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A Pierreet Thomas 



Foreword 

K-theory was introduced by A. Grothendieck in his formulation of the Riemann­
Roch theorem (cf. Borel and Serre [2]). For each projective algebraic variety, 
Grothendieck constructed a group from the category of coherent algebraic sheaves, 
and showed that it had many nice properties. AtiyaQ. and Hirzebruch [3] con­
sidered a topological analog defined for any compact space X, a group K(X) 
constructed from the category of vector bundles on X. It is this "topological 
K-theory" that this book will study. 

Topological K-theory has become an important tool in topology. Using K­
theory, Adams and Atiyah were able to give a simple proofthat the only spheres 
which can be provided with H-space structures are Si, S3 and S7 . Moreover, it is 
possible to derive a substantial part of stable homotopy theory from K-theory 
(cf. J. F. Adams [2]). Further applications to analysis and algebra are found in the 
work of Atiyah-Singer [2], Bass [1], Quillen [1], and others. A key factor in these 
applications is Bott periodicity (Bott [2]). 

The purpose of this book is to provide advanced students and mathematicians 
in other fields with the fundamental material in this subject. In addition, several 
applications of the type described above are included. In general we have tried to 
make this book self-contained, beginning with elementary concepts wherever 
possible; however, we assume that the reader is familiar with the basic definitions 
of homotopy theory: homotopy classes of maps and homotopy groups (cf. 
collection of spaces including projective spaces, flag bundles, and Grassmannians. 
Hilton [I] or Hu [1] for instance). Ordinary cohomology theory is used, but not 
until the end of Chapter V. Thus this book might be regarded as a fairly self­
contained introduction to a "generalized cohomology theory". 

The first two chapters ("Vector bundles" and "First notions in K-theory") are 
chiefly expository; for the reader who is familiar with this material, a brief glance 
will serve to acquaint him with the notation and approach used. Chapter Ill is 
devoted to proving the Bott periodicity theorems. We employ various techniques 
following the proofs given by Atiyah and Bott [1], Wood [1] and the author [2], 
using a combination of functional analysis and "algebraic K-theory". 

Chapter IV deals with the computation of particular K-groups of a large 
The version ofthe "Thom isomorphism" in Section IV.5 is mainly due to Atiyah, 
Bott and Shapiro [1] (in fact they were responsible for the introduction ofClifford 
algebras in K-theory, one of the techniques which we emp1oy in Chapter Ill). 



VIII Foreword 

Chapter V describes some applications of K-theory to the question of H-space 
structures on the sphere and the Hopf invariant (Adams and Atiyah [1]), and to 
the solution of the vector fie1d problern (Adams [1]). We also present a sketch of 
the theory of characteristic classes, which we apply in the proof of the Atiyah­
Hirzebruch integrality theorems [1]. In the last section we use K-theory to make 
some computations on the stable homotopy groups of spheres, via the groups J(X) 
(cf. Adams [2], Atiyah [1], and Kervaire-Milnor [1]). 

In spite of its relative length, this book is certainly not exhaustive in its coverage 
of K-theory. Wehave omitted some important topics, particularly those which are 
presented in detail in the literature. For instance, the Atiyah-Singer index tbeorem 
is proved in Cartan-Schwartz [1], Palais [1], and Atiyah-Singer [2] (see also 
appendix 3 in Hirzebruch [2] for the concepts invo1ved). The relationship between 
other cohomology theories and K-theory is only sketched in Sections V.3 and V.4. 
A more complete treatment can be found in Conner-Floyd [I] and Hilton [2] 
(Atiyah-Hirzebruch spectral sequence). Finally algebraic K-theory is a field which 
is also growing very quickly at present. Same ofthe standard references at this time 
are Bass's book [I] and the Springer Lecture Notes in Mathematics, Vol. 341,342, 
and 343. 

I would like to close this foreward with sincere thanks to Maria Klawe, who 
greatly helped me in the translation of the original manuscript from French to 
English. 

Paris, Summer 1977 
Max Karoubi 
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Remarks on Notation and Terminology 

The following notation is used throughout the book: Z integer'i, CQ rational 
numbers, IR real numbers, er: complex numbers, H quatemions; GL"{A) denotes 
the group of invertible n x n matrices with coeflicients in the ring A. The notation 
* · · · * signifies an assertion in the text which is not a direct consequence of the 
theorems proved in this book, but which may be found in the Iiterature; these 
assertions are not referred to again, except occasionally in exercises. 

If~ is a category, and if E and F are objects of~, then the symbol ~(E, F) or 
Hom~(E, F) means the set of morphisms from E to F. 

More specific notation is listed at the end of the book. 
A reference to another part of the book is usually given by two numbers ( e.g. 

5.21) if it is in the same chapter, or by three numbers (e.g. IV.6.7) if it is in a 
different chapter. 
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Summary of the Book by Sections 

Chapter I. Vector Bundles 

1. Quasi-vector bund/es. This section covers the general concepts and definitions 
necessary to introduce Section 2. Theorem 1.12 is particularly important in the 
sequel. 

2. Vector bund/es. The ""vector bundles" considered here are locally trivial vector 
bundles whose fibers are finite dimensional vector spaces over IR. or «::. To be 
mentioned: Proposition 2.7 and Examples 2.3 and 2.4 will be referred to in the 
sequel. 

3. Clutching theorems. This technical section is necessary to provide a bridge 
between the theory of vector bundles and the theory of "coordinate bundles" of 
N. Steenrod [1]. The clutching theorems are useful in the construction of the 
tangent bundle of a differentiable manifold (3 .18) and in the description of vector 
bundles over spheres (3.9; seealso 1.7.6). 

4. Operations on vector bund/es. Certain "continuous" operations on finite dimen­
sional vector spaces: direct sum, tensor product, duality, exterior powers, etc .... 
can be also defined on the category of vector bundles. 

5. Sections of vector bund/es. Only continuous sections are considered here. The 
major topic concerns the solution of problems involving extensions of sections over 
paracompact spaces. 

6. Algebraic properlies of the category of vector bund/es. In this section we prove 
that the category C(X) of vector bundles over a compact space X, is a "pseudo­
abelian additive" category. Essentially this means that one has direct sums of 
vector bundles (the "Whitney sum"), and that every projection operator has an 
image. From this categorical description (6.13), we deduce the theorem of Serre 
and Swan (6.18): The category C(X) is equivalent to the category .?l'(A), where A 
is the ring of continuous functions on X, and .?l'(A) is the category of finitely 
generated projective modules over A. 

7. Homotopy and representability theorems. This section is essential for the 
following chapters. We prove that the problern of classification of vector bundles 



XIV Summary of the Book by Sections 

with compact base X depends only on the homotopy type of X (7.2). We also prove 
that <I>~( X) (the set of isomorphism classes of k-vector bundles, over X of rank n 

for k = IR or er), considered as a functor of X, is a direct Iimit of representable 
functors. This takes the concrete form ofTheorems 7.10 and 7.14. 

8. Metries andforms on vector bund/es. It is sometimes important to have some 
additional structure on vector bundles, such as bilinear forms, Hermitian forms, 
etc. With the exception of Theorem 8.7, this section is not used in the following 
chapters (except in the exercises). 

Chapter II. First Notions of K-Theory 

1. The Grothendieck group of an additive category. The group K(X). Starting with 
the simple notion of symmetrization of an abelian monoid, we define the group 
K(Cf/) of an additive category using the monoid of isomorphism classes of objects 
of Cß. Considering the case where Cß is ~&'(X) and Xis compact, we obtain the group 
K(X) (actually KJR(X) or Kc(X) according to which theory of vector bundles is 
considered). We prove that KJR(X)~[X, 7l x BO] and Kc(X)~[X, 7l x BU] (1.33). 

2. The Grothendieck group of an additive functor. The group K(X, Y). In order to 
obtain a "'reasonable" definition ofthe Grothendieck group K(q>) for an additive 
functor q>: Cß---+ Cß', which generalizes the definition of K(Cß) when Cß' =0, we 
assume some topological conditions on the categories Cß and Cß' and on the 
functor q> (2.6). Since these conditions are satisfied by the "restriction" functor 
~&'(X)-+ I&'(Y) where Yis closed in X, we then define the "relative group" K(X, Y) 
to be the K-group of this functor. In fact, K(X, Y)~K(X/Y) (2.35). This iso­
morphism shows that essentially we do not obtain a new group; however, the 
groups K(q>) and K(X, Y) will be important technical tools later on. 

3. The group K- 1 of a Banach category. The group K- 1(X). This section represents 
the first step towards the construction of a cohomology theory h* where the term 
h0 is the group K(X, Y) (also denoted by K 0 (X, Y)) considered in II.2. The group 
K- 1(Cß), where Cß is a Banach category, is obtained from the automorphisms of 
objects ofl:ß. Again, ifwe consider the case where Cß is C(X), we obtain the group 
called K- 1(X). We prove that if Y is a closed subspace of X then the sequence 

K- 1(X)---+ K- 1( Y)---+ K(X, Y)---+ K(X)---+ K( Y) is exact. 

We also prove that K; 1(X)~[X, 0] and Ki 1(X)~[X, U] (3.19). 

4. The groups K- n(X) and K- n(X, Y). The aim ofthis section is to define the groups 
K-n(X, Y) for n~2 and to establish the exact sequence 
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One possible definition is K-"(X, Y) =K(S"(X/Y)) (4.12). We prove some "Mayer­
Vietoris exact sequences" (4.18 and 4.19) which will be very usefullater on. 

5. Multiplicative structures. The tensor product of vector bundles provides the 
group K(X) with a ring structure. It is more difticult to define a "cup-product" 

K(X, Y)x K(X', Y')~ K(XxX', Xx Y'uYxX') 

or more generally 

K-"(X, Y) x K-"'(X', Y')~ K-n-n'(Xx X', Xx Y'u Yx X') 

when Y and Y' are non-empty. This is accomplished in a theoretical sense in 
proposition 5.6; however, in applications it is often useful to have rnore explicit 
formulas. Forthis we introduce another definition ofthe group K(X, Y) by putting 
metrics on the vector bundles involved (5.16). This will not be used before Chapter 
IV. The existence of such cup-products shows that there is a direct splitting 
K(X)r::;,H 0(X; Z) EB K'(X) where K'(X) isanilideal (cf. 5.9; note that K'(X)r::;, 
K(X) if X is connected). 

Chapter 111. Bott Periodicity 

1. Periodicity in complex K-theory. In this section we define an isomorphism 
K;"(X, Y)r::;,Ki"- 2(X, Y). The method (due to Atiyah, Bott, and Wood) is to 
reduce this isomorphism for generat n, to a theorem on Banach algebras (1.11): If 
Ais a complex Banach algebra, the group K(A) (defined as K(&l(A)) is naturally iso­
morphic to n 1(GL(A)) where GL(A)=inj limGLiA). This theorem is proved 
using the Fourier series of a continuous function with va1ues in a comp1ex Banach 
space, and some classical results in Algebraic K-theory on Laurent polynomials. 
The original theorem follows when we Iet A be the ring of complex continuous 
functions on a compact space. 

2. First applications of Bott periodicity theorem in the complex case. As a first appli­
cation we obtain the classical theorem ofBott: for n> i/2, we have n;(u(n))r::;,Z if 
i is odd and n;(u(n))=O for i even. We also prove that real K-theory is periodic of 
period 4 mod. 2-torsion: Ki"(X, Y) ®zZ'~Ki."- 4(X, Y) ®zZ', where Z'= 
Z[!]. This theoremwill be strengthened in III.S. 

3. Clifford algebras. These algebras play an important role in real K-theory and 
will be used in Chapter IV in both real and complex K-theory. This section is 
purely algebraic. The essential result is Theorem 3.21, which establishes a kind of 
periodicity for Clifford algebras. This "algebraic" periodicity will be effectively 
used in 111.5 to prove the "topological" periodicity of real K-theory and at the 
sametime give another proof of the periodicity of complex K-theory. 
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4. The functors Kp,q(rc) and Kp,q(X). The idea of this section is to use the Clifford 
algebras Cp,q to algebraicly define new functors K"(X)=Kp,q(X) for n=p-qE Z. 
We prove that these functors are by definition periodic, ofperiod 8 in the real case, 
and of period 2 in the complex case, and that K 0(X) and K- 1(X) are indeed the 
functors defined in Chapter II. Bott periodicity will then be proved ifwe show that 
the two definitions of K"(X) agree for negative values of n. This is donein the next 
two sections. 

5. Thefunctors Kp,q(X, Y) and the isomorphism t. Periodicity in real K-theory. After 
some preliminaries introducing the relative groups KP· q(X, Y) we present the 
fundamental theoremoftbis chapter: The groups Kp,q+ 1(X, Y) and KP,q(Xx B1 , 

Xx S0 u Yx B1) are isomorphic. Assuming this theorem (the proof follows in 
Section III.6), we prove that Ki_"(X, Y)~K;"- 8(X, Y) with the definitions of 
Chapter II. At the same time we prove the periodicity in complex K-theory 
(5.17) once more. Moreover, using Propositions 4.29 and 4.30 we prove the 
existence of weak homotopy equivalences between the iterated loop spaces !l'(O) 
and certain homogeneous spaces (5.22). We also compute the homotopy groups 
ni(O(n)) for n > i +I (5.19) with the help of Clifford algebras. 

6. Proof of the fundamental theorem. The pattem of this section is analogous to 
that of Section Ill.l, since the main theorem is likewise a consequence of a general 
theorem on Banach algebras ( 6.12). Moreover the proof of this general theorem 
uses the same ideas as the proof of Theorem 1.11. 

Chapter IV. Computations of Some K-Groups 

1. The Thom isomorphism in complex K-theory for complex vector bund/es. The 
purpose of this section is to compute the complex K-theory of the Thom space of a 
complex vector bundle (1.9). In this computation a key role is played by bundles of 
exterior algebras. Theorem 1.3. is particularly important in the sequel. 

2. Comp/ex K-theory of complex projective spaces and complex projective bund/es. 
In this section ( classical in style), we construct a method which may also be used for 
ordinary cohomology (see V.3). Using the teehnical Proposition 2.4 we are able to 
compute the K-theory of Pn=P((f."+ 1) and more generally of P(V) where Visa 
complex vector bundle (2.13). The "splitting principle" (2.15) is used frequently 
later on. With this principle we are able to make the multiplicative structure of 
K*(P(V)) explicit (2.16). 

3. Complex K-theory offlag bund/es and Grassmann bund/es. K-theory of a product. 
This section is also classical in style, but is not essential to the sequel. We 
explicitly compute K*(F(V)) where F(V) is the ftag bundle of a complex vector 
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bundle V. We also compute K*(G p( V)) where G p(V) is the fiber bundle of p­
subspaces in V (3.12). These results are used to compute f(BU(n))=proj lim 
K(G p(<r") (3.22), and the K-theory of a product (3.27). 

4. Complements in Clifford algebras. The concept of "spinors" was not introduced 
in Section III.3, since it is not essential in proving Bott periodicity. However we 
now need this concept to prove the analog ofThom's theorem in K-theory (for real 
or complex vector bundles). After some algebraic preliminaries we study the 
possibilities of Iifting the structural group of a real vector bundle to the spinorial 
group Spin(n) or Spinc(n). Theorem 4.22 is particularly important for our purpose. 

5. The Thom isomorphism in real and complex K-theory for real vector bund/es. As 
in IV .1, the purpose of this section is to compute the K-theory of the Thom space 
of a vector bundle, but now the vector bundle is real, and the K-theory used is real 
or complex. With an additional spinorial hypothesis, we prove that K( V)~ K- "(X) 
if n is the rank of V. If the base is compact and n is a multiple of 8 ( of 2 in complex 
K-theory), we prove that K(V) is a K(X)-module of rank one generated by the 
"Thom dass" Tv. Finally, if f: X----> Y is a proper continuous map between 
differentiahte manifolds and ifDim( Y)- Dim(X) = 0 mod 8 (mod 2 in the complex 
case), wedefine, with an additional spinorial hypothesis, a ''Gysin homomorphism" 
f*: K(X)----> K( Y) which is analogous to the Gysin homomorphism in ordinary 
cohomology. This homomorphism is only used in V.4. 

6. Real and complex K-theory of real projective spaces and real projective bund/es. 
This section is much more technical than the others (the results are only used in 
V.2). After some easy but tedious Iemmas making systematic use of Clifford 
algebras, we are able to compute (up to extension) the real and complex K-theory 
of a real projective bundle ( 6.40 and 6.42). In the case of real projective spaces, the 
K-theory is completely determined (6.46 and 6.47). 

7. Operations in K-theory. One of the charms of K-theory is that we are able to 
define some very nice operations. For example, there are the exterior power 
operations )..k (due to Grothendieck). By a method due to Atiyah we determine all 
the operations in complex K-theory. With this method we show that the "Adams 
operations" t/Jk are the only ring operations in complex K-theory (7.13). They will 
be very useful in applications. 

The operations )..k and t/Jk may also be defined in real K-theory. However, their 
properties are more difficult to prove. We must refer to Adams [3] or Exercise 8.5 
for a complete proof. From the operations t/1\ we obtain the operations pk, 
which will be very useful in V.2 and V.5. 

Chapter V. Some Applications of K-Theory 

1. H-space structures on spheres and the Hopfinvariant. Using the Adams opera­
tions in complex K-theory, we prove that the only spheres which admit an H-space 
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structure are S 1 , S 3 , and S 7 . In fact, we prove more: if f: S 2"- 1 -4 S" is a map of 
odd Hopf invariant, then n must be 2, 4 or 8. 

2. The solution of the vector field problern on the sphere. Let us write every integer t 
in the form (2cx-1)·2P, for ß=y+4ti with O:!Sy:!S3, and define p(t)=2Y+8<5. Then 
the maximum number of independent vector fields on the sphere s- 1 is exactly 
p(t) -I (2.10). The proof of this classical tbeorem is "elementary" (in the context 
of this book) and uses essentially the operations l in the real K-theory of real 
projective spaces. 

3. Characteristic classes and the Chern character. Foreach complex vector bundle 
V, we define "Chern classes" c;(V) E H 2;(X; Z) in an axiomatic way (3.15). The 
construction of these classes is analogous to the construction of classes done in 
Section IV.3. By means of these dasses, we construct a fundamental homomor­
phism, the "Chern character", from K.:(X) to Heve"(X; <Q). The Chern character 
induces an isomorphism between K~(X) ®z <Q and Heve"(X; <Q) for every com­
pact X. 

4. The Riemann-Roch theorem and integrality theorems. To each complex stable 
vector bundle (resp. 0Spinorial real stable bundle) we associate an important 
characteristic dass r(V), called the Todd dass (resp. A(V), called the Atiyah­
Hirzebruch dass). These classes play an important role in the "differentiable 
Riemann-Roch theorem": For each suitably continuous map f: X -4 Y and for 
each element x of K~(X), we have the formula ch(f*K(x))= f*n(A(v 1 )· ch(x)) where 
A(v 1 ) denotes the Atiyah-Hirzebruch dass of the stable bundle f*(TY)- TX 
(assuming that Dirn( Y) = Dim(X) mod 2 and that there is a stable cspinorial struc­
ture on v 1 ). From this theorem we obtain integral theorems for characteristic 
classes (4.21) and the homotopy invariance of certain characteristic classes (4.24). 

5. Applications of K-theory to stable homotopy. In this section we explain how 
K-theory may be applied to obtain some interesting information about the stable 
homotopy groups of spheres. We only indude those partial results which can be 
obtained from the material in this book. More complete results are found in the 
series of J. F. Adams on the groups J(X) [2], andin Husemoller's book [1]. 



Chapter I 

Vector Bundles 

1. Quasi-Vector Bundles 

1.1. Let k be the field ofreal numbers or complex numbersl), and Iet Xbe a topo­
logical space. 

1.2. Definition. A quasi-vector bundle with base Xis given by 
1) a finite dimensional k-vector space Ex for every point x of X, 
2) a topology on the disjoint union E= U Ex which induces the natural 

topology on each Ex, suchthat the obvious projection n: E -->Xis continuous. 

1.3. Example. Let X be the sphere sn= {x E lRn+ 1 lllxll = 1 }. For every point X of 
sn we choose Ex tobe the vector space orthogonal to x. Then E= U Ex is naturally 
a subspace Of Sn X JRn+ 1 and may be provided with the induced topology. 

1.4. Example. Starting from the preceding example, Iet us arbitrarily choose a 
vector space Fx cEX for each XE sn; then if Fis given the induced topology again 
we have a quasi-vector bundle on X. 

More examples are given in the following sections. 

1.5. A quasi-vector bundle is denoted by ~ = (E, n, X) or simply by E if there is 
no risk of confusion. The space E is the total space of ~ and Ex is the fiber of e 
at the point x. 

1.6. Let e=(E, n, X) and e'=(E', n', X') be quasi-vector bundles. A generat 
morphism from e to e' is given by a pair (f, g) of continuous mapsf: X---> X' and 
g: E--> E' suchthat 

1) the diagram 

E~'E' 

nl ln' 
xLx' 

is commutative. 

'l In general, these are the most interesting cases; however, sometimes we will use the field of 
quaternions H. 
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2) The map gx: Ex-~ E'nxl induced by g is k-linear. 
General morphisms can be composed in an obvious way. In this way we con­

struct a category whose objects are quasi-vector bundles and whose arrows are 
general morphisms. 

1.7. If ~ and ~' have the same baseX=X', amorphism between ~ and ~' is ageneral 
morphism (f, g) such that f = Idx. Such a morphism will be simply called g in the 
sequel. The quasi-vector bundles with the same base X are the objects of a sub­
category, whose arrows are the morphisms we have just defined. 

1.8. Example. Let us return to Example 1.3, and let n=l. Let ~'=(E',n',X') 
where X= X'= S 1 , and E' = S 1 x IR with the product topology. If we identify IR 2 

with the complex numbers as usual, we can define a continuous map g: E -~ E' 
by the formula g(x, z)=(x, iz/x) (this is weil defined because xisorthogonal to z 
in IR2 = <C). In fact g is an isomorphism between E and E' in the category described 
in 1.7. 

1.9. Example. Let E" be the quotient of E' = S 1 x IR by the equivalence relation 
(x, t) ""'(y, u) if y = ex and u = et with e = ± 1. Then E" is the total space of a quasi­
vector bundle over P 1 (IR) called the infinite M oebius band. By identifying P 1 (IR) 
with S 1 by the map z e-+ z2 , we see easily that E" is also the quotient of I x IR by 
the equivalence relation which identifies (0, u) with (1, -u). If we restriet u to 
have norm less than 1, we obtain the classical Moebius band. 

We claim that the bundles E' and E" over S 1 arenot isomorphic. Suppose 
there exists an isomorphism g: E' --+ E"; then we must have E'- X' homeomorphic 
to E"- X" where X' (and X") denote the set of points of the form (x, 0) with 
x ES 1 (note that X" ~X'). But E"- X" is connected and E'- X' is not. 

1.10. Let Vbe a finite dimensional vector space (as always over k). The preceding 
examples show the importance of quasi-vector bundles of the form E =X x V, as 
models. To be more precise, Ex= V and the total space may be identified with 
X x V provided with the product topology. Such bundles are called trivial quasi­
vector bundles or simply trivial vector bund/es. 

1.11. LetE=Xx VandE'=Xx V'betrivial vectorbundleswith baseX. Wewant 
to explicitly describe the morphisms from E to E' (again in the category defined 
in 1. 7). Since the diagram 

xxv~xxv' 

\I 
X 

is commutative, for each point x of X, g induces a linear map 9x: V--+ V'. Let 
g: X-~ !l'(V, V') be the map defined by g(x)=gx. 
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1.12. Theorem. The map g: X-~ .!l'(V, V') is continuous relative to the natural 
topology of .!l'(V, V'). Conversely, Iet h: X-~ .!l'(V, V') be a continuous map, and 
Iet h: E -~ E' be the map which induces h(x) on each fiber. Then fz is a morphism of 
quasi-vector bund/es. 

Proof To prove this theorem we choose a basis e~' ... , en of V and a basis 
e1, ••• , eP of V'. With respect to this basis, gx may be regarded as the matrix 
(cxu(x)) where cxii(x) is the ith coordinate of the vector gx(e). Hence the function 
x c-+ cxii(x) is obtained from the composition of the following continuous maps. 

X~XxV~XxV'~V'~k , 

where ß/x)=(x, e), y(x, v')=v', and Pi is the i 1h projection of V'2kP on k. 
Since the functions cxu(x) are continuous, the map g which they induce is also 
continuous according to the definition ofthe topology of .!l'(V, V'). 

Conversely, Iet h: X~ .!l'(V, V') be a continuous map. Then n is obtained from 
the composition of the continuous maps 

Xx V~ Xx .!l'(V, V') x V~ Xx V', 

where ()(x, v)=(x, h(x), v) and e(x, u, v)=(x, u(v)). Hence h is continuous and 
defines a morphism of quasi-vector bundles. 0 

1.13. Remark. Clearly we have the identities ~=g and h=h. 
* The reader may also note that the second part ofthe theorem can be generalized 
to Banach bundles (see Lang [2]), but not the first part.* 

1.14. Remark. As we have seen in Example 1.9, it is not obvious whether or not a 
given quasi-vector bundle is isomorphic to a trivial bundle. Let TS" denote the 
quasi-vector bund1e considered in 1.3 (this is the "tangent bundle" ofthe sphere). 
Then it is only at the end of this book that we are able to show that TS" is not 
isomorphic to a trivial bundle unless n = 1, 3, or 7 (cf. Section V.2). 

1.15. Let ~ = (E, n, X) be a quasi-vector bundle, and Iet X' be a subspace of X. 
The triple (n- 1(X'), nl"- '<X'l, X') defines a quasi-vector bundle ~' which is called 
the restriction of ~ to X'. We denote it by ~lx'• Elx'• or even simply EX'. The fibers 
of ~' are just the fibers of ~ over the subspace X'. If X" cX' cX, we have 
(~IX')IX"= ~IX". 

1.16. More generally, letf: X'~ Xbe any continuous map (X' is not necessarily 
asubspaceofX). Foreverypointx' of X', letE~,=Ef<x'J· Then thesetE'= U E~, 

x'eX' 

may be identified with the fiber product X' x x E, i.e. with the subset of X' x E 
formed by the pairs (x', e) such that f(x')=n(e). If n': E' ~X' is defined by 
n'(x', e)=x', it is clear that the triple (E', n', X') defines a quasi-vector bundle over 
X', when we provide E' with the topology induced by X' x E. We write f as 
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f*W orf*(E): this is the inverse image of ~ by f We havef*(~)=~ forf=Idx, 
and also (ff')*(~)=f'*(f*(~)) if f': X"~ X' is another continuous map. If 
X' cX andfis the inclusion map, thenf*(~)= ~lx·. 

1.17. Let (J,g):Ei ~ E be a general morphism of quasi-vector bundles with 
f: X'~ X (1.6). This general morphism induces a morphism h 1 : Ei~ E'=f*(E) 
as shown in the diagram 

Ei~E':::::;X'xxE~E 

·j, ld, "}, ! 1: 
where h is induced by the projection of X' x E on its second factor. The general 
morphism (J, g) is called strict if h 1 is an isomorphism. 

1.18. Let us now consider two quasi-vector bundles over X and a morphism 
a: E ~ F. If we Iet E' = f*(E) as in 1.16 and F' = f*(F), we can also define a 
morphism a'=f*(a) from E' to F' by the formula a~.=af<x'l' Ifwe identify E' 
with X' x x E and F' with X' x x F, then a' is identified with ldx, x x a, which proves 
the continuity of the map oc'. 

f*(F)-----F 

l*cy/ j Eyj f*(E) ------+-' ------>-

~), ~X 

In particular, if X' c X and ifjis the inclusion map, thenf*(oc) is the restriction of a. 
We denote it by oclx· or simply aX'. The proof ofthe next proposition is easy and is 
left as an exercise for the reader: 

1.19. Proposition. Let f: X'~ X be a continuous map. Then the correspondence 
E ~--+ f*(E) and a 1-+ f*(a) induces a functor between the category of quasi-vector 
bund/es over X and the category of quasi-vector bund/es over X'. 

Exercises (Section 1.9) l-4 and 6. 

2. Vector Bundles 
A vector bundle is a quasi-vector bundle which is locally isomorphic to a trivial 
vector bundle. The next definition will make this idea more precise. 
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2.1. Definition. Let ~ = (E, n, X) be a quasi-vector bundle. Then ~ is said to be 
"locally trivial" or a "vector bundle" if for every point x in X, there exists a neigh­
bourhood U of x suchthat ~Iu is isomorphic to a trivial bundle. 

2.2. The last condition may be expressed in the following way: there exists a finite 
dimensional vector space V and a homeomorphism cp: U x V~ n- 1( U) such that 
the diagram 

commutes, and such that for every point y in U, the map CfJy: V~ EY is k-linear. 
We call U a trivialization domain of the vector bundle ~· A cover (U;) of Xis called 
a trivialization cover if each U; is a trivialization domain. 

Of course, there exist quasi-vector bundles which are not locally trivial (1.4). 

2.3. Example. Let us prove that Example 1.3, where E= TSn, is in fact a 
vector bundle. Let x E sn and let U be the neighbourhood of x defined by 
u = {y E sn I (y, x> # 0 

Fig. I 

where < , ) denotes the usual scalar product in IRn+ 1 . Let P 0 be the subspace of 
IRn + 1 which is orthogonal to x, and let cp: TSnlu ~ U x P 0 be the map taking the 
pair (y, v) to the pair (y, w ), where w is the orthogonal projection of v on P 0 • 

Explicitly w=v-(x, v)x. Conversely, v may be obtained from w by the formula 

V=W- (<y, W)) X, showing that (/J is a homeomorphism, and hence that TSn is 
x,y 

locally trivial. 

2.4. Example. Let V be a finite dimensional vector space over k, and let P( V) be 
the associated projective space (provided with the quotient topology). The sub­
space E of P(V) x V which consists of pairs (D, e) where D E P(V) and eE D, is 
fibered over P(V) by the first projection. More precisely, the fiber ED, where 
D E P( V), is the one-dimensional vector space whose elements are the vectors e 
suchthat e E D. We prove now that Eis actually a vector bundle. Ifwe provide V 
with a positive Hermitian form when k = CC, or a positive quadratic form when 
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k = IR, for each line D we can consider the neigh bourhood UD which consists of 
the lines .1 which arenot orthogonal to D. Now a trivialization of Elun is given by 
the map cp: Eluv----> UD x D defined by cp(.1, e)=(.1, e'), where e' is the orthogonal 
projection of e on D. By exhibiting explicit formulas for these projections as in 
2.3, one shows that q> is a homeomorphism. This bundle Eis called the canonica/ 
/ine bundle over P(V). 

2.5. There are other ways to deal with Example 2.4. For the real case it is weil 
known that P( V),..., Sn/7L2 , where the dimension of V= n + 1 ( explicitly P( V) is the 
quotient of Sn by the equivalence relation x,..., ± x). Let F be the quotient of 
S" x IR by the equivalence relation (x, t) "'(x', t') ~ (x', t')= (ex, et) where e=± 1. 
Then Fis a quasi-vector bundle over P(V), and thus we can define a morphism 
f: F---> E by the formula f(x, t)=(n(x), tx) where n: S"---> P(V) is the natural 
projection, and tx E n(x). One can also define a morphismg: E----> Fby the formula 
g(D, v)=(x, t) where xEDnS" and t is the scalar suchthat tx=v. (Ofcourse in 
these formulas (x, t) represents the dass of the pair (x, t) in S" x IR/,...,.) Then 
fandgare isomorphisms, withf = g- 1. 

In the complex case, P(V)~S 2"+ 1/Uwhere the dimension of V=n+1, and 
where U is the group of complex numbers of norm I ( explicitly P( V) is the quotient 
of S 2"+ 1 by the equivalence relation x"' A.x if 1-11 = 1). The vector bundle Emay be 
identified in a similar fashion with the quotient of S 2"+ 1 X(; by the eqmvalence 
relation (x, t),...,(x', t') ~ (x', t') = (ex, U) for e EU. 

2.6. Now for some terminology. When k =IR (resp. k = «::) a vector bundle will be 
called real (resp. comp/ex). By abuse of our definitions, a trivial vector bundle will 
mean a vector bundle which is isomorphic to a bundle E =X x V as defined in 1.1 0. 
Vector bundles are in fact the objects of a full subcategory of the category of quasi­
vector bundles considered in 1.7. We will denote this category by ß(X), or by 
ß iX) when we want to make the basic field k explicit. Ifj: X'----> Xis a continuous 
map, the functor f* defined in 1.19 induces a functor from I&'( X) to ß(X'). To see 
this it suffices to show thatf*( ~) is locally trivial whenever ~ is locally trivial over X. 
Let x' EX' and let U be a neighbourhood ofj(x') suchthat 11 = ~Iu is trivial. Then 
~'Iu· =g*(IJ) where U' =f- 1(U) and g: U'----> U is the map induced by f Hence we 
have IJ~Ux V and g*(IJ)~U'xu(Ux V)~U'x V which is trivial over U'. In 
particular, if X' is a subspace of X, then ~IX' is a vector bundle. 

2.7. Proposition. Let E and F be two vector bund/es over X and Iet g: E----> F be a 
morphism of vector bund/es such that gx: Ex----> Fx is bijective for each point x in X. 
Then g is an isomorphism in the cätegory I&'( X). 

Proof. Let h: F----> E be the map defined by h( v) = g; 1 ( v) for v E Fx. lt suffices to 
prove that h is continuous. Consider a neighbourhood U of x and isomorphisms 
ß:Eu---> UxM and y:Fu---> UxN. If we let g1 =y·gu·r 1 we have hu= 
p- 1 • h 1 · y where h 1 is defined by h 1 (x) = (g 1 (x))- 1 ( cf. 1.12). Since the map from 
Iso(M, N) to Iso(N, M) defined by !Y. c-+ !Y.- 1 is continuous, h1 is continuous. Thus 
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h is continuous on a neighbourhood of each point of F; hence h is continuous on 
all of F. 0 

2.8. Let ~ = (E, n, X) be a vector bundle. We define two maps (where Ex x E is 
the fiber product) 

by the formulas s(e, e')=e+e' and p(A., e)=A.e, where e and e' are vectors of the 
samefiber. These maps are continuous. To see this, it is enough to consider the case 
where E=Xx V, since continuity is a local condition as before. In this case, 
Ex x E ~X x V x V and under this isomorphism s becomes the map from 
X x V x V to X x V defined by (x, v, v') f-+ (x, v + v') which is clearly continuous. 
The continuity of p is proved in the same way. 

2.9. We define the rank of a vector bundle ~ = (E, n, X) to be the locally constant 
function r: X~ IN given by r(x)=Dim(Ex). The rank of ~ is equal to an integer n 
if r(x) = n for each point x of X. When the base is connected the rank is constant. 

Exercise (1.9.5). 

3. Clutching Theorems 

In the preceding section we defined vector bundles as locally trivial quasi-vector 
bundles. Now we would like to construct vector bundles using their restrictions to 
suitable subsets. 

3.1. Theorem ("clutching of morphisms"). Let e = (E, n, X) and e' = (E', n', X) 
be two vector bund/es on the same base X. Let us consider also 

a) A cover of X consisting of open subsets U; (resp. a locally finite cover of X of 
closed subsets U;). 

b) A collection of morphisms !X;: elu, ~ ~'Iu, such that a;lu,nuj=ajlu,nuj. 

Then there exists a unique morphism a: ~ ~ ~, such that au, = a;. 

Proof The proof naturally breaks into two parts: 
(i) Uniqueness. Let e be a point of E. Since (U;) is a cover of X, the point e 

belongs to some Eu,. Hence a(e)=r;(a;(e)) where r;: Eb, ~ E' is the inclusion map. 
(ii) Existence. To simplify the notation, Iet us identify Eu, and Eb, with 

subsets of E and E' respectively. For eEE, Iet a(e)=a;(e) for eEEu. It follows 
from b) that this definition is independent of the choice of i. The subsets 
Eu,= n- 1( U;) form an open cover (resp. a locally finite cover of closed subsets) of 
the space E; hence a is continuous. Since ax: Ex~ E~ is linear, the map a defines 
a morphism of vector bundles. 0 
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3.2. Theorem ("clutching of bundles"). Let (UJ be an open cover of a space X 
(resp. a locally finite closed cover of a paracompact space X). Let ei =(Ei, ni, Ui) be 

·a vector bundle over each Ui, and Iet gii:~du,nui--. ~ilu,nujbe isomorphisms which 
satisfy the compatibility condition gki lu,nui"uk = g~i·g}i> where g~i=gkilu,"uJ"uk awl 
gji=gjilu;nUjnUk" Then there exists a vector bundle e over X and isomorphisms 
gi: ~i--. ~Iu, suchthat the diagram 

j; I 9 j; j; I 
'oi U;nUJ 'oj U;nUJ 

I \ f I (Diagram 1) 
9; U 1nU1 gj U,nUJ 

elu;nUi 

is commutative. 

Proof. For simplicity we use the same letter to denote a morphism and its restriction 
to a subspace. In the topologically disjoint union U Ei, consider the equivalence 
relation ei-ei<:!> gii(ei )=ei, and let E= U Ei"' be given the quotient topology. 
The continuous map U Ei--. X induced by the ni defines a continuous map 
n: E-. X. For XE Up the structure of the vector space Ex=n- 1({x}), which is 
induced by the isomorphism Ex~EdlxJ• does not depend on the choice of i since 
gii is linear on each fiber. Let gi: Ei-. n- 1(Ui) be the map defined by gi(e)=e, 
where e is the class of e in E. Then gi is continuous, bijective, open, and induces a 
linear isomorphism on each fiber. Therefore gi defines an isomorphism between 
the quasi-vector bundles (Ei, ni, UJ and (Eu,, niEu;' Ui), where Eu,= n- 1(Ui). 

Suppose that (U1) is an open cover of X.- Let x be a point of Ui, and Iet Vbe a 
neighbourhood of x contained in Ui such that ~i lv is trivial. If ~ is the quasi-vector 
bundle (E, n, X) as defined above, we have eu, ~ ei. Hence ~lv ~ ~dv is trivial, 
which proves that e is locally trivial. 

Let us assume now that Xis paracompact and that ( Ui) is a closed cover which 
is locally finite. Let x 0 be a point of X. Since the cover (Ui) is locally finite, there 
exists a closed neighbourhood V of x 0 which meets only a finite number of subsets 
Ui,, ... , Uip, and such that the bundles ~ilvj are trivial, where Vi= U;jn V for 
j= I, ... ,p. Without loss of generality we may assume that x0 E V1 and that 
e)vj~ vj X kn. Starting with an arbitrary isomorphism IXl: elv, ~ vl X kn we are 
going tO define by induction On r, a morphism IX, between elv,u· .. uVr and the 
trivial bundle (V1 u · · · u V,) x kn. Since ~lv .. is trivial, this is equivalent to defining 
a continuousmap ß,: V,-. !l'(kn, ~)which extends Yr with y,=IX,- 1 Iv,.n(V,u···uv,._ .J· 

This extension is possible due to the Tietze extension theorem (Kelley [I], Bourbaki 
[l]).LetiX:~Iv_. V x knbethemorphismthusobtained.Sincelso(kn, kn)isopenin 
!l'(kn,kn), Theorem 1.12 shows that the set ofpoints x of v., suchthat IXx is an 
isomorphism, is an open subset of v •. Since the sets v. are finite in number, the 
set of points x of V such that IXx is an isomorphism is a neighbourhood W of x 0 . 

The map 1Xw: Elw_. Wx~ induces a homeomorphism Elv.nw_. (V.nW)xkn 
for each s. Hence IXw is a homeomorphism itself. Since this holds for every point 
Xo in X, we see that e is locally trivial in this case also. 0 
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3.3. Remark. Moreover one may say that the bundle ~ which we just constructed 
is "unique" in the following sense. Let ~' be another vector bundle, and Iet 
g;: ~;-+ ~'Iu, be isomorphisms which make the diagram 

commutative. Then there exists a unique isomorphism a: ~-+ ~' which makes 
the following diagram commutative. 

In fact, one may construct a in the following way. The morphism a; = g; · gi 1 is 
anisomorphismfrom~u, to ~~., andover U;n Ui, we havetheidentitygj;=gj 1 ·g;= 
gj-' · g; according to diagrams (1) and (2). Therefore, over U;n Ui we have 
a;=g;·gi 1 =gj·gj 1 =ar The existence of a is then guaranteed by Theorem 3.1. 
lts uniqueness is obvious. 

3.4. Example. Let sn be the sphere of1Rn+ 1, i.e. the set ofpoints X= (xp .. . , xn+ 1) 
n+ 1 

such that llx 11 2 = L (xY = l. Let s~ (resp. s~) be the subset of sn whose points 
i= 1 

X satisfy xn+ 1 ~ 0 (resp. xn+ 1 ~ 0). Then sn is compact, s~ and s~ are closed 
subsets, and S~nS~ =sn- 1. 

L Fig. 2 

Let f: sn- 1-+ GLp(k) be a continuous map. According to Theorem 3.2, there is 
a bundle EJ over sn which is naturally associated withf It is obtained from the 
clutching of the trivial bundles E1 = s~ X kP and Ez = s~ X kP by the "transition 
function" g21 =J: sn- 1 X kP-+ sn- 1 X kP (g11 and 9zz are the identity map). We 
see later (7.6) that all bundles over sn are isomorphic to bundles ofthis type. 

3.5. Theorem 3.2 is related to the problern of classification of "G-principa/ 
bund/es", where G is the topological group GLn(k). To be more precise, Iet us 
consider an arbitrary topological group G and a topological space X. A G-cocycle 
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on Xis given by an open cover ( U;) of X, and continuous maps gji: U;n Ur-+ G 
suchthat gk/X). gji(x) = gki(x) for XE U;n Up uk. 

Two cocydes ( U;, gj;) and (V,, h.,) are equivalent if there exist continuous 
mapsgr: U;n V,~ Gsuch thatgj(x)·gj;(x)·gr(x)- 1 =h.,(x) for XE U;nUjnV,nV •. 
Let us check that this relation is an equivalence relation. The symmetry and 
reflexivity are obvious (note that 9;; = Id and gij = gj~ 1 ). If ( W", l,,J is a cocyde 
equivalent to (V,, h.,) we can find continuous maps h:: V,n W" ~ G such that 
h~(x)·h.,(x)·h~(x)- 1 =/vu(x) for XE V,nV.nW"nW.,. For i=j the first identity 
gives the relation ~(x)·if;(x)- 1 =h.,(x) for XE U;nV,nV •. For u=v the second 
identity gives the relation h~(x) - 1 • h~(x) = h.,(x) for XE V,n v.n wu. From this it 
follows that h~(x)·gr(x)=h~(x)·gf(x) for XE U;n V,n v.n wu. By glueing together 
the continuous functions h~(x) · gr(x) as r varies, this defines another continuous 
map /f: U;nW"~ G. Moreover lvu(x)=h~(x)·h.,(x)·h~(x)- 1 =/'j(x)·gj;(x)·lt(x)- 1 

for XE U;n Ujn V,n v.n Wun wv. Since this relation is true for every pair (r, s), 
it also holds for x E U;n Ujn W"n Wv. Hence the equivalence relation in the set 
of G-cocydes is well-defined. The quotientsetwill be denoted by H 1 (X; G) (see 
Hirzebruch [2] and Greenberg [I] for the justification ofthis terminology).This set 
depends contravariantly on X and covariantly on G. 

3.6. Theorem. Let <I>~( X) be the set of isomorphism c/asses of k-vector bund/es of 
rank n over the topo/ogica/ space X. Then <I>~(X) is naturally isomorphic to the set 
H 1(X; G), where G=GLik). 

Proof We define two maps 

such thath'=h- 1 • 

Let ~ = (E, n, X) be a vector bundle, and Iet ( U;) be a trivialization cover of X. 
Choose isomorphisms CfJ;: U; X kn ~ Eu,' and Iet gji be the map from U;n uj to 
G= GLn(k) defined by 9j;(x)= (cp).; 1 ·(cp;)x. In this waywe obtain a G-cocyde on X. 
lts dass in the set H 1(X; G) is independent ofthe choice ofthe trivialization cover 
and of the CfJ;. In fact, if (V,, h.,) is another cocyde associated with trivializations 
1/J,: V, x kn ~ Ev,• Iet if;(x)= (1/1,)"; 1 • (cp;)x. Then if x E U;nUp V,n v., we have 

This shows that h is well-defined. 
Conversely, Iet (U;, gj;) be a G-cocyde, and Iet E be the vector bundle over X 

obtained by dutching the trivial bundles E; = U; x ~ with the "transitionfunctions" 
gji (Theorem 3.2). Then the dass of Ein <I>~(X) depends only on the dass of the 
cocyde in H 1(X; G). In fact, consider a cocyde (V,, h.,) equivalent to (U;. gj;), 
and Iet F be the vector bundle obtained from this cocyde by dutching the trivial 
bundles F, = V, x kn. Let a: E ~ E' be the unique morphism which makes the 
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following diagram commutative foreachpair (i, r): 

(in this diagram the morphisms 9; and h. are the morphisms defined by clutching 
as in Theorem 3.2). To see that oc is well-defined, we note the following identities 
for XE U;n Ujn v.n vs: 

and finally 

hsr(x) = gj(x) · 9iX) · (9~(x)) - 1, 

hs.(x) · 9r(x) · 9ij(x) = gj(x), 

(h.(x))- 1 · h•(x) · 9~(x) · 9;(x)) - 1 · 9/X) = 9}(x), 

This shows that h' is also well-defined. The fact that h · h' and h' · h are the identities 
of H 1(X; G) and ct>!(X) respectively, follows directly from their definitions. 0 

3.7. Remark. When Xis paracompact, one could equally weil work with locally 
finite covers of closed subsets, and thus obtain another set H}(X; G) analogous to 
H 1(X; G). The above argument shows that H}(X; G) is also naturally isomorphic 
to ct>!(X) if G= GL/k). 

3.8. Theorem. Let ( U;, 9j;) and ( U;, h ji) be two cocycles relative to the same open 
cover of a space X (resp. locally finite closed cover of a paracompact space X). Then 
The associated vector bund/es E and F are isomorphic if and only if there exist 
continuous functions Ii;: U; ~ G = QLn(k), such that h ix) = A.j(x) · 9iX) · (li;(x)) - 1 

for XE U;n uj. In particular, the vector bundle E is trivial if and only if 9j;(x) = 
A./x) - 1 A.;(x) for suitable choices of the Ii;. 

Proof Let oc: E ~ Fbe an isomorphism. Then we have the commutative diagram 
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where E;=F;= U; x kn and i;=h; ·IXIu, ·(g;)- 1 (using the notation of 1.12), From 
this diagram, we obtain the relation hix)=A.ix) · gi;(x) ·(A-;(x))- 1. In particular, if 
we choose hi;= 1, then F is isomorphic to the trivial bundle, and we obtain 
gh;(x)=A.ix)- 1 ·A.;(x) as desired. D 

3.9. Let us apply the above theorem to Example 3.4. Using the notation of3.4, we 
Iet A. be an autortlorphism of E 1 = S~ x k P which induces the automorphism Jl. of 
E1lsn- I= sn- 1 X kP. Then using the notation of 1.12, we see that the vector bund1es 
EI and E111 are isomorphic. To see this, we apply the above theorem, setA.1 = A.and 
A. 2 = 1, and visualize the situation with the diagram 

A_-1 
E 1-'-'-----> E 1 

' ' 
j~: i!Jl 

' ' .. Id .. 
E2~Ez 

(the dotted lines denote morphisms defined only over sn- 1). In the same way, we 
can prove that EI is isomorphic to E11f' when v is an automorphism of E2 ls"_, 
which can be extended to an automorphism of E2 • 

Now consider two continuous maps/0 and/1 from sn- 1 to GLP(k), which are 
homotopic. Let IX: sn- 1 ~ GLp(k) be the map defined by 1X(x) = (/1 (x)) - 1 f 0 (x). 

Then IX is homotopic to 1 ; more precisely there exists a continuous map 
ß: sn- 1 x I~ GLp(k) suchthat ß(x, 0)=1X(x) and ß(x, 1)= 1. We parametrize the 
upper half hemisphere s~ of sn by writing each element w of s~ in the form 
V COS 8+ en+ 1 sin 8, where V E sn- 1. 

I 
Fig. 3 

We use ß to define y: S~ ~ GLp(k) given by y(w)=ß(v, sin 8). This is well-defined 
and continuous even for 8 = n/2, because ß(x, t) converges to 1 uniformly in x 

when t converges to 1. This shows that EI0 =Efla is isomorphic to Eh (this fact 
may also be deduced from Theorem 7.1, which will be proved independently). 

If we restriet our attention to maps f: sn- 1 ~ GLp(k) such that f(e)= 1, 
where e= (1, 0, ... '0) is the base point of sn- 1, the above discussion shows that 

the correspondencejf-+EI defines a map from nn_ 1(GLp(k)) to <l>;(sn) (for the 
definition and elementary properties ofhomotopy groups see Hilton [1] or Hu [ 1 ]). 
On the other hand n0 (GLP(k)) acts on nn_ 1 (GLp(k)) by the map defined on repre­

sentatives by (a,j) ~ a fa- 1 . Since the vector bundles EI and Ea"f"a-• are 
isomorphic by 3.8, we are actually able to define a map from the quotient set 

nn- 1 (GLp(k))/n0 (GLp(k)) to the set <t>;(Sn). 
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3.10. Theorem. The map 

is injective. 

Proof Letfand g be continuous maps from S"- 1 to GLp(k) withf(e)=g(e)= 1 
(where e is the base point of sn- 1) such that the vector bundles E 1 and Eg are 
isomorphic. Wehave a commutative diagram 

' ' ' ' J: :n 
.,. IX .,. 

E2~E2 

where the dotted arrows denote morphisms which are defined only over sn- 1. The 
maps ß;=ifJs .. -' are maps from S"- 1 to GLp(k) which are homotopic to constant 
ones, and such that g(x)=ß2(x)f(x)·ß 1(x)- 1 . Moreover, since f(e)=g(e)= 1, 
ß1 and ß2 are homotopic to the same constant map a (since they are restrictions of 
maps defined on a contractible subset i.e. S"- {p} where p i S"- 1 ). This implies 
thatg and afa- 1 are homotopic. lf h: S"- 1 x I--. GLP(k) is this homotopy, then 
the homotopy /: sn- 1 X I___. GLp(k) defined by l(x, t)=h(x, t)h(e, t)- 1, shows 
that g and afa- 1 have the samedass in the homotopy group nn_ 1(GLp(k)), 
since l(e, t)=e. 0 

3.11. Remark. It will be shown later (7.6) that the above map is also surjective. 

3.12. Remark. More generally, it can be shown by the same method that 
H 1(S"; G);::::,nn_ 1(G)/n0 (G) for any topological group G (Steenrod [1]). 

*3.13. Some comments on Theorem 3.1 0. lf k =er, then the group GLP(k) = GLP(cr) 
may be regarded as the topological product of U(p) by .IR.q, where q=p2 (see 
Chevalley [1]). Since U(p) is arcwise connected, n0(U(p))=n0 (GLp(cr)=0. Hence 
<P~(S.~)~ nn_ 1(U(p)). Now we have the locally trivial fibration 

U{p)--. U(p + 1)--. S 2P+ 1, 

hence the exact sequence of homotopy groups 

Since niS')=O forj>r, it follows that for p>i/2, we have n;(U(p))~n;(U(p+ 1)) 
and n;(U(p))~inj lim n;(U(m)). We shallprove later(II1.2) that inj lim n;(U(m))=O 
for i even and inj lim n;(U(m)) = Z for i odd. It follows from this theorem that the 
problern of classification of complex vector bundles of rank p over the sphere S' 
is completely solved whenp >(r-1)/2. Whenp ::::;(r-1)/2 the problern is still open 
in general. 
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If k=lR, the group GLp(k)=GLp(lR) may be regarded as the topological 
product O(p) x 1Rq, where q=p(p + 1)/2 (see Chevalley [1]). Hence n;(GLp(JR)) ~ 

n;(O(p)) and n0(GLP(1R))~Z/2. The homotopy exact sequence associated with 
the locally trivial fibration 

O(p)~ O(p+ I)~ SP, 

i.e. 

1t;+ 1 (SP)---+ n;(O(p))---+ n;(O(p + 1))---+ n;(SP), 

shows that n;(O(p))~n;(O(p+ 1)) and that n;(O(p))~inj lim n;(O(m)), when 

p > i+ I. We prove later (III.5) that the groups n; = inj lim n;(O(m )) are respectively 

isomorphic to Z/2, Z/2, 0, Z, 0, 0, 0 when i=O, 1, 2, 3, 4, 5, 7 mod 8. Hence the 
homotopy groups n;(O(p))~n;(GLP(lR)) are completely known for p >i+ 1. 

Moreover, in this case, the action of n0 (GLp(lR)) = Z/2 is trivial. When p is odd, 
we have nothing to prove since Det(- 1) = - I. When p is even, the isomorphism 

between n;(O(p )) and n;(O(p + 1 )) is compatible with the action. Hence 

n;(O(p))/(Z/2) ~n;(O(p + 1))/(Z/2)~n;(O(p +I)) ~n;(O(p)), From this discussion 
we see that the problern of classification of real vector bundles of rank p over sn 
is completely solved for p > n. As in the complex situation, the case where p ~ n is 

still open in general. * 

3.14. The case of vector bundles over the sphere may be generalized in the following 

way. If Xis a paracompact space one considers the double cone over X: it is 

defined as the quotient of Xx [ -1, I] by the equivalence relation which identifies 
X x { 1} with a single point, and X x {- 1} with another single point. 

We write c+(X) (resp. c-(X)) for the image of Xx [0, 1] (resp. Xx [ -1, 0]) in 

the quotient and let S'(X) = c+ (X)uc- (X). The space S'(X) (which is paracom­

pact) is also called the suspension o[ X. The argument used to parametrize S~ in 
3.9 shows that S'(sn-l) is homeomorphic to sn. 

Let f:X ~ GLP(k) be a continuous map. Then one may define a bundle E1 

over S'(X) by clutching the trivial bundles El = c+(X) X kP and E2 = c-(x) X kP 

with the transition function g21 =JAs in 3.9, one can prove that E10 is isomorphic 
to Eh, whenf0 ishomotopic to/1 . Ifwechoosea basepointein X, let [X, GLp(k)]' 
denote the set of homotopy classes of mapsf such thatf(e)= I. Then as in 3.10 

<P!(S'(X)) contains the quotient of [X, GLP(k))]' by the action of n0 (GLp(k)). 
This result will be strengthened later (7.6). 
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We are now going to use the clutching theorems to define the tangent bundle 
of a manifold. First we briefly review some basic ideas and definitions in order to 
acquaint the reader with the notation (cf. Lang [2]). 

3.15. Let A be an open set in IR" and let TA=A x IR", regarded as the trivial 
bundle over A. If Bis another open set in IRP, and ifj: A ~ Bis a differentiable map 
of class cm, form~ 1, we can associate f with a general morphism of vector bundles 
(in the sense of 1.6) 

by the formula (Tf>x(v)=f'(x)(v). In this formula, j':A~2(IR",RP) is the 
differential ofjand v is a vector of IR". 

V 

0 
(Tf>x(v) 

@ F;g.5 

If g: B ~ C is another differentiable map of class cm between Band an open set C 
in IRq, one has T(gf)= T(g) · T(f) (composition of general morphisms) following 
from the theorem which gives the derivative of the composition oftwo differentiable 
maps. Hence the reader can easily verify that the correspondence A f-+ TA is a 
"functor" from the category of differentiable maps to the category of trivial 
bundles. 

3.16. Definition of a manifold of class cm. Let M be a topological space and Iet 
(V;) for i E /, be an open cover of M. Foreach i eIlet(/>; be a homeomorphism of 
V; with an open set A; ofiR"'. We write Vii= V;nVi and Ai;=q>;(V;nVi). 

C~\. 
lnj, Fig. 6 

(/Jj I} 

Ai 
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We say that (U;, A;, q>;) is an atlas of dass cm for m?-1, if Bj;= <P)u,/ <P;- 1 1Aj, is a 
diffeomorphism from A ji to Aij of dass cm. Two atlases are equivalent if their 
union in the obvious sense is again an atlas. A dijferentiable structure of class cm 
on M is given by a "dass" of atlases. To avoid logical difficulties [the covers of a 
space are not the elements of a set !], we shall always consider that the index set I 
is contained in some fixed set, for example U F(U, IR.n), where S is the set of 

UES 
nEN 

open subsets of M and where F(U, IR.n) is the set of all continuous maps from 
U to IR.n. There is a canonical way to associate a differentiable structure (U;, A;, q>;) 
on M with an atlas (this atlas is called maximal). It is defined as the set of all 
triples (V, B, q>), where V is open in M, B is open in some IR.q, and q>: V----> B 
is a homeomorphism, which satisfy the following condition .. Foreachindex i, let 
us put V;= VnU; and B;= q>(V;); then <t>;lv,-<t>- 118 , must be a diffeomorphism of 
dass cm from B; to <P;(B;). It is easy to verify that two atlases are equivalent if and 
only if the maximal atlases associated with them are equal. A chart of a differen­
tiable manifold M is simply an element q>: V----> B of the maximal atlas. 

3.17. Examples. Let F: IR.n ->IR be a differentiable function suchthat JF/Jx1 , •.. , 

a F/8 xn arenot all zero simultaneously. Then M = F- 1 (0) is a differentiable manifold 
(at each point x of M, consider the orthogonal projection of a neighbourhood of x 

n 

onto the hyperplane defined by I 8F/8x;(x)(X- x;) = 0). The projective spaces 
i= 1 

Pn(«.":) and PnCIR) arealso dassical examples of differentiable manifolds (Godbillon 
[2], Spivak [1]). 

3.18. The tangent bondie of a differentiable manifold. Let d = ( U;, Ai' q>;) be an 
atlas on M. We want to define a bundle TM on M by dutching the trivial bund1es 
TU;=U;xlR.n' over the covering (U;). Let iiJ;: U;xlRn'----.A;xlR.n' be the iso­
morphism from TU; to TA; defined by iiJ;(x, v)=(<t>;(x), v). Let gji: TU;Iu,,..,uj----> 
TU)u,,..,uj be the isomorphism which makes the diagram 

TA;IAj, 

jno,.J 

TA)A,J 

commutative. Since Bk;(x)=Bk/8/x)) for XE <P;(U;nUpUk), we have T(Bk;)= 
T(8k)·T(8i;) when we restriet ourselves to <P;(U;nUpUk) according to 3.15. 
Therefore gki = gki · gii over U;n Up Uk. The isomorphisms gii define the transition 
functions for TM. Let us prove that this definition does not depend (up to iso­
morphism) on the atlas d which was chosen. If f?lJ =(V,, B,, tjJ ,) is an equivalent 
atlas, we also have transition functions hsr (resp. gD over V,n V5 (resp. U;n V,) such 
that gj·gj;=h5,·g[, or equivalently h5,=g}·9i;·(g[)- 1 over U;nUinV,nVs. The 
assertion follows from the definition of H 1(M; G) applied to each connected 
component of M, and from Theorem 3.6. We call TM the tangent bundle of M. 
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3.19. The Functor T. In order to make the above construction functorial, one 
must choose, once and for all, an atlas for each manifold M (for example the 
maximal atlas). Now let M and N be two differentiahte manifolds of class cm, 
(U;. A;, qJ;) the atlas of M, and (V,, B,, t/1,) the atlas of N. Let f: M---+ N be a 
continuous map. We say that f is of class ca, 1 ~oc~p, if 'Vi, 'Vxe U; and for 
f(x) E V,, the map /;' = t/1.-f·qJi 1 is differentiahte of class ca on a neighbourhood 
of ({J;(x) which is small enough to have the composition of the three functions, 
t/1, -j-qJ;- 1 make sense. We want to define a general morphism Tf: TM---+ TN over 
f: M---+ N, which generalizes the general morphism defined in 3.15 for open sets in 
Euclidean spaces. On TU; we define Tf over a neighbourhood of x, for x E U;, 
so that the following diagram commutes 

where T(j/) is defined as in 3.15. We must show that this definition is compatible 
with the transition functionsgii and h., defined on M and N, respectively. Wehave 
the identities.f/ = (t/1 •. t/J; 1) · (t/1, I (/J;- 1). (({J; · qJ j 1) = ()~ f{ · ();1, where ()~: B., ~ B,. 
and etJ: Aii~ Aii (all morphisms are defined on suitable neighbourhoods).. From 
these identities we see that T(fj") = T(()~) · T(j{) · T(et}), and hence the commuta­
tivity of the diagram 

TA. gf. TA. 
' J 

T(J,') j j T(!,') 

N 

TB~TB r s 

since T(()~)=g~ and T(et})=~ (where~ and g':,. are the transitions functions of 
TM and TN respectively). According to Theorem 3.1, this shows that Tfis well­
defined. Moreover, if g: N---+ Pisanother differentiahte map, it can be verified 
that T(g ·f) = T(g) · T(f). 

3.20. Example. Letf: M---+ JRP be an imbedding (Lang [2]). Then M is given loca/ly 
at a neighbourhood of every point a E M by equations 

/ 1(x1, •.• , xp)=O 

/ 2(x1, ••. , xp)=O 
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where the matrix 

isofranknon a neighbourhood of the point a=(a1 , .• • , aP). Moreover TiM) 
is the subspace of Ta(JR_P) of dimension n-p which is orthogonal to the "gradient 
vectors" Vp ... , Vn where V;= (oJ;!ox 1 (a), ... , ofJoxP(a)). 

Exercises (Section I.9) 7, 8, 28. 

4. Operations on Vector Bundles 

As is the common practice in this book we use G to denote the category of finite 
dimensional vector spaces, and G(X) to denote the category ofvector bundles over 
X. When we want to make the basic field k= IR or CC precise, we write Gk or Gk(X). 

4.1. Definition. A functor qJ: G--+ Gis called continuous if for each pair (M, N) of 
objects in G, the natural map ({JM, N: G(M, N)--+ G( qJ(M), qJ(N)) is continuous 
(with respect to the usual topology on finite dimensional vector spaces). 

4.2. Examples. There are many weil known examples of such functors : 
a) qJ(M)=M $ · · · e;l M, b) qJ(M)=M ® ... ® M, c) qJ(M)=A.;(M) (i'h ex-

'--------v----- '-------v----" 
i i 

terior power), d) ({J(M) = S;(M) (i'h symmetric power). To see that all these 
functors are continuous, we choose basis on M and N, and notice that ({JM,N(et.) is 
given by a matrix which depends continuously on the matrix of et.. As an example 
of a functor which is not continuous, one may take a discontinuous automorphism 
of the complex numbers CC. This induces a functor S {:--+ G c which is not continuous. 

4.3. The purpose of this section is to associate any such functor qJ with a functor 
qJ' = qJ(X): G(X)--+ G(X), which coincides with qJ when Xis reduced to a point. If 
~ = (E, n, X) is a vector bundle over X, we first define the set E' = qJ'(E) tobe the dis­
joint union U qJ(Ex), provided with the obvious projection n': qJ'(E)--+ X. In 

XEX 

order to supply qJ'(E) with a topology so that it becomes a vector bundle, we need 
the following Iemma. 

4.4. Lemma. Let U and V be open subsets of X and Iet ß: Eu--+ U x M and 
y: Ev--+ V x N be trivializations of E over U and V respectively. Let ß': E&--+ U x qJ(M) 
and y': E~--+ V x qJ(N) be the bijections induced by functoriality on each fiber. If we 
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give Eu and E~ the topologies induced by these bijections, these two topologies agree 
on EunE~=Eu,..,v. and Eu,..,v is open in both Eu and E~. 

Proof W e have the commutative diagram 

E~,..,v P'lunv (Un V) x cp(M) 

II 1~ 
Eu,..,v y'lunv (Un V) X cp(N), 

where ~ is the composition of the continuous maps 

Un V~ tff(M, N)cpM,N, tff(cp(M), cp(N)) 

with s=ylu,..,v· p- 1 lu,..,v· Since ~ is continuous, b also is continuous (1.12). For the 
same reason ~- 1 is continuous, and this shows that the two topologies on Eu,..,v 
agree. Moreover, the projection n~: E~-----+ U is continuous, with respect to the 
topology induced by ß'. Hence Eu,.., v = n~- 1 ( U n V) is open in Eu, and similarly 
E~,..,v is open in E~. D 

4.5. We are now able to define the topology on E'=cp'(E). Let (U;) be an open 
cover of X, and Iet ßi: Eu,-----+ Ui x Mi be a trivialization of E over Ui for each i. By 
functoriality, the isomorphisms ßi induce a bijection Eu,-----+ Ui x cp(M;), and in 
this way E~, may be provided with a topology. Now we provide E' with the largest 
topology making the inclusions Eu-----+ E' continuous. This is possible because 
according to the previous Iemma for each pair (i,j) the topologies on E~, and Euj 
agree on Eu,nuJ' making it an open subset of Eu, and Eu/ 

This topology does not depend on the choice of covering, nor on the choice of 
trivializations. In fact, if (V,) is another covering and if t/J,: Evr-----+ V, x N, are 
other trivializations, the same argument as before shows that the two possible 
topologies on E~,,.., vr coincide and that E~,,.., vr is open in both E~, and E~r. Hence 
the two topologies on E' coincide. Finally E' is locally trivial since Eu,~ Ui x cp(Mi) 
is a trivial bundle, for each i. 

4.6. In order to completely define the functor cp', we have to define what 
f'=cp'(f): cp'(E)----+ cp'(F) must be whenf: E-----+ Fis a morphism ofvector bundles. 
We simply define f' on each fiber by f~ = cp(fx): cp(Ex)-----+ cp(Fx) which is linear. 
To prove thatf' is continuous, we Iook at the commutative diagrams 

Eu ~ UxM E~L Uxcp(M) 

fluj ]• and f'luj ju 
Fu+UxN .5' 

Fu~ Uxcp(N), 
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where ß', (l, alld g' are agaill illduced from ß, b, alld g respectively by fullctoriality 
Olleach fiber. The map g', illduced from g', is the compositioll of the colltilluous 
maps 

u L tff(M, N)---- tff(cp(M), cp(N)). 

Accordillg to Theorem 1.12 the map g' is colltilluous, alld hellcef' is colltilluous. 

4.7. Generalization. Let C1J be the category 

tff~ X · · · X tff~ X tff~ X • · · X tff~ X tff IR X • • · X tff IR X tff c X • · • X tff c 
'----r-----" '------y------' '----r-----" ....___"____, 

Pt P2 qt q2 

alld Iet CIJ' be the category 

tff~ X · • · X tff~ X tff~ X · · • X tff~ X tff IR X • · · X tff IR X tff c X • · • X tff c 
'-----v-----' '---v-----' '------v------' ....___"____, 

p~ p; q~ q; 

where the llotatioll 0 mealls the opposite category (same objects but arrows 
reversed). A fullctor cp: C1J--+ CIJ' is called colltilluous if for each pair (R, S) of 
objects of CIJ, the map CIJ(R, S)--+ CIJ'(cp(R), cp(S)) is colltilluous. Thell the same 
method as before shows how to defille a fullctor cp' = cp(X): CIJ(X)--+ CIJ'(X) where 

CIJ(X) = tff~(X) X · • · X tff~(X) x tff~(X) x · · · x tff~(X) 

P2 

X tff IR(X) X · · · X tff IR(X) X tff c(X) X · · · X tff c(X) 

alld 

CIJ'(X) = tff~(X) x · · · x tff~(X) x I!~( X) x · · · x I!~( X) 

p~ p; 

q~ q; 

If the compositioll cp 2 ·cp 1 is weil defilled, we have (cp2 ·cp 1 )(X)~cp2(X)·cp 1(X). 
Finally, if cp 1 alld cp 2 are isomorphic fullctors, thell cp 1 (X) alld cpiX) are also 
isomorphic. 

4.8. Examples. a) The fullctor cp: tff x tff--+ tff givell by cp(M, N) = M EB N illduces 
cp(X): tff(X) x tff(X)--+ tff(X). If E alld F are vector bulldles Oll X, thell the bulldle 
cp(X)(E, F) is delloted by E EB F, alld is called the Whitney sum of the bulldles 
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E and F. It is easy to see that E EB F is isomorphic to the fiber product Ex x F. 
Moreover, the classica1 identities for vector spaces imp1y canonical isomorphisms 
(E EB F) EB G;:::::,E EB (F EB G) and E EB F;:::::,F EB E from 4.7. 

b) Let cp: rC k x rC k---+ rC k be the functor defined by cp( M, N) = M ® k N. Then 
cp(X)(E, F) = E ® F is the tensor product of E and F. Again we have canonical 
isomorphisms (E ® F) ® G;:::::,E ® (F ® G) and E ® F;:::::,F ® E. 

c) If <p: C0 x rC---+ rC is the functor (M, N) >--> rff(M, N), then the object 
cp(X)(E, F)=HOM(E, F) is called the vector bundle of homomorphisms between 
E and F (the fiber over a point x of Xis rff(Ex, Fx)=Homc(Ex, Fx)). 

d) The "duality functor" M ~---'>- M* from Cf to rC k induces another duality 
functor E~--'>-E* from Cf(X) to rffiX). Of course, we have the identity 
HOM(E,F);:::::E* ®kF. 

e) We also have the conjugate functor t from rffc(X) to rffc(X), induced by the 
functor M ~---'>- M which associates each complex vector space with its conjugate. 
Let c: C JR(X)---+ C c(X) be the "complexification functor", induced by the functor 
rC JR---+ C c defined by M ~---'>- M ®JR. CC. Let r: C c(X)---+ C JR(X) be the "realification 
functor", which is induced by the functor C c---+ rC JR which associates each complex 
vector space with its underlying real vector space. Then (rc)(E) is naturally 
isomorphic to E EB E and (cr)(E) is naturally isomorphic to E EB E. 

f) Examples c) and d) in 4.2 enable us to define operations i and Si in the 
category ofvector bundles. Theseoperationsare very important in the application 
of K-theory described in the last chapter of this book. 

4.9. Let E and F be vector bundles with bases X and Y respectively. We define the 
"external Whitney sum" of E and F as the vector bundle El±l Fon Xx Y, where 
E 1±1 F=n!(E) EB nHF) with n1 : X x Y---+ X and n2 : Xx Y---+ Y. Obviously we 
have E 1±1 F=Ex Fand (E 1±1 F)(x.y)=Ex E8 FY. In the same way, the "external 
tensor product" of E and Fis the vector bundle E [8] Fon Xx Y, where E [8] F= 
n!(E) ® n'!(F). Similarly (E [8] F)(x,y)=Ex ® FY. 

Exercises (Section 1.9) 9-12, 30. 

5. Sections of Vector Bundles 

5.1. Definition. Let ~ = (E, n, X) be a vector bundle. Then a section of ~ is a map 
s: X---+ E such that n · s = Idx. A section s is called continuous if s is a continuous 
map (very often sections will refer to continuous sections since we do not consider 
other types of sections in this book). 

5.2. Example. Let s: X---+ E be the map which associates each point x of X with 
the vector 0 of the vector space Ex. If ß: Eu---+ U x M is a trivialization of E over 
an open set U, we have (ß · s)(x) = (x, 0) for x E U. It follows that s is a continuous 
section of E. This section is called the zero section of the vector bundle. 
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5.3. Example. Let us suppose that Eis the trivial bundle X x M. Then a continuous 
section of E may be written as x c-+ (x, s1(x)), where s1 : X~ M is a continuous 
map. Conversely, any such continuous map induces a continuous section of E. In 
this way, we see that the notion of a section of a vector bundle is, in some sense, 
a generalization of the notion of a continuous map with values in a vector space. 

5.4. Let s1 , ... , sn be n (continuous) sections of the vector bundle E. Let 
n 

r:x:Xxk"~E be the morphism defined by r:x(x,A.1 , ..• ,A.n)= I A;s;(x) (where 
i= 1 

the sum is taken in the vector space Ex)· These sections are called linearly indepen-
dent if s1 (x), . .. , sn(x) are linearly independent for each point x. lf the rank of E 
is equal to n, then r:x induces an isomorphism on each fiber and hence is an iso­
morphism by 2.7. 

5.5. Example. Let us consider once more the vector bundle E= rsn- 1 of 2.3 
(with a slight change of notation). In V.2 we prove that rsn- 1 admits exactly 
p(n) -I linearly independent sections and not p(n), where p(n) is the arithmetic 
function ofn defined by p(n)=2Y +8<5, where n=k(2Y+ 4ö), for k odd and 0~ y<3. 
In particular, for n- I even, there is no section # 0 everywhere, and rsn- 1 is a 
trivial bundle if and only if n- 1 = 1, 3, or 7 

n-1 2 3 4 5 6 7 8 9 IO II 

p(n)-I 0 3 0 0 7 0 0 3 

On the other hand, if 0 1 is the trivial bundle of rank one on sn- 1, then TS"- 1 EB 0 1 
is isomorphic to the trivial bundle (Jn of rank n over sn- 1 • The isomorphism 
rsn- 1 EB 01 ~ (Jn is given by ((x, v), A)c-+(X, v+A.x), where (x, v)E rsn- 1 and 
rsn- 1 EB 81 is identified with TS"- 1 X lR. Hence rsn- 1 EB 01 admits n continuous 
linearly independent sections. 

5.6. Let E be a vector bundle with base X. We denote the set of continuous sections 
of E by F(X, E). It is obviously a vector space under the operations (s+t)(x)= 
s(x)+t(x) and (A.s)(x)=A.s(x). Now let i: Y ~X be a continuous map. By com­
position with i, a section s of E induces a section of the induced bundle i *(E) = 
Yx xE by the formula t(y)=(y, (si)(y)). The map r(X, E) ~ T(Y, i*(E)) is 
obviously k-linear. In particular, if Y is a subspace of X, the section t is the 
"restriction" of s to Y, and we denote it by sl r or simply s r. 

5.7. Theorem. Jf Xis paracompact and Y is closed in X, the restriction homo­
morphism F(X, E) ~ r(Y, Er) is surjective. 

Proof The proof of this theorem splits into three parts: 
a) Suppose E=Xx M, From Example 5.3, we see that the space of sections 

r(X, E) may be identified with the vector space F(X, M) of continuous maps 
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s1 : X-+ M. From this point of view, the restriction homomorphism r(X, E)-+ 
r(Y, Ey) may be interpreted as the restriction homomorphism offunctions 

F(X, M) ~ F( Y, M), 

which is surjective due to the Tietze extension theorem (Bourbaki [1], Kelley [1]). 
b) Suppose E is isomorphic to X x M. Let us consider an isomorphism 

E-:::::,F=Xx M. Then we have the commutative diagram 

r(X, E) ~ r(X, F) 

1 1 

and the assertion follows from a). 
c) General case. Let (U;), i E /, be a locally finite open cover of X suchthat Eu 

is trivial and let (V;) be an open cover of X such that V; c U;. Let T; = V;n Y. If 
t is a section of Ey, we let t;=tlr;; then by b) we can choose a section s; of Elv; 
suchthat s;lr; = t;. If (a;) is a_partition of unity associated with the cover (V;), we 
set s;(x) = a;(x)s;(x) for x E V; and s;(x) = 0 otherwise. Then s; is a continuous 
section which is zero over all but a finite number of the Vj. Therefore, the sum 
I s;(x) (taken in each fiber) is actually a finite sum on a neighbourhood of each 
iei 
point x, and defines a continuous section s of E. For XE Y, we have 

s(x) = L a;(x)s;(x) = I a;(x)t(x) = (I a;(x))t(x) = t(x). 
iei iei iei 

Hence slr=t. 0 

5.8. If E and F are vector bundles over X, let us write Hom(E, F) for the set of 
morphisms from E to F. This set is obviously a vector space under the operations 
(f+g)x=fx+9x and (Af)x=A.fx· The correspondence (E, F) ~--+ Hom(E, F) 
induces a functor from lffk(X)0 x lffk(X) to the category of k-vector spaces 
(of arbitrary dimension). On the other hand, the correspondence (E, F) ~--+ 
r(X, HOM(E, F)) (cf. 4.8.c) also inducesa functorfrom lffk(X)0 x !&'k(X) to the same 
category. 

5.9. Theorem. The functors (E, F) ~--+ Hom(E, F) and (E, F) 1-+ T(X, HOM(E, F)) 
are isomorphic. 

Proof Let a: E-+ F be a morphism. Then the map x ~--+ ax defines a section s 
of the vector bundle HOM(E, F). To see that s is continuous, Iet us consider 
trivializations ß: Eu~ U x M and y: F u ~ U x N, where U is an open set in X. 
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Then we have the commutative diagram 

UxMLUxN 

which defines a continuous map g by 1.12. Carrying the structure, we see that 
HOM(E,F)Iu~HOM(Eu,Fu)~UxtS'(M,N). Thus slu may be identified with 
the section of the trivial bundle U x tS'(M, N) defined by x ~--+ (x, g(x)). Hence s is 
continuous. 

Conversely, if s is a continuous section of HOM(E, F), then s defines a map 
a: E--+ F by the formula ax=s(x). The same method as before shows that a is 
continuous. 0 

5.10. Theorem. Let E and F be vector bund/es over a paracompact space X, Iet Y be 
a closed subset of X, and Iet a: Ey--+ Fy be a morphism ofvector bund/es. Then there 
exists a morphism ä: E--+ F such that äly=a (ä is called an "extension" of a to X). 

Proof This theorem follows from Theorem 5.7 applied to the vector bundle 
HOM(E, F), due to the commutativity of the diagram 

Hom(E, F) ~ F(X, HOM(E, F)) 

j j 

which follows from 5.9. 0 

5.11. Corollary. With the notation of Theorem 5.10, Iet us suppose that a is an 
isomorphism. Then there exists a neighbourhood V of Y and an isomorphism 
a': Ev--+ Fv such that a~ = a. 

Proof Let ä: E--+ F be an extension of a and let V be the set of points ·.x of X 
such that äx is an isomorphism. Let us prove first that V is an open neighbourhood 
of Y. In fact, if x E V, we can find an open neighbourhood Wx of x such that 
Elwx~Fiwx~ Wxx k". Inducing the vector bundle structure, we see that ßx=älwx 
is a morphism from Wx x k" to Wx x k" which is represented by a continuous map 
ßx: Wx--+ tS'(k", k"). Hence V11 Wx may be identifled with the set ofpoints v of Wx 
such that ßx(v) E Iso(k", k"). Since lso(k", k") is an open subset of tS'(k", k"), we 
see that V 11 Wx is open in Wx, and hence in X. It follows that V= U V 11 Wx 

xeV 

is an open subset of X which contains Y. Finally a' =älv is an isomorphism 
by 2.7. 0 



5. Sections ofVector Bundles 25 

5.12. For an app1ication, one may read in advance, 7.1 to 7.6. 

5.13. Theorem. Let X be a paracompact space, Iet E and F be vector bund/es over X, 
and Iet IX: E ..-. F be a morphism such that IXx: Ex..-. Fx is surjective for each point 
x of X. Then there exists a morphism ß: F ..-. E such that iXß = IdF. 

Proof Let x be a point of X, and 1et U be a neighbourhood of x suchthat Eu and 
Fu are trivial. Then we may identify Eu and Fu with U x M and U x N respective1y. 
Under this identification, the morphism IXu: U x M ..-. U x N may be written as 0, 
where (}: U ..-. tff(M, N) is a continuous map. If we write M in the form 
N Ef> Ker((}(x)), then the map (}(y): N Ef> Ker((}(x)) ..-. N may be represented by 
the matrix 

where (} 1 and (}2 are continuous functions of y suchthat (} 1(x)= 1 and (} 2(x)=O. 
Since Aut(N) is open in End(N), there exists a neighbourhood Vx of x such that 
(}1(y)isan isomorphismfor y E Ux. Letus nowconsider themap(}~: Vx ..-. tff(N, M), 
which is represented by the matrix 

Then (}~ induces a morphism {}~: Flvx ..-. Elvx suchthat IXvx .{J~=Id. Varying the 
point x, we construct a 1ocally finite open cover (VJ of X and morphisms 
ß;:Fv, ..-. Ev, suchthat rxv,·ß;=Id Fv,· Let (IJ;) be a partition ofunity associated 
with the cover (VJ, and 1et ß: F ..-. E be the map defined by ß(e)= L IJ;(x)ß;(e) 

iEl 

for e E Ex. In this formu1a we use the convention that IJ;(x)ß;(e) = 0 for x ~ V;. 
Therefore, in a suitab1e neighbourhood of x, we have IJ;(x)ß;(e)=O except for a 
finite number of indices i, and thus ß is continuous .. Finally, 

(rx·ß)(e)= L IJ;(x)(rx·ß;)(e)=(L IJ;(x))(iX·ß;(e))=e.D 
iel iei 

5.14. Theorem. Let X be a paracompact space, Iet E and F be two vector bund/es 
over X, and Iet IX: E ..-. F be a morphism such that rxx: Ex..-. Fx is injective for each 
point x. Then there exists a morphism ß: F ..-. E such that ß ·IX= IdE. 

Proof The proof of this theorem is comp1etely analogous to the proof above and 
is left as an exercise for the reader. 0 

Exercises (Section !.9) 13-15, 27. 
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6. Algebraic Properties ofthe Category ofVector Bundles 

6.1. Theorem. The category t&'(X) of vector bund/es with base X is an additive 
category. 

Pro~(. If E and F are vector bundles, we already know that Hom(E, F) = t&'(X)(E, F) 
is a vector space, and a fortiori, an abelian group (5.8). It is clear that the map 

Hom(M, N) x Hom(N, P)----. Hom(M, P) 

given by the composition of morphisms, is bilinear, and that there exists a zero 
object which is the trivial bundle of rank 0 ~=(X, Idx, X). The main point of the 
proofis to show that the Whitney sum EI EB E2 of EI and E2 is actually the "sum" 
of EI and E2 in the category t&'(X), For this, we need the canonical morphisms 
ia: Ea---+ EI Ef> E2 for rJ. = 1, 2, given by the obvious homomorphisms (Ea)x---+ 
(EI)x Ef> (E2)x· Letfa: Ea---+ F be arbitrary morphisms in t&'(X). We must prove 
that there exists a unique morphismf: EI Ef> E2---+ Fwhich makes the diagram 

commutative. 
a) Uniqueness of f Over each point X of X, we must have u;,)x=fx· (i7)X. 

This imp1ies fx(e 1 , e2)=(f1Me 1)+(f2Me2) for each (ep e2) E (E1)x EB (E2)x= 
(El)x X (E2)x · 

b) Existence off Let us define a mapf: E 1 Ef> E2---+ Fby the formu1a above. 
To verify thatfis continuous, we consider an open set U suchthat Ealu~ Ux Ma 
and Flu~ Ux N. Inducing the vector bund1e structure, falu becomes Ba where 
ga: U---+ t&'(M, N) is a continuous map (1.12 again). In the same wayJiu becomes 
the map from Ux (M1 EB M 2) to Ux N defined by (x, (m1, m2)) t-+(x,g1(m 1)+ 
g2(m2 )), which is clearly continuous. Hencefis continuous. 0 

6.2. Remarks and application. Since t&'(X) is an additive category, EI Ef> E2 is also 
the product of EI and E2 in t&'(X) (but not in the category of topological spaces 
unless Xis a point or 0 ). If EI, ... , En and FI, ... , FP are vector bundles over X, 

n p 

a morphism from Ef> E; to Ef> Fj may be represented by a matrix (aj;) where 
i=I j=I 

aji E Hom(E;. F). 
The following theorem will be very usefu1 in this book. 

6.3. Theorem. Let E be a vector bundle over X, and Iet p be a projector of E (i.e. an 
endomorphism ofE suchthat p2 =p). Then the quasi-vector bundle Kerp = U Kerpx 

xeX 
(provided with the topo/ogy induced by the topo/ogy of E) is /ocally trivial. 
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Proof Since the question is "local", we may suppose that Eis the trivial bundle 
Xx M. Let x 0 be a point of X and let f: X~ tff(M, M) be the map defined by 
f(x)= 1-px -pxo +2PxPxo· Since Pxo -f(x)=f(x) ·px, we have the commutative 
diagram 

0---4 Ker p---4Xx M ~ Xx M 

j/ 1/ 
o~xxKerp ~xxM~XxM xo 

wherep0 =Idx xpxo· Sincef(x0)= 1, there exists a neighbourhood V(x0) ofx0 such 
thatf(x) is an automorphism for x E V(x0 ) (because Aut(M) is open in End(M)). 
Over V(x0),/induces a homeomorphism between Ker p and V(x 0) x Ker p xo, since 

A ~ 

one can define a continuous map Uv<xor 1 =Uvl)ol) by 1.12. 0 

6.4. Remarks. It is easy to verify that the vector bundle Ker p, which is defined in 
this way, is the kernel of p in the categorical sense. If p 2 =I= p, the kernel of p does not 
exist in general. 
* The more advanced reader will notice that the proof of Theorem 6.3 also holds 
for Banach bundles (Lang [2]).* 

6.5. Theorem. Let E be a vector bundle with compact base X. Then there exists c. 
vector bundle E' such that E $ E' is trivial. 

Proof Let (U;) for i = 1, ... , r be a finite open cover of X such that Eu;::::: Ui x kn;, 
and let (17) be a partition ofunity associated with the cover (Ui). According to 5.4, 
there exist ni linear independent sections sf, s? ... , s?; of Eu;. The sections 
1Jisf, 1J;s?, ... , 1J;s?\ extended by 0 outside Ui' are also n; linearly independent 
sections of Elv;• where Vi=1Ji- 1((0, 1]). Let a{ be the sections 1J;s{, for 1~j~ni. 
Then the vectors a{(x) generate Ex as a vector space, and by 5.4, we have a 
morphism 

r 

for n = L ni, such that il(x: Tx ~ Ex is surjective for each point x of X. According 
i= 1 

to Theorem 5.13, there exists a morphism ß: E ~ T suchthat il( • ß = IdE. Let E' be 
the kernel of the projector p = ß · il(. Now we may conclude the proof in two slightly 
different ways: 

(i) Since S(X) is an additive category and since E:::::Ker(l-p), we have 
E$E':::::T. 

(ii) We define a morphism from E $ E' to Tby the sum ofthe inclusion of E' 
in T and the map ß. This morphism induces an isomorphism on each fiber because 
E~::::: Ker p x and Ex::::: Ker( 1 - p x)· Hence the morphism is an isomorphism by 2. 7. 0 
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*6.6. Remark. According to Hurewicz and Wallmann [1], a topoiogicai space Xis 
of dimension ~ p, if for every finite open cover d/1 of X, there exists a finer cover (V;), 
such that each point of X beiongs to at most (p + I) sets of the cover (V;). A space 
is of dimension p if it is of dimension ::;;.p and not of dimension ::;;.p- I. A dif­
ferential manifold modelled on JRP is of dimension p. A CW-complex with cells 
contained in JRP is also of dimension ~p. If Eisa vector bundle over a compact 
connected space of dimension p, there exists a finite cover ( Vi), i = I, ... , p, suchthat 
Ev, is trivial. Hence Eis a direct factor of a trivial bundle of rank ~p x rank (E).* 

6.7. Definition. Let C(J be an additive category. Then C(J is called pseudo-abelian, 
if for every object E of C(J and for every morphism p: E ~ E such that p 2 = p, the 
kemel of p exists. 

6.8. Examples. As we have just shown, the category S(X) is pseudo-abelian. 
From another point ofview, if Adenotesan arbitrary ring with unit, the category 
&J(A) of finitely generated projective modules over A2 l is pseudo-abelian since a 
direct factor of a projective module is again projective. The category .P(A) of 
finitely generated free modules is not pseudo-abelian in general ( ex: A = k x k, 
Mik), .. . ). 

6.9. Proposition. Let C(J be a pseudo-abelian category, Iet E be an object ojC(J and 
Iet p: E~ E be such that p 2 =p. Then the object E splits into the direct sum 
E = Ker( p) E9 Ker(l - p ). Relative to this decomposition, the endomorphism p takes 
the matrixform 

p=(~ ~) 
(i.e. P = OKer(p) E9 ldKer(l-p)). 

Proof Let i 1 : Ker{p) ~ E and i2 : Ker( I - p) ~ E be the canonical inclusions. By 
a weil known Iemma in the theory of additive categories (cf. Mitchell [1]), we must 
show the existence ofj1 :E~Ker{p) andj2 :E~Ker(l-p) such thatj1 ·i1 = 
IdKer(p)' j 2 ·i2 =1dKer(l-p)• j 1 ·i2 =0, j 2 ·i1 =0 and finally i1 -j1 +i2 ·j2 =1dE. We 
definej1 andj2 as the unique morphisms which make the diagrams 

2l Here we are considering right A-modules. 
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commutative. By the universal property of kernels, z1Jt 11 = i 1 and i212i2 = i2 ; 

hence, j 1 · i 1 = IdKer(pJ and j 2 • i2 = IdKer(l-pJ· Moreover, the universal property of 
kernels also shows that the following diagrams are commutative. 

Ker{p)~E~E Ker(l-p)~ EI-p E 

r~~~~-, 
Ker(l-p)~E 

f~~J 
Ker(p)~E 

Hencej1 ·i2 =0 andj2 ·i1 =0, Finally i1 ·j1 +i2 ·j2 =p+(l-p)= I. Since p=i2 ·j2 , 

the matrix of p is necessarily of the form stated. 0 

Now we are going to describe a universal procedure ofimbedding an additive 
category in a pseudo-abelian category. Its main application is Theorem 6.18. 

6.10. Theorem. Let Cß be an additive category. Then there exists a pseudo-abelian 
category ft, and an additive functor qJ: Cß--+ fC which is fully faithful and which 
satisfies the following universal property: For every pseudo-abelian category !?} and 
for every additive functor 1/1: Cß--+ !?} , there exists an additive functor 1/1': fC--+ !?} , 

which is unique up to isomorphism and which makes the following diagram 

commutative up to isomorphism. M oreover, the pair ( qJ, fC) is unique up to equivalence 
of categories. 

Proof It is clear that the pair (({J, ft), as the solution of a "universal problem", is 
unique up to equivalence of categories ( exercise left to the reader ). Thus it suffices 
to explicitly construct fC and qJ. 

The objects of fC are the pairs (E, p) where E E Ob(Cß) and p is a projector in E 
(when Cß is a category of modules for instance, one may think ofthispair as the 
"image" of p). The morphisms from source (E,p) with target (F, q) are the 
Cß-morphismsf: E--+ Fsuch thatf-p=q·f=f(to understand "why" we make this 
definition, again one may think of (E, p) as the image of p so that in the decomposi­
tions E=lrnp EB Im(l-p), F=lmq EB Im(l-q), the mapfappears as a matrix 

and hence actually defines a morphismf1 from Imp to Im q). 
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The composition of morphisms in ~ is induced by the composition of mor­
phisms in~. the identity morphisms of (E, p) is p, and the sum of two objects (E, p) 
and (F, q) is the object (E E!7 F,p EB q). With these definitions it is clear that ~ is 
an additive category. Let us show that ~ is pseudo-abelian. If f is a projector of 
the object (E, p), we have the following commutative diagram (where F, q, g, 
and h are defined below). 

The pair (E, (1-f) ·p) is an object of ~. and p-f defines a morphism from this 
object to the object (E, p ). In fact, the pair formed by the object (E, (I - f) ·p) and 
the morphism p-f is a kernel of f in the categorical sense. To see this, Iet us con­
sider a third object (F, q), and a morphism g: (F, q)-4 (E,p) such thatf-g=O. If 
h: (F, q)-4 (E, (1-f)·p) is a morphism which makes the diagram commutative, 
we must have h= (1-f) ·ph =p(l-f)h=pg=g, which shows the uniqueness of h. 
Conversely, ifwe Iet h=g, then the diagram is obviously commutative. 

Let us now define the functor q>: ~ -4 ~ by the formulas cp(E) = (E, ldE) and 
q>(f) = f, on the o bjects and morphisms respectively. The above computation 
shows that (E,p) is the kernel of 1-p, interpreted as a morphism from cp(E) to 
cp(E). Hence cp(E);:::;(E,p) tB (E, 1-p). If l/1: ~ -4 f0 (resp. l/J': ~ -4 f0) is an 
additive functor from ~ (resp. ~) to a pseudo-abelian category f0, suchthat the 
diagram 

is commutative up to isomorphism, we have 1/J'(Kerf);:::;Ker(t/J'{f)) for every 
projector f Hence 1/J'(E, p) = Ker t/1(1 -p): t/J(E) -4 t/I(E) and t/J'{f) = t/J{f)Kerl/1(1-p) 
on the objects and morphisms respectively. Conversely, these formulas define t/J' 
(up to isomorphism). 0 

6.11. Notation. We call ~ the pseudo-abelian category associated with ~. 

6.12. Theorem. Let~ be an additive category, f0 a pseudo-abelian category, and 
t/J: ~ -4 f0 an additive functor which is fully faithful such that every object of f0 is a 
direct factor of an object in the image of t/1. Then the functor l/1' defined in 6.9 is an 
equivalence between the categories ~ and f0. 
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Proof Let us first show that 1/1' is essentially surjective. If G is an object of !!fi, 
there exists by hypothesis an object E of ({/ and a projector q: 1/J(E)----> 1/J(E), such 
that G~ Ker(q). Since 1/J is fully faithful, we may write q as 1/J(p), where p is a 
projector of E. Then Gis isomorphic to 1/J'(E, 1-p) according to the formula for 
kernels given in 6.10 (substitute 1-p for p). 

