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A Pierre et Thomas



Foreword

K-theory was introduced by A. Grothendieck in his formulation of the Riemann—
Roch theorem (cf. Borel and Serre [2]). For each projective algebraic variety,
Grothendieck constructed a group from the category of coherent algebraic sheaves,
and showed that it had many nice properties. Atiyah and Hirzebruch [3] con-
sidered a topological analog defined for any compact space X, a group K(X)
constructed from the category of vector bundles on X. It is this ‘“‘topological
K-theory” that this book will study.

Topological K-theory has become an important tool in topology. Using K-
theory, Adams and Atiyah were able to give a simple proof that the only spheres
which can be provided with H-space structures are S*, S and S”. Moreover, it is
possible to derive a substantial part of stable homotopy theory from K-theory
(cf. J. F. Adams [2]). Further applications to analysis and algebra are found in the
work of Atiyah-Singer [2], Bass [1], Quillen [1], and others. A key factor in these
applications is Bott periodicity (Bott [2]).

The purpose of this book is to provide advanced students and mathematicians
in other fields with the fundamental material in this subject. In addition, several
applications of the type described above are included. In general we have tried to
make this book self-contained, beginning with elementary concepts wherever
possible; however, we assume that the reader is familiar with the basic definitions
of homotopy theory: homotopy classes of maps and homotopy groups (cf.
collection of spaces including projective spaces, flag bundles, and Grassmannians.
Hilton [1] or Hu [1] for instance). Ordinary cohomology theory is used, but not
until the end of Chapter V. Thus this book might be regarded as a fairly self-
contained introduction to a “generalized cohomology theory™.

The first two chapters (‘““Vector bundles” and ““First notions in K-theory’’) are
chiefly expository; for the reader who is familiar with this material, a brief glance
will serve to acquaint him with the notation and approach used. Chapter III is
devoted to proving the Bott periodicity theorems. We employ various techniques
following the proofs given by Atiyah and Bott [1], Wood [1] and the author [2],
using a combination of functional analysis and “‘algebraic K-theory”.

Chapter IV deals with the computation of particular K-groups of a large
The version of the “Thom isomorphism” in Section IV.5 is mainly due to Atiyah,
Bott and Shapiro [1] (in fact they were responsible for the introduction of Clifford
algebras in K-theory, one of the techniques which we employ in Chapter III).
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Chapter V describes some applications of K-theory to the question of H-space
structures on the sphere and the Hopf invariant (Adams and Atiyah [1]), and to
the solution of the vector field problem (Adams [1]). We also present a sketch of
the theory of characteristic classes, which we apply in the proof of the Atiyah—
Hirzebruch integrality theorems [1]. In the last section we use K-theory to make
some computations on the stable homotopy groups of spheres, via the groups J(X)
(cf. Adams [2], Atiyah [1], and Kervaire-Milnor [1]).

In spite of its relative length, this book is certainly not exhaustive in its coverage
of K-theory. We have omitted some important topics, particularly those which are
presented in detail in the literature. For instance, the Atiyah-Singer index theorem
is proved in Cartan-Schwartz [1], Palais [1], and Atiyah-Singer [2] (see also
appendix 3 in Hirzebruch [2] for the concepts involved). The relationship between
other cohomology theories and K-theory is only sketched in Sections V.3 and V 4.
A more complete treatment can be found in Conner—Floyd [17] and Hilton [2]
(Atiyah-Hirzebruch spectral sequence). Finally algebraic K-theory is a field which
is also growing very quickly at present. Some of the standard references at this time
are Bass’s book [1] and the Springer Lecture Notes in Mathematics, Vol. 341, 342,
and 343.

I would like to close this foreword with sincere thanks to Maria Klawe, who
greatly helped me in the translation of the original manuscript from French to
English.

Paris, Summer 1977
Max Karoubi
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Remarks on Notation and Terminology

The following notation is used throughout the book: Z integers, @ rational
numbers, R real numbers, € complex numbers, H quaternions; GL,(4) denotes
the group of invertible n x n matrices with coefficients in the ring 4. The notation
*- - -x gignifies an assertion in the text which is not a direct consequence of the
theorems proved in this book, but which may be found in the literature; these
assertions are not referred to again, except occasionally in exercises.

If € is a category, and if E and F are objects of €, then the symbol €(E, F) or
Homg(E, F) means the set of morphisms from F to F.

More specific notation is listed at the end of the book.

A reference to another part of the book is usually given by two numbers (e.g.
5.21) if it is in the same chapter, or by three numbers (e.g. IV.6.7) if it is in a
different chapter.
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Summary of the Book by Sections

Chapter I. Vector Bundles

1. Quasi-vector bundles. This section covers the general concepts and definitions
necessary to introduce Section 2. Theorem 1.12 is particularly important in the
sequel.

2. Vector bundles. The “vector bundles” considered here are locally trivial vector
bundles whose fibers are finite dimensional vector spaces over IR or €. To be
mentioned: Proposition 2.7 and Examples 2.3 and 2.4 will be referred to in the
sequel.

3. Clutching theorems. This technical section is necessary to provide a bridge
between the theory of vector bundles and the theory of “coordinate bundles” of
N. Steenrod [1]. The clutching theorems are useful in the construction of the
tangent bundle of a differentiable manifold (3.18) and in the description of vector
bundles over spheres (3.9; see also 1.7.6).

4. Operations on vector bundles. Certain *‘continuous” operations on finite dimen-
sional vector spaces: direct sum, tensor product, duality, exterior powers, etc. . . .
can be also defined on the category of vector bundles.

5. Sections of vector bundles. Only continuous sections are considered here. The
major topic concerns the solution of problems involving extensions of sections over
paracompact spaces.

6. Algebraic properties of the category of vector bundles. In this section we prove
that the category &(X) of vector bundles over a compact space X, is a “‘pseudo-
abelian additive” category. Essentially this means that one has direct sums of
vector bundles (the “Whitney sum”), and that every projection operator has an
image. From this categorical description (6.13), we deduce the theorem of Serre
and Swan (6.18): The category &(X) is equivalent to the category #(4), where A
is the ring of continuous functions on X, and 2(4) is the category of finitely
generated projective modules over 4.

7. Homotopy and representability theorems. This section is essential for the
following chapters. We prove that the problem of classification of vector bundles
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with compact base X depends only on the homotopy type of X (7.2). We also prove
that ®*(X) (the set of isomorphism classes of k-vector bundles, over X of rank n
for k=R or €), considered as a functor of X, is a direct limit of representable
functors. This takes the concrete form of Theorems 7.10 and 7.14.

8. Metrics and forms on vector bundles. It is sometimes important to have some
additional structure on vector bundles, such as bilinear forms, Hermitian forms,
etc. With the exception of Theorem 8.7, this section is not used in the following
chapters (except in the exercises).

Chapter II. First Notions of K-Theory

1. The Grothendieck group of an additive category. The group K(X). Starting with
the simple notion of symmetrization of an abelian monoid, we define the group
K(%) of an additive category using the monoid of isomorphism classes of objects
of €. Considering the case where % is £(X) and X is compact, we obtain the group
K(X) (actually Kx(X) or Ko(X) according to which theory of vector bundles is
considered). We prove that Kp(X)~[X,Z x BO] and K(X)~[X,Z x BU] (1.33).

2. The Grothendieck group of an additive functor. The group K(X, Y). In order to
obtain a “‘reasonable’ definition of the Grothendieck group K(¢) for an additive
functor ¢:% — €’, which generalizes the definition of K(¥) when €’'=0, we
assume some topological conditions on the categories ¥ and ¢’ and on the
functor ¢ (2.6). Since these conditions are satisfied by the “‘restriction” functor
&(X)— &(Y) where Y is closed in X, we then define the ‘‘relative group” K(X, Y)
to be the K-group of this functor. In fact, K(X, ¥Y)~K(X/Y) (2.35). This iso-
morphism shows that essentially we do not obtain a new group; however, the
groups K(¢) and K(X, Y) will be important technical tools later on.

3. The group K~ * of a Banach category. The group K~ '(X). This section represents
the first step towards the construction of a cohomology theory 4* where the term
h° is the group K(X, Y) (also denoted by K°(X, Y)) considered in II.2. The group
K™ Y(%), where % is a Banach category, is obtained from the automorphisms of
objects of €. Again, if we consider the case where € is £(X), we obtain the group
called K~ 1(X). We prove that if Y is a closed subspace of X then the sequence

K~ 1(X)— K~ (¥)— K(X, Y)— K(X) - K(Y) is exact.
We also prove that K {(X)~[X, 0] and K '(X)~[X, U] (3.19).

4. The groups K~ "(X) and K~"(X, Y). The aim of this section is to define the groups
K™ "(X, Y) for n=2 and to establish the exact sequence

K" YX)— K" (Y)—> K "(X, Y)> K™"(X)— K~ "(Y), forn>1
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One possible definition is K~"(X, Y) = K(S"(X/Y)) (4.12). We prove some ‘‘Mayer—
Vietoris exact sequences” (4.18 and 4.19) which will be very useful later on.

5. Multiplicative structures. The tensor product of vector bundles provides the
group K(X) with a ring structure. It is more difficult to define a “cup-product”

KX, V)XKX',Y)> KXx X, XxY'UYxX")
or more generally
K "X, XK "X, Y)-» K ""XxX, XxYuYxX")

when Y and Y’ are non-empty. This is accomplished in a theoretical sense in
proposition 5.6; however, in applications it is often useful to have more explicit
formulas. For this we introduce another definition of the group K(X, Y) by putting
metrics on the vector bundles involved (5.16). This will not be used before Chapter
IV. The existence of such cup-products shows that there is a direct splitting
KX)~H%X;Z) ® K'(X) where K'(X) is a nil ideal (cf. 5.9; note that K'(X)~
K(X) if X is connected).

Chapter III. Bott Periodicity

1. Periodicity in complex K-theory. In this section we define an isomorphism
KX, Y)~K;" %X, Y). The method (due to Atiyah, Bott, and Wood) is to
reduce this isomorphism for general n, to a theorem on Banach algebras (1.11): If
A is a complex Banach algebra, the group K(A4) (defined as K(#(A4)) is naturally iso-
morphic to 7,(GL(A)) where GL(4)=inj limGL,(4). This theorem is proved
using the Fourier series of a continuous function with values in a complex Banach
space, and some classical results in Algebraic K-theory on Laurent polynomials.
The original theorem follows when we let 4 be the ring of complex continuous
functions on a compact space.

2. First applications of Bott periodicity theorem in the complex case. As a first appli-
cation we obtain the classical theorem of Bott: for n>i/2, we have n,(U(n))~Z if
i is odd and =,(U(n))=0 for i even. We also prove that real K-theory is periodic of
period 4 mod. 2-torsion: Kg"(X, Y) ®,Z' ~Kg" *(X, Y) ®,Z, where Z'=
Z[}]. This theorem will be strengthened in I11.5.

3. Clifford algebras. These algebras play an important role in real K-theory and
will be used in Chapter IV in both real and complex K-theory. This section is
purely algebraic. The essential result is Theorem 3.21, which establishes a kind of
periodicity for Clifford algebras. This “algebraic” periodicity will be effectively
used in IIL.5 to prove the “topological” periodicity of real K-theory and at the
same time give another proof of the periodicity of complex K-theory.
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4. The functors K 4€) and K?%(X). The idea of this section is to use the Clifford
algebras C? 1 to algebraicly define new functors K*(X)=K?4X) forn=p—qeZ.
We prove that these functors are by definition periodic, of period 8 in the real case,
and of period 2 in the complex case, and that K°(X) and K~ !(X) are indeed the
functors defined in Chapter I1. Bott periodicity will then be proved if we show that
the two definitions of K"(X) agree for negative values of n. This is done in the next
two sections.

5. The functors KU X, Y) and the isomorphism t. Periodicity in real K-theory. After
some preliminaries introducing the relative groups K”4(X, Y) we present the
fundamental theorem of this chapter: The groups K?*4* (X, Y) and K" (X x B*,
X xS°0UY x BY) are isomorphic. Assuming this theorem (the proof follows in
Section II1.6), we prove that Kz "(X, Y)~ Kz " 8(X, Y) with the definitions of
Chapter II. At the same time we prove the periodicity in complex K-theory
(5.17) once more. Moreover, using Propositions 4.29 and 4.30 we prove the
existence of weak homotopy equivalences between the iterated loop spaces Q'(0)
and certain homogeneous spaces (5.22). We also compute the homotopy groups
n,(0(n)) for n>i--1 (5.19) with the help of Clifford algebras.

6. Proof of the fundamental theorem. The pattern of this section is analogous to
that of Section I1I.1, since the main theorem is likewise a consequence of a general
theorem on Banach algebras (6.12). Moreover the proof of this general theorem
uses the same ideas as the proof of Theorem 1.11.

Chapter IV. Computations of Some K-Groups

1. The Thom isomorphism in complex K-theory for complex vector bundles. The
purpose of this section is to compute the complex K-theory of the Thom space of a
complex vector bundle (1.9). In this computation a key role is played by bundles of
exterior algebras. Theorem 1.3. is particularly important in the sequel.

2. Complex K-theory of complex projective spaces and complex projective bundles.
In this section (classical in style), we construct a method which may also be used for
ordinary cohomology (see V.3). Using the technical Proposition 2.4 we are able to
compute the K-theory of P,=P(C"*') and more generally of P(V) where V' is a
complex vector bundle (2.13). The “splitting principle” (2.15) is used frequently
later on. With this principle we are able to make the multiplicative structure of
K*(P(V)) explicit (2.16).

3. Complex K-theory of flag bundles and Grassmann bundles. K-theory of a product.
This section is also classical in style, but is not essential to the sequel. We
explicitly compute K*(F(V)) where F(V') is the flag bundle of a complex vector
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bundle V. We also compute K*(G,(V)) where G,(V) is the fiber bundle of p-
subspaces in ¥ (3.12). These results are used to compute # (BU(n))=proj lim
K(G (C") (3.22), and the K-theory of a product (3.27).

4. Complements in Clifford algebras. The concept of “spinors” was not introduced
in Section I11.3, since it is not essential in proving Bott periodicity. However we
now need this concept to prove the analog of Thom’s theorem in K-theory (for real
or complex vector bundles). After some algebraic preliminaries we study the
possibilities of lifting the structural group of a real vector bundle to the spinorial
group Spin(r) or Spin°(n). Theorem 4.22 is particularly important for our purpose.

5. The Thom isomorphism in real and complex K-theory for real vector bundles. As
in IV.1, the purpose of this section is to compute the K-theory of the Thom space
of a vector bundle, but now the vector bundle is real, and the K-theory used is real
or complex. With an additional spinorial hypothesis, we prove that K(V)~ K~ "(X)
if n is the rank of V. If the base is compact and n is a multiple of 8 (of 2 in complex
K-theory), we prove that K(V) is a K(X)-module of rank one generated by the
“Thom class™ Ty,. Finally, if f: X— Y is a proper continuous map between
differentiable manifolds and if Dim(Y) — Dim(X) =0 mod 8 (mod 2 in the complex
case), wedefine, with an additional spinorial hypothesis, a “*Gysin homomorphism”
f: K(X)— K(Y) which is analogous to the Gysin homomorphism in ordinary
cohomology. This homomorphism is only used in V 4.

6. Real and complex K-theory of real projective spaces and real projective bundles.
This section is much more technical than the others (the results are only used in
V.2). After some easy but tedious lemmas making systematic use of Clifford
algebras, we are able to compute (up to extension) the real and complex K-theory
of a real projective bundle (6.40 and 6.42). In the case of real projective spaces, the
K-theory is completely determined (6.46 and 6.47).

7. Operations in K-theory. One of the charms of K-theory is that we are able to
define some very nice operations. For example, there are the exterior power
operations 1* (due to Grothendieck). By a method due to Atiyah we determine all
the operations in complex K-theory. With this method we show that the “Adams
operations” y* are the only ring operations in complex K-theory (7.13). They will
be very useful in applications.

The operations A* and y* may also be defined in real K-theory. However, their
properties are more difficuit to prove. We must refer to Adams [3] or Exercise 8.5
for a complete proof. From the operations y*, we obtain the operations p*,
which will be very useful in V.2 and V5.

Chapter V. Some Applications of K-Theory

1. H-space structures on spheres and the Hopf invariant. Using the Adams opera-
tions in complex K-theory, we prove that the only spheres which admit an H-space
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structure are S*, §°, and S’. In fact, we prove more: if f: $2"~ ! — S" is a map of
odd Hopf invariant, then » must be 2, 4 or 8.

2. The solution of the vector field problem on the sphere. Let us write every integer ¢
in the form (2a—1)-2#, for f=y+ 46 with 0<y<3, and define p(f)=2"+85. Then
the maximum number of independent vector fields on the sphere S'~! is exactly
p(8)—1 (2.10). The proof of this classical theorem is ‘‘elementary” (in the context
of this book) and uses essentially the operations p* in the real K-theory of real
projective spaces.

3. Characteristic classes and the Chern character. For each complex vector bundle
V, we define “*Chern classes” ¢(¥) € H*(X; Z) in an axiomatic way (3.15). The
construction of these classes is analogous to the construction of classes done in
Section IV.3. By means of these classes, we construct a fundamental homomor-
phism, the “*Chern character”, from K (X) to H*"*"(X; @). The Chern character
induces an isomorphism between K(X) ®,Q and H**"(X; Q) for every com-
pact X.

4. The Riemann—Roch theorem and integrality theorems. To each complex stable
vector bundle (resp. “spinorial real stable bundle) we associate an important
characteristic class 7(V), called the Todd class (resp. A(V), called the Atiyah—
Hirzebruch class). These classes play an important role in the ‘‘differentiable
Riemann-Roch theorem™: For each suitably continuous map f: X — Y and for
each element x of K((X), we have the formula ch( £,5(x))=f,7(4(v,)- ch(x)) where
A(v;) denotes the Atiyah-Hirzebruch class of the stable bundle /*(TY)—TX
(assuming that Dim(Y)=Dim(X) mod 2 and that there is a stable “spinorial struc-
ture on v,). From this theorem we obtain integral theorems for characteristic
classes (4.21) and the homotopy invariance of certain characteristic classes (4.24).

5. Applications of K-theory to stable homotopy. In this section we explain how
K-theory may be applied to obtain some interesting information about the stable
homotopy groups of spheres. We only include those partial results which can be
obtained from the material in this book. More complete results are found in the
series of J. F. Adams on the groups J(X) [2], and in Husemoller’s book [1].



Chapter I
Vector Bundles

1. Quasi-Vector Bundles

1.1. Let k be the field of real numbers or complex numbers®), and let X be a topo-
logical space.

1.2. Definition. A quasi-vector bundle with base X is given by

1) afinite dimensional k-vector space E, for every point x of X,

2) a topology on the disjoint union E= || E, which induces the natural
topology on each E,, such that the obvious projection n: E-» X is continuous.

1.3. Example. Let X be the sphere S"={xe R"*'| || x||=1}. For every point x of
S"we choose E, to be the vector space orthogonal to x. Then E= | | E_ is naturally
a subspace of S" x R"* ! and may be provided with the induced topology.

1.4. Example. Starting from the preceding example, let us arbitrarily choose a
vector space F,c E_ for each x € S"; then if F is given the induced topology again
we have a quasi-vector bundle on X.

More examples are given in the following sections.

1.5. A quasi-vector bundle is denoted by ¢=(E, n, X) or simply by E if there is
no risk of confusion. The space E is the total space of ¢ and E is the fiber of &
at the point x.

1.6. Let é=(E, =, X) and &'=(E’, n', X') be quasi-vector bundles. A general
morphism from £ to £’ is given by a pair (f, g) of continuous maps f: X-— X' and
g: E-— E’such that

1) the diagram

E-94>F'

nl ln'
x-Loyx
i1s commutative.

D1n general, these are the most interesting cases; however, sometimes we will use the field of
quaternions H.
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2) The map g,: E, — Ej,, induced by g is k-linear.

General morphisms can be composed in an obvious way. In this way we con-
struct a category whose objects are quasi-vector bundles and whose arrows are
general morphisms.

1.7. If £ and & have the same base X'= X', a morphism between £ and &' is a general
morphism ( f, g) such that f/=1Id,. Such a morphism will be simply called g in the
sequel. The quasi-vector bundles with the same base X are the objects of a sub-
category, whose arrows are the morphisms we have just defined.

1.8. Example. Let us return to Example 1.3, and let n=1. Let &'=(E’, 7', X")
where X=X'=S"', and E'=S" x R with the product topology. If we identify IR2
with the complex numbers as usual, we can define a continuous map g: E-— E’
by the formula g(x, z)=(x, iz/x) (this is well defined because x is orthogonal to z
in R?=C). In fact g is an isomorphism between E and E’ in the category described
inl.7.

1.9. Example. Let E” be the quotient of E'=S" x R by the equivalence relation
(x, )~(y, u) if y=ex and u=egt with e= + 1. Then E"” is the total space of a quasi-
vector bundle over P,(R) called the infinite Moebius band. By identifying P,(IR)
with S! by the map z — z%, we see easily that E” is also the quotient of /x R by
the equivalence relation which identifies (0, 4) with (1, —u). If we restrict u to
have norm less than 1, we obtain the classical Moebius band.

We claim that the bundles E’ and E” over S' are not isomorphic. Suppose
there exists an isomorphism g: E' — E”;then we must have E'— X" homeomorphic
to E"—X" where X’ (and X") denote the set of points of the form (x, 0) with
xeS! (note that X"~ X"). But E” — X" is connected and E'— X' is not.

1.10. Let V be a finite dimensional vector space (as always over k). The preceding
examples show the importance of quasi-vector bundles of the form E=X x V, as
models. To be more precise, E£,=V and the total space may be identified with
X x V provided with the product topology. Such bundles are called trivial quasi-
vector bundles or simply trivial vector bundles.

1.11. Let E=X x Vand E'= X x V' be trivial vector bundles with base X. We want
to explicitly describe the morphisms from E to E’ (again in the category defined
in 1.7). Since the diagram

XxV—XxV’

\V

is commutative, for each point x of X, g induces a linear map g,: V— V. Let
g: X— LV, V') be the map defined by g(x)=g, .
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1.12. Theorem. The map §: X — L(V, V') is continuous relative to the natural
topology of L(V, V'). Conversely, let h: X-— L(V, V') be a continuous map, and
let h: E— E’ be the map which induces h(x) on each fiber. Then h is a morphism of
quasi-vector bundles.

Proof. To prove this theorem we choose a basis e,,...,e, of V and a basis
&,...,¢, of V'. With respect to this basis, g, may be regarded as the matrix
(o;;(x)) where a;;(x) is the i™ coordinate of the vector g (e ;)- Hence the function
x > a,;(x) is obtained from the composition of the following continuous maps.

XL xx vt xxy 2y Ly,

where B,(x)=(x, e;), y(x,v')=v', and p; is the i™ projection of V'2k? on k.
Since the functions «;(x) are continuous, the map § which they induce is also
continuous according to the definition of the topology of £(V, V ).

Conversely, let i: X — £(V, V') be a continuous map. Then / is obtained from
the composition of the continuous maps

XxVIAS5 Xx LW, V)XV, XXV,

where §(x,v)=(x, h(x),v) and &(x, u, v)=(x, u(v)). Hence % is continuous and
defines a morphism of quasi-vector bundles. [

1.13. Remark. Clearly we have the identities §=g and h=h.
* The reader may also note that the second part of the theorem can be generalized
to Banach bundles (see Lang [2]), but not the first part.*

1.14. Remark. As we have seen in Example 1.9, it is not obvious whether or not a
given quasi-vector bundle is isomorphic to a trivial bundle. Let 7'S™ denote the
quasi-vector bundle considered in 1.3 (this is the “tangent bundle” of the sphere).
Then it is only at the end of this book that we are able to show that TS" is not
isomorphic to a trivial bundle unless n=1, 3, or 7 (cf. Section V.2).

1.15. Let {=(E, n, X) be a quasi-vector bundle, and let X’ be a subspace of X.
The triple (z~ (X", =| - 1x)» X ') defines a quasi-vector bundle ¢’ which is called
the restriction of £ to X'. We denote it by ¢|,., Ely., or even simply E,.. The fibers
of & are just the fibers of ¢ over the subspace X'. If X" X'cX, we have

(élx’)lr':flxm

1.16. More generally, let f: X' — X be any continuous map (X' is not necessarily
a subspace of X). For every point x'of X', let E.. =E .. Thentheset E'= || E;,
x'eX’
may be identified with the fiber product X' x 4 E, i.e. with the subset of X' x E
formed by the pairs (x, e) such that f(x")=n(e). If n': E'— X’ is defined by
n'(x', e)=Xx, it is clear that the triple (E’, #’, X"} defines a quasi-vector bundle over
X', when we provide E’ with the topology induced by X' x E. We write ¢ as
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S*(€) or f*(E): this is the inverse image of ¢ by f. We have f*(£)=¢& for f=1Idy,
and also (f*f")*(&)=f"™(f*()) if f': X" —> X' is another continuous map. If
X'< X and fis the inclusion map, then f*(&)=¢|,..

1.17. Let (f, 9):E{— E be a general morphism of quasi-vector bundles with
f: X'— X (1.6). This general morphism induces a morphism 4, : E| — E'=f*(E)
as shown in the diagram

E| M E'xX'x,E-1S E

x My L L

where 4 is induced by the projection of X’ x E on its second factor. The general
morphism (f, g) is called strict if 4, is an isomorphism.

1.18. Let us now consider two quasi-vector bundles over X and a morphism
a:E— F. If we let E'=f*(E) as in 1.16 and F'=f*(F), we can also define a
morphism o' =/f*(x) from E’ to F’ by the formula o), =a,,. If we identify E’
with X' x ; E'and F' with X' x, F, then «’ is identified with Id,. x , a, which proves
the continuity of the map o'

*(F)————F

f
I )\} \)J(

In particular, if X' < X and if fis the inclusion map, then f*(«) is the restriction of a..
We denote it by |, or simply a,.. The proof of the next proposition is easy and is
left as an exercise for the reader:

1.19. Proposition. Let f: X' — X be a continuous map. Then the correspondence
E— f*(E) and o> f*(a) induces a functor between the category of quasi-vector
bundles over X and the category of quasi-vector bundles over X'

Exercises (Section 1.9) 1-4 and 6.

2. Vector Bundles

A vector bundle is a quasi-vector bundle which is locally isomorphic to a trivial
vector bundle. The next definition will make this idea more precise.
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2.1. Definition. Let ¢=(E, n, X) be a quasi-vector bundle. Then ¢ is said to be
“locally trivial” or a “vector bundle” if for every point x in X, there exists a neigh-
bourhood U of x such that &|, is isomorphic to a trivial bundle.

2.2. The last condition may be expressed in the following way : there exists a finite
dimensional vector space V and a homeomorphism ¢: Ux V — n~}(U) such that
the diagram

Ux V257" Y(U)
pr, -ty
U

commutes, and such that for every point y in U, the map ¢: V' — E| is k-linear.
We call U a trivialization domain of the vector bundle &. A cover (U,) of X is called
a trivialization cover if each U, is a trivialization domain.

Of course, there exist quasi-vector bundles which are not locally trivial (1.4).

2.3. Example. Let us prove that Example 1.3, where E=T7S", is in fact a

vector bundle. Let xe S” and let U be the neighbourhood of x defined by
U={yeS"|{p,x) #0

Fig. 1

where ¢ , ) denotes the usual scalar product in R"*'. Let P, be the subspace of
R"**! which is orthogonal to x, and let ¢: T'S"|, — U x P, be the map taking the
pair (y,v) to the pair (y, w), where w is the orthogonal projection of v on P,.
Explicitly w=v—{x, v)x. Conversely, v may be obtained from w by the formula

ysw)

<X,
locally trivial.

v=w x, showing that ¢ is a homeomorphism, and hence that 7.S" is

2.4, Example. Let V be a finite dimensional vector space over k, and let P(V) be
the associated projective space (provided with the quotient topology). The sub-
space E of P(V')x V which consists of pairs (D, ¢) where De P(V) and e€ D, is
fibered over P(V') by the first projection. More precisely, the fiber E,,, where
De P(V), is the one-dimensional vector space whose elements are the vectors e
such that e e D. We prove now that E is actually a vector bundle. If we provide V'
with a positive Hermitian form when k= €, or a positive quadratic form when
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k=R, for each line D we can consider the neighbourhood U, which consists of
the lines A which are not orthogonal to D. Now a trivialization of E|y, is given by
the map ¢: E|;_ — Upx D defined by ¢(A, e)=(A, ¢'), where ¢’ is the orthogonal
projection of e on D. By exhibiting explicit formulas for these projections as in
2.3, one shows that ¢ is a homeomorphism. This bundle E is called the canonical
line bundle over P(V).

2.5. There are other ways to deal with Example 2.4, For the real case it is well
known that P(V)~S"/Z,, where the dimension of ¥'=n+1 (explicitly P(V) is the
quotient of S” by the equivalence relation x~ +x). Let F be the quotient of
S$"x R by the equivalence relation (x, £) ~(x', t') <> (X', ') =(ex, &) where e=+1.
Then F is a quasi-vector bundle over P(V), and thus we can define a morphism
f: F— E by the formula f(x, f)=(n(x), tx) where n:S"— P(V) is the natural
projection, and zx e n(x). One can also define a morphism g: E--» F by the formula
g(D, v)=(x, t) where xe DNnS" and ¢ is the scalar such that tx=uv. (Of course in
these formulas (x, f) represents the class of the pair (x, ) in S"x R/~.) Then
fand g are isomorphisms, with = g~ .

In the complex case, P(V)~S?"*!/U where the dimension of ¥=n+1, and
where U is the group of complex numbers of norm 1 (explicitly P(V) is the quotient
of §2"*1 by the equivalence relation x~ Ax if |A|=1). The vector bundle E may be
identified in a similar fashion with the quotient of S?"*! x € by the equivalence
relation (x, ) ~(x', ') < (x', )= (ex, &f) for e U.

2.6. Now for some terminology. When k= IR (resp. k= €) a vector bundle will be
called real (resp. complex). By abuse of our definitions, a trivial vector bundle will
mean a vector bundle which is isomorphic to a bundle E=X x V as defined in 1.10.
Vector bundles are in fact the objects of a full subcategory of the category of quasi-
vector bundles considered in 1.7. We will denote this category by £(X), or by
é,(X) when we want to make the basic field & explicit. If f/* X' — X is a continuous
map, the functor f* defined in 1.19 induces a functor from &(X) to £(X"). To see
this it suffices to show that / *(&) is locally trivial whenever ¢ is locally trivial over X.
Let x"e X" and let U be a neighbourhood of f(x') such that #=¢&|, is trivial. Then
E'ly-=9g*(n) where U'=f""(U) and g: U’'— U is the map induced by f. Hence we
have yaUx ¥V and g*(n)~ U’ xy (Ux V)a U’ x V which is trivial over U’. In
particular, if X’ is a subspace of X, then &|,. is a vector bundle.

2.7. Proposition. Let E and F be two vector bundles over X and let g: E— F be a
morphism of vector bundles such that g.: E_— F_is bijective for each point x in X.
Then g is an isomorphism in the category &(X).

Proof. Let h: F— E be the map defined by h(v)=g, '(v) for ve F_. It suffices to
prove that 4 is continuous. Consider a neighbourhood U of x and isomorphisms
B:Ey;— UxM and y:Fy— UxN. If we let g,=y-g,-8~' we have hy=
B~'-hy-y where h, is defined by &;(x)=(§,(x))"* (cf. 1.12). Since the map from
Iso(M, N) to Iso(N, M) defined by o > ™! is continuous, A, is continuous. Thus
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h is continuous on a neighbourhood of each point of F; hence 4 is continuous on
allof F. [

2.8. Let {=(E, m, X') be a vector bundle. We define two maps (where Ex, E is
the fiber product)

s:ExyE—-E and p:kxE—E

by the formulas s(e, e)=e+¢' and p(4, €)= e, where e and ¢ are vectors of the
same fiber. These maps are continuous. To see this, it is enough to consider the case
where E=X x V, since continuity is a local condition as before. In this case,
ExyExXxVxV and under this isomorphism s becomes the map from
XxVxVto XxV defined by (x, v, v") —(x, v+v") which is clearly continuous.
The continuity of p is proved in the same way.

2.9. We define the rank of a vector bundle £ =(E, n, X) to be the locally constant
function r: X — N given by r(x)=Dim(E,). The rank of ¢ is equal to an integer n
if r(x)=n for each point x of X. When the base is connected the rank is constant.

Exercise (1.9.5).

3. Clutching Theorems

In the preceding section we defined vector bundles as locally trivial quasi-vector
bundles. Now we would like to construct vector bundles using their restrictions to
suitable subsets.

3.1. Theorem (“‘clutching of morphisms™). Let é=(E,n,X) and &'=(E’, 7', X)
be two vector bundles on the same base X. Let us consider also

a) A cover of X consisting of open subsets U, (resp. a locally finite cover of X of
closed subsets U,).

b) A collection of morphisms a;: |y, — &'y, such that aly, .y =0y, u,-

Then there exists a unique morphism a.: £ — &' such that oy =a,.

Proof. The proof naturally breaks into two parts:

(i) Uniqueness. Let e be a point of E. Since (Ul.) is a cover of X, the point e
belongs to some E;, . Hence a(e)=ri(x,(e)) where r;: E;, — E'is the inclusion map.

(ii) Existence. To simplify the notation, let us 1dent1fy E;, and E[ with
subsets of £ and E’ respectively. For ec E, let a(e)=a,(e) for ee E LIt follows
from b) that this definition is independent of the choice of i. The subsets
Ey, =n"'(U,) form an open cover (resp. a locally finite cover of closed subsets) of
the space E; hence « is continuous. Since o, : E, — E_ is linear, the map o defines
a morphism of vector bundles. 0
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3.2. Theorem (“‘clutching of bundles™). Let (U,) be an open cover of a space X
(resp. a locally finite closed cover of a paracompact space X). Let ¢,=(E,, n;, U;) be
‘a vector bundle over each U;, and let g;;: &1y, v, — &;lu,~v,be isomorphisms which
satisfy the compatibility condition gy, v, v, =9k;"9ji> Where gy;=Gilv,nu,~u, a4
95=9ilvinv,v.- Then there exists a vector bundle ¢ over X and isomorphisms
gi:&i— Ely, such that the diagram

g,.
6!"”1‘!'\”1' —L éj‘UmUj

gi|Uint\ /iluinU, (Diagram 1)

élU,-nt

is commutative.

Proof. Forsimplicity we use the same letter to denote a morphism and its restriction
to a subspace. In the topologically disjoint union |_| E;, consider the equivalence
relation e;~e; <> g, (e; )=e;, and let E=| | E,/~ be given the quotient topology.
The continuous map |j E;— X induced by the =, defines a continuous map
n: E— X. For x e U,, the structure of the vector space E,=n"'({x}), which is
induced by the isomorphism E x E/|,,, does not depend on the choice of i since
gj; is linear on each fiber. Let g;: E — 1~ !(U;) be the map defined by g,(e)=¢,
where € is the class of e in E. Then g, is continuous, bijective, open, and induces a
linear isomorphism on each fiber. Therefore g; defines an isomorphism between
the quasi-vector bundles (&, n;, U;) and (Ey,, g, U,), where Ey, =n~'(U)).

Suppose that (U,) is an open cover of X.-Let x be a point of U;, and let V' be a
neighbourhood of x contained in U, such that |, is trivial. If £ is the quasi-vector
bundle (E, n, X) as defined above, we have {; ~¢;. Hence &}, x ¢, is trivial,
which proves that ¢ is locally trivial.

Let us assume now that X is paracompact and that (U;) is a closed cover which
is locally finite. Let x,, be a point of X. Since the cover (U,) is locally finite, there
exists a closed neighbourhood ¥V of x, which meets only a finite number of subsets
U,»..., U , and such that the bundles |, are trivial, where V;=U, NV for
j=1,...,p. Without loss of generality we may assume that x,€ V, and that
&ly,~V;x k" Starting with an arbitrary isomorphism a,: ¢, &V, ><k'l we are
going to define by induction on r, a morphism «, between §|V1u,,,u,,r and the
trivial bundle (V,u - - - UV,) x k". Since &}, is trivial, this is equivalent to defining
a continuous map f,: ¥V,— £ (k", k") which extends §, with y,=a, _ 11y, v 0. ov,_ 1)
This extension is possible due to the Tietze extension theorem (Kelley [ 1], Bourbaki
[17).Leta:&|, — V x k"bethemorphism thusobtained. SinceIso(k", k")isopenin
Z(k", k"), Theorem 1.12 shows that the set of points x of ¥, such that «_is an
isomorphism, is an open subset of V. Since the sets ¥V are finite in number, the
set of points x of ¥ such that «,_ is an isomorphism is a neighbourhood W of x,,.
The map ay,: E|, — W x k" induces a homeomorphism E|, _,— (V. W) x k"
for each s. Hence ay, is a homeomorphism itself. Since this holds for every point
x, in X, we see that £ is locally trivial in this case also. [
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3.3. Remark. Moreover one may say that the bundle ¢ which we just constructed
is “unique” in the following sense. Let & be another vector bundle, and let
g;: &— &'|y, be isomorphisms which make the diagram

gr.
€i|Uint—]"” éle.-r\Uj

g”v,»nux \/9}Iumu,- (Diagram 2)
éllU,'r\Uj

commutative. Then there exists a unique isomorphism «: & — ¢ which makes
the following diagram commutative.

N,

In fact, one may construct « in the following way. The morphism a,=g;- g,_
an 1somorphrsm from &, to &}, ,and over U,nU;, we have theidentity g, =g; ' -g,=
g; g, accordmg to diagrams (1) and (2). Therefore over UnU; we have
w=g;-9; '= =9;"9; —oc The existence of « is then guaranteed by Theorem 3.1.

Its uniqueness is 0bv1ous.

3.4. Example. Let S"be the sphere of R**, i.e. the set of points x=(x,, . . .
n+1

such that [|x[|>= Y, (x;)*=1. Let S% (resp. S") be the subset of S” whose points
i=1

x satisfy x,, >0 (resp. x,,,<0). Then S” is compact, S’ and S” are closed

subsets, and STNS" =S$""!

xn+1)

St

‘ Sl Fig. 2

s

]Rn

Letf:S" ' — GL (k) be a continuous map. According to Theorem 3.2, there is
a bundle E, over S” which is naturally associated with f. It is obtained from the
clutching of the trivial bundles E, =S} x k? and E,=S" x k? by the ‘“‘transition
function” g,,=f: S" ! xk? — S" ! x k? (g,, and g,, are the identity map). We
see later (7.6) that all bundles over S" are isomorphic to bundles of this type.

3.5. Theorem 3.2 is related to the problem of classification of “‘G-principal
bundles”, where G is the topological group GL,(k). To be more precise, let us
consider an arbitrary topological group G and a topological space X. A G-cocycle
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on X is given by an open cover (U;) of X, and continuous maps 9;:UnU;—> G
such that g, (x)-g;(x)=g,/(x) for xe UnU,nU,.

Two cocycles (U;, g;;) and (V,, s,) are equlvalent if there exist continuous
maps g;: UnV,— Gsuch that g3(x)-g;(x)-gi(x) " ' =h,(x) for Xe UnU;nV,nV,.
Let us check that this relation is an equivalence relation. The symmetry and
reflexivity are obvious (note that g,=1d and g,,=g;'). If (W,,1,,) is a cocycle
equivalent to (V,, h,) we can find continuous maps h*: ¥V,nW,— G such that
R(x)-hy(x)-Hix)~'=1,(x) for xe V,nV.A"W,"W,. For i= =j the first identity
gives the relation gj(x)- g;(x)‘1=hs,(x) for xeUn V,m V,. For u=v the second
identity gives the relation #(x)~'-h%(x)=h,(x) for xe V,nV,nW,. From this it
follows that A¥(x)-gi(x)=h%(x)-gi(x) for x e U,nV,nV,nW,. By glueing together
the continuous functions A%(x)-gl(x) as r varies, this defines another continuous
map [': UnW,— G. Moreover 1,,(x)=hJ(x)-hg(x)-B{(x) ™' =1%(x) - g,:(x) - 1#(x)~*
for xe UnUnV,nV,nW,nW,. Since this relation is true for every pair (r, s),
it also holds for x € Uir\ U,nW,nW,. Hence the equivalence relation in the set
of G-cocycles is well-defined. The quotient set will be denoted by H'(X; G) (see
Hirzebruch [2] and Greenberg [1] for the justification of this terminology). This set
depends contravariantly on X and covariantly on G.

3.6. Theorem. Let ®“(X) be the set of isomorphism classes of k-vector bundles of
rank n over the topological space X. Then ®%(X) is naturally isomorphic to the set
H'(X; G), where G=GL (k).

Proof. We define two maps
h: X X)—> HY(X;G) and A': HY(X; G)—> DYX)

such that A'=h""1.

Let £=(E, n, X) be a vector bundle, and let (U,) be a trivialization cover of X.
Choose isomorphisms ¢;: U; x k" — E, and let g; be the map from U;nU; to
G=GL,(k)defined by g,,(x)=(¢;); 1. (¢,), - In this way we obtain a G-cocycle on X.
Its class in the set H1(X'; G) is independent of the choice of the trivialization cover
and of the ¢,. In fact, if (V,, h,,) is another cocycle associated with trivializations
Y.V, xk"— E, , let gi(x)=(,); ' -(¢,),. Then if xe UnU,nV,nV,, we have

95099, (gD ™ = W) (0). (0 (95 ()5 (W),
=W ' W) =h,(x).

This shows that # is well-defined.

Conversely, let (U;, g;;) be a G-cocycle, and let E be the vector bundle over X
obtained by clutching the trivial bundles E; = U, x k" with the “‘transition functions”
g;; (Theorem 3.2). Then the class of E in <I>"(X ) depends only on the class of the
cocycle in H'(X; G). In fact, consider a cocycle (V,, k) equivalent to (U,, g;,),
and let F be the vector bundle obtained from this cocycle by clutching the tr1vial
bundles F,=V,x k" Let a: E— E' be the unique morphism which makes the
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following diagram commutative for each pair (i, r):

g
EiIUinV,. FrlU,-nVr

[!]ibmvr JhJUmV,

“lui v,
: FIU.-nVr

ElU inV,
(in this diagram the morphisms g; and 4, are the morphisms defined by clutching
as in Theorem 3.2). To see that « is well-defined, we note the following identities
forxe UnUnV,nV,:

hy(X)=g3(x)-g;(x) - (g;(x) ™",
hy(xX)-gi(x) - g; () = (),
(h() ™' (x)-gi(x) - g(x)) "' - g (%) =g'(x),

and finally

hy(x)-gi(x)-(9:x)) ™" =hy(x)-g3(x)- (g;(x)"".

This shows that 4’ is also well-defined. The fact that 4-4’ and 4’ -k are the identities
of H'(X; G) and ®*(X) respectively, follows directly from their definitions. [

3.7. Remark. When X is paracompact, one could equally well work with locally
finite covers of closed subsets, and thus obtain another set H }(X ; @) analogous to
H'(X; G). The above argument shows that H}(X; G) is also naturally isomorphic
to ®X(X) if G=GL (k).

3.8. Theorem. Let (U, g;) and (U,, h;;) be two cocycles relative to the same open
cover of a space X (resp. locally finite closed cover of a paracompact space X). Then
The associated vector bundles E and F are isomorphic if and only if there exist
continuous functions A;: U;— G=GL,(k), such that h H(X)=2,x)g;,(x)- (A(x)) ™"
Jor xe UnU,. In particular, the vector bundle E is trivial if and only if g,(x)=
A{x)™1A(x) for suitable choices of the A;.

Proof. Let a: E— F be an isomorphism. Then we have the commutative diagram

Uy, v,
E'U;r‘\U -

J | FIU,-nt
Yilv,nu, hilyn
Y Ao, L”'\ v

. Fj'U.‘(‘\Uj
Aily,nu b

J

f IriIU;nt

EiIU.-nU
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where E,=F,=U, xk" and A =h;-aly -(9;)" " (using the notation of 1.12), From
this dlagram we obtarn the relatlon hi(x)=2[x)-g;(x)-(A4(x))"". !, In particular, if
we choose h;=1, then F is 1somorph1c to the trivial bundle, and we obtain
X)) =A(x)" 1 -A/(x) as desired. O

3.9. Let us apply the above theorem to Example 3.4. Using the notation of 3.4, we
let A be an automorphism of E; =S" x k? which induces the automorphism u of

E,|gn-=S8""' x k”. Then using the notation of 1.12, we see that the vector bundles
Eand E,; are isomorphic. To see this, we apply the above theorem, set 4, = Aand
A =1, and visualize the situation with the diagram

EASE,

7 | fu

e

d
2 E2

(the dotted lines denote morphisms defined only over $”~'). In the same way, we
can prove that E, is isomorphic to E;,, when v is an automorphism of Ej|g»-
which can be extended to an automorphism of E,.

Now consider two continuous maps f, and f; from S"~ ! to GL,(k), which are
homotopic. Let a: $"~ ' — GL,(k) be the map defined by a(x)=( fl(x)) L fo(x).
Then o is homotopic to 1; more precisely there exists a continuous map
B: 8"~ x I— GL,(k) such that B(x, 0)=a(x) and B(x, 1)=1. We parametrize the
upper half hemrsphere S" of S" by writing each element w of S’} in the form
vcosf+e, ., sinf, whereve S"~ 1.

Fig. 3

We use f to define y: S — GL, (k) given by y(w)= ﬁ(v sin 6). This is well-defined
and continuous even for = n/2 because B(x, f) converges to 1 uniformly in x
when ¢ converges to 1. This shows that E, =E, , is isomorphic to E, (this fact
may also be deduced from Theorem 7.1, which w111 be proved 1ndependent1y)

If we restrict our attention to maps f:S" ' —> GL ,(k) such that f(e)=1,
where e=(1,0,. . ., 0) is the base point of §"~ ! the above discussion shows that
the correspondence f+ E; defines a map from m,_;(GL,(k)) to (I)"(S ") (for the
definition and elementary propertres of homotopy groups see Hilton [1] orHu[1]).
On the other hand 7,(GL (k)) acts on m,_,(GL,(k)) by the map defined on repre-
sentatives by (a,f)— a-f-a~'. Since the vector bundles E, and E, ;. ,-. are
isomorphic by 3.8, we are actually able to define a map from the quotient set
7, 1(GL,(k))/my(GL,(k)) to the set DL(S™).
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3.10. Theorem. The map
1, 1(GL,(k))/no(GL, (k) — @(S™)
is injective.

Proof. Let fand g be continuous maps from S"~! to GL, (k) with f(e)=g(e)=1
(where e is the base point of S"1) such that the vector bundles E rand E are
isomorphic. We have a commutative diagram

o
El - El
fi 1 g
v v

E2—12—>E2

where the dotted arrows denote morphisms which are defined only over S"~ . The
maps f;=4;| .-, are maps from $"~* to GL (k) which are homotopic to constant
ones, and such that g(x)=f,(x)-f(x)-B,(x)”!. Moreover, since fle)=g(e)=1,
f, and §, are homotopic to the same constant map a (since they are restrictions of
maps defined on a contractible subset i.e. S"—{p} where p¢ S"~ ). This implies
thatgand a-f-a~! are homotopic. If h: S"~ 1 x [ — GL, (k) is this homotopy, then
the homotopy /: S" 1 xI— GL (k) defined by I(x, f)=h(x, t)h(e, 1), shows
that g and a-f-a~! have the same class in the homotopy group ,_ 1(GL,(k)),
since l(e, H)=e. U

3.11. Remark. It will be shown later (7.6) that the above map is also surjective.

3.12. Remark. More generally, it can be shown by the same method that
H'(S"; )= n,_,(G)/n(G) for any topological group G (Steenrod [1]).

*3.13. Some comments on Theorem 3.10. If k = €, then the group GL (k) = GL ()
may be regarded as the topological product of U(p) by R4, where g=p? (see
Chevalley [1]). Since U(p) is arcwise connected, n4(U(p)) = 7o(GL ,(C)=0. Hence
PL(SM=n,_(U(p)). Now we have the locally trivial fibration

U(p)— U(p+1)— S#*1,
hence the exact sequence of homotopy groups
T4 (S H ) - m(U(p) - m(U(p+1) > n(S2+1),

Since 7 (S")=0 for j>r, it follows that for p>i/2, we have n,(U(p)) ~n,(U(p + 1))
and n(U(p)) ~inj lim ©,(U(m)). We shall prove later (III.2) that inj lim 7,(U(m)) =0
for i even and inj lim 7, (U(m))=Z for i odd. It follows from this theorem that the
problem of classification of complex vector bundles of rank p over the sphere S”
is completely solved when p > (r—1)/2. When p <(r — 1)/2 the problem is still open
in general.
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If k=M, the group GL,(k)=GL,(IR) may be regarded as the topological
product O(p) x R?, where g=p(p +1)/2 (see Chevalley [1]). Hence n(GL (R))~
7(0(p)) and 7(GL,(R))~Z/2. The homotopy exact sequence associated with
the locally trivial fibration

O(p)— O(p+1)— S§7,
ie.
7, 4 1(SP) — 7 (O(p)) — 1,(O(p + 1)) — 7(S®),

shows that 7(O(p))~n(O(p+1)) and that n(O(p))=~injlim n,(O(m)), when
p>i+1. We prove later (II1.5) that the groups 7, =inj lim 7,(O(m)) are respectively
isomorphic to Z/2, Z/2, 0, Z, 0, 0, 0 when i=0, 1, 2, 3, 4, 5, 7 mod 8. Hence the
homotopy groups 7;(O(p))=n,(GL,(R)) are completely known for p>i+1.
Moreover, in this case, the action of no(GL (R))=Z/2 is trivial. When p is odd,
we have nothing to prove since Det(—1)= —1. When p is even, the isomorphism
between n(O(p)) and 7(O(p-+1)) is compatible with the action. Hence
n(O(P))/(Z/2) ~m(O(p + 1)/(Z/2) = n(O(p + 1)) # n,(O(p)). From this discussion
we see that the problem of classification of real vector bundles of rank p over $"
is completely solved for p >n. As in the complex situation, the case where p<n is
still open in general.*

3.14. Thecase of vector bundles over the sphere may be generalized in the following
way. If X is a paracompact space one considers the double cone over X: it is
defined as the quotient of X x [ — 1, 1] by the equivalence relation which identifies
X x {1} with a single point, and X x { —1} with another single point.

N

We write C *(X) (resp. C ~ (X)) for the image of X x [0, 1] (resp. X x[—1,0]) in
the quotient and let §'(X)=C*(X)uC~(X). The space §'(X) (which is paracom-
pact) is also called the suspension of X. The argument used to parametrize S’ in
3.9 shows that S’(S™!) is homeomorphic to S”.

Let f:X— GL,(k) be a continuous map. Then one may define a bundle E,
over S'(X) by clutching the trivial bundles E; =C*(X) x k? and E,= C ™ (X) x k*
with the transition function g,, =f. As in 3.9, one can prove that E o 18 isomorphic
to E, , when f; is homotopic to /1 - If we choose a base point e in X, let [X, GL (k)]
denote the set of homotopy classes of maps f such that f(e)=1. Then as in3.10
@%(S'(X)) contains the quotient of [X, GL,(k))]" by the action of mo(GL(k)).
This result will be strengthened later (7.6).
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We are now going to use the clutching theorems to define the tangent bundle
of a manifold. First we briefly review some basic ideas and definitions in order to
acquaint the reader with the notation (cf. Lang [2]).

3.15. Let 4 be an open set in R” and let TA=A x IR"*, regarded as the trivial
bundle over A. If Bis another open set in IR?, and if /: A — Bis a differentiable map
of class C™, for m= 1, we can associate f with a general morphism of vector bundles
(in the sense of 1.6)

TA—Y ,TB

A—L B

by the formula (7f),(v)=f'(x)(v). In this formula, f': 4— L(R", RF) is the
differential of fand v is a vector of R".

(THv)

Fig. 5

If g: B— Cis another differentiable map of class C™ between B and an open set C
in IR%, one has T(g-f)=T(g)- T(f) (composition of general morphisms) following
from the theorem which gives the derivative of the composition of two differentiable
maps. Hence the reader can easily verify that the correspondence 4+~ T4 is a

“functor” from the category of differentiable maps to the category of trivial
bundles.

3.16. Definition of a manifold of class C™. Let M be a topological space and let
(U for i e I, be an open cover of M. For each i € I let ¢, be a homeomorphism of
U; with an open set 4, of R™. We write U;;=U,nU; and 4;=o(U,nU)).

&)

@;
Uij lgﬁ Flg 6
T %

l



16 I. Vector Bundles

We say that (U,, 4,, ¢;) is an atlas of class C™ for m=>1, if Hjiz(leU,-j'(pi_llAj.- isa
diffeomorphism from A4 to A4;; of class C™. Two atlases are equivalent if their
union in the obvious sense is again an atlas. A differentiable structure of class C™
on M is given by a “class” of atlases. To avoid logical difficulties [the covers of a
space are not the elements of a set!], we shall always consider that the index set 7
is contained in some fixed set, for examplevl_i F(U, R"), where S is the set of
€
neN

open subsets of M and where F(U, R") is the set of all continuous maps from
Uto R". There is a canonical way to associate a differentiable structure (U,, 4;, ¢,)
on M with an atlas (this atlas is called maximal). It is defined as the set of all
triples (V, B, ), where V is open in M, B is open in some R and ¢: V— B
is a homeomorphism, which satisfy the following condition. For each index i, let
us put V;=VnU, and B;=¢(V,); then ¢,|, - ¢~ |5 must be a diffeomorphism of
class C™ from B, to ¢,(B;). It is easy to verify that two atlases are equivalent if and
only if the maximal atlases associated with them are equal. A chart of a differen-
tiable manifold M is simply an element ¢: V' — B of the maximal atlas.

3.17. Examples. Let F:IR" R be a differentiable function such that 0F/ox,,. . .,
0F/0x,arenot all zero simultaneously. Then M = F~(0) is a differentiable manifold
(at each point x of M, consider the orthogonal projection of a neighbourhood of x

onto the hyperplane defined by ) 3F/dx,(x)(X—x;)=0). The projective spaces

i=1
P,(€)and P,(IR) are also classical examples of differentiable manifolds (Godbillon
[2], Spivak [1]).

3.18. The tangent bundle of a differentiable manifold. Let &/ =(U,, 4;, ¢;) be an
atlas on M. We want to define a bundle M on M by clutching the trivial bundles
TU,=U;x R™ over the covering (U;). Let @;: U;xR"— 4, x R™ be the iso-
morphism from TU; to T4, defined by ¢(x, v)=(¢(x),v). Let g;;: TUly, .y, —
TU |y, v, be the isomorphism which makes the diagram

TUiIUint (pilvf"vf TAiIAji
Jgji T(Hji)

TU |y y 2, 74 |
JlUinU; jlA;

commutative. Since 0,,(x)=0,,(0,(x)) for xe (UnU,nU,), we have T(0,,)=
7(0,;) T(6;;) when we restrict ourselves to ¢(U,nU;NU,) according to 3.15.
Therefore g,;=g,;-g;; over UnU;,nU,. The isomorphisms g;; define the transition
functions for TM. Let us prove that this definition does not depend (up to iso-
morphism) on the atlas &/ which was chosen. If Z=(V,, B,,y,) is an equivalent
atlas, we also have transition functions A, (resp. g7) over V,nV (resp. U,nV,) such
that gi-g;=h,, g, or equivalently }zs,zgj.-gﬁ-(g,.’)‘1 over UnUnV,nV,. The
assertion follows from the definition of H'(M; G) applied to each connected
component of M, and from Theorem 3.6. We call TM the tangent bundle of M.
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3.19. The Functor 7. In order to make the above construction functorial, one
must choose, once and for all, an atlas for each manifold M (for example the
maximal atlas). Now let M and N be two differentiable manifolds of class C™,
(U;, 4;, @;) the atlas of M, and (V,, B,,y,) the atlas of N. Let f: M— N be a
continuous map. We say that f is of class C*, 1<a<p, if Vi,Vxe U, and for
f(x)eV,, themap f7=y,-f-¢; ! is differentiable of class C* on a neighbourhood
of ¢(x) which is small enough to have the composition of the three functions,
¥, f-@; ! make sense. We want to define a general morphism 7f: TM — TN over
f: M— N, which generalizes the general morphism defined in 3.15 for open sets in
Euclidean spaces. On TU; we define Tf over a neighbourhood of x, for xe U,,
so that the following diagram commutes

TU,-% TA,

Tfl lT(fi’)
v,V .18,

where T(f7) is defined as in 3.15. We must show that this definition is compatible
with the transition functions g; and A, defined on M and N, respectively. We have
the identities /= (), ¥, ') @, f- 0 1) (@07 ) =08 -f7 -0}, where 0]]: B, = B,,
and 6}7: 4;;% A (all morphisms are defined on suitable neighbourhoods). From
these identities we see that 7(f;*)=T(6%)- T(f7)- T(6}), and hence the commuta-
tivity of the diagram

T4, %> T4,
T(fi’)J' lT(fﬁ)
TB, %, TB,

since T(0))=gX and T(8}")=g}! (where g¥ and gy, are the transitions functions of
TM and TN respectively). According to Theorem 3.1, this shows that 71 is well-
defined. Moreover, if g: N— P is another differentiable map, it can be verified
that T(g-/)=T(g)- T(f).

3.20. Example. Letf: M — RPbeanimbedding(Lang[2]). Then M is given locally
at a neighbourhood of every point a € M by equations

SiGey, .0 x,)=0
folxys .., x,)=0

JulXys %) =0, n<p,
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where the matrix

af/oxy -+ Of,)ox,
ofy/ox, --- 0f,/ox,
is of rank n on a neighbourhood of the point a=(a,, . .., a,). Moreover T (M)

is the subspace of T,(IR?) of dimension n —p which is orthogonal to the “gradient
vectors” Vy, ..., V, where V,=(0f,/0x,(a), . . ., 8f;/0x (a)).

Exercises (Section 1.9) 7, 8, 28.

4. Operations on Vector Bundles

As is the common practice in this book we use & to denote the category of finite
dimensional vector spaces, and &(X) to denote the category of vector bundles over
X. When we want to make the basic field k=R or € precise, we write &, or &,(X).

4.1. Definition. A functor ¢: & — & is called continuous if for each pair (M, N) of
objects in &, the natural map @y y: E(M, N)— &(@(M), p(N)) is continuous
(with respect to the usual topology on finite dimensional vector spaces).

4.2. Examples. There are many well known examples of such functors:
Q) p(M)=M@ --- ®M, b) ogM)=M® ... @ M, ¢) p(M)=1(M) (i™ ex-
| S S — ;__.w__.____/
i i
terior power), d) o(M)=S'(M) (i symmetric power). To see that all these
functors are continuous, we choose basis on M and N, and notice that @, y(x) is
given by a matrix which depends continuously on the matrix of a. As an example
of a functor which is not continuous, one may take a discontinuous automorphism
of the complex numbers €. This induces a functor & — & which is not continuous.

4.3. The purpose of this section is to associate any such functor ¢ with a functor
@' =¢(X): £(X)— &(X), which coincides with ¢ when X is reduced to a point. If
E=(E, n, X)is a vector bundle over X, we first define the set E'= ¢’(E) to be the dis-
joint union LI ¢(E,), provided with the obvious projection 7': ¢'(E) — X. In

xeX

order to supply ¢'(E) with a topology so that it becomes a vector bundle, we need
the following lemma.

4.4. Lemma. Let U and V be open subsets of X and let f: E;,— UxM and
y: E, — V x Nbetrivializations of E over U and V respectively. Let B’ : E/,;— U x o(M')
andy': E;, — V x ¢(N) be the bijections induced by functoriality on each fiber. If we
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give Ey, and E;, the topologies induced by these bijections, these two topologies agree
on E,nE,=Ey.y,, and Ey .y is open in both Ej and E, .

Proof. We have the commutative diagram
Ey oy D5 (Un V) x o(M)
js

Ej Lt (Unv) x o(N),

where 6 is the composition of the continuous maps

UnV -5 &M, N)22Y &(o(M), o(N))

with §=7|y .y - B~ ‘ly.y - Since & is continuous, § also is continuous (1.12). For the
same reason §~ ! is continuous, and this shows that the two topologies on Ej .,
agree. Moreover, the projection ny: E;,— U is continuous, with respect to the
topology induced by B'. Hence Ej,.,=ny; '(UnV) is open in Ey, and similarly
Ey, . yisopenin Ej,. [0

4.5. We are now able to define the topology on E’'=¢'(E). Let (U;) be an open
cover of X, and let B;: E;, — U;x M, be a trivialization of E over U, for each i. By
functoriality, the isomorphisms f; induce a bijection Ej — U, x ¢(M,), and in
this way £, may be provided with a topology. Now we provide E’ with the largest
topology making the inclusions Ej;— E’ continuous. This is possible because
according to the previous lemma for each pair (i, j) the topologies on Ey, and Ey;,
agree on Ey, ., , making it an open subset of Ej, and Ey, .

This topology does not depend on the choice of covering, nor on the choice of
trivializations. In fact, if (V,) is another covering and if ,: E;, — V x N, are
other trivializations, the same argument as before shows that the two possible
topologies on Ey;, .y, coincide and that E;, |, is open in both E7; and E', . Hence
the two topologies on E’ coincide. Finally E' is locally trivial since Ey ~ U, x @(M,)
1s a trivial bundle, for each i.

4.6. In order to completely define the functor ¢, we have to define what
S =¢'(f): ¢'(E)— ¢'(F)must be when f: £ — Fis a morphism of vector bundles.
We simply define /' on each fiber by f=¢(f): ¢(E,) — ¢(F,) which is linear.
To prove that /7 is continuous, we look at the commutative diagrams

E,Luxm E, L5 Ux M)

fIUJ Jy and f’]UJ Jg’

Fy—25UxN F, -9 Ux o(N),
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where f', &', and ¢’ are again induced from f, §, and g respectively by functoriality
on each fiber. The map §', induced from ¢’, is the composition of the continuous
maps

UL 6(M, N)—> 8(p(M), p(N)).
According to Theorem 1.12 the map g’ is continuous, and hence f” is continuous.

4.7. Generalization. Let % be the category

EOAX - XEIXEAX - XELXERX - XERg X EeX -+ X E
- J

v

v Y A Y

P D, 9. q,

and let €’ be the category

0 0 0 0
ERX XERXELX o - XECXERX « - XERXEeX -+ - X E
A\ ~ ~ “ Y/—_/ . / A ~
4

P D5 93 9,

where the notation ° means the opposite category (same objects but arrows

reversed). A functor ¢: % -— €’ is called continuous if for each pair (R, S) of
objects of €, the map (R, S)— €'(¢(R), p(S)) is continuous. Then the same
method as before shows how to define a functor ¢’ = @(X): ¢(X)— €'(X) where

GX)=EX)x - - - x EYX) x EAX)x - -+ x EUX)

P P,
XER(X)X -+ X ERX) X ELX) X + - - X ELX)

q: q;

and

CX)=E2(X)x - -+ xé”,?{(XJ)X EAX)% - - xé"%(Xl

Pi ) 2}
X Eg(X)X - X Eg(X) X ELX)X -+ - X ELX)

Y
’ ’

91 q;

If the composition ¢, - ¢, is well defined, we have (¢,-¢)(X)x@,(X) ¢,(X).
Finally, if ¢, and ¢, are isomorphic functors, then ¢,(X) and ¢,(X) are also
isomorphic.

4.8. Examples. a) The functor ¢: & x & — & given by (M, N)=M @ N induces
o(X): 8(X) x &(X)— &(X). If E and F are vector bundles on X, then the bundle
@(X)(E, F) is denoted by E @ F, and is called the Whitney sum of the bundles
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E and F. 1t is easy to see that E @ F is isomorphic to the fiber product E x, F.
Moreover, the classical identities for vector spaces imply canonical isomorphisms
EDPF)OGE®(F®G)and E® FxF@® E from 4.7.

b) Let ¢: &, x &, — &, be the functor defined by ¢p(M, N)=M ®, N. Then
©(X)(E, F)=E ® F is the tensor product of E and F. Again we have canonical
isomorphisms (E ® F) ® G*E® (F® G)and EQ FxFQ E.

¢) If ¢p:6°<6— & is the functor (M, N)»»&(M, N), then the object
©(X)(E, F)=HOM(E, F) is called the vector bundle of homomorphisms between
E and F (the fiber over a point x of X is £(E,, F,)=Hom(E_, F.)).

d) The “duality functor” M~ M* from & to &, induces another duality
functor E>E* from &)(X) to &,(X). Of course, we have the identity
HOM(E, F)~E* ®, F.

¢) We also have the conjugate functor ¢ from &(X) to £(X), induced by the
functor M — M which associates each complex vector space with its conjugate.
Let ¢: Eg(X) — LX) be the “complexification functor’, induced by the functor
g — E¢ defined by M > M @ €. Let r: §(X) — Ex(X) be the “realification
Junctor”, which is induced by the functor - & which associates each complex
vector space with its underlying real vector space. Then (rc)(E) is naturally
isomorphic to £ @ E and (cr)(E) is naturally isomorphic to E @ E.

f) Examples c) and d) in 4.2 enable us to define operations A' and S* in the
category of vector bundles. These operations are very important in the application
of K-theory described in the last chapter of this book.

4.9. Let Eand F be vector bundles with bases X and Y respectively. We define the
“external Whitney sum” of E and F as the vector bundle EH F on X x Y, where
EMH F=n}(E) ® n(F) with 7,: X x ¥Y— X and n,: Xx Y— Y. Obviously we
have E[{] F=Ex F and (E [ F),, ,=E, ® F,. In the same way, the “external
tensor product” of E and F is the vector bundle E [X] F on X x Y, where E [x] F=
n1(E) @ n3(F). Similarly (EX F), ,=E, ® F,.

Exercises (Section 1.9) 9-12, 30.

5. Sections of Vector Bundles

S.1. Definition. Let {=(E, n, X) be a vector bundle. Then a section of ¢ is a map
s: X — E such that n-s=1d,. A section s is called continuous if s is a continuous
map (very often sections will refer to continuous sections since we do not consider
other types of sections in this book).

S.2. Example. Let s: X — E be the map which associates each point x of X with
the vector 0 of the vector space E,. If B: E;— U x M is a trivialization of E over
an open set U, we have (f-5)(x)=(x,0) for x € U. It follows that s is a continuous
section of E. This section is called the zero section of the vector bundle.
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5.3. Example. Letussuppose that Eis the trivial bundle X x M. Then a continuous
section of £ may be written as x — (x, s,(x)), where s,: X— M is a continuous
map. Conversely, any such continuous map induces a continuous section of E. In
this way, we see that the notion of a section of a vector bundle is, in some sense,
a generalization of the notion of a continuous map with values in a vector space.

54. Let s,,...,5, be n (continuous) sections of the vector bundle E. Let
a: Xxk"— E be the morphism defined by a(x, A,,...,4,)= ) As(x) (where
i=1

the sum is taken in the vector space E, ). These sections are called linearly indepen-
dent if s;(x), . . ., 5,(x) are linearly independent for each point x. If the rank of E
is equal to n, then o induces an isomorphism on each fiber and hence is an iso-
morphism by 2.7.

5.5. Example. Let us consider once more the vector bundle E=7S""! of 2.3
(with a slight change of notation). In V.2 we prove that 78"~ ! admits exactly
p(n)—1 linearly independent sections and not p(n), where p(n) is the arithmetic
function of n defined by p(n) =27+ 88, where n=k(2" **%), for k odd and 0<y<3.
In particular, for n—1 even, there is no section #0 everywhere, and 78" ! is a
trivial bundle if and only if n—1=1, 3, or 7

n—1s1234567891011

p(n)—1{10301070103

On the other hand, if 6, is the trivial bundle of rank one on S"~*, then 7S* ' ® 6,
is isomorphic to the trivial bundle 6, of rank n over S !. The isomorphism
TS" '@ 0,6, is given by ((x,v), 4) —~ (x, v+1x), where (x,v)e TS" ! and
TS™ ' @ 0, isidentified with 78"~ ! x R. Hence 7S"~ ! @ 6, admits n continuous
linearly independent sections.

5.6. Let E be a vector bundle with base X. We denote the set of continuous sections
of E by I'(X, E). It is obviously a vector space under the operations (s +)(x)=
s(x)+#(x) and (As)(x)=As(x). Now let i: Y— X be a continuous map. By com-
position with i, a section s of E induces a section of the induced bundle i *(E)=
Yx yE by the formula #(y)=(y, (si)(»)). The map I'(X, E) > I'(Y, i*(E)) is
obviously k-linear. In particular, if Y is a subspace of X, the section ¢ is the
“restriction” of s to Y, and we denote it by s, or simply s,.

5.7. Theorem. If X is paracompact and Y is closed in X, the restriction homo-
morphism I'(X, E) — I'(Y, Ey) is surjective.

Proof. The proof of this theorem splits into three parts:
a) Suppose E=X x M, From Example 5.3, we see that the space of sections
I'(X, E) may be identified with the vector space F(X, M) of continuous maps
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§,: X — M. From this point of view, the restriction homomorphism I'(X, E) —
I'(Y, Ey) may be interpreted as the restriction homomorphism of functions

FX,M)—> F(Y,M),

which is surjective due to the Tietze extension theorem (Bourbaki [1], Kelley [1]).
b) Suppose E is isomorphic to X x M. Let us consider an isomorphism
ExF=Xx M. Then we have the commutative diagram

I'x, E)—=TI(X, F)

|

I'(Y,Ey)-=>T(Y, Fy)

and the assertion follows from a).

c) General case. Let (U,), i € I, be a locally finite open cover of X such that E,
is trivial and let (¥;) be an open cover of X such that V,c U,. Let T,=V,nY. If
t is a section of Ey, we let #;=1[; ; then by b) we can choose a section s; of El,
such that s;| =1, If () is a partition of unity associated with the cover (V) we
set s;(x)=o(x)s; (x) for xe ¥, and s{(x)=0 otherwise. Then s; is a continuous

section which is zero over all but a finite number of the V Therefore the sum
Y 5i(x) (taken in each fiber) is actually a finite sum on a nelghbourhood of each

iel

point x, and defines a continuous section s of E. For x e Y, we have

()= Y a(0)s{(x)= ¥ a,()t(x)=( T a,(x)u(x)=1(x).

iel iel iel

Hence s|,=¢. 0O

5.8. If E and F are vector bundles over X, let us write Hom(E, F) for the set of
morphisms from E to F. This set is obviously a vector space under the operations
(f+9=f+g. and (if),=Af,. The correspondence (E, F)+—> Hom(E, F)
induces a functor from &,(X)°x&,(X) to the category of k-vector spaces
(of arbitrary dimension). On the other hand, the correspondence (E, F)+>
I'(X, HOM(E, F)) (cf. 4.8.c) also induces a functor from &,(X)° x &,(X) to the same
category.

5.9. Theorem. The functors (E, F) — Hom(E, F) and (E, F) — I'(X, HOM(E, F))
are isomorphic.

Proof. Let a: E— F be a morphism. Then the map x — a_ defines a section s
of the vector bundle HOM(E, F). To see that s is continuous, let us consider
trivializations f: E; = Ux M and y: F,; = U x N, where U is an open set in X.
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Then we have the commutative diagram

U><M—5>U><N

]

Ev—a'"—» Fy,

which defines a continuous map g by 1.12. Carrying the structure, we see that
HOM(E, F)|;,~HOM(E,, F,)~Ux &M, N). Thus s|, may be identified with
the section of the trivial bundle U x &(M, N) defined by x > (x, g(x)). Hence s is
continuous.

Conversely, if s is a continuous section of HOM(E, F), then s defines a map
a: E— F by the formula a,=s(x). The same method as before shows that o is
continuous. [

5.10. Theorem. Let E and F be vector bundles over a paracompact space X, let Y be
a closed subset of X, and let o.: Ey— F be a morphism of vector bundles. Then there
exists a morphism &: E— F such that @|y=o (d is called an “extension” of « to X).

Proof. This theorem follows from Theorem 5.7 applied to the vector bundle
HOM(E, F), due to the commutativity of the diagram

Hom(E, F) —=— I'(X, HOM(E, F))

| |

Hom(E,, Fy) = I'(Y, HOM(Ey, Fy))

which follows from 59. 0O

5.11. Corollary. With the notation of Theorem 5.10, let us suppose that o is an
isomorphism. Then there exists a neighbourhood V of Y and an isomorphism
o' E,— Fy, such that oy =a.

Proof. Let a: E— F be an extension of a and let V" be the set of points-x of X
such that @, is an isomorphism. Let us prove first that V' is an open neighbourhood
of Y. In fact, if xe ¥, we can find an open neighbourhood W, of x such that
Ely =~ Fly _~ W, x k" Inducing the vector bundle structure, we see that §,=adly,_
is a morphism from W, x k" to W, x k™ which is represented by a continuous map
B.: W_— &(k", k™). Hence V'~ W_may be identified with the set of points v of W,
such that f (v) € Iso(k", k™). Since Iso(k", k") is an open subset of &(k", k™), we
see that VW, is open in W, and hence in X. It follows that V=J VnW,

xeV

is an open subset of X which contains Y. Finally o'=4d|, is an isomorphism
by2.7. 0O
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5.12. For an application, one may read in advance, 7.1 to 7.6.

5.13. Theorem. Let X be a paracompact space, let E and F be vector bundles over X,
and let o.: E— F be a morphism such that o : E,.— F, is surjective for each point
x of X. Then there exists a morphism f: F— E such that af=1d..

Proof. Let x be a point of X, and let U be a neighbourhood of x such that E; and
Fy, are trivial. Then we may identify E;, and F;, with U x M and U x N respectively.
Under this identification, the morphism ay,: U x M — U x N may be written as 0,
where 0: U— &M, N) is a continuous map. If we write M in the form
N @ Ker(6(x)), then the map 6(y): N @ Ker(8(x)) » N may be represented by
the matrix

(6:(»), 0,(»),

where 0, and 0, are continuous functions of y such that §,(x)=1 and 0,(x)=0.
Since Aut(N) is open in End(N), there exists a neighbourhood ¥V, of x such that
6,(y)isan isomorphism for y € U, . Let us now consider themap ¢',.: V., — &(N, M),
which is represented by the matrix

6,(y)7*
wo = (")

Then 6, induces a morphism 8. : F ly.— Ely_ such that och-é;:Id. Varying the

point x, we construct a locally finite open cover (V;) of X and morphisms

B;:Fy,— E, such that a; -B;=Id Fy, . Let (5;) be a partition of unity associated

with the cover (), and let f: F— E be the map defined by B(e)= ). n:(x)Bi(e)
iel

for ec E,. In this formula we use the convention that n,(x)B,(e)=0 for x¢ V,.
Therefore, in a suitable neighbourhood of x, we have 7,(x)B;(e)=0 except for a
finite number of indices i, and thus f is continuous. Finally,

(@ B) (&)= Y. n(¥) (@ B)(&)=(¥. n(x)(x-Be))=e.0

iel iel
5.14. Theorem. Let X be a paracompact space, let E and F be two vector bundles

over X, and let a: E— F be a morphism such that a: E_— F, is injective for each
point x. Then there exists a morphism p: F— E such that §-a=1d..

Proof. The proof of this theorem is completely analogous to the proof above and
is left as an exercise for the reader. 0O

Exercises (Section 1.9) 13-15, 27.
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6. Algebraic Properties of the Category of Vector Bundles

6.1. Theorem. The category &(X) of vector bundles with base X is an additive
category.

Proof. If E and F are vector bundles, we already know that Hom(E, F)= &(X)(E, F)
is a vector space, and a fortiori, an abelian group (5.8). It is clear that the map

Hom(M, N)x Hom(¥, P) —— Hom(M, P)

given by the composition of morphisms, is bilinear, and that there exists a zero
object which is the trivial bundle of rank 0 {=(X, Id,, X). The main point of the
proof is to show that the Whitney sum E, @ E, of E, and E, is actually the “sum”’
of E; and E, in the category &(X), For this, we need the canonical morphisms
i, E,—~ E, @ E, for a=1, 2, given by the obvious homomorphisms (E,), —
(E)), ® (E,),. Let f,: E,— F be arbitrary morphisms in £(X). We must prove
that there exists a unique morphism f: E; @ E, — F which makes the diagram

E@®E, L F
N

commutative.

a) Uniqueness of f. Over each point x of X, we must have (f).=f,- (i),
This implies fi(e;, e;)=(f1).(e)+(f2).(e;) for each (e, e)) € (E)), @ (E,),=
() X (Ey),.

b) Existence of f. Let us define a map f: E; @ E, — F by the formula above.
To verify that fis continuous, we consider an open set U such that E,|,~ U x M,
and F|,~Ux N. Inducing the vector bundle structure, f,|, becomes §, where
g.: U— &M, N) is a continuous map (1.12 again). In the same way, f|, becomes
the map from Ux (M, & M,) to Ux N defined by (x, (m,, m,)) — (x, g,(m,) +
g,(m,)), which is clearly continuous. Hence fis continuous, [

6.2. Remarks and application. Since £(X) is an additive category, E, @ E, is also
the product of E; and E, in £(X) (but not in the category of topological spaces

unless X'is a pointor ). IfE,,...,E,and F,, .. ., F, are vector bundles over X,
n p
a morphism from @ E;to @ F; may be represented by a matrix (« ) Where
i=1 j=1
a; € Hom(E,, F)).
The following theorem will be very useful in this book.

