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We want to show that the only
parallelizable Spheres ave
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That is ...
almost no spheres are parallelizable

ne N

-
-
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This is it



Recall :

Defr : A mold M is said to be Parallelizable

⑧ if TM is a trivial bundle

love squir.)

· if I n smooth vector fields [V , ...,Un3 an
M
,
n

= dimM
, S .t . FEM

EV
,<p , . . .,Un(pl3 are a basis forTM



Is Quest :

Why are these parallelizable?
- - - -
so C S' C 53 C 57 C⑤ ⑤ ⑤ ⑤(I (I (I (I↳ ↳ ↳ ↳
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Can we extend this reasoning?

A j Yes

· forT = S'xs

*

0--
↑

Two ways to see ②I a narvanishing nectar
-it : field and same notion

① S'xs' is parallelizable
[ transport" at

bic the factors
of groppray

ave



Can we extend this reasoning
?

Nov-
↓- for Si--

.......
↳

~
- due to- *I

(Best
-

* Poincare -Hop inm)
X I

- P.H .
tells us that XCM) = #zeroes in avecter

facl
- Need X(M) = 0 to even have a hope



hat is ...
That's T
-

about
almost no spheres are parallelizable

halfof ! ne N

-
-

them gene SS'5"3555'syyyy
By either ↑e
P.D. ar This is it

CW .

-Cehl

computations (You choose !)



But far S , we can appeal to this
3 group

M nan .ran .
Vectorfield) stay

b S
...

is a
IIIF

O
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in

ma!
BE NOT AFRAID



In particular , 5 =Si(2)
w

Sx(z) = [(- E) : <Pe , 1i+p=13
4 =

a ab !!e R

~I RMK
: Lie groups are always

T
-

⑦
- ble/ I paralleliza

.....
----- L~ ↳) algebraic structure is

giving you a way to man

1- 17E -s-



-

so CC I = a silly lie grup
*

In fact :SW-i#
hork em !

S'⑲ = UCI) - SO(2)"

3

S C -SU(2)⑲
-

57 C⑤(Itake it all ? - ⑧
can is Theory Y
ISpoiler :

IS Texas back ? ]



Hook'em !!

⑮ NO-S But !

↳ Sadly , not a hie grap ...

It turns out
,
a different thing is still true !

+ 4 from now an we're ignoring So



In fact:I -unt sphere in &S'

↳
3

CI⑲ - Unit Sphere in #I

-

57I⑤(S - Unit sphere in N-S
* the other slide nearly follows fram this but

⑪ is associative



②Defits
&: What do these things all have in commen?

C
,
HI

,
and N are all

IR-narmed division algebras



Def : A division algebra over IR" is a

multiplication map IR"xIR" -> IR"

S.t . the maps

x- ax

x- xa

are linear for each a t IRY , and

invertible where a + 0



Def : division algebra over IR"

RIl
W

X having trinial Kernel

R11
W

X has no Zero divisars



Def : We say
S is an H-space of there

is a continuous multiplication ma

g"x gr -> gr-1

having a two-sided idently ecS"

RMK : This is weaker than being a lie grap-

blc assoc . and increas are of assumed

=> ⑭ is cauved now !



Emma : If IR" is a division algebra,
ar gr is parallelizable ,

then gr is an H-space .

"Of
"

:.
(x ,y)1 xy keeps H-space-

|xy structure
bl no zero div .

-T/ ⑦

E-
.....
----

② ~
i



(Adams)

THM : The following statements are true only-

(A)
for m= 1 , 2, 4 , and 8 :

· IR" is a division algebra
· Sh
-

is parallelizable ,

① : What do these As have in common?

o



Bigda
: Gonna Show S" is an H-space

if n = 1
,
2
,
4 ,
a 8

↳ So far , we know n*21+1 ,
K = 1

I↳ We used X(S")
but we cald I

have used -they lu1

↳nowNTS n +2 K unless it's

n =2 ,
4 ,
a S



First step towards proof of THM (A) :