To prove that 1/J' is fully faithful, let us consider two objects H and H' of f6 
which are direct factors of cp(E) and cp(E') respectively. Then the diagram 

f6(cp(E), cp(E'))~({/(E, E') f6(H, H') 

... , .. \ ]•,,- ]·~· 
f!fi(t/J(E), 1/J(E')) ~ !!fi(t/J'(H), 1/J'(H')) 

where the horizontal arrows are induced by the direct sum decompositions 
cp(E)=H E9 H 1 and cp(E')=H' $ H~, shows that 1/J~.w is an isomorphism, since 
1/JE,E' is an isomorphism by the hypothesis. Hence 1/J' is a category equivalence. D 

6.13. Theorem. Let ({/ = C r(X) be the full subcategory of C(X) whose objects are 
the trivial bund/es. Then if Xis compact, the pseudo-abelian category f6 associated 
with ({/ is equivalent to the category C(X) of all vector bund/es over X. 

Proof Let !!fi be the category C(X), and let 1/1: ({/----> !!fi be the inclusion functor. 
According to Theorem 6.5, every object of !!fi is a direct factor of some 1/J(G ). Hence, 
by Theorem 6.12, the functor 1/1' induces an equivalence lff rCX) --C(X). D 

6.14. Remark. Theorem 6.12 gives us a purely algebraic way to describe vector 
bundles over a compact space X as images of projection operators. It is possible to 
prove all the main theorems of K-theory in Chapters II and 111 from this point of 
view. However, the vector bundlesthat we are generally interested in (for example 
the tangent bundle of a differentiable manifold) arenot defined in this way. Never­
theless, this point of view will sometimes be convenient for theoretical purposes. 

*6.15. Remark. It follows from Remark 6.6, that Theorem 6.13 can be refined for 
X connected of finite dimension.* 

6.16. Theorem. Let A be an arbitrary ring with unit, and Iet ({/=!l'(A) be the 
category considered in 6.8. Then f6 is equivalent to the category &'(A) of finitely 
generated projective A-modules. 

Proof This theorem is another consequence of Theorem 6.12 applied to the 
categories ffi = &'(A ), since every object of &'(A) is a direct factor of some An. D 

6.17. Let A == Ck(X) be the ring of continuous functions on a compact space X with 
values in k. If Eisa k-vector bundle with base X, the set r(X, E) of continuous 
sections of EisanA-module under the operation (s·A.)(x)=s(x)A.(x) where A. E A 
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and s E r(X, E). If Eis the trivial bundle Xx k", then r(X, E) may be identified 
withA" as an A-module. If Eis an arbitraryvector bundle, and if E E9 E'~Xx k", 
then r(X, E) E9 r(X, E')~r(X, E E9 E')~A" asA-modules. Hence r(X, E) is an 
object of ~(A), and the correspondence Er+ F(X, E) induces an additive functor 
denoted by r from S(X) to ~(A). 

6.18. Theorem (Serre [2]-Swan [1]). Let A = Ck(X) be the ring of continuous 
functions on a compact space X with values in k. Then the sectionfunctor r induces an 
equivalence of categories S(X) "'~(A). 

Proof The functor r induces a functor r T : t! r(X)- !t'(A ), where tf T(X) is 
defined in 6.13. Since A"~r T(E) with E=Xx k", r T is essentially surjective. 
lf F =X x kP and f: E- Fis a morphism, then r T(f) is represented by the matrix 
M(x)~(aix)), for i= I, ... , n andj= I, ... ,p, and the map x r+M(x) coincides 
withf: X- Ck(k", kP) using the notation of 1.12. Moreover, Theorem 1.12 shows 
that r T is fully faithful, and hence a category equivalence. 

Let us put rc = t! T(X), fl) = ~(A), and Iet 1/1: rc- fl) be the composition of r T 
and the inclusion factor of !l' (A) in ~(A). Since the diagram 

is commutative, r may be identified with 1/1' of Theorem 6.1 0. From Theorem 6.12, 
it now follows that r is a category equivalence. D 

* 6.19. Remark. Let Ybe a closed subspace of X. Then, by restriction offunctions, 
B= Ck(Y) is a Ck(X)-module. lfwe identify t!k(X) (resp. SiY)) with ~(A) (resp. 
~(B)), the restriction functor t! k(X)- t! k( Y) may be interpreted as the "extension 
ofscalars" functor ~(A)- ~(B), defined by Mr+M ®A B.• 

6.20. Let E be a vector bundle with base X. We now define a Banach space topology 
on the vector space F(X, E). lf E=Xx k, then r(X, E)=A is actually a Banach 
algebra under the norm 

llsll = sup ls(x)l 
xeX 

If Eis arbitrary, we may regard F(X, E) as a module over A. Let u: A"- F(X, E) 
be a surjective A-module homomorphism and let us give E the quotient topology. 
Then the topology induced on r(X, E) by this projection is independent of the 
choice of u. Suppose u': An' - F(X, E) isanother choice. Since F(X, E) is projective, 
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there exist A-linear maps v: An---.. An' and v': An'---.. Ansuchthat the diagram 

is commutative. Moreover v and v' are A-linear hence given by matrices, and thus 
continuous since A is a Banach algebra. Thus the diagram shows that the topology 
on r(X, E) is independent of the choice of u. 

A vector bundle morphism f: E---.. F induces an A-module homomorphism 
F(X,j):F(X,E)--..F(X,F). If u:An--..r(X,E) and v:Am--..r(X,F) are sur­
jective A-linear maps, one can find]: An---.. Am which makes the diagram 

An f Am 

j j 
F(X, E) F(X,f) F(X, F) 

commutative. 
Since]is continuous,fis continuous as an A-module homomorphism. 

6.21. It is possible to interpret the topology of r(X, E) in another way. Let (U;) be 
a finite cover of X of closed subsets U;. Each continuous section s of E induces 
continuous sections s; of E;=Eu, such that s;lu,,-,uj=s)u,,-,uj· Conversely, Iet s; 
be continuous sections of E; suchthat s;lu,,-,uj =silu,,-,uj. Then, applying the same 
method as in 3.1, it can be shown that there exists a unique continuous section 
s of E, such that slu, = s;. In other words, we have the exact sequence 

0---.. F(X,E)~ flF(U;,E;) r,-rz flF(U;nUi,E;j) 
i i,j 

where Eii=Eiu,,-,ui' and r1 and r2 are induced by the restrictions F(U;, E;)--.. 
r(U;n Ui, E;) and F(Ui, Ei)---.. F(U;n Ui, Eii) respectively. According to 6.20, 
r1 and r2 are continuous, thus Ker(r1 - r2 ) is a closed subspace ofthe Banachspace 
TI F(U;, E;), and the canonical map F(X, E)---.. Ker(r1 -r2 ) is bijective. By apply-

i 

ing the Banach theorem or using a partition of unity to define a map from 
Ker(r 1 - r 2 ) to F(X, E), we see that the Banach spaces F(X, E) and Ker(r 1 - r 2 ) 

are isomorphic. In particular, if the vector bundles E; are trivial, then F(U;, E;)~ 
Ck(U;t'whereE;~ U; x kn', and F(X, E)appearsasaclosed subspace offl Ck(U;t'. 

i 

6.22. Let A be an arbitrary Banach algebra, and Iet M and N be objects of 9'(A). 
Then the vector space HomA(M, N) can be provided with a Banachspace topology. 
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In fact, M and N can be provided with the norms induced by arbitrary A-linear 
surjections Am --+ M, A" --+ N. By the argument used in 6.20, the Banach space 
topology obtained on M and N is independent of the choice of these surjec­
tions. Moreover, HomA(M, N) is a closed subspace of .P(M, N), the space of 
1R-linear continuous maps from M to N with the usual topology. Since M and N 
are projectives and finitely generated, the choice of decompositions M E9 M' ~A" 
and N E9 N'~Am enables us to identify HomA(M, N) with a closed subspace of 
HomA(A", Am)~A-. Finally, if Pisa third object of ~(A), then the map 

given by the composition of morphisms, is k-bilinear and continuous (A is a 
Banachalgebra over k= 1R or er) since it is induced by the map 

.P(M, N) x .P(N, P)--+ .P(M, P) 

In particular, Iet E, Fand G be vector bundles with compact base X. If we choose 
A = Ck(X), we see that Hom(E, F)~HomA(F(X, E), F(X, F)), Hom(F, G)~ 
HomA(F(X, F), F(X, G)), and Hom{E, G)~HomA(F(X, E), F(X, G)). Hence 
Hom{E, F), Hom(F, G), Hom(E, G) are naturally Banach spaces, and the map 

Hom(E, F) x Hom(F, G)--+ Hom(E, G) 

is k-bilinear and continuous. 

6.23. Remark. The isomorphism F(X, Hom(E, F))~Hom(E, F) given in 5.9, is 
compatible with the natural Banach structure put on the two factors (Hint: write 
E and F as direct factors of trivial bundles ). 

6.24. To conclude this section Iet us consider the pseudo-abelian category 8 r(X) 
associated with 8 r(X), for any topological space X. The same ideas as those used 
in the proof of Theorem 6.12 may be applied to show that 8 r(X) is equivalent to 
the full subcategory of 8(X), whose objects are direct factors oftrivial bundles. We 
will denote this category by 8'(X). In general tf'(X) is not equivalent to 8(X). 
However, we will see that some of the properties of 8(X) are also present in the 
subcategory 8'(X). More precisely, we prove the following proposition: 

6.25. Proposition. Let (U;), for i = 1, ... , n, be a finite open cover of a topo/ogica/ 
space X, such that there exists a partition of unity associated with (UJ, and Iet 
E; E Ob ti'(UJ Let 

be isomorphisms such that 9t;=9ti'9ii over U;nUr.,uk. Then the vector bund/e 
obtained by clutching the E; using the gii (cf. 3.2), is an object of 8'(X). 
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Proof Let us identify rS'(Y) with rS r(Y) for each space Y, so thatE; may be written 
as (M;,p;), where M; isatrivial bundle andp; is a projection operator. Then we 
consider E=(M,p), where M=M1 EB · · · EB Mn andp is the projection operator 
represented by the matrix (pk1) defined as follows. Let (ak) be a partition ofunity 
associated with (Uk), and Iet ßk=~. Then we define 

where as usual we use the convention that 9kt = 0 outside Ukn U1• We define 
9;: (M;,p;)~ (M,p) as the column matrix (9;)k= ßk9kJ7;, and/;: (M,p) ~ (M;,p;) 

as the row matrix (/;)k = ßk9ikPk. Then, a direct computation shows that /; and 9; 

areinverse homomorphisms over U;. Wehave gj 1 · g;=~·g;= L ßkgikPkßkgk;P;= 
k 

L (ßk)29i;=9ii over U;nUi. From 3.3 it follows that (M, p) is the bundle obtained 
k 

by clutching the bundles E;. 0 

6.26. Example. Let Xbe a locally compact space, Iet X 1 be open relatively compact, 
and Iet X=X1•.JX2 where X 2 is open. Let K be the compact space X1, and Iet 
a~, a~ be a partition of unity associated with the cover of K defined by X 1 and 
X 2 nK. Then a~IK-x, = 1 and may be extended by 1 on X outside K. If a2 denotes 
this extension, then the pair (a~, a2 ) defines a partition of unity associated with 
(Xp X 2 ). In particular if E 1 EÜbrS'(X1), E 2 E0brS'(X2), and a :E1 Ix 11-,x 2 ~ E 2 lx,nx2 

is an isomorphism, then the clutching of E1 and E2 using a is a direct factor of a 
trivial bundle. 

7. Homotopy Theory of Vector Bundles 

7.1. Theorem. Let X be a compact space and Iet E be a vector bundle over X x I 
where I=[0,1]. Let at:X~Xxi and JI:Xxi~x be the maps defined by 

alx)=(x, t) and II(x, u)=x, for xEX and (t, u)EI2 • Then the vector bund/es 

E0 =a~(E) and E 1 =a!(E) are isomorphic. 

Proof Let Et = ai(E). Then the vector bundlesE and II*(Et) are isomorphic over 
the subset X x { t} of X x I. According to 5.11, there exists a neighbourhood V of 
X x { t} in XxIsuch that Elv and II*(Et )iv are isomorphic. Since Xis compact, V 

must contain a subset of the form X x U where U is a neighbourhood of t in I. 
Hence, fort fixed, there is a neighbourhood U oft suchthat Eu;::.Et for u EU. Now 
the connectivity of I implies that E0 and E 1 must be isomorphic. 0 

7.2. Theorem. Let X be a compact space, and Iet f 0 ,f1 : X~ Y be two continuous 

maps which are homotopic. If E is a vector bundle over Y, then the vector bund/es 

f 0*(E) and j 1*(E) are isomorphic (see 2.6 for the definition of f* in 9enera/). 
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Proof Let F: X x I---> Y be a continuous map such that fr = F · ar for t = 0, I. Then 
f6(E) = (F· et.0 )*(E)= a~(F*(E)) = (F*(E))0 , andj1*(E)= (F· a 1)*(E) = rx!(F*(E))= 
(F*(E))1 . Now we apply the above theorem to the bundle F*(E) over X x I. 0 

7.3. Theorem. With the notation of 7.1, the bund/es E and II*E0 are isomorphic. 

Proof Let p: Xx Ix I---+ Xx I be the map defined by p(x, t, u)= (x, tu). Then 
E'=p*(E) is a bundle over X'xi, where X'~Xxi. But E~~II*E0 and E{~E. 
Hence E and II*E0 are isomorphic by Theorem 7.1 applied to bundles over 
X'xi. 0 

7.4. Theorem. Let X be a contractible compact space. Then every bund/e over Xis 
trivial. 

Proof Let x 0 be a point of X such that if i: X---> {x0 } and j: {x0 }---> X are the 
obviousmaps, then the mapj- iis homotopic to the identity of X. Now E~ i*U*(E)) 
for any vector bundle E over X. Since the bundle F= j*(E) is trivial, the bundle 
E = i*(F) is also trivial. 0 

7.5. Remark. With much more sophisticated arguments, it is possible to prove 
the above theorems with the weaker hypothesis, X para~ompact (cf. Husemoller 
[1]). 

7.6. Theorem. The maps 

and 

defined in 3.10 and 3.14 respectively, are bijective if Xis compact. 

Proof Since the second map is a generalization of the first, let us consider only the 
second map. According to 3.14, it suffices to show that any bundle over S'(X) is 
isomorphic to a bundle ofthe form EJ, wheref: X---+ GLP(k) is a continuous map 
such thatf(e)= I. If Eisa bundle over S'(X), its restrictions over c+ X and c-X 
are trivial since C +X and C- X are contractible. Let E 1 = C +X x kP and 
E 2 = c-Xx kP, and Iet 9 1 : E 1 ---> Elc+x and 9 2 : E 2 ---> Elc-x be isomorphisms. 
According to 3.2, Eis isomorphic to the bundle obtained by clutching the bundles 
E1 and E2 using the transition function 921 : E1 1xx (OJ---> E2 lxx (OJ defined by 
9 21 =(92 lx)- 1(91 lx) where x~xx {0}. Letf: X---> GLp(k) be the map defined by 
j(x)=921 (x) · (921 (e))- 1 . Then Eis isomorphic to EJ by the computation made in 
3.9 adapted to S'(X). 0 
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7. 7. Proposition. Let p and p' be two projectors of a vector bundle T of base X such 
that Im p ~Im p', and Iet jJ and jJ' be the projectors ofT Etl T defined by p = p Etl Or 
and p' =p' Etl Or. Then there exists an automorphism <5 ofT Etl T which is isotopic to 
the identity such that p' = <5 ·p. <5- 1• 

Proof Let us put T 1 =Imp, T2 =lm(1-p), T~ =Imp', and T~=lm(1-p'). We 
write T Etl Tin the form T 1 Etl T2 Etl T~ Etl T~, and notice that any isomorphism 
a: T 1 - T{ induces an automorphism <5ofT Etl T, defined by the matrix 

<5= 
0 0 

0 0 

0 0 

Moreover, in this matrix decomposition, p and jj' take the form of matrices 

0 0 

0 0 

0 0 

0 0 

p'= 

0 0 

0 0 

0 

0 0 

and a simple computation shows that jj' = <5 ·p · <5- 1. On the other band, on the 
factor T1 Etl T~ of T Etl T, the automorphism 

is isotopic to the identity: consider the product 

( 1 - ta- 1)(1 0)(1 
0 1 ta 1 0 

- t1a-l)• t E f. 

Hence <5=<5' EB Idr2 E9Ti is also isotopic to the identity. 0 

7.8. Let us denote by ProUkN), for N~ n, the space of projection operators q 
on 0, suchthat Dim(Im q)=n. A continuous map g: Y- ProUkN) defines a 
projector p = g of the trivial bundle T= y X 0' hence a vector bundle e I= Im p 
ofrankn over Y. Ifj: X- Yis a continuous map, we clearly have e9 . I=f*(e9). In 
particular, ifwe put Y=ProMkN), and g=ldy, the bundle e,.,N=e9 is called the 
canonical bundle over Proj,.(kN). If f: X- Proj,.(0), then the vector bundle e1 
is simp1y f*(e,.,N) according to the formula above. Moreover, when Xis compact, 
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Theorem 7.2 shows that up to isomorphism the bundle ~ 1 = f*( ~n. N) only depends 
on the homotopy class of the map f Hence, the correspondence f ~---+ ( 1 defines a 
map 

For N''?;; N, we have the injective map iN',N: ProUkN)- ProUkN') defined 
by q ~---+ q Ea 0, regarding kN' as kN Ea 0'-N. Hence, by taking the direct Iimit, we 
See that the Cn, N indUCe a map 

7.9. Theorem. For every compact space X, the map Cn defined above is bijective. 

Proof a) Cn is surjective. Let ~ be a vector bundle over X. Since X is compact, 
(~Imp, wherep: T- Tis a projection operator on a trivial bundle T=XxkN 
(6.5). Hence ~~~ib where p is the map from X to Projn(kN) which is canonically 
associated withp (l.l2). 

b) Cn is injective. It is enough to verify the following fact: Let / 0,/1 : X­
ProU0) be continuous maps suchthat (10 ~~11 . Then the mapsfa=i2N,Nf,. for 
oc = 0, I, are homotopic. To see this, consider the projectors p,. = Ia of T =X x 0 
which are associated with theh (1.12). According to Proposition 7.7, there exists 
an automorphism () ofthe trivial bundle T ® T, isotopic to the identity, suchthat 
p 1 =()·Po ·b- 1, where p,.=p,. ® OT. Therefore, Po is homotopic to p 1 among the 
projectors of T Ea T, and ]0 = p is homotopic to Z = p 1 among the maps from X 
to ProUk2N). 0 

7.10. Corollary. Letusdefine BGL"(k)=inj limProji0). Then the maps Cn induce 
a functor isomorphism. 

[X, BGLik)] ~~~(X), 

when Xis a compact space. 

Proof Since X is compact, and since Proji0) is closed in ProU0') for 
N''?;;N, inj lim[X, ProjikN)]~[X, inj lim Projn(0)]=[X, BGLn(k)] (Karoubi 
[1]). 0 

•7.11. Remark. The corollary also holds when Xis paracompact.• 

7.12. Let us put the usual bilinear form (resp. hermitian form) on lR" (resp. CC") 
n n 

defined by tp(x,y)= L X;Y; (resp. L x;y;). An-dimensional subspace M of 0 
i= 1 i= 1 

defines a self-adjoint projection operator p on 0 (k= IR or er), given by lm(p)=M 
and Im(I-p)=Ml.. Ifwe Iet Gn(kN) denote the set ofn-dimensional subspaces of 
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kN, we establish a bijective correspondence between Gn(kN) and the subspace of 
ProUkN) consisting of self-adjoint projection Operators. We give Gn(kN) the 
topology induced by this bijection (in fact, it is easy to provide Gn(e) with the 
structure of a differentiable manifold: it is the "Grassmann manifold"). 

7.13. Proposition. The Grassmann manifold Gn(kN) is a deformation retract of 
Projn(e). 

Proof lf h is a self-adjoint positive operator in e it has a unique positive self­

adjoint square root jh which depends continuously on h. Let 

F: ProUe) x I---+ ProUkN) 

be the map defined by F(p,t)=rx·p·rx-1, where rx=Jl+tJ*·J for J=2p-l. 
Then F(p, t)=p ifp E Gn(kN), F(p, O)=p, and F(p, I) E Gn(kN) since rx 2 ·p ·rx- 2 =p* 
when t= I. D 

7.14. Theorem. Let us define BO(n)=inj lim Gn(IRN) and BU(n)=inj lim Gn(crN). 
Then the maps Cn induce functor isomorphisms 

[X,BO(n)]~<P~(X) and [X,BU(n)]~<P~(X), 

for every compact space X. 

Proof This is a direct consequence of 7.9 and 7.13. D 

7.15. Another description of the spaces Projn(kN) and Gn(e) may be given in 
terms of homogeneous spaces. We write O,(k) for O(r) if k= IR, and for U(r) if 
k = er. Let Po be the projector of kN = kn E9 kN- n defined by Idk~ E9 okN- n • Let 

be the maps defined by p(rx)=rx·p0 ·rx- 1 and a=ploN(k)· 

7.16. Proposition. The maps p and u induce homeomorphisms 

p: GLN(k)/GLn(k) X GLN-n(k) ~ ProjikN) and 

u: ON(k)fOn(k) x ON-ik) ~ Gn<e) 

Proof We define a transitive continuous action of GLN(k) on Projn(e) by the 
formula (rx,p) f--Ht.prx- 1 . Thus ProUkN) may be identified (as a GLN(k)-set) with 
the homogeneous space GLN(k)/G0 , where G0 is the subgroup ofGLN(k) consisting 
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of matrices rx suchthat r:t.·p0 ·r:t.- 1 =p0 • This subgroup is GLn(k)xGLN-nCk), 
imbedded in GLN(k) via the map 

From this discussion we obtain a continuous bijective map 

and in a comp1etely ana1ogous way, a continuous bijective map 

which is actually the restriction of p. All that remains to be shown is that p is an 
open map. For this, we construct a continuous section of p on a neighbourhood of 
each pointp ofProUkN). If rx is an e1ement ofGLN(k) suchthat p(rx)=p, then the 
map s defined by s(q)=(1-p-q+ 2qp) rx from ProUkN) to GLN(k) (for q near p) is 
the required section. In fact, 

s(q)·p0 =(l-p-p+2qp)·r:t.·p0 =(1-p-q+2qp)·p·r:t. 

=q(l-p-q+2qp) ·r:t.=q ·s(q). 0 

Exercises (Section 1.9) 16, 27, 39, 31-33. 

8. Metries and Forms on Vector Bundles 

Let .A. 1---l>-I denote a continuous invo1ution of k =IR or 4::. C1assica1 results show 
that the on1y such invo1utions are the identity and comp1ex conjugation (if k= CC). 

8.1. Definition. Let E be a k-vector bund1e over X. A sesquilinear form on E is a 
continuous map q>: Ex x E -4 k which has the following property. The map 
q>x: Ex x Ex -4 k induced on each fiber is "sesqui1inear" with respect to the k-vector 
space structure of Ex. In other words, q>x is IR-bi1inear and q>x(.A.e, e')=q>x(e, Ie')= 
Aq>x(e, e') for .A. E k, e E Ex, and e' E Ex. 

8.2. If Eis the trivial bundle X x kn, each sesquilinear form q> induces a continuous 
map <P: X -4 MnCk) by the formu1a <;O(x) = (aj;(x)), where aji(x)= q>x(ei, ej), and (eJ 
is the canonica1 basis of ~- Conversely, each continuous map ():X -4 MnCk) 
induces a sesqui1inear form {} on E as follows: over each point x of the base, {j is 
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defined by the matrix O(x)=(ai;(x)). Exp1icitly, we have the formu1a 

showing that ~ is continuous if () is continuous. 

8.3. If E is an arbitrary vector bundle, Iet 'E denote its dual bundle E* if the 
invölution of k is trivial, and its "antidual" E* if k= er and the involution is 
complex conjugation (4.8 d) and e)). Then each sesquilinear form cp induces a 
morphism t/J from E to 'Ein the following way. On each fiber Ex, the morphism 
t/Jx: Ex-+ ('E)x='Ex is induced by the form Cf>x by the formula t/Jx(e)(e')=cpx(e, e'). 
In order to prove that t/1 is continuous, consider an open subset U of X, over which 
Eu~ Ux k". In this case, 'E may also be identified with U x k", and on each fiber 
Ex=k", t/J induces the linearmap defined by the matrix (p(x). Hence t/1 is continuous 
according to 8.2 and 1.12. Conversely, each morphism from E to 'E defines a 
sesquilinear form on E by an analogous argument. The sesquilinear form cp is 
called non-degenerate if the induced morphism E-+ 'Eis an isomorphism. 

8.4. Let 8= ± 1. A sesquilinear form cp on Eis called 8-symmetric if Cf>x(e', e)= 
6cpx(e, e'), where e and e' are vectors of the same fiber Ex. This is equivalent to 
having 1/1'=81/1, where t/J' is the composition E~'('E)~ 'E, where '1/1 is the trans­
position of t/J. When 8= I (resp. 8= -1) and the involution is trivial, such forms 
will be called symmetric (resp. skew-symmetric). When 8= 1, k= er, and the involu­
tion is complex conjugation, such forms will be called Hermitian (in this situation 
one does not generally consider forms with 8 = - 1, because such forms are obtained 
from Hermitian forms by multiplication with i=J=l). 

8.5. Definition. Let E be a real vector bundle (resp. a complex vector bund1e). A 
metric on Eis a symmetric bilinear form (resp. a Hermitian form) on E such that 
Cf>x(e, e)>O for every non-zero vector e of Ex. Two such metrics cp 0 and cp 1 are 
called homotopic if there exists a metric cp on n* E ( 1t: X x I-+ X), such that 
Cf>lx x {<X}= cp", for (X= 0, L Finally, two metrics cp0 and cp 1 are called isomorphic if 
there exists an automorphismf of the vector bundleEsuch that cp 1(f(e),f(e'))= 
cp 0 (e, e'). 

8.6. Remarks. It is clear that metrics on vector bundles are always nondegenerate. 
We will use metrics on vector bundles to split them into direct sums (9 .35). 

8.7. Theorem. If the base of the vector bundle E is paracompact, then there exists 
a metric on E. In particular E ~ 1 E. M oreover, for any base (not necessarily para­
compact), any two metrics cp0 and cp 1 are homotopic. 

Proof Let us prove the second part of the theorem first. We may identify 
n* Ex x x 1 n* E, for n: X x I-+ X, with (Ex x E) x I, and define a metric cp on n* E 
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by the formula q>(e, e', t)=tq>0(e, e')+(I-t)q> 1(e, e') for e and e' belonging to the 
same fiber. Wehave q>(e, e, t)>O for e#O, which shows that q> is a metric. 

The proof of the first part of the theorem breaks into three parts: 
a) E=Xx k". Then Exx E~Xx k" x k", and we define a metric q> on E by the 

n 

formula q>(x, A1 , ... , A.n, 111,. · ·, !ln)= L A.ßi· 
j; 1 

b) Eis isomorphic to Ex k". Letf: E----> T= X x k" be an arbitrary isomorphism 
and Iet f 1 : Ex x E----> T x x T be the isomorphism induced by f If q> is the metric 
defined in a) on T, it is clear that q> f 1 is a metric on E. 

c) Eis arbitrary. Let (U;), for i E /, be a locally finite open cover of X suchthat 
Eu, is trivial, Iet ( aJ be a partition of unity associated with ( UJ, Iet a; be a metric on 
Eu,, and Iet o/;: Ex E----> k be the map defined by the formulas 

q>;(e, e')=et;(x)a;(e, e') for XE U;, e and e' E Ex, 

and <f>;(e, e')=O for x ~ U;, e and e' E Ex. 

Then <(>; is continuous because the support of IX; is contained in U;. Thus we have 
defined a form on E which is symmetric (resp. Hermitian) if k= lR (resp. k= CC). 
Now Iet q>:ExxE---->k be the map defined by q>(e,e')= L q>;(e,e') for e and e' 

iEJ 

belonging to the same fiber. Then this sum is weil defined and represents a con-
tinuous map, because in a neighbourhood of n- 1({x}) where n: E----> X, 
o/;( e, e') = 0 except for a finite number of indices. On the other hand q> is a metric, 
since if e is a non-zero vector of Ex and i E I such that IX;(x) > 0, we ha ve q>( e, e) ~ 
et;(x)cp;(e, e) > 0. D 

8.8. Theorem. Let q> 0 and q> 1 be two metrics on a vector bundle E with arbitrary 
base X. Then q> 0 and q>1 are isomorphic. 

Proo f Let t/1 0 : E----> t E and t/1 1 : E----> 1 E be the isomorphisms canonically associated 
with q> 0 and q> 1 (8.3). Then t/10 1 t/J 1 =h is an automorphism of E which is self­
adjoint and positive with respect to the metric q>0 on each fiber. Ifjis its self-adjoint 
positive square root, we have 

8.9. Corollary. Let E be a vector bundle over X x I,jor X compact, which is provided 
with a metric q>. Then the vector bund/es E0 = Eix x {OJ and E 1 = Eix x 11J are 
isometric (i.e. there exists an isomorphism between E0 and E 1 which is compatible 
with the metric). 

Proof According to Theorem 7.1, the vector bundles E0 and E 1 are isomorphic. 
Ifj: E0 ----> E 1 is such an isomorphism, Iet Eb denote the vector bundle E0 provided 
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with the metric cp 1 -f Thenfinduces an isometry also denoted by fbetween Eb and 
E 1 • By 8.8. we have an isometry g: E 0 --4 Eb, and g f is an isometry between E 0 

and E 1 . D 

8.10. Let E be a real vector bundle provided with a non-degenerate symmetric 
bilinear form (). Over each point x of X, () induces a form () x, and classical theorems 
on real quadratic forms show that Ex may be written as an orthogonal sum 
v+ EB v-' where ()X restricted to v+(resp. v-) is positive (resp. negative). The 
integers p(x) =Dirn( v+) and q(x) =Dirn( v-) do not depend on the decomposition 
and are locally constant functions of x. 

8.11. Theorem. Let E be a real vector bundle on a compact base X, provided with a 
non-degenerate symmetric bilinear forme. Then E may be written as an orthogonal 
sum E+ EB E-, where the restriction oj() to E+ (resp. E-) is positive (resp. negative). 
Moreover, this decomposition is unique up to isomorphism. 

Proof Let cp be a metric on E (8.7), Iet lj;: E~ 1E=E* be the isomorphism 
associated with cp, and Iet x: E ~ 1E be the isomorphism associated with e. Then 
w = lj;- 1x is a self-adjoint automorphism of E with respect to the metric cp. Hence 
wmaybewrittenash ·u, whereh =#- (whichispositive)andu=h- 1w. Explicitly, 
if wx isadiagonal matrix Diag(.A. 1 , ... , .A.n) in an orthonormal basis, then hx is the 
diagonal matrix Diag(j.A. 1 j, ... , i.A.nD· The automorphisms h and w commute, and 
we have u2 =wh- 1wh- 1 =w2h- 2 =l. Let p=(l-u)/2; then p is a projection 
operator (cf. 6.3) and we may write E=E+ $E-, where E+=Kerp and 
E-=Ker(l-p). IfeEEx+, we have ()(e,e)=cp(w(e),e)=cp(h(e),e)>O ife#O. In 
the sameway O(e, e)<O if eE Ex-- {0}. Moreover E+ and E- areorthogonal with 
respect to both forms, 0 and cp. 

Conversely, Iet us suppose that E may be written as E + EB E-, where () 
restricted to E+ (resp. E-) is positive (resp. negative), and where E+ and E- are 
orthogonal. Then by the preceding method, this decomposition is associated with 
the metric cp defined by 

cpx(e, e')=()x{e, e') if e and e' belong to Ex+, 

cpx(e, e')= -Ox(e, e') if e and e' belong to Ex-, 

and lfJx(e, e')=O 

In fact, h is just the identity in this context. 
Finally,letE=E0+ $ E0- andE=Et EB E 1- betwoorthogonaldecompositions 

of E. By what we have just said, they are associated with weil defined metrics cp 0 

and cp 1. Since the metrics are homotopic (8.7), there exists a bundle F over Xx I 
provided with a metric cp and the symmetric bilinear form JI*(), with II: X x I-~ X, 
suchthat (F, cp, IJ*())Ixx{OJ:::::(E, cp 0 , 0) and (F, cp, II*O)ixx{lJ:::::(E, cp 1, 0). Hence 
there exists a bundle F+ (resp. F-) over Xxisuchthat F+lxx{OJ:::::E;, and 
F+lxx{lJ:::::Et (resp. F-lxx{OJ:::::E(), and F-lxx{lJ:::::E!). According to Theorem 
7.1, this implies that the bundles Et and Et (resp. E0 and Ei) are isomorphic. D 
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8.12. In the case of real bundles provided with skew-symmetric forms or complex 
bundles provided with symmetric, skew-symmetric or Hermitian forms, we have 
analogous theorems which are covered in the exercises 9.18-21. 

Exercises (Section 1.9) 18-26. 

9. Exercises 

9.1. Prove that TS 1 and TS 3 aretrivial bundles. 

9.2. A Cayley number isapair (q1 , q2 ) where q1 and q2 are elements ofR, the field 
of quatemions. We provide the set C of Cayley numbers with a (non-associative) 
algebra structure by defining 

(ql> q2)+(q1, q2)=(q1 +q1, q2 +q2) 

and (ql, q2)·(q1, q2)=(qtq1-q2q2, q2qt +q2q1), 

where q=a-bi-cj-dk ifwe write q=a+bi+cj+dk 
1) Prove that C has no zero divisors (i.e. the equation c·c'=O implies c=O 

or c'=O). 
2) Prove that TS7 is a trivial bundle. 
3) More generally, prove that TS"- 1 is a trivial bundle if lR" may be provided 

with an lR-algebra structure without zero divisors. 

9.3. Let E" be the vector bundle considered in 1.9, and letf: S 1 --. S 1 be the map 
defined by f(z)=z2 • Prove thatf*(E) isatrivial bundle. 

9.4. Prove that E" ~ E" ~ · · · ~ E" is trivial if and only if n is even (where E" 

n 
is the bundle defined in 1.9). 

9.5. Let E and F be vector bundles over X, and letf: E--. F be a morphism. 
a) Prove that Dim(Kerfx) is a lower-semicontinuous function of x. 
b) We assume thatfis chosen so that Dim(Ker fx) is a continuous function of x. 

Prove that the quasi-vector bundle defined by Kerf= U Ker<fx)cE is a vector 
xeX 

bundle. Is Ker(f) the kemel of f in the category tf(X)? 
c) Prove the analogous forms of a) and b) for Coker(f). 

* 9.6. Prove that the tangent bundle to a Lie group is trivial.* 

9.7. Make the differential structure on the sphere S" explicit in such a way that 
the vector bundle TS" defined in 1.3 is the tangent bundle to S". 
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*9.8. Prove that tPNX) is naturally isomorphic to the set of isomorphism classes 
of double covers over X if Xis paracompact.* 

9.9. Let (el>e2 ,e3) be the canonical basis of JR3 , and Iet x be a vector in JR3 of 
norm L For 8= ± 1 and x=F -8e3, we write JR(x, 8e3) for the rotation in 1R3 which 
transforms 8e3 into x and fixes the vectors orthogonal to x and ee3. 

a) Give the matrix of R(x, 8e3), and show that it depends continuously on 
x(x=F -ee3). 

b) Compute the matrix R(x, -e3)- 1R(x,e3) when x is a vector of S 1 cS2 , 

i.e. a vector whose coordinates (xl> x 2 , x3) satisfy the relation (x1) 2 + (x2) 2 -I= 
X3=0. 

c) Prove that TS 2 is isomorphic to the nontrivial vector bundle EJ (3.4) 
associated with the continuous functionf: S 1 ~ GL2(1R), defined by 

•11 (cos 20 - sin 20 ) 
f(e' )= · 

sin 20 cos 20 

d) Prove that the function g: S 1 ~ GL3(1R), defined by 

(
cos 20 

g( ei~ = ~in 20 

-sin 20 0) 

cos 20 0 ' 

0 l 

is homotopic to a constant map (note that TS 2 Etl 01 is a trivial bundle, where 
01 is the trivial bundle of rank one). 

9.10. Let RPn be the projective space of the real vector space JRn+ 1 • 

a) Show that T(RPn) is isomorphic to the quotient of TSn by the equivalence 
relation (x, v)-(ex, 8V), for 8= ± l, xE sn, and v.Lx. 

b) lf ~ is the canonical line bundle over RPn, show that T(RPn) Ea 01 ~ 

~*63 ~*63 • • • 63 ~*, where 01 is the trivial bundle of rank l. 
'----v-------' 

n+l 

9.11. Let CPn be the projective space of the complex vector space crn+ 1 • 

a) Show that T(CPn) may be identified with the quotient of TS 2n+ 1 by the 
equivalence relation (x, v)- (A.x, A.v) if x E S 2n+ 1, v .Lx, and A. a complex number of 
norm I. Provide T( CP n) with a complex structure. 

b) Show that T(CPn) Ea 17 1 is isomorphic to ~* Ea · · · Etl ~*, where ~* is the 
dual of the canonicalline bundle and 17 1 is the complex trivial bundle of rank one. 
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9.12. Let V and W be vector bundles. Prove the formulas 

a) A.n(V 9 W)~ 'Ef) A.;(V) ® A.i(W), 
i+ j=n 

b) sn(V 9 W)~ 'EB Si( V)® Si(W), 
i+j=n 

9.13. Let n:O(n)/O(n-k)~ O(n)/O(n-1) be the obvious surjective map. Show 
that the following properties of the pair (n, k) are equivalent: 

(i) There exists a continuous map s: O(n)/O(n-1)~ O(n)jO(n-k) suchthat 
n·s=ld. 

(ii) Thevector bundle rsn- 1 admits (k-1) linearly independent sections (note 
that sn- 1 ~O(n)/O(n -1)). 

*9.14. Let X be a CW-complex of dimension n, and Iet E be a real (resp. complex) 
vector bundle over X of rank n + p (resp. ~ n/2 + p ). Show that E admits p linearly 
independent sections.* 

9.15. Let X be a paracompact space and Iet E be a real vector bundle over X. Show 
that r(X, E) may be provided with a Frechet space structure which depends 
functorially on E. 

** 9.16. Let H be an infinite dimensional Hilbert space over k, and Iet Projn(H) 
be the space of continuous endomorphisms q suchthat q2 =q and Dim(Im q)=n. 

a) Show that ProUH) has the same homotopy type as the space rn(H) of 
endomorphisms D, which have the following two properties: 

(i) The spectrum of D does not meet the axis .~(z)=t. 
(ii) The endomorphism 

where y is a differentiahte curve in the half plane .~(z) > t which contains the 
spectrum of D in this half plane, belongs to Projn(H). 

b) Using Kuiper's theorem [I] (GL(H) contractible), show that Projn(H) has 
the homotopy type of BGLn(k).** 

9.17. Compute IP~(X) and IP~(X) for X=S\ S 2 , S 3 • 

9.18. Let E be a real vector bundle with compact base provided with a non­
degenerate skew-symmetric form e. Show that there exists a unique complex 
structure on E (up to isomorphism) and a metric cp on E, suchthat O(e, e') = cp(ie, e'). 

9.19. Let E be a complex vector bundle with compact base provided with a non­
degenerate Hermitian forme. Show that E may be written as the orthogonal sum 
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E+ Ee E-, where the restfiction of (} to E+ (resp. E-) is positive (resp. negative). 
Moreover, show that this decomposition is unique up to isomorphism. 

9.20. Let E be a compiex vector bundie with compact base provided with a non­
degenerate symmetric biiinear forme. Prove the existence and uniqueness (up to 
isomorphism) of a real vector bundle FcEJR suchthat 

(i) Eis the complexification of F, and 
(ii) the restriction of (} to F is a real metric. 

9.21. Let E be a complex vector bundie with compact base, provided with a non­
degenerate skew-symmetric form 0. Show the existence and uniqueness up to 
isomorphism of a pair (J, cp ), where 

(i) J is an automorphism of 4_ such that J 2 = - I and iJ = - Ji, and 
(ii) O(e, e') = cp(Je, e') where cp is a metric on E. 

9.22. Let 4Jk(X) denote the set of isomorphism classes of k-vector bundles over the 
compact space X (k= lR, er or H). 

a) Prove that the Whitney sum of vector bundles provides 4Jk(X) with the 
structure of an abelian monoid. 

b) Let k= Ror er, and Iet 
I) Sym~ (X) be the set of isomorphism classes of k-vector bundles provided 

with a nondegenerate symmetric bilinear form. 
2) Symr:(X) be the set of isomorphism classes of k-vector bundles provided 

with a nondegenerate skew-symmetric form. 
3) Herm.:(X) be the set of isomorphism classes of er-vector bundles provided 

with a nondegenerate Hermitian form. 
With these definitions, prove that the Whitney sum of vector bundles induces 

an abelian monoid structure on Sym~ (X), Symr: (X), and Herm.:(X). 
c) Prove the following isomorphisms: 

Sym!(X)~IZ'JR(X) x IZ'R(X) (use 8.11) 

Sym!(X)~IZ'.:(X) (use 9.I8) 

Sym~(X)~IZ'IR'(X) (use 9.20) 

Sym~(X)~IZ'H(X) (use 9.2I) 

Herm.:(X)~IZ't:(X) x IZ'.:(X) (use 9.I9) 

9.23. a) Let On,p(k) be the subgroup of GLn+p(k), k= lR or er, which consists of 
n n+p 

isometfies of k11 +P provided with the form L x;}i;- L x;)i;. Prove that there 
i= 1 i=n+ 1 

exists a deformation retraction of On,p(k) onto O(n) x O{p) if k= lR, and onto 
U(n) x U{p) if k= er. 

b) Let Sp2n(k) be the subgroup of GL2n(k) which consists of isometfies of en, 
n n 

provided with the skew-symmetric form L X;Yi+n- L xi+nYi. Prove that Sp2n(lR) 
i=1 i=1 
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admits U(n) as a deformation retract. Prove that Sp2.(CC) has the same homotopy 
type as GL.(H). 

c) Let On<cr) be the subgroup of GL.(cr) which consists of isometries of er", 
n 

provided with the quadratic form L (x;) 2 . Prove that O.(cr) admits O(n) as a 
i= 1 

deformation retract. 

9.24. Let E be a vector bundle. Define a bijective correspondence between the 
vector space of symmetric bilinear forms on E and the space of sections of S 2(E*). 
Characterize the sections which correspond to nondegenerate bilinear forms. Do 
the same work for skew-symmetric forms and sections of A. 2 (E*). 

9.25. Let E and F be vector bundles provided with a metric, and Iet f: E ~ F be a 
morphism which induces an epimorphism on each fiber. 

a) Show that the map /*: F ~ E defined on each fiber by (f*)x = Ux*) is a 
vector bundle morphism. 

b) Show that ff* is a vector bundle isomorphism which is isotopic to the 
identity. 

* 9.26. Prove that <Pf(X)~H 2(X; Z) and <P~(X)~H 1 (X; Z/2), where X is 
paracompact. * 

9.27. (Generalization of 9.9.) Let (e 1 , ..• , e.+ 1) be the canonical basis of IR"+ I, 
and let x be a vector of S", X#een+ 1 for e= ± l. Let R(x, een+ 1) be the rotation of 
IR"+ 1 which transforms x into een+ 1 , and leaves the vectors orthogonal to x and 
e.+ 1 fixed. 

a) Let Pn+ 1 : r 0(n +I)~ SO(n +I) be the covering of SO(n +I) by the special 
Clifford group (IV.4). Prove that R(x, ee.+ 1)=p.+ 1((1 +exe.+ 1)/2, and deduce 
from this the continuity of R(x, een+ 1 ) as a function of x. 

b) Prove the formula R(x, -e.+ 1)- 1R(x,en+d=Pn+I(xe.+ 1) for xES"- 1 = 
S~nS~. 

c) Show that TS" is isomorphic to the vector bundle E1 associated with the 
continuous function f: s•- 1 ~ GL.(IR), defined by f(x) = p.(xe.) where we 
identify S"- 1 with a Subset of r 0 (n). 

d) Explicitly compute the matrix p.(xe.) for n = 2, 3, .... 

9.28. Let n: P~ X be a surjective continuous map. We say that (P, n, X) is a 
principal fibration with topological group G, if G acts on the right on P, fiber by 
fiber, such that Vx EX, there exists a neighbourhood U of x and an equivariant 
homeomorphism n- 1 (U)~ Ux G suchthat the following diagram commutes 

u 
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Now Iet Fbe a topological space on which G acts continuously on the left. Then we 
associate with P and F, the space E = P x G F which is the quotient of P x F by the 
equivalencerelation {p, v)-{p·g,g- 1 ·v) for g e G. Let n': E--+ Xbe the projection 
defined by {p, v) r+ n(p). 

a) Show that for every point x of X, there exists a neighbourhood U of x, and a 
homeomorphism (/Ju: n- 1(U)-""+ Ux F which is compatible with the projection 
on U. 

b) More precisely, show that there exists an open cover (U;) of X, and homeo­
morphisms cpu,: n- 1(U;) ~ U; x F suchthat cpij/ · cpu,: (U;n U) x F--+ (U;n U) x F 
is of the form (x, v) r+ (x, gjj(x) · v), where the gii: U;n Ui--+ G form a G-cocycle. 

c) In particular, if F=k" and G acts on Fby linear transformations, show that 
E is a k-vector bundle. Conversely, if E' is an arbitrary vector bundle of rank n, 
show the existence of a principal bundle P of group G=GL"(k), such that 
E'~Pxak". 

d) Show that O(n + 1) is a principal bundle over O(n + 1 )/O(n) ~ S" with group 
G=O(n), and that TS"~O(n+1)xo(n) lR". 

9.29. Show that Theorem 7.2 is also true for X paracompact (Husemoller [I]). 

9.30. Let G be a finite group acting on the left on a space X. A G-vector bundle 
over X is given by a vector bundle E, on which G acts on the left, making the 
diagram 

GxE~E 

1 1 
Gxx~x 

commutative, and such that the map er+ O(g, e) from Ex to E9 .x is k-linear. lf 
E and F are G-vector bundles with the same base, then a morphism between E and 
Fis a vector bundle morphism which is equivariant. We write tff G, k(X) or simply 
tff a(X) for the category of G-vector bundles over X. 

a) If G acts freely on X, show that E/G is a vector bundle over X/G and that 
E~n*(E/G), where n: X--+ X/G. Prove that the categories tffa(X) and tff(X/G) are 
equivalent under n*. 

* b) Let n be the number of irreducible representations of G ordered from 
1 to n (Serre [1]). If the basic field k is er, and if G acts trivially on X, show that 
every G-vector bundle E may be uniquely decomposed as E 1 E13 E2 E13 ... E13 E", 
where Ei= Ti® Fi for Fi an ordinary vector bundle, and Ti the space of the j'h 
irreducible representation of G.• 

c) Give the explicit decomposition of E (as in b)) for G=Z/n. 

9.31 (continuing from 9 .30). Let E and F be G-vector bundles, and Iet f: E--+ F be 
a morphism between the underlying vector bundles. Let f E--+ F be the map 

- 1 
defined byf(e)=-IGI L g- 1/(g·e). 

geG 
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a) Show that](g·e)= g.J(e) (in other words]is a G-vector bund1e morphism). 
b) Ifjis a G-vector bundle morphism, then]=f 
c) Let h: F ---4 E be a G-vector bundle morphism such that h I= IdE. Then 

h}=ldE. 
d) Deduce from c) that every G-vector bundleis a direct factor of a G-vector 

bundle of the form X x M, where M is a G-modu1e of finite dimension. 
e) Let A be the algebra of continuous functions on X with values in k, and Iet 

B=A[G], i.e. the free A-modu1e with basis the elements ofG, and with multiplica­
tion defined by the ru1e (Ä · g)(A' · g') = (Ä(g · A'), gg'), where (g · X)(x) = A'(g- 1 x). 
Show that the category of G-vector bundles over Xis equivalent to the category of 
finite1y generated projective modules over B. 

f) Let E be a G-vector bundle over X x I where X is compact. Show that 
E0 =Eixx{Ol and E1 =Eixx 111 are isomorphic. 

** g) Generalize a)-d) and f) for Ga compact group.** 

9.32 (Milnor's construction). Foreach group G, Iet us consider the subset E~ of 
the infinite product I x G x I x G x · · ·, whose elements are sequences S = 
(t0 , x 0 , t 1, x1, ... ) where X; E G and where t; E [0, 1], suchthat t;=O except for a 
finite number of indices, and I t; = 1. 

ieN 

In E~ we consider the following equiva1ence re1ation: the sequence S is equi-
valent to the sequence S' ifand on1y if 1) t; = t; and 2) X;= x; ift;= t;>O. The quotient 
of Eb by this relation is denoted by E6 , or G * G * G * · · · ("itifinite join"), and the 
dass of S is denoted by (t0 x 0 , t1x1, ... ). 

a) We now suppose that G is a topological group. Show the existence of the 
coarsest topology on E6 making the maps t;: E6 ---4 [0, 1] and X;: t;- 1(0, I] ---4 G 
continuous. 

b) For this topo1ogy, show that G acts freely on E6 under the operation 
UoXo, · · ., t1x1, · · .)·g=(toXo9, · · ., tkxkg, · · .). 

c) Prove that E6 is a principa1 bundle over B6 =E6 /G (9.28). 
d) Let X be a paracompact space, and Iet E be a G-principal bundle over X. 

Prove the existence of an open cover (Un), n E lN of X suchthat Elu" is trivial. 
e) Using a partition of unity, construct a generat morphism (in an obvious 

sense) between E and E6 which is compatible with the action of G. 
* f) If [lJ> 6 (X) denotes the set of isomorphism classes of G-principal bundles 

over the paracompact space X, show that &6(X)~[X, B6 ].* 
* g) Give a simple description of the spaces E6 and B6 when G = 'lL/2, 7L, or 

U(l).* 
* h) Prove that B6 has the same homotopy type as BGLn(k) when G=GLn(k) 

(7.10).* 

*9.33. Show that the main results in the first chapter of this book still hold if we 
replace the basic field k by a Banach algebra A (where the fibers are finitely 
generated projective A-modules with the natural topology cf. 6.20). Show that 
m"c"<Yl(X)~t&\(Xx Y) if X and Yare compact.* 
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9.34. Let E be the canonicalline bundle over P(V) considered in 2.4 and 2.5. 
In the real case, show that EP = E ® · · · ® E may be identified with the 

~ 

p 
quotient of S" x 1R by the equivalence relation (x, t) ~ (A.x, A_Pt) with A. = ± I. 
Hence EP is trivial if p is even and isomorphic to E if p is odd. 

In the complex case, show that EP may be identified with the quotient of 
S 2"+ 1 X er by the equivalence relation (x, t) ~ (A.x, A- Pt), where A E u. 

In the same way, compute the dual vector bundle E:. 
9.35. Let E be a vector bundle provided with a metric and let i: E ~ Fbe a vector 
bundlemorphism suchthat ix: Ex~ Fx is injective. We provide Ewith the induced 
metric. 

a) Show that the map i*: F ~ E, defined by (i*)x = i: is a vector bundle 
morphism such that i* · i = IdF. 

b) Show that i* and the quotient map E ~ Coker(i) (9 .5) define a direct sum 
decomposition E~F Ef> Coker(i). 

10. Historical Note 

Almost all of the material presented in this section is classical; hence we have only 
selected what we need for topological K-theory from the general theory ofbundles. 
Forthisgeneral theory, the reader is referred to Steenrod [1] and to Husemoller 
[1], where more complete results are obtained for bundles over paracompact 
spaces (for our purposes compact spaces will suffice). The notion of operations on 
vector bundles is taken from Atiyah [3] and Lang [2]. The proof of the homotopy 
invariance of cJ>~(X) (Section 7) is also taken from Atiyah [3]. Finally, the proofs 
we presented of the Serre--Swan theorem (6.18) and of the representability of the 
functor cJ>:(X), were inspired by the author's thesis [2]. 



Chapter II 

First Notions of K-Theory 

1. The Grothendieck Group of a Category. The Group 
K(X) 

1.1. Let us first consider an abelian monoid M, i.e. a set provided with a composi­
tion law ( denoted +) which satisfies all the properties of an abelian group except 
possibly the existence of inverses. Then we can associate an abelian group S(M) 
with M and a homomorphism of the underlying monoids s: M ~ S(M), having the 
following universal property. For any abelian group G, and any homomorphism of 
the underlying monoids f: M ~ G, there is a unique group homomorphism 
J: S(M)~ Gwhich makes the following diagram commutative. 

M~S(M) 

t\f 
G 

1.2. There are various possible constructions of s and S(M). Of course they all give 
the same result up to isomorphism. Consider the free abelian group .fF(M) with 
basisthe elements [m] of M. Then the group S(M) is the quotient of .fF(M) by the 
subgroup generated by linear combinations ofthe form [m+n]-[m]-[n], and 
the image under s of m in S(M) is the class of [m]. We could also consider the 
product Mx M and form the quotient under the equivalence relation 

(m,n)~(m',n')<o>3p suchthat m+n'+p=n+m'+p. 

The quotient monoid is a group and s(m) is the class of the pair (m, 0).. Finally, a 
third construction is to consider the quotient of Mx M by the equivalence relation 

(m, n)~(m', n')<o> 3p, q suchthat (m, n)+(p,p)=(m', n')+(q, q), 

with s(m) the class of (m, 0) once again. In each of these three constructions, we 
notice that every element of S(M) can be written as s(m)-s(n) where m,nEM. 
However, in general, the map s is not injective (see Example 1.5 below). 

1.3. Example. One of the most natural examples to consider is M = lN. Then, as is 
weil known, S(M)';::j'll, 



I. The Grothendieck Group of a Category. The Group K(X) 53 

1.4. Example. Let us take M = Z- { 0}, an abelian monoid with respect to multi­
plication. Then S(M)~CQ- {0}. 

1.5. Example. Let M be an abelian monoid with the following property: there 
exists an element oo of M such that m + oo = oo for every element m of M. Then 
S(M)=O because each element of S(M) can be written as s(m)-s(n)= 
s(m)+s(oo)-s(n)-s(oo)=s(oo)-s(oo)=O. Examples of monoids with this pro­
perty are Z (with multiplication; then oo =0!), lR. +*uoo, etc. 

1.6. Remark. The group S(M) depends "functorially" on M in an obvious way: 
if f: M--+ N, the universal property enables us to define a unique homomorphism 
S(f): S(M)--+ S(N) which makes the diagram 

f M N 

1 j 
S(M) s(f), S(N) 

commutative. Moreover, S(g·f)=S(g)·S(f) and S(IdM)=IdscMJ· The group 
S(M) is called the symmetrization of the abelian monoid M. 

1.7. As a fundamental example, let us now consider an additive category <'ß. lf E 
is an object of<'ß, we denote its isomorphism dass by E. Then the set tP(<'ß) ofsuch E 
can be provided with the structure of an abelian monoid if we define E + F to be 
~ 

E EB F. This operation is well-defined since the isomorphism dass of E EB F depends 
only on the isomorphism classes of E and F. Moreover, the relations E EB (F E9 G) ~ 
(E EB F) EB G, E EB F~ F E9 E, and E EB o~ E give the required algebraic identi­
ties on tP(<'ß). In this situation the group S(M), where M is IP(<'ß), is called the 
Grothendieck group of <'ß, and is written K(<'ß). If <p: <'ß--+ <'ß' is an additive functor, 
<p naturally induces a monoid homomorphism IP(<'ß)--+ IP(<'ß'), hence a group homo­
morphism K(<'ß)--+ K(<'ß') denoted by <p *. If <'ß" is a third category and 1/1: <'ß'--+ <'ß" 
an additive functor, we have the formula (1/J·<p)*=t/1.,. ·lfJ.,. from 1.6. Of course if 
<'ß'=<'ß and <p=ld~, then lfJ.,.=IdK<~>· 

1.8. Example. Let F be an arbitrary field not necessarily commutative and let <'ß be 
the category whose objects arefinite dimensional F-vector spaces (on the right for 
example), and whose morphisms arelinear maps. Then from the classical theory of 
dimension of vector spaces we know that IP(<'ß) ~ N. Thus Example 1.3 implies that 
K(<'ß)~Z. 

1.9. Example. Let <'ß be an additive category provided with an additive functor 
r: <'ß--+ <'ß, and a natural isomorphism r + Id~ ~ r. Then K(<'ß) = 0 because the identity 
above implies s(r(E))+s(E)=s(r(E)), hence s(E)=O (1.5). For example, let <'ß be 
the category whose objects are F-vector spaces (not necessarily finite dimensional) 
and whose morphisms are linear maps. We choose as r the functor E ~--?- E E9 E E9 
· · · E9 E E9 · · ·. Another example is the category .1l'with Hilbert spaces as objects, 
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and continuous linear maps as morphisms. Then <(E) = E EB E E9 · · · E9 E E9 · . · 
(Hilbert sum with the L 2-norm). 

1.10. Example (generalization of Example 1.8). Let A be an arbitrary ring with 
unit, and let &'(A) be the category with finitely generated projective right A -modules 
as objects, and the A-linear maps as morphisms. By abuse ofnotation we write K(A) 
for the Grothendieck group of &'(A). One of the main purposes of "a/gebraic 
K-theory" is to compute K(A) for interesting rings A (Bass [1]). 

1.11. Example. In this book we are mainly concemed with the category ß(X) of 
vector bundles over a compact space X. We denote the Grothendieck group of 
ß(X) by K(X). Ifthe basic field k is IR (resp. CC) we write KIR(X)( resp. Kc(X)) for the 
group K(X) whenever there is some risk of confusion. The object of "topological 
K-theory" is to compute K(X) for interesting spaces X. In this presentation, 
topological K-theory arises as a special case of algebraic K-theory. Theorem I.6.17 
shows that the category ß(X) is equivalent to the category &'(A) where A is the ring 
of continuous functions on X. Hence the groups K(ß(X)) and K(&'(A )) are iso­
morphic. In fact, many of the techniques in algebraic K-theory are inspired by the 
techniques of topological K-theory which we will develop in this book. 

1.12. Remark. Wehaveseen in 1.7 that the group K(rt') depends covariantly on rt'. 
In the same way, the group K(A) depends covariantly on the ring A. More pre­
cisely, if u: A----+ B is a ring homomorphism, there is a functor u : .1/'(A)----+ &'(B) 
associated with u, defined by E 1-+ E ®AB; u is called the "extension of scalars" 
functor (regarding B as a left A-module via the homomorphism u). For example, 
if Eis the image of the projection operator p= (pi;): An----+ An, u(E) is the image of 
the projection operator q=(u(pi;)): ~----+ ~- However, the group K(X) depends 
contravariantly on X. More precisely, ifj: Y----+ Xis a continuous map,finduces a 
functor f*:ß(X)----+ ß(Y) (!.2.6), hence a homomorphism K(X)----+ K(Y), again 
called f*. From !.2.6, we have the identities (g f)* = f* · g* and Id * = Id. 

1.13. Remark about notation. It is unfortunate that the letter K is simultaneously 
used to denote the "K-group" of a category, ring, or compact space. So while 
following conventional notation, to avoid confusion we reserve the first letters of 
the alphabet A, B, C, ... for rings and the last letters X, Y, Z . .. for spaces. 
Similarly, categories will be denoted by script letters d, f!J, rt', ... . 

1.14. Retuming to the definition ofthe group K(rt'), we see that we have made very 
little use ofthe additive structure ofrt'. Sometimes it is useful to consider categories 
provided with a composition /aw rt' x rt'----+ rt', denoted by (E, F) ~-+ El_F, with 
natural isomorphisms El_(Fl_G)~(El_F)l_G, El_F~Fl_E, El_O~E which are 
"coherent" under iteration. The functor l_ induces an abelian monoid structure on 
4>(rt'); thus we can define a group K(rt') depending on the composition law j_. A 
typical example is the category of vector bundles provided with nondegenerate 
symmetric bilinear forms (then El_Fis induced by the Whitney sum ofunderlying 
bundles). The details of this example aredealt with in the exercises. 
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1.15. Proposition. Let Cf} be an additive category, and Iet [E] =s(E) denote the class 
of an object E ojCfJ in the Grothendieck group K(CfJ). Then every element of K(CfJ) can 
be written in theform [E]- [F]. Moreover, [E]- [F] = [E']- [F'] in K(CfJ), if and 
only ifthere exists an object G ojCfJ, suchthat E E11 F' El1 G~E' E11 F EB G. 

Proof According to 1.2, every element of K(C(j) is the class of a pair (E, F) which 
can be written as s(E)-s(F)=[E]-[F]. Moreover, two such pairs (E,F) and 
(E', F') define the same element of K(CfJ) ifand only ifwe can find an object G ofCfJ 
suchthat E'+ F' +Ö=E' +F +G, i.e. E E11 F' EB G~E' EB F E11 G. 0 

1.16. Corollary. Let E and F be objects ojCfJ. Then [E] = [F] if and only if there 
exists an object G ojCfJ suchthat E EB G~F El1 G. 

1.17. Proposition. Let (}n denote the trivial bundle ofrank n over a compact space X. 
Then every element x of K(X) can be written as [E] - [(}n] for some n, and some 
vector bundle E over X. Moreover, [E]- [(}n] = [F]- [(}P] if and only ifthere exists 
an integer q suchthat E EB (}p+q~F E11 (}n+q· 

Proof We will apply the Proposition 1.15 to the category CfJ=!&'(X). By this 
proposition we already know that each element x of K(X) can be written as 
E 1 -F1, where E1 and F1 are two vector bundles over X. According to 1.6.5, there 
is a vector bundle F2 suchthat F1 EB F2 isatrivial bundle, say (}n. Then [E1]- [F1] = 

[E1]+[F2]-[F1]-[F2]=[E]-[(}n] where E=E1 E11 F2 • Now suppose that 
[E]-[(}n]=[F]-[(}P]. By the second part of Proposition 1.15, we can find a 
vector bundleG suchthat E EB (}P EB G~F El1 (}n El1 G. Let G1 be a vector bundle 
such that G EB G1 ~eq (1.6.5). Then we have E EB ep+q~E EB (}P El1 G EB G1 ~ 
F EB (}n EB G E11 G1 ~ F EB (}n+q· The converse is obvious. 0 

1.18. Corollary. Let E and F be vector bund/es. Then [E] = [F] in K(X) if and only 
if E EB (}n ~F EB {}nfor some n. 

1.19. Example. Let E be the tangent bundle of SP and F=(}P (1.2.3). Then, from 
1.5.5, we have E El1 (} 1 ~ (}p+ 1 . Hence [E] = [(}p] in KJR.(SP). However, in general E 
is not trivial (V.2). This gives a nontrivial example ofwhen the map <I>(CfJ)---+ K(CfJ) 
is not injective for CfJ=!&'JR.(SP),p# 1, 3, 7. We will give a homotopic explanation 
of this phenomena later (1.32). 

1.20. Since the functor K is contravariant on the category of compact spaces (1.12), 
the projection of X onto a point P induces a homomorphism o:: 7l~K(P)---+ K(X), 
whose cokerne1 is denoted by K(X) and called the reduced K-theory of X. When we 
want to specify the basic fie1d k =IR or «::, we write KJR.(X) or Kc(X). 

1.21. Proposition. lf X #- 0, we have an exact sequence 
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The choice of a point x 0 in X defines a canonical splitting so that 

K(X)~Ker[K(X)-- K({x0})~Z] and K(X)~.Z Ea K(X). 

Proof Let us choose P= {x0 }. Then the inclusion of {x0 } in X induces a homo­
morphism from K(X) to K({x0})~.Z which is a left-inverse for a. 0 

1.22. Let <P(X) (<Pk(X) when we want to specify the basic field k) denote the 
abelian monoid ofisomorphism classes ofvector bundles over X, and Iet y denote 
the composition <P(X) -4 K(X) 14 K(X). 

1.23. Proposition. The homomorphism y is surjective. Moreover, y(E)=y(F) ifand 
only if E Ea (}n~F $ (}Pjor some trivial bund/es (}n and (}P. 

Proof Since the class of (}n in K(X) is zero, and since any element of K(X) can be 
written as E-(}n (1.17), we have ß([E]-[(}n])=ß([E])=y(t), thus proving the 
first part of the proposition. On the other band, the identity y(E) = y( t) is equi­
valent to [E]-[F]=[(}q]-[(},] for some q and r. By 1.18, this implies 
E $ (}, $ (},~F Ea (}q Ea (}, for some t, hence E Ea (}n~F Ea (}P' where n=r+t and 
p=q+t. The converse is obvious. 0 

1.24. Remark. This proposition gives a conveniently direct definition of K(X); 
i.e. K(X) is the quotient of tl'(X) by the equivalence relation E- t <=> 3n, p such 
thatEEa (}n~F$ (}P. 

1.25. Theorem. Let X and Y be compact spaces, and Iet / 0 ,/1 : X- Y be continuous 
maps which are homotopic. Then fo and / 1 induce the same homomorphisms 
K(Y)- K(X) and K(Y)- K(X). 

Proof According to 1.7.2, the maps/0 and/1 induce the same homomorphism 
<P(Y)- <P(X), hence the same homomorphism between K(Y)=S(<P(Y)) and 
K(X)=S(<P(X)). Since the diagram 

K(Y) !.* K(X) 

\I 
K(P) 

(where P is a point and a = 0, I) is commutative, fo and / 1 also induce the same 
homomorphism K(Y)- K(X). 0 

1.26. Proposition. Suppose X is the disjoint union of open subspaces X1 uX2 u 
· · · uXn. Then the inc/usions of the X; in X induce a decomposition of K(X) as a 
directproduct K(Xt)xK(X2)x · · · xK(Xn)=K(X1) Ea K(X2) Ea · · · $ K(Xn)· 
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Proof Since a bundle over X is characterized by its restrictions to each Xi, we 
have 4>(X)~4>(X1)x4>(X2)x · · · xtP(Xn). Hence K(X)~K(X1)xK(X2)x · · · x 
K(Xn). 0 

1.27. Remark. This last proposition is false for the functor K, For example, if X 
is the disjoint union of two points P 1 and P 2 , then K(X)~Z, but K(Pi)=O, for 
i= 1, 2. 

1.28. Recall that every vector bundle E defines a locally constant function r: X---. JN 
given by r(x)=Dim(Ex) (1.2.9). Ifwe let H 0(X; JN) denote the abelian monoid of 
locally constant functions on X with values in JN, we see that in fact r defines a 
monoid homomorphism, also denoted by r, from 4>(X) to H 0(X; JN). It is clear that 
the symmetrization of H 0 (X; JN) is the abelian group H 0(X; Z) oflocally constant 
functions over X with values in Z ( * H 0 (X; Z) is the first Cech cohomology group 
of X (Eilenberg-Steenrod [1])*). Therefore, r defines a group homomorphism 
(denoted again by r) 

1.29. Proposition. Letting K'(X)=Ker[K(X)-. H 0 (X; Z), we have an exact 
sequence 

0---+ K'(X)---+ K(X)~ H 0 (X; Z)---+ 0 

which splits canonically. Moreover, if Xis connected, then K'(X) and K(X) are 
canonically isomorphic. 

Proof Let f: X---. JN be a locally constant function. Since X is compact, f only 
takes on a finite nurober of values nt. .. . ,nP, and X=X1u· · ·uXP where 
Xi=/- 1({nJ). Let E be the vector ~undle defined over Xi by Xixk"'. Then the 
correspondence jf--+E defines a monoid homomorphism t: H 0 (X; JN)-. tP(X) 
suchthat r·t=Id. By symmetrization, t induces a group map H 0(X; Z)-. K(X), 
which is a right-inverse to r: K(X)-. H 0 (X; Z). 

If Xis connected, we have H 0 (X; Z)~Z, and K'(X)~Coker[Z-. K(X)] follow­
ing from what we have just said. Now the map Z---. K(X) is identical to the one 
induced by the projection of X to a point. Hence K' (X)~ K(X). 0 

1.30. Again let 4>n(X) (4>!(X) when we want to specify the field k) be the set of iso­
morphism classes ofvector bundles ofrank n over X. Taking the Whitney sum by 
trivial bundles enables us to define an inductive system of sets 
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The direct Iimit of this system, <P'(X), can be provided with an abelian monoid 
structure, using the maps 

induced by the Whitney sum of vector bundles. 
If E, the class ofthe vector bundle E, is an element of tl>n(X), we have [E]- [On] E 

Kerr:K(X)~H0(X;Z). The correspondence E~---+[E]-[011] for EE<Pn(X), 
induces a monoid homomorphism IP'(X) ~ K'(X). 

1.31. Proposition. The homomorphism <P'(X) ~ K'(X) defined above, is an iso­
morphism. Hence IP'(X) is an abelian group. 

Proof If [E]- [On]= [F]- [Op] in K(X), by 1.17 there exists an integer q such 
thatEEB Op+q>:::!F$ On+q· Hence, the map <P'(X)~ K'(X)cK(X) is injective. Let 
u be an element of K'(X). Again by 1.17, u can be written as [E]- [0,.] with 
r([E]-[OnJ)=O, i.e. Dim(Ex)=n for every point xEX; hence the map is sur­
jective. 0 

1.32. Proposition. Let BO be the inductive Iimit of the system of topological spaces 

BO(I)----+ · · ·----+ BO(n)----+ · · ·, 

where the map BO(n) ~ BO(n + I) is induced by the map between Grassmannians 
G11(1RN) ~ Gn+ 1 (IRN+ 1 ) which consists of adding the subspace generated by the last 
vector eN+ 1 =(0, ... , 1). Then we have a natural isomorphism offonctors 

Kit(X)>:::![X, BO]. 

In the same way, Iet BUbe the inductive Iimit of the system 

BU(I)----+ · · ·----+ BU(n)----+ · · ·. 

Then we have a natural isomorphism of functors 

K~(X)>:::![X, BU]. 

Proof Since the spaces BO(n) are paracompact [Cartan-Schwarz [1] expose 5] 
and hence normal, and since BO(n) is closed in BO(n+ 1), we have [X,BO]>:::! 
inj lim[X, BO(n)] because Xis compact. According to theorem 1.7.15, IP~(X)>:::! 
[X, BO(n)] and the map ~(X)~ ~+ 1 (X), induced by the addition of a trivial 
bundle of rank one, coincides with the map induced by the inclusion of BO(n) in 
BO(n+ 1). ThereforeK~(X)>::! <P~(X)>::!inj Iim~X)>::!inj Iim[X, BO(n)] >:::![X, BO]. 
For k=<r, the proofis analogous. 0 
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1.33. Theorem. For every compact space X we have natural isomorphisms 

KIR.(X)~[x, z x BO] and Kc(X)~[x, z x BU] 

where :l is provided with the discrete topology. 

Proof We will only give a proof for the real case, since the complex case is similar. 
From 1.29, we have KR(X)~H0(X;:l)$K~(X). Since H0(X;:l)~[X,:l], it 
follows that KIR (X)~ [X, :l] x [X, BO] ~[X, :l x BO]. 0 

1.34. In the case X= S", it is possible to give a more complete interpretation of 
K(X) (hence of K(X)=:l $ K(X)). It follows from Theorem 1.7.6, that 4i~(S")~ 
nn_ 1 (GLP(<C))~ nn_ 1 (U(p)). Therefore K.:(S")~ inj lim nn_ 1 (U{p))~ nn_ 1 (U), 
where U =inj lim U{p). *In fact, nn_ 1(U)~nn_ 1(U{p)) for p >n-! by 1.3.13.* In 
the same way 4i~(S")~nn_ 1(GLp(IR))/n0(GLP(IR))~nn_ 1 (0{p))/Z/2. Therefore, 
KIR(S")~ inj lim nn_ 1 (O{p))/Z/2~inj lim nn_ 1 (O{p)) since the action of :l/2 over 
nn_ 1 (O{p)) is trivial ifp is odd. Thus we obtain the isomorphism KR(S")~nn_ 1 (0), 
where O=inj limO{p). *In fact, nn_ 1(0)~nn_ 1 (0{p)) when p>n, by 1.3.13.* 
One of the main purposes of this book is to prove the isomorphisms Km_(S")~ 
KJR(S"+ 8) and Kc(S")~Kc(S"+ 2) (see Chapter III). This will prove the theorems 
stated in 1.3.13. More generally, we can prove that KJR(S'(X))~[X, 0]' and 
K.:(S'(X))~ [X, U]' (homotopy classes of maps which preserve base points) in a 
similar manner. 

Exercises (Section I1.6) 1-8 and 10. 

2. The Grothendieck Group of a Functor. The Group 
K(X, Y) 

2.1. Definition. Let~ be an additive category. A Banach structure on ~ is given by 
a Banachspace structure on all the groups ~(E, F), where E and F run through the 
objects of~. Moreover, we assume that the map 

~(E, F) x ~(F, G) ~ ~(E, G) 

given by the composition of morphisms, is bilinear and continuous (all Banach 
spaces are over the basic field k = IR or CC). A Banach category is an additive category 
provided with a Banach structure. 

2.2. Example, For X a compact space, we gave the category S(X) a Banach 
structure in 1.6.20. More generally, if A is a Banach algebra (with unit but not 
necessarily commutative), we have given the category &>(A) a Banach structure 
(1.6.22). 
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2.3. Example. Let Je be the category considered in 1.9. Then Je becomes a 
Banach category by giving .Ye(E, F) the classical norm 

11/11 =Sup llf(x)ll 
x'fO llxll 

2.4. Example. Let .if be the following category. The objects are the objects of Je. 
The set of morphisms .if(E, F) is defined by .if(E, F) = .Ye(E, F)/ :ff(E, F), where 
:ff(E, P) is the set of completely continuous operators from E to F (i.e. Iimits of 
operators offinite rank). Then .if(E, F) is a Banachspace and the composition of 
morphisms in Je induces a composition of morphisms in it. 

2.5. Example. lf <(j is an arbitrary Banach category, then the associated pseudo­
abelian category fC (1.6.9) is a Banach category because fC((E,p), (F, q)) is a closed 
subspace of <(j(E, F). 

2.6. Definitions. Let <(j and <(j 1 be additive categories, and q> : <(j ~ <(j 1 be an additive 
functor. Then q> is called quasi-surjective if every object of <(j1 is a direct factor of an 
object of the form q>(E), where E E Ob(l(j); q> is called Juli if the map <(j(E, F) ~ 
<(j1(q>(E), q>(F)) is surjective for E, FE Ob(<(j), Finally, if <(j and <(jl are Banach 
categories, the functor q> is called a Banach functor if the map <(j(E, F) ~ 
<(j1( q>(E), cp(F)) is linear and continuous. 

2.7. Example. Let q>: <B'(X)~ <B'(Y) be the functor defined by q>(E)=Ey, where 
Y is a closed subspace of the compact space X. Then rx. is a Banach functor which is 
full and quasi-surjective. By 1.5.9 we see that up to isomorphism the "restriction 
map" C(X)(E, F)~ C(Y)(Ey, Fy) is identical with the map r(X, HOM(E, F))~ 
F(Y, HOM(E, F)y ). From 1.6.23, it follows that q> is a Banach functor. Moreover, 
q> is full (1.5.10), and also quasi-surjective because any object of ß(Y) is a direct 
factor of a trivial bundle ()n = Y x k" (1.6.5), and clearly ()n = cp(E) where E= X x k". 

2.8. Example. More generally, letf: Y ~X be an arbitrary continuous map. Then 
the inverse image functor f*: ß(X) ~ ß( Y) (1.2.6) is a quasi-surjective Banach 
functor. To see this, Iet us consider the map uE,F: ß(X)(E, F) ~ ß(Y)(f*(E), 
f*(F)), induced by f*. If E=Xx k" and F=Xx kP, this is essentially the map 
C(X)"P ~ C( Y)"P defined by (A- 1, ... , A.np) c-+ (A. 1 f, ... , A.np f), which is clearly 
linear and continuous. For any E and F, the map uE, Fis continuous, since E and F 
are each a direct factor of some trivial bundle, sa y X x k" and X x k P respectively. 
Finally,f* is quasi-surjective by the same argument as in 2.7. 

2.9. Example. Let A and B be Banach algebras, and u: A ~ B, a continuous 
homomorphism. Thenu induces a functor u.: Pi'(A) ~ Pi'(B), defined by E c-+ E ®AB 
(regarding B as a leftA-module via u). We claim that u. is a quasi-surjective Banach 
functor. To see this, we repeat the argument in 2.8. If E=A" and F=AP, the map 
PJ(A)(E, F) ~ PJ(B)(u.(E), u.(F)) is essentially A"P ~ B"P which is linear and 
continuous. In general, the map PJ(A)(E, F)~ Pi'(B)(u*(E), u*(F)) is linear and 
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continuous because E and F can be written as direct factors of free modules. The 

functor u. is full if and only if u is surjective. 

2.10. Example. The "quotient functor" Yl' ~ il' (2.4), which is the identity on the 

objects, is a Banach functor which is full and quasi-surjective. 

2.11. Example. Let Cf] be an arbitrary Banach category, and let cp: Cf]~ Cf] be the 

functor defined by cp(E)=E E9 · · · E9 E. Then cp is a Banach functor which is 
'----y-----' 

n 
quasi-surjective (but not full unless Cf]= 0 or n = 1 ). 

2.12. Remark. Let cp: Cf]~ Cf]' be a Banach functor which is full (resp. faithful, 

resp. quasi-surjective). Then the functor (p: ~ ~ ~~ between the associated pseudo­

abelian categories (1.6.9) is full (resp. faithful, resp. quasi-surjective). 

2.13. Let cp: Cf]~ Cf]' be a quasi-surjective Banach functor. We wish to define a 
"relative" group K( cp) (which coincides with K(C(]) when Cf]'= 0). Let r( cp) denote the 

set of triples (E, F, ()(), where E and F are objects of Cf] and ()(: cp(E) ~ cp(F) is an 

isomorphism. Two triples (E, F, ()() and (E', F', ()(') are called isomorphic if there 

exist isomorphisms f: E ~ E' and g: F ~ F' such that the following diagram 

commutes. 

cp(E) ~ cp(F) 

q>(f) j j q>(g) 

cp(E') ~ cp(F') 

A triple (E, F, ()() is called e/ementary if E=Fand if ()( is homotopic to Id<P<El within 
the automorphisms of cp(E). Finally, we define the sum of two triples (E, F, ()() and 
(E', F', ()(')tobe (E EB E', F EB F', ()( EB ()('). 

Then K( cp) is the quotient of F( cp) by the following equivalence relation: 

er,...., er' <::> 3 elementary • and •' such that er+ • is isomorphic to er'+ •'· The sum of 
triples obviously provides the set K(cp) with a monoid structure. We let d(E, F, ()() 
denote the class of (E, F, ()()in the monoid K(cp). As a direct consequence of the 

definition, we notice that d(E, F, 0()=0 if and only if there exist objects G and 

H of rc, and isomorphisms u: E E9 G ~ H and v: F EB G ~ H, such that 

cp(v) · (()( EB Id<P<GJ) · cp(u- 1)ishomotopicto Id<P<Hl within theautomorphisms of cp(H). 

2.14. Proposition. The monoid K(cp) is an abelian group which coincides with K(C(]) 
when C(]'=O. Moreover d(E, F, O()+d(F, E, (J(- 1)=0. 

Proof. Letd(E,F,(J()beanarbitraryelementofK(cp). Thend(E, F, O()+d(F,E,0(- 1)= 
d(E EB F, F E9 E, ()( EB ()(- 1 ). The triple (E E9 F, F EB E, ()( E9 ()(- 1) is isomorphic to 
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(E Etl F, E EB F, ß), where ß is the automorphism of cp(E) $ cp(F) defined by the 
matrix 

-(0 -oc- 1
) ß- . 

oc 0 

In the group Aut(cp(E) $ cp(F)) we have the identity 

Now let er:/---.. Aut(cp(E) $ cp(F)) be the continuous map defined by 

crt=(1 -toc- 1)(1 0)(1 -toc- 1
)· 

( ) 0 1 toc 1 0 1 

Since cr(O) = 1 and cr(1) = ß, the trip1e (E $ F, E ® F, ß) is elementary, and 
d(E, F, oc- 1) is the opposite of d(E, F, oc) as required. Moreover, let i: K(cp)---+ K(Cß) 
be the homomorphism defined by i(d(E, F, oc))= [E]- [F]. It is clear that i is an 
isomorphism when Cß' = 0, since the triple (E, F, oc) is essentially determined by the 
pair (E, F) (1.2). 0 

2.15. Proposition. Let d(E, F, oc) and d(E, F, oc') be elements of K(cp) such that cx 
and oc' are homotopic within the isomorphismsfrom cp(E) to cp(F). Then d(E, F, oc)= 
.d(E, F, oc'). 

Proof By 2.14, we have d(E, F, oc)-d(E, F, oc')=d(E, F, oc)+d(F, E, cx'-')= 
d(E $ F, F $ E, oc $ oc'- ') = d(E ® F, E ® F, ß'), where ß' is the automorphism of 
cp(E) $ cp(F) defined by the matrix 

, (0 -oc'-') ß= . 
oc 0 

Since oc' is homotopic to oc within the isomorphisms from cp(E) to cp(F), ß' is 
homotopic to 

( 0 -oc- 1) 

ß= ' oc 0 

within the automorphisms of cp(E) ® cp(F). As was shown in 2.14, the map ß is 
homotopic to Id'I'(EJ!B'I'(FJ· It follows that (E Etl F, E Etl F, ß') is elementary and thus 
d(E, F, oc)=d(E, F, oc'). 0 
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2.16. Proposition. Let d(E, F, cx) and d(F, G, ß) be elements of K(qJ). Then we have 
the relation 

d(E, F, cx)+d(F, G, ß)=d(E, G, ßcx). 

Proof The left-hand side of the equation can be written as d(E E9 F, F (J) G, cx 9 ß) = 
d(E E9 F, G (J) F, y), where y is defined by the matrix 

On the other hand, d(E, G, ßcx) = d(E (J) F, G (J) F, y') where y' = ßcx (J) I. The auto­
morphism yy'- 1 is defined by the matrix 

( 0 -ß) 
p-1 0 ' 

which is homotopic to the identity within the automorphisms of qJ(G) E9 qJ(F). 
Hence y is homotopic to y' within the isomorphisms from qJ(E) E9 qJ(F) to 
qJ(G) E9 qJ(F), and thus d(E E9 F, G (J) F, y)=d(E (J) F, G (J) F, y') by 2.15. 0 

2.17. Example. We retum to Example 2.11 where CC=SR, the category offinite 
dimensional real vector spaces, and where n = 2. Let d(E, F, rx), where cx: E E9 E ~ 
F E9 F, bean element of K(qJ). Forany isomorphismu: F ~ E, the sign ofthedeter­
minant of the composite E (J) E ~ F (J) F u Eil u, E (J) Eis independent of the choice 
of u. This defines an isomorphism K( qJ)-:::::, Z/2. 

2.18. Example.Let d(E, F, cx) be an element of K(qJ) with qJ: Yf ~ :lf (2.4). lf 
Ei: E~ Fis a continuous linear map suchthat qJ(a)=cx, then the "index" of Ei, i.e. 
Dim(Ker(fi))-Dim(coker(a)), depends only on rx. This defines an isomorphism 
K(qJ)>::JZ (Exercise 6.12). 

2.19. The example that interests us most is Example 2.7. This will be dealt with at 
the end of this section in terms of K(X/ Y), and then K( qJ) will be called K(X, Y). 

2.20. Proposition. Let i: K(qJ) ~ K(CC) (resp.j: K(CC) ~ K(CC') be the homomorphism 
defined by i(d(E, F, cx))= [E]- [F] (resp. j([E]- [F])= [({J(E)]- [({J(F)]. Then we 
have an exact sequence 

K( qJ) ~ K(CC) L K(CC'). 

Moreover, ifthere exists afunctor 1/J: CC'~ CC suchthat qJt/J>::J Idte'• then we have the 
split exact sequence 
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Proof Wehave U· i)(d(E, F, a))= [tp(E)]- [tp(F)]=O, since tp(E) is isomorphic 
to tp(F) by a. On the other hand, Iet x= [E]- [F] be an eiement of K(rtl) suchthat 
j( x) = 0. F rom 1.16, there exists an o bject T' of rtl' such that tp{ E) EB T' ;:::::, tp( F) E9 T'. 
Since the functor <p is quasi-surjective, we can find an object T ofrtl and an object 
T~ ofrtl' suchthat tp(T) ~ T' E9 T~. Hence the objects tp(E E9 T);:::::, tp(E) E9 T' E9 T~ 
andtp(FEB T)~tp(F) E9 T' E9 T~areisomorphic.Thuswecanwritex=[EEB T]­
[F EB T] = i(d(E E9 T, F E9 T, b)), where bis any isomorphism between tp(E E9 T) 
and tp(F E9 T). Now suppose there exists a functor 1/J: rtl'----+ rtl suchthat tpi/J ~ Id<c,. 
Wewillprovetheinjectivityofi, whichis themainpart oftheproof. lfi(d(E, F, a))= 
[E]- [F] =0, there exists an object T of rtl such that E E9 T~F E9 T. Hence 
d(E, F, a)=d(E E9 T, F EB T, a E9 l)=d(G, G, ß), where G=E E9 T and ß is the 
composition of a EB I and the isomorphism from tp(E E9 T) to tp(F E9 T). Thus we 
have the commutative diagram 

tp(G) ß tp(G) 

, l j, 
(tpi/J)(tp(G)) ~ (tpi/J)(tp(G)), 

where y is induced by the isomorphism Id<c'~tpi/J. If we write (tpi/J)(tp(G)) as 
tp((I/Jtp)(G)), we have ß=y- 1 ·(tpi/J)(ß)·y and d(G, G, ß)=d(G, (1/Jtp)(G), y)+ 
d((I/Jtp)(G), (1/Jtp)(G), (tpi/J)(ß))+d((I/Jtp)(G), G, y- 1) by appiying 2.I6 twice. But 
d(G, (1/Jtp)(G), y)+d((I/Jtp)(G), G, y- 1)=0 from 2.14, and d((I/Jtp)(G), (1/Jtp)(G), 
(tpi/J)(ß))=O because the tripie ({1/Jtp){G), (1/Jtp)(G), (tpi/J)(ß)) is isomorphic to 
((1/Jtp)(G), (1/Jtp)(G), Id) thanks to the commutative diagram 

tp(I/Jtp )( G) = ( tpi/J )( tp( G)) (q>~/J)(ß) ( tpi/J) ( tp( G)) = tp(I/Jtp )(G) 

(•>l{ß) l lld 
tp(I/Jtp)(G) Id tp(I/Jtp)(G). 0 

2.21. Lemma. Let A and A' be Banach algebras (with unit but not necessarily com­
mutative), and Iet f: A----+ A' be a continuous surjective ring homomorphism. Let 
A*, A'* denote the group ofinvertible elements in A, A' respectively. Let a': I--+ A' 
be a continuous map such that a' ( t) E A '* for every point t E I= [0, I], and such that 
a'(O)= f(a)for some a E A*. Then there is an element ß of A* suchthat f(ß)=a'(I). 

Proof For any Banach aigebra C we have a continuous map exp: C----+ C* defined 
by exp(x) = I + x + x 2 /2! + x 3 /3! + · · ·, and its image contains the set V of points y 
such that II y- III < I, since the Iogarithm function is defined on this set. Since I is 
compact, we can find a finite sequence ofpoints t;El, suchthat 0=t0 <t1 <t2 < 
· · · < tn= I with a'(t;)- 1a'(t;+ 1) E V (for C=A'). Let a;= Log(a'(t;)- 1a'(t;+ 1)), for 
i=O, ... ,n-1. Then a'=a'{l) can be written as a'(O)·exp(a~)·exp(a~) ... · 
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exp(cx~_ 1). Foreach i=O, ... ,n-1 choose cxieA suchthat f(cxi)=cx;. Then 
ß=cx·exp(cx0)·exp(cx1) .•. ·exp(cxn_ 1) is the point required. D 

The next lemm.a and proposition will be useful in the following chapters: 

2.22. Lemma. Let B(X) denote, in general, the Banach algebra of continuous func­
tions on the compact space X, with values in the Banach algebra B. Then, if the homo­
morphismf of Lemma 2.21 induces a surjective ring homomorphism/: A(l)----. A'(I), 
there exists a continuous map a: I---. A* suchthat a(O)=cx andf(a(t))=a'(t). 

Proof We apply Lemma 2.21 to the situation/: A(l)----. A'(I), where cx is replaced 
by the constant function ii defined by ii( t) = cx, and a' is replaced by a' : I----. A ' ( /)* 
defined by a'(t)(u)=a'(tu). Therefore, we can find a 1 eA(/)* such thatfla1(t))= 
a'(t). Then a(t) = a 1 (t)a1 (0)- 1 · cx has the required properties. D 

2.23. Remark. Using more functional analysis it is possible to prove that 
A(X)----. A'(X) is surjective whenfis surjective. We could also prove thatA*----. A'* 
is a locally trivial fibration (hence a Serre fibration). However, these results arenot 
necessary for our purposes. 

2.24. Proposition. Let X be a compact space, X' a closed subspace, and E a vector 
bundle over X. Let cx: E----. E be an automorphism, and a': I----. Aut(Ex·) a continuous 
map such that a'(O) = cxiX'. Then there exists a continuous map a: I----. Aut(E) such 
that a(O)=cx and a(t)ix·=a'(t). 

Proof This is a consequence of the previous lemma applied to A = End(E) and 
A'=End(Ex.)(l.5.10). D 

2.25. Proposition. Let <p: Cß----. Cß' be a Juli Banach functor and Iet -r = (E, E, cx') be 
an elementary triple. Then -r is isomorphic to the triple (E, E, ld<P(E)). 

Proof Let A (resp. A ') be the Banachalgebra End(E) (resp. End(<p(E)). Then <p 
induces a continuous ring homomorphism A----. A' which is surjective. Since the 
triple (E, E, Id<p(E)) is elementary, we can find a continuous path a: I----. A'*, such 
that a(O) = 1 and a(l) = cx' .. From Lemma 2.21, we can find an automorphism cx of 
E suchthat <p(cx)= cx'. Hence the triples (E, E, cx') and (E, E, Id<p(E)) are isomorphic, 
as can be seen from the commutative diagram 

rx.' 
<p(E)-----'> <p(E) 

O(o) 1 1 q>(ld) 

<p(E)~ <p(E) D 

2.26. Corollary. Let <p: CIJ----. CIJ' bea Banachfunctor which isfull and quasi-surjective, 
and Iet k(<p) be the monoid obtained from the definition of K(<p) by replacing ele-
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mentary trip/es by trip/es of the form (E, E, Id<P(EJ). Then the natural map from k( <p) 
to K(<p) is an isomorphism. Hence K(<p) is an abelian group. 

2.27. Remark. This corollary provides a purely algebraic description of K(<p) 
when <p is full and quasi-surjective. We identify the groups K(<p) and K(<p) from now 
Oll. 

2.28. Proposition. Let d(E, F, a') be an e/ement of K(<p) where <p: (fj-> (fj' is a 
Banach functor which is fu/1 and quasi-surjective. Then d(E, F, a') = 0 if and on/y if 
there exists an object G of (fj and an isomorphism ß: E EB G-> F EB G such that 
<p(ß) = a' EB Idq>(GJ. 

Proof According to the previous corollary, we can find two triples (G, G, Idq>(GJ) 
and (H, H, Idq>(HJ) suchthat the triples (E EB G, F EB G, a' EB Idq>(GJ) and (H, H, Idq>(HJ) 
are isomorphic. If f: E EB G-> Hand g: F EB G-> H are the required isomorph­
isms, we have the commutative diagram 

rx' (!) Id 
<p(E EB G) -~ <p(F EB G) 

j •Iu) cp(f) 

Idq>(H) 
---'-'---'--~ <p( H) <p(H) 

Hence, a' EB Idq>(GJ = <p(ß) where ß = g- 1 f The converse is obvious. 0 

2.29. By 2.7, we can apply the result above to the case for (fj =C(X), and rtj' =C(Y), 
where Y is a closed subspace of the compact space X and <p: C(X)-> C( Y) is the 
functor induced by the restriction of bundles. In this case we will use the notation 
K(X, Y) instead of K( <p ), and more precisely KJR.(X, Y) or Kc(X, Y) if we want to 
specify the basic field. Paraphrasing Corollary 2.26, we may say that every element 
of K(X, Y) can be written as d(E, F, a), where E and F are vector bundles over X 
and a: Ey-> Fy is an isomorphism. Moreover, d(E, F, a)=d(E', F', a') ifand only 
ifthere exist triples (G, G, Id6 y) and (G', G', Id6 ,.), and isomorphismsf: E EB G-> 
E' EB G' and g: F EB G-> F' EB G', suchthat the following diagram commutes: 

(E EB G)l y rx (!) IdGy (F EB G)l y 

Jl, j j q(, 

(E' EB G')ly rx' (!) IdG\o (F' EB G')ly 

From 2.20 we have the exact sequence 

K( X, Y) -----> K( X) -----> K( Y). 
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If Yis a retract of X (i.e. ifthe inclusion map i: Y-+ X admits a left-inverse), there 
is a functor ljJ: @"( Y)-+ @"(X) which is a right-inverse to the restriction functor. 
Then, from the second part of 2.20, we have the split exact sequence 

o~ K(X, Y)~ K(X)~ K(Y)~ 0. 

Finally, note that K(X, 0)~K(X). 

