
index gq > 0 implies w*(q) N L will have positive codimension
in L. Now by an isotopy of L shrink the discs W(p) N L
concentrically into a small neighborhood of x so that W(p) N L
and W*(q) N L don't meet. Repeat this procedure for all the

critical points below p; then by a similar argument make p

- 62 -



PSEUDO-ISOTOPIBS AND REAL VALUED FUNCTIONS

independent of all the critical points above it.

Remark 6.2. Suppose (nz,fz) is a 2-parameter family such that
for each critical point p of any fz we have 1 < index p < n.
Then an argument similar to the one above can be used to make all
the birth-death critical points independent except in a small

neighborhood of a dovetail point. See (C) of §2 of IV below.
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§7. Independent Trajectories.

In this section we give some ways in which the graphic of a
k-parameter family (nz,fz) can be changed by a deformation of

(nz,fz).

Independent Trajectories Principle.

This says, roughly, that whenever the stable and unstable sets
from critical points corresponding to one part in the graphic don't
intersect those from another part of the graphic we can realize
any deformation of these two parts of the graphic relative to one

another by an actual deformation of (nz,fz).

Example. Suppose the graphic of a path (nt’ft)’ 0 <t<1l, looks

like

and suppose that (nt’ft) is in general position. If Jj < i then

for as<ts<b
%
W(pt) nw (qt) = ¢

where p, is the critical point of ft of index j and Q is

the critical point of ft of index i. The independent trajectories
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lemma below says that the following deformation in the graphic can
be realized by a deformation of (nt’ft) which keeps end points

fixed:

N # —
j

The proof of the independent trajectories lemma is a direct generali-

zation of the argument for the Preliminary Rearrangement Theorem 4.1

of [18].

Lemma (7.1). (Independent Trajectories). Suppose (nz,fz) is a
nice k-parameter family (0 < k < 2) where 2z belongs to a para-
meter domain D C Dk which is a compact k-submanifold with
boundary of Dk. Let L €D x V be the singular set of the map
F: DxV~+>D xR and let C C ¢ be the union of some of the

components of . Let o;,a,: D+ R be C° functions.
1’72

Assume
(a) al(z) < fz(p) < a2(z) for any p€C, =CnN (z x V)
- *
(b) Let K_ = f-r([a;(z),0,(z2)D N [ U W(p) UW (p))] and
z z 1 2
pEC
z
suppose that the compact set Kz does not intersect
* -
W(g) UW (q) for any critical point q in le([al(z),az(z)])

but not in Cz.
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Then if B8 ,82: D+ R are any two C -functions satisfying
@, (2) < B (z) < B,(z) < a,(z) the family (n,,f ) can be deformed

to a nice family (nz,gz) satisfying

(i) each g, has the same critical points as fz and more-
over for any critical point p of fz there is a
constant cz(p) such that g, = fz + cz(p) in a neigh-
borhood of p in 2z x V.

(ii) Bl(z) < gz(p) < Bz(z) for all p € Cz

(iii) if Bl(z) = al(z) and Bz(z) = az(z), then g, = fz.
Note that n_ was not changed so the intersections of the
stable and unstable manifolds in 2z X V remains the same.

A typical transformation by independent trajectories (k=1)

might look like

graphic of fz graphic of g,
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Proof. Let K = z(G{)Kz C D x V. Using an argument similar to
[18, Th. 4.1] we can use condition (b) to find neighborhoods
U1 C U2 of K in D x V and to find a smooth function

p:D x V » [0,1] such that

(1) the closure of U contains no critical points other than
.

2
those in C

(2) p=1 on Ul and p = 0 outside 02

(3) Let P, = p|z x V. Let p be a point of z x V not in K,

and suppose °‘1(Z) < fz(p) < a2(z). Then Py is constant

on the part of the trajectory of n, through p which lies

in £70(Lay (2)50,(2) D).

Now as in [18, Th. 4.1] construct a smooth k-parameter family

of maps Gz(t,r): R x [0,1] + R such that

(4) for each fixed r € [0,1], Gz( ,v) 1is a diffeomorphism of

R with support contained in [a,(2),a,(2)]

3G

5) —5%(t,r) =1 for t near any critical value of fz

(6) el(z) < Gz(fz(p),l) < Ez(z) for p € Cz
(7) Gz( ,0) = identity for all =z

(8) If 3l(z) = al(z) and Bz(z) = uz(z) then Gz( ,r) = identity

for all r € [0,1]

The required deformation from fz = Gz(fz,O) to

g, = Gz(fz,p) is the path

6, (£, (%), 8.p(x))
for 0K s< 1 and x€ V.
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§8. One and two parameter ordering.

This section gives two propositions which show how to simplify
the graphics of one and two parameter families using only general
position arguments and the independent trajectories principle put
together by a somewhat involved induction process. The propositions
stated are not the most general possible but they are what we need

to construct the th invariant and show it is well-defined.

A function f: Vn+l + R 1is ordered provided that index(p) >

index(q) implies £(p) > £f(q).

Proposition 8.1. (One parameter ordering. Compare [3; Chap. V, §1])

Let V= M' x I and let ("t’ft) be a one parameter family

where ft: M x I + I is such that f, and f1 lie in &. Then
(“t’ft) can be deformed keeping (no,fU) and (nl,fl) fixed so
that it becomes a nice one parameter family satisfying the following

properties:

(1) For all t, ft e u 71 and the one parameter family ft is
generic in the sense of §2. Thus there are only finitely many
crossings (which occur when ft € 3%

birth and death points and these all occur at different times.

) and only finitely many

(2) Let 0 <ry< Py<ee. <rp < 1 be chosen in advance. If p
is a non-degenerate critical point of any ft of index i
then r; ; < ft(P) <r;. If p is a birth or death point of

index 1 then ft(p) =r;. Thus each ft is ordered.
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(3) 1If ft is a generic family to begin with and each critical
point of each ft satisfies 0 < index(p) < n+l, then the
deformation of (nt’ft) can be made so that birth and death

points become independent.

Proof of one parameter ordering (see [3] also).

First deform (nt’ft) to a nice family where the one parameter
family ft is generic as in §2. There will be only finitely many

times 0 < ty<e..<t, <1 such that ft has exactly one birth or
i

death point and for t # ti, £ has only non-degenerate critical

t
points. Now use general position and the independent trajectories
principle as in [3] to deform (nt,ft) so that for a small number
8> 0, f satisfies condition (2) above whenever t € [ti-G, tit 8.
If the index A of each birth or death point satisfies 1 < X <n
then (6.1) insures that independence of the birth or death point of
each fti can be obtained. Now use the techniques of the two
examples in §4 and §7 to further deform (nt’ft) until condition
(2) 1is satisfied for all t € [0,1]. q.e.d.

Suppose now that we have chosen a sequence 0 < Py < Py<e..<ry
and have two paths (nt,ft) and (Et,gt), 0 <t <1l, such that
(no,fo) = (Eo,go) and (nl,fl) = (El,gl) and such that the paths
satisfy (8.1). Suppose that for any critical point p of any ft
or g, we have 2 < index(p) <n - 1. As in §2 there is a nice

two parameter family ) such that

(Yt,s’ht,s

(nt’ft) = (Yt,o’ht,o) and (Et’gt) = (Yt,l’ht,l) for 0Kt <1
and

(YO,s’hO,s) = (no,fo) and (Yl,s’hl,s) = (nl,fl) for 0<s <1.
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Proposition (8.2) (Two parameter ordering). Suppose for all para-

meter values z = (t,8) € I x I that 2 < index p < n -1 for any

critical point p of hz' Then (Yz’hz) can be deformed

keeping things fixed for z € 3(I x I) wuntil it is a nice

gradient-like family which satisfies the following conditions:
There are finitely many parameter values Yyseees¥y and

Zyseeesz, in interior of I x I and neighborhoods U and V of

the yi's and zj’s respectively such that

(1) If p is a non-degenerate critical point of hz of index i

and z £ U then r; 3 <hyp) <r;. For each z inside the

1
neighborhood U the change in the graphic is

y —->i IIDOC—el'J\,/

. .

In fact for all 2z € U, hz has only non-degenerate critical points.

(2) For z € V each function hz is ordered and the change in

graphic is

. . ; —s

or the reverse of these two.
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(3) If p is a birth point of index i of hz and z € V then
hz(p) = r;. Furthermore, for z € V the birth and death

points of h, are independent.

Theorems (8.1) and (8.2) should be compared with the tables
"3} graphics" and '58 graphics" in §2. Consider for example, a

two parameter family passing through 5‘% with graphic

That this graphic is not in general position is of no concern. The

important thing is that the corresponding birth-death critical

vn+l

points in are independent.
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Outline of proof of (8.2).

As in 82 we can assume the changes in the graphic of )

(Yt,s’ht,s
as s goes from 0 to 1 are those in ney2 graphics". Let ' €I x I be
that part of the trace of the two parameter family consisting of

those parameters 2z = (t,s) such that h, has either a birth-death
critical point or a dovetail critical point. The parameters where
birth-death points (resp. a dovetail point) occur will be called
birth-death parameters (resp. dovetail parameters). There are only
finitely many dovetail parameters and the set of birth-death para-

meters consists of finitely many arcs and circles which intersect

transversely in I x I.

dovetail parameter

&—birth-death parameters

For each dovetail parameter 2z we can use general position and the
independent trajectories principle to deform (nz,hz) until it is
ordered and satisfies riq < hz(p) <7y whenever index p = i.
Extend this deformation to one of (Yz,hz) z €I x I, such that

for 2z varying in a small neighborhood V of the dovetail parameters
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the change in the graphic is like condition (2) above. This can
be done without changing r although the graphic must
certainly be altered. In a similar way deform (yz,hz) keeping
things fixed on 3(I x I) UV and without changing T so that for
each birth-death parameter 2z 1lying in the intersection of two
birth-death components of I the function h, satisfies (2) of
(8.1). 1In fact, this can be done so that (2) of (8.1) is satisfied
by hz for 2z in a small neighborhood W of these intersection
points. At this point the closure of T - V - W 1is the union of
finitely many arcs al,az,...,ap such that for 2z an end point
of any oy the function h = satisfies (2) of (8.1). Consider the
one-parameter family (yz,hz) where 2z runs through 0y . Using
the one parameter ordering methods, deform (yz,hz), z € Oy
until (2) of (8.1) is satisfied for all z € aq - Extend this
deformation to parameters running through a small neighborhood of
a; so that (2) of (8.1) still holds. Do this for the other arcs
az,...,ap. Thus for a small neighborhood E of T conditions
(2) and (3) of (8.2) are satisfied along with condition (2) of
(8.1) for =z € E-V.The proof of (8.2) has thus beern reduced to
(8.3) below.

Let D C interior of I X I be a bounded two dimensional manifold.

Let 0 < ry < Py<...<r < 1 be fixed.

Lemma 8.3. Suppose (Yz,hz) is a two parameter family where z
runs through D such that each hz has only non-degenerate
critical points and r.e 4 < hz(p) < r; whenever 2z € 3D and
index p = i. Then (Yz,hz) can be deformed rel 3D in the space
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of Morse functions with only non-degenerate critical points until
condition (1) of (8.2) is satisfied.

A detailed proof of (8.3) requires a somewhat involved
induction process. We shall only give here an example illustrating
the technique of proof and one of the main points in the argument.

First consider a deformation of the graphic like

. N

ﬁi/f\__—)J' —

e
o

The trace of this two parameter family is
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where the symbol v = v:.l indicates that for a parameter z in

the circle h, has a critical point P, of index i and a
critical point q, of index Jj with the same critical values.

*
For z in a small neighborhood of the circle, W (p,) UW(p,) and

*
W(qz) Uw (qz) don't intersect. For 2z inside the circle, let

S;'l = W(pz) N a level surface between f(pz) and f(qz) and let
- * .
Sg =y (qz) N the same level surface. By a small deformation

place the two parameter family Y, into general position. If

i <j -1 then W(pz) n W*(qz) = @ for all 2z inside the circle.
If j =4+ 1, then we still have W(p,) N W*(qz) = @ except

for finitely many parameter values where an i/i+1 crossing occurs.
This will be denoted by a small "cross" as in the diagram

The independent trajectories principle shows that if no :'L/i.',‘1
crossings occur inside the circle then (Yz,hz) can be deformed
to eliminate the circle from the trace.

Now consider the two parameter family

i+2

i+2 i+2
i+1 in1—" N i |

fi
l
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i+l L N i+l
i i

Its trace is

"
<

i+2

Here we suppose there is just one i/i+1 crossing and one i+1/i+2
crossing within the innermost circle which by general position can
be assumed to occur at different parameter values. If no i/i+l
crossings were present then the independent trajectories principle
would allow deformation of the two parameter family to one with a
graphic like
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. i+2 i+2

i+2

i+l i+l .y i+l L]
i — 3 g $

which satisfies (1) of (8.2). It is still possible to eliminate

circle using independent trajectories as follows:

the Vi T Vi
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A one dimensional cross section in the graphic of this deform-

ation is

H 342

s
i+2 i+2
. k i+l \
i+l
k i
i >

=L M e D
/ S

i+l

The vertical arrows indicate 1/i+l and 1+1/i+2 crossings.
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CHAPTER II. Geometry of the Steinberg Group

§1. Geometric realization of the Steinberg group.

Let V be a connected (n+l)-manifold with two boundary
components C and D. Suppose there is a function

g: (V;C,D) » (I30,1) satisfying

(*) g has exactly r critical points each of which is

non-degenerate of index 1i.

The critical values of g need not be distinct. Let & be the
space of pairs (n,f)(l) where f satisfies (*) and n is gradient-
like for f. Let /A C@ be the subspace consisting of pairs (n,f)

such that if p and q are critical points of f then
* *
[W(p) UW (p)] Nn[W(g) UW (@)] = ¢.

Thus the pairs (n,f) of A are precisely those of & which are
in general position.

If 3 €«r <« and A is a ring let St(r,A) denote the
Steinberg group generated by the symbols qu(x), where 1 < p,
qQ <r, modulo the relations given in the Introduction.

In this section we prove

(1) Really the space of triples (y,f,y) as in §3 of Chap. I.
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Theorem 1.1. Let r > 3. Suppose that 3 <1i €n - 2 or that
2 €i<n-2 and m,(C) » 7, (V) is a monomorphism. Then there

is a bijection
Az St(r,Z[an]) -éwl(-', 5 (Yloafo))

for any base point (no,fo) e8.

Consider any (g,h) €B. Let Pyse«+sP, be an ordering of
the critical points of h and let Y5 be a path from a fixed base
point to Ps- Choose an orientation for each stable manifold W(pj).
This data determines a Z[1r1V] - basis €12-++sg, for Hi(V,E)
where V >V is the universal cover and C CV is the part lying
over C. Let P, and Pg be two critical points of h with

h(pa) > h(pe) and let x:“s be a Steinberg generator with ) € Z[an].

Lemma 1.2. Under the above conditions there is a path

A - . -

Xy 6 +(z,h) = (;t,ht) in (0 < t< 1) such that hy = h for
all t, iz, =z, (gl,hl) €/, and such that the stable manifolds

of gy determine the basis
El’“"€a+>"88"”’€£"”’er of Hi(V,C).

Remark. The critical points of hl will be ordered and based and
the stable manifolds oriented according to the following convention.
Let (;t,ht) be any path starting from (go,ho). The
critical set of the map H: I x V » I x R where H(t,x) = (t,ht(x))

consists of a collection of arcs al(t),...,ar(t) ordered by the
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th

condition that al(O) = pl,...,ar(o) = p,. The 3 critical

point of q; of hy is defined by a = aj(l). The base path

for a5 is just the path Yj followed by the path aj(t). The
orientation for W(qj) is the one which transports back along the
path aj(t) to the given orientation of W(pj). In the following
proof we will let Wt(p) and W:(p) denote the stable and unstable

sets of a critical point p of hy with respect to the gradient-

like field Ty

Proof of 1.2. This follows the handle addition theorem in the
theory of s-cobordisms. See [16] and [18, Th. 7.6]. We shall give
the argument in the case A= tg for g € wlv. Choose an inter-

mediate value c¢ between h(pa) and h(p 8 and let

i-1 1 l(

s¥ ™ = wep ) nn” i-1

(e) and shi . w*(pe) Nnh”

as the boundary of Dt = W(pa) N {x|h(x) > c} in such a way that
i-1

c). Orient S

the orientation of S followed by the inward normal gives the

chosen orientation of D'. The orientation of W(pB) determines

n-i

an orientation of the normal bundle of S in h_l(c). The

spheres Sl‘1 and s™ % shall be considered as based by Y and

o

Y by extending Yq and vy g respectively by an arc in W(pa)

Sl"l n-1.

#
from P, to and an arc in W (p,) from p g to S

E
Now choose an arc y in h1(c) between a point of s*"! and a

n-i

point of S such that g =y *y* y}} and such that y misses

*
W(pj) Uw (pj) for j # a or g . Suppose that y intersects

Sl—1 and s™°?% only at its end points. See the diagram below.
-1 o 1 5 nl(e) with image contained
in a small neighborhood N of s*7% Uy such that p(st™l x 0y = si7L

There is an embedding 6: S

and e(Sl'l x I) n st is exactly one transverse point, say 6(x,a)
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for 0 < a < 1. Furthermore, we can choose 6 so that the product

1

orientation of 6(S™" x I) either agrees: or disagrees with the

orientation of the normal bundle for S"™% dcpending upon the
sign in *g. The imbedding 6 can be realized by an ambient
isotopy of h-l(c) with support in N. This isotopy then determines

the desired deformation (Ct,ht) of (Co,ho).

Ye
base point

Sn-l

Y _/
(si-1 x 1y

Diagram 1

The path (;t,ht) constructed above is in general position.

. * .
For t # a, (ct,ht) € .“, However, wa(pu) n wa(pE) # ¢ while
w:(p) n Wa(q) = ¢ for any other pair of critical points p and
q of h. This situation is described on the graphic of the path

ht by a vertical arrow as follows:

h(pu)

I:g c
h(pB)
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This path will be called an elementary gradient crossing path

or an i/i-intersection path. It is the model for a transverse i/i
intersection for a one parameter family. See [3; Chap. I,§4] or
[18, Figure 7.2].

Now to construct x 6 *(z,h) as desired in (1.2) for any

A
a
. m
A€ z[nle write A = I

tg. where g5 € ",V and let

j=1 J

A = . .
Xy g *(z,h) = X, étgm) (G (xa étgl) (z,h)) ... )

That this construction yields a well-defined element of

m (o, ;(no,fo)) follows from

1
Lemma 1.2'. Under the hypotheses of (1.1) we can realize the
following changes in the graphic by a deformation of (Ct,ht)

keeping (no,fo) and (nl,fl) fixed for any u,v € tm v

(a) u cuie €

(b) u v |e
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Proof of (a). This is just a one parameter version of the Whitney-

Smale procedure for cancelling pairs of intersection points. In

an intermediate c-level W= h-l(c) (for simplicity we assume

i-1
tn
x]:ﬂsn-lx:[:{pl’pz}cwxl

h, = h for all t) we have the isotopies S

t 3
and Sg-l i-1

= w(pa(t)) nw
*

=W (p ét)) N W. Let S

be the two points where the gradient crossings (i.e. i/i-intersections)

occur. Connect Py and Py by arcs o and e, in Sl_1 x I

and S"7t x 1 respectively which are transversal to each "t-slice"

t x W. We want to find an imbedded disc D2 in W x I transverse

to each t-slice and intersecting sl x1us™x1 only in
8D2 = oy U a, as in the diagram
st-ixg % ‘
|
.. - |
\)\ 81 52 A 1
~ Py~ ... - p |
*2 . 2 |
sh-i g
Let B x I CW x I denote the union over t of the sets
* sps .
By = %’(W (pg(t)) NW x t) where p ét) is any critical point below
pB(t). Since there are no i/i-intersections other than those
i-1 n-i
= N = .
between Pqy and p g e have B, N St ¢ and St N By ¢

Near Py and P, it is easy to find the part of D2 up to

the arcs %' and % connecting « and oye We can take the

1
. cq s i-1
arcs Bl and % to miss B x I. Between Bl and 82 th? famllle? St ’
Sz_l, and B, form an isotopy of the disjoint union sl ys™t us

which, by isotopy extension, we may take to be the constant isotopy

so that 8 and B, become two paths in W with the same endpoints.
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Claim. B and B, are homotopic in W - (st1y g1 U B)
keeping endpoints fixed.

Consider the sequence

m - (st us™ uBna n - s™usy)

> m (- xS T () > oW

where X1 = [w(pe) U (UW(pI] n C. The first and third arrows
§

are isomorphisms because n - (i - 1) > 3. The second is an
isomorphism because W - (Sn-i UB)=~C¢C - Xi_l. The last arrow
is a monomorphism by hypothesis. Hence the claim follows because
Bl and 82 are homotopic in V since the two i/i intersections
have invariant u and - u.

To fill in the rest of D2 we observe that homotopic arcs in
a manifold of dimension at least four are isotopic by general
i-1

position, so that B, and 82 are isotopic in W - (S u s™tu ).

1
Now that D2 has been constructed the rest of the argument is a
straight forward one parameter version of the exposition in [18,

Th. 6.61].

Proof of (b). Suppose that reading from the left the first i/i-

crossing x_ _(u) occurs at time t = a. As in Diagram 1 choose

af . .
an arc y in the a-slice from 5*"! to s™?% such that
Yu*Y*YEI = g where v = tg. Now in the a-slice deform sl across

s"' with intersection number +1 depending on the sign of v in
i-1

t for t near a as in

:nlv. Extend this to an isotopy of S

the diagram
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n-i
5t P
4///’—~\\\\
Si-l t = a

Since i -1 >1 and n - i »2 we can do this without affecting
the original i/i- crossing xaB(u) which occurs at t = a. The

change in the graphic is

o
S

Now cancel out the last two gradient crossings using part (a) above.

Addendum 1. 1In case h(pa) < h(pB) the path (ct,ht) realizing
the change of basis as in (1.2) can be obtained by first applying
the independent trajectories lemma (to a O-parameter family) to
get a path (;;,h;) in B from (g,h) to (§',h') where

h'(pa) > h'(p 8. Then use the proof of (1.2) to produce the

required gradient crossings.

Addendum 2. As a converse to the handle addition lemma above
suppose (g, ,h.) is a path in A with end points (zyshg)  and

(;1,h1) in B and suppose the graphic looks like
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Choose an intermediate level ¢ between ht(Pu) and ht(p Q and

i-1 _ -1 n-i _ . * -1
let sy = W(pa(t)) r‘ht (c) and St = W (p ét)) Nhy (c). By
an isotopy of the level surfaces h;l(c) deform Ct keeping CO
and g fixed so that the level preserving maps st x1 hal(c) x I
and st x1 » hal(c) x I are in general position. Then there

will be finitely many times 0 <a; < a,<...@ < 1 where

si-ly gP-1 44 single point while for t # any a; we have

. a,
43 j
S;-l r\S:-l = ¢. Using the "elementary paths" technique of [3] it

is possible to deform g, as above by an isotopy of the intermediate
level surfaces so that for t near each aj the isotopy of St-l

past is as in Diagram 1. For a precise description of

Sn-i
this modil see [3; Chapt. I.§]. If the critical points of h;
are ordered, based, and have oriented stable manifolds then we
can read off a sequence of elementary gradient crossings starting
from the left qu(zgl),...,xae(tgm). If El""’sa""’es""’er
is a basis for Hi(V,E) provided by the stable manifolds of o2
then the stable manifolds of Ty give the basis

Eyseeer€y + Ae B,...,e B,...1-: r where ) = gy t Gote..2g .
Furthermore, under the hypothesis of (1.1) wé have
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(;t,ht) = x?

B °(;0,hb).

Proof of Theorem 1.1.

First we define a map

a: St(r,2lm VD) » m @,8;(ngE00).

1
Let z € St(r,Z[nlv]) be represented by the word j:ﬁ 24 where
each zy is of the form xaj %(Aj) for Aj € Z[nIV]. (The word
1
,1zj is to be read from right to left.) Define
j=m
(1.3) A(z) = z+(ngsfy) = z oz je...e(zyengsfy)).

To show that A(z) depends only on 2z and not on its product
representation it suffices to show how each of the Steinberg

relations can be realized geometrically. Let (z,h) € .

(1) xae()\)oxas(u)-(;,h) = qu()\ + ) «(g,h).

This is an easy consequence of Lemma 1.2'(a).

(2) xrs(x)-xkz(u)-(;,h) = xkz(u)-xrs(x)-(;,h)

for r # & and s # k. This follows by an argument quite

similar to that in Lemma 1.2'(b).

(3)  x, (W)ex (W (g,h) = xsl(u)-xrz(xu)~xrs(x)o(;,h).
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This is the most interesting relation geometrically. Note that by
(1) and (2) above the form of the third Steinberg relation as given
in (3) 1is equivalent to the usual form [xrs(x),xsl(u)] = xrl(hu).
Also in view of (1) and (2) it suffices to prove (3) when

Aﬂ;etnlv. The change in the graphic will be

T r
' A c J P YT ¢
(3) s —_—> s
"
2 p ) " U
2

Now consider any elementary i/i-crossing path (;t,ht) starting
at (z,h) € which passes the i-handle (i.e. stable manifold)
for the critical point Py transversely over the i-handle for

the critical point q; at time t = a as in the diagram

+ ¢ level

Py
e
t = a
Let s™% = w*p) nnlle) and Q1 = w'a) nnllte). For
t t t t t t :
t ¢ a, Q:_l is an (n-i)-sphere as usual; however, for t = a,
Qg-l is an open (n-i)-disc whose closure in hgl(c) is a closed
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n-i-1

"1 in an (n-i-1)-sphere S, .