6.3. Theorem. Let E be a vector bundle over X, and let p be a projector of E (i.e. an
endomorphism of E such that p* = p). Then the quasi-vector bundle Ker p= || Kerp,

xeX

(provided with the topology induced by the topology of E) is locally trivial.
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Proof. Since the question is “local”, we may suppose that E is the trivial bundle
Xx M. Let x, be a point of X and let f: X — &(M, M) be the map defined by
fx)=1-p,—p, +2p.p,, Since p, -f(x)=f(x)-p,, we have the commutative
diagram

0 » Ker p s Xx ML XxM

Cr b

0—> XxKerp, —> XxM-L% Xx M

where p=1Id, x p, . Since f(x,) =1, there exists a neighbourhood ¥(x,) of x,, such
that f(x) is an automorphism for x € ¥(x,) (because Aut(M) is open in End(M)).
Over V(x,), finduces a homeomorphism between Ker p and V(x,) x Ker p, , since

- N
one can define a continuous map (fy,,) "~ T=( fV'(xlo)) by 1.12. O

6.4. Remarks. It is easy to verify that the vector bundle Ker p, which is defined in
this way, is the kernel of p in the categorical sense. If p* # p, the kernel of p does not
exist in general.

* The more advanced reader will notice that the proof of Theorem 6.3 also holds
for Banach bundles (Lang [2]).,

6.5. Theorem. Let E be a vector bundle with compact base X. Then there exists
vector bundle E' such that E ® E' is trivial.

Proof. Let (U)) fori=1,.. ., r be a finite open cover of X such that E;, x U, x k",
and let (#,) be a partition of unity associated with the cover (U;). According to 5.4,
there exist n; linear independent sections s},s7?...,s% of Ey,. The sections
n:st st ..., ns®, extended by 0 outside U,, are also n; linearly independent
sections of E|,,, where V;=n; '((0, 1]). Let o] be the sections #,s/, for 1<j<n,.
Then the vectors oi(x) generate E, as a vector space, and by 5.4, we have a
morphism

;. T=Xxk"—> E

forn= 21 n;, such that o : T, — E_ is surjective for each point x of X. According

to Theorem 5.13, there exists a morphism f: E— T such thato-f=1d,. Let E’ be
the kernel of the projector p=f-a. Now we may conclude the proof in two slightly
different ways:

() Since £(X) is an additive category and since ExKer(l1—p), we have
EQE=T.

(il) We define a morphism from E @ E’ to T by the sum of the inclusion of E’
in T and the map . This morphism induces an isomorphism on each fiber because
E ~XKerp, and E,~Ker(1 —p,). Hence the morphismis an isomorphism by 2.7. 0O
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%6.6. Remark. According to Hurewicz and Wallmann [1], a topological space X is
of dimension < p, if for every finite open cover % of X, there exists a finer cover (V,),
such that each point of X belongs to at most (p + 1) sets of the cover (¥;). A space
is of dimension p if it is of dimension <p and not of dimension <p—1. A dif-
ferential manifold modelled on R? is of dimension p. A CW-complex with cells
contained in IR? is also of dimension <p. If E is a vector bundle over a compact
connected space of dimension p, there exists a finite cover (V;),i=1,. . ., p, such that
E, is trivial. Hence E is a direct factor of a trivial bundle of rank <p x rank (E).*

6.7. Definition. Let ¢ be an additive category. Then ¥ is called pseudo-abelian,
if for every object E of € and for every morphism p: E— E such that p?=p, the
kernel of p exists.

6.8. Examples. As we have just shown, the category &(X) is pseudo-abelian.
From another point of view, if 4 denotes an arbitrary ring with unit, the category
P(A) of finitely generated projective modules over 42 is pseudo-abelian since a
direct factor of a projective module is again projective. The category £ (4) of
finitely generated free modules is not pseudo-abelian in general (ex: A=k xk,
M,(k),...).

6.9. Proposition. Let € be a pseudo-abelian category, let E be an object of € and
let p: E— E be such that p*=p. Then the object E splits into the direct sum
E=Ker( p) ® Ker(1 —p). Relative to this decomposition, the endomorphism p takes
the matrix form

o)

(i.e. p=Ogerpy @ Idgers - py)-

Proof. Let i;: Ker(p)— E and i,: Ker(1 —p) — E be the canonical inclusions. By
a well known lemma in the theory of additive categories (cf. Mitchell [ 1]), we must
show the existence of j,: E— Ker(p) and j,: E— Ker(1 —p) such that j, -i; =
Idger)s J2 b2 =1dker1 = py» J1-82=0, j,-i;=0 and finally i, -j, +i,-j,=Id;. We
define j, and j, as the unique morphisms which make the diagrams

Ker(p) 2> E-—PHE Ker(1—p) -2 EL"B
Id Ji |1-p and Idf J2 {p
Ker(p)- - E Ker(1—p)-2-E

2) Here we are considering right A-modules.
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commutative. By the universal property of kernels, i,j,i; =i, and i,j,i,=1i,;
hence, j, -i, =1dg,,, and j,-i,=1dg,, - ,. Moreover, the universal property of
kernels also shows that the following diagrams are commutative.

Ker(p) —+— E—2> E Ker(1-p)—2> EL"B E
Oi Ji 1-p 0? J2 P
Ker(1—p) 2> E Ker(p) —*— E

Hence j,-i,=0 and j,-i; =0, Finally i, -j, +i,-j,=p+(1—p)=1. Since p=i, -j,,
the matrix of p is necessarily of the form stated. [

Now we are going to describe a universal procedure of imbedding an additive
category in a pseudo-abelian category. Its main application is Theorem 6.18.

6.10. Theorem. Let € be an additive category. Then there exists a pseudo-abelian
category €, and an additive functor ¢: %6 — € which is fully faithful and which
satisfies the following universal property: For every pseudo-abelian category 9 and
for every additive functor =€ — 9, there exists an additive functor ': @ — 9@,
which is unique up to isomorphism and which makes the following diagram

€25 %
w\ /W
9

commutative up to isomorphism. Moreover, the pair (¢, @) is unique up to equivalence
of categories.

Proof. 1t is clear that the pair (¢, %), as the solution of a “‘universal problem”, is
unique up to equivalence of categories (exercise left to the reader). Thus it suffices
to explicitly construct € and o.

The objects of & are the pairs (E, p) where E € Ob(%) and p is a projector in E
(when ¥ is a category of modules for instance, one may think of this pair as the
“image” of p). The morphisms from source (E,p) with target (F,q) are the
%-morphisms f: E-— F such that f'p=g-f=f(to understand “why”’ we make this
definition, again one may think of (E, p) as the image of p so that in the decomposi-
tions E=Imp @ Im(1 —p), F=Img @ Im(1 —g), the map fappears as a matrix

Go)

and hence actually defines a morphism f; from Im p to Im g).
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The composition of morphisms in € is induced by the composition of mor-
phisms in €, the identity morphisms of (E, p) is p, and the sum of two objects (E, p)
and (F, g) is the object (E @ F, p @ q). With these definitions it is clear that Z is
an additive category. Let us show that € is pseudo-abelian. If f'is a projector of
the object (E, p), we have the following commutative diagram (where F, g, g,
and 4 are defined below).

E—2L g I g
\\\h g
a--p F P P
e "4 . E—J .F
\\}E\ l/
“F

The pair (E, (1—f)-p) is an object of €, and p — f defines a morphism from this
object to the object (£, p). In fact, the pair formed by the object (E, (1—f)-p) and
the morphism p —f'is a kernel of 'in the categorical sense. To see this, let us con-
sider a third object (F, g), and a morphism g: (F, g) — (E, p) such that f-g=0. If
h:(F,q)— (E,(1—f)-p) is a morphism which makes the diagram commutative,
we must have A= (1 —f)-ph=p(1 — f)h=pg =g, which shows the uniqueness of 4.
Conversely, if we let #=g, then the diagram is obviously commutative.

Let us now define the functor ¢: € — € by the formulas o(E )=(E,Id;) and
@(f)=/, on the objects and morphisms respectively. The above computation
shows that (E, p) is the kernel of 1—p, interpreted as a morphism from ¢(E) to
@(E). Hence o(E)~(E,p) ® (E,1—-p). If y:€— D (resp. Y': % — D) is an
additive functor from % (resp. €) to a pseudo-abelian category 2, such that the
diagram

AN
'/\///,
7

is commutative up to isomorphism, we have y'(Ker f)~Ker(y/'(f)) for every
projector f. Hence y/(E, p)=Ker (1 —p): Y(E) — W(E) and ¥/(/)=¥( Nxergr
on the objects and morphisms respectively. Conversely, these formulas define '
(up to isomorphism). 0

6.11. Notation. We call € the pseudo-abelian category associated with .

6.12. Theorem. Let € be an additive category, 9 a pseudo-abelian category, and
V€ — 2 an additive functor which is fully faithful such that every object of 9D is a
direct factor of an object in the image of . Then the functor /' defined in 6.9 is an
equivalence between the categories € and 9.
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Proof. Let us first show that ¥ is essentially surjective. If G is an object of 2,
there exists by hypothesis an object E of € and a projector q: Y(E) — Y(E), such
that GxKer(g). Since ¥ is fully faithful, we may write g as y(p), where p is a
projector of E. Then G is isomorphic to ¥/'(E, 1 —p) according to the formula for
kernels given in 6.10 (substitute 1 —p for p).

To prove that ' is fully faithful, let us consider two objects H and H' of
which are direct factors of ¢(F) and ¢(E") respectively. Then the diagram

E(p(E), o(EN)~¥(E,EY—€(H, H')

l//:p(lf), ¢(E\ }vwE,E’ J'//H, H’

DW(E), Y(E)) —= 2('(H), Y'(H"))

where the horizontal arrows are induced by the direct sum decompositions
@(E)=H ® H, and o(E')=H' @ H, shows that ¥y 4. is an isomorphism, since
¥ g is an isomorphism by the hypothesis. Hence ¥/’ is a category equivalence. 0

6.13. Theorem. Let € =& (X) be the full subcategory of £(X) whose objects are
the trivial bundles. Then if X is compact, the pseudo-abelian category € associated
with € is equivalent to the category &(X) of all vector bundles over X.

Proof. Let 9 be the category (X), and let : € — 2 be the inclusion functor.
According to Theorem 6.5, every object of & is a direct factor of some /(G ). Hence,
by Theorem 6.12, the functor " induces an equivalence & (X)~&(X). 0O

6.14. Remark. Theorem 6.12 gives us a purely algebraic way to describe vector
bundles over a compact space X as images of projection operators. It is possible to
prove all the main theorems of K-theory in Chapters II and III from this point of
view. However, the vector bundles that we are generally interested in (for example
the tangent bundle of a differentiable manifold) are not defined in this way. Never-
theless, this point of view will sometimes be convenient for theoretical purposes.

x6.15. Remark. 1t follows from Remark 6.6, that Theorem 6.13 can be refined for
X connected of finite dimension.*

6.16. Theorem. Let A be an arbitrary ring with unit, and let € =%(A) be the
category considered in 6 8. Then € is equivalent to the category P(A) of finitely
generated projective A-modules.

Proof. This theorem is another consequence of Theorem 6.12 applied to the
categories 9 =2(A), since every object of #(A4) is a direct factor of some 4. 0

6.17. Let A= C,(X) be the ring of continuous functions on a compact space X with
values in k. If E is a k-vector bundle with base X, the set I'(X, E) of continuous
sections of E is an A-module under the operation (s- 1) (x)=s(x)A(x) where 4 € 4
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and s e I'(X, E). If E is the trivial bundle X x k", then I'(X, E) may be identified
with 4" as an A-module. If E is an arbitrary vector bundle, and if E @ E'~ X x k",
then I'(X, E) @ I'(X, E)=I'(X, E ® E')~ A" as A-modules. Hence I'(X, E) is an
object of #(A), and the correspondence E > I'(X, E) induces an additive functor
denoted by I' from £(X) to 2(A).

6.18. Theorem (Serre [2]-Swan [1]). Let A=C,(X) be the ring of continuous
Jfunctions on a compact space X with values in k. Then the section functor I induces an
equivalence of categories £(X)~ P (A).

Proof. The functor I' induces a functor I';: &(X)— Z(4), where &(X) is
defined in 6.13. Since A"~ I (E) with E=Xxk", I'; is essentially surjective.
If F=Xx k? and f: E— Fis a morphism, then I';( f) is represented by the matrix
M(x)=(a;(x)), for i=1,...,nand j=1,...,p, and the map x — M(x) coincides
with f: X — &,(k", k?) using the notation of 1.12. Moreover, Theorem 1.12 shows
that I';, is fully faithful, and hence a category equivalence.

Let us put €=&1(X), 2=2(A), and let y:¢ — 2 be the composition of I';.
and the inclusion factor of .Z(4) in #(A). Since the diagram

E(X)=¢— ¢~EX)

¥ r

P(A)=9

is commutative, I may be identified with ¥’ of Theorem 6.10. From Theorem 6.12,
it now follows that I is a category equivalence. 0O

* 6.19. Remark. Let Y beaclosed subspace of X. Then, by restriction of functions,
B=C(Y) is a C,(X)-module. If we identify &,(X) (resp. &,(Y)) with 2(A4) (resp.
#(B)), the restriction functor &,(X) — &,(Y) may be interpreted as the “extension
of scalars” functor 2(4) — #(B), defined by M > M & , B.*

6.20. Let E be a vector bundle with base X. We now define a Banach space topology
on the vector space I'(X, E). If E=Xxk, then I'(X, E)= A is actually a Banach
algebra under the norm

lIsl| =sup [s(x)]

xeX

If E is arbitrary, we may regard I'(X, E) as a module over 4. Let u: A" — I'(X, E)
be a surjective A-module homomorphism and let us give E the quotient topology.
Then the topology induced on I'(X, E) by this projection is independent of the
choice of u. Supposeu’: A — I'(X, E)isanother choice. Since I'(X, E) is projective,
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there exist A-linear maps v: 4"— 4™ and v': A™ — A" such that the diagram

v .
A" v A"

I'X,E)

is commutative. Moreover v and v’ are 4-linear hence given by matrices, and thus
continuous since 4 is a Banach algebra. Thus the diagram shows that the topology
on I'(X, E) is independent of the choice of .

A vector bundle morphism f: E— F induces an 4-module homomorphism
Irx,f):rx,Ey-TI'(X,F). If u:A"—> I'(X,E) and v: A" — I'(X, F) are sur-
jective A-linear maps, one can find f: 4" — 4™ which makes the diagram

A'l f Am

|

rex, £y L&D, rx, F)

commutative.
Since f is continuous, f'is continuous as an 4-module homomorphism.

6.21. It is possible to interpret the topology of I'(X, E) in another way. Let (U;) be
a finite cover of X of closed subsets U;. Each continuous section s of E induces
continuous sections s; of E;=Ey, such that sy, ,y,=$]y,~v,- Conversely, let s;
be continuous sections of E; such that s;ly, ,y,=$;ly,~u,- Then, applying the same
method as in 3.1, it can be shown that there exists a unique continuous section
s of E, such that s|y,=s;. In other words, we have the exact sequence

0— I'(X, E)—— [] I'(U;, E) =" [ T (U,nU;, E;))
i i,J

where E;;=E|y,.y,, and r, and r, are induced by the restrictions I'(U,, E;) —
riu,nU;, E;) and I'(U;, E;) > I'(U;n U;, E;;) respectively. According to 6.20,
r, and r, are continuous, thus Ker(r, —r,) is a closed subspace of the Banach space
[1r(U;, E;), and the canonical map I'(X, E) — Ker(r, —r,) is bijective. By apply-

ing the Banach theorem or using a partition of unity to define a map from
Ker(r, —r,) to I'(X, E), we see that the Banach spaces I'(X, E) and Ker(r, —r,)
are isomorphic. In particular, if the vector bundles E; are trivial, then I'(U;, E;)~
C(Uy)"where E;~ U; x k™, and I'(X, E) appears asa closed subspace of | [ C,(U,)™.

6.22. Let A4 be an arbitrary Banach algebra, and let M and N be objects of 2(4).
Then the vector space Hom (M, N) can be provided with a Banach space topology.
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In fact, M and N can be provided with the norms induced by arbitrary A-linear
surjections A™ -~ M, A" — N. By the argument used in 6.20, the Banach space
topology obtained on M and N is independent of the choice of these surjec-
tions. Moreover, Hom ,(M, N) is a closed subspace of ¥ (M, N), the space of
R-linear continuous maps from M to N with the usual topology. Since M and N
are projectives and finitely generated, the choice of decompositions M @ M'~ A"
and N @ N'~ A™ enables us to identify Hom (M, N) with a closed subspace of
Hom (A", A™)~ A™. Finally, if P is a third object of #(A), then the map

Hom (M, N)x Hom (N, P)—— Hom (M, P),

given by the composition of morphisms, is k-bilinear and continuous (4 is a
Banach algebra over k=R or €) since it is induced by the map

LM, N)x (N, P)—> Z(M, P)

In particular, let E, F and G be vector bundles with compact base X. If we choose
A=C(X), we see that Hom(E, F)~Hom (I'(X, E), I'(X, F)), Hom(F, G)~
Hom (I'(X, F), I'(X, G)), and Hom(E, G)~Hom,(I'(X, E), I'(X, G)). Hence
Hom(E, F), Hom(F, G), Hom(E, () are naturally Banach spaces, and the map

Hom(E, F)x Hom(F, G) — Hom(E, G)

is k-bilinear and continuous.

6.23. Remark. The isomorphism I'(X, Hom(E, F))~Hom(E, F) given in 5.9, is
compatible with the natural Banach structure put on the two factors (Hint: write
E and F as direct factors of trivial bundles).

6.24. To conclude this section let us consider the pseudo-abelian category &7(X)
associated with £(X), for any topological space X. The same ideas as those used
in the proof of Theorem 6.12 may be applied to show that &.(X) is equivalent to
the full subcategory of £(X), whose objects are direct factors of trivial bundles. We
will denote this category by &'(X). In general £'(X) is not equivalent to &(X).
However, we will see that some of the properties of £(X) are also present in the
subcategory &'(X). More precisely, we prove the following proposition:

6.25. Proposition. Let (U,), for i=1,...,n, be a finite open cover of a topological
space X, such that there exists a partition of unity associated with (U;), and let
E,eO0b&'(U,). Let

9ii* Eilvinu, — Ejlvinv,

be isomorphisms such that gy;=g;-g;; over UnU,NU,. Then the vector bundle
obtained by clutching the E; using the g;; (cf. 3.2), is an object of &'(X).
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Proof. Letus identify '(Y) with &.(Y) for each space Y, so that E; may be written
as (M, p;), where M, is a trivial bundle and p; is a projection operator. Then we
consider E=(M, p), where M=M, @ --- @ M, and p is the projection operator
represented by the matrix (p,;) defined as follows. Let (o) be a partition of unity
associated with (U,), and let ﬁk=\/a_k. Then we define

Pu=BBigup:

where as usual we use the convention that g, =0 outside U,nU,. We define

9:: (M, p;)— (M, p) as the column matrix (g;), = Bigupi» and f;: (M, p) — (M;, p))

as the row matrix ( f}), = B.gulx- Then, a direct computation shows that f; and g,

are inverse homomorphisms over U;. Wehaveg; ' -g,=f;-9,= ¥ By guPiPugiiPi=
k

> (B)’9; =g over UnU;. From 3.3 it follows that (M, p) is the bundle obtained
k
by clutching the bundles E;. O

6.26. Example. Let X bealocally compact space, let X be open relatively compact,
and let X=X, X, where X, is open. Let K be the compact space X, and let
a;, a, be a partition of unity associated with the cover of K defined by X, and
X,nK. Then o x,=1 and may be extended by 1 on X outside K. If a, denotes
this extension, then the pair (o}, «,) defines a partition of unity associated with
(X, X,). In particular if E, eOb&’(X,), E, €Obé&'(X,), and a:E |y, . x,— Eslx, nx,
is an isomorphism, then the clutching of E, and E, using a is a direct factor of a
trivial bundle.

7. Homotopy Theory of Vector Bundles

7.1. Theorem. Let X be a compact space and let E be a vector bundle over X x I
where I=[0,1]. Let a,:X— XxI and Il : XxI— X be the maps defined by
a,(x)=(x, 1) and I(x, u)=x, for x€ X and (t,u)e I*. Then the vector bundles
E,=0a}(E) and E, = o*(E) are isomorphic.

Proof. Let E,=o*(E). Then the vector bundles E and IT*(E,) are isomorphic over
the subset X x {t} of X x I. According to 5.11, there exists a neighbourhood ¥ of
X x {t} in X x I such that E|, and IT*(E,)|, are isomorphic. Since X is compact, V'
must contain a subset of the form X x U where U is a neighbourhood of ¢ in I.
Hence, for ¢ fixed, there is a neighbourhood U of ¢ such that E,~ E, foru € U. Now
the connectivity of I implies that E, and E; must be isomorphic. [

7.2. Theorem. Let X be a compact space, and let f, f1: X — Y be two continuous
maps which are homotopic. If E is a vector bundle over Y, then the vector bundles
fF(E) and f¥(E) are isomorphic (see 2.6 for the definition of f* in general).
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Proof. Let F: X x I— Y be a continuous map such that f,= F-a, for =0, 1. Then
JS(E)=(F-ao)(E)=of(F*(E))=(F*(E))o,and f{(E)=(F-a,)(E)= o} (F*(E))=
(F*(E)),. Now we apply the above theorem to the bundle F*(E) over Xx 1. 0O

7.3. Theorem. With the notation of 7.1, the bundles E and IT*E,, are isomorphic.

Proof. Let p: XxIxI— XxI be the map defined by p(x,t,u)=(x, tu). Then
E’'=p*(E) is a bundle over X' x I, where X'=X x I. But E,~IT*E, and E|~E.
Hence E and IT*E, are isomorphic by Theorem 7.1 applied to bundles over
X'xI. 0O

7.4. Theorem. Let X be a contractible compact space. Then every bundle over X is
trivial.

Proof. Let x, be a point of X such that if i: X — {x,} and j: {x,} — X are the
obvious maps, then the map -/ is homotopic to the identity of X. Now E~ i*(j*(E))
for any vector bundle E over X. Since the bundle F=;*(F) is trivial, the bundle
E=i*(F)is also trivial. [

7.5. Remark. With much more sophisticated arguments, it is possible to prove
the above theorems with the weaker hypothesis, X paracompact (cf. Husemoller

[1D)-
7.6. Theorem. The maps
7, 1(GL,(K))/o(GL, (k) — 5(S")
and
[X, GL,(k)]'/no(GL,(k)) — @5(S' (X)),
defined in 3.10 and 3.14 respectively, are bijective if X is compact.

Proof. Since the second map is a generalization of the first, let us consider only the
second map. According to 3.14, it suffices to show that any bundle over S'(X) is
isomorphic to a bundle of the form E,, where f: X — GL,(k) is a continuous map
such that f(e)=1. If E is a bundle over S’(X), its restrictions over C*X and C~ X
are trivial since C*X and C~X are contractible. Let E,=C*Xxk? and
E,=C XxkP, and let g,: E, — E|c+x and g,: E; — E|--x be isomorphisms.
According to 3.2, E is isomorphic to the bundle obtained by clutching the bundles
E, and E, using the transition function g,;: Eilyx )~ E;lxx o defined by
921=(921x)" "(91lx) where X~ X x {0}. Let f: X — GL,(k) be the map defined by
f(x)=9,1(x)-(921(€))~*. Then E is isomorphic to E, by the computation made in
3.9 adapted to S'(X). O
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7.7. Proposition. Let p and p’ be two projectors of a vector bundle T of base X such
that Imp~Imp’, and let p and p' be the projectors of T ® T defined by p=p ® 0,
and p'=p’ ® Oy. Then there exists an automorphism é of T @ T which is isotopic to
the identity such thatp'=8-p-5~ 1.

Proof. Let us put T, =Imp, T,=Im(l —p), T;=Imp’, and T;,=Im(l -p’). We
write T@® T in the form T, @ T, ® T; @ T, and notice that any isomorphism
o: T; — T, induces an automorphism 6 of T @ T, defined by the matrix

0 0 —a' 0

0 1 0 0
5:

o 0 0 0

0 0 0 1

Moreover, in this matrix decomposition, p and p’ take the form of matrices

1 00 0 0 00 0
Jooool fooo0 o
Plooo00] P7loo 1 o

000 0 00 0 0

and a simple computation shows that p'=45-p-8~!. On the other hand, on the
factor T; @ T; of T ® T, the automorphism

0T

is isotopic to the identity: consider the product

(1 —toc"1><1 0)(1 —toc“)
> tel.
0 1 to 1/\0 1

Hence 6=¢" @ Idy, ¢ 1, is also isotopic to the identity. [0

7.8. Let us denote by Proj,(k"), for N=n, the space of projection operators g
on k", such that Dim(Im g)=n. A continuous map g: Y — Proj,(k") defines a
projector p=g of the trivial bundle T'= ¥ x k", hence a vector bundle ¢,=Im p
of rank nover Y. If f: X — Y'is a continuous map, we clearly have {,. ,=/*(¢,). In
particular, if we put Y="Proj,(k"), and g=1d,, the bundle &, y= ¢, 1s called the
canonical bundle over Proj,(k"). If f: X — Proj,(k"), then the vector bundle & I
is simply f*(£, y)according to the formula above. Moreover, when X is compact,
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Theorem 7.2 shows that up to isomorphism the bundle & ,=f*(£, ) only depends
on the homotopy class of the map f. Hence, the correspondence f+—> &, defines a
map

Cy,n: [X, Proj,(k")] — @5(X).

For N’z N, we have the injective map iy. y: Proj, (k") — Proj,(k"") defined
by g+ g @ 0, regarding k" as k¥ @ k'~ . Hence, by taking the direct limit, we
see that the C, y induce a map

C,: inj lim[ X, Proj,(k")] —— @4(X).
7.9. Theorem. For every compact space X, the map C, defined above is bijective.

Proof. a) C, is surjective. Let £ be a vector bundle over X. Since X is compact,
Ex~Imp, where p: T T is a projection operator on a trivial bundle T=X x k¥
(6.5). Hence £~ ¢, where p is the map from X to Proj,(k") which is canonically
associated with p (1.12).

b) C, is injective. It is enough to verify the following fact: Let f,,f,: X —
Proj,(k™) be continuous maps such that &, ~ ¢, . Then the maps f, =i,y y-f, for
a=0, 1, are homotopic. To see this, consider the projectors p,=f, of T=X x k¥
which are associated with the £, (1.12). According to Proposition 7.7, there exists
an automorphism o of the trivial bundle T @ T, isotopic to the identity, such that
P1=0py-0" ', where p,= P.® 0r. Therefore, p, is homotoplc to p, among the
projectors of T@ T, and f,=p is homotopic to f; =p, among the maps from X
to Proj,(k*V). O

7.10. Corollary. Let us define BGL,(k)=inj lim Proj,(k"). Then the maps C, induce
a functor isomorphism.

[X, BGL,(k)]~®5(X),
when X is a compact space.

Proof. Since X is compact, and since Proj,(k") is closed in Proj, (k") for
N'>=N, inj lim[X, Proj,(k")]~[X, inj lim Proj,(k¥)]=[X, BGL,(k)] (Karoubi
(1. 0

¥7.11. Remark. The corollary also holds when X is paracompact.x

7.12. Let us put the usual bilinear form (resp. hermitian form) on R" (resp. C")

defined by ¢(x, y)= Z x;y; (resp. Z x;9,). A n-dimensional subspace M of k¥
defines a self-adjoint projectlon operator ponk” (k=R or C), given by Im(p)=M
and Im(1 —p)=M". If we let G, (k") denote the set of n-dimensional subspaces of
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k", we establish a bijective correspondence between G,(k") and the subspace of
Proj,(k¥) consisting of self-adjoint projection operators. We give G, (k") the

topology induced by this bijection (in fact, it is easy to provide G, (k™) with the
structure of a differentiable manifold: it is the “Grassmann manifold”’).

7.13. Proposition. The Grassmann manifold G,(kV) is a deformation retract of
Proj, (k).

Proof. If h is a self-adjoint positive operator in k¥ it has a unique positive self-
adjoint square root \/;1 which depends continuously on 4. Let

F: Proj, (k™) x I—> Proj, (k")
be the map defined by F(p,t)=a-p-a~', where oc=\/1+tJ*-J for J=2p—1.

Then F(p, t)=p if pe G (kV), F(p,0)=p, and F(p, 1) e G, (k") since a*> -p o~ *=p*
when t=1. [

7.14. Theorem. Let us define BO(n)=injlim G,(R") and BU(n)=1nj lim G,(C").
Then the maps C, induce functor isomorphisms

[X, BO(n)]~?*(X) and [X, BUn)]~PLX),

for every compact space X.
Proof. This is a direct consequence of 7.9 and 7.13. [

7.15. Another description of the spaces Proj,(k¥) and G,(k¥) may be given in
terms of homogeneous spaces. We write O,(k) for O(r) if k=R, and for U(r) if
k=C. Let p, be the projector of k¥ =k" ® k"~ " defined by Id,, ® Op~-.. Let

p: GLy(k)— Proj,(kV) and o: Oy(k)— G (KY)

be the maps defined by p(a)=a-p,-a~" and 6=p|, .

7.16. Proposition. The maps p and o induce homeomorphisms

: GLy(k)/GL,(k) x GLy _ (k) =~ Proj,(k¥) and
: On(k)/O,(k) X Oy _ (k) = G (k™)

|

Qf

Proof. We define a transitive continuous action of GL(k) on Proj, (k") by the
formula (, p) — apa™!. Thus Proj,(k™) may be identified (as a GLy(k)-set) with
the homogeneous space GLy(k)/G,, where G, is the subgroup of GL (k) consisting
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of matrices « such that a-p,-a~'=p,. This subgroup is GL,(k) x GL,_(k),
imbedded in GLy(k) via the map

o, O
(“15“2)”’( ! )
0 a,

From this discussion we obtain a continuous bijective map
P: GLy(k)/GL,(k) x GLy _ ,(k) — Proj,(k"),

and in a completely analogous way, a continuous bijective map
G: Oy(k)/O, (k) x Oy _ (k) — G,(k"),

which is actually the restriction of p. All that remains to be shown is that p is an
open map. For this, we construct a continuous section of p on a neighbourhood of
each point p of Proj,(k"). If « is an element of GLy(k) such that p(x)=p, then the
map s defined by s(q)= (1 — p— g+ 2gp) o from Proj, (k™) to GLy(k) (for g near p) is
the required section. In fact,

s(q)-po=(1—p—p+29p)-a-po=(—p—q+2qp)-p-a
=q(1—p—q+2gp)-a=q-s(q). O

Exercises (Section 1.9) 16, 27, 39, 31-33.

8. Metrics and Forms on Vector Bundles

Let A+ denote a continuous involution of k=R or €. Classical results show
that the only such involutions are the identity and complex conjugation (if k= C).

8.1. Definition. Let E be a k-vector bundle over X. A sesquilinear form on E is a
continuous map ¢: Exy E— k which has the following property. The map
¢,: E.x E,— kinduced on each fiber is “‘sesquilinear” with respect to the k-vector
space structure of E,. In other words, ¢, is R-bilinear and ¢ (le, €')=g¢,(e, 1¢)=
lp (e, e)for Aek,ecE,,and e € E,.

8.2. If Eis the trivial bundle X x k", each sesquilinear form ¢ induces a continuous
map ¢ : X — M, (k) by the formula ¢(x) = (a;(x)), where a;;(x)=¢.(e;, €;), and (e;)
is the canonical basis of k". Conversely, each continuous map 0: X — M, (k)
induces a sesquilinear form # on E as follows: over each point x of the base, 0 is
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defined by the matrix 6(x)=(a;(x)). Explicitly, we have the formula
9x< Y A, Y u,-e,->=2 a;i(x)A:;,
i=1 ji=1 L

showing that 6 is continuous if § is continuous.

8.3. If E is an arbitrary vector bundle, let ‘E denote its dual bundle E* if the
involution of k is trivial, and its “antidual” E* if k=« and the involution is
complex conjugation (4.8 d) and e)). Then each sesquilinear form ¢ induces a
morphism i from E to 'E in the following way. On each fiber E,, the morphism
V.. E.— (E),='E, is induced by the form ¢, by the formula y,(e)(e')=¢,(e, €).
In order to prove that ¥ is continuous, consider an open subset U of X, over which
Ey~Uxk" In this case, 'E may also be identified with U x k", and on each fiber
E_=k", induces the linear map defined by the matrix ¢(x). Hence  is continuous
according to 8.2 and 1.12. Conversely, each morphism from E to ‘E defines a
sesquilinear form on E by an analogous argument. The sesquilinear form ¢ is
called non-degenerate if the induced morphism E — ‘E is an isomorphism.

8.4. Let ¢é=+1. A sesquilinear form ¢ on E is called e-symmetric if ¢.(¢, &)=
e, (e, €), where e and ¢ are vectors of the same fiber E,. This is equivalent to
having y'=e&, where ¥’ is the composition Ex'('E) % 'E, where " is the trans-
position of . When ¢=1 (resp. e= —1) and the involution is trivial, such forms
will be called symmetric (resp. skew-symmetric). When ¢=1, k= C, and the involu-
tion is complex conjugation, such forms will be called Hermitian (in this situation
one does not generally consider forms with ¢= — 1, because such forms are obtained
from Hermitian forms by multiplication with i= \/—_1 ).

8.5. Definition. Let E be a real vector bundle (resp. a complex vector bundle). A
metric on E is a symmetric bilinear form (resp. a Hermitian form) on E such that
¢.(e, )>0 for every non-zero vector e of E,. Two such metrics ¢, and ¢, are
called homotopic if there exists a metric ¢ on n*E (n: X xI— X), such that
@lx x iy = Pa» for «=0, 1. Finally, two metrics ¢, and ¢, are called isomorphic if
there exists an automorphism f of the vector bundle E such that ¢,(f(e),f(¢")=
Pole; €).

8.6. Remarks. Itis clear that metrics on vector bundles are always nondegenerate.
We will use metrics on vector bundles to split them into direct sums (9.35).

8.7. Theorem. If the base of the vector bundle E is paracompact, then there exists
a metric on E. In particular Ex'E. Moreover, for any base (not necessarily para-
compact), any two metrics ¢, and ¢ are homotopic.

Proof. Let us prove the second part of the theorem first. We may identify
T*E Xy *E, for n: X x I— X, with (E Xy E)x I, and define a metric ¢ on n*E
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by the formula ¢(e, €', t)=tpy(e, €)+ (1 — )@, (e, €) for e and ¢’ belonging to the
same fiber. We have ¢(e, e, t)> 0 for e+ 0, which shows that ¢ is a metric.

The proof of the first part of the theorem breaks into three parts:

a) E=Xxk" Then Exy Ex X x k" x k", and we define a metric ¢ on E by the

n
formula @(x, Ay, ..., Ay, g5 s )= Y A
j=1

b) Eisisomorphic to Ex k™. Let f: E— T=X x k" be an arbitrary isomorphism
and let f,: Exy E— T x4 T be the isomorphism induced by f. If ¢ is the metric
defined in a) on T, it is clear that ¢ -f] is a metric on E.

c) Eisarbitrary. Let (U;), for i € I, be a locally finite open cover of X such that
Ey, is trivial, let (a;) be a partition of unity associated with (U;), let a; be a metric on
Ey,, and let ¢;: Ex E— k be the map defined by the formulas

e, €)=a(x)o(e,e) forxeU,,eande'eFE,,

and ¢e, e)=0 forx¢ U,eand ¢ €E,.

Then ¢; is continuous because the support of o; is contained in U;. Thus we have
defined a form on E which is symmetric (resp. Hermitian) if k=R (resp. k=C).
Now let ¢: Exy E— k be the map defined by ¢(e, €)=Y ¢,(e, €) for e and ¢
iel
belonging to the same fiber. Then this sum is well defined and represents a con-
tinuous map, because in a neighbourhood of =~ !({x}) where n:E— X,
@,(e, €)=0 except for a finite number of indices. On the other hand ¢ is a metric,
since if e is a non-zero vector of E, and i € I such that o;(x)>0, we have ¢(e, €)=
o (x)p,(e,e)>0. O

8.8. Theorem. Let ¢, and ¢, be two metrics on a vector bundle E with arbitrary
base X. Then ¢, and ¢, are isomorphic.

Proof. Letyy: E— ‘Eand y,: E— 'E be the isomorphisms canonically associated
with ¢, and ¢, (8.3). Then Y, 'Y, =h is an automorphism of E which is self-
adjoint and positive with respect to the metric ¢, on each fiber. If fis its self-adjoint
positive square root, we have

Po(f(0), [(€))=po(fX(e), €)=Y oW "Y1 () (€)=Y 1(e) (€)= py(e, €). [

8.9. Corollary. Let E be a vector bundle over X x I, for X compact, which is provided
with a metric ¢. Then the vector bundles Eq=El|y, ., and E,=E|y,, are
isometric (i.e. there exists an isomorphism between Ey and E, which is compatible
with the metric).

Proof. According to Theorem 7.1, the vector bundles E, and E, are isomorphic.
If f: E,— E, is such an isomorphism, let E; denote the vector bundle E, provided
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with the metric ¢, - f. Then finduces an isometry also denoted by f'between E; and
E,. By 8.8. we have an isometry g: E)— E|, and g-f is an isometry between E,
and £,. 0O

8.10. Let E be a real vector bundle provided with a non-degenerate symmetric
bilinear form §. Over each point x of X, 6 induces a form 0, and classical theorems
on real quadratic forms show that E, may be written as an orthogonal sum
V* @ V~, where 0, restricted to V*(resp. ¥7) is positive (resp. negative). The
integers p(x)=Dim(¥*) and ¢(x)=Dim(¥ ~) do not depend on the decomposition
and are locally constant functions of x.

8.11. Theorem. Let E be a real vector bundle on a compact base X, provided with a
non-degenerate symmetric bilinear form 0. Then E may be written as an orthogonal
sum E* @ E~,where the restriction of 0 to E™ (resp. E ™) is positive (resp. negative).
Moreover, this decomposition is unique up to isomorphism.

Proof. Let ¢ be a metric on E (8.7), let y: E= 'E=E* be the isomorphism
associated with ¢, and let y: E= ‘E be the isomorphism associated with 6. Then
=y~ 'y is a self-adjoint automorphism of E with respect to the metric ¢. Hence
omay bewrittenas s -u, whereh = \/(? (which s positive) and u=h" 1. Explicitly,
if @, is a diagonal matrix Diag(4,, .. ., 4,) in an orthonormal basis, then 4, is the
diagonal matrix Diag(J4,], ..., |4,]). The automorphisms # and ® commute, and
we have u’=wh™'oh™'=w’h"?=1. Let p=(1—u)/2; then p is a projection
operator (cf. 6.3) and we may write E=E* @ E~, where E*=Kerp and
E~=Ker(1—p). If eec E, we have 0(e, €)= p(w(e), &)= @(h(e), ¢)>0 if e#0. In
the same way 6(e, e) <0 ifec E, —{0}. Moreover E* and E~ are orthogonal with
respect to both forms, 0 and ¢.

Conversely, let us suppose that E may be written as £E* @ E~, where 6
restricted to E* (resp. E ) is positive (resp. negative), and where E* and E~ are
orthogonal. Then by the preceding method, this decomposition is associated with
the metric ¢ defined by

. (e,e)=0(e, €) if e and ¢ belong to E},
o.(e,e)=—0.(e,€) ifeand e belongto E_,

and (e, e)=0 ifecE, ¢cE orecE, ,ecE}.

In fact, & is just the identity in this context.

Finally,let E=ES @ E; and E=E{" ® E; be two orthogonal decompositions
of E. By what we have just said, they are associated with well defined metrics ¢,
and ¢,. Since the metrics are homotopic (8.7), there exists a bundle F over X x /
provided with a metric ¢ and the symmetric bilinear form IT*6, with IT: X x I — X,
such that (F, ¢, IT*0)|y « 10, =(E, @o, 0) and (F, @, I1*0)|y« ,, = (E, ¢, 0). Hence
there exists a bundle F* (resp. F~) over Xx[ such that F*|y, , =Ej, and
F'lywy=E{ (resp. Flxx 0, ~E;, and F 7|y, ay~E7). According to Theorem
7.1, this implies that the bundles Eg and ET (resp. E; and E7 ) are isomorphic. O
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8.12. In the case of real bundles provided with skew-symmetric forms or complex
bundles provided with symmetric, skew-symmetric or Hermitian forms, we have
analogous theorems which are covered in the exercises 9.18-21.

Exercises (Section 1.9) 18-26.

9. Exercises

9.1. Prove that 7S! and 7'S?3 are trivial bundles.

9.2. A Cayley number is a pair (g, , g,) where ¢, and g, are elements of H, the field
of quaternions. We provide the set C of Cayley numbers with a (non-associative)
algebra structure by defining

41,92+ (41, 92)=(9:+ 41, 92+ q5)
and (915 92)- (41, 42)= (91491 — 92925 9291 + 9291)»

where §=a -~ bi— ¢j — dk if we write g=a+ bi+¢j+dk
1) Prove that C has no zero divisors (i.e. the equation ¢-¢'=0 implies ¢=0
or ¢'=0).
2) Prove that TS’ is a trivial bundle.
3) More generally, prove that 7.S"~ ! is a trivial bundle if R" may be provided
with an R-algebra structure without zero divisors.

9.3. Let E” be the vector bundle considered in 1.9, and let f: S — S! be the map
defined by f(z)=z2. Prove that f*(E) is a trivial bundle.

94. Prove that E" @ E" @ --- @ E” is trivial if and only if n is even (where £”

ng

n
is the bundle defined in 1.9).

9.5. Let E and F be vector bundles over X, and let f: E— F be a morphism.

a) Prove that Dim(Ker £, ) is a lower-semicontinuous function of x.

b) We assume that fis chosen so that Dim(Ker f,) is a continuous function of x.
Prove that the quasi-vector bundle defined by Ker f= || Ker(f,)<E is a vector

xeX
bundle. Is Ker(f) the kernel of f'in the category £(X)?
c) Prove the analogous forms of a) and b) for Coker( f).

* 9.6. Prove that the tangent bundle to a Lie group is trivial.*

9.7. Make the differential structure on the sphere S” explicit in such a way that
the vector bundle TS" defined in 1.3 is the tangent bundle to S™.
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%9.8. Prove that ®*(X) is naturally isomorphic to the set of isomorphism classes
of double covers over X if X is paracompact.*

9.9. Let (e,, e,, e;) be the canonical basis of R?, and let x be a vector in R? of
norm 1. For e= 41 and x# —¢e;, we write R(x, ¢e;) for the rotation in R? which
transforms ¢e; into x and fixes the vectors orthogonal to x and ee;.

a) Give the matrix of R(x, €e;), and show that it depends continuously on
x(x# —eey).

b) Compute the matrix R(x, —e;) ' R(x, e;) when x is a vector of S'cS?,
i.e. a vector whose coordinates (x,, X,, x3) satisfy the relation (x,)*+(x,)>—1=
x3=0.

c) Prove that TS? is isomorphic to the nontrivial vector bundle E (34
associated with the continuous function f: S — GL,(IR), defined by

cos 20 —sin 20 )

ol :<
) sin 260 cos 20

d) Prove that the function g: S' — GL;(RR), defined by

cos20 —sin20 0
g(e®)=| sin 20 cos20 0|
0 0 1

is homotopic to a constant map (note that TS? @ 6, is a trivial bundle, where
0, is the trivial bundle of rank one).

9.10. Let RP, be the projective space of the real vector space R"* !,

a) Show that T(RP,) is isomorphic to the quotient of T'S" by the equivalence
relation (x, v)~ (ex, ev), for e= +1, xe S", and v L x.

b) If & is the canonical line bundle over RP,, show that T(RP,) @ 0,~
Eel’s - o &, where 0 is the trivial bundle of rank 1.
%—/

n+1

9.11. Let CP, be the projective space of the complex vector space €**1.

a) Show that T(CP,) may be identified with the quotient of 7S?"*! by the
equivalence relation (x, v)~ (Ax, Av) if x € S?"*!, v 1 x, and A a complex number of
norm 1. Provide T(CP,) with a complex structure.

b) Show that T(CP,) @ #n, is isomorphic to E* @ - .. @ &*, where £* is the
dual of the canonical line bundle and #, is the complex trivial bundle of rank one.
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9.12. Let ¥ and W be vector bundles. Prove the formulas

a) A"(Ve® W)z@ ii(V) ® lj(W),
b) SV @ W)~ @ S(V)® (W),

i+j=n

and c) VR V=i*(V)@® SXV).

9.13. Let n: O(n)/O(n—k) — O(n)/O(n—1) be the obvious surjective map. Show
that the following properties of the pair (n, k) are equivalent:

(i) There exists a continuous map s: O(n)/O(n—1) — O(n)/O(n— k) such that
n-s=Id.

(ii) The vector bundle 7S"~ ' admits (k — 1) linearly independent sections (note
that $"~ '~ O(n)/O(n - 1)).

%9.14. Let X be a CW-complex of dimension #, and let E be a real (resp. complex)
vector bundle over X of rank n+p (resp. =n/2+ p). Show that E admits p linearly
independent sections.*

9.15. Let X be a paracompact space and let E be a real vector bundle over X. Show
that I'(X, E) may be provided with a Frechet space structure which depends
functorially on E.

#%9.16. Let H be an infinite dimensional Hilbert space over &, and let Proj,(H)
be the space of continuous endomorphisms ¢ such that g>=q and Dim(Im ¢)=n.

a) Show that Proj,(H) has the same homotopy type as the space I',(H) of
endomorphisms D, which have the following two properties:

(i) The spectrum of D does not meet the axis #(z)=13.

(i) The endomorphism

_ 1 dz
P= 2im yz—D’

where 7 is a differentiable curve in the half plane %(z)>% which contains the
spectrum of D in this half plane, belongs to Proj,(H).

b) Using Kuiper’s theorem [1] (GL(H) contractible), show that Proj,(H) has
the homotopy type of BGL,(k).*x

9.17. Compute ®*(X) and ®(X) for X=S"', S2, S°.

9.18. Let E be a real vector bundle with compact base provided with a non-
degenerate skew-symmetric form 6. Show that there exists a unique complex
structure on E (up to isomorphism) and a metric ¢ on E, such that 6(e, e') = ¢(ie, ¢).

9.19. Let E be a complex vector bundle with compact base provided with a non-
degenerate Hermitian form 6. Show that E may be written as the orthogonal sum
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E* @ E~, where the restriction of 8 to E™ (resp. E ) is positive (resp. negative).
Moreover, show that this decomposition is unique up to isomorphism.

9.20. Let E be a complex vector bundle with compact base provided with a non-
degenerate symmetric bilinear form 6. Prove the existence and uniqueness (up to
isomorphism) of a real vector bundle F < Ey such that

(i) E is the complexification of F, and

(ii) the restriction of 6 to F is a real metric.

9.21. Let E be a complex vector bundle with compact base, provided with a non-
degenerate skew-symmetric form 6. Show the existence and uniqueness up to
isomorphism of a pair (J, ¢), where

(i) J is an automorphism of Ej such that J>= —1 and iJ= —Ji, and

(i) O(e, e')=(Je, ') where ¢ is a metric on E.

9.22. Let *(X) denote the set of isomorphism classes of k-vector bundles over the
compact space X (k=R, C or H).

a) Prove that the Whitney sum of vector bundles provides @*(X) with the
structure of an abelian monoid.

b) Let k=R or €, and let

1) Sym* (X) be the set of isomorphism classes of k-vector bundles provided
with a nondegenerate symmetric bilinear form.

2) Sym* (X) be the set of isomorphism classes of k-vector bundles provided
with a nondegenerate skew-symmetric form.

3) Herm%(X) be the set of isomorphism classes of C-vector bundles provided
with a nondegenerate Hermitian form.

With these definitions, prove that the Whitney sum of vector bundles induces
an abelian monoid structure on Sym¥ (X), Sym* (X), and Herm*(X).

¢) Prove the following isomorphisms:

Sym® (X))~ P®(X) x D*(X) (use 8.11)
Sym® (X)x~®(X) (use9.18)
Sym¢ (X)~®R(X) (use 9.20)
Sym€ (X)~®¥(X) (use 9.21)
Herm®(X)~®%(X) x #%X) (use 9.19)
9.23. a) Let O, ,(k) be the subgroup of GL,,Jr o(k), k=R or €, which consists of

n+p
isometries of k**? provided with the form Z X, y;— Y. x;3;. Prove that there
i=n+1

exists a deformation retraction of O, ,(k) onto O(n) x O(p) if k=R, and onto
Umn)xU(p)if k=C.
b) Let Sp,,(k) be the subgroup of GLZ,,(k) which consists of isometries of k2",
provided with the skew-symmetric form Z XVitn— 2, Xisn):- Prove that Sp,,(R)
i=1

i=1
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admits U(n) as a deformation retract. Prove that Sp,,(C) has the same homotopy
type as GL (H).
¢) Let O,(C) be the subgroup of GL (€) which consists of isometries of C",

provided with the quadratic form ) (x;)?. Prove that O,(€) admits O(n) as a
i=1
deformation retract.

9.24. Let E be a vector bundle. Define a bijective correspondence between the
vector space of symmetric bilinear forms on E and the space of sections of S*(E*).
Characterize the sections which correspond to nondegenerate bilinear forms. Do
the same work for skew-symmetric forms and sections of 12(E*).

9.25. Let E and F be vector bundles provided with a metric, and let f/: E— Fbea
morphism which induces an epimorphism on each fiber.

a) Show that the map f*: F— E defined on each fiber by (f*),=(fF) is a
vector bundle morphism.

b) Show that f-f* is a vector bundle isomorphism which is isotopic to the
identity.

%9.26. Prove that ®$(X)~xH*(X;Z) and ®N(X)~H'(X;Z/2), where X is
paracompact.

9.27. (Generalization of 9.9.) Let (e,, . . ., €,, ;) be the canonical basis of R"*",
and let x be a vector of S”, x#¢e,, , for e= +1. Let R(x, ee, . ,) be the rotation of
R"*! which transforms x into ¢e,, ;, and leaves the vectors orthogonal to x and
e, 4+ fixed.

a) Let p,.:T°n+1) > SO(n+1) be the covering of SO(rn+ 1) by the special
Clifford group (IV.4). Prove that R(x, ge,,)=p,4+((1 +exe,,)/2, and deduce
from this the continuity of R(x, ee,, ) as a function of x.

b) Prove the formula R(x, —e,,{)” 'R(X, €, {)=pn4 1(X€y4) for xe S" 1=
S1nS".

c) Show that 7'S" is isomorphic to the vector bundle E, associated with the
continuous function f:S""!— GL(R), defined by f(x)=p,(xe,) where we
identify S"~! with a subset of I'°(n).

d) Explicitly compute the matrix p,(xe,) forn=2,3,. ...

9.28. Let n: P— X be a surjective continuous map. We say that (P, n, X) is a
principal fibration with topological group G, if G acts on the right on P, fiber by
fiber, such that Vx € X, there exists a neighbourhood U of x and an equivariant
homeomorphism n~!(U) — U x G such that the following diagram commutes

1 U)— UxG

\/
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Now let F be a topological space on which G acts continuously on the left. Then we
associate with P and F, the space E= P x; F which is the quotient of P x F by the
equivalence relation (p, v)~(p-g,9~ *-v) forge G. Let n’: E — X be the projection
defined by (p, v) — n(p).

a) Show that for every point x of X, there exists a neighbourhood U of x, and a
homeomorphism ¢: z~}(U)= U x F which is compatible with the projection
on U.

b) More precisely, show that there exists an open cover (U,) of X, and homeo-
morphisms ¢, ;7 '(U;) 2 U, x F such that o5 ' -0y, :(UnU)x F— (U;nU)x F
is of the form (x, v) > (x, g;(x) -v), where the g;;: UnU;— G form a G-cocycle.

¢) In particular, if F=k" and G acts on F by linear transformations, show that
E is a k-vector bundle. Conversely, if E’ is an arbitrary vector bundle of rank n,
show the existence of a principal bundle P of group G=GL,(k), such that
E'~Pxgk"

d) Show that O(n+ 1) is a principal bundle over O(n + 1)/O(n)~ S™ with group
G=0(n), and that TS"~O(n+1) x o, R".

9.29. Show that Theorem 7.2 is also true for X paracompact (Husemoller [1]).

9.30. Let G be a finite group acting on the left on a space X. A G-vector bundle
over X is given by a vector bundle E, on which G acts on the left, making the
diagram

GxE->E

L]

GxX— X

commutative, and such that the map e+ 6(g, ¢) from E, to E,., is k-linear. If
E and F are G-vector bundles with the same base, then a morphism between E and
F is a vector bundle morphism which is equivariant. We write & (X) or simply
& (X)) for the category of G-vector bundles over X.

a) If G acts freely on X, show that E/G is a vector bundle over X/G and that
Ex~n*(E/G), where n: X — X/G. Prove that the categories £4(X) and &(X/G) are
equivalent under n*.

*b) Let n be the number of irreducible representations of G' ordered from
1 to n (Serre [1]). If the basic field & is €, and if G acts trivially on X, show that
every G-vector bundle E may be uniquely decomposed as E, @ E, ® --- @ E,,
where E,=T;® F, for F; an ordinary vector bundle, and T, the space of the ;™
irreducible representation of G.x*

¢) Give the explicit decomposition of E (as in b)) for G=Z/n.

9.31 (continuing from 9.30). Let £ and F be G-vector bundles, and let f: E— F be

a morphism between the underlying vector bundles. Let f: E— F be the map
- 1
defined by f(e)=— Y. g~ 'f(g-e).
Gl /<
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a) Show that f(g-e)=g-f(e) (in other words f is a G-vector bundle morphism).

b) If fis a G-vector bundle morphism, then f=f.

¢) Let h: F— E be a G-vector bundle morphism such that 4-f=1Id,. Then
h-f=1d;.

d) Deduce from c) that every G-vector bundle is a direct factor of a G-vector
bundle of the form X x M, where M is a G-module of finite dimension.

e) Let 4 be the algebra of continuous functions on X with values in &, and let
B=A[G], .. the free A-module with basis the elements of G, and with multiplica-
tion defined by the rule (1-g)(4'-g)=(A(g-1), gg’), where (g-2)(x)=A"(g" 'x).
Show that the category of G-vector bundles over X is equivalent to the category of
finitely generated projective modules over B.

f) Let E be a G-vector bundle over X x I where X is compact. Show that
Ey=Ely 0 and E, = E|y (1, are isomorphic.

** o) Generalize a)-d) and f) for G a compact group.*x

9.32 (Milnor’s construction). For each group G, let us consider the subset E; of
the infinite product IxGxIxGx ---, whose elements are sequences S=
(to, Xo» 11, X1, - - .) Where x; € G and where ¢; € [0, 1], such that #,=0 except for a
finite number of indices, and ) #,=1.

ieN

In E/, we consider the following equivalence relation: the sequence S is equi-
valent to the sequence S’ if and only if 1) ;= t; and 2) x;= x;if t;=1;>0. The quotient
of E/, by this relation is denoted by Eg, or G * G * G * - - - (““infinite join’), and the
class of S is denoted by (¢yxg, £ X4, - - -)-

a) We now suppose that G is a topological group. Show the existence of the
coarsest topology on E; making the maps f;: Eg— [0,1] and x;: 4,7 1(0,11—> G
continuous.

b) For this topology, show that G acts freely on E; under the operation
(toX0s++ o5 11Xy .- )g=(toX0g, - - > Xk G, - - . ).

c) Prove that Ej is a principal bundle over B;=E;/G (9.28).

d) Let X be a paracompact space, and let E be a G-principal bundle over X.
Prove the existence of an open cover (U,), n€ N of X such that E|y_is trivial.

e) Using a partition of unity, construct a general morphism (in an obvious
sense) between E and E; which is compatible with the action of G.

*f) If 2;(X) denotes the set of isomorphism classes of G-principal bundles
over the paracompact space X, show that Z4(X)~x[X, B;].x

 g) Give a simple description of the spaces E; and B; when G=Z/2, Z, or
U(1).x

 h) Prove that B, has the same homotopy type as BGL,(k) when G=GL,(k)
(7.10).%

+9.33. Show that the main results in the first chapter of this book still hold if we
replace the basic field k¥ by a Banach algebra A (where the fibers are finitely
generated projective 4-modules with the natural topology cf. 6.20). Show that
Ec. X ~ELXXTY) if X and Y are compact.*



10. Historical Note 51

9.34. Let E be the canonical line bundle over P(V) considered in 2.4 and 2.5.
In the real case, show that E,=E® --- ® E may be identified with the
\_——Y—/

p
quotient of S"x Rby the equivalence relation (x,?)~(Ax, A¥f) with A= +1.
Hence E, is trivial if p is even and isomorphic to E if p is odd.
In the complex case, show that E, may be identified with the quotient of
S2n*1 % € by the equivalence relation (x, £) ~ (Ax, A~?f), where A e U.
In the same way, compute the dual vector bundle E.

9.35. Let E be a vector bundle provided with a metric and let i: E— F be a vector
bundle morphism such that i, : E, — F_is injective. We provide E with the induced
metric.

a) Show that the map i*: F— E, defined by (i*),=i} is a vector bundle
morphism such that i*-i=1d.

b) Show that i* and the quotient map E— Coker(i) (9.5) define a direct sum
decomposition Ex F @ Coker(i).

10. Historical Note

Almost all of the material presented in this section is classical ; hence we have only
selected what we need for topological K-theory from the general theory of bundles.
For this general theory, the reader is referred to Steenrod [1] and to Husemoller
[1], where more complete results are obtained for bundles over paracompact
spaces (for our purposes compact spaces will suffice). The notion of operations on
vector bundles is taken from Atiyah [3] and Lang [2]. The proof of the homotopy
invariance of @*(X) (Section 7) is also taken from Atiyah [3]. Finally, the proofs
we presented of the Serre-Swan theorem (6.18) and of the representability of the
functor @4(X), were inspired by the author’s thesis [2].



Chapter II

First Notions of K-Theory

1. The Grothendieck Group of a Category. The Group
K(X)

1.1. Let us first consider an abelian monoid M, i.e. a set provided with a composi-
tion Iaw (denoted +) which satisfies all the properties of an abelian group except
possibly the existence of inverses. Then we can associate an abelian group S(M)
with M and a homomorphism of the underlying monoids s: M — S(M), having the
following universal property. For any abelian group G, and any homomorphism of
the underlying monoids f: M — G, there is a unique group homomorphism
f: S(M)— G which makes the following diagram commutative.

M55 S(M)
A/
G

1.2. There are various possible constructions of s and S(A). Of course they all give
the same result up to isomorphism. Consider the free abelian group % (M) with
basis the elements [m] of M. Then the group S(M) is the quotient of # (M) by the
subgroup generated by linear combinations of the form [m+n]—[m]—[n], and
the image under s of m in S(M) is the class of [m]. We could also consider the
product M x M and form the quotient under the equivalence relation

(m,n)~(m',n’y<>3p suchthat m+n'+p=n+m+p.

The quotient monoid is a group and s(m) is the class of the pair (m, 0). Finally, a
third construction is to consider the quotient of M x M by the equivalence relation

(m,n)~(m',n')<>3p,q suchthat (m,n)+(p,p)=@m',n)+(q,q),
with s(m) the class of (m, 0) once again. In each of these three constructions, we
notice that every element of S(M) can be written as s(m)—s(n) where m,ne M.

However, in general, the map s is not injective (see Example 1.5 below).

1.3. Example. One of the most natural examples to consider is M =IN. Then, as is
well known, S(M)~Z.
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1.4. Example. Let us take M =Z— {0}, an abelian monoid with respect to multi-
plication. Then S(M)~ Q— {0}.

1.5. Example. Let M be an abelian monoid with the following property: there
exists an element co of M such that m+ co =oo for every element m of M. Then
S(M)=0 because each element of S(M) can be written as s(m)—s(n)=
s(m)+s5(c0) —s(n)— s(c0)=s(c0) —s(c0)=0. Examples of monoids with this pro-
perty are Z (with multiplication ; then 00 =0!), R**uco, etc.

1.6. Remark. The group S(M) depends “functorially” on M in an obvious way:
if f: M — N, the universal property enables us to define a unique homomorphism
S(f): S(M)— S(N) which makes the diagram

mM—L N

S 2L, Sy

commutative. Moreover, S(g-f)=S5(g)-S(f) and S(Id))=1Idg,,. The group
S(M) is called the symmetrization of the abelian monoid M.

1.7. As a fundamental example, let us now consider an additive category €. If £
is an object of &, we denote its isomorphism class by £. Then the set (%) of such £
can be provided with the structure of an abelian monoid if we define £+ F to be

E/(-B\F . This operation is well-defined since the isomorphism class of E @ Fdepends
only on the isomorphism classes of E and F. Moreover, therelations E @ (F @ G)~
(E®@F DG E@ FRXF®E, and E ® 0~ E give the required algebraic identi-
ties on @(%). In this situation the group S(M), where M is &(%), is called the
Grothendieck group of €, and is written K(%). If ¢: € — %’ is an additive functor,
¢ naturally induces a monoid homomorphism &(¥) — #(%"), hence a group homo-
morphism K(%) — K(€') denoted by ¢, . If €” is a third category and y: ¢’ — %"
an additive functor, we have the formula (- ¢),, =¥, - ¢, from 1.6. Of course if
¢'=% and p=1d,, then ¢, =1d,.

1.8. Example. Let F be an arbitrary field not necessarily commutative and let € be
the category whose objects are finite dimensional F-vector spaces (on the right for
example), and whose morphisms are linear maps. Then from the classical theory of
dimension of vector spaces we know that ¢(%)= N. Thus Example 1.3 implies that
K@@&)~Z.

1.9. Example. Let € be an additive category provided with an additive functor
©: % — %,and anaturalisomorphism 7 4 1d, ~ 7. Then K(%) =0 because the identity
above implies s(7(E))+ s(E)=s(t(E)), hence s(E)=0 (1.5). For example, let % be
the category whose objects are F-vector spaces (not necessarily finite dimensional)
and whose morphisms are linear maps. We choose as 7 the functor E~E@ E®
- @ E® - -. Another example is the category # with Hilbert spaces as objects,
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and continuous linear maps as morphisms. Then «(E)=EQE® --- DE® ---
(Hilbert sum with the L*-norm).

1.10. Example (generalization of Example 1.8). Let 4 be an arbitrary ring with
unit, and let 2(4) be the category with finitely generated projective right A-modules
as objects, and the A-linear maps as morphisms. By abuse of notation we write K(A4)
for the Grothendieck group of 2(A4). One of the main purposes of “‘algebraic
K-theory” is to compute K(A) for interesting rings A (Bass [1]).

1.11. Example. In this book we are mainly concerned with the category &(X) of
vector bundles over a compact space X. We denote the Grothendieck group of
&(X) by K(X). If the basic field k is IR (resp. €) we write Kz(X)(resp. Ko(X)) for the
group K(X) whenever there is some risk of confusion. The object of ““fopological
K-theory” is to compute K(X) for interesting spaces X. In this presentation,
topological K-theory arises as a special case of algebraic K-theory. Theorem 1.6.17
shows that the category £(X) is equivalent to the category #(A) where A is the ring
of continuous functions on X. Hence the groups K(£(X)) and K(#(A4)) are iso-
morphic. In fact, many of the techniques in algebraic K-theory are inspired by the
techniques of topological K-theory which we will develop in this book.

1.12. Remark. We have seen in 1.7 that the group K(%¥) depends covariantly on €.
In the same way, the group K(A4) depends covariantly on the ring A. More pre-
cisely, if u: A— B is a ring homomorphism, there is a functor u : Z(A4) — 2(B)
associated with u, defined by E+— E ® , B; u is called the “‘extension of scalars”
functor (regarding B as a left 4-module via the homomorphism ). For example,
if E is the image of the projection operator p=(p;;): A"— A", u(E) is the image of
the projection operator g=(u(p;;)): B"— B". However, the group K(X) depends
contravariantly on X. More precisely, if /: ¥ — X is a continuous map, f'induces a
functor f*:8£(X)— &(Y) (1.2.6), hence a homomorphism K(X)— K(Y), again
called f*. From 1.2.6, we have the identities (g-f)*=f*-g* and Id*=1d.

1.13. Remark about notation. It is unfortunate that the letter K is simultaneously
used to denote the “K-group” of a category, ring, or compact space. So while
following conventional notation, to avoid confusion we reserve the first letters of
the alphabet A4, B, C,... for rings and the last letters X, Y,Z ... for spaces.
Similarly, categories will be denoted by script letters .o/, 4, ¢, . . . .

1.14. Returning to the definition of the group K(%), we see that we have made very
little use of the additive structure of €. Sometimes it is useful to consider categories
provided with a composition law € x % — %, denoted by (E, F) —ELF, with
natural isomorphisms E1L(F1LG)~(ELF)LG, ELF~F1E, El O~ E which are
“coherent” under iteration. The functor | induces an abelian monoid structure on
@ (%); thus we can define a group K(¥) depending on the composition law L. A
typical example is the category of vector bundles provided with nondegenerate
symmetric bilinear forms (then E L F is induced by the Whitney sum of underlying
bundles). The details of this example are dealt with in the exercises.
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1.15. Proposition. Let % be an additive category, and let [ E]=s(E) denote the class
of an object E of € in the Grothendieck group K(€). Then every element of K(¥) can
be written in the form [E]—[F]. Moreover, [E]—[F]1=[E"]—[F'] in K(%), if and
only if there exists an object G of €, suchthat E®@ F' ® GRE' ® F® G.

Proof. According to 1.2, every element of K(%) is the class of a pair (E, F)) which
can be written as s(E)—s(F)=[E]—[F]. Moreover, two such pairs (E, F) and
(E', F') define the same element of K(%) if and only if we can find an object G of ¥
such that E+ F'+G=E'+F+G,ic. E®@ F @ GrE' @ F® G. 0

1.16. Corollary. Let E and F be objects of €. Then [E]1=[F] if and only if there
exists an object G of € such that E® G F @ G.

1.17. Proposition. Let 0, denote the trivial bundle of rank n over a compact space X.
Then every element x of K(X) can be written as [E] —[0,] for some n, and some
vector bundle E over X. Moreover, [E]—[0,1=[F]1—[0,] if and only if there exists
an integer q such that E® 0,, ,xF® 0, ,.

Proof. We will apply the Proposition 1.15 to the category ¥#=&(X). By this
proposition we already know that each element x of K(X) can be written as
E, —F,, where E| and F, are two vector bundles over X. According to 1.6.5, there
isa vector bundle F, such that F, @ F,isatrivialbundle,sayf,.Then[E,]—-[F,]=
LE ]+ [F,]-[F,1-[F,]=[F]-[0,] where E=E, ® F,. Now suppose that
[E]-[0,]=[F]—1[0,]. By the second part of Proposition 1.15, we can find a
vector bundle G such that E® 6, ® GRF @ 0, ® G. Let G, be a vector bundle
such that G ® G,~0, (1.6.5). Then we have E®0,, ,~E® 0, ® G ® G~
F®0,d6G® G ~F@®0,,,. The converse is obvious. [

1.18. Corollary. Let E and F be vector bundles. Then [E]1=[F] in K(X) if and only
if E® 0,~F & 0, for some n.

1.19. Example. Let E be the tangent bundle of S7 and F=0, (1.2.3). Then, from
I.5.5,we have E® 0,~0,, ,. Hence [E]=[0,] in Kg(S*). However, in general E
is not trivial (V.2). This gives a nontrivial example of when the map &(%) — K(¥)
is not injective for € =&R(S?), p#1, 3, 7. We will give a homotopic explanation
of this phenomena later (1.32).

1.20. Sincethe functor Kis contravariant on the category of compact spaces (1.12),
the projection of X onto a point P induces a homomorphism a: Z~ K(P) — K(X),
whose cokernel is denoted by I?(X ) and called the reduced K-theory of X. When we
want to specify the basic field k=R or €, we write Kg(X) or K(X).

1.21. Proposition. If X # &, we have an exact sequence

0 Z-%5 KX)-Ls kx)—> 0.
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The choice of a point x, in X defines a canonical splitting so that
K(X)~Ker[K(X)— K({x,})~Z] and KX)~Z ® K(X).

Proof. Let us choose P={x,}. Then the inclusion of {x,} in X induces a homo-
morphism from K(X) to K({x,})~Z which is a left-inverse for «. 0O

1.22. Let #(X) (P*(X) when we want to specify the basic field k) denote the
abelian monoid of isomorphism clgsses of vector bundles over X, and let y denote
the composition #(X) 5 K(X) 4 K(X).

1.23. Proposition. The homomorphism v is surjective. Moreover, y(E)= wW(F) if and
only if E® 0,~F @ 0, for some trivial bundles 0, and 0,,.

Proof. Since the class of 6, in K(X) is zero, and since any element of K(X) can be
written as E—0, (1.17), we have B([E]—[0,]1)=B([E]) =y&), thus proving the
first part of the proposition. On the other hand, the identity y(£)=y(F) is equi-
valent to [E]—[F]=[60,]1-[6,] for some g and r. By 1.18, this implies
E®0,®0,~F®0,® 0, for some ¢, hence E® 0,~F ® 0,, where n=r+1 and
p=q-+t The converse is obvious. [

1.24. Remark. This proposition gives a conveniently direct definition of K(X);
i.e. K(X) is the quotient of &(X) by the equivalence relation £~ F<>3n, p such
that E@ 0, ~F®0,.

1.25. Theorem. Let X and Y be compact spaces, and let f, f,: X — Y be continuous
maps which are homotopic. Then f, and f, induce the same homomorphisms
K(Y)— K(X) and K(Y)— K(X).

Proof. According to 1.7.2, the maps f, and f; induce the same homomorphism
®(Y)— &(X), hence the same homomorphism between K(Y)=S(#(Y)) and
K(X)=S(®(X)). Since the diagram

k()5 k(x)

\/

K(P)

(where P is a point and «=0, 1) is commutative, f, and f; also induce the same
homomorphism K(Y)— K(X). O

1.26. Proposition. Suppose X is the disjoint union of open subspaces X, UX,u
-« +UX,. Then the inclusions of the X; in X induce a decomposition of K(X) as a
direct product K(X) x K(X;) X - - - x K(X,)=K(X,) ® K(X,) & - - - ® K(X,).
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Proof. Since a bundle over X is characterized by its restrictions to each X, we
have @(X)~P(X,)x P(X,)x -- - xP(X,). Hence K(X)~K(X)x K(X;)x -+ x
KXx,). O

1.27. Remark. This last proposition is false for the functor K. For example, if X
is the disjoint union of two points P, and P,, then K(X)~Z, but K(P,)=0, for
i=1,2.

1.28. Recall thatevery vector bundle E defines a locally constant functionr: X — N
given by r(x)=Dim(E,) (1.2.9). If we let H°(X; N) denote the abelian monoid of
locally constant functions on X with values in N, we see that in fact r defines a
monoid homomorphism, also denoted by r, from $(X) to H°(X; N). It is clear that
the symmetrization of H°(X; N) is the abelian group H°(X; Z) of locally constant
functions over X with values in Z (+ H°(X; Z) is the first Cech cohomology group
of X (Eilenberg-Steenrod [1])*). Therefore, r defines a group homomorphism
(denoted again by r)

K(X)— H(X; Z).

1.29. Proposition. Letting K'(X)=Ker[K(X)— H°(X;Z), we have an exact
sequence

0— K'(X)— K(X)—L H°(X;Z)— 0

which splits canonically. Moreover, if X is connected, then K'(X) and K(X) are
canonically isomorphic.

Proof. Let f: X— N be a locally constant function. Since X is compact, f only
takes on a finitt number of values n,,...,n,, and X=X,uU---UX, where
X;=f"'({n;}). Let E be the vector bundle defined over X; by X, x k™. Then the
correspondence f+>E defines a monoid homomorphism 7: H°(X; N)— &(X)
such that r-¢=1d. By symmetrization, ¢ induces a group map H°(X; Z) — K(X),
which is a right-inverse to r: K(X) —» H°(X; Z).

If X is connected, we have H°(X; Z)~Z, and K'(X)~ Coker[Z — K(X)] follow-
ing from what we have just said. Now the map Z — K(X) is identical to the one
induced by the projection of X to a point. Hence K'(X)~K(X). 0O

1.30. Again let ®,(X) (*(X) when we want to specify the field k) be the set of iso-
morphism classes of vector bundles of rank » over X. Taking the Whitney sum by
trivial bundles enables us to define an inductive system of sets

Po(X)— &, (X)— - -- 2,(X)
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The direct limit of this system, ¢'(X), can be provided with an abelian monoid
structure, using the maps

¢n(X) X ¢p(‘XI) _— ¢n+p(X)

induced by the Whitney sum of vector bundles.

If £, the class of the vector bundle E, is an element of &,(X), wehave [E]—[6,] €
Kerr: K(X)— H°(X;Z). The correspondence E+>[E]~[0,] for Ee®(X),
induces a monoid homomorphism @'(X) — K'(X).

1.31. Proposition. The homomorphism @'(X)— K'(X) defined above, is an iso-
morphism. Hence ®'(X) is an abelian group.

Proof. It [E]1-[0,1=[F]—[0,] in K(X), by 1.17 there exists an integer ¢ such
that E® 0,, ,~F® 0,. ,. Hence, the map ®'(X) — K'(X)< K(X) is injective. Let
u be an element of K'(X). Again by 1.17, u can be written as [E]—[6,] with
r(LE]-10,1)=0, i.e. Dim(E,)=n for every point x € X; hence the map is sur-
jective. 0O

1.32. Proposition. Let BO be the inductive limit of the system of topological spaces

BO(1) . » BO(n)— - - -,

where the map BO(n) — BO(n+1) is induced by the map between Grassmannians
G, (RY)— G, (RN V) which consists of adding the subspace generated by the last
vector ey, ;1 =(0,...,1). Then we have a natural isomorphism of functors

Ki(X)~[X, BO].

In the same way, let BU be the inductive limit of the system
BU(1)—> - -+ — BU@m)—> - -

Then we have a natural isomorphism of functors
K(X)~[X, BUY].

Proof. Since the spaces BO(n) are paracompact [Cartan-Schwarz [1] exposé 5]
and hence normal, and since BO(n) is closed in BO(n+ 1), we have [X, BO}~
inj lim[X, BO(n)] because X is compact. According to theorem 1.7.15, dX(X) =
[X, BO(n)] and the map PR(X)— D%, ,(X), induced by the addition of a trivial
bundle of rank one, coincides with the map induced by the inclusion of BO(n) in
BO(n+1). Therefore Kg(X )= @p(X)~inj lim $R(X)~inj lim[ X, BO(n)] = [X, BO].
For k=, the proof is analogous. [
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1.33. Theorem. For every compact space X we have natural isomorphisms
Kp(X)~[X,ZxBO] and KJ{X)=[X,ZxBU]

where Z is provided with the discrete topology.

Proof. We will only give a proof for the real case, since the complex case is similar.
From 1.29, we have Ky(X)~ H°(X;Z) ® Kx(X). Since H°(X;Z)~[X,Z], it
follows that K (X)~ [X,Z]x[X, BO]~[X,Zx BO]. O

1.34. In the case X=S", it is possible to give a more complete interpretation of
K(X) (hence of K(X)=Z ® K(X)). It follows from Theorem 1.7.6, that dig(S")z
n,_1(GL, (@)~ n,_,(U(p)). Therefore K (S"~inj lim n,_ ,(U(p))==,_,(U),
where U=inj lim U(p). * In fact, n,_ ,(U)~=,_,(U(p)) for p>n—4% by 1.3.13.+ In
the same way @8(S")~m,_,(GL,(R))/no(GL,(R)) ¥, ,(O(p))/Z/2. Therefore,
Ki (8™ ~inj lim &, _,(O(p))/Z/2~nj lim x,_,(O(p)) since the action of Z/2 over
n,_ (O(p)) is trivial if p is odd. Thus we obtain the isomorphism K (S")~n,_,(0),
where O=injlim O(p). *In fact, n,_,(O)=~n,_,(O(p)) when p>n, by 1.3.13.«
One of the main purposes of this book is to prove the isomorphisms Kg(S™)~
KR(S"*®) and K(S™)~ K{S"*?) (see Chapter III). This will prove the theorems
stated in 1.3.13. More generally, we can prove that Kp(S'(X))~[X, 0]’ and
K(S'(X))~[X, U] (homotopy classes of maps which preserve base points) in a
similar manner.

Exercises (Section 11.6) 1-8 and 10.