2.30. Example. Let X =B2 (resp. Y = S 1 ) be theunit ball (resp. sphere) in IR 2 • Then 
we define an element d(E,F,a) of KJX, Y)=KJB2 ,S1) by E=F=B2 xf:,, and 
a( x, v) = (x, xv) for x E S 1 c B2 c f:,. This element will play a vital role in Chapter 
III. Weshallsee later that d(E, F, a) is a generator of Kf:(B 2 , S 1) ~ z. 

2.31. Example. More generally, let X= B2 x Z and Y = S 1 x Z, where Z is an 
arbitrary compact space. Let G be a complex vector bundle over Z, and let n*(G) be 
its inverse image by the projection n: B2 x Z-+ Z. Then we define an element 
d(E, F, rt.)of KJX, Y)=K(B2 X Z, S 1 X Z) by E=F=n*(G)=B2 X G, andrt.(x, v)= 
(x, xv) for x ES 1 c B2 c f:,. In 111.1 we will see that the correspondence 
G 1-+ d(E, F, rt.) induces an isomorphism KJZ)~KJB2 X Z, S 1 X Z). 

2.32. Example. Let cp: Yf-+ .it be the quotient functor of 2.1 0. Then we can 
define an element d(E, F, a) of K( cp) by choosing E = F = H = k EB k E9 · · · EB k EB · · · 
(Hilbert sum of ~0 copies of the basic field k = 1R or f:,), and rt., the class of the 
endomorphism (x1, x 2 , ••• , xn, ... ) 1-+ (x 2 , x 3 , •.. , xn, ... ), which is invertible in 
.it (but not in Yf). It can be proved that d(E, F, a) is a generator of K(cp)~Z 
(Exercise 6.12 and Example 2.18). 

2.33. The group K(X, Y) depends "functorially" on the pair (X, Y). More 
precisely, recall that a morphism between pairs (X, Y) and (X', Y') is a continuous 
map f: X-+ X' such that f(Y) c Y'. Such a morphism induces a commutative 
diagram of categories 

@"(X)~ @"(Y) 

I') ) I.' 
@"(X')~ @"(Y'). 

where / 1 =/I y, hence a morphism (again denoted f*) between K(X, Y) and 
K(X', Y') given by the formula 

f*(d(E', F', rt.'))=d(f*(E),j*(F),ft*(a')). 

2.34. Now consider the "quotient space" X/Y. If Y is non-empty, then X/Y is the 
compact space obtained by the identification of Y to a single point {y}. If Y is 
empty, X/Y is the disjoint union of X and a point outside, again denoted by {y}. 
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Notice that X/Y is actually the one point compactification of the locally compact 
space X- Y. 

2.35. Theorem (Excision). The projection n: X--.. X/Y induces an isomorphism 

n* : K(X/ Y, { y})--.. K(X, Y). 

Proof For Y empty, we leave the trivial verification to the reader. For Y non­
empty, the proof breaks into two parts: 

a) n:* is surjective. Let d(E, F, IX) be an element of K(X, Y). By adding the same 
bundle to E and F, we may assume without loss of generality, that F is a trivial 
bundle, say ()n· We want to find a triple (E', F', IX') defining an element of 
K(X/Y, {y}), such that the triples (n*(E'), n*(F'), n!(IX')) and (E, F, IX) are iso­
morphic with n 1 : Y--.. { y}. According to I .5 .11, there is a closed neighbourhood V 
of Yand an isomorphism ß:Ev--.. Fv suchthat ßly=IX. Let E' be the vector bundle 
over X/Y obtained by clutching the bundle Elx- y and the trivial bundle ofrank n 
over V/Y, usingßlv- y (note that X- Y~X/Y- {y} and V- Y~ V/Y- {y}). LetF' 
bethetrivial bundleofranknover X/Y, and letiX': E'IIYl--.. F'IIYl betheisomorphism 
induced by the above clutching. 

Then we can define an isomorphism f: E--.. n*(E') by fix- y= Id, with the 
identification n*E'Ix- y=E'Ix- y=Eix- y, and flv=Id with the identification 
n*(E')Iv= Bnlv (!.3.3). It is now Straightforward to checkthat the diagram 

Ely IX Fly 

fly l II 
n*(E')Iy~ n*(F')Iy 

is commutative. 
b) n* is injective. Let d(E', F', cl) be an element of K(XjY, {y}) such that 

n*(d(E', F', IX'))=d(n*(E'), n*(F'), n:!{IX'))= 0. According to 2.28, there is a bundle 
Tover X suchthat n:t{IX') Ei7 IdTir can be extended by an isomorphism ß: n*(E') Ei7 
T--.. n*(F') Ei7 T. As before we may assume that T is trivial. Let T' be the trivial 
bundle over X/Y of the same rank as T. Let ß': E' Ei7 T'--.. F' Ei7 T' be the iso­
morphism which is equal to ß over X- Y, and to IX' over {y}. It is clear that ß' is 
continuous and is an extension of IX' Ei7 Idr1• over X/Y. Hence d(E', F', IX')= 

{Y) 

d(E' Ei7 T', F' Ei7 T', IX' Ei7 Idr·) = 0 by 2.28 again. 0 

2.36. Remark. Since {y} is aretract of X/Y, wehave K(X/Y, {y})~ Ker(K(X/Y)--. 
K({y}))~K(X/Y) from 2.29. 

2.37. Corollary. Let X1 and X 2 be closed subspaces of X such that X 1 uX2 =X. 
Then the inclusion (X1 , X 1 nX2 )--.. (X1 uX2 , X 2 ) induces an isomorphism 
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Proof This follows directly from the commutative diagram 

whereXIf(X1nX2)~(X1 uX2)/X2 sincethespacesX1 -(X1 nX2)and(X1 uX2)-X2 

are homeomorphic. D 

2.38. Example. Let Bn (resp. sn- 1) be the unit ball (resp. sphere) in lR.n. The space 
ßR/Sn- 1 may be identified with sn in the following way. By orthogonal projection 
on lR.n, the upper hemisphere S~ is homeomorphic to Bn. 

~s~ 

~sn-1 
Fig. 7 

Every point of sn may be written as V sin 0 + 6 cos 0, -n/2 ~ 0 ~ n/2, where V E sn- 1 

and 6 is the last basis vector of IR.n+ 1 . This representation is unique if the point is 
not ± 6. Now Iet y: S!; ---+ sn be the map defined by y(v sin 0 + 6 cos 0) =V sin (20) + 
6 cos (20). Then y is well-defined even for the point + 6, continuous, and induces a 
homeomorphism from S~jsn- 1 ~Bn;sn- 1 to sn. 

From 2.29. 2.35, and 1.34, it follows that 

Hence Kw..(ßR, sn- 1)~nn_ 1(GL(IR))~nn_ 1 (0) and KJ..ßR, sn- 1)~nn_ 1(U). In 
particular, we have K~ß2 , S 1)~n1(U)~n1(U(l))~Z. 

2.39. Example. More generally, Iet us consider the sequence 

K(XxßR,Xxsn- 1)~ K(Xx sn,x)~ K((Xxsn)/X). 

By the same argument as above, u is an isomorphism; also v is an isomorphism by 
2.35. Hence vu is an isomorphism. 

2.40. Example. Let (X, A) and (Y, B) be pairs of compact spaces. Then 
(X -A) x (Y-B) is homeomorphic to Xx Y-C, where C=Xx BuA x Y. On the 
other hand, if Z and T are compact spaces with base points z0 and t0 , define Z v T 
as the subspace of the product Z x T consisting of points (z, t) such that z= z0 or 
t=t0 , and define Z"Tto be Zx T/ZvT. Then, for Z=X/A and T= YjB, we have 
Zx T-ZvT~Xx Y-C, and so K(Xx Y, Xx BuA x Y)~K(X/A" Y/B). 
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2.41. Example. lf Z is a space with base point z0 , we define its reduced suspension 
S(Z) to be Z AS 1 ~z x 1/Z x {O}uZ x {1 }u{z0 } x I. This is the quotient of the 
suspension S'(Z) considered in 1.3.14 by {z0 } x I. It may also be interpreted as the 
one point compactification of (Z- {z0 }) x IR. For n~2, the n1h suspension of Z is 
inductively defined by Sn(Z)= S(sn- 1(Z)), and is the one point compactification 
of (Z-{z0})x1Rn. Now Iet us consider the group K(XxB",Xxsn- 1uYxB"), 
where y is a closed subspace of a compact space X. Then X X Bn- X X sn- 1 u y X Bn 
~(X- Y) x 1Rn.HenceK(Xx Bn, Xx sn- 1uYx Bn)~K(Sn(X/Y))by2.29and2.35. 

2.42. Theorem. Let Y be a closed subspace of a compact space X. Then, we have the 
exactsequence 

K(X/Y)~ K(X)~ K(Y). 

Proof From 2.35, 2.36, and 2.29, we have the exact sequence 

K(X/Y)~ K(X)~ K(Y). 

The exact sequence in the theorem now follows from the commutative diagram 

0 0 

1 1 
0 7l 7l 

1 1 1 
K(X, Y) ~ K(X) ~ K(Y) 

~1 1 1 
K(X/Y)~K(X)~ K(Y) 

1 1 1 
0 0 0 0 

2.43. Theorem. Let / 0 ,/1 : (X, Y) ~ (X', Y') be continuous maps between pairs, 
such that fo and / 1 are homotopic. Then fo and / 1 induce the same homomorphism 
Uo)* = (/1)*: K(X', Y') ~ K(X, Y). 

Proof Letf: (Xx /, Yx I)~ (X', Y') be the homotopy between/0 and/1. Thenf 
induces a homotopy between the quotient mapsfo,ft: X/Y ~ X'/Y'. Hence (/o)* 
and (h)* define the same homomorphism from K(X'/Y') to K(X/Y). The theorem 
now follows from the commutative diagram 

K(X', Y') !.* K(X, Y) 

~ r _ r~ 
K(X'/Y') !.* K(X/Y) 

oc=O, 1, and 2.35-36. 0 

Exercise 11.6.13. 
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3.1. Before expanding the theory any further, let us take a brief look at the 
direction we will follow in the next sections. Our general purpose is to construct 
groups K"(X, Y), n E 7L, X compact, and Y closed in X, which depend in a contra­
variant way on the pair (X, Y). In addition we want to construct the "connecting 
homomorphisms", i.e. natural transformations 

Finally we want the following axioms to be satisfied: 
(i) Exactness. The sequence 

K"- 1(X)L K"- 1(Y)~ K"(X, Y)~ K"(X)L K"(Y) 

is exact, where in general K"(Z) = K"(Z, 0) and the mapsj* and i* are induced by 
inclusions (Y, 0)c(X, 0) and (X, 0)c(X, Y) respectively. 

(ii) Homotopy. If / 0 ,f1 : (X, Y)--+ (X', Y') are homotopic continuous maps 
between pairs, they induce the same homomorphisms (/0 )* = (/1)*: K"(X', Y')--+ 
K"(X, Y). 

(iii) Excision. The projection (X, Y)--+ (X/Y, {y}) induces an isomorphism 
K"(X/Y, {y})~ K"(X, Y). 

(iv) Normalization. The functor K 0(X)=K 0(X, 0) is the functor K(X) 
constructed in Section 11.1. 

So far we have only completed a small part of this task. If we define K 0 (X, Y) 
to be K(X, Y), we have proved the exactness of the sequence 

in 2.20 and 2.29. Wehave also proved the homotopy and excision axioms for n=O 
in 2.43 and 2.35 respectively. In the next two sections we will construct "half" of 
the theory, i.e. the functors K"(X, Y) for n < 0. 

The construction of the other half of the theory, i.e. the functors K"(X, Y) for 
n > 0, is much more difficult. This will be done in chapter Ill after we prove the 
"periodicity" of the functors K- "(X, Y) (precisely Ki "(X, Y) ~ Ki "- 8 (X, Y) and 
K{:-"(X, Y)~K{:-"- 2(X, Y). 

It would be possible to present all these results within the framework ofßanach 
categories as in the author's thesis [2]; however, in the interest of avoiding lengthy 
developments we will mainly restriet ourselves to the category of vector bundles. 
The interested reader may consult the reference above or the exercises for many 
generalizations of the material in the next sections. 

3.2. Let~ be a Banach category. In this section we define a group K- 1 (~) which 
depends functorially on ~ (when ~=!&'(X), K- 1 (~ will be denoted by K- 1(X)). 
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If <p: ~--> ~' is a quasi-surjective Banach functor, we also construct a "connecting 
homomorphism" 

which is included in an exact sequence 

When <p: S(X)--> S( Y) is the restriction functor, this sequence can be written as 

and is the sequence of the exactness axiom for n = 0. 

3.3. More precisely, consider the set ofpairs (E, cx), where Eis an object of~ and 
cx is an automorphism of E. Two pairs (E, cx) and (E', cx') are isomorphic if there is an 
isomorphism h: E--> E' in the category ~' such that the following diagram 
commutes: 

As in the definition of K(cp), we define the sum oftwo pairs (E0 , oc0 ) and (E1 , q> 1) to 
be (E0 E9 E 1, cx0 EB cx 1). A pair (E, cx) is elementary if cx is homotopic to IdE within 
the automorphisms of E, Finally K- 1 (~) is defined as the quotient of the set of 
pairs by the following equivalence relation: a,...., a' =- 3r and r' elementary suchthat 
a+r~a'+r'. The sum ofpairs induces an abelian monoid structure on K- 1(~). 
We willlet d(E, cx) denote the dass of (E, cx) in K- 1 (~). 

3.4. Proposition. Wehave the relation d(E, cx)+d(E,cx- 1)=0. Thus K- 1(~) is an 
abelian group. 

Proof By definition d(E, cx)+d(E, cx- 1)=d(E EB E, cx E9 cx- 1). But cx EB cx- 1 can be 
written in the form 

( cx 0 ) (0 -cx)( 0 I) 
0 cx- 1 = ll(- 1 0 -1 0 ' 

and each ofthe matrices on the right is homotopic to IdEEllE as was shown in 2.14. 
Therefore, d(E (fJ E, ll( EB ll(- 1 )= 0. 0 

3.5. Proposition. Let ll( and cx' be automorphisms of E which are homotopic within 
the automorphisms of E. Then d(E, O()=d(E, 0('). 
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Proof We have d(E, rx.)-d(E, rx.')=d(E, rx.)+d(E, rx.'- 1)=d(E E:B E, rx. E:B rx.'- 1) by 
3.4. But the automorphism rx. E:B rx.'- 1 is homotopic to rx. E:B rx.- 1 , hence to IdEEllE· 
Therefore the pair (E E:B E, rx. E:B rx.'- 1) is elementary and d(E E:B E, rx. E:B rx.'- 1)=0. 0 

3.6. Proposition. We have the formula 

d(E, rx.)+d(E, ß)=d(E, rx.ß)=d(E, ßrx.). 

Proof Consider 

d(E, rx.)+d(E,ß)=d(E E:B E, rx. E:B ß) and d(E, rx.ß)=d(E E:B E, rx.ß E:B IdE). 

By 3.5, they are equal if rx. E:B ß and rx.ß EB IdE are homotopic within the automor­
phisms of E E:B E. But (rx. EB ß)- 1(aß E:B IdE)= ß E:B p- 1 is homotopic to IdEEllE as 
was shown in 3.4. Moreover, d(E, ßa)=d(E, ß)+d(E, a)=d(E, a)+d(E, ß). 0 

3.7. Lemma. The class d(E, a) is 0 if and only ifthere is an object G ojl{j, suchthat 
a EB Ida is homotopic to IdEE!lG within the automorphisms of E E:B G. 

Proof Suppose d(E, rx.) = 0. By the definition of K- 1(1{j), there exist elementary 
pairs (G, r/) and (G', ri') with an isomorphism h: E E:B G~ G', such that the 
following diagram commutes: · 

EEBG~G' 

.m,j j,· 
EE:B G~ G' 

From this we see that rx. E:B Ida is homotopic to rx. E:B '7 = h- 1 · 17' · h, which is homo­
topic to h - 1 · Ida· · h = IdEE!lG. The converse is obvious. 0 

3.8. Proposition. Wehave d(E, a)=d(F, ß) if and only if there is an object G ojl{j, 
such that a EB IdF E:B I da and IdE E:B ß EB Ida are homotopic within the automorphisms 
ofEEB FEB G. 

Proof Suppose d(E,a)=d(F,ß). Then d(E,a)-d(F,ß)=d(EE:BF,aE:Bp- 1)=0 
from 3.4. Therefore, there is an object G ofl{j suchthat a EB p- 1 EB Ida is homotopic 
to IdEE!lFE!lG from 3.7. Multiplying this homotopy by IdE E:B ß E:B Ida, we can see 
that a E:B IdF E:B Ida and IdE E:B ß E:B Ida are homotopic. Again, the converse is 
obvious. 0 

3.9. Remark. The proposition above gives an equivalent definition of the group 
K-1(1{j). 
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3.10. Example. Let A be a Banachalgebra (with unit but not necessarily commuta­
tive ), and Iet ~ = :t>(A) be the category of finitely generated free right A -modules. 
Let GLn(A) be the group of invertible n x n matrices with coefficients in A and 
Iet GL(A)=injlimGLn(A). We define a map y:K- 1(~)~n0(GL(A))= 
inj lim n0 (GLnCA)) by y(d(An, 1X)=class of IX in n 0(GL(A)). Since the matrices of 
IX EB IdAn and IdAn EB IX belong to the same connected component in GL2nCA) 
(computation of 3.4), Proposition 3.8 shows that this map is weil defined. More­
over, by 3.6 we know that y is a group map if we provide n0(GL(A)) with the 
(abelian) group structure induced by the product of matrices. Finally y is clearly 
surjective and injective by 3.7. 

3.11. Example. Let Ck be the category of finite dimensional k-vector spaces. 
According to Example 3.10 above, K- 1 (Cce)~n0(GL(<C))=0 and K- 1 (CDJ.)~ 
n0(GL(IR))~Z/2. 

3.12. Example. Let H be an infinite dimensional Hilbert space, and Iet X be the 
closed two-sided ideal of completely continuous operators (i.e. Iimits of operators 
of finite rank). Let A=End(H)/X be the quotient algebra (called the Calkin 
algebra in functional analysis). Then n0(GL(A))~Z by exercise 6.12. Therefore 
K- 1(2(A))~Z. 

3.13. Let ~ be an arbitrary Banach category, and Iet ~ be the associated pseudo­
abelian category (1.6.9). Then the canonical functor q>: ~ ~ ~ induces group maps 
K(~) ~ K(~) and K- 1(~) ~ K- 1(~). We know that the first map is not bijective 
in general (1.3.10 and 1.6.16). However, we have the following result for the 
second map. 

3.14. Theorem. The map 

is bijective. 

Proof 
a) q>. is surjective. Let d(E, IX) E K- 1 (~), and Iet T (resp. F) be an object of ~ 

(resp. ~) such that q>(T)-f? E EB F. Then d(E, 1X)=d(E EB F, IX EB IdF)=d(T, ß), 
where ß is the unique automorphism ofT suchthat q>(ß) = h ·(IX EB IdF) · h- 1 (this is 
possible since q> is fully faithful; cf. 1.6.10). 

b) q>. is injective. Let d(E, IX) E K- 1(~) such that q>.(d(E, IX))= 0. By 3.7 there 
is an object Gof~, which we may assume to be of the form q>(E'), since q> is quasi­
surjective, such that q>(IX) EB Idq>(E'l is homotopic to Idq>(EJ aJ q>(E'l within the auto­
morphisms of q>(E) EB q>(E'). Since q> is fully faithful, it follows that IX EB IdE' is 
homotopic to IdE EilE' within the automorphisms of E EB E'. Hence d(E, IX)= 
d(E EB E', IX EB ldd=O. 0 

3.15. Example. Let ~ be ~(A ), where A is a Banach algebra. Then ~ ~ .?P(A) by 
1.6.16. Therefore K- 1(.?P(A))~n0(GL(A)). 
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3.16. In the proof of Theorem 3.14, we only used the fact that the functor 
cp: '(? ~ ~ is fully faithful and quasi-surjective. Thus, if we replace '(? by tff T(X), the 
category oftrivial bundles over a compact space X, replace ~ by C(X), the category 
of locally trivial vector bundles over X (1.6.5), and Iet cp: tff T(X) ~ C(X) be the 
inclusion factor, the same proof gives an isomorphism 

K- 1(tff T(X)) ~ K- 1(tff(X)). 

In order to compute K- 1(C T(X)), and hence K- 1(tff(X)), we will often make 
use ofthe following fact. ForE and Fvector bundles over X, there exists a bijective 
correspondence between the continuous maps from Y to Hom(E, F) and 
Hom(n*(E), n*(F)), where n: Xx Y ~X. This is true for trivial bundles because 
F(Xx Y, kn)~F(Y, F(X, kn)), where F denotes the function space of continuous 
maps. This is also true for arbitrary vector bundles since they are direct factors of 
trivial bundles for instance. 

3.17. Theorem. Let X be a compact space and Iet [X, GL(k)] ~inj lim[X, GLn(k)], 
k= IR or <C, be the set of homotopy classes of continuous maps from X to GL(k), 

provided with the group structure induced by the product of matrices. Let 
u: inj !im[ X, GLn(k)] ~ K- 1(X) = K- 1(tffk(X)) be the map defined by ll.n f-+ d(On, &n), 
where en=XX kn. Then u is an isomorphism. 

Proof By the above remark, [X, GLn(k)]~n0(GLn(A)) where A is the Banach 
algebra of continuous functions on X with values in k. Moreover, the map u 
factors into 

inj !im[ X, GLnCk)] ~ K- 1(tff T(X)) ~ > K- 1(tff(X)) 

ll ll 
inj !im n0(GLn(A)) ~ K- 1(:l'(A)) 

where we use the category equivalence tff T(X) ~ :l'(A) exhibited in the proof of 
1.6.18. Thus the theorem is essentially a consequence of 3.14. D 

3.18. Remark. It is easy to give a direct proof of theorem 3.17 (without using 
Banach algebras) along the lines of 3.14. 

3.19. Corollary. Let Ü=inj !im O(n), (resp. U =inj lim U(n)) be the infinite 
orthogonal group (resp. theinfinite unitary group ). Then wehavenatural isomorphisms 

[X, OJ~inj lim[X, O(n)] ~ Ki 1(X) 
and [X, U] ~inj !im[ X, U(n)] --+ K~ 1(X). 

3.20. Example. Let X be the sphere SP with base point {e}. We define a map 
[SP, GL(k)] ~ np(GL(k)) x n0 (GL(k)) by <1. f-+ (<~.', <~.(e)) where <~.'(x)=<~.(x)<~.(e)- 1 . 
It is easy to show that this map is bijective. Hence K- 1(SP)~ K- 1({ e}) EB K(SP+ 1) 

(1.34). 
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3.21. Let cp: CC ~ CC' be a quasi-surjective Banach functor. Following the outline 
given in 3.2, we are going to define a "connecting homomorphism" 

Let d(E', IX') be an element of K- 1(CC'). Since cp is quasi-surjective, there is an object 
E ofCC, an object F' ofCC', and an isomorphism h: cp(E) ~ E' EB F'. Let IX: cp(E)~ 
cp(E) be the isomorphism which makes the diagram 

E' EB F' ~ cp(E) 

<~Id,l j• 
E' EB F' ___!!___. cp( E) 

commutative. Then d(E, E, IX) is the element of K(cp) associated with d(E', IX') by 8. 
We must prove that this element is independent of the choices F', E and h. Let 
F', E and h be other choices, and Iet d(E, E, ~) be the new element of K( cp) thus 
obtained. Then we have d(E, E, IX)= d(E EB E, E EB E, IX EB 1) where "IX EB 1" = 
IX EB Id<P<ll>' is included in the commutative diagram 

(E' EB F') EB (E' EB F') ~ cp(E) EB cp(E) 

'j - ·+·" (E' EB F') EB (E' EB F') __!!__!!!__!!__ cp(E) EB cp(E), 

where y= (IX' EB Idr) EB (IdE' EB Idp, ). As was shown in 3.4, y is homotopic to 
y=(ldE' EB Idr) EB (IX' EB ldp,) within the automorphisms of E' EB F' EB E' EB F'. 
Therefore, IX EB Id<P<E> is homotopic to ld<P<EJ EB ~, as is shown by the analogous 
commutative diagram 

(E' EB F') EB (E' EB F') ~ cp(E) EB cp(E) 

'l - , .. "l ~ ' 
(E' EB F') EB (E' EB F') ~ cp(E) EB cp(E). 

According to 2.15, we have the identity d(E EB E, E EB E, IX EB ld<P<E>)=d(E EB E, 
E EB E, ld<P(EJ EB ~) = d(E, E, a), showing that 8 is well-defined and natural. 

3.22. Theorem. The sequence 

is exact. 



3. The Group K- 1 of a Banach Category. The Group K- 1 (X) 77 

Proof From 2.20, we only have to prove exactness at K(qJ) and K- 1(1i&''). 
a) Exactness at K(qJ). Let d(E', IX') be an element of K- 1(1i&''). Since qJ is quasi­

surjective, we may assume without loss of generality that E' is of the form qJ(E). 
Then 8(d(E', 1X'))=d(E, E, cl), and (i.8)(d(E', IX'))= [E]- [E]=O. 

Conversely, Iet d(E, F, IX) be an element of K(qJ) such that i.(d(E, F, 1X))= 
[E]-[F]=O. By l.l6, we can find an object T of Ii&' and an isomorphism 
b:E(f)T~F(f)T. Therefore d(E, F, 1X)=d(E (f) T, F (f) T, IX (f) ld"'<T>)= 
d(E(f) T, E(f) T, y) where y=qJ(b- 1)·(1X@Id"'<T>) since the triples (E(f) T, 
E (f) T, y)and (E (f) T, F (f) T, IX (f) Id"'<r>) are isomorphic, (2.13). Henced(E,F, IX)= 
8(d(E', IX)) where E' =qJ(E) (f) qJ(T). 

b) Exactness at K- 1(1i&'). Let d(E, IX) be an element of K- 1 (1i&'). Then 
(8 ·j.)(d(E, 1X))=d(E, E, 1X)=O since the triples (E, E, IX) and (E, E, Idq>(E)) are 
isomorphic. 

Conversely, Iet d(E', IX') be an element of K- 1 (1i&''). Since qJ is quasi-surjective, 
we may assume without loss of generality that E' is of the form qJ(E). If 
8(d(E', IX'))=d(E, E, IX')=O, we can find two elementary triples (G, G, '1) and 
(H, H, e) suchthat (E, E, IX')+(G, G, '1)~(H, H, e), (2.13). More precisely, we have 
isomorphisms u: E (f) G ~ H and v: E (f) G ~ H such that the following diagram 
commutes: 

qJ(E) (f) qJ(G) ~ qJ(E) (f) qJ(G) 

•(•) l !·(") 
qJ(H) --8-~ qJ(H) 

Therefore d(E', IX')=d(qJ(E) (f) qJ(G), IX' (f) IJ)=d(qJ(H), qJ(u)qJ(v- 1)e)=d(qJ(H), 
qJ(u ·v- 1)) by 3.5. Hence d(E', IX')= j.(d(H, IX)) where IX= u ·v- 1. 0 

3.23. Corollary. Let X be a compact space and Y be a closed subspace of X. Then 
we have the exact sequence 

3.24. Example. Let CPn be the complex projective space of ccn+ 1 . Then 
CP1 ~S2 and Kc(CP1)~KiS2)~Z (f) Z by 1.34. Moreover, anontrivial generator 
for Kc(S 2 ) is given by the canonicalline bundle over CP1 (1.2.5). Now Iet X be 
CP 2 and Y be CP 1 . Since, the canonicalline bundle over CP 1 is the restriction of 
the canonicalline bundle over CP 2, the map Kc(X) ~ Kc( Y) is surjective. J:inally, 
K,C 1(S 2)=0 because n2(U(2))=0 (1.34 and 3.20), and K(X, Y)~K((X-Y))~ 
Kc(S4)~Z because n3(U(2))~Z. From this discussion and Corollary 3.23, we 
obtain the exact sequence 

o~ Kc(S4)~ Kc(CP2)~ Kc(CPl)~ 0. 

ll ll 
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Hence KI._CP2)~Z EB Z EB Z. More complete results will be obtained in Chapters 
111 and IV. 

3.25. It is possible to generalize the definition of K- 1(X) to a "relative" version, 
K- 1(X, Y), for Y closed in X. As in 3.3, we consider the set of pairs (E, IX), where 
Eis an object of tS'(X), but where IX is now an automorphism of E such that lXI y= I. 
We make the same definitions as in 3.3, except that we call a pair (E, IX) elementary 
if there exists a continuous map er: I---+ Aut(E), such that cr(O)= 1, cr(l)=IX and 
cr(t)l y= IdEy· We call the group obtained by this procedure K- 1(X, Y). Assertions 
3.4, 3.5, 3.6, 3.7, and 3.8 can be generalized without difficulty (taking care that the 
homotopies involved are constant over Y). The proof ofTheorem 3.14 can be used 
again to show that K- 1(X, Y) may also be constructed using only trivial bundles 
(compare with 3.16). It follows that K- 1(X, Y)~K- 1(X/Y, {y})~[X/Y, GL(k)]'. 
where [ , ]' denotes homotopy classes of maps preserving base points. 

3.26. Proposition. Wehave the exact sequence 

Moreover, when Y is a retract of X, we have the split exact sequence 

Proof It is clear that the composition K- 1(X, Y)---+ K- 1(X)---+ K- 1(Y) is zero. 
Now Iet d(E,IX) be an element of K- 1(X) such thatj*(d(E, 1X))=d(Ey, IXy)=O. 
According to 3.7, we can find a vector bundleG over Y, which we may assume tobe 
ofthe form Flr, so that IXy EB ld6 is homotopic to IdEyGlG within the automorph­
isms of Ey EB G = (E EB F)y. According to 2.24, IX EB IdF is homotopic to an auto­
morphism ß such that ßl y = Id<E Gl FJy. Hence d(E, IX)= d(E EB F, IX EB IdF) = 
d(E EB F, ß) belongs to the image of i*. 

Let us assume now that Y is a retract of X. Then to prove that the exact sequence 
splits, it is enough to show that i* is injective. Let x be an element of K- 1(X, Y) 
represented by a continuous map y: X---+ GL(k), such that y(Y) ={I} and y is 
homotopic to the constant map y0 defined by y0 (X)= {1 }. lf y: X x I---+ GL(k) is 
this homotopy, we define y: X x I---+ GL(k) by the formula y(x, t) = y(x, t) x 
y(r(x), t)- 1 where r: X---+ Y is a retraction. Then y is a homotopy of y to I such 
that y(Yxi)={l}. 0 

3.27. Proposition. Let f: (X, Y)---+ (X', Y') be a morphism between compact pairs, 
which induces homotopy equivalences X -X' and Y"' Y'. Then f induces an iso­
morphism K(X/Y)~ K(X/Y). 

Proof Since X -X' and Y"' Y',Jinduces isomorphisms K(X')~K(X), K- 1(X')~ 
K- 1(X), K(Y')~K(Y) and K- 1(Y')~K- 1 (Y). Therefore, we have the commuta­
tive diagram 
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K- 1(X')---.. K- 1(Y')---.. K(X', Y')---.. K(X')---.. K(Y') 

~j ~j l j~ j~ 

where four of the vertical maps are isomorphisms. It follows from the five Iemma 
(Northcott [1]) that the map K(X', Y')-+ K(X, Y) is also an isomorphism. From 
the commutative diagram (cf. 2.35) 

K(X' /Y', {y'}) ~ K(X', Y') 

j j 
K(X/Y, {y})~ K(X, Y) 

we obtain the isomorphisms K(X'/Y')~K(X/Y) and K(X'/Y')~K(X/Y). 0 

3.28. It is possible to give another interpretation of 3.22 when qJ = f* : tß'(X)-+ 8( Y) 
is associated with some continuous map f: Y-+ X. Given J, we define its mapping 
cylinder M J to be the quotient of Xu Y x I by the equivalence relation, which 
identifies (y, 0) withf(y) for eachy in Y. Then we have the diagram, commutative 
up to homotopy, 

y___i__x 

J· 
where u is a homotopy equivalence (its homotopy inverse is the "projection" on X), 
and where i(y) is the class of (y, 1). Therefore, we have the category diagram 

and the same argument as used in the proof of 3.27 shows that K(f*)~K(i*)~ 
K(C'f) where C'f~MJ/i(Y). 
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The Puppe sequence associated with f is the sequence 

y LX~ C'f~ S'(Y) ~ S'(X), 

where in generat S'(Z) denotes the suspension of Z (1.3.14). lf x0 and y 0 are base 
points inXand Yrespectively, and iff(y0 )=x0 , we can also considerthe "reduced 
Puppe sequence" 

YLx~cJ~S(Y)~S(X), 
where in generat S(Z) denotes the reduced suspension of Z (2.41). The maps 
S( Y)----+ S(X) and S'( Y)----+ S'(X) are induced by the functoriality of our construc­
tion; the map C'f---+ S'(Y) is induced by the identification C'f/X~S'(Y). Finally, 
Cfis the quotient of C'fby the class of {x0 } xl; the map Cf---+ S(Y) is similarly 
defined. 

3.29. Theorem. The Puppe sequence and the reduced Puppe sequence induce exact 
sequences of K-groups 

K(S'(X))~ K(S'(Y))~ K(C'f)~ K(X)~ K(Y) .. 
I 

-I 
-I 

: 

.. 
I 

~: 
I 

.. 
I 

-I -: 
I II II 

K(S(X)) ~ K(S(Y)) ~ K(Cf) ~K(X)~K(Y). 

Proof Since Cf, S(Y), and S(X), are respectively the quotient of C'J, S'(Y), and 
S'(X), by contractible subsets, Proposition 3.27 shows that proving the first exact 
sequence will suffice. 

a) Exactness at K(X). This follows from the diagram 

K(C'f)~ K(X)~ K(Y) 

II l u· II 
K(C'f)~ K(M1)~ K(Y), 

since the last sequence is exact by 2.42. 
b) Exactnessat K(C'f). Since S'(Y) ~ C'f/X, exactness follows again from 2.42. 
c) Exactness at K(S'(Y)). We consider the following picture, 

S'(Y)uC-(X) Fig. 9 
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and the following diagram: 

C'f S'(Y) S'(X) 

II I 1 
C'f~ S'(Y)uC-(X)~ S"(X) 

II II l 
C'f~ S'(Y)uC-(X)~ S'(X) 

Here S'(Y)uC-(X) is thequotientof Yx [0, 1]uXx [ -1, 0] bytheidentification 
re1ations (y, 0)--(f(y), 0), (y, 1)--(y', 1), and (x, -1)--(x', -I), for y,y' E Y 
and x, x' EX. The space S'(Y) is homeomorphic to the quotient of S'(Y)uC-(X) 
bythecontractibiesubset C- (X) (1.3.14). Hence, by 3.27, themapS'(Y)uc- (X)---+ 
S'(Y) induces an isomorphism K(S'(Y))~K(S'(Y)uC-(X)). In the same way, 
let S "(X) be the quotient of X x [ - I, I] by the relation which identifies X x {I} 
to a single point, and Xx {-I} to another single point as in 1.3.I4. Then S'(X) 
may also be identified with the quotient of S"(X) by the contractible subset C +(X) 
or C-(X), and the two vertical quotient maps S"(X)---+ S'(X) induce isomorphisms 
on the K-groups .. Finally we obtain the commutative diagram 

K(C'f) K(S'(Y)) K(S'(X)) 

II J~ l· 
K(C'f) ~.K(S'(Y)uC-(X)) ~K(S"(X)) 

II II 1 ~ 
K(C'f) ~.K(S'(Y)uC-(X)) ~.K(S'(X)), 

Where all the verticai maps are isomorphisms. Since the bottom horizontal row is 
an exact sequence by 2.42, the sequence 

K(S'(X))~ K(S'(Y))~ K(Cf) 

is also exact. 0 

3.30. Remark. According to 1.34 and 3.19, K(S'(Y)) ~K- 1(Y) by the map 
associating each (X: Y--+ GLp(k), suchthat (X(OO)=l, with the p-dimensional 
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bundle E~ of 1.3.14. Now we daim that the diagram 

K(S'(Y))---+ K(C'{j))~ K(C'(f)) 

ll / 
K- 1(Y)-----+ K(i*) 

is commutative. In this diagram, f: Y- X is the compactification of f (note that 
Y= Yu{ oo }, X=Xu{ oo }) andK(C'(])) ;:;;;K(C'(f))) by 3.27. 

Fig. 10 

CX) C'(f) 

Finally, i* is the inverse image functor associated with the indusion i: Y ~ 
Yx {I}- M 1 , where M 1 is the mapping cylinder ofj(note that C'(f)=Mr/i(Y)). 

The image ofthe dass of E~ by the composition K(S'(Y)) -~ K(C'(f)) ~ K(i*) 
is d(E, F, ß), where E=F is obtained by dutching the trivial bundles MJ x k" 
and M 1- x kn by the transition function r:l over Yx {i} (where a'=aly; also MJ 
is the dass of Yx [t, 1], and M 1- is the dass of Xu Yx [0, tJ), 

,-------, y X { 1} 

Fig. II 

L_ ____ _L _______ x 

and where ß: EI y x 111 - Fl y x {1J is induced by the identity map ofthe trivial bundle. 
Applying 1.3.3, it is easy to see that d(E, F, ß) is also equal to d(E', F', ß'), where 
E' = F' is obtained by dutching the trivial bundles M 1 x kn and Y x kn by the 
transition function a over Y x { 1 }, and where ß' is induced by the identity map of 
the trivial bundle. If we identify E' and F' with M 1 x kn, we find the image of Eil 
in K(i*) by the connecting homomorphism K- 1{ Y)- K(i*) described in 3.21. 

Exercises (Section 11.6) 7, 12. 

4. The Groups K-"(X) and K-"(X, Y) 

As promised in 3.1, we are going to define the groups K-n(X) and K-n(X, Y), and 
prove that they have the desired properties. In fact we will slightly generalize the 
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theory by considering locally compact spaces instead of compact spaces (this 
generalization will turn out to be very useful). 

4.1. As in the preceding sections X will denote the one point compactification of a 
locally compact space X. We define K(X) and K- 1(X) as Ker[K(X)---+ K({oo })] 
and Ker[K- 1(X)---+ K- 1({ oo })] respectively. For X compact, Xis just the disjoint 
union of X and { oo}; thus by 1.26 and 3.19 this definition agrees with the original 
definition of K(X) and K- 1(X). Let us define a morphism between two locally 
compact spaces X and Y to be a continuous map f: X---+ Y, such that f{ oo) = oo. 
We will writejin the formf: X --• Y. It is obvious that locally compact spaces are 
the objects of a category with morphisms as defined above. Moreover, since the 
diagrams 

K( Y) ----> K(X) 

l l 
K(oo)=K(oo) 

are commutative, the functors K and K- 1 are defined on this category. 

4.2. Example. Let g: X---+ Y be a continuous proper map between X and Y. Then g 
induces a continuous mapf:X---+ Y, wheref(x)=g(x) if x=l=oo, andf(oo)=oo. 
However, not all morphisms are ofthis form. 

4.3. Example. Let Z be a locally compact space, and Iet T be a closed subspace. 

Then we define a morphism f: Z -~• Z- T, or f: Z---+ z;:r, by the formula 
f(z)=z if z f/; T,f(z)= oo if z E T, andf( oo) = oo. 

4.4. Example. The inclusion of the point { oo} in S" induces isomorphisms 
K(S")~K(IR") and R- 1(S")~K- 1 (1R"). 

4.5. Remark. The theory we are developing is similar to cohomology with compact 
support. The reader is wamed that in general, Theorems 1.33 and 3.17 are false for 
locally compact spaces. 

4.6. Proposition. Let X be a compact space, and Iet Y be a closed subspace. Then we 
have the exact sequence 

K- 1(X) L K- 1( Y) __!____. K(X- Y) ~ K(X) L K( Y), 

where i* andj* are induced by i: X -~• X- Y andj: Y -~• X respectively. 

Proof Since the space X/Y- {y} may be identified with X- Y, we have 
....----. -

(X- Y)~X/Y and K(X- Y)~K(X/Y). The proposition now follows from 2.35 
and 3.23. 0 
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4.7. CoroUary. Let X be a locally compact space and Iet Y be a closed subspace. 
Then we have the exact sequence 

x- 1(X)L K- 1(Y)~ K(X- Y)~ K(X)L K(Y) 

where i* andj* are induced by i: X-~~ X- Y andj: Y -~~X respectively. 

Proof We consider the commutative diagram 

0 0 0 0 0 

r r II r r 
x- 1({ oo})----. x- 1({ oo}) 0 K({oo})~ K({oo}) 

r r i i i 
x-1(.1') ~ x- 1(1') ~ K(k- Y)--K(k) ~ K(Y) 

r r ll i i 
x- 1(X) _____.. K- 1(Y) ~ K(X- Y)--K(X) _____.. K(Y) 

r r r r r 
0 0 0 0 0 

where the last row is induced by the others. Since the vertical maps define split 
exact sequences, elementary diagram chasing shows that the last row is exact when 
the first two are. Thus the result follows from 4.6. D 

4.8. Theorem. For every locally compact space Y, we have a natural isomorphism 
K- 1(Y)~K(Yx 1R). Moreover, if Y is a closed subspace of X, we have an exact 
sequence 

K(Xx R)----. K(Yx JR)----. K(X- Y)----. K(X)----. K(Y). 

Proof The second part of this theorem is a consequence of 4. 7 and the first part. 
F or the first part, let us consider the space Z = Y x 1R + where 1R + = [0, + oo [. Then 
Z is homeomorphic to Yx [0, 1]- Y v [0, 1] (where 1 is the base point of [0, 1]). 
Hencet~Yx [0, 1]/Yv [0, 1].Nowwedefineanhomotopyr: Zx [0, 1] ~ Zgiven 
by r(y, t, u)=class of (y, (1 + (1- t)u) for (y, t) E Yx [0, 1]. 

Fig. 12 

0 
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It follows that K(YxiR+)=K- 1(YxiR+)=O. Applying 4.7 to the pair 
( Y x IR+, Y) we obtain the exact sequence 

K- 1(Yx IR+)~ K- 1(Y)~ K(Yx IR)~ K(Yx IR+). 

Therefore K- 1(Y)~K(Yx IR). D 

4.9. The homomorphism 

o=ox y:K(YxiR)~K(X-Y) 

may be described more explicitly as follows. LetZ be now the space X x { 0} u Y x 
[0, 1]- Yx {1 }. 

Fig. 13 

Xx {0} 

Since Z-Yx[O,l)~X-Y and Z-Xx{O}~YxR, we have the following 
diagram 

K(Yx IR) i!x, r, K(X- Y) 

ßk.r\ Jatr 
K(Z) 

In this diagram IXi. r is an isomorphism because of the exact sequence 

K- 1(Yx [0, 1))~ K(X- Y)~ K(Z)~ K(Yx [0, 1)) . 

...--'----... 
In this sequence K(Yx [0, 1))= K- 1(Yx [0, 1))=0 because Yx [0, 1)~ Yx 1/Yvl, 
which has the K-group ofa point (cf. 3.27), hence also the K- 1-group ofa point by 
the same argument applied to Y x IR. 

Now we claim that the diagram above is commutative (i.e. Bx r =IX!-/· ßi r ). 
To prove this Iet us put 8i,r=1Xi,-/·ßk.r· Then we have t~o co~mutative 
diagrams: 

K(Yx IR)~ K(X- Y) K(Yx IR)~ K(X- Y) 

j 
K(YxlR)~ K(X- Y) 

l 
K(Yx R)~ K(X- Y) 
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Therefore, by the substitution X f-+ X and Y f-+ Y, we may assume X and Y 
compact. In that case K(Z)~K(C'(f))~K(C' j))(wheref: Y>-+ Xis the inclusion 

map (cf. 3.30)), rxiR~S(:Y), and ßi_y: K(YxlR)~K(Z) coincides modulo 
isomorphism with the map K(S(Y))~ K(C(j)) in the reduced Puppe sequence 
3.29, applied to the mapj According to 3.30, the diagram 

K(S(Y)) -- K(C(j)) 

K- 1(Y) -- K(X- Y) 
aX,Y 

is commutative. Hence 8x y=o~ y (K(YxlR) is identified with K- 1(Y) by 
the map r:x f-+ E~ described in 3.30). 

4.10. Proposition. Let T: X x lR ~ X x lR be the involution defined by (x, A.) f-+ 

(x, - A.). Then T*(u) = - u, where T*: K(X x lR) ~ K(X x lR) is induced by T. 

Proof Since we have the split exact sequence 

0----+ K(Xx lR)----+ K(Xx lR)----+ K({oo} x IR)----+ 0, 

it suffices to prove the proposition for X compact. Then K(Xx IR.)~K(Xx B1, 

X X S 0), and T* can be identified with the involution of K(X X B1' X X S 0) induced 
by (x, A.) f-+ (x, - A.). 

Now consider the exact sequence associated with the pair (Xx B1 , Xx S 0): 

ll ll ll ll 
K- 1(X) K- 1(X) El1 K- 1(X) K(X) K(X) El1 K(X) 

In this exact sequence S 0 = { -1, + 1 }, and the morphisms L1 1 and L1 are the dia­
gonal homomorphisms with identifications made. Moreover, the involution T 
induces the involution t* of K- 1(Xx S 0) which switches factors, and we have the 
commutative diagram 

K- 1(Xx S0)~ K(Xx B 1, Xx S0) 

~~ Ir 
K- 1(Xx S0)~ K(Xx B 1 , Xx S0 ), 

where 8 is surjective. If x=o(y) E K(Xx B1 , Xx S 0), it follows that x+ T*(x)= 
o(y+t*(y))=O since Im(8ß 1)=0. 0 
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4.11. Definition. lf Y is a closed subspace of a locally compact space X, we define 
K-n(X, Y) tobe K((X- Y) x Rn). 

By Theorem 4.8, this definition agrees (up to isomorphism) with the defi­
nition of K- 1(X)=K- 1(X, 0) given in 3.3. Moreover, since K- 1(X, Y)~ 
Ker~K- 1(X/Y)---+ K- 1({y})] for both definitions of K- 1(X, Y) (cf. 3.25 and 4.13 
below), this definition 4.11 also agrees with the one given in 3.25. 

4.12. Proposition. lf X is a compact space and if Y is a closed subspace, we have 
natural isomorphisms K-"(X, Y)~K(S"(X/Y))~K(Xx B", Xx S"- 1 uYx B"). 

Proof We have the homeomorphisms 

(2.41). 

Hence 

K(Xx B", Xx sn-tu Yx Bn)~K((X- Y) x (B"- S"- 1))~K((X- Y) x R") 

Moreover, S"(X/Y)~B"/Sn-l AXIY~Xx B"/Xx sn-lu Yx B" and thus the last 
isomorphism of the proposition also follows. 0 

We will write K-"(X) instead of K-"(X, 0). Note that the group K-"(X, Y) 
depends functorially on the pair (X, Y). More precisely, if f: (X, Y)---+ (X', Y') is a 
morphism of pairs, it induces a morphism g: X- Y -~~X'- Y' in the category of 
locally compact spaces defined by g( oo) = oo, g(x) = oo if f(x) E Y', and g(x) = f(x) 
iff(x) r# Y'. 

4.13. Theorem. Let X be a locally compact space and Iet Y be a closed subspace. 
Then,for any n~O we have an exact sequence 

Proof For n = 0, the theorem is simply Theorem 4.8. The generat case follows by 
applying 4.8 to the case for Xx R" and Yx R". 0 

4.14. Corollary. Let X and Y as in 4.13, and Iet Z be a closed subspace of Y. Then 
we have an exact sequence 

Proof We apply 4.13 to the pair (X -Z, Y-Z). 0 

We adopt the following generat convention: the space X/Y will denote the 
quotient of X by the relation which identifies every element of Y with { oo} (for 
example X/0 is the one point compactification of X). Then we have the following 
theorem: 
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4.15. Theorem. The natural map (X, Y)-+ (X/ Y, { oo}) induces an isomorphism 
K-"(X/Y, { oo}) ~ K-"(X, Y). Moreover, K-"(X) is naturally isomorphic to 
Ker[K-"(X)-+ x-"({ oo })]. 

Proof Since X/Y- { oo} and X- Y are homeomorphic, x-"(X/Y, { oo })~ 
K-"(X, Y). In particular, K-"(X) ~K-"(X, { oo }). Now the exact sequence 

implies the split exact sequence 

since { oo} is a retract of X. 0 

4.16. Theorem. Let/0 ,/1 : X-~+ Y be morphisms which are homotopic. Thenf0 and 
/ 1 induce the same homomorphism 

/o*=/1*: x-"(Y)~ x-"(X) 

Proof Since / 0 and / 1 are homotopic, there exists a morphism f: X x I-~+ Y such 
that fa = f- i~, where i~: X -~+X x I is the morphism associated with the continuous 
proper map x ~---+ (x, a) for a = 0, I. In order to prove the theorem, it suffices to con­
sider the case n=O, since the generat case follows by replacing Yand X by Yx 1R" 
and X x 1R" respectively. Then we have the commutative diagram 

Xxl Xxl Y 

~~ 
k 

showing that the maps j0 : X-+ Y and / 1 : X-+ Y are homotopic. Hence they 
induce the same homomorphism on the K-groups and we have the commutative 
diagram: 

K(Y)-----+ K(X) 

j j 
K({ oo}) K({ oo }) 

Therefore / 0* = / 1*: K( Y)-+ K(X). 0 
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4.17. Let X', X, and X", be locally compact spaces, and let i: X' --•X and 
j: X --• X" be morphisms. Then the sequence 

X' -----• X ----~• X" 

is called exact if it is isomorphic to a sequence of the form 

T ----~• X ----~• X- T, 

where T is a closed subspace of X. From Theorem 4.13, it follows that we have the 
exact sequence 

for n~O. This formal definition of "exact sequences" may be applied to axio­
matically characterize the functors K-n (Karoubi-Villamayor [1]). 

4.18. Theorem. Let X 1 and X2 be closedsubspaces ofa locally compact space X such 
that X 1 uX2 =X. Then we have the exact sequence 

K-n-t(Xt) ® K-n-t(Xz) ~ K-n-t(Xt nXz)--.4-+ 

K-n(X1 uX2)~ K-n(X1 ) ® K-n(X2)~ K-n(X1nX2 ) 

for n~O, where u and v are defined by u(a)=(alx,, alx) and v(a1, a2)=1X 1 Ix,r~x2 -
IX2Ix,r~x2· 

Proof We have the following commutative diagram 

.. 
. I 

I 
I 

i 

.. 
. I 

I 
I 
I 

' I 
I 
I 

where the horizontal lines are exact. From 4.17, we obtain the following exact 
sequences and commutative diagram: 

ThezigzaghomomorphismK-n- 1(X1 nX2)-> K-n(X1 uX2)isthehomomorphism 
L1 written in the text of the theorem. Now the exactness of the sequence of this 
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theorem is a purely formal consequence of the two exact sequences above, except 
for the sequence 

If X1 and X 2 are compact, Iet rx;= [E;]- [TJ be elements of K(X;) suchthat 
rx 1 lx,nx2 =rx2lx,nx2 , and suchthat T1 and T2 aretrivial bundles ofthe samerank n. 
According to 1.18, by adding trivial bundles, this implies that the vector bundles 
E 1lx,nx2 and E2 lx,nx2 are isomorphic. If f: Edx,nx 2 -+ E2 lx,nx2 is such an iso­
morphism, we Iet E be the vector bundle obtained by clutching E1 and E2 usingf 
(!.3.2) and Iet Tbe the trivial bundle with rank n. Then x= [E]- [T] is an element 
of K(X) whose restrictions to K(X1) and K(X2) are the elements rx 1 and rx2 • 

In the general case, we consider the diagram 

0 0 0 

r r 
o~K0({oo})~K0({oo}) ~ K0({oo})~K0({oo})~O 

I I I 
K 0(X1uX2 ) ~ K 0 (X 1 ) E9 K 0(X2)------+K0(X1nX2) 

r r 1 
K 0(X1 uX2)------+ K 0 (X1 ) E9 K 0(X2)------+ K 0(X1 nX2 ) 

I I I 
0 0 0 

where the vertical sequences are split exact. The first two horizontal sequences are 
exact by what we have just proved. It follows that the last horizontal sequence is 
also exact. 0 

4.19. Theorem. Let U1 and U2 be two open subspaces of a locally compact space X 
suchthat U1uU2 =X. Then we have the exact sequence 

K-"- 1(U1) E9 K-"- 1(U2)~ K-"- 1(U1 uU2)~ 

K-"(U1 nU2)~ K-"(U1) E9 K-"(U2)~ K-"(U1uU2 ). 

Proof We have the following exact sequences of Iocally compact spaces: 

U= U1 - U1 nU2 ----~• U1 ----~• U1 nU2 

U= U1 uU2 - U2 ----~• U1 u U2 ----~• U2 
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By 4.17 we obtain the following exact sequences 

K-"- 1(Ud~ K-"- 1(U)~ K-"(U1nU2)~ K-"(U1)~ K-"(U) 

l II l l II 
The homomorphismK-"- 1(U1 uU2) ~ K-"(U1nU2) is the obviouszigzaghomo­
morphism. The theorem now follows by a simple diagram chasing argument as 
in 4.18. 0 

4.20. The sequences of Theorems 4.18 and 4.19 are called M ayer- Vietoris exact 
sequences. 

4.21. Proposition. Let X be a locally compact space and Iet (U;) be an inductive 
family of open subsets in X such that every compact subset of Xis contained in at least 
one U;. Then 

Proof Replacing X by X x IR" when n > 0, we see that it suffices to prove the asser­
tion for n=O. Now we have the commutative diagram 

K(U;)--~ K(Uj)---> K(X) 

n n n 
K(X,X-UJ~ K(X,X-Uj)~ K(X, oo) 

where Xis the one point compactification of X (note that (Ji;::;;;XjX- U;), and 
where the map K(X, X- UJ ~ K(X, X- Uj) is induced by the inclusion 
(X, X- Uj) c (X, X- U; ). Since X- U; is a base of closed neighbourhoods for the 
point { oo }, the proposition is a consequence of the following Iemma: 

4.22. Lemma. Let Y be a compact space, y E Y, and Iet (S;) be a base of closed 
neighbourhoods for y. Then 

K(Y, {y});::;;;inj lim K(Y, S;) 

Proof Let us denote the obvious homomorphism from inj lim K(Y, SJ to 
K(Y, {y}) by l. 

a) I is surjective. Let d(E, F, a) E K( Y, {y}) where E and F are vector bundles 
over Y and a: EllYJ ~ Fl(y) is an isomorphism. By 1.5.11 we can find a neighbour­
hood S; of y and an isomorphism ai: Es;~ Fs; such that ad 1y1=al(yJ· Then 
d(E, F, ay) is the image under I of the class of d(E, F, a;) in the inductive limit. 

b) I is injective. Let d(E, F, a;) be an element of K(Y, S;) such that 



92 II. First Notions of K-Theory 

d(E, F, cx;IIY1)=0. A<?S.Ording to 2.28 applied to the categories ~=tC'(Y) and 
~, = 8( {y }), there is a ·bundle G over Y such that cx;l !Yl E9 I da I !Yl is the restriction 
to {y} of an isomorphism cx':E(f)G~FEaG. Let us put E'=EEaG, 
F'=FEB G,andcx;=cx; E9 ldas;· Lety: n*(E')Is;xi~ n*(F')Is;xi• wheren: Yxi~ Y, 
be the morphism defined on (x, t) E S; x I by the formula tcx;x + (1- t)cx~. Since 
yl {yJ x 1 = ld, there is a neighbourhood V of {y} x I in S; x I of the form Si x I, such 
that Yiv is an isomorphism (1.5.11). Hence, by 2.15, we have d(E, F, ~;ls)= 
d(E, F, cx'ls)=O. Therefore, the class of d(E, F, cx;) in the inductive Iimit is 0. 0 

Exercises (Section 11.6) 14--18. 

5. Multiplicative Structures 

5.1. Let X and Y be compact spaces, and Iet E and F be vector bundles with bases 
X and Y respectively. Then their "external tensor product" E IR! F(l.4.9) is a vector 
bundle over X x Y. The correspondence (E, F) 1-+ E IRI F induces a functor qJ from 
thecategorytC'(X) x tC'(Y)totC'(X x Y), such thatqJ(E E9 E', F)~qJ(E, F) E9 qJ(E', F) 
and qJ(E, F E9 F') ~ qJ(E, F) ffi qJ(E, F'), with the analogaus property for morph­
isms. From this functor we obtain a bilinear map 

qJ.: K(X) x K(Y)- K(Xx Y) 

defined by 

qJ.([E]- [E'], [F]- [F'])= [({J(E, F)] + [({J(E', F')] -[({J(E, F')]-[({J(E', F)]. 

Also we denote the cup-product qJ.(x, y) for x E K(X) and y E K(Y), by xuy. 
lf Z is another compact space and G is a vector bundle over Z, we have a 

canonicalisomorphism(E IRI F) IR! G~E IRI (FIRI G)asanimmediateconsequence 
of the associativity of tensor products (1.4.7). This implies the commutativity of 
the diagram 

K(X) X K( Y) X K(Z)- K(X X Y) X K(Z) 

j j 
K(X)xK(YxZ)---+K(Xx YxZ) 

Similarly we can prove the commutativity of the diagram 

K(X) x K(Y)- K(X x Y) 

j j T* 

K(Y)xK(X)- K(YxX) 

where T is the permutation (x, y) 1-+ (y, x). 
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5.2. The diagonal map X- X x X induces a homomorphism K(X x X)- K(X). 
lf we compose this homomorphism with the homomorphism K(X) x K(X)­
K(X x X) defined above, we have a product operation in the group K(X), denoted 
by (u, v) r+ u · v or uv. Thanks to the commutative diagrams in 5.1, it is easy to 
prove that K(X) is provided with a commutative ring structure. The unit element 
in this ring is the class of the trivial bundle of rank one (note that the basic field is 
k= R or 0::; these techniques do not work for quaternionie bundles). 

5.3. Example. Let X= CP" be the complex projective space of c+ 1 and let ~ be 
the canonicalline bundle over X (1.2.4). In IV.2 we prove that K(X) is isomorphic 
to the quotient algebra Z[ u ]/(u" + 1) where u = [ eJ - 1. 

5.4. Proposition. There is a unique way to naturally extend the "cup-product" 
defined in 5.1 to the K-groups of locally compact spaces X and Y 

K(X)xK(Y)-- K(Xx Y) 

Moreover, the properlies of associativity and commutativity still hold in this case. 

Proof Let X and Y be the one point compactifications of X and Y respectively. 
Since Xx Y~Xx Y -X v Y, we have the exact sequence 

by 4.6. Let us prove that the first homomorphism in this sequence is surjective. If 
IX: X v Y- GL(k) is a continuous map whose class is an element of K- 1(X v Y) 
(3.17), theniX is the restriction ofthe continuous mapä:: Xx Y- GL(k) defined by 
ä(x, y)=f(x)f(oo)- 1g(y), where /=IXLt and g=IXIt (we are identifying X with 
X x { oo} and Y with Y x { oo} ). From this surjectivity we obtain the exact sequence 

o-- K(Xx Y)-- K(Xx Y)-- K(XvY), 

and the uniqueness of the cup-product (} by the commutativity of the diagram 

0 

j 
K(X) x K(Y) L K(Xx Y) 

txj1 1 
K(X) X K(Y)-- K(X X Y) 

1 
K(Xv Y). 
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In order to prove existence, we notice first that the map y: K(X v Y)--+ 
K(X) x K(Y), induced by projections on the factors, is injective. In fact 
y([E]- [1])=0 implies, at least stably, that Elx~ Tlx and Elt~ Tlt· Since XnY 
is a point, E~ T. 

Let us now construct the map e. If x and y are elements of K(X) and K(Y) 
respectively, i(x)uj(y) is an element of K(X x Y) whose restriction z to K(X v Y) is 
zero (the image of z by the injective homomorphism K(X v Y)--+ K(X) x K(Y) is 0 
since the restrictions of i(x) and j(y) to K( { oo}) are 0). Hence the homomorphism 
K(X) x K(Y)--+ K(Xx Y) induces a homomorphism K(X) x K(Y)--+ K(Xx Y) by 
restriction, with all the required properties. 0 

5.5. Remark. Another way of interpreting Proposition 5.4 is to consider compact 
spaces with base point. If { oo} denotes the base point of the spaces X, Y, ... 

__.-'--.... 

involved, we have X' x Y' ~X A Y, where X'= X- { oo} and Y' = Y- { oo}. Hence 
the cup-product defined in 5.4 induces a cup-product 

K(X)xK(Y)~ K(XAY) 

with the same formal properties. 

5.6. Proposition. Let (X, X') and (Y, Y') be arbitrary pairs of compact spaces with 
X' cX and Y' c Y. Then there is a unique natural way to define a bilinear homo­
morphism 

K(X, X') x K(Y, Y') ~ K(X x Y, X x Y'uX' x Y), 

which agrees with the one defined in 5.1 when X'= Y' = 0. 

Proof Since Xx Y-Xx Y'uX' x Y~(X -X')x (Y- Y'), the existence of such 
a cup-product follows from 5.4. To prove its uniqueness we consider the diagram 

K(X,X')xK(Y, Y')--------+K(Xx Y,Xx Y'uX'x Y) 

~r r~ 
K(X/X', {x'}) x K(Y/Y', {y'}) ~ K(X/X'x Y/Y', X/X' x {y'}u{x'} x Y/Y'). 

This diagram shows that it is enough to prove uniqueness when X' and Y' are 
reduced to points. In this case we have a commutative diagram 

K(X, X') x K(Y, Y') ~ K(X x Y, X x Y'uX' x Y) 

j j 
K(X) x K(Y) ----~ K(Xx Y), 
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where the map K(Xx Y, Xx Y'uX' x Y)~ K(Xx Y) is essentially the map 
K(Z x T)~ K(Z+ x r+), for Z=X -X' and T= Y- Y'. By considering the exact 
sequences associated with the pairs (z+ x r+, Z x T+) and (Z x r+, Z x 1), it is 
easy to prove that the last map is injective as in 4.15. D 

5.7. Example. We will prove in III.l.3 that KJ.ß2 , S 1)~Z and that the cup­
product with a generator induces an isomorphism between Kc;(X, X') and 
Kc;(XxB2,XxS1uX'xB2). We will also prove in III.5.17 that the cup-product 
withagenerator of KJR(B 8 , S 7)~Zinduces anisomorphism between KJR(X, X') and 
KR(X x B8 , X x S 7 uX' x B8). This will prove the classical Bott periodicity 
theorems. 

5.8. Let us now assume that X= X'. As in 5.2, the restriction to the diagonal gives 
rise to another type of product 

K(X, Y) x K(X, Y')-- K(X, Yu Y'), 

which agrees with the product defined in 5.2 when Y = Y' = 0. We denote this 
product by (a, b) f-+a·b or ab. 

5.9. Theorem. Let X be a compact space and Iet K'(X) be the subgroup of K(X) 
defined in 1.1.29. Thenfor the ring structure defined in 5.2, the subgroup K'(X) is a nil 
ideal of K(X) (i.e. every element of K'(X) is ni/potent). In particular, every element of 

n 

K(X)~Ker[K(X)~ Z] is nilpotent if Xis connected. Moreover, if X= U X;, 

where the X; are closed contractible subsets, then (K'(XW=O. 
i= 1 

Proof Foreach closed subset Y of X Iet Kr(X)= Ker[K(X) ~ K(Y)]. From 5.8 
it follows that Ky(X)·Ky.(X)cKrur·(X) in the ring K(X). More generally, if 
Yt> ... , YP are closed subsets, then Kr,(X)·Kr,(X) ... Kyp(X)cKrw .. uYp(X). 

Let IX= [E]- [T] E K'(X). By 1.17 we may assume that T isatrivial bundle, 
and that Ex~ Tx for each point x of X. Since X is compact, we can find a finite 
covering [X~] of closed subsets such that 1XIxf=0. Therefore, IX EKx~(X) for 
i= 1, ... , n, and by induction on i it follows that (1Xt E Kx(X)=O. 

n 

Finally, if X= U X; where the X; are contractible and closed, we can choose 
i= 1 

Xj =X; for every element IX of K'(X). Therefore if IX1, ••• , IXn are n elements of 
K'(X), their product IX 1 ••• IXn belongs to Kx(X) = 0. D 

5.10. Examples. If Xis the sphere SP, we choose X1 =S~ and X 2 =SI!... Hence, 
all the products in K'(X)=Ker[K(SP) ~ Z] are 0. If X= CPn or RPn, we can find 

n 

(n + I) contractible subsets X; such that X= U X;. In terms of homogeneous 
i=O 

Coordinates, for each i, X; is the set of points (x0 , ••• , xn) such that X;-# 0 and 

L lxil 2 ~I. Hence [K(Rpn)]n+ 1 =[.K(CPn)]n+ 1 =0. 
j"fi X; 
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5.11. In the product defined in 5.8 suppose that Y' = 0. Then we obtain a third 
type of product 

K(X, Y) x K(X) -----+ K(X, Y), 

also denoted by (a, b) f--+ a · b or ab. It is easy to show that K(X, Y) is then provided 
with a right module structure over the ring K(X). Similarly we may define a left 
module structure which coincides with the right one. 

5.12. As an application oftbis K(X)-module structure which may be defined even 
when Xis not compact, Iet us consider a vector bundle V over X. If cp is a metric on 
V (1.8.5), we write B(V) for its "ball bundle", i.e. the set ofpoints v of V suchthat 
cp(v, v):::;;; 1 on each fiber. We write S(V) for its "sphere bundle", i.e. the set ofpoints 
v of V such thatcp(v, v)= I. ThenB(V)-S(V)~ V, andB(V)admitsXas adeforma­
tion retract. Via the isomorphism K(X)~ K(B(V)) (cf. 4.16), the group K(V)~ 
K(B(V), S(V)) becomes a K(X)-module. This module structure could also be 
described in the following way: the map K(X) x K(V) ~ K(V) is the composition 
of the homomorphisms 

t* 
K(X) x K(V)-----+ K(Xx V)----+ K(V), 

where r: V~ Xx Vis the proper map v f--+ (n(x), v), for n: V~ X the projection. 
This follows from the commutative diagram 

t* 
K(Xx V) -------+K(V) 

0 0 
t'* 

K(Xx B(V), Xx S(V)) K(B(V), S(V)) 

ll II 
K(B(V) x B(V), B(V) x S(V)) ~ K(B(V), S(V)), 

where r' is defined by the same formula as r, and where d is the diagonal map [note 
that d: (B(V), S(V))~ (B(V) x B(V), B(V) x S(V)) is homotopic to d0 defined by 
d0(v)= (n(v), v) where Xis considered as a subspace of B(V) via the zero section 
(1.5.2)]. 

5.13. Proposition. Let V be a vector bundle over a loca/ly compact space X, and 
Iet x and y be elements of K(V). Let L1 : V~ V x V be the diagonal map and Iet 
x' e K(X) be the restriction of x to the zero section. Then xy=L1*(xuy)=x' ·y in 
the K(X)-module K(V) defined above. 

Proof The composition V 1"·idJ=• 1 Xx V IJ=(i,idl ~ Vx V where i is the zero 
section, is homotopic within the proper maps to the diagonal map .1. Since the 
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diagram 

K(V)xK(V)~K(Vx V) 

(i', id') j j (i, id)' 

K(X)xK(V)~K(Xx V) 

is commutative, Ll*(xuy)=('r* ·<>*)(xuy)=-r*(x'uy)=x' ·y. 0 
We want to describe the product defined in 5.6 more explicitly. The generat 

description, given in Sections 5.15, 5.16, ... , 5.25, will not beused until Chapter IV. 

5.14. For the particular case X'= 0, the homomorphism 

K(X) X K( Y, Y') ----t K(X X Y, X X Y') 

may be simply defined in the following way. Let x=[E]-[F] be an element of 
K(.X), and Iet y=d(G, H, IX) be an element of K(Y, Y'). Then the cup-product of 
x and y is d(E [29 G, E [29 H, 1 [29 IX) -d(F [29 G, F [29 H, 1 [29 IX). It is easy to see that 
this product is bilinear and agrees with the product defined in 5.1 when Y' = 0. 
By an argument analogous to the one used in the proof of 5.6, this shows that the 
above formula is correct. 

5.15. In the generat case, it is convenient to first give another description of the 
relative group K(X, X') for Xlocally compact and X' closed in X. We consider the 
full subcategory 8'(X) of 8(X) whose objects are the direct factors of trivial 
bundles (cf. 1.6.24; note that by 1.6.5 8'(X) = 8(X) when Xis compact). If Eis an 
object of 8'(X) provided with a metric (1.8.5), and if E0 Ea E1 is an orthogonal 
decomposition of E with respect to this metric, then an endomorphism D of 
E=E0 Ea E1 is said tobe admissible if: 

(i) it is of degree one and self-adjoint, i.e. it can be written matricially as 

where IX: E0 -. E1. 
(ii) Dly is an automorphism of EIY· 
(iii) There is a compact space K c X such that Dlx _ K is an automorphism of 

Elx-K· 

5.16. Let tf be the set of pairs (E, D) where Dis admissible. An element (E, D) of 8 
is called elementary if Dis an automorphism. Two elements (E, D) and (E', D') are 
called homotopic if there exists an isometry f: E---. E' of the form / 0 Ea / 1, where 
J;: E;---. E[, such that f- 1 · D' ·! is homotopic to D within the admissible operators 
on E. We Iet K0(X, X') denote the quotient of 8 by the equivalence relation 
u,...., u' <=> 3-r, -r' elementary, such that u + -r is homotopic to u' + -r' (the sum of pairs 
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is defined as usual by the sum of their components; this sum defines a monoid 
structure on K0 (X, X')). We Iet a(E, D) denote the dass of the pair (E, D) in 
K0(X,X'). 

5.17. Proposition. The monoid K0 (X, X') is an abelian group. 

Proof Let a(E, D) be an element of K0 (X, X'), and Iet E be the vector bundle 
provided with the "opposite" gradation; i.e.E0 =E1 and E 1 =E0 • Then a(E, D)+ 
a(E, -D)=a(E EBE, D E9 ( -D)) and we have the homotopy 

(
D cos (} 

L1e= 
sin (} 

sin (} ) 

-D cos (} 
, for (} E [0, n/2]. 

Since .1"12 is an automorphism, a(E, D) + a(E, - D) = 0. D 

5.18. Proposition. If Xis a compact space, then the homomorphism 

y: K0(X, X')-~ K(X, X'), 

defined by a(E, D) ~---+ d(E0 , Eh e~:lx· ), is an isomorphism. 

Proof From the definition of K(X, X') (2.13 and 2.19) we see that y is well-defined. 
Let us define a homomorphism y': K(X, X')~ K0(X, X') in the opposite direction. 
If d(E0 , E 1 , ß) is an e1ement of K(X, X'), we can provide E0 and E 1 with metrics, 
which are well-defined up to isomorphism (!.8.8). Let e~:: E0 ~ E 1 be an arbitrary 
extension of ß (!.5.10), and 1et D be the endomorphism of E0 EB E 1 , defined by the 
matrix 

-(0 e~:*) D- . 
(X 0 

Then a(E, D) does not depend on which extension is chosen, since any two exten­
sions e~: and e~:' are homotopic (consider te~:+(1-t)e~:' for tE[O, 1], and the cor­
responding homotopy between the D's). C1early the homomorphism y' is inverse 
to y. D 

5.19. Proposition. If X is loca/ly compact and X' is closed in X, then the homo­
morphism 

e: K0(X, X')~ K0(X- X'), 

defined by a(E, D) ~--+(Eix-x·· Dlx-x•), is an isomorphism. 
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Proof a) e is surjectiveo Let u(E, D) be an element of K0(X -X'), where 
E=E0 EB E1 , and where 

-(0 rx*) D- 0 

(X 0 

By hypothesis, there is a compact Kin X- X' suchthat rxlx _ x· _ x is an isomorphismo 
On the other band, by adding the same vector bundle to E0 and E 1, we may assume 
without loss of generality, that E1 isatrivial bundleo Let E1 be the trivial bundle of 
the samerank as E1 , and Iet E0 be the vector bundle over X obtained by clutching 
E0 and E11x-x using rxlx-x·-x (1.6025)0 Let ii.: E0 -4 E1 be the morphism obtained 
by clutching cx and Idll,lx-K(I.3.2). For any metric of E0 and E1 , Iet iJ be the endo­
morphism of E=E0 EB E1 defined by 

--c a*) D- 0 

N 0 

Then clearly we have e(u(E, D)) = u(E, D). 
b) e is injectiveo Let u(E, D) be an element of K0(X, X') suchthat e(u(E, D))=O. 

From the definition of K0(X- X'), there is an elementary pair (E', D') over X- X', 
suchthat Dlx-x' EB D' is homotopic to an admissible automorphism within the 
admissible endomorphisms of Elx-x· EB E'o If D1 denotes this homotopy, there is a 
relatively compact open subset V of X- X' such that Dlx _ v and D1lv _ v are auto­
morphismso Therefore the element u(Ev-v• Dlv-v) is 00 Since Ko(V, V- V)~ 
K(V, V- V) by y and y' from 5 018, it follows from 2.28 that Dlv _ v can be extended 
to an admissible automorphism 75 over V (by adding an elementary pair of the 
form (F, b), where F= F' EB F' for F' trivial and 

Let LI: E-4 E be the admissible automorphism defined by Lllx-v=Dix-v and 
Lllv=D. It is clear that tLI+(l-t)D is a homotopy between LI and D within the 
admissible endomorphisms of Eo Therefore u(E, D) = u(E, LI)= 0 since (E, LI) is 
elementary. 0 

5.20. Corollary. If Xis a locally compact space and X' is a closed subspace, the 
groups K0(X, X'), K0(X- X'), K(X, X'), and K(X- X'), are naturally isomorphic. 

Proof Actually, K(X-X')~K(X, X')~K(X, X')~K0(X, X') by 5.180 Moreover 
K0(X, X')~K0(X-X')~K0(X-X') by 50190 0 

5.21. Let us return to our original problern of giving explicit formulas for the 
cup-product 

K(X,X')xK(Y, Y')-------. K(Xx Y,Xx Y'uX'x Y) 



100 li. First Notions of K-Theory 

According to 5.20, we may identify the groups K and K0 , and so equivalently we 
may attack the same problern for the groups K0 . Let O'(E, r) E K0 (X, X') and 
O'(F, .d) E K0 ( Y, Y'). Then E ~ F may be graded by (E ~ F)0 = (E0 ~ F0) EB 
(E1 ~ F1) and (E ~ F)1 = (E0 IR] F 1) EB (E1 ~ F0 ). These decompositions are 
compatible with the natural metric of G = E ~ F. Let Q: G ~ G be the morphism 
defined by D=1 ~ 1 + 1 ~ ..:::1, that is D(xi ® Y;)=l(xJ ® yj+( -lYxi ® Ll(y) 
where xi and yj belong to the fibers of Ei and Fj respectively. Then Q is of degree 

one, and D*=1*~1+1~.:::l*=1~l+l~.:::l=D. Moreover, D2 =(r)2 ~ 
1 + 1 @ L1 2 . Since (1 x)2 ~0 and L1; ~0, we have (Dx,y)2 >0 if either (1 J 2 >0 or 
(L1y) 2 > 0 for (x, y) EX x Y (here positivity of operators means positivity of eigen­
values). It follows that Dx,y is an automorphism whenever ['x or L1Y is an auto­
morphism. Hence O'(G, Q) is a well-defined e1ement of K(Xx X', Xx Y'uX' x Y). 
The correspondence 

[O'(E, 1), O'(F, .d)] ~ O'(E ~ F, Q) 

defines the desired bilinear homomorphism. 

5.22. Theorem. We have the commutative diagram 

K 0(X, X') x K 0 ( Y, Y') ~ K 0(X x Y, X x Y' uX' x Y) 

j j 
K 0(X -X') x K 0(Y- Y')----> K 0 ((X -X') x (Y- Y')) 

ll ll 
K(X-X')xK(Y- Y')-~ K((X-X')x (Y- Y')), 

where the last line is the cup-product defined in 5.4. Moreover, ifX and Y are compact, 

the product 

K(X,X')xK(Y, Y')---->K(Xx Y,Xx Y'uX'x Y) 

ll ll 
K 0(X,X')xK0(Y, Y')~K0(Xx Y,Xx Y'uX'x Y) 

can be directly defined in the following way. Let d(E0 , E 1 , ß) (resp. d(F0 , F1 , y)) be 
an element of K(X, X') (resp. K(Y, Y')), and Iet tx: E0 ~ E 1 (resp. o: F0 ~ F1 ) be 
a morphism suchthat rxiX'=ß (resp. Dir·=y). Then the element of K(X x Y, Xx Y'u 
X' x Y) associated with d(E0 , E 1 , ß) and d(F0 , F 1 , y) is d(G0 , G1 , w), where G0 = 
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(Eo 181 Fo) EB (E1 181 F1), G1 = (E0 181 F 1) EB (E1 181 F0 ), and w is defined by the 
matrix 

-1181 t5*) 

cx* 181 1 

for arbitrary metrics on the vector bund/es involved. 

Proof The commutativity of the upper diagram follows directly from the defini­
tion ofthe restriction morphisms K0(X, X')--. K0(X -X'), etc. By 5.6, it is enough 
to prove the commutativity of the lower diagram for X'= Y' = 0. Then since cx 
and t5 are homotopic to 0, we may choose cx = t5 = 0. In this case, the result follows 
from the identity 

in the ring K(X x Y), where n: X x Y--. X and p: X x Y--. Y are the canonical 
projections. 0 

5.23. If X is compact, the composition of morphisms 

K0 (X) x K0(X-X')~ K0(X- X') x K0(X-X')~ K0((X- X') x (X- X')) 

LK0(X-X'), 

where LI is the diagonal, is defined by 

([E]-[E'], u(F, D)) r----+ u(E® F, 1 ® D)-u(E' ® F, 1 ® D). 

In the same way, we formally define a product K0 (X) x K 0(X, X')--. K0 (X, X') by 
the formula 

([E]- [E'], u(F, D)) r----+ u(E ® F, 1 ® D)- u(E' ® F, 1 ® D). 

We have the commutative diagram (for X compact) 

K(X) x K(X, X')_______.. K(X, X') 

r~ r· 
K0(X) x K 0(X, X')~ K0(X, X') 

1~ 1· 
K0 (X) x K 0(X-X')~ K0(X- X'), 
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where the first product is that defined in 5.11. In other words, the isomorphism 
K(X, X')~K(X -X') is also a K(X)-module isomorphism. 

5.24. Example. Let V be a complex vector space of dimension one. Any element 
v of V defines a homomorphism dv: er~ V suchthat dv(l)=v. lf Vis provided with 
a positive Hermitian form q> we may define ov: V~ er as the adjoint of dv (explicitly 
ov(w)=q>(w, v)). Now consider the trivial bundle E over V, with er EB Vas fiber, so 
E= Vx (<C x V). We define D: E ~ E by the formula D(v, A., w)=(v, oJw). dJA.)) 
or in matrix notation 

-(0 Cv) D- . 
v dv 0 

Then (Dv) 2 =q>(v, v)· IdE; hence Dv is an isomorphism for v*O. Moreover Dis 
self-adjoint and of degree one with respect to the metric considered. Hence, the 
pair (E, D) defines an element of K 0 .JV). The next proposition formulates this 
example more precisely. 

5.25. Proposition. Let B(V) (resp. S(V)) be the subset of V consisting ofpoints v 
suchthat q>(v, v)~ 1 (resp. q>(v, v)= 1). Then the image of (J(E, D) in K(B(V), S(V)) 
under the natural isomorphism K~(B(V), S(V))~K0c(V) is d(F0 , F1 , ~) where 
F;=E;IB(V) and ~v=dvfor V E S(V). In particular,for V= er, the image is the element 
KJB2 , S 2) defined in 2.30. 

Proof The image of d(F0 , F1 , ~) in K0 ./B(V), S(V)) under the natural iso­
morphism K0<r(B(V), S(V))~K~(B(V), S(V)) is (J(F, Ll), where F=F0 EB F1 and 

LJv=Dv for vEB(V). Ifwe identify B(V)-S(V) with V by the map vr-+-1-v-
-llvll 

where llvll =J q>(v, v), then the image of (J(F, LJ) under the isomorphism 

K0 (B(V), S(V))~K0(V) is (J(E, D'), where D~=Dw with w=-1 llvll I ·v. Since 
c + llv I 

tDv + (l- t)D~ is an isomorphism for any t EI and v # 0, it follows that D' and D are 
homotopic and (J(E, D') = (J(E, D) in K0J V). D 

5.26. Let X and Y be locally compact spaces. The cup-product 

K(Xx IR") x K(Yx IRP)~ K(Xx IR" x Yx IRP) 

ll 

may be interpreted as abilinear map 
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which is characterized axiomatically (Karoubi [5]). This product satisfies the 
associativity property described in 5.1. However the commutativity property is 
slightly changed: 

5.27. Proposition. The diagram 

where T* is induced by T: Y x X-+ X x Y, is commutative up to the sign (- 1 YP. 

Proof Clearly we have the commutative diagram 

K(Xx !Rn) x K(Yx JRP)~ K(Xx IRn x Yx JRP) 

1 
K(Xx Yx IRn x JRP) 

1 
K(Xx Yx JRP x IRn) 

1 
K(Yx JRP) x K(Xx IRn) -4 K(Yx JRP x Xx IRn) 

where the homomorphism K(X x Y x IRn x JRP)-+ K(X x Y x JRP x IRn) is induced 
by the permutation of IRn+p= IRn x JRP which switches the factors. Such a trans­
formation is the product of np transpositions of IRn+ P of the form 

hence induces ( -lYP on the group K(X x Yx IRn+p) by 4.10. D 

5.28. As a corollary of 5.27, Iet us consider the case where X= Y. Then the diagonal 
mapX-+ XxXinducesa homomorphismK-n-p(Xx X)-+ K-n-p(X). Therefore 
we obtain a product 

00 

making K*(X)= L K-n(X) a graded algebra. If xn E K-n(X) and xP E K-P(X) 
n=O 

we have XnXp = ( -l)nPxpxn in K*(X). 
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5.29. The product defined in 5.27 also defines abilinear map 

with the aid of the identifications K-"(X, X') ~K-"(X -X'), K-P(Y, Y')~ 
K-P(Y- Y'), and K-n-p(Xx Y, Xx Y'uX' x Y)~K-n-p((X -X') x (Y- Y')). In 
particular, if X and Yare compact spaces, we have the product 

which may be directly defined by the formula 

([F]- [G])ud(E, rx)=d(F 181 E, 1 181 rx)-d(G 181 E, 1 181 rx). 

To see that this formula is correct, we need only check the commutativity of the 
diagram 

K(X)xK- 1(Y)----~K- 1(Xx Y) 

Ixal la 

where o is defined as in 3.21, and c is defined as in 5.14. Note that o gives the 
canonical identification of K- 1(Y) with K(Yx B1, Yx S 0), and similarly, of 
K- 1(X X Y) with K(X X y X B\ X X y X S 0) (3.30). 

5.30 .. Finally the situation considered in 5.13 may be generalized slightly further 
to the groups K-". More precisely, we define the product (denoted by (rx, fJ) ~--+ rx· ß) 

K(Xx Rq)xK(Vx IR')--+ K(Vx Rq+r) 

or K-q(X) x K-'(V)--+ K-q-r(V) 

as the composition 

K(Xx Rq) x K(Vx R')--+ K(Xx Rq x Vx IR') 

where-r is thepropermap (v, A.) ~--+ (n(v), v, A.). Thefollowingproposition generalizes 
Proposition 5.13: 

5.31. Proposition. Let V be a vector bundle over a compact space X and Iet x and y 
be elements of K(Vx IR.q)=K-q(V) and K(Vx R')=K-'(V) respectively. Then the. 
product of x and y in K-q-r(V) de.fined by the map obtained in 5.27 is actually x' · y, \ 
where x' is the restriction ofx to K(Xx JR.q) by the zero section. 
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Proof The composition 

Vx 1Rq x IR'~ Xx IRq x Vx IR' L Vx lR.q x Vx IR' 
' 

where t(v, J.t, v)=(n(v), J.t, v, v),j(x, J.t, v, v) = (i(x), J.t, v, v), and i is the zero section, 
is homotopic within the propermaps, to the diagonal map LI defined by LI (v, J.t, v)= 
(v, J.t, v, v). Therefore Ll*(xuy)= (t* ·j*)(xuy)=t*(x'uy)=x' ·y. 0 

Exercises (Section 11.6) 9, 11, 19. 

6. Exercises 

6.1. Let A be an arbitrary ring with unit, and let dn be the full subcategory of 
Mod(A), whose objects M admit a resolution of the type 

Ü-4Pn-4pn_ 1 -4 ···-4P0 -4M-40, 

where the Pi are projective and finitely generated. 
a) If N is an object of d n+ 1 , prove the existence of an exact sequence 

Ü-4Q1 -4 Q0 -4N-40, 

where Q0 and Q1 are objects of dn. Moreover, if 

is another resolution of the same type, show there exists an exact sequence 

b) We define G(d ") as the quotient of the free group generated by the objects 
of d "' by the subgroup generated by the relations [M] = [M'] + [M"], where 

0-4M'-4M-4M"-40 

is an exact sequence of d n • Prove that the inclusion functor d" ~ d" + 1 induces an 
isomorphism G(d ") ~ G(d n+ 1). 

c) Let d = udn, and Iet G(A) be the quotient ofthe free group generated by 
the objects of d, by the relations [M]=[M']+[M"] where M', M and M" are 
related by an exact sequence as above. Prove that K(A) ~ G(A ). 

6.2. Prove that K(A)~7l if Ais a principal ideal domain. 
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6.3. Let G be a compact Lie group, and Iet CC be the category offinite dimensional 
complex representations of G. Let R(G) denote the Grothendieck group K(CC) of 
this category. 

a) Compute R(G) when Gis the finite group Z/nZ. 
* b) In general, prove that R(G) is the free group generated by the irreducible 

representations of G.* 

6.4. Prove the identities: 

Kc(S 1)=0 KJR(S 1)=Z/2 

Kc(S 2)=Z KIR(S 2)=Z/2 

Kc(S 3)=0 KJR(S 3)=0 

* 6.5. Let X be a connected CW -complex of dimension ::::;; 2. Prove that K(X) ~ 
H 2 (X;Z).* 

6.6. Let n: X-----* Y be an n-fold covering of Y. If E is a vector bundle over X, we 
define a vector bundle F=n.(E) over Y by the formula Fy= 'EB Ex. More 

XE1t- 1({y}) 

precisely, if U is an open subset in Y suchthat V=n- 1(U)~UxD where Dis 
discrete, we give Fu the topology induced by the bijection Fu~(Ev)n. 

a) Prove that with the topology defined above, F is a well-defined vector 
bundle over Y. 

b) Prove that the correspondence Er--+ F induces a group homomorphism 
n.: K(X)----* K(Y). Moreover, prove the formula 

n*(n*(y) ·X)= y ·n.(x) 

for y E K( Y) and x E K(X). 
c) We assume that n: X-----* Y is a principal covering with group G (i.e. the finite 

group G acts freely on X, and Y~X/G). Now prove that (n* ·n.)(x)= L p(g)*(x), 
geG 

where p(g)*: K(X)- K(X) is the automorphism of K(X) induced by the action of 
g. Prove also that n.(l)= [E] =XxG k" (1.9.27), where n=Card(G) and G acts 
on k" by the regular representation. 

6.7. Letf: S 1 ----* S 1 ~P1(1R) be the map defined by f(z)=z 2• Now show that C'(f) 
is homeomorphic to P 2(1R) (3.28). From the Puppe sequence 

prove the isomorphisms Kc(P 2(1R)) ~ Z/2 and KR(P 2(1R)) ~ Z/4. By the same method 
compute KJPilR)) and KJR.(PiiR)). 

6.8. Let Si( X) be the category of real vector bundles with compact base provided 
with a nondegenerate symmetric bilinear form (1.8.11). We provide the set M of 
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isomorphism classes of such vector bundles, with the monoid structure induced by 
the Whitney sum of vector bundles. Show that the symmetrized group of M is 
KIR(X) EB KIR(X). In an analogous way, investigate real vector bundles provided 
with a nondegenerate skew symmetric form, and complex vector bundles provided 
with a nondegenerate symmetric or skew symmetric form. Also investigate the case 
of complex vector bundles provided with a nondegenerate Hermitian form. 

6.9. Let Xbe any finite CW-complex, and Iet Xn be its n1h skeleton. Let K<nlX)= 
Ker[K(X)---> K(Xn_ 1)]. Show that the cup-product 

K(X) x K(Y)---* K(Xx Y), 

where Yis another finite CW-complex, sends K<nlX) x K<PlY) into K(n+plXx Y); 
hence the K<nlX) provide a filtration of the ring K(X), in the sense that 
K<nlX) · K<Pl(X)c K<n+ Pl(X). 

* 6.10. Let X be a connected finite CW-complex of dimension n, and Iet E and F 
be real vector bundles of rank> n. Show that [E]- [F] =0 in KIR(X) if and only 
if E and F are isomorphic (in other words, the map [X, BO(p)]---> [X, BO], in­
duced by the inclusion of C(p) in 0, is injective for p >n). Prove also that each 
element of KIR(X) may be written as [ E] Et> [T]- [T'], where T and T' aretrivial 
vector bundles and Eis a vector bundle of rank ~n (in other words the map 
[X, BO(p)]---> [X, BO] is surjective for p ~n). Similarly, for the complex case 
show that the map [X, BU(p)]---> [X, BU] is injective (resp. surjective) if 
p > (n- 2)/2 (resp. p > (n- I )/2). * 

* 6.11. Let S be a multiplicative set in N* not equal to {I}, and Iet X be a finite 
connected CW-complex. We Iet cS'(X)s denote the subcategory of cS'(X), whose 
objects are the vector bundles with rank belanging to S. The tensor product of 
vector bundles provides the set of isomorphism classes of objects of cS'(X)s with a 
monoid structure. We Iet KP8(X) denote the symmetrized group of this monoid. 

a) Let E be an object of cS'(X)s. Show the existence of an object F of cS'(X)s such 

that E ®Fis a trivial bundle (Hint: write formally [E] =n( I+ [E~ -n). where 

n is the rank of E). 
b) Let Zt be the multiplicative group of fractions ajb where a and b ES. Prove 

that KP8(X)-:::::;Zt EB (I +K(X)s)x, where K(X)8 denotes the group K(X) localized 
at S, and (I+ K(X)8 )x denotes the multiplicative group I+ K(X)8 naturally im­
bedded in K(X)8 . 

c) We put KP8(X)=Ker[KP8(X)-> KP8(P0 )], where P0 is a point. Prove that 
KP 8(X) is S-divisible. In the case S = JN- { 0}, prove that KP 8 (X)-::::::, K(X) ®z <Q. 
d) Prove that KP8(X) -:::::;inj lim cJ>.(X), where cJ>.(X) is the set of isomorphism 

seS 

classes ofvector bundles ofrank s, and where the map cJ>.(X)-> cJ>.t(X) is induced 
by taking the tensor product with the trivial bundle of rankt.* 
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6.12. Let Yt' be the category of Hi1bert spaces and Iet :lf be the category with the 
same objects but with .it(E, F)=Yt'(E, F)j.Y{"(E, F), where J{"(E, F) denotes the 
set of completely continuous operators from E to F (i.e. the operators which are 
Iimits of operators of finite rank). 

a) Prove that a morphism D: E---+ F in the category Yt' is invertible in :lf if and 
only if Dis a Fredholm operator (i.e. Ker(D) and Coker(D) arefinite dimensional). 

b) Let d: E---+ Fbe an invertible morphism of :lf, and Iet D be an operator in Yt' 
with class d. Prove that the "index" of D (i.e. Dtm(Ker(D))-Dim(Coker(D)) is 
independent of the choice of D, and is a locally constant function of d. 

c) Prove the isomorphism K-r(:lt')>::!Z. 

Let.* be the pseudo-abelian category associated with :lf (cf. 1.6.10). Prove 

that K(.*)=K(if')=O. 

6.13. Let CC be an additive category. We consider the set of pairs (E, IX), where E 
is an object ofCC and IX is an automorphism of E. The Bass group Kr(rc) associated 
with CC, is the quotient of the free group generated by such pairs, by the subgroup 
generated by the relations 

(E Ea F, IX Ea ß)=(E, 1X)+(F, ß) 

and (E, ßiX) = (E, IX)+ (E, ß). 

a) Prove that Kr (.P(A))>::! Kr (&'(A)) (we denote these two groups by Kr (A)). 
b) LetGL'(A) be the commutator subgroup ofGL(A). Prove that Kr(.P(A))>::! 

GL(A)/GL'(A), and that GL'(A) is equal to its own commutator subgroup (i.e. 
GL"(A)=GL'(A)). 

c) Let En(A) be the subgroup of GLn(A) generated by the "elementary ma­
trices" (i.e. matrices of the type (ai;) where a;; = 1 and aii';6 0 for at most one 
pair (i,j) with i=l=j). For n;?;3, prove that E"(A) is equal to its own commutator 
subgroup, and hence E(A)cGL'(A) where E(A)=inj lim En(A). 

d) Prove that any triangular matrix with 1 on the diagonal belongs to E(A). 
U sing the identities 

0 ~)=(~ 0 ~ )(~ :-r ~)(~-r 0 ~)(~-r ; ~) 
0 1 0 0 IX-r 0 0 1 0 0 IX 0 0 1 

and 

( u 0 )=(1 -u)(1 0)(1 -u)(1 1)( 1 0)(1 1), 
0 u-r 0 1 u-r 1 0 1 0 1 -1 1 0 1 

show that E(A)=GL'(A). 
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e) We now assume that A is a commutative Banach algebra. Show that 
K- 1(2(A))~K- 1(&(A))~n0(GL(A)). If we put SK- 1(A)=n0 (SL(A)) and 
SK1(A)=SL(A)jE(A), show that these two groups are naturally isomorphic. 