(n-i)-disc that intersects S:

The local model for the singularity in Qt as t passes through

time a is described in the following diagram:

Now consider a path (;t,ht) as in (3 ) representing

v . . n-i _ % -1
xrs(x) xsz(u) (z,h). Let St = W (ps(t)) n ht (c),
-3 * - i- -
Q™ = wi(p () N hile), ana st 1w () nhil(e).  Then
the following diagram illustrates what happens in h;l(c) as t

-1

increases. The dotted line shows how to deform St to produce

the path corresponding to xsz(u)'xrl(Xu)'xrs(k)
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Qt(a < t)

This completes the proof that A is well-defined.

To prove that A 1is a bijection we will show that any path
(nt’ft) in @ which starts at (no,fo) and ends in & deter-

mines a well-defined element
X(nt’ft) € St(r,Z[ﬂ1V]).
The construction of x(ng£.) will show that the map
x:m @85 (ng,f)) > Stlr,z2[m VD)

is the inverse of the map A.

Put the path ("t’ft) into general position keeping (no,fo)
fixed and (nl,fl) in A so that there.are only finitely many
gradient crossings and crossings (i.e.;%*<::) which all occur at

different times. Thus there are no gradient crossings at a time t
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where ft 69'18 . Now reading from left to right across the

graphic produces a sequence Xx (Al),...,x

0 h

crossings as in Addendum 2 above. We define

of gradient

(2)
o & m

1
(1.4) X(nt,ft) = I x

(x:) .
jem %5 8

It must be shown that the word x(nt,ft) is not changed when
considered as an element of St(r,Z[wlv]) under a deformation of
(”t’ft) which fixes (ng>f,) and moves (nl,fl) in 4.

Let (o(t,s),g(t,s)) be a two parameter family in .¢ such

that for all s
(a(0,s),g(0,8)) = (no,fo) and (a(l,s),g(l,s)) € A .

For each fixed 0 <s <1 let Yg © (al(t,s),glt,s)) for 0 <t 1.
Suppose that paths 0 and Yy, are in general position with only
finitely many crossings and i/i-intersections which all occur at
different times. We shall show that x(yo) = x(yl) in
St(r,Z[an]).

It is possible to deform the two parameter family into
general position (keeping things fixed for t =0 or s = 0,1 and
keeping the t = 1 end point of each Yg in A) so that the

following conditions are satisfied:

(1) For 0 <i <2 let n; ¢ I x I consist of those parameters

=t

(t,s) at which g(t,s) € F . Then I is a finite set of points,

2
ny is a collection of finitely many disjoint circles and arcs
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between points of ﬂz, and HO =Ix1I- Hl - HZ.

(2) There are two mutually disjoint sequences 0 < §1<---<s, <1
] 1 ]
and 0 < §<...<8y < 1 such that for s # s; or Sj the

gradient crossings of Y, are transverse and occur at

different times. Furthermore, we have

(a) If s = 55 then there is exactly one time ti at which
the path s, has a non-transverse 1i/i-intersection.

i
The other i/i-intersections of Yg are at distinct times.
i
In the level surfaces near the non-transverse intersection
the deformation of St_l and S?'l looks like
n-i .
S n-1i n-1i
t St St R
I anN \
S1—1 ~ ) \\ \
t . AN io1
- -’ i-l -~ K S -
St t
< = .
s 5, s 55 s >s1

or its reverse.
1

1
(b) If s = sj then there is exactly one time t; at which
two transverse 1i/i-intersections occur simultaneously
for the path 1sﬂ' All the other i/i-intersections of

J

Yg' occur at distinct times.

b]
1 ]
(3) Finally, all the exceptional parameters (ti,si) and (tj,sj)

lie in no.
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Now for s # s; or sj the word x(Ys) is locally constant.

Hence we must see what happens to x(Ys) when s = s; and when

Case (a). Let s = s; and let p, and p;, be the critical
points between which the non-transverse gradient crossing occurs

at the parameter (ti’si)' The local change in the graphic is

k
k k
—> —>
y
L L L
8 < s; s = sy s > s
or its reverse. The corresponding change from x(Ys _g) to
i

x(y ) 1is to insert or delete a subword of the form

s.te
xkl(zg)'xkl(?g). By the first Steinberg relation we know therefore
that x 1is not changed.
Case (b). When s = s; there are two possibilities corresponding
to the second and third Steinberg relations. Let qu(A) and
xkl(u) be the Steinberg generators for the two transverse gradient
crossings of W(pa(t)) past w*(pB(t)) and of W(pk(t)) past

* . '
W (pl(t)) which occur at the same time t = tj. Here A,u € (1ﬂ1v).
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Subcase 1. a # 2 and B # k.

(i) if a,B%, and k are distinct the change in the graphic is

o
BI)‘ v 1
_ > A
X T T L
U
or
I T
—_— —_— A
N
2 u v
A and u at
or same time
k
o L_tx
p e —_—
B [ :E
2' a
A and u at

same time

(ii) If B= & , the change in graphic is
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|
a —1 T
A i i x
k ~ _% —_—>
W 4
2
or
k
U H
—> -_—>
[+ A A
A
L
(iii) If a =k and BR= &, the change in graphic is
a [ o
Ix b — _ —> R
B B B

A and y
at same time
In each case the effect is to replace the word xkl(u).xa B()\) by
. R .
the word x B()\) xkz(u). Hence x(YS) doesn't change in

St(r,Z[n1V]) by the second Steinberg relation.
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Subcase 2. B = k but o # 2. The change in the graphic will be

A \A A Tku

or

Compare with (3') above.

The effect on X 1is to replace xak(A)'xkl(u) by
xki(u)-xul(ku)-xak(x) or to replace xkg(u)'xak(k) by
xak(x)-xal(-xu)-xkl(u). Hence x doesn't change in St(r,Z[an])
by the second and third Steinberg relations.

This completes the proof of Theorem 1.1.
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§2. Multi-level Steinberg words.

Suppose (n,f) 1is a nice pair in # such that f£f:(V;C,D) - (I;0,1)
is an ordered function and has only non-degenerate critical points.

Let 0 < rg < r1<...<rn < 1 Dbe chosen so that

(*) if p 1is a critical point of f of index i

then r.

j-1 <€ f(p) < r,.

. S | el -1
Let (V;353_V;53,Ve) = (F “(Iry_157; 1058 “(rg_1)s £ 7(ry)).  Let
p: V +» V be the universal cover of V and for any subset A CV
let A = p-l(A). Choose paths from each critical point to a fixed
base point in V and orient the stable manifold of each critical
point. This data determines as in [17] a based chain complex
(Cy>34(n,>f)) where each chain group C; = Hi(Vi,a:Vi) is free
over Z[ﬂ1V] with one generater for each critical point of f of
index i. Furthermore H,(V,T) =H,(C,).

Now suppose (nt’ft) is a path in general position such that

s et * . .
ft satisfies (*) for all t. The matrices ai(“t’ft)' Ci > Ci—l
will in general vary by left and right multiplication by elementary

matrices as t varies. More precisely, the procedure of §l above

gives rise to a sequence of Steinberg words

X = X("t’ft) = (Xo(nt,ft),xl(nt,ft),...)

where xi(nt’ft) s X3 lies in Sti(Z[ulV]), the Steinberg group

generated by symbols qu(x) where p and q run through the
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indexing set consisting of the critical points of f0 of index 1i.
(Compare §1 of III below.) Let Ei(Z[nIV]) denote the correspond-
ing group of elementary matrices and let ii € Ei(Z[WIV]) denote
the image of x; under the homomorphism St; (z[m V1) - E;(Z[m VD).

Then it follows from Lemma 1.2 above that
(2.1) 3:(nysf) = Ree ds(noaf) Kot
. itM12ty i® %1 Np2to’ "Xio1 :

To define the invariant Z:WO(P) + Wh we must study how

2
X(nt’ft) changes as the path ("t’ft) is deformed.

Suppose Yg is a deformation of Yo = (nt,ft) to y; = (ct,ht)
where both Yo and Yy satisfy the one parameter ordering theorem
(8.1). Then the deformation Yg can be taken to satisfy the two
parameter ordering theorem (8.2). By suspending this situation as
in §5 of I we can assume that the indices of critical points are
not too low or too high and hence that the birth and death points

are independent except in a very small neighborhood of the dovetail

singularities.

Important Remark 2.2. The work of §1 of this chapter implies

that
x(Ys) € ? Sti(Z[nl(M x I)1)

doesn't change unless one of the three changes described in the
table below takes place. So that the information will be in one
convenient place we have included the changes in the gradient

crossings also. Why these take place will be discussed in Chapter IV
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where we construct I: WO(P) > Wh2 and show it is well-defined.

Table 2.3.

Exchange relation

|
k

i+l

Aea

kq

- 100 -




GEOMETRY OF THE STEINBERG GROUF

Birth-Death Relations

i+l i+l,
x X &relabel as boundary
—_—> index p
2 R-relabel as cycle
2 i index p
i
or
i1 il

k o k \_/\now labeled as k
< —

P 2 L/\K \now labeled as %
2
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-+l

Dovetail relation

t=a

ai+l(na’fa) = (ap

q)

HATCHER & WAGONER

i+l

or

i+l
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CHAPTER III. More about Wh2,
In this chapter we discuss the algebra needed to define

I: ﬂO(P) - th.

§1. Presentations of th.

Let A be any associative ring with identity and let T be
any countable inhdexing set. Let 8t(A) denote the Steinberg group
formed using the indexing set T: i.e., St(A) is the free group
on the symbols qu(k) (where p,q € T and A € A) modulo the
usual Steinberg relations (see the Introduction). Let E(A) denote
the corresponding group of elementary matrices and define KZ(A) by

the exact sequence

(1.1) 1 -+ KZ(A) + St(A) ; E(A) » 1
Suppose A = Z[G] for some group G. Let W(A) C St(A)
denote the subgroup of those elements x € St(A) such that w(x) = P<D
where P is a finite permutation matrix and D is the identity
matrix except for at most finitely many diagonal entries of the
form :g for g € G. Let W(:G) C W(A) denote the subgroup gener-

- =1
ated by words w * of the form * +

tg). Let
)qu( g) e
H(A) C W(A) denote the subgroup of those elements x such that
n(x) = D where D is a diagonal matrix as above. Let

H(+G) C H(A) denote the subgroup generated by the words

hoo(28) = W (xg) W (-1).
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Let WO(tG) = W()N K2(Z[G]) and define
(1.2) Wh,(6) = K,(Z[G]) mod W,(6).

This definition is actually independent up to canonical iso-
morphism of the choice of the countable indexing set TI. For if
F' is any other such indexing set let gT *-F' be a bijection.
Then the correspondence qu(A) > X‘Kp), B(q)()\) induces an iso-
morphism from the St and K2 formed from I to St and K2
formed from F'. Since K2 is the center of St(see [19, §51),
this isomorphism is independent of the choice of B8 by Corollary
9.4 of [19]. The induced isomorphism between the th's is
therefore also independent of the choice of B.

From now on we will take I' = {(i,j)] 0 <i, j < =}.
Linearly order T by saying that (i,j) < (k,8) iff either i < k
or i=%k and j < %.

Let U(A) € St(A) denote the subgroup consisting of those x

such that if #(x) = (a__), p,q €T, then

Pq
(a) a =0 whenever q < p, and
Pa
b = % for some € G.
®) “op - *8p &p

Let T C U(A) denote the subgroup generated by qu(x) where
P < q. Let U(#G) denote the subgroup of U(A) generated by the

elements of H(#G) and T.
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Lemma 1.3. Every element of U(#G) can be represented uniquely

as a product het where h €H(#G) and t € T.

Proof of 1.3. Suppose hy«t; = h,*t, in St(A) where h; € H(G)

-1

1)

€ -1 = . -1 -1 = .
and ti T. Then 15 .h1 t2 tl and hence w05 . hR n(t2 t
Since the right hand side is in #(T) and the left hand side is
in w(H(#G)) we must have n(t2°t£1) = 1. Therefore t; = t, in
T because w: T » E(A) is a monomorphism. See [19, 5.2].
Hence hl = h2.

It will be useful to describe th(G) several ways as a

quotient A mod B where A and B are subgroups of St(A).

Recall the sequence

1 > Ky(A) > St(n) Te() »1.

Consider a subgroup F of E(A). Let A = n_l(F) and let BCA

be a subgroup such that «(B) = F. Let x € A. Define

N(x) € Ky CA/K, CA) N B by
(1.4) (x) = x-b™1 mod K,(A) N B
where b € B 1is any element with w(x) = w(b).

Lemma 1.5. The element (x) 1is independent of the choice of b

and gives an exact sequence

1 +>B>A-~ K2(A) mod KZ(A) NB -+ 1.
The proof is easy.
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The construction (1.4) is natural in the following sense:

1 1 - A}
Suppose that F C F. Let A = 1 l(F ) and let B' C A' be a

1 1
subgroup such that B CB and n(B ) F . Then there is a

commutative diagram

1 1
158 +A K, (A mod Ky(DNB -1

. ;

l1-+B +A~» KZ(A) mod KZ(A)H B -1

This construction will be used in three cases

(1) A = W(N, B = W(26), F = m(W(A))
(2) A = H(A), B = H(:6), F = m(H(A))
(3) A =U(N, B = U(6), F = n(uCA)).

Lemma 1.6. In each of the three above cases the condition

m(A) = w(B) 1is satisfied; furthermore, in each case we have

K2(A) NB = KZ(A) N H(£G) .

The proof of the second part of (1.6) is entirely similar to
the argument showing Th. 9.11 in [19]. We leave it as an exercise.
Also, we shall just prove that m(A) = w(B) in the case A = W(A)
and B = W(xG) and leave the other cases to the reader:

Let x € W(A) and let M = n(x). Then M = P<D where,for

some large integer rs P is an r x r permutation matrix times a
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diagonal matrix with $1 as diagonal entries and D is an r x r
diagonal matrix with entries - EREREY - € 6. Let €:Z[G] + Z be
the augmentation with €(g) =1 for g € G. Since M is a product
of elementary matrices so is €(M) = P in GL(r,Z2). Hence det P =1
and P € w(W(+l)) which is contained in w(W(#G)). Now consider
D. Multiplying D on the right by the 2 x 2 matrix

g = m(w, . (g-hw,, (-1))
£ 12771 12
produces a diagonal matrix with entries l,g2gl,g3,...,gr .
Continuing this process reduces D to a diagonal matrix D' with
only one entry which is possibly not 1; namely g = Bre - 8p8 -
However, g 1is a product of commutators because D' has determinant
1 over the ring 2Z[H] where H = G/[G,G]. Finally we note that
any diagonal matrix with a single commutator entry is in m(W(%G))

because of the identity

(=57 )- (0 L))

Hence m(W(A)) C w(W(*G)). Qq.e.d.
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.
The naturality of (1.4) gives the following commutative diagram:

1
1 l ]
\: . H(%G)
— T, &
U(£G)

weze) €
Vv

.. H(A

W(A
o mod H(*G)

\\\\\ -
mod wue)\‘ v / mod U(:6)
~a Wh L

Diagram 1.7.

In what follows we shall sometimes denote m(G) by G for

any subgroup G of St(A).
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§2. Relations in the Steinberg group.

For simplicity we use the indexing set T = {1,2,3,...} with
the usual linear ordering to form St(A) in this section. The
lemmas below translate easily to statements about St(A) formed

from the indexing set T = {(i,j)|1 <1i, j < =}.

Exchange relation. Let x € St(n,A) and let A = (aij) = w(x) € E(n,N).

Suppose n » 3 and that ay, = 0 for some pair (k,2) with

1<k, £ <n. Then

aso®A Aea, .
| | i% v e | I k3
(2.1) LI Xz X xmj

itk j#EL
in St(m,A) where m >n and A is any element of A.

Proof of exchange. The third Steinberg relation implies that

- a.,*A a.,*A
(a) —1-xi;z = I | [xi;£ s x;k] and
#k i

i itk
] Aea, . a
| ki _ I I A kj
(b) X03 = [xzm ’xmj ] .
jEL j#2

1-1

Let [a,b] = aba™ b~ and recall the commutator identities
- -1
[a,b] = [b,al

[a,bec] = [a,b]le[a,c]-[[c,al,b].
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Together with the Steinberg relations they imply that

a. A a; A
(c) ! l Ixi;"" . xr]ﬂk] = I | xi;" . xxlx.nk and
izk izk
a, . I I a, .
A kj _ kj
(@ l I [ka’ *nj ] - [xim ’ *nj ] .

j#k

a. e\ a, .
= | l i = | | kJ
Set a Xim and g = xmj

i#k j#L
Then from (c) and (d) we must show that
(e) x-lv[d,xl}ﬂ(]-x = [xﬁm,B] in St(r,A).
The left hand side of (e) is equal to
1

[x-lva- X, x~ L. xmk-x].

Hence to prove (e) we must show that

(£) x Logex = )@R’m and
(g) x-l.xl::‘lk X =g .

Let Cm C St(m,A) and RmC St(m,A) denote the subgroups

generated by symbols xyim and xrni respectively. These subgroups
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n. M

map monomorphically under 7w to E(m, The second and third

Steinberg relations show that
-1 -1 .1
X Tegqex € Cm and x X o X € Rm.

Hence to verify (f) and (g) it suffices to check these

identities on the matrix level; i.e., in E(m,A):

A~ 0 A 0
a.2°l A

(h) ° ei; = ©um

0 1/ Jax 0o 1

At o A 0 o
S8 el . = | | e

mj
0 1 0 1 )

These are straightforward computations once we recall that a = 03

because then

(3™ col of A) -2

(*) See [25, p. 205-2061].
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. 0
g
mj » 1

jEL row of -A

\

Q.E.D.

Corollaries of "Exchange".

(A) The Steinberg relations (ii) and (iii) are special cases of

the exchange relation.

1. Steinberg (ii): [xgj,x;ql =1 if i #q and j # p.
Choose x = x;;’ k=3j and 2 =1i and A = X. The

"exchange" is then

A u _ _u A
*13 ¥pq T *pq"*i

2. Steinberg (iii) [x%,%51 = x3f if a#b#c#a.

Choose x = x;b, k =¢, £=Db, and A = B. The "exchange"
is
aB B x® = x% .xB
Xac "*be "*ab Xab "*be *

(B) KZ(A) C center of St(A): Suppose y € KZ(A) and xgb € St(h).

Choose x =y, k =Db, £ = a, and A = a. "Exchange" gives

@ Ly oy
xab-y-yx-ab.
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Dovetail relation. (n »3). Let x € St(n,A) and =n(x) = (ai ) € E(njN).

3
*
et 1 <k <n and let p >n. Let u €\ be any unit of A.

Then

_1 - .
(2.2) xpk(u) xkp(—u ) ex <#I xpj(u akj)> = wpk(u) X
J*p

in St(p+l ,AM).

Proof. Multiplying (2.2) through on the left by [xpk(u) -xkp(-u)_l].1
gives
u-a, .
. kJj\ _ u
x < L ) = XX
j#p

which is a special case of the exchange lemma.
Birth and death relation. Let A = Z[G]. Let x € St(n,A) and
A= m(x) = (aij) € E(n,A). Assume n > 3. Assume a &
for g €6 and 1< k, & <n and also assume that akj = 0 for
j # k and aiz=0 for i # % Let n <p< m. Then

(2.3) w, (1g)ex = x-wgp(l)

kp

in St(m,A).
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Proof. It suffices to prove that

-1 _
x -wkp(tg)-x = "zp(l)

But this follows from

-1 _
(a) x -xkp(tg)-x = xzp(l)
and

-1 =1y .. - _
(b) X -xpk(+g )ex = xpl( 1).

To see why (a) and (b) hold, note that the second and third Stein-
berg relations imply that the left hand side of (a) is in
CPC St(m,A) and the left hand side of (b) is in Rp C St(m,A).

Since xlp(+1) € Cp and xpl(-l) € RP, it suffices to prove

() A-l-ekp(tg)oA = ey (1)

-1 - -1 -
(4) A -epk(+g )eA = epz(-l)

because the groups Cp and Rp map monomorphically into  E(A).

But (¢) and (d) are easy matrix computations. q.e.d.

Proposition 2.4. Let A = Z[G]). Let A € St(A) and suppose that

for i = 1,2 there are elements Pi’Qi € W(1G) such that setting

p; = n(Pi), q; = n(Qi), and a = n(A) in E(A) we have
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pjtasqj = vy for some v, € m(T). Then

Pl-A-Q1 = PZ-A-Q2 mod U(zG).

First we prove

Lemma. Let Q €E W(#G) and V E€T. Let q = a(Q) and v = q(V).

Suppose that q-v-q'l € 7(T). Then Q.V.Q™L eT.

Proof of lemma. Assume for some large n > 0 that Q,V € St(n,Z[G]).

As in [19, p. 72] write q = ¢g+d where ¢ is an n x n permuta-
tion matrix and d is an n x n diagonal matrix with entries
SEEEEEE N of the form g for various g's in G. Write V in
lexicographical order V = @,_y°+-+ "0y Where for 1<k<n-1

n
o = I % O
izk+1
Then as in [19, Cor. 9.4]
-1 _
Q.V.Q = %-1" 'Bl
where for 1< k€< n -1
n
_ -1 _ ! -1
B = Q@ " = X5k ,oi) CEMki®i )
izk+1
l .
Let Ek = n(ek)e E(n,z[G]). The q(l)th row of q.v.q-1= §k
iz=n-1
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is the 0(1)th row of 31, because, for i > 1 Bs is a product
-1 . . .
of symbols xa(i)o(j)(eikijej ) where o0(i) # 0(j); that is, the

-1
S (i)o(§) (€i*1585

anything to the 0(1)th row. Since q'V'q-1 € m(T) we conclude

elementary matrices ) for i > 1 do not add

that eixifsgl = 0 whenever 0(1) > 0(j) and thus & €T. This
implies En_l-...'ﬁz € 7(T) and we can proceed to show as above
that 82 € T. Continue in this way to show that all Bi €T and

therefore Q-V-Q_l € T.

. -1 -1
Proof of 2.4. First note that vy (q2 'ql)'vl'(ql 'qz): from
1

hypothesis we know a = le'vl°qil = pal'vz'q; and hence
- -1 -1 _ -1 -1 -1 -1 -1
Vo T PpP1T V19379p = (PpPp7)(ap7 ap)(a37ap) T vy (ay T gy).
Since v. € m(T) we have ( _1)( -1 ) =1
i PoPy %43 9, :

It then follows from the lemma above that (le'Ql)'Vl'(Qil'QZ) eT

and hence

(Qzlep) vy Q7 re,) = v,
or

Qg = gt

Here V; is the lifting of v; to T for 1i=1,2.

Now commutativity of Diagram 1.7 shows that
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- . . . -l
Pl'A'Ql mod U(%G) = P,*A;°Q;*V;" mod H(2G)
= A-Q, VIl mod W(:@)
1

= A-Ql-Vil-Qil mod W(#G)

-1,,-1

= A*Q,V,7+Qy mod W(:G)

2

- . . -1
= AQ,-V;

2 mod W(%G)

- . . . -1
= PyeA*Q,*V,” mod H(G)

= PZ-A-Q2 mod U(%G)
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§3. Construction of I: Q - Wh2.

This section gives the first step in the construction of
I: no(?(M,aM)) > th(ﬂlM).

Let C0 be the free, left A-module based on {zg} where
0 K a<®® For 1<€1i<o let Ci be the free, left A-—module

a _a -

based on {bi,zi} where 0 < a < =, Then Ci = Bi ® Zi where Bi
and Zi are the free A-submodules of Ci based on {bg} and
{zg} respectively. Let Sti(A) be the Steinberg group formed
from the indexing set T = {bg,zg} or T = {zg} when i = 0. Thus

Sti(A) is generated by symbols qu(x) where p = some bg or

z¢ and q = some b® or z® . The b2 and 2z%* will be
i i i i i
called respectively the boundary indices and the cycle indices in
dimension 1i.
We shall say that bg and zg_l are corresponding indices.
Let Ei(A) be the group of A-automorphisms of Ci generated
by the eleméntary matrices epq(x) and let m Sti(A) - Ei(A) be

the homomorphism which sends qu(x) to epq(A). Define

Stc(A) Q.Sti(l\)

0si

St (A) = © St.(A)
ev izeven *

St (n) = @ Sti(A)

odd izodd

Similarly, let
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E.(A) = ®E.(N)

C o<i 1

Eev(A) = i=g)venEi(A)
E (N = .8 Ei(A)

odd i=odd
If A= Z[6], 1let Wi(iG)C Sti(A) denote the subgroup generated
by the words wpq(tg) where g €G and p and q are in the

indexing set {bg,zg} . Let

WC(tG) = ?Wi(tG)

1
W (+6) = & Wi(tG)
ev izeven

W (#6) = & W.(26).
odd izodd *

Now let C be the graded A- module {Ci} and let

9= {3,: C;, +~C

i i i-l} be a boundary operator; that is aioa

i-1 "

where composition is read from left to right. A contraction

operator 6 = {Gi: c; » Ci+l} for 3 is a collection of A -linear

maps satisfying 80 6i+l = 0 and Gioaiﬂ_ + 90 Gi-l

Let {z denote the collection of such pairs. Then StC(A) acts on

= id on C,.
1

the left of C’: as follows: Let x = (xo,xl,...,xi,...) € StC(A)

and let (eo,el,...,ei,...) = (no(xo),nl(xl),...,ﬂi(xi),...) EEC(A).
Let (3, ® € ¥ and define

x°(3, 8 = (x°3,x° 9
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where

-1
fejdi0ei}

»x
.