2. The Grothendieck Group of a Functor. The Group
K(X, Y)

2.1. Definition. Let € be an additive category. A Banach structure on € is given by
a Banach space structure on all the groups ¥(E, F), where E and F run through the
objects of €. Moreover, we assume that the map

G, F)x6(F,G)—> 6(E,G)

given by the composition of morphisms, is bilinear and continuous (all Banach
spaces are over the basic field k = R or €): A Banach category is an additive category
provided with a Banach structure.

2.2. Example. For X a compact space, we gave the category &(X) a Banach
structure in 1.6.20. More generally, if A is a Banach algebra (with unit but not
necessarily commutative), we have given the category #(4) a Banach structure
(1.6.22).
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2.3. Example. Let 5 be the category considered in 1.9. Then # becomes a
Banach category by giving #(E, F) the classical norm

1= sup 170

x#0 (B

2.4. Example. Let J# be the following category. The objects are the objects of 7.
The set of morphisms #(E, F) is defined by #(E, F)= 3 (E, F)/A (E, F), where
X (E, F) is the set of completely continuous operators from E to F (i.e. limits of
operators of finite rank). Then #(E, F) is a Banach space and the composition of
morphisms in 5 induces a composition of morphisms in #.

2.5. Example. If :6 is an arbitrary Banach category, the;n the associated pseudo-
abelian category € (1.6.9) is a Banach category because €((E, p), (F, q)) is a closed
subspace of €(E, F).

2.6. Definitions. Let € and €’ be additive categories, and ¢ : 4 — €' be an additive
functor. Then ¢ is called quasi-surjective if every object of ¢’ is a direct factor of an
object of the form @(E), where Ee Ob(¥); ¢ is called full if the map ¥(E, F)—
€'(p(E), (F)) is surjective for E, Fe Ob(¥). Finally, if ¥ and ¢  are Banach
categories, the functor ¢ is called a Banach functor if the map ¥(E, F)—
%'(¢(E), ¢(F)) is linear and continuous.

2.7. Example. Let ¢: £(X)-— &(Y) be the functor defined by ¢(E)=E,, where
Y is a closed subspace of the compact space X. Then a is a Banach functor which is
full and quasi-surjective. By 1.5.9 we see that up to isomorphism the “‘restriction
map” &(X)(E, F)— &(Y)(Ey, Fy) is identical with the map I'(X, HOM(E, F))—
(Y, HOM(E, F)y). From 1.6.23, it follows that ¢ is a Banach functor. Moreover,
o is full (I.5.10), and also quasi-surjective because any object of £(Y) is a direct
factor of a trivial bundle 0,=Y x k" (1.6.5), and clearly 0, = ¢(E) where E= X x k".

2.8. Example. More generally, let f: Y — X be an arbitrary continuous map. Then
the inverse image functor f*: £(X)— &(Y) (1.2.6) is a quasi-surjective Banach
functor. To see this, let us consider the map up p: E(X)E, F)— E(Y)(f*(E),
f*(F)), induced by f*. If E=Xxk" and F=X xk?, this is essentially the map
C(X)"* — C(Y)™ defined by (4y,...,4,,) =>4, f,...,4,,-f), which is clearly
linear and continuous. For any E and F, the map u;, . is continuous, since Eand F
are each a direct factor of some trivial bundle, say X x k" and X x &k ? respectively.
Finally, f* is quasi-surjective by the same argument as in 2.7.

2.9. Example. Let 4 and B be Banach algebras, and u: 4 — B, a continuous
homomorphism. Thenuinduces a functor u.: #(4) — #(B),definedby E—~ E®, B
(regarding B as a left A-module via »). We claim that u. is a quasi-surjective Banach
functor. To see this, we repeat the argument in 2.8. If E=A4" and F= 4", the map
P(A)(E, F)— P(B)(udE), u(F)) is essentially 4™ — B"™ which is linear and
continuous. In general, the map #(4)(E, F)— #(B)(u,(E), u,(F)) is linear and
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continuous because E and F can be written as direct factors of free modules. The
functor wu. is full if and only if u is surjective.

2.10. Example. The “quotient functor” # — # (2.4), which is the identity on the
objects, is a Banach functor which is full and quasi-surjective.

2.11. Example. Let € be an arbitrary Banach category, and let ¢ : € — € be the
functor defined by @(E)=E @ --- @ E. Then ¢ is a Banach functor which is
\_—(.__.__/

n
quasi-surjective (but not full unless € =0 or n=1).

2.12. Remark. Let ¢: % — € be a Banach functor which is full (resp. faithful,
resp. quasi-surjective). Then the functor $: & — €’ between the associated pseudo-
abelian categories (1.6.9) is full (resp. faithful, resp. quasi-surjective).

2.13. Let ¢: 4 — € be a quasi-surjective Banach functor. We wish to define a
“relative” group K(¢) (which coincides with K(%) when ¢’ =0). Let I'(¢) denote the
set of triples (E, F, a), where E and F are objects of € and a: ¢(E) — ¢(F) is an
isomorphism. Two triples (E, F, @) and (E’, F', a') are called isomorphic if there
exist isomorphisms f: E— E’ and g: F— F' such that the following diagram
commutes.

@o(E) - o(F)

o(f )‘t l o(g)

P(E) %> o(F’)

A triple (E, F, «) is called elementary if E= F and if o is homotopic to Id ,, within
the automorphisms of ¢(E). Finally, we define the sum of two triples (E, F, a) and
(E,F,a)tobe EFE@E ., FOF,a® ).

Then K(¢) is the quotient of I'(p) by the following equivalence relation:
o ~ ¢’ <1 elementary 7 and 7’ such that ¢ +7 is isomorphic to ¢’ +7'. The sum of
triples obviously provides the set K(¢) with a monoid structure. We let d(E, F, o)
denote the class of (E, F, o) in the monoid K(¢). As a direct consequence of the
definition, we notice that d(E, F,a)=0 if and only if there exist objects G and
H of ¢, and isomorphisms u:E® G— H and v: F® G— H, such that
@(v)- (@ @ Id ) - (™) ishomotopic to Id ,, within the automorphisms of o(H).

2.14. Proposition. The monoid K(¢) is an abelian group which coincides with K(%)
when €'=0. Moreover d(E, F,x)+d(F, E, ™ ")=0.

Proof. Letd(E, F,a)beanarbitrary element of K(¢). Then d(E, F, o)+ d(F, E, o™ )=
AE®F,F®E, o ®a ). The triple (E ® F, F ® E, a ® o~ ') is isomorphic to
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(E® F,E® F, p), where f§ is the automorphism of ¢(E) @ ¢(F) defined by the
matrix

In the group Aut(p(E) ® ¢(F)) we have the identity

GG TT)EN6 )

Now let o: I— Aut(¢(E) @ @(F)) be the continuous map defined by

_(1 —toc_1><1 O><1 —ta_1>_
W= 1 N\ o 1

Since ¢(0)=1 and o(1)=p, the triple (E® F,E® F, ) is elementary, and
d(E, F,«" ') is the opposite of d(E, F, a) as required. Moreover, let i: K(¢) — K(%)
be the homomorphism defined by i(d(E, F, «))=[E]—[F]. It is clear that i is an
isomorphism when €’ =0, since the triple (E, F, a) is essentially determined by the
pair (E, F) (1.2). O

2.15. Proposition. Let d(E, F,a) and d(E, F, ') be elements of K(p) such that o
and o' are homotopic within the isomorphisms from o(E) to @(F). Then d(E, F, a)=
d(E, F, o).

Proof. By 2.14, we have d(E, F, a)—d(E, F, «)=d(E, F, a)+d(F, E, oc’_l)=

AE@®F,FO®E oa®« )=d(E® F,E® F, p'), where §'is the automorphism of
@(E) ® ¢(F) defined by the matrix

e (0 —a’”)
N\ 0
Since o is homotopic to o within the isomorphisms from @(E) to ¢(F), f' is
homotopic to

_<0 —a”)
p= o 0 ,

within the automorphisms of @(E) @ ¢(F). As was shown in 2.14, the map f is
homotopic to Id g 4r)- It follows that (E @ F, E @ F, ') is elementary and thus
d(E,F,0)=d(E,F,o). O
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2.16. Proposition. Let d(E, F, o) and d(F, G, p) be elements of K(¢). Then we have
the relation

d(E, F, ) +d(F, G, p)=d(E, G, Bo).

Proof. Theleft-hand side of the equationcan bewrittenasd(E®@ F, F® G,a ® )=
d(E ® F,G @ F,y), where y is defined by the matrix

G )

= o 0

On the other hand, d(E, G, fo)=d(E @ F, G @ F, y') where y'= fa @ 1. The auto-
morphism yy'~ ! is defined by the matrix

(5 o)
gt o)

which is homotopic to the identity within the automorphisms of @(G) @ @(F).
Hence y is homotopic to y within the isomorphisms from @(E) @ ¢(F) to
o(G)® o(F),and thus d(E® F,G® F,y)=d(E® F,G® F,y) by 2.15. O

2.17. Example. We return to Example 2.11 where ¥ =&, the category of finite
dimensional real vector spaces, and where n=2. Let d(E, F, a), where o.: E® E>>
F @ F, be an element of K(¢). For any isomorphism #: F— E, the sign of the deter-
minant of the composite E @ E-% F ® F*®% E @ E is independent of the choice
of u. This defines an isomorphism K(¢)~Z/2.

2.18. Example. Let d(E, F, o) be an element of K(p) with ¢: # — # (2.4). If
d: E— Fis a continuous linear map such that ¢(6)=a, then the “index” of 4, i.e.
Dim(Ker(d)) — Dim(coker(@)), depends only on «. This defines an isomorphism
K(¢p)~Z (Exercise 6.12).

2.19. The example that interests us most is Example 2.7. This will be dealt with at
the end of this section in terms of K(X/Y), and then K(¢) will be called K(X, Y).

2.20. Proposition. Leti: K(¢p) — K(%) (resp.j: K(€)— K(%') be the homomorphism
defined by (d(E, F, a))=[E]1—[F] (resp. J(LE]—[F1)=[o(E)] - [@(F)]. Then we
have an exact sequence

K(p)—> K(®) L K(®).

Moreover, if there exists a functor s : € — € such that oy ~ Id,,, then we have the
split exact sequence

0— K(@)— K(®)—L— K®)—— 0.
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Proof. We have (j-i)(d(E, F, ®))=[@(E)]—[¢(F)]=0, since ¢(E) is isomorphic
to @(F) by a. On the other hand, let x=[E]—[F] be an element of K(%¥) such that
J(x)=0. From 1.16, there exists an object 7" of ¢’ such that p(E) ® T'~ o(F) ® T".
Since the functor ¢ is quasi-surjective, we can find an object T of % and an object
T of ¢ such that o(T)~ T’ @ T;. Hence the objects p(E @ T)~p(E) @ T' ® T}
ando(F @ T)~¢(F) @ T' @ T;areisomorphic. Thuswecanwritex=[E @ T]—
[F® T]=idE®T,F® T, J)), where é is any isomorphism between ¢(E @ T)
and ¢(F @ T). Now suppose there exists a functor i : ¢ — € such that gy ~1d, .
We will prove the injectivity of , which is the main part of the proof. If i(d(E, F, «)) =
[E]—-[F]=0, there exists an object T of € such that E® T~F® T. Hence
dE F,0)=dE®T,F®T,0 ® 1)=d(G, G, B), where G=E @ T and B is the
composition of « @ 1 and the isomorphism from ¢(E @ T) to ¢(F @ T). Thus we
have the commutative diagram

9(G) —L— 4(G)

@¥) @G) 2L, (o) (0(G)),

where y is induced by the isomorphism Id. x@y. If we write (o¥)(@(G)) as
((b9)(G)), we have B=y~'-(py)(B)-y and d(G,G,B)=d(G,Ye)(G),y)+
AWY9)(G), b9)(G), (0¥)(B) +d(Y9)(G), G,y™") by applying 2.16 twice. But
d(G, (b9)(G), 7)+d(¥9)(G), G, y~")=0 from 2.14, and d((y¢)(G), (Y¢)(G),

(p¥)(B)=0 because the triple ((Y)(G), ¥9)(G), (p¥)(B)) is isomorphic to
(W) (G), Wo)(G), Id) thanks to the commutative diagram

0(9)(G) =) (@(G) P2, () (0(G) = oW 0) (G)

(p¥)(B) Id

P(9)(G) u W) (G). O

2.21. Lemma. Let A and A’ be Banach algebras (with unit but not necessarily com-
mutative), and let f: A— A’ be a continuous surjective ring homomorphism. Let
A*, A™* denote the group of invertible elements in A, A’ respectively. Let ¢': 1— A’
be a continuous map such that o'(t)e A'* for every point t € I=[0, 1], and such that
0’'(0)=f() for some o€ A*. Then there is an element f§ of A* such that f(B)=c"(1).

Proof. For any Banach algebra C we have a continuous map exp: C — C* defined
by exp(x)=1+x+x?/2!+x3/3!+ - - -, and its image contains the set V" of points y
such that || y—1{ <1, since the logarithm function is defined on this set. Since 7 is
compact, we can find a finite sequence of points #; € Z, such that 0=1,<¢,<t,<
- <t,=1with a'(t))” '6'(t;s ;) € V (for C=4"). Let o;=Log(d’'(t,)” d’(t,, ,)), for
i=0,...,n—1. Then o’'=0'(1) can be written as ¢'(0)-exp(ep)-exp(}) ... -
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exp(a,_;). For each i=0,...,n—1 choose a;€A4 such that f(a;)=a;. Then
B=o-exp(ag)-exp(a,) ... -exp(e,- ) is the point required. O
The next lemma and proposition will be useful in the following chapters:

2.22. Lemma. Let B(X) denote, in general, the Banach algebra of continuous func-
tions on the compact space X, with values in the Banach algebra B. Then, if the homo-
morphism f of Lemma 2.21 induces a surjective ring homomorphism f: A(I) — A'(I),
there exists a continuous map o [— A* such that 6(0)=o and f(o(£))=0'(¥).

Proof. We apply Lemma 2.21 to the situation f° A(I)— A4'(I), where « is replaced
by the constant function & defined by a(f)=a, and ¢’ is replaced by ¢': I > A'(1)*
defined by &'(7) (1) = '(tu). Therefore, we can find ¢, € A(J)* such that flo,(?))=
o'(t). Then 6(f)=0,(£)6,(0) ™' -« has the required properties. [

2.23. Remark. Using more functional analysis it is possible to prove that
A(X)— A'(X) is surjective when fis surjective. We could also prove that 4* — 4'*
is a locally trivial fibration (hence a Serre fibration). However, these results are not
necessary for our purposes.

2.24. Proposition. Let X be a compact space, X' a closed subspace, and E a vector
bundle over X. Let o.: E— E be an automorphism, and ¢': I — Aut(Ey.) a continuous
map such that 6'(0)=uo|y.. Then there exists a continuous map ¢:I— Aut(E) such
that 6(0)=o and ()| =o' (¥).

Proof. This is a consequence of the previous lemma applied to 4=End(E) and
A'=End(E,.) (1.5.10). O

2.25. Proposition. Let ¢: € > € be a full Banach functor and let t=(E, E, ') be
an elementary triple. Then t is isomorphic to the triple (E, E, Id ;).

Proof. Let A (resp. A') be the Banach algebra End(E) (resp. End(¢(F)). Then ¢
induces a continuous ring homomorphism 4 — A4’ which is surjective. Since the
triple (E, E, Id ) is elementary, we can find a continuous path ¢: I — A4'*, such
that 6(0)=1 and ¢(1)=0o'. From Lemma 2.21, we can find an automorphism o of
E such that ¢(a)=a'. Hence the triples (E, E, «) and (E, E, Id ) are isomorphic,
as can be seen from the commutative diagram

P(E)—> o(E)

() l l o(1d)

o(E) % o(E) 0

2.26. quo]lary. Let @ : € — € bea Banach functor which is full and quasi-surjective,
and let K(¢) be the monoid obtained from the definition of K(p) by replacing ele-
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mentary triples by triples of the form (E, E, 1d ). Then the natural map from K(¢)
to K(¢) is an isomorphism. Hence K(¢) is an abelian group.

2.27. Remark. This corollary provides a purely algebraic description of K(¢)
when ¢ is full and quasi-surjective. We identify the groups K(¢) and K(¢) from now
on.

2.28. Proposition. Let d(E, F, o) be an element of K(¢) where ¢:6 — €' is a
Banach functor which is full and quasi-surjective. Then d(E, F, o')=0 if and only if
there exists an object G of € and an isomorphism B-E® G— F® G such that
p(B)=o @ Id, ).

Proof. According to the previous corollary, we can find two triples (G, G, Id )
and (H, H,1d ;) such that the triples (E® G, F® G, « @ Id,,) and (H, H,1d )

are isomorphic. If /: E® G— H and g: F ® G — H are the required isomorph-
isms, we have the commutative diagram

D Idw(G)
WE®G) — 2 o(F® G)

l o(g)
Id g,

o(H) ————— ¢(H)

o(f)

Hence, o’ @ Id g, =@(B) where f=g~'-f. The converse is obvious. [

2.29. By 2.7, we can apply the result above to the case for ¥ =&£(X), and €' =&(Y),
where Y is a closed subspace of the compact space X and ¢: §(X)— &(Y) is the
functor induced by the restriction of bundles. In this case we will use the notation
K(X, Y) instead of K(¢), and more precisely Kix(X, Y) or K(X, Y) if we want to
specify the basic field. Paraphrasing Corollary 2.26, we may say that every element
of K(X, Y) can be written as d(E, F, a), where E and F are vector bundles over X
and a: Ey— Fy is an isomorphism. Moreover, d(E, F, x)=d(E', F', &) if and only
if there exist triples (G, G, Idg, ) and (G', G', Idg, ), and isomorphisms f: E® G —
E'®G and g: F® G— F' @ G', such that the following diagram commutes:

IdGY
E® )22, Fa o),

Sfly gly

(E'® Gy =0,

(F' @Gy
From 2.20 we have the exact sequence

K(X, Y)—> K(X)—— K(Y).
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If Y is a retract of X (i.e. if the inclusion map i: ¥ — X admits a left-inverse), there
is a functor ¥: £(Y)— &(X) which is a right-inverse to the restriction functor.
Then, from the second part of 2.20, we have the split exact sequence

0—> KX, Y)— K(X)—> K(Y)—> 0.
Finally, note that K(X, @)~ K(X).

2.30. Example. Let X=B?(resp. Y=S") be the unit ball (resp. sphere) in IR2. Then
we define an element d(E, F, ) of K(X, Y)=K{(B*, S') by E=F=B?xC, and
a(x, v)=(x, xv) for xe S' = B> < C. This element will play a vital role in Chapter
III. We shall see later that d(E, F, «) is a generator of K.(B?, S')~Z.

2.31. Example. More generally, let X=B?>xZ and Y=S!xZ, where Z is an
arbitrary compact space. Let G be a complex vector bundle over Z, and let n*(G) be
its inverse image by the projection n: B2 x Z — Z. Then we define an element
d(E, F, ) of KX, Y)=K(B*x Z,S' x Z) by E= F=1*(G)=B? x G, and a(x, v) =
(x,xv) for xeS'cB*>cC. In III.1 we will see that the correspondence
G +— d(E, F, o) induces an isomorphism KJ(Z)~KJB*xZ,S'x Z).

2.32. Example. Let ¢: # — # be the quotient functor of 2.10. Then we can
define anelement d(E, F, o) of K(¢) bychoosing E=F=H=k®k® - - ®k® - --
(Hilbert sum of ¥, copies of the basic field k=R or €), and «, the class of the
endomorphism (x{, X,,..., X,, ...)—> (X3, X3,.. ., X,,...), which is invertible in
# (but not in #). It can be proved that d(E, F,«) is a generator of K(p)~Z
(Exercise 6.12 and Example 2.18).

2.33. The group K(X, Y) depends “functorially” on the pair (X, Y). More
precisely, recall that a morphism between pairs (X, Y) and (X, Y’) is a continuous
map f: X-— X' such that f(Y)< Y'. Such a morphism induces a commutative
diagram of categories

E(X) — &)

S* S

EX)— EY).

where fi=f|y, hence a morphism (again denoted f*) between K(X, Y) and
K(X', Y') given by the formula

SHAE, F', a))=d(f*E), [*(F), [(@)).
2.34. Now consider the “quotient space” X/Y. If Y is non-empty, then X/Y is the

compact space obtained by the identification of Y to a single point {y}. If Y is
empty, X/Y is the disjoint union of X and a point outside, again denoted by {y}.
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Notice that X/Y is actually the one point compactification of the locally compact
space X—7Y.

2.35. Theorem (Excision). The projection n: X — X/Y induces an isomorphism
n*: K(X/Y, {y}) > KX, Y).

Proof. For Y empty, we leave the trivial verification to the reader, For ¥ non-
empty, the proof breaks into two parts:

a) m* is surjective. Let d(E, F, o) be an element of K(X, Y). By adding the same
bundle to E and F, we may assume without loss of generality, that F is a trivial
bundle, say 6,. We want to find a triple (E’, F’, ') defining an element of
K(X/Y, {y}), such that the triples (z*(E’), n*(F’), n¥(¢’')) and (E, F, «) are iso-
morphic with 7, : Y — {y}. According to I.5.11, there is a closed neighbourhood ¥
of Y and an isomorphism #: E, — F;, such that #|, =a. Let E’ be the vector bundle
over X/Y obtained by clutching the bundle E|, _, and the trivial bundle of rank »
over V/Y, using B, y (note that X— Y~ X/Y—{y}and V— Y= V/Y—{y}). Let F’
bethetrivialbundleof rank nover X/Y,and leta’: E'|,, — F'|,,, be the isomorphism
induced by the above clutching.

Then we can define an isomorphism f: E— n*(E’) by f|x_ y=1d, with the
identification n*E'ly_y=F'|y_y=E|y_y, and f|,=Id with the identification
n*(EYy=0,l, (1.3.3). It is now straightforward to check that the diagram

Ely—"—— Fly

o]

T E)y 2L, n+(F),

is commutative.

b) n* is injective. Let d(E', F', ') be an element of K(X/Y,{y}) such that
n*(d(E', F',o"))=d(@*(E"), n*(F’), n¥(a")) = 0. According to 2.28, there is a bundle
T over X such that n%(«') @ Id7|, can be extended by an isomorphism f: n*(E’) ®
T— n*(F') ® T. As before we may assume that 7 is trivial. Let T’ be the trivial
bundle over X/Y of the same rank as T. Let f: E'® T'— F' @ T’ be the iso-
morphism which is equal to f over X— Y, and to o’ over {y}. It is clear that f is
continuous and is an extension of o' @ Idz, over X/Y. Hence d(E', F',a')=
AdE'® T ,FOT,0d ®Ildy)=0Dby2.28 agam g

2.36. Remark. Since {y} isaretract of X/Y, we have K(X/Y, {y})~ Ker(K(X/Y)—
K({»}))~K(X/Y) from 2.29.

2.37. Corollary. Let X, and X, be closed subspaces of X such that X,0X,=X
Then the inclusion (X, X,nX,)— (X,UX,, X}) induces an isomorphism

K(X,0X,, X;)—=> K(X;, X;nX,)
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Proof. This follows directly from the commutative diagram

X1, X 0X,) — (X1UX,, X))

(X1/(X1nXy), {)’}) — (X VXp)/ X, {)’}),

where X, /(X ,nX,)~(X,UX,)/X,sincethespaces X, —(X;nX,)and (X, uX,)— X,
are homeomorphic. [

2.38. Example. Let B" (resp. S"~ ') be the unit ball (resp. sphere) in IR". The space

B"/S™" ! may be identified with S™ in the following way. By orthogonal projection
on R”, the upper hemisphere S’} is homeomorphic to B".

Fig. 7

Every point of S" may be written as v sin 6 + e cos 0, —n/2<0<n/2, whereve $*~!
and ¢ is the last basis vector of R"* !, This representation is unique if the point is
not +¢&. Now let y: S¢ — S" be the map defined by y(v sin 8+ ¢ cos 8)=v sin (26)+
£ cos (20). Then y is well-defined even for the point + ¢, continuous, and induces a
homeomorphism from S%/S"~ '~ B"/S"~ ! to S™.

From 2.29. 2.35, and 1.34, it follows that

K(B", S" ")~ K(B"/S""*, {y}) ~K(S") =, (GL(K)).

Hence Kgi(B", S" Yx~n,_;(GL(R))~=,_(0) and K{(B",S" H=xmn,_,(U). In
particular, we have K(B?, S~ n,(U)~n,(U(1))~Z.

2.39. Example. More generally, let us consider the sequence
KXxB', XxS" )4 KX x 8" X)—2> K(Xx S")/X).

By the same argument as above, u is an isomorphism; also v is an isomorphism by
2.35. Hence vu is an isomorphism.

2.40. Example. Let (X,A4) and (Y, B) be pairs of compact spaces. Then
(X —A) x (Y— B) is homeomorphic to X x Y— C, where C=X x BuA x Y. On the
other hand, if Z and T are compact spaces with base points z, and ¢,, define Z, T
as the subspace of the product Z x T consisting of points (z, ) such that z=z, or
t=t,, and define Z,Ttobe Zx T/Z\ T. Then, for Z= X/4 and T= Y/B, we have
ZxT—-ZyTxXxY—C,and so K(X x ¥, X x BuA x Y)x K(X/A , Y/B).
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2.41. Example. If Z is a space with base point z,, we define its reduced suspension
S(Z) to be Z\S'~Zx1/Zx{0}uZ x{1}U{ze} x I. This is the quotient of the
suspension S'(Z) considered in 1.3.14 by {z,} x I. It may also be interpreted as the
one point compactification of (Z— {z,}) x R. For n>2, the n'™" suspension of Z is
inductively defined by S*(Z)=S(S"!(Z)), and is the one point compactification
of (Z—{z,})x R". Now let us consider the group K(X x B", XxS""'uY x B"),
where Yisa closed subspace of a compact space X. Then X x B*— X x S" " 'UY x B"
~(X—Y)x R". Hence K(X x B", X x S""1UY x B") =~ K(S*(X/Y))by2.29 and 2.35.

2.42. Theorem. Let Y be a closed subspace of a compact space X. Then, we have the
exact sequence

KX/Y)— K(X)—> K(Y).
Proof. From 2.35, 2.36, and 2.29, we have the exact sequence
K(X/Y)—> K(X)— K(Y).
The exact sequence in the theorem now follows from the commutative diagram
0 0

KX, Y)— K(X)— K(Y)

KX/Y) — R(X)—> I?(VY)

0 0 0 a

2.43. Theorem. Let f,,f1: (X, Y)— (X', Y') be continuous maps between pairs,
such that fy and f, are homotopic. Then f, and f, induce the same homomorphism
(foy*=(f)*: KX, ') - K(X, Y).

Proof. Let f: (X x I, YxI)— (X', Y') be the homotopy between f,, and f;. Then f
induces a homotopy between the quotient maps f,, f;: X/Y— X'/Y". Hence ( fo)¥
and (f;)* define the same homomorphism from K(X'/Y") to K(X/Y). The theorem
now follows from the commutative diagram

KX, YY) kX, Y)

Ry L Ry
a=0, 1, and 2.35-36. O
Exercise 11.6.13.
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3. The Group K~ ' of a B’anach Category. The Group
K™'(X)

3.1. Before expanding the theory any further, let us take a brief look at the
direction we will follow in the next sections. Our general purpose is to construct
groups K"(X, Y),ne Z, X compact, and Y closed in X, which depend in a contra-
variant way on the pair (X, Y). In addition we want to construct the “connecting
homomorphisms”, i.e. natural transformations

=1 K" YY) — K'(X, Y).

Finally we want the following axioms to be satisfied:
(i) Exactness. The sequence

k102 ke E5 kv, v - krn L k()

is exact, where in general K*(Z)= K"(Z, ) and the maps j* and i* are induced by
inclusions (Y, )< (X, o) and (X, &)< (X, Y) respectively.

(ii) Homotopy. If fy,f1: (X, Y)— (X', Y') are homotopic continuous maps
between pairs, they induce the same homomorphisms ( f,)*=(f))*: K"(X’, Y')—
K"(X, Y).

(iii) Excision. The projection (X, Y)— (X/Y, {y}) induces an isomorphism
K"(X/Y, {y}) > K"(X, Y).

(iv) Normalization. The functor K°(X)=K°(X, @) is the functor K(X)
constructed in Section IL.1.

So far we have only completed a small part of this task. If we define K°(X, Y)
to be K(X, Y), we have proved the exactness of the sequence

Ko(x, Y) - ko) L5 KO(y)

in 2.20 and 2.29. We have also proved the homotopy and excision axioms for n=0
in 2.43 and 2.35 respectively. In the next two sections we will construct *half” of
the theory, i.e. the functors K*(X, Y) for n<0.

The construction of the other half of the theory, i.e. the functors K*(X, Y) for
n>0, is much more difficult. This will be done in chapter III after we prove the
“periodicity” of the functors K~ "(X, Y) (precisely Kz "(X, Y)~ Kz " 8(X, Y) and
KX, Y)=Ki" %X, Y).

It would be possible to present all these results within the framework of Banach
categories as in the author’s thesis [2]; however, in the interest of avoiding lengthy
developments we will mainly restrict ourselves to the category of vector bundles.
The interested reader may consult the reference above or the exercises for many
generalizations of the material in the next sections.

3.2. Let % be a Banach category. In this section we define a group K~ !(%) which
depends functorially on € (when € =&(X), K~ (%) will be denoted by K~ }(X)).
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If ¢: ¥ — €' is a quasi-surjective Banach functor, we also construct a “‘connecting
homomorphism”

0: K~1(€)— K(9)

which is included in an exact sequence
K=Y %)— K~ '(€) -2 K(p)— K(®)— K(¥').

When ¢: £(X)— &(Y) is the restriction functor, this sequence can be written as
K '(X)— K {(¥)-%5 KX, Y)—> K°(X)— K°(X),

and is the sequence of the exactness axiom for n=0.

3.3. More precisely, consider the set of pairs (E, «), where E is an object of ¢ and
o is an automorphism of E. Two pairs (E, o) and (E’, o) are isomorphic if there is an
isomorphism h: E— E’ in the category €, such that the following diagram
commutes:

Eh E'

E- L, E

As in the definition of K{(¢), we define the sum of two pairs (E,, ap) and (E;, @) to
be (E, @ E;, 0y @ o). A pair (E, a) is elementary if o is homotopic to Id, within
the automorphisms of E, Finally K ~!(%) is defined as the quotient of the set of
pairs by the following equivalence relation: 6 ~ ¢’ < 37 and 7’ elementary such that
6 +1t~0¢'+1. The sum of pairs induces an abelian monoid structure on K~ !(%).
We will let d(E, o) denote the class of (E, «) in K~ 1(%).

3.4. Proposition. We have the relation d(E, o) +d(E, o *)=0. Thus K~ (%) is an
abelian group.

Proof. By definition d(E, &) +d(E, 0™ )=d(E® E, 0 ® a~'). But « @ a~ ' can be
written in the form

a 0\ (0 —a 0 1>
0 o! a ! 0/\-1 0
and each of the matrices on the right is homotopic to Id; g, as was shown in 2.14.

Therefore, dE® E,a ® o~ H)=0. 0O

3.5. Proposition. Let o and o/ be automorphisms of E which are homotopic within
the automorphisms of E. Then d(E, x)=d(E, &').



3. The Group K~ ! of a Banach Category. The Group K~ !(X) 73

Proof. We have d(E,a)—d(E,«)=d(E,0)+dE, o )=d(E® E,a ® «'"') by
3.4. But the automorphism o @ «'~! is homotopic to a @ «~ !, hence to Idggy.
Therefore the pair (E @ E, o @ o'~ ') is elementaryand d(E @ E, o ® o'~ )=0. O

3.6. Proposition. We have the formula
d(E, x)+d(E, p)=d(E, af)=d(E, Ba).
Proof. Consider
d(E,a0)+d(E,f)=dE® E,a ® ) and d(E,af)=d(E® E, af ® Idg).

By 3.5, they are equal if « @ f and aff @ Id; are homotopic within the automor-
phisms of E@® E. But (¢ ® B)” '(af @ Idg)=B @ B! is homotopic to Id,g; as
was shown in 3.4. Moreover, d(E, fa)=d(E, B)+d(E, a)=d(E, a)+d(E, B). O

3.7. Lemma. The class d(E, o) is 0 if and only if there is an object G of €, such that
o @ Idg is homotopic to 1d g within the automorphisms of E ® G.

Proof. Suppose d(E, a)=0. By the definition of K~ !(%), there exist elementary
pairs (G,n) and (G',n") with an isomorphism h:E @ G— G’, such that the
following diagram commutes:

E®GLS

-1

E®Gl. ¢

From this we see that « @® Id,; is homotopic to « @ n=h""'-4'-h, which is homo-
topic to A~ -1dg -h=1dgge. The converse is obvious. [

3.8. Proposition. We have d(E, a)=d(F, B) if and only if there is an object G of €,
such thata ® 1d; @ Id; and1d; @ B ® Idg are homotopic within the automorphisms
of E@F®G.

Proof. Suppose d(E,a)=d(F, f). Then d(E,«)—d(F,p)=dE® F,a ® p~1)=0
from 3.4. Therefore, there is an object G of € such that « @ ™! @ Id, is homotopic
to Idggree from 3.7. Multiplying this homotopy by Id, @ f @ Id;, we can see
that « @ Id; @ Id; and Id; @ B ® Id; are homotopic. Again, the converse is
obvious. [

3.9. Remark. The proposition above gives an equivalent definition of the group
K 1(®).
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3.10. Example. Let 4 bea Banach algebra (with unit but not necessarily commuta-
tive), and let ¥ =.%(A4) be the category of finitely generated free right 4-modules.
Let GL,(A4) be the group of invertible # x # matrices with coefficients in A4 and
let GL(4)=injlim GL,(4). We define a map y:K (%) — n,(GL(4))=
inj lim 74(GL,(4)) by y(d(A", ) =class of a in n,(GL(A)). Since the matrices of
« @ Id,. and Id,. ® « belong to the same connected component in GL,,(4)
(computation of 3.4), Proposition 3.8 shows that this map is well defined. More-
over, by 3.6 we know that y is a group map if we provide n,(GL(4)) with the
(abelian) group structure induced by the product of matrices. Finally y is clearly
surjective and injective by 3.7.

3.11. Example. Let &, be the category of finite dimensional k-vector spaces.
According to Example 3.10 above, K~ (6o~ mo(GL(C))=0 and K~ '(&p)~
o(GL(R)) ~ Z/2.

3.12. Example. Let H be an infinite dimensional Hilbert space, and let ¢ be the
closed two-sided ideal of completely continuous operators (i.e. limits of operators
of finite rank). Let A=End(H)/ be the quotient algebra (called the Calkin
algebra in functional analysis). Then 7,(GL(A4))~Z by exercise 6.12. Therefore
K Y (ZL(A)~Z.

3.13. Let % be an arbitrary Banach category, and let € be the associated pseudo-
abelian category (I.6.9). Then the canonical functor ¢: ¥ — % induces group maps
K(%)— K(@) and K~ (%) — K~ '(%). We know that the first map is not bijective
in general (1.3.10 and 1.6.16). However, we have the following result for the
second map.

3.14. Theorem. The map
0. K~ Y(%)— K~ 1(®)
is bijective.

Proof.

a) . is surjective. Let d(E, a)e K~ '(%), and let T (resp. F) be an object of ¥
(resp. %) such that o(T) 2 E® F. Then d(E,0)=d(E® F,a ® 1d,)=d(T, p),
where f is the unique automorphism of 7 such that @(B)=h-(« @ Id;)-h~! (this is
possible since ¢ is fully faithful ; cf. 1.6.10).

b) @. is injective. Let d(E, o) € K~ '(%) such that ¢J(d(E, «))=0. By 3.7 there
is an object G of @, which we may assume to be of the form @(E"), since ¢ is quasi-
surjective, such that ¢(«) @ Id, is homotopic to Id,g) g 4z Within the auto-
morphisms of (E) @ ¢(E"). Since ¢ is fully faithful, it follows that o @ Id;; is
homotopic to Idgg ;. within the automorphisms of E@® E’. Hence d(E, a)=
AE®E,a®Id;)=0. 0

3.15. Example. Let % be £(4),where 4 is a Banach algebra. Then % ~ 2(4) by
1.6.16. Therefore K~ 1(2(4))~ ny(GL(A)).
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3.16. In the proof of Theorem 3.14, we only used the fact that the functor
¢: € — € is fully faithful and quasi-surjective. Thus, if we replace % by &(X), the
category of trivial bundles over a compact space X, replace Z by &(X), the category
of locally trivial vector bundles over X (1.6.5), and let ¢: &(X)— &(X) be the
inclusion factor, the same proof gives an isomorphism

K™Y (ér(X)— K7H(EWX)).

In order to compute K ~ (& (X)), and hence K~ '(£(X)), we will often make
use of the following fact. For E and F vector bundles over X, there exists a bijective
correspondence between the continuous maps from Y to Hom(E, F) and
Hom(n*(E), n*(F)), where n: X x Y — X. This is true for trivial bundles because
KX xY, kK~KY, F(X, k")), where F denotes the function space of continuous
maps. This is also true for arbitrary vector bundles since they are direct factors of
trivial bundles for instance.

3.17. Theorem. Let X be a compact space and let [ X, GL(k)]~inj lim[ X, GL,(k)],
k=R or C, be the set of homotopy classes of continuous maps from X to GL(k),
provided with the group structure induced by the product of matrices. Let
u: inj lim[X, GL,(k)] > K~ '(X)= K~ Y(&(X)) be the map defined by o, d(6,, &,),
where 0,=X x k". Then u is an isomorphism.

Proof. By the above remark, [X, GL,(k)]~n,(GL,(A4)) where A4 is the Banach
algebra of continuous functions on X with values in k. Moreover, the map u
factors into

inj lim[X, GL,(k)] — K~ '(&r(X)) => K~ '(£(X))

U U

inj lim 7o(GL,(4)) =~ K~ 1(£(A4))

where we use the category equivalence &1(X)~.%(4) exhibited in the proof of
1.6.18. Thus the theorem is essentially a consequence of 3.14. []

3.18. Remark. 1t is easy to give a direct proof of theorem 3.17 (without using
Banach algebras) along the lines of 3.14.

3.19. Corollary. Let O=injlim O(n), (resp. U=injlim U(n)) be the infinite
orthogonal group (resp. the infinite unitary group). Then we have natural isomorphisms

[X, O]~inj im[X, O(n)] =~ Ky !(X)
and [X, U ~inj lim[X, U(n)] — K¢ '(X).

3.20. Example. Let X be the sphere S? with base point {e}. We define a map
[S?, GL(k)] — n,(GL(k)) x no(GL(k)) by a+— (o, a(e)) where o'(x)= a(x)oe)” 1
It is easy to show that this map is bijective. Hence K~ '(SP)~ K ~'({e}) @ K(S”*")
(1.34).
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3.21. Let ¢: € — €' be a quasi-surjective Banach functor. Following the outline
given in 3.2, we are going to define a “‘connecting homomorphism”

0: K™Y (€)— K(o).
Let d(E’, ') be an element of K~ '(%"). Since ¢ is quasi-surjective, there is an object
E of €, an object F' of ¢, and an isomorphism h: ¢(E) — E' @ F'. Let a: o(E) —
@(E) be the isomorphism which makes the diagram

E®F -1 o)
l ,

E'®F - oE)

o @ Idg.

commutative. Then d(E, E, «) is the element of K(¢) associated with d(E’, a') by 4.
We must prove that this element is independent of the choices F’, E and h. Let
F', E and h be other choices, and let d(E, E, @) be the new element of K(¢) thus
obtained. Then we have d(E, E,0)=d(E® E,E® E, 0. ® 1) where “a @ 17=
a @ Id,,, is included in the commutative diagram

(E’®F)®(E’®F)—><P(E)®<P(E)

Y *® Idw(E)

(E®F) ®E & F) 2%, oE) @ o(F),

where y=(o' @ Id;.) ® (Idg ® Idy.). As was shown in 3.4, y is homotopic to
§=(dg. @ Id;.) @ (¢ @ Idg.) within the automorphisms of E' @ F' @ E' @ F'.
Therefore, o @ Id g, is homotopic to Id,;, @ @, as is shown by the analogous
commutative diagram

(E’®F’)®(E’®F) — @(E) @ ¢(E)
5 d,z| @&
EF) @ E )12, o(E) @ oE).

According to 2.15, we have the identity d(E ® EE®Ea®ld @) =dE® E,
E®E, Id ) @ 2)= d(E, E, @), showing that 0 is well-defined and natural.

3.22. Theorem. The sequence

K Y®) 2 K@) 25 K(p) > K@) 2+ K(#)

is exact.
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Proof. From 2.20, we only have to prove exactness at K(¢) and K~ 1(%).

a) Exactness at K(). Let d(E’, &) be an element of K~ 1(%"). Since ¢ is quasi-
surjective, we may assume without loss of generality that E’ is of the form ¢(E).
Then o(d(E’, «))=d(E, E, &), and (i.0)(d(E’, «'))=[E]—[E]=0.

Conversely, let d(E, F,«) be an element of K(¢p) such that i.(d(E, F, &)=
[E]-[F]}=0. By 1.16, we can find an object T of ¥ and an isomorphism
0:E®@T— F®T. Therefore d(E, F, )=dE ® T, F ® T, « ® Id,q)=
dE®T, E®T, y) where y=¢(6™")-(x @ Id 1) since the triples (E®D T,
E®T,y)and(E® T,F ® T,a ® Id (1)) areisomorphic, (2.13). Hence d(E, F, )=
O(d(E’, o)) where E'=¢@(E) ® o(T).

b) Exactness at K~ '(%). Let d(E,x) be an element of K~ !(%). Then
(0-j)A(E, a))=d(E, E,x)=0 since the triples (E, E,o) and (E, E,1d,;) are
isomorphic.

Conversely, let d(E’, ) be an element of K~ '(%"). Since ¢ is quasi-surjective,
we may assume without loss of generality that E’ is of the form ¢(E). If
O(d(E',a))=d(E, E,a")=0, we can find two elementary triples (G, G,n) and
(H, H, ¢) such that (E, E, 2")+(G, G, n)~(H, H, ¢), (2.13). More precisely, we have
isomorphisms u: E ® G— H and v: E @ G — H such that the following diagram
commutes:

O(E) ® (G) X215 o(E) @ 9(G)

(P(u)J I o)
€

o(H) o(H)

Therefore d(E', o)=d(¢(E) ® ¢(G), o' ® n)=d(o(H), o)™ ')e)=d(e(H),
o(u-v™") by 3.5. Hence d(E’, o) =j{d(H, «)) where a=u-v~ 1. 0O

3.23. Corollary. Let X be a compact space and Y be a closed subspace of X. Then
we have the exact sequence

k1025 kv -2 ko, v - k0 L k().

3.24. Example. Let CP, be the complex projective space of €**!. Then
CP~ ~S?and K(CP,)~ K{S*)~Z ® Z by 1.34. Moreover, a nontrivial generator
for K(S?)is given by the canonical line bundle over CP, (1.2.5). Now let X be
CP, and Y be CP,. Since, the canonical line bundle over CP, is the restriction of
the canonical line bundle over CP,, the map K{X)— K(Y) is surjective. F . Finally,
K& '(S%)=0 because m,(U(2))=0 (1.34 and 3.20), and K(X, Y)~K((X— Y))~
C(S“) Z because n;(U(2))~Z. From this discussion and Corollary 3.23, we
obtain the exact sequence

0—> K(S*)—-> K{CP,)— K{CP,)— 0.

U U

YA Zo®Z
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Hence K(CP,)~Z @ Z @ Z. More complete results will be obtained in Chapters
III and IV.

3.25. It is possible to generalize the definition of K~ !(X) to a “‘relative” version,
K~ !(X, Y), for Y closed in X. As in 3.3, we consider the set of pairs (E, «), where
E is an object of £(X), but where « is now an automorphism of E such that o, =1.
We make the same definitions as in 3.3, except that we call a pair (E, o) elementary
if there exists a continuous map ¢: /— Aut(F), such that ¢(0)=1, o(1)=« and
o(f)|y=1dg,. We call the group obtained by this procedure K~ '(X, Y). Assertions
3.4,3.5,3.6,3.7,and 3.8 can be generalized without difficulty (taking care that the
homotopies involved are constant over Y). The proof of Theorem 3.14 can be used
again to show that K~ (X, Y) may also be constructed using only trivial bundles
(compare with 3.16). It follows that K~ '(X, Y)~ K~ '(X/Y, {y}) ~[X/Y, GL(k)]"
where [ , ] denotes homotopy classes of maps preserving base points.

3.26. Proposition. We have the exact sequence
K\, N -5 ko0 25 k().

Moreover, when Y is a retract of X, we have the split exact sequence
0— K- 'X, V)5 k1)L K- Y(r)— 0.

Proof. 1t is clear that the composition K~ (X, Y) —» K~ '(X) — K~ '(Y) is zero.
Now let d(E, ) be an element of K~ !(X) such that j*(d(E, «))=d(E,, ay)=0.
According to 3.7, we can find a vector bundle G over Y, which we may assume to be
of the form F|y, so that ay @ Id, is homotopic to Idg, ¢ within the automorph-
isms of Ey ® G=(E ® F)y. According to 2.24, « ® Id; is homotopic to an auto-
morphism f such that Biy=Id;gp,. Hence d(E, 0)=d(E® F,o ® Idp)=
d(E @ F, p) belongs to the image of i*.

Let us assume now that Yis a retract of X. Then to prove that the exact sequence
splits, it is enough to show that i* is injective. Let x be an element of K~ !(X, Y)
represented by a continuous map y: X — GL(k), such that y(¥Y)={1} and y is
homotopic to the constant map y, defined by y,(X)={1}. If j: X x I - GL(k) is
this homotopy, we define 3: X' xI— GL(k) by the formula J(x, £)=%(x, f) x
F(r(x), 1)~ where r: X — Y is a retraction. Then 7 is a homotopy of y to 1 such
that 5(Yx)={1}. 0O

3.27. Proposition. Let f: (X, Y)— (X', Y') be a morphism between compact pairs,
which induces homotopy equivalences X ~X' and Y~Y'. Then f induces an iso-
morphism K(X/Y)= K(X/Y).

Proof. Since X~ X' and Y~ Y’, finduces isomorphisms K(X')~ K(X), K~ '(X")~
K '(X), K(Y')~K(Y)and K~ '(Y')~ K~ '(Y). Therefore, we have the commuta-
tive diagram



3. The Group K~ ! of a Banach Category. The Group K~ !(X) 79

K '(X)—> K {Y)—> K(X', Y') — K(X')—> K(Y")

CT

K '(X)— K YY) —> KX, Y) —> K(X) — K(Y)

where four of the vertical maps are isomorphisms. It follows from the five lemma
(Northcott [1]) that the map K(X’, Y') — K(X, Y) is also an isomorphism. From
the commutative diagram (cf. 2.35)

KX' /Y, {y}) = KX, Y')

.

KXY, {y})—=— KX, Y)
we obtain the isomorphisms K(X'/Y")~ K(X/Y) and K(X'/Y)~K(X/Y). O
3.28. Itispossible to give another interpretation of 3.22when o =f*: §(X)— £(Y)
is associated with some continuous map f: Y — X. Given f, we define its mapping
cylinder M, to be the quotient of XiL1Y xI by the equivalence relation, which
identifies (y, 0) with f(y) for each y in Y. Then we have the diagram, commutative
up to homotopy,
ju

f
Y-t M,

Yy——

where u is a homotopy equivalence (its homotopy inverse is the *“projection” on X),
and where i(y) is the class of (y, 1). Therefore, we have the category diagram

eI 8(v)

u*I‘ I
T

EM[)—— &(Y),

and the same argument as used in the proof of 3.27 shows that K(f*)~ K(i*)~
K(C’f) where C'f~ M /i(Y).

Y x {1}
Ccf Fig. 8
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The Puppe sequence associated with f'is the sequence
Yo x— Cf— S(Y)— S'(X),

where in general S'(Z) denotes the suspension of Z (I.3.14). If x,, and y, are base
points in X and Y respectively, and if f(y,) = x,, we can also consider the ‘“‘reduced
Puppe sequence”

YL x— cf— S(Y)— S(X),

where in general S(Z) denotes the reduced suspension of Z (2.41). The maps
S(Y)— S(X)and S'(Y)— S'(X) are induced by the functoriality of our construc-
tion; the map C’f— S'(Y) is induced by the identification C'f/X = S'(Y). Finally,
Cf is the quotient of C'f by the class of {x,} x I; the map Cf— S(Y) is similarly
defined.

3.29. Theorem. The Puppe sequence and the reduced Puppe sequence induce exact
sequences of K-groups

K(S'(X)) — K(S'(Y)) —> K(C'f)—> K(X)—> K(Y)

K(S(X)) — K(S(Y)) — K(Cf) — K(X)— K(Y).

Proof. Since Cf, S(Y), and S(X), are respectively the quotient of C'f, S'(Y), and
S’(X), by contractible subsets, Proposition 3.27 shows that proving the first exact
sequence will suffice.

a) Exactness at K(X). This follows from the diagram

K(C'f)— K(X)— K(V)

| ]

K(Cf)— KM ) — K(Y),

since the last sequence is exact by 2.42.
b) Exactnessat K(C'f).Since S'(Y)~ C'f/X, exactness follows again from 2.42.
¢) Exactness at K(S'(Y)). We consider the following picture,

Yx {1}

X x {0}

S'(Y)uC (X) Fig. 9
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and the following diagram:

Cf—— §'(T)——S'X)

C'f—s S'(Y)UC~(X)—> S"(X)

C'f— S(Y)uC~(X)— S'(X)

Here S'(Y)uC ~(X)is the quotient of Y x [0, 1]JuX x [—1, 0] by the identification
relations (y, 0)~(f(»),0), (¥, D~(, 1), and (x, —1)~(x', =1), for y,y' €Y
and x, x" € X. The space S'(Y) is homeomorphic to the quotient of S'(Y)uC ™ (X)
by thecontractible subset C ™ (X) (I.3.14). Hence, by 3.27, themap S'(Y)uC ™ (X) —
S'(Y) induces an isomorphism K(S'(Y))= K(S'(Y)uC ~(X)). In the same way,
let S”(X) be the quotient of X x [—1, 1] by the relation which identifies X x {1}
to a single point, and X x {—1} to another single point as in 1.3.14. Then S’(X)
may also be identified with the quotient of S”(X) by the contractible subset C*(X)
or C ™ (X), and the two vertical quotient maps S”(X) — S’(X) induce isomorphisms
on the K-groups. Finally we obtain the commutative diagram

R(Cf) —— K(S'(Y)) «—K(S'(X))

R(C'f) «— K(S'(Y)uC ~ (X)) — K(S"(X))

)

~x

R(Cf) ——K(S'(Y)uC™ (X)) «—K(S'(X)),

Where all the vertical maps are isomorphisms. Since the bottom horizontal row is
an exact sequence by 2.42, the sequence

K(S'(X)) — K(S'(Y))—> K(Cf)
is also exact. (I

3.30. Remark. According to 1.34 and 3.19, K(S'(Y)) ~K~1(Y) by the map
associating each «: ¥ — GL,(k), such that a(c0)=1, with the p-dimensional
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bundle E, of 1.3.14. Now we claim that the diagram

R(S'(1))— RC'(fH~KC'(f)

U

K™ (Y)——> K(i*)

is commutative. In this diagram, fiY-Xx _is the compactification of f (note that
Y=Y u{ew}, X=X0{w}) and R(C'(})) =R(C'(f))) by 3.27.

Fig. 10

© C'(fM c'(N

Finally, i* is the inverse image functor associated with the inclusion i: Y~
Y x {1} — M, where M  is the mapping cylinder of f(note that C'(f)= M /i(Y)).

The image of the class of E, by the composition K(S'(Y)) — K(C'(f)) — K(i*)
is d(E, F, f), where E=F is obtained by clutching the trivial bundles M ;xk
and M x k" by the transition function «’ over ¥ x {3} (where a'=a/,; also M 7
is the class of Y x [3, 1], and M is the class of X L1 ¥ x [0, 3]),

Yx {1}

_____________ Yx {3} Fig. 11

X

and where B: E|y, 1, — Fly« 1, is induced by the identity map of the trivial bundle.
Applying 1.3.3, it is easy to see that d(E, F, f) is also equal to d(E’, F', f'), where
E’'=F"is obtained by clutching the trivial bundles M, x k" and Y x k" by the
transition function a over ¥ x {1}, and where f' is induced by the identity map of
the trivial bundle. If we identify E’ and F’ with M ;x k", we find the image of E,
in K(i*) by the connecting homomorphism K ~'(Y)— K(i*) described in 3.21.

Exercises (Section 11.6) 7, 12.

4. The Groups K "(X) and K™ "(X, Y)

As promised in 3.1, we are going to define the groups K~ "(X) and K~ *(X, Y), and
prove that they have the desired properties. In fact we will slightly generalize the
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theory by considering locally compact spaces instead of compact spaces (this
generalization will turn out to be very useful).

4.1. Asin the preceding sections X will denote the one point compactification of a
locally compact space X. We define K(X) and K~ '(X) as Ker[K(X )— K({o0})]
and Ker[K~'(X)— K~ !({o0})] respectively. For X compact, X is just the disjoint
union of X and {co}; thus by 1.26 and 3.19 this definition agrees with the original
definition of K(X) and K~ }(X). Let us define a morphism between two locally
compact spaces X and Y to be a continuous map f: X — Y, such that floo)=c0

We will write f'in the form f: X --» Y. It is obvious that locally compact spaces are
the objects of a category with morphisms as defined above. Moreover, since the
diagrams

K(Y)— K(X) K Y(¥)— K7'(X)

o

K(w)==K(e) K (o0)==K"'()
are commutative, the functors K and K~ ! are defined on this category.

4.2. Example. Letg: X — Y be a continuous proper map between X and Y. Then g
induces a continuous map f: X — ¥, where f(x)=g(x) if x# o0, and f(c0)=
However, not all morphisms are of this form.

4.3. Example. Let Z be a locally compact space, and let 7 be a closed subspace.
Then we define a morphism f:Z-»>Z—T, or f:Z— Z/—\T, by the formula
f@)=zifz¢ T, f(z)=00 if ze T, and f(0)=

4.4. Example. The inclusion of the point {co} in S” induces isomorphisms
K(S"~K(R" and K~ }(S")~ K~ '(R").

4.5. Remark. The theory we are developing is similar to cohomology with compact
support. The reader is warned that in general, Theorems 1.33 and 3.17 are false for

locally compact spaces.

4.6. Proposition. Let X be a compact space, and let Y be a closed subspace. Then we
have the exact sequence

k05 k) -S k- - ko0 -2 k),
where i* and j* are induced by i: X-->X—Y and j: Y --> X respectively.

Proof. Since the space X/Y—{y} may be identified with X—Y, we have

(X/——\Y)zX/Y and K(X— Y)~K(X/Y). The proposition now follows from 2.35
and 3.23. 0O
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4.7. Corollary. Let X be a locally compact space and let Y be a closed subspace.
Then we have the exact sequence

K002 k()= k(- 1) - k0 -5 k()
where i* and j* are induced by i: X -->»X— Y and j: Y --> X respectively.

Proof. We consider the commutative diagram

0 0 0 0 0
T T “ T T
K= ({o0})— K~({o0}) —— 0——— K({eo}) — K{o})

T T T T T

I I | I I

K '(X) — K YY) — KX-Y)——>KX) — K(Y)

T T | T T

0 0 0 0 0

where the last row is induced by the others. Since the vertical maps define split
exact sequences, elementary diagram chasing shows that the last row is exact when
the first two are. Thus the result follows from 4.6. 0

4.8. Theorem. For every locally compact space Y, we have a natural isomorphism
K Y (Y)~K(Y x R). Moreover, if Y is a closed subspace of X, we have an exact
sequence

KXxR)—> K(YxR)— K(X—Y)— K(X)— K(Y).

Proof. The second part of this theorem is a consequence of 4.7 and the first part.
For the first part, let us consider the space Z= Y x R* where R* =[0, + co[. Then
Z is homeomorphic to ¥ x [0, 17— ¥, [0, 1] (where 1 is the base point of [0, 1]).
Hence Z ~ Y x [0, 1]/¥, [0,1]. Now we define an homotopyr: Z x [0,1] — Zgiven
by r(y, t, u)=class of (y, (1 +(1 —t)u) for (y, ) € Y x [0, 1].

Fig. 12
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It follows that K(YxR*)=K Y(YxR*)=0. Applying 4.7 to the pair
(Yx R*, Y) we obtain the exact sequence

K Y YxR*)— K} (Y)—> K(Y xR)— K(YxR™).
Therefore K~ 1(Y)~K(Y xR). 0O
4.9. The homomorphism

0=0x y: K(YxR)— K(X—-Y)

may be described more explicitly as follows. Let Z be now the space X x {0}U Y x
[0, 1]-Yx {1}.

~
X
~—

1}

Fig. 13

\

X x {0}

Since Z—Yx[0,1)~X—-Y and Z—Xx {0}~ Y xR, we have the following
diagram

K(YxR) 20 k(x— 1)

B3, y\ /tx,"}, Y

K(Z)

In this diagram o y is an isomorphism because of the exact sequence
K Y(Yx[0,1))— K(X—-Y)— K(Z)—> K(Y x[0, 1)).

In this sequence K(Y x [0, 1))= K ~ (¥ x [0, 1))=0 because Y/x—[al) VY xIYyl,
which has the K-group of a point (cf. 3.27), hence also the K~ '-group of a point by
the same argument applied to ¥ x R.

Now we claim that the diagram above is commutative (i.e. Oy y=o} ' - % y).
To prove this let us put dy y=a} ' -B% y. Then we have two commutative
diagrams:

KYxR) -1, KX —¥)  KIxR)-Z1, KX— 1)

N

/

KYxR) -2, KX—Y)  KF¥xR)-%1, K(X—Y)
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Therefore, by the substitution X+ X and Y+ ¥, we may assume X and Y
compact. In that case K(Z) ~ K(C'(f))~ K(C' f)) (where /> Y>> X is the inclusion
map (cf. 3.30)), ¥xIR=~S(¥), and B% y: K(YxR)— K(Z) coincides modulo
isomorphism with the map K(S(Y))— K(C(f)) in the reduced Puppe sequence
3.29, applied to the map f. According to 3.30, the diagram

K(s(Yy) K(C(f))

L/ o\ 1

K~YY) ——— KX-Y)

XY

is commutative. Hence 8, y=0y y (K(Y xR) is identified with K~'(¥) by
the map a > E, described in 3.30).

4.10. Proposition. Let T: XX R— X xR be the involution defined by (x,21)—
(x, —2). Then T*(u)= —u, where T*: K(X x R) — K(X x R) is induced by T.

Proof. Since we have the split exact sequence
0— K(Xx R)— K(X x R)—> K({oo} x R)—> 0,

it suffices to prove the proposition for X compact. Then K(X x R)~ K(X x B',
X x §°), and T* can be identified with the involution of K(X x B', X x §°) induced
by (x, A) — (x, —4).

Now consider the exact sequence associated with the pair (X x B!, X' x $°):

K- '(Xx BY A, K=Y (X x 8% % K(X x B', Xx §°)— K(X x BY) % K(X x S°
(

U U U U

K'X) K'(NeK'(X) KX)  K(X) ® K(X)

In this exact sequence S°={~—1, +1}, and the morphisms 4, and 4 are the dia-
gonal homomorphisms with identifications made. Moreover, the involution T
induces the involution #* of K~ (X x S§°) which switches factors, and we have the
commutative diagram

KX x 8% 20 K(Xx B', X x S°)

K '(Xx S% 25 K(X x B', X x §°),

where 0 is surjective. If x=0(y) e K(X x B!, X x §°), it follows that x + T*(x)=
o(y+t*(»))=0 since Im(0A,)=0. 0O
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4.11. Definition. If Y is a closed subspace of a locally compact space X, we define
K7"(X, Y)to be K(X—Y)xR").

By Theorem 4.8, this definition agrees (up to isomorphism) with the defi-
nition of K~ '(X)=K (X, @) given in 3.3. Moreover, since K~ (X, Y)x
KerT K~ }(X/Y)— K~ '({y})] for both definitions of K~ '(X, Y) (cf. 3.25 and 4.13
below), this definition 4.11 also agrees with the one given in 3.25.

4.12. Proposition. [f X is a compact space and if Y is a closed subspace, we have
natural isomorphisms K "(X, Y)~ K(S"(X/Y))~K(Xx B", Xx S""'UY x B").

Proof. We have the homeomorphisms

XxB"—XxS" 'UYxB"¥(X=Y)x(B"-S" )~ (X-Y)xR" (2.41).
Hence

K(XXxB" XxS" 'UYxBY)~K(X—Y)x(B"-S" )~ K(X~-Y)xR")
Moreover, S"(X/Y)~B"/S" ', X/Y~X x B"/Xx S" 'UY x B" and thus the last
isomorphism of the proposition also follows. [

We will write K~ "(X) instead of K™ "*(X, @). Note that the group K *(X, Y)
depends functorially on the pair (X, Y). More precisely, if f: (X, Y)— (X', Y)isa
morphism of pairs, it induces a morphism g: X — Y--» X’'— Y in the category of
locally compact spaces defined by g(o0)= o0, g(x) =0 if f(x) € Y’, and g(x)=f(x)
iff(x)¢7Y".

4.13. Theorem. Let X be a locally compact space and let Y be a closed subspace.
Then, for any n=0 we have an exact sequence

K" Y(X)— K" YY)—> K "(X, Y)—> K~"(X)-—— K~%(Y)

Proof. For n=0, the theorem is simply Theorem 4.8. The general case follows by
applying 4.8 to the case for X x R"and YxR". [

4.14. Corollary. Let X and Y as in4.13, and let Z be a closed subspace of Y. Then
we have an exact sequence

K "X, Z2)— K" YY,Z)— K "X, Y)— K "X, Z)—> K™ "(Y, Z).
Proof. We apply 4.13 to the pair (X—Z,Y—-Z). O

We adopt the following general convention: the space X/Y will denote the
quotient of X by the relation which identifies every element of Y with {co} (for

example X/ & is the one point compactification of X). Then we have the following
theorem:
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4.15. Theorem. The natural map (X, Y)— (X/Y, {c0}) induces an isomorphism
K™ "(X/Y,{o})~K™"(X, Y). Moreover, K™"(X) is naturally isomorphic to
Ker[K~"(X)— K "({0o})].

Proof. Since X/Y—{oo} and X-Y are homeomorphic, K "(X/Y,{c})~
K™™X, Y). In particular, K ~"(X)~ K ~"(X, {c0}). Now the exact sequence

K (X)— K™ ({oo}) — KX, {00}) — K "(X)— K"({o0})
implies the split exact sequence
0— K7"(X)—> K "(X)— K "({o})— 0,

since {oo} is a retract of X. [

4.16. Theorem. Let f,, f,: X --> Y be morphisms which are homotopic. Then f, and
/1 induce the same homomorphism

JF=fFK7"(Y)— K7"(X)

Proof. Since f,, and f, are homotopic, there exists a morphism f: X x I--»> Y such
that f,=f-i,, where i,: X--» X x [ is the morphism associated with the continuous
proper map x —> (x, &) for «=0, 1. In order to prove the theorem, it suffices to con-
sider the case n=0, since the general case follows by replacing Y and X by ¥ x R”
and X x R" respectively. Then we have the commutative diagram

.

XxI X x Y
X

showing that the maps f,: X — ¥ and f,: X— ¥ are homotopic. Hence they
induce the same homomorphism on the K-groups and we have the commutative
diagram:

K(Y) —— K(X)

|

K(w}) = K({o})

Therefore f*=f*: K(Y)— K(X). 0
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4.17. Let X', X, and X", be locally compact spaces, and let i; X'--»X and
Jj: X--»X" be morphisms. Then the sequence

where 7'is a closed subspace of X. From Theorem 4.13, it follows that we have the
exact sequence

K" 1(X)—> K" {(X) — K~ (X") — K~ "(X) — K~"(X")

for n=0. This formal definition of “exact sequences” may be applied to axio-
matically characterize the functors K" (Karoubi-Villamayor [1]).

4.18. Theorem. Let X, and X, be closed subspaces of a locally compact space X such
that X,0X,=X. Then we have the exact sequence

K™ ') @ K771 0) 2 K" (X nXp) 4
K™"(X,0X;) 5 K7%(X)) @ K7"(X,)—> K7"(X,nX))

Jor n=0, where u and v are defined by u(a)=(aly, , aly,) and v(a, a;)=a, |y, x,—
Aalx,nx,-

Proof. We have the following commutative diagram

X, X UK, - X, UX,— X, =2

e T

where the horizontal lines are exact. From 4.17, we obtain the following exact
sequences and commutative diagram:

K™ (X, 0X) — K77 H(X,) — K 7(2) » K "X X)) — K7'(X,)

T ]

K" (X)) — K" (X 0 Xp) = KT(Z) — K7"(Xy) — K "(XnX,)

ThezigzaghomomorphismK ™"~ (X, nX,) — K ~"(X, UX,)isthehomomorphism
A written in the text of the theorem. Now the exactness of the sequence of this
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theorem is a purely formal consequence of the two exact sequences above, except
for the sequence

KX, uX,)— K°(X,) ® K%X,) —> K°X,nX)).

If X, and X, are compact, let o;=[E;]—[7,] be elements of K(X;) such that
o4 |x,nx, = %alx,nx,» and such that T, and T, are trivial bundles of the same rank n.
According to 1.18, by adding trivial bundles, this implies that the vector bundles
E\lx,nx, and E|y .x, are isomorphic. If f: E\ly,  x,— Elx,~x, i such an iso-
morphism, we let E be the vector bundle obtained by clutching E, and E, using /'
(1.3.2) and let T be the trivial bundlé with rank n. Then x=[E]—[T] is an element
of K(X) whose restrictions to K(X,) and K(X,) are the elements o; and a,.

In the general case, we consider the diagram

0 0 0

T T T

0——K°({oo}) —— K°({o}) ® K°({0}) —— K°({oo) —— 0
KO(X,uX,) —— KO(X,) ® K°(K,) —— K°(X,nXy)
K°(X,UX,)—— K°(X,) ® K°(X,) —— K°(X,nX>)

0 0 0

where the vertical sequences are split exact. The first two horizontal sequences are
exact by what we have just proved. It follows that the last horizontal sequence is
also exact. [

4.19. Theorem. Let U, and U, be two open subspaces of a locally compact space X
such that U,uU,=X. Then we have the exact sequence

KN U)® K" YUy —— K71 (U, 00y —
K™(UnU;)— K7'(Uy) © K™(Up)—— KU, V1Y)

Proof. We have the following exact sequences of locally compact spaces:

U=U,-U,nU,—>U,--—-->U;nU,
U:UIUUZ—UZ _____ ')UluUz ----- ~)U2
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By 4.17 we obtain the following exact sequences
K" U)—— K" (U)— KU ,nUy) — K™ "(Uy) —— K™"(U)

L

K=" YU WUy — K™Y (U) —— K7"(Uy) — K7"(U,0Uy) — K™"(U)

The homomorphism K ="~ Y(U,uU,) — K ~"(U,;nU,)is the obvious zigzag homo-
morphism. The theorem now follows by a simple diagram chasing argument as
in4.18. 0O

4.20. The sequences of Theorems 4.18 and 4.19 are called Mayer-Vietoris exact
sequences.

4.21. Proposition. Let X be a locally compact space and let (U;) be an inductive
Sfamily of open subsets in X such that every compact subset of X is contained in at least
one U;. Then

K™*(X)~inj lim K~"(U)).

Proof. Replacing X by X x R” when n> 0, we see that it suffices to prove the asser-
tion for n=0. Now we have the commutative diagram

K(U;) > K(U)) K(X)

U U U

KX, X—U)— KX, X—U,;) — K(X, 00)

where X is the one point compactification of X (note that U;~ X/X— U,), and
where the map K(X,X-U,)— K(X,X—U,) is induced by the inclusion
(X, X-U)c(X, X-U,). Since X— U, is a base of closed neighbourhoods for the
point {co}, the proposition is a consequence of the following lemma:

4.22. Lemma. Let Y be a compact space, y € Y, and let (S;) be a base of closed
neighbourhoods for y. Then

K(Y,{y})=~injlim K(Y, S;)

Proof. Let us denote the obvious homomorphism from injlim K(Y, S;) to
K(Y, {y}) by L

a) lis surjective. Let d(E, F, o) € K(Y, {y}) where E and F are vector bundles
over Y and a: E|, — F|,, is an isomorphism. By 1.5.11 we can find a neighbour-
hood S; of y and an isomorphism «;: Eg,— Fs, such that o, =al,,. Then
d(E, F, o)) is the image under / of the class of d(E, F, «;) in the inductive limit.

b) I is injective. Let d(E,F,a;) be an element of K(Y,S;) such that
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d(E, F, o;],,)=0. According to 2.28 applied to the categories ¥=¢&(Y) and
%' =¢&({y}), there is a bundle G over Y such that o[, ® Idg], is the restriction
to {y} of an isomorphism a:E®G—>F®G. Let us put E'=E @G,
F'=F®G,andei=0o; @ Idg . Lety: n*(E)s,x ;= n*(F')ls, x>, Where n: Yx I ¥,
be the morphism defined on (x, )€ S; x I by the formula fo; + (1 — 1) . Since
Yy x1=1d, there is a neighbourhood ¥ of {y} x I'in S; x I of the form S;x 1, such
that y),, is an isomorphism (I.5.11). Hence, by 2.15, we have d(E, F, tls,)=
d(E, F, a'|s,)=0. Therefore, the class of d(E, F, «,) in the inductive limit is 0. [

Exercises (Section 11.6) 14-18.

5. Multiplicative Structures

5.1. Let X and Y be compact spaces, and let £ and F be vector bundles with bases
X and Y respectively. Then their “‘external tensor product” E (¥} F (1.4.9) is a vector
bundle over X x Y. The correspondence (E, F)+> E [x] F induces a functor ¢ from
thecategory (X)) x £(Y)to&(X x Y),suchthato(E @ E', F)~¢(E, F) ® ¢(E', F)
and @(E,F® F)~o¢(E, F) ® ¢(E, F'), with the analogous property for morph-
isms. From this functor we obtain a bilinear map

@+ KX)x K(Y)— K(Xx Y)
defined by

e([E]1-[E), [F1-[F D=L, )]+ [o(E", F)]-[o(E, F)]-[o(E', F)].

Also we denote the cup-product ¢{x, y) for x € K(X) and y € K(Y), by xuy.

If Z is another compact space and G is a vector bundle over Z, we have a
canonical isomorphism (£ ] F) x] G~ F [X] (F X] G)as animmediate consequence
of the associativity of tensor products (I1.4.7). This implies the commutativity of
the diagram

K(X)x K(Y)x K(Z) —> KX x Y)x K(Z)

| |

KX)xK(YxZ)y—> KX xYx2Z)
Similarly we can prove the commutativity of the diagram

K(X)x K(Y) —> K(X xY)

K(Y)x K(X)—> K(Y x X)

where T is the permutation (x, y) — (y, x).
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5.2. The diagonal map X — X x X induces a homomorphism K(X x X')— K(X).
If we compose this homomorphism with the homomorphism K(X)x K(X)—
K(X x X) defined above, we have a product operation in the group K(X), denoted
by (u,v) — u-v or uv. Thanks to the commutative diagrams in 5.1, it is easy to
prove that K(X) is provided with a commutative ring structure. The unit element
in this ring is the class of the trivial bundle of rank one (note that the basic field is
k=R or C; these techniques do not work for quaternionic bundles).

5.3. Example. Let X=CP, be the complex projective space of €**! and let & be
the canonical line bundle over X (1.2.4). In IV.2 we prove that K(X) is isomorphic
to the quotient algebra Z[u]/(u"*') where u=[£]—1.

5.4. Proposition. There is a unique way to naturally extend the *‘cup-product”
defined in 5.1 to the K-groups of locally compact spaces X and Y

KX)xK(Y)— K(Xx Y)
Moreover, the properties of associativity and commutativity still hold in this case.

Proof. Let X and Y be the one point compactifications of X and Y respectively.
Since X x Y~ X x Y—X ¥, we have the exact sequence

K 'XxV)— K" Y X, V)— K(XxY)— KX x ¥)— K(X, Y)

by 4.6. Let us prove that the first homomorphism in this sequence is surjective. If

a: Xy ¥ — GL(k) is a continuous map whose class is an element of K~ '(X, V)

(3.17), then a is the restriction of the continuous map a: X x ¥ — GL(k) defined by

a(x, y)=f(x) f(0) " 'g(y), where f=aly and g=aly (we are identifying X with

X x {0} and ¥ with ¥ x {00}). From this surjectivity we obtain the exact sequence
0—> K(XxY)— K(Xx¥)—> K(X, 1),

and the uniqueness of the cup-product § by the commutativity of the diagram

0

K(X)x K(Y) -5 K(X x Y)
ixj

Kb x K(¥)— KX x 1)

KX, V).
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In order to prove existence, we notice first that the map y: K(Xy¥)—
K(X)x K(Y), induced by projections on the factors, is injective. In fact
p([LE]—[T])=0 implies, at least stably, that E|;~T|y and E|y~T|y. Since Xn¥
is a point, ExT.

Let us now construct the map 6. If x and y are elements of K(X) and K(Y)
respectively, i(x)Uj(y) is an element of K(X x ¥) whose restriction z to K(Xy ¥) is
zero (the image of z by the injective homomorphism K(Xy ¥)— K(X) x K(¥)is 0
since the restrictions of i(x) and j(y) to K({c0}) are 0). Hence the homomorphism
K(X)x K(Y)— K(X x Y) induces a homomorphism K(X)x K(Y)— K(X x Y) by
restriction, with all the required properties. [

5.5. Remark. Another way of interpreting Proposition 5.4 is to consider compact
spaces with base point. If {oo} denotes the base point of the spaces X, Y, ...

involved, we have Xm”zXA Y, where X'=X—{co} and Y'=Y—{oo}. Hence
the cup-product defined in 5.4 induces a cup-product

RX)xK(Y)— K(X, Y)
with the same formal properties.
5.6. Proposition. Let (X, X') and (Y, Y') be arbitrary pairs of compact spaces with

X'cX and Y'<Y. Then there is a unique natural way to define a bilinear homo-
morphism

KX, X)xK(Y,Y)— KX XY, Xx Y uX'xY),
which agrees with the one defined in 5.1 when X'=Y'= & .

Proof. Since XX Y—XxYUX'xY=(X—-X)x(Y-Y’), the existence of such
a cup-product follows from 5.4. To prove its uniqueness we consider the diagram

KX, X)x K(Y, Y') KXxY,Xx Y'UX xY)

KX/ X', {xD)xKY/Y, {y}) — KX/ X'xY/Y', X/ X' x{y}o{x'} x Y/Y').

This diagram shows that it is enough to prove uniqueness when X’ and Y’ are
reduced to points. In this case we have a commutative diagram

KX, X)xK(Y, Y)— K(Xx Y, Xx Y'UX' X Y)

| |

KX)xK(Y) ———— KX x Y),
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where the map K(Xx Y, Xx Y UX'xY)—> K(XxY) is essentially the map
KZxT)— K(Z*xT"),for Z=X—X'and T=Y— Y. By considering the exact
sequences associated with the pairs (Z* x T*, ZxT*)and (ZxT*, Zx T), it is
easy to prove that the last map is injective as in 4.15. 0

5.7. Example. We will prove in II1.1.3 that K{(B?, S')~Z and that the cup-
product with a generator induces an isomorphism between K (X, X’) and
KX xB%, X xS'UX' x B?). We will also prove in 1I1.5.17 that the cup-product
with a generator of K(B®, S7)~Z induces an isomorphism between K (X, X') and
Kg(Xx B®, Xx STUX'x B®). This will prove the classical Bott periodicity
theorems.

5.8. Let us now assume that X=X". As in 5.2, the restriction to the diagonal gives
rise to another type of product

KX, Y)xK(X, Y')—> K(X, YUY"),

which agrees with the product defined in 5.2 when Y=Y'= 2. We denote this
product by (a, b) +>a-b or ab.

5.9. Theorem. Let X be a compact space and let K'(X) be the subgroup of K(X)
defined in 1.1.29. Then for the ring structure defined in 5.2, the subgroup K'(X) is a nil
ideal of K(X) (i.e. every element of K'(X) is nilpotent). In particular, every element of

K(X)~Ker[K(X)— Z] is nilpotent if X is connected. Moreover, if X=J X,,
where the X, are closed contractible subsets, then (K'(X))"=0. =t

Proof. For each closed subset Y of X let K\(X)=Ker[K(X)— K(Y)]. From 5.8
it follows that Ky(X)-Ky(X)c Ky y(X) in the ring K(X). More generally, if
Yy, ..., Y, are closed subsets, then Ky (X)-Ky,(X)... Ky (X)=Ky, ... ,y,(X).

Let a=[E]—[T] e K'(X). By 1.17 we may assume that 7 is a trivial bundle,
and that E =~ T, for each point x of X. Since X is compact, we can find a finite
covering [X{] of closed subsets such that a|y«=0. Therefore, a € Ky+(X) for
i=1,..., n,and by induction on it follows that ()" € Kx(X)=0.