* f) If Ais a commutative Banach algebra, prove that K1(A)~A* EB SK- \A). 
Using the results of Chapter 111, explicitly compute K1(A) when A is the ring of 
continuous complex-valued functions on the torus T".* 

6.14. Suppose Ais a Banach algebra, and Xis a compact space. Let A(X) denote 
the ring of continuous functions on X with values in A. lf Y is a closed subspace of 
X, we have a Banach functor cp: &(A(X))--+ .~(A( Y)) associated with the ring map 
A(X)--+ A(Y). We define K(X, Y; A) as the Grothendieck group of the functor cp. 

a) Using the material in 1.6 show that KIR(X, Y)~K(X, Y; IR) and Kc(X, Y)~ 
K(X, Y; CC). 

b) We define K-n(X, Y; A)=K(XxBn, XxS"- 1uYxBn; A). Using the 
methods of Section 11.4 prove the exact sequence 

c) We define K-"(A) to be K-n(P; A) where P is a point. If B is a Banach 
algebra without unit element, we define K-"(B) as Ker[K-n(B+)--+ K-"(IR)], 
where B+ denotes the algebra B augmented by IR. If 

0 ---+ A' ---+ A ---+ A" ---+ 0 

is an exact sequence of Banach algebras, prove the exact sequence 

e) Let A(X) be the Banachalgebra of continuous functions with values in A. 
Prove that K-n(X; A)~K-n(A(X)). 

d) Prove that K-"- 1(A)~nn(GL(A)). 

6.15. (Density theorem.) Let A be a Banach algebra, and let i: B--+ A be a con­
tinuous injection from another Banach algebra B into A, satisfying the following 
two conditions: 

(i) i(B) is dense in A. 
(ii) GLn(A)nMn(B) = GLn(B) for any integer n (considering B as imbedded in 

A via i). 
Under this hypothesis, show that i induces isomorphisms 

for each n~O. Generalize this theorem to inductive limits of Banach algebras 
where K-n(B) is interpreted as n"_ 1(GL(B)) for n>O. 
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6.16. Let H be a Hilbert space of infinite dimension, Iet A be the Banach algebra 
End(H), and Iet A" be the quotient algebra End(H)/A', where A' is the ideal of 
completely continuous operators. Show that K-n(X; A')= Ker[K-n(X; A'+)---. 
K-n(X; IR)] may be identified with K-n(X) (Hint: use the Density theorem above). 
Prove that K-n(X; A)=O and that K-n- 1(X; A")~K-n(X; A')~K-n(X). Prove 
also that K(X; A")~ [X, ff 1(H)] where ff1(H) denotes the non-trivial connected 
component of the set of self-adjoint Fredholm operators. 

*6.17. Let (ail), (i,j)elNxlN, be an infinite matrix over A. We say that M is of 
finite type if there is an integer n such that in each line and each column there are 
at most n elements#O and if, moreover, the a;i are chosen from at most n distinct 
elements of A. 

a) Show that the set of such infinite matrices is a ring, and that M = Sup L II aii II 
j i 

is a norm in this ring. Let CA denote the completion of the ring with respect to this 
norm (this is the "cone" of the Banach algebra A). Let Ä denote the closure of 
finite matrices in CA, and Iet SA denote the quotient algebra CA/Ä. 

b) Using the sametype of arguments as in 6.16, show that BGL(CA) is con­
tractible and that Q(BGL(SA)) ""K(A) x BGL(A). Deduce that BGL(A) is an 
infinite loop space for any Banach algebra A.* 

6.18. Let C(f be a Banach category, and Iet ({Jn: C(f----. C(f be the functor defined by 
({Jn(E)=P (2.11). We put K- 1(C(f; Z/n)=K(({Jn). 

a) Prove that K- 1 (C(J; Z/n) is a group with exponent n if n # 4p + 2 or if C(f is a 
complex Banach category. 

b) lfC(f=tf(X), we put 

K- 1(X; Z/n)=K- 1(C(f; Z/n), 

Je 1(X; Z/n)= Coker[K- 1(P; Z/n)-----+ K- 1(X; Z/n)], 

and K-p- 1(X, Y; Z/n)= ](- 1(SP(X/Y); Z/n). 

Now prove the exact sequences 

K-p- 2(X; Z/n)-----+ K-p- 2(Y; Z/n)-----+ K-p- 1(X, Y; Z/n) 

-----+ K-p- 1(X; Z/n)----+ K-p- 1(Y; Z/n) 

K-p- 1(X, Y) ~ x-p- 1(X, Y)-----+ x-p- 1(X, Y; Z/n) 

-----+ K-P(X, Y)~ K-P(X, Y). 

c) Compute K- 1(P; Z/n) and K- 2(P; Z/n) in the real and complex cases, 
where P is a point. 

6.19. LetXbeacompact space, and Iet Ybeaclosed subspace. LetC(fn(X, Y)denote 
the following category: the objects are the sequences En, En _ 1 , ••• , E0 of vector 
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bundles tagether with morphisms rx;: E; I y ~ E; _ 11 y such that the sequence 

is exact. A morphism cp: E ~ F, where E= (E;, rx;) and F= (F;, ß;), is defined by a 
sequence ofmorphisms cp;: E;~ F; suchthat ß;cp;=({J;_ 1rx;. An object E=(E;. rx;) 
is called elementary ifit is ofthe form (0, ... , EP, Ep+ 1, 0, ... , 0), where EP=Ep+l 
and rx.P=ld. Let .Jf'<n>(X, Y) denote the quotient of the set of isomorphism classes 
of objects of ~n(X, Y) by the equivalence relation generated by the sum of 
elementary objects. 

a) Show that f<1>(X, Y)~K(X, Y). 
b) Let (E;, rx;) be an object of~n(X, Y). By adding an elementary object, show 

that we may assume that rx 1 is the restriction to Y of a vector bundle epimorphism 
over X. 

c) Show that the inclusion of .Jf'(i)(X, Y) in .Jf'(i+ 1 j(X, Y) induces isomorphisms 
f<0(X, Y)~.Jf'<i+l>(X, Y)(Atiyah [3]). 

d) Two objects of~n(X, Y) are called homotopic, if there exists an object of 
~ n<X x /, Y x /), whose restrictions to X x { 0} and X~ { 1} are isomorphic to the 
two given objects. Show that two homotopic objects have the same class in 
f<nj(X, Y) (Hint: notice that an exact sequence over Y can be extended on a 
neighbourhood of Y). 

e) Prove that the tensor product of complexes induces a bilinear map 

.Jf'<n>(X, Y) x f<n'j(X', Y')--+ .Jf'<n+n')(Xx X', Xx Y'uX' x Y), 

which coincides with the cup-product defined in this chapter modulo the iso­
morphism K~.Jf'(n)· 

f) Let V be a complex vector space of dimension n provided with a positive 
Hermitian form and Iet B(V) (resp. S(V)) be the ball (resp. the sphere) associated 
with V. Let (E;, rx;) be the complex defined by E;=B(V) x A"-;(V), and 
rx;: S(V)x A"-;(V)~ S(V) x An-i+ 1(V), where rx;(v, w)=(v, v A w). If V=CCn, show 
that the element thus defined of K(B(V), S(V))=K(B 2n, S 2"- 1) is the n'h cup­
product with itselfofthe element of K(B 2 , S 1 ) defined in 2.30. 

7. Historical Note 

As stated in the introduction, the definition of the group K(X) was originally due 
to Grothendieck (cf. Borel-Serre [2]) (in the framework of algebraic geometry), 
and was studied in the context of algebraic topology by Atiyah and Hirzebruch [3]. 
The definition of the relative group K(X, Y) is due to Atiyah and Hirzebruch [3] 
but the presentation adopted here was inspired by the seminar ofCartan-Schwartz 
[1] and by the author's thesis [2]. Most ofthe rest ofthis section is included in the 
paper of Atiyah and Hirzebruch quoted above; however, some ofthe investigations 
on the multiplicative structures stem from the paper of Atiyah, Bott and Shapiro 
[1]. 



Chapter III 

Bott Periodicity 

1. Periodicity in Camplex K-Theory 

1.1. In this section we will only consider complex K-theory which will be denoted 
simply by K(X), K(X, Y), etc. instead of Kc(X), Kc(X, Y), .... 

1.2. Let us consider again the element u of K(B2 , S 1) (11.2.30) defined by d(E, F, a) 
where E=F=B2 x <C and a: Els1----> Fl 8 1 is the isomorphism (x, v) c-+ (x, xv). 

1.3. Theorem. Let X be a locally compact space, and Iet Y be a closed subspace. 
Then the cup-product with u induces isomorphisms 

ß: K-n(X, Y)~ K-n(Xx B 2 , Xx s- 1 uYx B2)=K-n- 2(X, Y) 

(/1.4.11). 
By replacing the pair (X, Y) by the pair (X X Bn, X X sn- 1 u y X Bn), we may 

reduce this theorem to the case n=O. Moreover, the commutative diagram 

K(X, Y)--ß-~ K(Xx B2 , Xx S 1uYx B2) 

~I ~I 
K(X/Y, { oo}) L K(XjYx B2 , XjYx S 1 u{ oo} x B2 ) 

reduces the theorem to the case X compact and Y a point P. Finally, we have the 
commutative diagram 

0 0 

1 l 
K(X, P)~K(Xx B2 , Xx S 1uP x B2 )':::::!K((X -P) x IR2) 

l l 
K(X)---~K(Xx B2 , Xx S 1)':::::!K(Xx IR2) 

l l 
K(P) K(P X B2 , p X S 1)':::::!K(P X JR2) 

1 1 
o o' 
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where the vertical sequences are split exact, since P (resp. P x 1R2) is a retract of X 
(resp. Xx 1R2), and by application of 11.4.7. Therefore, Theorem 1.3 is actually a 
consequence of this particular case : 

1.4. Theorem. Let X be a compact space. Then the cup-product with u induces an 
isomorphism between the groups K(X) and K(X x B 2 , X x S 1 ). 

1.5. The proof ofthislast theoremwill take the remainder of this section. Our 
objective is to reduce 1.4 to a general theorem about Banach algebras (1.11 ). As we 
have already seen in 1.6.18 andin 11.1.11, the group K(X) has an interpretation in 
terms of the Banach algebra A = C(X) of continuous complex-valued functions on 
the compact space X. More precisely K(X)~K(A)~K(&l(A)), where &I(A) is the 
category of finitely gerierated projective modules over A. The correspondence 
between K(X) and K(A) is easily seenvia projection operators (cf. 1.6.17): if Eisa 
vector bundle over X, then E is the image of a projection operator p : X x C--+ 
Xx crn for some n large enough (1.6.5). This projection operator p defines an 
elementp E Mn(A) suchthat (ft)2 =p (1.1.12), and the projective module associated 
with Eis simply lm(p). Conversely, if M is a finitely generated projective module 
over A, then M is the image of q: An--+ An where (q)2 = q. Such a morphism q 
defines p= q: Xx crn--+ Xx crn, whose image is a vector bundle (1.6.3). 

We are going to give an analogous interpretation of K(X x B2 , X x S 1) in 
terms of the Banach algebra A. The first step is the following Iemma: 

1.6. Lemma. Every element of K(X x B2 , X x S 1) may be written in the form 
d( T, T, oc) where T is a trivial bundle, and oc: Tlx x s• --+ Tlx x s• is an automorphism 
such that oc(x, e)=ld for x eX and e=(I, O) E S 1 c 1R2 (such an automorphism is 
called normalized)./f oc and ß are normalized, then d(T, T, oc) = d(T, T, ß) if and only 

ifthere existsa trivial bundle T' suchthat oc Ei:) ldT'Ix.s' is homotopic to ß Ei:) ldT'Ix xs' 
within the normalized automorphisms of (T Etl T')lx x s•. 

Proof Let d(E, F, y) be an element of K(Xx B2 , Xx S 1). Since the projection 
n:: Xx B2 --+ Xis a homotopy equivalence, we may suppose, by 1.7.3, that Eand F 
are ofthe form n*(E') and n*(F') respectively. On the other band, the isomorphism 
restricted to the subspace Xx {e} of Xx S 1 defines an isomorphism Ye: E'--+ F', 
which is itself the restriction of an isomorphism n*(ye): n:*(E')--+ n*(F') (identify­
ing Xwith Xx {e}). Therefore, we have 

d(n*(E'), n*(F'), y)= d(n*(E'), n*(F'), y) +d(n*(F'), n*(E'), n*(y; 1 )lx x s•) 

= d(n*(E'), n*(E'), u), 

where u is an automorphism of n:*(E')Ix x s• such that u(x, e) = ld. lf E" is a vector 
bundle over X such that E' EB E" is a trivial bundle T1, then we have 
d(n*(E'), n*(E'), u)=d(n*(E'), n*(E'), u)+d(n*(E"), n*(E"), Id)=d(T, T, oc), 
where T=n:*(T1) and oc is normalized. 
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Let us assume now that d(T, T, oc)=O, where oc is normalized. By Il.2.28 there 
is a trivial vector bundle T' over Xx B 2 , and an automorphism oc 1 : T EB T' -4 

T (fJ T', such that oc1 lx x s1 = oc (fJ Id. Let n = Rank( T EB T'), and Iet f: X x S 1 x I -4 

GLiCC) be the continuous map defined by f(x, z, t)= a1(x, zt)ix 1(x, et)- 1 • Then f 

realizes a normalized homotopy between oc and oc EB IdT Eil r lx, s' . 

Finally, Iet us assume that d(T, T, oc) = d(T, T, ß), or equivalently that 

d(T, T, ap- 1)=0 (11.2.16). According to the discussion above, there is a trivial 

bundle T' such that ocß- 1 (fJ IdT'Ix, s• is homotopic to IdT Eil T'lx ,s' within the 
normalized automorphisms. If we multiply this homotopy on the right by 

ß (fJ ldT'Ix d, it follows that oc EB IdT'Ix, s, is homotopic to ß (fJ IdT' lx, s, within 
the normalized automorphisms of (T (fJ T')lx x s1. 0 

1.7. A triple (T, T, a) where oc is normalized, defines a continuous map 

a : X x S 1 -4 GLn( CC) such that a(x, e) = ld (1.1.12). Hence it also defines a con­

tinuous map O": S 1 -4 F(X, GL"(CC))~GL"(A) with O"(e)= 1. Homotopies between 
normalized automorphisms may be translated by this correspondence, to homo­
topies between loops in GLn(A) based on the identity element. The next proposition 
is therefore a more conceptual version of Lemma 1.6. 

1.8. Proposition. The correspondence oc c-+ d(T, T, oc) defines an isomorphism 

between n1(GL(A))=injlimn1(GLiA)) and the group K(XxB2,XxS1), where 

A=C(X). 

1.9. Now Iet A be any complex Banach algebra with unit. We can define a 

homomorphism 

generalizing the homomorphism 

K(X)~ K(Xx B2 , Xx S 1) 

when A = C(X). More precisely, Iet E be an object of &P(A ), and Iet p be a projector 

in A" for some n !arge enough, such that E~ Im(p ). Then the projector p defines a 

loop (J in GL"(A), by the formula O"(z)=pz+ 1-p (z E S 1 ccr). Passing to the 

inductive Iimit, we obtaina well-defined elementof n1 (GL(A)) = inj lim n1 (GL"(A)). 

1.10. Proposition. The element of n 1(GL(A)) defined above is independent of the 

choice of p. If we Iet y(E) denote this element, we have the relation y(E EB F)= 

y(E)tfJy(F). Therefore the correspondence E c-+ y(E) induces a homomorphism 

between K(A) and n1 (GL(A)), denoted again by y. Finally, if A = C(X), we have the 
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commutative diagram 

K(X)~ K(Xx B2 , Xx S 1) 

"]' + 
K(A)-y~ n 1(GL(A)), 

where the vertical isomorphisms are those defined in 1.5 and 1.8. 

Proof For the moment Iet us denote the element of n1 (GL(A )), associated with E 
and the projection operator p, by y(E,p). We first have to show that y(E,p)= 
y(F, q) if Er:::; F. Since we will pass to the inductive Iimit, we may assume without 
loss of generality that p and q are projection operators in A 2" for some n large 
enough. Moreover, we may assume that p and q can be written as p' ffi 0 and 
q' ffi 0 where p' and q' are projection operators in An. In this case, the argument 
used in the proof ofl. 7. 7 shows the existence of an element t5 of GL2n(A ), homotopic 
to I, suchthat q=t5 ·p ·<5-1. IfJ: I---+ GL2iA) denotes a continuous map suchthat 
~(0) =I and D(1) = <5, we see that the loops associated with p and q are homotopic 
by the map (z, t)r+~(t)(pz+ 1-p)D(t)- 1 • 

If E and F are two objects of &>(A) such that Er:::; Im(p) and Fr:::; Im(q), where 
p and q are projection operators in An and Am respectively, we have E E9 Fr:::; 
Im(p ffi q) where p ffi q is a projector in A" E9 Am. Therefore, if we replace p by 
p ffiO and q by 0 E9 q, we have the formula (pz+1-p)(qz+1-q)=(p ffiq)z+ 
1-(p EB q), which shows that y(E ffi F)=y(E)+y(F), since the group operation 
in n1 (GL(A)) is induced by the product in the topological group GL(A) (Godbillon 
[2]). 

Finally Iet us prove the commutativity of the diagram, i.e. cpß = y(). If E is a 
vector bundle over X and E' is a vector bundle such that E $ E' = T1 is trivial, we 
have ß([E])=d(n*(E),n*(E),cx), where n*(E)=ExB2 and cx:ExS 1 ---+ExS 1 

isdefined bycx(e, z)=(ze, z). Thiscanalso bewrittenasd(n*(E $ E'), n*(E$ E'),cx'), 
where cx' = cx $ Id,..(E'llx x s'. If p: T 1 ---+ T1 is the projector defining E, we have 
&'(x,z)=zp(x)+1-p(x) (using the notation of 1.1.12). Therefore (cpß)([E])= 
(y())([E]), and by 1inearity, (cpß)([E]- [F])=(y())([E]- [F]). D 

Proposition 1.10 shows that Theorem 1.4 is a consequence of the following 
generat theorem on Banach algebras: 

1.11. Theorem. Let A be any complex Banachalgebra with unit. Then the homo­
morphism 

y: K(A)----+ n1 (GL(A )) 

defined in 1.9 and 1.10 is an isomorphism. 

The proof oftbis theorem requires many steps. We will begin by showing that 
y is injective by defining y': n1(GL(A))---+ K(A) left-inverse to y (1.20). Then we 
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will prove that y is surjective by a series of reductions (1.21-1.25). Before we 
proceed any further, we still require some additional definitions and propositions. 

1.12. Definition. Let a: S 1 -+ GLn(A) be a loop in GLn(A) based at 1. Then a is 
said to be Laurentian (resp. polynomial, resp. affine) if a can be written as 
k=N k=N 
L akzk (resp. L ak~• resp. a0 +a1z) in Mn(A) for some N large enough. We 

k=-N k=O 
let nf(GLn(A)) denote the set ofhomotopy classes ofLaurentian loops in GLiA) 
and Iet nf(GL(A )) denote inj lim nf(GLiA )). 

1.13. It is clear that the homomorphism K(A)-+ n1(GL(A)) may be decomposed 
into K(A)-+ nf(GL(A))-+ n1(GL(A)). Our first step towards proving Theorem 
1.11 is the following proposition: 

1.14. Proposition. The map 

nf(GL(A))------* n 1(GL(A)) 

is bijective. In particu/ar nf(GL(A )) is an abe/ian group ( with respect to the operation 
defined by the product in GL(A)). 

Proof Let a: S 1 -+ GL(A) be a continuous map. Since S 1 is compact, there 
exists a factorization of a through GLiA) for some n large enough. 

We Iet a also denote the map of S 1 in GLn(A) thus obtained. Since Mn(A) is a 
Banach space, Fejer's theorem applied to MiA) shows that a isauniform Iimit of 
Laurentian loops (of free origin) defined in the following way. Setting 

S() ~ 1 d '() S 0(z)+ · · · +Sk(z) k z = L... a1z, an ak z = , 
l=-k k+l 

then for k large enough, a~(e) belongs to the open ball of radius 1 centered at the 
identity element. Moreover, using the local convexity of GLiA) in Mn(A) again, 
we have ta~(z)+ (1- t)a(z) E GLn(A) for k 1arge enough. Therefore, if we Iet 
ak(z)=a~(z)·a~(e)-1, then ak is a Laurentian loop which has the same class in 
n1(GL(A)) as the original loop, thanks to the homotopy (z, t) c-+ (ta~(z)+ 

(1-t)a(z))(ta'(e)+(l-t)a(e)r 1• This argument shows then, that the map 
nf(GL(A))-+ n1(GL(A)) is surjective. 

The injectivity of the map is proved by a similar argument applied to the 
Banach algebra A(I) (ring of continuous functions on I with values in A). More 
precisely we consider two Laurentian loops a and r, which have the same class in 
n 1 (GLiA)). Then there exists a continuous map s: S 1 x I-+ GLn(A ), such that 
s(z, O)=a(z), s(z, l)=r(z), and s(e, t)= 1. Since 
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the argument above applied to the Banach a1gebra A(J), shows that for every e>O 
there exists a continuous map s 1 : S 1 x I--+ GL"(A), such that s 1(e, t)= 1, 
lls1(z, t)-s(z, t)ll <e, and such that s1(z, t) is a Laurentian function of z. If e is 

chosen smaller than llu~ 1 ll and 
11
.) 1 ll' we may define a Laurentian homotopy r 

between u and t by the formu1as: 

r(z, t)=3tu(z)+(1-3t)s1(z, 0) 
r(z, t)=s1(z, 3t-1) 
r(z, t)=(3t-2)s1(z, 1)+(3-3t)t(z) 

t(z) 

for O~t~f 
fod~~~~ 
fod~t~1 

Fig. 14 

Notice that the restriction on e guarantees that the first and third paths lie in 
GLn(A(/))cM"(A(/)). D 

1.15. Proposition. Let E be a projective module over A(l), and Iet E0 and E1 be the 
A-modules obtained by "restriction" to {0} and {1 }. Then E0 and E1 are isomorphic. 

Proof According to 1.6.16 we shou1d interpret the "restriction" of Eto {0} and {1} 
in the following way. Let us write E as the image of a projection operator p(t) E 

M"(A ), which depends continuous1y on the parameter t EI. Now we want to prove 
lm(p(O))~Im(p(1)). For this it suffices to find some a E GL"(A), such that 
p(l) =a- 1p(O)a. 

For t and u E /, we have the identity a(t, u)p(u)= p(t)a(t, u), where a(t, u)= 
1-p(t)-p(u)+2p(t)p(u). Ifu is close tot, then a(t, u) is close to 1, and hence is 
invertib1e. Therefore by the compactness of I, there exists a sequence 
0=t0 <t1 <···<tp=1 suchthat a(t;,t;+d is invertib1e. Now p(1)=a- 1p(O)a, 
where a=a(tp, tP_ 1) •.. a(t1 , t0 ). D 

1.16. Remark. When A = C(X), by 1.6.18 this proposition is simp1y another 
in terpretation of I. 7 .2. 

1.17. We are now on our way to defining a homomorphism 

y': n 1(GL(A))~nf(GL(A))~ K(A) 

which is 1eft-inverse to y. For this we consider the Banach a1gebra A(z) (resp. 
oo +oo +oo 

A(z,z- 1))offorma1powerseries L a,.z"(resp. L a,.z")suchthat L lla,ll < +oo 
+oo 

r=O r=- oo r=O 

(resp. L lla,ll < + oo). If u: S 1 -+ GLn(A) is a Laurentian 1oop, then 0' defines 
r= -oo 
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+oo 

an element az of Mn(A(z, z- 1 )) which is written as L a,z'. Note that a,=O 
r=- oo 

except forafinite number of indices r, and that Mn(A(z, z- 1)) may be identified 
with MnCA)(z, z- 1). If r: S 1 - GLn(A) denotes the "inverse loop" (defined by 
r(z)= (a(z))- 1), then ris a differentiable function ofclass C 2 (actually ofclass C 00); 

+oo 

hence its Fourier series converges absolutely, and rz= L b,z' E GLnCA(z, z- 1 )) 
r=- oo 

00 00 

is the inverse series of az. For kEJN we Iet a~= L a,-kz' and r~= L b,_kz'. 
r=O r=O 

Then we have a:·r:=z2k{l +ek(z)), where eiz)- 0 as k- + oo. 

1.18. Lemma. Let k be chosen/arge enough so that a~EMnCA(z)), and so that 
(1 +eiz)) is invertib/e. Then the A-module MnCa, k)=Coker(a~) is projective of 
finite type. Moreover, Mn(a, k+l)=MnCa, k) EB A"1for 1~0. 

Proof The A-module Mn(a, k) is defined by the exact sequence 

where as usual we identify a matrix with its naturally associated linear map. Let 
i: (A(z))"- (A(z, z- 1 ))" (resp. P: (A(z, z- 1 ))"- (A(z) )" be the natural inclu-

r= + oo + oo 

sion (resp. the projection L a,z' f-+ L a..z'). We define 0~: (A(z))"- (A(z))" 
r=-oo r=O 

by the formula e:=P·z-k·rz·i. Now we have O~·a~=P·z-k·rz·i·zkaz= 
P .z-k. Tz .zk·az ·i=P· i=ld; this shows that a! is invertible on the left, hence that 
Mn(a, k) is a direct factor of (A(z))" as an A-module. 

To show that MnCa, k) is finitely generated and projective, we consider the 
commutative diagram 

where '1k=(I+ek(z))- 1 . From this diagram we see that the map (A")2k- Mn(a,k) 
is surjective and splits; hence Mn(a, k) is finitely generated and projective. 

Finally, if /~0, then the sequence of A-modules and homomorphisms 

k I 

(A(z))" ~ (A(z))"~ (A(z))" 

induces the exact sequence 

0---- Coker(a:)-----... Coker(a!+')-----... Coker(i)----+ 0 
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i.e. the exact sequence 

Therefore Mn(rr, k+l)-;:;;Mn(rr, k) EB Anl. D 

1.19. Using Lemma 1.18, we define a homomorphism y': nf(GL(A))~ K(A) in 
the following way. Let rr: S 1 ~ GL(A) be a Laurentian loop and let k and n be 
two integers suchthat zkrrzE M"(A(z)), and 1 +ek(z) is invertible in MnCA(z)). 
Then wedefiney'(rr) tobe M"(rr, k)- (A"k) E K(A). Since Mn+ 1 (rr, k) = Mn(rr, k) EB Ak, 
we see that y'(rr) is independent of the choice of n. Moreover, as soon as 1 + ek(z) is 
invertible and zkuz E Mn(A(z) ), we see that y'(rr) is independent of the choice ofk: 
essentially, [Mn(u, k+ 1)]- [A"<k+ 1>] = [M"(rr, k)]- [A"k] by the last part of 1.18. 

Let us consider two Laurentian loops rr 0 and rr 1 in GL"(A) which are homotopic. 
Then there exists a Laurentian loop rr: S 1 ~ GLn(A(J)), suchthat rr(z)(O)=rr0 (z) 
and u(z)(l)=rr1(z). If k is chosen large enough, the module MnCrr, k) is a finitely 
generated projective module over A(l), whose restrictions to {0} and {1} are 
Mn(rr0 , k) and M"(rr1, k) respectively. Applying Proposition 1.15, we see that 
Mn(rr0 , k) and Mn(rr1 , k) are isomorphic. Therefore, the correspondence rr r+ 

MnCrr, k)- [A"k] induces a well-defined map y' from nf(GL(A))-;:;; n1(GL(A)) 
to K(A). 

Finally, Iet us compare Mn(rr, k), Mn(rr', k'), and MnCrr'rr, k+ k') for k and k' 
large enough. Since ( rr' rr)!+k' = rr'!' · rr!, the exact sequence of cokernels 

0 ~ Coker(rr~) ~ Coker(rr'!'rr=) ~ Coker rr'!' ~ 0 

can be written as 

o~ M"(rr,k)~ Mn(rr'rr,k+k')~ M"(rr',k')~ 0, 

showing that Mirr'u,k+k')-;:;;M"(rr,k)+Mirr',k'). This implies that y' is a 
homomorphism, since 

[MnCrr, k+k')J- [A"<k+k'>]= [MnCrr, k)]- [A"k] +[Mn(rr', k')]- [Ank']. 

1.20. Theorem. The homomorphism 

y': nf(GL(A))-;:;;n1(GL(A))~ K(A) 

is left-inverse to the homomorphism 

y: K(A)~ n1(GL(A)) 

defined in 1.9 and 1.10. In particular y is injective. 
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Proof For every Banach space Ewe may define a Banach space E(z) as the space 
00 00 

of formal power series L e"z", where e" E E and L lle"ll < + oo. Moreover, if E 
n=O n=O 

is anA-module, thenE(z) isnaturallyanA-module. lnparticular(A(z) )"~A "(z). 
Now Iet E be a projective A-module, and Iet E' be a supplementary module, such 
that E EB E'=A". Letp be the projector in A" associated with this decomposition. 
By 1.9, the element of n1 (GL(A )) associated with E is the dass of the loop a in 
GLiA), where a is defined by O"z=pz+ 1-p. Therefore by writing A"(z) as 
E(z) EB E'(z), we obtain the exact sequence 

0----. (A(z))" pz+l-p (A(z))"---. E---. 0 

ll ll 
A"(z) A"(z) 

(note thatpz+ 1-p is multiplication by z on the factor E(z), and the identity on 
the factor E '(z)). 

Since y' is a homomorphism we finally have (y'y)([E]-[F])=(y'y)([E])­
(y'y)([F])=[E]- [F]. Hence y'y=Idx<AJ· 0 

Following the plan outlined in 1.11, we still must show that y is surjective. 
This is the object of the following Iemmas. 

1.21. Lemma. Each element of nf(GL(A)) may be written as [a1]- [a2] where 
a 1 and a2 are polynomialloops (cf. 1.12). 

Proof In this and the following Iemmas, [a] will denote the class ofthe 1oop a in 
nf(GL"(A)). Now [zka] = [zk] + [a], implying that [a] = [zka]- [zk] and thus we 
may set a 1 =[zka] and a2 =[zk], where k is chosen 1arge enough to guarantee 
zka e M"(A[z]). 0 

1.22. Lemma. Let [a] be an element of nf(GL(A)) with a polynomial. Then [a] 
is the class of an affine loop. 

Proof Let us write a(z)=a0 +a1z+ · · · +a~ in GL"(A(z)) where k> 1. Then 

defines a continuous map from I x S 1 to GL2"(A), which connects a(z) with a loop of 
degree ~k-1. We"normalize"thishomotopybydefiningö'(t, z)= a(t, z)a(t, 1)- 1 : 

then ö'(t, 1) = 1, ö'(O, z) = a(z), and 0'(1, z) is a Laurentian loop of degree ~ k- 1. 
The Iemma now follows by induction on k. 0 
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1.23. Lemma. Let u(z)=a0 +a1z be an affine loop in GL.,(A), and Iet -r(z)= 
+oo 
L bkzkEGL.,(A(z, z- 1)}be its inverse loop. Then we have thefollowing relations: 

k=- 00 

(i) 
(ii) 
(iii) 
(iv) 
(v) 
(v') 

{ 
i<Oandj~O 

if or 
i~Oandj<O 

Proof Since -r is a differentiahte function of dass C 00 , its Fourier series converges 
absolutely. Thus we already have the relations 

a 0b0 +a1b_ 1 =b0a 0 +b_ 1a 1 =I, 

and a0b;+a1b;_ 1=b;a0 +b;_ 1a1=0 fori:;i:O. 

N ow Iet us verify the other relations. 
(i) For i<O and j~O, we write b;aohi= -b;_ 1a1bi=b;_ 1a0bi+1 = · · · = 

b;_,a0bi+r· As r--+ + oo, the last expression converges to 0. Therefore b;a0bi=O. 
In the same way, for i;;.:O andj<O, we write b;a0bi= -b;a1bi_ 1 =b;+ 1a0bi-l = 
· · · =b;+.Oobj-r=O. 

(ii) For i<O andj~O, we have b;a1bi=b,.a0bi+ 1 =0 by (i). 
For i~O andj<O, we have b;a1bi=b;+ 1a0bi=O by (i). 

(iii) In the same range of values for the pair (i,j), since a 0 +a1 = 1, we have 
b;bi= b;(a0 +a1)bi= b;a0bi +b;a1bi= 0. 

(iv) By (iii) it is enough to consider the case where i and j are ::/:. 0 and of the 
same sign. If 0 < i <j for instance, we have 

b;a0bi= -b;a1bi_ 1 =b;+ 1a 0 bi_ 1 = · · · =bia0b; 

and b;a1bi= -b;+ 1a0bi=b;+ 1a1bi+ 1 = · · · =bp1b;. 

By adding these two relations we obtain b;bi=bibi. For i<j<O, the relation 
b;bi=bi; is obtained in an analogous way. 

(v) For i~O, we have a0b;-b;a0 = -a1b;_ 1 +b;_ 1a 1 =a0b;_ 1 -b;_ 1a0 since 
a0 + a 1 = 1. Therefore a0b;- b;a0 = a0b;-,- b;- .ao = 0. Similarly for i > 0, we have 
a0b;-b;a0 = -a1b;+b;a1 =a0b;+ 1 -bi+ 1a0 =a0b;+r-bi+ra0 =0. 

(v') By (v) we have a1b;-b;a1 = -a0b;+b;a0 =0. 0 

1.24. Lemma. With the notation of 1.23 the morphism, q=a0b0 is a projector, 
and u can be written as 
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Proof We have q2 =a0b0a0b0 =a0b0(1-a 1b_ 1)=a0b0 -a0(b0 a1b_ 1)=a0b0 by 
(ii) of 1.23. Let us define u+(z)=p +o{z)q and u-(z- 1)=q+u(z)pz- 1 • Then u+(z) 
(resp. u-(z- 1)) is an affine function of z (resp. z- 1), and we have 

u+(z)u-(z- 1)(pz+q)=(p +u(z)q)(q+u(z)pz- 1)(pz+q) 

= (u(z)q + u(z)pz- 1)(q +pz) = u(z)q + u(z)p = u(z} 

Moreover, p+u(z)q (resp. q+u(z)pz- 1) is invertible in the Banach algebra 
Mn(A(z)) (resp. MiA(z- 1 ) )), and its inverse isp + -r(z)q (resp. q+-r(z)pz- 1), since 
Lemma 1.23 implies that p+-r(z)q (resp. q+-r(z)pz- 1) contains only positive 
powers of z (resp. negative powers of z). 0 

1.25. Theorem. The homomorphism 

y: K(A)--+ n1(GL(A)) 

is surjective. 

Proof By Lemma 1.22, it suffices to prove that the class of an affine Ioop 
u(z)=a0 +a1z is in the image of y. By Lemma 1.24, we may write u(z) in the form 
u+(z)u-(z- 1)(pz+q). Let (}: /x S 1 ---* GL(A) be the continuous map defined by 
O(t, z)=u+(zt)u-(z- 1t)(pz+q), and Iet 01 : /x S 1 --* GL{A) be the "normalized" 
homotopy defined by 01(t,z)=O(t,z)(}(t, 1)- 1. Then 01 defines a homotopy 
between the Ioop u(z) and the Ioop u0(z)=pz+q whose class in n 1{GL(A)) is 
y([Im(p )]). 0 · 

1.26. Remark. Combining 1.10, 1.20 and 1.25, the proof of 1.4 and hence of 1.3 
is now complete. Other types of proofs may be found in the references. It must be 
pointed out that the basic ideas in this "elementary" proof stem from the work of 
Atiyah and Bott [1]. 

1.27. Remark. The computation in 1.24 provides more information on the 
relation between a0 and the projectors p and q. The element tu(z) + (1 - t) (q + pz) = 

[ta0 +(1-t)q]+[ta1 +(1-t)p]-z belongsto GLn(A(z,z- 1)) for tE[O, 1]. In 
particular, the spectrum of ta0 +(1-t)a1b_ 1 does not meet the axis .<al(z)=t 
(where the spectrum of an element ot: of a complex Banach algebra is the set of 
elements .A. E 4:: such that ot:- .A. is not invertible ). To show this, we notice that the 
element above is the product 

[p+a0q+a1q(tz+ 1-t)] [q+alP +aoP(tz- 1 + 1-t)] ·{p +qz) 

or equivalently u+(tz+1-t)u-(tz- 1 +1-t)(q+pz). Now u+(tz+I-t) (resp. 
u-(tz- 1 +1-t)) belongs to GL(A(z)) (resp. GL(A(z- 1)) for tE[O, 1], since its 
inverse is obtained by substituting z f-+ tz + 1 - t (resp. z- 1 f-+ tz- 1 + 1 - t) in the 
expression p+ß(z)q (resp. q+ß(z)pz- 1), which contains only positive (resp. 
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negative) powers of z. Note that the inverse series converge, since they areinverses 
ofthe differentiable functions Zf-+ u+(tz+ 1-t) and z- 1 f-+ u-(tz- 1 + 1-t). 

This remark will be used at the end of 6.20. Setting 

2cx-1 
g=--.- wherecx=ta0 +(1-t)a1b_ 1 , 

l 

the spectrum of g does not meet the real axis, i.e. g- A. is invertible for any real 
number A.. 

Exercises (Section Il1.7) 1-3, 7, 11, 12. 

2. First Applications of Bott Periodicity Theorem in 
Complex K-Theory 

SinceKc(IR2)~ K.:(B2 , S 1), Theorem 1.3 may bereformulatedin the followingway: 

2.1. Theorem. Let X be a locally compact space. Then the cup-product with a 
generator u of Kc(IR2) defines an isomorphism Kc(X) ~Kc(X x lR2). 

2.2. Corollary. Let u be a generator of Kc(S 2 ) = Kc(JR 2 ). Then Kc(S") = 0 ifn is odd, 
and Kc(S 2P)~ 7L with generator uP (for the product defined in II.5.4). 

2.3. Theorem. LetGL(G::)=inj lim GLn(G::) andV =inj lim U(n). Then the inclusion 
ofV in GL(G::) induces a homotopy group isomorphism and the homotopy groups 
are periodic of period 2. More precisely ni(U) ~ ni(GL( «::)) = 0 when i is even, and 
ni(U)~nlGL(G::))~ll when i is odd. 

Proof It is well known that the inclusion of U(n) in GLn(G::) is a homotopy 
equivalence (Chevalley [1]). Hence ni(U(n))~ni(GLn(G::)) and n/U)~ni(GL(G::)). 
Since K-i(P)~K(lRi)~K(Si)~ni_ 1 (GL(G::)) (11.1.34), the theorem follows from 
1.3. D 

2.4. Corollary. For n > i/2, we have isomorphisms 

ni(U(n))~ni(GLn(G::))~ll ifi is odd, 

and ni(U(n))~ni(GLn(G::))=O ifi is even. 

i-1 
Finally, if i is odd and n>-2-. the natural map ni(U(n-1))~ ni(U)~ll is 

surjective. 
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Proof We consider the locally trivial fibration 

U(n)-----. V(n + 1)-----. S2n+ 1• 

III. Bott Periodicity 

The homotopy exact sequence associated with this fibration may be written as 

For n>i/2, both end terms of this exact sequence are 0. Hence n;(U(n))~ 
i-1 

n;(V(n+ l))~n;(U). For n>T' the last term is equal to 0. 0 

2.5. Remark. We will prove later (5.22) that the isomorphism n;(U)~n;+ 2(U) is 
induced by an explicit weak homotopy equivalence U -Q2{U), where Q2(U) is 
the iterated loop space of U. 

2.6. If E is a complex vector bundle with compact base X, we will denote its 
"conjugate bundle" (I.4.8.e) by E: the fiber Ex is the conjugate vector space of Ex. 

Trivially we have E EB F ~ E EB F and E ~ E. Hence, the correspondence E 't-+ E 
induces an involution on the group Kc(X), which we also denote by x 't-+ .X. 

On the other hand, "realification" and "complexification" of bundles induce 
additive functors 

r: tS'c(X)--. tS'R(X) 

and c: &R(X)--. tS'c(X) respectively. 

The first functor associates each complex vector bundle with its underlying real 
vector bundle. The second one associates each real vector bundle E with the 
complex vector bundle E ®._ er= E $ E, where multiplication by i is represented 
by the matrix 

These functors induce homomorphisms 

Kc(X)-----. KR( X) 

and KR(X)--. Kc(X), 

which we also call r and c. 

2.7. Proposition. The composite homomorphisms 

are respectively multiplication by 2 and the homomorphism x 't-+ x +.X. 
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Proof The first assertion is obvious. To prove the second, it suffic:es to show that 
for a complex vector bundle E, the two complex structures on E EB E defined by 
the matrices 

are isomorphic. This is a formal consequence of the identity J = ala- 1 , where 

2.8. Remark. If Xis locally compact, we have K(X):=::Ker[K(X)--+ Z]. Thus we 
may also define c: KJR(X)--+ Kc(X) and r: Kc(X)--+ KIR.(X); once again we have 
(rc)(y)=2y and (cr)(x)=x+x. Similar results hold for K(X, Y):=::K(X- Y). 

2.9. Corollary. Let Kc(X)0 denote the subgroup of Kc(X) consisting of the e/ements 
invariant under involution. Then the homomorphism c: KJR(X)---+ Kc(X) induces an 
isomorphism KIR.(X) ®z Z':=::Kc(X)0 ®z Z', where Z'=Zß-]. 

Proof It is clear that lm(c)cKc(X)0 • If we denote the homomorphism thus 
defined between KR(X) and Kc(X) 0 by c' and the restriction of r to Kc(X)0 by r', 
we have (r'c')(y)=2y and (c'r')(x)=x+x=2x. Hence r' and c' induce an iso­
morphism KIR.(X) ®z Z' :=::Kc(X)0 ®z Z'. D 

In the same way, Iet Kc(X) 1 ={xEKc(X)Ix=-x}. Then Kc(X)®zZ':::: 
(Kc(X)0 ®z Z') EB (Kc(X)1 ®z Z'). Moreover, if X and Y are locally compact 
spaces, the cup-product 

induces a bilinear map 

where we regard the indices i,j as elements of Z/2. 

2.10. Proposition. We have Kc(lR2) 0 =0 and Kc(IR2 ) 1 =Kc(IR2):=::Z. The cup­
product by a generator u of Kc(1R2) induces an isomorphism 

Proof The generator u of Kc(1R2)=Kc(B2,S1) may be written as d(E,F,a), 
where E = F= B2 x CC and a(z, v) = (z, zv ). Therefore, u = d(E, F, a), where a = a on 
the underlying real vector bundles. Complex conjugation permits us to identify 
E and Fwith B2 x CC (where CC is provided with the usual complex structure). Under 



126 III. Bott Periodicity 

this identification ~ becomes ll(- 1 (since z=z- 1 for ZES 1 c<I::). Hence ii= 
d(F, E, il(- 1)= -u. 

In general, if e denotes the homomorphism x f-+ .X in complex K-theory, we ha ve 
the commutative diagram 

Since ß is an isomorphism (2.1 ), it induces an isomorphism ß;: Kcc(XY ~ 
R'cc(XxlR2Y+ 1. D 

2.11. Theorem. Let v be the image of uuu by the homomorphism Kcc(lR4 )--+ KJRJIR4 ). 

Then the cup-product by v induces an isomorphism KJR.(X) ®:z ll' ~ KJR.(X x IR4 ) ®:z ll' 
with ll' = llß], for every locally compact space X. 

Proof By 2.9, KJR.(X) ®z ll' may be identified with Kc(X)0 ®z ll' by the map c'. 
We now have the commutative diagram 

KJR.(X) ®z ll'---'ß-=lR'--~ KJR.(Xx IR4) ®z ll' 

c'®ll lc'®l 
Kcc(X)o ®z ll' 2ßtßo ®I 

where ßJR. is thecup-product by v, and ß 1ß0 ® I is the composite ~:(X)0 ® z ll' Po® 1 

Kc(XxlR2 ) 1 ®z7l'~K~~.:(XxiR4t®z7l' (2.10), i.e. is induced by the cup­
product with u 2 (note that c(v)=2u 2 ). Since ß1ß2 is an isomorphism (2.10), and 
since c' ® 1 is an isomorphism (2.9), ßiR is an isomorphism as desired. D 

2.12. Corollary. The cup-product by v E K;_ 4(P) induces isomorphisms 

Moreover, wehavenatural isomorphisms 

Kcc-n(X, Y) ®z ll'~ [Kin(X, Y) EB Kin- 2(X, Y)] ®~ 7l'. 

Proof The first part of the corollary is a formal consequence of 2.10 just as 1.3 is 
a formal consequence of 1.4. For the same reason, it is enough to prove the second 
part of the corollary for n = 0 and Y = 0 . Then Kc(X) ® z ll' may be written as 

(R'cc(X)0 ®z ll') EB (R'c(X) 1 ®z7l')~(Kc(X)0 ®z ll') EB (Kc(Xx IR2 ) 0 ®z ll') 

~(KJR.(X) ®zll') EB (KJR.(XxiR2) ®z'll'). D 
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2.13. From these results in real K-theory we obtain information about theinfinite 
orthogonal group O=inj lim O(n) and theinfinite generallinear group GL(1R)= 
inj lim GL"(JR) (compare with 2.3). In particular n;(O) ®z Z' ~ 1t;+4 (0) ®z Z'. 
However, we leave these matters for the moment, since better results will be 
obtained in the next sections (5.22). 

Exercise (III.7.6). 

3. Clifford Algebras 

3.1. Clifford algebras arise as the solution ofthe following universal problem. Let 
k be a (commutative) field, and Va k-vector space provided with a quadratic form 
Q. We want to find a pair (C,j), where Cis a k-algebra (not necessarily commuta­
tive), and j: V~ C is a homomorphism on the underlying vector spaces with 
j(v)2 = Q(v)·l (1 denotes the unit element in C), which satisfies this condition: for 
any k-algebra A and any homomorphism on the underlying vector spaces 
<p: V~ A such that (cp(v))2 = Q(v) ·1, there is a unique algebra homomorphism 
1/J: C ~ A making the following diagram commutative 

vLc 

~\I~ 
A 

3.2. Definition and theorem. The above problern admits a solution (C,j) which is 
unique up to isomorphism. We will denote it by C(V, Q), or simply C(V) or C(Q). 
It is the Clifford algebra associated with the pair (V, Q). 

Proof The uniqueness is obvious since we are dealing with a universal problem. 
Let us prove the existence. For this we consider the tensor algebra T(V)= 

00 

E9 T;(V) where T 0(V)=k and T;(V)= V®···® V for i>O. Let I(Q) be the 
i = 0 '-----v-----' 

i 
two-sided ideal generated by elements of the form t(v)=v ® v- Q(v) ·1, where 
v E Vand 1 is the unit element of T(V). Every element of I(Q) may be written as 
L A;t(v;).u;. whereA.;, .U; E T(V)andv; E V. Let C(V)= T(V)/I(Q),andletj: v~ C(V) 
be the composition of the isomorphism i from V onto T 1(V)c T(V), and the 
projection p from T(V) to C(V). Then the pair (C(V),j) is the solution of our 
problem. By the universal property of tensor algebras, <p may be factorized as 

V~ T(V) 

~\ jo 
A 
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where e is an algebra homomorphism. Since ( q>( V ))2 = Q( V). 1' the ma p e is zero on the 
ideal /(Q) and thus defines the required homomorphism t/J. Since 0 is the unique 
algebra homomorphism that makes the above diagram commutative, the unique­
ness of t/1 is clear. 0 

3.3. Example. Let us assume tha t Q = 0. Then C( V, Q) is simply the exterior algebra 
of V (by the universal property of exterior algebras). 

3.4. Example. Let V=k, and let Q be the quadratic form defined by Q(x)=dx2 

for some dEk. Then T(V):=::::k[X] and I(Q)=(X2 -d)k[X]. Thus C(V):::::: 
k[X]/(X2 - d). In particular, for k= IR and d= -1 (resp. d= + 1), we have 
C(V, Q)=<C (resp. C(V, Q)= IR EB IR). 

3.5. Clearly the Clifford algebra depends "functorially" on the pair (V, Q). More 
precisely, ifj: V--> V' is a k-vector space homomorphism suchthat Q'(f(v)) = Q(v), 
where Q (resp. Q') is a quadratic form on V (resp. V'), thenfinduces an algebra 
homomorphism 

C(f): C(V, Q)~ C(V', Q'), 

and we have the identities C(g f) = C(g) · C(f) and C(Idv) = Idqv). 

3.6. The tensor algebra T(V) may be considered as Z/2-graded by setting 
00 00 

r<0 >(V)= L T 2i(V) and r<l)(V)= L T 2 i+ 1(V). Letting J(a)(Q)=/(Q)nT(a)(V), 
i=O i=O 

we have /(Q)= J<0>(Q) EB J< 1>(Q) (to see this, we decompose the A; and Jl; introduced 
in 3.2, as the sum ofhomogeneous elements). Ifwe define c<a>(v, Q) =p(T<a>(V)), 
where p: T(V)-> C(V, Q) is the canonical projection, we then have C(V, Q)= 
c<0>(V, Q) EB c<l)(V, Q). It follows that the Clifford algebra is also Z/2-graded. 
We will simply write c<a>(V) or c<a>(Q) instead of c<a>(v, Q). Of course the 
functoriality described in 3.5 is compatible with the gradation. 

3.7. Example. The Z/2-grading for Example 3.3 is given by the even and odd 
00 00 

exterior powers: c<O>(V)=A(O)(V)= L A_ 2 i(V); c<l)(V)=A.( 1)(V)= L A_Zi+ 1(V). 
i=O i=O 

Similarly in Example 3.4, the algebra k[X]/(X2 -d) is Z/2-graded ifwe write each 
element of C( V) in the form a + bX, where Xis of degree one, and a and b are of 
degree zero. For instance, if k= IR, and d= -1, the algebra of complex numbers <C 
is Z/2-graded by <e<0 >= IR and <e< 1>= iiR. 

The following Iemma gives an example ofhow the grading of C(V, Q) may be 
used. 

3.8. Lemma. Let v and w be vectors of V which are orthogonal with respect to the 
symmetric bilinear form associated with Q. Thenj(v)j(w)= -j(w)j(v). Therefore, if 

n m 

X= n j(v;) and y= n j(w.) are e[ements of C(a)(V, Q) and c<P>(V, Q), With 
i= 1 s= 1 
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IX= n mod 2 and ß = m mod 2, and if vi is orthogonal to w8 jor each pair (i, s), we have 
xy=(-1)"11yx. 

Proof Under the hypothesis of the Iemma we have 

Q(v)+ Q(w)= Q(v+ w)=U(v+ w))2 =U(v))2 +(j(w))2 +j(v)i(w)+ j(w}j(v) 
= Q(v) + Q(w) + j(v}j(w)+ j(w}j(v). 

Hencej(v}j(w)=-j(w}j(v). 0 

3.9. If A and Bare Z/2-graded algebras, we define their graded tensor product 
A ® B as the algebra whose underlying k-vector space is A ®k B, and the product 
of x ® y and z ® t is defined by the formula 

(x ® y)(z ® t)=( -I)"11xz ® yt 

where y E B 11 and z E A". 

3.10. Theorem. Let V and V' be vector spaces over k provided with quadratic forms 
Q and Q'. Then the Clifford a/gebra C(V Ee V', Q Ee Q') is natura//y isomorphic to 
C(V, Q) ® C(V', Q') (Chevalley [2]). 

Proof We prove this theorem by explicity defining the desired isomorphism. Let 
j: V- C(V, Q) andj': V'- C(V', Q') denote the canonical maps and Iet 

j": V Ee V'_____.. C( V, Q) @ C( V', Q') 

be the map defined by j"(v, v')=j(v) ®I+ I ®j'(v'). Now we have U"(v, v'))2 = 
[(j(v))2 +U'(v'))2]·l=(Q(v)+Q'(v'))·l. Hence, by the universal property of 
Clifford algebras,j" induces a homomorphism 

t/1: C(V Ee V', Q Ee Q') _____.. C(V, Q) @ C(V', Q') 

In the other direction, we define homomorphisms 

y:C(V,Q)____.C(VEe V',QEeQ') and y':C(V',Q')____.C(VEe V',QEeQ'), 

induced by the inclusions of V and V' in V Ee V' (cf. 3.5). Since V and V' are 
orthogonal in V EB V', we have the identity y(x)y'(x') = ( -I)""'y'(x')y(x), for 
x e c<"1(V, Q) and x' e C"'1(V', Q') by Lemma 3.8. Hence y and y' induce a 
homomorphism 

0: C(V, Q)@ C(V', Q')____. C(V Ee V', Q Ee Q') 

by the formula lJ(x ® x') = y(x) · y'(x'). 



130 III. Bott Periodicity 

a) 81/t=Idqv e:w,Q GJQ')· Since C(V EB V', Q EB Q') is generated by elements of 

the formj"(v, v'), it is enough to compute (81/t)U"(v, v')). Doing this we find 

(01/t)U"(v, v') = OU(v) (8) 1 +I (8) j'(v')) = yU(v)) + y'U'(v')) 

= j"(v, 0) + j"(O, v') = j"(v, v'). 

b) t/tO=Idqv,Q>® qv',Q')· In the same way, C(V, Q) ® C(V', Q') is generated 

by elements of the formj(v) (8) I or 1 (8) j'(v'). But 

(t/tO)U(v) (8) 1) = t/t(yU(v))) = j(v) (8) 1, 

and (t/10)(1 (8) j'(v')) = tjt(y'U'(v'))) = 1 (8) j'(v'). 0 

3.11. Corollary. Let us assume that V admits an orthogonal basis e;, for 

i= 1, ... , n, with Q(eJ= d;. Then the Clifford algebra C(V, Q) is of dimension 2" 

over k, with basis the products eit e;2 ••• e;r where i 1 < i2 < · · · < i,. The multiplication 

law is completely determined by the relations 

n 

Proof The vector space V spiits into the orthogonal sum ·E8 ke;. Hence C( V, Q) ~ 
i= 1 

(k EB ke 1) ® (k EB ke2 ) ® · · · ® (k Ei3 ken) by 3.4 and 3.10 applied (n -1) times. 

Therefore, the products C;1 • e;2 ••• e;r form an additive basis for C( V, Q). The 

relation e;ei= -eA for i#j follows from 3.8. 0 

3.12. Remark. The argument above shows that the map j: V-+ C(V, Q) is 

injective. Thus we may identify e; with j(e;). The hypothesis of Corollary 3.1I is 

satisfied whenever the characteristic of k is # 2; hence, in this case the map 

V-+ C(V, Q) is injective. A different argument shows thatj is injective in general 

(cf. Bourbaki [2]) but we do not need that here. 

3.13. The case we are more interested in is that where k is the field of real numbers 

and V=lRp+q is provided with the quadratic form -xi- · · · -x;+ · · · +x;+q· 

In this case we denote the Clifford algebra by Cp,q. According to 3.II, the algebra 

cv,q is generated over IR by the symbols e1, e2 , • •• , ep+q• subject to the relations 

(eY= -I · for I~ i~p, 

(eY= +I forp+l~i~p+q, 

and e;ei= -eiei for i# j. 

One of the purposes of this section is to explicitly compute the algebras cv.q 

(cf. 3.19, 3.21, 3.22). 

3.14. Examples. Wehave already computed C1. 0 ~<C and C0 • 1 ~IR $IR (3.4). 

Moreover, C 2 • 0 is the skew field 1H (the quaternions): put l=e1, J=e2 , K=e 1e2 • 
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We can also verify that C 1 • 1 is MiR) (ring of 2 x 2 matrices over R) by letting 

e1 =( 0 1) and ez=(O 1)· 
-1 0 1 0 

In the same way C0• 2 ~M2(R) by letting 

However, the graded algebras C 0 •2 and C 1• 1 arenot isomorphic, since the square 
of an element of degree one always belongs to the center in C 0 •2 , but generally 
does not belong to the center in C 1· 1. 

3.15. In the algebra Cp,q withp +q even, Iet us consider the element e = e1e2 • • ·en 
where n=p+q. Then 

If (e)2 = + 1, we call the algebra Cp,q positive. If (e)2 = -1, we call the algebra 
Cp,q negative. In fact (e)2 =(-1)R<n- 1>12(-l)P. Therefore, if p-q::0,4mod8, 
then the algebra cp,q is positive; if p-q = 2, 6 mod 8, then the algebra cp,q is 
negative (in the case p-q odd, the algebra Cp,q has no sign). Moreover, if V is a 
finite-dimensional real vector space provided with a nondegenerate quadratic 
form, the choice of a suitable orthogonal basis defines an isomorphism C(V, Q)~ 
CP·q, where p and q are well-determined by Sylvester's theorem. Hence the notion 
ofpositivity ofnegativity, for a Clifford algebra associated with a finite-dimensional 
real vector space provided with a nondegenerate quadratic form, is an intrinsic 
notion. 

With the exception of 3.23 all quadratic forms we will now consider are non­
degenerate, and will be Iaken over real vector spaces of finite dimension. 

3.16. Proposition. (i) ·· If C( V, Q) > 0 and Dirn( V) even, then 

C(VEe V', Q Ee Q')~C(V, Q) ® C(V', Q'). 

(ii) If C( V, Q) < 0 and Dirn( V) even, then 

C(V Ee V', Q Ee Q')~C(V, Q) ® C(V', -Q'). 

Proof If e=e1e2 .•• en, then we have ee;=(-l)n- 1e;e. Since n is even, we have 
ee;= -e;B foreachi,andthereforew= -veforeachvectorvofV(identifying Vwith 
a subspace of C(V) via the canonical map j; cf. 3.12). In case (i) we define 

cp: V Ee V'~ C(V, Q) ® C(V', Q') 
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by the formu1a q>(v, v')=v ® 1 +e ® v'. Then 

(q>(v, v'))2 = (v ® 1)2 + (e ® v)2 + (v ® 1)(e ® v')+ (e ® v')(v ® 1) 

=v2 ® 1 +e2 ® v' 2 +ve ® v' +ev ® v'= Q(v)+Q'(v'). 

By the universal property of Clifford algebras, we obtain an algebra homo­
morphism. 

1/1: C(V E9 V', Q E9 Q')----+ C(V, Q) ® C(V', Q') 

which extends q>. Since the two algebras have the same dimension, we will have 
that ljJ is the required isomorphism, if we show that ljJ is surjective. Since 
C(V, Q) ® C(V', Q') is generated by elements of the form v ® 1 or 1 ® v', it is 
enough to show that 1 ® v' and v ® 1 E Im(t/J). But v ® 1 = 1/J(v, 0), and 1 ® v' = 
(e ® v')(e ® 1)=1/1(0, v')ljl(e, 0). 

In case (ii), the proof is similar, interpreting q> as a map from V EfJ V' to 
C(V, Q) ® C(V', -Q'). 0 

3.17. Lemma. Let A be an algebra over k. Then we have algebra isomorphisms: 
(i) A ®k Mn(k)~MnCA), 
(ii) Mp(Mn(A))~Mnp(A), 

(iii) Mn(A) ®k Mp{k)~Mnp(A). 

Proof For the proof of (i), Iet y: A x Mn(k) ~ Mn(A) be the k-bilinear map 

· · · aA- 1")· 

. . . aA.nn 

Then y induces an algebra homomorphism y: A ®k Mn(k) ~ Mn(A). Since 
A ® k k"2 ~ A "\ y is an isomorphism. 

The isomorphism MP(Mn(A)) ~ Mnp(A) is simplythe obvious writing ofmatrices 
in blocks. 

Finally MnCA) ®k Mp(k)~Mp(MnCA))~Mnp(A). 0 

3.18. Proposition. The algebras CP+n, q+n and M 2n(CP·q) are isomorphic. 

Proof Since the algebra C 1 • 1 is positive, we have cp+t,q+t~cp,q ® C 1 • 1 ~ 

Cp,q ® MiiR) by 3.16 and 3.14. Therefore 

n 

by 3.17. 0 



3. Clifford Algebras 

3.19. CoroUary. Wehave the following a/gebra isomorphisms 

C·"~ M2"(1R), 

Cp,q~M2.(Cp-q,o) ifp>q, 

and Cp,q~M 2iC0·q-p) ifp<q. 
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3.20. Proposition. If C( V, Q) > 0 and the dimension of V is even, then the graded 
a/gebras C(V, Q) and C(V, - Q) are isomorphic. 

Proof Let h : V~ C( V, Q) be the map defined by h( v) = ev, where e is defined as 
in 3.16. Then (h(v))2 =(ev)2 =(ev)(ev)= -e2v2 = -v2 = -Q(v), so we obtain a 
homomorphism h: C( V, - Q) ~ C( V, Q). To prove that h is an isomorphism, it is 
enough to show that h is surjective, since the two algebras have the same dimension 
over k. In fact, it suffices to show that V (considered as a subspace of C(V, Q)) is 
contained in Im(h). If e 1 , • •• , e" is an orthogonal basis in V with Q(e;) = ± 1, and 
if e' denotes the product e1 ·e2 ••• e" in C(V, -Q), we have 

Hence v=h(e'v) or h( -e'v). 0 

3.21. Theorem. The a/gebras cp+B,q' cp,q+B, and M16(CP,q), are isomorphic. 

Proof Since C 4 • 0 >0, we have C8 • 0 ~C4 • 0 ® C4 • 0 by 3.16. For the same reason, 
C 4 • 0 ® C4 • 0 ~ C4 • 0 ® C0 • 4 ~ C4 • 4 ~M 16(1R) by 3.20 and 3.19. Since C 8 • 0 >0, 
we also have Cp+B,q~ Cp,q ® C8 • 0 ~ Cp,q ® M16(1R)~M 16(CP·q) by 3.17. The 
proofofthe isomorphism Cp,q+ 8 ~M 16(CP·q) is analogous. 0 

3.22. By this theorem and Corollary 3.19, we need only compute the algebras 
CP· 0 and C 0 ·P for p<8, to determine all the others. In fact, since C 0 • 2 and C 2 • 0 

are negative, Proposition 3.16 gives the isomorphisms 

In the same way, we have the isomorphisms 

Finally, if p < 4 we have the isomorphisms 

Given that C 0 • 0 = IR, C 0 • 1 =IR EB IR, C 0 • 2 =M2 (1R), C 1 • 0 =d: and C 2 • 0 =1H, by 
applying these identities and Lemma 3.17 we obtain the following table (due to 
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Atiyah, Bott and Shapiro [1]): 

p cp.o co,p 

0 IR IR 

er IRE91R 

2 H MiiR) 

3 HE9H Mz(CI:) 

4 M2(H) MiR) 

5 Mi er) M2(H) E9 MiR) 

6 M8 (1R.) M4(H) 

7 M8 (1R) E9 M8(1R) M8(CI:) 

8 Mt6(1R.) Mt6(1R.) 

3.23. We may also consider Clifford algebras over complex vector spaces provided 
with nondegenerate quadratic forms. Let C'" be the Clifford algebra of ([" provided 

n 

with the quadratic form L (xY. Then by 3.10, we have C'n=C' 1 ® · · · ® C' 1 

i= 1 
n 

where C'1 =([®R([=([E9([. Therefore C'"~C"· 0 ®1Rcr~C0·"®JR.cr. More­
over, the argument used in 3.16 shows that C'"+ 2 =C'" ® C'2 (choose e=ie1e2 

to obtain an isomorphism C(cr"+ 2)~C(cr") ® C(cr2)). Since C'2 =C0 • 2 ®IR er~ 
M 2(1R) ®R cr~M2(cr), we have an isomorphism C'"+ 2 ~M2(C'"). Therefore 
C' 2P~M2p(cr) and C'2P+ 1 ~M2i([)Ef)M2 p(cr). This "periodicity" of the 
Clifford algebras C'" (period 2) may be compared with the "periodicity" of the 
Clifford algebras C p, 0 and C 0 • P (period 8). These "algebraic" periodicities will be 
used later to prove the "topological" Bott periodicity in both complex and real 
K-theory (cf. 5.13). 

3.24. In 3.22 we completely determined the algebras CP· 0 and C 0 ·P. However, for 
our purposes, we require still more information. In particular, we need a descrip­
tion of the inclusions CP· 0 c CP + 1• 0 and C 0 ·P c C 0 ·P+l_ For the first lines of the 
table in 3.22 it is easy: the inclusions 

ll ll ll 
IR ([ H 
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are the usual inclusions. Also the inclusions 

ll ll ll 
IR IR E9 IR MiiR) 

( a 0) . are defined respectively by a r-+ (a, a) and (a, b) r-+ 0 b (note that the lso-

morphism IR E9 IRr-+ C 0 • 1 is defined by (a, b) r-+ a;b + a;b e1, and that e1 is 

represented in MiR) by the matrix ( 1 0); cf. 3.14). 
0 -1 

Moreover, the formulas given in 3.16 show that we have commutative diagrams 

CO,p+2 ---~ co,p+3 

ll ll and ll ll 
CP,O ® co,2~ cp+l,O ® co,2 

where the horizontal maps are the desired inclusions. Therefore the inclusions 

co,2 c co,3 c co,4 

ll ll ll and ll ll ll 
H H E9 H MiH) 

are simply the tensor product of the previous inclusions by M 2(R) and H, 
respectively. 

In the same way, the inclusions 

co,4 c co,s c co,6 

ll ll ll 

are the tensor product by M 2(1R) of the inclusions 

ll ll ll 
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3.25. To proceed any further, we need a precise description ofthe inclusions 

We interpret H as the set of quaternions written in the form q=a+ßJ, where 
a, ß e (C. Then we set 1q = a.- {jJ, so that q f-+ 'q is an anti-involution of H. We 
define an algebra homomorphism 

by the formula qJ(q ® q')(v)=q'v'q. This homomorphism sends H ®IR (C into 
Endc(H)= Mi(C). In fact direct computation shows that the induced homo­
morphism 

is a (C-algebra homomorphism, and that 

( -i 0) 
qJ'(/®1)= 0 ;' qJ'(J®l)=(_~ ~} and qJ'(K®l)=(_~ -~} 

These formulas show that qJ' is in fact an isomorphism. Moreover, qJ(l ® J) is an 
anti-automorphism of H regarded as a complex vector space of dimension 2. 
Since any element of M4 (1R) = EndR((C2) may be written as the sum of a (C-endo­
morphism and a (C..anti-endomorphism, it follows that qJ is surjective, hence 
bijective. In conclusion, the injections H c: H ®R er c: H ®IR H are therefore 

where u(l), u(J), and u(K), are the three matrices above, and where v is induced by 
the inclusion Endc(cr2)c:EndR((C2), i.e. is the tensor product by M2 (1R) of the 
inclusion of (C in M2(1R) defined by 

( a -b) 
a+ib ~ b a · 

3.26. We are now ready to complete our description ofthe inclusions C p, 0 c: CP+ 1• 0 

and C 0·Pc:C0·p+l. Since CP+ 4 • 0 ~CP· 0 ® C4 •0 , the inclusions 

ll ll ll 
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are simply the tensor product by M2 (1R) of the inclusions HcM2(CC)cM4 (1R) 
described above. Moreover, the inclusions 

v' c cs,o 

ll ll ll 

are the tensor product by M2(1H) of the inclusions 

ll ll ll 
lH H EB lH M2(H). 

Therefore we have u'(a)=(a, a) and v'(a, b)=(~ ~} where a and bare blocks 

of 8 x 8 real matrices. 
Finally the inclusions 

co. 6 c co. 7 c co. 8 

ll ll ll 
M4 (1H) c M8 (CC) c M16(1R) 

are simply the tensor product by Mz(IR) ofthe inclusions M 2(1H)c M 4 (CC) cM8(1R). 

4.1. Let C(f be a Banach category (for example, the category ß(X) ofvector bundles 
with compact base X), and Iet A be an IR-algebra offinite dimension. Let ((jA denote 
the category whose objects are the pairs (E, p ), where E E Ob(C(f) and p: A ----> End(E) 
is an IR-algebra homomorphism. A morphism from the pair (E, p) to the pair 
(E', p'), is a C{f-morphism f: E----> E' such that f·p(A.)=p(A.)f for each element 
A. of A. In particular, if A is the Clifford algebra Cp,q (resp. M"(IR)), we denote the 
corresponding category ((jA by C(jM (resp. C(f(n)). In general, we notice that when C(f 
is a pseudo-abelian Banach category, C(fA is also (1.6.10). 

4.2. Example. Let C(f = ß IR(X) and A = CC. Then ((jA~ ß c(X). Similarly if A = lH, 
then C(jA_,ßH(X). 

4.3. Example. Let C(f=ß(X) and A= IR[x]jx2 • Then ((jA is isomorphic to the 
category of vector bundles provided with an endomorphism whose square is 0 
(where the morphisms are compatible with the endomorphism). 



138 111. Bott Periodicity 

4.4. Theorem. Let ~ be a pseudo-abelian Banach category (/.6.7). Then the 
categories ~ and ~(n) are equivalent [Morita equivalence]. 

Proof We want to define a category equivalence 

qJ: ~-- ~(n). 

For any object F of ~ we define qJ(F) as (E, p ), where E = F", and p: Mn(IR)­
End(E)=End(Fn) is the homomorphism which associates each matrix M=(ai;) 
with the endomorphism of F" defined by the matrix (bi;) with bi;=ai;·IdF. From 
now on we will simply write aii instead of bii' Iff: F- F' is a morphism in Cß, we 
define ({J(/): (E, p)- (E', p) as the ~(n )-morphism whose underlying Cß -morphism 
is represented by the diagonal matrix 

0 0 

f 

0 

lf we write any morphism g: (E, p)- (E', p') in the matrixform g=(gi;), and 
require that g must commute with the action of Mn(IR), we obtain relations 

n n 

L A.ki9i;= L 9ki)..ii• where the scalars A. belong to IR. Ifwe choose all except one 
j= 1 j= 1 
of the).. to be 0, we see that g must be of the form ({J(/). Hence the functor is fully 
faithful. 

Now Iet (E, p) be an arbitrary object of Cß(n). Let P; be the diagonal matrix 

0 

0 

0 

0 

0 

0 

and Iet rii be the transposition matrix (i'#j) 

j i 

~=t~ ~) 



4. The Functors Kp.q('i&') and Kp.q(X) 139 

Finally, let E; = Im(p;) = Ker(l-p;) (which exists since rtl is pseudo-abelian). The 
n n 

relationsp;pi=O for i=lj and L P;= 1, imply E;::;;"ff}E;. Moreover, the transposi-
i= 1 i= 1 

tion rii enables us to identify E; with Ei, since pi=ri;P;rj/. Ifwe set E1 =F, we 
may therefore assume that E = Fn, and that the actions of P; and r ji are represented 
by the two types of matrices above. Since these matrices generate Mn(IR) as an 
lR-algebra, it follows that the action of Mn{lR) on r is the one described at the 
beginning. Hence the functor cp is essentially surjective. 0 

4.5. Proposition. Let A and B be finite dimensional lR.-algebras and Iet rtl be a 
Banach category. Then the categories (rtJA)B andrtJA®RB are isomorphic. 

The proof of this proposition is obvious. 

4.6. Corollary. Ifrtl is a pseudo-abelian Banach category, then up to equivalence the 
category q;p,q depends only on the difference p -q mod 8. 

Proof If p-q=p'-q' mod 8 we have proved in 3.18, 3.21 and 3.22 that 
CP·q;::;;Mn(A) and that CP',q' ;::;;Mn.(A) for some algebra A. Therefore rtfP.q,.., 
q;Mn(Al,..,(rtJA)(n),..,q;A by4.4 and 4.5 (note that MiA);::;;A ®IR MilR)). By the same 
argument rtJP',q' "'q;A_ 0 

4.7. Proposition. Let rtl be a pseudo-abelian Banach category, and Iet A and B be 
lR.-algebras. Then the categories q;A ffi 8 and q;A x rtl8 are equivalent. 

Proof If (E, p) and (F, o") are objects of q;A and rtl8 respectively, we define an 
object (E EB F, r) of q;A ffi 8 by setting r(a, b) = p(a) EB (J(b). In fact, this cor­
respondence defines a functor from q;A x rtl8 to q;A ffi 8 which is fully faithful. Now 
let (G, r) be an object of q;A ffi 8 . Then p = r(l, 0) and q= r(O, I) are projectors of G 
such that p + q= 1. If we write G as E EB F with E = Im(p) and G =Im( q), we see 
that G;::;; cp(E, F). This shows that cp is essentially surjective. In particular, when 
A = B the composition q;A x q;A "'q;A ffi A -4 rtJA, where the functor q;A ffi A -4 q;A is 
induced by the algebra map a f-+ (a, a), is simply (E, F) f-+ E EB F. 0 

4.8. Theorem. Let rtl be a pseudo-abelian Banach category, and Iet rtl' and rtl" be the 
categories r(jC and rtJ'frl. Then we haue the following table of categories: 
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p f{JP,O f{JP,l <(JO,p 

0 <(j <(Jx<(J <(j 

'lf' <(j <(Jx<(J 

2 <(!" 'IJ' 'IJ 

3 'IJ"x<(J" <(!" 'IJ' 

4 'lf" fl" X fl" 'lf" 

5 'IJ' 'IJ" t:t"x~" 

6 f(j <(/' 'IJ" 

7 f(Jxf(J 'IJ f(J' 

8 <(j 'lfx'IJ 'IJ 

Proof This theorem follows directly from 3.19, 3.22, 4.7, and 4.6. 0 

4.9. To understand the categories CfJP,q better, we need to compare them by the 
functors, "extension of scalars" and "restriction of scalars". More precisely, Iet 
us consider, for example, the functor cp: Cfl0·q+ 1 -4 Cfl0·q, induced by the algebra 
inclusion C 0·q c co,q+ 1 (this is a "restriction of scalars" functor). By the period­
icity of Clifford algebras, we need only deal with the cases 0 ~ q ~ 7. 
q = 0. Up to equivalence, the functor cp coincides with the functor from CfJ x CfJ to Cfi, 
defined by (E, F) ~ E EB F. 
q = 1. Again up to equivalence, the functor cp from Cfl(2) to CfJ x Cfl, is induced by the 
injection of 1R EB 1R into M2 (1R) described in 3.14. Therefore, by 4.4 and 4.7, this 
functor is essentially the "diagonal" functor E ~ (E, E). 
q = 2. The functor cp is simply the "restriction of scalars" functor from Cfl' to CfJ (we 
ignore the complex structure). 
q = 3. For the functor Cfl" -4 rt,", we similarly deal with the complex structure under­
lying the quaternionie structure. 
q = 4. The functor Cfl" x Cfl" -4 Cfl" is simply (E, F) ~--+ E EB F. 
q= 5. The functor Cfl" -4 Cfl" x Cfl" is once again the diagonal functor E ~ (E, E). 
q = 6. The functor Cfl0 • 7 -4 Cfl0 • 6 is induced by the inclusion M 4 (H) c M 8(Cf), 
described in 3.26. Up to equivalence, the functor cp coincides with the functor 

induced by the inclusion ofH in M 2(cr), which was described in 3.25. Ifwe examine 
the composition 

qj' ~ Cfl'(2)~ Cfl", 
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we see that the functor ~'- ~" is defined by E ~---+ E E9 E, where H acts on E E9 E 
via the embedding of Hin Mi er). Therefore, the functor <p may be interpreted 
as an "extension of scalars" functor. For instance, if ~ is the category of vector 
bundles, then <p is isomorphic to the functor E ~---+ H ® c E. 
q = 7. For the same reason as in the case q = 6, the functor ~- ~' may be inter­
preted as an "extension of scalars" functor: it is defined by E~---+ E E9 E, where er 
acts on E E9 Evia the embedding ofer in M2 (1R). In the category ofvector bundles, 
<p may be defined as E ~---+ er ®IR E. 

4.10. From the above list, it is clear that the functors we are considering, are 
Banach functors [more generally, if Bis a sub-algebra of A, it can easily be shown 
that the functor ~A- ~8 is a Banach functor]. This enables us to make the 
following definition: 

4.11. Definition. Let~ be a pseudo-abelian Banach category. Then we define the 
group KP· q(~ as the Grothendieck group of the functor 

~p,q+ 1 ~ C(JP·q 

in the sense of 11.2.13. If ~=l<f(X) (or more precisely GIR(X) or Gc(X)) then 
Kp,q(X) (or K&_·q(X), Kf·q(X)) will denote the group Kp,q(~) obtained. 

Up to isomorphism, the group KP· q(~) depends only on the difference 
p - q mod 8 because of these commutative diagrams 

l l l l 
~p+8,q+1 ~ ~p+B,q 

In the case of complex vector bundles (or more generally, "complex" Banach 
categories) we can show analogously that the group KP· q depends only on the 
difference p- q mod 2. 

4.12. Theorem. Let ~ be a pseudo-abelian Banach category. Then the groups 
K 0 • 0(~ and K0• 1 (~ are canonically isomorphic to the groups K(~ and K- 1(~, 
defined in ll.1.7 and II.3.3, respectively. Similarly K0• 4(~~K(~") and K0• 5(~)~ 
K- 1 (~"). Therefore K0• 0(X)~K(X), K0 • 1 (X)~K- 1(X), K~· 4(X)~KH(X), and 
K~· 5(X)~ K; 1(X). 

Proof Since K 0 • 0(~) is the Grothendieck group of the functor ~ x ~- ~ by 4.9, 
the exact sequence proved in 11.3.22 may be written as 

K- 1(~ x ~-- K- 1(~-- K 0 • 0(~-- K(~ x ~-- K(~ 

n n 
K(~ $K(~. 
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This shows that K(rc) ~ K 0 • 0 (rc} by the isomorphism which associates the class of 
an object E with the element d(E0 , E 1, IX), where E0 =(E, 0), E 1 =(0, E), and 
IX: 0 EB E ~ 0 EB E is the canonical isomorphism. 

An analogous discussion applied to the exact sequence associated with the 
"diagonal" functor f'(J ~ f'(J xf'(J, i.e. 

ll 
K(f'(J) EB K(rc), 

shows that K- 1(f'(J)~K0 • 1 (rc}. Here the isomorphism associates d(E, IX) with the 
element d(E, E, fJ), where ß: (E, E)~ (E, E) is given by ß=(IX, 1). 

Finally, K 0 ·\f'(J) is the Grothendieck group of the functor f'(J 0 • 5 ~ f'(J 0 •4 , hence 
f'(J"xf'(J"~f'(J" by 4.9. Therefore K0 • 4(f'(J)~K(f'(J"). The group K 0 • 5(rc) is the 
Grothendieck group of the functor f'(J0 • 6 ~ C(JÜ· 5 , hence f'(J" ~ f'(J" x f'(J" by 4.9 again. 
From this we deduce the isomorphism K0• 5 (rc)~K- 1 (f'(J"). 0 

4.13. In the case of the Banach category f'(J =G(X), it is important to notice that 
the groups Kp,q(X)=Kp,q(f'(J) are naturally modules over the commutative ring 
K(X): ifx=d(E, F, IX) is an element of Kp,q(X), whereEand Fare Cp,q+ 1 bundles, 
and IX is an isomorphism between their underlying Cp,q bundles, we define the 
productofxby [G]-[G'] asd(E <8> G, F <8> G, IX <8> 1)-d(E <8> G', F® G', IX <8> 1). 
With these structures, the explicit formulas given above show that the isomorphisms 
K0 • 0(X)~K(X), K0 • 1(X)~K- 1(X), K~· 4(X)~K11(X), and K~· 5(X)~Kji 1(X) 
are in fact K(X)-module isomorphisms. It is also possible to define "external" 
products 

KP· q(X) X K(Y) ~ KP· q(X X Y). 

We leave these to the reader. 

4.14. Theorem 4.12 gives some credibility to the conjecture that the groups 
Kp,q(X) and Kp-q(X) (defined for p -q~O in II.4.11) are isomorphic. In fact this 
will be the objective of the next sections. This will complete the construction of 
Kn for n E Z, and prove Bott periodicity in real and complex K-theory, at the 
same time. 

4.15. In order to work with the groups Kp,q(f'(J) and Kp,q(X), we describe these 
groups in a slightly different way (to avoid confusion we temporarily use the nota­
tion K'p,q(f'(J) and K'p,q(X)). 

Let f'(J be a pst;udo-abelian Banach category, and Iet Ebe a "CP·q-module" (i.e. 
an object of f'(Jp,q). We define a gradation of E to be an endomorphism 11 of E 
regarded as an object off'(J, suchthat 

(i) 17 2 = I, and 
(ii) 17p(ei) = - p(ei)'l where the ei are defined as in 3.13, and p: Cp,q ~ End(E) 

defines the cp,q_structure. 
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Equivalently, a gradation of Eisa Cp,q+ 1-structure of E, extending the initial 
C p,q-structure (put 11 = p( e P + 4 + 1 )). The term "gradation" is justifi.ed by the splitting 

of E into the direct sum E0 Ee E 1, where E0 =KerC ;"') and E1 =KerC ;"'} 

Then the homomorphism p: Cp,q-+ End(E0 $ E 1) is a homomorphism of 
Z/2-graded algebras, where Cp,q has the Z/2-grading described in 3.6, and 
End(E0 $ E1) has the Z/2-grading D 0 EB D 1, with D 0 (resp. D 1) the set of 
"diagonal" matrices 

(~ ~)· for a E End(E0) and b E End(E1) 

(resp. "codiagonal" matrices 

for a E CC(E1, E0 ), and b E CC(E0 , E 1)). 

We define K'p,q(CC) (or K'p,q(X) ifCC= S(X)) tobe the quotient ofthe free group 
generated by the triples (E, 11 1, 11 2 ), where Eisa Cp,q-module, and 11 1 and 112 are 
gradations, by the subgroup generated by the relations 

(i) (E, '11o '12)+(F, ~1> ~2)=(E $ F, 11 1 $ ~1> 112 Ee ~2 ), and 
(ii) (E, 1'f 1 , '12)=0 if11 1 is homotopic to 11 2 within the gradations of E. 
We Iet d(E, 17 1, 172) denote the class of the triple (E, 11 1, 11 2) in the group 

K'p,q(CC). 

4.16. Lemma. Wehave the relation 

d(E, 11 1 , '1 2 )+d(E, 112. 11 1)=0. 

Moreover, two isomorphic trip/es (in the obvious sense) have the same class in 
K'p,q(CC). 

Proof Wehave d(E, '11> 17 2 ) +d(E, 17 2 , 17 1)=d(E $ E, 11 1 Ee 172 , 11 2 EB 17 1). Then the 
homotopy 

( cos () - sin () ) ("' 1 0 ) ( cos () sin () ) 
'1(()) = . . ' for () E [0, n/2] 

sm () cos () 0 11 2 - sm () cos () 

shows that '1 1 Ee 11 2 and '12 $ 11 1 are homotopic. On the other band, Iet 
f: (E, '11> '12)-+ (E', 11~, 172) be an isomorphism. Therefore, f is an isomorphism 
between E and E' (denoted again by f) suchthat 11;= f-11;-/- 1 • Now we have the 
relation 

( '12 0 )=(0 -f- 1)("'1 0 )( 0 f- 1) 
0 '1~ f 0 0 '12 - f 0 
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As before, the matrix 

is homotopic to IdE EilE within the automorphisms of E EB E', due to the homotopy 

( cos () - f- 1 sin ()) 

f sin () cos () 

for () E [0, n/2]. Therefore 

d(E, 111, 112)-d(E', 11~, 11'zJ=d(E, 11 1, 112)+d(E', 11~, 11~) 

= d(E EB E', 11 1 EB 11~, 112 EB 11~) = 0. 0 

4.17. Lemma. Let 111,112 , and 11 3 be gradations of E. Then we have the relation 

Proof From 4.16 we see that 

d(E, l11> 112)+d(E, 112, 113)-d(E, l11> 113)= 
=d(E EB E EB E, 111 EB 112 EB 113, '12 EB '13 EB 111). 

We also have the identity 1} 2 EB 1} 3 EB 1J 1 = rx(IJ 1 EB 1} 2 EB 11 3)rx- 1, where rx is the 
automorphism of E EB E EB E represented by the matrix 

Since S0(3) is arcwise connected, and since IX may be regarded as an element of 
S0(3) in an obvious manner, this implies that the gradations 1} 1 EB 1}2 EB 1} 3 and 
1} 2 EB 11 3 EB 1} 1 are homotopic. Therefore 

4.18. Lemma. Let 1}1 , 112, IJ~, '1~ be gradations of E such that IJ; is homotopic to 
11Jor i = 1, 2. Then 

Proof Wehaved(E, 1}~, 11 1)=d(E, 112, 11~)=0. Therefore d(E, 1}~, IJ~) =d(E, 11~, 1} 1)+ 
d(E, 11 1, 1}2) +d(E, 1}2, 1}~) = d(E, 1J 1> 1} 2) by 4.17. 0 
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4.19. Proposition. Every element of K'P.q(rt!) may be written in the form 
d(E, 17 1 , 17 2). The identity d(E, 1] 1 , 1] 2 )=d(E', 17'1 , 17~) is equivalent to the existence of 
a triple (T, C 0, such that the gradations 1] 1 EB n~ EB ( and 1]2 EB 17~ EB ( are 
homotopic. 

Proof The first assertion follows directly from 4.16. To prove the second, we 
introduce an auxiliary set, K"P· q(~), which is the quotient of the set of triples 
(E, 1J P 172), by the equivalence relation (E, 1J P 172) ~ (E', 11~, 17~) ~ j(T, C 0 such 
that 17 1 EB 17~ EB ( and 172 EB 17~ EB ( are homotopic. The verification that this is an 
equivalence relation uses the techniques of the previous Iemmas. Now K"P. q(~) is 
an abelian group with respect to the sum of triples. 

Wedefinea homomorphism K'P,q(~) ~ K"P·q(~), by d(E, 1] 1 , 17 2 ) c-+ [E, 1] 1 , 1] 2], 

where [E, 1] 1 , 17 2] is the dass of the triple (E, 1] 1 , 17 2); this is well-defined because 
(E, 1] 1 , 172)~0 if 17 1 is homotopic to 17 2 . Conversely, we can define a homo­
morphism K"p,q(~) ---> K'p,q(~) by [E, 1] 1 , 17 2] c-+ d(E, 1] 1 , 17 2). This is well defined 
by 4.17 and 4.18. Obviously these two homomorphisms are inverse to each 
other. 0 

4.20. Corollary. We have d(E, 1J 1 , 1J 2) = 0 in the group K'p,q(~) if and only if there 
exists a triple (F, C 0 such that 1] 1 EB ( is homotopic to 1] 2 EB (. 

4.21. Lemma. Let E be a Cp,q-module, and Iet Grad(E) be the space of gradations 
of E (provided with the topology induced by End(E)). If 17: I~ Grad(E) is a con­
tinuous map, then there exists a continuous map ß: I~ Aut(E) such that ß(O)= 1 
and 1](t)= ß(t)1](0)ß(t)- 1 • 

Proof For each pair (t, u) E Ix I, the endomorphism ß(t, u)= 1 +1J~)1J(u) 1s a 

CP·q-module endomorphism, which is IdE for t= u, and suchthat 

ß(t, u)17(u) = 1](t)ß(t, u). 

Since End(E) is a Banach algebra, there exists e>O such that ß(t, u) is an auto­
morphism for lt- ul < e. Let 

be a partition of the interval [0, 1] suchthat lti+ 1 - til <e. Then, fort E [ti, ti+ 1] 

we define ß(t) as ß(t, tJß(ti, ti- 1) •.• ß(t 1 , t 0 ). 0 

4.22. Theorem. The groups Kp,q(~) and K'p,q(~) are naturally isomorphic. Hence 
the groups Kp,q(X) and K'p,q(X) are naturally isomorphic. 

Proof Let d(E, F, IX) be an element of Kp,q(~) = K( cp ), where cp is the functor 
~p,q+ 1 ---> ~p,q. Thus E and F may be regarded as Cp,q_modules provided with 

gradations 1JE and 1JF respectively, and IX: E ~Fis an isomorphism on the under-
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lying Cp,q-modules. We associate d(E, F, a) with the dass of the triple (E, ry 1 , ry 2), 

where Eis considered as a CP·q-module, ry 1 = 11E and ry2 =IX- 1 ·11F ·IX (thus 11F induces 
the gradation ry2 on E via IX). If (E, F, IX) and (E', F', IX') are isomorphic, then the 
associated triples (E, ry 1 , ry2 ) and (E', 11~, 11~) arealso isomorphic. If IX0 , 1X 1 : E--> F 
are homotopic, then the associated gradations ry2 are homotopic. Finally, if E= F 
and IX=Id, we have ry 1 =ry 2 • lt follows from the definition of K(cp) (11.2) and from 
4.16, that the correspondence (E, F, IX)~--+ (E, ry 1 , ry 2 ) defines a homomorphism from 
KP· q(~) to K'P· q(~). 

Conversely, Iet d(E, ry 1 , ry 2 ) be an element of K'p,q(~). Let E; be the Cp,q+ 1-

module (E, ry;), and Iet IX: E 1 -~ E2 be the Cp,q-morphism which is the identity on 
the underlying Cp,q-modules. To check that the correspondence (E, ry 1 , ry 2) ~--+ 

(E1 , E 2 , IX) defines a homomorphism K'p,q(~) -~ Kp,q(~), we must show that 
d(E1 , E2 , 1X)=O if ry 1 and ry 2 are two homotopic gradations of E. By Lemma 4.21 
there exists a continuous map ß: I-~ Aut(E), suchthat ß(O)= I and ß(l)ry 1 (ß(l))- 1 

= ry 2 • Therefore we have the commutative diagram 

where ß(1) is a Cp,q+ 1-module isomorphism (since ß(l)ry 1 =ry 2ß(l)), and where 
y=ß(l)- 1 ·1X. Therefore d(E1,E2 ,1X)=d(Et.E1 ,y)=O, since y is homotopic to 
IdE1 by the homotopy t ~--+ ß(t)- 11X = ß(t)- 1 • 

We leave to the reader the trivial checking that these two homomorphisms are 
inverse to each other. D 

4.23. From now on, we identify the groups KP.q(~) and K'P.q(~) by the isomorphism 
dejined in 4.22. We also identify Kp,q(X) and K'p,q(X). 

4.24. One of the most useful aspects of the definition of Kp.q(X) in terms of 
gradations, is that it gives interesting "classifying spaces" for the functors KP·q. 
More precisely, we already know that K 0 • 0(X)~ [X, 7L x BGL(k)] and K0 • 1 (X)~ 
[X, GL(k)] (4.12, 11.1.33 and 11.3.17). By the same method, we can prove that 
K~· 4(X)~[X,7LxBGL(lH)] and K~· 5(X)~[X,GL(lH)]. By the periodicity 
of the groups Kp,q (4.11), there remains four cases to consider. However, our 
method will work for all eight cases simultaneously. 

4.25. Let A be any ring with unit, and Iet (M,) be a sequence of objects of &(A )0 3 ). 

We say that (M,) is cofinal in &(A)0 if M, EB Ms=Mr+s• and if every object of 
&(A)0 is a direct factor of some M,. For example, if A =IR EB IR, the modules 
M,= IR' EB IR' form a cofinal system, but the modules M,= IR' EE> 0 do not (notice 
that &(A)"' &(IR) x &(IR); cf. 4.7). 

3l &'(At denotes the category offinitely generated projective left A-modules. 
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4.26. Proposition. Let (M.) be a cojinal system of objects in &l( cv. q+ 1 ) 0 . Then 
every element of Kp,q(X) may be written as d(T., '~<•>• rt), where (T., '~<•>) is the 
"trivial" cv.q+l_vector bundle Xx M., and 11 is a gradation of the cv,q_bundle 
underlying T •. The identity d(T., rtw 17) = d(T., rtw 0 is equivalent to the existence 
of s E JN such that 11 E9 '1(sJ is homotopic to ( E9 '1<sl within the gradations of 
T. E9 T.= Tr+s (regarded as a cv,q_bundle). 

Proof By 4.8, the category $(X)P·q+ 1 is equivalent to SR(X), SJ.X), SJX), or 
the product oftwo of these categories. Therefore, any cv,q+l_bundle Eisa direct 
factor ofsome XxM, where ME0b&l(Cp,q+ 1 ) 0 • Since Mis a direct factor ofa 
M. for some r, Eisa direct factor of Xx M •. Therefore, if d(E, e1, e2) E Kp,q(X), 
we may write it (after addition with a triple of the form (F, ~. e)) as d(T., 1'/w 17) 
for some r. 

Let us assume now that d(T., '1<rl• rt)=d(T., Yf(rJ• C). According to 4.19, there 
exists a triple (T, T, ~). which we may assume tobe ofthe form (Tu, Tu, '7<ul), such 
that '1<rl E9 ( E9 '7<u> and 11 E9 '~<•> E9 '1<ul are homotopic gradations ofT. E9 T. EB Tu. 
lfwe put s=r+u, it follows that ( E9 '1(sJ and '7 E9 Yf<sJ are homotopic. D 

4.27. Theorem. Let (M.) be a cofinal system of objects in &l(Cp,q+ 1) 0 and Iet 
Gradp,q(M.) be the space of gradations ofthe cv,q_module underlying M •. Thenfor 
X a compact space, we have natural isomorphisms 

where Gradp,q(IR)~inj lim Gradp,q(M.). 