· We will associate to a map

g
: g-y gr- -> Sun

a map

g : g- S

"
"

= 2(D xDi = 2D" xDuD"x2D"

45 = Di U
,
DE I



g : S - S

~(2Dx : xx ,y)1+ 1y1g(x ,)
=D

I

1Dx2D" : (x ,y)- (xg(,) + D=

glgrxgrn= g



Since n is even
,
we replace with In throughout .
2ni f : g4n-1 - S
I

2nlet If be S with a cell et" attached by
Think :

= then CF/S" = S4 & Arc's tall

-

Since K'(S") = E'CS=0 ,
the exact sey of (Cf , Si becomes the SES

0 ->Re(s")- k(C) - E(S + O



Le+ a = FCCf) be im ((H-DA ... *CH-1) of E (SY)
and Let B - FCCf) - (11) +... xCH3) in ECS"Y

s- o

axactress - -
& -

I

0- x (s")- k(C) - E(S + 0

14 B = ha farsae noth

his called the Hopf invariant off
*
- [alldof"+17>

I (p + ma =
2
+2md smaa= ; NTS <B=0 . I- alto , ate0 ; <B = kxfsmek ; kap = <(4) = ha20

" = <P
=0



hma : If gigi gin-gen" is an
H-space multiplication , then the assoc .

map
: S4--> g2 has

Hopf invariant = 11



oops ! almost all iss !
"Sketch" :

KCCf)xELef - -> /ecet

↑ E A

FCCf , D? (eR(1DY ) - ECq ,S"Y

**** ↓

RLD** D 2D D") & - ECD xD") (Y" xD2))
R(D xD D: x 2D=2) S

↓

(n)RD" x Se3 ,
2 D2 +

3e3)0e(SexD" , 33 x2D



A New THM

# (Adarns) :

I a map 8 : S
*
- &" of Hof Invariant)

only when =1 ,
2
,
a #

& P
see also

:

Cris

products



Cool New Toot : We demand

nicer maps an k(X)
Are

frDefro I-ring has4 : ((x) -> 1x i x
idf

S .t -

(1) 44
*
= f
*

4
* V f : x+ Y Adavi's

(2) PPCL) = L
*

if Lis a line bundle

(3) 42 · Ye = phe
Y ops

(4) POC) = &" mode , &prince

- 491 -2 = ppfsm + k(X)



Idea: These maps 4" behave like

↑"L ,0 ... (n) = L , ... Li

When 1 ,8 ... OLn
= E is a Sim af live bundles

What happens generally?

2 : Use iCE) exterior powers



In fact
Inm (SplittingPrinciple)

: Given a vector bundle

E-X , X empot Hdf , I a compact Half

space FCE) and a map p :F(E)
+X

S .E . the induced map p
: k

*

(X) + K
*CFLE))

is injective and p
* CE) splits as a Sum of

line bundles



So Adams (Pr)ops + Splitting Principle

=> P
Y

(E) = suCxCE) , . . . ,
MCE)

E
a poly-1<L-cot

And In Partic : Ye an RCS =I acts like

mult by " .



So Now , Behold !!

4243 =4 =4342

So what ?

Rememembr 2 , B = K(Cf) ?



Well ,
+(a) =<

Therefore :

4
*

(B) = kY +Mbd , some - =7

very
illuminating

prpt(s) =42(e+Mex)+bl+ (k"Me + (Mk)2

Also :

4ry1 = Meyr, so

Is Me+lMk= l Mn+Me



Is Me+lMk= l Mn+Me

⑭

(k2 - K"(Me = Ce-l"Mc

=> Since =ha
, Y(p) = 2 p+M2x

= M2 =h mod2 =Me odd when k=I

=> ni -2"Ms : (3 - 3 Mr



Basically --
it's all just :



③ A MAJER key O
·

-

Lemma
--



Lea :

If 2013-1

then n = 1 ,
2
,
a4

2n
-1

I S -S',s" ,

St



...

yeah !

That's why !
(loi)