Finally, if X= |J X, where the X, are contractible and closed, we can choose
i=1
X=X, for every element o of K'(X). Therefore if oy, ..., a, are n elements of
K’(X), their product «; .. . a, belongs to Ky (X)=0. O
5.10. Examples. If X is the sphere S”, we choose X, =S5% and X,=S?. Hence,
all the products in K'(X)=Ker[K(S?) > Z] are 0. If X=CP, or RP,, we can find
(n+1) contractible subsets X; such that X=J X;. In terms of homogeneous
i=0

coordinates, for each i, X; is the set of points (x,, ..., x,) such that x;#0 and

2
y <1. Hence [K(RP"]"* ' =[K(CP"]"* ' =0.
J#i

Xj

i



96 II. First Notions of K-Theory

5.11. In the product defined in 5.8 suppose that Y'= @. Then we obtain a third
type of product

K(X, Y)x K(X) — K(X, Y),

also denoted by (a, b) —> a-b or ab. 1t is easy to show that K(X, Y) is then provided
with a right module structure over the ring K(X). Similarly we may define a left
module structure which coincides with the right one.

5.12. Asan application of this K(X)-module structure which may be defined even
when X is not compact, let us consider a vector bundle V over X. If ¢ is a metric on
V (1.8.5), we write B(V) for its ““ball bundle”, i.e. the set of points v of ¥ such that
¢(v, v)< 1 on each fiber. We write S(V) for its ““sphere bundle”, i.e. the set of points
v of V'such that ¢(v, v)=1. Then B(V)— S(V)~ V, and B(V) admits X as a deforma-
tion retract. Via the isomorphism K(X)=» K(B(V)) (cf. 4.16), the group K(V)~
K(B(V), S(V)) becomes a K(X)-module. This module structure could also be
described in the following way: the map K(X) x K(¥V) — K(V) is the composition
of the homomorphisms

KX) x K(V) — K(X x V) > K(V),

where 7: V— X x V is the proper map v > (n(x), v), for n: V — X the projection.
This follows from the commutative diagram

*

KX x V) > K(V)

U U

KX x B(V), Xx S(V)) ——— K(B(V), S(V))

U |

K(B(V) x B(V), B(V) x S(V)) -2 K(B(V), S(V)),

where 7’ is defined by the same formula as 7, and where d is the diagonal map [note
that d: (B(V), S(V)) — (B(V) x B(V), B(V) x S(V)) is homotopic to d, defined by
do(v)=(n(v), v) where X is considered as a subspace of B(}) via the zero section
(1.5.2)].

5.13. Proposition. Let V be a vector bundle over a locally compact space X, and
let x and y be elements of K(V). Let A: V — V xV be the diagonal map and let
x' € K(X) be the restriction of x to the zero section. Then xy=A4*(xuy)=x"-y in
the K(X)-module K(V') defined above.

Proof. The composition V-&i9=t, x' x 4=, /x| where i is the zero
section, is homotopic within the proper maps to the diagonal map A. Since the
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diagram

K(V)x K(V)—— K(V x V)

@i, id*)'[ l(i, idy*

KX)xK(V)—> K(Xx V)

is commutative, 4*(xuUy)=(t*-*)(xuy)=1*(x'Uy)=x"-y. O
We want to describe the product defined in 5.6 more explicitly. The general
description, given in Sections 5.15,5.16, . . ., 5.25, will not be used until Chapter I'V.

5.14. For the particular case X'= &, the homomorphism
KX)xK(Y,Y)—> K(XxY,Xx Y

may be simply defined in the following way. Let x=[E]—[F] be an element of
K(X), and let y=d(G, H, ) be an element of K(Y, Y’). Then the cup-product of
xandyisdlEX G, EX H,1 Ka)—d(FX G, FIx] H,1 [X ). It is easy to see that
this product is bilinear and agrees with the product defined in 5.1 when Y'=&.
By an argument analogous to the one used in the proof of 5.6, this shows that the
above formula is correct.

5.15. In the general case, it is convenient to first give another description of the
relative group K(X, X”) for X locally compact and X’ closed in X. We consider the
full subcategory &'(X) of £(X) whose objects are the direct factors of trivial
bundles (cf. 1.6.24; note that by 1.6.5 '(X)=4&(X) when X is compact). If E is an
object of &'(X) provided with a metric (1.8.5), and if E, @ F, is an orthogonal
decomposition of E with respect to this metric, then an endomorphism D of
E=E, @ E, is said to be admissible if:
(i) it is of degree one and self-adjoint, i.e. it can be written matricially as

0 oc*)
a 0
where a: E,— E;.

(i) Dy is an automorphism of E|y.
(iii) There is a compact space K< X such that D|y_y is an automorphism of
Ely_g.

5.16. Let & be the set of pairs (E, D) where D is admissible. An element (E, D) of &
is called elementary if D is an automorphism. Two elements (E, D) and (E’, D’) are
called homotopic if there exists an isometry f: E— E’ of the form f, ® f,, where
fi: E;— E/, such that f ~!- D'-f'is homotopic to D within the admissible operators
on E. We let Ky(X, X') denote the quotient of & by the equivalence relation
o~ ¢’ <11, 7" elementary, such that ¢ + 7 is homotopic to ¢’ + t’ (the sum of pairs
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is defined as usual by the sum of their components; this sum defines a monoid
structure on Koy(X, X")). We let o(E, D) denote the class of the pair (E, D) in
Ko(X, X)).

5.17. Proposition. The monoid Ky(X, X') is an abelian group.

Proof. Let o(E, D) be an element of Ky(X, X"), and let E be the vector bundle
provided with the “opposite” gradation; i.e. E,=E; and E; = E,,. Then o(E, D)+
o(E, -D)=0(E @ E, D ® (— D)) and we have the homotopy

<D cos 0 sin 0

» for 0ef0, n/2].
sin 6 —Dcos9> L0, #/2]

Since 4,, is an automorphism, ¢(E, D)+0(E,~D) = 0. O

5.18. Proposition. If X is a compact space, then the homomorphism

y: Ko(X, X7)

» K(X, X),
defined by o(E, D) — d(E,, E, alx), is an isomorphism.

Proof. From the definition of K(X, X”) (2.13 and 2.19) we see that y is well-defined.
Let us define a homomorphism y": K(X, X') — K(X, X') in the opposite direction.
If d(E,, E,, B) is an element of K(X, X'), we can provide E, and E, with metrics,
which are well-defined up to isomorphism (I1.8.8). Let a: E,— E, be an arbitrary
extension of §(I1.5.10), and let D be the endomorphism of E, @ E| , defined by the

matrix
G o)
D= .
a 0

Then ¢(E, D) does not depend on which extension is chosen, since any two exten-
sions o and o are homotopic (consider ta+(1—1f)a’ for t€[0, 1], and the cor-
responding homotopy between the D’s). Clearly the homomorphism y’ is inverse
toy. O

5.19. Proposition. If X is locally compact and X' is closed in X, then the homo-
morphism

e: Ko(X, X')— Ko(X—X),

defined by o(E, D) > (Elyx_y, Dlx_x), is an isomorphism.
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Proof. a) e is surjective. Let o(E,D) be an element of K, (X—X'), where
E=E,® E,, and where

G o)
D= )
o« 0

By hypothesis, there is a compact Kin X — X' such that |, _ x-_g is an isomorphism.
On the other hand, by adding the same vector bundle to E, and E,, we may assume
without loss of generality, that E, is a trivial bundle. Let E, be the trivial bundle of
the same rank as E,, and let E, be the vector bundle over X obtained by clutching
Eyand E,|y_x using afy _y._g (1.6.25). Leta: E, — E, be the morphism obtained
by clutching o and Id, |, (1.3.2). For any metric of E,and E |, let D be the endo-
morphism of E —E @ E, defined by

- <0 &*)
D= :
a0

Then clearly we have e(o(E, D)) =a(E, D).

b) eisinjective. Let o(E, D)be an element of K,(X, X') such that e(s(E, D))=0.
From the definition of K,(X — X"), there is an elementary pair (E’, D') over X— X',
such that D|y_4, ® D' is homotopic to an admissible automorphism within the
admissible endomorphisms of E|,_ . @ E'. If D, denotes this homotopy, there is a
relatively compact open subset V of X — X’ such that Dy _y and D}y _y, are auto-
morphisms. Therefore the element 6(Ep ., Dlp_y) is 0. Since KV, V-V) ~
K(V,V—V)byyandy’ from 5.18, it follows from 2.28 that D|, _, can be extended
to an admissible automorphism 5 over ¥ (by adding an elementary pair of the
form (F, &), where F=F' @ F’ for F’ trivial and

G o)
o=\; o)

Let 4: E— E be the admissible automorphism defined by 4|,_,, =D|,_, and
Al,=D. 1t is clear that t4+(1—£)D is a homotopy between 4 and D within the
admissible endomorphisms of E. Therefore a(E, D)=0o(E, A)=0 since (E, A) is
elementary. [

5.20. Corollary. If X is a locally compact space and X' is a closed subspace, the
groups Ky(X, X), Ko(X— X"), K(X, X'), and K(X —X"), are naturally isomorphic.

Proof. Actually, K(X—X")~K(X, X")~K(X, X)~K,(X, X') by 5.18. Moreover
Ko(X, XY~ Ky(X — X')xKy(X— X' by 5.19. 0O

5.21. Let us return to our original problem of giving explicit formulas for the
cup-product

KX, X)xK(Y,Y)— KXx Y, XxY'UX'xY)



100 II. First Notions of K-Theory

According to 5.20, we may identify the groups K and K|,, and so equivalently we
may attack the same problem for the groups K,. Let o(E, I') € K, (X, X') and
o(F,A)e Ky(Y, Y’). Then E X F may be graded by (EX F),=(E, X F,) ®
(E,® F,) and (EX F),=(E, X F,) ® (E, Xl F,). These decompositions are
compatible with the natural metric of G=E [x] F. Let Q: G — G be the morphism
defined by Q=I'X 1+1 X 4, that is Q(x; ® y)=T(x) ® y;+(—1)'x; ® 4(y)
where x; and y; belong to the fibers of E; and F; respectively. Then ( is of degree
one, and Q*=I*X1+1 X 4*=T'X1+1XK 4=90. Moreover, Q*=(I')?
1+1 X 42. Since (I',)*>0 and 42>0, we have (2, ,)*>0 if either (I',)*>0 or
(Ay)2 >0 for (x, y) e X x Y (here positivity of operators means positivity of eigen-
values). It follows that Q,  is an automorphism whenever I', or 4, is an auto-
morphism. Hence a(G, Q) is a well-defined element of K(X'x X', X x Y'UX'x Y).
The correspondence

[o(E,T), o(F, )] —> o(EX F, Q)
defines the desired bilinear homomorphism.

5.22. Theorem. We have the commutative diagram

Ko(X, XY x Ko(Y, Y') —— Ko(X x ¥, Xx Y'UX’'x )
Ky(X—X)x Ko(Y—Y') — > Ko(X—X") x (Y= Y))

U U

KX =X)xK(¥Y—=Y)—— K(X—X)x (Y- Y"),

where the last line is the cup-product defined in 5.4. Moreover, if X and Y are compact,
the product

KX, X)X K(Y, Y)—— KX x Y, Xx Y'UX'x Y)

l U

Ko(X, X') x Ko(Y, Y)—— Ko(X x ¥, X x Y'UX' X Y)

can be directly defined in the following way. Let d(E,, E, B) (resp. d(F,, F, 7)) be
an element of K(X, X') (resp. K(Y, Y")), and let o.: E,— E, (resp. 6: Fo— F,) be
a morphism such that «|y.= B (resp. 6|y.=7). Then the element of K(X x Y, X x Y'u
X' x Y) associated with d(E,, E,, B) and d(F,, F,, v) is d(G,, G,, w), where Go=
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(Eo X Fo) ® (E, X Fy), Gy=(Eo X F,) ® (E, ¥ Fy), and w is defined by the
matrix

(le —15*>
oX 1 o* X1

for arbitrary metrics on the vector bundles involved.

Proof. The commutativity of the upper diagram follows directly from the defini-
tion of the restriction morphisms K, (X, X") - Ky(X — X'), etc. By 5.6, it is enough
to prove the commutativity of the lower diagram for X'=Y'= &. Then since a
and 6 are homotopic to 0, we may choose a=J=0. In this case, the result follows
from the identity

Ec K Fo+E RF —E X Fi—E, X Fo=@*E,—n*E,)(p*Fo—p*F,)

in the ring K(X x Y), where n: Xx Y — X and p: X x Y — Y are the canonical

projections. [

5.23. If X is compact, the composition of morphisms

Ko(X) X Ky(X = X) — Ko(X = X) x Ko(X = X') — Ko((X = X) x (X=X")
5 KX -X'),

where 4 is the diagonal, is defined by

([E]1-[E), o(F,D))—— c(EQ F,1 ® D)—0o(E'® F,1 ® D).

In the same way, we formally define a product K,(X) x Ky(X, X)— K,(X, X") by
the formula

([(E]1-[E'], o(F, D)) —> 6(E® F,1 ® D)—0(E'® F,1 ® D).
We have the commutative diagram (for X compact)

K(X)x K(X, X")—— K(X, X")

~ ~
~ ~x

Ko(X) x Ko(X, X') — Ko(X, X')

~ ~
~ ~

|

Ko(X) x Ko(X = X')—> Ko(X—X),
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where the first product is that defined in 5.11. In other words, the isomorphism
KX, XV~ K(X—X") is also a K(X)-module isomorphism.

5.24. Example. Let V' be a complex vector space of dimension one. Any element
v of ¥ defines a homomorphism d,: € — ¥V such that d,(1)=v. If V is provided with
a positive Hermitian form ¢ we may define d,: V' — Cas the adjoint of d, (explicitly
d,(w)=@(w, v)). Now consider the trivial bundle E over V, with € @ V as fiber, so
E=Vx(Cx V). We define D: E— E by the formula D(v, 4, w)= (v, 0,(w). d,(4))
or in matrix notation

<O 3u>
D,= )
d, 0

Then (D,)*=¢(v, v)-1d;; hence D, is an isomorphism for v#0. Moreover D is
self-adjoint and of degree one with respect to the metric considered. Hence, the
pair (E, D) defines an element of K, (V). The next proposition formulates this
example more precisely.

5.25. Proposition. Let B(V) (resp. S(V)) be the subset of V consisting of points v
such that (v, v)<1 (resp. (v, v)=1). Then the image of o(E, D) in K(B(V), S(V))
under the natural isomorphism K(B(V), S(V))= K, (V) is d(F,, F,,x) where
F,=E|py,and a,=d, for ve S(V). In particular, for V= C, the image is the element
K{(B?, S?) defined in 2.30.

Proof. The image of d(F,, F,, ) in K, (B(V),S(V)) under the natural iso-
morphism K, (B(V), S(V))~K(B(V), S(V)) is o(F, 4), where F=F, ® F, and
4,=D, for ve B(V). If we identify B(V)— S(V') with ¥ by the map v Hl_—””UH
where |v]|=+/¢(,v), then the image of o&(F, 4) under the isomorphism
Ko (BV), SOV)=Ko(V) is o(E,D’), where D,=D, with w= i _”:)””0”
tD,+(1—1¢)D, is an isomorphism for any ¢ € I and v#0, it follows that D" and D are
homotopic and o(E, D')=0o(E, D) in K, (V). 0O

-v. Since

5.26. Let X and Y be locally compact spaces. The cup-product

K(X x R") x K(¥ x R?) —> K(X x R"x Y x R?)

l

KX xYxR"P)
may be interpreted as a bilinear map

K "(X)x K~P(Y)—> K" P(X x Y)
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which is characterized axiomatically (Karoubi [5]). This product satisfies the
associativity property described in 5.1. However the commutativity property is
slightly changed:
5.27. Proposition. The diagram

K "X)xK2(Y)—s K " P(XxY)

K P(Y)x K "(X)—> K " 2(YxX)
where T* is induced by T: Y x X — X x Y, is commutative up to the sign (—1)".

Proof. Clearly we have the commutative diagram

KX xR")x K(Y x R?) — K(X x R" x Y x RP)

l

K(X x Y x R"x R?)

J

K(X X Y x R? x R")

l

K(Y x R?) x K(X x R") — K(Y x R? x X x R")

where the homomorphism K(X x ¥ x R"x R?) —» K(X x Y x R? x R") is induced
by the permutation of R"*?=1R" x IR? which switches the factors. Such a trans-
formation is the product of np transpositions of R**? of the form

/SRS WU SN N, Ty / BN IR WU I

j isr s ptp

hence induces (— 1)" on the group K(X x Y x R"*?) by 4.10. 0

5.28. As a corollary of 5.27, let us consider the case where X'= Y. Then the diagonal
map X — X x X induces a homomorphism K™ ""?(X x X) — K~ ""?(X). Therefore
we obtain a product

K "X)x K ?(X)—> K" P(X)

making K*(X)= )’ K~ "(X) a graded algebra. If x,e K"(X) and x, e K ?(X)

n=0
we have x,x,=(—1)"x,x, in K*(X).
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5.29. The product defined in 5.27 also defines a bilinear map

K "X, X)x K 2(Y,Y)— K" P(XxY,XxYUX'xY)
with the aid of the identifications K "(X,X)~K "(X—-X'), K °(Y,Y)~

K 2(Y-Y),and K" P(Xx Y, X x Y'UX'X YY) K " P(X-X)x(Y-Y"). In
particular, if X and Y are compact spaces, we have the product

KX)xK Y(Y)— K }(XxY),
which may be directly defined by the formula
([F1-[G)d(E, a)=d(F K E, 1 Kla)—d(G X E, 1 X o).

To see that this formula is correct, we need only check the commutativity of the
diagram

KX)x K~ (Y)———————— K {(Xx Y)

IXBJ 0

KX)xK(Xx B!, Y x 8% -5 K(Xx Yx B!, Xx Y x §°),

where 0 is defined as in 3.21, and c is defined as in 5.14. Note that 0 gives the
canonical identification of K~ !(Y) with K(Y x B!, Y xS°), and similarly, of
K~'(Xx Y) with K(X x ¥ x B, X x ¥ x §°) (3.30).

5.30. Finally the situation considered in 5.13 may be generalized slightly further
to the groups K ~". More precisely, we define the product (denoted by («, ) > - )

K(X x RY) x K(V x R") —— K(V x RI*7)
or K YX)x K~"(V)—> K~977(V)

as the composition

KX x RY) x K(V x R") — K(Xx R7x V" x ")
T KX x VxR ") 55 K(V x RI*7)

where 7 is the proper map (v, 4) — (n(v), v, 1). The following proposition generalizes
Proposition 5.13:

5.31. Proposition. Let V be a vector bundle over a compact space X and let x and y
be elements of K(V x RY) =K~ 4V) and K(V x R"Y=K""(V) respectively. Then the
product of x and y in K~17"(V') defined by the map obtained in 5.27 is actually x' -y, A
where x' is the restriction of x to K(X x R?) by the zero section.
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Proof. The composition

VxRIx R — X x R?x VxR —L Vx RIx VxR,
where (v, i, v)= (n(v), u, v, v), j(x, #, v, v)=(ix), u, v, v), and i is the zero section,
is homotopic within the proper maps, to the diagonal map 4 defined by 4 (v, p, v)=

(v, 1, v, v). Therefore A*(xuy)=(t* - j*)(xuy)=1*(x'Uy)=x"y. O

Exercises (Section 11.6) 9, 11, 19.

6. Exercises

6.1. Let 4 be an arbitrary ring with unit, and let o/, be the full subcategory of
Mod(A4), whose objects M admit a resolution of the type

0O—sP,— P,_,—>---—Py—> M—0,

where the P, are projective and finitely generated.
a) If N is an object of «,,, ;, prove the existence of an exact sequence

0—@,—> Qy—>N—0,

where Q, and @, are objects of «/,. Moreover, if
0— Q) — Qo—>N—0

is another resolution of the same type, show there exists an exact sequence
0— 0, — 0 ®01— 0r—0.

b) We define G(7,) as the quotient of the free group generated by the objects
of «/,, by the subgroup generated by the relations [M]=[M"]+[M "], where

O—mM —M-—M —0

isan exact sequence of &, . Prove that the inclusion functor &/, — &, , ; induces an
isomorphism G( )~ G(H,; ).

c) Let.of = us/,,and let G(4) be the quotient of the free group generated by
the objects of &7, by the relations [M}=[M']+[M"] where M’', M and M" are
related by an exact sequence as above. Prove that K(4)~G(A4).

6.2. Prove that K(4)~Z if A is a principal ideal domain.
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6.3. Let G be a compact Lie group, and let & be the category of finite dimensional
complex representations of G. Let R(G) denote the Grothendieck group K(%) of
this category.

a) Compute R(G) when G is the finite group Z/nZ.

* b) In general, prove that R(G) is the free group generated by the irreducible
representations of G.x

6.4. Prove the identities:

R.(SH=0  Kg(SH)=12/2
R(SH=Z Ky(§H)=1Z)2
R(5%)=0  Kg(S$*)=0

#6.5. Let X be a connected CW-complex of dimension <2. Prove that K(X)=~
H*(X;Z).x

6.6. Let n: X — Y be an n-fold covering of Y. If E is a vector bundle over X, we
define a vector bundle F=n.E) over Y by the formula F,= @ E,. More

xen~Y({y})
precisely, if U is an open subset in Y such that ¥=n"'(U)~U x D where D is

discrete, we give Fy the topology induced by the bijection Fy =~ (Ey)°.

a) Prove that with the topology defined above, F is a well-defined vector
bundle over Y.

b) Prove that the correspondence E+> F induces a group homomorphism
n.: K(X)— K(Y). Moreover, prove the formula

T (T ()-X) =y -1 (%)

for ye K(Y) and x € K(X).
¢) We assume that z: X — Y is a principal covering with group G (i.e. the finite
group G acts freely on X, and Y~ X/G). Now prove that (z* -7.) (x)= Y. p(9)*(x),

eG
where p(g)*: K(X)— K(X) is the automorphism of K(X) induced by ?[he action of
g. Prove also that w.(l1)=[E]=X x4 k" (1.9.27), where n=Card(G) and G acts
on k" by the regular representation.

6.7. Letf: S' — S'x~ P,(R) be the map defined by f(z) =z*. Now show that C’(f)
is homeomorphic to P,(IR) (3.28). From the Puppe sequence

St — Py(R)—> Py(R)—— §*—— §2,

prove the isomorphisms K(P,(R))~Z/2 and Kg(P,(IR))~ Z/4. By the same method
compute Kc(P;(IR)) and Kx(P;(IR)).

6.8. Let £(X) be the category of real vector bundles with compact base provided
with a nondegenerate symmetric bilinear form (I.8.11). We provide the set M of
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isomorphism classes of such vector bundles, with the monoid structure induced by
the Whitney sum of vector bundles. Show that the symmetrized group of M is
Kx(X) @ Kg(X). In an analogous way, investigate real vector bundles provided
with a nondegenerate skew symmetric form, and complex vector bundles provided
with a nondegenerate symmetric or skew symmetric form. Also investigate the case
of complex vector bundles provided with a nondegenerate Hermitian form.

6.9. Let X be any finite CW-complex, and let X,, be its n™ skeleton. Let K, (X)=
Ker[K(X)— K(X,_)]. Show that the cup-product

K(X)x K(Y)— K(X x Y),

where Y is another finite CW-complex, sends K,,(X) x K, (Y) into K, , ,(X x ¥);
hence the K, (X) provide a filtration of the ring K(X), in the sense that
Kiu(X) - Kp(X) = K1 (X))

% 6.10. Let X be a connected finite CW-complex of dimension #n, and let E and F
be real vector bundles of rank > n. Show that [E]~[F]=0 in Kg(X) if and only
if E and F are isomorphic (in other words, the map [X, BO(p)] — [X, BO], in-
duced by the inclusion of C(p) in O, is injective for p >n). Prove also that each
element of Kg(X) may be written as [E] @ [7T]—[7"], where T and T" are trivial
vector bundles and E is a vector bundle of rank <» (in other words the map
[X, BO(p)] — [X, BO] is surjective for p=n). Similarly, for the complex case
show that the map [X, BU(p)]— [X, BU] is injective (resp. surjective) if
p>(n—2)/2 (resp. p>(n—1)/2).%

x6.11. Let S be a multiplicative set in N* not equal to {1}, and let X be a finite
connected CW-complex. We let £(X)s denote the subcategory of &(X), whose
objects are the vector bundles with rank belonging to S. The tensor product of
vector bundles provides the set of isomorphism classes of objects of £(X)g with a
monoid structure. We let KP¢(X) denote the symmetrized group of this monoid.

a) Let E be an object of £(X)s. Show the existence of an object F of (X ) such

[£] _n-), where

that E ® F is a trivial bundle (Hint: write formally [EF] =n<l+
n

n is the rank of F).

b) Let Z¥ be the multiplicative group of fractions a/b where a and b € S. Prove
that KP{(X)~Z* ® (1+K(X)g)y, where K(X)g denotes the group K(X) localized
at S, and (14 K(X)s)x denotes the multiplicative group 1+ K(X)s naturally im-
bedded in K(X)s.

c¢) We put KPy(X)=Ker[KPg(X)-— KPg(P,)], where P, is a point. Prove that
KPg(X) is S-divisible. In the case S= N~ {0}, prove that KP¢(X)~ K(X) ®, Q.
d) Prove that KPg(X) ~injlim &,(X), where @ (X) is the set of isomorphism

seS
classes of vector bundles of rank s, and where the map @ ,(X)— @,(X) is induced
by taking the tensor product with the trivial bundle of rank ¢.%
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6.12. Let # be the category of Hilbert spaces and let # be the category with the
same objects but with J#(E, F)=3(E, F)/4 (E, F), where '(E, F) denotes the
set of completely continuous operators from E to F (i.e. the operators which are
limits of operators of finite rank).

a) Prove thata morphism D: E — Fin the category  is invertible in J# if and
only if D is a Fredholm operator (i.e. Ker(D) and Coker(D) are finite dimensional).

b) Letd: E— Fbean invertible morphism of #, and let D be an operator in #
with class d. Prove that the “index” of D (i.e. Dim(Ker(D))— Dim(Coker(D)) is
independent of the choice of D, and is a locally constant function of d.

¢) Prove the isomorphism K ™ !(#)~Z.

Let # be the pseudo-abelian category associated with 5## (cf. 1.6.10). Prove
that K(3#)=K(#)=0.

6.13. Let ¥ be an additive category. We consider the set of pairs (E, a), where E
is an object of ¥ and « is an automorphism of E. The Bass group K,(¥) associated
with €, is the quotient of the free group generated by such pairs, by the subgroup
generated by the relations

(E®F,a® p)=(E, 0)+(F,p)
and (E, )= (E, a)+(E, B).

a) Prove that K, (£ (4))= K,(#(4)) (we denote these two groups by K, (4)).

b) Let GL'(4) be the commutator subgroup of GL(A4). Prove that K, (% (4))~
GIL(4)/GL'(A4), and that GL'(A4) is equal to its own commutator subgroup (i.e.
GL"(4)=GL/(4)).

¢) Let E (A) be the subgroup of GL,(A) generated by the “‘elementary ma-
trices” (i.e. matrices of the type (a;;) where a;=1 and a;#0 for at most one
pair (i, j) with i#j), For n=3, prove that E, (4) is equal to its own commutator
subgroup, and hence E(4)cGL'(A4) where E(A4)=injlim E (4).

d) Prove that any triangular matrix with 1 on the diagonal belongs to E(4).
Using the identities

afa” Bt 0 0\ fa 0 0 \ /B O O\/at 0 O\/B OO
0 1 o)]={o 1 0 |{o g oflo 1 ojJfo B o0
0 01/ Wvoau«¥YV0oo 1/ 0«0 01

and

6wl G D6 GGG )

show that E(4)=GL'(4).
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¢) We now assume that 4 is a commutative Banach algebra. Show that
K~ Y L)~ K (P(A))~ny(GL(4)). If we put SK~'(4)=mn,(SL(4)) and
SK,(4)=SL(4)/E(4), show that these two groups are naturally isomorphic.
« f) If A is a commutative Banach algebra, prove that K,(4)~4* & SK~ 1(4).
Using the results of Chapter IIL, explicitly compute K,(4) when A is the ring of
continuous complex-valued functions on the torus T".*

6.14. Suppose 4 is a Banach algebra, and X is a compact space. Let 4(X) denote
the ring of continuous functions on X with values in 4. If Y is a closed subspace of
X, we have a Banach functor ¢: 2(4(X)) — 2(A(Y)) associated with the ring map
A(X)— A(Y). We define K(X, Y; A) as the Grothendieck group of the functor ¢.

a) Using the material in 1.6 show that Kg(X, Y)=K(X, Y; R) and K (X, Y)~
KX, Y; D).

b) We define K™ "(X, Y; A)=K(XxB", XxS" '0Yx B"; 4). Using the
methods of Section I1.4 prove the exact sequence

K" Y(X; A)— K" YY; A)— K "(X, Y; A)— K "(X; A)— K~(Y; A).

c) We define K~ "(4) to be K~ "(P; A) where P is a point. If B is a Banach
algebra without unit element, we define K "(B) as Ker[K "(B*) —» K "(R)],
where B* denotes the algebra B augmented by R. If

0— 44— A4A—A4"—>0
is an exact sequence of Banach algebras, prove the exact sequence
K-n-l(A) K—n— 1(A//) K—-n(A/) K—n(A) K_"(A”),

e) Let A(X) be the Banach algebra of continuous functions with values in 4.
Prove that K™ "(X; 4)~ K~ *(A(X)).
d) Prove that K" (4)~ n,(GL(4)).

6.15. (Density theorem.) Let 4 be a Banach algebra, and let i: B— A be a con-
tinuous injection from another Banach algebra B into A, satisfying the following
two conditions:

(1) #B)is dense in 4.

(i) GL,(4)nM,(B)=GL,(B) for any integer n (considering B as imbedded in
A via i).

Under this hypothesis, show that i induces isomorphisms

K "(B)~K ™~ "(4)

for each n=0. Generalize this theorem to inductive limits of Banach algebras
where K~ "(B) is interpreted as n,_ ;(GL(B)) for n>0.
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6.16. Let H be a Hilbert space of infinite dimension, let 4 be the Banach algebra
End(H), and let A" be the quotient algebra End(H)/A4’, where A4’ is the ideal of
completely continuous operators. Show that K™ "(X; A)=Ker[K "(X; 4'*)—
K™ "(X; R)] may be identified with K ~"(X) (Hint: use the Density theorem above).
Prove that K "(X; A)=0 and that K" '(X; 4")~ K "(X; A)~ K ~"(X). Prove
also that K(X; A")~[X, #'(H)] where #'(H) denotes the non-trivial connected
component of the set of self-adjoint Fredholm operators.

*6.17. Let (a;;), (i, /) e Nx N, be an infinite matrix over 4. We say that M is of
finite type if there is an integer n such that in each line and each column there are
at most n elements #0 and if, moreover, the g;; are chosen from at most » distinct
elements of 4.

a) Show that the set of such infinite matrices is a ring, and that M'=Sup ) |||

i

is a norm in this ring. Let C4 denote the completion of the ring with resp;ect to this
norm (this is the “cone” of the Banach algebra 4). Let 4 denote the closure of
finite matrices in C4, and let S4 denote the quotient algebra C4/4.

b) Using the same type of arguments as in 6.16, show that BGL(CA) is con-
tractible and that Q(BGL(SA))~ K(A)x BGL(A). Deduce that BGL(A) is an
infinite loop space for any Banach algebra A4.x

6.18. Let € be a Banach category, and let ¢,: € — € be the functor defined by
o (E)=E" (2.11). We put K~ (¥ Z/n)=K(p,).
a) Prove that K~ 1(%; Z/n) is a group with exponent n if n#4p+2 orif € is a
complex Banach category.
b) If #=&(X), we put
K™ '(X;Z/n)=K™(%; Z/n),
K~Y(X; Z/n)=Coker[K~'(P; Z/n)— K~ '(X;Z/n)],
and K~ P~ \(X,Y; Z/n)= K~ (SP(X/Y); Z/n).
Now prove the exact sequences
K P ¥X;Zn)—> K P X(Y;Z/n)—> K *" (X, Y; Z/n)
— K P YX;Z/n)— K P~ (Y; Z/n)
K?'X, V)% K P Y (X, Y)— K P Y(X, Y;Z/n)
— K72(X, V)2 K7P(X, Y).

¢) Compute K~ !(P;Z/n) and K~ *(P; Z/n) in the real and complex cases,
where P is a point.

6.19. Let X bea compact space, and let Y be a closed subspace. Let % ,(X, Y) denote
the following category: the objects are the sequences E,, E,_,, ..., E, of vector
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bundles together with morphisms «;: E;|, — E;_ |y such that the sequence

- o
0—’En|yﬂ_’ n—1'ya" B Eoly » 0

is exact. A morphism ¢: F— F, where E=(E;, o;) and F=(F}, 8,), is defined by a
sequence of morphisms ¢;: E; — F; such that f,¢,=¢@,_,;. An object E=(E;, ;)
is called elementary if it is of the form (0, .. ., E,, E,, , 0, ..., 0), where E,=E,
and o, =1d. Let ", (X, Y) denote the quotient of the set of isomorphism classes
of objects of ¥,(X, Y) by the equivalence relation generated by the sum of
elementary objects.

a) Show that " (X, Y)= K(X, Y).

b) Let (E;, a;) be an object of (X, Y). By adding an elementary object, show
that we may assume that o, is the restriction to Y of a vector bundle epimorphism
over X.

c¢) Show that the inclusion of " ,(X, Y)in ", ;,(X, Y) induces isomorphisms
H (X, V)= A 41X, Y)(Atiyah [3]).

d) Two objects of F,(X, Y) are called homotopic, if there exists an object of
%X x I, YxI), whose restrictions to X x {0} and X x {1} are isomorphic to the
two given objects. Show that two homotopic objects have the same class in
A (X, Y) (Hint: notice that an exact sequence over Y can be extended on a
neighbourhood of Y).

e) Prove that the tensor product of complexes induces a bilinear map

H X, VYX A (X, V) — K e XX X', XX Y'OX' % Y),

which coincides with the cup-product defined in this chapter modulo the iso-
morphism K~ .

f) Let V be a complex vector space of dimension n provided with a positive
Hermitian form and let B(V) (resp. S(V)) be the ball (resp. the sphere) associated
with V. Let (F;, o) be the complex defined by E,=B(V)xA" V), and
a;: S(VYX A H(V)— S(V) x A"~ Y(V), where a,(v, w)= (v, v 5, w). If V=C", show
that the element thus defined of K(B(V), S(V))=K(B*", $**~1!) is the n'™ cup-
product with itself of the element of K(B?, S') defined in 2.30.

7. Historical Note

As stated in the introduction, the definition of the group K(X) was originally due
to Grothendieck (cf. Borel-Serre [2]) (in the framework of algebraic geometry),
and was studied in the context of algebraic topology by Atiyah and Hirzebruch [3].
The definition of the relative group K(X, Y) is due to Atiyah and Hirzebruch [3]
but the presentation adopted here was inspired by the seminar of Cartan-Schwartz
[1] and by the author’s thesis [2]. Most of the rest of this section is included in the
paper of Atiyah and Hirzebruch quoted above ; however, some of the investigations
on the multiplicative structures stem from the paper of Atiyah, Bott and Shapiro

[1].



Chapter 111

Bott Periodicity

1. Periodicity in Complex K-Theory

1.1. In this section we will only consider complex K-theory which will be denoted
simply by K(X), K(X, Y), etc. instead of Kc(X), Ke(X, Y),. ...

1.2. Let us consider again the element u of K(B?, S*) (11.2.30) defined by d(E, F, «)
where E=F= B’ x € and a: E|g. — Flg: is the isomorphism (x, v) — (x, xv).

1.3. Theorem. Let X be a locally compact space, and let Y be a closed subspace.
Then the cup-product with u induces isomorphisms

B: K "X, Y)- 2o K "(XxB% XxS™ 'UY xB3)=K "X, Y)
(114.11).
By replacing the pair (X, Y) by the pair (X x B", X x S"~'UY x B"), we may
reduce this theorem to the case n=0. Moreover, the commutative diagram

KX, Y)—" KX x B, Xx S'UY x B?)

KXY, {o0}) L5 K(X)¥ x B2, XY x S1U{0} x B?)

reduces the theorem to the case X compact and Y a point P. Finally, we have the
commutative diagram

0 0

l |

K(X, P)—— K(X x B%, X x S'UP x BY)~ K((X — P) x R?)

l

K(X)—————— K(X x B%, X x SY)~ K(X x R?)

|

K(P)——— > K(Px B%, P x Sy~ K(P x R?)

|

0 0
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where the vertical sequences are split exact, since P (resp. P x R?) is a retract of X
(resp. X x R?), and by application of I1.4.7. Therefore, Theorem 1.3 is actually a
consequence of this particular case:

1.4. Theorem. Let X be a compact space. Then the cup-product with u induces an
isomorphism between the groups K(X) and K(X x B>, X x S1).

1.5. The proof of this last theorem will take the remainder of this section. Our
objective is to reduce 1.4 to a general theorem about Banach algebras (1.11). As we
have already seen in 1.6.18 and in 11.1.11, the group K(X) has an interpretation in
terms of the Banach algebra 4 = C(X) of continuous complex-valued functions on
the compact space X. More precisely K(X)=~ K(4)= K(?(A)), where 2(A) is the
category of finitely generated projective modules over A. The correspondence
between K(X) and K(A4) is easily seen via projection operators (cf. 1.6.17): if Eis a
vector bundle over X, then E is the image of a projection operator p: X x €"—
X x €" for some n large enough (1.6.5). This projection operator p defines an
element j € M, (A) such that (§)>=p (1.1.12), and the projective module associated
with E is simply Im(p). Conversely, if M is a finitely generated projective module
over A, then M is the image of q: A" — A" where (q)>=gq. Such a morphism ¢
defines p=¢: X x € — X x €", whose image is a vector bundle (I1.6.3).

We are going to give an analogous interpretation of K(X x B%, X x S?') in
terms of the Banach algebra 4. The first step is the following lemma:

1.6. Lemma. Every element of K(X x B*, XxS') may be written in the form
d(T, T, a) where T is a trivial bundle, and «: Ty , 51— Tlx s is an automorphism
such that a(x, e)=1Id for xe X and e=(1,0)e S' =R? (such an automorphism is
called normalized). If o and B are normalized, then d(T, T, a)=d(T, T, B) if and only
if there exists a trivial bundle T’ such that « @ Id;, . is homotopicto f @ Idr, . o
within the normalized automorphisms of (T ® T')|x s -

Proof. Let d(E, F,y) be an element of K(X x B, X x S'). Since the projection
n: X x B*— X is a homotopy equivalence, we may suppose, by 1.7.3, that E and F
are of the form 7*(E") and n*(F’) respectively. On the other hand, the isomorphism
restricted to the subspace X x {e} of X x S! defines an isomorphism y,: E'— F’,
which is itself the restriction of an isomorphism n*(y,): n*(E") — n*(F’) (identify-
ing X with X x {e}). Therefore, we have

d(n*(E"), n*(F'), y)=d(n*(E"), n*(F'), y) +d(n*(F"), 7*(E"), n*(r; i« 51)
= d(n*(E"), n*(E"), 6),

where ¢ is an automorphism of 7*(E’)|y . s: such that a(x, e)=1d. If E” is a vector
bundle over X such that E'® E” is a trivial bundle T,, then we have
d(n*(E"), n*(E"), o)=d(n*(E’), n*(E"), 6)+d(m*(E"), n*(E"), 1d)=d(T, T, ),
where T=7*(T,) and « is normalized.
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Let us assume now that d(T, T, a)=0, where « is normalized. By 11.2.28 there
is a trivial vector bundle T’ over X x B?, and an automorphism o,: 7T ® T’ —
T @ T, such that a, |y x5t = ® Id. Let n=Rank(T & T’), and let f: X x S x [
GL,(C) be the continuous map defined by f(x, z, f)=d,(x, zt)#,(x, e£)~ . Then f
realizes a normalized homotopy between o and o @ Id; g 7|, , i -

Finally, let us assume that (T, T,)=d(T,T,f), or equivalently that
d(T, T,af~1)=0 (IL.2.16). According to the discussion above, there is a trivial
bundle 7" such that «f~' @ Id,, . is homotopic to Id; g 1|, Within the
normalized automorphisms. If we multiply this homotopy on the right by
B@®Id, ., it follows that « @ Idy|, . 1s homotopic to f @ Idy. |, within
the normalized automorphisms of (T @ T")|yxs- 0O

1.7. A triple (7,T,«) where o is normalized, defines a continuous map
&: XxS'— GL,(T) such that &(x, e)=Id (I.1.12). Hence it also defines a con-
tinuous map o: S* — F(X, GL,(C)) ~ GL,(4) with o(e) = 1. Homotopies between
normalized automorphisms may be translated by this correspondence, to homo-
topies between loops in GL,(4) based on the identity element. The next proposition
is therefore a more conceptual version of Lemma 1.6.

1.8. Proposition. The correspondence o> d(T, T,o) defines an isomorphism
between m,(GL(A4))=injlim n,(GL,(A)) and the group K(X X B%, X x S1), where
A=C(X).

1.9. Now let A be any complex Banach algebra with unit. We can define a
homomorphism

K(4) — 7,(GL(4)),
ge‘neralizing the homomorphism

K(X)—> KX x B%, XxSY)

when A = C(X). More precisely, let E be an object of 2(4), and let p be a projector
in A" for some n large enough, such that £~ Im(p). Then the projector p defines a
loop ¢ in GL,(A4), by the formula o(z)=pz+1-p (z€ S t=(C). Passing to the
inductive limit, we obtain a well-defined element of n,(GL(A4)) =injlim r, (GL,(4)).

1.10. Proposition. The element of n,(GL(A)) defined above is independent of the
choice of p. If we let y(E) denote this element, we have the relation y(E ® F)=
Y(E)®y(F). Therefore the correspondence Ew—y(E) induces a homomorphism
between K(A) and n,(GL(A)), denoted again by y. Finally, if A= C(X), we have the
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commutative diagram
KO -2 k(xx B2, xx 81

zJ@ zJ(ﬂ

K(4)—'— 7,(GL(4)),

where the vertical isomorphisms are those defined in 1.5 and 1.8.

Proof. For the moment let us denote the element of 7, (GL(4)), associated with E
and the projection operator p, by y(E, p). We first have to show that y(E, p)=
Y(F, q) if Ex F. Since we will pass to the inductive limit, we may assume without
loss of generality that p and g are projection operators in 42" for some n large
enough. Moreover, we may assume that p and g can be written as p’ ® 0 and
g @ 0 where p’ and ¢’ are projection operators in 4". In this case, the argument
used in the proof of 1.7.7 shows the existence of an element  of GL,,(4), homotopic
to 1, such that g=6-p-6~ 1. If §: I— GL,,(A4) denotes a continuous map such that
5(0)=1 and (1)=4, we see that the loops associated with p and g are homotopic
by the map (z, £) > 3(t) (pz+1—p)d(t) .

If E and F are two objects of 2(A) such that E~Im(p) and F~ Im(q), where
p and ¢ are projection operators in A" and A™ respectively, we have £E® Fx
Im(p @ q) where p @ q is a projector in A" @ A™. Therefore, if we replace p by
p @0 and g by 0 ® g, we have the formula (pz+1—p)(gz+1—g)=(p ® g)z+
1—(p @ gq), which shows that y(E @ F)=y(E)+ y(F), since the group operation
in n,(GL(A4))is induced by the product in the topological group GL(4) (Godbillon
[2D).

Finally let us prove the commutativity of the diagram, i.e. pf=70. If E is a
vector bundle over X and E’ is a vector bundle such that E @ E'=T, is trivial, we
have B([E])=d(n*(E), n*(E), ), where n*(E)=ExB? and a: ExS!'— ExS!
isdefined by a(e, z) = (ze, z). This can also be writtenas d(n*(E ® E’), n*(E ® E'),«),
where o« =0 @ Idzugy .5 - If p: Ty — T, is the projector defining E, we have
&'(x, z)=zp(x)+1 —p(x) (using the notation of 1.1.12). Therefore (pB)([E]=
(v0)(LE]), and by linearity, (¢B)([(E1—[F1)=(O)(E]I-[F]). O

Proposition 1.10 shows that Theorem 1.4 is a consequence of the following
general theorem on Banach algebras:

1.11. Theorem. Let A be any complex Banach algebra with unit. Then the homo-
morphism

7: K(4) — 7,(GL(4))
defined in 1.9 and 1.10 is an isomorphism.

The proof of this theorem requires many steps. We will begin by showing that
y is injective by defining y': 7, (GL(4)) — K(A4) left-inverse to y (1.20). Then we
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will prove that y is surjective by a series of reductions (1.21-1.25). Before we
proceed any further, we still require some additional definitions and propositions.

1.12. Definition. Let 6: S'— GL,(A4) be a loop in GL,(4) based at 1. Then ¢ is

said to be Laurentian (resp. polynomial, resp. affine) if ¢ can be written as
k=N

Z a, z* (resp. Z a, 2", resp. a,+a,z) in M,(A) for some N large enough. We
k=-N
let n(GL,(4)) denote the set of homotopy classes of Laurentian loops in GL,(4)
and let n¥(GL(A)) denote inj lim nX(GL,(4)).

1.13. It is clear that the homomorphism K(A4) — =,;(GL(A)) may be decomposed
into K(4)— n7(GL(4)) — n,(GL(A4)). Our first step towards proving Theorem
1.11 is the following proposition:

1.14. Proposition. The map
n1(GL(4)) — 7,(GL(4))

is bijective. In particular n{(GL(A)) is an abelian group (with respect to the operation
defined by the product in GL(A)).

Proof. Let 6:S'— GL(4) be a continuous map. Since S! is compact, there
exists a factorization of ¢ through GL,(4) for some » large enough.

We let o also denote the map of S in GL,(4) thus obtained. Since M,(4) is a
Banach space, Fejer’s theorem applied to M,(A4) shows that ¢ is a uniform limit of
Laurentian loops (of free origin) defined in the following way. Setting

D B Tk ) So(@)+ -+ +Sz
=5 . a(e®)e™*do, Sk(z)=l=2_ka,z’, and o}(z)=— . k ),

then for k large enough, g;(e) belongs to the open ball of radius 1 centered at the
identity element. Moreover, using the local convexity of GL,(4) in M, (4) again,
we have to,(2)+(1—9a(z)e GL,(4) for k large enough. Therefore, if we let
0,(z)=01(2)-0(€)™", then o, is a Laurentian loop which has the same class in
n,(GL(4)) as the original loop, thanks to the homotopy (z, ) — (to;(z)+
(1-19)0(2))(to’(e)+(1—0a(e)]"'. This argument shows then, that the map
i (GL(A)) — n,(GL(A)) is surjective.

The injectivity of the map is proved by a similar argument applied to the
Banach algebra A(7) (ring of continuous functions on 7 with values in 4). More
precisely we consider two Laurentian loops ¢ and 1, which have the same class in
7,(GL,(4)). Then there exists a continuous map s: S*x I— GL_(4), such that
s(z, 0)=0(z2), s(z, 1)=1(z), and s(e, t)=1. Since

F(S' x I, GL(A)~ F(S*, GL,(4(]))),
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the argument above applied to the Banach algebra A(I), shows that for every >0

there exists a continuous map s,:S!xI— GL,(4), such that s,(e, #)=1,

s:(z, )—s(z, )|| <&, and such that s,(z, f) is a Laurentian function of z. If ¢ is

1

nd —

(Ca
between ¢ and 1 by the formulas:

chosen smaller than

1 -
TS i a > we may define a Laurentian homotopy r
)

r(z, £)=3ta(z) + (1 —38)s,(z, 0) for 0<<y
r(z, )=s,(z, 3t—1) forigi<?
r(z, )=Bt—2)s,(z, )+ (3—30t(z) for3<t<l

o(2) ©(2)

Fig. 14

5,(z,0) 5,(z,1)

Notice that the restriction on & guarantees that the first and third paths lie in
GL,(A(D)c M (A()). O

1.15. Proposition. Let E be a projective module over A(I), and let E, and E, be the
A-modules obtained by “restriction” to {0} and {1}. Then E, and E, are isomorphic.

Proof. According to 1.6.16 we should interpret the “restriction” of E to {0} and {1}
in the following way. Let us write E as the image of a projection operator p(f) €
M, (A4), which depends continuously on the parameter ¢ € 1. Now we want to prove
Im(p(0)) ~Im(p(1)). For this it suffices to find some aeGL,(A4), such that
p()=a""p(0).

For t and ue I, we have the identity a(t, u)p(u)=p(t)a(t, u), where a(t, u)=
1 —p(t)—pu)+ 2p(p(u). If u is close to ¢, then a(t, u) is close to 1, and hence is
invertible. Therefore by the compactness of 7, there exists a sequence
0=ty<t;<---<t,=1 such that oft;,t;,,) is invertible. Now p(1)=a" 'p(0)a,
where a=a(t,,1,_,)...0(ty, ). O

1.16. Remark. When A=C(X), by 1.6.18 this proposition is simply another
interpretation of 1.7.2.

1.17. We are now on our way to defining a homomorphism
v 1, (GL(4)) = X (GL(4)) — K(A)

which is left-inverse to y. For this we consider the Banach algebra A{z) (resp.

® + oo + o0
A{z,z” ")) of formal power series ) a,z"(resp. Y. a,z)suchthat ¥ |a, < +o0
r=0 r=—oo r=0

+

(resp. Y la,l<+).Ifg:S'— GL,(A4) is a Laurentian loop, then ¢ defines

r=—ao
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+
an element o, of M,(4<z, z”')) which is written as ) a,z". Note that a,=0
except for a finite number of indices r, and that M,,(A<_z,_zw‘ %) may be identified
with M,(AXz,z" ). If 7: S' > GL,(4) denotes the “inverse loop” (defined by
1(z)=(0(2))~ ), then 7 is a differentiable function of class C? (actually of class C ®);

+

hence its Fourier series converges absolutely, and 1,= Y 5,27 GL(4<z,z™'))

fX)r=_w 9]
is the inverse series of o,. For ke N we let 6¥= ) a4, ,z" and =) b, .7

r=0
Then we have o%- t“ =221 + ¢,(2)), where g,(z) — 0 as k — + .

1.18. Lemma. Let k be chosen large enough so that ¢* e M,(A{z)), and so that
(1 +¢&(2)) is invertible. Then the A-module M (o, k)=Coker(c¥) is projective of
finite type. Moreover, M (¢, k+1)= M (c, k) @ A™ for I=0.

Proof. The A-module M, (o, k) is defined by the exact sequence
(ALY -7 (AL2D) — M(0, k) — 0,

where as usual we identify a matrix with its naturally associated linear map. Let

i: (A{z))"— (ALz, z~ *D)" (resp. P: (A(z z“))" — (A<z>)" be the natural inclu-
r=+w

sion (resp. the projection Y a,z" +— Z a,z"). We define 6: (4{z>)" — (4{z))"

r——w r=0
by the formula 6*=P-z"*.7,-i Now we have 6. o*=P.z7%.¢ .i.-2's,=
P.z7*.1 .z*.¢,.i=P-i=Id; this shows that ¢* is invertible on the left, hence that
M (o, k) is a direct factor of (4{z))" as an A-module.
To show that M,(o, k) is finitely generated and projective, we consider the
commutative diagram

0 — (AC2D) %5 (A M0, k) — 0

{T:"]k i [
2k

0— (AL2D)" 2 (ALY — (AP — 0,

where 1,= (1 +¢,(z)) " !. From this diagram we see that the map (4")** — M,(c, k)
is surjective and splits; hence M, (o, k) is finitely generated and projective.
Finally, if />0, then the sequence of 4-modules and homomorphisms

(ALY 5 (A2 (ML)
induces the exact sequence

0 — Coker(c*) —— Coker(c**') — Coker(z') — 0
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i.e. the exact sequence
0— M (0,k)—> M,(0,k+1)—> A" — 0.

Therefore M, (6, k+1)x M, (0,k) ® A™. [

1.19. Using Lemma 1.18, we define a homomorphism y': n£(GL(4)) — K(4) in
the following way. Let 6: S*' — GL(A4) be a Laurentian loop and let k and » be
two integers such that z*¢, e M,(4<z)), and 1+ g(2) is invertible in M, (4{z)).
Then we define y'(c) to be M, (0, k) — (4™) € K(A).Since M, , (o, k)= M (c, k) ® A%,
we see that y'(c) is independent of the choice of #. Moreover, as soon as 1+ ¢,(z) is
invertible and z*¢, € M, (4<z)), we see that y'(¢) is independent of the choice of k:
essentially, [M, (o, k+ 1)]—[4"** ] =[M (o, k)] —[4™] by the last part of 1.18.

Letus consider two Laurentian loops 6, and 6, in GL,(4) which are homotopic.
Then there exists a Laurentian loop o: S* — GL,(A(])), such that ¢(2)(0)=0,(2)
and a(z)(1)=o0(z). If k is chosen large enough, the module M, (o, k) is a finitely
generated projective module over A(I), whose restrictions to {0} and {1} are
M (04, k) and M (0,, k) respectively. Applying Proposition 1.15, we see that
M (04, k) and M, (o, k) are isomorphic. Therefore, the correspondence ¢ +—
M (0, k)—[A™] induces a well-defined map y from nX(GL(4))~n,(GL(4))
to K(A4).

Finally, let us compare M,(o, k), M, (¢, k"), and M (¢'c, k+ k') for k and k'
large enough. Since (¢'0)s* ¥ =0'*". 6%, the exact sequence of cokernels

0 —— Coker(c¥) —— Coker(¢'*'¢*) —— Coker ¥ —— 0
can be written as
0—— M, (0,k)—> M (6’0, k+k)—> M (c',k')—> 0,

showing that M,(c'0, k+k)=~ M, (0,k)+ M (o', k). This implies that y is a
homomorphism, since

M (0, k+Kk)]—[4"* =M (0, k)]~ [A™T+[M, (0", k)]~ [4™].

1.20. Theorem. The homomorphism

¥ nf(GL(A)) = 7, (GL(4)) — K(4)
is left-inverse to the homomorphism

7: K(4) — n,(GL(4))

defined in 1.9 and 1.10. In particular v is injective.
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Proof. For every Banach space E we may define a Banach space E{z) as the space

00 o)

of formal power series ) e,z", where e,€ E and ) |e,| < + 0. Moreover, if E
n=0 n=0

isan A-module, then E{z) isnaturally an 4-module. In particular (4{z))"~ 4"{z).
Now let E be a projective 4-module, and let E’ be a supplementary module, such
that E@ E’'=A". Let p be the projector in 4" associated with this decomposition.
By 1.9, the element of n,(GL(A4)) associated with E is the class of the loop ¢ in
GL,(A4), where ¢ is defined by g,=pz+1—p. Therefore by writing 4"(z) as
E{z) ® E'{z), we obtain the exact sequence

0— (A 22X, (42— E— 0

U U

A™z> A"z

(note that pz+ 1 —p is multiplication by z on the factor F{z}, and the identity on
the factor E '(z)).
Since y' is a homomorphism we finally have (y'Y)([E]—-[F1)=G"Y)IED—

(')(LF))=[E]~[F]. Hence y'y=1Idg.,,. O

Following the plan outlined in 1.11, we still must show that y is surjective.
This is the object of the following lemmas.

1.21. Lemma. Each element of n(GL(A)) may be written as [6,]1— [0,] where
o, and o, are polynomial loops (cf. 1.12).

Proof. In this and the following lemmas, [¢] will denote the class of the loop ¢ in
n5(GL,(4)). Now [z*¢]=[2*]+[0], implying that [¢]=[z*c]—[z*] and thus we
may set o, =[2z*¢] and o, =[z*], where k is chosen large enough to guarantee
Zae M (A[z]). O

1.22. Lemma. Let [o] be an element of ni(GL(A)) with & polynomial. Then [c]
is the class of an affine loop.

Proof. Let us write 6(z)=a,+a,z+ - - - +a,z* in GL (4{z)) where k> 1. Then

(l -tz 1>(a(z) 0)( 1 O>
a(t,2)=
0 1 0 1V\gz 1

defines a continuous map from 7 x S* to GL,,(4), which connects ¢(z) with a loop of
degree <k— 1. We “normalize” this homotopy by defining 6(¢, z)=a(t, z)o(z, 1) *:
then &(t, 1)=1, &(0, z)=0(2), and 5(1, z) is a Laurentian loop of degree <k—1.
The lemma now follows by induction on k. O
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1.23. Lemma. Let o(z)=ay+a,z be an affine loop in GL(A), and let 1(z)=
+®
Y b.z*eGL,(A<z, z~*))be its inverse loop. Then we have the following relations :

k=—o

@ biagh;=0 } i<0andj=0
(i)  bab;=0 if or

(i)  b;b;=b;b,=0 i20andj<0
(iv)  bb;=bb,

\2 ah;=b;a,

)  ab=ba,

Proof. Since 7 is a differentiable function of class C*, its Fourier series converges
absolutely. Thus we already have the relations

aob0+alb_ 1 =boao+b_ lal = 1,
and aoh;+ab,_=bay+b,_,a,=0 fori#0.

Now let us verify the other relations.

(i) For i<0 and j>0, we write baoh;= —b,_,a,b;=b;,_,apb;, =" =
b;_,ash;.,. As r— + 00, the last expression converges to 0. Therefore b;aph;=0.
In the same way, for i>0 and j<0, we write bjagh;= —ba;b;_,=b;, apb;_,=
< =b;,a0b;_,=0.

(i) For i<0 and j>0, we have b,a,;b;=ba,b;,,=0 by (i).

For i=0 and j<0, we have b,a,b;=b,, 1a,b;=0 by (i).

(iii) In the same range of values for the pair (i, j), since a,+a, =1, we have
bb;=bao+a,)b;=b,ash;+bab;=0.

(iv) By (iii) it is enough to consider the case where i and j are 0 and of the
same sign. If 0 <i<; for instance, we have

biagh;=—bab;_=b;,a0b;_1=---=bjasb;
and ba,b;=~b, a0b;=b;, 1a,b;,1=---=bjab,.
By adding these two relations we obtain b,b;=b;b,. For i<j<0, the relation
b;b;=b;b; is obtained in an analogous way.
(v) For i<0, we have ayb,—ba,=—ab,_,+b,_,a,=auh,_1—b,_a, since
aq+a, =1. Therefore agh, —b,ay=agh;_,—b;_ ,a,=0. Similarly for i>0, we have

agh;~bay=—a;b;+ba,=aeh; —b;, 1a5=0aeb;,~b;,,a,=0.
(V') By (v) we have a,b,—b,a, = —ayh; +b,a,=0. 0O

1.24. Lemma. With the notation of 1.23 the morphism, g=ayb, is a projector,
and o can be written as

o(@)=0"(2)o"(z” ) (pz+9),

where p=1—¢q, 6*(z) e GL,(4{z2)), and 6~ (z" ") e GL (4{z"1D).
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Proof. We have q”=agboaghy=aobo(1 —a;b_)=ayby,—ay(byab_,)= ayb, by
(i) of 1.23. Let us define 6 * (z)=p +o(z)gand 6~ (z~ ') =g +0(z)pz~ . Then o*(2)
(resp. ¢~ (z~ 1)) is an affine function of z (resp. z~ 1), and we have

ot ()0 (z" ) (pz+9)=(p+0(2g)(q+0(pz™ ) (pz+9)
= (0@ +0(2pz" ) (g +p2)=0(2)g+0(p =0(2)

Moreover, p+oa(z)g (resp. g+a(z)pz~') is invertible in the Banach algebra
M, (4<z)) (resp. M, (4<z" 1)), and its inverse is p + 1(z)q (resp. g+ 1(z)pz ™~ 1), since
Lemma 1.23 implies that p+1(z)g (resp. ¢+1(z)pz~ ') contains only positive
powers of z (resp. negative powers of z). [

1.25. Theorem. The homomorphism
7: K(4) — n,(GL(4))
is surjective.

Proof. By Lemma 1.22, it suffices to prove that the class of an affine loop
g(z)=ay+a,z is in the image of y. By Lemma 1.24, we may write ¢(z) in the form
c*(2)o " (z" ) (pz+q). Let 0: Ix S* — GL(A) be the continuous map defined by
0(t, 2)=0"(zt)a " (z" 1)(pz +q), and let 0, : Ix S* — GL(A) be the “normalized”
homotopy defined by 0,(z,z)=0(t, 2)0(t, 1)~ }. Then 6, defines a homotopy

between the loop 6(z) and the loop o,(z)=pz+q whose class in 7,{GL(4)) is

y((Im(p)]). O

1.26. Remark. Combining 1.10, 1.20 and 1.25, the proof of 1.4 and hence of 1.3
is now complete. Other types of proofs may be found in the references. It must be
pointed out that the basic ideas in this “‘elementary’’ proof stem from the work of
Atiyah and Bott [1].

1.27. Remark. The computation in 1.24 provides more information on the
relation between a, and the projectors p and q. The element to(z)+ (1 — £) (g +pz)=
[tay+(1—DHg]+[ta,+(1—1)p]-z belongs to GL(4<z, z"')) for t€[0,1]. In
particular, the spectrum of ta,+(1—1f)a,b_, does not meet the axis #(z)=1%
(where the spectrum of an element o of a complex Banach algebra is the set of
elements A € € such that « — A is not invertible). To show this, we notice that the
element above is the product

[p+agq+aqitz+1-0][q+ap+ap(tz"' +1-0)]-(p+q2)

or equivalently ¢*(tz+1—0o (tz"'+1—1t)(g+pz). Now o™ (tz+1—1) (resp.
6~ (tz7 1+ 1—1)) belongs to GL(4{z)) (resp. GL(4{z~ ")) for &[0, 1], since its
inverse is obtained by substituting z +> tz+1—¢ (resp. z ' +>tz"'+1—1) in the
expression p+ f(z)q (resp. q+B(z)pz~ '), which contains only positive (resp.
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negative) powers of z. Note that the inverse series converge, since they are inverses
of the differentiable functions z+>o¢*(tz+1—f) and z~ ' >0~ (tz" L +1—1).
This remark will be used at the end of 6.20. Setting

_2a—1
g

g where a=tay,+(1—Hab_,,

the spectrum of g does not meet the real axis, i.e. g— 4 is invertible for any real
number A.

Exercises (Section I11.7) 1-3,7, 11, 12,

2. First Applications of Bott Periodicity Theorem in
Complex K-Theory

Since K(R?*)~ Ko(B?, S!), Theorem 1.3 may be reformulated in the following way:

2.1. Theorem. Let X be a locally compact space. Then the cup-product with a
generator u of K R?) defines an isomorphism K X)~ KX x R?).

2.2. Corollary. Letu be a generator of RS2 =K{R?). Then K(S™)=0 ifn is odd,
and K{(S??)= Z with generator u® (for the product defined in 11.5.4).

2.3. Theorem. Let GL(C)=injlim GL,(C) and U=injlim U(n). Then the inclusion
of U in GL(C) induces a homotopy group isomorphism and the homotopy groups
are periodic of period 2. More precisely n(U)~n,(GL(C))=0 when i is even, and
n(U) 2n(GL(C))~ Z when i is odd.

Proof. 1t is well known that the inclusion of U(n) in GL,(C) is a homotopy
equivalence (Chevalley [11). Hence n(U(n)) ~n(GL,( D) and (V) ~7(GL(T)).
Since K™i{(P)~K(R)~K(S?) ~n;_ ;(GL(€)) (I1.1.34), the theorem follows from
1.3. O

2.4. Corollary. For n>i/2, we have isomorphisms
1(Um)~n(GL(C)~Z ifiis odd,
and 1(Um) =n,(GL(C)=0 ifiis even.

i—1

Finally, if i is odd and n> 5

the natural map n(U(n—1))— n(U)=Z is

surjective.
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Proof. We consider the locally trivial fibration
Un)— Um+1)— 241,

The homotopy exact sequence associated with this fibration may be written as
7 1(82" ) — 1 (U(m) — = (U(n+1)) — n(S™*Y).

For n>i/2, both end terms of this exact sequence are 0. Hence n(U(n))~

—1
(U +1))~n(U). Forn >IT, the last term is equal to 0. 0

2.5. Remark. We will prove later (5.22) that the isomorphism 7, (U) &=, ,(U) is
induced by an explicit weak homotopy equivalence U ~Q?(U), where Q*(U) is
the iterated loop space of U.

2.6. If E is a complex vector bundle with compact base X, we will denote its
“conjugate bundle” (1.4.8.e) by E: the fiber E, is the conjugate vector space of E, .

Trivially we have E®F~E ® F and Ex E. Hence, the correspondence E+> E
induces an involution on the group K (X), which we also denote by x — X.

On the other hand, “‘realification” and ‘“‘complexification” of bundles induce
additive functors

r: Ec(X)— Er(X)
and c: Er(X)— E(X) respectively.

The first functor associates each complex vector bundle with its underlying real
vector bundle. The second one associates each real vector bundle E with the
complex vector bundle E ®g €C=FE @ E, where multiplication by i is represented
by the matrix

I= .
1 0
These functors induce homomorphisms

K(X) — Kg(X)
and Kg(X)— K(X),

which we also call r and c.
2.7. Proposition. The composite homomorphisms
Kg(X)—5 Kd(X)—— Kg(X) and KX)—— Kg(X)—— K(X)

are respectively multiplication by 2 and the homomorphism x — x+X.
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Proof. The first assertion is obvious. To prove the second, it suffices to show that
for a complex vector bundle E, the two complex structures on £ @ E defined by
the matrices

0 -1 i 0
I=< ) and J=< )
1 0 0 —i

are isomorphic. This is a formal consequence of the identity J=ola~ !, where

2.8. Remark. If X is locally compact, we have K(X)~Ker[K(X)— Z]. Thus we
may also define ¢: Kx(X)— K (X) and r: K(X) — Kx(X); once again we have
(re)(»)=2y and (cr)(x)=x+X. Similar results hold for K(X, Y)= K(X—7Y).

2.9. Corollary. Let K(X)° denote the subgroup of K{X) consisting of the elements
invariant under involution. Then the homomorphism c¢: Kg(X) — K(X) induces an
isomorphism Kg(X) ®z Z' ~ K(X)® @z Z', where Z'=Z[1].

Proof. Tt is clear that Im(c)= Ko(X)°. If we denote the homomorphism thus
defined between Kg(X) and K(X)° by ¢’ and the restriction of r to K(X)° by ,
we have (r'¢)(y)=2y and (c'r)(x)=x+X=2x. Hence v and ¢ induce an iso-
morphism Kg(X) ®zZ ~K(X)° ®,Z. 0O

In the same way, let Ko(X)'={x€ K(X)|X=—x}. Then Ko(X) ®,Z ~
(Ke(X)° ®2Z) ® (K(X)' ®zZ'). Moreover, if X and Y are locally compact
spaces, the cup-product

K(X)x K(Y)— KX x Y)
induces a bilinear map

Ke(X) x KYY —> KX x Y),
where we regard the indices i, j as elements of Z/2.

2.10. Proposition. We have K(R*)°=0 and K(R*)'=K (R>=xZ. The cup-
product by a generator u of K{R?) induces an isomorphism

Bi: KXY — KX x R¥)+1,

Proof. The generator u of Ky(R?)=K(B? S') may be written as d(E, F, «),
where E=F=B® x € and a(z, v)=(z, zv). Therefore, #=d(E, F, &), where @=o on
the underlying real vector bundles. Complex conjugation permits us to identify
E and Fwith B? x € (where Cis provided with the usual complex structure). Under
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this identification & becomes o~ ! (since Z=z"! for ze S'<C). Hence #=
diF,E,a" )= —u.

In general, if ¢ denotes the homomorphism x — X in complex K-theory, we have
the commutative diagram

KX)-2 k(X x R?)

KX)o K (X x R?).
Since B is an isomorphism (2.1), it induces an isomorphism f;: Ko(X) =~

KX xR+

2.11. Theorem. Letv be the image of uu by the homomorphism K(R*) — Kg(R*).
Then the cup-product by v induces an isomorphism Kg(X) ®z Z' ~ Kz(X x R*) @, Z'
with Z' = Z[3], for every locally compact space X.

Proof. By 2.9, Kz(X) ® z Z’' may be identified with K(X)° @z Z' by the map ¢
We now have the commutative diagram

Br

Kp(X) @, Z Kp(X X R*) @, Z

c®1 c®1

KX @22 P20 k(X xR ©, 2,
where fg is the cup-product by v,and 8, 8, ® 1isthecomposite K(X)° ® 5 Z’ 2221,
KX xR @, Z i‘&lfil(c(X xRY)° ®,Z (2.10), i.e. is induced by the cup-
product with 2 (note that c¢(v)=2u?). Since 8, B, is an isomorphism (2.10), and
since ¢’ ® 1 is an isomorphism (2.9), 8 is an isomorphism as desired. 0
2.12. Corollary. The cup-product by v e Kg *(P) induces isomorphisms

K"X, V)R, Z~Kg" *(X,Y)®,Z.

Moreover, we have natural isomorphisms

K", Y)®, Z~[Kg"(X, Y) ® Kg " XX, ¥)] ®, Z.

Proof. The first part of the corollary is a formal consequence of 2.10 just as 1.3 is
a formal consequence of 1.4. For the same reason, it is enough to prove the second
part of the corollary for n=0 and Y= . Then K(X) ®zZ' may be written as

(K(X)° ®2Z)) @ (Ke(X)' ®2Z)~ (K(X)° ®zZ) @ (Kc(X x R?)’ ®7 Z))
~(Kn(X) ®2Z) @ (Ke(X xR*) @, Z). O
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2.13. From these results in real K-theory we obtain information about the infinite
orthogonal group O=injlim O(n) and the infinite general linear group GL(R)=
inj lim GL,(R) (compare with 2.3). In particular 7,(0) ® ; Z' =7, , ,(O) ® Z'.
However, we leave these matters for the moment, since better results will be
obtained in the next sections (5.22).

Exercise (I111.7.6).

3. Clifford Algebras

3.1. Clifford algebras arise as the solution of the following universal problem. Let
k be a (commutative) field, and ¥ a k-vector space provided with a quadratic form
Q. We want to find a pair (C, j), where C is a k-algebra (not necessarily commuta-
tive), and j: ¥— C is a homomorphism on the underlying vector spaces with
Jj()*=0Q(v)-1 (1 denotes the unit element in C), which satisfies this condition: for
any k-algebra 4 and any homomorphism on the underlying vector spaces
¢: V— A such that (¢(v))>=Q(v)-1, there is a unique algebra homomorphism
W : C— A making the following diagram commutative

v, c
w\ /l//
A

3.2. Definition and theorem. The above problem admits a solution (C, j) which is
unique up to isomorphism. We will denote it by C(V, Q), or simply C(V) or C(Q).
It is the Clifford algebra associated with the pair (V, Q).

Proof. The uniqueness is obvious since we are dealing with a universal problem.
Let us prove the existence. For this we consider the tensor algebra T(V)=
@ Ti(V) where T°(V)=k and Ti(V)=V ®---® V for i>0. Let I(Q) be the
i=0 D
i

two-sided ideal generated by elements of the form #(v)=v ® v—Q(v)-1, where
ve Vand 1 is the unit element of T(V). Every element of (Q) may be written as
Y At(v)p;, where A;, p; € T(V)andv; € V.Let C(V)=T(V)/I(Q),and letj: V- C(V)
be the composition of the isomorphism i from V onto T(V)<T(V), and the
projection p from T(¥) to C(V). Then the pair (C(V),j) is the solution of our
problem. By the universal property of tensor algebras, ¢ may be factorized as

v (v

¢\A /i
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wherefisanalgebrahomomorphism. Since (¢(v))> = Q(v)- 1, themap fiszeroonthe
ideal I(Q) and thus defines the required homomorphism . Since 8 is the unique
algebra homomorphism that makes the above diagram commutative, the unique-
ness of Y is clear. [

3.3. Example. Letusassumethat Q=0.Then C(V, Q)issimply the exterior algebra
of V (by the universal property of exterior algebras).

3.4. Example. Let V'=k, and let Q be the quadratic form defined by Q(x)=dx>
for some dek. Then T(V)~k[X] and I(Q)=(X?>—d)k[X]. Thus C(V)~
k[X]/(X*—d). In particular, for k=R and d=~1 (resp. d=+1), we have
C(V, Q)=C (resp. C(V, 0)=R ® R).

3.5. Clearly the Clifford algebra depends ‘““functorially” on the pair (V, Q). More
precisely, if f: V— V' is a k-vector space homomorphism such that Q'( f(v))=Q(v),
where Q (resp. Q) is a quadratic form on V (resp. V"), then finduces an algebra
homomorphism

Cf): v, Q) — C(V', Q),
and we have the identities C(g-f)= C(g)- C(f) and C(Idy)=1d¢(,.

3.6. The tensor algebra 7(V) may be considered as Z/2-graded by setting
TOW)= Y T*W)and TN(V)=> T?** (V). Letting I®(Q)=1Q)nT*(V),

i=0 i=0
we have I(Q)=I19(Q) ® I'V(Q) (to see this, we decompose the 4, and y; introduced
in 3.2, as the sum of homogeneous elements). If we define CO(V, Q) =p(T“Y(V)),
where p: T(V)— C(V, Q) is the canonical projection, we then have C(V, Q)=
COW, Q) @& CO(V, Q). 1t follows that the Clifford algebra is also Z/2-graded.
We will simply write C®(V) or C®(Q) instead of C®(V, Q). Of course the
functoriality described in 3.5 is compatible with the gradation.

3.7. Example. The Z/2-grading for Example 3.3 is given by the even and odd
exterior powers: CO(V)=A0(V)= ) A¥(V); COP)=iD(V)= Y I1¥*Y(V).
i=0 i=0

Similarly in Example 3.4, the algebra k[ X]/(X ?>—d) is Z/2-graded if we write each
element of C(V) in the form a+ bX, where X is of degree one, and a and b are of
degree zero. For instance, if k=R, and d= — 1, the algebra of complex numbers €
is Z/2-graded by C”=R and C"=iR.

The following lemma gives an example of how the grading of C(V, Q) may be
used.

3.8. Lemma. Let v and w be vectors of V which are orthogonal with respect to the
symmetric bilinear form associated with Q. Then j(v)j(w)= —j(w)j(v). Therefore, if
x=[] jv;) andy=[] j(w,) are elements of C®(V,Q) and CP(V,Q), with

i=1 s=1
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a=nmod 2 and B =m mod 2, and if v, is orthogonal to w, for each pair (i, s), we have
xy=(-1)"yx.

Proof. Under the hypothesis of the lemma we have

Q@)+ QW)= 0(v+w)=(j(v+w))* =(/®))> + (i(W))* + )W) +j(W)i(v)
= Q)+ QW) +j(0)i(w) +j(W)i(v)-

Hence j(v)j(w) = —jw)j(v). O

3.9. If 4 and B are Z/2-graded algebras, we define their graded tensor product
A ® B as the algebra whose underlying k-vector space is 4 ®, B, and the product
of x ® yand z ® t is defined by the formula

(x ® Yz ® H=(-1D)"xz ® yt

where y € B and ze 4~

3.10. Theorem. Let V and V' be vector spaces over k provided with quadratic forms
QO and Q'. Then the Clifford algebra C(V ® V', Q ® Q') is naturally isomorphic to
C(V,Q)® C(V’, Q) (Chevalley [2]).

Proof. We prove this theorem by explicity defining the desired isomorphism. Let
Jj: V- CWV,Q)andj': V'— C(V’, Q) denote the canonical maps and let

VeV —Cav,Q) & c, Q)
be the map defined by j"(v,v)=j(v) ® 1+ 1 ® j'(v'). Now we have (j"(v, v'))*=

[G@)*+G'©)*]-1=(Q()+Q'(v))-1. Hence, by the universal property of
Clifford algebras, j” induces a homomorphism

y:Cre v, Qe 0)— CV,0) ® V', Q)
In the other direction, we define homomorphisms
PV, — VeV, 00 Q) and y:CV,Q)— AV V,0®Q),
induced by the inclusions of ¥V and V' in ¥V @ V' (cf. 3.5). Since V and V' are
orthogonal in V@ V', we have the identity y(x)y'(x")=(—1)*7'(x)y(x), for

xeCYV,Q) and x'e C*)(V’, Q) by Lemma 3.8. Hence y and 7’ induce a
homomorphism

0:CV, )R C(V,Q)— C(VaV,0® Q)

by the formula 6(x ® x")=y(x)-y'(x").
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a) O =Idcw ov.0eq)- Since C(V @ V', 0 @ () is generated by elements of
the form j"(v, v'), it is enough to compute (8y)(j"(v, v')). Doing this we find

O ("0, )=000) ® 1 +1 ® @) =1 +7(' @)
=", 0)+5"(0, ) =)@, V).

b) Y0=Id¢y.0)4 co, o) In the same way, C(V, Q) ® C(V', Q') is generated
by elements of the form j(v) ® 1 or 1 ® j'(v'). But

WO (j(v) ® D=y () =/ ® 1,
and WOA /W)=y (' @N=18j) O

3.11. Corollary. Let us assume that V admits an orthogonal basis e;, for
i=1,...,n, with Q(e;)=d,. Then the Clifford algebra C(V, Q) is of dimension 2"
overk, wzth basis the products e; e, . .. e, Where iy <i,<--- <i,. The multiplication
law is completely determined by the relations

(e)’=d, and eie;=—eje; fori#j.