Proof This theorem is simply a reformulation of 4.26. D 

4.28. lt is possible to describe the spaces Gradp,q(IR) in more familiar terms. To 
give an ideaofthe procedure, we give the details forp= I and q=O. The othercases 
can be dealt with in a similar manner. In this case, the Clifford algebra CP· q+ 1 (resp. 
Cp,q) is MiiR) (resp. CC). We may choose M.= JR 2•= JR• E9 JR•, regarded as a 
cp,q+ 1-module by the automorphisms 

e1 =( 0 1). and e2 =(0 1). 
-1 0 1 0 

A gradation of M., regarded as a cv.q_module, is simply an automorphism '1 ofcc•, 
which is antilinear and involutive (i.e. rt 2 = 1 and rt(h) = A:rt(x) for A. E CC). The 
group GL.(CC) acts transitively on Grad1 • 0 (M.) by the formula rx·rt=rxrtrx- 1, and 
the isotropy group of e2 may be identifled with GL.(IR). lt follows that the con­
tinuous map GL.(CC) ~ Grad 1 • 0(M.), defined by rx ~ rxe 2rx- 1 induces a continuous 
bijection iP from GL.(CC)/GL.(IR) to Grad 1 • 0 (M.). To prove that ii5 is bicontinuous, 
it suffices to construct a local section s: V~ GL.(CC) to cp in a neighbourhood V 
of each point rto E Grad1• 0(M.). If cp(rx0 )=rt0 , we simply define s(17)= (1 +rtrto)/2 for 
11 E V. Taking the inductive Iimit, we see finally that the spaces Grad 1• 0(IR) and 
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GL(CC)/GL(R) are homeomorphic. If we treat the other seven cases in the same 
way, we obtain the following theorem: 

4.29. Theorem. Let X be a compact space. Then we have natural isomorphisms 

K&_·q(X)::::; [X, Gradp,q(R)], 

where the spaces GradP·q(R) depend only on the difference p-qmod 8, and are 
determined by the table: 

p-qmod8 Grad p,q(IR) 

0 Z x BGL(IR)- Z x GL(IR)/GL(IR) x GL(R) 

-1 GL(IR)- GL(IR) x GL(R)/GL(R) 

-2 GL(IR)/GL(G:) 

-3 GL(G:)/GL(H) 

-4 Z x BGL(H)- Z x GL(H)/GL(H) x GL(H) 

-5 GL(H)-GL(H) x GL(H)/GL(H) 

-6 GL(H)/GL(G:) 

-7 GL(G:)/GL(IR) 

In thislist wemustnotethat the inclusions GL(er)c GL(R)and GL(H)c GL(er), 
are induced by GL,.(er)cGL2,.(R) and GL,.(H)cGL2,.(er) (3.25). Another 
observationisthat up to homotopy, we could replace the homogeneous spaces in 
this table by their orthogonal, unitary or symplectic analogs (this follows from the 
polar decomposition of automorphisms; cf. Chevalley [1]). Then we obtain, in 
order, the spaces Z x BO, 0, 0/U, U/Sp, Z x Bsp, Sp, Sp/U and U/0. 

4.30. Remark. In complex K-theory one can also prove (in fact more easily) that 
Kl·q(X)::::;[X, Gradp,q(er)] where Gradp,q(er),..,z xBGL(CC) if p-q is even, and 
Grad p,q( er)"' G L( er) if p - q is odd. 

5. The Functors KP·q(X, Y) and the Isomorphism t. 
Periodicity in Real K-Theory 

5.1. The definition of the group Kp,q(X) in terms of gradations (4.15) may be 
generalized slightly to a "relative" version KP· q(X, Y), where Y is a closed subspace 
of a compact space X. More precisely, Iet us consider the set of triples (E, '11> '72), 
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where Eisa CP·q-vector bundle on X, and '11 and 112 are gradations of E suchthat 
rt1lr=rt2lr· Then we define the group KP·q(X, Y) to be the quotient of the free 
group generated by these triples, by the subgroup generated by the relations: 

(i) (E, '11• '12)+(F, C1, C2)=(E E9 F, '11 E9 C1, '12 E9 C2). 
(ii) (E, '11> rt 2)=0 if the gradations '71 and 11 2 are "homotopic", i.e. if there 

exists a continuous map '1: I- Grad(E) such that rt(O) = '71, 110) = 11 2 and 
rt(t)l y = '111 y= '121 y. 

5.2. Some of the propositions and Iemmas proved in section 4 remain valid for 
the group Kp,q(X, Y), For example, it is easy to see that the tensor product of 
bundles induces a K(X)-module structure on KP,q(X, Y) (compare with 4.13), and 
that Kp,q(X, Y) depends only (up to isomorphism) on the difference p- q mod 8 
(mod 2 in the complex case). The proofs of Lemmas 4.16, 4.17, 4.18, and of 
Proposition 4.19 and its corollary, also carry through for the relative version. 
Moreover, the proof ofProposition 4.26 shows that we may write each element of 
Kp,q(X, Y) in the form d(T., '1<r>• '1), and that d(T., '1<r>• '1) = d(T., '1<r>• 0 if and only 
if '1 E9 '~<•> is homotopic to C E9 '~<•> within the gradations ofT, E9 T.=Rr+s (where 
the homotopy is constant over Y). In other words (compare with 4.27), Kp,q(X, Y) 
may be identified with the set of homotopy classes of continuous maps ~: X­
Gradp,q(k), k= 1R or er, suchthat ~(Y)= { ep+q+l} where ep+q+ 1 is the base point 
of Gradp,q{k). 

5.3. Theorem. The projection p: {X, Y) - (X/ Y, { y}) induces an isomorphism 

Kp,q(X/Y, {y})--. Kp,q(X, Y) 

Proof This follows immediately from the observations made in 5.2. 0 

5.4. Theorem. Wehave the exact sequence 

KP·q(X, Y)~ KP·q(X)L KP·q(Y). 

Moreover, if Y is a retract of X, we have the split exact sequence 

0 ____. Kp,q(X, Y) ~ Kp,q(X) L Kp,q( Y)----+ 0. 

Proof It is clear that the composition Kp,q(X, Y)~ Kp,q(X)4 Kp,q(Y) is zero. 
Now let d(E, '71, rt2) be an element of Kp,q(X) such that j*(d(E, '71, '12))= 
d(Elr, '11lr, '12lr)=O. According to 4.20, there exists a triple (F, (, 0 over Y, 
suchthat '11lr E9 C and rt21r E9 C are homotopic. Since any Cp,q+ 1-bundle is a 
direct factor of a trivial CP· q+ 1-bundle (compare with the proof of 4.26), we may 
assume that (F, () is the restriction to y of a CP· q+ 1-bundle (G, e). Ifwe Substitute 
(E E9 G, '11 E9 (, '1 2 E9 () for (E, '71, 172), we may thus assume without loss of 
generality, that rt11r and rt21r are homotopic. Hence there exists a continuous map 
'1: I- Grad (Eir), such that rt(O)=rt1lr and rt(1)=rt2. By Lemma 4.21, we may 
even assume that rt(t)=ß(t)rt 1 ß(t)-t, where ß: I- Aut(Eir) is a continuous map 
with ß(O) = 1. By 4.8, we may regard E as a real, complex, or quaternionie bundle 
(or the sum oftwo ofthem). Hence, Proposition 11.2.24 implies that ß(t)=oc(t)iy, 
where oc: I- Aut(E) is a continuous map with oc(O) = 1. Setting '1~ = ß(l )'11 ß(1) - 1, 
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we see that d(E, r11, r12)=d(E, tf1, tf~), which be1ongs to the image of i*, since 
tf1lr=tf~lr· 

Let us now assume that Y is a retract of X. Then to prove the split exact 
sequence, it suffices to show that the map KP·q(X, Y)~ Kp,q(X) is injective. Let 
d(E, r{ 1 , r{2) be an element of Kp,q(X, Y), where we may assume Eto be ofthe form 
Xx M, and 'h =rf<r>• by 5.2 and 4.26. Hence t{1 and t{2 may be regarded as con­
tinuous maps (also denoted t{1 and tfi instead of if 1 and if2 as in 1.1.12) from 
X to Gradp,q(M,) (4.27), such that tT11r=tf21r· Assurne now that the image 
of d(E, tf1, r{ 2) in Kp,q(X) is 0. Therefore, after stabilization, we can find a 
continuous map tf: Xx I~ Gradp,q(M,), such that tf(X, O)=tf 1(x) and tf(X, 1)= 
rfix) (4.26). By Lemma 4.21, we can find a continuous map ß: X x I~ Aut(M,) 
suchthat ß(x,0)=1 and rfix)=ß(x, 1)tT 1(x)(ß(x, 1))- 1. Let r:X~ Y denote a 
retraction, and y: X x I~ Aut(M,) denote the continuous map defined by 
y(x, t) = ß(r(x), t). Then, using the obvious notation, we have these successive 
identities in KP·q(X, Y): 

d(E, 171(x), 172(x))=d(E, r{ 1(x), ß(x, 1)tT1(x)ß(x, 1)- 1) 

=d(E,y(x, 1)tT 1(x)y(x, l)- 1,ß(x, l)tT1(x)ß(x, 1)- 1) 

=d(E, y(x, t)r{ 1(x)y(x, t)- 1 , ß(x, t)r{ 1(x)ß(x, t)- 1) 

=d(E, r{ 1(x), r{ 1(x))=O 

(note that y(x, 1 )tT1(x)y(x, 1)- 1 = t{ 1 (x) since t{1 (x) is constant). 0 

5.5. Corollary. lfXisa compact spaceand Yisa closedsubspace, then Kp,q(X/Y)-::::, 
Kp,q(X, Y) E!) Kp,q(P) where Pisa point. 

5.6. Corollary. lf Y is a retract of X, we have the split exact sequence 

Proof This follows directly from the commutative diagram 

0 0 0 

1 1 1 
0---+ Kp,q(XjY, P)---+ Kp,q(X, P)---+ Kp,q(Y, P)----+ 0 

~ 1 1 1 
0-- Kp,q(X, Y)------) KP· q(X) -----) KP· q(Y) ~ 0 

1 1 1 
0 KP,q(P) ~ KP,q(P)~ 0 

1 1 
0 0 0 
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5.7. Proposition. ThegroupsK0 • 0 (X, Y),K0 • 1(X, Y)(resp.K~· 4(X, Y),K~· 5(X, Y)) 
are canonically isomorphic to K(X, Y), K- 1(X, Y) (resp. KH(X, Y), Ki[ 1(X, Y)) 
as K(X)-modules (resp. KIR(X)-modules). 

Proof We define a homomorphism 

g: K 0 •0 (X, Y)~ K(X, Y) 

in the following way: g(d(E, 171, 'h))=d(Ef, E~, IX) where E;0 =KerC ~'1} and 

IX: Eflr-4 E~lr is the identification isomorphism (note that 'hlr='hlr). When Y 
is empty, g is the inverse homomorphism to the isomorphism K0 • 0(X)~K(X) 
(cf. 4.12). Hence, in this case, g is an isomorphism. The morphism g is also an 
isomorphism when Y is a retract of X (for example when Y is a point). This follows 
from the diagram 

o~K0• 0(X, Y)~ K0• 0(X)~ K0• 0(Y)~ 0 

l l· !· 
0 ~ K(X, Y) -~K(X) -~K(Y)-----+ 0 

where the horizontal sequences are exact (5.4 and II.2.29). Finally, for Yarbitrary, 
we have the commutative diagram 

K 0 • 0 (X/Y, {y}) ~ K 0 • 0(X, Y) 

g'l lg 
K(X/Y, {y})~K(X,Y), 

where the horizontal arrows are isomorphisms (5.3 and II.2.35). Since {y} is a 
retract of X/Y, g' is also an isomorphism. Hence g is an isomorphism as required. 
Moreover, from the explicit formula given at the beginning, we see immediately 
that g is a K(X)-module map. 

U sing the same method, we can also define an isomorphism 

More precisely, every element of K 0 • 1(X, Y) may be written as d(E, e, 17 1 , 17 2), where 
(E, e) is a C 0 • 1-bundle (thus e is an involution on E), and 17 1 and 17 2 are gradations 
on E (i.e. involutionssuchthat '7;E= -e1'(;). Now we define g- 1(d(E, e, 17 1 , 17 2))= 

d(F, IX), where F= KerC ~ e J and IX is the restriction of 17217 1 to F (cf. 11.3.25). If Y 

is empty, it is clear that g- 1 is the inverse homomorphism to the isomorphism 
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defined in 4.12. Therefore, using the sametype of argument as before (cf. 5.5), it 
follows that g- 1 is an isomorphism in general. Moreover, the explicit formula 
given shows that g- 1 is a K(X)-module isomorphism. The proof of the KIR(X)­
moduleisomorphismsK~·4(X, Y)~Kll(X, Y)andK~· 5 (X, Y)~K; 1(X, Y)follows 
the same pattern. 0 

5.8. Ifwe identify the groups K(Z, T) and K 0 • 0 (Z, T) in general, it is easy to give 
another explicit formula for the product 

K(X, X') x K(Y, Y')-- K(X x X', X x Y'uX' x Y) 

where X and Yare compact spaces, and X' and Y' are closed subsets of X and Y 
respectively (cf. II.5.6). For this we set 

d(E, Sto s2)ud(F, 17 1 , 17 2)=d(E [8] F, ( 1 , ( 2), 

where 
1+171 1-171 

(1=/::1 ~-2-+c:2 ~-2-

and 
1+172 1-172 

(2 =S1 [8] - 2-+s2 [8] - 2-· 

These formulas are well-defined since ( 1 =(2 if s1 =s2 or 17 1 =17 2 , and since 
they are compatible with the sum of triples. To verify that these formulas give the 
"right" cup-product, by Il.5.6 we need only check the case where X'= Y' = 0. 

In this case we may take s1 = -s2 =I and 17 1 = -172 = I. Then (1 =- ( 2 =I (cf. 
4.12). Therefore, the obvious diagram 

ll ll 
K(X)xK(Y)--~K(Xx Y) 

is commutative. 

5.9. Foreach pair (p, q), we define a fundamental homomorphism 

For this, consider an element d(E, 17 1(x), 17 2 (x)) of Kp,q+ 1(X, Y), where x is some 
point in X. Let n: X x B1--+ X denote the first projection, and identify B1 with 
the half-circle B 1 = { e;6 where 0:::; e:::; n}. Finally Iet E' be the Cp,q-bundle under­
lying E, and Iet s(x) be the gradation of E' making it a Cp,q+ 1-bundle. On the 
vector bundle n*(E') = E' x B1, we can now define two families of gradations, 
( 1 and (2 , by 

C(x, (:1) = s(x) cos e + 17;(x) sin e. 
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Over X x S 0 u Y x B1 , we have ( 1 = ( 2 • On the other hand, the correspondence 
(E, 17 1 , 17 2) f-+ (n*(E'), ( 1 , ( 2 ) is compatible with the sum of trip1es, and with the 
homotopy. Hence the homomorphism t is weil defined by the formu1a above. 

5.10. Fundamental theorem. The homomorphism defined above 

is an isomorphism. 
The proof of this theorem will take all of section 6 of this chapter and is quite 

technical. Thus we prefer to first derive some of its interesting consequences, 
especially real Bott periodicity which is our main objective. 

5.11. Theorem. The groups Kp,q+n(x, Y) and KP,q(Xx Bn, Xx sn-luYx B") are 
canonically isomorphic. 

Proof Use Theorem 5.10 and induction on n. D 

5.12. Theorem. The groups KP,q(X, Y) and Kp-q(X, Y) are canonically isomorphic 
for p~q. 

Proof Since the groups Kp,q(X, Y) on1y depend (up to isomorphism) on the 
difference p-q (4.11 and 5.2), we may assume p= 0. In this case 5.7 and 5.11 imp1y 
K 0 ·q(X, Y)~K0 • 0(Xx Bq, Xx sq-tu Yx Bq)~K-q(X, Y) (11.4.11). 0 

5.13. Theorem (weak Bott periodicity). The groups Ki;n(X, Y) (resp. Kin(X, Y)) 
are periodic with respect to n, of period 2 (resp. 8). 

Proof This follows from the result that K2·"(X, Y) (resp. K~·"(X, Y)) is periodic 
with period 2 (resp. 8) by 5.2 and 4.11. D 

5.14. Theorem. The groups Kin(X, Y) and K;"- 4 (X, Y) (resp. K;n(X, Y) and 
Ki"- 4 (X, Y)) are canonically isomorphic. 

Proof By 5.11 and 5.13, it suffices to show that KH(X, Y)~Ki 4(X, Y). But 
K.f..X, Y)~K~· 4(X, Y)~K~· 0(Xx B 4 , Xx S 3 uYx B4)~Ki. 4(X, Y) by 5.7 and 
5.11 again. D 

5.15. Theorem. Let us define K"(X, Y) tobe Kn· 0(X, Y)for n>O. Then we have the 
exact sequence 

for p E 7L. 
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Proof Since the groups K"(X, Y) are periodic with period 8 (at most), and coincide 
with K"- 8'(X, Y) for r>O big enough, we need only prove the theorem forp~O; 
however, this was done in II.4.13. 0 

5.16. Remark. This theorem essentially concludes the plan outlined in II.3.1. 

5.17. Theorem (strong Bott periodicity). The group Ki_ 8(P)=KIR(B8 , S 7) is 
isomorphic to Z. The cup-product by a generator induces the real periodicity iso­
morphism 

(cf. II.5.26). In the same way, the group Kc 2(P)=~(B2 , S 1)~Z, and the cup­
product with a generator induces the complex periodicity isomorphism (compare 
with 1.3) 

Finally, the isomorphism between Ki_"(X, Y) and Kß"-4 (X, Y) is again induced by 
the cup-product with a generator of Kß 4(P)~Z. 

Proof We only prove the first assertion, since the others can be proved in an 
analogaus way. By the Excision theorem (II.4.15), we may assume that Y is empty, 
and n = 0. In this case the composition 

is a KIR(X)-module isomorphism (5.7 and 5.9). Therefore it is defined by the cup­
product with the image ofthe unit element ofthe ring KIR(X), whose image may be 
considered tobe in KIR(B8 , S 7)cKIR(Xx B8 , Xx S 7). 0 

5.18. Theorem. Wehave the exact sequence 

K."- 1(X Y)~ K"- 1(X Y)--L. K."+ 1(X Y)~ K"(X Y)~ K"(X Y) 
lR. ' C ' IR ' IR ' C ' • 

In this sequence, the homomorphism c: K:(x, Y) ~ K~(X, Y) is induced by the 
complexification of vector bund/es (cf. 2.6). The homomorphism K;_+ 1(X, Y)~ 
K:(X, Y) is induced by the cup-product with the generator of Ki 1(P) = n0 (GL(JR))= 
Z/2. Finally, the homomorphism K~- 1(X, Y)~ K.'r+ 1(X, Y) is the composition of 
the rea/ification homomorphism (denoted by r) and the periodicity isomorphism 
ßc: Kr 1(X, Y)~ Kr 1(X, Y). 

Proof Since Kj· 0(X)=Kj(X) is the Grothendieck group ofthe functor cp: ~1 • 1 ~ 
~1 • 0 where ~=tß'IR(X), we have the exact sequence 
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(cf. 11.3.22), i.e. 

(note that 'fJ --'fJ1 • 1 by 4.8). 
If we apply the Excision theorems (11.2.35, 11.4.15, and 5.3), we again obtain 

an exact sequence if we replace X by the pair (X, Y), or better still, by 
(XxBP,Xxsv- 1uYxBP). lf we choose p= -nmod8, we obtain the exact 
sequence required. 

N ow all that remains is to determine the homomorphisms of the exact sequence; 
however, this is a much trickier task to accomplish. 

The homomorphism KH{(X, Y)----> K~(X, Y) is induced by the functor <p, hence 
is equal to c by 4.9. 

The homomorphism K;; 1(X)----> Ki(X) in the exact sequence above may be 
determined by complexifying the situation. More precisely, ifwe set 'fJ' = lff IR(X)c= 
lffc(X), we have the commutative diagram (up to isomorphism) 

I I 
By the equivalence 'fJ' 1 • 1 --'fJ' and 'fJ' 1• 0 --'fJ'x'fJ', which follow from the iso­
morphisms C 1. 1 ®IR cc~ MiCC) and C 1 • 0 ®IR cc~ CC E9 CC, the diagram can also 
be read (up to equivalence) as 

where the functors <p ', e, <p, fYI are explicitly described as follows. Each object of 
'fJ' 1• 1 may be written as F=E E9 E, where E E Ob('fJ') and the action of Cl,l is 
given by the automorphisms 

e 1 = ( 0 1) and e 2 = ( 0 1) · 
-1 0 1 0 

Therefore, the functor 'fJ'----> 'fJ' 1 • 1 ----> 'fJ' 1 • 0 "''fJ'0 • 1 acts on an object E by the 
correspondence Ec-+(E$E,e 1 ,e2)c-+(E$E,ie1). On the other hand, the 
involutions 
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are conjugate by the automorphism 

Therefore cp'(E) ~E EB E, and thus cp' is isomorphic to the diagonal functor 
'f/' ---+ 'f/' X 'f/'. A similar compu tation shows that the functor e: 'f/' X 'f/'---+ 'f/' is 
defined by (E, F)---+ E EB F, since the functors 'f/' x 'f/'---+ 'f/'0 • 1 ---+ 'f/' 1 • o---+ 'f/1• o 
are defined by (E, F) c-+ (E EB F, ~>) c-+ (E EB F, ie) c-+ (EIR EB FJR, i~>), where 

~>=(I o). 
0 -1 

EIR and FIR denote the real bundles underlying E and Frespectively, and ie denotes 
the action of C1•0 Oll (E EB F)IR. Finally, by 4.9 the functor qJ (resp . .'~) is induced 
by complexification (resp. realification). The category diagram given above 
implies the following commutative K-group diagram (cf. 11.3.21) 

K.:- 1(X)~K- 1('f/')----'-0 --~ K(cp)=Ki(X) 

u l l r 

K.:- 1(X) EB K.:- 1(X)~K- 1 (<6'') EB K- 1(<6'')_!__. K(cp')=Iq(X)~K.:- 1 (X), 

where u is the map (x, y) c-+ x + y (i.e. is induced by 0). If x is an element ofK«:- 1(X), 
we can write x=u(x, 0). Therefore y(x)=(Bu)(x, O)=(r8')(x)=(rß«:)(x), since the 
connecting homomorphism 8' identifies the first factor K.:- 1(X) of the sum 
KZ 1(X) EB Kc- 1(X) with Ki(X)~K.:- 1 (X)(cf. 4.12). 

Finally we must determine the homomorphism a: K.;+ 1(X)---+ K;(X). Since 
this is a KIR(X)-module homomorphism, we have a(x)=xua(1), where a(l) is the 
image ofthe unit element under the homomorphism a: KJR(P)---+ Ki. 1(P), obtained 
by setting n= -1 and X= P (a point). The exact sequence 

where r is not surjective, shows that a(l) is the nontrivial element of K.;. 1(P)=7L/2 
(II.3.20). This concludes the proof of Theorem 5.18. 0 

5.19. Theorem. The groups Kc-"(P), KR "(P), and Kß "(P), are given by the following 

table: 
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nmodS Kc"(P) Ki"(P) Ki;"(P) 

0 z z z 

0 Z/2 0 

2 z Z/2 0 

3 0 0 0 

4 z z z 

5 0 0 Z/2 

6 z 0 Z/2 

7 0 0 0 

Moreover, ifr (resp. c) denotes the realification homomorphism (resp. complexifica­
tion homomorphism), and if u (resp. v) denotes a generator of Kc- 2(P) (resp. a 
suitable generator of Ki 8(P)), we have u4 =c(v), and w=r(u2 ) is a generator of 
Ki 4 (P). lf 17 is a generator of K; 1{P), then 172 = r(u) is a generator of K; 2(P), and 
w2 =4v. 

Proof Obviously we have Ki 1(P)=n0(GL(IR))=Z/2, ~- 1(P)=n0(GL(<C))=O, 
and K;; 1(P)=Ki 5(P)=n0(GL(II))=O. On the other hand, elementary algebraic 
topology shows that Ki 2(P)~n 1(GL(IR))~Z/2 with generator, the loop 

cos (} - sin (} 0 

sin (} cos (} 0 

0 0 

It follows that the realification map Kc- 2(P)--+ Ki 2(P) is surjective. Moreover, the 
exact sequence 

shows thatry2 is the generator of Ki 2(P) since a is multiplication by '1· We also 
have K;i 2(P)= n1(GL(H))=O. 
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The exact sequences 

7L 7L 

II 
Kc- 5(P)~ Ki_ 3(P)~ Ki_ 4(P)~ Kc- 4(P) 

II 
Kc- 9(P)~ Ki_ 7(P)~ Ki_ 8(P) ~ Kc- 8(P) 

II II II 
0 7L 7L 

show that K; 3(P) =KiR 7 (P) = 0 since er is multiplication by 2, and since KiR 4 (P) :::;:, 
K~ 4(P):=;:,'JL (2.7 and 5.14). 

On the other hand, u4 is a generator of K~ 8(P), since the periodicity iso­
morphism in complex K-theory is defined by the cup-product with u (1.3 and 5.17). 
The exact sequence 

Ki_ 7(P)---4 Ki. 8(P)~ Kc- 8(P)---4 Ki. 6(P) 

II II 
0 0 

shows that u4 = c(v), where v is a generator of Ki. 8(P). 
The exact sequence 

~-4(P) ~ Ki_ 4 (P) __!!____,. Ki. 5(P) 

II 
0 

shows that w= r(u2 ) is a generator of Ki. 4 (P). Since c(w)=(cr)(u2 )=u2 +u2 =2u2 

(2.7), we have c(w2)= (c(w))2 =4u4 =4c(v). Since c is injective on KiR 8 (P), we have 
w2 =4v. 0 

5.20. Remark. The exact sequence 

Ki_ 4 (P) ~ Kc- 4 (P) __!___. Ki. 2(P) ---4 Ki. 3(P) 

ll II 
'lL/2 0 

shows that the homomorphism 7L:::;:, Ki. 4 (P) ~ ~- 4 (P):::;:, 7L is multiplication by 2. 
Hence the realification homomorphism ~- 4(P) ~ Ki. 4 (P) is an isomorphism. 
Since the periodicity isomorphism K-n:::;,K-n-s is compatible with realification 
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and complexification, we have analogous results for the groups K; 8P- 4 , 

Kc-sp-4,etc. 

5.21. Naturally Theorem 5.19 has a homotopy version (compare with 2.3). 
However, we can achieve better results by making the iterated loop spaces of 
GL(lR) and GL(H) explicit. To do this, we must slightly alter the definition ofthe 
homomorphism t which was given in 5.10. If 8 and 17 are gradations which anti­
commute, we have the identity 

8 cos () + 17 sin () = (cos ß/2 + 17e sin ßj2)8(cos ß/2 -178 sin ß/2). 

Using the notation of 5.9, we write t(d(E, 17P 17 2))=d(n*(E'), ~ 1 , ~ 2), where 
~ 1 (x, ß)=171(x) and 

~ix, ß) = (cos ß/2 -17 1 (x)8(x) sin ß/2)(8(x) cos () + IJix) sin ß) 

x (cos ß/2+17 1(x)8(x) sin ß/2) 

(for 0:::; ():::; n). In this form, we see that the homomorphism t is actually induced by 
a continuous map 

(k= lR or «::; cf. 4.28, 4.29, and 5.2). More precisely, if (M,) is a cofinal system of 
Cp,q+ 2 @IR k-modules, it is also acofinal system ofCp,q+ 1 @IR k-modules (denoted 
M,0 ), as can be seen from the table of Clifford algebras (3.24). Now we define a 
continuous map from Grad(M,) to Q Grad(M,0 ) by Yf r-+ ~' where ~ is the loop 

~(ei9) = (cos ß/4- yt,8 sin ßj4)(s cos ß/2 + Yf sin ß/2)(cos ß/4 + IJ,e sin ß/4) 

for 0:::; ß::;;2n, and where8is the last generatorofthe Cliffordalgebra Cp,q+ 1, which 
is taken as the base point ofGrad(M,0 ). Since t is an isomorphism (5.10), it follows 
that T is a weak homotopy equivalence,4> since Gradp,q+ 1(k)-- inj lim Grad(M,) 
and Gradp,q(k)-- inj lim Grad(M,0). Examining the spaces Gradp,q as in 4.28 and 
4.29, we obtain the following theorem: 

4> We say that a map T: Z---> Z' is a weak homotopy equivalence if it induces a bijection [X, Z] ~ 
[X, Z'] for every compact space X. 

* In the situation considered here, the map Tis a homotopy equivalence, since all the spaces involved 
have the homotopy type of cw-complexes (cf Milnor [!]).* 
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5.22. Theorem (Bott [1]). Wehave the following weak homotopy equivalences:5> 

GL(JR),.., Q(Z x BGL(JR)) or Q,..,Q(ZxBO) 
GL(1R)/GL( er),.., Q(GL(JR)) or 0/U,..,Q(O) 
GL( er)/GL(ll)"' Q(GL(1R)/GL( er)) or U/Sp,..,Q(O/U) 
Z x BGL(H)"' Q(GL( er)/GL(H)) or Z x Bsp"' Q(U /Sp) 
GL(H)"' Q(Z x BGL(ll)) or Sp"' Q(Z X BSp) 
GL(H)/GL(er),..,Q(GL(H)) or Sp/U"' Q(Sp) 
GL( er)/GL(JR)"' Q(GL(H)/GL( er)) or U /0,.., Q(Sp/U) 
Z x BGL(JR)"' Q(GL( er)/GL(JR)) or Z x ßQ,..,Q(U/0) 
GL(er),..,Q(Z x BGL(er)) or u"' Q(Z X BU) 
Z x BGL(er),..,Q(GL(er)) or z X BU"' Q(U) 

In particular, each space of this Iist has the same weak homotopy type as its 8th 
iterated loop space (2nd iterated loop space for the last two /ines). 

5.23. Remark. In the preceding list, the weak homotopy equivalences of the type 
G,..,Q(Z x BG)=Q(BG), with G=GL(JR), GL(er), GL(H) or 0, U, Sp can be 
proved in an "elementary" way. The other equiva1ences are not trivial. 

5.24. Remark. It is possible to transform these "stable" homotopy equivalences 
into "non-stable" isomorphisms of the form n;(Grad(M,))~ ni+ 1 (Grad(M,0)) for 
r large enough (cf. 1.3.13). For example, if 2p> i+ 1, we have n;(0(2p)/U(p))~ 
n;+ 1(0(2p)), etc. 

5.25. Example. For the convenience ofthe reader, we explicitly describe the weak 
homotopyequivalence between Grad0 • 2(1R)andQ(Grad0 • 1(1R)), i.e. GL(1R)/GL(er) 
and Q(GL(JR)). As a cofinal system of C0 • 3-modules, we choose M,=er' E9 er' 
(considered as a rea/vector space), and the generators e 1 , e2 , and e3 , ofthe Clifford 
algebra acting as 

e1 =(1 o). 
0 -1 

(0 1) ( 0 i) e2 = ' and e3 = . · 
I 0 -1 0 

Then it is easy to checkthat a gradation of M,, considered as a C 0 • 2-module, must 
be of the form 

(_~ ~) 
where J 2 = -1. Therefore, the space Grad(M,) may be identified with the space of 
complex structures on 1R2'. On the other band, the space Grad(M,0 ) may be 

5l Actually homotopy equivalences by the footnote 4l, p. 159. 
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identified with the space of automorphisms of 0::' E9 0::' ( considered as a real vector 
space), which are written in the form 

HenceGrad(M,0)maybeidentified withGL2,(R).Ifweput17,=e3 and'7 = ( -~ ~} 
we see by a short computation, that 

.8 ( 0 e-il!f2(cos ()j2+ J sin ()j2)) 
e(e' )= . 

ei812(cos ()j2 -J sin ()j2) 0 

Therefore, the loop in GL2,(R) associated with the complex structure JE 

GL2.(R)/GL,(G::) is defined by 

ei8 --+ e-iBf2(cos ()j2+J sin ()j2), for 0~ ()~2n. 

Taking the Iimit, we obtain the homotopy equivalence GL(R)/GL( 0::)"' Q(GL(R)) 
as expected. As an exercise the reader may also make the other nine homotopy 
equivalences ofTheorem 5.22 explicit. 

Exercises (Section III.7) 4, 5, 13, 14, 15. 

6. Proof of the Fundamental Theorem 

6.1. The purpose ofthis section is to prove Theorem 5.10, from which we derived 
Bott periodicity in III.5. As in Theorem 1.3, Theorem 5.10 is proved using a general 
theorem on Banach algebras (6.12; compare with 1.11). In order to do this, we 
need some preliminary Iemmas. 

6.2. Let us first show that it suffices to prove Theorem 5.10 for Yempty. In fact, 
the commutative diagram 

Kp,q+l(X, Y)------+ KP·q(Xx B 1, Xx S 0 uYx B 1) 

ll ll 

enables us to reduce theorem 5.10 to the case where Yis a point (cf. 5.3). Moreover, 
when Y is a point we have the commutative diagram 
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0 Kp,q+t(X, Y) Kp,q+ 1(X) Kp,q+ 1(Y) 

j j j 
The first sequence is exact by 5.4. The second sequence may also be written (up to 
isomorphism) in the form 

o~ Kp,q(XxB 1jXx S 0 uYx Bi,*)~ Kp,q(Xx B 1jXx S 0 , *) 

~ Kp,q(YxB 1/YxS 0 , *)~ 0 

where * is a point; it is exact by 5. 6 since T = Y x B1 1 Y x S 0 is a retract of 
Z=Xx B 1 jXx S 0 , and since Xx B 1/Xx S 0 u Yx B 1 '::::ZjT. Therefore, it suffices 
to prove Theorem 5.10 for Yempty. 

6.3. If Eis a Cp,q-vector bundle provided with a gradation 8, we again let 8(8) 
denote the gradation on p*(E), induced by the projection p: X x B 1 -+ X. If rx is an 
endomorphism of p* E, we often emphasize the dependence of rx as a function of 
e;9 E B 1, by writing rx(8) instead of rx(recall that B 1 is identified with the upper half­
circle; cf. 5.9). 

Now let (M,) be a cofinal system of Cp,q+ 2-modules (over k= IR or <C; cf. 4.25). 
Let E,=Xx M,, and let E,0 be the Cp,q_bundle underlying E,. If et> .. . , ep+q+ 2 

are the generators ofthe Clifford algebra CP· q+ 2 , we write e,(8) for the gradation of 
p*(E,0), defined by e,(8)=ep+q+ 1 cos8+ep+q+ 2 sin8 (we always identify the 
generators of a Clifford algebra with their action on vector bundles). 

Fig. 15 

6.4. Lemma. Each element of Kp,q(X x B1 , X x S 0) may be written as d(p* E,0 , 

e,(O), 8(8)), where 8 is agradation ofp*E,0 suchthat 8lxxso=e,lxxso· This element is 
equal to 0 if and only ifthere exists s suchthat 8 EB es is homotopic to e,+s (where the 
homotopy is constant over Xx S 0). 

Proof By 5.2 each element of Kp,q(XxB 1,XxS0) may be written as 
d(p* E,0 , ep+q+ 1 , 8'(8)), where 8' is a gradation of p* E,0 suchthat 8'lxxso=ep+q+ 1 , 

or equivalently 8' (0) = 8' ( n) = e P + q + 1 . Applying the inner automorphism defined 
by h,(O) = cos ()j2 + ep+q+ 1 ep+q+ 2 sin ()j2, we see that the triple (p* E,0 , ep+q+ 1 , e'(())) 
is isomorphic to the triple (p* E,0 , ep+q+ 1 cos 8 + ep+q+ 2 sin 8, 8(8)), where 

8(8) = (cos 8/2- ep+q+ 1 ep+q+ 2 sin 8/2)8'(8)(cos 8/2 + ep+q+ 1ep+q+ 2 sin 8/2). 

0 
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Therefore, each element of KP·q(Xx B 1 , Xx S 0 ) may be written in the form stated. 
We remark that the second triple becomes "closer" to the image oft, since ~,(8) 
is "( 1 (8)" for some gradation on p* E,0 (see the definition oft in 5.9). 

To prove the second part of the Iemma, Iet us be more precise by writing < 
for the automorphism of E, or p* E, associated with the i 1h generator ei of the 
Clifford algebra Cp,q+ 2 • By 5.2 again,_the equality d(p*E,0 , ~,(8), e(O))=O implies 
the existence of an integer s such that e( 8) EB e~ + q + 1 is homotopic to ~r EB e~ + q + 1 , 

where the homotopy is constant over X x S 0 . If we apply the inner automorphism 
I EB h.(B) to this homotopy, we see that a(O) EB ~. is homotopic to ~r+s• where the 
homotopy is constant over Xx S0 • D 

6.5. Lemma. Each element of Kp,q(X x B 1 , X x S 0 ) may be written as d(p* E,0 , 

~,(8), e(O)) where e(O) may be assumed of the form f(O)ep+q+ J(0)- 1 ,for f an auto­
morphism of p* E, such that 

(i) /(0) = Id E~' 

and (ii) ep+q+ 1 f(n) = - f(n) · ep+q+ 1 • 

Such an element is zero if and only if there exists an integer s, such that f EB h. is 
homotopic to hr+s within the automorphisms of p* E,0+s which satisfy conditions (i) 
and (ii) above (note that the automorphisms h.(B), which were defined in the proof 
of 6.4, satisfy conditions (i) and (ii)). 

Proof By Lemma 4.21 (where the interval [0, 1] is replaced by [0, n]) the grada­
tion e(O) may be written asf(O)ep+q+ 1 (/(8))- 1, where /(0) = 1. Since a(O) = ~,(8) = 
- ep+q+ t> condition (ii) is automatically satisfied; however, the "Iifting" f(O) is 
not unique. 

Now Iet us assume thatd(p* E,0 , ~,(8), e(O)) = 0, where e(O) = f(O)ep+q+ 1 (/(8))- 1 • 

By Lemma 6.4, there exists an integer s such that e EB ~. is homotopic to ~r+s. 
Therefore, there exists a continuous map 11: B 1 x I- Grad(E,0+.) such that 
11(8, 0) = e(a) EB ~.(8), 11(8, 1) = ~r+s(O), 1](0, t) = ep+q+ 1 , and rJ(n, t) = -ep+q+ 1 . 

Thus we have the commutative diagram 

where y(a)=txep+q+ 1a- 1 , and ij is defined by 

ij(O, 0) = f(O) EB h.(B), 

ij(O, I)= hr+ .(8), 

and 17(0, t) = 1. 



164 III. Bott Periodicity 

Since the pair (B 1 x I, B 1 x {0, 1 }u{O} x I) is homeomorphic to the pair 
(B 1 x I, B 1 x {0}), Lemma 4.21 applied to a vector bundle over Xx B 1, shows the 
existence of a continuous map f': B 1 x I---" Aut(E,0+ .), which makes the above 
diagram commutative. Therefore, we must have the relations 

f'(O, 0)= f(O) EB h.(O), 

J'((), l)=hr+s(()), 

f'(O, t)= 1, 

and ep+q+ 1 f'(O, t)= -f'(O, t)·ep+q+ 1 , 

andf' realizes the required homotopy betweenfEB h. and hr+s· D 

6.6. We wish to apply the Iemma above to a Banach algebra interpretation of the 
group Kp,q(Xx B1, Xx S 0). From the table of Clifford algebras, we see that the 
Cp,q+ 2 modules N,= (Cp,q+ 2)' form a cofinal system. If C(X) denotes the algebra 
of continuous functions on the space X, with values in k = IR or <C, then the Banach 
algebraA which we consider, is the algebra ofendomorphisms ofCp,q+ 2 ®k C(X), 
regarded as a left Cp,q ®k C(X)-module (ofrank 4). By 1.1.12, a more "geometric" 
interpretation of A is Aut(Ff), where Ff is the Cp,q-bundle underlying X x N 1 . 

We may regard A as a Banach algebra with an involution which is defined by 
rx ~--+ Ci=ep+q+ 1 ·rxe;.Jq+ 1 . Of course this involution induces an involution on the 
algebra of matrices over A, and hence on GL,(A)=Aut(F,0), where F,0 is the 
Cp,q-bundle underlying XxN,. We set GL;(A)={Il(EGL,(A)Ia=-0(}. In 
particular, the element e= ep+q+ 2 · ep+q+ 1 EGLi (A). As a base point of GLi,(A), 
we choose the diagonal matrix 

e 
-e 0 

e 
e'r= -e 

0 e 
-e 

and we set GL -(A)=inj lim GL2,(A) with respect to the maps rx ~--+ il( EB e' 1 • If N, 
denotes the Cp,q+t_module underlying N,, provided with the Cp,q+ 2-module 
structure obtained by changing the sign of the action of ep+q+ 2 , then the 
cp,q+ 2-modules M,=N, EE> N, also form a cofinal system. Now the Banach 
algebra End(E,0), where E,0 is the C p, q-bundle underlying E, =X x M,, is also 
a Banachalgebra with involution (i.e. 0(~--+tx=ep+q+t·Q(e;.fq+t)· The space 
G Li,(A) may therefore be identified with the space of automorphisms il( of E,0 such 
that Ci= - rx. Note that the action of ep+q+ 2 may be identified with e". 

Let .Q(GL2.(A), GLi,(A)) be the space ofpathsfin GL2.(A) parametrized by 
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[0, n], such that f(O)= 1 and f(n) E GL:Z,(A), provided with the compact-open 

topology. We set 

n 1(GL2,(A), GL:Z,(A))=n0 (.Q(GL2,(A), GL:Z,(A)) 

and n 1(GL(A), GL -(A))=inj 1im n 1(GL2,(A), GL:Z,(A)), 

where the inductive limit is taken with respect to the maps /~-+ f (JJ h1o for 

h1((J)=cos(J/2+e' 1 sin ()j2. We set 

r 

The matrix direct sum induces a monoid operation on n 1(GL(A), GL -(A)). 

More precisely, if IX E .Q(GL2,(A), GL2,(A)) and ß E .Q(GL2s(A), GL;.(A)), we 

consider IX$ßE!2(GL2,+ 2s(A),GL2,+ 2.(A)). Now 1XEBßEBh1 $h1 is in the 
same connected component as IX (JJ h 1 (JJ ß (JJ h 1 (apply a permutation of the 

coordinates, which is homotopic to the identity in S0(2r+2s+4)). Hence, the 

class of IX (JJ ß in n 1(GL(A), GL -(A)) depends only on the classes of IX and ß in 

n 1(GL(A), GL -(A)). The associativity of this operation, and the existence of a 

zero element (which is the class of h,), are obvious. 

6.7. Proposition. Wehave a natural bijection 

In particular, the matrix direct sum induces a group operation in n 1 (GL(A ), GL- (A )). 

Proof Actually, this is a reformulation of Lemma 6.5. More precisely, Iet us 

associate a pathf((J) in GL2,(A) wheref(O)= 1 andf(n) E GL:Z,(A), with the class 
of the triple (p*E,0 , ~,(()), e((J)) where e(())=f(())ep+q+ 1(f(()))- 1 , identifying f(()) 

with/((J) and e((J) with 6(()) (cf. !.1.12). Since f(n) E GL:Z,(A), the triple has a well­

defined class in the group KP·q(Xx B 1 , Xx S 0), which depends only on the class 

of f in the set n 1(GL(A), GL -(A)). By 6.5 the map we have just defined from 

n 1(GL(A), GL -(A)) to Kp,q(Xx Bi, Xx S 0 ), is a monoid homomorphism which 

is surjective and has kemel 0. Hence n 1(GL(A), GL -(A)) is a group, and the 

homomorphism is an isomorphism. 0 

6.8. The group Kp,q+ 1(X) may also be identified with an invariant of the Banach 

algebra with involution A. Let G, be the space of gradations of E/, where E/ is the 
cv.q+l_bundle underlying Xx M, (cf. 6.6). Then G, is the set of elements 1J in 

Endc<x>(M,@ kC(X)), suchthat 1] 2 =1 and 1Je;=-e;1J for i=l, .. . ,p+q+l. In 

other words, the elements 1J areantilinear automorphisms of A 2' (i.e. 17(h) = A1J(x) 

for .A. E A and x E A 2'), which anticommute with the action of the e;, for i= 1, ... , 

p +q (i.e. commute with the action of the e;ep+q+ 1 E GL;:,(A)). For example 
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ep+q+Z E G,, and ifwe choose this element as base point, we set G=inj lim G,. By 
4.27 and 4.29, Kp,q+ 1 (X)~n0(G). 

In order to work "inside" GL2,(A) and GL(A), it is more convenient to 
consider a space I,(A)cGL2,(A), which is homeomorphic to G,. I,(A) is the 
space of matrices ge GL2,(A), such that g= -g and g2 = -1. The map 
g"r-+g·ep+q+ 1 defines a homeomorphism between I,(A) and G,. Therefore 
G ~ inj lim I,(A ), where the Iimit is taken with respect to the maps g "r-+ g Ef> e' 1 

(where e' 1 =ep+q+Z ·ep+q+ 1 is acting on A 2 ; cf. 6.6). From these remarks, we arrive 
at the following proposition, analogous to 6. 7: 

6.9. Proposition. The map dejined above is an isomorphism 

In particular, the matrix direct sum induces a group operation in n 0(/(A)). 

6.10. The discussion above motivates the following definitions: Let A be a Banach 
algebra with involution, and provided with an element e such that e = - e and 
e2 =-l. We set GL;(A)={aeGL,(A)I~=-a}. In GL2,(A) we consider the 
base point defined by the matrix 

e 
-e 0 

e 
e''= -e 

0 e 
-e 

Let .Q(GL2,(A), GL;,(A)) denote the space ofpaths/(8), parametrized by [0, n], 
such thatf(O)= 1 andf(n) e GL;,(A); let .Q(GL(A), GL -(A)) denote the inductive 
Iimit inj lim .Q(GL2,{A ), GL;(A )) with respect to the maps f "r-+ f Ef> h 1, where 
h 1(8)=cos 8/2+e' 1 sin 8/2. Then wedefine n1(GL(A), GL -(A)) tobe 

n0(.Q(GL(A), GL-(A))=inj lim n0 (D(GL2,(A), GL;,(A)). 

In the same way, we may consider the subset l,(A) of elements g in GL2,(A), 
such thatg= -g and g2 = -1. We define l(A) tobe inj lim I,(A) with respect to the 
maps g "r-+ g E9 e'1• 

Finally, the sets l(A) and .Q(GL(A), GL -(A)) are connected by a map 

W: I(A)~ Q(GL(A), GL -(A)), 

which is defined by g "r-+ f(8) = cos 8/2 + g sin 8/2 (in fact the map is actually defined 
from I,(A) to .Q(GL2,(A), GL;(A)) for each r and thus induced on the inductive 
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Iimit). The map W induces a map 

w: n0 (1(A)) ~ n 1(GL(A), GL -(A)), 

which turnsouttobe an isomorphism in genera1 (6.12). According to 6.7 and 6.9, 
this imp1ies that Kp,q+ 1(X) and Kp,q(Xx B 1 , Xx S 0) are isomorphic. However, 
we must check that t coincides with w in a particular case (up to isomorphism): 

6.11. Proposition. Let A be the Banach algebra End( CP· q+ 2 <8\ C(X)), where 
Cp,q+ 2 <8\ C(X) is regarded as a Cp,q ®k C(X)-module (or End(Ff) using notation 
of 6.6). Then we have the commutative diagram 

n0 (1(A)) ~ n 1(GL(A), GL- (A)) 

ll ll 
Kp,q+ 1(X) ~ Kp,q(Xx B 1 , Xx S 0 ) 

where the vertical isomorphisms are defined as in 6.7 and 6.8, and t (resp. w) is 
dejined as in 5.9 (resp. 6.10). 

Proof Letg be an element of 12,(A). The element of Kp,q+ 1(X) associated with it 
is defined by the triple (E" 1Jt. 17 2 ) where E,=X x M, (notation of6.6), 17 1 = ep+q+ 2 , 

and 1J 2 =g·ep+q+ 1 (again we identify a with the Ii of 1.1.12). Therefore, we have 
t(d(E" 1Jt. 17 2 ))=d(p*E" ( 1(8), ( 2(8)) where 

and where 

/ 1 (8)=cos 8/2+e' sin 8/2 

and / 2 (8)=cos8/2+gsin8/2. 

By 6.7, this shows that the diagram is commutative. 0 

After this task of "translation", we have thus reduced Theorem 5.10 to the 
following general theorem on Banach algebras: 

6.12. Theorem (Wood [1]). Let A be a Banachalgebra with involution, provided 
with an element e E A such that e2 = -1 and e= -e. Then the map dejined in 6.10 

is bijective. 

6.13. As in the last part of 6.6, the matrix direct sum induces a monoid operation 
on the sets n0 (1(A)) and n1(GL(A), GL -(A)). It is clear that w is a monoid homo-
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morphism. We check first that n0(J(A)) is an abelian group (the reader who 
is only interested in the Banachalgebra A=End(Cp,q+Z ® C(X)) may omit this 
verification by 6.9). 

For IX, ß E J,(A)cGL2,(A), the homotopy 

( co_ s t -sin t)(IX 0)( co. s t sin t) 
sm t cos t 0 ß - sm t cos t 

for O~t~n/2, 

shows that IX Ea ß is homotopic to ß Ea IX in J2,(A)cGL4 ,(A). Hence, n0 (I(A)) is 
an abelian monoid. Moreover, if g E I,(A ), and if e' = e", we may write 
e' · g · e' Ea g as the product of matrices 

or equivalently as ß. e" · p- 1 where 

( 0 e') ( 1 
e" = e' 0 and ß = -IX- 1 

Now, in GLt,(A)={ye GL4 ,(A) I y=y}, ß may be written as 

which is clearly homotopic to 

Therefore e' ·g ·e' Ea g is homotopic in l 2,(A) to 

(1 0)(0 e')(l 0)· 0 2 e' 0 0 ! 
which is independent of g. Hence e' · g · e' Ea g is homotopic to e' · e' · e' ffi e' = 
(- e') Ea e', which is e'2' up to a permutation of the coordinates. This shows that 
the dass of e'·g·e' is opposite to the dass of g in the abelian monoid n0 (J(A)). 

Using the Iemmas that follow, we will prove that w is surjective and Ker w=O. 
This will show that n1(GL(A), GL -(A)) is also an abelian group, and that w is an 
abelian group isomorphism. 

6.14. To prove Theorem 6.12, we must interpret the space Q(GL(A), GL -(A)) 
in a slightly different way. By making the parameter change cp = 0/2, we may assume 
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thatthe paths are parametrized by [0, n/2]. The path h( cp) = f(2cp) where cp E [0, n/2], 
may be uniquely extended to a periodic map on IR, with period 2n, via the formulas 

h(cp)=f(2cp) forO::o;cp::o;nj2, 

h(cp+n)= -h(cp) for O::o;cp::o;nj2, 

and h( -cp)=h(cp). 

In general, a continuous function cx: IR---+ GL(A) is called adapted if it is periodic 
with period 2n, and if 

cx(O)= 1, 

cx(cp+n)=- cx(cp), 

and cx( -cp)=cx(cp). 

If cx0 and cx 1 are adapted functions, an adapted homotopy between them is a 
continuous map 

cx: IR x I ----4 GL(A), 

suchthat cx(cp, O)=cx0 (cp), cx(cp, 1)=cx1(cp), and suchthat the function cp ~ cx(cp, t) is 
adaptedforeach tEl. Thereforewe obtaina bijection between n1(GL(A), GL -(A)) 
and the homotopy classes of adapted functions between IR and GL(A ). 
Under this identification, the adapted function associated with g E /(A) is 
cp ---+ cx( cp) = cos cp + g sin cp ( cp E IR). If we Iet '= cos cp + e' sin cp, then the function 
above may also be written as 

) 1+ge'r_ 1 1-ge'r 
cx(cp =--." +--." 

2 2 

(again this expression is meaningful in GL2,(A) for r large enough; the stabiliza­
tion is given by the map cx ~ cx EB ' 1). The main idea in the proof of the Theorem 
6.12, is to show that each adapted function is homotopic to a function of the type 
above. 

6.15. Definition. An adapted function cx: IR---+ GL(A) is called Laurentian (resp. 
+N 

quasi-po/ynomial, resp. quasi-affine) if it can be written as L an'ln- 1 (resp. 
N n=-N 

L an'ln-t, resp. a0C 1 +a10 in GL2,(A) for r large enough, with an=an. Ifcx0 
n=O 

and cx 1 are adapted functions, a homotopy between them is called Laurentian 
+N 

(resp. quasi-polynomial, resp. quasi-affine) if it can be written as L an<tK2n- 1 

N 
n= -N 

(resp. L an(tK2n- 1, resp. a0C 1 +a1 0, where an(t)=an(t) is a continuous function 
n=O 
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oft. We 1et n}=n}(GL(A),GL-(A)) (resp. nr=nr(GL(A),GL-(A)), resp. 
nt = nt(GL(A ), GL- (A )) denote the set of homotopy dasses of adapted functions 
which are Laurentian (resp. quasi-po1ynomial, resp. quasi-affine). 

6.16. The sets n}, nL nt are abelian monoids (with respect to the matrix direct 
sum). In fact, the proof ofTheorem 6.12 will show that they are abelian groups. If 
rx is a Laurentian (resp. quasi-polynomial, resp. quasi-affine) function, we Iet 
dL(rx) (resp. dp(rx), resp. dA(rx)) denote its dass in n} (resp. nL resp. nt). Since every 
quasi-affine (resp. quasi-polynomial) function is quasi-polynomial (resp. quasi­
affine), we have obvious homomorphisms 

We define a homomorphism 

b h ~ l l + ge' r 1 l - ge' r Tb b . f . . y t e 10rmu a g c-+ rx(cp)=-2-",- +-2-",. us we o tarn a actonzation 

of w as shown in the commutative diagram 

nA W3 ~p _____ll'z______ ~L 
1-------> ''1 ~ ''1 ° 

To prove Theorem 6.12, we show that each morphism w;, for i= 1, 2, 3, 4, is 
surjective and has kemel 0. Since all the sets involved are monoids, and since 
n0(l(A)) is a group (6.13), it will follow that each W; (hence w) is an isomorphism. 

6.17. Lemma. The homomorphism w1 is surjective and its kerne! is 0. 

Proof We are going to use the same method as in the proof of 1.14. Let d(rx) be 
an element of n1(GL(A), GL -(A))=inj lim n 1(GL2,(A), GLi,(A)). We may 
assume rx to be the dass of a map (denoted again rx) from IR to GL2,(A), which is 
periodic with period 2n. Let 

1 12" am=- r:x(cp)cos (mcp)dcp 
1t 0 

for m>O, 

1 12" bm=- rx(cp) sin (mcp)dcp 
1t 0 

form>O, 

n 

and rxn(cp)= L (1-mjn)(am cos (mcp)+bm sin (mcp)). 
m=1 
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By Cesaro's theorem, IX is the uniform 1imit of the IXn. Since IX is adapted, we have 
am= bm=Owhenm is even. Moreover, 1Xn(IP + n)= -1Xn(<p) and IXi- <p)= 1Xn(<p). Since 
M 2,(A) is a Banach algebra, ~Xi<tJ) is invertible for n large enough, and 1X(<p)= 
lim FJ.n(<p) where FJ.n(<p) =1Xn(<p)1Xn(o)- 1 ' which is adapted. Finally IXn and an are 
n-> oo 

(m+Cm (m-Cm 
Laurentian since cos(m<p)= 2 and sin(m<p)= 2 ·e'- 1 (note that 

( =cos <p+e' sin <p; cf. 6.13). This shows that w1 is surjective. 
The proof that Ker(w 1)=0 is based on the same principle applied to the 

BanachalgebraA(/). Moreprecisely, letdL(IX) be anelement ofnt(GL(A), GL- (A)), 
suchthat w1(dL(1X))=d(1X)=0. Ifwe consider IX tobe a map from IR to M 2,(A) for 
r large enough, there exists a homotopy ß(u, <p) from 1X(<p) to ((<p). Let ßL(u, <p) be 
a Laurentian approximation to this homotopy. When this approximation is close 
enough, we have tß(u, <p) +(I - t)ßL(u, <p) E GL2,(A) for t E [0, I] (where u is the 
parameter of the homotopy). If we Iet 

and 

ßL(u, <p)=3ußL(O, <p)+(l-3u)1X(<p) 

ßL(u, <p)= ßd3u-I, <p) 

ßL(u, <p)=(3-3u)ßL(I, <p)+(3u-2)((<p) 

Fig. 16 

for o:::;u~;;J, 

fod:::;u:::;i, 

fod:::;u:::; I, 

we obtain a Laurentian homotopy between IX and (. 0 

6.18. Lemma. The homomorphism w2 is surjective and its kerne! is 0. 

N2 

Proof a) w2 is surjective. Let IX= L a 2 n_ 1 ( 2n- 1 be an adapted function 
n=-Nt 

regarded as a map from IR to GL2rCA) (for r large enough), and Iet IX'= 1Xe. It 
suffices to prove that dL(1X)=dL(1X') +dL((i/) (we write ( 2, for the adapted function 
cos <p + e'' sin <p from IR to GL2,(A ), and (2,. 1 for its inverse function; notice that 
the notation C 1 has no meaning if we have not fixed r). In order to do this, we 
consider the following product of matrices in GL4 rCA): 

( IX'(<p) 0 )(c~s t 
0 ( 2 , sm t 

- sin t) ((2/ 0) ( c~s t sin t) 
cos t 0 1 - sm t cos t 

For t E [0, n/2], this defines a Laurentian adapted homotopy between IX EB ( 2, 

and IX' EB G/. Hence we obtain the identity required. 
b) Ker(w2)=0. Let us assume that dL(IX)=O, where IX is quasi-polynomial. 

Therefore, there exists a Laurentian homotopy y(<p, t) between IX and (. lfthe order 
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of this homotopy is - 2p- I (p > I), we show that the order of the homotopy can 
be "pushed" to - 2p +I by increasing the size of the matrixo Assertion b) will 
then be obtained by downwards induction onpo 

The homotopy defined by the product of the four matrices above, actually 
defines a quasi-polynomial homotopy between oc EB C2, and ocC2 EB G/ when oc is 
quasi-polynomial, as is the caseo The given Laurentian homotopy of order - 2p -I 
defines a Laurentian homotopy of order - 2p + I between ocC2 EB G/ 
and C3 EB G/ 0 Thus we have a quasi-polynomial homotopy between C~, EB G/ 
and C2 , EB C2, 0 Therefore, we see that 

The composition of these three homotopies provides the desired Laurentian 
homotopy of order - 2p +I between oc EB C and C EB Co 0 

6.19. Lemma. The homomorphism w3 is surjective and its kerne/ is Oo 

Proof a) w3 is surjectiveo Let dp(oc) be an element of ni(GL(A), GL -(A)) with 
oc(q>)=a_ 1C 1 +a1C + 0 0 0 +a2n- 1C2"_ 1 E GL2,(A) for n >I. We prove that there 
exists a quasi-polynomial homotopy between oc EB C2, and an adapted function 
which is quasi-polynomial of degree :::;; 2n- 30 To do this, we consider the product 
of the following three matrices in GL4 ,(A) (where C = C2,): 

~) 

We set a(t, q>)=oc(t, q>)oc(t, 0)- 1 0 Then a(t, q>) is a quasi-polynomial homotopy of 
degree :::;; 2n- I between oc EB C 1 and oc' = a(l, q> ), which is of degree :::;; 2n- 3o 
Therefore, we may write 

dp(oc')= dp(oc')+ dp(Ci, 1) = dp(oc) + w3(dA((C2, 1 ))o 

In Lemma 6020, we prove independently that w 4 is surjectiveo Therefore 
nt{GL(A), GL -(A)) is a group, and dp(oc)=dp(oc')+w3 ( -dA(Ci/))o By decreasing 
induction on n, this shows that w3 is surjectiveo 

b) Ker(w3)=0o Using the same method as in proving a), we must verify the 
following assertion: Iet oc be a quasi-polynomial map of degree :::;; 2n- 3, for n >I, 
which is homotopic to C by a homotopy y ofdegree :::;;2n-I in GL2,(A); then 
oc EB G/ is homotopic to C2, EB G/ by a homotopy of degree :::;;2n- 30 If we Iet 
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then y(O, cp)=a and y(1, cp)=(. In GL4 ,(A), let us consider the matrix 

It defines a homotopy of degree ::::; 2n - 3, between 

( ct. en- 3) (' '2n- 3)· b(O,cp)= 0 Cl and J(l,cp)= 0 ,-1 
which can themselves be joined by a path of degree ::::; 2n- 3 to 

( ct. 0 ) d (' 0 ) 0 Cl an 0 Cl 

respectively. lf we replace each of these homotopies by its "normalization" (the 
normalization of a(t, cp) is a(t, cp)=a(t, cp)a(t, 0)- 1 , we see that the assertion is 
proved 

Fig. 17 

8(t, <p) 

<5(0, cp) b(l' cp) D 

6.20. Lemma. The homomorphism w4 is surjective and its kerne/ is 0. 

Proof Let dA(a) be an element of nt(GL(A), GL -(A)). Then a is the dass of a 
path of the form a_ 1 C 1 +a1( where a_ 1 +a 1 = 1. Since ( =cos cp +e' sin cp, we 
may write a in the form cos cp + g sin cp, where g is an element of GL(A) such that 
g = - g, and such that g- Jc is invertible for every real number A. If J(A) denotes 
the space of such automorphisms g, we see that nt(GL(A), GL -(A)) may be 
identified with n0(J(A)). On the other hand, /(A) is the subset of J(A) consisting of 
automorphisms which satisfy the additional condition, g 2 = - 1. So all that remains 
tobe shown, isthat the inclusion of I(A) in J(A) induces a bijection on n0 . 

lfgEJ(A) and if A'=A @IR <C, let us consider the element ß=ß_ 1z- 1 +ß1z, 
1+ig l-ig 

where ß 1 =-2 and ß _ 1 = - 2-. regarded as a function of z E S 1 . Then, if we 

write z = cos cp + i sin cp, we see that ß is invertible, hence may be regarded as an 
element of GL(A'<z, z- 1)) using the notation of l.l7. The computations in 1.24 

+oo 
(with a slight change ofnotation) show that ifwe write p- 1 as L y2n+ 1z2n+ 1 , 

n=- oo 

then ß 1 y _1 is a projector. It follows that g = 2ß1 y -. 1 - 1 is an element of GL(A ') 
l 
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such that ?/ = - 1, and g = - g with respect to the previous invo1ution on A, since 
applying the involution to ß means changing z to z- 1, and i to i. Moreover, g is 
self-conjugate with respect to complex conjugation since applying complex 
conjugation to ßmeans changing zto z- 1, and ito -i. HencegE GL(A)cGL(A'), 
and the correspondence g f-+ g defines a continuous retraction from J(A) to l(A ). 
It follows that w4 : n0(l(A))-+ n0(J(A)) is injective. 

On the other band, by Remark 1.27, the element tg+(I-t)gEJ(A) for each 
t E [0, 1]. This defines a path betweeng andg in J(A). Therefore w4 is surjective. 0 

6.21. Remark. The reader who is aware of holomorphic calculus in Banach 
algebras might perhaps prefer to proceed in the following way for the last proof. 
Since the spectrum of g does not meet the real axis, we choose two circles y + and y­
which contain the part of the spectrum located in the half-plane Im(z) > 0, and in 
the half-plane lm{z) < 0, respectively. 

Fig. 18 

Then themap 

A 1 f idz 1 i -idz 
g~ g=- --+- --

2in y+ z- g 2in 1 - z-g 

also defines a retraction from J(A) to l(A), suchthat tg+(1-t)g belongs to J(A). 
As an exercise, the reader may check that the two definitions of g coincide. 

Exercises (Section 111.7) 8-11. 

7. Exercises 

7 .1. Prove that the external tensor product of bundles (1.4.9) induces an iso­
morphism 

Kc(X) ®z Kc(S 2")~Kc(Xx S 2"), 

and deduce that Kc(Xx S2")~Kc(X) E9 KJX) as Kc(X)-modules. In the same 
way, prove that Kc(Xx S 2"+1)~Kc(X) E9 KC" 1(X) and compute KR(Xx S"). 
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7.2. Prove that Klf(Pn(<r)) is a free group of rank n+ 1. Compute Klf(Xx Pn(<r)) 
as a Klf(X)-module. 

7 .3. Let Y be a compact space and let 0 = Y0 c Y 1 c · · · c Yn = Y be a filtration 
of Y by closed subsets such that Y;+ 1 - Y; ~ ([P'. Now prove that Kif( X x Y) is a 

n-1 

free Klf(X)-module ofrankp= L P;· 
i=O 

7 .4. Let X be a compact differentiable manifold. Prove the existence of a finite 
open cover (U;) of X, suchthat the intersection of p open sets U; is either empty or 
homeomorphic to lRn. Apply the Mayer-Vietoris exact sequence (11.4.18) to show 
that the groups K-n(X) are offinite type. 

7.5. Let X be a finite CW-complex of dimension r. Apply a method analogaus to 
7.4 to prove that K-n(X) is a group offinite type. Prove also that K'(X)'+ 1 =0 
(cf. 11.5.9). 

. - - 1 7.6. Compute K~(Pn(<C)) 0 11.lL'. Show that KIR(P2 (<C)~7L and K; (P2 (<C))=0. 
Show that KIR(Pz(lR))~lL/4. 

7.7. Let A be a complex Banach algebra. Show that nz(GL(A))~n0(GL(A)). 
Deduce that nn(GL(A))~K(A) ifn is odd, and nn(GL(A))~n0(GL(A)) ifn is even. 

7.8. Let A be a real Banach algebra, and let An=A ®IR cn,o be provided with the 
involution a ® b 1-7 a 0 b, where b 1-7 b is the involution on cn, 0 such that 
ei = - ei' for i = l' ... 'n. 

a) Ifn~l, prove that An_ 1 may be identified with the subalgebra of An con­
sisting of elements of zero degree (i.e. such that x = x), and prove that 
Q(GL(An), GL -(An)) has the same homotopy type as Q(GL(An)/GL +(An)) 
where GL +(An)= {oc E GL(An)lä=oc}. 

b) Ifn ~ 2, prove that GL(An_ 1) acts on /(An) (notation of 6.10) by inner auto­
morphisms, and that the connected component of l ® en in /(An) is homeomorphic 
to the connected component of the dass of 1 in GL(An- 1)/GL(An- 2 ). 

c) From a), b), and Theorem 6.12, deduce that 

(where in general, X 0 denotes a connected component of the space X). 
d) Prove that [GL(A)] 0 "' [Q8(GL(A))] 0 . 

e) Prove that 

f) Prove that K(A ®IR 1H)~n3(GL(A)). 
g) Prove that n0(GL(A))~n8(GL(A)), and show the homotopy equivalence 

GL(A)"' Q8(GL(A)). 
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7.9. Compute nn(GL(A)) for the following real or complex Banach algebras. 
a) A = C(X), the algebra of continuous functions on a compact space X. 
b) A = C,(X), the algebra of differentiahte functions of class C' on the compact 

manifold X. 
c) A =End( H), where H is a Hilbert space of infinite dimension. 
d) A=the subalgebra of End(H) consisting of operators of the form A.+u, 

where A. is a scalar and u is a compact operator (i.e. a Iimit of operators of finite 
rank). 

+ao 

e) A=er(z,z- 1), the algebra ofLaurent series I a"z", where anEer and 
n=- oo 

+ao 

n=- oo 

7 .10. Let H be a Hilbert space of infinite dimension over k = 1R or er, and let 
GLc(H) be the subgroup of GL(H) consisting of operators of the form 1 +u, 
where u is compact (cf. 7.9). 

a) If Xis a compact space, prove that [X, GLc(H)]~K- 1(X)~[X, GL(k)]. 
b) Let fl'(H) be the set of Fredholm operators D in H (i.e. suchthat Ker(D) 

and Coker(D) arefinite dimensional). Using the fact that GL(H) is connected 
(Kuiper [1]), provethat themapD f-+ Dim(Ker D)-Dim(Coker D) ( = indexofD) 
induces a bijection n0(fl'(H)) ~ Z. 

* c) Let fl'(H) 0 be the subset of fl'(H) consisting of operators of index 0. 
Prove the fibration 

Using the fact that GL(H) is contractible (Kuiper [1]), prove that O.ff(H)0 -

GLc(H), and that K(X) ~[X, fl'(H)] (Atiyah [3], Jänich [1]).* 

7.11. Let a: S 1 -4 GL(cr) be a differentiahte function whose Fourier series is 
+ao 

a(z) = I a~". where an E Mp( er) for some p, independent of n. 
n= -oo 

a) Showthat the residue ofthe function Tr{a'(z)a(z)- 1) atO, is an integerwhich 
coincides (up to sign) with the integer defined by the periodicity isomorphism 
n 1 (GL(cr))~K(cr)~Z (l.ll). 

b) Show that the infinite matrix 

defines a Freholm Operator in H =er EB er EB ... E9 er E9 ... (Hilbert sum), whose 
index is the integer above (Atiyah [7]). 
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7.12. Let A be a unitary ring, and 1et A[z, z- 1 ] be the ring ofLaurent polynomials 
+oo 

(i.e. the ring of formal power sums I anz" where all but finitely many an= 0). 
n=- oo 

Applying the methods of section 1, prove the exact sequence (cf.II.6.13) 

(Bass [1], Karoubi [5]). 

7.13. (Atiyah [6]). Let X be a compact space provided with an involution. We 
define a Real vector bundle on X (Caution: Real is distinct from real) to be a 
complex vector bundle E with base X, provided with an antilinear involution 
r: E-+ E which commutes with the involution of X. It is easy to see that such 
vector bundles are the objects of a Banach category ß.gi~(X), where the morphisms 
are those morphisms of complex vector bundles which induce the identity on the 
base X, and commute with the involution. We Iet KR(X) denote the Grothendieck 
group ofthis category. In fact, the tensor product ofvector bundles defines a ring 
structure on KR(X). 

a) Ifthe involution of Xis trivial, prove that KR(X)r::::;KIR(X). 
b) We Iet Sp,q (resp. Bp,q) denote the sphere (resp. the ball) of JRP+q, provided 

with the involution (x,y) ~--+( -x,y), fot xE JRP andy E IRq. If Xis provided with 
the trivial involution, prove that KR(X x S 1 • 0 ) r::::; K<e(X). 

c) Let Xbe a space provided with the trivial involution. We consider the set of 
pairs (E, c) where E is a complex vector bundle, and c: E-+ E is an antilinear 
automorphism. Let <PSC(X) be the monoid consisting of homotopy classes of such 
pairs (E, c), and Iet KSC(X) be the symmetrized group. Now prove that 
KSC(X)r::::;KR(Xx S 2 • 0 ). 

d) For each pair (X, Y) of compact spaces with involution, we define 
KR-"(X, Y)=KR(Xx ßÜ·", Xx S0·" U Yx B0 ·n). Now prove the exact sequence 

and the excision isomorphism 

(compare with 11.4.12). 

7.14 (7.13 continued). Let KRp,q(X) be the group Kp,q of the Banach category 
ß.gt~(X)(4.11). 

a) Give an interpretation of the group KRp,q(X) in terms of gradations as in 
5.1, and from this description obtain a relative definition for KRp,q(X, Y). 

b) Applying the ideas of the proof of 5.1 0, define an isomorphism 
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c) Applying the ideas of the proof of Theorem 1.3, define an isomorphism 

by the cup-product with a suitable generator of KR(Bt. 1 , S 1 • 1 ) ~ 7l. Conclude 
that KR"·"(X, Y)~KR(X, Y)~KR(XxB"·", Xx S"·" U YxB"·"). 

d) Prove that KRp,q(X, Y) ~KR( X X Bp,q, X X sp,q u y X Bp,q), and that up 
to isomorphism the second family of groups depends only on the difference 
p-q mod 8. Note that this isomorphis-m provides a meaning for the concept of a 
"negative sphere", as the ordinary sphere provided with the antipodal invo1ution. 

7.15 (7.14 continued). We set KR"(X, Y)~KRp,q(X, Y) for n=p-qE 7l. 
a) Prove the isomorphism KR"(Xx SP· 0 , Xx Sq· 0 )~KRn+q(Xx sv-q.o) for 

p?:-q, using the fact that Sf· 0 jSq,o and sv-q· 0 xBq· 0jsv-q. 0 xSq,o are homeo­
morphic as ll/2-spaces. 

b) Let Yfq: KRq(X) ~ KR(X x Bq· 0 , X x Sq· 0 )----+ KR( X) be the morphism 
induced by the obvious inclusion. Prove that it is a KR(X)-module morphism. 
Show that it is induced by the cup-product with a certain element aq E KR-q(P)= 
K;q(P)=Kiq(P), where Pisa point. 

c) Show that a1 and a2 are not zero. Show that Yfq= 0 for q?:- 3, and in this 
case, prove the exact sequences of KR(X)-modules 

0----4 KR(X) ----4 KR( X x Sq· 0 ) ----4 KRq+ 1(X) ----4 0, 

0----4 KR-q- 1(X) ----4 KR-q- 1(X x Sq· 0 ) ----4 KR( X) ----4 0. 

Deduce that KR(Xx Sq· 0 )~KR(X) EB KRq+ 1(X). 
* d) Show that the exact sequences above sp1it naturally. * 
e) Apply the exact sequences associated with the pair (XxSP· 0 , XxSq· 0 ) 

for (p, q)=(2, 1), (3, 1), and (3, 2), to prove the exact sequences 

----4 K~- 1(X) ----4 K~- 1(X) ----4 KSC(X) ----4 K~(X) ----4 K~(X) ----4 , 

----4 K~+ 1(X)-~ K;(X) EB K~(X)----4 K~(X)----4 KSC"+ 2(X)---4, 

and ----4 KSC"- 1(X) ----4 K~(X) ----4 K;(X) <:B K~(X) ----4 KSC(X) ----4 , 

where Xis a compact space (provided with the trivial involution). 
* f) Make all the maps explicit in the exact sequences above (Anderson [1]). * 

7.16. Let A be a Banach algebra provided with an anti-involution, denoted by 
A. ~--+X, and Iet M be a finitely generated projective right A-module. A Hermitian 
form on M is given by a 7l-bilinear map cJ>: Mx M----+ A, such that cJ>(xA., YJ1) = 
XcJ>(x, y)J1 and cJ>(y, x) = cJ>(x, y). The form cJ> is called nondegenerate if the homo­
morphism from M to its anti dual, which is induced by cJ>, is an isomorphism. W e 
1et L(A) denote the symmetrized group of the monoid consisting of isomorphism 
classes of modules provided with nondegenerate Hermitian forms. 

a) We assume that the Banach algebra A satisfies the following condition: 
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for any matrix M = (aj;) with coefficients in A, the matrix I+ M* M, where 
M* = (a;), is an invertible matrix. Now show that L(A) ~ K(A) EB K(A). 

b) Compute L(A)whereA =M 2(Ck(X)), and the anti-involution onM2(Ck(X)) 
is given by 

( a b) ~-------+ ( d -b) 
c d -c a 

(where CiX) is the ring of continuous functions on a compact space X with 
values in k= lR or CC). 

c) Compute L(A) where Ais the ring of continuous functions on Xwith values 
in lH, provided with the anti-involution 

a+bl +cJ +dK ~-------+a-b/ -cJ -dK, 

or a+bl+cJ+dKc----> a+bl+cJ-dK. 

d) Let X be a space with involution and let A be the (commutative) Banach 
algebra of complex continuous functions on X, provided with the involution 
f c----+ f, where f(x)= f(x) (x being the image of x under the involution). Show 
that L(A)~KR(X). 

8. Historical Note 

There are now many proofs of the periodicity theorems. The original due to Bott 
used Morse theory (Milnor [5], Bott [2]). A second proof (in complex K-theory) 
was given by Atiyah and Bott [1]; this is essentially the one we have presented in 
III.l (although with several changes in method of presentation). There is also a 
proof by Atiyah, which relies on Fredholm operators in Hilbert spaces (cf. 
Atiyah [7]; see also the author [5] for an algebraic interpretation). 

Apart from the original proof by Bott, there are basically two "elementary" 
ways to prove Bott periodicity in real K-theory. One uses the KR-theory of 
Atiyah ([6]; cf. also 7.14. The other, which is an adapted proof of 1.3, is due to 
Wood [1] and the author [2]. Again with changes in presentation, this is the proof 
we choose to include since it immediately provides the "right" classifying spaces 
of the groups K-n(X), and the eight homotopy equivalences of Bott (cf. 11!.5). 
There is also an "homological" proof of these homotopy equivalences in the 
Cartan-Moore Seminar 1959/60 [1]. 

Bott periodicity has been generalized in many directions. First of all there is a 
deep connection between the periodicity and the methods developed by Atiyah 
and Singer in the index theorem (Atiyah [7]). In algebraic K-theory, there is an 
analog to Theorem 1.11, which is due to Bass, Heller, and Swan (cf. 7.12). There 
arealso analogs ofTheorems 2.11 and 5.22 (among others) in Hermitian K-theory 
(cf. the author [4]). 

Finally, it must be noted that the introduction of Clifford algebras in real 
K-theory, which is a key to our proof of the periodicity theorems is due to Atiyah, 
Bott, and Shapiro [1]. Clifford algebras will play an important role in the next 
chapter, when we prove Thom isomorphism in real and complex K-theory. 



Chapter IV 

Computation of Some K-Groups 

1. The Thom Isomorphism in Complex K-Theory for 
Complex Vector Bundles 

1.1. The purpose of this section is to define an isomorphism Kf:(X) ~ Ki;( V), for 
any complex vector bundle V over a locally compact space X (note that 
Ki;(V)~ Kf:(B(V), S(V)), with respect to anymetric on V; cf. 11.5.12). For V trivial, 
we again obtain Bott periodicity in complex K-theory (cf. 111.1.3 and 111.2.1); 
however, Bott periodicity is actually an essential part of our proof. If Xis compact, 
the one point compactification V of V is called the Thom space of V. Hence, the 
isomorphism Kf:(X) ~ Kf:( V)~ Ki;( V) will enab1e us to compute the K-theory of 
the Thom space of a complex vector bundle. Before defining this isomorphism, 
we will first establish a general theorem (1.3), which will also be usefu1 in next 
sections ( * it is the analogous ofthe Leray-Hirsch-Dold theorem in the framework 
of K-theory * ). 

1.2. Let n: P ~ X be a continuous map between two locally compact spaces. 
Then, using the same technique as in 11.5.12, we define a product 

K(X) x K(P)---> K(P) 

as the composition K(X) x K(P) ~ K(Xx P) .4 K(P), where j: P~ Xx Pis the 
proper map defined by j(p)=(n(p),p). More precisely, ifwe identify the groups 
K and K0 ofii.5.16 (cf. II.5.20), the product of a(E, D) E K(X) and a(F, LI) E K(P) 
is a(n* E ® F, n* D ® 1 +I ® L1). Therefore, K(P) may be regarded as a module 
over the ring K(X) (which may have no unit if Xis not compact), using the product 
above. 

Moregenerally,ifwesetK*(Z)= Etl K-q(Z)= Etl K(ZxlRq)(cf.ll.4.11)for 
q=O q=O 

any locally compact space Z, then K*(P) may be regarded as a K*(X)-module 
with respect to the product 

K(Xx lRq) X K(P X lR')---> K(P X lRq+r), 

which is defined as the composition 

K(Xx IRq)xK(Px IR')--> K(Xx IRqxPx IR') * 
~K(Xx Px IRq+r)~ K(Px IRq+r), 
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where/isthepropermap(p,A.) ~(n(p),p, A.). Moreprecisely, if u(E, D) eK(Xx 1Rq) 
and u(F,LI)eK(PxJR') (cf. 11.5.15), their product is u(n!E®n!F,n!D® 
I+ I® n!LI), where 

1.3. Theorem. Let n: P~ X be a continuous map between two locally compact 
spaces. Let e1, ••• , e" be elements of K 0(P) such that there exists a finite closed 
cover (W;) of X with the fol/owing property: for any closed subset Y of W;, the 
restrictions of e1 , ••• , e" to K*(P y) form a basis of K*(P y) as a K*( Y)-module, 
where Py=n- 1(Y). Then K*(P) is afree K*(X)-module with basis e1, ..• , en. 

Proof Suppose e;= u(F;, LI;). Then for any locally compact subspace T of X, we 
define F~=F;IT> LI~=LI;Ir, and a fundamental homomorphism 

by the formula 

where the expression X;. e~ denotes u(n~Ei ® e~F~ ,. n~D; ® 1 + 1 ® e~LI~) with 
X;=u(E;.D;)eK(TxiRq), nr:PrxiRq~ TxiRq, and eT:PrxiRq_-~pT· lf Tis 
closed, then X;· e~ is simply the product of X; by the restriction of e; to n- 1(T) ( cf. 
the second formula given in 1.2). In general (T is not necessarily closed), the 
formula giving cp} makes sense, since n~D; ® 1 + 1 ® O~LI~ is admissible in the 
sense of 11.5.15, because it defines a bundle isomorphism outside a compact 
subset of Prx IRq (cf. the computation made in 11.5.21). Thus in order to prove 
Theorem 1.3, it suffices to show that cpi is an isomorphism. 

The homomorphisms cp} have some "natural" properties, which can easily be 
verified by checking the explicit formulas above. If T' is closed in T, we have the 
commutative diagram 

K(Tx 1Rq)" __!!1_. K(Pr x 1Rq) 

j ' j 
K(T'x 1Rq)"~ K(Pr,x1Rq), 

where the vertical maps are defined by restriction. 
lf T' is open in T, we also have the commutative diagram 

K(Tx 1Rq)n ~ K(PT X 1Rq) 

l ' l 
K(T' x 1Rq)"~ K(PT'x 1Rq), 
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where the vertical maps are defined by "extension", i.e. as the composition 

K(T' x IRq)~K(Tx IRq, (T- T') x IRq)---* K(Tx IRq), 

or K(P T' x IRq) ~K(Pr x IRq, (PT- Pr,) x IR.q)---* K(Pr x IR.q) 

(cf. Il.5.19). Moreover, the diagram 

where o is the connecting homomorphism described in II.4.9, is also commutative. 
This follows from the fact that the connecting homorphism o is the composition 
of two maps of the form oc*- 1 and ß*, where oc* and ß* are induced by extension 
from open subsets (cf. II.4.9). By the substitutions T~--+ Tx IRq, T'~--+ T' x IRq, 
and P ~--+ P x IRq, we also obtain the commutative diagram 

K(Tx IRq+ 1 t~K(Pr x IRq+ 1 ) 

aj ]' 
K(T'xiRqt ~ K(PT' xlR.q) 

(up to sign, depending on convention; cf. Il.5.27). Finally, if Sand T are closed 
subsets of X, and if q,;:;; 0, we have the diagram 

Kq- 1(S x IR)" EB Kq- 1(Tx IR)"---* Kq- 1(Sn Tx IR)"~ Kq(SuT)" 

'Ps q+ I 8:11 'Pr q+ I l 'Ps~:!: I l 'PsCT 

Kq- 1(P5 X IR)" E9 Kq- 1(Pr X IR.)"---* Kq- 1(P5"r X IR)"~ Kq(PsuT )" 

In this diagram the horizontal sequences are the Mayer-Vietoris exact sequences 
(I1.4.18). The diagram is commutative by the observations above, and by the fact 
that the homomorphism LI, in the Mayer-Vietoris exact sequence, is the composi­
tion of restrictions, extensions, and connecting homomorphisms o ( cf. II .4.18). 

Now Iet W1 , ... , W, be a finite closed cover of the space X satisfying the 
hypothesis of the theorem. LetZ;= w1 u ... u W;. We prove that <p Ziq: Kq(Z;)----> 
Kq(P z,) is an isomorphism for q,;:;; 0 by induction on i. If we put S = W1 u · · · u W; 



1. The Thom Isomorphism in Complex K-Theory for Complex Vector Bundles 183 

and T= Wi+l, we may write the two Mayer-Vietoris exact sequences above, with 
S u T = Z; + 1 • Since q> z' is an isomorphism for Z = S, T, or Sn T, by the inductive 
hypothesis we see that Cf>s:fT = q>z,~, is also an isomorphism. This completes the 
proof ofTheorem 1.3. 0 

1.3.1. Remark. In fact the proof above shows that in theorem 1.3 we may restriet 
ourselves to subspaces y= W; or obtained by intersection of W; with the union of 
wi, j<i. 

1.4. We wish to apply Theorem 1.3 to the case where P is the total space of a 
complex vector bundle V, where n: V~ Xis the canonical projection, and where 
K=~. If Xis compact, we show that K«:(V) is a ~X)-module of rank one, 
generated by an element Uv ( =e1 in the notation of the theorem) which belongs 
to ~(V), and which will be called the Thom class ofthe complex vector bundle V. 
This element Uv is constructed using a metric q> on V (1.8.5), and the metric 1/J 
induced on the bundle A(V) of exterior algebras associated with V(I.4.8.f)). More 
precisely, if Vx is a fiber of V, then the metric 1/Jx on A(Vx)=A(V)x, is defined by 
the formula 

l/Jiv1 " • · • 1\vn, w1A · · • 1\wp)=O ifp=;t=n, 

l/Jiv1 1\ · · · 1\vn, w1 A · · · Awn)=Det(cpx(v;, wi)). 

In particular, the products e .• · · · .e. for i 1 < · · · <i andp~Dim(V) are an 
lt/\ 1\ lp p X ' 

orthonormal basis of A(Vx) (which is of complex dimension 2Dim(Vxl), ifthe e. are 
an orthonormal basis of Vx. By defining local coordinates, we see that ~ is 
continuous. 

Fora vectorv E Vx, we let dv: A(Vx)~ A(Vx) denote the linearmap defined by 
dv(e)=v" e. Let ov :A(Vx) ~ A(Vx) be the adjoint of dv with respect to the metric 
above. 

1.5. Lemma. We have the identity 

(dv + ov)2 =dvov + ovdv= Cf>x(v, v) = Qx(v), 

where Qx denotes the positive definite quadraticform associated with Cf>x· 

Proof Bachelemente of A(Vx) may be written as e=v" w+w', where wand w' 
areorthogonal to v (choose an orthonormal basis (e;) of V suchthat v=A.e1 ). 

Therefore 

and 

Hence 

ov(dv(e)) = ov (vl\ w') = Qiv)w'' dv(oie)) =diQx(v)w) = Qiv)v 1\ w, 

Ov(dv(e)) + dv(ov(e))= Qx(v)(w' +V 1\ w). 

1.6. By applying Lemma 1.5, the element UvE~(V) may now be described as 
follows. We have U v = u( n* A( V), L1), where n: V~ X, where A( V) is provided 
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with the Z/2-grading defined in III.3.7 and the metric 1{!, and where A: n* A(V) ~ 
n* A( V) is defined over the point (x, v) E n* V, for x E X and v E Vx, by the operator 
Ax v=dv +ov. Since (Dx v)2 = Qx(v), Ais an isomorphism outside the zero section 
or'V, hence A is admissible in the sense of 11.5.15. Moreover, if V is trivial, say 
V=Xxcrn, then A(V)=XxA(crn) and Uv=a(E,A), where E=XxcrnxA(crn), 
and A(x, V, e) = (x, V, (dv + ov)(e)). Therefore, A is continuous. 

All that remains to be shown in that U v = e1 satisfies the hypothesis ofTheorem 
1.3. To do this, we need the following proposition: 

1.7. Proposition. Let V and V' be complex vector bund/es with bases X and X', 
respectively. Then U v i±JV, = U vU U v, (note that V 1±1 V'= V x V'; cf. 1.4.9). 

Proof Let Uv=a(n*A(V), A) and Uv,=a(n'*A(V'), A') be the Thom classes of 
V and V', respectively, where n: V~ X and n': V'~ X'. According to the 
formula given in 11.5.21 for the cup-product, we have 

UvuUv,=a(n* A(V) IRin'* A(V'), A ~ I+ I~ A'). 

Let n1 , it1 , n2 , it2 , n" be the obvious projections 

V x V' ~ V' __:::__.... X' ------
rr." 

VxV'-XxX' 

By definition, we have an isomorphism n* A(V) IRin'* A(V') = nf A(V) ® n!A(V') 
(1.4.9). Moreover, we have an isomorphism 

n!A(V) ® n!A(V')~ n"*A(Vx V'), 

defi.ned by the formula 

where we consider A(Vx) and A(V~,) as imbedded in the obvious way in 
A(Vx V')x,x'=A(Vx E9 Vx,)~A(Vx) ® A(V~,) (cf. 111.3.10). Therefore, the pro­
position is equivalent to the commutativity of the diagram 

n!A(V) ® n!A(V')~ n"*A(Vx V') 

lr l ,. 
n!A(V) ® n!A(V')~ n"*A(Vx V'), 
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where r= rrt A@ 1 + 1 ® rr!A', and where tr(n"* A(Vx V'), A") is the Thom class 
of V x V'= V [±] V' as defined in 1.6. The commutativity of this diagram is a 
matter of linear algebra: we must verify the commutativity of the vector space 
diagram (where Vand V' are now vector spaces) 

where 

A(V) ® A(V') ~ A(V ® V') 

(d, H,) ® I j +I (o (d,. +8,.) j d,.,.+ß,.,, 

A(V) ® A(V') ~ A(V ® V'), 

O(L e; ® e;)= L e; 11 e;, v E V c V® V', and v' E V' c V® V'. 

Since 0 is an isometry, it suffices to verify the commutativity of the diagram 

A(V) ® A(V')~ A(V $V') 

dv ® I j +I ® dv' j dv+v' 

A(V) ® A(V')~ A(V ®V'). 

However, if e and e' are homogeneous elements of A(V) and A(V') respectively, 
we have 

O((dv® 1+1 ®dv.)(eAe')) 

-v e e'+(-l)deg(ele v' e'-v e e'+v' e e' -AA AA-AA AA 

=(v+v')A(e 11 e')=dv+v'((O(e ® e')). D 

1.8. Corollary. If X=X', and if(a, ß) ~ a· ß denotes the product 

K(V) x K(V') ~ K(V ® V') 

obtained by the composition K(V) x K(V')-----+ K(Vx V')~ K(V ® V'), where I is 
the canonical inclusion V® V' c V x V' (1.4.9), then we have the formula 

1.9. Theorem (Thom isomorphism). Let V be a complex vector bundle with 
compact base X. Then Kt(V) is afree Kt(X)-module of rank one, generated by the 
Thom class Uv. 

Proof Let (W;) be a finite closed cover of X suchthat Vlw, is trivial, say Vlw, = 

W; x <Cn. If Y c W;. then VI y:=:::: Yx <Cn, and the Thom dass Uvl y= Uv 1 y may be 
written as 1 u un, where un is the Thom dass of <Cn regarded as a bundle over a 
point. By Bott periodicity in complex K-theory (III.2.1), and 1.2, it is therefore 
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enough to checkthat u. is a generator of K,c(<I::")=Kc(lR 2")~Z. Since u.=(u1t 
by 1.7 (applied to bundles over a point), it actually suffices to checkthat u1 is a 
generator of K(CC), butthiswas shown in II.5.25 and III.1.3. D 

1.10. Let us now assume that the base of the vector bundle V provided with a 
metric, is locally compact. Then even if the Thom dass Uv is not defined (see, 
however, Exercise 8.14), we may define a "Thom homomorphism" 

(hence from Ki'(X) to Ki'(V)) by the formula 

()(E, D) ~ ()(n*E ® n*F, n*D ® 1 + 1 ®LI), 

where n: V- X, F = n* A( V), and LI is defined as before (1.6). Since LI is an 
isomorphism outside the zero section of V, and since D is an isomorphism outside 
a compact subset of X, we see that n* D ® 1 + I ® LI is admissib1e in the sense of 
11.5.15. 

1.11. Theorem (Thom isomorphism for locally compact spaces). Let V be a 

complex vector bundle over a locally compact base X. Then the Thom homomorphism 

defined above, 

is an isomorphism. 

Proof Let us first assume that there exists a pair of compact spaces (Z, T) such 
that X =Z- T, and a complex vector bundle V' over Z suchthat V'lx = V. Then we 
have the commutative diagram 

KJ:ZxlR)--> Kc(TxlR) ~ KJ:X)--> KJ:Z)--> KJ:T) 

j .; j •l j ß, j •1 !•1 
KJ:V' x lR)--> KJ:V~ x JR)___l__. KJ:V)--> KJ:V')--> KJ:V~), 

where the horizontal sequences are exact (cf. the "natural" properties of the 
homomorphism cp} and a proved in 1.3 and 11.4.9). Since cp}, cpi, cp~, and cp~ are 
isomorphisms (1.9), ßc is also an isomorphism. 

For the general case, we have Kc(X)~inj lim Kc(U;), where (U;) runs through 
thesetofrelativelycompact opensetsinX(II.4.21). Similarly KJ:V)~inj lim Kc(V;) 
where V;= Vlu,. Since U;= [1;-Fr(U;) (where Fr( V;) denotes the boundary of U;), 
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we have the commutative diagram 

where the first vertical arrow is an isomorphism by what we just proved. Therefore 
ßc is an isomorphism. 0 

1.12. Remark. If we replace X by Xx IRq, and V by Vx IRq, it follows that the 
groups Kc-q(X)=Kc(Xx IRq) and Kcq(V)=Kc(Vx IRq) arealso isomorphic. 