@
"

X8 = {ei°61-e311}
The action of St,(A) on the right of ¢ is given by
(3, §ex = x-l-(a,d).
We shall always be concerned with pairs (3,8) of the form x+(w,o)

for some x € StC(A) where (w,0) is the standard pair given by

the equations

) ay _ _a oy
wi;(b) =z 4 o;(byj ) =0
and
ay ay _ LQ
w.(z) =0 0;(z) = biyqe

Note that pairs (348 ) = x+(w,0) satisfy ai 2wy and % = g
for almost all basis elements bg and zg.
If A= 2[6] and (3, & € { we say that (23,§) is complex

of elementary projections provided that for each i >0

+g (basis element)
ai(basis element) =
or

Let Q C StC(A) denote the set of all x € Stc(A) such that

x+(w, 9 is a complex of elementary projections. The aim of this
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section is to construct a set map
I :Q - th(G)

which, as we shall see in the next chapter, will induce the homo-

morphism

T nO(P) > th(nlM).

For suppose (”t’ft)’ 0 <t <1, is an ordered path as in §2 of

II where each ft goes from (M x I; Mx 0, Mx 1) to (I;0,1)

and fO’fl € £, Suppose further that all the birth and death

points are independent. Then under a suitable identification (see
IV, §1) of ?Sti(z[wlM]) with a subgroup of StC(Z[nlM]) we will

i
have

x(nt,ft) € Q

and hence can apply I to get an element of Wh2<ﬂlM).
Recall that our "standard" Steinberg group St(A) is formed
using the indexing set T = {(i,j)]0 < i, j < =} which is

linearly ordered as in §1. Make the following identifications:

a

Zo > (2k,0) » k=0
. bJ > (2k-1,0) » k>1
bgk+1 > (2k,q) , k>0
2541 + (2k*1,0) s k>0
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This induces homomorphisms

Sta}A) + St(p)

Stodd(l\) + St(p)

by which we can consider any element of St or St as an
ev odd
element of St(A).
= ® . = .
Let Ce C. and Codd ] C; and let M be the

i=odd
free A-module generated by the indexing set TI. The correspondences

i=even

(*) induce identifications C =M and C = M which we hence-
ev odd
forth take for granted.

For any (3,6) € - the A-linear homomorphisms

+ : + : i
aev 6ev Cev* Codd and aodd 6odd Codd > Cev are inverses of
one another. For example,  + 0 = identity =
ev ev
Woad + %,dd* Also, if x € Stc(l\), then for the pair

(x*w,x%* 0) = %X (w,0) we have

o T TT 532 ’
Xewg t x°0, = vr( Xy x2i+1> € E(N)
0<i 0<i

and

. -1
X*0odq * X9 o4q * "< [Txeer - T "21) € B
o<i

0<i
where x = (xo,xl,xz,...).

Now let A = Z[G].
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Lemma 3.1. Let z €Q CStC(A). Then there is a u Ewc(tG) such

that ue<z € Q and uzew, + uzeo, € n(U(A)) CE(N).

Proof. Since z €Q, z-w 1is a complex of elementary projections

and we can find a u in WC(iG) such that uz-w satisfies

a _ .0
(uz+w )i+l(bi+1) = g czg
and
a =
(uz w)i+1(zi+l) = 0.

This is the algebraic analogue of Step 3 in the proof of Prop. 3. in VI.

Therefore

(uz+0). (2% = +g-lb? + 2

i 91 “Sa i+l i+l
and
oy _ 0
(uz o)i(bi) i
a o

for njyy € Zj4y and T3 € Chup -

This implies that

uzew, * uzeo € 7(UCAN)) .

Lemma 3.1 allows us to define

I: Q - th(G)
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as follows: Let x € Q and choose GEWC(tG) as in (3.1). Set

. /T -1 -1
(3.2) I(x) = |[u2i~x2i) . < ]—Tx2i+1'u2i+1> mod U(1G).
0d 04
Here x = (xo,xl,...), u = (uO’ul"")’ and we consider th(G)
as U(A) mod U(zG).
Here is why (3.2) is independent of the choice u: The second

Steinberg relation gives

o(x) = ueJX-uodd mod U(+G)
where
Uy, = L!u2k € W(2G)

1

. |
Yodq © i U2i+1

N _1
= . |
X ( ;Ixzi) (|ix2i+l) .

€ W(1G)

Let v € WC(tG) be another choice as in (3.2) and define Vev and

v as above. Use (1.3) and (1.6) of §1 to find hu’hv € H(1G)

odd
and t _,t. €T such that
u’’v

)

ﬂ(ue¢x-u°dd n(hu-tu)

"(veix'vodd)

u(hv~tv).
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Then using u to compute (3.2) we have

= -ll . L
I(x) = h, e/x Uogq mod u(+6)
and using v we have
L(x) = h ey +Xev mod U(+G)
vV e odd -

By Proposition 2.4 the right hand sides of these equations are equal
mod U(%G).

Q.E.D.
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CHAPTER IV. The Wh, invariant for pseudo-isotopies.

In this chapter we construct a homomorphism z:no(P) > th(wln)
for any connected manifold M. In Chapter VI below we show that g
is surjective for n > 5 and identify the kernel of 3§ geometric-

ally.

8l. Definition of ZI:n, (@) -+ th.

Let M be any smooth connected manifold (compact, possibly
with boundary) and let [f] € no(&) be a class represented by the
function f € & Join the standard projection p on M x I to
f by a path ft in where f0 = p and f1 = f (0 <t <1).
Deform ft by a small amount keeping f0 and f fixed so that

1
the one parameter family ft is generic in the sense of (b) in §2
of I. Now choose a nice one-parameter family n, of gradient
like vector fields for the path ft' If necessary suspend the
family (nt’ft) as in §5 of I to get a new family on (M x Dk) x I,
which we still call (nt,ft), and which has the property that if
P is a critical point of any f, then 3 < index(p) <n + k - 2.
Using the general position methods of §4 in I, deforﬁ the path (“t’ft)
keeping (no,fo) and (nl,fl) fixed so that it satisfies the one-
parameter ordering conditions (Proposition 8.1 of Chapter I); so that
there are only finitely many crossings, births, deaths, and i/i-

intersections and they all occur at different times; and so that

each ft is ordered and the birth and death points are independent.
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Now let Pyse«sPy denote the birth points in (M x Dk) x I
of the various functions ft such that P; is a birth point for
f“i where 0 < y < W<ee<a < 1. Suppose index p; *® ki' The
graphic near time t = o looks like

.
)
[

7

ki+l

t = ai

Choose a small ¢ > 0 so there are no gradient crossings in the
interval [ai - & a; * e]. For t = a; let bi(t) =p; = zi(t)
and for a; < t < a; +t e let bi(t) be the critical point of ft
of index ki + 1 coming from the birth point p; and let zi(t)
denote the critical point of index ky coming from p;. Choose

once and for all a base point v €M x 0 x I C (M x Dk) x I. Then

(a) Select a base path y; from v to p;

(b) Let a; <ty <oy te and choose orientations of W(bi(ti))

and W(zi(ti)) so that if 3 = ai+1("ti’ft1) then

a(bi(ti)) = + zi(ti).

(c) 1Identify each bi(ti) with some boundary index in {bg,zg}
where j = ki + 1 and identify each zi(t) with the

corresponding cycle index in {bg,zg} where Jj = ki' Thus

. 2 2
if bi(ti) goes to bj then zi(ti) goes to zj 1

choice for bi(ti) determines the choice for zi(ti)‘

The
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This data determines for each j 2 0 a word
xj(nt’ft) = X € Stj(z[nlM]) as in Chapter II. Furthermore, since
the function f with which we started has no critical points we

have

X = (XO’Xl""’) €qQC Stc(z[nlﬂl)

One way to see this is to use independence of birth-death points and
the independence of trajectories principle to deform the path

("t’ft)’ keeping each f_ ordered and each birth and death point

t
independent during the deformation, so that for some §> 0 all
the births occur at times between 0 and § all the deaths occur
at times between 1-6§ and 1, and there are no gradient crossings
for 0<Kt< § or 1 - §<t<1l. Then a(ns,fs) is just the
standard-complex with boundary operator w and a(“l-c’fl—s) = xew
is a complex of elementary projections because f has no critical

points.

Finally we use (3.2) of Chapter III to define
L:my(&) » Wh,(Z[m M1)
by the formula
(1.1) ([fD) = ().

To prove that this gives a well-defined map we first show below

that (1.1) is independent of the choices in (a), (b), and (c) above.
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In 52 and §3 we show that I is independent of any deformation
of the path (nt’ft) which keeps (no,fo) fixed and moves (nl,fl)
in é.

Making choices differently in (a) through (c) produces a new
x' which can be derived from the original word x by applying the
following operation a finite number of times (cf. [19, Cor. 9.4]):
Let x = (XO’Xl"") € Q. Let p and q each denote a boundary
index in dimension (or degree) k + 1 and also the corresponding
cycle index in dimension k. (This is done because under the
identifications (*) in §3 of Chapter III the boundary indices and
corresponding cycle indices become the same). Let g € ﬂlM- Then
x is replaced by x' = (xé,xgxé,...) € Q where

xj = %3 for j # k, ktl
Doz ow (2g) ey, oW (+g)_l
Xk 7 Ypq "B/ Xk ™pq' *
o= ow (ag) ey o ow (xg) 7t
Xk#1 7 Ypq "B "Xie#1"Mpq” 78

We verify that I(x) = Z(x') 4in the case % + 1 = 2d and leave

the case k + 1 = odd to the reader. Write x = || x,. and
@ yzq 2]
Xg = ixa X93-1° Choose a u € wc(inln) as in (3.1) of III to
' . _
compute I(x ). Write u = uytug where u € W, (tm M) and
ug € wodd(tnlM). Then we have
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'y =y . oy e -1, .1 T -1,.-1
I(x ) = u, wpq(tg) X2q wpq(tg) Xg"X g wpq(tg) Xpg-1 wpq(tg) ug

-1
B

. . . . -1- . -l- -1 . -1..
u, wpq(tg) X24"Xa wpq(tg) wpq(tg) Xg *Xpg-1 wpq(tg) "

. oy ey oy=lo,71 -1,,°1
Ya wpq(tg) X24" Xo XE X2d-1 wpq(tg) uB

Z(x) mod U(twlﬂ)

. tg)eu 0 tg) € i i
because the word u, "pq( g)vuB wpq( g) Wc(tnlﬂ) is a choice
which satisfies (3.1) of III for the word x. Note that as elements
. . + s s . s
of wc( nlM) the first "pq( g) is in wev and the second is in
Woaar Considered as elements of St(z[ﬂl,M])via (*) in §3 of III they

become the same.

Remark. In view of (5.2) in §5 of I the invariant I(x) does not

depend on the number of times (nt,ft) is suspended.
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§2. The three basic relations.

Any deformation of ("t’ft) as a path in (?,E;S) can be
made generic and then suspended so that the two parameter ordering
conditions (8.2) of I can be realized. In particular, the independence
of birth and death points is maintained except when the deformation
passes through a dovetail singularity. As pointed out in §2 of II
the word x = X(nt’ft) € Stc(z[wlM]) does not change unless one of
the deformations in Table 2.3 of II occurs. This geometrically
oriented section analyzes how ¥ changes to a word x' when these
three changes in the graphic take place. The next section shows
that the I invariant stays the same under the algebraic changes in

the word .

(A) The exchange relation.

Let (nt’ft) be a path with no gradient crossings where each

ft is an ordered function with only non-degenerate critical points.

Let the graphic be

i+l
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The matrix 8i+1 = ai+l(nt,ft) is independent of t because there
are no gradient crossings. Represent it as the matrix (apq) where
aq € Z[nlM]. (Thus we are assuming that the critical points of

f0 are based and the stable manifolds are oriented.) Now suppose

that it is possible to deform the graphic as follows via a deforma-

tion of (nt,ft):

Diagram (a)

Then a, = 0 where Py is the lowest critical point of f0 of

index i + 1 and a, is the highest critical point of index i of

fO'

Lemma 2.1 (exchange). The most general change in the gradient

crossings which occurs as a result of the above deformation of the

graphic is
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i+l a_,*A

kq

Here A 1is any element of nlM. Thus the word

B xpk(apl-k)

g

appears in degree i + 1 and the word

x, (Aea, )
# t ke

o

appears in degree i. (Note that by the second Steinberg relation
the order of the gradient crossings in degree i +1 and in degree
i is not important.)

Proof of 2.1. Let f£: x°'1

+ R be a Morse function on a compact
manifold such that for some interval [a, fl C R there are just two
non-degenerate critical points p and q in f_l([a,B]). Suppose
index p =i +1 and index q = i. Let n be a nice gradient-like

vector field for f. For any t € R let X, = £ 1(t). Let c be

t
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an intermediate value between f(p) and f(q). Suppose

3 " s
st = w(q) N X, and st = w(p) N X, are in general position in

Xc so that they intersect transversely in finitely many points

-1 *
Xys+.e5% . Then vi(q) =W () N X, (see Diagram (a)) is the
interior of an (n-i)-dimensional Zm-manifold whose m leaves fit

—-i- *
together along the (n-i-1)-sphere §" % l.w (p) N X,

(i.e. V(q) = V(q) V s"i-l i a Z -manifold with V(q) the
stratum of regular points and sl the singular stratum).

In a neighborhood of s"1-1 the jth leaf Ly is determined

Dt c st

as follows: Take a small disc in Xc which contains

xj but misses the other intersection points. Push D?‘l - xj

along the trajectories of n wuntil it is contained in Xa. This

gives the leaf Lj' Similarly V(p) = W(p) N Xy is an i-dimen-
sional, Zm-manifold whose leaves fit together along the (i-1)-
sphere sl o W(q) N X,.

We shall need to know the standard models for intersections of
two parameter families of Zm-manifolds.
A neighborhood U of a point in the singular stratum I of

n-1

a Zm—manifold v? is of the form Y x R where Y 1is the

cone on m points. If 0 € Y denotes the cone point then
Unz=o0xR"L Cconsider the z -manifold PP CR" and the
Zv-manifold Qq CR" defined as follows where (p-1) + (g-1) = n-2:
Let R® = R x R x R x R%"2 x RP™1, The first R coordinate is the
t-coordinate and the second is the s-coordinate. Let

YCO0 x (=»,=1] x R x 0 x 0 be the cone on u points with

vertex y = (0,-1,0,0,0):
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=

Let Z CR x [0,o) x 0 x 0 x 0 be the cone on Vv points with

vertex z = (0,0,0,0,0).

——

Let P=0xYx 0 x RP! be the Z -manifold with singular
stratum £ = 0 x -1 x 0 x 0 x RP™Y and let Q=2 x R x R37Z x ¢

with singular stratum @ = 0 x 0 x R X R3"2 x 0 as in the following

diagram:




HATCHBR & WAGONER

The family Pt=txYx0xRp’1 with 2t=t><-l><0xoxRP'l

is a one parameter deformation of P = Py Consider an isotopy:

. R2 > R2 as in the diagram

/9
)

N[+

This induces an ambient isotopy of R™ which deforms the one

parameter family Pt in such a way that at time s = % the

singular set I of P intersects the singular set NI of Q in

a single point as in the diagram below:
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¢

Pt

This isotopy ( or its reverse) is the standard local model for
a deformation of Pt to P; = 91(Pt). Note that there will be
finitely many times t when Z; N int Q is not empty and also
finitely many times t where I N int P; is not empty.

Now for i = 1,2 let Mi be a Zri-manifold of dimension n;.
Let I, denote the singular stratum of M. (of dimension ni-l).
Let mi = ai’s= Mi + c" be two-parameter families of imbeddings
where (t,s) runs through a parameter domain D = [a,b] x [c,d].
Assume (nl—l) + (nz—l) = n - 2 and that ai’s(zl) n ai,s(Zz) = ¢
for (t,s) € 3D. Then using the "elementary paths" technique of
[3] we can show that each ot can be deformed rel 3D to

new two parameter families (which for simplicity we call by the

same names) such that
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. 1 2 e .
(i) at,s(zl) n at,s(z2) = ¢ except for finitely many

parameter values zy = (tl,sl),...,za = (ta,sa).

(ii) For 2z = (t,s) in a small neighborhood of each z: the

J
family u2 is constant, al (z,) Na 2(2 ) is a single
z z. "1 zj 2
point and the map ai: Ml + CM looks like the standard

model.

Consider now a deformation of the path (nt’ft) through a

two-parameter family (nz,fz), z €1 x I, with a change in the

graphic as in Diagram (a). We shall denote the values in the para-
meter space either by z or by (t,s). Let p (z) and Q_éZ)

denote respectively the critical points of indices 1+l and 1

of the function fz. Let pk(z) be the lowest critical point of
fZ of index i+l and let qz(z) be the highest critical point of
fz of index 1. Let J CI x I denote the simple closed curve
consisting of those values 2z where fz(pk(z)) = fz(ql(z)). For

*
z in a neighborhood of J we have W (pk(z)) N W(qz(z)) = ¢

Let Dl CI x I denote the disc whose boundary is J. For =z €& D1
let

Ly

® -
§, (z) =W (ql(z)) nef,
i _ -1
Sa(Z) = W(Pa(z)) N fZ (a)
i _ -1
Sk(Z) = W(p (z)) N £, (b)

sicny = w*(qB(z)) n e,
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By deforming n, just above the a-level and just below the b-level

we can arrange that, for each 2z €D, Sz-l(z) intersects S;(z)

Sn-i
8 (
f;l(b). Let D Cint D, be a subdisc with 3D close to J = D)

transversely and S;(z) intersects z) transversely in

*
such that W (pk(z)) f\W(qE(z)) is empty for z€ D, - int D.

For each z €D let

1

s;'l(z) = W(q,(2)) *n £71(c)

-] - %* -
sprila) = Wi(p (20 n £ e

i _ -1
Va(z) = W(pa(z)) nf, (e)

VnB-i(z) = w*q £20) £,

Since transversality holds in the a-level and in the b-level and the

V;(z)'s are diffeomorphic for z €D and so are the %?-l(z)'s.
Now by a z-preserving isotopy of the c-level deform n, rel 3D so
i-1

that the two parameter families S (z) and Sz'l'l(z) satisfy

L

(i) amd (ii) above. For simplicity we assume there is just one

- i-1 n-i-1
parameter value zg = (to,so) € D where Sz- (zo) n Sk (zo) ¢ .
The general case reducesto this one easily. Let g € m,M denote

the loop obtained by going along the base path to ql(zo), then

1 n-i-1

down the stable manifold W(q,(z.)) to the point s*"tz) n's (z,),
2“0 L 0 k 0

*
then down the unstable manifold W (pk(zo)) to pk(zo), and finally

back along the base path of pk(zo) to the base point. Near zg
the deformation of S;-l(t,s) and V?;l(t,s) is like in the

standard model. For s < s Sl-l(t,s) misses Vn'l(t,s) (for
2 B

0,
t near to) but for Sy <8 there are finitely many times t
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near t; where Si—l(t,s)r\ Vngi tt,s) # 0. Each such time t is
where a new i/i-intersection takes place between qz(t,s) and

q ét,s). The algebraic number of leaves in the singular manifold
V?;i(t,s) is determined by the coefficient a, £ in the boundary

matrix and this forces the coefficient in the Steinberg symbol

X0 e to be (tg)-ak x Similarly for 8y < s ‘there will be
finitely many times where S;-l_l(t,s)r\ Vt(t,s) is not empty and

at each such time t there occurs a new i+l/i+l-crossing between

pa(t,s) and pk(t,s). The algebraic number of leaves in Vi(t,s)

is determined by the coefficient ag in the boundary matrix and

hence the coefficient in the Steinberg symbol X x will be aal-(zg).
To illustrate this proof of the exchange lemma we give a

simple example. Consider the constant family (nt,ft) = (n,£),

0 <t <1, with a graphic like

Py
i+l
Py
—— - — —= - - = ~lc
q
i 1
L)

Suppose that (n,f) is the 2 x 2 identity matrix geometrically:

1

941 :
which means the following: Let S;
1

(c) and

w(pa) nf

* - i n-i _ .

S‘3 =W(qB)nf (c). Then SanSB = ¢ for o# g while
i n-i

both intersections Si n S?‘l and S; n s, consist of exactly

n-i

one transverse poimt. Let g € nlM. Then by pushing the q; line

up over the P, line and pulling it down again we can deform
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(nt,ft) so that for 2 < i <n - 2 the change in the graphic looks

like
[
i+l i+l g
—_— (2 <i <n-2)
i I i i g
(2.2)
To see this first deform the graphic so that it looks like
Py
P2
94
92
4
t =0
i-1 _ -1
Let Sy 7 = W(qy(t)) n £ ()

T S -1
Dy = V() = W(p (t)) n £71(e)
gh-i-1 . W (p, () N £71e)
n-i _ % -1

D2t = Whq, () n £ ko).
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For simplicity assume that the families S;-l and D; are
constant near t = 0. The isotopy of the intermediate c-level
which produces the described deformation of (nt’ft) is illustrated

by the diagram

base point

base path

N

The lemma (2.1) is called the "exchange lemma" because it can

be used to replace i/i-crossings by i+l/it+l-crossings as follows:
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i+l‘ J -2 x-s
(2.3) —

i‘ te Te s

9(n,f) = id, 2<i<n -2

(B) Birth-death relations.

Consider the following two deformations of graphics arising
from a deformation of a path (nt’ft)’ 0 €t <1, such that through-

out the deformation the birth and death points are independent:

(L
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(2)

Suppose (nt,ft) is a path in general position as above and
let x = x(nt,ft) = (XO’xl"") be the Steinberg multi-level word
obtained as in §1 for the left most graphics.

Let X471

crossings which occur (in the left most graphic) before time t = a-§

= y*x where x is the Steinberg word of i+l/i+l-

and y is the word composed of crossings (in the left most graphic) after
time t = a+§ . Similarly write Xy = bea. The deformations of (nt,ft)
indicated by the above changes in the graphic result in a new Stein-
berg word X' obtained by replacing y and b by words y' and

b' described below in (2.4). (Actually we only do the case corres-
ponding to the first diagram and will let the reader do the second
case.)

Redraw the diagram
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i+l

For (”t’ft) corresponding to the left hand graphic let
pk(t) denote the lowest critical point of index i+l of ft and
let qﬁ(t) denote the highest critical point of index 1 of £y
(a-8 <t < o+ 6. Throughout the deformation no gradient crossings
occur and the birth and death points are independent.

Let ai+l(na’fa): Ci41 * C; be represented by the matrix (apq).
Since pk(a) and qg(a) cancel each other in the deformation

we know that ag, = €8 for g € nlM and € = 1. To get the new
words y' and b' do the following:

(a) Relabel pk(a+ 6 as pr(a+'® where r 1is a boundary index

in degree i+l not occuring in the words x and
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y € Sti+1(z[n1H]) (i.e. r doesn't occur as a subscript
index in any symbol qu(k) appearing in x or y). Relabel
q (at+é) as qr(a+6) where r now denotes the corresponding
cycle index in degree 1i. Also choose r so that it doesn't occur in
a or b.

(b) Let the base path for qr(a+ 6) be the old base path p for
ql(a+6) and let the new base path for pr(a+6) also be p .
Note that if Yy is the old base path for pk(a+ &, then P

is g-l followed by y where as above a , = €°g.

(c) Let the orientation for w(qr(u+ §)) be the same as the one
for W(ql(a+ ). Choose the new orientation for w(pr(u+ )
so that 8i+1(pr) = *q,. Thus the old orientation of
w(pk(a+ 6)) 1is kept if € = +1 and is changed if € = -1.

The changes (a), (b), (e¢) will now give a new word y'
arising from the i+l/it+l-crossings occuring after t = a+§6 and
]
also a new word b coming from the i/i-crossings after t = a+§.

According to [19, Cor. 9.4] we have for € = %1

1

<
[

= wkr(;g)'y'wkr(;g)_
(2.4)

' -1
Wy (-1)sbewy (<17 .

o
n
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(C) The dovetail relation.

This part studies the change in x(“t’ft) resulting from the
changing in the graphic

i+l
) i+l R . -

coming from the dovetail catastrophe. See Example 4 of §3 in I
for notation.

Suppose that the above graphic results from the standard
model for dovetail singularity. In general the birth and death
points can not be made independent in the graphic for all s < 0
but only for all s less than some fixed negative number. This is
what produces the dovetail relation.