Proof. The vector space V splits into the orthogonal sum (—B ke;. Hence C(V, Q)=

(k @ ke,) ® (k @ ke,) ® - ® (k ® ke,) by 3.4 and 3. 10 applied (n—1) times.
Therefore, the products e; -e,, . ..e, form an additive basis for C(V, Q). The
relation e,e;= —e;e; for i#j follows from 3.8. O

3.12. Remark. The argument above shows that the map j: V— C(V,Q) is
injective. Thus we may identify e; with j(e;). The hypothesis of Corollary 3.11 is
satisfied whenever the characteristic of k£ is #2; hence, in this case the map
V— C(V, Q) is injective. A different argument shows that j is injective in general
(cf. Bourbaki [2]) but we do not need that here.

3.13. The case we are more interested in is that where k is the field of real numbers
and V=R?*is provided with the quadratic form —x}— - —x2+ - +x5,,.
In this case we denote the Clifford algebra by C?*%. According to 3.11, the algebra
CP1is generated over R by the symbols ey, e,, .. ., €, ,, subject to the relations
(e)?=—1 for1<i<p,

(e)?*=+1 forp+1<i<p+gq,

and ee;=—eje; fori#j.

One of the purposes of this section is to explicitly compute the algebras C??
(cf. 3.19, 3.21, 3.22).

3.14. Examples. We have already computed C*°~C and C>'~R ® R (34).
Moreover, C2° is the skew field H (the quaternions): put I=e;, J=e,, K=e,e;.
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We can also verify that C*:! is M,(R) (ring of 2 x 2 matrices over R) by letting

( 0 1) q <0 1)
= n = .
“=\_1 o) ¢ 2T\ o

In the same way C% 2~ M,(R) by letting

<1 0> (0 1)
€1= and €2= .
0 -1 1 0

However, the graded algebras C° 2 and C!'! are not isomorphic, since the square
of an element of degree one always belongs to the center in C% 2, but generally
does not belong to the center in C*!.

3.15. In the algebra C?? with p+ ¢ even, let us consider the element e=e e, - ¢,
where n=p+q. Then

(&) =(—1)n~ D+ D+ e )2(e)? L (e,)? =+ 1.

If (¢)*= + 1, we call the algebra C?*4 positive. If ()= — 1, we call the algebra
CP? negative. In fact (¢)*=(—1)"®"2(—1)?. Therefore, if p—g=0,4 mod 8,
then the algebra C?? is positive; if p—g=2, 6 mod 8, then the algebra C?? is
negative (in the case p —q odd, the algebra C?°? has no sign). Moreover, if Vis a
finite-dimensional real vector space provided with a nondegenerate quadratic
form, the choice of a suitable orthogonal basis defines an isomorphism C(V, Q)=
CP1, where p and q are well-determined by Sylvester’s theorem. Hence the notion
of positivity of negativity, for a Clifford algebra associated with a finite-dimensional
real vector space provided with a nondegenerate quadratic form, is an intrinsic
notion.

With the exception of 3.23 all quadratic forms we will now consider are non-
degenerate, and will be taken over real vector spaces of finite dimension.

3.16. Proposition. (i) If C(V, Q) >0 and Dim(V) even, then
CreV, 0@ Q)=CcV,0)® V', Q).
(i) If C(V, Q)< 0 and Dim(V) even, then
Crer,0e Q)=av,Q0)® V', -Q).
Proof. If e=eye,. . .e,, then we have ce;=(—1)""leg. Since n is even, we have
ge;= —e;¢ foreachi,and thereforeev= —veforeachvectorv of V (identifying V' with

a subspace of C(V) via the canonical map j; cf. 3.12). In case (i) we define

p: VeV — CV,0)® C(V',Q)
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by the formula ¢(v,v)=v ® 1 +&¢ ® v'". Then

(e, ")*=@® 1)’ +(e® 1)*+ (@ ® 1)(e® 1)+ (e ® V') (v ® 1)
=02 @1+ @ v2+ve ® v +ev ® v'=0(v)+ Q')

By the universal property of Clifford algebras, we obtain an algebra homo-
morphism.

y:CVve vV, Qe 0)— CV,0)® C(V', Q)

which extends ¢@. Since the two algebras have the same dimension, we will have
that y is the required isomorphism, if we show that y is surjective. Since
C(V,Q)® C(V', Q') is generated by elements of the form v ® 1 or 1 ® v/, it is
enough to show that 1 ® v’ and v ® 1 e Im(y). But v ® 1=y(v,0), and 1 ® v'=
(e ® v)(e ® D)=y(0, v)Y(e, 0).

In case (ii), the proof is similar, interpreting ¢ as a map from V@ V' to
cv,Qyecwy,—-Q). O

3.17. Lemma. Let A be an algebra over k. Then we have algebra isomorphisms:
1) A4 ®; M, (k)~M,(4),
(i) M,M,(4))~M,,(4),
(i) M, 4) ®, M, (k)~M,,(4).

Proof. For the proof of (i), let y: 4 x M, (k) > M, (4) be the k-bilinear map

[ (211 T j-m)] (al“ T allu)
a, — .
j'nl T lrm alnl T alnn
Then y induces an algebra homomorphism j:A4 ®, M, (k) — M,(4). Since
A®, kP A™, 7 is an isomorphism.
The isomorphism M,(M,(4))~ M,,,(4) is simply the obvious writing of matrices

in blocks.
Finally M,(4) ® , M, (k)M (M, (4)) *M,,(4). O

3.18. Proposition. The algebras CP*™2*" and M,.(C? %) are isomorphic.

Proof. Since the algebra C''! is positive, we have CP* 191z CPI® Cl1x
CP1® M,(R) by 3.16 and 3.14. Therefore

CPmat iy CP i@ My(R) ® - - - ® My(R)x C?1 @ M, (R)x2 M. (CP9)

n

by 3.17. O
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3.19. Corollary. We have the following algebra isomorphisms

C™"~ M (R),
CPixM,,(CP~ %% ifp>gq,
and CPixM,,(C%17P) ifp<y.

3.20. Proposition. If C(V, Q)>0 and the dimension of V is even, then the graded
algebras C(V, Q) and C(V, — Q) are isomorphic.

Proof. Let h: V— C(V, Q) be the map defined by h(v)=ev, where ¢ is defined as
in 3.16. Then (h(v))* =(ev)*=(ev)(ev) = — e?v? = —v*= — Q(v), so we obtain a
homomorphism : C(V, —Q)— C(V, Q). To prove that & is an isomorphism, it is
enough to show that A is surjective, since the two algebras have the same dimension
over k. In fact, it suffices to show that ¥ (considered as a subspace of C(V, Q)) is
contained in Im(#). If e, . . ., e, is an orthogonal basis in ¥ with Q(e;)= + 1, and
if ¢ denotes the product e, -¢e,. .. e, in C(V, —Q), we have

h(e'v)=h(e,)h(e,) . . . h(e,)h(v)=(se,)(ee,) . . . (ge,) (ev) = +e%v=+ .

Hence v="h(e'v) or i(—¢ev). O

3.21. Theorem. The algebras C?**9, CP9*8 and M, ((C?9), are isomorphic.
Proof. Since C*°>0, we have C*°~C*° ® C*° by 3.16. For the same reason,
C*o® C*'»C*°® C**~ C**xM,((R) by 3.20 and 3.19. Since C?°>0,

we also have C?*®ix CP7@ C3 %~ CP1® M, ((R)~M,4(C?9) by 3.17. The
proof of the isomorphism C?4*8~M  ((C?'9) is analogous. 0

3.22. By this theorem and Corollary 3.19, we need only compute the algebras
C?%and C°? for p<8, to determine all the others. In fact, since C% 2 and C%°
are negative, Proposition 3.16 gives the isomorphisms

COP*2x PO ® C%2x CP° ® M,(R)~M,(CP°).
In the same way, we have the isomorphisms

Crr20%Cor @ C+°2C%? ® H.
Finally, if p <4 we have the isomorphisms

CPH40x PO @ CH0nCPO @ CO*~CP x M, (CO47).

Given that C*°=R, C>'=R @ R, C>2=M,(R), C':°=¢ and C*°=H, by
applying these identities and Lemma 3.17 we obtain the following table (due to
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Atiyah, Bott and Shapiro [1]):

p cro cor

0 R R

1 c RA®R

2 H M,(R)

3 HoH M,(C)

4 M, (H) M, (H)

5 M,(©) M,(H) & M,(H)
6 M(RR) M, (H)

7 My(R) ® M(R) My(c)

8 M, (R) M, ((R)

3.23. We may also consider Clifford algebras over complex vector spaces provided
with nondegenerate quadratic forms. Let C" be the Clifford algebra of €" provided

with the quadratic form Y (x;)2. Then by 3.10, we have C"=C"' & --- ® C"*
i=1 —_—
n
where C''=C ®zr C=C ® C. Therefore C"~C™° @z CxC*" ®g C. More-
over, the argument used in 3.16 shows that C"*?=C" ® C’* (choose ¢=ie e,
to obtain an isomorphism C(€"*?2)~C(C") ® C(€?)). Since C*=C%? @y C~
M,(R) ®g CxM,(C), we have an isomorphism C™*?*~M,(C™). Therefore
C'??xM,,(C) and C'?**!'xM,,(C) ® M,,(€). This “periodicity” of the
Clifford algebras C'" (period 2) may be compared with the “periodicity” of the
Clifford algebras C? ® and C° 7 (period 8). These ‘‘algebraic” periodicities will be
used later to prove the “topological” Bott periodicity in both complex and real
K-theory (cf. 5.13).

3.24. In 3.22 we completely determined the algebras C?>° and C%?. However, for
our purposes, we require still more information. In particular, we need a descrip-
tion of the inclusions C»°<C?*!:% and C%?<=C%?* 1. For the first lines of the
table in 3.22 it is easy: the inclusions

0,0 1,0 2,0
C»cCHcC

L U U

R C H
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are the usual inclusions. Also the inclusions

CO,OC CO,I c C0,2

[ G |

R ROR MyR)

a 0 .
are defined respectively by a+>(a, a) and (a, b)>—><0 b> (note that the iso-

b a—b
morphism R ® R+ C%! is defined by (a, b)|—>a; +a—2—e1, and that e, is
. (1 0
represented in M,(IR) by the matrix 0 : ; f. 3.14).

Moreover, the formulas given in 3.16 show that we have commutative diagrams

CO,p+2 > (0:p+3 Cp+2,0_,cp+3,0

U U and l

Cp,0®co,2 Cp+1,0®C0,2 CO,p® C2’0—+C0’p+1® C2’0

where the horizontal maps are the desired inclusions. Therefore the inclusions

CO2 < (03 < 04 C20c 30 < %0
P U U aa 1 U U
M,(R) M,(C) M,(H) H He&H M,~H)

are simply the tensor product of the previous inclusions by M,(IR) and H,
respectively.
In the same way, the inclusions

C0,4 — CO,S - CO,G

U U l

M,(H) M,(H) & M(H) M,(H)
are the tensor product by M,(R) of the inclusions

CZ’OC C3,0 c C4,0

G

H HOH M,H)
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3.25. To proceed any further, we need a precise description of the inclusions
HcH ®g CcH ®z H.
We interpret H as the set of quaternions written in the form g=a+ fJ, where
o, fe C. Then we set ‘g=u—fJ, so that g+>‘q is an anti-involution of H. We
define an algebra homomorphism
¢:H ®g H—— Endg(H)=M,(R)
by the formula ¢(¢ ® ¢')(v)=q¢'v'q. This homomorphism sends H ®g € into
End (H)=M,(C). In fact direct computation shows that the induced homo-
morphism

¢": H®@r €— M,(T)

is a C-algebra homomorphism, and that

’1®1—<—i 0> ’J®1—< 0 1) d ’K®1—-< 0 _i)
eueh={ o .} eUeh={_, ) and o =\_: o

These formulas show that ¢’ is in fact an isomorphism. Moreover, ¢(1 ® J)is an
anti-automorphism of H regarded as a complex vector space of dimension 2.
Since any element of M,(IR)= Endg(C?) may be written as the sum of a C-endo-
morphism and a C-anti-endomorphism, it follows that ¢ is surjective, hence
bijective. In conclusion, the injections HcH ® CcH ®y H are therefore

HEM,(€) & M,(R),
where u(I), u(J), and u(K), are the three matrices above, and where v is induced by

the inclusion End(€?) cEndg(C?), i.e. is the tensor product by M,(IR) of the
inclusion of € in M,(IR) defined by

a+ib — .
b a

3.26. Wearenow ready to complete our description of the inclusions C? = C
and C%?c=C%?*1, Since C?** %2 CP° ® C*9, the inclusions

p+1,0

C4,0 = CS,O - C6,0

(G G|

M,(H) M4 (C) Mg(R)



4. The Functors K7 %%) and K”4(X) 137

are simply the tensor product by M,(R) of the inclusions HcM,(C) =M, (R)
described above. Moreover, the inclusions

W v’
C6,0 a2 C7,0 a CS,O

U U U

M(R) M;(R) @ Mg(R) M, 4(R)
are the tensor product by M,(H) of the inclusions

CZ,OC C3,0 c C4,0

(S G

H HOH M,H).

a 0
Therefore we have u'(a)=(a, a) and v'(a, b)=<0 b>, where a and b are blocks

of 8 x 8 real matrices.
Finally the inclusions

C0,6 — C0,7 c CO,S

[ N |

M, (H) = Mg(C) =M, 4(R)

are simply the tensor product by M,(IR) of the inclusions M ,(H) = M, (€) = M4 (IR).

4. The Functors K?%(%) and K? 9 X)

4.1. Let% be a Banach category (for example, the category £(X) of vector bundles
with compact base X'), and let 4 be an R-algebra of finite dimension. Let ¥4 denote
the category whose objects are the pairs (E, p), where E€ Ob(%)and p: 4 — End(E)
is an R-algebra homomorphism. A morphism from the pair (E, p) to the pair
(E’, p), is a ¥-morphism f: E— E’ such that f-p(1)=p()-f for each element
A of A. In particular, if 4 is the Clifford algebra C?*? (resp. M, (R)), we denote the
corresponding category € by €74 (resp. ¥(n)). In general, we notice that when ¢
is a pseudo-abelian Banach category, % is also (1.6.10).

4.2. Example. Let ¥=6&R(X) and A=C. Then ¥4~ &(X). Similarly if 4=H,
then €4~ &(X).

4.3. Example. Let ¥=6(X) and 4=R[x]/x*. Then %4 is isomorphic to the
category of vector bundles provided with an endomorphism whose square is 0
(where the morphisms are compatible with the endomorphism).
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4.4. Theorem. Let ¥ be a pseudo-abelian Banach category (1.6.7). Then the
categories € and €(n) are equivalent [Morita equivalence].

Proof. We want to define a category equivalence
@:€— €(n).

For any object F of € we define ¢(F) as (E, p), where E=F", and p: M,(R) —
End(E)=End(F") is the homomorphism which associates each matrix M=(a;;)
with the endomorphism of F" defined by the matrix (b;) with b;;=a;;-1d¢. From

now on we will simply write a;; instead of b;;. If f: F— F’ is a morphism in €, we
define o( f): (E, p) = (E', p) as the €(n)- morphism whose underlying ¥-morphism
is represented by the diagonal matrix

f 00
0 f o}
0 by

If we write any morphism g: (E, p) — (E’, p') in the matrix form g=(g;;), and
require that g must commute with the action of M,(IR), we obtain relations

Z Migi= z gxj%ji» where the scalars 4 belong to R. If we choose all except one
=1
of the Ato be 0, we see that g must be of the form ¢(f). Hence the functor is fully

faithful.
Now let (E, p) be an arbitrary object of €(n). Let p, be the diagonal matrix

i

0

and let 7;; be the transposition matrix (i#/)

J i

Jj { 0

i 1 0 0]
000
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Finally, let E;=Im(p,)=Ker(l —p,) (which exists since € is pseudo-abelian). The
relations p;p;=0for i#jand ) p,=1, imply Ex @ E;. Moreover, the transposi-

i=1 i=1

tion t; enables us to identify E; with Ej, since p;=1;p;7;; ! If we set E, =F, we
may therefore assume that £=F", and that the actions of p; and t; are represented
by the two types of matrices above. Since these matrices generate M, (R) as an
R-algebra, it follows that the action of M,(R) on F” is the one described at the
beginning. Hence the functor ¢ is essentially surjective. 0

4.5. Proposition. Let A and B be finite dimensional R-algebras and let € be a
Banach category. Then the categories (64)® and €4 ®*® are isomorphic.

The proof of this proposition is obvious.

4.6. Corollary. If'% is a pseudo-abelian Banach category, then up to equivalence the
category €71 depends only on the difference p—q mod 8.

Proof. If p—g=p'—q'mod8 we have proved in 3.18, 3.21 and 3.22 that
CP9xM,(4) and that C?"%~M,(A) for some algebra A. Therefore €7 ¢~
G L (@) (n)~6* by 4.4 and 4.5 (note that M,(4)~ 4 ® M,(R)). By the same
argument €79 ~%4. 0

4.7. Proposition. Let € be a pseudo-abelian Banach category, and let A and B be
R-algebras. Then the categories €*®*® and €4 x €® are equivalent.

Proof. If (E, p) and (F, 6) are objects of ¥+ and %” respectively, we define an
object (E@ F,t) of $4®® by setting t(a, b)=p(a) ® o(b). In fact, this cor-
respondence defines a functor from ¢4 x €® to ¥4 ®® which is fully faithful. Now
let (G, 7) be an object of ¥4 ® . Then p=1(1, 0) and g=1(0, 1) are projectors of G
such that p+g=1. If we write G as E @ F with E=Im(p) and G=Im(q), we see
that Gr@(E, F). This shows that ¢ is essentially surjective. In particular, when
A = B the composition €4 x ¢4 ~%4®4 - @4 where the functor 4®1— @4 is
induced by the algebra map a +> (g, a), is simply (E, F) — E@® F. 0

4.8. Theorem. Let € be a pseudo-abelian Banach category, and let €' and €" be the
categories €° and €". Then we have the following table of categories.
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P @0 @r.1 @O

0 € ExE ¢

1 4 € €x¥€
2 ¢ ¢’ €

3 € x€" €" €

4 ¢ € <6 ¢

5 4 € € x€"
6 € 4 ¢”

7 Cx¥ € ¢’

8 € € x¥€ €

Proof. This theorem follows directly from 3.19, 3.22,4.7, and 4.6. 0

4.9. To understand the categories €77 better, we need to compare them by the
functors, “‘extension of scalars” and “‘restriction of scalars”. More precisely, let
us consider, for example, the functor ¢:%%9*! — €4, induced by the algebra
inclusion C% 4= C%4*! (this is a “‘restriction of scalars” functor). By the period-
icity of Clifford algebras, we need only deal with the cases 0<<g<7.

¢=0. Up to equivalence, the functor ¢ coincides with the functor from € x ¥ to ¥,
defined by (E, F)—~ E® F.

g=1. Again up to equivalence, the functor ¢ from %(2) to € x %, is induced by the
injection of R @ R into M,(R) described in 3.14. Therefore, by 4.4 and 4.7, this
functor is essentially the “diagonal” functor E— (E, E).

g =2. The functor ¢ is simply the “‘restriction of scalars’ functor from €' to € (we
ignore the complex structure).

g=3. For the functor €” — €, we similarly deal with the complex structure under-
lying the quaternionic structure.

g=4. The functor € x 4" — €" is simply (E, F)—~E @ F.

q=5. The functor ¥” — €” x ¥" is once again the diagonal functor E — (E, E).
g=6. The functor €%’ - %% ° is induced by the inclusion M,(H)<=Mg(0),
described in 3.26. Up to equivalence, the functor ¢ coincides with the functor

¢Q)=E"O - ¥ =g

induced by the inclusion of H in M ,(€), which was described in 3.25. If we examine
the composition

%/_,\,—> %/(2)_9 %/I’
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we see that the functor € — €” is defined by E+— E @ E, where Hactson E@ E
via the embedding of H in M,(C). Therefore, the functor ¢ may be interpreted
as an ‘“‘extension of scalars” functor. For instance, if € is the category of vector
bundles, then ¢ is isomorphic to the functor £+ H ®¢ E.

q="7. For the same reason as in the case g=6, the functor ¥ — ¢’ may be inter-
preted as an “extension of scalars” functor: it is defined by E+> E @ E, where C
acts on E @ E via the embedding of € in M, (R). In the category of vector bundles,
¢ may be defined as £+ € ®y E.

4.10, From the above list, it is clear that the functors we are considering, are
Banach functors [more generally, if B is a sub-algebra of A, it can easily be shown
that the functor €4 -— %% is a Banach functor]. This enables us to make the
following definition:

4.11. Definition. Let % be a pseudo-abelian Banach category. Then we define the
group K?4¥) as the Grothendieck group of the functor

P,q+1 P4
& — ¢

in the sense of 11.2.13. If ¥#=&(X) (or more precisely &g(X) or (X)) then
K?(X) (or KE%X), KI'X)) will denote the group K? 4%) obtained.

Up to isomorphism, the group K?%%) depends only on the difference
p —q mod 8 because of these commutative diagrams

gratl______ , @r.a @gp-atl ., @pr4 gratl_____ , @pr.4
(gp+1,q+2___)(gp+1,q+1 (gp,q+9_,, (gp,q+8 (gp+8,q+1_)(gp+8,q

In the case of complex vector bundles (or more generally, “complex” Banach
categories) we can show analogously that the group K?-? depends only on the
difference p — g mod 2.

4.12. Theorem. Let € be a pseudo-abelian Banach category. Then the groups
K% (%) and K (%) are canonically isomorphic to the groups K(€) and K~ (%),
defined in 11.1.7 and 11.3.3, respectively. Similarly K**(€)~K(%¢") and K®3(®)~
K~Y(#"). Therefore K*°(X)~K(X), K>'(X)~ K '(X), Kg'*(X)~ Ky(X), and
KOS~ K \(X).

Proof. Since K °(%) is the Grothendieck group of the functor ¥ x ¥ — & by 4.9,
the exact sequence proved in I1.3.22 may be written as

K™'(6 x ) — K~ (6)— K*°() — K€ x ) —> K(®)

U U

K '@ @K (¥ K(®) ® K(%).
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This shows that K(%)~ K% °(%) by the isomorphism which associates the class of
an object E with the element d(E,, E,, «), where E,=(E,0), E,=(0, E), and
o: 0@ E— 0 @ E is the canonical isomorphism.

An analogous discussion applied to the exact sequence associated with the
“diagonal” functor ¥ — € x %, i.e.

K {®)— K '(& x%)— K> (%) —> K&)—— K(€ x%)

U l

K% ® K~ (%) K(%) ® K(%),

shows that K~ 1(#¥)~ K® }(#¥). Here the isomorphism associates d(E, o) with the
element d(E, E, ), where f: (E, E)— (E, E) is given by ff=(a, 1).

Finally, K%*(#) is the Grothendieck group of the functor #°-°> — ¢°*, hence
€"x6"— %" by 4.9. Therefore K**(@)~K(¢"). The group K°5(%) is the
Grothendieck group of the functor ¥ ¢ — %°'°, hence ¢” — €” x ¢” by 4.9 again.
From this we deduce the isomorphism K@)~ K~ '(¢"). O

4.13. In the case of the Banach category ¥ =&(X), it is important to notice that
the groups K?'4(X)= K" %) are naturally modules over the commutative ring
K(X):if x=d(E, F, a) is an element of K**%(X), where E and Fare C?-?*! bundles,
and « is an isomorphism between their underlying C?? bundles, we define the
product of xby [G]—-[GJasd(ER G, FRG,a® N)—dE® G, F® G,a® 1).
With these structures, the explicit formulas given above show that the isomorphisms
K%)= K(X), K>'(X)~ K~ '(X), Kg*(X)~ Ky(X), and K3 (X))~ Ky '(X)
are in fact K(X)-module isomorphisms. It is also possible to define “‘external”
products

K»9(X) x K(Y)—> K»%X x Y).

We leave these to the reader.

4.14. Theorem 4.12 gives some credibility to the conjecture that the groups
K?9(X) and K?~9(X) (defined for p—¢<0 in I1.4.11) are isomorphic. In fact this
will be the objective of the next sections. This will complete the construction of
K" for neZ, and prove Bott periodicity in real and complex K-theory, at the
same time.

4.15. In order to work with the groups K 4%) and K?'%X), we describe these
groups in a slightly different way (to avoid confusion we temporarily use the nota-
tion K'”4%) and K" 1(X)).

Let € be a pseudo-abelian Banach category, and let E be a “C?>%-module” (i.e.
an object of ¥7'9). We define a gradation of E to be an endomorphism 5 of E
regarded as an object of ¥, such that

(i) %=1, and

(ii) np(e;)= — ple;n where the e; are defined as in 3.13, and p: C?*?— End(E)
defines the C?-%-structure. '
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Equivalently, a gradation of E is a CP*1* L-structure of E, extending the initial

CP-4-structure (put 1= p(e, + 4+ 1))- The term “gradation” is justified by the splitting
1- 1

of E into the direct sum E, @ E,, where E,=Ker (—2—’7> and E, :Ker(—;—n)
Then the homomorphism p: C??— End(E, @ E,) is a homomorphism of
Z/2-graded algebras, where CP?*? has the Z/2-grading described in 3.6, and
End(E, ® E,) has the Z/2-grading D, ® D,, with D, (resp. D;) the set of
“diagonal’” matrices

0
(g b>, for a  End(E,) and b € End(E,)

(resp. “codiagonal” matrices

> o)
b 0
forae¥(E,, E,), and be 6(E,, E)).
We define K'7*4(%) (or K" 4(X) if € = £(X)) to be the quotient of the free group

generated by the triples (£, 4, 11,), where E is a C”%-module, and 5, and 5, are
gradations, by the subgroup generated by the relations

D Enum)+HEELE)=E®F,n, & &,n, @ ¢y).and

(i) (E, n1,n,)=0if n, is homotopic to #, within the gradations of E.

We let d(E,n,,n,) denote the class of the triple (E, #,n,) in the group
K'?Y%).

4.16. Lemma. We have the relation

d(E’ N, ’72)+d(Ea N2, ’71)=0

Moreover, two isomorphic triples (in the obvious sense) have the same class in
K'?Y%).

PrOO_f. We haVe d(E’ M1, 712)+d(E, N2, nl):d(E @ E’ N @ H2, N2 @ ’71) Then the
homotopy

n(6)=<cos(-) —sinﬁ)(nl 0>( cos 0 sin9>’ for 0 [0, /2]

sin 8 cos/\0 n,/\—sinf@ cosf

shows that n, ®#n, and #n, ® 5, are homotopic. On the other hand, let
S (E, ny,m)— (E', 17, n3) be an isomorphism. Therefore, f is an isomorphism
between E and E’ (denoted again by f) such that ;=f-n,-f ~'. Now we have the

1 f /2 f
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As before, the matrix
0 —f1!
G
is homotopic to Idy g z within the automorphisms of E @ E’, due to the homotopy

<cosl9 —f~1sin 0)
fsin®  cos

for 6 € [0, n/2]. Therefore
A(E, ny,n)—d(E', n'y, n3)=d(E, ny, 1) +d(E’, 3, 1Y)
=dE®E',n, ®ns,n, ®ny)=0. O

4.17. Lemma. Let n,,n,, and n3 be gradations of E. Then we have the relation

d(E, ny, ny)+d(E, 1y, n3)=d(E, 14, 113).

Proof. From 4.16 we see that

d(E, ny, n3)+d(E, 13, 13)—d(E, 14, 113)=
=dEQEREn ®@n,dn3n, dn; dny).

1

We also have the identity n, ® n; ® n,=a(n, ®n, ® n3)a~ ', where o is the

automorphism of E @ E ® E represented by the matrix

Since SO(3) is arcwise connected, and since « may be regarded as an element of
SO(3) in an obvious manner, this implies that the gradations n, @ n, ® n; and
n, @ 13 @ n, are homotopic. Therefore

AE@E®@En, ®n, ®ns,n, ®ns &n,)=0. 0

4.18. Lemma. Let n,, n,, 1y, 1, be gradations of E such that n; is homotopic to
ni for i=1,2. Then

d(E, 1y, n2)=d(E, 1, 12)-

Proof. We have d(E’ ’1’1’ ’11) =d(E’ N2, ’1,2) =0 Therefore d(E’ ’7/1’ ’1,2) =d(E, r”l’ 7]1)+
d(E’ 7]1, ’72)+d(E3 ’12’ ’7’2)=d(E, M1, ’12) by 4'17 D
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4.19. Proposition. Every element of K'»%%) may be written in the form
d(E, n1,1,). The identity d(E, n,,1,)=d(E’, n1,13) is equivalent to the existence of
a triple (T,{,{), such that the gradations n, ®n, @ { and n, ®n; @ are
homotopic.

Proof. The first assertion follows directly from 4.16. To prove the second, we
introduce an auxiliary set, K"?*4(%), which is the quotient of the set of triples
(E,n,,n,), by the equivalence relation (E, n,n,)~(E’, #}, n3) < T, {, ) such
that n, ® 7, ® { and 7, @ #; @ { are homotopic. The verification that this is an
equivalence relation uses the techniques of the previous lemmas. Now K7 4%) is
an abelian group with respect to the sum of triples.

We definea homomorphism K'?4%) — K" 4%),by d(E, 1, 1,) — LE, 11, 12],
where [E, n,,%,] is the class of the triple (E, #,,7,); this is well-defined because
(E,ny,n,)~0 if 5, is homotopic to 5,. Conversely, we can define a homo-
morphism K"?>%%)— K'»%%) by [E, n,,n,)— d(E, n,,n,). This is well defined
by 4.17 and 4.18. Obviously these two homomorphisms are inverse to each
other. [

4.20. Corollary. We have d(E, n,1,)=0 in the group K'> %) if and only if there
exists a triple (F, {, {) such that n, @ { is homotopic ton, ® (.

4.21. Lemma. Let E be a C”%-module, and let Grad(E) be the space of gradations
of E (provided with the topology induced by End(E)). If n: I— Grad(E) is a con-
tinuous map, then there exists a continuous map f: [--> Aut(E) such that f(0)=1

and n(t)= (OB~ ".

1 +n(On(w) s a

Proof. For each pair (¢,u)eIx I, the endomorphism f(z, u)= 5

C? 9.module endomorphism, which is Id for t=u, and such that

B(t, win(u) =n()B(, w).

Since End(E) is a Banach algebra, there exists ¢>0 such that (¢, u) is an auto-
morphism for |t —u|<e. Let

O=ty<t; < - - <t,=1

be a partition of the interval [0, 1] such that |¢;, ; —¢;| <&. Then, for te[t;, ;]
we define f(¢) as (¢, t)B(t;, ;1) . . p(t1, 8). O

4.22. Theorem. The groups K?*%€) and K'" %) are naturally isomorphic. Hence
the groups K»>%(X) and K'" % X) are naturally isomorphic.

Proof. Let d(E, F, o) be an element of K” 4%)=K(p), where ¢ is the functor
@P1*1 -~ @74, Thus E and F may be regarded as C?'%-modules provided with
gradations 7 and #, respectively, and a: E— Fis an isomorphism on the under-
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lying C?%-modules. We associate d(E, F, o) with the class of the triple (E, 5, #,),
where E is considered as a C?%-module, , =5z and 5, =o' -y« (thus 5 induces
the gradation #, on E via «). If (E, F, «) and (£’, F', o) are isomorphic, then the
associated triples (E, n;,7,) and (E', 7, 15) are also isomorphic. If ay, o, : E— F
are homotopic, then the associated gradations 7, are homotopic. Finally, if E=F
and a=1d, we have #, =#,. It follows from the definition of K(¢) (11.2) and from
4.16, that the correspondence (E, F, «) — (E, n,, 11,) defines a homomorphism from
K" %) to K'”Y%).

Conversely, let d(E, n,,1,) be an element of K> %%). Let E, be the CP-4* -
module (E,7;), and let a: E, -» E, be the CP-9-morphism which is the identity on
the underlying C?%modules. To check that the correspondence (E,n,n,)+—
(E,, E,,a) defines a homomorphism K'7'4%)-—» K”%%¥), we must show that
d(E,, E,,a)=0 if n, and 7, are two homotopic gradations of E. By Lemma 4.2]
there exists a continuous map f: /- Aut(E), such that f(0)=1and B(1)n,(8(1))"*
=7,. Therefore we have the commutative diagram

E, -5 E,

lﬂ(l)”1

E 15 E,

where f(1) is a C”?*'-module isomorphism (since S(1)n; =1,5(1)), and where
y=p(1)"!-a. Therefore d(E,, E,,x)=d(E,, E;,y)=0, since y is homotopic to
Idg, by the homotopy ¢ +—> (1)~ 'a=p(r)~".

We leave to the reader the trivial checking that these two homomorphisms are
inverse to each other. [I

4.23. From now on, we identify the groups K? (%) and K'" (%) by the isomorphism
defined in 4.22. We also identify K»>4X) and K" 4 X).

4.24. One of the most useful aspects of the definition of K”'%X) in terms of
gradations, is that it gives interesting ‘“‘classifying spaces” for the functors K4,
More precisely, we already know that K% °(X)~[X, Z x BGL(k)] and K*'(X)~
[X, GL(k)] (4.12, I1.1.33 and I1.3.17). By the same method, we can prove that
K *(X)=[X, ZxBGL(H)] and Ky *(X)=[X, GL(H)]. By the periodicity
of the groups K74 (4.11), there remains four cases to consider. However, our
method will work for all eight cases simultaneously.

4.25. Let A be any ring with unit, and let (M,) be a sequence of objects of 2(4)° *.
We say that (M,) is cofinal in 2(4)° if M, ® M =M, , and if every object of
P(A)° is a direct factor of some M,. For example, if A=R @ R, the modules
M,=R" @ R’ form a cofinal system, but the modules M,=R" ® 0 do not (notice
that 2(4) ~ 2(R) x P(R); cf. 4.7).

3 2(A4)° denotes the category of finitely generated projective left A-modules.
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4.26. Proposition. Let (M,) be a cofinal system of objects in P(CP4*1)°. Then
every element of K»%X) may be written as d(T,,n,,n), where (T,, 1) is the
“trivial” CP1* -pector bundle X x M,, and n is a gradation of the C?9-bundle
underlying T,. The identity AT,,n,,,n)=d(T,,n,,, ) is equivalent io the existence
of se N such that n® 1 is homotopic to [ ® n, within the gradations of
T.® T,=T,,, (regarded as a C?%-bundle).

Proof. By 4.8, the category &(X )" 9*! is equivalent to &x(X), EJX), £(X), or
the product of two of these categories. Therefore, any C?-?*!-bundle E is a direct
factor of some X x M, where M € Ob2(C*-4*1)°, Since M is a direct factor of a
M, for some r, E is a direct factor of X x M, . Therefore, if d(E, ¢,, &,) € K> 4X),
we may write it (after addition with a triple of the form (F, ¢, &) as (7, n,,, 1)
for some r.

Let us assume now that d(T,,n,, n)=d(T,, 1, {). According to 4.19, there
exists a triple (7, T, &), which we may assume to be of the form (7, T,,, 7,), such
that 5, ® { ® n, and y ® 7, D 1, are homotopic gradationsof 7, ® T, ® T,.
If we put s=r+u, it follows that { @ 7, and n @ 5, are homotopic. [

4.27. Theorem. Let (M,) be a cofinal system of objects in P(CP1*1)° and let
Grad? % M,) be the space of gradations of the C?*%-module underlying M,. Then for
X a compact space, we have natural isomorphisms

KR YX)~inj lim[ X, Grad? % M,)]~ [X, Grad? 4R)],
where Grad? 4(R) ~inj lim Grad? %(M,).
Proof. This theorem is simply a reformulation of 4.26. O

4.28. It is possible to describe the spaces Grad? %(IR) in more familiar terms. To
give an idea of the procedure, we give the details for p=1 and g=0. The other cases
can be dealt with in a similar manner. In this case, the Clifford algebra C?-7** (resp.
CP 1) is M,(R) (resp. €). We may choose M,=R? =R"@ R’, regarded as a
CP 7% 1.module by the automorphisms

€= s and e, = .
-1 0 1 0

A gradation of M, , regarded asa C?*%-module, is simply an automorphism # of €”,
which is antilinear and involutive (i.e. n2=1 and n(ix)=/1n(x) for i€ C). The
group GL,(C) acts transitively on Grad!°(M,) by the formula «-#=ano™!, and
the isotropy group of e, may be identified with GL, (R). It follows that the con-
tinuous map GL (C) — Grad!:°(M,), defined by o — ae,a~ * induces a continuous
bijection ¢ from GL,(C)/GL,(R) to Grad'-°(M,). To prove that @ is bicontinuous,
it suffices to construct a local section s: ¥ — GL,(C) to ¢ in a neighbourhood V
of each point ny € Grad'°(M,). If ¢(ay) =1, we simply define s()= (1 +n1,)/2 for
n € V. Taking the inductive limit, we see finally that the spaces Grad' °(R) and
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GL(C)/GL(R) are homeomorphic. If we treat the other seven cases in the same
way, we obtain the following theorem :

4.29. Theorem. Let X be a compact space. Then we have natural isomorphisms
kg {X)~[X, Grad™(R)],

where the spaces Grad? %(R) depend only on the difference p—qmod 8, and are
determined by the table:

p—qmod 8 Grad?9(R)

0 Z x BGL(R)~ Z x GL(R)/GL(R) x GL(R)
-1 GL(R)~ GL(R) x GL(R)/GL(R)
-2 GL(R)/GL(T)
-3 GL(C)/GL(H)
—4 Z x BGL(H)~Z x GL(H)/GL(H) x GL(H)
-5 GL(H) ~ GL(H) x GL(H)/GL(H)
-6 GL(H)/GL(T)
-7 GL(C)/GL(R)

In thislist we must note that the inclusions GL(C) < GL(R)and GL(H) < GL(C),
are induced by GL,(C)=GL,,(R) and GL,(H)=GL,,(C) (3.25). Another
observation is that up to homotopy, we could replace the homogeneous spaces in
this table by their orthogonal, unitary or symplectic analogs (this follows from the
polar decomposition of automorphisms; cf. Chevalley [1]). Then we obtain, in
order, the spaces Z x BO, O, O/U, U/Sp, Z x Bsp, Sp, Sp/U and U/O.

4.30. Remark. In complex K-theory one can also prove (in fact more easily) that
K24 X)~[X, Grad®” 4 )] where Grad?4€)~Z x BGL(C) if p—q is even, and
Grad” 4 C)~GL(C) if p—q is odd.

5. The Functors K? %X, Y) and the Isomorphism ¢.
Periodicity in Real K-Theory

5.1. The definition of the group K?:%(X) in terms of gradations (4.15) may be
generalized slightly to a “relative” version K¥-4(X, Y), where Y is a closed subspace
of a compact space X. More precisely, let us consider the set of triples (E, 77, 115),



5. The Functors K”%(X, Y) and the Isomorphism ¢. Periodicity in Real K-Theory 149

where E is a C? %-vector bundle on X, and #, and #, are gradations of E such that
#1ly=n2ly. Then we define the group K %(X, Y) to be the quotient of the free
group generated by these triples, by the subgroup generated by the relations:

(l) (E9 '11’ '12)+(Fa Cl’ C2)=(E @ F9 14 @ gl? '12 @ Cz)

(i) (E,n,,n,)=0 if the gradations n, and n, are “homotopic”, i.e. if there
exists a continuous map #7:I— Grad(E) such that n(0)=#,, n(1)=7%, and
nOly=nily=",ly-

5.2. Some of the propositions and lemmas proved in section 4 remain valid for
the group K %X, Y), For example, it is easy to see that the tensor product of
bundles induces a K(X)-module structure on K?4(X, Y) (compare with 4.13), and
that K”*4X, Y) depends only (up to isomorphism) on the difference p —gmod 8
(mod 2 in the complex case). The proofs of Lemmas 4.16, 4.17, 4.18, and of
Proposition 4.19 and its corollary, also carry through for the relative version.
Moreover, the proof of Proposition 4.26 shows that we may write each element of
K?4X, Y)in the form d(T,, n,, n), and that d(T,, n,), n)=d(T, , 1,, {) if and only
if n @ 7, is homotopic to { @ #,, within the gradations of T, ® T;= R, , (where
the homotopy is constant over Y). In other words (compare with 4.27), K> 4(X, Y)
may be identified with the set of homotopy classes of continuous maps #: X —
Grad?%(k), k=R or €, such that j(Y)={e, ., } where e, .., is the base point
of Grad? (k).

5.3. Theorem. The projection p: (X, Y)— (X/Y, {y}) induces an isomorphism
KPUX/Y, {y})—> K"UX, Y)

Proof. This follows immediately from the observations made in 5.2. 0O

5.4. Theorem. We have the exact sequence
KPa(x, Y) - kra(x) L kra(y).

Moreover, if Y is a retract of X, we have the split exact sequence
0— KP9(X, ¥) -2 kP a(x) L5 kP 9(Y)—> 0.

Proof. 1t is clear that the composition K” %X, Y)5 K?9(X) > KP-4(Y) is zero.
Now let d(E,n,,7n,) be an element of K?%X) such that j*(d(E, n,,1n,)=
d(Ely,Mly>n2ly)=0. According to 4.20, there exists a triple (F, {,{) over Y,
such that n,|, ® { and #,|, @ { are homotopic. Since any C?*?*'.bundle is a
direct factor of a trivial C#?* !-bundle (compare with the proof of 4.26), we may
assume that (F, ) is the restriction to Y of a C?4* 1-bundle (G, &). If we substitute
(ED®GCn, @EN, @E) for (E,n,,1n,), we may thus assume without loss of
generality, that #, |y and #,|, are homotopic. Hence there exists a continuous map
n:1— Grad (E|y), such that n(0)=#,|, and n(1)=#,. By Lemma 4.21, we may
even assume that n(¢)=B(f)n, B(¢)~ ', where B: I— Aut(E|,) is a continuous map
with f(0)=1. By 4.8, we may regard F as a real, complex, or quaternionic bundle
(or the sum of two of them). Hence, Proposition I1.2.24 implies that S(#)=a(?)|y,
where o1/ — Aut(E) is a continuous map with «(0)=1. Setting n, = f(1)n, (1)~ %,
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we see that d(E,n,,n,)=d(E, n,,n,), which belongs to the image of i*, since
nily="naly-

Let us now assume that Y is a retract of X. Then to prove the split exact
sequence, it suffices to show that the map K” %X, Y)— KP%X) is injective. Let
d(E, n,,1,) be an element of K?'%(X, Y), where we may assume E to be of the form
Xx M, and 5, =n,,, by 5.2 and 4.26. Hence 1, and n, may be regarded as con-
tinuous maps (also denoted n, and #; instead of #, and #, as in 1.1.12) from
X to Grad”%M,) (4.27), such that #5,|,=n,[,. Assume now that the image
of d(E,n,,n,) in K”4X) is 0. Therefore, after stabilization, we can find a
continuous map n: X x I — Grad” % M,), such that n(x, 0)=#,(x) and #(x, 1)=
1,(x) (4.26). By Lemma 4.21, we can find a continuous map f: X x I— Aut(M,)
such that f(x,0)=1 and #5,(x)=B(x, Dn,(x)(B(x, 1)) *. Let r: X — Y denote a
retraction, and y: X xI-— Aut(M,) denote the continuous map defined by
y(x, £)=B(r(x), ©). Then, using the obvious notation, we have these successive
identities in K79 X, Y):

d(E, 1,(x), n,(x))=d(E, n,(x), BCx, D, (x)BCx, 1))
=d(E, y(x, D (e)yCe, )™, BCx, Dy ()BCx, 1)71)
=d(E, y(x, D (x)y(x, D71, Bx, Dy (x)B(x, D7)
=d(E, 1,(x), 1:(x))=0

(note that y(x, 1)n,(x)y(x, 1)~ ' =n,(x) since n,(x) is constant). 0

5.5. Corollary. If X isa compact space and Y is a closed subspace, then K** (X /Y )~
K?”9(X,Y) ® KP9P) where P is a point.

5.6. Corollary. If Y is a retract of X, we have the split exact sequence
0— K»YX/Y, P)— K %X, P)— K”YY,P)— 0.

Proof. This follows directly from the commutative diagram

0 0 0

l l

0—> KP9(X/Y, P)—> K»(X, P)—> K" (Y, P)—0

~| | l

0—— KP%X, Y) —— K?4X) — K> YY) —— 0

l l

0 KP4 P) —=— KPYP)— 0

l l

0 0 d
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5.7. Proposition. Thegroups K®°(X,Y), K% (X, Y)(resp. Kn**(X, Y), K2 3(X, Y))
are canonically isomorphic to K(X,Y), K™Y (X, Y) (resp. Kg(X, Y), Kg '(X, Y))
as K(X)-modules (resp. Kg(X)-modules).

Proof. We define a homomorphism
g:K"°(X,Y)— KX, Y)

1 —n;
2
a: EY|y— Ej|y is the identification isomorphism (note that 5|y =7,|y). When Y
is empty, g is the inverse homomorphism to the isomorphism K% °(X)~K(X)
(cf. 4.12). Hence, in this case, g is an isomorphism. The morphism g is also an
isomorphism when Y is a retract of X (for example when Y is a point). This follows

from the diagram

> and

in the following way: g(d(E, 1, n,))=d(EY, E3, «) where Ei°=Ker<

0 — K%°X, ¥)—- K%°(X)— K*°(¥Y)— 0

TR

0—— K(X, ¥Y) —— K(X) ——— K(Y)—— 0

where the horizontal sequences are exact (5.4 and I1.2.29). Finally, for Y arbitrary,
we have the commutative diagram

K%oX/Y, {y}) = KX, Y)

KXY, {y})—=> K(X,Y),

where the horizontal arrows are isomorphisms (5.3 and I1.2.35). Since {y} is a
retract of X/Y, g’ is also an isomorphism. Hence g is an isomorphism as required.
Moreover, from the explicit formula given at the beginning, we see immediately
that g is a K(X)-module map.

Using the same method, we can also define an isomorphism

gL KOYX, Y)—— KTYX, Y).

More precisely, every element of K% (X, Y) may be written as d(E, ¢, 1,, 1,), where
(E, &) isa C® '-bundle (thus ¢ is an involution on E), and 5, and #, are gradations
on E (i.e. involutions such that n,¢= —en;). Now we define g~ Y(d(E, &, n,,1,))=

1—
d(F, o), where F= Ker[TE:| and « is the restriction of 5,1, to F (cf. 11.3.25). If Y

is empty, it is clear that g~' is the inverse homomorphism to the isomorphism
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defined in 4.12. Therefore, using the same type of argument as before (cf. 5.5), it
follows that g~ ' is an isomorphism in general. Moreover, the explicit formula
given shows that g~ ! is a K(X)-module isomorphism. The proof of the Kg(X)-
moduleisomorphisms Kg** (X, Y)~ Ky(X, Y)and KQ'°(X, Y)x Ky (X, Y)follows
the same pattern. {1

5.8. If we identify the groups K(Z, T) and K% °(Z, T) in general, it is easy to give
another explicit formula for the product

KX, X)xK(Y, Y)—> KX X X', XX Y'UX'x Y)

where X and Y are compact spaces, and X’ and Y’ are closed subsets of X and Y
respectively (cf. I1.5.6). For this we set

d(E’ &1, EZ)Ud(Fs My, ’72)=d(E Fs Cla CZ)a

1 1—
where {i=¢ +2111 +é&, 2’“

1+ 1—
and {=¢ 2n2+32 27’2'

These formulas are well-defined since {;={, if &, =¢, or 5, =1,, and since
they are compatible with the sum of triples. To verify that these formulas give the
“right” cup-product, by I1.5.6 we need only check the case where X'=Y'=o.
In this case we may take ¢, = —¢g,=1 and #,= —#,=1. Then {;=—-{,=1 (cf.
4.12). Therefore, the obvious diagram

KO°(X) x K%(Y)— KX x Y)

U U

K(X)x K(Y) ——— K(X x )

is commutative.
5.9. For each pair (p, ¢), we define a fundamental homomorphism
£ K» 9 (X, Y) — KP%(X x B!, Xx SOUY x BY).

For this, consider an element d(E, ,(x), ,(x)) of K”*%* (X, Y), where x is some
point in X. Let 7: X x B! —— X denote the first projection, and identify B' with
the half-circle B! ={¢"® where 0< §<n}. Finally let E’ be the C?4-bundle under-
lying E, and let &(x) be the gradation of E’ making it a C?%*!-bundle. On the
vector bundle n*(E')=E’'x B!, we can now define two families of gradations,

{, and {,, by

Li(x, 6)=¢&(x) cos 6 +1;(x) sin 6.
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Over Xx S°UY x B!, we have {;={,. On the other hand, the correspondence

(E, ny,n2)— (@*(E"), {1, ;) is compatible with the sum of triples, and with the
homotopy. Hence the homomorphism ¢ is well defined by the formula above.

5.10. Fundamental theorem. The homomorphism defined above
t: KPTH Y (X, Y)—> KPYX x B}, X x S°UY x BY)
is an isomorphism.
The proof of this theorem will take all of section 6 of this chapter and is quite

technical. Thus we prefer to first derive some of its interesting consequences,
especially real Bott periodicity which is our main objective.

5.11. Theorem. The groups K****(X, Y) and K” %X x B", X x S""'UY x B") are
canonically isomorphic.

Proof. Use Theorem 5.10 and induction onn. 0

5.12. Theorem. The groups K”%(X, Y) and K*~%(X, Y) are canonically isomorphic
for p<gq.

Proof. Since the groups K”*4(X, Y) only depend (up to isomorphism) on the

difference p—q (4.11 and 5.2), we may assume p=0. In this case 5.7 and 5.11 imply
K%(X, Y)~K*°(Xx B, Xx ST 'UYx B)~ K %X, Y) (IL4.11). O

5.13. Theorem (weak Bott periodicity). The groups K¢ (X, Y) (resp. Kg "(X, Y))
are periodic with respect to n, of period 2 (resp. 8).

Proof. This follows from the result that K2'*(X, Y) (resp. K§' (X, Y)) is periodic
with period 2 (resp. 8) by 5.2 and 4.11. 0O

5.14. Theorem. The groups Kg"(X,Y) and Kg" *(X,Y) (resp. Ky "(X, Y) and
Kg "~ *(X, Y)) are canonically isomorphic.

Proof. By 5.11 and 5.13, it suffices to show that Ky(X, Y)~Kg *(X, Y). But
Ky(X, V)~ K *(X, V)~ Kg'°(X x B*, X x S3UY x B* )~ Kz *(X, Y) by 5.7 and
5.11 again. 0O

5.15. Theorem. Let us define K"(X, Y) to be K™°(X, Y) for n>0. Then we have the
exact sequence

KP~1(X)— KP"Y(Y)— K°(X, Y) — KP(X)—> K?(Y)

forpel.
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Proof. Since the groups K™(X, Y) are periodic with period 8 (at most), and coincide
with K"~ 8 (X, Y) for r>0 big enough, we need only prove the theorem for p<0;
however, this was done in 11.4.13. [J

5.16. Remark. This theorem essentially concludes the plan outlined in IL.3.1.

5.17. Theorem (strong Bott periodicity). The group Kg ®(P)=Kg(B® S7) is
isomorphic to Z. The cup-product by a generator induces the real periodicity iso-
morphism

Br: Kg "(X, Y) =5 K" 8(X, Y)

(cf. 11.5.26). In the same way, the group Kg 2(P)=K(B*, SY)~Z, and the cup-
product with a generator induces the complex periodicity isomorphism (compare
with 1.3)

K "X, Y)— K" (X, Y).

Finally, the isomorphism between Ky "(X, Y) and Ki;"~*(X, Y) is again induced by
the cup-product with a generator of Ky *(P)~Z.

Proof. We only prove the first assertion, since the others can be proved in an
analogous way. By the Excision theorem (I1.4.15), we may assume that Y is empty,
and n=0. In this case the composition

K (X) 25 K °(X) 2o K 3(X) = K2 °(X x B8, X x ST)~ Kg(X x B®, X x S7)

is a Kg(X)-module isomorphism (5.7 and 5.9). Therefore it is defined by the cup-
product with the image of the unit element of the ring Kp(X'), whose image may be
considered to be in Kg(B%, S")cKx(XxB%, XxS7). 0O

5.18. Theorem. We have the exact sequence
KX, ) KX, V)1 KX, ¥)— KX, Y) > KX(X, Y).

In this sequence, the homomorphism c: Kg(X, Y)— KXX, Y) is induced by the
complexification of vector bundles (cf. 2.6). The homomorphism K§*'(X,Y)—
K&(X, Y) is induced by the cup-product with the generator of Kg *(P)=n,(GL(R))=
Z)2. Finally, the homomorphism K2~ '(X, Y)— K2*'(X, Y) is the composition of
the realification homomorphism (denoted by r) and the periodicity isomorphism
Be: KEY(X, Y)— K2 Y(X, Y).

Proof. Since K’ °(X)= Ka(X) is the Grothendieck group of the functor ¢: €' —
%' ° where €= &(X), we have the exact sequence

K™1(@" ) — K~'(6"9) — K(p)— K& —> K(&"°)
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(cf. 11.3.22), i.e.
Kg'(X)— K H(X)— Kp(X) — Kp(X)— K{X)

(note that #~%"-! by 4.8).

If we apply the Excision theorems (11.2.35, 11.4.15, and 5.3), we again obtain
an exact sequence if we replace X by the pair (X, Y), or better still, by
(Xx B, XxSP~1UY x B?). If we choose p=—nmod8, we obtain the exact
sequence required.

Now all that remains is to determine the homomorphisms of the exact sequence;
however, this is a much trickier task to accomplish.

The homomorphism Kg(X, Y)— KX, Y) is induced by the functor ¢, hence
is equal to ¢ by 4.9.

The homomorphism K¢ '(X)— Kg(X) in the exact sequence above may be
determined by complexifying the situation. More precisely, if we set €' = &x(X)*=
& (X), we have the commutative diagram (up to isomorphism)

(gl,l (gl,o

| ]

(g!l,l (6’1’0.

By the equivalence €'!'!~% and €'''°~%'x %', which follow from the iso-
morphisms C"! @ CxM,(C) and C'° ®x C~C @ €, the diagram can also
be read (up to equivalence) as

¢—2 ¢

]

AN

where the functors ¢’, 0, ¢, # are explicitly described as follows. Each object of
%'">! may be written as F=FE @ E, where E€ Ob(%’) and the action of C"! is
given by the automorphisms

0 1 01
e = { o and e2=1 o)

Therefore, the functor ¢’ — ¢''! > €':°~ %% ! acts on an object E by the
correspondence E+> (E @ E,e;,e,) > (E @ E,ie;). On the other hand, the
involutions

= and e,e,= ;
“TU0 o 2%\ _1
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are conjugate by the automorphism

Therefore ¢'(E)~E @® E, and thus ¢’ is isomorphic to the diagonal functor
% — € x¥'. A similar computation shows that the functor 8: ¢ x %' — €’ is
defined by (E,F)— E @ F, since the functors €' x4’ — ¢'%' - ¢'1.0— ¢..°
are defined by (E, F) > (E @ F, &) — (E @ F, ig) > (Eg @ Fjg, ig), where

(o )
&= ]
0 -1

Ey and Fy denote the real bundles underlying E and F respectively, and ie denotes
the action of C*:° on (E @ F)g. Finally, by 4.9 the functor ¢ (resp. %) is induced
by complexification (resp. realification). The category diagram given above
implies the following commutative K-group diagram (cf. 11.3.21)

KX~ K '(®) :

> K(p)=Kg(X)
K0 @ KO ')~ K™1(®) @ K 1(8) " K@) =K(X)~ K '(X),

where u is the map (x, y) — x + ¥ (i.e. is induced by 6). If x is an element of K¢ '(X),
we can write x=u(x, 0). Therefore y(x)=(du)(x, 0)=(rd")(x) = (rf¢)(x), since the
connecting homomorphism ¢’ identifies the first factor K; '(X) of the sum
K U(X) @ K¢S (X)) with K2(X)~ K¢ 1(X) (cf. 4.12).

Finally we must determine the homomorphism o: Kg* '(X) — Kg(X). Since
this is a Kg(X)-module homomorphism, we have a(x)=xua(1), where o(1) is the
image of the unit element under the homomorphism o : Kz(P) — Ky '(P), obtained
by setting n= — 1 and X'= P (a point). The exact sequence

K(P) " Kg(P)— Kg '(P),

where r is not surjective, shows that (1) is the nontrivial element of Kg '(P)=Z/2
(IL.3.20). This concludes the proof of Theorem 5.18. 0O

5.19. Theorem. The groups K¢ "(P), Kg "(P),and Ky "(P), are given by the following
table:
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n mod 8 KZ"(P) Kg "(P) Ky "(P)

0 z z z
1 0 Z)2 0
2 z Z)2 0
3 0 0 0
4 Z z z
5 0 0 z2
6 z 0 z2
7 0 0 0

Moreover, if r (resp. c) denotes the realification homomorphism (resp. complexifica-
tion homomorphism), and if u (resp. v) denotes a generator of K *(P) (resp. a
suitable generator of Kg 8(P)), we have u*=c(v), and w=r(u?) is a generator of
Kg *(P). If n is a generator of Ky *(P), then n*=r(u) is a generator of Ky *(P), and
w? =4,

Proof. Obviously we have Ky '(P)=n,(GL(R))=Z/2, K. '(P)=n,(GL(T))=0,
and K;; '(P)=Kg *(P)=mn,(GL(H))=0. On the other hand, elementary algebraic
topology shows that Kz (P)~n,(GL(R))~Z/2 with generator, the loop

cosf —sinf O
sin 0 cosf 0

0 0 1

It follows that the realification map K. 2(P) — Kj %(P) is surjective. Moreover, the
exact sequence

KS3(P)— Ky '(P) T Kg A(P)— K7 2(P) > Ko(P)

(!)! | I,

z2 I—>—1

shows that n* is the generator of K (P) since ¢ is multiplication by 5. We also
have K;; 2(P)=r,(GL(H))=0.
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The exact sequences
Z y/A
K¢ *(P) - K *(P)—> Kg *(P)—— K “(P)

H

KZ(P) - K (P) -2 Kz ¥(P) — KZ¥(P)

| H |

0 Z Z

show that Ky 3(P)= Ky "(P) =0 since cr is multiplication by 2, and since Kz *(P) =
K;*(P)~Z (2.7 and 5.14).

On the other hand, »* is a generator of K ®(P), since the periodicity iso-
morphism in complex K-theory is defined by the cup-product with % (1.3 and 5.17).
The exact sequence

Ky (P)—> Kz %(P)—> K& *(P)— Kg %(P)

; ﬂ

shows that u* = c(v), where v is a generator of K 3(P).
The exact sequence

K H(P)—> Kg *(P)—> Ky °(P)

0

shows that w=r(u?) is a generator of Kz *(P). Since c(w)=(cr)(u*)=u*+u*=2u>
(2.7), we have c(w?)=(c(w))? = 4u* =4c(v). Since c is injective on Kg *(P), we have
wr=4v. O

5.20. Remark. The exact sequence

K “(P)— KS*(P)—> Kz A(P)— Kz *(P)

| |

Z)2 0

shows that the homomorphism Z~ Ky *(P) — K *(P)~Z is multiplication by 2.
Hence the realification homomorphism K. *(P)— Kg *(P) is an isomorphism.
Since the periodicity isomorphism K "~ K ™"~ ® is compatible with realification
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and complexification, we have analogous results for the groups Ky ®774,
K %74 etc.

5.21. Naturally Theorem 5.19 has a homotopy version (compare with 2.3).
However, we can achieve better results by making the iterated loop spaces of
GL(R) and GL(H) explicit. To do this, we must slightly alter the definition of the
homomorphism ¢ which was given in 5.10. If ¢ and # are gradations which anti-
commute, we have the identity

€ cos 0+ 7 sin 0= (cos 0/2 +ne sin 6/2)e(cos /2 —ne sin 6/2).

Using the notation of 5.9, we write {d(E, n,, n,))=d(n*(E"), ¢, £,), where
¢1(x, 0)=n,(x) and

¢a(x, 8)=(cos /2 —n,(x)e(x) sin 6/2) (e(x) cos 6+ 11,(x) sin 6)
X (cos 6/2 +1n,(x)e(x) sin 6/2)

(for 0<0<m). In this form, we see that the homomorphism ¢ is actually induced by
a continuous map

T: Grad?”?* (k) — Q Grad” (k)

(k=R or C; cf. 4.28, 4.29, and 5.2). More precisely, if (M,) is a cofinal system of
CP%*? ®y k-modules, it is also a cofinal system of C*9* ! ® , k-modules (denoted
M), as can be seen from the table of Clifford algebras (3.24). Now we define a
continuous map from Grad(M,) to 2 Grad(M?) by # > &, where & is the loop

&(e'®)=(cos 0/4—n,& sin 6/4) (¢ cos 0/2+7 sin 6/2) (cos /4 +1,& sin /4)

for 0<6<2n, and where ¢is the last generator of the Clifford algebra C??* ! which
is taken as the base point of Grad(M,?). Since ¢ is an isomorphism (5.10), it follows
that T'is a weak homotopy equivalence,* since Grad”?* ' (k) ~ inj lim Grad(M)
and Grad? %(k) ~ inj lim Grad(M?). Examining the spaces Grad?? as in 4.28 and
4.29, we obtain the following theorem:

*) We say that a map T: Z — Z’ is a weak homotopy equivalence if it induces a bijection [X, Z] ~
[X, Z'] for every compact space X.

* In the situation considered here, the map T is a homotopy equivalence, since all the spaces involved
have the homotopy type of cw-complexes (cf Milnor [17]).%
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5.22. Theorem (Bott [1]). We have the following weak homotopy equivalences.>

GL(R)~ Q(Z x BGL(R)) or O~Q(ZxBO)
GL(R)/GL(T) ~ (GL(R)) or O/U~Q(O)
GL(C)/GL(H)~ Q(GL(R)/GL(C)) or U/Sp~Q(O/U)

Z x BGL(H)~Q(GL(C)/GL(H))  or ZxBsp~&(U/Sp)
GL(H) ~ Q(Z x BGL(H)) or Sp~Q(Z x BSp)
GL(H)/GL(T)~ Q(GL(H)) or Sp/U~Q(Sp)
GL(C)/GL(R)~ QGL(H)/GL(T)) or U/O~Q(Sp/U)

Z x BGL(R)~Q(GL(C)/GL(R)) or ZxBO~Q(U/O)
GL(T)~ (Z x BGL(T)) or U~Q(ZxBU)

Z x BGL(T)~ Q(GL(T)) or ZxBU~QU)

In particular, each space of this list has the same weak homotopy type as its 8th
iterated loop space (2nd iterated loop space for the last two lines).

5.23. Remark. In the preceding list, the weak homotopy equivalences of the type
G~SAZ x BG)=8(BG), with G=GL(R), GL(€), GL(H) or O, U, Sp can be
proved in an “‘elementary’” way. The other equivalences are not trivial.

5.24. Remark. 1t is possible to transform these ““stable’” homotopy equivalences
into “‘non-stable” isomorphisms of the form n(Grad(M,))~ =, ,(Grad(M?)) for
r large enough (cf. 1.3.13). For example, if 2p> i+ 1, we have n,(O(2p)/U(p))~
7;+1(0(2p)), etc.

5.25. Example. For the convenience of the reader, we explicitly describe the weak
homotopy equivalence between Grad® 2(R)and 2(Grad® !(R)), i.e. GL(IR)/GL(C)
and Q(GL(R)). As a cofinal system of C%3-modules, we choose M,=C" & C’
(considered as a real vector space), and the generators e,, e,, and e, of the Clifford
algebra acting as

1 0 0 1 0 i
e1=0_1, e2=10,ande3=*i0-

Then it is easy to check that a gradation of M, , considered as a C °-2-module, must
be of the form

(5 3)

where J2= — 1. Therefore, the space Grad(M,) may be identified with the space of
complex structures on R?". On the other hand, the space Grad(M) may be

%) Actually homotopy equivalences by the footnote ¥, p. 159.
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identified with the space of automorphisms of €" @ €’ (considered as a real vector
space), which are written in the form

)

0 J
Hence Grad(M ?)maybeidentified with GL,,(R).If weputyn,=e;andy = < J 0)’

we see by a short computation, that

He® _< 0 e”®2(cos 0/2+ J sin 0/2))
€)= e'%2(cos 0/2—Jsin 6/2) 0

Therefore, the loop in GL,,(R) associated with the complex structure Je
GL,,(R)/GL,(C) is defined by

e —— e %?(cos 0/2+ J sin 0/2), for 0<O<2m.
Taking the limit, we obtain the homotopy equivalence GL(IR)/GL(C)~ Q(GL(IR))

as expected. As an exercise the reader may also make the other nine homotopy
equivalences of Theorem 5.22 explicit.

Exercises (Section II1.7) 4, 5, 13, 14, 15.

6. Proof of the Fundamental Theorem

6.1. The purpose of this section is to prove Theorem 5.10, from which we derived
Bott periodicity in II1.5. As in Theorem 1.3, Theorem 5.10is proved using a general
theorem on Banach algebras (6.12; compare with 1.11). In order to do this, we
need some preliminary lemmas.

6.2. Let us first show that it suffices to prove Theorem 5.10 for Y empty. In fact,
the commutative diagram

Kp,q+1(X, Y)—I)Kp’q(XXBl,XXSOUYXBl)

U U

KP o (XY, {y})—— K" (X/Y x B', X/Y x S°U{y} x B')

enables us to reduce theorem 5.10 to the case where Y is a point (cf. 5.3). Moreover,
when Y is a point we have the commutative diagram
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0———— KPI* (X, Y) ———————— KP It (X) ————— kP9 (V) ——— 0

0— KP4(Xx B', Xx S°UY x BY)— KP4(X x B!, X x §%) — K%Y x B!, ¥ x §°) 0.

The first sequence is exact by 5.4. The second sequence may also be written (up to
isomorphism) in the form

0—— KP9X x BY/X x SOUY x B', ¥) — KP%X x B1/X x S°, +)
S KPYYxBYYXS%, %) —0

where * is a point; it is exact by 5.6 since T=Y x B'/Yx S° is a retract of
Z=XxB'/Xx 8°, and since X x B'/X x S°UY x B~ Z/T. Therefore, it suffices
to prove Theorem 5.10 for Y empty.

6.3. If E is a C?%-vector bundle provided with a gradation ¢, we again let &(6)
denote the gradation on p*(E), induced by the projectionp: X x B! — X. If o is an
endomorphism of p*E, we often emphasize the dependence of « as a function of
e’ € B!, by writing a(6) instead of a(recall that B is identified with the upper half-
circle; cf. 5.9).

Now let (M,) be a cofinal system of C?4* 2-modules (over k=R or C;cf. 4.25).
Let E,=X x M,, and let E be the C*“-bundle underlying E,. If e, ..., €, .,
are the generators of the Clifford algebra C?%* 2, we write ¢ ,(6) for the gradation of
P*(E)), defined by ¢,(0)=e,, ., co80+e,,,,,5in0 (we always identify the
generators of a Clifford algebra with their action on vector bundles).

ep+q+2
Fig. 15

ep+q+1

—ep+q+1

0 |

6.4. Lemma. Each element of KP%X x B', Xx S°) may be written as d(p*E?,
£(0), &(8)), where ¢ is a gradation of p*E such that ey  so=&,|x x so- This element is
equal to 0 if and only if there exists s such that ¢ ® & is homotopic to &, , ; (where the
homotopy is constant over X x S°).

Proof. By 5.2 each element of K”4XxB' XxS° may be written as
d(p*E?, e, ., ,€(0)), where ¢ is a gradation of p*E? such that &'y, so=€,, 11>
or equivalently £(0)=¢'(t)=e,, .- Applying the inner automorphism defined
by ,(0)=cos 0/2+e,, 44 1€, 4+ 5in 6/2, we sce that the triple (P*EP €, 441, 0)
is isomorphic to the triple (p*E;, e, ,., cos 0+e,, ., sin 6, &), where

e(0)=(cos0/2—e, ;18,4 4+ 510 0/2)e'(0)(cos 6/2+ e, ;.\ 1€, 44, 5D 0/2).



6. Proof of the Fundamental Theorem 163

Therefore, each element of K*4(X x B!, X x §°) may be written in the form stated.
We remark that the second triple becomes “‘closer” to the image of ¢, since ,(0)
is “¢,(0)” for some gradation on p*E;? (see the definition of 7 in 5.9).

To prove the second part of the lemma, let us be more precise by writing e}
for the automorphism of E, or p*E, associated with the i generator e¢; of the
Clifford algebra C”%*2, By 5.2 again, the equality d(p*E?, £,(6), £(6))=0 implies
the existence of an integer s such that &(0) @ e} . ., ; is homotopic to §, @ €j, 11>
where the homotopy is constant over X x S°. If we apply the inner automorphism
1 @ A(0) to this homotopy, we see that &(f) ® & is homotopic to &, , where the
homotopy is constant over X x S°. [

6.5. Lemma. Each element of K?%X x B*, X x S°) may be written as d(p*E?,
£,(0), &(0)) where &(0) may be assumed of the form f(B)e, , ..., f(0)~ 1 for f an auto-
morphism of p*E, such that

() /(0)=1d;,
and (i) €141 f(MW)=—f(1)€,1 04,1

Such an element is zero if and only if there exists an integer s, such that f ® h, is
homotopic to h,, , within the automorphisms of p*E?,  which satisfy conditions (i)
and (ii) above (note that the automorphisms A(6), which were defined in the proof
of 6.4, satisfy conditions (i) and (ii)).

Proof. By Lemma 4.21 (where the interval [0, 1] is replaced by [0, 7]) the grada-
tion &(6) may be written as f(0)e, , ., ,(f(6))~ !, where f(0)=1. Since &(0)= ¢ (0) =
—e,,4+1, condition (ii) is automatically satisfied; however, the “lifting” f(0) is
not unique.

Now let usassume that d(p* E?, &,(0), £(6)) =0, where e(6) =f(0)e,, . ., , (f(0)) .
By Lemma 6.4, there exists an integer s such that ¢ @ &, is homotopic to ¢, , ..
Therefore, there exists a continuous map #: B' xI— Grad(E’. ) such that
n(0, 0)=¢(0) @ 55(0)5 n(0, 1)=£r+s(0)’ n(0, t)=ep+q+19 and n(r, t) = “Cptg+1-
Thus we have the commutative diagram

B! x {0, 11U{0} x I "> Aut(E?, )

e y

B'xI——— Grad(E?, ),

where y(@)=o0e,, .42 ', and 7 is defined by

1(0, 0)=1(6) ® hy(0),
ﬁ(g’ 1 ) = hr+s(0)a
and n(, =1.
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Since the pair (B'x1, B'x{0,1}u{0}xI) is homeomorphic to the pair
(B! x I, B' x {0}), Lemma 4.21 applied to a vector bundle over X x B', shows the
existence of a continuous map f': B! x I— Aut(E?, ), which makes the above
diagram commutative. Therefore, we must have the relations

1'(6,0)=1(0) ® hy(0),
S0, )=h,, ),
f'0,n=1,
and ep+q+1'f/(0’ t)=—f,(0’ t)'ep+q+1’

and f” realizes the required homotopy between f® h,and A, . O

6.6. We wish to apply the lemma above to a Banach algebra interpretation of the
group K% X x B', X x S°). From the table of Clifford algebras, we see that the
CP7*2 modules N,=(C?*?* 2y form a cofinal system. If C(X) denotes the algebra
of continuous functions on the space X, with values in k=1 or C, then the Banach
algebra A which we consider, is the algebra of endomorphisms of C?-7*% ®, C(X),
regarded as a left C”° 1 ®, C(X)-module (of rank 4). By I.1.12, a more “‘geometric”
interpretation of 4 is Aut(F?), where FY is the C? 4-bundle underlying X x N, .

We may regard A4 as a Banach algebra with an involution which is defined by
A A=€,, 41 -ocel,irlqu .- Of course this involution induces an involution on the
algebra of matrices over 4, and hence on GL,(4)=Aut(F?), where F? is the
C?4-bundle underlying XxN,. We set GL (4)={aeGL,(4)|a=—0a}. In
particular, the element e=e,, ;. ,-€,,,. 1 € GL1 (4). As a base point of GL;,(4),
we choose the diagonal matrix

er= —e

and we set GL™(4)=inj lim GL,,(4) with respect to the maps a > o @ ¢'*. If N,
denotes the CP9*'-module underlying N,, provided with the CP?*2-module
structure obtained by changing the sign of the action ofe,,,.,, then the
CP"" 2. modules M,=N, ® N, also form a cofinal system. Now the Banach
algebra End(E?), where E? is the C™%bundle underlying E,=X x M,, is also
a Banach algebra with involution (ie. ar>d=e,, . o€, iy 4+1)- The space
GL;,(A4) may therefore be identified with the space of automorphisms o of E° such
that = —a. Note that the action of ¢, ., , may be identified with e”.

Let Q(GL,,(4), GL;,(A4)) be the space of paths fin GL,,(4) parametrized by
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[0, «], such that f(0)=1 and f(n) € GL;,(4), provided with the compact-open
topology. We set

1,(GL,,(4), GL,,(4))=7,(Q(GL,,(4), GL;,(4))
and 1,(GL(4), GL™ (4))=inj lim 7,(GL,,(4), GL;,(4)),

where the inductive limit is taken with respect to the maps f+—f@® h;, for
h,(@)=cos 0/2+¢'" sin 6/2. We set

h,(8)=cos 6/2+¢” sin 6/2=h,(6) ® h,(6) ® - - - @ hy(0).

r

The matrix direct sum induces a monoid operation on n,(GL(4), GL™(4)).
More precisely, if o€ Q(GL,,(4), GL;(4)) and BeQ(GL,(4), GL,(4)), we
consider o @ feQGL,,,,(4), GL;,, ,(4)). Now a ® f®h; @ h; is in the
same connected component as o« @ h; @ B ® h, (apply a permutation of the
coordinates, which is homotopic to the identity in SO(2r+2s+4)). Hence, the
class of o @ f in 7,(GL(4), GL"(4)) depends only on the classes of « and f in
7,(GL(A), GL™(4)). The associativity of this operation, and the existence of a
zero element (which is the class of 4,), are obvious.

6.7. Proposition. We have a natural bijection
KP9(X x B, X x §%) ~n,;(GL(4), GL™(4)).
In particular, the matrix direct sum induces a group operation inn;(GL(4), GL™ (4)).

Proof. Actually, this is a reformulation of Lemma 6.5. More precisely, let us
associate a path f(6) in GL,,(4) where f(0)=1 and f(rn) € GL,,(4), with the class
of the triple (p*E?, £,8), &(0)) where &(0)=1(0)e,+ ,+1(f(6))"", identifying f(0)
with f(6) and &(0) with &) (cf. 1.1.12). Since f(n) € GL,(4), the triple has a well-
defined class in the group K?4(X x B!, X x §°), which depends only on the class
of fin the set n;(GL(4), GL™(4)). By 6.5 the map we have just defined from
n,(GL(4), GL™(4)) to K*4(X x B!, X x §°), is a monoid homomorphism which
is surjective and has kernel 0. Hence 7,(GL(4), GL™(4)) is a group, and the
homomorphism is an isomorphism. [

6.8. The group K?:7*!(X) may also be identified with an invariant of the Banach
algebra with involution 4. Let G, be the space of gradations of E,', where E, is the
CP?9%_bundle underlying X x M, (cf. 6.6). Then G, is the set of elements 7 in
Endy, (M, ® ,C(X)), such that n°=1 and ne;= —e;n for i=1,..., p+q+1.In
other words, the elements # are antilinear automorphisms of 4" (i.e. n(ix)=1An(x)
for Ae A and x e A?"), which anticommute with the action of the ¢, for i=1,.. .,
p+q (i.e. commute with the action of the ee,, ., € GL; (A4)). For example



166 III. Bott Periodicity

€,+4+2€ G,, and if we choose this element as base point, we set G=inj lim G,. By
4.27 and 4.29, K> {(X)x 1o (G).

In order to work “inside” GL,,(4) and GL(4), it is more convenient to
consider a space 1,(4)c=GL,,(4), which is homeomorphic to G,. I(4) is the
space of matrices ge GL,,(4), such that g=—g and g*=—1. The map
g+>g-e,iq41 defines a homeomorphism between I,(4) and G,. Therefore

~inj lim 7,(4), where the limit is taken with respect to the maps g — g @ ¢’
(wheree’*=e,, .1, €, .41 isacting on 4%; cf. 6.6). From these remarks, we arrive
at the following proposition, analogous to 6.7:

6.9. Proposition. The map defined above is an isomorphism
K1 Y (X)) = mo(I(A)).

In particular, the matrix direct sum induces a group operation in ny(I(A4)).