1.13. lf we choose a metric on V (which is always possible when the base X is 
paracompact; cf. 1.8.7), we have Kc(V)~Kc(B(V)-S(V))~Kc(B(V), S(V)) 
(11.5.19). Since B(V) has the homotopy type of X, (it admits X as a deformation 
retract via the zero section), the exact sequence 

Kc 1(B(V))~ Kc 1(S(V))~ Kc(B(V), S(V))~ Kc(B(V))~ Kc(S(V)) 

may also be written as 

and is called the Gysin exact sequence. The homomorphism n'* is induced by the 
projection n': S(V) ____.. X. The homomorphism IX is defined by u(E, D) t-+ 
rank(V) 

L ( -1 )i u(E ® A_i( V), D ® 1 ). When Xis compact, IX is simply the product with 
i=O 

rank(V) 

x(V)= L ( -1Y [k(V)]. The element x(V) is called the Eu/er class (or rather, 
i=O 

the analog ofthe Euler class in Kc-theory; cf. V.3) ofthe bundle V. Finally, ifwe 
replace Xby Xx IRq, and Vby Vx IRq, we also have the exact sequence 

Kcq- 1(X) ~ Kcq- 1(S(V)) ~ Kcq(X) ~ Kcq(X)~ K~q(S(V)), 

where once again, IX is defined by the product with the Euler class when X is 
compact. 

1.14. Example. Let CPn denote the complex projective space of ccn+ 1, and let e 
be the canonicalline bundle over CPn (1.2.4). Then e may be identified with the 
quotient of S 2n+ 1 xCC by the equivalence relation (x,t),..,(A.x,A.- 1t), for 
A. Es 1 c cc. Therefore, e ® ... ® e = ~ ® k may be identified with the quotient of 

"--.,------' 

k 
S 2n+ 1 x CC by the equivalence relation (x, t)"' (A.x, A. -kt). Moreover, we can give 
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~®k the metric defined by CfJx((x, t), (x, t'))=t1'. It follows that S(~®k) may be 
identified with the "lens space" 8 2"+ 1/(Z/k), (where Z/k acts on S 2"+ 1 c crn+l 

via the k1h roots of the unity) by the map (x, t) ~-+..;fi·x. Hence we obtain the 
exact sequence (cf. 1.13) 

KJPn(cr))~ KJPicr))~ K/._8 2"+ 1/(Z/k)~ Ki(Pn(cr)), 

wheren'* isaringmapandtX ismultiplication bytheEulerclassof~®k, i.e. 1- [~®f<J. 
We will utilize this exact sequence in the computation of KJS 2"+ 1 /(Z/k)) in the 
next section. 

Exercises (Section IV.8) 2, 11, 13. 

2. Complex K-Theory of Complex Projective Spaces and 
Complex Projective Bundles 

2.1. Since we do not consider real K-theory in this section, we denote complex 
K-theory Kc simply by the Ietter K. Hence K(X) = KJX), K(X, Y) = KJX, Y), etc. 

2.2 Let Vbe a complex vector bundle with compact base X. We Iet P(V) denote 
the bundle on X, whose fiber over a point x is P(Vx). More precisely, the topology 
on P(V)= U P(Vx) is defined by the same procedure as in I.4.5: the functor cp in 

xeX 

I.4.3 is replaced by the functor from ~~ to Top, given by E~-+P(E), where Top is 
the category of topologica1 spaces, and ~~ is the category whose objects are the 
finite dimensional complex vector spaces, and whose morphisms are the iso­
morphisms between them. 

The purpose of this section is to compute KJP(V)) in terms of KJX) (2.16). 
This is nontrivial even when Xis a point, i.e. P(V)= CPn for some n. In this 
computation, an important role is played by the canonicalline bundle, denoted by 
~ or ~ v, over P( V): it is the bund1e on X, whose fiber over x is the canonicalline 
bundle on P(Vx). The argument above shows that ~v has a well-defined topology. 
Moreover, ~v may be regarded as a line bundle over P(V), since locally, we have 
isomorphisms V~Xx er"+\ and P(V)~Xx CP"; hence ~v~Xx ~n· 

2.3. Now Iet L be a line bundle over X. Then P(L) is isomorphic to X by the 
canonical projection, and P(V E9 L)-P(L) may be identified with the line bundle 
~t ® n*L=HOM(~v• n*L), where n: P(V)- X, over the space X (I.4.8.d)). 
More precisely, if g: ~v- L is a 

P(V)~X 
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general morphism over n(l.l.6), and if v is a nonzero vector of ~v, then the pair 
(v, g(v)) defines a point of P(V EB L)- P(L), which does not depend on the choice 
of v in a fiber. In particular, the Thom space (cf. 1.1) of ~t ® n* L is homeomorphic 
to P(V EB L)/P(L)=P(V EB L)/X. 

L 

Fig. 19 

V 

2.4. Proposition. Wehave the split exact sequence (cf. II.4.13) 

o~ K'(P(VrdJ L)-X)L K'(P(VEB L))~ K'(X)~ 0. 

lf U E K 0 (P(V EB L)-X)~K0(~t ® n*L) denotes the Thom class ofthe line bundle 
~t ® n*(L) over P(V), then j'0(U) is the Euler class (1.12) of the vector 
bundle ~t Efl L ® nf(L) over P(V EB L), where n 1 : P(V rdJ L)---+ X. Finally, if 
x E K'(P(V EB L)) and if x' is the restriction of x to K'(P(V)) (note that 
P(V) c P(V EB L)), we have theformula xj6(U)=j:(cP(x')), where cP: K'(P(V))---+ 
K'(P(VEB L)-X) is the Thom isomorphism. 

Proof Since x~P(L) is a retract of P(V EB L), the cohomo1ogy exact sequence 
II.4.13 implies the first part ofthe proposition. Let us now consider the commuta­
tive diagram 

~t ® n*L~P(VEB L)-P(L)~ P(V EB LEB L)-P(L)~~tffi L ® nfL 

j j 
P(V) -----> P(V EB L). 

Then the map s is a general vector bundle morphism (I.l.6), since 

Hence the Thom dass of ~t ® n* L is induced from the Thom class U' of 
~tEfl L ® nfL by s. Moreover, we have the following commutative diagram of 
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K-groups: 

Jt 
K(P(V EB L)-P(L)) K(P(V EB L)) 

1 s* - 1 s'* 

K(P(V EB LEB L)- P(L)) ~ K(P( V EB L EB L)) 

In this diagram the horizontal homomorphisms are defined by "extension" 

(11.5.19), and s' is induced by the map (v, I) c-+ (v, 0, 1). However s' is homotopic 

to i': P(V EB L)----> P(V EB LEB L) defined by (v, I)----. (v, I, 0), due to the homo­

topy (v, I) f-+ (v, I cos e, I sin 8), for e E [0, n/2]. Hence 

J6(U)= J~(s*(U'))=s'*(J-t(U')) = i'*(]6(U')). 

If i denotes the zero section of the line bundle ~t lfl L ® ni L; we also have the 
commutative diagram of K-groups 

"'"* 
K(P(V EB LEB L)-P(L))~ K(P(V EB LEB L)) 

~ l'' 
K(P(V EB L)), 

because the image of i is a compact subset of P(V EB LEB L)- P(L). Since the 
Euler dass is the restriction of the Thom dass to the zero section (1.13), 

J6(U)=i*(U') is the Euler dass of ~tlfl L ® n!L. 
Finally, let us consider an element x of K'(P(V EB L)). Since K'(P(V EB L));:::; 

K'(P(V EB L)-X) EB K'(X), we must check the formula xj6(U)=j:(r~>(x')) in 
two cases: 

a) x E K'(X);:::;K'(P(L)) c K'(P(V EB L)). Since j* and rJ> are K*(X)-module 

homomorphisms, we have xjci(U) =xJcirl>(l) = J6rl>(x ·1)= J6rl>(x'). 
b) xEK'(P(VEBL)-X) or x=j~(x). Then xjb(U)=j~(xU)=j~(x'·U)= 

j~( rl>(x')) by 11.5.31 (where (a, ß) c-+ rx · ß is the product defined in 11.5.30). 0 

2.5. Theorem. Let X be a compact space, and Iet Pn=CPn be the complex pro­
jective space of e+ 1. Then K*(X x Pn) is a free K*(X)-module with basis 
1, t, . .. , t", where t= 1- [n:~:J is the Euler classofthe bundlen:~: ,fornn: Xx Pn -* 
Pn (1.2.4). Moreover, we have t"+ 1 =0, which implies K*(Xx Pn);:::;K*(X) [t]/(t"+ 1 ). 

Proof We prove the first part of the theorem by induction on n, beginning at 

n=O. To obtain the (n+ 1)-stage from the n-stage, we consider the split exact 

sequence 
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According to 2.4, the Thom isomorphism (denoted by tPn) identifies the first 
group of this sequence with K*(Xx Pn)· To be more precise, Iet t, denote the 
Euler dass of n~~~- Since tn+ 1 IK(XxP">=tn, we havej*n:(t:)=t~!~ by the last 
part of Proposition 2.4. Therefore, by the induction hypothesis, j*tPn is an iso­
morphism between K*(Xx Pn) and the free sub-module of K*(Xx Pn+d with 
basis tn+ 1 , t;+ 1 , ••. , f.:! ~. Since the quotient module is isomorphic to K*(X), it 
follows that I, tn + u ... , r,:! ~ is a basis for K*(X x P n + 1 ) as a K*(X)-module. 

Since the restriction oft to any point.of Pn is 0, example II.5.10 shows that 
t"+ 1 =0. Hence K*(Xx Pn)~K*(X)[t]/(t"+ 1 ). D 

00 

2.6. Remark. Instead ofworking with K*(Z)= EB K-'(Z) in general, one could 
r=O 

as weil workwith K*(Z)=K0(Z) $ K- 1(Z), wheretheproductsKi x Kj---.. Ki+j, 
for i andj E Z/2, are defined using Bott periodicity. 

2.7. Corollary. The relative group K*(XxPn, XxPk)for k<n, is thefree sub­
module of K*(Xx Pn) generated by tk+l, .. . , t". 

Proof. This is a direct consequence of the split exact sequence of K*(X)-modules 

where ß is surjective (hence oc injective) by the previous proposition. D 

2.8. Corollary. Wehave K 1(Pn)=O and K0(Pn)~7l[t]/(t"+ 1 ), where t=1-[~:J 
is the Eu/er class of ~:. 

2.9. Corollary. Let Pn and Pm be complex projective spaces, and Iet 17 1 =nte: and 
'12 = ng:' where n1: pn X p m __.... pn and n2: pn X p m __.... p m. Let X and y be the Eu/er 
classes of the line bund/es 'h and '7 2 • Then K 1(PnxPm)=0 and K0(PnxPm)~ 
ll[x, y ]/(x"+ 1) (ym+ 1 ). 

2.10. Proposition. Let L 1 and L 2 be line bund/es over a compact base X. 
Then x(L 1 ® L 2)=x(L1 )+x(L2)-x(L1 )x(L2 ). Moreover, z=x(L1 ) is ni/potent, 
and x(Li)= -z-z2 - · · • -z"- · · ·. Finally, x(Li ® L 2 ) may be written as 
(x(L2 )- x(L 1 )) • h, where h is a unit element. 

rank(V) 

Proof. Since in generat x(V)= L ( -1)iA_i(V) by 1.13, we have x(V)= 1- [V] 

if V is a line bundle. Hence, 
i=O 

thus proving the first part of the proposition. 
Now x(L1 ) obviously belongs to K'(X), hence is nilpotent by 11.5.9. lf x is the 

Euler dass of Li, we must have the relation x+z-zx=O, since x(L1 ® Li)=O. 
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Therefore x= -z(l-z)- 1 = -z-z2 - · • • -zn- · · · in the ring K(X). 
Finally, ifwe set t 1 = x(L1 ) and t2 = x(L2 ), we have 

x(Lt ® L 2 )= -t2 +(1-t2 )( -t1 -ti- · · · -~- · · ·) 

=(tz-t1)(1+t1 +ti+ .. ·), 

which is of the form ( t 2 - t 1 )h, where h is a unit. 0 

2.11. Corollary. Let u be the Eu/er dass ofn*en, where n:XxPn--+X. Then 
K*(Xx Pn)~K*(X)[u]/(un+ 1 ). 

2.12. With the aid of 2.11, we now finish the computation begun in 1.14. If Ln, k 

denotes szn+ 1 /(ll/k), we have the exact sequence 

o~ K(Pn)~ K(Pn)~ K(Ln,k)~ 0, 

ll ll 
ll[u]/(un+ 1 ) ll[u]/(un+ 1 ) 

where a is multiplication by the Euler class of ~®k, i.e. 1-(1-ut. Therefore, 
K(Ln,k) is a finite group of at most kn-torsion. For example, if k=2, then 
K(Ln,k)~K(RPzn+ 1 )~7l/2nll, with generator [H'] -1, where H' is the com­
plexification ofthe canonical realline bundle over RP2n+ 1 (!.2.4; cf. also 6.47). 

2.13. Proposition. Let X be a compact space, and Iet V be a complex vector bundle 
ofrank n over X. Let u be the Eu/er dass ofthe line bund/e ev (2.2). Then K*(P(V)) 
is afree K*(X)-module with basis 1, u, ... , un- 1 . In particular, the homomorphism 
K*(X)--+ K*(P( V)) is injective. 

Proof If Vis trivial, say XxC', then ev~n*en where n:P(V)~XxPn--+Pn. 
Therefore, by 2.11, the proposition is true in this case. N ow Iet W 1 , .•• , W, be a 
finite cover of X suchthat V Iw, is trivial, and Iet ei = ui- 1 • Now we apply Theorem 
1.3 since VI y is trivial when y c wi. 0 

2.14.1. Proposition. Using the notation of 2.13, Iet us assume that V= 
L 1 EB L 2 EB · · · EB Ln, where the Li are line bund/es. Then we have the relation 

n 

0 (u- x(LJ) = 0, where u is the Eu/er dass of ev. 
i= 1 

Proof Since the proposition is clear for n= I, we proceed by induction on n. Let 
us consider a line bundle Ln+ 1 = L over X, and the product y = 
n+1 n (v- x(LJ), where V is the Euler class of the line bundle ev Ef) Lover P(V EB L). 
i= 1 
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Then 
n 

y=x·'t', wherex= f1 (v-x(LJ), 
i=l 

and 't' =- x(~; aa ® n! L) for n:1 : P(V EFl L) ~X, 

up to a unit element (2.10). Using the notation of 2.4, we have X·'t'=j6q,(x'), 
n 

where x'= f1 [u-x(LJ]=O, by the induction hypothesis. Hence y=O as 
i= 1 

required. 0 

2.14.2. Remark. Let n: P(V) ~X denote the canonical projection. Then the 
vector bundle ~t ® (n*L1 EFl · · · Ef)n*L")~~t ® n*V~HOM (~v• n*V) has a 
canonical nonzero section, since ~v is a sub-bundle of n*V. Therefore its Euler 

n 

dass which is f1 (u-x(LJ) up to a unipotent element by 1.13 and 2.10, must 
i= 1 

be 0. This provides another proof of 2.14.1. 
There still remains the task of determining the ring structure of K*(P(V)), 

when V is an arbitrary complex vector bundle. Forthis and many other computa­
tions, we use the following theorem called the "splitting principle": 

2.15. Theorem. Let V be a complex vector bundle with compact base X. Then we 
can .find a space F(V) and n: F(V) ~ X, which depend naturally on V, such that 

a) the homomorphism n*: K*(X) ~ K*(F(V)) is injective, 
b) the vector bundle n* V splits into the whitney sum of line bund/es. 

Proof We prove the theorem by induction on the rank of V. If the rank is equal 
to I, we choose F(V)=X, of course. When the rank of V is greater than 1, we 
consider the projective bundle P(V) associated with V. Now the canonicalline 
bundle ~ = ~ v on P( V) is a sub-bundle of V'= p* V, where p: P( V)~ X. We set 
F(V)=F(V'/~), and n equal to the composition F(V'g)I4 P(V)-4 X. By 2.13 
and the inductive hypothesis, the homomorphism K*(X) ~ K*(F(V)) is injective. 
Moreover, since P(V) is compact, we may write V'~~ EfJ V'g (!.5.13). Since 
n'*(V'fe) is the sum of line bundles by the inductive hypothesis, we see that 
n*( V)= n'* p*( V) is also the sum of line bundles. 0 

2.16. Theorem. Let h be the class ofthe canonicalline bundle ~v in K(P(V)). Then 
K*(P(V)) is a free K*(X)-module with basis I, h, ... , h"- 1 . Moreover, h" is deter­
mined by the relation 

where A_i(V) is the i 1h exterior power of V (I.4.8.f)). 

Proof Since u= 1-h, it is clear that I, h, ... , h"- 1 are a basis for K*(P(V)) as a 
K*(X)-module by 2.14. Now, to prove the relation in the theorem, we may assume 
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n 

that V is the sum of line bundles by the splitting principle (2.15). If V= EB L,, we 
r= 1 

have 

r= 1 

A2(V)= EB L,, @L,2, 
r1 <r2 

Hence A.;( V) may be expressed as the ;th symmetric polynomial of the [ L,] in the 
ring K(X), and the relation may be written as 

n 

f1 (h-[L;])=O, 
i= 1 

n 

which is equivalent to f1 (u-x(L;))=O, since x(L;)=l-[L;]. Therefore, the 
i= 1 

theorem follows from 2.14. 0 
The next observationswill be very useful in V.3. 

2.17. Proposition. For each vector bundle V of rank n, with compact base X, we 
define "characteristic classes" c;( V) E K(X), for i = 0, ... , n such that c0( V)= 1. 
These characteristic classes satisfy the following axioms: 

1) The c;(V) are "natural", i.e. c;(V)=f*(c;(V')) for any generat morphism 
V -'4 V', which inducesf: X---+ X' on the bases, X and X', of V and V' respectively; 
and which induces an isomorphism on eachfiber. 

V-g_~ V' 

j j 
xLx' 

2) If V1 and V2 are vector bund/es on X, then 

ck(V1 EB V2 )= L C;(V1 )c/V2 ). 
i+j=k 

3) Ifthe rank of V is one, then c1(V)= x(V)= 1- [V], and c;(V)=O for i> 1. 
Moreover, the characteristic classes c;(V) are uniquely determined by these 

axioms. 

Proof Let us first notice that the second axiom may be expressed more briefly as 
00 

ct(V1 EB V2 )=crCV1 )clV2 ), where crCV)= L tic;(V) E K(X)[t]. 
i=O 
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We now prove the uniqueness of these classes. If n: F( V) -4 X is the map 
n 

described in 2.15, we have n*V= EB L, where the L, are line bundles. Therefore, 
r= 1 

we must have 

n*(c;(V))=c{,~ L,) 

L c 1 (L,.)c 1 (L,,) · · · c 1 (L,,) 

L: x(L,, )x(L,,) · · · x(L,J 
r1 <r2 < · · · <ri 

Since n* is injective (2.13), the classes ci are determined by the axioms. 
To prove existence, we consider the ring K(P(V)). By 2.13, un isalinear com­

bination of 1, u, ... , un- 1 , with coeffi.cients in K(X). Now we define the ci(V) by 
the equation 

and ci(V)=O for i>rank(V). With this definition, axioms 1 and 3 are trivial. To 
verify axiom 2, let us consider the space F(V~), where V~=niV2 , with 
n1 : F(V1) -4 X. Let n be the composition F(V~) -4 F(V1) -4 X. Then n*: K(X) -4 

K(F(V~)) is injective, and n*V1 and n*V2 split into direct sums ofline bundles. 
Therefore, using the homomorphism n* and the naturality of the characteristic 
classes, we see that it suffi.ces to verify axiom 2 when V1 and V2 aresums ofline 
bundles. By induction on the rank of V2 , it is actually enough to verify the relation 
c1(V $ L)=clV)clL) for V= V1 a sum of line bundles, and La line bundle. If 

n 

we Iet V= ·EB Li, then Theorem 2.14 enables us to explicitly compute the c;( V) as 
i=1 

c1(V)= L x(L,) 

c2(V)= L: x(L,,)x(L,,) 
r1 <r2 

Therefore, 

c1(V $ L)= L x(L,)+ x(L)=c1(V)+c1(L), 

ciV $ L)= ,,~,2 x(L,,)x(L,,)+ Ct x(L,)) x(L)=ciV)+c1(V)c1(L), 
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C;(V $ L)= x(L,) . .. x(L,) 

+ x(L,)· · · x(L,,_)x(L) 

=c;(V)+c;_ 1(V)c1(L), for i~n, 

cn+ 1 (V$ L) = x(Ldx(L2) · · · x(L")x(L) = cnCV)c1 (L), 

and c;(VEBL)=O fori>n+l. 

These relations, which may be simplified to ctCV $ L)= c1(V)c1(L), are the ones 
we wished to verify. D 

2.18. We may in fact determine the c;(V) in terms ofthe exterior powers A_i(V) by 
the following method. By 2.16, we have the equation 

h"- [A. 1(V)]h"- 1 + · · · +( -l)"[A."(V)] =0. 

lfwe replace h by 1-u, we obtain the equation 

Therefore, ifwe identify the coefficients ofui as ( -1)"-icn-i(V), we must have 

cl (V)= G) [A.o(V)] -("~ 1) [A.l(V)], 

cz(V) = G) [A. o(V)]- ("11) [A.l(V)] +("~ 2) [A.2(V)], 

c3(V)=(;) [.lco(V)] -("21) [.lc l(V)] +("12) [Jc2(V)] -("()3) [Jc3(V)], 

Another interpretation of these results will be given in IV. 7 (in the framework of 
real and complex K-theory). 

Exercises (Section IV.8) 3, 10. 

3. Complex K-Theory ofFlag Bundles and Grassmann 
Bundles. K-Theory of a Product 

3.1. As in Section IV.2, the Ietter Kwill again denote complex K-theory, Kc· 

3.2. Let E be a complex vector space of dimension n. Aflag in Eisa sequence of 
subspaces 0=E0 c E 1 c · · · c E"=E, where E; is of dimension i. We denote the 
set of flags in E by F(E); it may be provided with a topology in the following way. 
Ifwe choose a basis in E, i.e. an isomorphism (:":::::;E, we see that the group GLnC(:) 
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acts transitively in F(E)::::;F(cr"), and that the subgroup leaving the canonical flag 
0 c: er c: cr2 c: ... c: crn fixed, is the subgroup -r:: of upper triangular matrices. 
Hence F(E)::::;GLn<cr);-r:; may be provided with the quotient topology ofGLn(cr); 
this topology is independent ofthe choice ofbasis. Moreover, F(E) is a compact 
space, since GL"(cr);-r:;::::; U(n)/P, where T" is the group of diagonal matrices 
with elements of norm 1 on the diagonal. 

3.3. Now let V be a complex vector bundle over a compact space X. We define the 
"flag bundle" F(V) as the bundle on X whose fiber over x EX is F(Vx)· More 
precisely, F(V)= U F(Vx), and the topology on F(V) is defined by the same 

xeX 

procedure as in 1.4.5 (compare with 2.2). 
The space F(V) may also be constructed by induction on the rank of V, by the 

following procedure. Let P(V) be the projective bundle of V, and let V'=p*V 
where p: P(V)~ X. Then F(V)::::;F(V'/e), where ~ is the canonicalline bundle 
over P(V). More precisely, we have a bijection F(V) ~ F(V'/~): it associates the 
flag 0 c: E 1 c: · · · c: En_ 1 c: V" in V", with the flag over {E1 } E P(V) defined by 
0 c: E2 /E1 c: · · · c: V"/E1 • This is clearly a continuous map, hence a homeo­
morphism since F(V) and F(V'fe) are compact (one may also define a continuous 
map in the opposite direction). This construction also shows that the space F(V), 
introduced in 2.15 to prove the splitting principle, is the same (up to isomorphism) 
as the one considered here. 

3.4. Over the space F(V), we have a sequence of bundles 0 c: V1 c: V2 c: · · · 

c V"= n* V, where n: F(V) ~X, and where the fiber of Vi over the flag LI= 
{0 c: E 1 c · · · c: En= VJ E F(V") is the set ofvectors v betonging to Ei (with the 
topology induced by the inclusion Vi c: n*V). According to 1.5.14 applied (n-1) 
times, the quotients VdVi_ 1 are well-defined line bundles Li over F(V), with 

n 

EB Li::::;n*V. We denote the class of Li in K(F(V)) by hi. 
i=l 

3.5. Theorem. Let X be a compact space, and Iet V be a complex vector bundle 
over X of rank n. Then K*(F(V)) is a free K*(X)-module of rank n !, and with basis, 
the products h~' h~2 • • • h~"--t for ri ~ n- i. 

Proof We prove this proposition by induction on n. Assurne that K*(F(V'/;)) is 
a free K*(P(V))-module with basis, the products h~2h~3 • • ·h~"--l for ri~n-i. 
Since K*(P(V)) is a free K*(X)-module with basis h~' for r1 ~n-1 (2.13), the 
theorem is proved. 0 

To avoid the assymmetric role played by the hi, we also prove the following: 

3.6. Theorem. Let 

({J: K*(X)[x1 , •• • , x"]-----. K*(Ji{V)) 
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be the K*(X)-algebra homomorphism sending X; to h;. Then <p is surjective, and its 
kerne! is the ideal I generated by the elements a;- [A.;(V)], where a; denotes the ith 
elementary symmetricfunction ofthe X;· Hence <p induces an isomorphism 

<p': K*(X)[x1 , •.• , xn]/I~K*(F(V)) 

n 

Proof By 3.5, <p is surjective. On the other hand, since EB L;= V, it is clear that 
i= 1 

a;- [A.;(V)] belongs to the kemel of <p. By a well-known theorem in algebra (3.28), 
K*(X) [x 1' ... 'xn] is a free K*(X) [ 0' 1' ... ' 0' n ]-module with basis x';,' ... X~"--f' 
where r;~n-i. Hence, the quotient M of K*(X)[xp ... ,xn], by the ideal 
generated by a;-[A.i(V)], is a free K*(X)-module with basis, the products 
x';,' · · · ~"-- t. Since K*(F(V)) is a free K*(X)-module, and since <p induces a 
homomorphism <p': M ~ K*(F(V)) which sends the basis of M onto the basis of 
K*(F(V)), <p' is an isomorphism. 0 

3. 7. If Eis a complex vector space of dimension n, we call the set of q-dimensional 
subspaces of E, the Grassmannian of q-planes in E. Ifwe denote this set by Gq(E), 
we saw in 1.7.16 that Gq(E) may be identified with U(n)/U(q) x U(n- q), hence 
may be provided with the topology of a compact space. Moreover, we have a 
continuous map F(E)~ Gq(E): it associates each flag E 1 c E 2 c · · · c En=E 
with the qth element Eq. Up to isomorphism, this map coincides with the map 
U(n);r~ U(n)/U(q) x U(n-q), induced bythe inclusion ofrin U(q) x U(n-q). 

3.8. Lemma. The map n: F( ccn) ~ G q{ ccn) is a jibration with fiber F( CCq) x F( ccn- q). 

Proof By "fibration", we mean here that for each point S 0 of Gq(CCn), we can 
find a neighbourhood W of S 0 , such that n- 1(W)~ Wx F(CCq) x F(ccn-q). To 
prove this, we first give a slightly different description ofthe space F(E), as the set 
of sequences (L 1 , .•• , Ln) of linearly independent one-dimensional subspaces of 
E, which are mutually orthogonal (take E;=L 1 EB · · · EB L; or, conversely, 
L; = E; + 1 nEf ). N ext we choose W to be the set of elements S of G q( ccn ), such that 
the orthogonal projection of S 0 on S is an isomorphism. lfwe fix an orthonormal 
basis B0 = {e~, . .. , e~} of S 0 , and an orthonormal basis C 0 = {e~+ 1 , ..• , e~} of 
S0 _L, then the orthogonal projection B (resp. C) of S 0 (resp. Sol.) is a basis of S 
(resp. S_L ). The Gram-Schmidt orthonormalization process, applied to BuC, 
gives a new orthonormal basis of ccn' hence a unitary isomorphism rxs: ccn ~ ccn 
which depends continuously on SE W, and suchthat rxs(S 0 )= S. The isomorphism 

is now defined by the formula 
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where 

S=L 1 EB · · · EB Lq, 

.1 = (ai 1(L1 ), ... , ai 1(Lq)), 

and r = (rx.i 1(Lq+ t>, ... , ai 1(L.)). 

The inverse isomorphism e- 1 is defined by the formula 

e- 1(S, .1°,F0)=(as(L~), ... , as(L~), .. . , a8(L~)), 
for L1°=(L~, ... ,L~) and F0 =(L~+ 1 , ••• ,L~). 0 

3.9. Theorem. Let X be a compact space, and Iet 

ß: Xx F(<C")~ Xx Gp{<C") 

be the continuous map defined by (x, e) ~ (x, n(e)). Then ß*: K*(Xx Gp(<C"))--> 
K*(Xx F(G::")) is injective, and its image is theinvariant subgroup K*(X x F(<C "))6 , 

where G= SP x Sn-p acts on F(<C") by permutation of the L; (cf. the description of 
F(<C") given in the proof of 3.8). 

Proof By 3.8 we have the fibration 

F(<CP) x F(<C"-P) ~ Xx F(<C") L Xx GP(<C"). 

If we denote the classes of the canonical line bundles on X x F( <C") by 
h1 , • •• , h., then the restrictions of the products 

h''···h'v-thsv+t ... hsn-t forr.:O::::p-iands.<n-]"+1 toß- 1 (Xx Y) 1 p-1 p+1 n-1' 1'""' 1 ' ' 

where Y is chosen so that n- 1 (Y)~YxF(<CP)xF(<C"-P), are a basis of 
K*(r 1 (Xx Y)) as a K*(Xx Y)-module, by 3.5 applied twice. Therefore, by 1.3 
K*(Xx F(<C")) is a free K*(Xx Gp{<C"))-module with basis, the products above. In 
particular, the homomorphism K*(X x G P(<C"))--> K*(X x F(<C")) is injective. 

Now the map F(<C")--"-->Gp(<C") is equivariant with respect to the trivial action 
of sp X sn-p on the Grassmannian. It follows that ß* sends K*(Xx Gp(<C")) into 
theinvariant part K*(Xx F(<C"))6 , under the action ofG=SP x Sn-p. To compute 
K*(Xx F(<C"))6 , we write K*(Xx F(<C")) as the quotient ofthe polynomial algebra 
K*(X) [x1 , •.. , x.], by the ideal generated by the elementary symmetric poly­
nomials a P ... , a. (3.6). Let r; (resp. y) be the ith elementary symmetric poly­
nomial of x 1 , •.• , xP (resp. the /h elementary symmetric polynomial of 
xp+ 1 , ... , x.). Then an elementary computation shows that K*(Xx F(<C"))6 may 
be identified with the quotient of K*(X)[rp ... ,rP,y1 , .. . ,Y.-p] by the ideal 

r 

generated by a,= I T;Y,-;, for r=l, .. . ,n (with the convention r 0 =y0 =1). 
i=O 

This is the formula expressing the rth elementary symmetric polynomial of 
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x 1 , ... , xn in terms of the r's and the y's, and which is obtained by computing 
n p n-p 

the product f1 (1 + tx,)= f1 (1 + txJ f1 (1 + txp+ i), in two different ways. 
r=l i=l j=l 

Finally, Iet us consider the canonical vector bundle ~ of rank p on Gp(<Cn) 
(cf. 1.7.8). It may be identified with the subspace of GP(<Cn) x ccn, consisting of 
pairs (X, x), where Xis a p-plane in ccn and x is a vector of X. We define ~J. to be 
its "orthogonal", i.e. the subset of GP(<Cn) x ccn consisting of pairs (X, x) where 
XEGp(<Cn) and xEXJ.. We set T=b*~ and TJ.=J*~J., where J:XxGp(<Cn)~ 
Gp(<Cn), r;= [Jci(T)] for i~p, and si= [Ai(TJ.)] for j~n-p. Let 

be the K*(X)-algebra homomorphism sending r; to r; and yi to si. Since T EB TJ. is 
r 

trivial, this homomorphism is zero on the ideal generated by (J,= L <; Y,-;· 
i=O 

Therefore, it defines a homomorphism 

K*(Xx F(<Cn))G~K*(X) ® K(F(<Cn))G ---4 K*(Xx GP(<Cn)). 

P n 

Because T= EB L; and TJ.= EB Li, the composition 
i=l j=p+l 

K*(X) ® K(F(<Cn))G ---4 K*(Xx Gp(<Cn)) ---4 K*(X) ® K(F(<Cn))G 

is the identity. Since K*(Xx Gp(<Cn))~ K*(X) ® K(F(<Cn))G is injective, the 
theorem is proved. 0 

3.10. Corollary. Let d=(;). Then there exist integral polynomials P 1 , ••. , Pd of 
the classes r; and si, suchthat K*(Xx GP(<Cn)) is afree K*(X)-module with basis 
Pt, ... , Pd. 

Proof Wehave the inclusions as Z-modules 

K(F(<Cn)) ::J K(F(<Cn))G ::J Z, 

where K(F(<Cn)) is a free Z-module of rank n !, and K(F(<Cn)) is a free K(F(<Cn))G­
module of rank p! (n-p)! by the first part of the proof of 3.9. Therefore, 
K(F(<Cn))G is a free Z-module of rank d with basis, classes of suitable polynomials 
PP ... , Pd of the <; and Yr It follows that K*(Xx Gp(<Cn))~K*(X) ® K(F(<Cn))G 
is a free K*(X)-module with basis, the polynomials Pa evaluated on the r; and si. 0 

3.11. Corollary. Let d=(;). Then K- 1(Gp(<Cn))=O, and K(Gp(<Cn)) is afree group 
ofrank d. 

Now Iet Vbe a vector bundle ofrank n, with compact base X. Since the functor 
E f--* G P(E) from the category of n-dimensional complex vector spaces to the 
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category of compact spaces, is "continuous" in an obvious sense, the method of 
1.4.5 enables us to construct a compact space Gp(V), fibered over Xwith fiber, a 
Grassmannian (when p= 1 this reduces to the definition of P(V) cf. 2.2). We call 
Tthe canonicalp dimensional vector bundle over G p(V), and TJ., its "orthogonal" 
with respect to an arbitrary metric on V. 

3.12. Theorem. Let 

be the K*(X)-algebrahomomorphism sending r:i to ri= [Ai(T)] andyj to sj= [Aj(TJ.)]. 
Then l/J is surjective with kerne! the ideal J generated by the a r-Ar( V) where 
ar= L r:i Yj· Hence l/J induces an isomorphism 

i+j=r 

ljl': K*(X)[r:l, .. . , r:v, Y1, ... , Yn-v]/1----* K*(Gv(V)). 

Proof Since T EB TJ. is isomorphic to n* V, where n: G p(V)-> X, it is clear that 
the kernel of l/J contains the ideal generated by the a r-Ar( V). By Theorem 1.3, 
K*(Gv(V)) is a free K*(X)-module with basis, the polynomials P 1 , ... , Pd defined 
in 3.10. Hence l/J' is well-defined and surjective. 

On the other hand, we have the commutative diagram 

where q/ is the isomorphism defined in 3.6, and where (} sends r:i (resp. y) to the 
i'h (resp.j'h) elementary symmetric polynomial of x1 , ... , xv (resp. xv+ 1 , ... , xn)· 
Since (} is clearly injective, l/J' must also be injective. 0 

3.13. The observations above may be extended to "generalized flag bundles". 
More precisely, if p 1 , ••. ,p5 are integers suchthat p 1 +p2 +···+p5 =n, we 
consider the bundle Fp, ..... v. (V) over X, whose fiber over x EX is the set of 
orthogonal subspaces Lp ... , L 5 , suchthat L 1 EB · · · EB L 5 = Vwith Dim(L;)=pi. 
On Fv,, .... v. (V), we have canonical bundles T1 , ... , Ts of respective ranks 
p 1 , •.. ,p5 • Thefollowingtheoremmaybeprovedin thesamewayas Theorem3.12: 

3.14. Theorem. Let 

lji:K*(X)[r:{J ~ K*(Fp,, .... v.JV)), for 1 ~i~pj, 

be the K*(X)-algebra homomorphism sending r:{ to [Ai(T)]. Then ljJ is surjective 
with kerne!, the ideal generated by a r- [Ar( V)] where a r = L r: j, . r:J2 • • • r:]s. 

h+···+i:s=r 
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3.15. Example. LetXbethespaceU(n)/U(p1)x ··· xU(p5 )wherep1+···+p,= 
n. Then K- 1(%)=0, and K(X) is a free group of rank n!/p1 !Pz! · · ·p5 !. 

3.16. The above results have been expressed in terms of exterior powers of the 
vector bundles involved. Sometimes it is more convenient to work with the 
characteristic classes of V, c;(V), rather than Jci(V). For example, Theorem 3.14 
(which implies all the others) may be expressed in the following form: 

3.17. Theorem. Let 

be the K*(X)-algebra homomorphism sending r~ to c;(T). Then tjJ is surjective with 
kerne!, the ideal generated by a,-c,(V) where a, = I c},·cJ2 ···cjs. 

i1+ ··' +is=r 

3.18. Example. Assurne s=2 and p 1 = 1. If we set r~ =r1 and rJ=yi, then we 
obtain the relations 

Y1 +r1 =c1(V), 

Yz+Y1r1=cz(V), 

Yn-1 +Yn-2Y1 =cn-l(V) 

Yn-lYl =cn(V). 

Therefore, ifwe set u=c1 (Tf), then K*(F1 "_ 1 (V))~K*(P(V)) is a free K*(X)­
module, with basis 1, u, ... , u"- 1 . Moreover, ~e have the relation 

Hence, we recover some ofthe observations in IV.2. lfwe set h = [T1 ], we can also 
prove Theorem 2.16 by the same method. 

3.19. Corollary. Let C;=c;(T) and di=clTl.), for i~p and j~n-p, be the 
characteristic classes of the vector bund/es T and Tl. on G P( CC" ). Let 

be the 'll-algebra homomorphism sending r; to C; and yi to dr Then tjJ is surjective 

with kerne! the ideal generated by products of the form (J r = I T;Y j. 
i+j=r 

3.20. Example. Let·X= U(4)/U(2) x U(2)=Gz(CC4 ). Ifwe Iet x=c1 and y=c2 , a 
trivial computation shows that K(X) is a free group of rank 6, with basis 
1, x, x 2, y, y 2, xy. The multiplication operation in K(X) is given by the relations 
x 3 = 2xy and x 2y = y 2 (these relations imply xy2 = 0 and y 3 = 0). 
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3.21. An advantage of the formulation using characteristic classes, c; and di, is 
that these classes are nilpotent (2.1 0 and 2.17). This enables us to compute 
proj lim K(Gp(CC")). More precisely, if Xis any topological space, we write ff(X) 
for proj lim K(X .. ), where x .. runs through the set of compact subsets of X. If (Xn) 
is a cofinal system ofcompact spaces, we have ff(X)=proj lim K(Xn). In particu­
lar, if p is fixed and if X= inj lim Gp(CC") is provided with the inductive limit 
topology, then ff(X)~proj limK(GP(CC")). Note that Xhas the same homotopy 
type as the space BU(p) considered inl.7.14. 

3.22. Theorem (Atiyah [3]). Let 

be the 7L-algebra homomorphism sending the formal sum 

Then r is an isomorphism. In particular, ff(BU(p))~7L[[c1 , ... , cp]], where the 
c; are the characteristic classes of the canonical vector bundle over BU(p) (in an 
obvious sense). 

Proof The relations ofCorollary 3.19 may be explicitly written as 

lr1+y1=0 

tz +t1Y1 +Yz =0 

!pYn-2p +rp- tYn-2p+ 1 + · · · +Yn-p=O 

{~,Y·~':' H,~,y:_,~.,+ ·: · +,,y,_,_~o 
!pYn-p-0. 

From the first n-p relations, it follows that the y's are functions of the r's. More 
precisely, yi is a polynomial of weight j in the r's. The last p relations may be 
written as P;( r 1, ... , r P) = 0, where P; is isobaric of weight n-p + i. lt follows that 
K(Gp(CC"))~7L[r 10 ••• , rP]/Ip,n, where Ip,n is an ideal generated by polynomials of 

order > n-p · lf we denote the ideal generated by all polynomials of order ~ r 
p 

by I,, we therefore have Ip, n c I, when n > rp + p. 
On the other hand, let us denote the Euler classes of the canonicalline bundles 

over F(«::") by u1, ... , un. They are induced from the Euler class of the canonical 
line bundle over P(«:: n), by the canonical maps F(«:: ") ~ P(«:: n). Therefore 
(u;)"=O by 2.11. Moreover, Theorem 3.6, written in terms of characteristic classes 
as in 3.14, shows that K(F(CC")) is a free 7L-module, with basis u;'· · ·u~n_-; where 
r;~n- i. Hence, if rx E K(F(CCn)), then rxm is a sum of monomials u;' · · · ~.._-{, 
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where r1 + · · · +rn_ 1 ;;::.m. If we choose m>(n-1)2 , at least one of the ri is ;;:::n, 
aJd this shows that (K(F(«::n))m=O. Therefore, every element of K(Gp(«::n)) c 
K(F(«::n)) (3.9) is nilpotent of order ~(n-1)2 + 1, a fact which may be expressed 
in the form I, c Ip, n when r > (n- 1 )2 • This shows that the filtrations of 
Z[r 1 , ... , -r P] by the ideals Ip, n and In, are equivalent. Hence 

$"(BU(p))~Proj lim K(GP(e))~Proj lim Z[r1 , ..• , -rP]/Ip,n 

~Proj lim Z[-r P ••• , -rP]/In~ Z[[-r1 , ..• , -rP]]. 0 

3.23. Let X be a locally compact space, and let (Xi), i = 1, ... , n, be a finite closed 
cover of X. The cover (XJ is said to be adapted if any intersection Xi.r•Xi/' · · · nXir 
is either empty or homeomorphic to Z x JR.P, where Z is a contractible compact 
space. The space Xis said to be offinite type if there exists a finite closed cover of X 
which is adapted. For example, compact differentiahte manifolds and finite 
CW -complexes are spaces of finite type. If Xis of finite type, the product X x JR.P 
is offinite type. More generally, the product of any two spaces offinite type is of 
finite type. 

3.24. Proposition. Let X be a local/y compact space offinite type, and Iet Y be a 
local/y compact space suchthat K(Y) and K- 1(Y) are free abelian groups. Then, if 
we define in general K*(Z)=K0(Z) E9 K- 1(Z), the cup-product induces an 
isomorphism 

K*(X) ® K*(Y) :::: K*(Xx Y); 

i.e. more explicitly, 

[K0(X) ® K 0(Y)] E9 [K- 1(X) ® K- 1(Y)]~K0(Xx Y), 

and [K0(X) ® K- 1(Y)] E9 [K- 1(X) ® K0(Y)]~K- 1(Xx Y). 

Proof F or any closed subspace Z of X, let ~ z denote the homomorphism between 
K*(Z) ® K*(Y) and K*(Zx Y), induced by the cup-product. Let (XJ be an 
adapted cover of X; we prove by induction on p, that ~ z is an isomorphism when 
Z =X. u · · · uX,. , for any space Y. If p = 1, Proposition 3.24 is simply a reformula-,, p 

tion of the Bott periodicity theorem in the complex case: K*(IR.n) ® K*(Y)~ 
K*(IR.nx Y). Topass from stage (p-1) to stagep, we let Z'=Xi!u·· ·uXip-• 
and Z"=X. . Then the subsets Xi nXi , for r= 1, ... ,p-1, form an adapted 
cover of Z'ÄZ". Therefore, by therinduction hypothesis, ~z·· ~z .. , and ~z·nz"• 
are isomorphisms. Since K*(Y) is free, we have the following commutative 
diagram, where the vertical sequences are exact (11.4.18 and 11.4.9). 
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[K*(Z' X IR) E9 K*(Z" X IR)] ® K*(Y) cpz'xR Ef) cpz"xR K*(Z' X Yx IR) E9 K*(Z" X Yx IR) 

1 1 
K*((Z'nZ") x IR)® K*(Y) K*((Z'nZ") x Yx IR) 

1 1 
K*(Z'uZ") ® K*(Y)--cp-"-z'=vz"--"~ K*(Z'uZ") x Y) 

1 1 
[K*(Z') EB K*(Z")] ® K*(Y) K*(Z' X Y) EB K*(Z" X Y) 

1 1 
K*(Z'nZ") ® K*(Y) __ cp.-:cz'_"=--z"~K*((Z'nZ") x Y) 

By our induction hypothesis (stated for any space X), lPz'xJR• lPz"xJR• and 
cp(Z'nZ")xJR• arealso isomorphisms (since (Xi x IR) is an adapted cover of Xx IR). 
Hence lPz·uz" is an isomorphism by the five Iemma. 0 

3.25. Remark. Let Y' and Y" be compact spaces suchthat K(Y', Y") is a free 
abelian group. Then we also have K*(Xx Y', Xx Y"):::::;K*(X) ® K*(Y', Y') by 
the proposition above applied to Y = Y'- Y". Of course, this isomorphism is 
given by the cup-product. 

3.26. Lemma. LetZ be a compact space such that K*(Z) is afinitely generated 
abelian group. Then there exists a compact space Y1 and a continuous map 
f: S'(Z) ~ Y1 , such that 

a) K*(Y1 ) is afinitely generatedfree abelian group, and 
b) the induced homomorphism K*(Y1)~ K*(S'(Z)) is surjective (the Suspen­

sion S'(Z) is defined as in 1.3.14; note that K*(S'(Z)):::::;K*(S(Z)); cf. II.3.27). 

Proof Let Gp,n={-n,n}xGp(<C"), and let rxp,nEK0 (Gp,n) be the element 
represented over { i} x G p( ccn) by [ ~] - p + i, where ~ is the canonical p-plane 
bundle over GP(ccn). According to 1!.1.33, each element of K 0(Z) may be written 
as f*(rxp,n), for suitable integers p and n, and a suitable continuous map 
f:Z~Gp,n· Now let a 1 , ••• ,a, be generators of K 0(Z), and let b 1 , ••• ,bs be 
generators of K- 1(Z)=K0(S'(Z)). LetJ;:Z~Gp,,n, (resp. gj:S'(Z)~Gpj,n) 
be continuous maps such thatft(rxp,,n)=ai (resp. gj(rxpj,n)=b). Ifwe consider 

the space yl = ll GPj.nj X s'(:G Gp;,n;} we have 

K*(Yd:::::;[@ K*(GPj.n)] 2 ® K*+ 1(Gp,,n), 

which is free by 3.5 applied r+s times. Moreover, ifj: S'(Z) ~ Y1 is the obvious 
map, then the induced homomorphism K*(Y1 )~ K*(S'(Z)) is surjective by our 
construction. 0 
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3.27. Theorem ( compare with Atiyah [2]). Let Y be a compact space suchthat K* ( Y) 
is a finitely generated abelian group, and Iet X be a compact space of finite type. Then 
we have a natural exact sequence 

i+j=n i+ j=n+ 1 

where i and j are integers mod 2. 

Proof Let us first assume that Y may be written as S'(Z), and 1et Y 1 be the space 
constructed in 3.26. Let Y2 be the mapping cylinder of J, i.e. the quotient of 
Yx [0, 1] u Y 1 by the re1ation identifying (y, 1) with f(y). Thus we have the 
commutative diagram (up to homotopy) 

where g(y) is the class of (y, 0) E Y x [0, 1], and h(y 1 ) is the class of y 1 E Y 1 • Since 
h is a homotopy equiva1ence, we may rep1ace the pair (Y1,f) by (Y2 , g), where g is 
an inclusion. 

The exact sequence II.4.13, associated with the pair (Y2 , Y). may be written 
(using III.l.3) as 

where Pisa point. Since the homomorphism K*(Y2 )--. K*(Y) is surjective, this 
exact sequence may be reduced to 

In particu1ar, K * ( Y 2 I Y, P) is free and finite1y generated. Hence, the exact sequence 
above, defines a free reso1ution ofthe abelian group K*(Y), with two terms. 

Simi1arly, the exact sequence II.4.13, associated with the pair (Xx Y 2 , Xx Y), 
may be written as 

K*- 1(Xx Y)~K*(Xx Y2/Y,XxP)~K*(Xx Y2 ) 

~K*(Xx Y)~K*+ 1(Xx Y2 /Y,XxP). 
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by 3.24 and 3.25, Coker cx may be identified with K*(X) ® K*(Y). On the other 
hand, Imß=Ker(cx*+ 1)=Tor(K*(X),K*+ 1(Y)) by the definition of the Tor 
functor. Hence the exact sequence may be written as 

and it is easy to show (using the natural properties of the Tor functor) that it is 
independent of the choice of (Y2 ,g), and is natural in X and Y=S'(Z). This 
proves 3.27 for this case. 

Now if Y is an arbitrary space, we may write two exact sequences 

Since Kn(Xx Y)~Ker [Kn(Xx S'2 (Y))--+ Kn(Xx P)] by Bott periodicity, we ob­
tain the general theorem. 0 

In 3.6 we used the following theorem, which we now prove: 

3.28. Theorem. Let A be any arbitrary ring with unit, and Iet A[x1 , ..• , xn] be the 
ring of polynomials of n variables with coefficients in A. Let (J 1 , ... , (J n be the 
elementary symmetricfunctions ofthe X;. Then, with respect to the obvious imbedding 
A[(J 1 , ... , (Jn]--+ A[x1 , ••. , xn] (cf Lang [1]), the second ring is a free module 
over thefirst with basis the monamials x~ 1 • • -x:~-11 , for O~h;~n- i. 

Proof We prove this theorem by induction on n .. For n= 1, the theorem is clear. 
Let us now assume n > l, and let (J~ , ... , (J~ _ 1 be the elementary symmetric 
functions of x 2 , ..• , xn. Then we have the imbeddings 

By the induction hypothesis, we know that the products x~2 • • ·X~"_-11 are a basis 
for the third ring regarded as a module over the second. Therefore, it suffices to 
prove that the monamials 1, x 1 , ... , x~- 1 are a basis for the second ring regarded 
as a module over the first. 

The relations 

obviously show that 1, x 1 , ••• , x~- 1 generate the second ring as a module over the 
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first. Now ifwe have a relation 

where the Pi are polynomials of the ai, we also have the relation 

by the action of the symmetric group, when we consider A [ a 1 , .•• , an] as a 
subring of A[xp ... , xn]. 

Therefore, we obtain n equations involving the Pi, which only have 0 as a 
solution, since the determinant 

is not zero. D 

Exercises (Section IV.8) 4, 12. 

4. Complements in Clifford Algebras 

4.1. Let V be a finite dimensional real vector space provided with a nondegenerate 
quadratic form Q. By III.3.12, the canonical map V~ C(V) is injective, and thus 
we identify V with its image in C(V). On the other hand, the endomorphism 
v 1-+ - v of V induces an involution on C( V), which we denote by x ~--+.X. Therefore 
x=x (resp. X= -x) if XE c<Ol(V) (resp. XE C(ll(V)) (III.3.6). 

4.2. Definition (Atiyah-Bott-Shapiro [1]). The twisted Clifford group T(V) is the 
set of elements x of C( V)*, such that .X V x- 1 c V. 

It is clear that T(V) is also the set of elements x of C(V) suchthat xvx- 1 =V, 
andin this form, T(V) appears as a subgroup of C(V)*; thisjustifies our termino­
logy. Letjj: T(V)~ GL(V) be the homomorphism x ~-+px, where px(v)=xvx- 1• 

4.3. Proposition. The kerne/ ofthe homomorphism p: T(V)~ GL(V) is lR* c f(V). 

Proof Let { eJ be an orthogonal basis of V such that Q(eJ # 0. Let x E Ker(p), 
and let x = x 0 + x 1 be the decomposition of x into homogeneaus elements, with 
respect to the Z/2-grading of the Clifford algebra. We may write 
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x 0 = a? + e;b{, where a? and bf do not contain e;, and are of degree 0 and 1, 
respectively. The identity x 0e;=e;x0 therefore implies 

Hence, b;1 = 0 for each i, and x 0 must be an element of IR* c f'( V). 
Similarly, the identity x 1e;= -e;x1 may be written as 

Hence, b? = 0 for each i, and x 1 must be 0. Therefore x = x 0 + x 1 = x 0 E IR*. D 

4.4. Let C(V) 0 be the opposite algebra of C(V) (C(V) 0 has the same underlying 
group as C(V), but the product xy in C(V)0 is defined as the product yx in C(V)). 
The canonical map j: V~ C(V) may be interpreted as a linear map V~ C(V)0 , 

which satisfies theuniversal property ofClifford algebras (III.3.1; takeA = C(V)0 ). 

From this we obtain an algebra homomorphism C(V)~ C(V)0 , which we may 
interpret as an anti-involution of C(V), denoted by x c-+ 'x. More precisely, if y is 
an element of C(V), written as y = v 1 · · · vn where V; E V, we have 'y = v" · · · v1• It is 
easy to check that (ty) = 'y = (- 1 )"v n · · · v 1 • Since every element x of C( V) is the 
sum of elements of this form, the formula iX = 'x is valid in general. We define the 
spinorial norm of any element x of C(V), as N(x)='x·x E C(V). 

4.5. Proposition. Ifx isan element ofT( V), we have N(x) E IR*. Moreover, the map 
x c-+ N(x) induces a homomorphism from T(V) to IR*. 

Proof By the definition of f(V), we have x and 'x E f(V). Therefore, N(x) E f(V) 
if XE f(V). To prove N(x) E IR* by 4.3, it suffices to prove that N(x) E Ker(,O). For 
vE V, we have '(px(v))=Px(v), i.e. '(xvx- 1 )=xvx- 1• Hence 'x- 1v'x=xvx- 1 , and 
so N(x)vN(xr 1 =v, which proves the first assertion. 

Now, if x and x' are elements of f(V), we have 

N(xx')=('x''X)(xx')='x'('xx)x'=('xx)('x'x')=N(x)N(x'). 

Therefore N defines a homomorphism from f( V) to lR *, since N(1) = 1. D 

4.6. Remark. If v E V, we have N(v) =- Q(v), and the same proof as above shows 
that N(xv)=N(x)N(v)=N(vx) for any x E f'(V). In the same way, N(xvy)= 
N(x)N(v)N(y) for x E T(V) and y E f'(V). 

4.7. Theorem. For any element x of T(V), p(x) belongs to the orthogonal group 
O(V) c GL(V), where V is provided with the quadratic form Q. Conversely, any 
element ofO(V) is ofthe form p(x), where x is determined up to multiplication by a 
scalar. Hence we have the exact sequence of groups 

1------> IR*~ T(V)LO(V)~ 1. 
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Finally, any element ofF(V) may be written as v1 · · ·vn, where V;E Vand Q(v;)#O. 
In particular, every element of F( V) is homogeneaus with respect to the 'll/2-grading 
ofthe Clif.ford algebra C(V). 

Proof lf xel'{V) and ve V, we have N(Xvx- 1)=N(X)N(v)N(x)- 1 by 4.6. 
On the other hand, N(x)=N(x)=N(x) since N(x) E IR*. Hence Q(px(v))= 
-N(xvx- 1 )= -N(x)N(v)N(xr·I = -N(v)=Q(v), and ,O(x)eO(V). 

It is weil known that any element of O(V) is the product of orthogonal sym­
metries with respect to hyperplanes. Therefore, to prove that p: f(V)--+ O(V) is 
surjective, it suffices to show that any such symmetry belongs to the image of p. If 
His the hyperplane orthogonal to the vector v with Q(v)#O, we may write any 
vector w of V in the form w=A.v+v', where v' EH and A. ER. Therefore p(v)(w)= 
-v(A.v+w')v- 1 = -A.v+w, since v and w' anticommute in C(V) (III.3.8). Hence, 
p(v) is the symmetry required, and the exact sequence is proved. 

For any vector v of V suchthat Q(v) # 0, let us denote the orthogonal symmetry 
with respect to the hyperplane orthogonal to v by Sv. If x E l'(V), we have 
p(x) =Sv,· Sv2 • • ·Sv" for some vectors V;. Hence, p(x) = p(v1 · v2 • • · vn), and 
x=A.v1 • • ·Vn for A.e IR*. 0 

4.8. Corollary. Let r 0(V)=f(V)nC<0>(v), and Iet SO( V)= { UE O(V) I Det(u) = 1 }. 
Then we have the exact sequence (where p0 = ,0 I F0 (V)) 

0 

1~IR*~r0(V)~SO(V)~ 1. 

Proof Any element of SO( V) may be written as ,O(v1) · p(v2 ) • • • p(vn), where n is 
even. Hence p 0 is surjective; moreover, Ker p 0 = IR* since IR* c C 0(V). The 
group F 0 (V) is called the Special Clifford group. 0 

4.9. Corollary. LetPin(V)= {xel'(V) II N(x)l = 1} and Spin(V)=Pin(V)nC<0>(V). 
Then we have the exact sequences 

1~7l/2~ Pin(V) ~ O(V) ~ 1, 

and 1 ~ 'll/2~ Spin(V)~ SO(V)~ 1. 

Therefore, ifwe Iet Spin(n) denote the group Spin(V) when V=IR", provided with 
n 

the quadratic form L xT, we have the exact sequence 
i=l 

1 ~ 'll/2 ~ Spin(n) ~ SO(n) ~ 1. 

Proof If xel'(V) (resp. F 0 (V)), then A.xePin(V) (resp. Spin(V)) for A.= 
1/y1N{X)l. This shows the surjectivity ofthe homomorphisms Pin(V)--+ O(V) and 
Spin( V)--+ SO( V). The kemel of these maps is the set of elements A. E IR* such that 
N(A.)=A.2 = 1, i.e. the kemel is isomorphic to 'll/2. 0 
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4.10. The choice ofan orthogonal basis (e;) of V suchthat Q(e;)= ± 1, enables us 
to identify C(V) with 1R n (III.3.11), and to provide C(V) with a topology which is 
independent ofthe choice ofbasis. More precisely, a change ofthe above basis is 
given by an orthogonal transformation, which induces a linear transformation in 
C(V), depending continuously on the basis. Hence, the functor V~ C(V) may be 
regarded as a continuous functor, in the sense of 1.4.1, from the category of finite 
dimensional vector spaces provided with a quadratic form, to the category of 
finite dimensional algebras. 

From these Observations, it follows that the groups F(V), Pin(V), r0(V), and 
Spin(V) are naturally topological groups, and that the maps p and p0 are con­
tinuous maps. In fact, the maps 

F(V)-+ O(V), r0(V)-+ SO(V), Pin(V)-+ O(V), and Spin(V)-+ SO(V), 

define locally trivial fibrations. Let us show this for the map f( V)-+ O(V), for 
instance, (the proof for the three other cases is similar). Let e 1 , ••• , en be an 
orthogonal basis such that Q(e;)= ± 1. By induction on p, where O~p~n, we 
define a neighbourhood VP of 1 in O(V), and a continuous map 

sp: vp----+ l'(V) 

suchthat 

(i) V0 =0(V), s0(1X)= 1, 

(ii) sp+ 1 (IX)= (1 + tw)sp(1X) with t = 1X(ep+ 1) 

and w=p(sp(oc))(ep+ 1) if Q(ep+ 1)=1, 

= (1- tw)sp(oc) if Q(ep+ 1) = -1, and 

(iii) vp+ 1 is the subset of vp defined by the condition 

Q(t+w)=FO 

Then by induction on p, we can prove that oc- 1p(sp(oc)) leaves e1 , ... , eP fixed. 
Hence p(sn(1X))= IX, and themap IX~ sn<IX) is a section ofp defined on the neighbour­
hood Vn. lt follows that the map Vn X 1R*-+ p- 1(Vn), defined by (IX, A.) ~ A.sn(1X), 
is a homeomorphism, and by translation, we have p - 1(a Vn)~ a vn X 1R * for any 
element a of O(V). 

4.11. Since the functor v~ C(V) is continuous, we may extend this functor to 
the category of vector bundles. If V is now a vector bundle, we define a bundle of 
algebras, again denoted by C(V), suchthat C(V)x= C(VJ. The multiplication in 
each fiber defines a continuous map (C(V) x xC(V)-+ C(V). If Eis a k-vector 
bundle (k= 1R or Cr), a C(V)-module structure on Eis given by a continuous map 
C(V) x xE-+ E, suchthat each fiber Ex is provided with a C(Vx)-module structure 
compatible with the k-module structure. Since V c C(V), we obtain a fiberwise 
map VxxE denoted by (v, e) ~v·e suchthat v·(v·e)=Q(v)e, and suchthat 
the induced map on each fiber Vx x Ex-+ Ex is IR-linear (resp. k-linear) with 
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respect to the first (resp. second) factor. Conversely, every such bilinear map 
defines a C(V)-modll!e structure on E by the universal property of Clifford 
algebras (111.3.1). Equivalently, the above bilinear map defines a morphism on 
the underlying real vector bundles m: V---+ HOM(E, E), such that (m(v))2 = Q(v) 
over each point of the base (1.4.8). 

The vector bundles provided with C(V)-module structures are the objects of a 
category, whose morphisms are vector bundle morphisms which induce C(Vx)­
module morphisms over each point x of the base. We denote this category by 
tfv(X), and notice that it is a Banach category contained in tS'(X). 

4.12. Examp/e. Assurne that V=Xx JR..P+q, provided with the "trivial quadratic 
form" -xi- · · · -x;+x;+l + · · · +x;+q· Then a C(V)-module structure on the 
vector bundle E is given by p+q automorphisms e;, where e;ei+eie;=O for 
i#j, e?= -1 if 1 ~i~p, and e? = 1 ifp+ 1 ~i~p+q. Hence, the category sv(X) is 
isomorphic to the category tfP·q(X) considered in III.4. 

4.13. Definition. Let V be a real vector bundle with compact base X. An orienta­
tion on V is an element a of H 1(X; SL"(JR)), whose image under the map 
H 1(X, SL"(1R))---+ H 1(X; GLiJR)) is the class of the bundle V (1.3.5). A spinorial 
structure on Vis an element ß of H 1(X; Spin(n)), whose image under the composi­
tion H 1(X; Spin(n))---+ H 1(X; SO(n))---+ H 1(X; GL"(JR)) is the class of V. 

4.14. This definition could be made in terms of "principal bundles". If G is a 
topological group, and if (gi;) is a G-cocycle in the sense of 1.3.5, we consider the 
space P which is the quotient of the disjoint union U U; x G, by the equivalence 
relation (xpgJ-(xi'g) if X;=XiE U;nUi, and gi=gix;)g;. The group G acts 
on the right on P, by the formula (x;,9;)·g=(x;,9;9)· Moreover, this action is 
free, and we have X;::::,PjG. IfG acts on the left on a k-vector space Fofdimension 
n, we associate P with the quasi-vector bundle E = P x 6 F, the quotient of P x F by 
the equivalence relation (p,J)-(pg, g- 1/) for g E G. 

4.15. Proposition. The quasi-vector bund/e E=Px 6 F above is actua/ly a vector 
bund/e. lt is the k-vector bundle associated with the cocycle gii. 

Proof The space P x 6 F may be identified with the quotient of U U; x G x F, by 
the equivalence relation generated by (x;, g ,J),..., (x i, g ix; )g,J),..., (xi, giJx; ), gf). 
In particular, each element of P x 6 F= U U; x G x F/,..., is the class of a triple 
(x;, I ,f) = [x; ,J]. Therefore, P x 6 F may be identified with the quotient of 
U U; x F, by the equivalence relation [x;,.f;J,..., [xi,.fj] if.fj=gix;)(/;); this is the 
bundle associated with the cocycle (gi;) in the sense of 1.3.6. 0 

4.16. Corollary. Let V be a real vector bundle of rank n with compact base. Then 
V may be provided with an orientation (resp. a spinorial structure) ifthere exists a 
principal bundle P with structuralgroup SO(n) (resp. Spin(n)), suchthat V;::::,P x 6 1R" 
where G= SO(n) (resp. Spin(n)). This bundle Pis associated with a E H 1(X; SO(n)) 
(resp. ß E H 1(X; Spin(n)) defined in 4.13. 
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4.17. Example. Let W be a real vector bundle, and let P be a principal bundle 
with group O(n), such that w~ p Xo(n) JR.n (1.8.7; choose trivializations 
Wlu, ~ U; x IR.n compatible with the metric, and apply the construction of 1.3.6; 
see also Remark 4.21 below). The principal bundle P is associated with the 
cocycle (gii), where gix) E O(n). The bundle WEB W may be written as 
P' x 0 <2n):IR2 n, where P' is associated with the cocycle 

hi;(x)= (~i;(x) ~ii(x)). 
Since hix) E S0(2n), we see that V is canonically an oriented bundle. 

4.18. Example. Let W be an oriented vector bundle, and let P be a principal 
bundle with structural group SO(n), suchthat w~P XSO(n)JR.n. We will show that 
WEB W may be provided with a spinorial structure. The argument used in 4.17 
shows that it suffices to prove that the composite homomorphism 

SO(n) ~ SO(n) x SO(n)-----+ S0(2n ), 

where L1 is the diagonal homomorphism, may be lifted to a homomorphismjfrom 
SO(n) to Spin(2n), making the diagram 

Spin(2n) 

~1 
SO(n)-----+ S0(2n) 

commutative. 
Let D: Spin(n) x Spin(n) ~ Spin(2n) bethe homomorphismdefined by D(rt.1 , a2 )= 
i1(rt. 1)i2 (rt.2 ), where i1 (resp. i2 ) is induced by the canonical inclusion of JR.n EB 0 
(resp. 0 EB JR.n) in IR.n EB lR.n=lR2n (cf. 111.3.5). We clearly have D(ert. 1, f1rt. 2)= 

e1JD(rt.1 , rt.2 ), where e = ± 1 and 1J = ± 1. Now if u is an element of SO(n), and if u is 
some element of Spin(n) such that p 0(u)=u, then v=D(u, u) is a well-defined 
element of Spin(2n), independent of the choice of u. The correspondence u ~ v 
(which is clearly continuous by 4.1 0) defines the required homomorphism. 

4.19. Remark .. From 4.17 and 4.18, it follows that for every real bundle W, the 
bundle W EB W EB W EB W may be canonically provided with a spinorial structure. 

* 4.10. For the reader who is familiar with algebraic topology, we remark that a 
real vector bundle is orientable if and only if its first Stiefel- Whitney class, 
w1(V) E H 1(X; 'IL/2), is 0. This may be shown by associating each bundle which 
has a certain dass rt. E H 1(X; O(n)), with the element in H 1(X; 71/2) obtained by 
the determinant homomorphism O(n) ~ 'IL/2. Since this correspondence in 
"natural", it is determined by a well-defined element w 1 (V) EH 1(BO(n); 7Lj2) ~ 
'IL/2. This element is nontrivial: consider X= RP 1 and V=~ EB fl, where ~ is the 
canonical bundle and f/ is the trivial bundle of rank n- 1. 
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Now Iet V be an oriented vector bundle defined by a cocycle (gi;), where 
gi;(x) E SO(n). Ifthe cover (U;) is fine enough, by using 4.10 we obtain continuous 
maps gii: U;n Ur-+ Spin(n), such that p 0 (iii;(x))= gi;(x), g;;(x) =I. Then for 
XE U;nUpUk, we consider hiik(x)=gii(x)gik(x)gk;(x); this defines an element of 
Z 2 (X; lL/2), hence a well-defined element w2 (V) of H 2 (X, lL/2) (second Cech 
cohomology group with coefficients in lL/2). By naturality, since H 2(BSO(n); 
lL/2) = lL/2, we see that the correspondence V f---0>- w 2 (V) is either trivial, or the 
second Stiefel-Whitney class. Moreover, w 2 (V)= 0 if and only if the bundle may be 
provided with a spinorial structure. 

To seethat w2(V) is nontrivial, weconsider bundles over S 2 • Then the argument 
in 1.7.6 shows that w2(V) trivial implies that the map n1(Spin(n))--+ n1(SO(n)) is 
surjective. For n=2, Spin(n)~S0(2)~S\ and the map p0 is essentially the map 
z f---0>- z2 on the circle. Hence, n1 (Spin(n)) ~n1 (SO(n)) ~ lL, and the homomorphism 
7L:;:::,n 1(Spin(n))--+ 7L~n 1(SO(n)) is multiplication by 2, which is not surjective. 
If n>2, then n 1(Spin(n))=0 and n 1 (SO(n))~7L/2 by elementary topological 
observations (note that Spin(3) ~ S 3 , and that Spin(3)--+ S0(3) is the nontrivial 
covering). * 

4.21. Remark. If V is a real vector bundle with paracompact base X, we can 
always find a principal bundle P with group O(n) suchthat V ~p x 0 (nJIRn. Essen­
tially this follows from 1.8. 7, since we can always provide V with a positive definite 
quadratic form. If cp: U x IR n--+ Eu is a trivialization of E, then cp may be uniquely 
written as cp = t/1· ß, where ()* = () > 0, and t/1 is an isometry on each fiber (take 
ß=jq;t:;p and t/1 = cpß- 1 ). Ifwe replace cp by t/J, wemay assume that cp isan isometry 
on each fiber. Hence, the vector bundle V may be constructed from a O(n )-cocycle. 
The argument in 4.20 shows that in general V cannot always be constructed from a 
SO(n)-cocycle, nor a Spin(n)-cocycle. 

4.22. Theorem. Let V be a real vector bundle of rank n, provided with a spinorial 
structure. Then, with respect to a positive definite quadraticform on V, the categories 
C 0 • "(X) and C v (X) are equivalent ( cf. 4.11 ). 

Proof Let T denote the trivial vector bundle of rank n, provided with the "trivial" 
n 

quadratic form L (xY. By 4.12, the categories $ 0 • n(X) and cr(X) are equivalent. 
i= 1 

On the other hand, the category ßv(X) does not depend on the metric chosen, 
since any two metrics are isomorphic (1.8.8). lf we write V =P xSpin(n)IRn, we may 
choose the metric to be the one induced by the canonical quadratic form on IR n. 

Using the spinorial structure on V, we now define two category equivalences 

inverse to each other (up to isomorphism). To define (), we write V= P Xspin(n) IR". 

For EE ObCT(X), we let ß(E) = P Llspin(nl E, where P Llspin(n) E denotes the quotient 
of the fiber product P xxE, by the equivalence relation (p, e)~(pg, g- 1e), where 
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g E Spin(n) c C0• n acts naturally on E. If f: E---+ E' is a morphism, then 
O(f)=(Idp,f) defines a morphism from O(E) to O(E'). 

Todefine q>, we notice that C(V)=PxSpin(n)co,n, where Spin(n) acts Oll co,n 
by inner automorphisms. More precisely, C(V) may be identified with the quotient 
ofthe product PxC0·n, by the equivalence relation (p,A.),..,(pg,g- 1A.g), where 
g E Spin(n) c C0·n. Hence, the "bundle of groups", Spin( V)= Q, may be identified 
with the quotient of P x G, where G = Spin(n ), by the equivalence relation 
(p,g),..,(ph,h- 1gh). Now if Fis a C(V)-module, we define a "right action" of Q 
on P, by the formula p · (p, rx) = prx- \ and we define cp(F) as PfJQF, the quotient 
of P x xF by the equivalence relation (p,f) "'(pA., A. - 1/), where A.= (p, g) E Q c 

C(V). 
The C(T)-module (cpO)(E) is the quotient of P xxP xxE by the equivalence 

relation generated by (p',p, e)"' (p,p'g,g- 1e) and (p,p, e),..,(pg- 1 ,p, g- 1e). 
Therefore, the map e f-+ (p,p, e),..,(pg,pg, e), where p is in Px for e E Ex, defines a 
natural isomorphism between E and ( cpO) (E). 

Conversely, (Ocp)(F) is the quotient of P x xP x xF by the equivalence relation 
generated by (p',p,f)"' (p',pA., A. - 1/) for A.= (p, g) E Q, and (p,p,f)"' (prx,p, rx- 1/) 

for q> = (p, rx) E Q. Therefore, the map j"t-+(p, p,f),..,(prx, prx,f), where p E Px for 
jE Fx, defines a natural isomorphism between Fand (Ocp)(F). 0 

4.23. Remark. Let Wbe an arbitrary vector bundle, provided with a non degenerate 
quadratic form. Then the sametype ofproofshows that gTE9w(X),._,gVEilW(X). 

4.24. Remark. lf Vand V' are spinorial vector bundles ofrank n and n', respec­
tively, then V EB V' is a spinorial vector bundle of rank n + n'. More precisely, the 
inclusions of co,n and C0 ·n' in co,n+n' induce a homomorphism from Spin(n) X 

Spin(n') to Spin(n + n'), which makes the diagram 

Spin(n) x Spin(n') ~ Spin(n + n') 

l l 
O(n) x O(n) -------> O(n+n') 

commutative. Hence gv $ V'(X) "'@" 0 • n+ n' (X). 

4.25. Assurne now that the basic field k is the field of complex numbers er. We 
slightly modify the previous arguments by considering the group Spinc(n) instead 
of Spin(n) (where Spin°(n)= Spin(n) x z;z U(l), the quotient of Spin(n) x U(l) by 
the equivalence relation (p, z),..,( -p, -z)). Then we have the exact sequence 

l----4 U(l) ----4 Spin°(n) L SO(n) ----4 1, 

where pc(p, z)= p0(p). If V is an oriented real vector bundle of rank n, a cspinorial 
structure on V is given by a principle bundle P with structural group Spinc(n ), and 
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an isomorphism V~Pxspinc<n>Rn. For such bundles V, we define a category 
equivalence 

by the formula ff(E)=P Llspinccn>E, the quotient of PxxE by the equivalence 
relation (p, e)"'(pg-1, ge), where geSpinc(n) acts on E via the imbedding of 
Spin(n) in C0 ·n, and via the natural action of U(l) c: «:: on the complex vector 
bundle E. The argument useä in the proof of 4.22 also shows that ff is a category 
equivalence. 

4.26. It is useful to consider cspinorial vector bundles, since it is possible for a real 
vector bundle to be cspinorial without being spinorial. This is the case for example 
when V underlies a complex vector bundle of rank n (again denoted V). Since any 
complex vector bundle may be provided with a metric (I.8. 7), we can always find 
a principal bundle P, with structural group U(n), suchthat V~Pxu<n> R 2n. Thus 
to prove the assertion above, it suffices to show the existence of a homomorphism 
u: U(n)---+ Spinc(2n) which makes the following diagram commutative: 

Spinc(2n) 

/]•' 
U(n) ~ S0(2n). 

Let tXE U(n), and let r(t) be a path in U(n) suchthat r(O)= 1 and r(l)=a (U(n) is 
arcwise connected). Since the map Spin(2n)---.. S0(2n) is a covering ( 4.1 0), there 
exists a unique path :r in Spin(2n) suchthat :r(O)= 1 and pc(:r(t))=r(t) (Godbillon 
[2]). Similarly, the path t~y(t)=Det(r(t))eU(l)=S0(2) may be lifted to 
y(t) E Spin(2)~ U(l). Then the pair (:r(1), Y(1)) defines an element of Spinc(2n), 
which is independent ofthe path r(t) connecting a to I. To prove this, we consider 
another path r', connecting a to 1. Then r and r' differ by a loop in U(n), and :r(1) 
and :r'(1) differ by a sign obtained by applying the homomorphism 

induced by the covering Spin(2n)lu<n>' to the dass ofthe loop above (cf. Godbillon 
[2]). Since the determinant map induces an isomorphism from n1(U(n)) to 
n1(U(l)), inverseto theisomorphism n1(U(l))---.. n1(U(n)) induced bythe inclusion 
of U(1) in U(n), we must have (:r(l), Y(1))=(T'(1), y'(l), or (T(1), y(l))=( -:r'(l), 
-y'(l)). Hence u is well-defined. Moreover, u is a homomorphism since U(n) 
is connected, and since u(xy)=u(x)u(y) for x and y close enough to I. 

4.27. (Atiyah-Bott-Shapiro [1]). The homomorphism u may be examined more 
closely in the following way. Let / 1 , ... ,J" be an orthonormal basis of «::n such 
that a(J,)=exp(iO,)·f,. Let e2,_ 1 =!, and e2,=if,, be the corresponding ortho-



4. Complements in Clifford Algebras 217 

normal basis of IR2", and Iet S be the element of Spinc(2n), defined by the product 

n 

S= TI (cos8,/2-e2,_ 1e2,sin8,/2)exp(i8,/2). 
r=l 

Thenpc(S)=o:EU(n) c S0(2n),and 

n 

'i'(t) = TI (cos t8J2- e2,_ 1 e2, sin t8,/2) exp(it8,/2) 
r=l 

is a Iifting of a path from I toS, suchthat !(0)= 1. Hence S=a(a). 

4.28. By 1.5, A(CC") is a C 0 • 2" ®IR CC-module. Since C 0• 2" ®IR CC~M2n(CC), and 
since A(CC") is of dimension 2", A(CC") is a generator of K($~· 2")~Z by III.4.4. 
Therefore, the functor 

defined by E ~--+ A( CC") ® E, is the category equivalence described in III.4.6. 

4.29. lf V is a complex bundle of rank n, it may be provided with a cspinorial 
structure by 4.26. Therefore, we have a category equivalence 

by 4.25. Now we claim that the composition Sc(X)"'S~· 2"(X)"'S~(X) is simply 
the functor E~--+A(V) ® E, which is well-defined by 1.5 and 4.11. Essentially, if 
we write V as P x U(nJ CC", the composition of the two functors is defined by 
E ~--+ (P' xsp;nc(2nlACC") ® E, where P' is the principal bundle with structural group 
Spinc(2n), associated with P, i.e. P' =P Xu(nlSpinc(2n). On the other hand, the 
functor E ~--+ A( V) ® E is E ~--+ (P x u(nJACC") ® E. Thus the fact that the two 
functors are isomorphic, will follow directly from the commutativity of the 
diagram 

U(n) --'--(J----4 Spinc(2n) 

l ly 
End(CC")~ End(A(CC")), 

where a is the homomorphism described in 4.26, y is the homomorphism describing 
the action of Spinc(2n) c C 0 • 2" ® CC on A(CC") (1.5), and A is induced by the 
functoriality of exterior powers. If (f1 , ... ,fn) is an orthonormal basis of CC" such 
that o:(fr)= exp(i8,)fr, for a E U(n), we have 

n 

a(a)= TI (cos 8,/2-e2,_ 1 e2,sin8,/2)exp(i8,/2) 
r= 1 
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by 4.27. N ow Iet x = a +/,.Ab be any element of A CC" such that a and b do not 
containf... Then we have 

y(o{(J()) (x) = (cos 0,/2- e2,_ 1 e2 , sin 0,/2) exp(i0,/2)(a + f..A b) =a +exp(iO,)f.. Ab. 

Therefore y(u((J())(f.., A · · · Af..) = ()((/,.) A · · · A ()((/,.). 

4.30. Let us return to the general case where Visa cspinorial bundle of rank n. Let 

be the homomorphism defined by l(ß, z)=z2 • If Pisa principal bundle of group 
Spin c(n ), we associate P with the complex line bundle L( V)= P x sp;nc(nJ CC, the 
quotient of Px<C by the equivalence relation (pg,A.)-(p,l(g)- 1A.), where 
g E Spinc(n). The line bundle L(V) is said to be associated with the cspinorial 
structure of V. 

If n = 2p, and if P is associated with a complex structure on V as in 4.26, the 
explicit formula given in 4.27 shows that L = P' x U(pJ CC. In this notation, P' is the 
principa1 bund1e, with group U(p), which defines the complex structure on V, and 
P' xu(pJ CCis thequotientof P' x CCbytheequivalencerelation(p'g, A.)-(p', d(g)- 1 A.), 
where d: U(p)- U(l) is the determinant. Hence, L(V) is isomorphic to )..P(V) 
(p1h complex exterior power of V). 

If V and V' are cspinorial bundles, then V EB V' is naturally a cspinorial bundle. 
This follows from the homomorphism 

sc: Spin c(n) x Spin c(n') ~ Spin c(n + n'), 

defined by [(ß, z), (ß', z')] ~--+ [s(ß, ß'), zz'], where s is defined in 4.24, and where 
z, z' E U(l). Note that L(V EtJ V')~L(V) ® L(V'). 

4.31. Theorem. Let V be a cspinorial bundle of rank n, and Iet W be the real bundle 
V EtJ V provided with the complex structure d~fined in 1.4.8: multiplication by i is 
represented by the matrix 

(0 -1) 
1 0 . 

Up to isomorphism, we then have the commutative diagram 
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where ec and 0' 0 are defined as in 4.25 (using the 0Spinorial structures presented in 
4.30 and 4.26 respectively), and where ff' is the functor Er+ E ® L(V). 

Proof Let us compute the compositionj'c ofthe homomorphisms 

Spin°(n)~ SO(n)~ U(n)~ Spin°(2n)=Spin(2n) Xz12 U(l). 

If b=(ß,z)ESpinc(n), and if IX=n(b)ESO(n) c U(n), there is an orthonormal 
ba~s fp ... ,JP, 71' .. . ,J;,, / 2p+l• .. . ,!,. of CC" suchthat 1X(/,)=exp(i0,)(/,), 
1X(/,)=exp(- iO,)J, for r:>;"p, and IX(/,)=!, for r> 2p. By the formula given in 4.27, 
it follows that (urn)(b) E Spin(2n)c Spin°(2n). Hence, ur defines a homo­
morphismj: SO(n)---+ Spin(2n) which makes the diagram 

Spin(2n) c Spin°(2n) 

/l 
SO(n)-----+ S0(2n) 

commutative. Since such a homomorphism is unique, it must coincide with the 
homomorphism (also denoted by j) defined in 4.18, and we have the formula 
Un)(ß, z)=(s(ß, ß), 1) E Spin(2n) x z 12 U(1), where s is defined as in 4.24. If we 
Iet j" denote the composition 

Spin°(n)~ Spin°(n) X Spinc(n)~ Spin°(2n), 

where sc is defined as in 4.29, and where LI is the diagonal homomorphism, then we 
have the formula 

j"(g) =j'"(g)l(g). 

We are now approaching the proof of the theorem. We consider a principal 
Spin°(n)-bundle P, such that V~Pxspinc<n>1R.". By definition, the principal 
Spin°(2n)-bundle, associated with V$ V, is P x SpinC(n)Spin°(2n), the quotient of 
PxSpin°(2n) by the equivalence relation (pg,h)-(p,f(g)- 1h). Therefore () 0(E) 
is P x SpinC(n) Spinc(2n) Llspinc(2n) E, using the notation of 4.22 and 4.25. More pre­
cisely, 0°(E) is the quotient of P x Spin°(2n) x x E by the equivalence relation 
generated by (pg, h, e)-(p,j0(g)- 1h, e) and (p, h1h2 , e)-(p, hp h2. 1e) (where the 
projections of p and e on the base X are equal). Since any element of this space is 
the dass of a triple (p, 1, e), we could also write this space as P LlspinC(n) E, i.e. the 
quotient of P x xE by the equivalence relation (pg, e)"' (p,f(g)- 1e), where 
g E Spin°(n). 

On the other hand, the principal Spin°(2n)-bundle associated with the complex 
structure of V$ V, is P Xspinc(n)Spin°(2n), the quotient of P x Spin°(2n) by the 
equivalence relation (pg,h)-(p,j'"(g)- 1h). Therefore, as above, we may write 
()'c(E) as P Llspinc<nl E, i.e. the quotient of P Ll E by the equivalence relation 
(pg, e)-(p,j'0 (g)- 1 e), where g E Spin°(n). 
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Finally, we write L( V) as the quotient of P x Spinc<n> er by the equivalence 
relation (pg, A.)-(p, l(g)- 1A.), and we define a morphism 

by the formula 

(p, e) ® (p, A.) ~ (p, A.e). 

We notice that 

(pg, e) ® (pg, A.) ~ (pg, A.e) = (p,f(gr 1 A.e) 

(p,r(g)-1e) ® (p, l(g)-1e) ~ (p,r(g)-1l(g)-1A.e). 

Therefore, this morphism is well-defined, and is an isomorphism on each fiber. 
Thus we have an isomorphism by 1.2.7. 0 

4.32. Corollary. Let V be a •spinorial bundle ofrank n, and Iet W be the real bundle 
V $ V,provided with the complex structure dejmed in 1.4.8. Then we have a commuta­
tive diagram (up to isomorphism), 

In this diagram, qJ is the functor E 1-+ A(W) ® E described in 4.29; t/1 is the com­
position c c(X)"' C~· 2"(X) ~E. c~ E9 V (X), where o· is the category equivalence induced 
by the •spinorial structure of V$ V (cf. 4.25 and 4.29). Finally !l' is the functor 
E ~---+ E ® L(V), where L(V) is the line bundle associated with the •spinorial structure 
of V (cf. 4.30). 

Proof This is an immediate consequence of the theorem above, and the commuta­
tive diagram 

where the composition tffc(X)~ C~· 2"(X)~ C~(X) is identified with qJ (cf. 
4.29). 0 

Exercise (IV.8.1). 
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5. The Thom Isomorphism in Real and Complex K-Theory 
for Real Vector Bundles 

5.1. Let V be a real vector bundle provided with a nondegenerate symmetric 
bilinear form (or quadratic form) (1.8.4). We Iet 1 denote the trivial bundle of 
rank one provided with the form A. ~-+ A.2. Let cpv denote the functor from tS'v ® 1(X) 
to cv(X) which associates each C(V EB 1)-module with its underlying C(V)­
module (note that C(V) c C(V EB 1)). Now we define the group Kv(X) as the 
Grothendieck group of the Banach functor cpv (cf. II.2.13). If V= Xx JR.P+q 
provided with the quadratic form 

(x, A.l' ... 'A.p+q) ~ - (A.l)z- ... - (A.P)z +(A.p+ 1)2 + ... + (A.p+ 2)2, 

then Example 4.12 shows that Kv(X) is isomorphic to the group Kp,q(X) intro­
duced in II1.4.11. An equivalent description of the group Kv (X) may be given 
along the lines of III.4.14, ... , III.4.23 in terms of gradations. More precisely, a 
gradation of a bundle E provided with a C(V)-module structure (i.e. with a 
morphism m: v~ HOM(E,E) suchthat (m(v)) 2 =Q(v); cf. 4.11) is a morphism 
17: E ~ E, such that n2 =I and 17m( v) = - m( v )17 for each v E V. Then, as in III.4, we 
consider the set of triples (E, 1] 1 , 17 2 ), where Eis a C( V)-module and 17 1 and '72 are 
gradations. Now Kv (X) is the quotient of the free group generated by these 
triples, by the subgroup generated by the relations 

(i) (E, 1] 1 , 'l 2 )+(F, ( 1 , ( 2 )=(E EB F, '7 1 EB (p 17 2 EB ( 2 ), and 

(ii) (E, 17 1 , '72 )=0 

if 17 1 is homotopic to 17 2 within the gradations of E. 

5.2. Theorem. Assurne that V is provided with a nondegenerate positive quadratic 
form and also with a spinorial structure (resp. a cspinorial structure). Then the 
category equivalence e (resp. ec) defined in 4.22 (resp. 4.25) induces an isomorphism 

where n =rank( V). 

Proof In general, we Iet TP denote the trivial bundle of rank p. If V is a Spin(n)­
bundle (resp. a Spinc(n)-bundle), then V EB T 1 is naturally a Spin(n + 1)-bundle 
(resp. a Spinc(n + 1)-bundle) by 4.24 (resp. 4.29). Hence, we have the commutative 
category diagram (up to isomorphism) 

tS'Tn+ •(X) ~ gv Eill(X) C[", •(X) ~ g~ ® 1(X) 

]•'· k . 'esp. ]•:• ]•: 

,ffT "(X)____!!_________ gv (X) 
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Since the horizontal arrows are Banach category equivalences, they induce 
isomorphisms K0·"(X)~K(cpr")~K(cpv) (resp. K~·"(X)~K(cp[")~K(cp[}). Note 
that K0·"(X)~K-"(X) and K~·"(X)~Ki"(X) in generat (cf. III.5.12). 0 

5.3. If V is provided with a complex structure, it may also be provided with a 
cspinorial structure (4.26). Hence, if we write rank(V)=2p, then we have 
K.:(X)~ ~· 2P(X)~ Iq'(X). We will make the composition ofthese isomorphisms 
more explicit. This will be the pattern followed in the generalization, Theorem 5.8. 

First of all, the isomorphism K.:(X)~ ~· 2P(X) is obtained from the diagram 

12· 1 (X)~ tS'~· 2p+ 1(X) 

j j 
$c(X)----+ tS'~· 2p(X), 

where the horizontal arrows are category equivalences (III.4.6). More precisely, 
if we write D 0·q for C 0 ·q ®R er in general, then we have an isomorphism 
D0 • 2P+ 1 ~ D0• 2P ® D0 • 1 . It is induced by the IR-linear map IR2P Ea IR~ 
D0 • 2PQ9D0 • 1, defined by (v,A)~-+v® l+e®A, with e=e1(ie2 )e3(ie4 ) .. ·(ie2~) 
where e1, .• . ,e2p is the canonical basis of 1R 2P imbedded in C 0 • 2P c D0 • p 
( compare with III.3.16; note that ( e )2 = 1 ). If M is an irreducible D0 • 2P -modu1e, 
then the category equivalence tS'~· 1(X)..::.. tS'~· Zp+ 1(X) is thus defined by E 1-+ 

M®E, where 1R 2P$1R=IR2P+ 1 cD0 • 2P+ 1 acts on M®E by the map 
[(v, A), (u ® e)] 1-+ vu ® e+eu ® Ae(cf. III.4.6). By 1.5 wemaychooseM=A(erP). 
To proceed any further, we require the following Iemma. 

5.4. Lemma. Let us identify IR 2P with er P by the map 

(x1 , .•. , x 2P) ~ (x1 + ix2, ... , Xzp-t + ix2P). 

Then e=e1(ie2 ) • • ·(ie2P) is equal to + 1 on A<0>(erP), and to -1 on A(l>(erP). 

Proof If V and Ware complex vector spaces provided with positive nondegenerate 
Hermitian forms, then the canonical isomorphism 

j: A(V) ® A(W)~A(V E9 W) 

(cf. III.3.10) is an isomorphism of C(V) ® C(W)~ C(V EB W)-modules. Essen­
tially,jis induced by w1 ® w2 ~-+ w1 A w2 , and we have the identities 

and 

Hence 

dv(w 1 A w2 )=dv(w1 ) A w2 if V E V, 

dw(w1 Aw2 )=(-1)w<w>w1 Adw(w2 ) if WE W (wherewdenotesthe 
degree), 

1\(w1 A w2 )=iVw1 )A w2 if V E V, 

Ow(w1 Aw2 )=(-l)ro(w)W1 Aow(w2 ) if WE W. 

dv+w+ov+w=(dv+ov) ® 1 + 1 ® (dw+ow) 
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on A(V) ® A(W) (compare with III.3.10). Therefore we need only verify the 
lemma for the case where V= CC with basis / 1 . In this case, we have A(V) = CC EB CC 

with basis 1 and/1 . Moreover 

d1 ,(1)=fp afl(1)=0, 

d1 ,(f1 )=0, and ah(/1 )= 1. 

lf p(v) denotes the action of v E cc~ R 2 on A(V), we have 

Hence 

5.5. Proposition. The category equivalence 

dejined in III.4 is E~-+A(CCP) ® E (graded tensor product), where A(CCP) ®Eis 

regarded as a module over D 0 • 2P ® D0 • 1 ~D0• Zp+ 1 

Proof This follows directly from Lemma 5.4 and the preceding observations 
(with M=A(CCP)). 0 

5.6. Proposition. Let V be a complex vector bundle of rank p (real rank n = 2p ). 
Then the composition of the category equivalences 

g~. l(X)----> g~. 2p+ l(X) ~ g~ EB l(X) 

is dejined by E 1-+ A( V) ® E, where A( V) ® E is regarded as a module over 

C(V) ® C(T1):::::;C(VEB 1). 

Proof The exp1icit computation in 4.29 can be repeated a1most verbatim by 
placing gradations on all the vector bund1es invo1ved. 0 

5.7. Theorem. Let V be a complex vector bundle ofrank p (real rank n=2p). Then 

the composition of the isomorphisms 

defined in 4.22 and 111.4 is induced by 

[E] f-----4 d(A(V) ® E, f/ 0 1, -ry 0 1), 

where f/ is the canonical ll/2-gradation of the exterior algebra A(V). 
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Proof Let E be an object of lff c(X). Its associated element of K 0 • 0 (X) is 
d(E< 0 >, E(ll, a), where E<il is the concentration of Ein degree i, and a is the identity 
on the underlying nongraded modules (III.4.12). Hence, the image of [E] under 
the composition of the isomorphisms is the element 

d(A(V)@ E<0 >, A(V)@ E<l), 1 @ a) 

by 5.6. With respect to the definition of Kv(X) in terms of gradations, this is also 
d(A(V) ® E, 11 ® 1, -11 ® 1). 0 

5.8. Theorem. Let V be a Spin(Sn)-bundle (resp. a Spinc(2n)-bundle) such that 
v~PxSpin(8n) lR8n (resp. v~PxSpinC(2n) lR2 n). Let M be an irreducible co,sn_ 

modu/e(resp. an irreducib/e D0 • Zn= C 0 • Zn @IR Cf.-modu/e), and let11M be thegradation 
defined by 11M= e1 • · · e8n (resp.11M= ( -lte1 (ie2 ) • • • e2 n(ie2 n)). Then the composition 
of the isomorphisms 

is induced by 

E~--+d(M(V) ® E, 11 ® 1, -11 ® 1), 

where M(V)=P X Spin (Sn) M (resp. M(V)=P Xspinc(zn) M) and 11= (IdP, 11M). 