Since Sl(at) n Dn_l(ct) # ¢ (in the model in Example 4) for

t near -§, independence near the birth point c_, fails.
Similarly, independence near the death point s fails too. However,
independence of c_ and c¢ can be achieved by deforming the

§ é

vector field via an isotopy in v-level indicated by the

Nt
following diagram:
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n-i
() 0" (e,

S (at) \J (J .
N A -
\\\ // g \\ : ////

N~ ( //z S - -

s b)) s 1a,)
t <0 0 <t

This process introduces i+l/i+l-crossings of a, over b, and

t

then b over a Thus for all s 1less than a fixed negative

t t°
number (which can be chosen arbitrarily small) the graphic looks

like

i+l

(*) 1

i+

Now suppose we have a path (nt,ft), a <t <b, with no gradient

crossings in the graphic for a < a- e<t < o + e< b. Suppose the

graphic is 1like
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i+l

t=a-¢ t=a t=ate

Let pk(t) denote the lowest critical point of f, of index i+l
of ft and let qj(t) dencote the various critical points of ft
of index 1i.

Use the standard model for the dovetail singularity to deform

the path (nt,ft) to one (n%,f%) having a graphic like

i+l
k
I
——f"l—l—'i_"“'
Ly 1 |
L. [ !
1IJ [ I
ro '
a-€ a-8 B o at § ate
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This can be done (see [5, Chap. 2]1) so that the deformation has
support in a small neighborhood of W(pk(u)) v W*(pk(a)) and near
pk(a)for convenience we take o« = 0 and use the notation of Example
4 again.

We must deform (n{,fé) to achieve independence of the birth
and death points: If the support of the deformation is small enough
the birth and death points will be independent of all the i+l index
critical points except a, and b,. Use the procedure described
above to make C_s and ¢ independent of a

8 t
near -§ or t near +¢§ . This produces two new i+l/i+l-crossings

and bt for t

as in (%) above.

In general, the birth and death points will not be independent
of the critical points of index i for t near :§ . Let
si(p, (t)) = W(p, () NQ, for t< -6 or §<t and
Sn'i(qj(t)) = w*(qj(t)) NQ, for -e<t<e. The way in
which Si(pk(-e)) intersects Sn-i(qj(-e)) is measured by the
coefficient akj in the boundary matrix ai+1("-e’f-e)' If this
intersection is not empty (i.e. when akj # 0) then (5) of Example

4 shows that quite possibly D'(c_,) and Sn'l(qj(-a)) will have

§
a non-empty intersection. However, this can be eliminated (thereby

achieving independence of C_s

§6 of I as follows: Choose a point 2z in Dl(c_c) not contain-

ed in any Sn-l(qj(-é)) and use an isotopy expanding away from z

and qj) by using the process in

to push the intersections of Sn'l(qj(-c)) with the sphere

i o3 . °i
D (0_6) U D (a_d) into D (3_5)' Then for t > - § but near =-§
. 01 i 0s
each Sn'l(qj(-é)) can only intersect Dl(bt) u st 1(ct) V) Dl(at)
in the subdisc Bl(at). Similarly, for t near § we can arrange

s ox . o3
that each S" 1(qj(t)) intersects Dl(bt) u st 1(ct) U Dl(at) only
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in lo)i(bt). This gives the independence of c_ s and cg However,
as t passes from -6 to 6 the spheres Sn'i(qj(t)) must pass
across the sphere Si-l(ct) in the intermediate level surface Qt
giving rise to i/i-crossings. Which crossings occur is determined
by the coefficients akj in the boundary matrix.

A precise statement of how ¥ = X(nt’ft) changes to

\] 1
= y(n,,f,) 1is the fQllowing: Write = y*x where x
X xtngsty Q

Xi+1
comes from the i+l1/i+l crossings occuring before t = o and y
comes from the i+1/i+l crossings occuring after t =a. Similarly,

write X; = bea . Now

(1) Relabel the critical point b(PR as pr( £) where r is
a boundary index in degree i+l which we assume doesn't
appear in y or x. Relabel c(B as qr( p where r is
the corresponding cycle index in degree i which we assume

not to appear in b or in a.

(2) Leave the orientation of pr( B the same as that of the
original pk(a+e), which is now labeled as pr(a+e). Choose

the orientation of qr( R so that
ai+1(pr(8)) =+ qr( P.

(3) Choose any path y from the base point to c_ s and use this
as a base path for pr( A and qr( R. Let g denote the
loop composed of Yy followed by the inverse of the base path

for pk(a).
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Then finally we have

X: = X: for j#i, i+1

1

' - - - -
(2.5) Xiep = Wipl-g D) eyew g x| (g (-g71)ex

]
X; = b-( 'Ixrj(-g-akj)>'a

j#r

1 1
The graphic of (nt,ft) looks 1like

i+l pk(a-e] pr(a+s)

-g.akj
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If the graphic changes like

[ 0

then gradient crossings are introduced as follows:

Pi /}’
A
y VY v
(2.6) -
£Y)
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As a corollary of the analysis of deformations through the

dovetail singularity we have

Lemma 2.7. Let M" be a smooth manifold with n 2 4. Let
2<i<n- 2. Let £ (M xI; Mx 0, MxI)=+(I;0,I) be a
path of functions where ft has no critical points. Let n,

be a path of gradient-like vector fields for ft' Let _Crwv be

a word in St(r,Z[nIM]) where each W, is of the form wkz(ig)

for some g € nlM. Then (nt’ft) can be deformed, keeping (no,fo)
.Fnd (nl,fl) fixed,to (n;,f;) which has only i+l/i+l-crossings

and such that
L} L}
Xi+1(nt’ft) = Ll W,

Proof. Here is how to realize a single word wkl(tg).

i+l

1
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—_—

dovetail

—_—

independent
trajectories and
(0.3) of V; then
exchange

—

1 Steinberg
relation

st

The product glwv is then built up by joining these elementary

blocks together by the uniqueness of birth lemma (0.1) in V.
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§3. E:nc(P) > th is well-defined.

To show that I is well-defined it is enough (as remarked
in §2 of 1II) to show that I stays the same when Y 1is changed
in one of the three ways in Table 2.3. (i.e. when Yy changes as

in (2.1), (2.4) or (2.5) of the previous section).

(3.1) Exchange relation.

Let x = (XO,Xl,...) € Q@ and suppose that Xy = bra and

= yex for a,b € Sti(A) and x,y € St (A). Represent

Xi+1 i+l
_ -1, .
8i+1 2 xewyq0a Ci+1 > Ci by the matrix (apq) where the
indices are "concentrated" in degrees i+l and i (i.e p € {bg+1,zg+l}

and q € {bg,zg}). Suppose for some pair of indices (k,%) that

akk = 0 and let X € A . Let

1 A} 1

X = (xo,xl,...) € Q

be defined by

1

X = (XO""’Xi-l’ beyea, y-e'x,xi+2,...) where

€ = -r] xpk(apz-x) for p concentrated in

p#k degree i+l

Yy = | l xzq(k-akq) for q concentrated in

a# s degree 1i.
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We shall do the case i+l = 2c¢ and leave the case i+l = odd
to the reader. Choose u € wc(tnlM) as in (3.1) of III for

1
X € Q. This choice also satisfies (3.1) for x € Q. Let

X=TTX~X=TTX'_U=—]—TU' andu=_lTu._.
& j#c 237 78 j#c 2j-1°"a j#c 23’ 8 j#c 23-1

Let x = (uo-xo,u1~x1,..., a,x,ui+2-xi+2,...) € StC(A). Finally
let (3,8 = X-(w,0).

Represent the map 9.+ 6., :C.> Codd by the matrix (qu).

If p is in degree 2c and q 1is in degree 2c-1, then qu = apq'
In particular Akl = 0. See the following diagram which illustrates

the case i+l = 4.
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c Cy Cs
‘] a a a Gl 5
b z) b3 z3 b5 z4
c l
0 & 0 Y
02 32 62 0
T :
(]
N 0 l 3 §
|
Ce 0 l 0 %
Agg = 0
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We have

= . . . . . -1 . -l. -1. -1' -l
T(X) = uy "y xTugXsX g *ugtea b Teu, g

and

t(x) = “gc'WE'X'u;x;x’Bl-ugl-a’l-v'l-b'L“Ei-l .
Let € =Tgkpk(Ap2-A) where p runs through the indices of even
degree less than 2c. Let Yy =-Erxzq(A~Akq) where q runs through

the indices of odd degree greater than 2c-1. Then €)Y, € T and

the second and third Steinberg relations imply that

|
u2coyoel = t ou2c-y

-1,.-1, -1 _ ,-1,.-1 "
Y1 °b Trupalg T D Trupo gt

Al n
where t and t lie in T.
- . - ‘] .
Let €, = €;°€ p;k xpk(Apz A), where now p runs through all

indices of even degree. Let Y, = y;°Y = T

VA xlq(A-Akq), where

now q runs through the indices of odd degree. Then we have

1
c-1

-1

! - -1. . -1
(X ) = Uy "y e, XXy "Xg "Ygt @

'ygl-b°1-u; mod T.
Now apply the exchange lemma (2.1) of III to the word

€, x uaxaxélugla- ;1 € St(A) to conclude that it is equal to

- - - 1 1
X uaxaxelusla l. Hence we have I(x ) = I(x) mod T; i.e. Z(x ) = IZ(x)
in mbulm =UM)ndeQﬁm. .
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(3.2) Birth-death relation.

We shall go through the argument for the relation corresponding
to the diagram (1) in (B) in the previous §2. The argument for
the diagram (2) is similar.

Let x = (XO’Xl"") € Q@ where X; = bsa and

= we -1,
Let 3i+1 T Xewg a7 Ci+1

(apq) such that for some fixed pair of indices (k,%) we have

a
PL
a g = tg for some g € nlM. Let r be a boundary index in degree

i+l T YX

> Ci be represented by the matrix

0 and aq = 0 whenever p # k and q # %. Suppose

i+l not occuring in the word xi+1(i.e. r doesn't appear as a

subscript index in any symbol xuv(k) in the word x.,,). Let r

i+l
denote the corresponding cycle index in degree 1 and suppose r
has been chosen so that it doesn't occur in the word X4 ¢ Define

X € Q by

X2 = X for j # i, i+l

. I -1
XJ!.+1 : wkr(+g)'y'wkr(¥g) X

' - - . . - -1.
Xy = wzr( )b wzr( 1) a.

See (2.4) in §2 above.
Let ¥ = (xo,xl,...,a,x,xi+2,...) € StC(A). Assume that i+l = 2c.
The case i+l = odd is similar.

Let (3, & = X*(w,0). Let 3.+ &,iCqy> Cogq De represented
by the matrix (qu). We know by hypothesis that for the fixed
pair of indices (k,%) that Akl = xg while Apl = 0 and Akq =0
for all p # k concentrated in degree i+l and all q # 2 concen-
trated in degree 1i.
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Now choose u € Wo(tmM) as in (3.1) of III to compute Z(x".

= 7 = = T - T
Let ug = 5hUpg> Ug = 3hcUzy-10 X T jhe Xj» 24 XgT jioXpjo1t
Then
o - — -1 -1 -1 -1 ,_.y=l o oy=1 -1
I(x ) = uzcwkr(+g)ywkr(+g) XU, Xy Xg Vg @ WZP( 1)b wnr( 1) Yool

Let tl and t2

for p in even degree less than 2c and t, =—g;£q(-(ig)_l Akq)

. . . ceaoy-1
in T be defined by t, --g&pk(-Apz (xg)™ ™)

for p of odd degree greater than 2c-1l. The two crucial properties

enjoyed by t and t are

1 2

-1 -1 -1
= oTe €
(a) Let T xu, X Xg u8 a . Then n(tl T tz) E(A) has only a

h th

single non-zero entry in the k™ row or the 1 column;

namely, #*g in the (k,l)th spot.

(b) The second and third Steinberg relations imply that there are
1

1 in T so that

1
and t

t 2

! -1 = . F ee pry _1-
tlou2c-wkr(*g)-y-wkr(¥g) = Uy, wkr(+g) y wkp(+g) t

and
-1 -1, -1 _ nmli eqy=loo=1 Lt
tz-wzr(-l)-b °w£r(_l) *Upoq T wzr(-l) b wzr( 1) Upoo1tre
It now follows from (b) that modulo T
"= 3 -1 S TS B
LX) = u, oW (Fe)ey {wkr(;g) tyeTetyew, (“1)}eb "ew, ( 1) Teuyo ge

Apply the birth-death relation (2.3) of III to the subword enclosed
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by brackets to get

T(x) = (Fg)eyot,-Tot, b Lew, (-1)7ley
1 2

Y2¢ " Ykr Lr

-4+, . . -1 -1 -1 [

=ty U, wkr(¥g) yeT+b 'wlr(-l) ‘u °t

= u,ew, (Fg)eyTebew, (-1)"1.y7l mod T
2c%kr ' ¥87°Y r Uoa-

= I -1, -1,,- -

= (uZC'wkr(+g)'ua)°y°x'xax8 ca~lep 1'(uBl

= I(x) .

The last step is valid because I is independent of the choice of

u used in (3.1) of III.
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(3.3) Dovetail relation.

We shall verify that I(x) remains the same under the change
(2.5). The argument for (2.6) is similar.

Let x = (XO’xl"") € Q where X; *© bea and Xj41 = Y o%-
Let 95, = X wi+la_1: Ci47 * C; be represented by the matrix
(apq). Let r denote a boundary index of degree i+l and also the
corresponding cycle index of degree i. Suppose r doesn't occur
in X3 O Xi41° Let k # r be any index of degree i+l. Let

1
g € .M and define x € Q by the equations

1

X; = Xj for j ¢ i, i+l
! = _1 . L] - —1 -ll L - _1 .
X;41 = wkr(-g )y wkr( g ) xrk(g) xkr( g T)ex

1 ""T
. b'(j#r xrj(—g-akj))-a .

>
v
"

As usual we take i+l = 2c¢ and leave the case i+l = odd as an
exercise. Let

X = (XO""’a’x’Xi+2"") and  (23,6) = X*(wy0).

. . + . .
Let (qu) be the matrix representation of dev aev'cev* COdd

1
Choose u € WC(tﬂIM) as in (3.1) of III to compute I(yx ). Let

uB,uu, Xy and XB be defined as in (3.2) above. Then

1

U -1 -1,-1 -1 -1, -
I(x ) = u2c-wkr(—g )°y-wkr(—g ) {xrk(g)°xkr(-g )eT}b "Upo_1

- 163 -



HATCHER & WAGONER

where

- -1 -1 -1(T77 _
r = XU X, XgUga (j#r-xrj( gAkj))
for j concentrated in degree 2c-1. As in (3.1) and (3.2) it
is easy to show that T 1is equal modulo T +to the same expression
where Jj runs through all odd degrees greater than or equal to
2c-1. Apply the dovetail relation (2.2) to the word in brackets
using this enlarged T to conclude that it is equal to

-1 -1
wrk(g) X U XoXguga: Thus

-1 -1 -1 -1 -1
wrk(g) X u, X,Xgiga b Uy g

2x) = u, w g™y w_(-g™H
X 2¢ "kr'"8 Y Vip'T8
By Lemma 9.5 of [19], wrk(g) = wkr(-g_l) and hence

' -1 -1 -1 -1 _-1
I(x ) = U, wkr(—g ) y x UgXgX g Ug b a Useol

L(x) mod U(twlM).

This completes the proof that I: nO(P) > th(ﬂlﬂ) is well-

defined.
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£ is a homomorphism.

We show in this section that for [fl,[g]l in ﬂo(ﬂ)gﬂh(P)

we have
(4.1) I([f1-[g]) = Z([fD) + Z(lgD).

The "#" operation of §1 of I defined on F extends naturally
to F so that if n 1is gradient-like for f and ¢ 1is gradient-
like for g then n#z 1is gradient-like for fi#g.

Let [f1,[gl Guo(&) and choose paths (nt’ft) and (;t,gt)
in # as in §1 of IV so that I([f]) = I(x(n,,f.)) and
(lgD = Z(x(ct;gt)).

Then we have

graphic of
graphic of = (ct’gt>
by
(nt#ct,ft#gt) definition graphic of
(nt,ft)
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l graphic of

= (ct,gt)

graphic of

(ﬂtsft)

ordered graphic ofl ordered graphic of

] |

(nt’ft) '
|

(C‘t’gt)

Let X(nt’ft) = a = (ao,al...) and X(;t,gt) = B= (80,81,...). To
calculate x(ct,gt) we can replace g by w-B-w'l where

w € Wc(tﬂlM) is chosen as in §1 of 1IV. Pick a w so that the
indices appearing as subscripts in the symbols x in any new ej

Pq
are different from any indices appearing in the ai's.
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Then

L([£f1-[gl) = E(x(nt#Ct,ft#gt))

-1
=§Ra2i sszi)o'liT(cxﬁ_1 Byj_q) 0 mod W(m M)

(11“21) (11“51—1) (TlT BZi)(Tj\:B;}.—l)

T(x(ng > £00)°2(8(xy58,))

I([fD + z(lgl).
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CHAPTER V. Deformations of the Graphic

This chapter discusses a number of ways to change and simplify
the graphic of a k-parameter family (nz,fz) by a deformation of
(nz,fz). For convenience we list below certain changes in the
graphic which will be needed later in this paper. They are special
cases of more general results in 81 and §2 of this chapter and
in [5]. In each of the following the graphic on the left hand
side will be that of a one parameter family (nt,ft) where each
ft is a function from (Vn+1;C,D) to (I3;0,1) and V,C,D are
connected. The claim is that each of the deformations of the
graphics can be realized by a deformation of (”t’ft) which keeps

(no,fo) and (nl,fl) fixed.

(0.1) Uniqueness of birth. See Chap. III, §1 of [3 ]J. For 0 <1 <n
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(0.2) Dovetail. See [5, Chap. 2]. For 0<i<n-3

i+l

(0.3) Introducing a beak. See [3; Chap. IV, §3]. For j <n + 1

- B

i+l

e
i i
J J

The proof of (0.3) is actually an application of independence of

birth-death points and the independent trajectories lemma in Chap. I.
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(0.4) Unicity of death.

Suppose (“t’ft) has a graphic like

i+l
< > 1o
' - '
] 1 \
| 1
' ]
t=a t=b

Suppose for a < t < b that the stable and unstable manifolds of
the two critical points of ft intersect transversely in exactly

one point in the level surface f;l(O). Then

i+l
¢ ——
nothing
1

Remark 1. In (0.4) if the birth-death points of fa and fb are
independent of other critical points (not indicated on the graphic)
this independence can be maintained throughout the deformation.

Remark 2. If V = M® x I and M = 0, then (nt,ft) can be

it
deformed so that the hypothesis of (0.4) becomes satisfied provided
i=0,i=n,or2<i<n-2 and n > 5. Hence under these

conditions unicity of death holds. See [3; Chapter III; §2].
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When wlM # 0 there is an obstruction to unicity of death and in

fact this gives rise to the second obstruction Whl(‘rrlM;Z2 x HZM)

for the pseudo-isotopy problem as will be explained in [12] and in

Chapter VII below.

- 17 -



HATCHER & WAGONER

§1. Cancelling Critical Points.

Recall the original cancellation lemma of Smale: Let the morse
function f: W + I have two critical points ¢ and c¢' of index
i and i+l respectively which are consecutive, i.e., f(c) < f(c'")
and there are no other critical values between f(c) and f(c').
If f has a gradient-like vector field for which the transverse
intersection of the stable manifold of c¢' with the unstable
manifold of c¢ consists of exactly one trajectory from ¢ to ',
then the two critical points ¢ and c¢' can be cancelled.

This has the following generalization to m-parameter families
ft: Ww+1I, tei1m Suppose for a subregion Dk x Dm—k of the
parameter domain that f, has two consecutive nondegenerate criti-

cal points ¢ and c¢! of index i and i+l respectively,

t t
o - -
t € Dk x D™ k, which cancel each other above BDk x p™ k, i.e.,
for t € 8Dk x Dm'k c, = ¢! 1is a degenerate critical point of

t t
birth-death type.

Proposition 1.1. If f, has a family of gradient-like vector

fields for which the transverse intersection of the stable manifold

of ¢! with the unstable manifold of ¢ consists of exactly one

t t
. ok m-k '
trajectory for each t € D x D , then ey and cg for
o - 3 . 3
t € Dk x D™ k can be cancelled, leaving birth-death points along
DX x ap™k,
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m=1, k
m= 2, k
m= 2, k
m= 2, k

DEFORMATIONS OF THE GRAPHIC

i+l

~—. )
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As the picture indicates, smoothing of the corners above BDk x aDm_k

is implicit.

The proof of this proposition is essentially contained in
Chapter 1 of [5]. A slightly different proof can be constructed
as a straight-forward generalization of the proof of Theorem 5.4
of [18].

The question of whether a gradient-like vector field satisfying
the hypothesis of the proposition exists is equivalent to whether

the intersections Sz, and 82_1

t t
folds of a given gradient-like vector field with an intermediate

of the stable and unstable mani-

level surface V: can be isotoped in a parameter preserving way
so that their transverse intersection Sz, n Sz-l c V2 is one

t t

point for each t € DX x D®X, Near oaD¥ x D™7K

the intersection
is already one-point, and isotopies are to preserve this fact.

To measure the obstruction to finding such an isotopy, first
note that we may as well assume k = m, since an isotopy over the
core Dk x {0} extends immediately to all of Dk x Dm-k. Also, by

isotopy extension we can take the inclusion Sg_l C Vt to be
t

independent of t. Then the obstruction lies naturally in
nk(Emb(Sl,Vn), Embo(Sl,Vn)), where Emb(Sl,Vn) is the space of
embeddings st ¢ v" and EmbO(Sl,Vn) the subspace of embeddings

n=1 cy.

having a one-point transverse intersection with §
In a stable range of dimensions we will now "compute" this

homotopy group. For a space X let Qir(x) denote the framed

bordism group in dimension £ and let nir(x,*) denote the set

(group if & > 0) of framed homotopy classes of framed maps

(Sl,*) + (X,%*). Thus ni’(x,*) splits naturally as nz(x,*) ® nzo.
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ip:nir(x,*) -+ QZP(X) extending

the classical J homomorphism "2(0) -+ Qgr(*) C Qir(X). One can

There is a natural Hurewicz map H

define a relative object (Q,n)ir(x,*) to consist of maps of

framed f#-manifolds (N%*) + (X,%*), with basepoint * € 3N = Sz—l,
with the equivalence relation of framed bordism trivial (i.e.,S‘Q'-1 x I)
over 9IN and preserving basepoints. If & =2 2 (Q,n)fr(x,*) is a

group with respect to connected sum at * € 3N. There is a sequence

fr
fr 9 fr Hl fr fr 3
ves * (Q,ﬂ)£+l(x,*) > 2(X,*)»———* Ql (X) » (Q,n)l (X,%) » ...

which is exact, at least when £ > 0. In low dimensions one has

@m0 ~ofP® and @M, %) ~ coker HIT .

Proposition 1.2. There is a map

wk(Emb(Si,Vn),Embo(Si,Vn)) + @, @V, *)

which is an isomorphism if k + 2 < i < n - k - 2 and is surjective

if k+2<i<€n-%k-2and k > 0.

Proof. The proposition follows easily from 3.1 and 4.2 of [13].

k n-i 13

In effect, the intersection T = Si x D" NS x Dk cvlx D

determines a bordism class in (Q,n)ir(ﬂv,*), and the class of 23T

in nifl(ﬂv,*) is the obstruction to choosing for "N" in 4.2 of

[13] a disc DX. If this obstruction vanishes one obtains a closed
fr

framed manifold T UaDk representing an element of Qy (QV) which

is the obstruction to changing the intersection T to Dk. This
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latter obstruction is of course only well-defined modulo the image

of Hir. Having the intersection T = D* it is then always possi-

ble to change the embedding Dk C Si x Dk by any homotopy; in
particular, the intersection can be made one point in each para-
meter slice.

The proof of 4.2 of [13] shows that any class in (n,n)ir(nv,*)
can be realized as intersection, provided k + 2 <i €n - k - 2.

If k = 0 the proposition gives the well-known result that
the obstruction for the classical Smale cancellation lemma lies
in ngr(nv,*) *=Z[ﬂ1V], provided 2 <i <n - 2. For k = 1 we
have the following:

i+l

Corollary 1.3. If 3 <i <n - 3 then a graphic <:::::::::>> can

i
be cancelled directly (i.e., by a deformation through graphics of

the same type) if and only if an obstruction in

(z, x n,V)[m, V]
fr _ 2 2 1 .
coker Hl ~'(z2 ~ "2V)[1] vanishes.

Proof. Since all the components of QV have the same homotopy
type, one has Q{P(QV) =~ Q{P(QV)[nIV], where V is the universal
cover of V. And
fro 3y o~ off(x ~fr % fr %
Q Qv) = 91 (*) x Q QV) = 22 x nzV ~ my Qv,*) .
In Chapter VII it is shown that the restriction 3 < i <n -3
can be weakened to 3 <i<n-3 and n =7, just as in the

case k = 0 the hypothesis 2 < i <n - 2 can be relaxed to
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2 <i<n-2 and n =5.

We will have occasion to cancel not ornly pairs of nondegenerate
critical points by using birth-death points, but also pairs of
birth-death points using dovetail singularities. This is covered
by the following proposition, a proof of which may be found in

[5], Chap. 2.

Proposition 1.Y4.