6.10. The discussion above motivates the following definitions: Let 4 be a Banach
algebra with involution, and provided with an element e such that e= —e and
e?=—1. We set GL, (4)={ae GL,(4)|&= —a}. In GL;,(4) we consider the
base point defined by the matrix

Let Q(GL,,(A4), GL,,(A4)) denote the space of paths f(0), parametrized by [0, =],
such that f(0)=1 and f(x) € GL,,(4); let 2(GL(4), GL™(A4)) denote the inductive
limit injlim (GL,,(4), GL;,(A4)) with respect to the maps f+>f @ h*, where
h*(0)=cos 6/2+¢€'* sin 6/2. Then we define n,(GL(4), GL™(4)) to be

mo(Q(GL(4), GL™ (4)) =inj lim 7(Q(GL,(4), GL;,(4)).

In the same way, we may consider the subset 1,(4) of elements g in GL,,(4),
such that g= —g and g®>= — 1. We define (4) to be inj lim Z,(4) with respect to the
maps g+>g @ e’’.

Finally, the sets I(4) and Q(GL(4), GL™(4)) are connected by a map

W I(4) — Q(GL(4), GL ™ (4)),

which is defined by g +> f(0)=cos 6/2+ g sin 6/2 (in fact the map is actually defined
from I(4) to Q(GL,,(4), GL;,(A4)) for each r and thus induced on the inductive
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limit). The map W induces a map
w: no(l(A)) — 1, (GL(4), GL™(4)),

which turns out to be an isomorphism in general (6.12). According to 6.7 and 6.9,
this implies that K74*1(X) and K? %X x B, X x S°) are isomorphic. However,
we must check that ¢ coincides with w in a particular case (up to isomorphism):

6.11. Proposition. Let A be the Banach algebra End(CP**? ®, C(X)), where
CP 12 ®, C(X) is regarded as a C”1 ®, C(X)-module (or End(FY) using notation
of 6.6). Then we have the commutative diagram

mo(I(4)) —— m,(GL(4), GL™(4))

U U

Kp,q+1(X) t_) KP;‘I(X)( Bl’ XX SO)

where the vertical isomorphisms are defined as in 6.7 and 6.8, and t (resp. w) is
defined as in 5.9 (resp. 6.10).

Proof. Let g be an element of 1,,(4). The element of K?7*1(X) associated with it
is defined by the triple (E,, #,, ,) where E, =X x M, (notation of 6.6), n, =e

ptq+2»
and n,=g-e,,,., (again we identify « with the & of 1.1.12). Therefore, we have

HA(E,, 1y, 12))=d(p*E,, {1(0), {,(0)) where
{i(@)=¢p1 441 cOsO+1;sin 0=F;(0)e,, .. 1(fi(0) 7",
and where

J1(@)=cos 0/2+ ¢’ sin 6/2
and f>(0)=cos 6/2+gsin 0/2.

By 6.7, this shows that the diagram is commutative. O

After this task of “‘translation”, we have thus reduced Theorem 5.10 to the
following general theorem on Banach algebras:

6.12. Theorem (Wood [1]). Let A be a Banach algebra with involution, provided
with an element e € A such that e*= —1 and é= —e. Then the map defined in 6.10

w: no(I(4)) —> n,(GL(4), GL™(4))

is bijective.

6.13. As in the last part of 6.6, the matrix direct sum induces a monoid operation
on the sets y(/(4)) and 7(GL(4), GL™(4)). It is clear that w is a monoid homo-
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morphism. We check first that ny(/(4)) is an abelian group (the reader who
is only interested in the Banach algebra 4 =End(C??*? ® C(X)) may omit this
verification by 6.9).

For o, f € I(A)c= GL,,(A4), the homotopy

cost —sint\/a O cost sint for 0 )
. . or0Ln
sin ¢ cost/\0 pB/\—sint cost Stsn/2,

shows that o @ f is homotopic to f @ « in I,(4) =GL,,(4). Hence, ny(l(4)) is
an abelian monoid. Moreover, if gel(4), and if ¢=¢", we may write
e'-g-e' @ g as the product of matrices

1 1 a\[ 0 €\/1 —a aee'
28 —a! 1 /\e 0/\a"! 1) 9>

or equivalently as f-¢”-f~ ! where

., ( 0 e’) i B < 1 oc)
= an = .
¢ e 0 —a ! 1

Now, in GL/(4)={y e GL,,(4) | 7=y}, f may be written as

(e 36 )

which is clearly homotopic to

o 32)

Therefore e’'-g-¢’ @ g is homotopic in 1,,(4) to

1 0\/0 e€\/1 0>
0 2/\e¢ 0/\0 %
which is independent of g. Hence ¢'-g-¢' @ g is homotopic to ¢'-¢'-¢' @ e'=
(—€') @ €', which is ¢’*" up to a permutation of the coordinates. This shows that
the class of ¢'-g-¢' is opposite to the class of g in the abelian monoid n,(I(A4)).
Using the lemmas that follow, we will prove that w is surjective and Ker w=0.

This will show that 7, (GL(4), GL™(4)) is also an abelian group, and that w is an
abelian group isomorphism.

6.14. To prove Theorem 6.12, we must interpret the space Q(GL(A), GL™(4))
in a slightly different way. By making the parameter change ¢ =6/2, we may assume



6. Proof of the Fundamental Theorem 169

that the paths are parametrized by [0, n/2]. The path A(¢p)=f(2¢) where ¢ € [0,7/2],
may be uniquely extended to a periodic map on R, with period 2z, via the formulas
h(9)=/(2¢) for 0<o<mn/2,
ho+n)=—h(p) forO0<ep<n/2,
and h(—@)=h(9).

In general, a continuous function a: R — GL(4) is called adapted if it is periodic
with period 2x, and if

a(0)=1,
(@ +m)=— o),
and o — @) =a(®).

If ay and «, are adapted functions, an adapted homotopy between them is a
continuous map

a: R xI— GL(A),

such that a(p, 0)=0y(®), a(e, 1)=a;(¢), and such that the function ¢ > a(p, ) is
adapted for each 7€ I. Therefore we obtain a bijection between n,(GL(4), GL™(4))
and the homotopy classes of adapted functions between R and GL(A4).
Under this identification, the adapted function associated with geI(4) is
@ — a(p)=cos @ +gsin ¢ (p € R). If we let {=cos ¢+ ¢’ sin ¢, then the function
above may also be written as

l+ge',_, 1—ge
=73 ¢t

() ¢

(again this expression is meaningful in GL,,(4 ) for r large enough; the stabiliza-
tion is given by the map «+> o« @ {,). The main idea in the proof of the Theorem
6.12, is to show that each adapted function is homotopic to a function of the type
above.

6.15. Definition. An adapted function a: R — GL(4) is called Laurentian (resp.
+N

quasi-polynomial, resp. quasi-affine) if it can be written as Y a,{*"! (resp.
N n=—N
Y @, 03", resp. apl "' +a,0) in GL,,(4) for r large enough, with @,=a,. If o,
n=0

and «, are adapted functions, a homotopy between them is called Laurentian

+N
(resp. quasi-polynomial, resp. quasi-affine) if it can be written as Y a,(f){*"*
N n=-N

(resp. Y a, ()", resp. apl ™! +a,{), where a,(f)=a,(?) is a continuous function
n=0
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of t. We let nf=n}(GL(4), GL™(4)) (resp. n}=n}(GL(4), GL™(4)), resp.
nf =n}(GL(A4), GL™(4)) denote the set of homotopy classes of adapted functions
which are Laurentian (resp. quasi-polynomial, resp. quasi-affine).

6.16. The sets n}, n}, n} are abelian monoids (with respect to the matrix direct
sum). In fact, the proof of Theorem 6.12 will show that they are abelian groups. If
o is a Laurentian (resp. quasi-polynomial, resp. quasi-affine) function, we let
d, () (resp. dp(), resp. da(x)) denote its class in n} (resp. n}, resp. n1). Since every
quasi-affine (resp. quasi-polynomial) function is quasi-polynomial (resp. quasi-
affine), we have obvious homomorphisms

A _Ws

mp " mf 2 nf s 7 (GL(4), GL™(4)),
We define a homomorphism

Wy mo(K(A)) —— n}

1—ge' . ..
zg {. Thus we obtain a factorization

of w as shown in the commutative diagram

1 I
by the formula g — a(p)= +de T+

o(I(4)) —— n,(GL(4), GL™(A4))

w w.
a2 L ab T2 gl

To prove Theorem 6.12, we show that each morphism w;, for i=1, 2, 3, 4, is
surjective and has kernel 0. Since all the sets involved are monoids, and since
no(I(4)) is a group (6.13), it will follow that each w; (hence w) is an isomorphism.

6.17. Lemma. The homomorphism w, is surjective and its kernel is 0.
Proof. We are going to use the same method as in the proof of 1.14. Let d(x) be
an element of n,(GL(4), GL™(4))=injlim n,(GL,,(4), GL;,(4)). We may

assume o to be the class of a map (denoted again «) from R to GL,,(4), which is
periodic with period 2x. Let

1 2r
a,=— J a(@)cos (mp)de for m>0,
T Jo

2n
f o) sin (mp)de for m>0,

and o, ()= i (1—m/n)(a,, cos (m@)+b,, sin (mep)).

m=1
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By Cesaro’s theorem, o is the uniform limit of the o,. Since o is adapted, we have
a,,= b,,=0when mis even. Moreover, a,(¢ + 1) = —a,(p) and o, — ¢) = a,(@). Since
M, (4) is a Banach algebra, o (¢) is invertible for n large enough, and a(p)=
lim &,(¢) where &,(¢)=a,(®)x,(0)"', which is adapted. Finally «, and &, are
o g m_{m
2 2
{=cos @+¢ sin ¢; cf. 6.13). This shows that w, is surjective.
The proof that Ker(w,)=0 is based on the same principle applied to the
Banach algebra A(7). More precisely, let d; () be an element of n7(GL(A), GL ™ (4)),
such that w,(dy (2))=d(x)=0. If we consider « to be a map from R to M,,(4) for
r large enough, there exists a homotopy f(u, ¢) from a(@) to {(¢). Let fi.(u, @) be
a Laurentian approximation to this homotopy. When this approximation is close

enough, we have 1f(u, )+ (1 — ). (4, @) € GL,,(A) for t [0, 1] (where u is the
parameter of the homotopy). If we let

Laurentian since cos(m@)= and sin(m(p)=c

¢! (note that

BL, @)=3uB(0, )+ (1 - 3u)(p) for 0<u<d,
B, 9)=BLBu—1, ¢) for }<u<?,
and B, 9)=(G—3wp(l, 9)+(Bu—2)l(¢)  fori<u<],
o A é
Fig. 16
B

we obtain a Laurentian homotopy between « and {. O

6.18. Lemma. The homomorphism w, is surjective and its kernel is 0.

Nz
Proof. a) w, is surjective. Let a= ) a,, (*" ! be an adapted function
n=-Ni
regarded as a map from R to GL,,(4) (for r large enough), and let o' =af?. It
suffices to prove that d; («) =d; (&) +d.({;,') (we write {,, for the adapted function
cos ¢ +e” sin ¢ from R to GL,,(4), and {,,' for its inverse function; notice that
the notation { ™! has no meaning if we have not fixed r). In order to do this, we
consider the following product of matrices in GL,,(4):

a(@) 0 ) cost ~—sint <C2_r2 0>< cos? sin t)
0 {5 /\sint cost/\0 1/\—sint cost
For t€[0,n/2], this defines a Laurentian adapted homotopy between a @® ¢,,
and o' @ {5,'. Hence we obtain the identity required.

b) Ker(w,)=0. Let us assume that d; (x)=0, where o is quasi-polynomial.
Therefore, there exists a Laurentian homotopy y(¢, ) between o and (. If the order
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of this homotopy is —2p —1 (p> 1), we show that the order of the homotopy can
be “pushed” to —2p+1 by increasing the size of the matrix. Assertion b) will
then be obtained by downwards induction on p.

The homotopy defined by the product of the four matrices above, actually
defines a quasi-polynomial homotopy between a @ {,, and a{*> @ {;,! when « is
quasi-polynomial, as is the case. The given Laurentian homotopy of order —2p—1
defines a Laurentian homotopy of order —2p+1 between o> @ (5!
and {* @ (;,'. Thus we have a quasi-polynomial homotopy between (3, @ {;,*
and {,, @ {,,. Therefore, we see that

a~ra @ (~alP @I~ TN D =L

The composition of these three homotopies provides the desired Laurentian
homotopy of order —2p+1 between a @ {and { @ {. [

6.19. Lemma. The homomorphism wy is surjective and its kernel is 0.

Proof. a) wy is surjective. Let dp(x) be an element of nf(GL(4), GL™(4)) with
w(@)=a_,{ ' +a,{+ - +ay,_10*" e GL,,(4) for n>1. We prove that there
exists a quasi-polynomial homotopy between o @ {,, and an adapted function
which is quasi-polynomial of degree <2rn— 3. To do this, we consider the product
of the following three matrices in GL,,(4) (where {={(,,):

(1w \ (a0 1 0
“(t"")_<o 1 )(o c—1><—m2n_142 1)

_(a— N tczn—a)

taZn—lC C_l

We set a(z, ¢)=a(t, p)a(t, 0) . Then (2, @) is a quasi-polynomial homotopy of
degree <2n—1 between a @ (™' and o« =a(1, @), which is of degree <2n-3.
Therefore, we may write

dp() = dp(o) + dp({5, ") = (@) + w3(dn(({2,1))-

In Lemma 6.20, we prove independently that w, is surjective. Therefore
3} (GL(4), GL™(A4)) is a group, and dp(2) =dp(a) + w3(—dA((5,")). By decreasing
induction on #, this shows that w5 is surjective.

b) Ker(w;)=0. Using the same method as in proving a), we must verify the
following assertion: let o be a quasi-polynomial map of degree <2n-—3, forn>1,
which is homotopic to { by a homotopy y of degree <2n—1 in GL,,(4); then
a @ ;! is homotopic to {,, ® {5,' by a homotopy of degree <2n—3. If we let

W, @)=a_ (O +a O+ -+ ay,_ (D,
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then (0, p)=a and y(1, ¢)={. In GL,,(A), let us consider the matrix

_ (1t @) =az (0 C)
o, <p)—< Iy a

It defines a homotopy of degree <2n—3, between

n— 2n—3
5(0,(;;):(; 22_13> and 5(1,<p)=(g gﬂ )

which can themselves be joined by a path of degree <2n—3 to

(6 &) = 5 o)
0 C_l 0 C—l

respectively. If we replace each of these homotopies by its ““normalization” (the

normalization of a(z, @) is &(t, )=0a(t, p)a(t,0) ™!, we see that the assertion is
proved

a@®(! ot

Fig. 17

3, @)
30, ¢) (1, @) 0

6.20. Lemma. The homomorphism w, is surjective and its kernel is 0.

Proof. Let dy(a) be an element of n}(GL(4), GL™(4)). Then a is the class of a
path of the form a_ (™" +a,{ where a_; +a,;=1. Since {=cos ¢ +¢'sin @, we
may write « in the form cos ¢ +g sin ¢, where g is an element of GL(4) such that
g= —g, and such that g— A is invertible for every real number A. If J(4) denotes
the space of such automorphisms g, we see that n}(GL(4), GL™(4)) may be
identified with 7,(J(4)). On the other hand, I(4) is the subset of J(4) consisting of
automorphisms which satisfy the additional condition, g? = — 1. So all that remains
to be shown, is that the inclusion of /(4) in J(4) induces a bijection on 7,,.

If ge J(4) and if 4'=A4 ®y C, let us consider the element f=p_,z" '+ B,z,

1+ 1—i
where ﬁl=—gE and f_,= 2zg’ regarded as a function of ze S!. Then, if we

write z=cos ¢ +isin ¢, we see that f§ is invertible, hence may be regarded as an
element of GL(4'{z, z~')) using the notation of 1.17. The computations in 1.24

+ o0
(with a slight change of notation) show that if we write ' as Y y,,, z2""!,

n= - o

is an element of GL(4")

2By —1
then f,y_, is a projector. It follows that é:_ﬁlj’_;_
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such that 2= — 1, and § = — g with respect to the previous involution on A, since
applying the involution to B means changing z to z™!, and i to i. Moreover, g is
self-conjugate with respect to complex conjugation since applying complex
conjugation to f means changing zto z~ ', and i to —i. Hence § € GL(4)= GL(4"),
and the correspondence g — g defines a continuous retraction from J(A4) to I(4).
It follows that w, : my(I(4)) — n,(J(A4)) is injective.

On the other hand, by Remark 1.27, the element tg+ (1 —1)§ € J(4) for each
t € [0, 1]. This defines a path between g and § in J(A4). Therefore w, is surjective. 0O

6.21. Remark. The reader who is aware of holomorphic calculus in Banach
algebras might perhaps prefer to proceed in the following way for the last proof.
Since the spectrum of g does not meet the real axis, we choose two circles y* and y~
which contain the part of the spectrum located in the half-plane Im(z) >0, and in
the half-plane Im(z) <0, respectively.

Fig. 18

Then the map

| idz 1 —idz
=
g g 2n Jyo z—g 2in J,- z—g

also defines a retraction from J(4) to I(4), such that tg + (1 —1)g belongs to J(4).
As an exercise, the reader may check that the two definitions of § coincide.

Exercises (Section 111.7) 8-11.

7. Exercises

7.1. Prove that the external tensor product of bundles (I1.4.9) induces an iso-
morphism

K (X) ®; K(S™)~ KX x §?"),

and deduce that K (X x S*)~ K(X) ® K(X) as K (X)-modules. In the same
way, prove that Ko(X x S2"* 1)~ K(X) @ K¢ '(X) and compute Kg(X x S™).
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7.2. Prove that K.(P,(C)) is a free group of rank n+ 1. Compute K (X x P, (C))
as a K(X)-module.

7.3. Let Y be a compact space and let g =Y, Y, <..--cY,=Y be a filtration
of Y by closed subsets such that Y;,, — Y,~ C?. Now prove that K (X x Y) is a
n—1

free K(X)-module of rank p= ) p,.

i=0

7.4. Let X be a compact differentiable manifold. Prove the existence of a finite
open cover (U;) of X, such that the intersection of p open sets U, is either empty or
homeomorphic to IR". Apply the Mayer-Vietoris exact sequence (I1.4.18) to show
that the groups K ~"(X) are of finite type.

7.5. Let X be a finite CW-complex of dimension r. Apply a method analogous to
7.4 to prove that K~ "(X) is a group of finite type. Prove also that K'(X)*1=0
(cf. 11.5.9).

7.6. Compute K;i(P,(C)) ® ,Z'. Show that Kp(P,(C)~Z and Kj'(P,(C))=0.
Show that Kg(P,(R))~ Z/4.

7.7. Let 4 be a complex Banach algebra. Show that m,(GL(A))~n,(GL(A4)).
Deduce that n,(GL(4))~ K(A4) if nis odd, and 7,(GL(A)) *7o(GL(A)) if n is even.

7.8. Let A be a real Banach algebra, and let 4,=A4 ®y C™° be provided with the
involution a ® b+>a ® b, where b+>b is the involution on C™° such that
e,=—e, fori=1,...,n.

a) If n>1, prove that 4,_, may be identified with the subalgebra of 4, con-
sisting of elements of zero degree (i.e. such that X=Xx), and prove that
Q(GL(4,), GL™(4,)) has the same homotopy type as Q(GL(4,)/GL*(4,))
where GL*(4,)={a e GL(4,)la=a}.

b) Ifn=2, prove that GL(4,_ ) acts on I(4,) (notation of 6.10) by inner auto-
morphisms, and that the connected component of 1 ® e, in I(4,,) is homeomorphic
to the connected component of the class of 1 in GL(4,_,)/GL(4,_,).

¢) From a), b), and Theorem 6.12, deduce that

[GL(4,-1)/GL(4,-2)1° ~[AGL(4,)/GL(4,)]° (Wood [1])
(where in general, X° denotes a connected component of the space X).

d) Prove that [GL(4)]° ~[Q%(GL(4))]1°.
¢) Prove that

K(4)~,(GL(4,), GL(4,_ )~ 7,(GL(4)).
f) Prove that K(4 ®g H)~n;(GL(A4)).

g) Prove that ny(GL(A))~n3(GL(A)), and show the homotopy equivalence
GL(A)~ Q3 (GL(A)).
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7.9. Compute =, (GL(A4)) for the following real or complex Banach algebras.

a) A=C(X), the algebra of continuous functions on a compact space X.

b) A= C,(X), the algebra of differentiable functions of class C* on the compact
manifold X.

c) A=End(H), where H is a Hilbert space of infinite dimension.

d) A=the subalgebra of End(H) consisting of operators of the form A+u,
where 4 is a scalar and u is a compact operator (i.e. a limit of operators of finite
rank). e

e) A=C{z,z" '), the algebra of Laurent series Y a,z", where a,€ € and

n=—o
+

Y lagl< 400,

n=—a

7.10. Let H be a Hilbert space of infinite dimension over k=R or €, and let
GL,(H) be the subgroup of GL(H) consisting of operators of the form 1+u,
where u is compact (cf. 7.9).

a) If X is a compact space, prove that [X, GL(H)]~ K~ '(X)~[X, GL(k)].

b) Let #(H) be the set of Fredholm operators D in H (i.e. such that Ker(D)
and Coker(D) are finite dimensional). Using the fact that GL(H) is connected
(Kuiper [1]), prove that the map D — Dim(Ker D)—Dim(Coker D) (= index of D)
induces a bijection 7,(F (H))~Z.

xc) Let #(H)° be the subset of #(H) consisting of operators of index 0.
Prove the fibration

GL(H)——> GL(H) —— F(H)".

Using the fact that GL(H) is contractible (Kuiper [1]), prove that Q# (H)°~
GL/(H), and that K(X)~[X, #(H)] (Atiyah [3], Jénich [1]).x

7.11. Let 6: S!— GL(C) be a differentiable function whose Fourier series is

+ o0
o(z)= Y a,z", where a, € M,(C) for some p, independent of n.

a) S_how that the residue of the function Tr(c'(z)o(z) 1) at 0, is an integer which
coincides (up to sign) with the integer defined by the periodicity isomorphism
1 (GL(C)~K(C)~Z (1.11).

b) Show that the infinite matrix

defines a Freholm operatorin H=C®C @ --- ® € @ - - - (Hilbert sum), whose
index is the integer above (Atiyah [7]).
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7.12. Let A be a unitary ring, and let A[z, z~ '] be the ring of Laurent polynomials
+

(i.e. the ring of formal power sums ) a,z" where all but finitely many a,=0).

Applying the methods of section 1, prove the exact sequence (cf.11.6.13)
0— Ky(4)—> K(A[z]) ® K,(A[z™']) — K,(A[z,z7']))— K(4)— 0

(Bass [1], Karoubi [5]).

7.13. (Atiyah [6]). Let X be a compact space provided with an involution. We
define a Real vector bundle on X (Caution: Real is distinct from real) to be a
complex vector bundle E with base X, provided with an antilinear involution
7: E— E which commutes with the involution of X. It is easy to see that such
vector bundles are the objects of a Banach category £%(X), where the morphisms
are those morphisms of complex vector bundles which induce the identity on the
base X, and commute with the involution. We let KR(X') denote the Grothendieck
group of this category. In fact, the tensor product of vector bundles defines a ring
structure on KR(X).

a) If the involution of X is trivial, prove that KR(X )~ Kg(X).

b) Welet S7 % (resp. B”'?) denote the sphere (resp. the ball) of R?*4, provided
with the involution (x, y) = (—Xx, ), for x € R? and y € R?. If X is provided with
the trivial involution, prove that KR(X x §*-%)x K(X).

c) Let X be a space provided with the trivial involution. We consider the set of
pairs (E, c) where E is a complex vector bundle, and c: E— E is an antilinear
automorphism. Let #SC(X') be the monoid consisting of homotopy classes of such
pairs (E,c), and let KSC(X) be the symmetrized group. Now prove that
KSC(X)~ KR(X x §%:°).

d) For each pair (X, Y) of compact spaces with involution, we define
KR™™X, Y)=KR(X x B>", X x S%"(J Y x B®"). Now prove the exact sequence

KR™"'(X)—> KR " Y(Y)— KR™"(X, Y)— KR "(X)— KR~ "(Y),
and the excision isomorphism
KR™"(X, Y)~KR™"(X/Y),{»y})

(compare with 11.4.12).

7.14 (7.13 continued). Let KR?(X) be the group K”? of the Banach category
ER(X) (4.11).

a) Give an interpretation of the group KR”%(X) in terms of gradations as in
5.1, and from this description obtain a relative definition for KR %X, Y).

b) Applying the ideas of the proof of 5.10, define an isomorphism

t: KRP4* (X, Y)— KR”YX x B> XxS%'|J Yx B>1).
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¢) Applying the ideas of the proof of Theorem 1.3, define an isomorphism
KR(X,Y)—- KR(Xx B!, XxSt1J YxB"1)

by the cup-product with a suitable generator of KR(B"'', S'')~ Z. Conclude
that KR™"(X, Y)~ KR(X, Y)~ KR(X xB™", X x S®"|J Y x B™").

d) Prove that KR %X, Y)~ KR(X x B>%, X x S??{ ) Y x B»%), and that up
to isomorphism the second family of groups depends only on the difference
p—qmod 8. Note that this isomorphism provides a meaning for the concept of a
“negative sphere”, as the ordinary sphere provided with the antipodal involution.

7.15 (7.14 continued). We set KR"(X, Y)~KR”%X, Y)forn=p—qge L.

a) Prove the isomorphism KR*(X x S7°, X x S%%)~ KR"* 94X x SP~%9) for
p=gq, using the fact that S7:°/S%° and SP~%%x B%* %57~ % x §%° are homeo-
morphic as Z/2-spaces.

b) Let 7,: KRY(X)~ KR(X x B%° XxS%° — KR(X) be the morphism
induced by the obvious inclusion. Prove that it is a KR(X)-module morphism.
Show that it is induced by the cup-product with a certain element o, € KR™4(P)=
Ky (P)=Kg (P), where P is a point.

¢) Show that «, and o, are not zero. Show that n,=0 for ¢=3, and in this
case, prove the exact sequences of KR(X)-modules

0-— KR(X) —> KR(X x §%°)— KR {(X)— 0,
0— KR™ 7 1(X)—> KR (X x §%°)— KR(X)—- 0.

Deduce that KR(X x S% %)~ KR(X) @ KR 1(X).

+ d) Show that the exact sequences above split naturally. =

e) Apply the exact sequences associated with the pair (X x S7°, X'x §%°)
for (p, q)=(2, 1), (3, 1), and (3, 2), to prove the exact sequences

— K {(X) — K¢ () — KSC"(X) — K(X)— K2(X) —,
— K} HX) — Ki(X) ® Kj(X)—— KYX)— KSC""*(X)—,
and —— KSC" {(X)— Ki(X)— Kp(X) ® Kj(X)— KSC"(X)—,

where X is a compact space (provided with the trivial involution).
» f) Make all the maps explicit in the exact sequences above (Anderson [1]). «

7.16. Let A be a Banach algebra provided with an anti-involution, denoted by
A+ 7, and let M be a finitely generated projective right 4-module. A Hermitian
form on M is given by a Z-bilinear map @: M x M — A, such that &(x4, yu)=
A®(x, y)u and &(y, x)=P(x, ). The form @ is called nondegenerate if the homo-
morphism from M to its antidual, which is induced by @, is an isomorphism. We
let L(4) denote the symmetrized group of the monoid consisting of isomorphism
classes of modules provided with nondegenerate Hermitian forms.

a) We assume that the Banach algebra A satisfies the following condition:
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for any matrix M=(a;) with coefficients in 4, the matrix I4+M*M, where
M*=(a;)), is an invertible matrix. Now show that L(4)~ K(4) @ K(A).
b) Compute L(4) where A =M,(C, (X)), and the anti-involution on M,(C(X))

is given by
(a b> < d —b)
—
c d —c a

(where C,(X) is the ring of continuous functions on a compact space X with
values in k=R or C).

¢) Compute L(A) where A is the ring of continuous functions on X with values
in H, provided with the anti-involution

a+bl+cJ+dK+—— a—bl—cJ—dK,
or a+bl+cJ+dK+—— a+bl+cJ—dK.

d) Let X be a space with involution and let 4 be the (commutative) Banach
algebra of complex continuous functions on X, provided with the involution
f+— f. where f(x)=f(X) (X being the image of x under the involution). Show
that (4)~ KR(X).

8. Historical Note

There are now many proofs of the periodicity theorems. The original due to Bott
used Morse theory (Milnor [5], Bott [2]). A second proof (in complex K-theory)
was given by Atiyah and Bott [1]; this is essentially the one we have presented in
III.1 (although with several changes in method of presentation). There is also a
proof by Atiyah, which relies on Fredholm operators in Hilbert spaces (cf.
Atiyah [7]; see also the author [5] for an algebraic interpretation).

Apart from the original proof by Bott, there are basically two “‘elementary”
ways to prove Bott periodicity in real K-theory. One uses the KR-theory of
Atiyah ([6]; cf. also 7.14. The other, which is an adapted proof of 1.3, is due to
Wood [1] and the author [2]. Again with changes in presentation, this is the proof
we choose to include since it immediately provides the “‘right” classifying spaces
of the groups K™"(X), and the eight homotopy equivalences of Bott (cf. 1I1.5).
There is also an “homological” proof of these homotopy equivalences in the
Cartan-Moore Seminar 1959/60 [1].

Bott periodicity has been generalized in many directions. First of all there is a
deep connection between the periodicity and the methods developed by Atiyah
and Singer in the index theorem (Atiyah [7]). In algebraic K-theory, there is an
analog to Theorem 1.11, which is due to Bass, Heller, and Swan (cf. 7.12). There
are also analogs of Theorems 2.11 and 5.22 (among others) in Hermitian K-theory
(cf. the author [4]).

Finally, it must be noted that the introduction of Clifford algebras in real
K-theory, which is a key to our proof of the periodicity theorems is due to Atiyah,
Bott, and Shapiro [1]. Clifford algebras will play an important role in the next
chapter, when we prove Thom isomorphism in real and complex K-theory.



Chapter IV

Computation of Some K-Groups

1. The Thom Isomorphism in Complex K-Theory for
Complex Vector Bundles

1.1. The purpose of this section is to define an isomorphism Ki(X)~ K& V), for
any complex vector bundle V' over a locally compact space X (note that
K&V)~KLB(V), S(V)), with respect to any metric on V; cf. 11.5.12). For V trivial,
we again obtain Bott periodicity in complex K-theory (cf. IT1.1.3 and II1.2.1);
however, Bott periodicity is actually an essential part of our proof. If X is compact,
the one point compactification ¥ of V is called the Thom space of V. Hence, the
isomorphism K4(X)~K&V)~ K4V will enable us to compute the K-theory of
the Thom space of a complex vector bundle. Before defining this isomorphism,
we will first establish a general theorem (1.3), which will also be useful in next
sections (* it is the analogous of the Leray-Hirsch-Dold theorem in the framework
of K-theory ).

1.2. Let n: P— X be a continuous map between two locally compact spaces.
Then, using the same technique as in 11.5.12, we define a product

K(X) x K(P)—> K(P)

as the composition K(X)x K(P)— K(X x P)L5 K(P), where j:P— Xx P is the
proper map defined by j(p)=(n(p), p). More precisely, if we identify the groups
K and K, of 11.5.16 (cf. 11.5.20), the product of ¢(E, D) € K(X) and o(F, 4) € K(P)
is o(n*E ® F,n*D ® 141 & A). Therefore, K(P) may be regarded as a module
over the ring K(X) (which may have no unit if X is not compact), using the product
above.

More generally, if weset K¥(Z)= @ K 4Z)= @ K(ZxR?)(cf.11.4.11) for

q=0 q=0
any locally compact space Z, then K*(P) may be regarded as a K*(X)-module
with respect to the product

K(X xR x K(Px R") — K(Px R*"),
which is defined as the composition

K(X x R?) x K(P x R")—— K(Xx R¥x Px R") -
~ KX x Px RI*T)—— K(Px RI*T),
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where /is the proper map (p, 4) —(%(p), p, 4). More precisely, ifo(E,D)e K(X x R? )
and o(F, 4)e K(Px R") (cf. I11.5.15), their product is o(n*E @ n*¥F, n*¥D &
1+1 ® n%4), where

7 PxRIT"— XxR? and 7,: PxRY""— PxR".

1.3. Theorem. Let n: P— X be a continuous map between two locally compact
spaces. Let €', ..., e" be elements of K°(P) such that there exists a finite closed
cover (W;) of X with the following property: for any closed subset Y of W,, the
restrictions of e', . . ., e" to K*(P,) form a basis of K*(Py) as a K*(Y)-module,
where Py=n"'(Y). Then K*(P) is a free K*(X)-module with basis e*, . . ., €".

Proof. Suppose e'=a(F', 4'). Then for any locally compact subspace T of X, we
define Fi.=F'|,, 4} =A4'|;, and a fundamental homomorphism

0% K(TxR?)" — K(P, x R?),
by the formula
PL(Xys. . s X,)=X €p+ -+ X, €],

where the expression x;-e'. denotes ¢(ntE, ® 0XF.,. nxD, ® 1+1 ® 6%4%) with
x,=0o(E;, Dl)eK(TxIR‘l) np: PrxR?— T'xRY, and 0 :PrxRi— P If Tis
closed, then x;- €}, is simply the product of x; by the restriction ofe'ton” 1(T ) (cf.
the second formula given in 1.2). In general (7 is not necessarily closed), the
formula giving ¢4 makes sense, since n£D, ® 1+1 ® %A% is admissible in the
sense of II.5.15, because it defines a bundle isomorphism outside a compact
subset of P, x R? (cf. the computation made in I1.5.21). Thus in order to prove
Theorem 1.3, it suffices to show that ¢% is an isomorphism.
The homomorphisms ¢% have some “natural” properties, which can easily be
verified by checking the explicit formulas above. If T" is closed in T, we have the
commutative diagram

K(TxRay 21, (P, xRY)
K(T' xRy 21, k(P xRY),

where the vertical maps are defined by restriction.
If T" is open in T, we also have the commutative diagram

K(TxRy %5, K(P, xRY)

|

K(T' x RYy" 21, k(P x RY),
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where the vertical maps are defined by “‘extension”, i.e. as the composition

K(T' xR~ K(T xRS, (T—T') x RY) — K(Tx R9),
or K(P;. x RY)~K(Pp X RY, (Pp— Pp.) x RY) — K(P; x RY)

(cf. I1.5.19). Moreover, the diagram

1
K(TxR)"255 K(P; x R)

aT,T—T' J jv aP-,-,F’1~~P-1-'
0

K(T'y—— K(P,.),

where 0 is the connecting homomorphism described in I1.4.9, is also commutative.
This follows from the fact that the connecting homorphism ¢ is the composition
of two maps of the form a*~* and *, where a* and p* are induced by extension
from open subsets (cf. 11.4.9). By the substitutions 7+> TxR% T'+> T’ x RY,
and P P x R?, we also obtain the commutative diagram

+1
K(Tx Ry P K(P x RI*TY)

6j ‘[6
K(T' xRy —*, K(P,. xRY)
(up to sign, depending on convention; cf. I1.5.27). Finally, if S and T are closed
subsets of X, and if ¢<0, we have the diagram
K Y (SxRy® KT {(TxR)"— K7 1(SnTx IR)"—A—> Ky(SuT)y
o5 ®l¢>1"“ J‘PEA’?I J‘PEL?T

K 1(Psx R)" @ K9~ '(Pypx RY'— K4~ Y(Pg 1 x R) —25 KY(Pg )"

— KiU(SY'® KYT)"' — K{S~TY)"
os?® | o1’ lfps—gr

— KYPg) ® KU(P;)— KUPg. ;).

In this diagram the horizontal sequences are the Mayer-Vietoris exact sequences
(I1.4.18). The diagram is commutative by the observations above, and by the fact
that the homomorphism 4, in the Mayer-Vietoris exact sequence, is the composi-
tion of restrictions, extensions, and connecting homomorphisms o (cf. 11.4.18).
Now let W,,..., W, be a finite closed cover of the space X satisfying the
hypothesis of the theorem. Let Z,=W,u- - - OW,. We prove that ¢/: KYZ,)—
K4(P,,) is an isomorphism for ¢< 0 by induction on i. If we put S=W,u---UW,
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and T=W,,,, we may write the two Mayer-Vietoris exact sequences above, with
SuT=Z,,,.Since ¢ is an isomorphism for Z= S, T, or SNT, by the inductive
hypothesis we see that ¢z .= @2 is also an isomorphism. This completes the
proof of Theorem 1.3. 0O

1.3.1. Remark. In fact the proof above shows that in theorem 1.3 we may restrict
ourselves to subspaces y=w; or obtained by intersection of w; with the union of
w;, j<i.

1.4. We wish to apply Theorem 1.3 to the case where P is the total space of a
complex vector bundle V, where n: V' — X is the canonical projection, and where
K=K_. If X is compact, we show that K(V) is a K{(X)-module of rank one,
generated by an element U, (=e' in the notation of the theorem) which belongs
to K(V'), and which will be called the Thom class of the complex vector bundle V.
This element U, is constructed using a metric ¢ on ¥ (1.8.5), and the metric ¥
induced on the bundle A(V) of exterior algebras associated with V' (1.4.8.f)). More
precisely, if V is a fiber of V, then the metric ¥, on A(V,)=A(V),, is defined by
the formula

Y OiA AUy Wip - 'AWp)=0 if p#n,
l//x(UlA e /\Un5 wl/\ o /\wn)zDet((px(vi’ W}))‘

In particular, the products e; , - - - ze; forij<-.- <i, and p<Dim(V,), are an
orthonormal basis of A(V,) (which is of complex dimension 2°™¥~)) if the e, are

an orthonormal basis of V,. By defining local coordinates, we see that y is
continuous.

Foravectorve V,,weletd,: A(V,)— A(V,) denote the linear map defined by

d(e)=vpe. Let 0,:A4(V,)— A(V,) be the adjoint of d, with respect to the metric
above.

1.5. Lemma. We have the identity
(d,+0,)*=d,0,+0,d,= ¢ .(v,1)=0,(v),
where Q. denotes the positive definite quadratic form associated with ..

Proof. Each element e of A(V,) may be written as e=v, w+w’, where w and w’
are orthogonal to v (choose an orthonormal basis (e;) of ¥ such that v=4e,).
Therefore

0,(d(€))=0,(vaw") = Q, (W', d,(0,()) =d,(Q ()W) =0, (v)v\ W,
and 0,(d,(€)+d,(0,(€) =0 () (W +v,w).
Hence  (d,+9,)*=d,0,+0,-d,=Q (v). O

1.6. By applying Lemma 1.5, the element U, € K (V) may now be described as
follows. We have U, =a(n*A(V), 4), where n: V— X, where A(V) is provided
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with the Z/2-grading defined in II1.3.7 and the metric ¢, and where 4: n*A(V) —
n*A(V) is defined over the point (x, v) € n*V, for x€ Xandve ¥V, by the operator
4, ,=d,+0,. Since (D, ,)* =0,(v), 4 is an isomorphism outside the zero section
of V, hence 4 is admissible in the sense of I1.5.15. Moreover, if V is trivial, say
V=XxC" then A(V)=Xx A(C") and U,=0(FE, 4), where E=X x C" x A(C"),
and A(x, v, e)=(x, v, (d, + J,)(e)). Therefore, 4 is continuous.

All that remains to be shown in that U, = e’ satisfies the hypothesis of Theorem
1.3. To do this, we need the following proposition:

1.7. Proposition. Let V and V' be complex vector bundles with bases X and X',
respectively. Then Uy, o, .= U, LU, . (note that VIEH V'=Vx V’; cf. 1.4.9).
Proof. Let Uy=0(n*A(V), 4) and U, =a(n'*A(V"), 4") be the Thom classes of
V and V', respectively, where n: V-— X and n': V' — X'. According to the
formula given in I1.5.21 for the cup-product, we have

Uy,uUy,. =a(m*AV) R n*AV'), A X 1+1 X 4').
Let #n,, #,, n,, #,, n" be the obvious projections

VxV ey T, x,  vxV L.y T, x

~— v
7Ty 7]

VsV — s Xx X'

By definition, we have an isomorphism n*A(V) X n*A(V)=n3A(V) ® n3A(V")
(1.4.9). Moreover, we have an isomorphism

T A(V) ® nEA(V')—2s m* AV X V'),
defined by the formula
@, 0,Y & ® e)— (1,0, ) e;0€)),
where we consider A(V,) and A(V.) as imbedded in the obvious way in

AWV XV, o=AV, @ V)= A(V,) ® A(V,.) (cf. 111.3.10). Therefore, the pro-
position is equivalent to the commutativity of the diagram

T AWV ® TEA(V)—2s m* AV x V')

T AV) ® TEA(V )~ w* AV x V'),
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where I'=#*4 & 1+1 ® 754, and where a(n"*A(V x V"), A”) is the Thom class
of VxV'=VHEV" as defined in 1.6. The commutativity of this diagram is a
matter of linear algebra: we must verify the commutativity of the vector space
diagram (where V and V' are now vector spaces)

AWV @ AV Ay @ v)
d,+3,) & IJH ® (@, +3,) ldﬁmam'
AV ® AV~ AV @ V'),
where 03 e, ®e)=) epre;,veV V@V, andveV c V@V
Since 6 is an isometry, it suffices to verify the commutativity of the diagram
AV ® AV AV @ V1)
dv@lJH@du, Jdm,
0

AV) @ AV -2 AV @ V).

However, if e and ¢’ are homogeneous elements of A(}) and A(V"’) respectively,
we have

0(d, ® 1+1 & d,)(ere))
=vpep e +(—1)49C, v \e'=v epe +0 pepe

=@+ plere)=d,, (e ® ). T
1.8. Corollary. If X=X, and if (a, ) — a - denotes the product
KWVYxK(V)— KV® V")

obtained by the composition K(V)x K(V')— K(Vx V)5 KV ® V'), where [ is
the canonical inclusion V@ V' < Vx V' (1.4.9), then we have the formula

Uy gy =Uy Uy

1.9. Theorem (Thom isomorphism). Let V be a complex vector bundle with

compact base X. Then KE(V') is a free K¥(X)-module of rank one, generated by the
Thom class U, .

Proof. Let (W;) be a finite closed cover of X such that V|, is trivial, say V', =
WxC" If YeW,, then V|y~ Y xC", and the Thom class Uy|,= U,y may be
written as 1uu,, where u, is the Thom class of C" regarded as a bundle over a
point. By Bott periodicity in complex K-theory (I11.2.1), and 1.2, it is therefore
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enough to check that u, is a generator of K€ =K(R*™)~Z. Since u,=(u,)"
by 1.7 (applied to bundles over a point), it actually suffices to check that u, is a
generator of K(C), but this was shown in I1.5.25 and IIL.1.3. O

1.10. Let us now assume that the base of the vector bundle V' provided with a
metric, is locally compact. Then even if the Thom class U, is not defined (see,
however, Exercise 8.14), we may define a “Thom homomorphism™

Be: K(X) — K(V)
(hence from K "(X) to K¢ '(V)) by the formula

6(E, D) — o(T*E ® m*F,1*D ® 1+1 & 4),
where n: V-— X, F=n*A(V), and 4 is defined as before (1.6). Since 4 is an
isomorphism outside the zero section of ¥, and since D is an isomorphism outside

a compact subset of X, we see that n*D ® 141 & 4 is admissible in the sense of
11.5.15.

1.11. Theorem (Thom isomorphism for locally compact spaces). Let V be a
complex vector bundle over a locally compact base X. Then the Thom homomorphism
defined above,

Be: K(X) — K(V),
is an isomorphism.
Proof. Let us first assume that there exists a pair of compact spaces (Z, T') such

that X=Z— T, and a complex vector bundle V' over Z such that V'|y = V. Then we
have the commutative diagram

K(ZxR) —> K{TXR) 2> K(X)— K{Z) —> K(T)

‘[wé J o3 l Be ®3 ‘[ 97

KV x R)— KV x R)—2s K(V) — K{V') — K(V}),

where the horizontal sequences are exact (cf. the ‘“‘natural” properties of the
homomorphism ¢% and é proved in 1.3 and 11.4.9). Since ¢, ¢}, %, and ¢% are
isomorphisms (1.9), B is also an isomorphism.

For the general case, we have K(X)~inj lim K(U,), where (U;) runs through
the set of relatively compact opensetsin X (I1.4.21). Similarly K{ V)~ inj lim K(V;)
where V,= V|, . Since U;= U,— Fr(U,) (where Fr(U;) denotes the boundary of U;),
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we have the commutative diagram

inj lim K(U;) —— K{X)

.

inj lim K(V,) = K(V),

where the first vertical arrow is an isomorphism by what we just proved. Therefore
B is an isomorphism. [

1.12. Remark. If we replace X by X x R? and V by V' x RY, it follows that the
groups K 4(X)=KJ{X xR?) and K 4V)= KV x R?) are also isomorphic.

1.13. If we choose a metric on V (which is always possible when the base X is
paracompact; cf. 1.8.7), we have K(V)~K(B(V)—S()=K(B(V), S(V))
(I1.5.19). Since B(V) has the homotopy type of X, (it admits X as a deformation
retract via the zero section), the exact sequence

K& WBOY) — K NSOVY) — KBOY), S(OV) — K(BV) — K(S(V))
may also be written as
K0 K HSV)) — Kf(X) —2 K(X) s K(S(V)),

and is called the Gysin exact sequence. The homomorphism n'* is induced by the
projection 7': S(V)— X. The homomorphism o« is defined by o(E,D)—

rank(V)

Y (=1)o(E® A(V), D ® 1). When X is compact, « is simply the product with

rank(V)

(V)= Y (—1Y[A(V)]. The element x(V') is called the Euler class (or rather,

i=0
the analog of the Euler class in K-theory; cf. V.3) of the bundle V. Finally, if we
replace X by X x R?, and V by V' x IR%, we also have the exact sequence

Kc—q—l(X)Ll*_, Kc_q— 1(S(V)) —_— Kc—q(X) LN Kc—q(X)n—/*’ Kc_q(S(V)),

where once again, o is defined by the product with the Euler class when X is
compact.

1.14. Example. Let CP, denote the complex projective space of €"**, and let ¢

be the canonical line bundle over CP, (1.2.4). Then ¢ may be identified with the

quotient of S$*"*!x € by the equivalence relation (x,#)~(Ax, A~'f), for

AeS! < C. Therefore, ¢ @ - - - @ E=E®* may be identified with the quotient of
- —

k

S2*1x € by the equivalence relation (x, £)~(Ax, A~*f). Moreover, we can give
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E®k the metric defined by @.((x, 1), (x, t'))=17". It follows that S(¢®*) may be
identified with the “lens space” S2"*!/(Z/k), (where Z/k acts on S*"*! < C"*!
via the &' roots of the unity) by the map (x, £) »\7? -x. Hence we obtain the
exact sequence (cf. 1.13)

KdP(D) 2 K(P(©) T K(S™ /(@ /k) —> KA(P(D)),

where 7'* isa ring map and « is multiplication by the Euler class of ¢®* i.e. 1 — [¢®*].
We will utilize this exact sequence in the computation of K(S*"*!/(Z/k)) in the
next section.

Exercises (Section IV.8) 2, 11, 13.

2. Complex K-Theory of Complex Projective Spaces and
Complex Projective Bundles

2.1. Since we do not consider real K-theory in this section, we denote complex
K-theory K simply by the letter K. Hence K(X)=KJ{(X), K(X, Y)=KJX, Y), etc.

2.2 Let V be a complex vector bundle with compact base X. We let P(V) denote
the bundle on X, whose fiber over a point x is P(V, ). More precisely, the topology
on P(V)= L] P(V,) is defined by the same procedure as in 1.4.5: the functor ¢ in
xeX

1.4.3 is replaced by the functor from & to Top, given by E > P(E), where Top is
the category of topological spaces, and &¢ is the category whose objects are the
finite dimensional complex vector spaces, and whose morphisms are the iso-
morphisms between them.

The purpose of this section is to compute K(P(¥)) in terms of K(X) (2.16).
This is nontrivial even when X is a point, i.e. P(}V')=CP, for some n. In this
computation, an important role is played by the canonical line bundle, denoted by
¢ or &, over P(V): it is the bundle on X, whose fiber over x is the canonical line
bundle on P(V,). The argument above shows that £, has a well-defined topology.
Moreover, ¢, may be regarded as a line bundle over P(V'), since locally, we have
isomorphisms V'~ X x €***, and P(V)~X x CP,; hence ¢, ~ X x &,.

2.3. Now let L be a line bundle over X. Then P(L) is isomorphic to X by the
canonical projection, and P(V @ L)— P(L) may be identified with the line bundle
& ® n*L=HOM(¢,,, n*L), where n: P(V)— X, over the space X (1.4.8.d)).
More precisely, if g: &, — Lisa

& 4L

||

P(V)-Z> X
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general morphism over 7(1.1.6), and if v is a nonzero vector of &, then the pair
(v, g(v)) defines a point of P(V @ L)— P(L), which does not depend on the choice
of vin a fiber. In particular, the Thom space (cf. 1.1) of &} ® n*L is homeomorphic
to (V@ L)/P(Ly=P(V ® L)/X.

L

Fig. 19

2.4. Proposition. We have the split exact sequence (cf. 11.4.13)

0— K'(P(V ® L)— X) ~Lis K'(P(V @ L)) —— K*(X)—> 0.

IfUe K(P(V ® L)-X)~K°((¥ ® n*L) denotes the Thom class of the line bundle
& @ (L) over P(V), then j¥(U) is the Euler class (1.12) of the vector
bundle &} o, ® n¥(L) over P(V@® L), where n,: P(V ® LYy— X. Finally, if
xeK'(P(V@® L)) and if x' is the restriction of x to K'(P(V)) (note that
P(V) = P(V @ L)), we have the formula xj$(U)=;*(®(x")), where &: K"(P(V)) —
K'(P(V @ LY—X) is the Thom isomorphism.

Proof. Since X~ P(L) is a retract of P(V @ L), the cohomology exact sequence
I1.4.13 implies the first part of the proposition. Let us now consider the commuta-
tive diagram

& @ m*LrP(V @ L)~ P(L)——P(V @ L® L)~ PL)~ & g, ® miL

PV)y——nw > PV L)
Then the map s is a general vector bundle morphism (I.1.6), since
ForL® nTLlP(V)zglt ® n*L.

Hence the Thom class of ¢ ® n*L is induced from the Thom class U’ of
$F o L ® nfL by 5. Moreover, we have the following commutative diagram of
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K-groups:
K(P(V ® L)— P(L)) — 22— K(P(V ® L))

s* s'*

KP(V® L® L)—P(L) L KP(V & L ® L)

In this diagram the horizontal homomorphisms are defined by ‘“extension”
(I1.5.19), and s’ is induced by the map (v, /) — (v, 0, /). However s’ is homotopic
toi: PV@®L)— P(V® L® L) defined by (v,/)— (v,1,0), due to the homo-
topy (v, /) (v, I cos 6, I sin 0), for 6 € [0, n/2]. Hence

JHO) =8 U =5 *TUN=i"*TU")).

If i denotes the zero section of the line bundle &} o, ® n%¥L; we also have the
commutative diagram of K-groups

K0 ® L@ L)~ PD) -2 K(P(V ® L ® L))

T

K(P(V @ L)),

because the image of i is a compact subset of P(V & L @ L)— P(L). Since the
Euler class is the restriction of the Thom class to the zero section (1.13),
J¥U)=i*(U’) is the Euler class of &} o, |, ® nfL.

Finally, let us consider an element x of K"(P(V @ L)). Since K"'(P(V ® L))~
K'(P(V® L)-X) ® K'(X), we must check the formula xj&(U)=;j*(®(x')) in
two cases:

a) xe K"(X)~K"(P(L)) = K"(P(V @ L)). Since j* and ¢ are K*(X)-module
homomorphisms, we have xj*(U)=xj¥P(1) =D (x-1)=jEP(x').

b) xeK'(P(V® L)—X) or x=j}&X). Then xj§(U)=j}EU)=j}x"-U)=
J*(®(x")) by 11.5.31 (where («, f) — a- f is the product defined in I1.5.30). 0O

2.5. Theorem. Let X be a compact space, and let P,=CP, be the complex pro-
jective space of €'*'. Then K*(XxP,) is a free K*(X)-module with basis
1,t,..., " wheret=1—[n*&}X] is the Euler class of the bundle Y, form,: X x P, —
P, (1.2.4). Moreover, we have "* * =0, which implies K*(X x P,)~ K*(X)[]/(t"*1).

Proof. We prove the first part of the theorem by induction on #, beginning at
n=0. To obtain the (n+ 1)-stage from the n-stage, we consider the split exact

sequence

0— K*XXP,, |, X) s K¥XXP,, ) —> K¥X)— 0.
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According to 2.4, the Thom isomorphism (denoted by &,) identifies the first
group of this sequence with K*(X' x P,). To be more precise, let ¢, denote the
Euler class of n}&F. Since 2,4 |xxxp, =1, we have j*r*(12)=121] by the last
part of Proposition 2.4. Therefore, by the induction hypothesis, j*@, is an iso-
morphism between K*(X x P,) and the free sub-module of K*(X' x P, ) with
basis 7,,,, £, ,,..., 21 1. Since the quotient module is isomorphic to K*(X), it
follows that 1, ¢, ,, ..., 1] is a basis for K*(X x P, ,) as a K*(X)-module.

Since the restriction of ¢ to any point. of P, is 0, example 11.5.10 shows that
"*1=0. Hence K*(X x P )~ K*(X)[/(="*'). O

2.6. Remark. Instead of working with K*(Z)= @ K~ '(Z) in general, one could

r=0
as well work with K*(Z)=K%Z) ® K~ '(Z), where the products K’ x K/ — K'*J,
for i and j e Z/2, are defined using Bott periodicity.

2.7. Corollary. The relative group K*(X x P,, X x P,) for k<n, is the free sub-
module of K*(X x P,) generated by t**1, .. 1"

Proof. This is a direct consequence of the split exact sequence of K*(X)-modules

0— K*(Xx P,, Xx P) > K*(Xx P,) L k*(xx P)—> 0,

where f is surjective (hence « injective) by the previous proposition. 0O

2.8. Corollary. We have K*(P,)=0 and K°(P,)~Z[1]/(i"*"), where t=1~[*]
is the Euler class of ¥ .

2.9. Corollary. Let P, and P, be complex projective spaces, and let n, =n¥&¥ and
n,=n3&k, wheren,: P,x P,,— P,andn,: P,x P, — P, . Let x and y be the Euler
classes of the line bundles n, and n,. Then K'(P,x P,)=0 and K°(P,x P, )~
Zx, y)/(x" 1) (Y1),

2.10. Proposition. Let L, and L, be line bundles over a compact base X.
Then y(L, ® L,)=x(L,)+x(L,)—x(L)x(L,). Moreover, z=y(L,) is nilpotent,
and y(L¥)=—z—2z*— ... —7"—--.. Finally, y(L* ® L,) may be written as
(L) —x(L,)) - h, where h is a unit element.

rank(V)
Proof. Since in general x(V)= Y (—1)'A(V) by 1.13, we have y(V)=1-[V]

if V' is a line bundle. Hence, =0

ALy ®Ly)=1-[L, ® L, ]=(1-[L; D+ -[L, D-(A-[L, D -[L,]),

thus proving the first part of the proposition.
Now y(L,) obviously belongs to K'(X), hence is nilpotent by I1.5.9. If x is the
Euler class of L}, we must have the relation x+z—zx=0, since y(L, ® L})=0.
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Therefore x= —z(1—z) " '=—z—2z>— ... —z"— ... in the ring K(X).
Finally, if we set t, =y(L,) and t,=y(L,), we have

HLE® Ly)= =ty +(1=t) (=1, =B —fi— )
=(t,—1,)(1+1¢, +t;1}+ ),

which is of the form (z, —t, )k, where A is a unit. [

2.11. Corollary. Let u be the Euler class of n*¢,, where n: X x P — X. Then
K*(X x P)~ K*(X)[ul/w"* ).

2.12. With the aid of 2.11, we now finish the computation begun in 1.14. If L, "
denotes S*"*1/(Z/k), we have the exact sequence

0— K(P,)— K(P,)— K(L, ,) —> 0,

U U

Z[ul/@™*") Z[ul/W"")

where o is multiplication by the Euler class of ¢®* i.e. 1—(I1 —u)*. Therefore,
I?(L,,’ x) is a finite group of at most k"-torsion. For example, if k=2, then
I?(Ln’k)zI?(RPZ" +1)RZ/2'Z, with generator [H']—1, where H' is the com-
plexification of the canonical real line bundle over RP, ., (1.2.4; cf. also 6.47).

2.13. Proposition. Let X be a compact space, and let V be a complex vector bundle
of rank n over X. Let u be the Euler class of the line bundle £, (2.2). Then K*(P(V))
is a free K*(X)-module with basis 1,u, .. .,u"~ . In particular, the homomorphism
K*(X)— K*(P(V)) is injective.

Proof. If V' is trivial, say X x €', then ¢, ~n*{, where n: P(V)~X x P,— P,.
Therefore, by 2.11, the proposition is true in this case. Now let W,,..., W, be a
finite cover of X such that V|, is trivial, and let ¢'=u'"'. Now we apply Theorem
1.3 since V|, is trivial when Y = W,. [0

2.14.1. Proposition. Using the notation of 2.13, let us assume that V=
L@L,®---®L,, where the L; are line bundles. Then we have the relation

[1 w—x(L;))=0, where u is the Euler class of &, .

i=1

Proof. Since the proposition is clear for n= 1, we proceed by induction on n. Let

us consider a line bundle L, ,=L over X, and the product y=
n+1

[T w—x(L,)), where v is the Euler class of the line bundle &, 4 , over P(V @ L).

i=1
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Then
y=x-1, where x=[] (v—x(L,)),
i=1
and ==y} e ®ntL) for n :P(VO®L)— X,

up to a unit element (2.10). Using the notation of 2.4, we have x-t1=;F®(x’),

where x'=[] [u—x(L;,)]=0, by the induction hypothesis. Hence y=0 as
i=1
required. 0O

2.14.2. Remark. Let n: P(VV)— X denote the canonical projection. Then the
vector bundle & @ (n*L, @ -+ @ n*L, =& Q@ n*V~HOM (¢, n*V) has a
canonical nonzero section, since £, is a sub-bundle of 7*V. Therefore its Euler

class which is [] (u—x(L;)) up to a unipotent element by 1.13 and 2.10, must
i=1
be 0. This provides another proof of 2.14.1.
There still remains the task of determining the ring structure of K*(P(V)),
when ¥V is an arbitrary complex vector bundle. For this and many other computa-
tions, we use the following theorem called the “splitting principle” :

2.15. Theorem. Let V be a complex vector bundle with compact base X. Then we
can find a space F(V) and n: F(V)— X, which depend naturally on V, such that
a) the homomorphism n*: K*(X) — K*(F(V)) is injective,
b) the vector bundle n*V splits into the whitney sum of line bundles.

Proof. We prove the theorem by induction on the rank of V. If the rank is equal
to 1, we choose F(V)=JX, of course. When the rank of V is greater than 1, we
consider the projective bundle P(V) associated with V. Now the canonical line
bundle £=£&,, on P(V) is a sub-bundle of V'=p*V, where p: P(V)— X. We set
FV)=FV'/€), and = equal to the composition F(V'/&) P(V)E X. By 2.13
and the inductive hypothesis, the homomorphism K*(X) 2> K*(F(V)) is injective.
Moreover, since P(V) is compact, we may write V'=& @ V'/E (1.5.13). Since
n*(V'/E) is the sum of line bundles by the inductive hypothesis, we see that
n*(V)=zn"*p*(V)is also the sum of line bundles. 0O

2.16. Theorem. Let h be the class of the canonical line bundle &, in K(P(V')). Then
K*(P(V)) is a free K*(X)-module with basis 1,h, ..., h"~ 1. Moreover, h" is deter-
mined by the relation

W= [0+ -+ (= 1)"[A(V)]=0,
where A{(V) is the i*® exterior power of V (1.4.8.f)).

Proof. Since u=1—h, it is clear that 1, 4, ..., "~ ! are a basis for K*(P(V)) as a
K*(X)-module by 2.14. Now, to prove the relation in the theorem, we may assume
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that V' is the sum of line bundles by the splitting principle (2.15). If V= @ L,, we
r=1

have

j’I(V)z @ Lr’
r=1
AV)=@® L, ®L,,

PV)=L,®L,® - ®L,.

Hence A/(V) may be expressed as the i" symmetric polynomial of the [L,] in the
ring K(X), and the relation may be written as

[T (h—[LD=0,
i=1

which is equivalent to H (u—x(L;))=0, since y(L)=1-—[L,]. Therefore, the
i=1
theorem follows from 2.14. []
The next observations will be very useful in V.3.

2.17. Proposition. For each vector bundle V of rank n, with compact base X, we
define ““characteristic classes” c(V)e K(X), for i=0,...,n such that c(V)=1.
These characteristic classes satisfy the following axioms:

1) The c(V) are “natural”, i.e. c(V)=f*(cV")) for any general morphism
V-4 V', which induces f: X — X' on the bases, X and X', of V and V' respectively;
and which induces an isomorphism on each fiber.

v,y

n

x-Lsx
2) If V, and V, are vector bundles on X, then
oV, ®@V,)= Z (¥, )cj(V2)'

i+j=k

3) If the rank of V is one, then ¢,(V)=xy(V)=1-[V], and c¢(V)=0 for i>1.
Moreover, the characteristic classes c(V') are uniquely determined by these
axioms.

Proof. Let us first notice that the second axiom may be expressed more briefly as

(V, ® V,y)=c(V,)e(V,), where c(V)= i fe(V)e K(X)[1].

i=0
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We now prove the uniqueness of these classes. If n: F(}J') —» X is the map

described in 2.15, we have n*V'= @ L, where the L, are line bundles. Therefore,
r=1

we must have

*(c (V) =c, < (-nB L,)
r=1

= Y o)L, ofL,)

ri<ry<-.--<r;
= Z X(Lrl )X(er) T X(Lrl-)'
ry<ra<---<p;

Since n* is injective (2.13), the classes ¢, are determined by the axioms.

To prove existence, we consider the ring K(P(V')). By 2.13, u" is a linear com-
bination of 1,4, ...,u""", with coefficients in K(X). Now we define the ¢,(V) by
the equation

w—c,(Vu"~ 1+ (= 1) (V)=0,

and ¢,(V)=0 for i>rank(¥). With this definition, axioms 1 and 3 are trivial. To
verify axiom 2, let us consider the space F(V;), where V,=n%V,, with
7, F(V,;)— X. Let © be the composition F(V;)— F(V,)— X. Then n*: K(X) —
K(F(V3)) is injective, and n*}V/, and n*V, split into direct sums of line bundles.
Therefore, using the homomorphism #* and the naturality of the characteristic
classes, we see that it suffices to verify axiom 2 when V| and ¥, are sums of line
bundles. By induction on the rank of V,, it is actually enough to verify the relation
c(V® Ly=c(V)c{L) for V=V, a sum of line bundles, and L a line bundle. If
we let '="® L,, then Theorem 2.14 enables us to explicitly compute the c¢(V) as

i=1

a(M=Y «L,)
(M= Y L)L)

ri<rz

¢ (V)=u(Ly)- - x(Ly)

Therefore,
(V@ L)y=Y (L) +x(L)=c,(V)+c,(L),

oV @LD)= Y, x(L,l)x(Ln)Jr(ﬁ X(L,)> 1D =N+, (Vey (D),

ri<ry
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cVeoL= Y L) L)

+ X L)Ly, x(L)
=c(V)+c,_ (V)e, (L), forign,
Car 1 (V@ L)=y(L)x(Ly) - - x(L) (L) =c,(V)ey (L),
and c(V®L)=0 fori>n+1.

These relations, which may be simplified to ¢(V @ L)=c,(V)c(L), are the ones
we wished to verify. [

2.18. We may in fact determine the ¢(¥) in terms of the exterior powers (V) by
the following method. By 2.16, we have the equation

W=V T+ -+ (= D) [AY(V)]=0.
If we replace 4 by 1 —u, we obtain the equation

=1 =AM~ )"" " +[22(V)J =12+ - +[A(V)]=0.
Therefore, if we identify the coefficients of «* as (—1)""c,_,(}), we must have

(M= AMI-CLHIA )],
(V)= A°(M]1-CH A+ AV,
(V)= [A°(N]1-("; ‘)[ll(V)]+(" HA2@)- (" 3)[/13(V)]

and C(V) [lO(V)] [ll(V)]+[/12(V)]+ +(—1)"[/1"(V)]

Another interpretation of these results will be given in IV.7 (in the framework of
real and complex K-theory).

Exercises (Section 1V.8) 3, 10.

3. Complex K-Theory of Flag Bundles and Grassmann
Bundles. K-Theory of a Product

3.1. Asin Section IV.2, the letter K will again denote complex K-theory, K

3.2. Let E be a complex vector space of dimension n. A flag in E is a sequence of
subspaces 0=E, c E, < --- < E,=E, where E, is of dimension i. We denote the
set of flags in £ by F(F); it may be provided with a topology in the following way.
If we choose a basis in E, i.e. an isomorphism €"x E, we see that the group GL,(C)
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acts transitively in F(F)=~ F(C"), and that the subgroup leaving the canonical flag
0c €< € < - = € fixed, is the subgroup 7, of upper triangular matrices.
Hence F(E)~GL,(€)/t;” may be provided with the quotient topology of GL (C);
this topology is independent of the choice of basis. Moreover, F(E) is a compact
space, since GL,(C)/t;] ~U(n)/T", where T" is the group of diagonal matrices
with elements of norm 1 on the diagonal.

3.3. Now let V' be a complex vector bundle over a compact space X. We define the
“flag bundle”” F(V) as the bundle on X whose fiber over xe X is F(V,). More
precisely, F(V)= L] F(V,), and the topology on F(V) is defined by the same

xeX

procedure as in 1.4.5 (compare with 2.2).

The space F(V') may also be constructed by induction on the rank of V, by the
following procedure. Let P(V) be the projective bundle of V, and let V'=p*V
where p: P(V)— X. Then V)~ F(V'/£), where & is the canonical line bundle
over P(V). More precisely, we have a bijection F(V)— F(V'/£): it associates the
flag0 c E, c--- < E,_, = V,_in V_, with the flag over {E, } € P(V) defined by
0Oc E,/E, c---c V_/E,. This is clearly a continuous map, hence a homeo-
morphism since F(V) and F(V'/E) are compact (one may also define a continuous
map in the opposite direction). This construction also shows that the space F(V),
introduced in 2.15 to prove the splitting principle, is the same (up to isomorphism)
as the one considered here.

3.4. Over the space F(V), we have a sequence of bundles 0 c ¥V, c V,c ---
< V,=n*V, where n: F(V)-— X, and where the fiber of ¥V, over the flag 4=
{0cE c .- -c E=V_}eHRV,)is the set of vectors v belonging to E, (with the
topology induced by the inclusion V; ¢ n*V’). According to 1.5.14 applied (n—1)
times, the quotients V;/V,_, are well-defined line bundles L; over F(V), with

@ L;x~n*V. We denote the class of L, in K(F(V)) by ,.

i=1

3.5. Theorem. Let X be a compact space, and let V be a complex vector bundle
over X of rank n. Then K*(F(V)) is a free K*(X)-module of rank n!, and with basis,
the products KR - - - Bin- 1 for r,<n—i.

Proof. We prove this proposition by induction on n. Assume that K*(F(V'/5)) is
a free K*(P(V))-module with basis, the products hZ2h%y---hn-} for r,<n—i.
Since K*(P(V)) is a free K*(X)-module with basis A7 for r,;<n—1 (2.13), the
theorem is proved. 0O

To avoid the assymmetric role played by the /;, we also prove the following:

3.6. Theorem. Let

@: K*X)[x,, ..., x,]— K*EF(V))
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be the K*(X)-algebra homomorphism sending x; to h;. Then ¢ is surjective, and its
kernel is the ideal I generated by the elements o,—[A'(V)], where o, denotes the i™
elementary symmetric function of the x;. Hence ¢ induces an isomorphism

@ K*X)[x(,....x, ) IxK*(F(V))

Proof. By 3.5, ¢ is surjective. On the other hand, since @ L,=V, it is clear that

i=1
o,—[A'(V)] belongs to the kernel of ¢. By a well-known theorem in algebra (3.28),
K*X)[x,,...,x,] is a free K*(X)[o,,...,0,]-module with basis x7---x""{,
where r,<n—i. Hence, the quotient M of K*(X)[x,...,x,], by the ideal
generated by o,—[4/(V)], is a free K*(X)-module with basis, the products
Xt xnot. Since K¥(F(V)) is a free K*(X)-module, and since ¢ induces a
homomorphism ¢’: M — K*(F(V')) which sends the basis of M onto the basis of
K*(E(V)), ¢’ is an isomorphism. []

3.7. If Eis a complex vector space of dimension #, we call the set of g-dimensional
subspaces of E, the Grassmannian of g-planes in E. If we denote this set by G (E),
we saw in [.7.16 that G,(E) may be identified with U(n)/U(q) x U(n— g), hence
may be provided with the topology of a compact space. Moreover, we have a
continuous map F(E) — G(E): it associates each flag E, < E, = --- < E,=F
with the ¢™ element E,. Up to isomorphism, this map coincides with the map
U(n)/T"— Un)/U(q) x U(n— ¢q), induced by the inclusion of 7" in U(g) x U(n—g).

3.8. Lemma. The map n: F(C")— G (C") is a fibration with fiber F(C*) x F(C"™*%).

Proof. By “fibration”, we mean here that for each point S° of G,(C"), we can
find a nelghbourhood W of S°, such that n~ '(W)x W x F(C")xF(C" 1), To
prove this, we first give a slightly different description of the space F(E), as the set
of sequences (L,, ..., L,) of linearly independent one-dimensional subspaces of
E, which are mutually orthogonal (take E;=L, @ --- @ L; or, conversely,
L,=E,, ,nE;). Next we choose W to be the set of elements S of G (C"), such that
the orthogonal projection of S° on S is an isomorphism. If we fix an orthonormal
basis B°={e?,...,eJ} of $° and an orthonormal basis C° —{eq+1, o€} of
S, then the orthogonal projection B (resp. C) of S° (resp. S°*) is a ba51s of §
(resp. S+). The Gram-Schmidt orthonormalization process, applied to BUC,
gives a new orthonormal basis of €", hence a unitary isomorphism og: €' — C"
which depends continuously on S € W, and such that a4(S°)=S. The isomorphism

0: (W) —— W x F(S°) x F(S°")
is now defined by the formula

OL,,...,L)=(S,4,T),
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where

S=L1®~-®Lq,

A=(a5 '(Ly), ..., a5 (L)),
and  T=(t5'Lyyy)s- -5 05 (L)),

The inverse isomorphism 0~ is defined by the formula

0_ I(S’ A()’ Fo)z((xS(L(l))’ L] OCS(L;)), ) (xS(Lr?))a
for A°=(L3,...,L)) and TI°=(L],,,...,L0). O

3.9. Theorem. Let X be a compact space, and let
B: X x F(€")— X xG,(C")

be the continuous map defined by (x, e) — (x, n(e)). Then f*: K*(X x G, (C")—
K*(X x F(C")) is injective, and its image is the invariant subgroup K*(X x F(C"))°,
where G=S,x S,_ , acts on F(C") by permutation of the L, (cf. the description of
F(€") given in the proof of 3.8).

Proof. By 3.8 we have the fibration
R@)x AC7) — Xx (E) -2 xx G (o).

If we denote the classes of the canonical line bundles on X x F(C") by
hy,..., h,, then the restrictions of the products

By Rt -kt forr, <p—iand s;<n—j+1, to fTH(X X Y),

where Y is chosen so that n~1(Y)x Y x F(C?)x F(C""?), are a basis of
K*(B~ (X x Y)) as a K*(X x Y)-module, by 3.5 applied twice. Therefore, by 1.3
K*(X x F(C")) is a free K*(X x G ,(C"))-module with basis, the products above. In
particular, the homomorphism K*(X x G,(C")) — K*(X x F(C")) is injective.
Now the map F(C")-">G,(C") is equivariant with respect to the trivial action
of §,xS,_, on the Grassmannian. It follows that f* sends K*(X x G,(C")) into
the invariant part K*(X x F(C"))¢, under the action of G= S,xS,_,. Tocompute
K*(X x F(€C"))¢, we write K*(X x F(C")) as the quotient of the polynomial algebra
K*(X)[x,,...,x,], by the ideal generated by the elementary symmetric poly-
nomials ¢,,...,0, (3.6). Let 1, (resp. y;) be the i ™ elementary symmetric poly-
nomial of x,,...,x, (resp. the j " elementary symmetric polynomial of
X, 415 -+»X,). Then an elementary computation shows that K*(X x F(€"))¢ may
be identified with tlrle quotient of K*(X)[7,...,7,,71,...,7,-,] by the ideal

generated by g,= ) 1,9,_;, for r=1,...,n (with the convention t,=y,=1).
i=0
This is the formula expressing the r* elementary symmetric polynomial of
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Xgs..., X, ID terms of the 7’s and the y’s and which is obtained by computing

the product H (1+1x,)= ]_[ (1+1x;) H (1+1x,,;), in two different ways.
r=1 J

Finally, let us cons1der the canomcal vector bundle ¢ of rank p on G(C")
(cf. 1.7.8). It may be identified with the subspace of G,(C")x C", con81st1ng of
pairs (X, x), where X is a p-plane in €" and x is a vector of X. We define ¢* to be
its “orthogonal”, i.e. the subset of G ,(€") x €" consisting of pairs (X, x) where
XeG (([1") and xe X*. We set T= 5*5 and T+=0*¢*, where 6: X x G (C") —
G (C") =[A(T)] for i<p, and s,=[A/(T*)] for j<n—p. Let

g K* X))y, T, 7y o Ya-pl = K¥(X x G (T"))

be the K*(X)-algebra homomorphism sending 7, to r, and y ;tos;. SinceT® T Lis

trivial, this homomorphism is zero on the ideal generated by o,= Y 7,7,_,.
i=0
Therefore, it defines a homomorphism

K*(X x FC")%~ K*(X) ® K(F(T")® — K*(X x G,(T").
14 n
Because T=@ L,and T*= @ L;, the composition
i=1 ji=pt+1
K*(X) ® K(F(C"))° — K*(X x G,(C")— K*(X) ® K(F(C"))°®

is the identity. Since K*(X x G, (€"))— K*(X)® K(F(C"))® is injective, the
theorem is proved. [

3.10. Corollary. Let d=( ). Then there exist integral polynomials P, ..., P, of
the classes r; and s;, such that K*(X x G (€")) is a free K*(X)-module with basis
P, ..., P,

Proof. We have the inclusions as Z-modules
K(F(C")) > K(F(€"))° > Z,

where K(F(C")) is a free Z-module of rank n!, and K(F(C")) is a free K(F(C"))°-
module of rank p! (n—p)! by the first part of the proof of 3.9. Therefore,
K(F(€"))¢ is a free Z-module of rank d with basis, classes of suitable polynomials
Py, ..., P;jof the 7, and y;. It follows that K*(X x G ("))~ K*(X) ® K(F(C"))¢
isa free K*(X)-module with basis, the polynomials P, evaluated onthe r;ands;. O

3.11. Corollary. Let d=(}). Then K~ 1(G (€"))=0, and K(G (C")) is a free group
of rank d.

Now let V' be a vector bundle of rank n, with compact base X. Since the functor
E+ G, (E) from the category of n-dimensional complex vector spaces to the
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category of compact spaces, is “‘continuous” in an obvious sense, the method of
I.4.5 enables us to construct a compact space G ,(V), fibered over X with fiber, a
Grassmannian (when p=1 this reduces to the definition of P(V) cf. 2.2). We call
T the canonical p dimensional vector bundle over G (V), and T+, its *‘orthogonal”
with respect to an arbitrary metric on V.

3.12. Theorem. Let
Y K*X)[tys Ty Vs e s Vamp] — K¥(G (V)

be the K*(X)-algebra homomorphism sending t, to ;= [A(T)} andy, to s,=[AX(T*)].
Then  is surjective with kernel the ideal J generated by the a,—A'(V) where

6,= Y. 1;7;. Hence s induces an isomorphism
i+j=r

WK O[T Ty Vs -« o Ve g — K*(G (V).

Proof. Since T ® T* is isomorphic to n*V, where 7: G,(V)— X, it is clear that
the kernel of i contains the ideal generated by the a,—A"(¥). By Theorem 1.3,
K*(G,(V))is a free K*(X)-module with basis, the polynomials P, , .. ., P, defined
in 3.10. Hence ¢/’ is well-defined and surjective.