Proof The proof of this theorem is analogaus to the proof of Theorem 5. 7, using 
the explicit category equivalences () and ec (cf. 4.22 and 4.25). The only point 
needing clarification is the gradation 11M• which is used to identify C 0 • Sn+ 1 with 
C 0 • Sn® C 0 • 1 (resp. D0 • Zn+ 1 with D0 • Zn® D0 • 1). In fact, there are only two 
gradations on M, 11M and -11M: they correspond to the two irreducible C 0 • Sn+ 1-

modules (resp. D 0 • Zn+ 1-modules) of real dimension 16n (resp. complex dimension 
2n): cf. III.3. In order to avoid ambiguity of sign, we mustremarkthat 11M acts as 
(-1)" on A 0<C"cA<Cn, regarded as an irreducible D0 • 2n-module (cf. 5.4). In 
general, changing the sign of 11M results in a change of sign for the isomorphism 
KIR(X)~Ki(X) (resp. Kc(X)~K[(X)). 0 

5.9. Proposition. Let V be a Spinc(n)-bundle, and Iet W (resp. W') be the real 
bundle V EB V provided with the Spinc(2n)-bundle structure explicitly described in 
4.30 (resp. provided with the complex structure described in 1.4.8 and 4.31). Then we 
have the commutative diagram 
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where 1/J* and cp* are defined as in 4.32, and where .P* is defined by the tensor 
product with the line bundle L(V) (cf. 4.30). 

Proof This proposition follows directly from 4.32. 0 

5.10. We now consider an arbitrary real vector bundle V with compact base 
provided with a positive quadratic form. Let B(V) (resp. S(V)) be the ball bundle 
(resp. the sphere bundle) of V. Recall that K(B(V), S(V)) ~K(V) ~K(V), where V 
is the one point compactification of V, i.e. the Thom space of V. We wish to define 
a fundamental homomorphism 

t: Kv(X)~ K(B(V), S(V)) 

which generalizes the homomorphism t defined in 11!.5.9 in some sense (see 6.21 
for a precise analogy). 

More explicitly, we identify the ball bundle B(V) with the upper hemisphere 
S + (V Ef> 1) of the sphere bundle S( V Ef> 1): 

L 
Fig. 21 

this is the set of points (v, A.), where v E V andA. E IR+ suchthat Q(v)+A.2 = 1. We 
Iet n: S + (V$ 1) ~ B( V) ~ X denote the canonical projection. 

Let x=d(E,I'ft,'h)EKv(X), and Iet E'=n*E. Over any point (v,A.) of 
S + (V $ 1 ), we may consider the two gradations of n* E defined by p( v) + A'7 1 and 
p(v) + A.17 2 (where p: V~ HOM(E, E) denotes the action of Von E arising from 
the C(V)-module structure cf. 4.11). Using polar coordinates and writing v 
instead of p(v) for simplicity, the two gradations above may also be written as 
vcos9+'1isin9,i=l,2, over the point with polar Coordinates (v,9), where 
v E S( V) and 0:::; 9:::; n/2. We define the homomorphism t by the formula 

t(d(E, '11> 17 2 ))=d(n*E, v cos 9+'71 sin 9, v cos 9+'72 sin 9), 

where the right side must be interpreted as an element of K 0 • 0(B(V), S(V))~ 
K(B(V), S(V)) (cf. 111.5.7). This is well-defined since the two gradations 
(;(9)=vcos9+'1isin9, for i=l,2, agree on S(V) c s+(V$1). The following 
theoremwill be proved later (6.21) in a more general form. 
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5.11. Theorem. The homomorphism dejined above, 

t: Kv(X)----+ K(B(V), S(V)) 

is an isomorphism. 

In this section we only prove this theorem for the case where Rank( V)= 
0 mod 8 (resp. = 0 mod 2), where V is provided with a spinorial structure (resp. 
cspinorial structure), and where the K-theory considered is real (resp. complex) 
K-theory. Before doing this, we explicitly compute the composition 

Kv(X)~ K 0 • 0(B(V)), S(V))_____f!____,. K(B(V), S(V)) 

where g is defined as in 111.5.7. 
Let d(E, 1'/p 11 2 ) be an element of Kv(X). The bundle n*E, provided with the 

gradation 1'/;, is isomorphic to the bundle n* E provided with the gradation 
';(9)=v cos 9+1'/; sin 9 due to the isomorphism 

.[;: (E, I'/;)---+ (E, v sin cp+l'/; cos cp), for cp=n/2-9, 

defined by the formula 

/;=cos cp/2+vl'/; sin cp/2. 

This is well-defined since 

(cos cpj2+vl'/; sin cp/2)1'/;=(v sin cp+l'/; cos cp)(cos cp/2+vl'/; sin cp/2). 

By Ill.5.7, the element of K(B(V), S(V))=K(S+(v Ee 1), S(V)) associated with 

d(n*E, ' 1 (9), 'i9)) isd(E1, 6 , E2 , 6 , a), whereE;, 6 denotes the bundle Ker e -~;(9)) 
on s+(VE17 1), and a is the identification ofthese two bundles over S(V) (this is 
possible since ' 1(9)=,z(9) over S(V)). Using the isomorphisms/;, we may also 

write d(E1, 6 , E2 , 6 , a) as d(n*Ep n*E2 , ß), where E;=Ker e ~I'/} and ß is/2- 1/ 1 

restricted to S(V). 

(E, 1'11) ___ ac __ ~ (E, 1'/z) 

hj jh 
(E, vsin ({J+I'/ 1 cos ({J)L (E, v sin cp+112 cos cp) 

If cp=n/2, we see that ß= 1/2(1-vl'/2 )(1 +vl'/1 ). In particular, taking 11 2 = -111 , we 
obtain the following proposition (cf. 111.4.12). 
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5.12. Proposition. Let V be a Spin(8n)-bundle (resp. a Spinc(2n)-bundle). Then the 
composition of the homomorphisms 

KIR(X)~ Ki(X)~ KIR(B(V), S(V)) 

(resp. Kc(X)~ K[(X)~ Kc(B(V), S(V))), 

is induced by 

[E] ~ d(n*M(V) 0 ® E, n*M(V)1 ® E, cx ® 1), 

where M(V)=M(V) 0 E9 M(V) 1 is the graded C(V)-module defined in 5.8, and 
cx: n*M(V)0is<v>~ n*M(V) 1 isw> is the isomorphism definedovereachpointvE S(V) 
by multiplication with the Clifford number v E V c C(V). 

5.13. The element d(n*M(V)0 , n*M(V)\ cx) is called the Thom class Tv of the 
Spin(8n)-bundle V (resp. the Spinc(2n)-bundle V). It belongs to the group 
K(B(V), S(V)) (resp. Kc(B(V), S(V)). The explicit formulas given in 11.5.21, show 
that the composition ofthe homomorphisms KR(X)~ Ki(X)~ KR(B(V), S(V)) 
(resp. Kc(X) ~ K[ (X)~ Kc(B(V), S(V)) is defined by the product with the 
Thom dass. When V is provided with a complex structure (hence with a Spinc(2n )­
structure), it follows from 1.6, 4.28, 5.8, and 5.12, that up to the sign ( -l)n the 
Thom dass Tv is the same as the Thom dass Uv, introduced in 1.6 (see the con­
vention of signs made in V.4.8). From Theorem 1.9, we see that the composition 
Kc(X) ~ K~ (X)~ Kc(B(V), S(V)) is an isomorphism in this case. 

5.14. Theorem (Thom isomorphism). Let V be a Spin(8n)-bundle (resp. a Spinc(2n)­
bundle) with compact base X. Then the product with TvE KR(B(V), S(V)) (resp. 
TvEKc(B(V),S(V)) induces an isomorphism Kc(X)~KJB(V),S(V)). More 
generally,K:,(V) '::::IK:,(B(V), S(V)) (resp. IQ(V)'::::I/Q(B(V), S(V)) isafree KnHX)­
module (resp. Kt(X)-module) generated by the Thom class Tv. 

Proof By Theorem 1.3, it suffices to prove the theorem for V trivial. In the complex 
case (K=Kc), the trivial bundle V of rank 2n may be provided with a complex 
structure, and Tv=( -ItUv (5.13). Therefore, the theorem is true in thiscase. For 
the real case (K=Kp), the Thom dass Tv is p*usn• where Usn is the Thom dass of 
IR Sn regarded as bundle over the point P(p: X~ P). If M is an irreducible 
C 0 • sn_module, then M ~ «:: js an irreducible C 0 • sn ®.t «::-module (111.3.22). 
Therefore, the complexification of Tv in Ke(IR.sn) is the generator. Since the 
complexification 

is an isomorphism (111.5.19), Usn is the generator of Kj(IR8n)~Z. By 1.3, it follows 
that K:_(V) is a free K:(X)-module generated by Tv. 0 
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5.15. As an application ofthe preceding theorem, we consider V= e• ED · · · E9 e•, 
m 

where e is the canonicalline bundle over RP". Then V may be identified with the 
quotient Q/IR. *, where Q is the set of points (x 0 , . .. , xn+m) E IR.n+m+ 1, with 
(x0 , ••• , xn) =F (0, ... , 0). Hence, the Thom space V is homeomorphic to the one 
point compactification of RPn+m-RPm-1> i.e. RPn+m/RPm_ 1 • In particular, if 
m=:Omod8 (resp. m=:Omod2), we have KR(RPn+m/RPm_ 1 )-::::,KR(RPn) (resp. 
KJ..RPn+m/RP m-1)-::::,K.f..RPn)) since Vis spinorial (resp. 0Spinorial) by 4.19 (resp. 
4.26). 

5.16. As in 1.10, we may define a "Thom homomorphism" 

(resp. Kc(X)----+ Kc(V)) 

when the base X is locally compact, but not necessarily compact. In fact, 
o{M(V), LI), where Llv is multiplication by v E V, is naturally an element of K(V) 
if Xis compact, and coincides with the Thom class T v, modulo the isomorphism 
between the groups K and K0 described in 11.5.20. Therefore, the Thom homo­
morphism 

(resp. K.f..X)----+ K/._V)) 

is defined by o{E, D) H- u(n* E ® M(V), n* D ® 1 + 1 ®LI) as in 1.10. However, 
it can be seen that this formula is still well-defined when Xis locally compact. 

5.17. Theorem. Let X be a local/y compact space, and Iet V be a Spin(8n)-bundle 
(resp. a Spinc(2n)-bundle). Then the Thom homomorphism defined above, 

(resp. K/._X)---+ K/._V)), 

is an isomorphism. 

Proof The proof of this theorem is analogous to the proof described in 1.11. 0 

5.18. Theorem. Let X be a compact space, and Iet V and V' be spinorial bund/es 
(resp. 0spinorial bund/es) ofrank=O mod 8 (resp. =0 mod 2). Then 

in the group K(VEEI V')=K(Vx V'). In particular, Tv6'!v'=i*(TyuTy,), where 
i: V E9 V'~ Vx V' is the canonical inclusion (1.6.1). 

Proof We only consider the real case, since the complex case is completely 
analogous. Ifrank(V) = 8nandrank(V') = 8n', then we haveM(V) = P Xspin(Sn)Msn• 
where Pis the principal bundle with group Spin(8n) which defines the spinorial 
structure on V. In fact, Tv=u(M(V), LI) where LI is defined as in 5.16. In the same 
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way, Tv· =a(M(V'), LI') where M(V')=P' Xspin(Bn')MBn'. As graded moduies, it is 
clearthatM(V) ~ M(V');::;;;Px P' xGnxGn• M 8n ® M 8n'' whereGqdenotesSpin(8q) 
in general. The principai bundie associated with V l±l V' is P x P' xG x G . Gn+n', 
and M 8n+sn·=M8 n ® M 8 n .. Hence M(VI±l V');::;;;M(V) ~ M(V'). Üsiti'g these 
identifications, we therefore have (cf. II.5.2I) 

TvuTv.=a(M(V) ~ M(V'), L1 ~I+ I~ Ll')=a(M(VI±] V'), LI"), 

where .1" is defined over the point (v, v') E Vx V'= V l±l V' by .1" ® 1 +I ® 
.1;,.=L1v,v' (compare with III.3.10; note that C(VI±l V');::;;;C(V) ~ C(V')). 0 

5.19. Theorem. Let V and V' be spinorial bund/es (resp. cspinorial bund/es) of 
rank = 0 mod 8 (resp. = 0 mod 2) with a locally compact base X. Then the composi­
tion of the Thom homomorphisms 

where V E9 V' is regarded as a bundle over V, coincides with the Thom homo­
morphism 

K(X)L K(V$ V') 

associated with V"= V EB V' (transitivity of Thom homomorphisms). 

Proof As in 5.17, we identify M(V) ® M(V') with M(V$ V'), and C(V$ V') 
with C(V) ® C(V'). lf n: V~ X, n': V'~ X, and n": V$ V'~ X; then we have 

ß(a(E, D))=a(n* E@ M(V), n*D@ 1 + 1 @LI), and 

ß'(ß(a(E, D)))=a(n"*E@ M(V)@ M(V'), D@ 1@ 1 + 1@ LI@ 1 + 1@ 1 ®LI'). 

By making the identifications above, we see that 

D"=n"*D@ 1@ 1+1@ LI@ 1+1@ 1@ LI' 

is the admissibie endomorphism associated with a(E, D) by the Thom isomorphism 
K(X)~ K(V E9 V') which is defined by 

a(E, D) r----+ a(n"* E@ M(V EB V'), n"* D@ 1 + 1 @ .1") 

(note that Ll~.v·=Liv ® 1 + 1 ® Llv. ). 0 

5.20. Definition. Let Xbe a compact space, and Iet Vbe a Spin(8n)-bundle (resp. 
a Spinc(2n)-bundle). We define the Eu/er class x(V) of V to be the restriction of 
T v to the zero section i: X~ V. 

If V is provided with a complex structure, hence with the associated canonical 
Spinc(2n)-bundle structure, then the Euler dass x(V) is the same as the one 
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defined in comp1ex K-theory (l.l3). Therefore x(V)= L ( -1Y2i(V) (comp1ex 
exterior powers). Moreover, if f: Y-+ Xis a continuous map, then x(f*(V))= 
f*(x(V)) (natura1ity). 

lf W isanother Spin(8p) (resp. Spinc(2p) bund1e), then V E9 W is naturally a 
Spin(8n+8p) (resp. Spinc(2n+2p)) bund1e. By 5.18 we have Tvrnw=TvuTw. 
Hence x(V E9 W) = x(V)x(W). 

Finally, if V is a Spinc(2n)-bund1e, and if L(V) is its associated 1ine bund1e 
(4.30), then the vector bundle W= V E9 V may be provided with a complex 
structure (1.4.8e)). By 5.9, we have TvEBv=L(V)Tw; hence, 

5.21. We now consider two locally compact manifolds X and Y, such that 
Dim(Y)-Dim(X)=Omod 8 (resp. Dim(Y)-Dim(X)=Omod 2 for K=KtrJ. Let 
f: X-+ Y be a proper imbedding suchthat the normal bundle of X in Y is provided 
with a spinorial structure (resp. a cspinorial structure if K = Ktr:J, assuming we have 
a Riemannian metric on X (cf. Lang [2]). We identify this normal bundle with a 
tubular neighbourhood N of X in Y, and withf*(TY)/TX. 

For example, if X and Y are complex manifolds, then the normal bundle N is 
canonically cspinorial (4.26). However, in order to have our notation agree with 
that in Hirzebruch's book [2], weshall adopt the convention ofproviding N with 
the cspinorial structure given by the conjugate of the complex structure of N. 

In general, we are now able to define a "Gysin homomorphism" 

f*: K(X)~ K(Y) 

as the composition of the Thom isomorphism K(X)-+ K(N) (5.16) with the 
homomorphism K(N)-+ K(Y), induced by the morphism N --~X of locally 
compact spaces (i.e. Y-+ N, cf. 11.4.1). This Gysin homomorphism does not 
depend on the tubular neighbourhood. More precisely, if N' isanother neighbour­
hood associated with the samenormal bundle (with the given spinorial or cspinorial 
structure ), we can find a tubular neighbourhood N" of X x IR in Y x IR such that 
N"lxx {o)=N and N"lxx llJ=N' (cf. Lang [2]). Since the K functor is a homotopy 
invariant (11.1.25), the Gysin homomorphisms associated with N and N' coincide. 
For the same reason, f* only depends on the homotopy dass of f (within the 
proper imbeddings of X in Y provided with a normal spinorial or cspinorial 
structure). 

For the next proposition we need the following definition. LetZ be any locally 
compact space, and Iet S'(Z) denote the category considered in 1.6.24. Two objects 
E0 and E 1 are called homotopic if there exists an object E of @'"(Xx /), whose 
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restrictions to Xx {0} and X x {1} are isomorphic to E 0 and E 1 , respectively. The 
set of homotopy classes is obviously an abelian monoid. We Iet K(Z) denote the 
symmetrized group associated with it. The tensor product of bundles provides 
K(Z) with a ring structure. The group K(Z) ~ K 0(Z) is a module over this ring, 
and is free of rank one if Z is compact. 

5.22. Proposition. The Gysin homomorphism 

defined for any proper imbedding f: X~ Y which satisfies the hypothesis above, has 
the following properlies: 

a) Iff: X~ Yandg: Y ~ Z are two suchproper imbeddings then (gi)*=g* I*· 
b) We have the formula 

f*(xi*(y))=f*(x)·y, for xEK(X) and yEK(Y). 

c) For X compact, f*(f*(x))=x· x(N), where N is the normal bundle of the 
imbedding, and x(N) its Eu/er class (5.20). 

Proof Let N' be the normal bundle of the imbedding Y ~ Z, and Iet N~ = N'lx. 
Then (g I)* is the composition 

K(X) ~ K(N E9 N~) ~ K(Z). 

On the other hand, g* I* is the composition 

K(X) ~ K(N) ~ K(Y) ~ K(N') ~ K(Z). 

Since the Thom isomorphism is "natural" in an obvious sense, we have the 
commutative diagram 

K(X)~ K(N)~ K(N E9 N~)~ K(Z) 

l l 
K(Y)~ K(N'). 

Therefore, g* I* coincides with the composition 

K(X)~ K(N)~ K(N E9 N~)~ K(Z), 

hence with (gi)* by 5.19. 
For the proof of b) we show that the homomorphism K(X)~ K(N) is a 

K(N)-module homomorphism and that the homomorphism K(N) ~ K(Y) is a 
K(Y)-module homomorphism. Since Xis a deformation retract of N, any vector 
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bundle E over N has the homotopy type of n* F, where F = E lx and n: N-+ X. 
Therefore K(X)-+ K(N) is a K(N)-module map if and only if it is a K(X)-module 
map, which is clear from the definition. Now let [G] be an element of K(Y), and 
a(H, D) be an element of K(N) (II.5.20). Without loss of generality, we may assume 
that H=H'IN, and that D=D'IN, where D' is acyclic outside a compact set in N. 
The element of K(Y) associated with a(H, D) by oc, is a(H', D') by 11.5.19. Therefore 
oc(a(H, D) ·[GIN])= oc(a(H (8) GN, D (8) l)) = (a(H'@ G, D (8) 1) = oc(a(H, D)) · [G]. 

To prove c), we notice that for any locally compact space T, there is a well­
defined homomorphism 

K( T) ----+ K( T), 

obtained from the correspondence a(E, D) 1-+ [ E0 ]- [ E1], using the notation of 
II.5.15. Moreover, we have the commutative diagram 

K(N)----+ K(Y) 

j j 
K(N)~K(Y) 

by II.5.15. Therefore,f* f* coincides with the composition 

K(X)----+ K(N)----+ K(N)----+ K(X) = K(X). 

Since this composition is a K(X)-module map, and since the image of l is x(N) by 
the definition ofthe Euler class, we havef*(f*(x)) = x(N) ·x. 0 

5.23. Now let f:X----+ Y be any differentiable proper map (not necessarily an 
imbedding) suchthat Dim(Y)-Dim(X)=O mod 8 (resp. Dim(Y)-Dim(X)=O 

mod 2 for K = K~). U nder some appropriate hypothesis, we would like to show the 
existence of a Gysin map (again denoted by f*) between K(X) and K(Y). More 
precisely, let v1 =[f*(TY)]-[TX]. Then v1 +[Tn], where Tn=Xx IRn, is the 
class of a bundle En for n large enough (since X and Y can be imbedded in a 
Euclidean space, TX and f*(TY) are objects of the category &''(X) considered in 
1.6.24). This bundle En is uniquely determined up to stable equivalence (i.e. modulo 
addition with a trivial bundle). By definition, a spinorial structure on v 1 is a 
spinorial structure on En, for n large enough. We use the convention of identifying 
two spinorial structures on En, if they are homotopic on En EB TP for some p large 
enough. In an analogous way, we define a 0 Spinorial structure on v 1 . 

According to a weil known theorem already used above, there exists a proper 
imbedding i: X-+ IR m, with m = 0 mod 8 (mod 2 when we are dealing with complex 
K-theory). The mapfmay be factored into an imbeddingj: X-+ Yx IRm, followed 
by a projection y X IR m -+ Y. Then V f + [Tm] is the class of the bundle Em = 

j*(T(Yx IRm))/TX, and a spinorial (resp. 0 Spinorial) structure on v 1 is essentially 

a spinorial (resp. 0 spinorial) structure on Em for some m large enough. We now 
define the Gysin homomorphism 

f* : K(X) ----+ K( Y) 
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as the composition ofj*: K(X)---+ K( Y x lR'") as defined in 5.21, with the periodicity 
isomorphism K( Y x lR m) ~ K( Y) (III.5 .17). 

5.24. Proposition. The Gysin homomorphism 

does not depend on the choice of the proper imbedding j, but only on the homotopy 
class of f ( within the proper differentiable maps provided with spinorial or c spinorial 
structures). M oreover, it has the following properlies: 

a) Iff: X---+ Y and g: Y---+ Z areproper differentiable maps, we have (gf)*= 

~~- -

b) Wehave theformulaf*(xf*(y))=f*(x)·y for XE K(X), yEK(Y). 

Proof We first show that f does not depend on the choice of the imbedding 
X---+ lR.m. If X---+ JRP isanother imbedding, because of 5.22 a), we have the com­
mutative diagram 

(note that the periodicity isomorphism K(Z)~K(ZxlR.q) is also r*' where 
r: Z---+ Z x lR.q is the canonical imbedding, and q = 0 mod 8 or 2, according to 
which K-theory is used). 

If fo and f 1 are homotopic, they both may be factared by homotopic proper 
imbeddings from X into Yx lR.m, form large enough. Therefore (f0 )*=(f1 )* by 
5.21. 

If f: X---+ Y and g: Y---+ Z are arbitrary proper differentiable maps, and if 
X---+ lR m and Y---+ JRP are proper imbeddings, then we have the commutative 
diagram 

which gives the identity (g -f)* = g* ·!* since (g' f')* = g~ -f~. 
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Finally, the formulaf*(xf*(y))=f*(x) ·y may be proved by the same method 
as in 5.22. We need only notice that the isomorphism K(X)~K(Xx IR.m) is a 
K(X)-module isomorphism. 0 

5.25. Example. Let X be a compact differentiable manifold of dimension 
=0 mod 8 (resp. =0 mod 2). We assume that the normal bundle of X in some 
imbedding, is provided with a spinorial structure (resp. a cspinorial structure). 
Then, if Y is chosen to be a point P, we have a homomorphism 

K(X)-- K(Y)~Z. 

The image of [TX] (or [TX Q9 <C] for K=Kc) is an important invariant of the 
manifold, which is computed in the next chapter (V.4). 

5.26. Remark. lt is possible to prove that there exists a bijective correspondence 
between spinorial (resp. cspinorial) structures on v f, where f: X~ Point, and 
stable spinorial (resp. cspinorial) structures on TX. 

5.27. Finally, we remark that it is possible to define f*: K(X) ~ K(Y) for any 
proper continuous map f: X~ Y, so that v f is provided with a spinorial (resp. 
cspinorial) structure, and so that Rank ( v f) = 0 mod 8 (resp. = 0 mod 2). In fact,fis 
homotopic to a proper differentiable map f' within the proper continuous maps, 
and thus we definef* tobe thef; defined in 5.23. The homomorphismf* is well­
defined since any two such differentiable proper maps, f~ and f{, are homotopic 
within the proper differentiable maps. Proposition 5.24 is still true in the con­
tinuous case. 

6. Real and Complex K-Theory for Real Projective Spaces 
and Real Projective Bundles 

6.1. In this section, we would like to explicitly compute the K-theory of P(V), 
when Visa real vector bundle with compact base X. More generally, if W is a 
sub-bundle of V, and if Y is a closed subspace in X, we wish to compute the group 
K(P(V), P(W)uP(V)iy). 

If V=W® 1, then this group is isomorphic to K(Wix-y), since 
P(W EB 1)-P(W)uP(W®l)ly is homeomorphic to Wlx- y· 

I 
I 
I 

------r---/ l 
/ I r 

// I // I', 
I / I ' 

/ 
/ 

/ 

JL- ___ _._ --

Fig. 23 
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For example, if Wis a Spin(8n)-bundle (or a Spinc(2n)-bundle when K=K(;), we 
have K(P(WEBl), P(W)uP(W + 1)y )~K(Wix- y)~K(X- Y) (5.14). This shows 
that the computations of this section generalize, in some sense, the computations 
of Section IV.5. Before beginning these computations (cf. 6.34), we require many 
technical definitions and lemmas about the Grothendieck group ofthe "restriction 
of scalars" functor: 

where V is provided with a nondegenerate quadratic form (4.11), and W is pro­
vided with the induced quadratic form which is assumed to be nondegenerate. 

6.2. Lemma. Let E and F be objects of ttv(X), and Iet a: Ely~ Fly be a C(VIy)­
module morphism, where Y is a closed subspace of X. Then there exists a morphism 
ß: E~ F such that ßly=a. In particular, if a is an isomorphism, then ß is an 
isomorphism over a neighbourhood of Y. 

Proof By a classical argument involving partitions of unity (cf. 1.5.7), we may 
assume that E, F and V are trivial bundles; hence, E =X x k", F =X x kP, and 
V= X x IR' (for k = IR or CC according to which K-theory is considered). Let e;, for 
i = 1, ... , r, be the generators of the Clifford algebra of IR' (111.3.13), and let G be 
the finite group of order 2'+ 1 , generated multiplicatively by the ± e;: every 
element ofthis group may be written in the form ± e; 1 • • • e;s where i 1 < i2 < · · · < is. 
Let ß': E ~ F be a vector bundle morphism (not necessarily compatible with the 
module structure) suchthat ß'ly=IX (1.5.7), and let ß:E~ F be defined by the 
formula 

ß(e)= 2,:1 L g-lß'(ge). 
gEG 

Then ß(he)=hß(e) for each element h ofG. By 1inearity, it follows that ß().e) =Aß(e) 
for each element). of the Clifford algebra (111.3.13). D 

6.3. Lemma. Let n: X x I~ X, and Iet E be a vector bundle on X x I provided with 
a C(n* V)-module structure. Then Eis isomorphic to n* F, where F= Elx x {OJ. 

Proof The proof ofthis lemma is analogaus to the proof ofTheorem 1.7.3 using 
Lemma 6.2. D 

6.4. Lemma. Let E be a vector bundle on a closed subspace Y of X, which is provided 
with a C(Vy )-module structure. Then there is a closed neighbourhood Z of Y, and a 
C( V z )-module F, such that Fl y = E. 

Proof Foreachpoint y of Y, there exists a neighbourhood UY of y in X, and a 
vector bundle Fuy on UY, suchthat Fu)uyf"1Y=Eiuyf"1Y· Since Yis compact, there 
exist closed subsets U;. for i = 1, ... , n, suchthat Y Yc:: u U;, and vector bundles E; on 
U; suchthat E;lu,f"1 y=Eiu,f"1 y. Moreover, E; is a C(VJ-module where V;= Vlu,. 
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Since Ellu, r\U2r\ y=Ezlu, r\U2r\ Y• there exists a closed subset u~ of ul, which is 
a neighbourhood of ul n y in ul, and an isomorphism g21: EliU\r\U2 =Ezlu\ ('\ ul· 
Let E~ be the vector bundle obtained by clutching E11u1 and E2 via this iso­
morphism (!.3.2). Then E~ is a C(V~)-module, where V~= Vlu1 u u2 and 
E~I(U\uu2JnY~EI(U\uu2)r\Y' lf we put U~=U~uU2 , U~=U3 , ••• , U~=Un, we 
may repeat the above argument with u~ and u~ etc. Therefore, by induction Oll n, 
we construct the desired neighbourhood Z, and the required vector bundle F. 0 

6.5. Lemma (Double extension of structures). Let E be a vector bundle over X, 
provided with a C(W)-module structure, and Iet v be a C(Vy )-module structure on 
Ey, which is compatible with the C(Wy )-module structure. Then there exists a 
closed neighbourhood Z of Y and a C(Vz)-module structure v on Ez, which is 
compatible with the C(Wz)-module structure suchthat vly=V. 

Proof By Lemma 6.4, there exists a closed neighbourhood Z of Y, and a vector 
bundle F over Z, which is a C(Vz)-module suchthat Fly=E. If Z is sufficiently 
small, then Flz is isomorphic to Elz as C(W)-modules by 6.2. 0 

6.6. Lemma. Let E be a C(V)-module. Then Eisa direct factor of a C(V)-module 
oftheform C(V) ® F, where Fis a trivial vector bundle (the C(V)-module structure 
on C(V) ®Fis inducedfrom thefactor C(V)). 

Proof This Iemma is true locally, since any C p, q-module is a direct factor of some 
"trivial" Cp,q-module (111.4.8). Using a partition ofunity as in 1.6.5, we thus may 
prove that E is a direct factor of some C( V) ® F. 0 

6.7. Lemma. Let E be a vector bundle over X, provided with a C(V)-module 
structure, and Iet a:(t):Eiy~ Ely, for tE [0, 1], be a continuous family of auto­
morphisms of Ely such that 1X(Ü)= 1. Then there exists a continuous family of 
automorphisms ß(t) of E, suchthat ß(t)iy= a:(t). 

Proof U sing Lemma 6.2, the proof of this Iemma is completely analogaus to the 
proof of Proposition 11.2.24. 0 

6.8. Lemma. Let E be a vector bundle over X, provided with a C( V)-module 
structure denoted by v (hence v represents a morphism V~ END(E) with the 
properlies described in 4.11). Let Y be a closed subspace of X, and Iet v'(t) be a 
continuous family of C(V')-module structures on E'=Eiy, where V'= Vly and 
v'(O)= vly. Then there exists a continuous family v(t) of C(V)-module structures on 
E, such that v(t)ly=v'(t) and v(O)=v. Moreover, if v'(t)lw=v'(O)Iw where W is a 
sub-bundle ofV, then we may choose v(t) so that v(t)iw=v(O)Iw· 

Proof For simplicity, we use V, W, etc. to denote the restrictions of V, W, etc. to a 
subspace, or more generally, the inverse image of these bundles with respect to 
continuous maps T ~ X, a convention which we systematically adopt for the rest 
of this section. 
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The existence of v and v'(t) is equivalent to a C(V)-module structure on 
n* Elx x {OJ u y x 1 , where n: X x I---> X. By Iemma 6.5, there exists a neighbourhood 
U of Yin X, and a C(V)-module structure on n*Eixx {O}uUxP which extends the 
C(V)-module structure Oll n*Eixx {O}u Yxl• and suchthat vlw=n*vlw· Now Iet 
11: X---> [0, 1] be a continuous function which is 1 on Y, and 0 outside U. Let 
fJ: Xx I---> Xx {O}uUx /bethe continuous functiondefined by (x, t) r-+ (x, 17(x)t). 
Then fJ(x, t) = (x, t) if (x, t) EX x { 0} u Y x I. Therefore fJ*v is the extension 
required. 0 

6.9. Definition. Let V be a real vector bundle provided with a non degenerate 
quadratic form, and Iet W be a sub-bundle provided with the induced quadratic 
form which we assume non degenerate. Then the group Kv. w (X) is the Grothendieck 
group of the "restriction of scalars" functor (cf. 11.2.13): 

lf V= WEB 1, then the group Kv,w(X) is simply the group Kv(X), defined in 
5.1. As in 5.1, the group Kv,w(X) may be described in the following way. Let 
:Yv, w(X) be the set oftriples (E, vp v2 ), where Eisa C(W)-module, and where the 
v; represent two C(V)-module structures which extend the C(W)-module structure 
(again note that C(W) c C(V)). Such a tripleis said tobe elementary if v1 and v2 

are homotopic (where the restriction of this homotopy to W is constant). Then 
the group Kv, w(X) is the quotient of :Yv, w(X), by the equivalence relation 
generated by the sum of elementary triples ( cf. 111.4.16, ... , 111.4.22, tagether with 
6.3). Using the same method, we may also define a relative group Kv, w(X, Y), for 
Y closed in X (cf. 111.5.1). Note that Kw(X, Y)~KWEill, w(X, Y), and that 
Kv, w (X, Y) has the same formal properties as those described in 111.4 and 111.5 
for the group Kp,q(X, Y). 

6.10. Proposition. Let X1 and X2 be closed subspaces of X such that X1 uX2 =X. 
Then the natural homomorphism 

is an isomorphism. 

Proof a) g is surjective. Let d(E, v1 , v2 ) be an element of Kv, w(X2 , X1 nX2 ). By 
Lemma 6.6, we may assume that (E, v1) is a C(V)-module ofthe form C(V) 0 F, 
where Fis a trivial bundle. Therefore, (E, v1) is the restriction to X 2 of a C(V)­
module on X (denoted by (E, v1)). Let v2 be the C(V)-module structure on E 
over X, whichcoincides with v1 onX1 and with v2 on X2 (1.3.1). Theng(d(E, Vp v2 )) 

=d(E, v1 , v2 ). 

b) g is injective. Let d(E,v1 ,v2 ) be an element of Kv,w(X1uX2 ,X1 ) whose 
restriction to (X2 , X1 nX2 ) is zero. By adding an elementary triple, we may 
assume that v1 lx2 and v2 lx2 are homotopic, with the homotopy constant over 
X1 nX2 (cf. 111.4.20). Let v'(t) be such a homotopy, and Iet v(t) be a continuous 
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family of C(V)-module structures on E over X, such that v(t)lx2 = v'(t), 
v(t)lx, =V1Ix,, and v(t)lw=v 1 lw (Lemma 6.8). Then d(E, v1 , v2 )=d(E, v(l), v2 )=0, 
since v(l)lx2 = v2 lx 2 and v(l)lx, = v2 lx,. 0 

6.11. Proposition. Let Y be a closed subspace of X, and Iet us define, in general, 

Then, with the notation of6.10, the natural homomorphism 

is an isomorphism. 

Proof This follows immediately from proposition 6.10 applied to X x Jf' = 

yl u Yz' where Yz = Xz X Bnu(Xl uXz) X sn-l and yl = xl X Bn. 0 

6.12. For any triple (X, Y, Z) where Z is closed in Yand Yis closed in the compact 
space X, we define a "connecting homomorphism" 

a: Kf· w ( Y, Z)-----> Kv, w (X, Y). 

To do this, we consider a triple (E, vp v2 ), where Eisa C(W)-module over Yx Bi, 
where v1 and v2 are two C(V)-module structures on E, extending the original 
C(W)-module structure, and suchthat v1 lyxsou z x 8 , = v2 ly x sou z x 8 ,. Such a triple 
is said tobe normalized if Eis of the form C(V) ® F, where Fis a trivial vector 
bundle, and v1 is the C(V)-module structure on C(V) ® Finduced from the factor 
C(V). We define b(F, v2 ) or b(F, v2(t)), tobe the class ofthe triple (E, Vu v2 ) in the 
group Kf· w ( Y, Z). 

6.13. Lemma. Each element of Kf· w(Y, Z) may be written in the form b(F, v2 ). 

We have b(F, v2 ) = b(F, v~) if and only if there exists a trivial bundle G, such that 
v2 $v1 is homotopic to v~ $v1 (wherev 1 denotes the C(V)-module structure on 
C(V) ® G induced from the factor C(V)), with the homotopy constant over 
Yx S 0 uZx B1 . 

Proof This Iemma is an immediate consequence of Lemma 6.6. 0 

6.14. Let ö(F, v2(t)) be an element of Kf· w ( Y, Z). By 6.8, there exists a continuous 
family vz(t) of C(V)-module structures on C(V) ® F over X, suchthat vz(t)ly= 

v2(t), vz(O)=vp and v2(t)lw=v2(0)Iw=v 1lw· Now we define 

This definition is independent ofthe choice of v2(t) and its extension to X. Suppose 
v~(t) isanother choice and v~(t) isanother extension. We must prove the equality 
d(C(V) ® F, vp v2 (1))=d(C(V) ® F, v1 , v~(l)) in the group Kv, w(X, Y). 
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By Lemma 6.13 (after addition of an elementary triple), there exists a con­
tinuous family v2(t, u), for t E [0, I] and u E [0, 1], of C(V)-module structures on 
F=C(V) ® F over Y, suchthat v2(t, u)=v1 over Yx S 0 uZx Bi, vit, u)lw=v 1 , 

vit) =vit, 0), and v~(t)=v2(t, 1). Let K be the square [0, 1] x [0, 1], and Iet L be 
the closed subset defined as the union of [0, 1] x {0}, [0, 1] x {1 }, and {0} x [0, 1]. 
Then Kis homeomorphic to L x [0, 1], with L x {0} identified with L. Therefore, 
by Lemma 6.8, there exists a continuous family v2(t, u) of C(V)-module structures 
on E over X, suchthat v2(t, u)lw= Vp v2(t, 0)= v2(t), vit, 1)= v~(t), and vit, u)lr= 
v2(t, u). Hence, vi1) and v~(1) are homotopic via the map u ~ v2(1, u) (which is 
constant over Y). 

L Fig. 24 

6.15. Theorem. Let X, Y, Z be compact spaces such that Z c Y c X. Then the 
sequence 

ß1 a (X ß · 
K';· w(X, Z)-4 K';·w(Y, Z)-4 Kv, w(X, Y)-4 Kv,w(X, Z)-4 Kv, w(Y, Z) 

is exact. 

Proof a) Exactness at Kv, w(X, Z). 
-Let d(E,v 1 ,v2) be an element of Kv,w(X,Y). Then (ßcx)(d(E,v 1 ,v2))= 
d(E, v11r, v21r)=O, since v11r=v21r· 
- Conversely, Iet d(E, vp v2 ) be an element of Kv, w(X, Z) suchthat 

Byaddinganelementarytripleoftheform(C(V) ® F, C (), where(isthecanonical 
C(V)-module structure on C(V ®Fand Fis trivial, we may assume that v11r 
and v2 1r are homotopic. More precisely, Iet v(t) be a continuous family of C(V)­
module structures on Elr, such that v(O)=v1lr, v(l)=v2 lr, v(t)lz=v1lz, and 
v(t)iw=v 1lw. By Iemma 6.8, there exists a continuous family v(t) of C(V)-module 
structures on E over X, suchthat v(t)l y = v(t) and v(O) = v1 . Therefore d(E, v1 , v2 ) = 
d(E, v(O), v2)=d(E, v(l), v2), which belongs to the image of cx since v(l)lr= v21r. 

b) Exactness at Kv, w(X, Y). 
-Let x=b(E, v2(t))=d(C(V)@ F, Vp v2(t)) be an element of K';· w(Y, Z). Using 
the notation of6.14, we have (cxo)(x)=d(E, v11r, vil)lr)=O since v11r=v2(1)1r· 
-Conversely, let d(E, vp v2 ) be an element of Kv, w(X, Y) where (E, v1)= 
C(V) @ F, such that cx(d(E, v1 , v2)) = 0. By adding an elementary triple of the 
form (C(V) ® G, C (), we may assume that v1 and v2 are homotopic (with the 
homotopy constant over Z). If we denote this homotopy by v2(t), we have 
d(E, v1 , v2) =o(b(F, vit)). 
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c) Exactness at Kf· w(Y, Z). 
-Let x=~(F, vit)) be an element of Kf· w(Y, Z). Then 

(cxo)(x)=d(C(V) ® F, v10 vii))=O, 

since vil)=v1 . 

- Conversely, Iet ~(F, vit)) be an element of Kf· w (Y, Z) suchthat 

Again by adding an elementary triple ofthe form C(V) ® G, we may assume that 
this homotopy is constant over Y. If we denote the "composition" of vit) with 
this last homotopy by v(t), we have ~(F, vit))= ~(F, v(t)iy )= ß 1 (~(F, v(t))). 0 

6.16. Corollary. Let X, Y, and Z, be compact spaces such that Z c Y c X. Then 
we have the exact sequence 

Kv· w(X Z) ~ Kv· w(Y Z) ~ Kv· w(X Y) ~ Kv· w(X Z) ~ Kv· w(Y Z) 
n+ 1 ' n+ 1 ' n ' n ' n ' ' 

for n~O (with K6· w =Kv, w). 

Proof Consider the triple (XxBn,xxsn- 1uYxBn,xxsn- 1uZxBn). Then 
K;(Xxsn- 1 uYxBn,xxsn- 1 uZxBn)~K;(YxBn, YxS"- 1 uZxB") by 6.11 
applied to X1 =Xx sn-tuzx B" and X 2 = Yx Bn. 0 

6.17. Theorem. Let (X, Y) be a pair of compact spaces, and Iet X 1 and X 2 be closed 
subspaces of X. Let Y; = Y nX;. Then we have the "Mayer- Vietoris exact sequence" 

K!'/[(Xh Y1) (f) K!'+"f(X2 , Y2 )---. K!'+"f(X1nX2 , Y1nY2 ) 

~K!'·w(X1uX2 , Y 1 UYz) 
vw - vw - vw - -) ~Kn· (Xt, Yt)EBKn· (X2 , Yz)---.Kn· (XtnXz, Y1nYz. 

where 
Y1 = Y1u(X1nY2), Y2 = Y2u(X2 nY1), Y1uY2 

= Y1u Y2 , Y1nY2 =(Y1nX2)u (X1n Y2 ). 

Proof Consider the triple (X1 uX2 , X1 u Y2 , Y1 u Y2 ). Ifwe set 

Gn=K~· w(X1 uX2 , X1 u Y2 ), Hn=K~· w(X1 uX2 , Y1 u Y2 ), 

and Ln=K~·w(X1uY2 , Y1uY2), 

then we have the exact sequence 

Hn + 1 ___. Ln+ 1 ___. G n ___. Hn ___. Ln • 

Moreover, Gn~K~·w(X2 , (X1nX2)uY2 ) and Ln~K:·w(Xp l\) by 6.11. 
In the same way we consider the triple (X2 , (X1 nX2)u Y2 , Y2 ). From before 
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K!'· w(X2 , (X1nX2)uY2)~Gn, so if we define L~=K!'· w(X2 , Y2 ) and Pn= 
K!'·w((X1nX2 )uY2 , Y2)~K,;·w(X1 nX2 , X 1nY2 uX2 nY1 ) we obtain the exact 
sequence 

and the commutative diagram 

j j j j 
By elementary diagram chasing, we obtain the exact sequence 

All that remains is to verify the exactness of the sequence 

i.e. the sequence 

Let x1 =d(E1 , v1 , vD and x 2 =d(E2 , v2 , v~) be elements of Kv,w(X1 , Y1) and 
Kv, w(X2 , Y2 ), respectively, suchthat h(x1 , x 2)= 0. Without loss of generality, we 
may assume that v1 and v2 are the restrictions to X1 and X2 of a C(V)-module 
structure v ofthe formE= C(V) ® F, where Fis a trivial bundle, and v1 and v2 are 
the C(V)-module structures on E 1 and E 2 , induced from the factor C(V). We may 
also assume that v~lx, nx 2 is homotopic to v~lx, nx2 by a homotopy v(t), with 
v(t)iw=v2 lw=v 1lw and v(t)li'tnr2 =v(O)Ir, 0 r 2 • By Lemma 6.8, there exists a 
contin1;1ous family v(t) of C(V)-module structures on Elx,• such that v(t)lw= 
vlw, v(O)=v'p v(t)lx,t"lx2 =v(t), and v(t)lr,=vlr,· Then (xpx2 )=l(x), where 
x=d(C(V) ® F, v, v') with v'lx, =v(l) and v'lx2 =V~. D 

6.18. As an application of the Mayer-Vietoris exact sequence, we consider a map 
f: (X, Y) ~(X', Y') between compact pairs, which induces a homeomorphism 
X- Y~X'- Y'. If V' is a vector bundle on X' provided with a nondegenerate 
quadratic form, and if W' is a subbundle with the induced nondegenerate quadratic 
form, then we have a homomorphism 

K~',W'(X', Y')~ K~*V',f*W'(X, Y) 
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which we claim is an isomorphism. Since X'/Y' -:::::;XjY, the same proof as used in 
III.5.3, shows that this is an isomorphism when V' and W' are trivial. Now Iet 
(X;) be a finite closed cover of X' suchthat V'lx1 and W'lx1 are trivial. Let 

Finally, Iet 

Then the argument used in the proof of 1.3, shows by induction on i, that the 
homomorphism 

K:''X'' ,W'lX''(X'i, Y'i)~ K~*(V'JlX',f*(W'JlX'(Xi, Yi) 

is an isomorphism. 

6.19. Now assume that the bundle V, over the compact space X, is provided with 
a positive quadratic form, and Iet T be another bundle on X, provided with a 
nondegenerate quadratic form. We wish to define a homomorphism 

t: KTE!lY(X, Y)~ K"*T(B(V), S(V)uB(V)Ir), 

where n: B( V)___. X, which simultaneously generalizes the homomorphisms also 
denoted by t, defined in 111.5.9 andin 5.10. As in 5.10, we identify the ball bundle 
B( V) with the upper hemisphere S + (V EI) 1) of the bundle V EI) I. The formula 

t(d(E, '1 1 , '12 )) = d(n* E, v cos () + '1 1 sin 0, v cos () + '1 2 sin 0), 

where n: S + (V EI) 1) ___. X, and n* E is provided with the underlying C(T)-module 
structure, defines the homomorphism t (with the conventions made in 5.10). 

If V= V1 Ea V2 , n2 : s+(V2 Ea 1)_. X, and Z=S(V2 )us+(V2 Ea 1)1r, we 
define a map 

f"(S+(n~V1 Ea 1),S(n~V1)uS+(n!V1 Ea 1)lz) 

~ (S+(V1 Ea V2 Ea 1), S(V1 Ea V2 )us+(V1 Ea V2 Ea 1)1r) 

in the following way. Each point of s+(n~V1 Ea 1)~S+(V1 Ea 1) xxs+(V2 EI) 1) 
may be written in the form (v 1 cos81 +e1 sin01 ,v2 cos82 +e2 sin82 ), where e 1 

and e2 denote the "unit vectors" of s+(V1 EI) 1) and s+(V2 EI) 1), respectively, 

Fig. 25 
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and where v1 E S(V1) and v2 E S(V2 ) have the same projection on X. With this 
point, we associate the point of s+(V1 $ V2 $ 1), defined by v1 cos 01 + 
v2 sin 01 cos 02 +e sin 01 sin 02 , where e is the "unit vector" of s+(V1 $ V2 $ 1). 
The map fthus defined induces a homeomorphism between 

s+(n:!V1 Ea 1)-S(n:!V1)-S+(n:!V1 Ea 1)1z 

and s+(V1 $ V2 $ 1)-S(V1 Ei) V2 )uS+(V1 $ V2 Ea 1)1r· 

6.20. Proposition. The homomorphism t defined in 6.19 is "transitive" with respect 
to V. More precisely, we have the commutative diagram 

KwEav. Eav 2(X, Y) ~ KwEav•(s+(V2 ES 1), S(V2 )uS+(V2 $ l)lr) 

t j lt· 
Kw(s+(V1 EB V2 EB 1), S(V1 EB V2 )us+(V1 EB V2 EB l)lr) 

LKw(s+(n!V1 $l),S(n:!V1)us+(n:!V1 Ei) l)lz), 

wherefis the homermorphism defined in 6.19 (j* is an isomorphism by 6.18). 

Proof Let x=d(E, rp() be an element of KwEav. EaV2(X, Y). Using the obvious 
notation, we have 

t2(x)=d(E, v2 cos 02 +11 sin 02 , v2 cos 02 +11' sin 02 ), 

and t 1(tix))=d(E, v1 cos 01 +(v2 cos 02 +11 sin 02 ) sin 01 , v1 cos 01 

+(v2 cos 02 +'7' sin 02 ) sin 01 ) 

= d(E, v1 cos 01 + v2 cos 02 sin 01 + '7 sin 02 sin 01 , v1 cos 01 

+v2 cos 02 sin 01 +17' sin 01 sin 01). 

By definition ofthe homomorphismf*, we therefore have 

6.21. Theorem. The homomorphism 

is an isomorphism. More generally, the homomorphism 

obtained by the Substitution (X, Y)~(XxB",XxS"- 1 uYxB"), is also an 
isomorphism. 
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Proof By a Mayer-Vietoris argument a1ready used many times (6.17), we may 
assume that V and Ware trivial. Moreover, using the transitivity of the homo­
morphism t (Proposition 6.20), we may assume that V is of rank one, provided 
with the quadratic form +x2 • Then Theorem 6.21 is simp1y a reformulation ofthe 
fundamental Theorem Ill.5.10, proved in Ill.6. 0 

6.22. Remark. This theorem generalizes Theorem 5.11 which we proved using 
additional spinorial or cspinorial structures. In fact it gives an independent 
(but more complicated) proof of Theorem 5.11. 

6.23. Let us now consider vector bundles V, W, T, such that V= W E9 T, where V 
is provided with a nondegenerate quadratic form whose restrictions to Wand T 
are also nondegenerate and such that W is orthogonal to T. Our next objective is 
to compare the groups K:· w (X, Y), x:· T(X, Y), and ~· T(X, Y). More precisely, 
we will prove the exact sequence 

Kv· T(X Y)--+ Kw· T(X Y) ~ Kv· w(X Y)--+ Kv, T(X Y)--+ Kw· T(X Y) 
n+ 1 ' n+ 1 ' n ' n ' n ' ' 

where all the homomorphisms are the obvious ones, except the "connecting 
homomorphism'' y, which we will define in 6.25. 

6.24. Lemma. Each element of Kw. T(X, Y) may be written in the form 
d(C(V) ® F, w1 , w2 ), where Fis a trivial bundle, and w1 is the C(W)-module 
structure on C(V) ® F, induced from the factor C(V) (note that C(W) c C(V)). 
Moreover, d(C(V) ® F, w10 w2 )=d(C(V) ® F, w10 w~) if and only ifthere exists a 
trivial bundle G, such that w2 E9 w3 is homotopic to w~ E9 w3 , where w3 is the 
canonical C(W)-module structure on C(V) ® G ~ C(W) ® C(V/W) ® G. 

Proof The proof of this Iemma is analogous to the proof of Proposition III.4.26 
(note that every C(W)-module is a direct factor of some 

C(V) ® F~C(W) ® C(VjW) ® F, 

where Fis a trivial bundle, by the argument used in the proof of Lemma 6.6). 0 

6.25. We denote the class of the triple (C(V) ® F, w1 , w2 ) in the group 
Kw· T(X, Y) by [J(F, w2 ). In particular, if we make the substitution (X, Y) ~---+ 
(Xx Bl, Xx S 0uYx B 1), we denote a typical element of Kl[· T(X, Y) by [J(F, w2 ) 

or [J(F, wz(t)). 
By 6.3 there exists a continuous family tX(t) of automorphisms of E = C(W) ® F, 

regarded as an object of tB'T(X), suchthat wz(t)=tX(t)wz(O)tX(t)- 1 with tX(t)lr= I. 
N ow we define 

y: Kl[.T(X, Y)-- Kv· w (X, Y) 

by the formula y([J(F,wz(t))=d(C(V)®F,v1 ,tX(l)v1tX(l)- 1 ). This definition is 
independent of the choice of w2(t) and tX(t). Suppose w~(t) and tX'(t) are other 
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choices. There exists a continuous family wz(t, u), for (t, u) E Ix I, of C(W)-module 
structures on E=C(V) ® F, suchthat w2(t,O)=w2(t), w2(t, 1)=w~(t), w2(0,u)= 
w2(1, u)=wp w2(t, u)lr=w 1lr, and w2(t, u)lr=w 11r· Let K be the unit square 
Ix I, and Iet L be the union Ix {O}uix {1 }u{O} x I. Since K is homeomorphic to 
L x I, Lemma 6.7 implies the existence of a continuous family rx(t, u) of auto­
morphisms ofthe C(T)-modu1e E, suchthat rx(t, O)=rx(t), rx(t, 1)=rx'(t), rx(O, u)= 1, 
rx(t,u)lr=l, and w2(t,u)=rx(t,u)w 1 rx(t,u)- 1 • Therefore, the continuous map 
uf-+rx(l,u)v 1rx(l,u)- 1 provides a homotopy v1(u) between rx(l)v1 rx(1)- 1 and 
rx'(1)v 1 rx'(1)- 1, suchthat v1(u)lw=v 1 lw and v1(u)lr=v 11r· 

6.26. Theorem. The sequence 

Ki·T(X, Y)~ Kl[·T(X, Y)~ Kv·w(X, Y)~ Kv·T(X, Y)~ Kw·T(X, Y) 

is exact. 

Proof Direct inspection shows that the composition of each consecutive pair of 
homomorphisms is 0. Therefore, we need only verify that 

Ker(x) c Im(cp), Ker(cp) c Im(y), and Ker(y) c Im(x 1). 

a) Ker(x) c lm(cp). Let x=d(E, Vp v2 ) be an element of Kv· T(X, Y) such 
that x(x)=O. If we define W;=v;lw, then there exists a homotopy w(t) between 
w1 and w2 (up to addition of an elementary triple), suchthat w(t)lr=w11r and 
w(t)lr=w 11r· Now we define w(t)=rx(t)w 1rx(t)- 1, where rx(O)=l and rx(t)lr=l. 
From this we see that d(E, v 1 , v2 )=d(E, rx(1)v 1 rx(l)- 1, v2 ) E Im(cp), since 

rx(1)v 1 rx(1)- 1 lw = v2 lw. 

b) Ker(cp) c Im(y). Let x=d(E,vpv2 ) be an element of Kv.w(X, Y) such 
that cp(x)=O. Without loss of generality, we may assume that Eis of the form 
C( V) ® F, where Fis a trivial bundle, and that v 1 represents the canonical C( V)­
module structure on E= C(V) ® F. Up to addition of an elementary triple, there 
exists a continuous family v(t) of C(V)-module structures on E, such that 
v(O)=v 1 , v(l)=v2 , v(t)lr=v 1lr, and v(t)lr=v 11r· lf we define w(t)=v(t)lw, we 
thus have d(E, v1 , v2 )=y(c5(E, w(t)). 

c) Ker(y) c Im(x1 ). Let x= c5(F, w2(t)) be an element of Kl[· T(X, Y) suchthat 
y(x)=O. lf we define v2(t)= rx(t)v 1 rx(t)- 1 using the notation of 6.24, we must have 
v2(1) homotopic to v1 via a continuous family v~(t) of C(V)-module structures. 
Moreover, we have v~(O)=v2 (1), v~(l)=vp v~(t)lw=v 1 lw, and v~(t)lr=v 1 1r· Let 
v2(t) denote the homotopy obtained by the composition of v2(t) and v~(t), and let 
W2(t)=v2(t)lw· Then c5(F, W2(t))=b(F, w2(t)) since v~(t)lw=v 1 lw, and x= 
X1(b(F, v2(t)) since v2(0)=v2(l)=vp v2(t)lr=v 1lp and v2(t)lr=v11r· 0 

6.27. Corollary. For n~O, we have the exact sequence 

Kv. T(X Y)- Kw· T(X Y)- Kv· w(X Y)- Kv· T(X Y)- Kw· T(X Y) 
n+ 1 ' n+ 1 ' n ' n ' n ' · 
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6.28/29. The tensor product of vector bundles defines a bilinear map 

K~· w(X, Y) x K(X')-----+ K~· w(X x X', Y x X'). 

By the argument used in II.5.6, there is a unique natural bilinear map 

K~· w(X, Y) x K(X', Y')-----+ K~· w(Xx X', Xx Y'u Yx X'), 

which extends the map above when Y' = 0. If we replace the pair (X', Y') by the 
pair (X' x ßP, X' x sv-tu Y' x ßP), we may also define abilinear map (also called 
the cup-product) 

Kv,w(X Y)xK(X' Y')-----+Kv,w(XxX' Xx Y'uYxX') n ' p ' n+p ' 

as in II.5.6. 

6.30. Theorem. Let rx be a generator of Ki_ 8(P) (resp. Kc - 2(P)). Then the cup­
product by rx induces an isomorphism 

Ki·w(X, Y)>=:;:;Ki·w(XxB8 ,XxS7uYxB8 ) (resp. K~·w(X, Y) 

>=:;:;K~· w(Xx B2 , Xx S 1 u Yx B2 )). 

Proof Due to the exact sequence proved in 6.15, we are reduced to proving 
K~·w(X)>=:;:;K~+~(X) (resp. K~·w(X)>=:;:;K~+'i(X)). By a Mayer-Vietoris argument 
(6.17), we arefurther reduced to the case where V and Ware trivial, and n=O. 
Now we have the exact sequence 

associated with the functor cp: ßv(X)-4 ßw(X) (II.3.22). By III.4.8, the groups 
K(ßv(X)), K(ßw(X)), K- 1(ßv(X)) and K- 1(ßw(X)), are isomorphic to K~(X) 
for some n = 0 or -I, and F= 1R, CC, H, R x R, or H x 1H. Therefore, the cup­
product by rx induces an isomorphism K~(X)>=:;:;K~(Xx B8 , Xx S 7 )(K~(X)>=:;:; 
K~(XxB2,XxS1 ) in the complex case). By the five Iemma, it follows that the 
cup-product by rx also induces an isomorphism 

6.31. After this Iong series of Iemmas, we are finally approaching our original 
problem, which is the computation ofthe K-theory ofthe pair (P(V), P(W)), and 
its relationship to the groups Kv. w, when V (hence W) is provided with a positive 
quadratic form. More precisely, if n denotes the trivial bundle Xx Rn provided 
with the "trivial" positive quadratic form, we define a fundamental homo­
morphism 

p: KVfBn, WfBn(X, Y)-----+ K~$n,n(P(V), P(W)uP(V)Iy) 
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(where ~ is the canonical line bundle over P(V)) in the following way. Let 
d(E, u; vp v2 ) be an element of KV!iBn, W!iBn(X, Y), where v1 and v2 represent two 
"actions" of the bundle V suchthat v1iw=v2iw (6.9), and where u represents the 
action ofthe trivial bundle ofrank n. Let n': S(V) ...--.X, and let v; be the action on 
n'*E of the trivial bundle of rank one, defined by the involution v;(v) over the 
point v E S(V). Since v;( -v)= -v;(v), V; induces an action of the canonicalline 
bundle ~ on n* E, where n: P(V) ...--. X. We again denote this action by v;, and let u 
denote the action of the trivial bundle of rank n on n* E induced by u. Then the 
homomorphism p above is defined by the formula 

6.32. Theorem. The homomorphism 

p: KV!iBn, W!iBn(X, Y)--+ K~!iBn,n(P(V), P(W)uP(V)Iy) 

defined above, is an isomorphism. 

Proof If we replace the pair (X, Y) by the pair (Xx B', Xx S'- 1u Yx B'), we 
obtain a slightly more general homomorphism, 

and direct inspection shows that the homomorphism p, is compatible with the 
various homomorphisms defined in the exact sequences 6.16 and 6.27. Therefore, 
using a Mayer-Vietoris argument (6.17), we may reduce the proof ofthe general 
isomorphism to the case where Vand Ware trivial. Moreover, Proposition 6.27 
reduces this case to the case where V= W ED 1. The projection 

induces an isomorphism between the groups 

K~t<~ IiD nl,nt<n>(s+(W ED 1), S +(W ED 1)1ruS(W)) 

and K;liBn,n(P(WED 1),P(WED 1)1ruP(W), 

since the spaces 

s+(WEDl)-S+(WEDl)lruS(W) and P(WE81)-P(WED 1)1ruP(W) 

are homeomorphic (6.27). Moreover, by definition we have the commutative 
diagram 
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where t is the isomorphism described in III.5.10 and 6.21. The fact that t is an 
isomorphism (III.5.10) implies that p, is also an isomorphism. 0 

6.33. Consider the particular case n= I. Now each element x of the group 
K~e 1 • 1 (P(V),P(W)uP(V)Ir) may be written in the form x=d(E,'/,epe2 ), 

where Eisa vector bundle over P(V) provided with an involution '1 arising from 
the action ofthe trivial bundle Xx 1R.. In this notation, e1 and e2 represent the two 
actions of e on E suchthat etiP(W)uP(V)/y = e21P(W)uP(V)/y. Since e ® e=P(V) X 1R., 
the product e1 e2 defines an automorphism IX of E which commutes with '1· The 
restriction of IX to Ker('l-1) defines an element of K- 1(P(V), P(W)uP(V)Ir) 
(II.3.25). 

6.34. Proposition. The correspondence above defines an isomorphism between the 
groups K~et, 1(P(V), P(W)uP(V)Ir) and K- 1(P(V), P(W)uP(V)Ir ). 

Proof We define a homomorphism in the opposite direction. Let F be a vector 
bundle on P( V), and Iet ß be an automorphism ofFsuchthat ßiP(WJuP(VJ/ y = 1. Let 
E=F E9 Ce® F), and Iet '1 be the involution defi.ned by the matrix 

Finally, Iet e1 : 'x E--+ E be the (bilinear) homomorphism induced by the iso­
morphism e ® E:::::: E, and Iet e2 = ße1 • It is clear that the two correspondences are 
inverse to each other. 0 

6.35. Corollary. The groups 

K;et, 1(P(V), P(W)uP(V)Ir) and K-'- 1(P(V), P(W)uP(V)ir) 

are isomorphic. 

6.36. Theorem. Let r be an integer modulo 8 (modulo 2 in the complex case). Then 
the groups K-'(P(V),P(W)uP(V)Ir) and K~_E91 t,wet(X, Y) are naturally iso­
morphic (as K(X)-modules). 

Proof This follows directly from 6.34, 6.31 and 6.28/29. 0 

6.37. In order to use Theorem 6.36, we must compute the groups K~· w(X, Y) in 
terms of more classical invariants. For simplicity, we restriet ourselves to the 
case where Y = 0 . In general, we denote the Grothendieck group of the functor 

&V (X X B')---+ sv(X X s·- 1) 

by Kr>(X). By excision, this is also the Grothendieck group ofthe functor 

8v(XxS')---+ 8v(XxP). 

where P is a point. 
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6.38. Proposition. Wehave the exact sequence 

Proof Let q>: Gv(X)- Gw(X) be the obvious Banach functor. Then the exact 
sequence associated with the functor q> (II.3.22) may be written as 

Moreover, K- 1(Gv(X))~Kr>(X) by Theorem II.3.22 applied to the functor 
Gv(Xx B1)- Gv(Xx S0 ). Similarly, K- 1(Gw(X))~K~w>(X). Therefore, we have 
the exact sequence ofthe theorem for r=O. For r>O, we have 

K~·w(X)~Ker[Kv,w(Xx S')-- Kv,w(XxP)] by 6.18. 

Similarly, K~v>(X) ~ Ker[K<Yl(X x S')-- K<Y>(x x P)], 

and K~';\(X)~Ker[Kr>(XxS')-- Kr>(XxP)]. 

The case r > 0 therefore follows from the case r = 0. 0 

6.39. Let us now consider the case where Wand V/Ware spinorial bundles of 
rank p and n-p, respectively. Then V is spinorial of rank n, and from 4.22, we 
have category equivalences 

S0 • "(X)"' sv (X) and S0 • P(X)- sw (X). 

Moreover, the composition 

is defined by 

E f----+ p LJ Spin(n- p)E, 

where Pis the principal bundle which defines the spinorial structure of V/W (4.22). 

6.40. Theorem. Let us assume that the vector bund/es Wand V/Ware spinorial of 
rank p and n-p, respectively. Then we have the exact sequence 

Ki(S~"+ 1(X))~ Ki(S~P+ 1 (X))-- Kk(P(V), P(W))-- Ki+ 1 (t9'~"+ 1 (X)) 

lai+t 
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where ri is induced by the functor IX, and where the groups Ki( S~· '(X)) are determined 
by the following table. 

r mod 8 0 2 3 

K'(&~· '(X)) 

r mod 8 4 5 6 7 

K'(G~· '(X)) K~(X) K~(X) E9 KMX) K~(X) K::CX) 

Proof This is simply a reformulation of Proposition 6.38 and Theorem 6.36, 
using the category equivalences described in 4.22. 0 

6.41. Example. Let us assume that V/W is spinorial of rank 8t, and that W is 
spinorial ofrank 8r+ I. Then we have the exact sequence 

Kk(X)~ Kk(X)----+ Kk(P(V), P(W))----+ K~+ 1(X)~ Kk+ 1 (X), 

where IX; is induced by the functor cp: S IR(X) ~ S R(X) defined by cp(E) = F ® E, 
where F is the vector bundle P x Spin(Bt) M, such that P is the principal bundle 
defining the spinorial structure of V/W, and where M is an irreducible C 0 • 81-

module. If V/W is trivial, then the functor cp: SJR.(X)~ SR(X) is simply 
Ef--+EffiEEB · · · EBEwheren=l61• 

n 
If V/W is not trivial, it is difficult to compute the vector bundle F in general. 

However, if V/W may be written in the form U EB U, where U is oriented (4.18), 
then V/W is a spinorial bundle and the vector bundle F may be identified with 
A(U). . 

The above results could easily be stated in the framework of complex K-theory. 
For example, Theorem 6.39 has the following complex analog: 

6.42. Theorem. Let us assume that the vector bund/es Wand V/Ware cspinorial of 
rank p and n-p, respectively. Then we have the exact sequence 

where IX; is induced by thefunctor E f--+ PLispinc(n- PlE (where Pis the principal bundle 
defining the 0spinorial structure ofV/W), andwhere Ki(S~·'(X))=K~(X) ifr is even, 
and Ki(S~·'(X))=K~(X) EB K~(X) ifr is odd. 



6. Real and Complex K-Theory for Real Projective Spaces and Real Projective Bundles 251 

6.43. A particular case of interest arises when V/W is provided with a complex 
structure (and W is cspinorial). Then the homomorphism a.i is induced by the 
functor Ef-+ A(V/W) ® E, where A(V/W) is the complex exterior algebra bundle 
(1.4). 

6.44. In the real case as in the complex case, we wish to describe more precisely 
the homomorphism 

in the exact sequence obtained in 6.40 or 6.42, when W is 0, For i= -1, this 
homomorphism is the composition 

where p is defined as in 6.31, where a is defined as in 6.38, and u is defined as in 
6.34. More precisely, an element x of K- 1(8°· 1(X)) may be represented by a 
Z/2-graded vector bundle E=E0 E9 E 1 , and an automorphism a. ofthe form 

( a.o 0 ) 
a.= 0 a.l . 

These two automorphisms, a.0 and a.1 , define the decomposition K- 1(8°· 1 (X))~ 
K- 1(X) E9 K- 1 (X). 

Since the functor sve 1(X)--+ 8°· 1(X) is quasi-surjective, we may assume 
without loss of generality, that Eis provided with a graded C( V)-module structure 
with respect to the decomposition E= E0 E9 E 1 , represented by v. Therefore, o(x) 
is d(E, v, a.- 1va.), and (upo)(x) is the restriction of the automorphism va.- 1v&= 
(va.- 1v)a) to E0 , with the notation of 6.30. In fact v induces an isomorphism 
between n*E0 and n*E 1 , where n: P(V)--+ X, and the dass ofthe automorphism 
va.- 1v in the group K- 1(P(V)) is simply n*a.- 1 ® Id~. Hence (upo)(x) is the sum 
n*(x0 )-O*(x1), where x 0 and x 1 are the two components of x, where n* is induced 
by the projection n: P( V)--+ X, and where 0* is induced by the projection 
P( V)--+ X and the product with the line bundle ~. Replacing X by X x S', we 
summarize these facts in the following theorem: 

6.45. Theorem. We have the exact sequence 

Ki(sve 1(X))~ Ki(X) E9 Ki(X) (n*,-ll*) Ki(P(V)) 

~ Ki+1(Svel(X))~ Ki+1(X) $Ki+1(X) 

where n* is induced by the projection n: P( V)--+ X, and 0* is induced by the functor 
Ef-+ e ® n*E. 

6.46. Corollary (Adams [1]). Let RP"_ 1 be the projective space of IR". Then 
KR(RP"_ 1) is generated by A."_ 1 =[~]-1, with the relations (A."_ 1)2= -2A."_ 1 and 
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21A.n_ 1 =0, wherefis the number ofintegers i suchthat O<i<n with i=O, 1, 2 or 
4mod8. 

Proof From Theorem 6.45, we see that Kp_(RP"_ 1) can be identified with the 
cokemel of the homomorphism 

with the notation of 111.3. Therefore 

KR(RPn_ 1):::::Coker(K{C0·"+ 1 ) ~ K(C 0 • 2))::::: Coker(K(C"- 1 • 0 ) ~ 
K(Co· o)):::::7Lj217L 

by III.4.9. Moreover, the generator is A.n_ 1 by 6.45. The relation (A.n_ 1) 2 =- 2A.n_ 1 

follows from the relation ~ ® ~ = 1. 0 

6.47. Corollary. Let RPn-l be the projective space of IR". Then K~(RP"_ 1 ) is 
generated by A.~_ 1 = [ ~ ']- 1, where ~' = ~ ® C[, with the relations (A.~ _ 1) 2 = - 2A.~- 1 

and 2g A.~- 1 = 0, where g is the number of integers i such that 0 < i < n and i = 
Omod2. 

6.48. Corollary. Let X be aspacesuch that K1 (&'~ 0(X))=O. Then 

Exercise 1V.8.8. 

7. Operations in K-Theory 

7.1. An operation in K-theory isanatural map (not necessarily a homomorphism) 
defined from K(X) to K(X) for every compact space X, which is natural in X. For 
simplicity we begin with operations in comp1ex K-theory Kc(X), denoted simp1y 
by K(X) until 7 .24. Very often we will write E instead of [ E] for the class of the 
vector bund1e Ein K(X). 

7 .2. Our first examp1e of an operation in K-theory was introduced by Grothendieck 
[1].. For any vector bund1e E, we denote its ;th exterior power {1.4.8) by A.;(E). By 
abuse of notation, we again write A.;(E) for its class in the group K(X), and 

00 

A.t(E)= 1 +tA.1(E)+t2Ä2(E)+ ... = L tiA_i(E) EK(X)[[t]]. 
i=O 

Since A."(E E9 F)= '$ Ä;(E)Äi(F) (111.3.10), we have -"r(E E9 F)=ÄlE)Ät{F). 
i+j=n 

Therefore, the correspondence E f-+ -"r(E) defines a homomorphism between the 
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monoid cli(X) and the multiplicative group of formal power series, whose constant 
term equal 1. From the universal property of Grothendieck groups (II.l.1), we 
obtain a homomorphism from the additive group K(X) to the multiplicative 
group 1 +tK(X)[[t]], which again we denote by A.t. Explicitly we have 

hence, 

where n is the class of the trivial bundle of rank n. 
If x E K(X), we define 

00 

A.t(x) = L ti A_i(x). 
i=O 

The notation A_i(x) is a generalization ofthe notation A_i(E), and the map x 1-+ A_i(x) 
is a well-defined operation in K-theory. Moreover, we have the identity 

i+j=n 

7.3. In a parallel way, we introduce Operations x 1-+ yi(x) by the following method. 
00 

For xeK(X), we set Yt(x)=A.t/l-t(x)eK(X)[[t]], and Yt(x)= L tiyi(x). Wehave 
i=O 

y"(x+y)= 2: yi(x)1ly), since Yt(x+y)=yt(x)yt(y). 
i+j=n 

7.4. Proposition. Let E be a vector bundle ofrank n, and Iet c;(E) be its ith charac­
teristic class in the sense of 2.17. Then c;(E)=( -l)iyi(E-n). In particular, 
yi(E-n)=Ofor i>n. 

Proof By 2.17 it suffices to verify the assertion for a line bundle E = L. In this case 
c1(L)=1-L, and c;(L)=O for i>l. On the other band Yt(L-1)=1+t(L-1). 
Hence y1(L-1)= -c1(L), and yi(L-1)=0 for i> 1. 0 

7.5. Coro~ary. Let en,m be the canonical bundle over Gn(«;m), and Iet yi be the 
image ofy'(en,m -n) in proj lim K(Gi«;m))= :Kc(BU(n)) (3.22). Then :Kc;(BU(n)) is 
isomorphic to the algebra of formal power series Z[[y1, •.. , y"]]. 

Proof This follows directly from 7.4 and 3.22. 0 

7.6. Let oc be an element of :Kc((BU(n)), and let E be a vector bundle of rank n 
with compact base X. Then E is isomorphic to the inverse image of en, m under a 
suitable continuous map 
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lf ocm denotes the "restriction" of oc to K(Gn(crm)), then the element ac*(E)=f*(acm) 
of the group K(X) depends only on the vector bundle E and the dass oc (1. 7 .2). 

Let us write Op(tl>n, K) for the set ofnatural maps from 4>iX) to K(X). 
From the ring structure of K(X), the set Op(tl>n, K) is obviously a commutative 
ring, and the correspondence oc ~--+ [E- oc*(E)] defines a homomorphism 

7.7. Theorem. The map (} defined above is an isomorphism between %J.BU(n)) and 
Op(tl>n, K). In particular, Op(4> n• K)>::!Z[[y 1, •.• , y"]]. 

Proof We define a homomorphism in the opposite direction. lf c E Op{ 4> n, K), then 
the elements c( ~n. m) E K( G nC crm)) form a projective system, which defines an element 
oc of $" J.BU(n)). The correspondence c ~--+ oc defines the inverse homomorphism. 0 

7.8. Since K(X)>::!H0(X; Z) EB K'(X) (11.1.29), we see that the interesting opera­
tions in K-theory arise from operations from K'(X) to K(X). Let Op(K', K) denote 
the subset ofOp(K, K) thus defined. Since K'{X)~~dnj lim 4>n(X) (11.1.31), we have 
Op(K', K) >::iproj lim Op( 4>", K), which is a ring in the obvious sense, From this 
discussion, we obtain the following generat theorem which determines almost all 
the operations in (complex) K-theory: 

7.9. Theorem. The map, which associates the variable ti with the nilpotent operation 
yi, induces an isomorphism 

Z[[t1 , ••. , tn, .. . ]] ~ Op(K', K). 

Proof lf x E K'(X), then yi(x) = 0 for some i large enough by 7 .4. Moreover, yi(x) 
is nilpotent for every positive integer i, since it belongs to K'(X). 0 

7.10. Let us now examine the operations in K-theory with nice "algebraic" 
properties; for instance, the operations y from K' to K such that y(x+y)= 
y(x)+y(y). The set of suchoperationsform a subgroup of Op(K', K), which we 
denote by Op++(K', K). Let cp: Op+ +(K', K)- Op(4>1 , K) be the group homo­
morphism which associates each such operation with its "restriction" to 4> 1 by 
the canonical map 4>1 - K'. According to 7.7, Op(4>1 , K)>::!Z[[u]] where u is 
interpreted as ~ - 1, and ~ is the canonical line bundle over B U(l ), which is the 
infinite complex projective space. 

7.11. Proposition. The homomorphism 

is injective. /ts image is the group of formal power series without constant term. 

Proof Let c be an "additive" operation (i.e. an element of Op + + (K', K)) whose 
restriction to 4>1 is zero, and Iet x= V -n be an element of K'(X). Let F{V) be the 
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flag bundle over X described in Section 3. Then the homomorphism K(X) ~ 
K(F(V)) is injective, and n*(V), where n: F(V)~ X, splits as a direct sum 

n n 

EB Li of line bundles. Therefore n*(c(V-n))=c(n*V-n)= L c(Li-1)=0; 
i= 1 i= 1 

hence, c(V -n)=O and cp is injective. 
Let us now consider the image of cp. Since K'(X) = 0 if Xis a point, cp( c) must 

be a series without constant term 

where a; E 71.. We now show that any series of this type gives rise to an additive 
operation. 

We Iet Qk, for k?: I, denote the "Newton polynomials": they express the 
k 

symmetric functions L u: as unique polynomials of the elementary symmetric 
i= 1 

functions, (J,=i 1 <i2 t .. <ir Ui 1 • • ·uir' where 1 ~r~k. For instance 

Q1((J1)=(J1, 

Q2((J1, (]"2)=((]"1)2-2(]"2, 

Q3((J 1' (J 2' (J 3) = ((J 1 )3- 3(J 1 (J 2 + 3(J 3' etc. 

Then the series 

converges in the ring 71.[[ y 1, y 2 , ... , yk, ... ]], since Qk((J 1 , (J 2 , ••. , (Jk) is ofweight 
k, and the desired operation is x 1-+ S(y1(x), y2(x), ... yk(x), .. . ) (note again that 
yk(x)=O for k large enough, and that each y;(x) is nilpotent). If x is L-1 where L 
is a line bundle, then we obtain a 1u+a2 u2 + · · · +akuk+ · · ·, where u=y 1(x)=x. 

We must verify that the operation c, defined by the formula above, is additive, 
i.e. c(x+y)=c(x)+c(y) for x=V-n and y=W-p. By the splitting principle 

n p 

(2.15), we may assume that V=·EB Li and W="EB Ri, where the L; and Ri are 
i= 1 j= 1 

line bundles. If we set u;=L;-1 =y 1(L;-1) and vi=Ri-1 =y 1(Ri-1), then 
n n p 

we have y1(V-n)= 0 y1(L;-1)= 0 (l+tu;) and ylW-p)= 0 ylRi-1)= 
t=1 i=1 j=1 

p n (1 +tv). Therefore y'(x)=y'(V -n)=(J,(up ... , un) and y•(y)= y•(W -p)= 
j= 1 

(J8(Vp···•vp). Similarly yk(x+y)=(Jk(up···,u.,v 1 , ... ,vP). It follows that 

n p 

L (uY + L (vy = Qh1(x), ... , yk(x)) + Qb 1(y), . .. , yk(y)). 
i=1 j=1 
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By taking linear combinations ofthese relations, we obtain c(x+y)=c(x)+c(y) 
as required. 0 

7.12. Let us now consider operations c from K(X) to K(X) which arering homo­
morphisms (with unit). Such an operation makes the diagram 

commutative. By 7.11, it follows that these operations form a subset of Z[[u]], 
which we will now determine. If e is the canonicalline bundle over BU(I), we 
define c(e)= I +a1u+ · · · +anu"=f(u), where u=e-I =y 1(e-I). 

Now Iet L 1 and L2 be line bundles over a compact space X. Then c(L;) = 
f(ui) where ui=Li-1, and c(L1 ®L2 )=f(u1 +u2 +u1u2 ), since L 1L2 -1= 
L 1 -I+L2 -I+(L1 -I)(L2 -I) in the group K(X). In particular, if X= 
P(«::m) x P(«::m) form large enough, and if L 1 and L 2 are the two canonicalline 
bundles over P(«::m) x P(«::m), we have 

Therefore, the formal series f must satisfy the equation f(u 1 +u2 +u1u2 )= 
f(u 1 )f(u2 ) in the ring Z[u1 , u2 ]/Im for every integer m, hencef(u1 +u2 +u1u2 )= 
f(u 1 )f(u2 ) in the ring Z[[u10 u2 ]]. If we derive this equation with respect to u1 , 

and then set u 1 = 0, we find that the only solutions of this equation are the formal 
power series ofthe formf(u)=(l +u)\ where ke Z. In other words, the character­
istic dass c is determined on the line bundle L by the formula c(L)=Lk (note that 
Lk=T,-k if k<O). More precisely, we have the following theorem: 

7.13. Theorem. Let k E Z. Then there exists an operation 

1/Jk: K(X)--+ K(X), 

called the Adams operation, which is characterized by the fol/owing properties: 
I) 1/Jk(x+y)=I/Jk(x)+l/lk(y), 
2) 1/Jk(L)=Lk if L is the c/ass of a line bundle. Moreover, we have the relations 
3) 1/Jk(xy)=l/lk(x)I/Jk(y) and 1/Jk(I)= I. 

The Adams operations 1/J\ for k E Z, are the only operations in complex K-theory 
which arering homomorphisms (i.e. which satisfy I) and 3)). 

Proof By 7.11, the operation 1/Jk is determined and well-defined by Axioms I) 
and 2). According to the splitting principle, it is enough to verify axiom 3) for x 
andy line bundles. This follows from the identity (LR)k=LkRk, where LandRare 
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line bundles. Finally, the last part of the theorem follows from the Observations 
made in 7.12. 0 

7.14. Remark. LetxE K(X)andx' E K(X'). Thenwehavetft\xux')=t/tk(x)ut/l(x') 
in the group K(X x X'). 

7.15. Theorem. Let Qk be the Newton polynomial defined in 7.11. Then t/tk(x)= 
Qk(A. 1(x), ... , A.ix)) for each element x <?f K(X). Moreover, t/tk(t/t1(x)) = t/tk1(x) and 
tftP(x)=xP mod p, ifp is a prime number. 

Proof In the ring K(X) [[t]], let 

t/t (x) = -l;(x) · 
-t A.t(x) 

Since A.lx+y)=A.ix)A.1(y), we have t/tix+y)=t/tix)+t/tiy). If x is the dass of a 
line bundle L, we have tft_ 1(L)= -tL+t2L 2 -t3L 3 + · · ·, or equivalently t/tiL)= 
tL + t2 L 2 + t3 L 3 + · · .. According to the splitting principle, for each element x of 
K(X), we have the identity tftix) = tt/t 1(x) + t2tft 2 (x) + t 3 tft 3(x) + .... 

By the expression of t/t1(x) in terms of A.ix) and A.;(x), we see that t/t1(x) may be 
written as 

00 

t/t1(X) = I tmQ~(A 1(x), ... , Am(x)), 
m=1 

where Q~ is some polynomial in A. 1(x), ... , A.m(x). More precisely, let 

k 

At=l+ I rA.m 
m=1 

in the quotientring 7l[A. 1 , ... , A_k] [t]j(tk+ 1 ), and 

tft_t= -t A.;!A.t. 
k 

Then t/11= I tmQ~, where Q~ is some polynomial in A- 1 , ... , A_m independent of k. 
m=1 

Todetermine Q;,., we imbed .7l[A. 1 , ... , A_k] in .7l[u1 , ... , uk] by sending A_i to the i1h 

elementary symmetric function of the ua. Then we have the identities 

i= 1 

k 

and A.;/A.t= I ujl +tu;= s1- tS2 + t 2S3- ... ' 
i= 1 

k 

where S,= I (u;)'. It follows that 
r= 1 

k 

t/tt= I Qm(A1, ... ,Am)tm. 
m=l 
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Hence 

The relation ljl(l/f1(x)) = I/Jk1(x) follows from the identity I/Jk(I/J1(L)) = (L1 )k = 
L1k=I/Jk1(L), where L is a line bundle. 

In the ring Z[u1 , ••• , uP], where p is a prime number, we have the relation 
(u1 + · · · +up)P=(u1)P+ · · ·(uP)Pmodp. Therefore Qp(.A.\ ... ,A.P)=(Ä.1)Pmodp, 
and 1/JP(x)=xPmodp. D 

7.16. Let V be the Thom space of a complex vector bundle V with compact base 
X. Let Uv be the Thom class of V (1.6), and Iet Cf'v: K(X)~ K(V)~:::d((V) be the 
Thom isomorphism defined by the product with Uv. We define pk(V)= 
Cf'v 1(1/Jk<uv )) e K(x). 

7.17. Proposition. Let x be an element of K(X). Then Cf'v 1(1/Jk(cpv(x)))= 1/Jk(x)pk(V). 
In other words, the following diagram is commutative 

K(V)LK(V) 

.,! ]•'' 
K(X) T: K(X), 

Proof This follows from 7.13 and the fact that Cf'v is a K(X)-module isomor­
phism. D 

7.18. Theorem. Let Vand V' be complex vector bundlesover X andX', respectively. 
Then p\Vx V')=pk(V)pk(V'). In particular, if X=X', we have pk(V $V')= 
pk(V)pk(V') in the ring K(X). 

Proof Wehave the commutative diagram 

rjl 
K(Vx V') K(Vx V') 

/: rjlxif!k /1 
K(V) xl K(V') l(/Jvxv· ~ K(V)1:~~:: (/Jvxv· 

I Vlk 
(/JyX(/Jv· ./ ....... ~(XxX')------ -~K(XxX') 

... 1/Jk 1/Jk / 
K(X) X K(X') X K(X) X K(X'), 

where the slanting arrows represent the cup-product. D 
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7.19. Corollary. Let x be any element of K(JR.2")::::;.K(S 2"). Then 1/Jk(x)=k"x. 

Proof We regard CC" as a vector bundle over a point. Then <Pcn(l) is a generator of 
K(CC")::::;.i?(S2")::::;7l, and we must verify that pk(CC") =k". By the theorem above, it 
is enough to verify pk(CC")=k" for n= I, i.e. to verify that pk(x)=kx for each 
element x of K(S 2 ). But K(S2 ) is generated by ~ -1, where ~ is the Hopf line 
bund1e (111.1.1 and 2.5). Since ( ~- 1 )2 = 0, we may write 1/Jk( ~- 1) = ~k- 1 = 
(1+(~-1))k-1=k(~-1). D 

7.20. Proposition. The correspondence V 1-:>- p\V) from the set of isomorphism 
classes of complex vector bund/es over X, to the group K(X), is characterized by the 
following properties: 

1) /(f*(V))=f*(p\V))for any continuous map f" X'- X (in other words l 
is "natural"). 

2) /(V EB V')= l( V) /(V'). 
3) /(L)= 1 + L+ · · · + Lk- 1 if L is a line bundle. 

Proof By Theorem 1.7, it is enough to verify Relation 3) when Xis the projective 
space CPn, and L is the canonicalline bundle over CPn. Moreover, the Thom space 
L may be identified with CPn+ 1 (2.3), and the Thom isomorphism 

ll ll 
7l[u]/u"+ 1 7l[u]/un+2 

is simply defined by the product with u (cf. 2.4). Therefore 

7.21. Examp/e. If k=2, then the dass pk(V) coincides with the dass A(V)= 
1 +V +.A.?(V)+ 23(V) · · ·, because A(V) satisfies Axioms 1), 2), and 3), ofProposi­
tion 7.20. 

7.22. Let ~k be the subring of ~. consisting of fractions with denominator a 
power of k. We define an operation 

/: K(X)~ K(X) ® z% 

by the formula /(x)= pk(V)/k", for each element x of K(X), where x is written in 
the form V-n. Since /(n)=k" foreachinteger n (7.19), this operation is well­
defined. 

As an important example of a computation of the operation pk, Iet us consider 
the real projective space RP._ 1 • By 6.47 we see that K(RP._ 1 )=Kc(RP._ 1) is the 
quotient of the algebra 7l[2'] by the relations 2Y 2' =0 and (2')2 =- 22', where g is 
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the number of integers i such that 0 < i < n and i= 0 mod 2. In fact A.' = ~, -1, 

where ~' is the complexification of the canonicalline bundle. 

7.23. Proposition. For k odd, the operation 

is determined by the relation 

k(f1') 1 k'-1,, 
p II. = +21TII.. 

Proof For 1=1, we have pk(A.')=pk(~')/k=~(l+~'+···+~'k-t). Since ~' 2 =1, 
we see that 

By induction on l, we obtain the formula 

k [1') (t k-1 ,,)' 1 k'-1 ,, 
p(11. = +2kll. = +~II. 

as desired. 0 

7.24. Let us now examine operations in real K-theory. The operations A_i, yi, A." 
and yt' may be defined without difficulty. The Adamsoperations 1/Jk: ~(X)~ 
KJR(X), for kEJN, are defined by the formula ljlk(x)=Qk(A. 1(x), ... ,A.k(x)), where 
Qk is the Newton polynomial. Then we have 1/Jk(x+y)=l/lk(x)+t/i(y), and 
1/J\L)=Lk if L is a realline bundle. The only nontrivial results are the relations 

1/J\xy) = 1/Jk(x) ·1/lk(y) and I/J\I/J1(x)) = ljlk1(x), which will be proved at the end of this 
section with the aid of representation theory (another proof is presented in Exercise 
8.5). 

7.25. Proposition. Wehave the following commutative diagrams, 

K~~~.(X)~ ~(X) K~~.(X)~~(X) 

''] ]'' and ··] ]·· 
K~~~.(X) ~~(X) KIR(X)~ ~(X), 

where the horizontal arrows are the complexification homomorphisms. 

Proof The natural homomorphism A_i(E) Q% CC ~ A_i(E ®IR CC), where E is a real 
vector bundle, is an isomorphism, For each element x of KIR(X), we see that 



7. Operations in K-Theory 261 

c(A.i(x))=A.i(c(x)). Since t/Jk is a po1ynomia1 ofthe A_i, for i~k, and since c isaring 
homomorphism, we also have c(t/Jk(x))=t/lk(c(x)). D 

7.26. Consider a real vector bundle V of rank 8n, provided with a spinorial 
structure. By 5.12, we have a Thom isomorphism 

Now we define p~(V) as the class cp; 1(t/lk(Uv )), where Uv= cpv(I) is the Thom 
class of V. By 7.24, we have p~(V Et> V')=p~(V)p~(V'). We also have the com­
mutative diagram 

where Tt(x)=t/lk(x)p~(V). To avoid confusion, we Iet p~ denote the class pk, 
defined in complex K-theory (7.16). 

7.27. Proposition. Let V be an oriented real vector bundle of rank 4p. Then 
W = V Et> V may be provided with a complex structure and a spinorial structure, 
and we have the relation 

where W R is the spinorial bundle underlying W. 

Proof By elementary observations, we have the commutative diagram 

Spin(8p)-----. Spinc(8p) 

1 1 
S0(4p)~ U(8p) 

of group homomorphisms, where the vertical maps are defined as in 4.18 and 4.26. 
It follows from 5.12 that we have the commutative diagram ofThom isomorphisms 

KR(X) cpwa KR(WR) 

'] 'j 
Kc(X)~ Kc(W). 



262 IV. Computation of Some K-Groups 

Therefore c(Uw. )= Uw. Since the operation t/lk commutes with complexification 
(7.25), the proposition follows. 0 

7.28. Corollary. Let V be a spinorial bundle ofrank 8r. Then c(p~(V)2)=p~(W), 
where W = V ®R er is the complexification of V. 

* 7.29. Remark. Let K spin(X) denote the subgroup of KR(X), generated by 
spinorial bundles of rank= 0 mod 8. By 4.20, it may be identified with the subgroup 
of KR(X) consisting of elements x, such that rank(x)=O mod 8, and w1(x)= 
w2(x)=O.If x= [V]-[V'] E Kspin(X), then the spinorial structures of Vand V' 
are well-defined up to multiplication by a line bundle. Therefore, if k is odd, the 
dass pk(x) E KR(X) ®z <Qk is well-defined. On the other hand, if k is even, then 
pk(x) is defined only up to multiplication by a line bundle. However, if 
H 1(X; Z/2) = 0, then allline bundles are trivial, and hence pk(x) is also well-defined 
iri this case.* 

7.30. Proposition. Let~ be the canonicalline bundle over RPn_ 1 , and Iet k be odd. 
Then 

Proof Since the homomorphism KR(RP m- 1)- KR(RPn_ 1) is surjective for 
m~n (6.44), it is enough to consider the case n-l=Omod8. In this case, the 
complexification homomorphism 

is an isomorphism (6.46). Since 2~ = ~ E9 ~ is oriented, Proposition 7.28 enables us 
to write c(p~(41~ $4l))=p~(2/~'+2l), where f=~ ®R er. By 7.23, we therefore 

( k 21 -1 ) have c(p~(41 ~+41))= p~(2/A.' +4/)=e' 1 + 2k 21 A.' · Since c(A.)=A.', the relation 

follows. 0 

7.31. We now return to the relations which we described in 7 .24. For this, we need 
some basic facts in the representation theory of compact Lie groups (the generat 
reference forthismaterial is Adams [3]). 

Let G be a compact Lie group. We let RF(G), where F= IR or er, denote the 
Grothendieck group of the category of finite F-dimensional representations of G. 
In fact, Ri G) is the free group with basis, the set ofirreducible representations of G. 
The composition RR(G) -4 Rc(G) -4 RR(G), where c is complexification, and r is 
realification, is multiplication by 2. Therefore RR(G) may be regarded as a sub· 
group of Rc(G). 
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7.32. To each representation p: G--. Aut(V), we associate its character 
x= xP: G-. F, defined by x(g)= Tr(p(g)). Note that x(tgt- 1)= x(g). The map from 
RiG) to ff(G, F) (the space of continuous maps from G to F), which associates 
each representation p with its character, is injective (Adams [3]). Now Iet A,k(p) 
be the representation of Gin A,k(V), defined by A.\p)(g) =A.k(p(g)): A,k(V)--. A,k(V). 
We define l/J\p) as the element Qk(A.1(p), ... ,A.k(p))ERiG), where Qk is the 
Newton polynomial. Note that l/Jk(p +a) = l/Jk(p) + l/Jk(a) by the same argument as 
in 7.15. 