A) If the one-parameter family ft: Wil oL 1 with graphic

- . has a gradient-like vector field for which the
i+l 1+1
i
transverse intersection of the stable manifolds of each of the two
critical points of index i+l with the unstable manifolds of the
critical point of index 1 consists of exactly one trajectory in

each t slice, then ft can be deformed through a dovetail

singularity so as to change the graphic to .
i+l

B) If i <n - 3 one can always find such a gradient-like vector
field.
Here is a sketch of the proof of part B when n 2 5. Start-

ing with an arbitrary gradient-like vector field for the graphic

41

one first slides any i+1/i+l intersections of a over b off to
the left of the birth point and any i+1/i+l intersections of b

over a off to the right of the death point. Then the stable
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manifolds of a and b will run uninterrupted down to level
surfaces Vg just above the i-handle, which they intersect in
spheres Si(a), Si(b). For the transverse spheres Sg-i c Vt of
the i-handle one has Si(b) n S:-i (Si(a) n Sg'i) equal to one
point for t slices near the birth (death) point. We wish to
extend these one-point intersections to the whole t interval of

the i-handle. This is done in two steps. First, by the corollary

of lemma 1.5 below, we can make St(b) n 82—1 one point except in

n-i
t

in t slices near the birth point. Then in a level surface between

t slices near the death point and St(a) n s one point except
a and b the "bad" i+l/i intersections involving a can be slid
off to the left of the birth point and those involving b can be

slid off to the right of the death point.

Lemma 1.5. Let H: Qq x I +M" be an isotopy transverse to

P9 cmM. If qQ <«m-3, m>5, and the normal bundle of HO(Q)
in M has a section, then H can be deformed rel Q x 3I

through isotopies to an isotopy H' for which H'|Q x [0,1/2] is

L. -
an embedding and (Ht) l(P) = Hll(P) if /2 <t <1.

Corollary 1.6. With the same hypotheses, any isotopy of 1 1(p)
in Q x I fixing H }(P) N Q x 3I can be realized by a deformation
of H through isotopies fixing Q x 3I.

A proof of the lemma can be found in [3] Ch. I §5.3.

In analogy with Proposition 1.1, part A of Proposition 1.4 can be
extended to (m+l)-parameter families whose graphic contains an

m-disec DX x D®¥ of graphics  itl i+l » with the
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birth-death points being cancelled by dovetail singularities over

aDk x Dm-k. Part B also holds in this setting for a suitable

range of dimensions. For example, a k-parameter version of Lemmal.5
and Corollary 1.6 can be proved by the techniques of 4.1 of [13] under
the hypothesis q < m - k - 3. This implies the parametrized ver-

sion of Part Bwhen i <n -k - 3. The case m =k = 1 is treat-

ed in detail in [5], Theorem 3.2.1.
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§2. Introducing Critical Points.

It is also of interest to know under what conditions the process

of cancelling critical points described in Propositionsl.l and 1.4 can

be reversed. Thus in the first case one is given a region Dk x Dm_k

in the parameter domain and numbers r and ¢ . such that in

cas . k om-k
has no critical points when t €D x D and

when t e DX x aDm—k, with ft(ct) = r.

-1
ft [r-¢, r+el, ft

a single birth-death point cy

And one seeks to "expand" cy to a pair of nondegenerate critical

o - -
points ct,ct' over DX x D™K which cancel over aDk x D™ k, as

in the hypothesis of Proposition 1.1. 1In general, there is an obstruct-
Dm—k

ion to doing this. For t € Dk x 3 the stable and unstable

manifolds of the birth-death point ¢ of index i provide at

t
c, a splitting into subbundles of dimension i and n - i of the
tangent bundle Tvt of the level surface Vt = f;l(r). (Note
that V is a manifold which, up to a natural diffeomorphism, is

t
independent of tj; call it V.) Thus one has an element of

To-x-1¢6;¢TV)), where G;(7V) is the Grassmannian of i-dimensional
subbundles of 1V, which is the obstruction to extending the

k m-k

splitting of 1V over D x 3D to a splitting over all of

t
Dk x Dm'k. This is an obstruction to introducing the desired
critical points, and it follows easily from §1.5 of [5] that in
fact this is the only obstruction.
In particular, when m = k there is never any obstruction
(the result in this case being rather trivial anyhow), and when
m - k = 1 there is no obstruction if V is connected, since

no(Gi(tv) ~ 1.V. The latter case was first handled in Chapter III, §1

o
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of [3]. For pictures of the resulting changes in the graphic in
low dimensional cases see the diagrams after Proposition 1.1 (reverse
the arrows, of course).

The hypotheses for introducing pairs of nondegenerate critical
points in the manner just described can be weakened slightly to
allow other critical points in f;l[r—e,r+e] . Since the critical
points are introduced in a small neighborhood of an m-parameter
k m-k

€ f_i[r—s,r+e], t €D x D » with x = ¢

disjoint from

family of points x

t
k m-k . . .
for t € D x 3D , it suffices to find the x

t

t
other critical points of ft' This is always possible by general

position if n = dim V 1is large enough, say n > 2m - 1.
Also, the new critical points can be introduced to be independ-
dent of all the old critical points, and without disturbing their

stable and unstable manifolds, provided the points x can be

t
chosen in the complement of these stable and unstable manifolds.
Here general position suffices if the indices of the existing
critical points 1lie in the interval [m+l,n-m].

We turn now to reversing the process of Proposition l.4. One
is given an mtl-parameter family containing an mtl-disc
DX x DK « Dl of critical points which are nondegenerate of index
i+l except over DX x D™ K x {0} , where they are dovetail singu-

larities of index i. Thus one has an m-disc Dk x Dm—k

of
graphics —it which across Dk x aDm-k become ._itl—zzj;_iilm
i
One wants to pass through dovetails over Dk x DMK « {0} to
. k m-k . i+l i+l .
produce an m-disc D" x D of graphics T with dove-

i

tail singularities remaining over aD x D®% x {0}.
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A nondegenerate critical point of index i+l (i.e., of the
2 2 2
form -xl—...—xi+1+...+xn+l)

unstable manifolds, a splitting of the tangent space of the manifold

determines, via its stable and

at the critical point into subspaces of dimension i+l and n-i.
A dovetail singularity of the type —x;-xg—...x§+l+x§+2+...+x§+l
such as we are here considering also gives such a splitting. But

in addition there is a preferred line in the i+l-dimensional sub-
space, corresponding to the term —x:. Moreover, as one can see
from the unfolding of the dovetail singularity which takes place
across Dk x BDm—k x Dl, this line has a preferred orientation.

The obstruction to extending this oriented line in an i+l-dimension-
al bundle over DX x 3p™K {0} to an oriented line in the i+l-
bundle over DX x DK x {0}, which lies in "m—k-l(si)’ is an
obstruction to introducing the desired critical points. It is not
hard to see using the results of Chapter 3 of [§] that this is the

only obstruction. In particular, when m - k - 1 < i there is no

obstruction.

1}
=
"

We shall have occasion to use the trivial case m 0,

when the change in the graphic is simply

ifl — i+ i+

and the case m =1, k = 0, i > 0 which is 3.3.1 of [5]:
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= &=

We remark that for introducing critical points by passing

through dovetails along a sheet of nondegenerate critical points in
this manner the situation is unchanged if other pieces of the

graphic intersect the graphic of the sheet of nondegenerate critical
points, since everything takes place in a neighborhood of the given

nondegenerate critical points.

Question: What are the obstructions for the analogous problems of
cancelling and introducing the higher order singularities in the
series: birth-death point, dovetail, butterfly,..., i.e., the
singularities whose degenerate part is of the form xP  for some
p @ 3? Do the obstructions always vanish in a suitable stable

range, as they do for the case of birth-death points?
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§3. Two Indices.

For an h-bordism w"'i let i denote the interior of the
closure of the set of morse functions on W having all critical
points of index 1 and i+l. If 2 <i <n - 2, dbi is non-empty

[18]. The principal result of this section is:

Theorem 3.1. a) If 2 <i<n -2 then

B) If 7<i<n-7 then m& =o0.

The restriction 7 S i S n - 7 can be weakened, but we will
not need to do so.

The condition wkég = 0 translates into the statement that
a (k+l)-parameter family ft: W-> I, t€ Ik+1, which over aIk+1
is a generic k-parameter family having all (nondegenerate) critical
points of index i and i+l, can be deformed rel aIk+l to a
generic (k+l)-parameter family all of whose critical points are of
index 1 and i+l.

The principal tool in proving the theorem is the following
proposition which is a direct but somewhat complicated generaliza-

n+l
>

tion of the methods of [30]. Let fo:W I be a generic m-para-

meter family, m < 2, whose critical points are ordered as in I §8,

and let i be the lowest index of the critical points of ft'

(*) cf. [5] and [61].
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Proposition 3.2. Suppose a is a nondegenerate critical point

of ft of index i such that a, is the only critical point on
the level ft(qt)’ te 1* c I®. Thenif i <n-g¢-m- 3, we
can introduce a trivial critical point pair (yt,et) of index
(i+2, i+l) over a neighborhood N of 1* so that Bt cancels
o

t
oN.

in N with birth-death points of a ard g remaining on

Complement. This can be done preserving all °t/j intersections
outside N. If j <i + 1 we can preserve j/at intersections
outside N and have no j/at intersections (other than Yt/Bt)
near aN.

We begin the proof with a technical lemma. Let M;(M;) be a level
is the only critical

surface just above (below) «,, so that a

t t
+ - : s
point between Mt and Mt' By isotopy extension we can assume
M' = M (M" = M7) is independent of t. Then let W, be the part

of W below M, W, the part above M , and W

2 the part

3
above M+:

W at 2
3
Let D! be the stable, Dn*l-l the unstable manifold of oy
between M~ and M', with §*"! = p* aM, s§Pi = pPtiti o4yt

Finally, let k be the highest index of critical points below

Gy
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Lemma 3.3. If i<n-2 and k €n - 2 then the pair
(w3,M+ - s7%) is i-connected.

Proof of Lemma: Since there are no handles of index < i, (wl, W)
is (i-l)-connected. From the exact sequence of the triple
(w,wl,a_m and the fact that (W,9_W) is w=-connected, we conclude
that (w,w1> is i-connected. A proof of the following elementary
fact may be found in [30]:

Fact: Let B and C be CW complexes intersecting in a common
subcomplex. If B NC CC induces an isomorphism of fundamental
groupoids, the pairs (B,B NC) and (B U C,C) have the same
connectivity.

We apply this to B = Wz, Cs= Wl, to conclude that (Wz,M-)
is i-connected. The condition on fundamental groupoids is satisfied
if n - 2 2k, for since there are no dual handles of index < n-k+l
in w,, (wl.u') is (n-k)=-connected.

Next we examine the exact sequence of the triple
Wy (W, - Di) UM ,M7). Since (Wpys (W, = Di) UM") is n-connected
and i <n, ((W,- plyu M",M7) is also i-connected.

Now apply the Fact again with B = W, - Di, C = M~ to obtain

i, M - Si'l) is i-connected if (M ,M° - Si'l) is

that (W2 - D

2-connected, which is the case if gi-1 has codimension » 3 in
M, i.¢., n -2 >1i,

Finally, note that (Wa.M+ Sn'i) is a deformation retract

i

of (W2 - D

Note that since k € i + m, the condition i €n-%-n -2

s M = 81'1), hence is i-connected.

implies k € n - 2.
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Proof of the Proposition 3.2. Let D~ be a small i-disc transverse

sP"1, This determines an element of ni(wa,M+ - ™1y which is
o w, with o't = p* U7,

Sn-l

to
zero by the lemma. Thus there is g: D
g|D” = D°, and gID+ mapping to Mt - . By isotopy extension
we may assume the embedding Sn'i cMt is independent of the para-
meter t, so that g extends to a map gt in each t-slice
satisfying gtlD_ = D, and gtlD+ mapping to M: - Sg-i.

The remainder of the proof will be devoted to showing that -
can be improved so that, for suitable concentric i+l-discs

i+l

D, CD Cc DU =D s

1 2 cD

3

1. gt(Du) is disjoint from the critical points of ft

2. gtlDl is an embedding in a level surface Mt above M;

3. gtlD2 - D1 is an isotopy of gt|8Dl in Mt

Y, gt|D3 - D2 is an isotopy obtained by following trajectories of
the gradient-like vector field of ft from gt(3D2) C Mt down

to gt(aD3) C M:.

. . . + .
5. gt|Du - D3 is an isotopy in Mt of the embedding gt[8D3 to

an embedding gt|aDu which intersects Sg_l transversely in

one point.

Having such a - the proof of the proposition goes as
follows. Introduce a trivial (i+2,i+l)-critical point pair (yt,Bt)
just above the level Mt for t near Il. Using gtIDZ’ deform
the vector field above M, so that gt}aD is the intersection

t 2
of the stable manifold of By with Mt' By condition 4, this stable
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. +
manifold runs all the way down to Mt’ so can be lowered to

B¢

just above M:. Then using gtlbu - D, the vector field can be

3
+ .
deformed above Mt so that gt(aDu) is the part of the stable

. . + cas
manifold of in Mt’ and by condition 5, Bt can then cancel

B‘t
o, near I?
We now turn to conditions 1-5. Since the critical points of
an m-parameter family are of dimension m, general position suffices
for 1 provided i <n - m.
To achieve 2-4 we begin by pushing gt(Di+l) as far down tra-
jectories of the vector field as general position will allow. Let

Mg be a family of level surfaces lying above M+ and above the

t

closure of the set of critical points of index < q, with wg being
the part of W between M: and Mg. Then since the general
position intersection of the family gt(Di+1) with the unstable
manifolds of critical points of index j is of dimension

i+ £ + 1-j, we can push g, down trajectories so that

gt(D1+1) = W:+E+l and so that except near a subset of ¥ of

dimension r, gt(Dl+l) C wi*“”. Thus there are level surfaces
. i+2+1 . +

Mt in wt , With wt the part of W between .Mt and Mt’

so that gt(Dl+l) C W, and so that M, lies in wi** T except

near a subset of 1t of dimension r.
Next let At(Bt) be the inverse image under gy ©of the

unstable (stable) manifolds of critical points in W_, A = 'J A_,
t €1t t

B = 'sz . Let C(A,) be the cone on A_ with vertex the center
€1 t t t
of D1+1 and let C(A) = ‘,£C(At). (Consider A,B, and C(A) as
i+l 2 t€l

lying in D x I7.)
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Claim: In general position C(A) NB = ¢ provided i <n - & - m-3.

To prove this we need only make gt(C(At)) disjoint from the stable

i+g-r+l

manifolds of critical points in Wy over an r-dimensional

subset of I* for 0 <r <f. The critical points in Wt+£—P'l
have index <i +4-r + 1 +m since f_ is ordered as in I §8.

t
So over an r-dimensional subset of It these stable manifolds

have dimension <i + £ + m + 2. If dim C(A) < 2 + 2 < "codim B =

n+l+ g (i+2+m+2), or i<n-2-m-3, then in

general position C(A) N B = ¢.
With C(A) NB = ¢ then near C(A) we can push g up
trajectories to M. Let 1Ig, = {(x,t) € p*l & Ig'lgt is not an

embedding at x} . Then if dim C(A)< codim Ig,» i.e.,
£+2<n=1i-1 or i<n- 2 -2, in general position -
will immerse a neighborhood D, of C(At) in M, with at most
isolated double points in isolated t slices. Moreover, these
double points may be assumed to lie all in distinct concentric

e Since we can assume Dt is independent of t,
gtlDt provides gt|D2 as in conditions 2 and 3. One obtains

o
spheres in D

gtlD3 immediately by sliding down trajectories from gt(aDz) c Mt

+ . ° .
to M_ , using the fact that C(A) CD Also, there is no

t 2°
obstruction to pushing gtlDu - D, dowh trajectories to M: ,

where it provides a homotopy from the embedding gt|3D3 to

gtlaDu = 3Dt 1 which has the desired one-point intersection with
Sg-l. To get an isotopy from this homotopy one applies the

following lemma.

Lemma 3.4. Let Qq and M™ be manifolds fibered over some mani-

fold and let i: Q + M be a fiber preserving embedding which is
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disjoint from a subcomplex KX

C M. Suppose i is fiber homotopic
to a map f transveral to a subbundle PPc M with f(Q) N P = N.
If m>q+pP/2+1 and 2m > p + q + k + 2, then i is fiber
isotopic in M - K to an embedding intersecting P in N.

When K = ¢ this lemma is Theorem 4.1 of [13]. The proof
there readily extends to the present case.

To apply the lemma to the family of homotopies gtlDu - D3
(and hence to finish the proof of the proposition) we
need n + 2 > i+ g + %(n -i+2)+1, or i<n=-2% -2, For
K we choose the intersection of the stable manifolds of critical
points of index < i+l with M;, t € I% which is of dimension < i+%.
The restriction 2m > p + q + k + 2 also reduces to i <n-% - 2,
and gt|aD3 is disjoint from K by the proof of the claim above.

This choice of K guarantees that the conditions of the Complement

will be satisfied.

Proposition 3.2 . When m = 1, the condition i <n -8 -m - 3

in Proposition 3.2 can be replaced by i <n - 2 - 2.
To establish this the only doubtful point is the claim about

C(A) N B being empty. When m = 1 the level surface M below

t
which gt(D1+l) is to be pushed can be taken to be below birth-
death points ;:i . For gt(Dl+1) can be pushed off the unstable

manifolds of such birth-death points, as these unstable manifolds
intersect level surfaces just above the birth-death point in (n-i)-
discs. Then the highest critical points in Wt are nondegenerate
of index i + 2 + 1 at isolated t-slices and (if % = 1) of

index i + ¢ for the remaining t-intervals. Thus C(A) N B = ¢
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if dim C(A) < 2+ 2 <"codim B" = n + 1 + ¢ - (i + g+ 1) =n -1,
or i<n-2 -2,

That ndlé = 0 when 2 €i<n-2 is an immediate conse-
quence of the following:

+ .
ntl I be a one-parameter family on

Proposition 3.5. Let ft: W

the h-bordism W with i the lowest index of critical points.

Suppose f0 and fl have no index-i critical points. Then if

i <n - 2, by introducing new critical points of index i+l and
t

i+2 f can be deformed, rel f0 and fl’ so as to eliminate all

index i critical points.

Proof.

1. Eliminate i/i intersections

i A NP

According to the previous proposition we can cancel the upper
i-handle of an i/i intersection pair in a small neighborhood of
the t-slice containing the i/i intersection without introducing
any new i/i intersections, provided i< n - 2.

2. Cancel a remaining arc of i-handles.

. A i+ i .
a) Near t-slices containing <:; 1 o ;+€> points,

eg., SN
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This step breaks the given arc of i-handles up into small
enough pieces so that we can assume each piece crosses no other
critical points in the graphic. That is, with no i/i intersections,
a segment AL_.i__>> can be raised above ill other i-handles.

b) The remaining segments <& 1 > .

Case I: i <n - 3. Let oy
u; either of the it+l-handles connected to a, at the birth or
death points. Now apply the preceding proposition to cancel a

be the given arc of i-handles, with

t

with an it+l-handle B8 for almost the full length of «a up to

t t?
1
where the at/at intersection is one point in each t-slice:

: ' — e,
L s o :
t a
t
@ a C.
t t

L}
We still have at/ut intersections one-point in each t-slice, so
1

B B
. t t
cancel o, with a, up to a, ;7 or 4(\ oy where the B /o,

intersection is one point in each t slice.

i+l i+l
Now we have a graphic :2:;: with both i+l/i
i
intersections one point in each t slice, and so by Proposition

1.4 the remaining piece of i-handles can be cancelled:

i+l X i+l i...! .

1
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1
Case II: i <n - 3. We can apply Proposition 3.2 with £ =0

to introduce i+l-handles By which cancel o, for a small t
interval: By
‘:“-——____:’ AL..___E!ZQZ—————;’
ay oy %t

This latter graphic can then be deformed to

and Proposition 1.4 applies to cancel the two remaining segments of

Q

t
With the following proposition the main theorem of this

section will be complete.

Proposition 3.6. Let ft:Wn+1 + I be a two-parameter family on

the h-bordism W, i.e., t € D2, with i the lowest index of

critical points. Suppose ft’ t € 8D2, has no index-i critical

points. Then if i <n - 7, by introducing new critical points

of index i+l and i+2 ft can be deformed, rel ft’ t€53D2, so

as to eliminate all index-i critical poins.

Proof. We follow the one-parameter version and cancel i-handles

first near isolated phenomena, then near one-dimensional phenomena,
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and finally cancel the remaining small 2-discs of i-handles

i+l

. i+
1. Replace dovetails i——%__j‘a— by _J_X’ .

i
This is a purely local question. The birth-death points of our

given dovetail have trace » i.e., a cusp. On one of the arcs

of birth-death points we can pass our two-parameter family through
a three-parameter family containing an isolated butterfly singular-

ity (with polynomial xs) to introduce a pair of dovetails:

Ore of these dovetails, say the upper one, is of the type m

: i
and the other is % . Now bring the new dove-
i+l .
tail _J._’X_,l— in close proximity to the original dovetail:
i+l

The two dovetails *_ _S== i then can be cancelled

leaving only a dovetail i+l i+l
i

2. Eliminate i/i+l and i/i intersections.
a) Eliminate i/i+l intersections by cancelling the i-handle in
a small neighborhood of the i/i+1 intersection.
b) Eliminate crossings of pairs of i/i intersection arcs by
cancelling the top i-handle in a small neighborhood of the
crossing point.

c) Reduce crossings of birth-death arcs with i/i intersection

i+l
arcs to the case f j
i
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The other possible cases are:

i
i+l
i) :; Here we can cancel the upper i-handle

i
near the crossing point.

<’
i
i Cancel the middle i-handle near the

crossing point.

d) Eliminate the remaining arcs of i/i intersection (i < n - 3).
After the preceding three steps a,b,c, we can assume the

graphic along the i/i intersection arc is

e

crosses no other critical points. We are then in the

That is, the upper i-handle arc

situation of 2.b of the preceding proposition for one-

parameter families, and the upper arc of i-handles can

be cancelled, first in the interior:r_ _____ .1 —— +-<::::::}.1

And then in the remaining segments,

’_04 — H, ' where we

introduce four dovetails 1

3. Cancel a sheet of i-handles.
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a) Near t-slices containing birth-death points of other
i-handles
i+l i+
i) Dovetails —_— . Cancel the given

i-handle, which lies below the dovetail.

ii) Crossings of arcs of birth-death points of other

S
i

i-handles: —_ Again cancel the given

i-handle near the crossing point.
iii) The remaining arcs, where the given sheet of
i-handles lies below an arc a of birth-death

points <:i+1 except perhaps at an end of the

arc where the given i-handle is cancelled by an

i+l-handle which may lie above the arc a

i

:4;4---_———":s As in 2.d above, we

- 1

cancel the given i-handle first in the interior of

the arc 2& -- ""'X_ and then,

—

after reordering the birth-death arc a if necessary,

o X

—— — o

cancel the remaining

segments, producing

-

——— -— -~
—— - T

four dovetails.
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Break what remains of the given sheet of i-handles into
discs, e.g., an annular region of i-handles

becomes as in 2.d.

Cancel the remaining discs of i-handles
i) Near the isolated points where the given i-handles
are cancelled by an it+l-handle which is simultaneous-
ly the upper it+l-handle of an i+l1/i+l intersection,
1+l e
with graphic 141 and trace
i
(The wavy line indicates the crossing of the
given i-handle with the lower i+l-handle in the

graphic.) Here we may cancel the i-handle just

below the lower i;l—handle,

’ &é reorder to eliminate-

and finally eliminate

the remaining piece

5 i+l  of i-handle above the

lower i+l-handle:
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1 This last step can be done

e \\i+“, +1
_- either directly (since

i+l ] . X
<\\\~ i+l/i intersections are
i

right) or by the following

three steps.
We can now assume the given disc of i-handles crosses no
other handles in the graphic.

ii) Cancel the interior of the disc of i-handles, e.g.,

iii) Cancel near the interior of the birth-death arcs, e.g.,

~—7 v v
> 4

iv) Translate the index of the remaining triangles Y of
i-handles to triangles X\ of i+2-handles by elliptic
singularities as explained in Lemma 4.1 of the next

section.
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§4. The Butterfly and the Elliptic Umbilic.

In section 3 we made use of two of the three kinds of codimen-
sion three singularity, the butterfly and the elliptic umbilic. We
shall give here brief descriptions of these two singularities. For
an account of the hyperbolic umbilic see [5], Chapter IV.

The degenerate part of the butterfly singularity is the
3 5

2
+ + .
zx t3x X

This singularity effects the following change in two-parameter

polynomial xs, with universal unfolding tix + t

families:
Graphic Trace Graphic Trace

(1)

AL

AAANA

(a) (b)

Here the solid lines in the trace represent birth-death points and
the dashed lines represent crossings in the graphic. The change

from (a) to (b) is made by just shrinking all the complications of
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(a) to a point. Notice that the change in the trace of the birth-
death points is the same as the change in the graphic at a dovetail

in a two-parameter family (turned on edge): /X“ D —
Thus the effect of a butterfly singularity is to introduce or cancel

a pair of dovetail singularities, one of each kind involving the
i+ it] i+l
two indices i and i+l: ’LXA > and
i
S — N P S
The degenerate part of the elliptic umbilic is the singularity

at (0,0) of the function x3 + xyz. The graph of this function

is sometimes called the "monkey saddle":

(2)
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The universal unfolding is a three-parameter family of the form
x3 + xy2 + tl(x2 + y2) +otyx +otoy. The trace of this three-

parameter family is:

e e P —_

~J

(3) =~

_ \

The elliptic umbilic itself lies at the central vertex 0. In a

vertical plane section on either side of 0:

¢

(u)

the solid lines correspond to birth-death points (with dovetails
at the three cusps), the dashed lines to crossings, and the dotted

lines to 1/1 intersections. The letters A,B,C,D refer to the

following sample functions, shown in wide-angle view: (the subscript

on A denotes the index of the central critical point):
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YYYW
NIZNZ

(

D

In terms of graphics we have the following one-parameter slices:

>T>5 ><]]ID< ><a><

] el ST

= e ==
(a) (b) - (c)
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Thus the effect of passing through an elliptic umbilic is to
exchange a triangle of critical points of index 0 for a triangle
of critical points of index 2. Notice that in each of these
triangles the 1/0 or 2/1 intersections of each of the three critical
points of index 1 with the critical point of index 0 or 2 consist

of exactly one point in each parameter slice.