On the other hand, we have the commutative diagram

K*X) [y, . Ty ps - - .,yn_p]/JL K*(G,(V))
[}
K¥X)[xy, . ..o x, 1T —2 s KXEWY),

where ¢’ is the isomorphism defined in 3.6, and where 0 sends 7, (resp. y; ) to the
i*" (resp. j™*) elementary symmetric polynomial of x,, . . , X, (resp XpitsersXy):
Smce 0 is clearly injective, yy' must also be injective. D

3.13. The observations above may be extended to “generalized flag bundles”.
More precisely, if p,,...,p, are integers such that p,+p,+---+p,=n, we
consider the bundle F, (V) over X, whose fiber over xe X is the set of
orthogonal subspaces L, ,. . ssuchthat L, ® --- @ L=V with Dim(L;)=p,.
On F, (V) we have canomcal bundles T,,.. T of respective ranks

DPis- The following theorem may be proved in the same way as Theorem 3.12:

3.14. Theorem. Let

VKA 0O[e]]— K*F,,,(V), for l<i<p,

be the K*(X)-algebra homomorphism sending v’ to [A(T;)]. Then s is surjective
with kernel, the ideal generated by o,—[X'(V)] whereg,= )" 1} .1}, -T}.
P
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3.15. Example. Let X be the space U(n)/U(p,) x --- x U(p,) wherep, + - - - +p =
n. Then K~'(X)=0, and K(X) is a free group of rank n!/p,!p,! - -p.!.

3.16. The above results have been expressed in terms of exterior powers of the
vector bundles involved. Sometimes it is more convenient to work with the
characteristic classes of V, ¢(V), rather than A((V). For example, Theorem 3.14
(which implies all the others) may be expressed in the following form:

3.17. Theorem. Let
1//:](*()()[1{]—»K*(Fp1 ..... pS(V')), for 1<i<pj,

be the K*(X)-algebra homomorphism sending v, to c{T;)- Then  is surjective with

kernel, the ideal generated by o,—c,(V) where g, = Y it c
Bt =

3.18. Example. Assume s=2 and p,=1. If we set 7; =1, and 77=y,, then we
obtain the relations

71t =6,(F),
Y2+ 71T =c(V),

yn— 1 +yn—2y1 :cn— 1(V)
Yu—171=Cal V)

Therefore, if we set u=c,(T%), then K*(F, ,_,(V)=K*(P(V))is a free K*(X)-
module, with basis 1,4, . . ., u"~ '. Moreover, we have the relation

uw—c, (V" 1+ -+ (=1)c(V)=0.

Hence, we recover some of the observations in IV.2. If we set A=[T, ], we can also
prove Theorem 2.16 by the same method.

3.19. Corollary. Let ¢,=c(T) and d;=c(T"), for i<p and j<n—p, be the
characteristic classes of the vector bundles T and T+ on G,(C"). Let

YLy, Ty Vs Ve p ] — K(G(CT))

be the Z-algebra homomorphism sending t; to ¢; and y; to d;. Then Y is surjective
with kernel the ideal generated by products of the formao,= Y 1y,

itj=r

3.20. Example. Let-X=U(4)/U(2) x UQ2Q)=G,(C*). If we let x=¢, and y=c,, a
trivial computation shows that K(X) is a free group of rank 6, with basis
1, x, x2, y, %, xy. The multiplication operation in K(X) is given by the relations
x>=2xy and x2y=y? (these relations imply xy*=0 and y*>=0).
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3.21. An advantage of the formulation using characteristic classes, ¢; and d, is
that these classes are nilpotent (2.10 and 2.17). This enables us to compute
proj lim K(G,(C")). More precisely, if X is any topological space, we write % "(X)
for proj lim K(X,), where X, runs through the set of compact subsets of X. If (X,)
is a cofinal system of compact spaces, we have #(X)=proj lim K(X,). In particu-
lar, if p is fixed and if X=injlim G (C") is provided with the inductive limit
topology, then #"(X)~proj lim K(G,(€")). Note that X has the same homotopy
type as the space BU(p) considered inl.7.14.

3.22. Theorem (Atiyah [3]). Let
r:Z[[z,,...,t,]]— proj lim K(G,(C"))
be the Z-algebra homomorphism sending the formal sum

Z ailmip(rl)il' : '(Tp)i" fo z ai1~-ip(c1)i1' : ’(Cp)i"~

Then T is an isomorphism. In particular, X (BU(p))~Z[[c, ..., c,]], where the
c; are the characteristic classes of the canonical vector bundle over BU(p) (in an
obvious sense).

Proof. The relations of Corollary 3.19 may be explicitly written as

T, +7,=0
1,477, +7,=0

prn‘2p+rp—1yn—2p+1+ e +yn—p=0

prn—2p+1+1p—1yn—2p+2+ e +len—p=0

T n—p=0-

From the first n —p relations, it follows that the y’s are functions of the t’s. More
precisely, y; is a polynomial of weight j in the ’s. The last p relations may be
written as P(t,, ..., 1,)=0, where P, is isobaric of weight n—p +i. It follows that
KG () ~Z[x,,...,1,]/1, ,, where I,  isan ideal generated by polynomials of

order >n_1—)_p. If we denote the ideal generated by al// polynomials of order =r

by 1,, we therefore have I, , = I, when n>rp +p.

On the other hand, let us denote the Euler classes of the canonical line bundles
over F(C") by u,, ..., u,. They are induced from the Euler class of the canonical
line bundle over P(C"), by the canonical maps F(C")— P(C"). Therefore
(u)"=0by 2.11. Moreover, Theorem 3.6, written in terms of characteristic classes
as in 3.14, shows that K(F(C")) is a free Z-module, with basis u}!- - -u/"~| where
ri<n—i. Hence, if a€ K(F(C")), then «™ is a sum of monomials u} - - - "~}

n— 1>
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where 7y + - - - +r,_, >m. If we choose m>(n—1)?, at least one of the r, is >n,
and this shows that (K(F(C"))"=0. Therefore, every element of K(G (03")) c
K(F (€C™)) (3.9) is nilpotent of order <(n—1)*+1, a fact which may be expressed
in the form [, = I,, when r>(n—1)*>. This shows that the filtrations of
Z[zy,...,1,] by the ideals 7, , and I, , are equivalent. Hence

A (BU(p))~Proj lim K(G(€"))~Proj lim Z[z,, .. ., 7, 1/1, ,
~ProjlimZ[z,, ..., T, /L~ Z[[1,, .. 51,11 O

3.23. Let X be a locally compact space, and let (X}), i=1, .. ., n, be a finite closed
cover of X. The cover (X;) is said to be adaptedif any intersection X; N.X, NalEReY. 6
is either empty or homeomorphic to Z x R?, where Z is a contractible compact
space. The space X is said to be of finite type if there exists a finite closed cover of X
which is adapted. For example, compact differentiable manifolds and finite
CW-complexes are spaces of finite type. If X is of finite type, the product X x IR?
is of finite type. More generally, the product of any two spaces of finite type is of
finite type.

3.24. Proposition. Let X be a locally compact space of finite type, and let Y be a
locally compact space such that K(Y) and K~ '(Y) are free abelian groups. Then, if
we define in general K*(Z)=K°(Z)® K~ (Z), the cup-product induces an
isomorphism

K*¥(X)® K¥(Y)- 2 K*(X x Y);
i.e. more explicitly,

[K°(X) ® KX(Y)] @ [K™'(X) ® K~ (Y)]~K°(X x Y),
and [K°X) @ K '(N] @ [K'(X) ® KAY) =K (X x Y).

Proof. For any closed subspace Z of X, let @, denote the homomorphism between
K*(Z)® K*(Y) and K*(Zx Y), induced by the cup-product. Let (X;) be an
adapted cover of X'; we prove by induction on p, that @, is an isomorphism when
Z=X;, - X, ,foranyspaceY.If p= 1, Proposition 3 24is smplyareformula-
tion of the Bott per10d1c1ty theorem in the complex case: K*(R") ® K*(Y)~
K*(R"x Y). To pass from stage (p—1) to stage p, we let Z'=X, U---UX;,
and Z"=X; . Then the subsets X; nX, , for r=1,...,p—1, form an adapted
cover of Z’ mZ ”. Therefore, by the 1nduct10n hypothes1s @, ,P, ,and 9, _,.,
are isomorphisms. Since K*(Y) is free, we have the following commutative
diagram, where the vertical sequences are exact (11.4.18 and 11.4.9).
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¢Z'XR @ ¢Z")(l(
-5

[K*(Z'xR)® K*(Z"xR)] ® K¥(Y) K¥(Z'xYxR)® K*(Z"x YxR)

|

K*(Z'nZ")x R) ® K*(Y)—2Znz1xk | g#((Z'AZ")x ¥ x R)
)

K*(Z'0Z") @ K*(Y) —2zvz_, K*(Z'UZ")x Y)

l |

[K*Z) @ K*(Z")] ® K*(¥) 22222, k+ (2 x Y) ® K*Z" x Y)

K*(Z'nZ") ® K*(Y) —2207 _, K*((Z'nZ")x Y)

By our induction hypothesis (stated for any space X), @, ., P, g, and
D@z ~z7)xr> ar€ also isomorphisms (since (X; x R) is an adapted cover of X x R).
Hence &, ,,. is an isomorphism by the five lemma. 0O

3.25. Remark. Let Y’ and Y” be compact spaces such that K(Y’, Y”) is a free
abelian group. Then we also have K¥ (X x Y', X x Y")=K*(X) ® K*(Y’, Y") by
the proposition above applied to ¥Y=Y'—Y". Of course, this isomorphism is
given by the cup-product.

3.26. Lemma. Let Z be a compact space such that K*(Z) is a finitely generated
abelian group. Then there exists a compact space Y, and a continuous map
f:8'(Z)— Y,, such that

a) K*(Y,) is a finitely generated free abelian group, and

b) the induced homomorphism K *(Y,)— K *(S'(Z)) is surjective (the suspen-
sion S'(Z) is defined as in 1.3.14; note that K *(S'(Z))~ K *(S(Z)); cf. 11.3.27).

Proof. Let G, ,={—n,n}xG,(C"), and let a,,cK°G,,) be the element
represented over {i} x G,(C*) by [{]—p+i, where ¢ is the canonical p-plane
bundle over G,(C"). According to I1.1.33, each element of K°(Z) may be written
as f*(«, ,), for suitable integers p and n, and a suitable continuous map
f:Z—G,,. Now let a,,...,a, be generators of K°(Z), and let b,,...,b, be
generators of K~ (Z)=K%S'(Z)). Let f;: Z— G, (resp. g;: S'(Z)— G, 1)
be continuous maps such that f*(«, ,)=a; (resp. g (ocpJ n,)=b;). If we consider

the space ¥, = ]_[ Gy, 0, <H G, ) we have

K #(Yl ) R [® K#(Gpj’ nj):l2 ® K# ’ I(Gpi,ni)’

which is free by 3.5 applied r+ s times. Moreover, if /> S'(Z) — Y, is the obvious
map, then the induced homomorphism K *(Y,)— K*(S'(Z)) is surjective by our
construction. [
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3.27. Theorem (compare with Atiyah [2]). Let Y be a compact space such that K*(Y)
is a finitely generated abelian group, and let X be a compact space of finite type. Then
we have a natural exact sequence

0> Y K(X)®K(Y)»K'XxY)> Y Tor(Ki(X),K{(Y))—>0,

itj=n itj=n+1
where i and j are integers mod 2.

Proof. Let us first assume that Y may be written as S'(Z), and let Y, be the space
constructed in 3.26. Let Y, be the mapping cylinder of f, i.e. the quotient of
Y x[0,1]u Y, by the relation identifying (y, 1) with f(y). Thus we have the
commutative diagram (up to homotopy)

where g(y) is the class of (¥, 0)€ Y x [0, 1], and A(y, ) is the class of y, € Y, . Since
h is a homotopy equivalence, we may replace the pair (Y, /) by (¥,, g), where g is
an inclusion.

The exact sequence 11.4.13, associated with the pair (¥,, ¥). may be written
(using I11.1.3) as

K* 1Y)~ K*(Y,/Y, P)— K*(¥,) — K*(¥)— K* *1(¥,/Y, P),

where P is a point. Since the homomorphism K *(Y,)— K *(Y) is surjective, this
exact sequence may be reduced to

0—> K*(Y,/Y, P)— K*(¥Y,)—> K*(Y)— 0.
In particular, K ¥(Y,/Y, P)is free and finitely generated. Hence, the exact sequence
above, defines a free resolution of the abelian group K *(Y), with two terms.
Similarly, the exact sequence 11.4.13, associated with the pair (X x Y,, X x Y),

may be written as

K* (X x ¥)—— K*(Xx Y,/Y, Xx P)—2> K*(Xx )
—— K*(XxY)-£5 K* (X x Y,/Y, Xx P).

Since K*(X x Y,)~ K*(X) ® K*(Y,) and

K*(Xx Y,/Y,Xx P)~K*(X) ® K*(Y,/Y, P)
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by 3.24 and 3.25, Coker « may be identified with K *(X) ® K *(Y). On the other
hand, Im f=Ker («* *!)=Tor(K*(X), K* *1(Y)) by the definition of the Tor
functor. Hence the exact sequence may be written as

0— K*(X)® K*(Y)— K*(Xx ¥)—> Tor(K*(X), K**1(Y))— 0,

and it is easy to show (using the natural properties of the Tor functor) that it is
independent of the choice of (Y, g), and is natural in X and Y=S'(Z). This
proves 3.27 for this case.

Now if Y is an arbitrary space, we may write two exact sequences

0- Y KX)®K(SHY)> KX xS*Y)> Y Tor(Ki(X), K/(S*(Y)— 0

i+j=n i+j=n+1

0— Y K(X)®K(P) —— K"(XxP)—— ¥ Tor(K'(X), Ki(P)— 0.

i+j=n itj=n+1 H

Since K"(X x Y)~Ker [K"(X x S'*(Y)) - K"(X x P)] by Bott periodicity, we ob-
tain the general theorem. [
In 3.6 we used the following theorem, which we now prove:

3.28. Theorem. Let A be any arbitrary ring with unit, and let A[x,, . .., x,] be the
ring of polynomials of n variables with coefficients in A. Let a,,...,0, be the
elementary symmetric functions of the x;. Then, with respect to the obvious imbedding
Aloy,...,0,]1> Alx,,...,x,] (¢f. Lang [1]), the second ring is a free module
over the first with basis the monomials x' . . . x"»=2 for 0<h,<n—i.

Proof. We prove this theorem by induction on s, For n=1, the theorem is clear.
Let us now assume »>1, and let ¢,...,0,_; be the elementary symmetric
functions of x,, . . ., x,. Then we have the imbeddings

Aloy,...,0,1c Aloy,...,0,_1[x;]1 = Alxy, ..., x,1=A[x,, ..., x,_1[x;].

By the induction hypothesis, we know that the products x4 - - x- are a basis
for the third ring regarded as a module over the second. Therefore, it suffices to
prove that the monomials 1, x,,. .., ]! are a basis for the second ring regarded
as a module over the first.

The relations

ot . o ’ . . o ’
0,=0+Xy; 0,=0,+0Xy; Ty 0, =0, 10, X,

obviously show that 1, x,, ..., x?~ ! generate the second ring as a module over the
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first. Now if we have a relation

Py+Pix;+---+P, x;'=0,
where the P; are polynomials of the ¢, we also have the relation

Py+P x,+---+P,_ xi"1=0,
by the action of the symmetric group, when we consider A[s,,...,0,] as a
subring of A[x,,...,x,].

Therefore, we obtain n equations involving the P;, which only have 0 as a
solution, since the determinant

I ox, - a7l
=n(xi_xj)
i>
1 x, xn!

is not zero. 0O

Exercises (Section 1V.8) 4, 12.

4. Complements in Clifford Algebras

4.1. Let V be a finite dimensional real vector space provided with a nondegenerate
quadratic form Q. By I11.3.12, the canonical map V' — C(¥) is injective, and thus
we identify ¥ with its image in C(¥). On the other hand, the endomorphism
v —v of Vinduces an involution on C(¥), which we denote by x +> X. Therefore
X=x (resp. = —x) if x e C'O(V) (resp. x e CY(V)) (111.3.6).

4.2. Definition (Atiyah-Bott-Shapiro [1]). The twisted Clifford group T'(V') is the
set of elements x of C(V)*, such that xVx~! = V.
It is clear that I'(¥) is also the set of elements x of C(V) such that xVx~!=V,
and in this form, I'(V) appears as a subgroup of C(¥)*; this justifies our termino-
1

logy. Let p: I'(V)— GL(V) be the homomorphism x +>j, where p (v)=Xvx " !.
4.3. Proposition. The kernel of the homomorphism p: I'(V)— GL(V) is R* = r'w).

Proof. Let {e;} be an orthogonal basis of ¥ such that Q(e;)#0. Let x € Ker(p),
and let x=x°+x! be the decomposition of x into homogeneous elements, with
respect to the Z/2-grading of the Clifford algebra. We may write
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x°=a’ +e;b!, where a? and b! do not contain e;, and are of degree 0 and 1,

t

respectively. The identity x%,=e,x° therefore implies
a’+ebl=e(al+eb!)e ' =a)—eb;.

Hence, b! =0 for each i, and x° must be an element of R* < I'(V).
Similarly, the identity x'e;= —e,x' may be written as

o= —efalteb)er =al .
Hence, b2 =0 for each i, and x* must be 0. Therefore x=x°+x'=x%e R*. O

4.4. Let C(V)° be the opposite algebra of C(V) (C(V)° has the same underlying
group as C(V), but the product xy in C(¥V)° is defined as the product yx in C(V)).
The canonical map j: ¥ — C(V) may be interpreted as a linear map V— C(V)°,
which satisties the universal property of Clifford algebras (II1.3.1; take 4= C(V)°).
From this we obtain an algebra homomorphism C(¥V)-— C(V)°, which we may
interpret as an anti-involution of C(¥), denoted by x — ‘x. More precisely, if y is
an element of C(V), written as y=v, - - -v, where v; € V, we have ‘y=v,- - -v,. It is
easy to check that (y)='y=(—1)"0,- - -v,. Since every element x of C(V) is the
sum of elements of this form, the formula “x =X is valid in general. We define the
spinorial norm of any element x of C(V'), as N(x)='x-xe C(V).

4.5. Proposition. Ifx is an element of T (V'), we have N(x) € R*. Moreover, the map
x > N(x) induces a homomorphism from I'(V') to R*.

Proof. By the definition of I'(¥'), we have X and ‘x € I'(V). Therefore, N(x) e (V)
if xe I'(V). To prove N(x) € R* by 4.3, it suffices to prove that N(x) € Ker(p). For
ve V, we have '(p,(v))=p,(v), i.e. ‘(Xvx~')=%vx"!. Hence ‘x™'v'x=xvx"!, and
so N(x)uN(x)~ ! =v, which proves the first assertion.

Now, if x and x’ are elements of I'(V), we have

NEx)=('x"%)(xx")="%'("xx)x'=("xx) (‘X'x" )= N(xX)N(x').
Therefore N defines a homomorphism from I'(V) to R*, since N(1)=1. O
4.6. Remark. If ve V, we have N(v)= — Q(v), and the same proof as above shows
that N(xv)=N(x)N(vl= N(vx) for any x € (V). In the same way, N(xvy)=
N(x)N(@)N(y) for xe I'(V) and ye I'(V).

4.7. Theorem. For any element x of T'(V), p(x) belongs to the orthogonal group
O(V) c GL(V), where V is provided with the quadratic form Q. Conversely, any
element of O(V') is of the form p(x), where x is determined up to multiplication by a
scalar. Hence we have the exact sequence of groups

1—>]R*—~—>T'(V)L>O(V)»—> 1.
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Finally, any element of I' (V) may be written as v, - - -v,, where v, V and Q(v,) #0.
In particular, every element of I'(V') is homogeneous with respect to the Z/2-grading
of the Clifford algebra C(V).

Proof. If xeI'(V) and veV, we have NXvx~\)=NFE)N@)N(x)"! by 4.6.
On the other hand, N(X)=N(x)=N(x) since N(x)e R*. Hence Q(p (v))=
— N@Evx~ )= — NX)N@)N(x)~ = — N(v)= Q(v), and p(x) € O(V).

It is well known that any element of O(V') is the product of orthogonal sym-
metries with respect to hyperplanes. Therefore, to prove that p: I'(V) — O(V) is
surjective, it suffices to show that any such symmetry belongs to the image of p. If
H is the hyperplane orthogonal to the vector v with Q(v)#0, we may write any
vector w of V in the form w=Av+v’, where v’ € H and 4 € R. Therefore p(v)(w)=
—v(Av+w)v~ = —Av+w, since v and w’ anticommute in C(V) (111.3.8). Hence,
p(v) is the symmetry required, and the exact sequence is proved.

For any vector v of ¥ such that Q(v) #0, let us denote the orthogonal symmetry
with respect to the hyperplane orthogonal to v by S,. If xe I'(V), we have
p(x)=S8,,-S,, S, for some vectors v;. Hence, p(x)=p(v, v, --v,), and

Un

x=Av,---v,forie R*. [

4.8. Corollary. LetT °(V)=T'(V)nCO(V), and let SO(V) = {ue O(V)| Det(u) = 1}.
Then we have the exact sequence (where p®=p|I'°(V))

I — s R*— IO() 22 SO(r) — 1.

Proof. Any element of SO(V') may be written as p(v,)-p(v,)- - -p(v,), where n is
even. Hence p° is surjective; moreover, Ker p®= R* since R* = C%(V). The
group I °(V) is called the special Clifford group. O

4.9. Corollary. Let Pin(V)={xe (V) || N(x)|= 1} and Spin(¥V)=Pin(V )nCO(V).
Then we have the exact sequences

l1— Z/2—— Pin(}V) — O(V) —> 1,
and 11— Z/2—> Spin(V)— SO(V) —- 1.

Therefore, if we let Spin(n) denote the group Spin(V) when V=R", provided with

the quadratic form Y. x%, we have the exact sequence
i=1

l — Z/2—-> Spin(n) —— SO(n) — 1.

Proof. If xeI'(V) (resp. I'°(V)), then JxePin(V) (resp. Spin(¥V)) for A=
1//IN(x)|. This shows the surjectivity of the homomorphisms Pin(}")— O(¥) and
Spin(¥') — SO(V'). The kernel of these maps is the set of elements 4 € IR* such that
N(A)=4i%=1, i.e. the kernel is isomorphic to Z/2. [
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4.10. The choice of an orthogonal basis (¢;) of ¥ such that Q(e;)= + 1, enables us
to identify C(V') with R" (I11.3.11), and to provide C(}) with a topology which is
independent of the choice of basis. More precisely, a change of the above basis is
given by an orthogonal transformation, which induces a linear transformation in
C(V), depending continuously on the basis. Hence, the functor ¥+ C(}') may be
regarded as a continuous functor, in the sense of 1.4.1, from the category of finite
dimensional vector spaces provided with a quadratic form, to the category of
finite dimensional algebras.

From these observations, it follows that the groups I'(¥), Pin(V), I'%(V'), and
Spin(¥) are naturally topological groups, and that the maps p and p° are con-
tinuous maps. In fact, the maps

T(V)— O(V), T°(V) —> SO(V), Pin(V') — O(¥), and Spin(¥) — SO(V),

define locally trivial fibrations. Let us show this for the map I'(V)— O(V), for
instance, (the proof for the three other cases is similar). Let e, ..., e, be an
orthogonal basis such that Q(e;)= +1. By induction on p, where 0<p<n, we
define a neighbourhood ¥, of 1 in O(}V'), and a continuous map

5,0 V= T(V)

such that
) Vy=0(V), sy(0)=1,
(in) Spr1()=(1+tw)s () with t=0a(e, )
and W=l~’(5p(°f))(ep+ 1) lf Q(ep+ 1) = 19
=(1 —tw)s () if Qe,,;)=—1, and
(iii) V,+1 1s the subset of V, defined by the condition
O@t+w)#0
Then by induction on p, we can prove that a“f)(sp(oc)) leaves e,,. . ., e, fixed.

Hence p(s,(«))= o, and the map o > s,(a) is a section of p defined on the neighbour-
hood V,. It follows that the map V, x R* — p~(V,), defined by (a, 1) > 4s,(),
is a homeomorphism, and by translation, we have p~'(aV,)~aV, x R* for any
element a of O(V).

4.11. Since the functor V'~ C(V) is continuous, we may extend this functor to
the category of vector bundles. If ¥ is now a vector bundle, we define a bundle of
algebras, again denoted by C(V), such that C(V), = C(¥,). The multiplication in
each fiber defines a continuous map (C(V)x yC(V)— C(V). If E is a k-vector
bundle (k=R or €), a C(V)-module structure on E is given by a continuous map
C(V) x xE— E, such that each fiber E, is provided with a C(V,)-module structure
compatible with the k-module structure. Since V' = C(V), we obtain a fiberwise
map Vx yE denoted by (v, €) —v-e such that v-(v-e)=0(v)e, and such that
the induced map on each fiber ¥V x E,— E_ is R-linear (resp. k-linear) with



212 1IV. Computation of Some K-Groups

respect to the first (resp. second) factor. Conversely, every such bilinear map
defines a C(V)-module structure on E by the universal property of Clifford
algebras (II1.3.1). Equivalently, the above bilinear map defines a morphism on
the underlying real vector bundles m: — HOM(E, E), such that (m(v))*>=Q(v)
over each point of the base (1.4.8).

The vector bundles provided with C(¥)-module structures are the objects of a
category, whose morphisms are vector bundle morphisms which induce C(V,)-
module morphisms over each point x of the base. We denote this category by
&Y (X), and notice that it is a Banach category contained in &(X).

4.12. Example. Assume that V=X x RP*4, provided with the “trivial quadratic
form” —x}—--- —x2+x2,,+--+x2,,. Then a C(V)-module structure on the
vector bundle E is given by p+q automorphisms e;, where e;e;+e;e;=0 for

i#j,e?=—1if1<i<p,and e?=1if p+1<i<p+q. Hence, the category &"(X) is
isomorphic to the category &7 % X) considered in II1.4.

4.13. Definition. Let ¥ be a real vector bundle with compact base X. An orienta-
tion on V is an element a of H'(X;SL,(R)), whose image under the map
H'(X,SL,(R))— H'(X; GL,(R)) is the class of the bundle ¥ (1.3.5). A spinorial
structure on V is an element B of H!(X; Spin(n)), whose image under the composi-
tion H'(X; Spin(n)) - H'(X; SO(n)) > H'(X; GL,(R)) is the class of V.

4.14. This definition could be made in terms of “‘principal bundles”. If G is a
topological group, and if (g;;) is a G-cocycle in the sense of 1.3.5, we consider the
space P which is the quotient of the disjoint union | | U; x G, by the equivalence
relation (x;,g;)~(x;,g;) if x;=x;€ UnU,, and g;=g,(x,)g;- The group G acts
on the right on P, by the formula (x;, g;)-g=(x;, g;9)- Moreover, this action is
free, and we have X~ P/G. If G acts on the left on a k-vector space F of dimension
n, we associate P with the quasi-vector bundle E= P x ; F, the quotient of P x F by
the equivalence relation (p, /)~(pg, 9~ 'f) forg e G.

4.15. Proposition. The quasi-vector bundle E=P x F above is actually a vector
bundle. It is the k-vector bundle associated with the cocycle g;.

Proof. The space P xF may be identified with the quotient of | | U; x G x F, by
the equivalence relation generated by (x;, g, /)~ (x;, 9;(x;)9, /)~ (x;,9;:(x;), 9 )-
In particular, each element of Px F=|_|U,x G x F/~ is the class of a triple
(x;, 1, f)=[x;, f]. Therefore, Px,F may be identified with the quotient of
LI U, x F, by the equivalence relation [x;, f; 1~ [x;, f;1if f;=g;(x;) (f;); this is the
bundle associated with the cocycle (g;;) in the sense of 1.3.6. [

4.16. Corollary. Let V be a real vector bundle of rank n with compact base. Then
V may be provided with an orientation (resp. a spinorial structure) if there exists a
principal bundle P with structural group SO(n) (resp. Spin(n)), such that V~ P x ;R"
where G=S0(n) (resp. Spin(n)). This bundle P is associated with o.€ H'(X; SO(n))
(resp. B € H*(X; Spin(n)) defined in 4.13.
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4.17. Example. Let W be a real vector bundle, and let P be a principal bundle
with group O(n), such that W=xPx,, R" (1.8.7; choose trivializations
Wy, = U;x R” compatible with the metric, and apply the construction of 1.3.6;
see also Remark 4.21 below). The principal bundle P is associated with the
cocycle (g;), where g,(x)eO(n). The bundle W @ W may be written as
P’ X o2, R™", where P’ is associated with the cocycle

g ji(x) 0
hﬁ(x) - <0 gji(x)>'

Since 4;,(x) € SO(2n), we see that V' is canonically an oriented bundle.

4.18. Example. Let W be an oriented vector bundle, and let P be a principal
bundle with structural group SO(n), such that W= P X, R". We will show that
W @ W may be provided with a spinorial structure. The argument used in 4.17
shows that it suffices to prove that the composite homomorphism

SO(n) —4- SO(n) x SO(n) — SO(2n),

where 4 is the diagonal homomorphism, may be lifted to a homomorphism j from
SO(n) to Spin(2n), making the diagram

Spin(2n)
J
SO(n) < SO(2n)

commutative.

Let D: Spin(n) x Spin(r) — Spin(2n) be the homomorphism defined by D(«, , a, )=
i,(o;)i,(a;), where i; (resp. i,) is induced by the canonical inclusion of R* @ 0
(resp. 0@ R™ in R*"® R"=R?*" (cf. 111.3.5). We clearly have D(ex;, no,)=
enD(ny, a,), where e= + 1 and =+ 1. Now if u is an element of SO(n), and if # is
some element of Spin(n) such that p°(#)=u, then v=D(#, i) is a well-defined
element of Spin(2n), independent of the choice of #. The correspondence u > v
(which is clearly continuous by 4.10) defines the required homomorphism.

4.19. Remark. From 4.17 and 4.18, it follows that for every real bundle W, the
bundle W @ W @ W @ W may be canonically provided with a spinorial structure.

* 4.20. For the reader who is familiar with algebraic topology, we remark that a
real vector bundle is orientable if and only if its first Stiefel-Whitney class,
w,(V)e H'(X; Z/2), is 0. This may be shown by associating each bundle which
has a certain class « € H'(X; O(n)), with the element in H'(X; Z/2) obtained by
the determinant homomorphism O(n) — Z/2. Since this correspondence in
“natural”, it is determined by a well-defined element w, (V) e H'(BO(n); Z/2)~
Z/2. This element is nontrivial: consider X=RP, and V=¢& @ 5, where £ is the
canonical bundle and # is the trivial bundle of rank n—1.
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Now let V' be an oriented vector bundle defined by a cocycle (g;), where
9;(x) € SO(n). If the cover (U;) is fine enough, by using 4.10 we obtain continuous
maps §,: U;nU;— Spin(n), such that po(g~j,.(x))=gﬁ(x), g;;(x)=1. Then for
x € UinU;n Uy, we consider h,;(x)=g,,(x)g;,(x)g,;(x); this defines an element of
Z*(X; Z/2), hence a well-defined element w,(¥) of H*(X, Z/2) (second Cech
cohomology group with coefficients in Z/2). By naturality, since H?(BSO(n);
Z/2)=17/2, we see that the correspondence V' w,(¥) is either trivial, or the
second Stiefel-Whitney class. Moreover, w,(¥)=0 if and only if the bundle may be
provided with a spinorial structure.

To see that w,(¥V) is nontrivial, we consider bundles over S2. Then the argument
in 1.7.6 shows that w,(¥) trivial implies that the map =,(Spin(n)) — =, (SO(n)) is
surjective. For n=2, Spin(n) ~SO(2)~ S*, and the map p° is essentially the map
z > 2% on the circle. Hence, 7, (Spin(n)) ~ 7,(SO(n)) ~ Z, and the homomorphism
Z ~7,(Spin(n)) » Z~n,(SO(n)) is multiplication by 2, which is not surjective.
If n>2, then =,(Spin(n))=0 and =,(SO(n))~Z/2 by elementary topological
observations (note that Spin(3)~S?, and that Spin(3) — SO(3) is the nontrivial
covering). *

4.21. Remark. If V is a real vector bundle with paracompact base X, we can
always find a principal bundle P with group O(n) such that V= P x,, R". Essen-
tially this follows from 1.8.7, since we can always provide V' with a positive definite
quadratic form. If ¢: Ux R"— Ej is a trivialization of E, then ¢ may bé uniquely
written as ¢=y -0, where 6*=0>0, and  is an isometry on each fiber (take
6=./p*pandy =0~ ). If we replace @ by {, we may assume that ¢ is an isometry
on each fiber. Hence, the vector bundle ¥ may be constructed from a O(n)-cocycle.
The argument in 4.20 shows that in general V' cannot always be constructed from a
SO(n)-cocycle, nor a Spin(n)-cocycle.

4.22. Theorem. Let V be a real vector bundle of rank n, provided with a spinorial
structure. Then, with respect to a positive definite quadratic formon V, the categories
&% "(X) and &V (X) are equivalent (cf. 4.11).

Proof. Let T denote the trivial vector bundle of rank », provided with the “trivial”

quadratic form ) (x;)%. By 4.12, the categories £% "(X) and £ 7(X) are equivalent.
i=1
On the other hand, the category €"(X) does not depend on the metric chosen,
since any two metrics are isomorphic (I.8.8). If we write V=P xg . IR", we may
choose the metric to be the one induced by the canonical quadratic form on R".
Using the spinorial structure on ¥V, we now define two category equivalences

0:8T(X)— &Y(X) and ¢:&"(X)— £T(X),

inverse to each other (up to isomorphism). To define 0, we write V=P xg ;. R".
For Ec 0b&"(X), we let O(E)= P A, E, where P Ag ;. E denotes the quotient
of the fiber product P x,E, by the equivalence relation (p, e)~(pg, g~ '€), where
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g€ Spin(n) = C>" acts naturally on E. If f: E—» E’ is a morphism, then
6(f)=(1d,, f) defines a morphism from 6(E) to O(E").

To define ¢, we notice that C(V)= P Xg,, C*", where Spin(n) acts on C*"
by inner automorphisms. More precisely, C(¥) may be identified with the quotient
of the product Px C%", by the equivalence relation (p, A)~(pg, g~ '1g), where
g €Spin(n) = C%". Hence, the “bundle of groups”, Spin(V) = Q, may be identified
with the quotient of Px G, where G=Spin(n), by the equivalence relation
(p, 9)~(ph, h~*gh). Now if F is a C(¥V)-module, we define a “right action” of Q
on P, by the formula p-(p, «)=pa~"', and we define ¢(F) as P4 oF’ the quotient
of Px,F by the equivalence relation (p,f)~(pA, A~'f), where A=(p,g)eQ =
).

The C(T)-module (¢6)(E) is the quotient of P x,P x4 E by the equivalence
relation generated by (p’,p,e)~(p,p'g,g”'e) and (p,p,e)~(pg~',p,g~'e).
Therefore, the map e (p, p, €)~(pg, pg, e), where p is in P, for e€ E_, defines a
natural isomorphism between E and (¢6)(E).

Conversely, (6¢) (F) is the quotient of P x, P x , F by the equivalence relation
generated by (p', p, /)~ (p', p4, A~ 'f) for A=(p, g) € 0, and (p, p,f) ~(pa, p, o™ 'f)
for ¢ =(p, o) € Q. Therefore, the map f+—(p, p, f)~(pa, pa, f), where pe P, for
f€ F,, defines a natural isomorphism between F and (6¢)(F). 0O

4.23. Remark. Let Wbean arbitrary vector bundle, provided with a non degenerate
quadratic form. Then the same type of proof shows that &7 ®¥(X)~&" ®¥(X).

4.24. Remark. If V and V' are spinorial vector bundles of rank » and »’, respec-
tively, then ¥ @ V' is a spinorial vector bundle of rank n-+n'. More precisely, the
inclusions of C%" and C%" in C%"*" induce a homomorphism from Spin(r) x
Spin(n’) to Spin(n +n'), which makes the diagram

Spin(n) x Spin(n’) —=- Spin(n+n’)

| |

O() x O(n) O(n+n')

commutative. Hence &” ®V'(X)~&% "7 (X).

4.25. Assume now that the basic field & is the field of complex numbers €. We
slightly modify the previous arguments by considering the group Spin‘(n) instead
of Spin(n) (where Spin‘(n)=Spin(n) x z,, U(1), the quotient of Spin(n) x U(1) by
the equivalence relation (p, z) ~(—p, —z)). Then we have the exact sequence

1— U(1)— Spin®(n) £ SO(m) —- 1,

where p%(p, z)=p°(p). If V is an oriented real vector bundle of rank n, a “spinorial
structure on V is given by a principle bundle P with structural group Spin‘(n), and
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an isomorphism V=~ P xg, .., R" For such bundles V, we define a category
equivalence

0: 81(X)— &YX,

by the formula 6°(E)=P Agp;,c(,) E, the quotient of Px,E by the equivalence
relation (p, e)~(pg~', ge), where g € Spin°(n) acts on E via the imbedding of
Spin(n) in C%", and via the natural action of U(1) = € on the complex vector
bundle E. The argument used in the proof of 4.22 also shows that 6° is a category
equivalence.

4.26. It is useful to consider °spinorial vector bundles, since it is possible for a real
vector bundle to be °spinorial without being spinorial. This is the case for example
when V underlies a complex vector bundle of rank » (again denoted V). Since any
complex vector bundle may be provided with a metric (1.8.7), we can always find
a principal bundle P, with structural group U(n), such that V'~ P X, IR?". Thus
to prove the assertion above, it suffices to show the existence of a homomorphism
o: U(n)— Spin°(2n) which makes the following diagram commutative:

Spin®(2n)

U(n)Z—— SO(2n).

Let a e U(n), and let 7(¢) be a path in U(n) such that 7(0)=1 and t(1)=a (U(n) is
arcwise connected). Since the map Spin(2n) — SO(2n) is a covering (4.10), there
exists a unique path % in Spin(2n) such that #(0)=1 and p‘(¥(¢))=1(?) (Godbillon
[2]). Similarly, the path 7+ y(f)=Det(t(?))e U(1)=SO(2) may be lifted to
7(2) e Spin(2)~ U(1). Then the pair (7(1), 7(1)) defines an element of Spin°(2x),
which is independent of the path 7(f) connecting o to 1. To prove this, we consider
another path 7, connecting « to 1. Then 7 and 7’ differ by a loop in U(n), and %(1)
and %'(1) differ by a sign obtained by applying the homomorphism

n,(Un)— Z/2,

induced by the covering Spin(2n)ly,,, to the class of the loop above (cf. Godbillon
[2]). Since the determinant map induces an isomorphism from x,(U(n)) to
7,(U(1)), inverse to the isomorphism x,(U(1)) — 7,(U(n)) induced by the inclusion
of U(1) in U(n), we must have (3(1), 7(1))=(%'(1), 5'(1), or G(1), 7(1))=(—-%'(1),
—%'(1)). Hence o is well-defined. Moreover, ¢ is a homomorphism since U(n)
is connected, and since o(xy)=a(x)o(p) for x and y close enough to 1.

4.27. (Atiyah-Bott-Shapiro [1]). The homomorphism ¢ may be examined more
closely in the following way. Let f,, ..., f, be an orthonormal basis of C" such
that o f,)=exp(if,)-f,. Let e,,_,; =/, and e,,=1if,, be the corresponding ortho-
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normal basis of R?", and let S be the element of Spin°(2n), defined by the product
S=[] (cos6,/2—e,,_,e,,sin 6,/2) exp(i6,/2).
r=1
Then p(S)=a e U(n) = SO(2n), and

#(f)=[] (cos t0,/2—e,,_ e, sin t6,/2) exp(itf,/2)

r=1

is a lifting of a path from 1 to S, such that 7(0)=1. Hence S=0(x).

4.28. By 1.5, A(C") is a C%?" ® C-module. Since C*?" @ €~ M,,(C), and
since A(C") is of dimension 2", A(C") is a generator of K(£Y *")~Z by 111.4.4.
Therefore, the functor

E(X)— 62 (X),
defined by E'+— A(C") ® E, is the category equivalence described in I11.4.6.

4.29. If V is a complex bundle of rank n, it may be provided with a °spinorial
structure by 4.26. Therefore, we have a category equivalence

EX(X)— &U(X)

by 4.25. Now we claim that the composition &(X)~ &2 (X )~ &¢(X) is simply
the functor E+ A(V) ® E, which is well-defined by 1.5 and 4.11. Essentially, if
we write V as Px, C", the composition of the two functors is defined by
Er> (P' Xgpine2mAC") ® E, where P’ is the principal bundle with structural group
Spin®(2n), associated with P, i.e. P'=P x,,Spin°(2n). On the other hand, the
functor Er> A(V) ® E is E+> (P Xy, AC") ® E. Thus the fact that the two
functors are isomorphic, will follow directly from the commutativity of the
diagram

U(n) —Z— Spin°(2n)

..

End(C") -4 End(A(T"),

where o is the homomorphism described in 4.26, y is the homomorphism describing
the action of Spin®(2n) = C>*"® € on A(C") (1.5), and A is induced by the
functoriality of exterior powers. If (f}, ..., f,) is an orthonormal basis of €" such
that a( f,)=exp(,) f,, for a € U(n), we have

o@)= T (05 0,2 e, _ &5, sin 6,/2) exp(i6, /2)

r=1
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by 4.27. Now let x=a+/, ,b be any element of AC" such that « and  do not
contain f.. Then we have

W0(2)) (x) =(c0s 6,/2—e,, _, &,, 5in 0,/2) exp(i6,/2) (a+1, A b) =a +exp(ib, ) £, \ b.

Therefore Y(o(0))(fy a - - aSr,)=0Se) A A f)-

4.30. Let us return to the general case where V is a “spinorial bundle of rank n. Let
1: Spin‘(n) x 4, U(1) — U(1)

be the homomorphism defined by A8, z)=2z>. If P is a principal bundle of group
Spin®(n), we associate P with the complex line bundle L(V)=P xg; . C, the
quotient of Px € by the equivalence relation (pg, )~(p,(g)~ '), where
g €Spin°(n). The line bundle L(V) is said to be associated with the spinorial
structure of V.

If n=2p, and if P is associated with a complex structure on V as in 4.26, the
explicit formula given in 4.27 shows that L= P’ x €. In this notation, P’ is the
principal bundle, with group U(p), which defines the complex structure on ¥, and
P’ %, Cisthe quotient of P’ x Cby theequivalencerelation (p'g, A)~ (p', d(g)~ '),
where d: U(p)— U(1) is the determinant. Hence, L(V) is isomorphic to A7(V)
(p™ complex exterior power of V).

If Vand V' are “spinorial bundles, then V' @ V' is naturally a “spinorial bundle.
This follows from the homomorphism

s°: Spin‘(n) x Spin®(n") —— Spin(n+n'),
defined by [(B, z), (B, z')] > [s(B, B’), zz"], where s is defined in 4.24, and where
z,2 € U(l). Note that L(V @ V')= L(V) & L(V").

4.31. Theorem. Let V be a °spinorial bundle of rank n, and let W be the real bundle
V @ V provided with the complex structure defined in 1.4.8: multiplication by i is
represented by the matrix

0 - 1)
1 0/.
Up to isomorphism, we then have the commutative diagram
8¢®"(X)

0(‘
8¢ "X, [Sf

é¢ (X)
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where 0° and 6'° are defined as in 4.25 (using the °spinorial structures presented in
4.30 and 4.26 respectively), and where ¥ is the functor E+> E & L(V).

Proof. Let us compute the composition j'° of the homomorphisms
Spin(n) —— SO(n)>—— U(n) —Z- Spin°(2n)=Spin(2n) X z,, U(1}.

If 6=(B, z) eSpin°(n), and if a=mn(6) e SO(n) = U(n), there is an orthonormal
basis fi,..., [y f1s- s Sy Sopr1s- -5 Jy Of €" such that a(f)=exp(i,)(f,),
o f,)=exp(—ib,) f, for r<p, and a( f,) =f, for r>2p. By the formula given in 4.27,
it follows that (orm)(d)e Spin(2n)=Spin°(2n). Hence, or defines a homo-
morphism j: SO(n) — Spin(2x) which makes the diagram

Spin(2n) < Spin°(2n)
J
SO(n) —— SO(2n)

commutative. Since such a homomorphism is unique, it must coincide with the
homomorphism (also denoted by j) defined in 4.18, and we have the formula
() (B, z)=(s(B, B), 1) € Spin(2n) X z,, U(1), where s is defined as in 4.24. If we
let j° denote the composition

Spin®(n) —2 Spin“(n) x Spin‘(n) —- Spin(2n),

where s°is defined as in 4.29, and where 4 is the diagonal homomorphism, then we
have the formula

J(9=i"(99).

We are now approaching the proof of the theorem. We consider a principal
Spin‘(n)-bundle P, such that VaxPxg, ., R" By definition, the principal
Spin®(2n)-bundle, associated with V' @ V, is P xg; ,Spin“(2n), the quotient of
P x Spin“(2n) by the equivalence relation (pg, h)~(p,j°(g)~ 'h). Therefore 0°(E)
18 P X gpincen SPIN®(2n) Agpine(2n E, using the notation of 4.22 and 4.25. More pre-
cisely, 0°(E) is the quotient of P x Spin°(2n) x, E by the equivalence relation
generated by (pg, h, e)~(p,j(g)~ 'h, €) and (p, h,h,, e)~(p, h,, h; ‘e) (where the
projections of p and e on the base X are equal). Since any element of this space is
the class of a triple (p, 1, €), we could also write this space as P Aspinom Es 1:€. the
quotient of Px,E by the equivalence relation (pg, e)~(p,j(9)”'e), where
g € Spin‘(n).

On the other hand, the principal Spin°(2n)-bundle associated with the complex
structure of V @ V, is P X0, SPIn‘(2n), the quotient of P x Spin®(2n) by the
equivalence relation (pg, k)~ (p,j(g)~*h). Therefore, as above, we may write
0°°(E) as P Ag,pc( E, 1€ the quotient of P 4 E by the equivalence relation
(pg &~ (p,j°(9)" "e), where g € Spin°(n).
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Finally, we write L(V) as the quotient of P xg .. € by the equivalence
relation (pg, )~ (p, [(g)~'4), and we define a morphism

0(E) ® L(V)— 0(E)
by the formula

(P, €) ® (p, 4) — (p, Ae).
We notice that
(g, ©) ® (pg, ) — (pg, Ae)=(p, j(9)™ 'Ae)
(1.7(9)"'0) ® (1. {g) ') — (p.j"(9)” ' g)™ ' e).

Therefore, this morphism is well-defined, and is an isomorphism on each fiber.
Thus we have an isomorphism by 1.2.7. 0O

4.32. Corollary. Let V be a “spinorial bundle of rank n, and let W be the real bundle
V @ V, providedwith the complex structure defined in1.4.8. Then we have a commuta-
tive diagram (up to isomorphism),

éageV(X)
y
£, P
&g (X).

In this diagram, ¢ is the functor E— A(W) ® E described in 4.29;  is the com-
position & (X)~EL (X)) % &L ®V(X), where 6° is the category equivalence induced
by the “spinorial structure of V @ V (cf. 4.25 and 4.29). Finally ¥ is the functor
E— E ® L(V), where L(V) is the line bundle associated with the °spinorial structure
of V (cf. 4.30).

Proof. This is an immediate consequence of the theorem above, and the commuta-
tive diagram
ECeVX)

E LX) 82 2"(X)< %

&¢(X),

where the composition £(X) > £2*"(X) S5 £F(X) is identified with ¢ (cf.
4.29). 0O

Exercise (IV.8.1).



5. The Thom Isomorphism in Real and Complex K-Theory for Real Vector Bundles 221

5. The Thom Isomorphismin Real and Complex K-Theory
for Real Vector Bundles

S.1. Let V be a real vector bundle provided with a nondegenerate symmetric
bilinear form (or quadratic form) (1.8.4). We let 1 denote the trivial bundle of
rank one provided with the form A — 4%. Let ¢ denote the functor from &* ®1(X)
to £¥(X) which associates each C(V @ 1)-module with its underlying C(V)-
module (note that C(V) « C(V @ 1)). Now we define the group K¥(X) as the
Grothendieck group of the Banach functor ¢¥ (cf. 11.2.13). If V=X xR?*¢
provided with the quadratic form

6 Ays s dprg) = =)= =)+ )P+ (4,00)%

then Example 4.12 shows that X¥(X) is isomorphic to the group K?4(X) intro-
duced in II1.4.11. An equivalent description of the group K¥(X) may be given
along the lines of 111.4.14, . . ., 1I1.4.23 in terms of gradations. More precisely, a
gradation of a bundle E provided with a C(V)-module structure (i.e. with a
morphism m: V— HOM(E, E) such that (m(v))* = Q(v); cf. 4.11) is a morphism
n: E— E, such that n* =1 and nm(v) = — m(v)n for each v € V. Then, as in I1L.4, we
consider the set of triples (E, 1, 1, ), where Eis a C(V)-module and 5, and 1, are
gradations. Now K”(X) is the quotient of the free group generated by these
triples, by the subgroup generated by the relations

@) (E,nysm)+(F, Ly, ()=(EDF, n®@L&,n,®L(,) and
(ii) (E,11,1m,)=0

if n, is homotopic to #, within the gradations of E.

5.2. Theorem. Assume that V is provided with a nondegenerate positive quadratic
Jorm and also with a spinorial structure (resp. a °spinorial structure). Then the
category equivalence 0 (resp. 6°) defined in 4.22 (resp. 4.25) induces an isomorphism

K*"(X)~ K"(X) (resp. K&"(X)~ K{ (X)),

where n=rank(V).

Proof. In general, we let T, denote the trivial bundle of rank p. If ¥ is a Spin(n)-
bundle (resp. a Spin°(n)-bundle), then V'@ T, is naturally a Spin(n+ 1)-bundle
(resp. a Spin‘®(n + 1)-bundle) by 4.24 (resp. 4.29). Hence, we have the commutative
category diagram (up to isomorphism)

crf’T"+‘(X)~—Q~> gV@l(X) éagnH(X)Léaz@l(X)

J«)T" J(p” , Tesp. J(p?‘ l%

E™X)—— &7 (X) (X)) £Y(X).
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Since the horizontal arrows are Banach category equivalences, they induce
isomorphisms K %"(X)~ K(p™)~ K(¢") (resp. K2 "(X)~ K(p&*)~ K(¢!)). Note
that K%"(X)~ K~ "(X) and KZ"(X)~ K;"(X) in general (cf. II1.5.12). 0O

5.3. If V is provided with a complex structure, it may also be provided with a
‘spinorial structure (4.26). Hence, if we write rank(V)=2p, then we have
K(X)~ K& **(X)~ K{(X). We will make the composition of these isomorphisms
more explicit. This will be the pattern followed in the generalization, Theorem 5.8.

First of all, the isomorphism K (X)~ K2 ??(X) is obtained from the diagram

éﬂd(:), 1(X)———> (o@t([):,Zp+ I(X)

T

Eo(X)—— 82 2P(X),

where the horizontal arrows are category equivalences (I11.4.6). More precisely,
if we write D>? for C*»?®y C in general, then we have an isomorphism
D%+l _, p%2r @ p%! Tt is induced by the R-linear map R’ ® R —
D2 ® D%, defined by (v, ))—>0v® 1+&e® 4, with ¢=e,(ie, )es(ie,) - - -(ie,,)
where e,...,e,, is the canonical basis of R?” imbedded in C®?* = D%?»
(compare with I11.3.16; note that (¢)>=1). If M is an irreducible D® ?-module,
then the category equivalence & 1(X)>> £22P*1(X) is thus defined by Er—>
M ® E, where R?? @ R=R?*?*! c D*?¢*! acts on M® E by the map
[0, 1), (u® )]~ vu® e+eu® Ale(cf. 11.4.6). By 1.5 we may choose M = A(C?).
To proceed any further, we require the following lemma.

5.4. Lemma. Let us identify R*? with C” by the map

(g5 s Xgp) (X + X5, ., Xgp g HiXg,).
Then e=e,(ie,)- - - (ie,,) is equal to +1 on A°(C?), and to —1 on A(CP).
Proof. If Vand W are complex vector spaces provided with positive nondegenerate
Hermitian forms, then the canonical isomorphism

FAV)® AW~ AV @ W)
(cf. 111.3.10) is an isomorphism of C(V) ® C(W)~ C(V @ W)-modules. Essen-

tially, fis induced by w, ® w, > w, , w,, and we have the identities

dwiawy)=d,(w)aw, ifveV,
d (wiaw,)=(=1)*"w, ,d (w,) if weW (wherew denotes the

degree),
0, (Wiawy)=0,w )aw, if veV,
and 0, (Wi aw,)=(=1"®w, 0, (w,) if weW.
Hence d,,,+0,,,=(d,+3,)® 1+1& (d,+3d,)
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on A(V)® A(W) (compare with II1.3.10). Therefore we need only verify the
lemma for the case where V= C with basis f,. In this case, we have A(}V)=C @ C
with basis 1 and f,. Moreover

d, ()=f,, é,.(1)=0,
d; (f1)=0, and 0, (f)=1.

If p(v) denotes the action of v e €~ R? on A(V), we have
0 1 ) 0 i
p(e1)=df1+af1=(1 0)5 p(ez)zdif1+6if1=l(df1—afl):<_l. 0)

1 0
Hence ip(el)p(e2)=<0 _1> -

5.5. Proposition. The category equivalence
EXHX)— EPTI(X)

defined in 114 is E— A(C?) ® E (graded tensor product), where A(C?) ® E is
regarded as a module over D®* ® D% '~ DO-2p*1

Proof. This follows directly from Lemma 5.4 and the preceding observations
(with M= A(€?)). O

5.6. Proposition. Let V be a complex vector bundle of rank p (real rank n=12p).
Then the composition of the category equivalences

£91(x)— 6220+ 1(x) L, gV o 1(x)

is defined by Ev> A(V)® E, where A(V)® E is regarded as a module over
CON® C(T)=CV @ 1).

Proof. The explicit computation in 4.29 can be repeated almost verbatim by
placing gradations on all the vector bundles involved. 0O

5.7. Theorem. Let V be a complex vector bundle of rank p (real rank n=2p). Then
the composition of the isomorphisms

K(X)= K °(X) — Kg"(X)— K (X)
defined in 4.22 and 111.4 is induced by
[El— d AN ®En®1, —n®1),

where 1 is the canonical Z/2-gradation of the exterior algebra A(V).
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Proof. Let E be an object of &.(X). Its associated element of K% °(X) is
AE®, EY, ), where E® is the concentration of E in degree i, and « is the identity
on the underlying nongraded modules (1I1.4.12). Hence, the image of [£] under
the composition of the isomorphisms is the element

dAV)® EO,A(V)® EM, 1 & a)

by 5.6. With respect to the definition of K¥(X) in terms of gradations, this is also

5.8. Theorem. Let V be a Spin(8n)-bundle (resp. a Spin°(2n)-bundle) such that
VAP X ginem RY (resp. VAP Xgcom R?™). Let M be an irreducible C*®"-
module (resp. an irreducible D% *" = C % 2" ® C-module), and let 1, be the gradation
definedbyn,,=e, - - -eg, (resp. nyy=(—1)"e (ie,)- - -e,,(ie,,)). Then the composition
of the isomorphisms

Kp(X) = K A(X) = Ky *"(X) = Kg (X)

(resp. K(X)= K2 °(X) * KO "(X)= K{ (X))
is induced by
E~dMV)YQEn®1, —n®1),

where MV)=P Xg5in@m M (resp. M(V)=P Xgineam M) and n= (Idp, Mag)-

Proof. The proof of this theorem is analogous to the proof of Theorem 5.7, using
the explicit category equivalences 6 and 0° (cf. 4.22 and 4.25). The only point
needing clarification is the gradation #,,, which is used to identify C*®"*! with
CO®"® C%! (resp. D*?"*! with D%?" ® D%!). In fact, there are only two
gradations on M, n,, and —n,,: they correspond to the two irreducible C%#"* 1.
modules (resp. D° 2"+ 1.modules) of real dimension 16" (resp. complex dimension
2"): cf. 1I1.3. In order to avoid ambiguity of sign, we must remark that 5,, acts as
(—1)" on A°C"<AQ", regarded as an irreducible D° *"-module (cf. 5.4). In
general, changing the sign of #,, results in a change of sign for the isomorphism
Kp(X)~ K§(X) (resp. K{X)~K{(X)). O

5.9. Proposition. Let V be a Spin‘(n)-bundle, and let W (resp. W') be the real
bundle V ® V provided with the Spin°(2n)-bundle structure explicitly described in
4.30 (resp. provided with the complex structure described in 1.4.8 and 4.31). Then we
have the commutative diagram

K (X)=K{ ®V(X)
‘//*
KT P*

K00 =KLV (X)
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where y* and @* are defined as in 4.32, and where £* is defined by the tensor
product with the line bundle L(V) (cf. 4.30).

Proof. This proposition follows directly from 4.32. {1

5.10. We now consider an arbitrary real vector bundle V' with compact base
provided with a positive quadratic form. Let B(V') (resp. S(V)) be the ball bundle
(resp. the sphere bundle) of V. Recall that K(B(V), S(V)) =K(V)~K(V), where V
is the one point compactification of ¥, i.e. the Thom space of . We wish to define
a fundamental homomorphism

t: K'(X)— K(B(V), S(V))

which generalizes the homomorphism ¢ defined in II1.5.9 in some sense (see 6.21
for a precise analogy).

More explicitly, we identify the ball bundle B(V) with the upper hemisphere
S*(V @ 1) of the sphere bundle S(V @ 1):

STvVel

Fig. 21

4 S(V)

this is the set of points (v, 1), where ve ¥ and Ae R* such that Q(v)+12=1. We
let n: S*(V @ 1)~ B(V)— X denote the canonical projection.

Let x=d(E,n,,n,)e K"(X), and let E'=n*E. Over any point (v,4) of
S*(V @ 1), we may consider the two gradations of n*E defined by p(v) + A, and
p(v) +4An, (where p: V— HOM(E, E) denotes the action of V on E arising from
the C(V)-module structure cf. 4.11). Using polar coordinates and writing v
instead of p(v) for simplicity, the two gradations above may also be written as
vecosB+n;sin0,i=1,2, over the point with polar coordinates (v, 6), where
ve S(V) and 0<6<n/2. We define the homomorphism ¢ by the formula

Hd(E,ny,n,))=d(r*E, vcos 8+n, sin 0, v cos §+1, sin 0),

where the right side must be interpreted as an element of K% °(B(V), S(V))~
K(B(V), S(V)) (cf. II1.5.7). This is well-defined since the two gradations
{(6)=vcosO+n;sin b, for i=1,2, agree on S(V') = S*(V @ 1). The following
theorem will be proved later (6.21) in a more general form.
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5.11. Theorem. The homomorphism defined above,

t: KY(X)— K(B(V), S(V))
is an isomorphism.

In this section we only prove this theorem for the case where Rank(})=
0 mod 8 (resp. =0 mod 2), where V is provided with a spinorial structure (resp.
°spinorial structure), and where the K-theory considered is real (resp. complex)
K-theory. Before doing this, we explicitly compute the composition

K"(X)—"= K" %B(V)), S(V)) L~ K(B(V), S(V))

where g is defined as in I11.5.7.

Let d(E, n,,n,) be an element of K"(X). The bundle n*E, provided with the
gradation #;, is isomorphic to the bundle n*E provided with the gradation
{(0)=vcos 0+, sin 0 due to the isomorphism

fii(E,n;))— (E,vsin@+n;cos @), for @=m/2-0,
defined by the formula
f;=cos ¢/2+vn, sin ¢/2.
This is well-defined since
(cos @/2 +vn, sin @/2)n;=(v sin @ + 1, cos @) (cos @/2 + vy, sin ¢/2).
By I11.5.7, the element of K(B(V), S(V))=K(S*(V & 1), S(V)) associated with

—L(0
d(m*E, {,(0), ((0)iSA(E, 4, E, 4,0), where E 4 denotes the bundle Ker (1 ZC,( )

on ST(V @ 1), and « is the identification of these two bundles over S(V) (this is
possible since {,(6)={,(6) over S(V)). Using the isomorphisms f;, we may also

1—n, .
write d(E, 4, E, o, @) as d(n*E,, n*E,, ), where Ei=Ker< 211’), and Bisf, 'f;
restricted to S(V).

(E,my) z (E,1,)

fl sz

(E, vsin ¢+n, cos (p)i» (E, vsin ¢ +1n,cos @)

If ¢ =n/2, we see that f=1/2(1 —uvn,)(1 +vn,). In particular, taking n,= —#,, we
obtain the following proposition (cf. I111.4.12).
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5.12. Proposition. Let V be a Spin(8n)-bundle (resp. a Spin°(2n)-bundle). Then the
composition of the homomorphisms

Kp(X) 25 KY(X) L Kg(B(V), S(V))
(resp.  K(X)—= KX(X)—— K{B(V), S(V))),

is induced by
[E]—-> drn*M(V)° ® E,n*M(V)' @ E,a ® 1),

where M(V)=MV)° ® M(V)' is the graded C(V)-module defined in 5.8, and
o T*M(V)0|sq, = T*M(V) |5y, is the isomorphism defined over each point ve S(V')
by multiplication with the Clifford number ve V < C(V).

5.13. The element d(n*M(V)°, n*M(V)', o) is called the Thom class T, of the
Spin(8n)-bundle V (resp. the Spin°(2r)-bundle V). It belongs to the group
K(B(V), S(V)) (resp. KLB(V'), S(V)). The explicit formulas given in I1.5.21, show
that the composition of the homomorphisms Kp(X) — K} (X) — Kg(B(V), S(V))
(resp. K(X)— K{(X)— K{B(V),S(V)) is defined by the product with the
Thom class. When V'is provided with a complex structure (hence with a Spin®(2n)-
structure), it follows from 1.6, 4.28, 5.8, and 5.12, that up to the sign (—1)" the
Thom class T, is the same as the Thom class U,,, introduced in 1.6 (see the con-
vention of signs made in V.4.8). From Theorem 1.9, we see that the composition
K (X)— KL(X)— K (B(V), S(V)) is an isomorphism in this case.

5.14. Theorem (Thom isomorphism). Let ¥ be a Spin(8n)-bundle (resp. a Spin°(2n)-
bundle) with compact base X. Then the product with Ty € Kp(B(V), S(V)) (resp.
T, e K(B(V),S(V)) induces an isomorphism KJ(X)~KJ(B(V),S(V)). More
generally, KE(V) = Kg(B(V), S(V)) (resp. KE(V)=KF(B(V), S(V)) is a free KF(X)-
module (resp. K}(X)-module) generated by the Thom class T, .

Proof. By Theorem 1.3, it suffices to prove the theorem for ¥ trivial. In the complex
case (K= K_), the trivial bundle I of rank 2n may be provided with a complex
structure, and Ty, =(—1)"U,, (5.13). Therefore, the theorem is true in this case. For
the real case (K= Ky), the Thom class Ty, is p*ug,, where ug, is the Thom class of
R®" regarded as bundle over the point P(p:X — P). If M is an irreducible
C%®".module, then M ®; € is an irreducible C°*® ®, C-module (II1.3.22).
Therefore, the complexification of 7T, in K (R®") is the generator. Since the
complexification

Kp(R®") — K(R*")

is an isomorphism (II1.5.19), ug, is the generator of Kz(R*")~Z. By 1.3, it follows
that Kg(V) is a free Kj¥(X)-module generated by 7,,. [
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5.15. Asanapplication of the preceding theorem, we consider V=¢* @ - .- @ ¢&*,

[
m

where £ is the canonical line bundle over RP,. Then ¥ may be identified with the
quotient Q/IR*, where Q is the set of points (x,,...,x,,,)€ R"*™"! with
(xgs...,x,)#(0, ..., 0). Hence, the Thom space V is homeomorphic to the one
point compactification of RP,,,,—RP,_,, i.e. RP, . /RP,_,. In particular, if

m=0mod 8 (resp. m=0mod 2), we have Ky(RP,,,/RP,_,)~Kg(RP,) (resp.

~ n+m
K{RP,,,/RP,_,)~K(RP,)) since V is spinorial (resp. “spinorial) by 4.19 (resp.
4.26).

5.16. Asin 1.10, we may define a “Thom homomorphism™
Kp(X)— Kg(V) (resp. K(X) — K(V))

when the base X is locally compact, but not necessarily compact. In fact,
a(M(V), 4), where 4, is multiplication by v € V, is naturally an element of K(V)
if X is compact, and coincides with the Thom class T}, , modulo the isomorphism
between the groups K and K, described in I1.5.20. Therefore, the Thom homo-
morphism

Ke(X)— Kg(V)  (1esp. KX)— K{(V)

is defined by o(E, D) > a(n*E ® M(V),n*D ® 1+1 & A4) as in 1.10. However,
it can be seen that this formula is still well-defined when X is locally compact.

5.17. Theorem. Let X be a locally compact space, and let V be a Spin(8n)-bundle
(resp. a Spin°(2n)-bundle). Then the Thom homomorphism defined above,

Kp(X)— Kg(V)  (resp. K{X)— K(V)),
is an isomorphism.
Proof. The proof of this theorem is analogous to the proof described in 1.11. 0

5.18. Theorem. Let X be a compact space, and let V and V' be spinorial bundles
(resp. “spinorial bundles) of rank=0mod 8 (resp. =0 mod 2). Then

Tygy=TyuT,

in the group K(VIE V' )=K(VxV'). In particular, T, g, =i*(T,uTy.), where
i:V®V — VxV'is the canonical inclusion (1.6.1).

Proof. We only consider the real case, since the complex case is completely
analogous. Ifrank(V) =8nand rank(V')=8nr', then we have M(V) = P X5 8,yM3g, »
where P is the principal bundle with group Spin(8#n) which defines the spinorial
structure on V. In fact, T}, = a(M(V), 4) where 4 is defined as in 5.16. In the same
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way, Ty, —a(M(V ), 4") where M(V')=FP X spin(gn Mg, . As graded modules, it is
clear that M(V) 5] M(V' )~ Px P’ X¢ ¢, Mg, ® My, ,where G, denotes Spin(8q)
in general. The principal bundle associated with V' [ V" is P P X6, %Gy Outns
and Mg, o, =My & My,.. Hence M(VE V')~ M(V) X M(V"). Using these
identifications, we therefore have (cf. I1.5.21)

T,uT, =c(MV)RMV'), d&K 1+1 K 4)=c(M¥V V"), 4"),

where 4” is defined over the point (v, v)e VX V'=VEV by 4, 1+1&
4,,=4, , (compare with I11.3.10; note that C(V [ V')~ C(V) [x] C(V")). O

5.19. Theorem. Let V and V' be spinorial bundles (resp. °spinorial bundles) of
rank =0 mod 8 (resp. =0 mod 2) with a locally compact base X. Then the composi-
tion of the Thom homomorphisms

Kx) -2 k)L kv e v,

where V ® V' is regarded as a bundle over V, coincides with the Thom homo-
morphism

K-S kv e v

associated with V'=V @ V" (transitivity of Thom homomorphisms).

Proof. As in 5.17, we identify M(V) ® M(V') with M(V @ V'), and C(V @ V")
with C(V) ® CWV).Ufn: Vo X,n:V' > X,andn": V@ V' — X, then we have

B(o(E, D))=0(n*E® M(V),m*D ® 1+1 Q 4), and
B (B(E,D)=c(n*EQ M@ MV)DR®1R1+1®481+131® 4).

By making the identifications above, we see that
D'=a*DR®1Q®1+1Q®481+1Q1Q A

is the admissible endomorphism associated with 6(E, D) by the Thom isomorphism
K(X)— K(V @ V') which is defined by

0(E,D)——> c(n"*EQ MV @ V'), n"*D® 1+1 & 4")
(note that 4, , =4, ® 1+1&® 4,,). O
5.20. Definition. Let X be a compact space, and let ¥ be a Spin(8n)-bundle (resp.
a Spin°(2n)-bundle). We define the Euler class y(V') of V to be the restriction of

T, to the zero section i: X — V.

If Vis provided with a complex structure, hence with the associated canonical
Spin°(2n)-bundle structure, then the Euler class y(V) is the same as the one
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defined in complex K-theory (1.13). Therefore y(V)=Y (—1)'A(¥) (complex
exterior powers). Moreover, if f: Y-— X is a continuous map, then y(f*(V))=
S[*((V)) (naturality).

If W is another Spin(8p) (resp. Spin°(2p) bundle), then V' @ W is naturally a
Spin(8n+8p) (resp. Spin°(2n+2p)) bundle. By 5.18 we have Ty gy, =T,uTy,.
Hence y(V & W)= (V) (W).

Finally, if V' is a Spin°(2n)-bundle, and if L(V) is its associated line bundle
(4.30), then the vector bundle W=V @® V may be provided with a complex
structure (1.4.8¢)). By 5.9, we have T), o, = L(V)Ty,; hence,

V)= [L(V)]< S (— 1)"A"(W)>~

i=0

5.21. We now consider two locally compact manifolds X and Y, such that
Dim(Y) —Dim(X)=0mod 8 (resp. Dim(Y)—Dim(X)=0mod 2 for K=K_). Let
f: X — Y be a proper imbedding such that the normal bundle of X in Y is provided
with a spinorial structure (resp. a °spinorial structure if K= K), assuming we have
a Riemannian metric on X (cf. Lang [2]). We identify this normal bundle with a
tubular neighbourhood N of X in Y, and with f *(T'Y)/TX.

For example, if X and Y are complex manifolds, then the normal bundle N is
canonically °spinorial (4.26). However, in order to have our notation agree with
that in Hirzebruch’s book [2], we shall adopt the convention of providing N with
the °spinorial structure given by the conjugate of the complex structure of N.

In general, we are now able to define a “Gysin homomorphism”

Ji: KX)— K(Y)

as the composition of the Thom isomorphism K(X)— K(N) (5.16) with the
homomorphism K(N)— K(Y), induced by the morphism N--»X of locally
compact spaces (i.e. Y— N, cf. I1.4.1). This Gysin homomorphism does not
depend on the tubular neighbourhood. More precisely, if N’ is another neighbour-
hood associated with the same normal bundle (with the given spinorial or ®spinorial
structure), we can find a tubular neighbourhood N” of X xR in ¥ x R such that
N'lxx0y=N and N’|y, ;=N (cf. Lang [2]). Since the K functor is a homotopy
invariant (II.1.25), the Gysin homomorphisms associated with N and N’ coincide.
For the same reason, f, only depends on the homotopy class of f (within the
proper imbeddings of X in Y provided with a normal spinorial or °spinorial
structure).

For the next proposition we need the following definition. Let Z be any locally
compact space, and let £'(Z) denote the category considered in 1.6.24. Two objects
E, and E, are called homotopic if there exists an object E of &'(X x I), whose
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restrictions to X x {0} and X x {1} are isomorphic to E, and E,, respectively. The
set of homotopy classes is obviously an abelian monoid. We let K(Z) denote the
symmetrized group associated with it. The tensor product of bundles provides
K(Z) with a ring structure. The group K(Z)~ K,(Z) is a module over this ring,
and is free of rank one if Z is compact.

5.22. Proposition. The Gysin homomorphism

J K(X)— K(Y),
defined for any proper imbedding f: X — Y which satisfies the hypothesis above, has
the following properties.:

a) Iff: X— Yandg: Y— Z are two such proper imbeddings then (9-1)e=9s o
b) We have the formula

[ f* ) =£x)-p, for xeK(X) and yeK(Y).

¢) For X compact, f*(f,(x))=x-y(N), where N is the normal bundle of the
imbedding, and y(N) its Euler class (5.20).

Proof. Let N’ be the normal bundle of the imbedding ¥ — Z, and let N;=N'|.
Then (g-f),, is the composition

KX)— KN @® N|)—> K(2).
On the other hand, g, -f, is the composition

K(X)— K(N)— K(Y)— K(N')—— K(Z).

Since the Thom isomorphism is “natural” in an obvious sense, we have the
commutative diagram

K(X)— K(N)— K(N ® N;)—> K(Z)
]
K(Y)—— K(N).
Therefore, g, -f, coincides with the composition
K(X)— K(N)— K(N @ N;)— K(2),
hence with (g-f), by 5.19.
For the proof of b) we show that the homomorphism K(X)— K(N) is a

K(N)-module homomorphism and that the homomorphism K(N)-% K(Y) is a
K(Y)-module homomorphism. Since X is a deformation retract of N, any vector
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bundle E over N has the homotopy type of n*F, where F=E|y; and n: N— X.
Therefore K(X)— K(N) is a K(N)-module map if and only if it is a K(X)-module
map, which is clear from the definition. Now let [G] be an element of K(Y), and
o(H, D) be an element of K(N) (I11.5.20). Without loss of generality, we may assume
that H=H'|y, and that D= D’|,, where D’ is acyclic outside a compact set in N.
The element of K(Y) associated with o(H, D) by a,is 6(H', D") by 11.5.19. Therefore
wa(H, D) [Gly])=a(c(H® Gy, D® 1))=(c(H'® G, D® 1)=a(a(H, D))-[G].

To prove c), we notice that for any locally compact space 7, there is a well-
defined homomorphism
K(T)— K(T),

obtained from the correspondence o(E, D) — [ E,] —[ E,], using the notation of
I1.5.15. Moreover, we have the commutative diagram

K(N)— K(Y)

|
1

K(N)«——K(Y)
by IL5.15. Therefore, f* - f, coincides with the composition
K(X) K(N)— K(N) K(X)=K(X).

Since this composition is a K(X)-module map, and since the image of 1 is (V) by
the definition of the Euler class, we have f*(f, (x))=x(N)-x. O

5.23. Now let f: X —— Y be any differentiable proper map (not necessarily an
imbedding) such that Dim(Y)— Dim(X)=0mod 8 (resp. Dim(Y)— Dim(X)=0
mod 2 for K= K,). Under some appropriate hypothesis, we would like to show the
existence of a Gysin map (again denoted by f,) between K(X) and K(Y). More
precisely, let v, =[f*(TY)]—-[TX]. Then v +[T,], where T,=X x R", is the
class of a bundle E, for n large enough (since X and Y can be imbedded in a
Euclidean space, TX and f*(TY) are objects of the category &'(X) considered in
1.6.24). This bundle E, is uniquely determined up to stable equivalence (i.e. modulo
addition with a trivial bundle). By definition, a spinorial structure on v, is a
spinorial structure on E_, for n large enough. We use the convention of identifying
two spinorial structures on E, , if they are homotopic on E, & T, for some p large
enough. In an analogous way, we define a “spinorial structure onv,.

According to a well known theorem already used above, there exists a proper
imbedding i: X — R™ with m=0 mod 8 (mod 2 when we are dealing with complex
K-theory). The map f may be factored into an imbedding j: X — ¥ x R™, followed
by a projection ¥xR™— Y. Then v,+[T7,] is the class of the bundle E, =
J*(T(Y x R™))/TX, and a spinorial (resp. “spinorial) structure on v, is essentially
a spinorial (resp. °spinorial) structure on E,, for some m large enough. We now
define the Gysin homomorphism

Ji K(X)— K(Y)
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as the composition of j, : K(X) — K(Y x R™)as defined in 5.21, with the periodicity
isomorphism K(Y x R™)~ K(Y) (I11.5.17).

5.24. Proposition. The Gysin homomorphism
J: K(X)—> K(Y)

does not depend on the choice of the proper imbedding j, but only on the homotopy
class of f (within the proper differentiable maps provided with spinorial or °spinorial
structures). Moreover, it has the following properties:

a) If f: X— Y and g: Y— Z are proper differentiable maps, we have (g-f),=
IS _

b) We have the formula f,(x -f*())=f,(x)-y for xe K(X), ye K(Y).

Proof. We first show that f does not depend on the choice of the imbedding
X— R™ If X — RP? is another imbedding, because of 5.22 a), we have the com-
mutative diagram

K(YxR™)

~ 4
~

K(X)Z— K(Y x R™*?) -2, K(Y)

£ ~ 3

K(Y x R?)

(note that the periodicity isomorphism K(Z)~ K(Z xR?) is also r,, where
r:Z— ZxR?is the canonical imbedding, and ¢=0 mod 8 or 2, according to
which K-theory is used).

If f, and f, are homotopic, they both may be factored by homotopic proper
imbeddings from X into ¥ x R™, for m large enough. Therefore (f;),,=(f1), by
5.21.

If :X— Y and g: Y— Z are arbitrary proper differentiable maps, and if

X— R™ and Y— R? are proper imbeddings, then we have the commutative
diagram

KX) L K(Yx R™) % KZ x R™*?)
\ - -
K(Y) —— K(ZxRP)
AN,
K(Z),

which gives the identity (g-f), =g, -f, since (¢'-f"), =g, -f, -
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Finally, the formula f, (x-f*(y))=f,(x)-y may be proved by the same method
as in 5.22. We need only notice that the isomorphism K(X)~K(X xR™) is a
K(X)-module isomorphism. 0

5.25. Example. Let X be a compact differentiable manifold of dimension
=0 mod 8 (resp. =0 mod 2). We assume that the normal bundle of X in some
imbedding, is provided with a spinorial structure (resp. a °spinorial structure).
Then, if Y is chosen to be a point P, we have a homomorphism

K(X)—— K(Y)~Z.