7.33. Proposition. Let xP: G--. k be the character of the representation p. Then 
the character ofl/Jk(p) is g r+ xp{gk) (cf. Adams [3]). 

Proof Since the map from RJR(G) to RJ..G) is injective, and since A,i(p ® 4::)= 
A,i(p) ® «::, we may restriet ourselves to the case F = «::. Since Gis compact, we may 
factor p into G-> U(n) >-+ Aut(«::n) with respect to a suitable isomorphism a:;n~ V. 
If t 1' ... , tn are the eigenvalues of p(g), we have Tr(p(g)) = t 1 + · · · + tn, 
Tr(A.2(p)(g))= L lJi, and Tr(A.k(p)(g))=ak, where ak is the kth elementary 

i<j 

symmetric function of the ti. Hence Tr(l/J\p)(g))= Qk(a 1, ... , ak)= Tr(p(g)k)= 
Tr(p(gk)) = Xp(gk). 0 

7.34. Proposition. Letpanda be representations ofG. Then l/Jk(pa)= l/Jk(p)l/Jk(a) in 
the ring RiG). Hence l/Jk: RF(G)-> RAG) isaring homomorphism. 

Proof We need only verify the formula xl/lk(paJ(g) = xl/lk<Plg)xl/lk<",(g). Since 
xljJk(p)(g) = xp(gk) and XljJ"(a) = Xa(gk), we have xljJk(pG)(g) = Xpa(gk) = xp(gk)x"(gk) = 
x"'k<p,(g) · x"'k<a)(g). o 

7.35. Remark. lf G 1 and G 2 are compact Lie groups, we have the bilinear pairing 

denoted by (pp p2 ) r+ p1 up2 (this is the "external" tensor product ofrepresenta­
tions). If ni: G1 x G2 -> Gi are the obvious projections, we have p 1 up2 = 

n!(p 1)·n!(p2 ) in RF(G 1 x G2). From this, we arrive at the formula l/Jk(p 1 up2)= 
l/lk(p1)ul/fk(Pz). 

7.36. Proposition. Wehave theformula l/Jk(l/11(p))=l/lk1(p) in RF(G). 

7.37. Theorem. Let c: RJR.(G)-> RJG) (resp. r: RJG)-> R~~..(G)) be the complexi­
fication homomorphism (resp. realification homomorphism). Then we have two 
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Proof Since c is a ring map, the commutativity of the first diagram follows from 
the identity )"i(p Q9 CC)=A;(p) ®er. Now Iet a: G~ Aut(V) be a complex 
representation, and Iet p be its underlying real representation. We have 

xp{g)= x .. (g)+ x .. (g), hence Xl/l"<.ig)= x..(l)+ x..(l)= Xr<I/J"<.uJlg). 0 

7.38. We now return to our original problem, which was the investigation ofthe 
properties of the Adams operations 

t/lk: KIR( X)~ KIR( X). 

In fact, our method also applies to the complex Adams operations t/Jk: Kce(X)---* 
Kce(X), and provides another proof of Theorems 7.13 and 7.15, which is more 
"elementary" in style. 

If Eisa real vector bundle, we may write E=P xG 1R", where Pisa principal G 
bundle (4.14), and where G acts on 1R" by a representation p: G---* O(n). For 
example, we could choose G= O(n) and P, the principal O(n)-bundle associated 
with E (4.14). Thus we may write )"k(E) = P xG )"k(1R"), where G acts on )"k(1R") in 
the natural way. More generally, if V= v+- v- is an element of RIR(G), where 
v+ and v- are orthogonal representations, we have a well-defined element 
Ev= [P XG v+]- [P XG v-] of KIR(X); wesimplywriteEy=P XG V. Inparticular, 
t/1 k(E) is Ev, where V= t/1 k(p ). 

If EI = p I X O(n!l 1R"' and E2 = p 2 X O(nz) 1R"2 ' we have 

where 1R"' ® 1R"2 is an O(n 1 ) x O(n2)-module in the natural way. Let us write 
t/lk(1R"')= Vt- V1- and t/lk(1R"2)= V2+- V2-. By 7.35, we have 

t/lk(1R."' Q9 JR"2) = t/lk(1R"' )ut/Jk(JR"2) 

= vt ® v 2+ + v; ® v 2- - vt ® v 2-- V1- ® V2+. 

t/J\E1 Q9E2)=[PxG Vt Q9 vn+[PxG V1- Q9 V2-]-[PxG Vt ® V2-] 

-[PxG V1-@ vn 

=(Pl XO(nl) vn ® (P2 Xo(nz) v2+)+(P1 Xo(nl) vl-) ® (P2 Xo(nz) v2-) 

-(Pl Xo(nl) vn ® (P2 XO(nz) v2-)-(P1 Xo(n!l V!)® (P2 Xo(nz) Vi) 

=(Pl XO(n!)(Vt- vl-)) Q9 (P2 Xo(nz)(v2+- v2-))=t/lk(E1) Q9 t/lk(E2). 
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Since t/Jk: KR(X) ~ KR( X) is a group homomorphism, we have the relation 
tjJk(xy)=t/lk(x)t/Jk(y) for all x, y E KR(X). 

7.39. If E=PXO(n)JR", we have t/11(E)=PxO(n) v+-PxO(n) v-, where t/11(1R")= 
v+- v+ in RJR(O(n)). Similarly 

where w+- w- = t/lk(V+) and r+- r- =t/Jk(V-) in RJR(O(n)). Since t/lk(t/11(1R")) = 
t/Jk1(1R")= w+- w-- r+ + r- (7.37), we have t/lk(t/11(E))=t/lk1(E). By additivity, 
we see that t/Jk(t/11(x))=t/Jk1(x) for any xE KIR(X). 

7.40. Proposition. The following diagram 

where r is the realification homomorphism, is commutative. 

Proof Let E=Pxu<n> <C" be a complex vector bundle (4.14). Then r(t/1\E))= 
Pxu(n) t/Jk(<C"), where t/Jk(<C") is regarded as an element of RIR(U(n)). On the other 
hand, t/Jk(r(E)) = P xu(n) t/Jk(<C"), where <C" is regarded as the realV(n)-module 1R2". 

Since the diagram 

is commutative (7.37), t/Jk(JR2")=t/J\<C") as an element of RIR(U(n)); hence 
r(t/lk(E)) = t/Jk(r(E)), and by additivity, r(t/lk(x)) = t/Jk(r(x)) for each element x of 
R'c(X). 0 

Exercises (Section IV.8) 5-7, 15, 16. 

8. Exercises 

*8.1. Let E be an oriented bundle. Compute the number of spinorial structures 
(resp. cspinorial structures) which may be placed on E if wiE)=O (resp. if 
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ß(wz(E))=O, where ß:H2(X; Z/2) ~ H 3(X; Z/2) is the Bockstein function). Con­
sider, in particular, the case where Xis simply connected. * 

8.2. Let p: U(n) ~ U(n)jU(n -1)~ S 2"- 1 be the canonical projection, and Iet y 
be the canonical generator of Ki 1(S 2"- 1). Now show that, up to sign, p*(y) is 

n 

the altemating sum L ( -lYA.i, where )..i is the element of Kc- 1(U(n)) induced by 
i=O 

the z1h exterior power ofthe canonical representation U(n) ~ Aut(~") (cf. II.3.17). 
By induction on n, show that K;(U(n)) is the exterior algebra generated by 

A.l, ... , A.". (Apply Theorem 1.3.) 

8.3. Let Vbe a Real vector bundle ofrank n in the sense ofiii.7.13. Using the tech­
niquesdevelopedin IV.2 andin Exercises III.7.13 and III.7.14, showthat.KR(P(V)) 
isafreeKR(X)-moduleofrankn= Rank( V), with basis l,h,h2 , ••• , h"- 1, wherehis 
the class of the canonicalline bundle over P(V) (this bundle is a Real bundle). 
Moreover, prove the relation 

8.4. (8.3. continued.) By the same method as in section 3, compute KR(F(V)) and 
KR(Gk(V)). In particular, prove that the canonical map KR(X) ~ KR(F(V)) is 
injective, and that n* V is the sum of Real line bundles (splitting principle for 
KR-theory). 

8.5. Prove the existence and uniqueness of the Adams operations, t/Jk: KR( X)~ 
KR(X), defined for any compact space X provided with an involution such that 
t/lk(x + y) = t/lk(x) + t/Jk(y ), and t/Jk(L) = Lk when L is a Real line bundle. If X is 
provided with the trivial involution, and if KR(X) is identified with KR(X), prove 
that these Adamsoperations coincide with those defined in 7.24, Finally, show 
that t/Jk is a ring homomorphism (this gives another proof of the results in 7 .38). 

8.6. Let T" be the n-dimensional torus regarded as a topological group. Now 
provethat Rc(T") is thealgebraofLaurentpolynomialsZ[t1, ... , tn,f1 1, ... , t,;- 1], 
where t; is the class of the one-dimensional representation T" n'hP,•i••li•n T 1 = 
U(I)~ Aut(«::). 

If 5 denotes the ideal of Rc(T") which is Ker[Rc(T") -4 Z] with e(t;) = 1, show 
that the completion ~c.(T") of Rc(T") with respect to the 5 -adic topology is 
Z[[x1, ... ' xn]], where X;=t;-1 (by definition ~c(T")=proj lim Rc(T")j5P). 

Finally, prove the existence of an isomorphism 

n-times 

Z[[x1, ... ,x"]]~~(T")~fc.(BU(l)xBU(l)x ··· xBU(l)). 

8.7. Let U(n) be the unitary group ofrank n regarded as a topological group. Now 
prove that Rc.(U(n)) is the algebra Z[A.1 , ••• , A.", (A.")- 1], where )..i is the i 1h exterior 
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powerofthenaturalrepresentation U(n) ~ Aut(ccn). Bythesarnernethodasin 8.6, 
prove the existence of an isornorphisrn 

Z[[y1, •.. ,ynJJ~.kG:(U(n))~ ffc(BU(n)). 

8.8. With the help ofTheorern 6.40, cornpletely cornpute the groups Ki,.(RPn, RP m) 
and Ki:(RPn, RP m). 

8.9. LetS ..!4 X be a spherical fibration between cornpact rnanifolds with Dirn(S)­
Dirn(X)=:Ornod8, andlet i: X~ Sbeasection ofrc. IfTX- i*(TS) is provided with 
a stable spinorial structure, prove that K:_(S) is a free K:(X)-rnodule of rank 2. 
State and solve the analogaus problern in cornplex K-theory. 

8.10. Let HPn be the projective space ofHn+ 1 (where His thefield of quaternions). 
Show that KG:(HPn)~Z[ß]/ßn+ 1, where ß is the class ofthe canonical bundle over 
HPn, regarded as a cornplex bundle of rank 2. lf n: CP 2n+ 1 ~ HPn is the obvious 
rnap, show that the hornornorphisrn Kc(HPn) ~ KG:(CP2n+ 1) is injective, and that 
n*(ß)=h+h, where h is the class of the canonical line bundle over CP2n+ 1 • 

Cornpute ljlk(ß). Make analogaus cornputations for KJI,_(HPn) and KJH(HPn). 

8.11. Let G be a finite abelian group, and let V be a cornplex G-bundle over the 
G-space X (in the sense ofl.9.29), which is the surn ofline G-bundles. If KG denotes 
cornplex equivariant K-theory (1.9.30), show that KG(V) is a free KG(X)-rnodule of 
rank one, generated by the Thorn class described in 1.6, where G acts on all the 
bundles involved. If G acts freely on the sphere bundle S(V), and if Xis a point, 
prove the exact sequence 

Rc(G)~ Rc(G)----+ Kc(S(V)/G)----+ 0, 

Dirn( V) 

where CJ is rnultiplication by L ( -IYA.;(V), with A_i(V) regarded as an elernent 
i=O 

8.12. Let X be a space of finite type (3.23). Then we define the Euler-Poincare 
characteristic x(X) of the space X as Dirn K~(X) ® <Q- Dirn Kc- 1(X) x <Q (by 
V.3.25, this is the usual Euler-Poincare characteristic). Now prove the following 
well known properties of x: 

a) x(X1 uX2 )+ x(X1 nX2 )= x(X1)+ x(X2 ). 

b) x(Xx Y)= x(X)x(Y). 
c) More generally, if E ~ Bis a fibration with fiber F, then x(E) = x(B) · x(F). 
Conclude frorn the last fact that if a finite group G acts freely on a cornpact 

space X of finite type, and if X/Gis of finite type, then the order of G divides the 
Euler-Poincare characteristic of X. 

8.13. Let V be an oriented vector bundle of rank n over a cornpact space X. Prove 
that K(X) ® Z[!] ~Kn(V) ® Z[i] as K(X)-rnodules (cf. the author [2]). 
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* 8.14. Let X be a locally compact space, and Iet 4> be a family of closed subsets 
of X such that: 

I) Any finite union of elements of 4> belongs to 4>. 
2) A closed subset of an element of 4> belongs to 4>. 
3) Bachelement of 4> has a neighbourhood in the family 4>. 

Then using the material developed in II.5 show how to define in a "reasonable 
way" complex K-theory with support in 4> (denoted KiX)) and prove that 
K~(X) ® <Q~H~ven(X; <Q), where H~ denotes cohomology with supports in 4>.* 

8.15. Let S 2" be the sphere of dimension 2n 
a) lf x E K~(S2n), prove that A.1(x) may be written as 

I [(-1)"-1(n-1)!t"-1f.()-IJ 
+ (1 + t)" n t X, 

wheref.. e Z[t] andf..( -I)= 1. 
b) Deduce from a) that for any complex vector bundle of ranknon S 2", we 

have A._ 1(E)=(n-1) !x, with x= [E] -n. 
c) Let Mbe an irreducible complex C 0 • 2"-module, and Iet e be a gradation of M 

(N.5.2). The pair (M, e) may be regarded as a C 0 • 2"+ 1-module, which we again 
denote by M. Over each point w E S 2" c 1R2"+ 1, Clifford multiplication by vectors 
which are orthogonal to w, defines a C(V)-module structure on n*M, where 
n: S 2"-+ Point and V= TS 2" is the tangent bundle. On the other hand, Clifford 
multiplication by w defines a gradation of the C( V)-module n* M, which we denote 
by '7· Therefore, the triple (n*M, 17, -17) defines an element of the group K~(X) 
described in IV.5.1 where X=S 2". 

Now prove that the image of this element by the forgetful homomorphism 

K[ (X)-+ Ka:(X)-+ Ka:(X), 

is twice a generator of Kc(X) ~ Z. 
Also prove that this element is a generator of K~(X)~Kc(V)~Z (IV.6.21). 
d) Deduce from b) and c) that TS 2" may be provided with a complex structure 

only if n = 1 or 3. (This exercise gives a purely K-theoretical proof of an old result of 
Borel-Serre [1]. Another proofwill be given in V.3.) 

8.16. Let X be a compact space such that K(X) is generated by line bundles L;, 
with (L;)P =I for p a fixed prime. Show that the torsion of K(X) is p-primary. 

9. Historical Note 

The Thom isomorphism in compiex K-theory is a key tooi in the Atiyah-Hirzebruch 
Riemann-Roch theorem (for maps between manifaids provided with an almost 
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complex structure). Thom isomorphism in real K-theory has analogaus applica­
tions, and is due to Atiyah, Bott and Shapiro [1]. 

The computation of complex K-theory for complex projective bundles, fl.ag 
bundles and Grassmann bundles, is based on the work of Atiyah [3] and 
Grothendieck [2]. The "Kunneth formula" in IV.3 is taken from Atiyah [2]. 

The computation of the K-theory of real projective space is essential to the 
solution ofthe vector field problern on the sphere (V.3). The result (due to Adams 
[1]) is generalized in IV.6 to real projective bundles. 

Finally, the notion of operations in K-theory, which is important in applications, 
is due to Grothendieck [1], Adams [4] and Atiyah [5]. 



ChapterV 

Some Applications of K-Theory 

I. H-Space Structures on Spheres and the Hopf Invariant 

1.1. Let a::S"- 1 ~ S"- 1 be a continuous map. Then j(~- 1 (S"- 1)~Z, and cx 
induces an endomorphism of Z of the form x ~--+ A.x where A. E Z. The integer A. is 
called the degree of cx, and is denoted by deg(cx). In particular, if cx is a homeo­
morphism, we have deg(cx) = ± 1. lt is possible to prove (cf. Hu [I]) that 
n"_ 1(S"- 1)~Z, where the isomorphism is given by the degree. However, we do 
not require this result in this section. 

1.2. Let m: S"- 1 X S"- 1 ~ s"- 1 be a continuous map. The map m is said to be 
ofbidegree(p, q), ifthemapsx ~--+m(x, x0)andy~ m(x0 ,y) are ofdegreespandq, 
respectively (this definition does not depend on the choice of the point x0 ). The 
sphere S"- 1 is said tobe an H-space (with respect to m) ifthe two maps above are 
homotopic to the identity of S"- 1 (which impliesp=q= 1).. For example, S 1, S 3 , 

and S 7 , are H-spaces with respect to the multiplication of complex numbers, 
quatemions, and Cayley numbers, respectively. In fact, we will prove in this 
section that these spheres are the only one (other than S 0 ) which may be provided 
with an H-space structure. More precisely, we will prove that p odd and q odd can 
only occur when n = 1, 2, 4 or 8. This implies that the finite-dimensional real vector 
spaces which may be provided with an algebra structure ( eventually non-associative 
and eventually without unit) without zero divisors, must have dimension 1, 2, 4 or 8. 
The essential tool used to prove these results is the notion of Hopf invariant. 

1.3. The Hopf invariant. Let n be an even integer, and Iet f: S 2"- 1 ~ S" be a 
continuous map which preserves base points. The Hopf invariant of f is an 
integer h(f), depending only on the class ofjin n2"_ 1 (S"), which is defined in the 
following way. We consider the Puppe sequence associated with/(11.3.29) 

lfwe apply the functor K=Kc to it, we obtain the short exact sequence 

o~ K(S2")~K(Cf)LK(S")~o. 

Therefore, K(Cf)~Z $ Zwithgenerators u and v, where v=j*(ß2") and i*(u)=ß" 
with ß" an arbitrary fixed generator of K(S") and ß2" = ß"u ß". In the ring K( Cf), we 
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thus have the relations v2 =uv=O and u 2 = A.v for some integer A.. This integer A. does 
not depend on the choice of u, since (u+mv)2 =u2 for any integer m. Now we 
define A.=h(f), and it can be checked that the map j"r-+h(j) defines a homo­
morphism from n2n-l (S") to Z. If r: S" ~ S" and s: S 2"- 1 ~ S 2"- 1 are con­
tinuous maps, we have the formula h(rfs)=deg(s)deg(r)2h(f). 

It is possible to give other definitions of the Hopf invariant; however, it can be 
shown that they are equivalent to this one. 

1.4. We retum now to our "multiplication" m: S"- 1 X sn- 1 ~ sn- 1 of bidegree 
(p, q), where we assume n even (the case n odd is easier and will be treated at the 
end ofthis section). To simplify matters, we may assume without loss of generality 
that m(e, e)=e, where e=(l, 0, ... , 0) is the base point of S"- 1. We now demon­
strate howto obtain amap f: S 2"- 1 ~ S" ofHopfinvariantpqfromm. To do this, 
we COllSider each of the factors S1 and S2 Of the product S"- 1 X S"- 1 as the 
boundary ofa ball B 1 (resp. B2 ) of dimensionn. Hence Bi is the quotient of Si x [0, 1] 
by the equivalence relation which identifies the subspace Si x { 1} to a point. 

LetS~ (resp. S") be the upper hemisphere (resp. the lower hemisphere) of S", 
defines by xn+ 1 ~0 (resp. xn+ 1 ~0). Then S~ uS'!._ =S", S~nS'!._ =S"- 1, and both 
s~ and S'!._ may be identified with the quotient of sn- 1 X [0, 1], by the equivalence 
relation which identifies the space S"- 1 X {1} to a Single point. 

From the map m, we obtain a map / 1: S1 x B2 ~ S~ by the correspondence 
(x, y, t) "r-+ (m(x, y), t), for t e [0, 1]. By the same method, we also obtain a map 
!2 :B1 X s2 ~ S"_. In the space B1 X B2, the subset s1 X B2uB1 X s2 may be identi­
fied with S 2"- 1. Now we definef:S 2"- 1 ~ S" by the formulaf(x, y, t)=f1(x, y, t) 
if(x, y, t) E s1 X B2, andf(x, y, t)=f2(x, y, t) if(x, y, t) eB1 X s2. Themapfiswell­
defined sincef1ls1 xs2 =/2ls1 xs2 • We now showthat the Hopfinvariant offis equal 
to pq (with respect to our definition of the Hopf invariant). 

1.5. By definition, the cone Cfofthe mapj, is the quotient of Z=(B1 x B2}.JS" by 
the equivalence relation which identifies x with f(x), when x e S 2"- 1 = 
s1 X B2uB1 X s2 cB1 X B2. We denote by fo:B1 X B2 ~Cf, the restriction to 
B1 x B2 ofthe quotient map 0: Z ~Cf. We notice that S" (hence S~ and S'!._) are 
naturally subspaces of Cf. Let 

be the map of triples. Then g has the following properties: 
a) ginducesarelativehomeomorphism between (B1 x B2)-(S1 x B2uB1 x S2) 

and Cf-S". Hence g induces the isomorphism between 

defined by j*. 
b) The homomorphism Y1: K(Cf)-::::,K(CJ, S~) ~ K(B1 X B2, s1 X B2)-::::, 

K(B1, S1)-::::,K(S") sends u to pßn· In fact, the map (/0,/1): (B1 xB2, S1 xB2)~ 
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(Cf, S~) may be factorized up to homotopy into 

The first morphism is a homotopy equivalence, and the third is induced by the 
inclusion of sn in Cf Finally, the second morphism is essentially the suspension 
ofthe map x t-+ m(x, e), hence is of degree p, when we identify BtfS1 and sn;s~ 
with sn. 

c) F or the same reason, the homomorphism 

sends u to qßn. 
Let us denote the generators of the groups K(Bl X B2, sl X B2) and 

K(B1 x B2, B1 x S2 ) by ß~ and ß~, respectively. Then we have the following com­
mutative diagram, where the horizontal arrows represent cup-products (II.5.8). 

K( Cf) X K(Cf) --------4 K( Cf) 

ll I 
K( Cf, S~) x K( Cf, S"_ )----(J-----+ K( Cf, sn) j* 

y=(yl, Y2) 1 ll 
K(Bl X B2, sl X B2) X K(Bl X B2, B1 X S2)~ 

K(B1 x B2 ,S1 x B2 uB1 x S2 );::::;K(S 2n) 

The product of ß~ and ß~, defined by r, may be chosen as the generator ß2 n ofthe 
group K(B1 X B2, s1 X BzuB1 X Sz) by III.l.3. The image of the pair (u, u) by ry 

(resp. o") ispqß2n (resp. u2) by b) and c) above. Since the image of ß2n by j* is v, we 
have h(f) = pq. 

Thus the assertions of 1.2 (for n even) are a consequence of the following 
theorem. 

1.6. Theorem. Let n be an even integer, and Iet f: S 2n- 1 --* sn be a continuous map 
with Napfinvariant an oddnumber. Then n=2, 4, or 8. In particular, ijsn-l may be 
provided with an H-space structure, then n must be 2, 4 or 8. 

Proof From the general properties of the operations t/Jk (IV.7.19), we have 
t/Jk(v)= k 2'v and t/Jk(u) =k'u+a(k)v, where n= 2r and a(k) E 7L. On the other band, 
since t/1 2 =(21) 2 -222 (IV.7.15), we have t/J 2(u)=u2 mod2=h(f)vmod2. Hence 
a(2) must have the same parity as h(f), which is odd by hypothesis (put k = 2 in the 
relation above). 

From the relation t/Jkt/11 = t/J1t/Jk (IV. 7 .15), we write 

k'(k' -l)a(/)=1'(/' -l)a(k). 
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In particular, ifwe choose l= 2 and k odd, we see that 2' must divide k' -1 for each 
odd integer k. Therefore, in order to prove the theorem, it suffices to show that this 
special property of r implies r= 1, 2, or 4. 

If r > 1, the group (7l/2'7l)* is of even order. Hence the identity k' = 1 mod 2' 
implies r even. Ifwe choose k= 1 +2'12 , we have k'= 1 +r2'12 mod 2' by binomial 
expansion. Hence r must be divisible by 2'12 , which is only possible if r= 2 or 4. D 

1.7. Remark. It is possible to prove (cf. Husemoller [1]) that for any even 
numbers n and A., there exists a continuous mapf: S 2"- 1 --> S" ofHopfinvariant A.. 

1.8. Theorem. Let n be an odd integer, and Iet 

m: sn- 1 X sn- 1 ___.... sn- 1 

be a continuous map of bidegree (p, q). Then p or q is equal to 0. 

Proof By III.l.3 and IV.3.24, wehaveKc(S"- 1 x S"- 1) -;:::;:,Kc(S"- 1) ® Kc(S"- 1)-;:::;:, 

(ll Ee llu) ® (ll $ llv), where u (resp. v) is the generator ofthefirst factor Kc(S"- 1) 

(resp. the second factor Kc(S"- 1)). If we write Kc(S"- 1)=7l $ llw, then the 
homomorphism 

m*: 7l $ llw----> (ll Ee llu) ® (7l Ee llv) 

sends w to an element of the form pu ® 1 + 1 ® qv +su ® v, for some integer s. 
Since m is a ring homomorphism, 0 = w2 must be sent to 

(pu ® 1 + 1 ® qv+su ® v)2 = 2pqu ® v. 

Therefore pq= 0. D 

2. The Solution of the Vector Field Problem on the Sphere 

2.1. In this section, we wish to determine the maximum number of linearly inde­
pendent vector fields on the sphere S 1- 1 (cf. 1.5.5). The Gram-Schmidt ortho­
normalization procedure may be used to replace any field of n- 1 linearly inde­
pendent tangent vectors, by a field of n- 1 tangent vectors of norm one, which are 
orthogonal to each other. Therefore, if On,t denotes the Stiefel manifold 
O(t)/O(t-n), then the existence of a field of n-llinearly independent tangent 
vectors on S 1- 1, is equivalent to the existence of a continuous section a: 0 1 1 = 
S1- 1 --> on,t of the natural projection on,t--> 01,1' defined by (al, ... ' an)~ an 
where (aJ is an orthonormal system in IR.1• 

2.2. In order to deal with this last problem, we use the following trick. Each 
element a of On, 1 defines a linear map cp a: IR"--> IR1, which is injective, and depends 
continuously on a. Now Iet (): sn- 1 X S 1- 1 --> sn- 1 X S 1- 1 be the continuous map 
defined by ()(v,b)=(v, cpa<bl(v)). By identifying v with -v, we see that () induces a 
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continuous map e between (sn- 1/7l2) X s'- 1 and (sn- 1 X s'- 1)/7l2. These spaces 
may be identified with the sphere bundles S(te) and S(t~) where e denotes the trivial 
bundle of rank one over RPn_ 1 =sn- 1/7l2 , and ~ denotes the canonical line 
bundle over RPn_ 1 (1.2.4). 

2.3. Proposition. Let us assume that S'- 1 admits n- 1 linearly independent tangent 
vector fields. Then there is a continuous map 0: S(te) ~ S(t~), which makes the 
fol!owing diagram commutative: 

S(te) L S(t~) 

\ I 
RPn-1 

Moreover, over each point x of RPn_ 1 the map 

is a homotopy equivalence. 

Proof Only the last part of the proposition requires a proof. If n = 1, then 0 is 
bijective and the proposition is obvious. If n > 1, we must show that the maps 
b ~ IPa(blv), for V in sn- 1 ' are homotopy equivalences from s'- 1 to itself. Since 
sn- 1 is arcwise connected, all these maps are homotopic. However, if we choose 
v=en (the last vector ofthe canonical basis of IR.n), we see that IPa(bJ(v)=b sincea 
is a section ofthe map On.r ~ 0 1,,. D 

2.4. The last proposition provides some important information about the Thom 
spaces of te and t~. More generally, Iet V and W be vector bundles on a compact 
base X, and Iet f: S( V) ~ S( W) be a continuous map between sphere bundles, 
such that the diagram 

S(V)LS(W) 

\I 
X 

is commutative. By radial extension,finduces a proper continuous mapf V~ W, 
henceahomomorphisml*: KnlW)~ KJR(V).Ifweassumethatfx: S(Vx)~ S(Wx) 
is a homotopy equivalence for each x EX 6 ), then f also induces a homotopy 
equivalencefx: t>-~ Wx (note that Vx and Wx may be identified with the suspen-

6 > In this case we say that the sphere bundles S(V) and S(W) have the samefiber homotopy type (cf. 
Dold-Lashof [!]). 
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sions of S(Vx) and S(Wx), respective1y). Therefore, the homomorphism /* has 
the property that for each point x, we have the commutative diagram 

KIR(W) L KR(V) 

1 /,• j 
KIR(Wx)~KIR(Vx), 

where J: is an isomorphism. 
Suppose now that Vand Ware of rank 8p, and are provided with some spinoria1 

structure. Let Tw be the Thom class of W (IV.5.13). Then]*(T w) may be written 
as A.Tv, where Tv is the Thom class of V, and A. eKIR(X). 

By restriction to a point x of X, we see that A. is an invertib1e element of KIR(X). 
Hence there exists a cover (Xi) of X with open and closed subsets such that A. lx, = 
ei(l + yJ where ei= ± 1, y E K~(X) and Yi = Ylx,. Note that 

t/Jk(1 + y) 1/Jk(A.) 
1+y =-;.,-· 

2.5. Proposition. Let V and W be as above. Then there exists an element y of 
K~(X) such that for each k we have the relation 

pk(V) = pk(W) 1/Jk(l + y)' 
l+y 

where pk=p;_ is the operation defined in IV.7.26. 

Proof Let (/Jv: KR( X)~ KR( V) (resp. q>w: KR( X)~ KR(W)) be the Thom iso­
morphism (cf. IV.5.14). Since Tv=q>v(1)=]*[(1+y)Tw] where yeK~(X), we 
have "formally" 

pk(V)=q>vt(t/Jk(Tv)) 1/Jki:v) = 1/Jk(T;;:tk(A.) = pk(W)t/Jk;~:Y). 0 

2.6. Corollary. Let W be a spinorial bundle ofrank 8p over RPn_ 1, suchthat the 
sphere bund/es S(8pe) and S( W) have the same fiber homotopy type. Then pk(W) = k 4 P 

ifk is odd. 

Proof Since k is odd, 1/Jk(~)=~. Therefore, using the fact that KF.(RPn_ 1 )':::; 

KR (RP n- 1) is generated by ~ -1 (IV .6.46), we see that the factor t/Jk(l + y) is 
1+y 

equa1 to one. Hence pk(V)=pk(8pe)=k 4P. D 

2.7. Proposition. Let an be the order ofthe group KR(RPn_ 1), that is, an=2f where 
fis the numberofintegers i such thatO<i<n andi=O, 1, 2 or4mod 8 (IV.6.46)./f 
S1- 1 admits n- 1/inearly independent tangent vector fields, then t isamultiple of an. 

Proof We first prove that if the sphere bund1es S(te) and S(t~) have the same 
fiber homotopy type, then t~ is stab1y trivial. For the case n = 2, the vector bund1e 
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~ EB ~ is trivial. Hence, if t is even, there is nothing to prove. If t is odd, i.e. 

t=2r+ 1, then the Thom space 'te may be identified with S 2'(RP2 ), and Ki._'{tf,)= 
A A · 

KJR(RP2)# Ki_'(tB) (IV.6.45). Hence the Thom spaces t~ and te do not have the 
same fiber homotopy type, which imp1ies that S(t~) and S(tc) do not have the same 
fiber homotopy type. 

Let us now consider the case n > 2. We first prove that 1i ~ 'fe implies that t is 

a multiple of 4. The set of natural numbers u, such that Uf+;;u has the same 

homotopy type as ~ for some m, has a smallest e1ement a, which divides 

allsuch numbers (note that in general ~VA W). Since a.=21, the number 
a may be written as 29 with g~f, so we must show that g# 0, 1. The Thom space 

~ can a1wa ys be identified with RP" + u _ d RP u _ 1 via the homeomorphism 
(IR"- {0}) x lRu/IR*- RPn+u- 1 - RPu_ 1, induced bythe inclusionof(IR"- {0}) x IR" 

in IR"+u_ {0}. Therefore, a homotopy equiva1ence between Uf+;;u and ~ 
imp1ies thatK;a(RPn- 1)~ KIR(Sa(RPn- 1)) ~ KIR(RPn+a- d RPa- 1 ). But, by IV.6.45, 
we have 

K; 1(RP._ 1)=7L/2; KJR(RP)RP0)~7L/2ß with ß~ 2; 

Ki 2(RP._ 1)=7L/2 if3~n<7, 

= a group of order 2 or 4 if n~ 7; 

and by IV .6.42 

KJR(RP.+ dRP 1)= Coker(K(C"+ 1• 0)- K(C 1 • 0)) 

='lL/4 if3~n<7, 

=7l../2ß with ß>2, ifn~7. 

Therefore a # 1, 2, i.e. t is a multiple of 4. 
Assurne now that t=4l. By 2.6, we must have p\41~+4l)=k41 if k is odd. 

Therefore, applying proposition IV.7.30, we obtain the identity 

in the multiplicative group 1 + KJR.(RP._ 1), for every odd integer k. Now Iet 
8: KJR.(RP._ 1)- 7Lj2f+ 17L be the ring homomorphism defined by 8(Jc)= -2. Then 
8 induces a group map 

( 
k2!_1 ) 

suchthat 8' 1 + 2k 21 Je = (ljk) 21 . As is weil known (and easy to prove), the 

group (7Lj2f+ 17L)* may be identified with 71../Y- 171.. x 71../2, and as a generator ofthe 
factor 7L/2f- 17L we may choose any element of (7Lj2f + 17L)* ofthe form 4p + 1, with 
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p odd. If k is chosen so that 1/k is oftbis form, we see that (1/k)21 = 1 in (7Lj2I+ 17L)*, 
if and only if 2/ is a multiple of 2f- 1, thus t = 41 is a multiple of an= 2f. 0 
* 2.8. Remark. To show that t isamultiple of 4 when n>2, we could also have 
used Stiefel-Whitney characteristic classes (IV.4.20 and Thom [1].* 

2.9. Theorem. The sphere S 1- 1 admits n- 1 linearly independent tangent vector 
fields if and only if t is a multiple of an. 

Proof By 2. 7, it suffices to construct such linearly independent tangent vector 
fields, if t is a multiple of an. From the definition of an, we see that t is a multiple 
Of an ifand Only if JR1 iS proVided With a cn- 1, 0 -mOdUle StfUCtUre, i.e. ifthere eXiSt 
n- 1 automorphisms e P ... , en- 1 of IR1, such that (eY = - 1 and eiei+ eiei = 0 
for NI If G is the multiplicative finite group of order 2n generated by ± e;, we 
may choose a metric on lR1 so that G acts by orthogonal automorphisms. Hence, we 
may assume without lass of generality that e[ = - e;. Thus for each vector v of 
S 1- 1, the vectors e 1 ·V, ... , en_ 1 ·V are tangent vectors Which are linearly inde­
pendent. To see this last point, we set e0 = Id, and notice that the scalar products 
<e;- v, ei·v) =0, for i# j and i,j E {0, 1, ... , n-1 }, since eje;= -e[ei. 0 

2.10. Theorem (Adams [1]). Let us write each integer t in the formt= (21)(-1) · 2P, 
where ß=y+4b with O~y~3, and Iet us define p(t)=21 +8b. Then the maximal 
number of linearly independent tangent vector fields on the sphere S 1- 1 ' is p(t)- 1. 

Proof By 2.9, this number is n- 1, where n is the greatest integer CJ( t) such that 
t isamultiple of an. Since anisapower of 2, this number depends only on ß. On the 
other band, CJ(16t)=CJ(t)+8 since cp+s,o~cp,o(l6) (111.3.21). Since p(l6t)= 
p(t)+8, we need on1y check the cases t=2, 4, 8 and 16, where we observe that 
p(2)=CJ(2)=2, p(4)=CJ(4)=4, p(8)=CJ(8)=8, and p(16)=CJ(16)=9. 0 

3. Characteristic Classes and the Chern Character 

3.1. In this section we assume that the reader has some basic know1edge of ordinary 
cohomology ( cf. Greenberg [1], Ei1enberg-Steenrod [1], Dold [1 ], Spanier [2] ... ). 
Recall that all cohomo1ogy theories satisfying the Ei1enberg-Steenrod axioms, 
agree on finite CW-comp1exes, and hence on compact manifolds. In general, we 
will use Cech cohomology with 7L-coefficients, which is the theory best suited to 
K-theory. We define the Cech cohomology with compact support of a locally 
compact space X, as Ker[Hi(X) ~ Hi({ oo }), where Xis the one point compacti­
fication of X. When there is no risk of confusion, we will simply write Hi(X). 

Our first objective in this section is to associate with each vector bundle V, 
some characteristic classes analogaus to the classes constructed in Chapter IV. 

3.2. Let Vbe a real vector bundle ofrank n with base X. By definition, an orienta­
tion of V is given by an orientation wx of the real vector space Vx, for each point 
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x of X, which varies "continuously" with x. This means that for each point y in X, 
there exists a neighbourhood U of y and a trivialization U x 1R" ~ V u inducing an 
isomorphism of oriented vector spaces 1R." ~ Vx for every point x in U. It is easy to 
see that this definition agrees with the definition in IV.4.13 stated in terms of 
principal bundles. 

An important example is given by a complex vector bundle. In fact, if E is a 
complex vector space of dimension p and if e 1 , •.. , e Pisabasis of E, then the vectors 
e 1 , ie 1 , ••. , e P, ie P can be chosen as an oriented basis of the underlying real vector 
space. This orientation is independent ofthe choice ofthe basis, andinvariant under 
complex automorphisms because GLp(cr) is connected. Moreover, if E' isanother 
complex vector space, then the natural orientation of E EB E' is the product of 
the orientations of E and E' in the obvious sense. Now, if Visa complex vector 
bundle, it may be given the orientation arising from the canonical orientations 
of its fibers. 

F or any oriented real vector bundle V of rank n, we have a canonical generator 
wx ofthe group H"(Vx), over each point x of X. 

3.3. Theorem (Thom). Let us assume that the base Xis compact. Then there exists a 
unique cohomology class Uv E H"(V), such that the restriction of Uv to each group 
H"(Vx) is the generator wx. Moreover, the cup-product with Uv defines an iso­
morphism 

CfJv: H;(X)~ Hi+"(V) 

( Uv is called the Thom class in cohomo/ogy and CfJv the Thom isomorphism ). 

Proof Using the Mayer-Vietoris exact sequence argument given in IV.l.3, we 
see that the existence of such a dass U v induces an isomorphism H;(X) ~ Hi +"(V). 
Nowlet (X;),for i= 1, ... ,p, be !tfinitedosedcoverof X, suchthat Vlx, isatrivial 
vector bundle for each i. Our proofis by induction onp. lf Y= u X; and 

i= 1, .. . ,p-l 

Z = XP, we have the Mayer-Vietoris exact sequence 

H"- 1(V1Ynz)~ H"(V)~ H"(Viy) EB H"(Viz)~ H"(ViYnz)· 

The first group of this sequence is 0 by the induction hypothesis. Thus we obtain 
the existence and uniqueness of Uv (hence the isomorphism CfJv) for a cover of p 
closed subsets X;, suchthat Vlx, is trivial. 0 

3.4. Definition. The restriction x( V) of the Thom class U v to H"( V)~ H"(X), is 
called the Eu/er class of the oriented vector bundle V (more precisely, it is the 
cohomo/ogical Eu/er class as opposed to the K-theory Euler dass defined in IV .1.13). 

A justification of this terminology is given by the following proposition: 

3.5. Proposition. Let V be the tangent bundle of an oriented manifold X. Then 
x( V), evaluated on the fundamental class of the manifold X, is equal to the Euler­
Poincare characteristic of the manifold. 
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This proposition is proved in Husemoller [1], pp. 255-258. Since we do not 
require this result (except for an application in 3.28), we omit the proof. 

3.6. Proposition. Let V1 and V2 bevector bund/es with bases X 1 andX2 , respectively. 
Then Uv1 xv2 = Uv 1UUv2 ./fX1 =X2 =X, then x(V1 EB V2)=x(V1)·x(V2 ). 

Proof The first formula follows from the uniqueness of the Thom dass as stated 
in 3.3, and from the elementary properties ofthe cup-product in cohomology. The 
second formula is obtained from the firstvia the diagonal map X____. Xx X. 0 

3.7. Proposition. Using the notation of IV.2.3, we have the split exact sequence 

0-----. H'(P(V EB L), X) L H'(P(V EB L))---. H'(X)---. 0 

ll 
H'(et ® n* L) 

ll 
H'- 2(P(V)). 

If U denotes the Thom class of the line bundle et ® n* L, and if r = 2,. then j*( U) 
is the Eu/er class a ofthe bundleeteL ® n!(L), where n1 : P(V ES L)___. X. Finally, 
ifx is an element ofKer(H'(P(V ES L))___. H'(X), and ifx'=xl8r<P<V»• we have the 
formulaj*~(x')=x-j*(U). 

The proof of this proposition is analogaus to the proof of IV .2.4. 

3.8. Proposition. Let X be a compact space, and Iet Pn=P(~"+ 1 ) be the complex 
projective space of dimension n. Then H*(Xx Pn) is afree H*(X)-module with basis 
1, t, ... , t", where t is the Eu/er c/ass of the line bundle p*en with p: Xx Pn ____. Pn. 
Moreover, r+ 1 =0; hence H*(Xx Pn)~H*(X)[t]j(t"+ 1). 

The proof oftbis proposition is analogaus to the proof of IV.2.5. 

3.9. Corollary. Let Pn and Pm be complex projective spaces, and Iet 'h =nte: and 
'12 =n!e:' where nl =Pn X p m ____. pn and 1t2: pn X p m ____. p m. Let X and y be the Eu/er 
classes ofthebund/es 17 1 and 172 . Then H*(Pn x P m)~Z[x, y]j(x"+ 1)(ym+ 1). 

3.10. Proposition. Let L 1 and L 2 be line bund/es. Then x(L1 ® L 2 ) = x(L1) + x(L2), 

x(L1) is ni/potent, and x(L! ® L 2)=- x(L1)+x(L2 ). 

Proof By 1.7.10, it suffices to verify the proposition when the base space is 
Pn x Pm' L1 =nte:, and L 2 =ng:. By restriction to the factors Pn and Pm (choose 
base points in P n and Pm), and by naturality, the corollary above shows that 
x(L1 ® L 2)=x+y=x(L1)+x(L2) in the group H 2(P"x Pm). The nilpotence of 
x(L1) follows from the nilpotence oft in Proposition 3.8. Finally 0= x(L! ® L 1)= 
x(Lt)+x(L1 ), and x(L! ® L 2)=x(Lt)+x(L2 )= -x(L1)+x(L2 ). 0 
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3.11. Remark. Ifwe let u denote the Euler class ofn*e,., where n: XxP"-+ P", 
then we have u= -t, and H*(Xx P")~H*(X)[u]/(u"+ 1). 

3.12. Proposition. Let X be a compact space, and Iet V be a complex vector bund/e 
ofrank n over X. Let u be the Eu/er class ofthe line bundle e=ev over P(V) (cf. 
IV.2.2). Then H*(P(V)) is a free H*(X)-module with basis 1, u, ... , u"- 1 . In 
particular, the homomorphism H*(X)---+ H*(P(V)) is injective. 

The proof of this proposition is analogous to the proof of Proposition IV.2.13. 

3.13. Proposition. Assurne that V may be written in the form L 1 Ef) • • • Ef) L", 
where the L; are /ine bund/es. Then u" is determined as afunction ofthe ui,for i<n, 
by the re/ation 

n n (u-x(L;))=O. 
i= 1 

The proof of this proposition is analogous to the proof of IV .2.14 ( where the 
unit element is simply 1 ). 

The "splitting principle" in K-theory has the following analog in cohomology 
theory: 

3.14. Proposition. Let V be a comp/ex vector bund/e with compact base X, and Iet 
n: F(V)-+ Xwhere F(V) is thejlag bundle of V (cf. IV.3.3). Then 

a) the homomorphism n*: H*(X)-+ H*(F(V)) is injective; and b) the vector 
bundle n*(V) splits into the Whitney sum of line bund/es. 

The proof of this proposition is analogous to the proof of IV.2.15, with the 
remarks made in IV.3.3. 

3.15. Theorem. To each complex vector bundle V of fixed rank with compact 
base X, we can uniquely associate cohomology classes c;(V) E H 2i(X) cal/ed the 
Chern classes of V which satisfy the following axioms: 

1) The c;(V) are "natural", i.e. c;(V)=/*(c;(V')) for any generat morphism 
V---+ V' which is an isomorphism on the fibers, and induces f: X---+ X' on the bases 
(cf. 1.1.6). 

2) lf V1 and V2 are vector bund/es with the same base, then ciV1 Ef) V2)= 
:L ci(V1)·c/V2 ). 

i+j=k 

3) lfthe rank ofVis one, then c0(V)= 1, c1(V)= x(V), and c;(V)=Ofor i#O, 1. 

The proof ofthis proposition is analogous to the proof ofiV.2.17. Moreover, 
this proof gives us the following proposition: 

3.16. Proposition. Let X be a compact space, and Iet V be a complex vector bundle 
ofrank n over X. Let u be the Eu/er class ofthe line bund/e c;=ev, and Iet ci(V) be 
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the Chern classes of V (note that ci(V)=O for i>n). Then we have the relation 

which completely determines the ring structure of H*(P(V)) (cf. 3.12). 

3.17. Proposition. Let V be as above. Then c"( V) is equal to the Eu/er class x( V) ofV. 

Proof By the splitting principle, we need only verify the proposition for 
V=L 1 EB · · · EB Ln, where the Li are line bundles. By 3.6, we then have 

n n 

x(L 1 EB · · · EB Ln)= 0 x(Li)= 0 c1(LJ=ciV). 0 
i=l i=l 

n 

3.18. Remarks. Let us write c(V)= L ci(V) E n•ven(X). This is called the "total 
i=O 

Chern class" of V. Then relation 2) of 3.15 may be written more simply in the form 
c(V1 EB V2)= c(V1) • c(V2). We could also push the analogy with K-theory further 
by computing the cohomology offlag bundles, Grassmannians, etc. (cf. Dold [2]). 
This is left as an exercise for the reader. 

3.19. By analogy with the characteristic classes l/l(V) constructed in IV.7.15, we 
define classes sk(V)eH2k(X), suchthat siV1 EB V2 )=siV1)+sk(V2), by putting 
sk(V)=Qk(c10 c2 , ••• , cn) where ci=ci(V), and Qk is the Newton polynomial. We 
make the convention that s0 (V)=rank(V). The formal computations made in 
IV.7.15, mayberepeated toprovetherelationsk(V1 EB V2 )=sk(V1)+sk(V2), which 
we will require. 

3.10. Proposition. Let V1 and V2 be complex vector bund/es. Then we have the 
relation 

Proof We provide the group Irven(X) with a new multiplication law, denoted by *• 
which is defined on homogeneous elements xi and x j of degrees 2i and 2j, respec­
tively, by the formula 

Then neven(X), provided with this new multiplication, is still a commutative ring, 
and the formula required is 

siV1 ® V2)= L slV1) * sj(V2). 
i+ j=k 
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00 

Ifwe set s(V)= L slV) E nevencx), this is equivalent to proving that 
i=O 

Because of the splitting principle and the property stated in 3.19, it suffices to 

checkthisformula when V1 and V2 are ofrank one. Ifwe setx1 = x(V1), x 2 = x(V2 ), 

then x 1 +x2 =x(V1 ® V2 ) by 3.10. Hence, sk(V1 ® V2)=(x1 +x2)\ s;(V1)=(x1);, 

and s/V2)=(x2)i. Therefore, the identity required is simply 

(xl+xz)k= L (xlY*(Xz)i= L .~:,(xlY(xz)i, 
i+j=k i+j=kl.J. 

which is the binomial identity. 0 

3.21. Remark. The definition of the classes c;(V) and s;(V) may be generalized 

to the case where the rank of V is not necessarily constant. If X= U X" is a partition 

of Xinto open subsetssuch that the rank of Vlx. is constant, then we define c;(V) 

(resp. s;(V)) as the unique cohomology dass such that c;(V)Ix. = c;(VIx) (resp. 

s;(V)Ix. = s;(VIxJ· 

3.22. In order to avoid the above "twisting" of the multiplication in neven(X), 

we must work with rational cohomology, i.e. the cohomology theory with <Q as 

the group of coefficients instead of 7L. As is weil known (cf. Eilenberg-Steenrod 
[1]), H;(X; <Q);::;;Hi(X) ® <Q. Thus we may define 

I 1 
Chk(V)=-sk(V)=-Qk(c1(V), c2(V), .. . ,cn(V))EH2k(X; <Q), 

k! k! 
00 

Ch(V)= L Chi V) E Heven(X; <Q) 
k=O 

(we notice that Chk(V)=O for k large enough, since the c;(V) arenilpotent by the 

splitting principle and Proposition 3.10). 

3.23. Theorem. Let V1 and V2 be vector bund/es, with compact base X. Then we 

have the formu/as 

Ch(V1 EB V2)= Ch(V1)+ Ch(V2), 

and Ch(V1 ® V2)= Ch(V1) · Ch(V2). 

Moreover, if L is a line bundle, then Ch(L)=exp(x(L)). 

Proof Since sk(V1 EB V2)=sk(V1)+sk(V2), we clearly have Chk(V1 EB V2)= 

Chk(V1)+ChiV2 ); hence, Ch(V1 EB V2 )=Ch(V1)+ Ch(V2 ). Similarly 
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Therefore Ch(V1 ® V2 )=Ch(V1 )·Ch(V2 ). Finally, if Vis ofrank one, then 

3.24. Definition. We call the ring homomorphism 

<Xl 

Ch: K.;(X) ~ H•v•n(X; ~)= 'ffi H 2;(X; ~), 
i=O 

defined by Ch([E]-[F])=Ch(E)-Ch(F), the Chern character. 

3.25. Theorem. The Chern character has the following properties: 
a) If X is the sphere S 2n, then Ch is injective, and its image is H*(S 2n)c. 

H*(S2n; ~. 
b) For any compact space X, Ch induces an isomorphism 

(the cohomology used here is Cech cohomology). 

A detailed and complete proof of this theorem is given in the Cartan-Schwartz 
seminar 1963/64, expose 16 (Karoubi [1]). 

3.26. Since K.;(X, Y) ~ Kc(X/Y) = Ker[K.;(X/Y) ---. K.;(Point)], and since 
Heven(X, Y)~)~.H•v•n(X/Y)=Ker[H•v•n(X/Y)---. H•ven(Point)], we may extend 
the Chem character by a homomorphism, also denoted by Ch, from K.;(X, Y) 
to H•v•n(X, Y; ~). Applying these Observations to the pair (Xx Bl, Xx S 0), we 
obtain a homomorphism from K; 1(X, Y) to Hodd(X, Y; ~). If we define 
Kc* (X, Y) =~(X, Y) EI) Kc- 1(X, Y), we finally obtain a homomorphism 
Ch: K.;*(X, Y)-. H*(X, Y; ~), compatible with the multiplicative structures, and 
inducing an isomorphism Kc""(X, Y) ® ~~H*(X, Y; ~). 

3.27. Theorem. Let ljJJ;_,: H•ven(X; <Q)---. H•v•n(X; ~) be the algebra homomorphism 
definedby 1/J~(x)=/Cxfor x e H 2•(x; ~). Then thefollowing diagram is commutative 

K.;(X)~ Heven(X; ~) 

~] ]~~ 
Kr;(X)~ Heven(X; ~' 

where 1/Jk is the Adamsoperation (cf. IV.7.13). 

Proof It suffices to prove that for each vector bundle V of rank n, we have 
Ch(l/Jk(V))=l/I~(Ch(V)). By the splitting principle, we may further assume that 
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n= I. Then 1/Jk(V)= Vk and c1(Vk)=kc1(V) (IV.7.13 and 3.10). Therefore 

We now give an application of the theory of characteristic dasses to a problern 
which was solved by Borel-Serre [1] using other methods. 

3.28. Theorem. Let TS 2n be the tangent bundle ofthe sphere. Then, ifn=l= 1 or 3, 
TS 2 n cannot be provided with a complex structure. 

Proof If E is any complex vector bundle on S 2n, then Ch(E) belongs to 
H*(S 2n; 7l)cH*(S 2n; <Q) by 3.25. Since ci(E)=O for i<n, the Newton formulas 

imply that Ch(E) = ( -1 t- 1 (:~~~! · By 3.5 and 3.17, cnCE) is twice the canonical 

generator of H 2n(S 2n; 7l). Therefore (n -1)! divides 2, which is only possible if 
n=l,2,or3. 

If n=2, i.e. in the case of S 4 , the computation above shows that if TS 4 is 
provided with a complex structure, then its dass in K«:(X) is not trivial. But its 
dass in KIR(S 4 ) is trivial, since TS4 EB ()1 is trivial (1.5.5). Since the homomorphism 
K«::(S4 )--+ KJR(S 4 ) is injective (IV.5.19), we have a contradiction. Hence n=/=2, and 
the theorem is proved. 0 

3.29. Remark. A purely "K-theoretical" proof oftbis last theorem is sketched in 
Exercise IV.8.15. 

4. The Riemann-Roch Theorem and Integrality Theorems 

4.1. Along the lines ofHirzebruch [2], we sketch a general method of constructing 
characteristic dasses from formal power series. Letf(x) be a formal power series 
with coefficients in a ring A, which may be written in the form I + a 1 x + a2x2 + · · ·. 
If x 1, .•. , xn are n variables, then the product f(x 1) f(x 2) • • • f(xn) is a formal 
power series which is symmetric in the variables x 1, x 2 , ••• , xn. Therefore, we may 

00 

write it in the form L P}(x1, x 2 , .. • , xn), where the P} areweil defined sym-
k=O 

metric polynomials of degree k. If a 1, ... , an denote the elementary symmetric 
functions of the xi, then the polynomials PJ(x 1 , .•. , xn) may be uniquely expressed 
as R}(a 1 , .•. , an), where R} is a polynomial ofweight k in the variables a 1 , ... , an. 

Therefore, for each vector bundle V of rank n, the cohomology dass TJ( V)= 
RJ(c1(V), ciV), .. . , cnCV)) is a well-defined element of H 2k(X) ® A (Note that 
TJ(V)= 1). 
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00 

4.2. Theorem. Let TI( V)= L TJ(V) E neven(X). Then the characteristic class Tf 
k=O 

is characterized by the following properties. 
a) T1 is "natural" (cf. 3.15). 
b) TiV1 ED V2)= TiV1)· TiV2 ). 

c) TiV)=f(x(V)) if V isofrank one, where x(V)=c1(V) denotes the Euler 
class ofV. 

The proof of this theorem is analogous to the proof of Theorem 3.15. 

4.3. Examples. Whenf(x) = x and A = Z, the class Ti V) is simply the total Chem 
class c( V)= 1 + c 1 (V)+ · · · + c"( V) of the vector bundle V. 

When A= <Q and f(x)=(l-e-x)/x, the characteristic class T1 is called the 
"Todd class" ofthe bundle V, and is written as -r(V). A preliminary justification of 
the importance of this definition is the following theorem. 

4.4. Theorem. Let V be a complex vector bundle of rank n, and Iet cpK: Kc(X)---+ 
Kc(V) and cpH: H*(X; <Q)--+ H*(V; <Q) be the Thom isomorphisms in K-theory and 
cohomology, respectively (we Iet H* denote Cech cohomology with compact support). 
Then cp_ii 1(Ch(cpil))=-r(V). Furthermore, we have theformula 

Ch(cpK(x)) = cpH(Ch(x) · -r(V)) 

for each e/ement x of Kc(X) (Note that V and V have the same underlying real vector 
bundle, hence the same underlying topo/ogical space). 

Proof. Let us temporarily denote the class cp_ii 1(Ch(cpK(l))) by :t(V). Then the 
method used in IV.7.18 shows that :t(V1 ffi V1)=:t(V1)·:t(V2 ). By the splitting 
principle, it therefore suffices to check the first formula for the canonical line 
bundle Lover P"=Pi~). In this case, ifwe let s denote the zero section of L, and 
let s;: KJL)--. KJX) and s~: H*(L; <Q)--+ H*(X; <Q) denote the induced homo­
morphism in K-theory and cohomology respectively, then we have the relations 

:t(L)x(L) = sM Ch(cpK(I))) = Ch(si(cpK(I))) 

=Ch(I-L)= 1-exp( -x(L)) 

by 3.10. Since the relation :t(L)x(L)= 1-exp(- x(L)) holds for each integer n, 
we see that the class :t(L) is obtained from the formal power series (1-e-x)/x by 
the Substitution X 1-+ x(L). Therefore :t(L)=-r(L), hence :t(V)=-r(V) in general. 

Furthermore, 

cp_ii 1(Ch(cpix)))= cp_ii 1(Ch(x) · Ch(cpi1)))= Ch(x) · cp_ii 1(Ch(cpi1)))=-r(V) · Ch(x). 

Therefore Ch( cpK(x)) = cpH( -r( V)· Ch(x)). 0 
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4.5. Remarks. This is the first place where we must be careful about sign conven­
tions in defining cpK. The conventions we have adopted are the same as in Hirze­
bruch' s book (for the definition of the Todd class ), and are essentüilly motivated by 
algebraic geometry. In order to understand these conventions, it is convenient to 
think of a complex vector bundle as a real vector bundle provided with the cspinorial 
structure associated with the complex conjugate structure rather than the original 
complex structure. 

Another aspect of these conventions that should be noted isthat in the case of a 
trivial vector bundle V, we have 't'(V)= I. Hence Chis compatible with the Thom 
isomorphisms in this case. In other words we have a commutative diagram 

K(X X ~n) ~ H*(X X crn) 

··) )·· 
K(X) Ch H*(X) 

Finally, we must pointout that the class which will turn out to be of importance 
for us is not 't'(V), but rather its inverse 't''(V) = 't'(Vr 1. In fact, the function 
x/(1-e-x) may be expressedas 

1 X ~ { 1)"- 1 B. 2s 
+2+.:--1 - (2s)!x , 

where the B. are the Bernoulli numbers (Hardy and Wright [1]). For example, 
B1 =i, B2 = l0 , B3 = 412, B4 = l0 , etc. Therefore 

't'~(V)=!cp 

't'~(V)=#c2 + cD, 

't'~(V)= 2~c2c1' 
't'~(V)= 7 ~0 ( -c4 +c3c1 +3d +4c2c~-cj), 
't'~(V)= 14~0( -c4c1 +c3ci+3c1 c~- c2cD, 

and 't'~(V)= 60 ! 80{2c6 -2c5c1 -9c4c2 -5c4ci-ci+I1c3c2 c1 +5c3ci 

+ 10c~ + Ilc~cf -12c2ci +2cn. 

These computations are due to Hirzebruch [2]. 

4.6. Proposition. Let V be the complex conjugate bundle of V (1.4.8.e). Then 
c;(V)=( -J)ic;(V). Inparticular, ifV~ V, then the Chern classes c;(V) are elements 
of the 2-torsion of W;(X) when i is odd. 

Proof Let us define c;(V)=( -lYc;(V). In order to prove that c;(V)=c;(V), we 
must checkthat the c;(V) satisfy the axioms ofthe Chern classes (3.15). Since the 
first two axioms are trivially satisfied, we need only verify that c 1 (V)= - c 1 (V) if 
V is a complex line bundle. This follows immediately from 3.1 0. 

Now if v~ V, we have C;(V)=( -J)ic;(V). Hence 2c;(V)=O for i odd. 0 
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4.7. Definition. Let Wbe a real vector bundle. We define its Pontrjagin classes as 
( -1Yc2;(V), where V= W ® CC is the comp1exification of W (I.4.8.e). They are 
denoted by P;(W). 

The Pontrjagin classes satisfy some formal axioms, analogous to those of 
Chern dasses. If p(W)= 1 +p1(W)+ · · · +Pn(W)+ · · ·, where Pn(W)eH4 "(X), 
denotes the "total Pontrjagin dass", we have the relation p(W1 E9 W2)= 
p(W1)p(W2 ) mod 2 torsion. If W is the real vector bundle of rank 2 underlying a 
complex line bundle V, then W ® CC may be identified with V E9 V (I.4.8.e). 
Therefore, p 1 (W)= (c1 (V))2 • 

4.8. Assurne now that W is a real vector bundle of rank 2n, provided with a 
cspinorial structure (IV.4.25). By IV.5.14, we have a Thom isomorphism 
(/)x: R'c(X)- Kc(W), and hence the characteristic dass A(W) = <p8 1( Ch( ({Jx(l ))), 
which we call the "Atiyah-Hirzebruch dass" of W. We would like to compute this 
dass in terms ofthe Pontrjagin dasses of W. Note that A(W)= 1 if W is trivial by 
our sign conventions (IV.5.8, IV.5.13, 5.4). 

To do this, we consider the homomorphism Spinc(2n)- U(1) defined by 
(cx,z)-z 2 (IV.4.30). This homomorphism induces a map H 1 (X;Spinc(2n))­
H1(X; U(l))~cP~(X). Thus we may associate a complex line bundle L 
with the vector bundle W. We denote the Chern dass c1(L) by d(W). (*In fact it 
is not difficult to show that d(W) determines the cspinorial structure of W.*) 

4.9. Proposition. Let V be the complexified bundle of W. Then A(W)= e4' 2Jr{V), 
where d=d(W), and-r(V) is the Todd class ofV(4.3). More generally, Ch(<px(x))= 

({)u(e4' 2 )«V)· Ch(x)). 

Proof TheclassA(W)hasthefollowingproperties:A(W1 E9 W2)=A(W1)·A(W2 ) 

(compare with 4.4), and A(W)= 1 if W isatrivial bundle. 
Now the vector bundle WEB W simultaneously has a complex structure V 

and a cspinorial structure. By IV.5.9, the corresponding Thom classes only differ 
by the factor L. Since V~ V, we have A(W EB W)=e4-r(V). Therefore A(W)= 

J A(W)2 =J A(W EB W)=e4' 2 Jr{V). The second part of the proposition may 
be proved in the same way as Proposition 4.4. 0 

4.10. In order to conveniently express the dass )«V) in terms of the Pontrjagin 
n 

dasses of W, we formally write c(V)= 0 (1 +x;)(l-x;), so that the Pontrjagin 
i=l 

dasses of W, which was assumed to be of rank 2n, appear as the elementary sym-
metric functions ofthe (x;)2 • This is possible in rational cohomology, since ci(V)= 
0 mod 2 torsion for i odd (4.6). With this convention, formally we have 
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(which is a function ofthe (x;)2). From this computation, we obtain the following 
theorem which explicitly computes the class A(W). 

4.11. Theorem (Atiyah-Hirzebruch). Let W be a cspinoria/ real vector bundle of 
rank 2n, and Iet d(W) be the cohomology class associated with W (4.8). Foreach 
e/ement x of Kc(X), we have the relation 

Ch( cpK(x)) = cpH(A(W) · Ch(x)), 

where 

A(W) = ed<WJ/2 fi sinh(x;/2), 
i=l xj2 

and where we regard the Pontrjagin classes of Was the e/ementary symmetric 
functions of the (xY. 

4.12. If W is the underlying real vector bundle of the complex vector bundle T, we 
provide it with the cspinorial structure associated with T, according to our sign 

II 

conventions. Then d(W)= -c1(T)=- L xi> and the Chern classes of Tmay be 
i=l 

regarded as the elementary symmetric functions of the X;. Therefore 

A(W)=ed<WJ/2 fi sinh(x;/2) 
i=l x)2 

II 1-e-x; n--
i=l X; 

-r:(T). 

I h h . . I n" sinh(xJ2) d . f In genera , t e c arac;tenstlc c ass i = 
1 

X;/2 expresse m terms o the 

Pontrjagin classes, will be called the "reduced Atiyah-Hirzebruch class" of Wand 
will be denoted by A(W). As in 4.5, we actually use its inverse more often. lfwe set 
A'(W)= 1/A(W), we find that 

4.13. The preceding observations may be extended to real K-theory by means of 
the Thom isomorphism in real K-theory (IV.5.14). More precisely, Iet Wbe a real 
vector bundle of rank 8n, provided with a spinorial structure. Then we have Thom 
isomorphisms 

For any locally compact space Y, we may consider the "Pontrjagin character" 
00 

P: KR(Y)- 'EB H 4 ;(Y; <Q), obtained by composing the complexification homo-
i=o 

morphism KR(Y)- X.:(Y) with the Chern character Kc(Y)- H•(Y; <Q). 
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4.14. Theorem. Let W be a real vector bundle of rank Sn provided with some 
spinorial structure. Foreachelement x of KIR(X), we have the relation 

where 

P( q>ix)) = q>u(A(W) · P(x)), 

A(W)= ll sinh(x;/2) 
i=O xJ2 

and where again we regard the Pontrjagin classes of Was the elementary symmetric 
functions ofthe (xY. 

4.15. Remark. Let x be an element of ..K.:(X) (resp. KIR(X)), written in the form 
[E]- [F], whereEandFarevectorbundles. Then wecandefine -r:(x)=-r:(E}r(F)- 1 

(resp. A(x)=A(E)A(F)- 1). Similarly, we set d(x)=d(E)-d(F) if x is provided 
with a stable cspinorial structure (IV .5). 

4.16. Now let X and Y be compact differentiable manifolds such that Dirn( Y)­
Dim(X)=Omod2,andletf: X--+ Ybeacontinuousmapsuchthatv f=f*(TY)- TX 
is provided with a stable cspinorial structure (IV.5.23). In IV.5.27 we defined a 
Gysin homomorphism 

Along the same lines, we define a Gysin homomorphism in cohomology 

j*H: H*(X; <Q)---+ H*( Y; <Q) 

which is actually dual (via Poincare duality) to the homomorphism 

4.17. Theorem (the Atiyah-Hirzebruch version of the Riemann-Roch theorem). 
Let d=d(vf) as in 4.15. Then, for each element x of Ka:(X), we have the relation 

Ch(f:(x)) = J:(edfl · A(v f) · Ch(x)), 

where f: X--+ Y satisfies the hypothesis of 4.16, and where v f = [f*(TY)]- [TX]. 

Proof Since both members of the formula above depend only on the homotopy 
class of f (cf. IV.5.24), we may assume without loss of generality that f is dif­
ferentiabl~. Firstlet us consider the case where fis an imbedding with N as normal 
bundle. Then the classes of v f and N are equal in the group KR(X). Hence 
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A(v 1 )=A(N). On the other hand, ifwe represent N as a tubular neighbourhood of 
X in Y, then the diagram 

K.:(N)-u~K.:(Y) 

c•j ja 
H*(N; <Q) ~ H*(Y; <Q), 

whereuandvareinducedbythecanonicalmap Y ~ N(cf. IV.5.21),iscommutative. 

Let us now consider the diagram 

Kc(X) --'-"'PK~K.:(N) 

chj jch 
H*(X; <Q) ~ H*(N; <Q). 

In general, this diagram is not commutative. In fact, if x E Kc(X), then 
Ch(<px(x)) = <fJn(A(N) · Ch(x)) by 4.11. Therefore, Ch(f.x(x)) = Ch(u(<px(x)) = 
v(Ch(<px(x)))= v(<pH(ed12 ·A(v 1 ) · Ch(x))= J:(ed12 ·A(v 1 ) · Ch(x)), an identity which 
proves the theorem for this case. 

In the general case, the differentiable map f may be factored into an imbedding 
followed by a projection, i.e.f=p·i where i:x>-+ YxS 2" andp: YxS 2"----» Y 
(projection onto the first factor). Hence f.x =p! · i: (IV.5.24), and similarly, 
f*n =p! · i:. Alsonote that v 1 = vi in the group KIR(X). Since the diagram 

is commutative by the multiplicative property ofthe Chern character, we have the 
relations 

Ch(f*K(x)) = Ch(p! · i:(x)) = P!( Ch(i:(x))) 

=p!(i:(edf2 ·A(v 1) · Ch(x)))=f.H(edf2 ·A(v 1) · Ch(x))). 0 

4.18. Corollary. Let us assume that v 1 is provided with a stahle cqmplex structure 
(hence with a stahle cspinorial structure; cf IV.5.27). Then ed/2 ·A(v 1) is the Todd 
class r( v 1) of v 1 . Therefore, we have the relation 

Ch(f:(x)) = J:( r(v 1 ) · Ch(x)). 
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4.19. Theorem. Let f: X~ Y be a continuous map between compact differentiable 
manifolds, such that Dirn( Y)- Dirn( X)= 0 mod 8. Suppose that v J = f*(TY)- TX 
is provided with a stable spinorial structure. Then we have the relation 

where f*K is the Gysin homomorphism in real K-theory, and P is the Pontrjagin 
character (4.13). 

The proof of this theorem is analogous to the proof of Theorem 4.17. 

4.20. We apply the above assertions to the case where Y is a point. Then the Gysin 
homomorphismf*H: H*(X; <Q)~ H*(Y; <Q) maps Hi(X; <Q) to 0 if i#Dim(X), 
and is an isomorphism HP(X; <Q)::::::;H 0(Y; <Q)::::::; <Q for p=Dim(X). In otherwords, 
f*H(z) is the value of the cohomology class z on the fundamental class of X. Since 
up to isomorphism Ch: K( Y) ~ H 0 ( Y; <Q) is the canonical inclusion of 7l in <Q, 
we obtain the following integrality theorem as a consequence of 4.17. 

4.21. Theorem (Atiyah-Hirzebruch [1 ]). Let X be a compact differentiable manifold 
of even dimension, such that TX is provided with a stable cspinorial structure with 

associated cohomology class d E H 2(X; ll). Then for each element x of Kc(X), the 
value of e-d12Ch(x)/A(TX) on thefundamental class of Xis an integer. 

4.22. Examples. If Xis a 4 dimensional manifold, and if we choose x = 1 then we 
find that p 1 - 3d 2 is divisible by 24. If Xis a 6 dimensional manifold, we find that 
d 3 -dp 1 is divisible by 48. If X is an 8 dimensional manifold, we find that 
15d4 +30p 1d 2 +7pi-4p2 is divisible by 5760, etc. 

4.23. Corollary. Let X be a compact differentiable manifold of even dimension, such 
that TX is provided with a stable complex structure. Thenfor each element x of Kc(X), 
the value of ch(x)/r:(TX) on the fundamental class of Xis an integer. 

Example. Again, ifwechoose x= 1, the computations made in 4.5 show that some 
rational characteristic classes are integral. For example, if Dirn( X)= 8, we find 
that the value of c4 - c3c1 - 3c~ -4c2 ci + ci on the fundamental class of X is 
divisible by 720, where c; are the Chern classes of TX (provided with its stable 
complex structure). 

4.24. Theorem (cf. Hirzebruch [1]). Let X be a compact manifold of dimension = 
4 mod 8, such that TX is provided with a spinorial structure (i.e. w2(TX)=0; cf 

IV.4.20). Thenfor each element x of KJR(X), the value of P(x)/A(TX) on thefunda­
mental class of Xis an even integer. 

Proof We apply Theorem 4.19 to the constant map from X to S 4 . Then the 
Pontrjagin character P: KJR(S4) ~ H*(S 4 ; <Q) isomorphically maps KJR(S4) onto 
2H4 (S4 ;7l)=27lc<Q=H4 (S4 ;<Q), since Ch isomorphically maps ~(S4) onto 
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H 4 (S4 ; Z) (3.25), and since the complexification homomorphism .Km_(S4)~ 
Z- Kc(S4)~Z is multiplication by 2 (III.5.20). On the other hand,j*H may be 
factored into ß!rx!, where rx: X- Point and ß: Point- 8 4 • Since ß. is an iso­
morphism fromA H 0(Point) to H 4 (S4 ), the expressionf.H(P(x).Ä(v 1 )) is actually the 
value of P(x)/A(TX) on the fundamental class of X when we identify H 4 (S4 ) 

with Z. 0 

4.25. Example. Let X be of dimension 4. Then the value of p 1 is divisible by 48 
ifw2 (TX) =0 (note thatp1 (TX) is in generaldivisible by 24 ifw2 (TX) arises from an 
integral class; cf. IV.4.20 and IV.4.25). Similarly, if Xis of dimension 8 and again 
wz(TX)=O, then the value of 7pi -4p2 is divisible by 11 520, etc. Here the P; 
refer to the Pontrjagin classes of the tangent bundle. 

4.26. Remark. The use ofcspinoriality or spinoriality conditions may be avoided 
by considering the theory Kc(X) ® Z[l/2] (cf. IV.8.13). We leave as an exercise 
for the reader, the fact that up to apower of2, the reduced Atiyah-Hirzebruch class 
of any oriented manifold, evaluated on the fundamental class, is an integer. For 
example, if Xis of dimension 4 (resp. 8), the value of p 1 (resp. 7pi-4p2 ) on the 
fundamental class is divisible by 3 (resp. 45), etc. 

4.27. In differential topology it is weil known that the Pontrjagin classes of a 
manifold are not homotopy invariant. However, with the preceding method, we 
can prove that suitable classes are invariant mod m. More precisely, Iet p; denote 
the Pontrjagin classes considered in the quotient group H 4 ;(X; Z)/F 4 i(X), where 
r 4 ;(X) is the torsion subgroup of H 4 i(X; Z). lf f: X- Y is a homotopy equiva­
lence, we have p'(v1 )=f*(p'(TY))·p'(TX)- 1). Since v1 is spinorial, we have 
Ä(v 1 ) E P(KR(X)) by Theorem 5.24. Hereis an application: 

4.28. Theorem (Hirzebruch [1]). Let X be a compact manifold and Iet TX be its 
tangent bundle. Then the image ofp1(TX) in the quotient group H 4(X; Z)/F\X) is 
homotopy invariant mod 24. I/ H 2(X; Z/2)=0, then the image is invariant mod 48. 

4.29. To conclude this section we give a final application of the Riemann-Roch 
theorem. Consider a differentiable fibration between compact manifolds 

with fiber F, a compact manifold of even dimension. We assume that TF and TB 
(hence v ") are provided with cspinorial structures. 

4.30. Theorem (Atiyah-Hirzebruch [3]). Let us denote the class ed<TFJA(TF) 
evaluated on the fundamental class of F by d(F). Then the composition n•n* is the 
Kr;(B)-module homomorphism dejined by multiplication with an element of K/.._B). 
This e/ement may be written as d(F)+x', where x' EK~(B). In particular, if Bis 
connected and if d(F) = ± I, then the homomorphism n*: Kc(B)- Kr;(E) is 
injective. 
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Proof Since n:* and n:* are Kc(B)-module homomorphisms, n*n* is well-defined 
as multiplication by an element x of Kc(B). To find the desired expression of x, 
we use the commutative diagrams 

Kc(E) ~ Kc(B) 

and j j 
Kc(F) (np)*, Kc(P) 

where P denotes a point. Now we need only prove the theorem for the case where 
Bis a point; but this follows directly from the definition ofthe Atiyah-Hirzebruch 
class. 0 

4.31. Examples. The reader can verify that the flag manifolds and complex projec­
tive spaces are examples of manifolds F such that d(F)= ± 1. This gives an 
a posteriori reason for the splitting principle in complex K-theory. 

5. Applications of K-Theory to Stahle Homotopy 

5.1. Let E be a vector bundle with compact base X. Up to homotopy we may 
associate a metric with E (cf. 1.8.5), hence a sphere bundle S(E). If E' isanother 
vector bundle, then the sphere bundles S(E) and S(E') are said tobe fiber homotopy 
equivalent if there exists a continuous map f: S(E)- S(E'), which makes the 
diagram 

S(E)L S(E') 

\I 
X 

commutative, and such that for each point x of X, the map fx: S(Ex)- S(E~) is a 
homotopy equivalence. According to a theorem of Dold-Lashof [1], the relation 
thus defined between E and E' is an equivalence relation; however, we do not use 
this result here. If we Iet F(X) denote the quotient of IP(X) by the equivalence 
relation generated by this relation, we see that F(X) is an abelian monoid with 
respect to the Whitney sum ofvector bundles. More precisely, S(E $ F) may be 
identified with the quotient of S(E)xS(F)x/by the relation (x,y,O)-(x',y,O) 
and (x,y, 1)-(x,y', 1). Hence, if S(E)-S(E') and S(F)-S(F'), we have 
S(E $ F)-S(E' $ F'). The symmetrization of F(X) is denoted by J(X); it is a 
quotient of KJR(X) (cf. Atiyah [1]). 

5.2. Certain observations about the group KR(X) may be repeated for the group 
J(X). For example, if X is connected we have J(X) ~ 7L $ ](X), where ](X) 
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denotes the quotient of F(X) by the equivalence relation generated by stable fiber 
homotopy type; i.e. S(E) is stably equivalent to S(E') if S(E EB n) is equivalent to 
S(E' EB n') for some n and n'. Then J(X)~inj IimFp(X) where Fp(X) is the subset 
of F(X) generated by bundles S(E), where E has rank p. 

5.3. Let us choose a base point y0 in a compact space Y, and Iet us denote by H(p) the 
space of homotopy equivalences from SP- 1 to SP- 1 . Let [Y, O(p)]' (resp. 
[Y, H(p)]') be the set of homotopy classes of maps f: Y ~ O(p) (resp. 
f: Y ~ H(p)) such thatf(y0)= I. Let X=SYbe the suspension of Y. By computa­
tions made in 1.3.9, the set ~(SY) may be identified with the quotient of 
[Y, O(p)]' by the action of 7l/2~n0(0(p)). Let [Y, O(p)]" (resp. [Y, H(p)]") 
denote the quotient of [ Y, O(p )]' (resp. [ Y, H(p )]') by the action of n0 (0(p )) (resp. 
n0 (H(p) ). This last action is defined by ( a, f) f--0> afa- 1, where a- 1 is the homotopy 
inverse of a 7>. 

lf S(E) is the sphere bundle associated with a vector bundle E over SY, then 
S(E) defines an element of [Y, O(p)]", hence an element of [Y, H(p)]". 

5.4. Proposition. Let E and E' be vector bund/es of rank p over SY, such that the 
sphere bund/es S(E) and S(E') are homotopy equivalent. Then they define the same 
class in [Y, H(p)]". Moreover, the map 

Fp(SY)~ [Y, H(p)]" 

thus defined, is injective (but not surjective in general). 

Proof Let us denote the upper hemisphere (resp. lower hemisphere) of SY by 
s+ Y (resp. s- Y). Then the vector bundle E (resp. E') is obtained by glueing 
together the trivialbundlesE 1 = S + Y x IR.P and E2 = S- Y x IR.P, using a "transition 
function" f: Y ~ O(p) (resp. f': Y ~ O(p)) such thatf(y0)= 1 (resp.f'(y0)= 1). 
If S(E) and S(E') are homotopy equivalent, then we have a commutative diagram, 
analogous to the one considered in 1.3.9, 

S(E)~ S(E) 
I 
I 

J: :!' 
I I 
I I 

S(E') ~ S(E') 

where the dotted arrows are only defined over Y, and where a and a' are fiber 
homotopy equivalences. From this diagram we see that f is homotopic to A.f' fJ. 
(where A., fJ. E H(p)) as maps from Y to H(p). Therefore the classes ofjandf' in 
[Y, H(p)]" are equal, and the map Fp(SY)~ [X, H(p)]" is well-defined. 

Now we prove that this map is injective. Assurne thatfandf' are maps from 
Yto O(p) which define the samedass in [Y, H(p)]". If E and E' are the associated 
vector bundles, we define a fiber map from S(E) to S(E') by the same diagram as 
above, where a' = Id, and a is defined using the homotopy of ]' -lj to the identity 

?J It can be proved that n0(H(p)) ~ n0(0(p)) ~ Z/2, but we do not need this result here. 
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within the homotopy equivalences of sp- 1 (cf. !.3.9). By its construction, this map 
is a fiber homotopy equivalence. 0 

5.5. Proposition. Let H = inj lim H(p ), and Iet [ Y, H]' be the set of homotopy 
classes of maps f from Y to H, such that f(y0) = I. Then [ Y, H]' = inj lim[ Y, H(p )]' = 
inj lim[Y, H(p)]". In particular, J(SY) is a subset of[Y, H]'. 

Proof It suffices to prove that the action of n0(H(p)) on [X, H(2p)]' is trivial. If 
a and bare homotopy equivalences from SP- 1 to itself, then the pair (a, b) defines 
a homotopy equivalence from Sp- 1 *Sp- 1 =S 2p- 1 to itself 8 >, which we 
denote by Oa,b· Then Oa,b=Oa, 1 ·01 ,b, and Oa, 1 is homotopic to 01 ,a (use a 
rotation of S 2P- 1 which switches the two S P- 1 factors ). Therefore 0 a, b is homo­
topic to 0 ab, 1 • N ow if f: Y ~ H(p) is a continuous map such that f(y0) = 1, if 
a E H(p) and if a' E H(p) is a representative of the inverse homotopy equivalence 
to a, then (J af(y)a'. 1 is homotopic to (J af(y)a'. a' a = (Ja, a'. (Jf(y), 1. (Ja'. a ~ (J f(y), 1 in a 
continuous fashion. 0 

5.6. Let H1(p) (resp. H_ 1(p)) be the subset of H(p) consisting of homotopy 
equivalences which are homotopic to Id8 p _, (resp. homotopic to the map 
(x1 , ••• , xf) r+ (x1 , •.• , -xp)). We Iet H0(p) denote the set of continuous maps 
from sp- to SP- 1 , which are homotopic to the constant map, Finally, we Iet 
H?,(p) (for n = 0, 1, or - 1) denote the subset of H"(p ), consisting of maps u such 
that u(e)=e, where e is the base point of SP- 1• In fact, H~(p) is the fiber of a 
Hurewicz fibration 

H~(p)--+ H"(p)~ SP-1, 

where -r(o")=u(e). In particular, for any space Y with base point we have the 
following "exact sequence" of pointed sets 

[Y,.QSp- 1]'--+ [Y,H~(p)]'--+ [Y,H"(p)J'~ [Y,SP- 1]'. 

Ifwe define H~=inj lim H~(p), we have [Y, H~]' ~ [Y, H"]' since Sp- 1 is contrac­
tible in S P. In particular, [ Y, H~] ~ [ Y, H 1] ~ inj lim[ Y, H~(p )] . 

5.7. Let C: SP- 1 ~ SP- 1 V SP- 1 be the COntinUOUS map which Sends SP- 2 into 
the base point Of Sp- 1 V Sp- 1 . 

Fig. 26 

B> Thejoin, Z*T, oftwo spaces Z and Tis the quotient of Z x Tx /by the relations (x, z, O)~(x', z, 0) 
and (x, z, l)~(x, z', I). 



296 V. Some Applications of K-Theory 

This map defines two continuous maps, 

If a E H~(p) and b EH~ 1 (p), then elementary deformation arguments show that 
the maps x c-+ a(x, a) and y c-+ ß(y, b) define homotopy equivalences, inverse to 
each other, between Hg(p) and H~(p). Since [Y, Hg(p)]' ~ [SP- 1 " Y, SP- 1]', we 
obtain the following theorem. 

5.8. Theorem. Let Y be an arcwise connected compact space. Then, via the maps 
defined above, ](SY) may be identifiedwith a subgroup ofinj lim[SP- 1 " Y, SP- 1]'. 

In particular, ](S') = ](SS'- 1) is isomorphic to a subgroup of 

s . . 1' (SP) 
rcr-1 =InJ Im rcp+r-l • 

5.9. The observations above provide the motivation for a systematic study of the 
groups J(X) in general. The purpose of the next few paragraphs is to give a lower 
bound J'(X) of the group J(X). By "lower bound" we mean the existence of an 
epimorphism J(X)-+ J'(X). This group J'(X) will be effectively computable in 
terms of K-theory. 

More precisely, Iet T(X) denote the subgroup of KJR.(X) generated by elements of 
the form [E] -n, where Eisa vector bundle of rank n suchthat S(E) is of trivial 
stable fiber homotopy type. It is clear that J(X)=KJR.(X)/T(X). 

It is possible to prove (we use this result without proof) that the obstruction to 
Iifting the structural group of a vector bundle to the group Spin(n), depends only 
on the fiber homotopy type of S(E), and that if this Iifting is not possible then the 
fiber homotopy typeisnot trivial 9 >. In other words, T(X)c T 1(X), where T 1(X) 
denotes the set of elements of the form [ E]- n, where Eis a vector bundle of rank 
n = 8k, which is provided with a spinorial structure. 

Now Iet T'(X) be the subgroup of T 1 (X) consisting of elements of the form 
x= [E] -n, suchthat for each k, pk(x)= 1/Jk(l + y)/1 + y, where y E K~(X) indepen­
dent of k. Of course, the definition of pk implicitly assumes the choice of a Thom iso­
morphism <p: KIR.( X)-+ KJR.(E). But, as was pointed out in IV.7.29, if <p and <p' are 
two Thom isomorphisms, then the classes (<p- 11/Jk<p)(l) and (<p'- 11/Jk<p')(l) differ 
only by a multiplicative factor of the form 1/Jk(l + y)/1 + y, where y E K~(X). The 
inclusion T(X)c T'(X), which was proved in 2.5, induces an epimorphism 
J(X)--» J'(X), where J'(X)=KIR(X)/T'(X). 

5.10. Example. If X= RPn_ P then the computations in 2. 7 show that J(X) = 
J'(X)=KJR.(X)=Z EB Z/an.Z. 

9 ' This result follows from the theory ofStiefel-Whitney classes (cf. Thom [l] and Milnor-Stasheff [l ]). 
However, if Xis a sphere S' with r ;:;, 2, then it is easy to prove that E may be provided with a 
spinorial structure by considering the homotopy exact sequence associated with the fibration 

Z/2 --> Spin(n) --> SO(n) 

and by describing the oriented bundles over S' with n,_ 1 (SO(n)). 
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5.11. In order to make explicit computations, we use cohomological methodso 
The following proposition is a step in this directiono 

5.12. Proposition. Let E be a complex vector bundle of rank no Then Ch(p~(E))= 
k'i{I'H{r:(E))/'r:(E) where r:(E) is the Todd class of E (cf. 4o3)o 

Proof By the splitting principle, it suffices to verify the proposition for the case 
where Eisa line bundleo In this case p~(E) = 1 + E + 0 0 0 + Ek-l, and Ch(p~(E)) = 
1 +e-x+ 0 0 0 +e-<k-l>x, where x=c1(E)o On the other hand, 

kt/lk (r:(E))/r:(E)=kt/Jk (1-e-x)o~=k 1-e-kx 0~ 
H H x 1 - e x kx 1 - e x 

=1+e-x+ooo+e-<k-l)xo 0 

5.13. Recall that the Bernoulli numbers B. are defined from the series 

00 

x/1-e-x = L ß.x"/s!, 
s=O 

by the formula B.=( -1)•- 1ß2• (note that ßzs+l =0 for s>O)o 

5.14. Lemma. Let L a.,x1/t! be the series expansion ofthefunction Log ~ 0 

oo (1 -x) 
t=l X 

Then a.1= ß1/t fort> 1. 

Prnof Derive the series expansion ofthe function Loge -:-x} 0 

5.15. Proposition. Foreach element x of Kor(X), we have the formula 

00 

Log(r:(x))= L ( -1)'a.1Chlx) 
t=l 

where r:(x) is the Todd class of x, where Chr(x) EH21(X; <Q) is the component of 
degree 2t ofCh(x), and where a. 1 =!, a.2.+ 1 =Ofor s>O, and a.2.=( -1)"- 1B.f2so 

Proof This is an immediate consequence of the splitting principle and the 
observations aboveo 0 

5.16. Theorem. Let x=E-n be an element of KJR(X) where rank(E)=no lf the 
class of x is 0 in the group J(X), then there exists an element y E K~.(X), such thm 

00 (X J
1 
-f Chr(cx)=Log(Ch(1 +cy))o (1) 
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If X =SY, then this condition may be simply written as 

Cl. -i ChtCcx)= Ch/cy). 

Finally, if KIR.(X) has no torsion, then condition (I) supplies a necessary and sufficient 
condition for x E T'(X). 

Proof Let us write the equation p~(x)=l/lk(l+y)/l+y, where yEKiR.(X). By 
IV.7.28, we have the formula c(p~(x))2 =p~(cx)=l/lk(l +cy)2/(l +cy)2 • Therefore 
Ch(p~(cx))=ljl1(r(cx))/r(cx)=l/IMCh(l +cy)2 )/Ch(l +cy)2 , or 

k ( r(cx) ) r(cx) 
l/JH Ch(I +cy)2 = Ch(l +cy)2 

by 4.12. Since the only invariant elements of neven(X; <Q) under l/1~ are the con­
stants, we see that 

r(cx)= Ch(l +cy)2 . 

If we apply the logarithm function to both sides of this equation, we obtain 

as desired. 
If X=SY, all cup-products in cohomology are 0. Hence Log(Ch(l +cy))= 

Cl. 
Log(l + Ch(cy))= Ch(cy), and -i ChtCcx)= ChtCcy). D 

5.17. Theorem. Let dn be the denominator of Bn/4n, where Bn is the n 1h Bernoulli 
number (cf. 5.13). Then]'(S4") is cyclic of order dn, and thus we have an epimorphism 
](S4")-+ 7L/dn7L. In particular, n~n-t has a subquotient, i.e. a quotient of a subgroup, 
isomorphic to 7Ljdn7L. 

Proof We apply Theorem 5.16 to the case X=S4 ". Then the condition 

i Chlcx)=Chlcy) is simply (~"}x=y, or equivalently (:~}x=y which is 

equivalent to x being divisible by dn. D 

5.18. Examples. Here is a short table of Bernoulli numbers. From this table we 
obtain, for instance, that ln~ 1 1 ~ 16 230. 
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n B. d. n~ra-1 

1/6 24 ~ 

2 1/30 240 s 
1C7 

3 1/42 504 1t~ 1 

4 1/30 480 ~5 

5 5/66 264 1t~9 

6 691/2730 65 520 7t~3 

7 7/6 24 7t~7 

8 3617/510 16 230 1t~l 

5.19. To conclude this section, we briefly show how K-theory may be used in 
homotopy theory from another point ofview. Letf: X~ S2 P be a continuous map 
suchthat the induced homomorphism K*(S 2P) ~ K*(X) is zero (here K denotes 
complex K-theory Kc). Then we consider the Puppe sequence of/(11.3.29) 

xL S 2P~ CJL sx Sf S 2P+i, 

and see that K(Cf);:::,'ll EB K(SX) (compare with 1.3). If x is an element of K(Cf) 
suchthat i*(x) = ß2P, generator of K(S~P), then t/Jk(x) may be written in the form 
kPx+ j*(ak), where ak is an element of K(SX). Ifwe replace x by x + j*(y) then we 
see that ak is transformed into ak +(1/Jk-kP)(y). Hence the dass of ak in K(SX) is 
well-defined modulo the subgroup (1/Jk-kP)(K(SX)), and depends only on the 
homotopy class of f This provides an invariant of the homotopy class of f 

In fact, the classes ak are not independent of each other, since the relation 
t/Jkt/1 1=t/J1t/Jk (cf. IV.7.15) implies (t/11-lP)(ak)=(t/Jk-kP)(a1). If Jl 2 P- 1(X; <Q)=O, 
then tjJk-kP and t/1 1-/P are isomorphisms modulo torsion inK(SX) (cf. 3.25 and 
3.27). Hence (t/Jk-kp)- 1(ak)=(t/1 1-/P)- 1(a1) is a well-defined element of 
K(SX) ® <Q/'ll, independent of k. When X is an odd dimensional sphere, this 
invariant has been studied, notably by J. F. Adams. It has been used to prove that 
J(S 4 n) = J'(S4 n), which implies that 'll/dn'll is a direct factor of n~n-l. 

6. Historical Note 

The problern of finding maps between spheres of odd Hopf invariant was a long 
outstandingproblem in topology ( cf. appendix inSteenrod [1 ]). The complete solu­
tion was first given by Adams using secondary cohomology operations. Indeed he 
showed that there is no map of odd Hopf invariant between szn-t and sn unless 
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n=2, 4 or 8. This implies that the only spheres which may be provided with an 
H-space structure are the classical examples S 1 , S 3 and S 7• Another proof of these 
results was found by Adamsand Atiyah [1]. This proofrelies on K-theory, and is 
much simpler than the first. It is reproduced here with some minor modifications 
due to Husemoller [1]. 

The vector fie1d problern on the sphere was also solved by Adams [1] using 
secondary operations, and later on, using K-theory. His proof relied on the earlier 
work of James [1] and Atiyah [1]. The proofpresented here is based on the same 
ideas, but with a notable simplification due to Woodward [1]. 

Characteristic classes have some history, beginning with the work of 
Chem, Pontrjagin, Stiefel, and Whitney (see the preface of the Milnor-Stasheff 
book [1]). Sections 3 and 4 present those aspects ofthis theory which are connected 
with the subject of this book. These aspects are essential in the application of 
K-theory to integrality theorems (Hirzebruch [2], Borel-Hirzebruch [1], Atiyah­
Hirzebruch [1]). These integrality theorems are intimately connected with the 
Atiyah-Singer index theorem [2]. 

Section 5 only provides a sketch of some potential applications of K-theory to 
stable homotopy. More complete results are found in Adams [2]. 
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