Lemma 4.1. Let ft,t € D2, be a two-parameter family with graphic
as in (6.a) above with critical points of index i and i+l.
Suppose the i+l/i intersections for each of the critical points

of index i+l consist of exactly one point in each t slice.
Then ft may be deformed, staying fixed over aDZ, to a two-para-

meter family with graphic as in (6.c) and with critical points of

index i+l and i+2.

Proof. The lemma states that in figure (3) it is possible, under
the one-point intersection hypothesis, to move a vertical plane
section from one side of 0 to the other. Rather than do this

directly, we first deform the plane section to look 1like:
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(7)

(The one-point intersection hypothesis guarantees that there will

be arcs of i+l1l/i+l intersections emanating from the three dovetails
in the given graphic.) Then by translating this curved two-dimen-
sional section upward along the line 0'0 we can bring about the
desired ‘deformation of ft' Some stages along the way have traces
as in (8) below. The advantage of this indirect deformation is

that it reduces the use of the elliptic umbilic to the step (a)-(b),
which is easy. The crucial steps (b)-(c), (d)-(e), and (e)-(f)

are all justified by the results of V §1, since the one-point

intersection property is preserved throughout.

- 204 -



DEFORMATIONS OF THE GRAPHIC

(8)
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§5. Eliminating all Dovetails.

Let ftu:M x I » I, (t,u) €I x I, represent a homotopy
between two representatives fto and ftl of the same class in
m,(F,8), so that fou and f,  have no critical points. Assume
the (nondegenerate) critical points of ftu are all of index i
and i+l. 1In this brief section we show that, with an additional
mild restriction on ftO and ftl’ all the dovetail singularities
of the two-parameter family can be eliminated.

In the graphic of a one-parameter family ft which has
critical points only of index i and i+l, with f0 and fl having
no critical points, the set of arcs corresponding to i+l-handles
has a natural permutation =, obtained as follows: An arc a of
it+l-handles is connected at its birth point to am arc a' of

i-handles. In turn, o' is connected at its dedth point to the

arc n(a) of i+l-handles. We call « the permutation associated

to f..

Proposition 5.1. If the permutations associated to fto and ftl

are of the same parity and 0 < i < n, then ftu can be deformed,
staying fixed over 3(I x I) and preserving the index range
[i,i+1], to a (generic) two-parameter family having no dovetail

singularities.

. i+l .
Proof. First replace all dovetails *L——-:§:35~_3; by

i+l i+l .
i , as in the first step of the proof of Proposi-

tion 3.6.
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Next we observe that any two of the remaining dovetails can
cancel each other. For, by a simple extension of 3.1l.1 of [5]?
this can be done if the two dovetails occur in the same sheet of
it+l-handles. But by "uniqueness of birth" any two sheets of it+l-
handles can be connected since the underlying manifold is connected
(see §2).

Thus ftu may be assumed to have at most one dovetail. Our
hypothesis on the permutations associated to ftO and ftl will
guarantee that ftu has an even number of dovetails and the proof
will be complete.

As u varies, the changes in the graphic of ftu which

affect the associated permutation w are of three types:

a) ~

It is easy to see that a) and b) preserve the parity of = while
c) reverses it. So if fto and fti have permutations of the

same parity, ftu must have an even number of dovetails.

*See §2 above, p. V. 16.
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§6. The Two-Index Definition of T .

The definition of the th invariant I . in the general case
that critical points of all indices are present requires some
fairly heavy algebraic machinery. If one uses the geometric
results of this chapter the algebra can be considerably streamlined
by defining I only in the two-index case. We indicate briefly
how this is done. In this section we use right modules over
zlw,M].

Let ft:M x I -+ I be a generic, ordered one-parameter family
all of whose nondegenerate critical points are of index i or
i+l, and let ft be provided with a nice gradient-like vector
field in general position for which the birth-death points of ft
are independent. Choose an ordering, orientations for the stable
manifolds, and paths to a fixed basepoint for the arcs of critical
points of index i+l. Specifying that the algebraic i+l/i inter-
section number of a birth pair be + 1 € z[nlM] determines similar
choices for the arcs of critical points of index i. Then in t
slices not containing i+l1/i+l or i/i intersections there is
defined the algebraic i+1/i intersection matrix in GL(Z [wMD).
(We consider that prior to its birth or after its death an (i+l,i)
pair has the same i+l/i intersection number as at its birth or at
its death.)

Near t = 0 this algebraic i+l/i intersection matrix is the
identity matrix. As t passes an i/i (resp. i+l/i+l) intersection
the matrix changes by right (resp. left) multiplication by an

elementary matrix egk for some o € tmM and suitable j and k.
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Near t = 1 the matrix is of the form P+D = (permutation)°(dia-
o

C Z[nll). Thus one has ga? = PeD.

gonal with entries in 7w
2k

1
By the proof of 1.6 of III, P+*D has a representation
-l

PeD ‘F; Im

m Pmdm qmpm Pndp

Then the product

-1 -1
_.ﬂ. X—Tm Tm
J k P nim 9P *p nm

in St(Z[w;1) 1lies in K,Z[m ] C St@Ir;1). Its image I;,, in
th(ﬂlM) is independent of the representation of P-D. It is
1+1

easy to see that I = (-1) is the Wh, invariant I

Ti41
defined in IV in this special case where all critical points are
of index i and i+l.

Rechoosing the ordering, orientations, and paths to the

base point for the arcs of critical points affects the algebraic

i+1l/i intersection matrices as a change of basis by conjugating

-1
by suitable products of terms ;qe;; ;q' Since K2 is thi
center of St, conjugating by the corresponding qu q; x;q

does not change .

To show I 1is well-defined on nl();a) requires looking at
a two-parameter family ftu connecting two choices of ft as
above. Since suspension (see I §5) preserves I We can assume

that indices and dimensions are large enough to deform f, . into
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the two indices i and i+l (V §1). We can also restrict attention
to the case that the permutations associated to fto and ftl are
both even, so that ftu may be assumed to have no dovetail singu-
larities, by V, §5. Then birth-death points can be taken to be
everywhere independent. Thus one is reduced to showing that the

following "catastrophes" preserve I:
1. Changes in the graphic

a)<>/~>¢

Ve e <

2. Changes in i+l/i+l and i/i intersections

a) Cancelling or introducing a pair of consecutive i+1/i+l

or i/i intersections
b) Permuting a pair of consecutive i+l/i+l or i/i intersections
c¢) 1i/i+l intersections.
0f these, l.a) has no effect on I, 1.b) reduces to the "birth
and death relation" of III §2; 2.a) and b) are just the Steinberg

relations within 1 (see II), and 2.c) is precisely the "exchange

relation" of III §2.
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CHAPTER VI. The kernel of I.

In this section we show that I is surjective for n2 5 and
identify the kernel geometrically as the "uniqueness of death"
subgroup.

Consider the set A of all [f] € no(ﬂ) such that f can
be connected to the standard projection p by a path having a

graphic like

i+l

(*) P £

for some 0 < i < n.

Lemma 1. For n 2 4 .Q is a subgroup, which we will call the

uniqueness of death subgroup.

Proof. Suppose [f] and [g] have representatives f and g in &
which are connected to p by paths ft and 8¢ having graphics

like
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Then ft#gt, 0 t<1l, has a graphic like

j+1
]
P fig
d
i

For n > 4 the dovetail lemma (0.2)of Vv implies that this

graphic simplifies to

k+1 k+l
p| <> > |t
k k

where 2 < k < n - 2. Now use uniqueness of birth to deform this

to
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Hence [fl+[g] = [f#g] € £ which shows that £ is closed
under multiplication.

To show that. [f1 ! € O whenever [fl € & write f = peg
for g € #. Let £.(0 <t <1) be a path from p to f with a

1

graphic like (*). Then the path from p to pog - defined by

f og for 0 <t <1 has a graphic like (*) and [f]-1 = [pog_l].

1-t

&

1"

Theorem 2. Z:no(f) - th(ﬂlM) is surjective with ker I

for n =2 5.

The proof of surjectivity is easy. Let 2z € WhZ("IM) be

represented by the word 1T%u 8 (3;) in KZ(Z[ﬂlM]). Using
ifi

Theorem 1.1 of II construct a path ("t’ft)’ 0 <t < 3/4, from
the standard projection to (n3,f3) ,such that each ft has only
¥ ¥

critical points of index 2 and 3 and such that

xg(ne>£e) =rﬂk (Ai)] "1, Then 35(ng,fy) = identity and as in
aiBi 33

the proof of the s-cobordism Theorem [ 16 ] we can cancel the

critical points of f3 without introducing any more 3/3 or 2/2

m
crossings to extend the path to one (”t’ft)’ 0 €t <1, where

f, € &. Then Z([fll) =z € th(nlM).
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The remainder of this chapter concerns the proof of ker I =4
Let [f] € ﬂo(&) = ﬂO(P) be in the kernel of I. Choose a path
ft €7 from p to f together with a one-parameter family of

gradient-like vector fields n for ft' According to Theorem 3.1

t
of V whenever n 2 4 we can choose (nt,ft) so that each ft has
only critical points of index i or i+l for a fixed value

2<€ i< n - 2. Put the path (nt’ft) into general position so
that the birth and death points are independent. Unless otherwise

stated (nt’ft) shall always have these properties in the remainder

of this chapter.

Proposition 3. If I([f]) = 0 and n> 4% then we can eliminate
all the i+1/i+1 and i/i crossings of (nt’ft) by a deformation

which preserves independence of birth points.

Proof .
Step 1. Use the independent trajectories lemma (7.1) of I together
with the beak lemma (0.3) of V to deform (nt’ft) until all the
births occur in the interval [0,%) and all the deaths occur in
the interval (%,1] and so that there are no gradient crossings

in these intervals. Also, assume ft has no critical points for
t € [L,11.

Step 2. Use the exchange lemma (2.2) of §2 in IV to eliminate

the i/i crossings as in the following example:
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Actually, in case n = 4 and i = 2, we want to eliminate the
3/3 crossings with the above method by considering them as

(n+1)-3/(n+1)-3 croéssings of the dual pair (-nt-ft).

Step 3. Let x € St(Z[nlM]) be the word determined by the
i+1l/i+l crossings of (nt,ft). Since £([f]) = 0 in Wh2 there
is a word w € w(znlM) such that wex = 1 in St(r,Z[nlM]) for

some large r > 0. Now keeping (n7,f7) and (nl,fl) fixed deform
8 B
the path ("t’ft)’ % < t<1l, as in (2.7) of IV to introduce a

graphic with i+1/i+l crossings which give the word w. Use the
uniqueness of birth lemma (0.1 of V) to join the two graphics

together as in the following example:
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s |

/\

The resulting word determined by the i+1/i+l crossings is wex.

Now introduce trivial graphics of the form

into the diagram so that there are at least r critical points of
index i+l and index i. Now if n » 5 we can choose the i
such that 2 < i+l < n - 2. Apply (1.1) of II to eliminate the
i+1/i+1 crossings. If n = 4 then from Step 2 we only have 2/2
crossings. These can be eliminated as in Step 3 by introducing

the word w into the graphic in the form of 2/2 crossings.

Q.E.D.
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The following proposition completes the proof of Theorem 2.

Proposition 4. Let n 25 and 2<i<n - 2. If (nt’ft) has
no i/i or i+1/i+l intersections and the birth and death points

are independent then (nt’ft) can be deformed to have a graphic

like
i
Proof.

By the independent trajectories lemma deform the path ("t’ft)

so the graphic is

If i< n - 3 preduce the number of components in the graphic to

one by repeating the following process:
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| = |- | =]

If i=n -2, go through the argument upside down using
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Corollary 5. If n#2 5§ and nln = 0 then nO(P) = 0.

Proof. Since Wh2(0) = 0, Propositions 3 and 4 imply nO(P) = A

the uniqueness of death subgroup. In the case 3 < i< n - 3,

i+
<:;i>“ can be cancelled by 1.3 of V. To cancel a graphic

~<:lil\>” ,2€i<n-2 and n# 5, one first applies Lemma

2 of VII below to reduce the i+l/i intersections of this pair to
a single arc connecting the birth and death points, using ﬂlM = 0.
Then by Corollary 1.6 of V, this arc can be straightened out to
intersect each t slice in one point, provided 3 < i< n - 3,
(and hence n 2 6), and the critical points can be cancelled by
Proposition 1.1 of V.

The case n = 5 requires an extra argument. For if
2 =1i=n-3, the arc of i+tl/i intersections may be knotted in
x I, the stable spheres of the i-handles. However, by two
careful applications of the Whitney procedure (i.e., embedded
surgery on this arc in Si x I), an "overcrossing" can always be

changed to an "undercrossing":

X=X XK

and the arc can be unknotted. See [3], Ch. I §5.3 for more details.
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CHAPTER VII. The Whlglln;lq x_w,M) Invariant.
The second invariant for a pseudo-isotopy is a homomorphism
e:no(P) -+ Whl(nlM;l2 x nzM)

This section shows how to obtain an element in

Whl(nlﬂ;z2 x “2M) from any graphic of the form

The main problem is to show that this element depends only on
[f] €\NC nO(P) and not on the choice of path connecting p to f.
This will be done in [12].

This chapter shows that when restricted to L = xer I the
homomorphism © is surjective for n # 5 and injective for n 2 7.
Hence; we get the main result as stated in the introduction that

L+ is surjective for n # 5 and injective for n=>7.

i+l
Proposition 1. A one-parameter family with graphic -<:::::::)>
i

can be deformed to a family with no critical points if an obstruction

in (Bp x wpM)lmM] vanishes, provided 3 < i <n -3 and n >7.

(aa-arrcr-l,ﬁ'l)
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Here (ac-artat-l,e-l) denotes the additive subgroup of the

"group ring" (x, x ﬂ2M)[nlM] generated by the elements ag-a®tor™t

and B*1 for a,B € 22 x n2M and 0,T € wlM, with af denoting
the standard action of <t on the nzM component of o and the
trivial action on the Zz component.

When 4 < i f n - 4 (and hence n » 8) this proposition
follows immediately from Lemma 4 below and Corollary 1.3 of V.
To get the improvement to n » 7 we must work somewhat harder.

The crucial point is Lemma 3.

We now give the definition of the second obstruction. To
i+l
eliminate a graphic ~<::::::\ it is necessary that the i+l/i
i
intersection consist of one point in each t-slice. A priori the
i+l/i intersection will be only a one-dimensional submanifold

= w1 cv® x I, V an intermediate level surface.

T=s'"xIns
From the local picture at birth-death points we know that 3T
consists of exactly two points, so that T has one D1 component,

connecting the i+l/i intersections at the birth point with those

at the death point, plus a number of circle components S%. We

will define for each S% elements oj € my and aje Zz x m, 8O

that the total second obstruction is represented by the sum ;ujo..
J

To define aj we may assume first, by a suitable choice of

n-i

paths from a basepoint to st xI and S x I and orientations

for S8* x I and st «x I, that the algebraic intersection number
of the handle pair is +1 € Z[nll. Each point of transverse inter-
section of T with a t-slice determines an algebraic intersection

number in £my C Z[nll. If signs are ignored then this intersection
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number is well-defined on components of T. Thus S% has

1

"algebraic intersection number" g¢. € m,. The D~ component of
it M P

T has algebraic intersection number 1, by assumption.

To define ass let Cl and 02 be contractions of S; in

s x I and S™? x I respectively (we assume 2 < i <n - 2

throughout). Then the union Cl uvc, will define the m, compon-

ent of aj once a homotopy class of paths from S%

to the base-

point is specified by choosing the preferred path from Si x I to

the basepoint. (Strictly speaking we should also orient S; N

for example by choosing the +t direction at a point of transverse

intersection of S% with a t-slice where the algebraic intersection

number is +cj.) The Z, component of a; is defined as the

2
framed bordism class in Qir ~Z, of S% cs™! x1cs™ yitn
normal bundle v(S%;Sn'l x I) =~ v(ST x I; V x I)|Sl framed via

. J
the canonical framing of v(S1 x I; V x I), namely, the one given

by the fact that s* is the attaching sphere of a handle. Alter-
natively, we could use the framing of v(st x I; V x I)|S} induced

by the contraction C1 of S% in s* x I.

Lemma 2. If two components of T have the same algebraic inter-

section number in then they can be joined by surgery into a

kbt
single component, provided 2 <i<n-2 and n 2> 5.

Proof. Suppose S% and Si are such that 5 = 0y If S%
intersects a t slice transversely, it does so in two points
(at least) with algebraic intersection numbers +oj and =05

and likewise for Si. So after applying Corollary 1.6 of V to
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1
J
classical Whitney procedure in this t slice to cancel the i+l/i

1

make S and Sk meet the same t slice, we can apply the

intersection points corresponding to +oj and =0p* As a one-

parameter family this cancellation is in effect a surgery joining
1 1l
Sj to Sk.
Note that the proof also applies when "S%" is the bp!

component of T and = 1.

9%

Lemma 3. An S% component of T with vanishing oy €ZL, x mM

can be eliminated if 3 €i<n-3 and n > 7.

Proof. We imitate the proof of the Whitney procedure for cancelling

pairs of isolated intersection points, as presented for example in

3

(18], Theorem 6.6. Let D be a lens-shaped 3-disc whose boundary

consists of two 2-discs D, and D, intersecting transversely in

1 2

a circle Slz

We shall construct a t-parameter preserving embedding

g: D x BRI R L vP 41 with cr'l(sj%) = sl x{0) x {0},

1 i

st xny = by xR x (0}, ana ¢l

x I) = D, x {0} x R"*7L,

It is clear from this model how to cancel S;.
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1
J
its projection onto t is a morse function having only two

To begin we apply Corollary 1.6 of V to isotope S so that

critical points, with critical values ty <ty To construct

D1 C Si x I with aDl = S% we can regard S% C Si x I as an
isotopy Sgu+ Si which has given extensions to D%C4 Si for t
near t; and t;. If i3> 2 this extends to Di‘» S' for

to <t< tl’ producing an embedding of a 2-disc D, C Si x I

1
with D1 = S% . If i > 3 we can assume also that D1 NT = S%.

Similarly, if n - i > 3 we can find D, C s™™ x I with
_ _ ol
D2 NnNT= 3D2 = Sj. .
Let n be a framing of vw(S* x I, V" x )|y - Then njgl
1 B

sn-i

is a framing of S% in x I whose framed bordism class is

the Zzwﬂao(n-i) component of o If this is zero n can be

deformed so that the first vector v of n is the inward normal

of S% in D, and so that the remaining n - i - 1 vectors

[ -3 . []
extend to a framing n of D2 in S™%* x I. Writen = v ®nq

1
over Dl' Thus n is a field of (n-i-1)-frames over D1 V] D2

which are normal to Si x I over D, and normal to D, in
s™1 4 1 over D,.
The inward normal of S% in D, induces a section of
\)(Sn'i x I, V% x I)|S}. If i > 3 this extends to a section w
h|

of (st x 1,v" x I)|, « Together v and w allow one to
2
push D; UD, off st x I us™? x I. The resulting 2-sphere
2cvxI- (s* x TUus™t x 1) represents the "ZM component

of ass which is zero by hypothesis. To construct D3 we now

S

regard s? as an isotopy Siﬁ» v - (stus™h, Tty <t <ty
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which has given extensions to D, for t near ty or t;. This

1
+V - (st us™1) since

Nt

isotopy extends to a homotopy D
NS CRTE s DR A R e IE TN IR Sab PN

is an isomorphism whenever i <n - 4 (or dually, i > 4). If

n > 6 general position suffices to make Di >V =-(tus™) an

isotopy, producing D3 cv® x I with aD3 * DU D,
1

In v(Ds,Vn x I) n 1is now a field of (n-i-1)-frames over

1
8D3. The obstruction to extending n to all of D3 is an

as desired.

element 2z € “2V where V ~ 0(n-2)/0(i-1) is

n-i-1,n-2 n-i-1l,n-2

the appropriate Stiefel manifold. The group "2vn-i-1 n-2 is
2

zero unless i = 3.
If i =3 then we can make 2z = 0 by rechoosing the section

w of vw(s™1 x I, vt ox I)|D . For 3(z) € n10(i-1) classifies
2

A
the bundle of (i-1l)-planes in \)(Da,vn x I)|3D3 normal to n .
This bundle becomes trivial after stabilizing by adding w, so
a suitable choice of w will make 3(z) = 0, and hence z = 0

since
9
T, 0(n-2)/0(i-1) ~» nlO(i-l)

is injective.
]
An extension of p to a field of (n-i-1l)-frames in
v(Da,Vn x I) provides automatically a framing of the remaining

i-1 normal directions. These framings permit the construction of

3 i-1

the required «:D° x R n-i-1 , yn

x R x I.

- 225 -



HATCHER & WAGONER

Proof of Proposition 1. If Zujoj = g1 for some B € 12 x NZM

we can reduce T to the D1 component as follows: First, join

all components having the same o¢:, as in Lemma 2. Then any

J
S; components which remain must have 95 # 1 and ay = 0. Lemma
3 allows these to be cancelled, leaving only the D1 component.
1

By Corollary 1.6 of V this D~ can be straightened out to inter-
sect each t slice transversely in one point, and the graphic

can be cancelled.

Remark. The result so far, namely that if Zujoj = g1 then

the graphic can be eliminated, is the main result of Chapter 1 of
[6].

To complete the proof of the Proposition it remains only to

prove the following:

i+
Lemma 4. A one-parameter family with graphic ﬁ;::ft:>’ and

i+l/i invariant Eajoj can be deformed to a family with the
1

same graphic and i+l/i invariant Zujoj + ac - af

ToT for

arbitrary « € Z, x 7,M and o,t € mM, provided 3 <i<n - 2.

Proof. Near the right end of the original graphic, where the it+i/i

intersection is one point in each slice, introduce two circles Si
and S% of i+l/i intersection with invariants a0 and - a0,
respectively, so that Si lies to the left of the slice t = tg
and S% lies to the right. This is done just as in Proposition §

below. At t = t; the two critical points can be cancelled, pro-

ducing a graphic 4<::::>, <> where the right component
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has i+l/i intersection invariant -ac . By rechoosing the path
connecting the newly created birth and death points by a factor

of 1 € ™M and cancelling the new birth and death points along this
new path (and thereby returning the graphic to its original form)

the i+l/i invariant of S% will be changed from -ac to —GTTUT-l.

The total invariant is then Zazoy + a0 - «Tror L.

1+
Proposition 5. There is a one-parameter family with graphic <§::fi::>
1

and prescribed i+l/i intersection invariant in (12 x sz)[nlMJ,

provided 3 < i<n - 2.

Proof. When 3 < i< n - 3 this is a consequence of Proposition
1.2 of V. The following explicit construction allows the improve-
ment to 3<i<n- 2.

Let M x I+ I be a morse function with only two

f1/2:
critical points, of index i and i+l, and with transverse i+l/i

intersection consisting of three points Pys Pg» and p_; in an
intermediate level surface V" with intersection numbers 1,0,
and —oezinlM, respectively. To cancel P, and p_g by the

Whitney procedure one first joins these two points by arcs

c, cs' and c, c 5™ and embeds (if n>5) a disc p? c v?
with aD2 = C1 (V] C2 = D2 n(tus . The choice of D2 can

be altered by any a € "2M since the composition

n-i)

n-i-1

1,V = (8T USTTH) » M, (V- 8T moq,(M -8 ) > mM

is onto if i > 3.
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Next one frames the bundle £ over C1 v 02 of vectors which
over Cl are normal to D2 and to Si and which over C2 are
normal to D2 and tangent to Sn-i. The dimension of & is
n-i-l, so & can be reframed by any element of ﬂlo(n-i-l), i.e.,
stably by an arbitrary b€ T,0% X, if n-i-12 2.

If n-i=2 we must resort to more drastic means for realizing
the z2 factor. The disc D2 depends on choosing a direction to
push C1 v C2 off Si v Sn_i. This choice can be altered by re-
choosing the section of v(Si,Vn)lc. determined by the inward

i
normal of D2 along Cl’ a choice classified by an element of

nls“'l'l ~ m,0(n-1)  Z whose image in 7,0 is the prescribed

b€ Zz.

Finally, the framing of § 1is extended to a field of (n-i-1)-
frames in v(Dz,Vn). The obstruction to doing this lies in

. _ s . . . i > 3.
"1Vn-1-1,n-2 = nl(O(n 2)/0(i-1)) which is zero if i 3

Now the i+l/i intersection points Py and p_, can be
cancelled in two ways, according to the choices of D2 and the
choices of framing of § differing by a € "ZM and b € "10 ~ ZZ'

Then the critical points can be cancelled in two ways, producing

a one-parameter family £y with graphic %;%:::::>, and with
1

one st component of i+l/i intersections. It is not hard to see
that the invariant of this st is (b,a)o E(Z2 x “ZM)[“IM]'

By iteration of this procedure one can construct several
components of i+l/i intersections with arbitrary invariant in

(z2 x nzM)[wlM].

- 228 -



The M\i (nin;zz "'NZM)

Remarks. When i = n - 2 (and dually when i = 2) the
. . . . i+l
(z2 X “2)[“1] invariant associated to a graphic — can

<>

be destabilized to a (Z x nz)[nl] invariant. I: effect, each
S1 component of i+l/i intersections is framed in Sn-i x I,
and the bordism classes of such framed one-manifolds in 82 x I
are classified by Z = n382. The constructiqp in the preceding
proposition realizes all elements of (Z x nz)[nl] as i+l/i
invariants if n ».5.

There is another unstable invariant when i = n - 2 (or i = 2)
which measures the linking of components of i+l1/i intersection
S% cs™ixr having different m,
ion lies in the group £[ﬂ1] of skew-symmetric functions

invariants oj. This obstruct-

Ty X Wy > Z which are zero almost everywhere. Geometrically
£["l] can be described as the group of closed oriented one-mani-
folds T = éé" To embedded in Sa, with T equivalent to
' ' 1 )

- . N N = U

T CIE“ch if there is a compact oriented surface S oe"ls0
. 3 - ! 3 =

embedded in S” x I such that aS0 z To V] ('To)’ Sy N 8% x {0} = Tyo

and S0 N 83 x {1} = T; for all o € LAE Again all elements of
£lm 1 are realized as i+1/i invariants whenever n > 5.

One is forced to consider these unstable obstructions when
n = dim M = 5. For by Chapter VI a one-parameter family with

vanishing thnlM invariant can have its graphic reduced to

either <g:::::::? or ;E:::::::> , both of which lie in the

2 3
unstable range if n = 5. The question then is, how much of this

local (Z x “2)["1] ® £[ﬂ1] invariant survives to nOP(M)?
Another problem is to decide whether the stable obstruction

suffices in Lemma 3 when n =6 and i =n-1i = 3.
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Note added in proof (May, 1973, upon seeing Volodin's announcement
in Uspeki 1972 #5)

It is very easy to extend Proposition 1 of this chapter,
and hence the main theorem of the paper, to the case n = 6. The
only place where n 2 T was used was on p. VII.6 for the injectivity
of

n, - (stus? 1)) — n, (V0-g1).

In fact 3 < i < n-32 is sufficient for this. For by a sequence of
"Whitney cancellations" (which take place each in a neighborhood of
a two-disc and hence have no effect on 7, provided n > 6) the

i n-i

intersection of S™ and S can be made one point transverse. And

in this standard position the injectivity is clear.
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CHAPTER VIII. Product and Duality Formulae.

In this chapter we give product and duality formulae for the
th obstruction which are in every way analogous to the correspond-
ing formulae for the torsion of an h-cobordism.

Let N be a closed manifold. Then a natural map
€(M,3M) » €#(M x N,3M x N) 1is obtained by sending a pseudo-isotopy
F: MxI+MxI to F x idN: MxNxI+MxNx I. Denote the
standard inclusion M C M x N by i; this induces a homomorphism

i, on Wh,, .

Product Formula I([F x idyl) = x(N)i,2([F]), where x(N) is the

Euler characteristic of N.

Proof. Let ft:M x (I,0,1) » (I,0,1) be a nice one-parameter
family suitable for computing I([F]) and let g:N -+ %,%] be a
morse function. Define ht: MxNx (I,0,1) - (I,0,1) by

(£)S(£) )f ) (£
t

nes (- M

t 2

where : I+ I is given by its graph:
l--

!

0 ; } —
1 3
= £ 1
0o ¢ n
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Since h0 = f0 and h1 = fl, ht represents [F x idN] under

the natural isomorphism “O(P) ~ nl«?}&).

Claim: (x,y,8) € M x N x I 1is a critical point of ht only if
(x,s) € M x I is a critical point of ft’

For consider a directional derivative in the M x I factor:

. HogED\ 9 £
hy = |1 - —— )+ (g-f) ———F £,

1 \l
If ft # 0 and ht = 0 then

FOED GO (£
. 7 : 7 (f-8)

which is impossible since the left side of this equation is > %
while the right side is < 0. Thus the claim is established.
If we suppose, as we may, that ft has critical points only
1 3

if H'< t < T and that all critical values of ft lie in the

also has critical points only in

. 1l 3
interval IE’EI , then ht

-1f1 3 1 3 . S 1 N
hy [E’W s § S t< g, where in fact h, = 2(ft g).

Next assume:

(i) The critical values g(pl) < g(p2)<...<g(pm) of g are
all distinct.

(ii) All critical values of ft lie in (%,% + ¢) where

€ < m%n {g(pj) - g(pj_l)}.

- 232 -



PRODUCT AND DUALITY FORMULAE

These assumptions guarantee that the critical points of ht are

separated into m disjoint layers by non-critical levels
-1,1 1
ht (‘II + fg(pj)).

th

The restriction h% of h to the Jj layer has {critical

t
points of h%} = {critical points of ft} x {pj}. Moreover h%

is a nice-one parameter family. The product of nice gradient-like

vector fields for ft and g 1is a nice gradient-like vector field

for h% which has the same intersections of stable and unstable

manifolds as the vector field for ft had. In particular,

3 Index(pj)
Z([ht]) = (-1) 1*2([ft]).

The m-fold vertical adjunction of the nice one-parameter
families hi can easily be deformed to a horizontal adjunction,

preserving intersections of stable and unstable manifolds within

each layer. For example,

N4

can be deformed to

W
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n Index(pj)

m .
_ i
Then Z([ht]) = jglt([ht])

= x(Ni,E(LED.

We turn now to the duality formula. If F € €(M,3M), define

FE€@MM by T =FjloyoFoy , where Fj: Mx I»Mx I is

1
the constant isotopy F|M x {1} , i.e., Fl(x,s) = (F(x,1),s),

and y(x,8) = (x,1-s) for (x,s) € M x I. We seek a formula for
I([F1) in terms of ZI([FJ).
Let A +» X be the anti-automorphism of Z[nlM] induced

from gr w(g)g™l , where g € mM and wim M -+ {1} is the

orientation class. If (ajk) € GL(Z[n,MD), let (@) = (-kj) .
On E(Z[nlM]) this "conjugation" is given by egk » e The
correspondence xgk'* xij is easily seen to preserve the Steinberg
relations between the generators xjﬁ for the Steinberg group
St(Z[nlM]) and so induces an anti-automorphism of St(Z[wlM]).
This in turn gives automorphisms of Kzl[ﬂlM] and th(ﬂlM)

since i;;TfET = wkj(iE), g € "M . The latter involution will be

written I + I .

Duality Formula I([F]) = (-1)"E([F1), where n = dim M,

Proof. We first observe that if ft: Mx I+ I is a nice one-
parameter family from which EI([F]) is computed, then the family

1 - £, is suitable for computing ZI([F]).
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For simplicity we shall use the definition

Z(Eft]) = (-l)1+1£i+1([ft]) of 'V §6, where ft is assumed to

have all its critical points of index i and i+l (and hence 1-ft

has critical points of index n - i and n - i + 1). If Ml,

M,,...,M is the sequence of algebraic i+1l/i intersection matrices

2 m

in E(z[nlM]) which is used to define Zi+1([ft]) as in V §6, so
that Mj+1 is obtained from Mj by multiplying by some elementary
matrix corresponding to passing an i+l1/i+l or i/i intersection, then

the corresponding sequence for ([1- f 1 is ﬁl,ﬁz,...,ﬁ .

n -i+l m
Thus 1+l([1 f 1 = Zl+1([f 1) and
_ n-i+l
Z([l-ft]) = (-1) Zn_i+l([1—ft])

n i+l
(-1)7(-1) fi+1([ft])

n
{([ft]) .
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0§. Introduction.

In this paper we complete the computation, begun in [H-W], of
obstructions for pseudo-isotopies on a non-simply connected smooth
compact manifold M of sufficiently large dimension. More precisely,
we define and compute an algebraic K-theory functor
Whl(nlM;& 2 X nzM), and we define a homomorphism
O:nOP(M,bM) —_— Whl(ﬂlM;E2 x WZM), where ®(M,0M) 1is the group of
diffeomorphisms of M X I which restrict to the identity on
M x {0} U3M x I. Combined with results of [H-W], © gives a homo-

morphism :+o WOG’(M,aM) —> Wh,m M & Wh, (m,M;Z , X nZM) which is

2"
surjective i1f dim M > 5 and injective if dim M > 7.

The computation of Whl(nlM;ZZ 2 X 1r2M) has two striking corol-
laries: First, that 11‘00’(M,6M) depends not only on mM but also

on 7r2M and the action of n1M on 1r2M. And second, that

M= 0 (provided dim M > 5).

HOO(M,bM) = 0 if and only if

§1. Algebraic Preliminaries

Let ' be an abelian group acted on by a group wm, and let
I'{n] be the additive group consisting of finite formal sums

1
sa Oy aiel‘, oy, with 21“1"1 + i'“ioi

]
q ¢ = i(ui + ai)ai. We make the

- 240 -



THE SBCOND OBSTRUCTION FOR PSEUDO-ISOTOPIES

product TI[n] X Z [r] 1into a ring by the multiplication
9y
i(ci + mi)oi . ?(Bj + nj)-rj Z‘.(m:l 5 + nja + minj)qitj where

i,Bjel" 04, T.€M, my, 1 €Z , and 5 denotes the action of ¢ on B.

3

In particular, TI'[7] is given trivial multiplication, and there is a

i’

split exact sequence
(*) O0—>T (7] —> T [} x Z([n] —> Z [v] —> O.
The example we have in mind is I = EZ X M, w= 1r1M, with
the usual action of m o oon m, and the trivial action on 222. The
sequence (*) in this case can be identified naturally with the se-

quence

o—»nfr(ou)—an (nn)xn (nM)—>n TcaM) — o.

Under this identification the multiplication described above corres-
ponds to the (graded) multiplication on Q * (Q M) induced by the
natural H-space structure of the loopspace Q M. See [H-Q], §3.
Recall the definition of K, of an ideal {{ in a ring %,
according to [B] or [M]. Let
GL( ) = ker (GL(K ) — GL(/T /A ))

= {1+AeGL(AR)IA has entries in A}
and let E( ) be the mixed commutator subgroup [GL(A), GL(A)],
which is also the subgroup of GL( () generated by matrics S'l‘s'1
for T an elementary matrix in GL( () and S e E( ). Then
K, 4, vhich is sometimes written K (/, ), 1s defined as
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GL(4 )/IEC Q).

Proposition 1.1. If (2 =0 then KA~ via

d/(ar-ra)

(I + A] — tr(A), where (ar-ra) denotes the additive subgroup
of { generated by lar-rala e 4,r e R}.

Proof. If A= (avn) is a finite matrix over ({ then tr(A), which
is defined as Zau reduced modulo (ar-ra), satisfies

tr(A + B) = tr(A) + tr(B) and tr(RA) = tr(AR) where B is also
a finite matrix over { and R 1s a matrix over If .

Define @:GL( ) — by @(I + A) = tr(A). Since

(ar-ra)
(I+A)(I+B)=I+A+B, 9 is a homomorphism. Also, ¢ vanishes
on E({). For let S e E( ﬁ,) and let T e GL( ¢{) be an ele-
mentary matrix. Then o(STS™') = tr(STS 1-I) = tr(s(T-1)s™})

= tr(T-I) = O.
So ¢ induces o:K A — 4/(_a r-ra)

We show ¢ 1is injective. First a computation: For a ¢ a

r .a _-r
and r ¢ A, the product ik %kj ik in E( ) 1is given by

3 k
j 1+ ra -rar\
k a l-ar

with all other entries the same as in the identity matrix. Now if

A= (abn) has tr(A) = 0, then by multiplying I + A by suitable

r a _-r -
ejk ekj ejk we can make Zan 0. Next, multiply I + A by
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1 a _-1 .
suitable ejk ekj ejk to make each diagonal entry of A zero.

Finally, the off-diagonal entries of A can be killed by multiplying

I+A bysuitable e . Thus I +A e E(cL) if tr(A) = O.

jk’

For any finite matrix A over A, 1+ A)-1 =1 -A, so
I+ AeGL(). Hence ;:ch( _— CZ/(at-ra) is surjective, and
the proposition is proved.

Choosing (= I'[r] and /z= r'{r] x Z 7], we have:

Corollary 1.2. KT[n] = rirl/(eo-a* 10 1-1), where a eI and
g, T €.

Remark. This computation shows that excision fails for K1P[n].
That is, KIP[n] depends not just on the intrinsic structure of
Fir], but also on the ring TI'[n] X Z [r], since T [m] ignores the
multiplication in 7 and the action of m on TI'. See [S] for more
general examples of this phenomenon.

If 1 denotes the identity of =, let I[l1] — K1F[n] be the
map taking B + 1 to the class of 1 + (B * 1), where (B - 1) 1is
the 1 X 1 matrix with entry B *+ 1, Be I'.
Definition. Whl(w;P) = coker (I'[1l)] — Klr[n])
Corollary 1.3. Whl(n;r)~ rir}/(a o - 10 1-1,ﬁ * 1), where
a, el and o,T € .

For example, if the action of mw on I' 1is trivial then

Whl(n;F) is the direct sum of as many copies of I' as there are
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non-trivial (i.e., other than {1}) conjugacy classes in =n. This

applies to the summand Whl(nlu;z of wul(nlm;z;z X 1r2M) to show

2)

that Whl(wlu;zz X 1r2M) = 0 if and only if =n,M = Q.

1

§2. Definition of the Wh, (m ;Z, X m,) Obstruction
&

Let ft:M':l X I —> 1 be a nice one-parameter family having
all nondegenerate critical points of index i and i + 1, with fo
and f1 having no critical points. By Theorem V. 3.1 of [H-W] any
element of 171('6"-/, E’,) is represented by such a family if
2<1ign - 2. A gradient-like vector field in general position is
given for ft’ with birth-death points independent (See I §6 of
[(H-W]). Away from the isolated i + 1/i +1 and 1i/i intersections
the i + 1/1i intersections form & one-dimensional submanifold (of a
suitable level surface)with one boundary point at each birth-death
point. The way i + 1/i intersections fit together at i + 1/1i +1
or i/i intersections is more complicated and will be described in
some detail below, as it is the key piece of geometry which allows
all the algebra to work.

To define the Whl(nl;zz X 1r2) invariant of ft we begin by

2
subdividing the t interval (0,1} into a finite number of sub-
intervals, with subdivisions occurring at least at t slices con-

taining 1 + 1/i +1 or 1/i intersections or birth-death points,
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and perhaps at other t slices too. Then by a suitable normaliza-
tion procedure at the subdivision slices we will assign an element
of (ZZ2 X nzM) [ﬂlM] to each component of 1 + 1/i intersection
lying within a t interval. This will determine in the jth t
interval a matrix A

h]

intersection numbers for the various 1 + 1 and i-handles. The

over (ZZ2 X nz)[nll of "geometric" i + 1/i

Whl(nl;zz X wz) invariant of ft will be defined to be represented

2
by the matrix I + 3 MglAj, where Mj € GL(Z [m]) is the usual

matrix of "algebraic" 1 + 1/i intersection numbers for a t slice

in the jth t interval.

Notation: A k-handle a will be written as D: X D:+1-k, with
Dz the core disc, aDE = S:-l the core sphere, D:+1-k the trans-
verse disc, and anZ*l'k = S:-k the transverse sphere.

The matrices M, depend on several choices:

J
i) a basepoint * e M x I X I, together with an orientation of

MXIXI at *,

ii) a path +y(a) from * to each arc a of i + l-handles, to-

gether with an orientation of the core disc D:+1. (The orientation

at * transposed along <Y(a) then determines an orientation of the

transverse disc Dz'i.)

i1i1) an ordering of all the arcs of i + l-handles.
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By insisting that at a birth point the two handles of an
i + 1/1 handle pair have algebraic intersection number +1, the
choices in ii) for i + l-handles determine analogous choices for
i-handles. Likewise, the ordering of i + l-handles in iii) trans-
fers via birth points to an ordering of the i-handles.

Having made these choices, each i + 1/i +1 or 1i/i inter-
section determines an elementary matrix e?

fm 1
that in passing an i + 1/1 + 1 (i/i) intersection the algebraic

, with o e +mM, so

i + 1/1 intersection matrix changes by right (resp. left) multiplica-

tion by e’ resp. e %). Thus M, = G.lF, where F G is
ym(pm)“jjj j(j)

the product of elementary matrices corresponding to {1 + 1/1i + 1

(resp. i/i) intersections prior to the jth t 1interval.

To define the matrices A, we shall exploit the following con-

3
struction. Let x be a point of i + 1/1i intersection, i.e., a
trajectory of the gradient-like vector field connecting an

i + 1-handle a with an i-handle b. Then A(x) 1is defined to be
the loop proceeding from * e M X I X I to a along vY(a), from a
to b along the trajectory x, and from b to * along 7Y(b). A
similar definition holds if x is an 1 +1/i+1 or 1i/i dinter-
section point.

Each component C of i + 1/i intersection determines an ele-

M, the class of the loop 7Y(x) for x € C. Up to

ment o0(C) € ™
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sign this is just the usual algebraic intersection number associated
to any x € C.

Now choose the following:
iv) a) A loop g(o) in M X I X I representing each
o€ nl(M XI XTI, %)= nlM and b) for o,T € nlu a homotopy from
g(t o) to g(t)g(os). (Composition of loops reads from right to
left, just as for matrices.)

Define A(x) to be g-l(x)k(x), the loop A(x) followed by
g-l(x), where "g-l(x)" means "g-l([X(x)])." Thus A(x) 1is con-

tractible.

2 ‘K
Figure 1. x ‘\:;;;\\"‘\\\\\-\..:
/ (e
L/

b v(b)

If a component C of i + 1/1i intersection lying within a ¢t
interval is a circle, then x gives a map ikc):sl——> Q Mo, where
Q Mo is the identity component of the loop space
OM~QMx1IXI,*)., The identification of C with S1 here de-
pends on a choice of orientation of C, say by the convention that.at
a point of transverse i + 1/i intersection with algebraic inter-

section number + o(C), C 1is oriented in the <+t direction.
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Furthermore, the stable normal Bundle of C 1is framed, as

follows: C 1s a component of S: Xx1nN S:'i xI1CVx1I,V an

intermediate level surface. The orientations chosen above give a

framing of

n-1i

1+1
v(D, Xx I, Mx1IxI)| ~v(s;><1,vx1)-«v(c,sb x I).

i
sax 1
Stabilizing by adding the direction of the trajectories through C,

i.e., the radial direction in D:H'i

nt

v(C, Db

Thus C determines an element a(C) € Q fr(ﬂ Mo), the framed

, we get a framing of

1-1 1.

bordism group.
Remarks 1) Under the natural isomorphism
r ~ ofT r
o{ '(Q Mo) ﬂ{ (*) x ﬁ (Q Mo) =~ Ez X 1r2M, a(C) corresponds to the

z 2 X 1r2M obstruction for C defined in VII of [H-W].

This is clear for the 22 component. The 1r2M component as
defined in [H-W] is given by 82 CMx Ix I, the closure of the tra-
jectories through points of C, joined to * by the path <y(a)

from the i + 1-handle a to *. To compare this with the map

st 1

X § —> MxIxI1 given by i(c):sl — aM, ve identify
1r2M with Hzﬁ, where M is the universal cover of M. Then the
difference between the elements of Hzﬁ determined by S2
1 1

and

§* x §° 1is just the paths <y(b) and the loops g-]'(o(C)), each

of which is counted once for each x e C. Clearly these contribute
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zero to the element of Hzﬁi

2) Under the isomorphism ﬂ{r(ﬂ M) = nfr(n Mo)[nlnl the element
of ﬂfr(ﬂ M) determined by X(C):S1 —> QM corresponds to
a(C)a(C).

Before extending the definition of a(C) to the case that C
is an arc of i + 1/1i intersection we must describe the way 1 + 1/i
intersections fit together near an i + 1/1 + 1 or i/i intersection.
Let a and a’ be i + 1-handles near a t slice t = t, contain-
ing an {1 + 1/i + 1 intersection of a over a‘, and let b be an
i~-handle. In a level surface below a’ one has the core spheres
Siv X t and, for t # to’ S: X t. The i+ 1/i + 1 intersection
at to causes S: X to to split open with the local structure of

(cone on 3 points) X Si, i.e., the stable manifolds of a and a'

|
intersect a level surface below a as in the diagram

N ;

X S
a/—?l
For example when 1 = O: H
1
o
s { !
'
1
° ]
s ,{ H
a 0 )
'\\__r [
t R to

1
N
=

w
I
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Assuming the 1 + 1/i intersections of a' and b are in general
position near to’ and hence form arcs transverse to t slices, then
in a level surface below a' the intersection of the stable mani-
folds of a and a' with the unstable manifold of b has the local

structure of a cone on 3 points:

at each arc of a'/b intersection. In general position the arc of
a/b intersection abutting the a‘/b arc may be taken to be trans-
verse to t-slices.

This describes the i + 1/i intersections in a level between
a' and b. In a level between a and a| the picture is slightly
different. Here in each t slice the unstable manifold of b meets
the unstable manifold of a' with the local structure of (cone on

n-i-1 <

a finite set) X S t. The vertex of the "cone" is the trans-

verse sphere Snji-l, and there is one "sheet" coming into this ver-

a
tex for each point of a'/b intersection. These unstable manifolds

n-i-1 i

X 1 1intersect Sa

(cone) x S X 1 in a one-complex which is
just a cone on the same finite set of a'/b intersection points.
The vertex of this cone is the i + 1/1 + 1 intersection point. The

arcs of a/b intersection emanating from this vertex will be
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transverse to t slices in general position.
All of this is illustrated in the following diagram where there

are three points of a‘/b intersection in each t-slice:

Here the solid horizontal lines are the critical points a, a', and
b, the horizontal dashed lines are the i + 1/i intersections in a
level surface, and the vertical lines represent selected trajectories
of the gradient-like vector field. Note that in t slices approach-

ing to a trajectory from b to a approaches a broken trajectory
1
from b to a and a‘ to a.
The case of an 1i/i intersection is dual.

Now choose

v) a contraction of each loop ikx), for x an 1+1/i+1
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intersection lying in one of the subdividing t slices.

This is meant to include the case of the "i + 1/i intersection" of
a birth-death handle pair, where the trajectory joining the two
critical points shrinks to zero.

The contractions chosen in v) allow us to define
ikc):sl - Q Mo when C 1is an arc of i + 1/i intersection, by
deforming X at the ends of the arc to * € Q Mo. This is clear ex-
cept perhaps at an end of C which lies at an 1 + 1/i +1 or 1i/i
intersection. Referring to figure 2, let x denote the trajectory
from a to a', y a trajectory from a' to b, and yx a nearby
trajectory from a to b. We seek a contraction of
i(yx) = g-l(yx)k(yx). Choice v) gives contractions of g-l(x)x(x)
and g-l(y)x(y). These determine in a natural way successive con-
tractions of
g @ e MMM, 87 @ M@ B ],

g 1@ Ly, g (e ()A(yx), and, using iv.b.),
g Ly ().

To make ikc):sl —_ Q Mo a map in framed bordism we must con-
sider the following situation. Let PP and Qq be manifolds with
singularities of the type encountered in the discussion preceding
figure 2, that is, (cone on a finite set) X P or x 2Q for

submanifolds P and =Q of codimension one. let P and Q be
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embedded in a manifold wp+q-1 in general position, so that P N Q
is a one-dimensional complex with vertices Z(PNQ) = (PMN=Q) U (=PNQ).
Avay from the singularities of P and Q (i.e., 2P and 2Q) it
makes sense to talk of normal bundles and normal frames, and trans-
versality gives an isomorphism

v(PMQ - Z(PMQ), P - ZP) ~ v(Q - 2,W]pq0 _ 5(png).

Moreover it is possible to fit these normal bundles or frames to-
gether in a consistent way at the vertices Z2Z(PNQ): At vertices in
SPNQ one can simply take a normal plane (frame) of =PNQ in ZP,
while at vertices in PNZQ one takes a normal plane (frame) of 2Q
in W which is also normal to all the sheets of Q meeting in the
given point of Q. (Note that such planes or frames are dense)

A typical situation of this sort is pictured in figure 3.

Q"\
\ {
''''''' &0
p NS N ”\:\
i
/I
Figure 3
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These considerations lead us to make the following choices:

i

n-1
Xt N sb Xt of 1+ 1/1

vi) (a) For each point x ¢ S
intersection lying in a subdividing t slice, deformations of the
framings of v(si xt, V" xt) and r(s:'i X t) so that they agree

at x.

i n-i-1
aXIns,

a
intersection, deformations of the framings of v(S: x I, Ve x I) and
n-i-1

|}
a

(b) For each point x ¢ S xI of 1+1/i+1

(S x I) so that they agree at x.

(c) For each point x ¢ 81:1 xInN S:'i x1 of i/i inter-
b

section, deformations of (n-i)-frames in v(Si:1
b

xI,VxI) and
in -r(S:.i X 1) so that they agree at x.
Remarks 1) By "agree" we mean "agree up to sign," i.e., after re-
placing one vector (say the first) of a frame by its negative if
necessary, so that orientations agree.

2) In (a) we mean to include the limiting case of an i + 1/1i
intersection of a birth-death pair.

3) 1In each case the choice of deformation is classified by

2 ~1rlso(n-i). or Z

2 ~ ﬂISO(n-£+1) in (¢).

2~ "Ya-4, n-th
Under the J homomorphism this 2, 1is identified with ofT(xy.

If C 1is an arc of 1 + 1/1i intersection of the 1 + l-handle
a with the i-handle b (in some t interval) we use the choices
in vi) to deform the framing of v(C, s;'i x I) induced from the
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canonical framing of the normal bundle of the stable manifold of a

n-1

gso that this framing of v(C, Sb x 1) agrees with the standard one

near the ends of C. Thus comparing the two framings of
v(C, Sg-i X I) along C gives an element of nISO o ﬂ{r (*), and
this makes XZC):Sl —_— Q Mo a map in framed bordism, as desired.
Except when an end of C abuts an i+ 1/i+1 or 1i/i inter-
section, the choice in (a) gives precisely the required deformation.
At an 1 +1/i +1 or 1i/i intersection the deformations of framings
in (b) or (c) naturally extend to nearby points of i + 1/1i inter-
section. So for example at an {1 + 1/1 + 1 intersection the framing
of v(Si X I, v® x I) at all the i + 1/i intersections abutting
the given 1 + 1/i intersection passes down trajectories past the
i + l-handle a', where it now induces a simultaneous framing of

v(Si, x I, V" x I) at each i + 1/i intersection. This is then

a
carried down to i-handles by the choice in (a). Similarly at 1i/i

intersections.

Thus for each component C of 1 + 1/i intersection in a ¢t
interval we have defined a(C)o(C) € nf’(n Mo)[nlul. Let
ai‘ = 3a(C)o(C), the sum over all components of i + 1/i inter-
section of the §t" 1 + l-handle with the k" i-handle in the

jth t interval, and let Aj - (ai‘). Recall M, ¢ GL(ZZ[nlul is

J

the algebraic 1 + 1/1i intersection matrix for t slices in the
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jth t interval.

Definition. The Whl(wln;zz X nZM) invariant of the given one-

parameter family is the class of the matrix I + = MEIAJ.
h |

Alternatively, we could use I + 3 Aij :
h |
- -1
Lemma 2.1. [I + =M j Aj] 1+ zAij ] in Kl(zz X 1r2)[1r1], hence
also in Whl(wl;zz2 X 1r2).

Proof. In K, I+ A M-l is equivalent to

1 33
-1 - -1 = -1
Mj (1+ Aij ) Mj I+ Mj Aj, so I+ zAij o(I + Aij ) is
- -1
equivalent to II(I + Mj Aj) I+ ZMJ Aj'

§3. Proof that © is well-defined.
Theorem 3.1. The association [ft] —_— [1I + ZMJlAj] defined in the
preceding section determines a homomorphism

0:m, P (M,3M)=~ m( ¥, £) — Wh, (T M;Z , X mM).

The proof will consist of showing that the class of I + IM j j

in Whl(nlM;ZZ2 X 1r2M) is independent of the choices which were made

in its definition, or at least those choices which depend on
(£) e (F, £).

Proposition 3.2. The element [I + =M 4 Aj] € Wh (1r Zz X 172) is
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independent of the choices made in 1)-iii), v), and wvi).

Proof. Choices 1), i1i) and 1ii) correspond to "change of basis”

and affect the “j and Aj’ hence also I + ZMglAj, by conjugating

by an element of GL(Z [r]). By the definition of Ky such con-
jugation induces the identity on Kl(ZZ2 X nz)[wll.

The choices in v) and vi), which we shall refer to as
normalizations, are covered in the following three lemmas.
Lemma 3.3. Renormalizing at an 1 + 1/i1 intersection other than a
birth-death point leaves the matrix I + ZMj-]‘Aj or I+ ZAjMJI
fixed.
Proof. Suppose the i + 1/i intersection being renormalized involves

the ¢ i-handle b, and the o™ 1+ l-handle a_, and that the

L
renormalization changes Ak to A; and Ak+1 to AL+1 (i.e., the

th t interval from

given 1 + 1/1i intersection separates the k
the k+1%%))

Notation: dzm is the matrix with one non-zero entry x in the (§,m)
position.

Case 1. The given t-slice contains neither 1 + 1/i + 1 nor i/i

intersection. Then M =M., A; = A+ dzma and A;+1 - Ak+1-dzm

for some a ¢ (Zz2 X nz)[nll, and the result is immediate.

Case 2. At a t-slice of an i + 1/1 + 1 intersection of an

i + l-handle ap over an 1 + l-handle aq. Here
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Mk+1-Mke° for some °€i7‘1-

a) q # m. Then Ak Ak +d Ak+1 Ak+1 - d;}n, and
S | LS § -1 -1 -1 _ a1
AN+ M) - AT+ A M = dy M - dy M =

= 0 since da e’ = g%

- a -1
d{)n equk+1 - d{)nuk-!-l n®ap o if q # m.

b) q=m and the arc of ap/bl; intersection which abuts the

ap/am and am/b:, intersections lies to the right of the {1 + 1/1i +1

intersection. Then Al'< - Ak + d;n,

Av::+1"“k+1'da AlcFl-()n::p 8o
Ml + ML) - (Ak";l * M) - d;;n“-lt oMt o1 = ©
since Ml:1 - e '_}_1 if q=nm.
¢) q=m and the arc ... lies to the left of the i+ 1/i +1
intersection. Then Al'c - Ak + d;n e;g, A|;+1 - Ak+1 - d;)n’ and
AU A M = AT+ AM T, as before.

Thus in Case 2 I + ZA M is preserved.

33

Cagse 3. At a t slice of an i/i intersection. This is similar to
Case 2; we omit the details.

Lemma 3.4. Renormalizing at a birth-death point changes
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[I+3=M A J e K (ZZ b 1r2) [1r1] by an element of the kernel of

J
Kl(z2 X 1r2)(1r1] — Wl-nl(ﬂ'l;zz2 X 1rz).

Proof. 1f the t interval to the right (left) of the birth (resp.

death) point is the kth t interval, and the birth-death point in-

volves the ,f,th i-handle and mth

row and mt'h

i + l-handle, then Hk has {,th
column consisting entirely of zeros except for some
ge+ ™ in the (§,m) position (birth-death points are assumed
independent; [H-W]see 1§6). Renormalization changes A to

ag
Ak + d{)n for some a e Zz and fixes Aj,j # k. Since

-1
a° -1
= I+ ZAM hanges to
aate = dgadmy = 47y 3ty chang
-1 a-1 a1 a-1
I+ZAM " +d = (I + ZAM I1+d . But matrices I + d
T dpy = (L SAMD( + dph). Bt matric ")
for a e EZ X Ty lie in (in fact, generate), the kernel of

Ky (@, x mp)[r] = Wh, (m);Z, x m,).

Lemma 3.5. Renormalizing at an 1 + 1/1i +1 or 1i/i intersection
preserves the class of I + Z‘Mj A-1 in l(l(z2 X 1r2) [1r1].

Proof. Consider an i + 1/1 + 1 intersection of the 1 + l-handle
a, over the i + l-handle a. corresponding to Mk changing to

1

o
Mk+1 Mk emL. Renormalization adds a € ZZ X 1r2 to the ZZ2 X 1r2

invariant of each arc of i + 1/i intersection which abuts the given

i+ 1/1i +1 intersection. The algebraic number of such arcs is
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given by the mth column of Mk (which is also the m':h column of

), so and together are changed by adding ac times
1 +1

the mﬂl

ag
Mkd v
The precise way in which this change is split between Ak and

column of Mk to their {,th column, i.e., by adding

A which depends on whether 1 + 1/i arcs abutting the
i+ 1/1i +1 intersection lie to the left or to the right of the
i+ 1/1i +1 intersection, does not affect the resulting change in

-1 1 '
I+ E.Aij . For, if the new Ak and Ak+1 are rewritten as,

' X ' x
Ak + dp& and Ak+1 = dpL, then
' b4 -1 ' x -1 11 ' -1
A + dp{’,)“k + A T dpL)M'k+1 - (AM A ML) =0 since
Xyl o g% o0yl . Xyl
dorcrr = %p M T M
Thus we may assume A changes to A + Mkdzz and A 1is

fixed. Then I+2‘.AjM51 becomes

-1 ad, -1 -1 ag, -1
I+ ZAij + Mkdm(,Mk = (1 + Z:Aij I(T + Mkd%Mk ), and the image in

K]_(Z2 X 172)[111] is unchanged.

The case of an 1i/i 1intersection is similar.

Remark. The obstruction [I + m;lAj] is clearly independent of
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choice iv a), and it is probably independent of iv b) also, but we
will not need this result. Note that iv b) was used only in the
normalization at i + 1/i +1 or 1/i intersections, and then only
for the ™, factor.

Lemma 3.6. Subdivision of the t intervals preserves I + ZM;IAj.

h

Proof. Such subdivision of the k™ t interval splits A  into

1 2 . -1
Ak + Ak Ak and preserves the underlying Mk’ so that I + Zﬁj Aj

is unchanged.

To Fomplete the proof of the theorem it remains to show that
I+ ZMglAj] is unchanged by a homotopy of ft and its gradient-like
vector field to another nice one-parameter family whose critical
points are of index i and 1 + 1. Such a homotopy may itself be de-
formed, relative to its ends, to a nice two-parameter family having
critical points of index 1 and i + 1 only, provided that n and
i are large enough (7 < i ¢ n -7 suffices by V. 3.1 of [H-W]).
If n and 1 are not already in this stable range we may use the
suspension construction of I§5 of [H-W] which takes functions and
vector fields on M to functions and vector fields on M X DZk, in-
creasing the index of critical points by k. It is clear from the
definition that this suspension preserves the matrix I + zMElAj.

Thus there is no loss of generality in restricting attention to

homotopies of ft involving only the indices i and i+ 1. It
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suffices then to show that each catastrophe on the following list

leaves [I + ZuslAjl invariant:

I. Changes in the graphic
A_"O‘ e )
B. T—_ > >C

II. Changes in i +1/1 +1 or 1i/i intersections

A. Cancelling or introducing a pair of consecutive 1 + 1/i + 1
or i/i 1intersections

B. Permuting two consecutive i + 1/1 +1 or 1i/i intersections

C. Permuting an i + 1/i + 1 or i/i intersection and an adjacent
birth-death point.

D. An i/i + 1 intersection

III. Changes in the 1 + 1/1i intersections

A. Surgery on the interior of an arc of 1 + 1/i intersections

B. Failure of an arc of i + 1/i intersections to be transverse to
a subdividing t slice.

(See V§5 for an argument showing that it is not necessary to consider

the catastrophe occurring at a dovetail singularity:
—_—~—— ey T X or _____:52-——-—‘;>

Lemma 3.7. Normalizations can be chosen for all functions in a small
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two-parameter neighborhood of each of the catastrophes 1listed above.
Hence the matrices A.j for t intervals in such neighborhoods of the
catastrophes can be taken to be zero.

Proof. One proceeds just as in the one-parameter normalization of §2,
the only appreciable difference being that now one has vertical align-
ments of up to four critical points connected by trajectories of the
vector field.

Consider, for example, an 1i/i + 1 intersection:

a

i+1 1x
i b

Iy
i+1 c
1 J= )

To obtain the "2. normalizations one uses contractions of

;kx), iky), ikz) to get contractions of xkyx), ikzy), and 21zyx).
For the ZZz part one looks in a level surface between b and c,
where stable and unstable sets form manifolds with singularities of
the type described in §2.

Further details will be left to the reader.

The conclusion of the proof of Theorem 3.1 follows easily from
this lemma. For in every case except I.B. the only change in
I+ ZMEIA is a possible relabelling of the subscripts j, corres-

3
ponding to the process of subdividing t intervals to allow all Aj
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near the catastrophe to be zero.

In I. B. the splitting or joining of the arcs of critical
points necessitates a certain change in basis for all the matrices
Mj and Aj to the right of the catastrophe, say for j > k. Thus
Mj and Aj are replaced by PMjQ and PAJQ for some
P,Q € GL(Z [7]), J > k. And

1+ zu‘lAJ. - I+ sMIA)+ =M1A) becomes

3 jad P50

-1 =1 -1
(I1+ =M A)Q (I+ =M A)Q.
je 33 ok 3

So the image in 1(1(22 X 1r2) [r] 1is unchanged.

§4. Product and Duality Formulae; Applications

The homomorphism 6 of Theorem 3.1 depends on the indices 1
and 1 + 1 of the critical points of the given family £ _. This
dependence will be expressed in this section by writing 8541 for
the ¢ above.

Lemma 4.1. ei_'.1 - -ei

Thus a definition of the second obstruction which is independent
of indices is © = (-1)'o,.

The formula %41 = -ei would be a formal consequence of a
general definition of the Whl('ul;zz2 X "2) invariant for nice one-
parameter families. with unrestricted indices, such as is given in

[H-W] for the thnl invariant. Such a definition of the second
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obstruction can in fact be given, although the proof of Theorem 3.1
then becomes much more complicated. (The complication is more than
just formal; Lemma 3.7 is no longer valid in the case of an i/i + 1
intersection when critical points of index 1 -1 or i+ 2 are
present.) We shall content ourselves here with an ad hoc proof of
Lemma 4.1 for the special case of one-parameter families with vanish-

ing thnl invariant, i.e., with graphic (stably) reducible to

i+1
-:::::::ij:jt:;>. This will suffice for the applications below.
i

In this special case it is sufficient to construct a deformation
family
carrying a one-parameter/with empty graphic to one with graphic:

(1) i b
i.<'/”—\c
1-1>~__ _— 4
both components of which have prescribed i + 1/i or i/i-1 in-
variant a o e(ZZ2 X nz)[nll. To do this, first introduce critical
points with the graphic (1) and with a/b and ¢/d intersections one
point in each t slice and all other intersections empty. Next

introduce a pair of i/i intersections of b over ¢ so that a/c

and b/d intersections become one point in each t slice between
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the two 1/i 1intersections, where the algebraic a/c (b/d) inter-
section number is -1 € zz(nll (respectively, + 1 € ZZ[nll). Now,

preserving the vector field, change the graphic to:

i+l a
i b
(2) ]: I- i/1i intersections
i c
i -1 d

In a level surface between ¢ and b for t slices between the two
crossings of the graphic one then has the stable manifolds D: and
si -1 bDi n-i+1

and the unstable manifolds D

c a d and

n-1i n-i+l
Sb de .

Deform the vector field through a second parameter in such a way
as to pass through a circle of c¢/b intersections with one-
dimensional intersection invariant ao. (We are free to suspend as
in I§5 of [H-W] tomake 1 and n - 1 large enough so that this
deformation is possible; see [H-Q].) Then necessarily the result of
this deformation has a/b and c¢/d intersections each with the in-
variant ac. For the a/b intersections with zero-dimensional in-
variant o € m (we may assume o # 1) for the two-parameter family
form a bordism between the circle of c¢/b intersections and the re-

sulting a/b intersections, and ac is by definition a bordism
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invariant. Similarly for the c¢/d intersections.

The graphic can then be returned to the form (1), preserving the
vector field, so that each component of the graphic has the desired
invariant ao.

An immediate consequence of Lemma 4.1 is the product formula for
the second obstruction. Let N be a smooth closed manifold and
Fe /D(M,BM), so that F X idN e P(M X N, dM X N). Denote by 1,

the map on Whl(nl;zz x "2) induced from 1:M©&— M X N.

2
Product Formula 4.2. o([F x idN]) = x(N) 1,6([F]), where x(N) is
the Euler characteristic of N.

The proof is formally the same as in the case of the thnl in-
variant. See VIII of [H-W].

If Fe P MM, let F:MXxI —> Mx I be the "dual" pseudo-
isotopy obtained from F by reversing the ends of the interval I,
and then composing with the constant isotopy F-llM x {1} so that
Fe 0D(M,BM). To compute o([F]) in terms of o([F]) we may use
the one-parameter family l-ft having critical points of index
n-1 and n -1+ 1 and gradient-like vector field By where ft’
having critical points of index i and i + 1 and vector field o

i+l

is used to compute O([F]). Thus O([F]) = (-1) 0i+1([F])’ and

o ([F1) = [1+ zuj'laj] is defined as in §2.

Lemma 4.3. Reversing the ends of 1 changes Mj - (mi&) and
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A.'l - (aiicb) to fd-j = (;&k) and Kj - (;ik), where the involution

m+— o of ZI[mM] is given by o> wl(o)o°1, while the in-

volution a I—> a of (zz X 11'21{) [1r1M] takes the form

-1
. (] -1
(araz)o — (al + wz(az)), -Wl(o) a, )o for a € {o,1} = Ez,
az € 1r2M, and o € 1r1M.

Here W :mM —> {#1} and W,:m M — {0,1} are the

"Stiefel-Whitney classes" which classify the restriction of the
tangent bundle of M to a circle or two-sphere representing a given
element of rrlM or 1r2M.

Proof. Referring to figure 1 of §2, we see that the first effect of
reversing the ends of I 1is to replace A(x) by A-l(x) and hence

1

6 by o . 1In addition, to compute the m M component the loops

2
A(x) = g-l([l(x)])l(x) are to be replaced by the loops
gD = g Lt B eDam I e o n.

These determine the same element of 1r2M as the loops

- 1. -1
gD [ 1 1A 1 (M) 1) namely -aj .
To account for wl and Wz we must consider the zero-
dimensional and one-dimensional framing invariants in Qg 1'(*) and

ﬂ{r(*). These are defined by comparing the canonical framings of
v(s:,v) and T(S:'i) at an i + 1/i intersection point x. Dually
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we would frame v(Sg-i,V) and 1(8:) at x. The product of these
framings 1s a pair of framings of V or, stabilizing by VC M x I,
a palr of framings of M X I at =x. These are just the translations
of the orientation frame of M X I at the basepoint * along vY(a)
and 7Y(b). The difference between these two framings is the element
of wop(rrl-l) classifying (M X I)|x(x), i.e., Wl(o) or, for an arc
C of 1 + 1/1i intersections, the element of 1r10(n+1) classifying
(M X I)lx'(c), i.e., wz(az). Thus dualizing multiplies the zero-
dimensional intersection number in Z by wl(o) and adds wz(az)
to the one-dimensional intersection invariant in Zz = {0,1}.

The involution I + (akf;) — I+ (a of

a{’k)
GL((ZZ2 b3 nzM) [nlM]) passes to an involution of Wl'll(rrlMgzz2 X 1r2M)
denoted © —> 0. The lemma implies that

. ol T L
0n-y4 C[FD) = [T + ZAij ] =1I[1+ ZMj Aj] 0441([F1). Hence

n-:[+10

o([F1) = (-1) et CFD = (DPD Mo, (FD) = (-1TB(IFD

and we have derived the following:

Duality Formula 4.4. o([F]) = (-1)"6([F]), where n = dim M.

We now give two simple applications of the duality formula,

restricting attention to the factor Whl(nl;z 2) of Whl(nl;zz b3 7r2).
Recall from VII of [H-W] that m P (M,M) —> Wh, (7, ;Z,) is
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surjective if dim M > 5.

Let Diff(M x 1,d) C (P (M,dM) denote the subgroup (with the
induced C” topology) of diffeomorphisms of M X I which are the
identity on o(M x I). o not conjugate to
Corollary 4.5. 1f mM contains an element/ ol and dimM > 5,
then in Diff(M x I,d) there exist diffeomorphisms pseudo-isotopic
to the identity but not isotopic to it.

Proof. Let F e (P(n,au) have Whl(nll{;z 2) invariant represented
by o€ mM C 22[1r1M] under the isomorphism of Corollary 1.3. Then
the "double" 2 F ¢ Diff(M x I,d), obtained by compressing F into

M x [0,3) and then on M x [#,1]using the reflection of this through

M x {4}, has Wh, (m M;Z,) 1invariant the sum of the invariants for

F and F, i.e., [0+ o 1]. By hypothesis [0 + o~1] 1is non-zero

in Whl(wlM;Z 2), so 2F 1s not isotopic to the identity in

® (M,3M) nor, a fortiori, in Diff(M x I,3). But 2F is pseudo-
isotopic in Diff(M x I,3) to the identity. In fact, 2F 1is the
restriction to M x I x {1} of the suspension SF ¢ P(M x I,3( M X I))
as defined in I§5 of [H-W].

Corollary 4.5 has the following quantitative refinement:
Corollary 4.6. The abelian group nobiff(u X 1,3) is not finitely
generated if dim M > 5 and 1r1M contains infinitely many con-

jugacy classes which are distinct from their inverse classes.
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This condition on n.M 1is satisfied, for example, if nlu maps

1
homomorphically onto Z . An interesting special case for both

corollaries is M = st x p?71

, n>5. In fact, one can completely
compute 7 DLEE(S' x D°71,3) for n 7. This will be done in the
next section.

§5 Pseudo-isotopy versus lsotopy

In this section we indicate some things that the computation of
L P (M,3M) implies about m DLff(M,d). Only in very special cases
however can we give a complete answer, for example when M = S1 X D“-1

Let Diff(M,3) be the group of diffeomorphisms of M which
restrict to the identity on oM, and let Diffl(M,b) (DiffPI(M,a) be
the normal subgroup of diffeomorphisms isotopic (respectively, pseudo-

isotopic) to the identity in Diff(M,d). One then has the funda-

mental exact sequence:

o Diff,;(M,0) DLEE(M,D) DAfE(M,d) o
DIEE (1,9) Diff (M,9)  DIiff, (M,

*) I I I

0 —> m Diff,,(M,3) —> m Diff(M,d) — %oniff(m,a) — 0

Proposition 5.1. nODiffPI(M,B)~Coker(j), where

Jim Diff(M x 1,3) — m_ ” (M,0M) 1is induced by inclusion.
Proof: The quotient group ¢*(M,oM)/Diff(M x I,d) 1is naturally

identified with DiffPI(M,a).
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Thus the basic question is, what is Im(j)? In other words,

which Wh2"1 and Whl(nl,'z

isotopies of the identity to itself? In general this is undoubtedly

9 X 1r2) invariants arise from pseudo-

a very hard question, just like the analogous question for

h-cobordisms: When are the two ends of an h-cobordism diffeomorphic?
For the remainder of this section we will assume n = dim M > 7,

and LN P (M,0M) will be identified with

Wh,r.M & Whl(nln;zz X 1r2M). On VWh

Ty ) Whl(nl;z X 1r2) let the

21 2 2
differential di be given by di(x) = x-(-l)i;, and let Zi = Ker(di),
B, = Im(d;,)). Thus B, = {x+ (-1)'X} and z = {x = (-1)'x}.By the

"double" construction of 4.5 we have:
Lemma 5.2. Im(j) @ B, (n = dim M).

In general that may be all that can be said about Im(j).
Lemma 5.3. If M" = N""lx I, then Im(j) < Z_.
Proof. If F e Diff(M x I,d), consider the pseudo-isotopy F ob-
tained by rotating F halfway around in the I2 factor of M X 1 =
Nx 12: ¥ 1s not quite the dual F of F, but F differs from F
only by conjugation by the involution of M = N X I which reverses
the ends of I. Such conjugation induces the identity on W*}l, hence
also on L P M,M), so F and F determine the same element of

L P (M,3M). By construction F is isotopic to F in (P (M,2M),

and the result follows.
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Proposition 5.4. (a) If M = M 1lx1 and B, = Z,, then

noDiffPI(M,B) =~ B

n-1°
1 n-2

(b) If in addition N " =Q"*x 1 and B_, =2 ., then the
n n-1

-1
sequence (%) splits.

Proof. (a) We have woDiffPI(M,B) =~ Coker(j) = Coker(dn_‘_l) ~ B

s

n-1

with the composite map given by

m DLff, (M,3) —> m_  (N,d0N) — Whym, & Why (T2, X 7,).

(b) Consider the map

wODiff(M,a) — # (N, ) —> thﬂ'l <) Whl(rrl;z 2 X 1r2).

The arguments of the preceding two lemmas applied to N instead of M
show that this has image Bn-l’ hence is the desired splitting.
The algebraic hypotheses of this proposition are satisfied if

m is free or free abelian (so that Wh21r1 = 0 by recent results of

Quillen and Gersten) and, say, Ty = 0. In this case Whl(nl;z 2) and

13“_1 are both infinite sums of copies of Zz. For example, when

o= Z with generator T, then

wr.l(zz ;2 2) ~ Zzg[T,T—ll and B ~ Z;[T + T-ll, where the super-

n-1

script "o" denotes polynomials with vanishing constant term.

(-]
Corollary 5.5. m Diff, (S' x D"1,3) ~® 2z, and
o Pl 1 2

o
n Diff (stxp"13) ~ 0z , @ rer™ (7.
1

The second statement follows from the computation of

Diff (Sl X Dn-l,b) modulo pseudo-isotopy, as in [Br] and [T].
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1l

T~ nobiff(Dn'l,b) and T ~ nobiff(Dn,a) are mapped to

woniff(s1 x D®1,3) 1in the obvious way.)
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