The image of [7X] (or [TX ® €] for K=K_) is an important invariant of the
manifold, which is computed in the next chapter (V.4).

5.26. Remark. It is possible to prove that there exists a bijective correspondence
between spinorial (resp. °spinorial) structures on v,, where f: X— Point, and
stable spinorial (resp. °spinorial) structures on TX.

5.27. Finally, we remark that it is possible to define £, : K(X)— K(Y) for any
proper continuous map f: X — Y, so that v, is provided with a spinorial (resp.
°spinorial) structure, and so that Rank (v,)=0 mod 8 (resp. =0 mod 2). In fact, fis
homotopic to a proper differentiable map f’ within the proper continuous maps,
and thus we define f, to be the f, defined in 5.23. The homomorphism £, is well-
defined since any two such differentiable proper maps, f,, and f|, are homotopic
within the proper differentiable maps. Proposition 5.24 is still true in the con-
tinuous case.

6. Real and Complex K-Theory for Real Projective Spaces
and Real Projective Bundles

6.1. In this section, we would like to explicitly compute the K-theory of P(V'),
when V is a real vector bundle with compact base X. More generally, if W is a
sub-bundle of ¥, and if Y is a closed subspace in X, we wish to compute the group
K(P(V), ((W)OP(V)ly).

If V=W @1, then this group is isomorphic to K(W|,_,), since
P(W® 1)—P(W)uP(W®1)|, is homeomorphic to Wy _y.

Fig. 23
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For example, if W is a Spin(8n)-bundle (or a Spin(2n)-bundle when K= K), we
have K(P(W®1), P((W)YUP(W + 1)y )~ K(W|y_y)~ KX —Y) (5.14). This shows
that the computations of this section generalize, in some sense, the computations
of Section IV.5. Before beginning these computations (cf. 6.34), we require many
technical definitions and lemmas about the Grothendieck group of the ““restriction
of scalars” functor:

&"(X)— &"(X),

where V is provided with a nondegenerate quadratic form (4.11), and W is pro-
vided with the induced quadratic form which is assumed to be nondegenerate.

6.2. Lemma. Let E and F be objects of §¥(X), and let a: E|, — F|, be a C(V|y)-
module morphism, where Y is a closed subspace of X. Then there exists a morphism
B: E— F such that f|y=a. In particular, if o is an isomorphism, then B is an
isomorphism over a neighbourhood of Y.

Proof. By a classical argument involving partitions of unity (cf. 1.5.7), we may
assume that E, F and V are trivial bundles; hence, E=X x k", F=X x kP, and
V=XxR" (for k=R or € according to which K-theory is considered). Let e,, for
i=1,...,r, be the generators of the Clifford algebra of R (I11.3.13), and let G be
the finite group of order 2"*!, generated multiplicatively by the +e;: every
element of this group may be written in the form +e, - - - e, wherei, <i,<-- - <i.
Let f': E— F be a vector bundle morphism (not necessarily compatible with the
module structure) such that f'|y=a (I.5.7), and let B:E— F be defined by the
formula

1
/3(6’)=‘2m Y 97 'B(ge).

geG

Then f(he) =hp(e) for each element 4 of G. By linearity, it follows that f(ie)=AB(e)
for each element 4 of the Clifford algebra (111.3.13). 0O

6.3. Lemma. Let n: X x I— X, and let E be a vector bundle on X x I provided with
a C(n*V)-module structure. Then E is isomorphic to n*F, where F=E|, 0}

Proof. The proof of this lemma is analogous to the proof of Theorem 1.7.3 using
Lemma 6.2. [

6.4. Lemma. Let Ebe avector bundle on a closed subspace Y of X, which is provided
with a C(V'y)-module structure. Then there is a closed neighbourhood Z of Y, and a
C(V,)-module F, such that F|,=E.

Proof. For each point y of Y, there exists a neighbourhood U,of yin X, and a
vector bundle Fy;, on U,, such that Fy, |, ,=E| u,~y- Since Y is compact, there
exist closed subsets U,, fori=1, . . ., n, such that ¥, _ U U,, and vector bundles E, on
U suchthat E|, . ,=Ely,,y. Moreover, E;is a C(V,)-module where V,= V|, .



236 IV. Computation of Some K-Groups

Since E\ly, nv,ny=E2ly, nv,~ v, there exists a closed subset U of U,, which is
a neighbourhood of U;nY in U, and an isomorphism g, : E,|y, ,v,= Esly; n v,
Let E; be the vector bundle obtained by clutching E,|;, and E, via this iso-
morphism (L1.3.2). Then E; is a C(V,)-module, where V;=V|, ,y,, and
EYlwiovpny T Elyiovyay: If we put Uy=U 0U,, Us=U,,...,U,=U,, we
may repeat the above argument with U; and Uj etc. Therefore, by induction on »,
we construct the desired neighbourhood Z, and the required vector bundle F. 0O

6.5. Lemma (Double extension of structures). Let E be a vector bundle over X,
provided with a C(W)-module structure, and let v be a C(Vy)-module structure on
E,, which is compatible with the C(W)-module structure. Then there exists a
closed neighbourhood Z of Y and a C(V ;)-module structure © on E,, which is
compatible with the C(W ,)-module structure such that |, =v.

Proof. By Lemma 6.4, there exists a closed neighbourhood Z of Y, and a vector
bundle F over Z, which is a C(V;)-module such that F|,=E. If Z is sufficiently
small, then F|, is isomorphic to E|, as C(W)-modules by 6.2. [

6.6. Lemma. Let E be a C(V)-module. Then E is a direct factor of a C(V)-module
of the form C(V) ® F, where F is a trivial vector bundle (the C(V')-module structure
on C(V) ® F is induced from the factor C(V)).

Proof. This lemma is true locally, since any C? %-module is a direct factor of some
“trivial” C?”%module (I11.4.8). Using a partition of unity as in 1.6.5, we thus may
prove that F is a direct factor of some C(V) ® F. O

6.7. Lemma. Let E be a vector bundle over X, provided with a C(V)-module
structure, and let o(f):Ely — El|y, for t€[0, 11, be a continuous family of auto-
morphisms of E|y such that «(0)=1. Then there exists a continuous family of
automorphisms (1) of E, such that B(t)|y = o(?).

Proof. Using Lemma 6.2, the proof of this lemma is completely analogous to the
proof of Proposition 11.2.24. [

6.8. Lemma. Let E be a vector bundle over X, provided with a C(V)-module
structure denoted by v (hence v represents a morphism V — END(E) with the
properties described in 4.11). Let Y be a closed subspace of X, and let v'(f) be a
continuous family of C(V')-module structures on E'=E|,, where V'=V|, and
v'(0)=v|,. Then there exists a continuous family v(t) of C(V)-module structures on
E, such that v(t),=v'(t) and v(0)=v. Moreover, if V()| =v'(0)l,, where W is a
sub-bundle of 'V, then we may choose v(t) so that v(f)|y =v(0)|, .

Proof. For simplicity, we use ¥, W, etc. to denote the restrictions of V, W, etc. toa
subspace, or more generally, the inverse image of these bundles with respect to
continuous maps T— X, a convention which we systematically adopt for the rest
of this section.
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The existence of v and v'(¢¥) is equivalent to a C(V)-module structure on
T*E|y « 0yuyx 1, Where m: X x I— X. By lemma 6.5, there exists a neighbourhood
Uof Yin X, and a C(V)-module structure on n*E|y, o,y « 1> Which extends the
C(V)-module structure on n*El|y, o, yxs» and such that |, =n*v|,. Now let
n:X— [0, 1] be a continuous function which is 1 on Y, and 0 outside U. Let
0: X xI— X x{0}uU x Ibe the continuous function defined by (x, #) - (x, n(x)?).
Then O(x,)=(x,1) if (x,f)e Xx{0}uY xI. Therefore 0*p is the extension
required. O

6.9. Definition. Let V' be a real vector bundle provided with a non degenerate
quadratic form, and let ¥ be a sub-bundle provided with the induced quadratic
form which we assume non degenerate. Then the group K¥* ¥ (X) is the Grothendieck
group of the “‘restriction of scalars” functor (cf. I1.2.13):

EV(X)— &7 (X).

If V=W @ 1, then the group K"-%(X) is simply the group K"(X), defined in
5.1. As in 5.1, the group K% (X)) may be described in the following way. Let
T V-¥(X) be the set of triples (E, v,, v,), where E is a C(W)-module, and where the
v; represent two C(V')-module structures which extend the C(W#)-module structure
(again note that C(W) < C(V')). Such a triple is said to be elementary if v, and v,
are homotopic (where the restriction of this homotopy to W is constant). Then
the group K¥-%(X) is the quotient of J""¥(X), by the equivalence relation
generated by the sum of elementary triples (cf. 111.4.16, . . ., I11.4.22, together with
6.3). Using the same method, we may also define a relative group K¥>¥ (X, Y), for
Y closed in X (cf. IIL.5.1). Note that K" (X, Y)~K"®!:¥(X, Y), and that
KY'"(X, Y) has the same formal properties as those described in I11.4 and IIL.5
for the group KX, Y).

6.10. Proposition. Let X, and X, be closed subspaces of X such that X, 0X,=X.
Then the natural homomorphism

g KV7(X,0X,, X)) — KV (X,, X,nX,)
is an isomorphism.

Proof. a) g is surjective. Let d(E, v,, v,) be an element of KV>¥(X,, X,nX,). By
Lemma 6.6, we may assume that (E, v,) is a C(V')-module of the form C(V) ® F,
where F is a trivial bundle. Therefore, (E, v,) is the restriction to X, of a C(V)-
module on X (denoted by (E,7,)). Let 7, be the C(V')-module structure on E
over X, which coincides with &, on X and with v, on X, (1.3.1). Then g(d(E, 7, , 3,))
=d(E, vy, 0,).

b) g is injective. Let d(E, v, v,) be an element of K"""(X,UX,, X,) whose
restriction to (X,, X, nX,) is zero. By adding an elementary triple, we may
assume that v,|,, and v,|,, are homotopic, with the homotopy constant over
XX, (cf. 111.4.20). Let v'(¢) be such a homotopy, and let v(¢) be a continuous
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family of C(V)-module structures on E over X, such that u(f)|,=0v'(t),
(Dly,=v,ly,, and v(8)|, = v, |, (Lemma 6.8). Then d(E, v,, v,)=d(E, v(1), v,)=0,
since v(1)|y,=v,lx, and v(D)[x, =v,y,- O

6.11. Propeosition. Let Y be a closed subspace of X, and let us define, in general,
KVP(X, Y)=K" " (X x B, Xx 8" 'UY x B")

Then, with the notation of 6.10, the natural homomorphism
KV"(X,uX,, X)) — KDV (X,, X, 0X,)

is an isomorphism.

Proof. This follows immediately from proposition 6.10 applied to X x B"=
Y,uY,, where Y,=X, x B"U(X,UX,)xS" 'and Y,=X,xB". O

6.12. For any triple (X, Y, Z) where Z isclosed in Y and Yis closed in the compact
space X, we define a ‘‘connecting homomorphism”

o: KV (Y, Z)—s KV (X, Y).

To do this, we consider a triple (E, v, , v,), where E is a C(W)-module over Y x B,
where v, and v, are two C(¥)-module structures on E, extending the original
C(W)-module structure, and such that v |y, g0, 7 x gt =V3ly x50, zx gt - Such a triple
is said to be normalized if E is of the form C(V) ® F, where F is a trivial vector
bundle, and v, is the C(¥)-module structure on C(V) ® Finduced from the factor
C(V). We define 6(F, v,) or (F, v,(2)), to be the class of the triple (£, v,, v,) in the
group KV"%(Y, Z).

6.13. Lemma. Each element of K\"¥(Y, Z) may be written in the form §(F,v,).
We have d(F, v,)=0(F, v}y) if and only if there exists a trivial bundle G, such that
v, ®T, is homotopic to v, ®T, (where T, denotes the C(V)-module structure on
C(V)® G induced from the factor C(V)), with the homotopy constant over
YxS°0Zx B.

Proof. This lemma is an immediate consequence of Lemma 6.6. [

6.14. Let 5(F, v,(?)) be an element of K" ¥ (Y, Z). By 6.8, there exists a continuous
family 9,(¢) of C(¥)-module structures on C(V) ® F over X, such that o,(7)|, =
v,(1), 9,(0)=v,, and 7,()|, =0,(0)|,, =v,| . Now we define

A(O(F, v,(0))=d(C(V) ® F,v,,5,(1)) e KV 7 (X, Y).
This definition is independent of the choice of v,(¢) and its extension to X. Suppose

vy(2) is another choice and #,(f) is another extension. We must prove the equality
d(C(V)® F,v,,0,(1))=d(C(V) ® F,v,, (1)) in the group K" ¥ (X, Y).
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By Lemma 6.13 (after addition of an elementary triple), there exists a con-
tinuous family v,(¢, u), for € [0, 1] and u € [0, 1], of C(V)-module structures on
F=C(V)® F over Y, such that v,(t, u)=0, over Y xS°UZ x B', v,(t, u)ly=v,,
v,()=0,(t, 0), and v, (H)=v,(¢, 1). Let K be the square [0, 1] x [0, 1], and let L be
the closed subset defined as the union of [0, 1] x {0}, [0, 1] x {1}, and {0} x [0, 1].
Then K is homeomorphic to L x [0, 1], with L x {0} identified with L. Therefore,
by Lemma 6.8, there exists a continuous family 7,(¢, u) of C(V)-module structures
on E over X, such that 2,(¢, w)|, =v,, 0,(t, 0)=0,(2), D,(¢, 1)=105(¢), and 9,(¢, u)|y=
v,(t, ). Hence, 7,(1) and 7,(1) are homotopic via the map u+>9,(1, u) (which is
constant over Y).

6.15. Theorem. Let X, Y, Z be compact spaces such that Z < Y = X. Then the
sequence

J R
K25 ke, )5 k0 v S kG 2y 5 kv, 2)
is exact.

Proof. a) Exactness at KV'"(X, Z).

—Let d(E,v,,v,) be an element of K"'"(X,Y). Then (Bo)(d(E,v,,v,))=
d(E,vly,v,ly)=0, since v|,=0,|y.

— Conversely, let d(E, v,, v,) be an element of K**% (X, Z) such that

d(E,v,ly,v,ly)=0.

By adding anelementary triple of the form (C(V) ® F, {, {), where { is the canonical
C(¥V)-module structure on C(¥ @ F and F is trivial, we may assume that v,|,
and v,|, are homotopic. More precisely, let v(f) be a continuous family of C(V)-
module structures on E|,, such that v(0)=uv,|y,v(l)=v,|,, v(?)|;=v,|,, and
(Oly=v,ly - By lemma 6.8, there exists a continuous family 3(¢) of C(V')-module
structures on E over X, such that &(¢)| , = v(¢) and #(0) = v, . Therefore d(E, v,, v,)=
d(E, v(0), v,)=d(E, 5(1), v,), which belongs to the image of « since H(D)y=v,|y.
b) Exactness at KV'"(X, Y).

— Let x=0(E, v,())=d(C(V) ® F,v,,v,(?)) be an element of K**"(Y, Z). Using
the notation of 6.14, we have () (x) =d(E, v,|y, 7,(1)|,) =0 since v,|, =0,(1)| .
— Conversely, let d(E,v,,v,) be an element of K"¥(X, Y) where (E,v,)=
C(V) ® F, such that o(d(E,v,,v,))=0. By adding an elementary triple of the
form (C(V) ® G, {, ), we may assume that v, and v, are homotopic (with the
homotopy constant over Z). If we denote this homotopy by v,(f), we have
d(E, v,,v,)=0(8(F, v,(2)).
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c) Exactness at K\""(Y, Z).
— Let x=J(F, v,(?)) be an element of K¥"¥(Y, Z). Then
(20) (x)=d(C(V) ® F, vy, v,(1))=0,
since v,(1)=v,.
— Conversely, let 5(F, v,(¢)) be an element of K}*¥(Y, Z) such that
dC(V)® F,v,,,(1))=0.

Again by adding an elementary triple of the form C(V') ® G, we may assume that
this homotopy is constant over Y. If we denote the “‘composition” of v,(¢) with
this last homotopy by v(#), we have 6(F, v,(1)) = (F, v(t)|y)=B,(6(F, v(?))). O

6.16. Corollary. Let X, Y, and Z, be compact spaces such that Z ¢ Y < X. Then
we have the exact sequence

KN Xx,Z2)- KN(Y,Z)-> KVP(X, YY) KDV (X, Z)— KV Y(Y, Z),

n+1
for n=0 (with K§;-W =K""¥).

Proof. Consider the triple (X xB", Xx 8" 'UYx B", XxS" 'UZ x B"). Then
K(XxS" 'UYxB" XxS" 'UZxB")~K(Y*xB", YxS" 'UZxB") by 6.11
applied to X, =XxS" 'UZxB"and X,=Yx B". O

6.17. Theorem. Let (X, Y) be a pair of compact spaces, and let X | and X, be closed
subspaces of X. Let Y,= Y X,. Then we have the ‘“Mayer-Vietoris exact sequence”

KT (X, 371) ® K, T (Xs, ?2)—: KV (X0 Xy, Yﬂ'\ Y,)
—KV'Y(X,uX,, Y 0Y),)
—KVYX,, V) ® K Y(X,, V) — KV Y (XX, 70 T).
v~vhere N o
Y, =Y, uX|nY,), Y,=Y,uX,nY,), YUY,
=Y, 0Y,, Y,nY,=(Y,nX,)u(X;nY)).

Proof. Consider the triple (X, UX,, X,0Y,, Y,UY,). If we set

G,=K"Y(X,UX,, X,0Y,), H, =KV "(X,0X,, Y,uY)),
and L=K""(X,uY,, Y,uY,),

then we have the exact sequence

Hn+1—»—}Ln+1 G H L,

Moreover, G,~K""¥ (X,, (X,nX,)uY,) and L, ~K"""(X,, ¥,) by 6.11.
In the same way we consider the triple (X,, (X;nX,)wY,, ¥,). From before
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K/'"(X,, (X,nX,)UY,)=G,, so if we define L'=K"'"(X,,Y,) and P,=
K" (X;nX,)uY,, Y,)=K'"(X,nX,, X;nY,uX,nY,) we obtain the exact
sequence

L/

n+1 P, n+1 Gn L;l P n’
and the commutative diagram
H n+1 Ln +1 Gn H n Ln

NN

L,y — Py > G, L, P,.

n

By elementary diagram chasing, we obtain the exact sequence
L..eL,,,— P, —H—L®L, forn=0.

All that remains is to verify the exactness of the sequence
H— L,®L,— P,,

1.e. the sequence

K"Y(X 00X, ¥,07) -5 KV, T @ KV (X, 1) o
—hs KX, X, VN T).

Let x, =d(E,, v;, v}) and x,=d(E,, v,, v}) be elements of K"**(X,, ¥,) and
K" "(X,, Y,), respectively, such that (x,, x,)=0. Without loss of generality, we
may assume that v, and v, are the restrictions to X, and X, of a C(V)-module
structure v of the form E= C(}) ® F, where F'is a trivial bundle, and v, and v, are
the C(V)-module structures on E, and E,, induced from the factor C(¥). We may
also assume that v}y .y, is homotopic to v}y, .5, by a homotopy u(f), with
v(Dlw=v2lw=0,lp and (|3, .7,=v(0)l3,.7,- By Lemma 6.8, there exists a
continuous family #(¢) of C(¥)-module structures on E| x,> such that #(7)|, =
Uw, 0(0)=v), By, nx,=v(?), and v(d)|z,=vly,. Then (x,,x,)=,x), where
x=d(C(V) ® F,v,v") with v/[y =#(1) and v'|y,=v,. O

6.18. As an application of the Mayer-Vietoris exact sequence, we consider a map
f:(X,Y)— (X', Y') between compact pairs, which induces a homeomorphism
X—YxX'—Y' If V'is a vector bundle on X’ provided with a nondegenerate
quadratic form, and if W' is a subbundle with the induced nondegenerate quadratic
form, then we have a homomorphism

KYW(X, YY) — KLV TP (X, Y)
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which we claim is an isomorphism. Since X'/Y'~ X/Y, the same proof as used in
I11.5.3, shows that this is an isomorphism when ¥’ and W’ are trivial. Now let
(X}) be a finite closed cover of X" such that V|, and W'|y, are trivial. Let

X,=f"YX})),Y,=XnY',and Y,=f"(Y}).
Finally, let
X=Xy VX, Y'=sX"nY, X'=f"1(X"),and Yi=f"1(¥").

Then the argument used in the proof of 1.3, shows by induction on i, that the
homomorphism

KV et WX (0t yriy L RIOIXE S OIX (xi
is an isomorphism.

6.19. Now assume that the bundle ¥, over the compact space X, is provided with
a positive quadratic form, and let T be another bundle on X, provided with a
nondegenerate quadratic form. We wish to define a homomorphism

t: KT®Y(X, Y)— K™T(B(V), SVYUB(V)|y),

where n: B(V)— X, which simultaneously generalizes the homomorphisms also
denoted by ¢, defined in I11.5.9 and in 5.10. As in 5.10, we identify the ball bundle
B(V) with the upper hemisphere S *(V @ 1) of the bundle ¥ @ 1. The formula

HA(E,n,,n,))=d(n*E,vcos 0+n, sinf, vcos 0+7,sinb),

where n: S*(V @ 1) — X, and n*E is provided with the underlying C(7")-module
structure, defines the homomorphism ¢ (with the conventions made in 5.10).
If V=V, ®V,,n,:S*(V,®1)> X, and Z=S(V,)uS*(V, ® 1)|;, we
define a map
L ST@EV, @D, SV IUST AV, @ Diy)
— STV, @V, d ), SV, @ V)uS*(V, @V, ® 1)ly)
in the following way. Each point of S*(n%V, @ )= S*(V, ® Dx,S*(V, @ 1)

may be written in the form (v, cos 8, +e,sin8,,v,cos 8,+e,sinf,), where e,
and e, denote the “unit vectors” of S*(V; @ 1) and S*(V, @ 1), respectively,

v; cos 0,4 ¢, sin 0,

Fig. 25
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and where v, € S(V,) and v, € S(V,) have the same projection on X. With this
point, we associate the point of S*(V, ® V, @ 1), defined by v, cosf, +
v, sin 0, cos 0, +esin 0, sin 6,, where e is the “‘unit vector” of S*(V, @ V, ® 1).
The map f'thus defined induces a homeomorphism between

SV, @ )= S(mAV,) - S*(nV, @ 1),
and STV, @V, 1)-S(V, ® V,)uS*(V, @V, ® 1)y.

6.20. Proposition. The homomorphism t defined in 6.19 is “transitive’’ with respect
to V. More precisely, we have the commutative diagram

K¥evievyy y) 2, KWeVys+, @ 1), S(V,)uSH(V, ® Dly)

IJ
5

K S*(V,eVv,o ),S(V, @ V,)uS*(V, @V, ® 1ly)
L KPS @V, @ 1), SEV,)US (Y, @ Dy,
where [ is the homermorphism defined in 6.19 (f* is an isomorphism by 6.18).

Proof. Let x=d(E, n,n’) be an element of K% ®¥:®V2(x| Y). Using the obvious
notation, we have

t,(x)=d(E,v,co80,+nsinf,,v,cos8,+n'sind,),
and t,(t,(x))=d(E, v, cos 0, + (v, cos 0, +nsin 6,) sin0,,v, cos 0,
+(v,cos0,+n'sinb,) sin0,)
=d(E,v,cos0;+v,cos0,sin0, +nsinb,sind,,v, cos b,

+v,c0s6,sin 6, +#'sin 6, sin §,).
By definition of the homomorphism f*, we therefore have
SHax))=1,(t,(x)). O
6.21. Theorem. The homomorphism
1KY ®V(X, Y)— K™¥(B(V), S(V)UB(V)|,)
is an isomorphism. More generally, the homomorphism
t,: Ky OV (X, Y)— K (B(V), S(V)UB(V)y),

obtained by the substitution (X,Y)r>(XxB", XxS8" 'UYxB"), is also an
isomorphism.
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Proof. By a Mayer-Vietoris argument already used many times (6.17), we may
assume that V and W are trivial. Moreover, using the transitivity of the homo-
morphism ¢ (Proposition 6.20), we may assume that V is of rank one, provided
with the quadratic form +x2. Then Theorem 6.21 is simply a reformulation of the
fundamental Theorem II1.5.10, proved in I11.6. [

6.22. Remark. This theorem generalizes Theorem 5.11 which we proved using
additional spinorial or °spinorial structures. In fact it gives an independent
(but more complicated) proof of Theorem 5.11.

6.23. Let us now consider vector bundles V, W, T, such that V=W @ T, where V
is provided with a nondegenerate quadratic form whose restrictions to Wand T
are also nondegenerate and such that W is orthogonal to 7. Our next objective is
to compare the groups K" (X, Y), K)"T(X, Y),and K?"T(X, Y). More precisely,
we will prove the exact sequence

KX V) - KT N D KPP Y) - KT Y) - KT Y),
where all the homomorphisms are the obvious ones, except the “connecting
homomorphism™ y, which we will define in 6.25.

6.24. Lemma. Each element of K"'T(X,Y) may be written in the form
dC(V)® F,w,,w,), where F is a trivial bundle, and w, is the C(W)-module
structure on C(V) ® F, induced from the factor C(V') (note that C(W) < C(V)).
Moreover, d(C(V) ® F,w,,w,)=d(C(V)® F,w,,w)) if and only if there exists a
trivial bundle G, such that w, @ w, is homotopic to w, @ w,, where w, is the
canonical C(W)-module structure on C(V) ® G C(W) ® C(V/W) ® G.

Proof. The proof of this lemma is analogous to the proof of Proposition I11.4.26
(note that every C(W)-module is a direct factor of some

CV)® FxC(W)® C(V/W)® F,
where Fis a trivial bundle, by the argument used in the proof of Lemma 6.6). [0

6.25. We denote the class of the triple (C(V)® F,w,,w,) in the group
K" T(X, Y) by 8(F,w,). In particular, if we make the substitution (X,Y)+—>
(X x B!, X x S°UY x B'), we denote a typical element of KV 7(X, Y) by §(F, w,)
or 6(F, w,(1)).

By 6.3 there exists a continuous family o(¢) of automorphisms of E=C(W) ® F,
regarded as an object of £T(X), such that w,(f)=a(t)w,(0)a(?)~* with o(?)|,=1.
Now we define

y: K" T(X,Y)—> KV"W(X, Y)

by the formula y(3(F, w,(£))=d(C(V) ® F,v,,a(1)v,a(1)""). This definition is
independent of the choice of w,(?) and «ff). Suppose w,(f) and o'(¢) are other
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choices. There exists a continuous family w,(¢, u), for (¢, u) € I x I, of C(W)-module
structures on E=C(V) ® F, such that w,(t, 0)=w,(¢), w,(t, 1) =w), (1), w,(0, u)=
wy(1, )=w,, w,(t, W) =w,|r, and w,(t,u)ly=w,|,. Let K be the unit square
Ix I, and let L be the union 7 x {0}uIx {1}u{0} x I. Since K is homeomorphic to
L xI, Lemma 6.7 implies the existence of a continuous family a(z, ©) of auto-
morphisms of the C(T)-module E, such that a(z, 0)=o(f), a(z, 1)=a'(f), x(0, u)=1,
a(t,w)ly=1, and w,(t,u)=o(t, u)w,a(t,u)” . Therefore, the continuous map
ur>a(l, u)v,a(l,u)” ! provides a homotopy v,(u) between a(l)v,a(1)”! and
o'(1)v,o/(1)™ 1, such that v, (w)|,=v,|, and v,(W)|y=v,|y.

6.26. Theorem. The sequence

KV T(X, Y) L KT, V) -2 KV (X, Y) 25 KV T(X, V)2 K7 (X, Y)

is exact.

Proof. Direct inspection shows that the composition of each consecutive pair of
homomorphisms is 0. Therefore, we need only verify that

Ker(y) = Im(¢), Ker(¢) < Im(y), and Ker(y) = Im(y,).

a) Ker(y) < Im(¢). Let x=d(E, v,,v,) be an element of K"'7(X,Y) such
that y(x)=0. If we define w,=uv,|,,, then there exists a homotopy w(f) between
w; and w, (up to addition of an elementary triple), such that w(f)|,=w,|, and
w(t)|y=w,|y. Now we define w(r)=a(f)w,a(r)” !, where a(0)=1 and a(t)|,=1.
From this we see that d(E, v, v,)=d(E, «(1)v, (1)~ *, v,) € Im(¢), since

(Lo (1)~ 1|W=UZ|W'

b) Ker(¢) < Im(y). Let x=d(E, v,,v,) be an element of K"'"(X, Y) such
that ¢(x)=0. Without loss of generality, we may assume that E is of the form
C(V) ® F, where Fis a trivial bundle, and that v, represents the canonical C(V)-
module structure on E=C(V) ® F. Up to addition of an elementary triple, there
exists a continuous family o(f) of C(V)-module structures on E, such that
v(0)=v,, v(1)=v,, v()iy=v,ly, and v(O)|;=v,|;. If we define w(r)=0(t)|,,, we
thus have d(E, v,, v,) =y(8(E, w(1)).

¢) Ker(y) = Im(y,). Let x=35(F, w,(f)) be an element of K% (X, Y) such that
P(x)=0. If we define v,(f) =a(t)v,«(f)~ ! using the notation of 6.24, we must have
v,(1) homotopic to v, via a continuous family v/,(f) of C(¥)-module structures.
Moreover, we have v,(0)=0,(1), v,(1)=v,, V()| =v,ly, and V@), =v,|,. Let
v,(?) denote the homotopy obtained by the composition of v,(r) and v)(¢), and let
wy()=0,(0)]y,- Then O(F, w,(£))=0(F, wy(f)) since v)(f)|,=v,ly, and x=
x1(8(F, 0,(2)) since 0,(0)=0,(1)=v,, 5,(O|r=v,l|,, and T,(9)|y=v,|,. O

6.27. Corollary. For n>=0, we have the exact sequence

KT )KL TX, Y) - KVP(X, Y) - KV T(X, Y) - K7 T(X, Y).
n+1 n+1 n n n
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6.28/29. The tensor product of vector bundles defines a bilinear map

KP"X, Y)xKX')— KV (X x X', Y x X').
By the argument used in I1.5.6, there is a unique natural bilinear map

KV V)X KX, Y)— KV P(Xx X', Xx Y'UY x X7),

which extends the map above when Y'= ¢. If we replace the pair (X', Y’) by the
pair (X' x B?, X' x SP~1U Y’ x B?), we may also define a bilinear map (also called
the cup-product)

KV¥(X,Y)x KX, Y)— K)"(Xx X', XxY'UYxX')

nt+p
asin I1.5.6.

6.30. Theorem. Let o be a generator of Kg®(P) (resp. K¢ ~*(P)). Then the cup-
product by o induces an isomorphism

K" (X, Y)~Kp'"(Xx B, Xx STUY x B®) (resp. KL'"(X, Y)
~KOY(X x B>, Xx S'UY x B?)).

Proof. Due to the exact sequence proved in 6.15, we are reduced to proving
KPP X)) ~KY % (X) (resp. K'Y (X)~K":;%(X)). By a Mayer-Vietoris argument
(6.17), we are further reduced to the case where ¥ and W are trivial, and n=0.
Now we have the exact sequence

K™ (" (X)) — K77 (X) — K" (X) — K(8" (X)) — K(E™ (X)),

associated with the functor ¢: £Y(X)— &%(X) (11.3.22). By II1.4.8, the groups
K(&"(X)), K(6¥(X)), K~'(¢¥(X)) and K~ '(6"(X)), are isomorphic to K%(X)
for some n=0 or —1, and F=R, €, H, Rx R, or Hx H. Therefore, the cup-
product by a induces an isomorphism K}(X)~KpX xB%, X xS7)(KXX)~
K%(X x B?, X x S') in the complex case). By the five lemma, it follows that the
cup-product by « also induces an isomorphism

KpPX)~KE"(XxB% XxS8") (resp. KLY (X)~KVP(Xx B, XxSY)). O

6.31. After this long series of lemmas, we are finally approaching our original
problem, which is the computation of the K-theory of the pair (P(V), P(W)), and
its relationship to the groups K¥*", when V (hence W) is provided with a positive
quadratic form. More precisely, if n denotes the trivial bundle X x R* provided
with the “trivial” positive quadratic form, we define a fundamental homo-
morphism

p: KV ENX, ¥)— KEEMM(P(V), P(W)UP(V)ly)
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(where ¢ is the canonical line bundle over P(V)) in the following way. Let
d(E,u;v,,v,) be an element of K¥ ®™ ¥ ®n(x, Y), where v, and v, represent two
“actions” of the bundle V such that v}, =v,|, (6.9), and where u represents the
action of the trivial bundle of rank n. Let n': S(V) — X, and let 7, be the action on
n'*E of the trivial bundle of rank one, defined by the involution v(v) over the
point v € S(V). Since v,(—v)= —v/(v), v, induces an action of the canonical line
bundle £ on n*E, where n: P(V) — X. We again denote this action by 7;, and let u
denote the action of the trivial bundle of rank » on n*E induced by u. Then the
homomorphism p above is defined by the formula

PA(E,u,v,,v,))=d(n*E,i1,7,,7,).
6.32. Theorem. The homomorphism

p: KON, Y)—— KECM(P(V), P(W)VP(V)]y)
defined above, is an isomorphism.

Proof. 1If we replace the pair (X, Y) by the pair (Xx B", XxS" 'UY x B"), we
obtain a slightly more general homomorphism,

P KY®mPONX, Y)— K;®M(P(V), (W)UP(V)y),

and direct inspection shows that the homomorphism p, is compatible with the
various homomorphisms defined in the exact sequences 6.16 and 6.27. Therefore,
using a Mayer-Vietoris argument (6.17), we may reduce the proof of the general
isomorphism to the case where ¥ and W are trivial. Moreover, Proposition 6.27
reduces this case to the case where V=W @ 1. The projection

1 (ST, ST(W D DyuS(W)— (P(W @ 1), (WD )|, uP(W))
induces an isomorphism between the groups
Kp1C@n-sto(S (W & 1), S *(W & 1)]yuS(W))
and K:®m"P(W e 1), (W@ 1), uP(W),
since the spaces
STWR)-ST*(WSD)|,uS(W) and PWD1)—P(W @ 1)|,0P(W)

are homeomorphic (6.27). Moreover, by definition we have the commutative
diagram

Krebtns*(we 1), SW)usS*(w e 1)|,)

Kreverery T, %

KEomn(P(W @ 1), PW)OP(W @ 1)),
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where ¢ is the isomorphism described in II1.5.10 and 6.21. The fact that ¢ is an
isomorphism (1I1.5.10) implies that p, is also an isomorphism. [

6.33. Consider the particular case n=1. Now each element x of the group
K¢®LY(P(V), (W)UP(V)|y) may be written in the form x=d(E,1n,¢,,¢,),
where FE is a vector bundle over P(V) provided with an involution # arising from
the action of the trivial bundle X x R. In this notation, ¢, and ¢, represent the two
actions of £ on E such that &,|pppeyi, = E2lpmwyopey), - Since £ ® E=P(V)x R,
the product ¢, ¢, defines an automorphism o of E which commutes with #. The
restriction of o to Ker(n—1) defines an element of K~ *(P(V), P(W)UP(V)|y)
(11.3.25).

6.34. Proposition. The correspondence above defines an isomorphism between the
groups K¢® L 1(P(V), P(W)YVP(V)|y) and K~ (P(V), PIW)YUP(V)|y).

Proof. We define a homomorphism in the opposite direction. Let F be a vector
bundle on P(V'), and let § be an automorphism of F such that B|py, pwy, = 1- Let
E=F ® (¢ ® F), and let 5 be the involution defined by the matrix

6 =)

Finally, let ¢,: ¢ x E— E be the (bilinear) homomorphism induced by the iso-
morphism ¢ ® E~xE, and let ¢, = fe, . It is clear that the two correspondences are
inverse to each other. [
6.35. Corollary. The groups

KEOLYP(V), (W)YUP(V)y) and K" YP(V), P(W)UP(V)ly)

are isomorphic.

6.36. Theorem. Let r be an integer modulo 8 (modulo 2 in the complex case). Then
the groups K~ "(P(V), PW)YUP(V)\y) and KX EY O (X, Y) are naturally iso-
morphic (as K(X)-modules).

Proof. This follows directly from 6.34, 6.31 and 6.28/29. 0O

6.37. In order to use Theorem 6.36, we must compute the groups K"*(X, ¥) in
terms of more classical invariants, For simplicity, we restrict ourselves to the
case where Y= g . In general, we denote the Grothendieck group of the functor

&'(Xx B")— (X x S 1)
by K¥)(X). By excision, this is also the Grothendieck group of the functor
E'(X x 8")— &Y(X x P).

where P is a point.
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6.38. Proposition. We have the exact sequence
a
KM (X)— K", (X)— K'Y (X)— KV(X) — K?P(X).

Proof. Let ¢: &"(X)— &%(X) be the obvious Banach functor. Then the exact
sequence associated with the functor ¢ (11.3.22) may be written as

K& (X)— K~ (E"(X))— KV (X) — K(8¥ (X)) — K(&"(X)).
Moreover, K~} (&"(X))~K{"(X) by Theorem I1.3.22 applied to the functor
E"(X x B)— &Y(X x §°). Similarly, K~ (6" (X))~ K{"(X). Therefore, we have

the exact sequence of the theorem for r=0. For r>0, we have

KV 7 (X)~Ker[KV' (X x S")— KV"'"(Xx P)] by6.18.
Similarly, K"(X)~Ker[K"(X xS")— K¥(X x P)],
and KM, (X)~Ker[K(X x ") —> KV(X x P)].
The case r >0 therefore follows from the case r=0. [
6.39. Let us now consider the case where W and V/W are spinorial bundles of
rank p and n—p, respectively. Then V is spinorial of rank n, and from 4.22, we
have category equivalences

EOMX)~EV(X) and E°P(X)~EY(X).
Moreover, the composition

a: &4 X)~EY (X)) — EY (X))~ E%P(X)
is defined by

Er— P4 Spin(n~p)E’
where P is the principal bundle which defines the spinorial structure of V/W (4.22).
6.40. Theorem. Let us assume that the vector bundles W and V/W are spinorial of
rank p and n—p, respectively. Then we have the exact sequence
K8 (X)) % K& (X)) — Ku(P(V), P(W))—> K™ (X))

ai+ 1

Ki+ l(éa]([){,p+ I(X)),
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where o is induced by the functor o, and where the groups K'(E% "(X)) are determined
by the following table.

rmod 8 0 1 2 3

K& (X)) Ki(X) KX @KiX) KX)  K(X)

rmod 8 4 5 6 7

Ki(r'(X) K(X) KX @ KYX) Ky(X)  K(X)

Proof. This is simply a reformulation of Proposition 6.38 and Theorem 6.36,
using the category equivalences described in 4.22. 0

6.41. Example. Let us assume that V/W is spinorial of rank 8¢, and that W is
spinorial of rank 87+ 1. Then we have the exact sequence

Ki(X) % Ki(X)—s Ki(P(V), P(W)) — K1 (X) 2505 Kir1(x),

where o is induced by the functor ¢: &g(X) — Ex(X) defined by p(E)=F ® E,
where F is the vector bundle P xg; s, M, such that P is the principal bundle
defining the spinorial structure of V/W, and where M is an irreducible C%®.
module. If V/W is trivial, then the functor ¢:&R(X)— ER(X) is simply
EE®E® - -- @ FEwheren=16"
[ —
n

If V/W is not trivial, it is difficult to compute the vector bundle F in general.
However, if /W may be written in the form U @ U, where U is oriented (4.18),
then V/W is a spinorial bundle and the vector bundle F may be identified with
AD).

The above results could easily be stated in the framework of complex K-theory.
For example, Theorem 6.39 has the following complex analog:

6.42. Theorem. Let us assume that the vector bundles W and V/W are “spinorial of
rank p and n—p, respectively. Then we have the exact sequence

Ki@g™ 1 (X)) - K67 (X)) — Ki(P(V), (W) —> K™+ (6" 1 (X))

j{ai-#l

Ki+1(éf>2,p+1(X))’

where o' is induced by the functor E — Pdg.;. <, , E (where P is the principal bundle
defining the spmorlal structure of VIW), and where K'(€ 7 (X)) = KL.(X) if r is even,
and K'(&2"(X))=K(X) ® Ke(X) if r is odd.
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6.43. A particular case of interest arises when V/W is provided with a complex
structure (and W is °spinorial). Then the homomorphism o is induced by the
functor E+> A(V/W) ® E, where A(V/W) is the complex exterior algebra bundle
(1.4).

6.44. In the real case as in the complex case, we wish to describe more precisely
the homomorphism

K'(X) ® K'(X)~K'(6* (X)) — K'(P(V)

in the exact sequence obtained in 6.40 or 6.42, when W is 0, For i= —1, this
homomorphism is the composition

K181 (0) 2 KV O 11 (X)L K30 L1 (P(V) —2 K (P(V)),

where p is defined as in 6.31, where 0 is defined as in 6.38, and u is defined as in
6.34. More precisely, an element x of K~ (6% '(X)) may be represented by a
Z/2-graded vector bundle E=E, ® E,, and an automorphism « of the form

These two automorphisms, o, and «,, define the decomposition K~ (&% (X))~
K '(X)® K~ '(X).

Since the functor ¥ ® !(X)— &% !(X) is quasi-surjective, we may assume
without loss of generality, that E is provided with a graded C(¥)-module structure
with respect to the decomposition E=E, @ E,, represented by v. Therefore, d(x)
is d(E,v,a” 'va), and (upd)(x) is the restriction of the automorphism o™ 153 =
(b~ '9)a) to E,, with the notation of 6.30. In fact ¥ induces an isomorphism
between n*E" and n*E!, where n: P(V) — X, and the class of the automorphism
da 1% in the group K~ 1(P(V)) is simply n*o~ ! ® 1d,. Hence (upd)(x) is the sum
*(xy) —0*(x,), where x, and x, are the two components of x, where n* is induced
by the projection n: P(V)— X, and where 0* is induced by the projection
P(V)— X and the product with the line bundle . Replacing X by X x S”, we
summarize these facts in the following theorem:

6.45. Theorem. We have the exact sequence
Ki(&¥ @ (X)) — K'(X) @ K'(x) =0, Kipr))
Ki+ l(éaV@ 1(X))—> Ki+l(X) (_B Ki+ l(X)

where 1* is induced by the projection n: P(V)— X, and 0* is induced by the functor
E— (@ n*E.

_6.46. Corollary (Adams [1]). Let RP,_, be the projective space of R". Then
KR(RP,_ ) is generated by A,_ ,=[E]— 1, with the relations (A,_ | )*=—2A,_, and



252 IV. Computation of Some K-Groups

27},_ =0, where f is the number of integers i such that 0<i<n with i=0, 1, 2 or
4 mod 8.

Proof. From Theorem 6.45, we see that K (RP,_,) can be identified with the
cokernel of the homomorphism

K(Co,n+1) K(CO,I)
with the notation of III.3. Therefore

Kg(RP,_ )~ Coker(K(C%®"* 1) — K(C®?))~ Coker(K(C"~!:%) —
K(C>°)~272/2'Z

by II1.4.9. Moreover, the generator is 4,_, by 6.45. The relation (4,_ )*=—24,_,
follows from the relation £ ® £=1. 0O

6.47. Corollary. Let RP,_, be the projective space of R". Then K RP,_,) is
generated by A, =[E']1—1, where £' =& ® €, with the relations (A,_ )= —2A,_,
and 2°A; _ =0, where g is the number of integers i such that 0<i<n and i=
0 mod 2.

6.48. Corollary. Let X be a space such that K* (€% °(X))=0. Then
Kg(X x RP,, X)=Coker[K@g °(X)) — K(6x(X))]

Exercise IV.8.8.

7. Operations in K-Theory

7.1. Anoperation in K-theory is a natural map (not necessarily a homomorphism)
defined from K(X') to K(X) for every compact space X, which is natural in X. For
simplicity we begin with operations in complex K-theory K (X), denoted simply
by K(X) until 7.24. Very often we will write E instead of [E] for the class of the
vector bundle E in K(X).

7.2. Our firstexample of an operation in K-theory was introduced by Grothendieck
[1]. For any vector bundle E, we denote its i *h exterior power (1.4.8) by A'(E). By
abuse of notation, we again write A'(E) for its class in the group K(X), and

AEY=1+ 0N E)+PIHE)+ - = i fA(E)e K(X)[[].
i=0

Since AE@ F)= @ A(E)A(F) (111.3.10), we have A(E @ F)=Ai(E)A(F).

i+j=n
Therefore, the correspondence E+> A,(E) defines a homomorphism between the
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monoid @(X) and the multiplicative group of formal power series, whose constant
term equal 1. From the universal property of Grothendieck groups (II.1.1), we
obtain a homomorphism from the additive group K(X) to the multiplicative
group 14+ ¢K(X)[[£]], which again we denote by 4,. Explicitly we have

AE—F)=2(E)\(F)™";

hence,
A(E-n)=AE)Q1+D~"

where n is the class of the trivial bundle of rank n.
If x € K(X), we define

A(x)= i £ 2(x).
i=0

The notation A'(x) is a generalization of the notation A((E), and the map x — A(x)
is a well-defined operation in K-theory. Moreover, we have the identity

Px+y)= 3 A@V().

i+j=n

7.3. Ina parallel way, we introduce operations x > y'(x) by the following method.

9

For x € K(X), we set y,(x)=4,, _(x) € K(X)[[£]], and y,(x)= ) £7(x). We have
i=0
Px+y)= Y 7i(x),:(»), since y,(x+3)=7,(x)7,(»).
i+j=n
7.4. Proposition. Let E be a vector bundle of rank n, and let c,(E) be its i** charac-

teristic class in the sense of 2.17. Then c(E)=(—1)'y(E—n). In particular,
Y (E—n)=0 for i>n.

Proof. By 2.17 it suffices to verify the assertion for a line bundle E= L. In this case
¢i(L)=1—L, and ¢(L)=0 for i>1. On the other hand y(L—1)=1+#L—1).
Hence y!(L—1)= —c¢,(L), and y"(L—1)=0fori>1. 0O

7.5. Corollary. Let &, be the canonical bundle over G,(C™), and let y' be the
image of y'(¢, ,,—n) in proj lim K(G,(C™))= A ((BU(n)) (3.22). Then X (BU(n)) is
isomorphic to the algebra of formal power series Z[[y*, ..., v"]].

Proof. This follows directly from 7.4 and 3.22. 0O

7.6. Let o be an element of ' (((BU(n)), and let E be a vector bundle of rank n
with compact base X. Then E is isomorphic to the inverse image of £, ,, under a
suitable continuous map

f:X— G(C™).
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If &, denotes the “‘restriction’ of « to K(G,(C™)), then the element o (E)=/*(x,,)
of the group K(X') depends only on the vector bundle E and the class « (1.7.2).

Let us write Op(®,, K) for the set of natural maps from ¢ (X) to K(X).
From the ring structure of K(X), the set Op(®,, K) is obviously a commutative
ring, and the correspondence o [E— «,(E)] defines a homomorphism

0: A ¢ (BU(n)) —> Op(®,, K).

7.7. Theorem. The map 0 defined above is an isomorphism between A (BU(n)) and
Op(®,, K). In particular, Op(®,, K)~Z[[y, .. .,y"]].

Proof. Wedefineahomomorphism in the opposite direction. If c € Op(®, , K), then
theelementsc(¢, ,,) € K(G,(C™)) forma projective system, which defines an element
o of #(BU(n)). The correspondence c — a defines the inverse homomorphism. [J

7.8. Since K(X)~H°(X; Z) ® K'(X) (I1.1.29), we see that the interesting opera-
tions in K-theory arise from operations from K'(X) to K(X). Let Op(K’, K) denote
the subset of Op(X, K) thus defined. Since K'(X) =inj lim @,(X) (II.1.31), we have
Op(X’, K)=~proj lim Op(®,, K), which is a ring in the obvious sense, From this
discussion, we obtain the following general theorem which determines almost all
the operations in (complex) K-theory:

7.9. Theorem. The map, which associates the variable t; with the nilpotent operation
V', induces an isomorphism

Z[[t,...,¢t,,...]]— Op(X’, K).

Proof. If x e K'(X), then y(x) =0 for some i large enough by 7.4. Moreover, y/(x)
is nilpotent for every positive integer i, since it belongs to K'(X). [

7.10. Let us now examine the operations in K-theory with nice “‘algebraic”
properties; for instance, the operations y from K’ to K such that y(x+y)=
y(x)+7(»). The set of such operations form a subgroup of Op(K’, K), which we
denote by Op* *(K’, K). Let ¢: Op* *(K', K) — Op(®,, K) be the group homo-
morphism which associates each such operation with its “‘restriction” to @, by
the canonical map @, — K'. According to 7.7, Op(®,, K)~Z[[u]] where u is
interpreted as £—1, and £ is the canonical line bundle over BU(1), which is the
infinite complex projective space.

7.11. Proposition. The homomorphism
@:0p™*(K', K) > Op(®,, K) ~Z[[u]]
is injective. Its image is the group of formal power series without constant term.

Proof. Let ¢ be an “additive” operation (i.e. an element of Op™ *(K’, K)) whose
restriction to @, is zero, and let x= ¥ —n be an element of K'(X). Let F(V) be the
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flag bundle over X described in Section 3. Then the homomorphism K(X)—
K(F(V)) is injective, and =*(V), where n: F(VV)— X, splits as a direct sum
@ L; of line bundles. Therefore n*(c(V—n))=c(n*V—n)= )Y o(L,—1)=0;
i=1 i=1
hence, c(V —n)=0 and ¢ is injective.

Let us now consider the image of ¢. Since K'(X)=0 if X is a point, ¢(c) must
be a series without constant term

fl)=agutap® -,

where a; € Z. We now show that any series of this type gives rise to an additive
operation.
We let Q,, for k=1, denote the “Newton polynomials”: they express the
k
symmetric functions Z u¥ as unique polynomials of the elementary symmetric

i=1

functions, o,=; ., &, <, u;, - - -u; , where 1 <r<k. For instance

Q,(c,)=0y,
Q,(0,,0,)=(0,) —20,,

04(0,,6,,03)=(0,)>~30,0,+30,, etc.

Then the series
SGL Y )=a,0,0M) +a, 0,0 V) + - +a, 0 Y2, LY+

converges in the ring Z[[y*, y2,...,y% ...1], since Q,(s,, 0,, . . ., 7,) is of weight
k, and the desired operation is x > S(y'(x), y*(x), . .. y*(x), . . .) (note again that
y*(x)=0 for k large enough, and that each y'(x) is nilpotent). If x is L — 1 where L
is a line bundle, then we obtain a,u+a,u*+ - - - +au*+ - - -, where u=y'(x)=x.

We must verify that the operation ¢, defined by the formula above, is additive,
ie. c(x+y)=c(x)+c(y) for x=V—n and y=W—p. By the splitting principle

n p
(2.15), we may assume that V=" L, and W= '@ R;, where the L, and R, are
i=1 i=1
line bundles. If we set u,=L,—1=y(L,—1) and v;=R;—1=y(R;—1), then
n n 14
we have y(V—n)=[] v(L,— 1)=H (1+t;) and y(W-p)=]] 7(R,— )=

=1 i=1 Jj=1
4
[T (A +)). Therefore y(x)=y"(V—n)=0,(u,,...,u,) and y*(y)=y(W—p)=
j=1
o,(v,,...,v,). Similarly y*(x+y)=0,(u,,...,u,, v,,...,v,). It follows that

QY (x+y), ..., (x+y)=

n

Y (W) + ; 0)=0.(' ), .. . YN+ QD). . . .. V(D))

i=1
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By taking linear combinations of these relations, we obtain c(x +y)=c(x)+ c(y)
as required. [J

7.12. Let us now consider operations ¢ from K(X) to K(X) which are ring homo-
morphisms (with unit). Such an operation makes the diagram

KX)—— 5 K(X)

H(X; T)

commutative. By 7.11, it follows that these operations form a subset of Z[[u]],
which we will now determine. If £ is the canonical line bundle over BU(1), we
define c(§)=1+a,u+ - - - +a,u"=f(u), where u=¢&—1=y(¢-1).

Now let L, and L, be line bundles over a compact space X. Then ¢(L;)=
f(u;) where u,=L,—1, and co(L; ® L,)=f(u, +u,+uu,), since L,L,—1=
L,—-1+L,—-1+(L;—1)(L,—1) in the group K(X). In particular, if X=
P(C™)x P(C™) for m large enough, and if L, and L, are the two canonical line
bundles over P(C™) x P(C™), we have

K(X)~Z[u,,u,]/I,,, where I = (u,)™**(u,)"*?, by 2.11.

Therefore, the formal series f must satisfy the equation f(u,+u, +u,u,)=
f@,) f(u,) in the ring Z[u,, u,]/I, for every integer m, hence f(u, +u, +u,u,)=
f(,) f(u,) in the ring Z[[u,,u,]]. If we derive this equation with respect to u,,
and then set u, =0, we find that the only solutions of this equation are the formal
power series of the form f(u) = (1 +u)*, where k € Z. In other words, the character-
istic class c is determined on the line bundle L by the formula ¢(L)= L* (note that
L¥=TL"*if k <0). More precisely, we have the following theorem:

7.13. Theorem. Let k€ Z. Then there exists an operation
¥ K(X)— K(X),

called the Adams operation, which is characterized by the following properties.
1) Y x+y) =y x)+¥'(),
2) YX(L)=L* if L is the class of a line bundle. Moreover, we have the relations
3) Y* o) =¥ o (y) and YH(1)=1.
The Adams operations y*, for k € Z, are the only operations in complex K-theory
which are ring homomorphisms (i.e. which satisfy 1) and 3)).

Proof. By 7.11, the operation y* is determined and well-defined by Axioms 1)
and 2). According to the splitting principle, it is enough to verify axiom 3) for x
and y line bundles. This follows from the identity (LR)*= L*R*, where L and R are
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line bundles. Finally, the last part of the theorem follows from the observations
madein 7.12. 0O

7.14. Remark. Letxe K(X)andx’ € K(X'). Then we have y/*(xux’) =y*(x) oy (x)
in the group K(X x X").

7.15. Theorem. Let Q, be the Newton polynomial defined in 7.11. Then J*(x)=
0,(AXx), . . ., A(x)) for each element x of K(X). Moreover, Y*(y/'(x)) =y*(x) and
YP(x)=x? mod p, if p is a prime number.

Proof. In the ring K(X)[[]], let

_ )
Y_,(x)= -tzt(—x)‘

Since A,(x +y)=4,(x)4,(y), we have ¥ (x+y)=y,(x) + ¥, (). If x is the class of a
line bundle L, we have _,(L)= —tL+*L*~L*+ - - -, or equivalently ¥ (L)=
tL+L*+ 3L+ - - .. According to the splitting principle, for each element x of
K(X), we have the identity W, (x)= 0y (x) + 12> (x) + Py (x)+ - - -

By the expression of y,(x) in terms of 4,(x) and A)(x), we see that y,(x) may be
written as

Y ()= 2 "0n(A'(x),..., A"(x)),
m=1
where Q' is some polynomial in 1'(x), . . ., A™(x). More precisely, let

k
A=1+ ) mm

m=1

in the quotient ring Z[4", ..., A*J[A1/(#**"), and
;// =—t1/4,.

Theny,= Z t™Q' ,where Q;, is some polynomialin A', . . ., A™independent of k.

To determme Q,., we imbed Z[A!,...,A*] in Z[u,,. . .,u,] by sending A to the i"*
elementary symmetric function of the u,. Then we have the identities

k
= H (1+ 1)
i=1
k

and A=Y w1+ =S8 —1S,+38;—---,

i=1

k
where S,= )" (;)". It follows that

r=1

k
=Y 0.G... A,
m=1
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Hence 0.4 . .., AM=0,A", ..., A", and Y*(x)=Q,A (x),..., 1 x)).

The relation Y*'(x))=y*(x) follows from the identity y*'(L))= (L") =
L% =y*(L), where L is a line bundle.

In the ring Z[u,,...,u,], where p is a prime number, we have the relation
(uy+ - - +u,)’=(u;)’+ - - -(u,)’ mod p. Therefore Q,(2',...,47)=(1")’ modp,
and Y?(x)=x"modp. 0O

7.16. Let V be the Thom space of a complex vector bundle V' with compact base
X. Let U, be the Thom class of ¥ (1.6), and let ¢,,: K(X)— K(V)~K(V) be the
Thom isomorphism defined by the product with U,. We define p*(V)=

oy (WU ) € K(X).

7.17. Proposition. Let x be an element of K(X). Then ¢, * (Y *(¢,,(x))) =y (x)p*(V).
In other words, the following diagram is commutative

k)L k)

KX 15 K(X),
where TE is defined by TE(x)=y*(x)p"(V).

Proof. This follows from 7.13 and the fact that ¢, is a K(X)-module isomor-
phism. 0O

7.18. Theorem. Let Vand V' be complex vector bundles over X and X', respectively.
Then pX(Vx V')=p"WM)p"(V'). In particular, if X=X', we have p"(V@® V')=
PN (V") in the ring K(X).

Proof. We have the commutative diagram

KVx V) — kv x v

/ T
K(V)x K(V) —'L—L KVYXK(WV") | 0ver

| [
| " Py X @y
Py X Py KXxX)-—~———~— —>K(Xx X"
’/// l//k % l//k
K(X)x K(X") K(X)x K(X"),

where the slanting arrows represent the cup-product. [
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7.19. Corollary. Let x be any element of K(R*")x K(S*"). Then y*(x)=k"x.

Proof. We regard €" as a vector bundle over a point. Then ¢,.(1) is a generator of
K(€C")=~ K(S*")~ Z, and we must verify that p*(C")=k". By the theorem above, it
is enough to verify p*(C")=k" for n=1, i.e. to verify that p*(x)=kx for each
element x of K(S?). But K(S?) is generated by £—1, where ¢ is the Hopf line
bundle (IIL.1.1 and 2.5). Since (£—1)*>=0, we may write y*(¢—1)=¢&—1=
(A+(E€=1)—1=k(-1). D

7.20. Proposition. The correspondence Vi p*(V) from the set of isomorphism
classes of complex vector bundles over X, to the group K(X), is characterized by the
Jfollowing properties :

D) P *(V)=f*(p"(V)) for any continuous map f: X' — X (in other words p*
is “natural™).

2) p"V @ V)=p"(V)p"(V").

3) PML)=1+L+ ---+L* Y if L is a line bundle.

Proof. By Theorem 1.7, it is enough to verify Relation 3) when X is the projective
space CP,,and L is the canonical line bundle over CP,. Moreover, the Thom space
L may be identified with CP,, , (2.3), and the Thom isomorphism

K(CP") %+ R(CP,, )

U U

Z[u]/u” 1 Z[u]/u"+2
is simply defined by the product with u (cf. 2.4). Therefore
D)= WY A-L)=(1-L*¥)/0-L)y=1+L+---+L*'. 0O

7.21. Example. If k=2, then the class p*(V) coincides with the class A(V)=
1+ V+22(V)+A3(V)- - -, because A(V) satisfies Axioms 1), 2), and 3), of Proposi-
tion 7.20.

7.22. Let Q, be the subring of @, consisting of fractions with denominator a
power of k. We define an operation

P KX)— KX) ® 5 Q,

by the formula p*(x)= p*(V)/k", for each element x of K(X), where x is written in
the form ¥ —n. Since p*(n)=k" for each integer n (7.19), this operation is well-
defined.

As an important example of a computation of the operation p*, let us consider
the real projective space RP, _, . By 6.47 we see that K(RP,_,)=K(RP,_,) is the
quotient of the algebra Z[A'] by the relations 294’ =0 and (1')*= — 21, where g is
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the number of integers i such that 0<i<n and i=0 mod 2. In fact A’'=¢'—1,
where £’ is the complexification of the canonical line bundle.

7.23. Proposition. For k odd, the operation
pk: K((RPn—l)—> K(,(RPn—l) ® Qk

is determined by the relation
k-1

T A

pI)=1+

1
Proof. For [=1, we have p"(i’)=p"(€’)/k=%(1 +E4 -+ E*1). Since %=1,

we see that

1/k—1 k-1 k—1
k Ve | —— pha—— = Ii——
p(é)—k< 5=+ A) T

By induction on /, we obtain the formula

k-1 _\ k-1
pk(l/l')=<1 +*2—k—j.’> =1 +2—kl~ A

as desired. O

7.24. Let us now examine operations in real K-theory. The operations A', y', 4,,
and 7,, may be defined without difficulty. The Adams operations ¥*: K (X) —
Kg(X), for ke N, are defined by the formula y*(x)=Q,(1'(x), . .., AX(x)), where
Q, is the Newton polynomial. Then we have Y*(x+y)=y*(x)+¢*(»), and
Y*(L)=L* if L is a real line bundle. The only nontrivial results are the relations
Y (xy) = yH(x) - WH(p) and Yr(x)) =y*(x), which will be proved at the end of this
section with the aid of representation theory (another proof is presented in Exercise
8.5).

7.25. Proposition. We have the following commutative diagrams,

Kg(X)—— K(X) Kg(X)—— K (X)
A*J Jl" and W‘J Plk
Kp(X) —— K(X) Kz (X) —— K(X),

where the horizontal arrows are the complexification homomorphisms.

Proof. The natural homomorphism A(E) ®g € — A(E ®y €), where E is a real
vector bundle, is an isomorphism. For each element x of Kyp(X), we see that
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c(A(x))= A(c(x))-. Since Y* is a polynomial of the A, for i<k, and since c is a ring
homomorphism, we also have c(y*(x))=y*(c(x)). O

7.26. Consider a real vector bundle V' of rank 8n, provided with a spinorial
structure. By 5.12, we have a Thom isomorphism

oy Kp(X) — Kg(V).
Now we define pk(V) as the class ¢, '(y¥(U,)), where Uy, = @,(1) is the Thom
class of V. By 7.24, we have pk(V @ V')=pk(V)pk(V’). We also have the com-
mutative diagram
l/lk
Kg(V)—— Kg(V)
(PVA[ ]‘(PV

Ke() 15 Ky(X),

where TE(x)=y*(x)pk(V). To avoid confusion, we let p% denote the class p,
defined in complex K-theory (7.16).

7.27. Proposition. Let V be an oriented real vector bundle of rank 4p. Then
W=V @ V may be provided with a complex structure and a spinorial structure,
and we have the relation

A pR(WR))=p(W),

where Wy, is the spinorial bundle underlying W.

Proof. By elementary observations, we have the commutative diagram
Spin(8p) —— Spin°(8p)
SO(4p) —— U(8p)

of group homomorphisms, where the vertical maps are defined as in 4.18 and 4.26.
It follows from 5.12 that we have the commutative diagram of Thom isomorphisms

Ke(X) 225 Ke(Wy)

|

Ke(X) 22 K(W).
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Therefore ¢(Uy,, )= U, . Since the operation y* commutes with complexification
(7.25), the proposition follows. 0

7.28. Corollary. Let V be a spinorial bundle of rank 8r. Then c(pi(V)*)= pk(W),
where W=V Qg C is the complexification of V.

* 7.29. Remark. Let K spin(X) denote the subgroup of K(X), generated by
spinorial bundles of rank =0 mod 8. By 4.20, it may be identified with the subgroup
of Ky(X) consisting of elements x, such that rank(x)=0mod 8, and w,(x)=
w,(x)=0. If x=[V]—[V'] € Kspin(X), then the spinorial structures of ¥ and V"
are well-defined up to multiplication by a line bundle. Therefore, if k is odd, the
class p*(x) € Kx(X) ® 5 Q, is well-defined. On the other hand, if k is even, then
p¥(x) is defined only up to multiplication by a line bundle. However, if
H'(X;Z/2)=0, then all line bundles are trivial, and hence p*(x) is also well-defined
in this case.*

7.30. Proposition. Let & be the canonical line bundle over RP, _ |, and let k be odd.
Then

K21
pk(4lf+4l)=k‘”<l+ S z>,

where A=E—1.

Proof. Since the homomorphism Kp(RP, _,)— Kz(RP,_,) is surjective for
m=n (6.44), it is enough to consider the case #—1=0mod 8. In this case, the
complexification homomorphism

Ke(RP,_,) — K(RP,_,)

is an isomorphism (6.46). Since 2¢ =¢ @ £ is oriented, Proposition 7.28 enables us
to write c(pk(4/¢& @ 41))=pk(2I& +21), where &' =¢ ®y €. By 7.23, we therefore
20

k-1 . .
have c(pk(41&+41)) = pk QI +4l)=k* < 1 +—2ﬁ—i’>- Since ¢(4)=4', the relation
follows. 0O

7.31. We now return to the relations which we described in 7.24. For this, we need
some basic facts in the representation theory of compact Lie groups (the general
reference for this material is Adams [3]).

Let G be a compact Lie group. We let R.(G), where F=R or €, denote the
Grothendieck group of the category of finite F-dimensional representations of G.
Infact, R (G)is the free group with basis, the set of irreducible representations of G.
The composition Rg(G)-5 R(G)-> Ri(G), where ¢ is complexification, and r is
realification, is multiplication by 2. Therefore Ry(G) may be regarded as a sub-
group of R(G).
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7.32. To each representation p: G — Aut(V), we associate its character
x=1x,: G— F, defined by x(g)= Tr(p(g)). Note that y(tgt~ )= x(g). The map from
R(G) to F(G, F) (the space of continuous maps from G to F), which associates
each representation p with its character, is injective (Adams [3]). Now let *(p)
be the representation of G in A%(V), defined by A*(p) (9) = A*(p(g)): A(V)— A (V).
We define y/*(p) as the element Q,(A'(p), ..., A%(p)) € RY(G), where Q, is the
Newton polynomial. Note that y*(p +¢)=¥*(p) + /(o) by the same argument as
in 7.15.

7.33. Proposition. Let y,: G— k be the character of the representation p. Then
the character of Y*(p) is g — 1 (¢*) (cf. Adams [3]).

Proof. Since the map from Rg(G) to R{(G) is injective, and since A'(p ® €)=
Ai(p) ® €, we may restrict ourselves to the case F= €. Since G is compact, we may
factor p into G — U(n) — Aut(C") with respect to a suitable isomorphism €'~ V.
If ¢,,...,t, are the eigenvalues of p(g), we have Tr(p(g9))=t,+---+1,
Tr(A%(p)(9)= Y. ;1;, and Tr(*(p)(9))=0,, where o, is the k™ elementary

symmetric funic<tijon of the t,. Hence Tr(y*(p)(9))=0Q,(0}; . .., 5)=Tr(p(g)")=
Tr(p(gN=1x,(¢"). O

7.34. Proposition. Let p and o be representations of G. Then y/*(pa)=y*(p)y*(c) in
the ring Ry(G). Hence y*: R(G) — Ry(G) is a ring homomorphism.

Proof. We need only verify the formula yyu0)(9)= Xyrp)(9Lyxa(9)- Since

Yoo D) =1Ag") and xyuo=12,("), We have xyu,0)(9)=x,0(d")=1,(9")1.(9") =
ka(p)(g)'xlpk(a)(g)- 0

7.35. Remark. If G, and G, are compact Lie groups, we have the bilinear pairing
R (G)) X R{(G,)—> R(G, xG,),

denoted by (p,, p,) — p,Up, (this is the “external” tensor product of representa-

tions). If zn;: G, xG,— G, are the obvious projections, we have p,up,=

m¥(p,)-n%(p,) in R(G, x G,). From this, we arrive at the formula y*(p, Up,)=
l//k(P1)U‘//k(p2)'

7.36. Proposition. We have the formula y*(Y(p)) =y*(p) in R,(G).

Proof. Yyeion( @) =210 =1(¢'))=1(") = tyap(9). O

7.37. Theorem. Let c: Rg(G)— RJG) (resp. r: R{G)— Rg(G)) be the complexi-
fication homomorphism (resp. realification homomorphism). Then we have two
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commutative diagrams,

Ry(G) -5 Ry(G) R(G) L5 RU(G)
N
R(G)-Y5 R(G) Ry(G) L5 Ry(G).

Proof. Since c is a ring map, the commutativity of the first diagram follows from
the identity A'(p ® €)=1'(p) ® €. Now let ¢:G—— Aut(V) be a complex
representation, and let p be its underlying real representation. We have

19 =1,(9) + 1,(9), hence y,x ,(9)=x,(9") + 1,(9") = Loiyron(9)- O

7.38. We now return to our original problem, which was the investigation of the
properties of the Adams operations

¥ Kg(X) — Kg(X).

In fact, our method also applies to the complex Adams operations y*: K (X) —
K (X), and provides another proof of Theorems 7.13 and 7.15, which is more
“elementary” in style.

If Eis a real vector bundle, we may write E= P x; IR", where P is a principal G
bundle (4.14), and where G acts on RR” by a representation p: G— O(n), For
example, we could choose G=O(n) and P, the principal O(n)-bundle associated
with E (4.14). Thus we may write A*(E)= P x ; A*(R"), where G acts on A(R") in
the natural way. More generally, if V=V " —V " is an element of Rg(G), where
V* and V™ are orthogonal representations, we have a well-defined element
E,=[Pxg V*]—[Pxg V™ ]of Kg(X); wesimply write E,, = P x; V. In particular,
Y*(E) is E,,, where V=y*(p).

If E, =P, Xo4, R" and E, =P, Xq,,, R™, we have

E; ® E,=(PX x P3) Xo(n,) x 0y (R™ @ R™),

where R™ ® R™ is an O(n,) x O(n,)-module in the natural way. Let us write
Y*(R")=V} —V, and y*(R"™)=V," — V', . By 7.35, we have
YHR™ @ R™)=yH(R™)UYH(R™)
=VIQV +VI QV, -VI®V, -V ®V).

Therefore, if we set P=P, x , P, and G=0(n,) x O(n,), we have

YME, ® E))=[Pxo Vi ® Vi 1+[Pxe Vi ® Vy1-[Pxg Vi ® V5]
—[Pxg Vi ® V)]
=(P1 X0y Vi) ® (Py Xopy V3 ) +H(Py Xy Vi) @ (Py X oy V3 )
—(P; Xogm) Vi ® (P, Xowmy V2 )~ (P Xom) Vi) ® (P, X0(n2) V)
=(P; Xog) (V1 =V ) ® (Py X0y (V5 = V3 ) =Y"E,) @ YXE,).



8. Exercises 265

Since Y*: Kx(X)— Kg(X) is a group homomorphism, we have the relation
YHxy) =y (y) for all x, y € Kg(X).

7.39. If E=P X, R", we have Y'(E)=P Xy V' ~P Xy V7, where Y/(R") =
V* — V™ in Re(O(n)). Similarly

Y*WYH(E)=P Xom) w*—p Xom W™ =P Xopm T*+P Xom T s
where W* — W~ =yX¥V )and T+ — T~ =y*(V ") in Rg(O(n)). Since Y*(Y'(R")) =
YHRY=W*—W~ —T*+ T~ (7.37), we have y*(J'(E))=y*(E). By additivity,
we see that Y*(Y/'(x))=y*(x) for any x € Kx(X).
7.40. Propesition. The following diagram

Ke(X) £ Ke(x)

r[ [r
l//k
Kp(X)— Kg(X)
where r is the realification homomorphism, is commutative.

Proof. Let E=P x,, €" be a complex vector bundle (4.14). Then r(y(E))=
P Xy UH(C"), where lﬁ"(C") is regarded as an element of Rg(U(n)). On the other
hand, Y*(r(E)) = P Xy, Y(C"), where C" is regarded as the real U(n)-module R?",
Since the diagram

R(U(m) ¥ R(U(r)

Re(U(m) ¥ Re(U(n))
is commutative (7.37), Y*(R?")=y*(C") as an element of Rg(U(n)); hence
FWXE))=WMr(E)), and by additivity, r(y*(x)) =y*(r(x)) for each element x of
K (Xx). O

Exercises (Section IV.8) 5-7, 15, 16.

8. Exercises

x8.1. Let E be an oriented bundle. Compute the number of spinorial structures
(resp. °spinorial structures) which may be placed on E if w,(E)=0 (resp. if
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B(w,(E))=0, where B: H*(X; Z/2) — H*(X; Z/2) is the Bockstein function). Con-
sider, in particular, the case where X is simply connected.*

8.2. Let p: U(n)— U(n)/U(n— 1)~ S2"~! be the canonical projection, and let y
be the canonical generator of K '(S%"~!). Now show that, up to sign, p*(y) is

the alternating sum Y, (—1)'4', where A’ is the element of K¢ '(U(n)) induced by
i=0
the i exterior power of the canonical representation U(n) — Aut(€C") (cf. I1.3.17).
By induction on », show that K7 (U(n)) is the exterior algebra generated by
A, ..., A". (Apply Theorem 1.3.)

8.3. Let V' be a Real vector bundle of rank n in the sense of II1.7.13. Using the tech-
niques developed in IV.2 and in Exercises I11.7.13 and I11.7.14, show that KR(P(V))
isa free KR(X)-module of rank n=Rank(V), with basis 1, b, h2, .. ., k"~ !, where his
the class of the canonical line bundle over P(¥) (this bundle is a Real bundle).
Moreover, prove the relation

B — A (VR L+ 22V 2+ -+ (= 1)"A%(V)=0 (compare with 2.16).

8.4. (8.3. continued.) By the same method as in section 3, compute KR(F(V')) and
KR(G(V)). In particular, prove that the canonical map KR(X)— KR(F(V)) is
injective, and that n*V is the sum of Real line bundles (splitting principle for
KR-theory).

8.5. Prove the existence and uniqueness of the Adams operations, §*: KR(X) —
KR(X), defined for any compact space X provided with an involution such that
¥+ ) =y*(x) +¥*(y), and Y*(L)=L* when L is a Real line bundle. If X is
provided with the trivial involution, and if KR(X) is identified with Kg(X), prove
that these Adams operations coincide with those defined in 7.24, Finally, show
that y/* is a ring homomorphism (this gives another proof of the results in 7.38).

8.6. Let T" be the n-dimensional torus regarded as a topological group. Now
prove that R(T™)is the algebra of Laurent polynomials Z[t,, .. ., t,, t; ', ..., 6, '],
where ¢, is the class of the one-dimensional representation 77 """, 71—
U(1) — Aut(C).

If .# denotes the ideal of R(T™) which is Ker[ R(T™) 2> Z] with &(t;) =1, show
that the completion R(T") of R(T™") with respect to the .#-adic topology is
Z[[x,,...,x,]], where x,=t,— 1 (by definition R(7™)=proj lim R(T")/.#7).

Finally, prove the existence of an isomorphism

n-times

Z[[x,, ..., x,]]~Re(T") = H (BU(1) X BU(S x - - x BU(L).

8.7. Let U(n) be the unitary group of rank n regarded as a topological group. Now
prove that R(U(n)) is the algebra Z[A', ..., A", (A")~ '], where A’ is the i*" exterior
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power of the natural representation U(n) — Aut(C"). By the same method asin 8.6,
prove the existence of an isomorphism

Z([yy>- - > ¥ J1x R(U@) == A (BUm)).

8.8. With the help of Theorem 6.40, completely compute the groups K;(RP,, RP,,)
and K.(RP,, RP,).

8.9. Let S*> X be a spherical fibration between compact manifolds with Dim(S) —
Dim(X)=0mod 8, and let i: X — S bea section of n. If TX — i*(T'S) is provided with
a stable spinorial structure, prove that Kg(S) is a free Kg(X)-module of rank 2.
State and solve the analogous problem in complex K-theory.

8.10. Let HP, be the projective space of H"* ! (where H is the field of quaternions).
Show that K (HP,)~Z[B]/p"**, where B is the class of the canonical bundle over
HP,, regarded as a complex bundle of rank 2. If n: CP,,, , — HP, is the obvious
map, show that the homomorphism K .(HP,)® K.(CP,,, ) is injective, and that
n*(B)=h+h, where h is the class of the canonical line bundle over CPy,is-
Compute (). Make analogous computations for Kx(HP,) and K ,(HP,).

8.11. Let G be a finite abelian group, and let V' be a complex G-bundle over the
G-space X (in the sense of 1.9.29), which is the sum of line G-bundles. If K;; denotes
complex equivariant K-theory (1.9.30), show that K (V) is a free K;(X)-module of
rank one, generated by the Thom class described in 1.6, where G acts on all the
bundles involved. If G acts freely on the sphere bundle S(¥), and if X is a point,
prove the exact sequence

R(G) — R(G) — K(S(V)/G)— 0,

Dim(V)
where ¢ is multiplication by >, (—1)4{(V), with A(V) regarded as an element

i=0
of R(G).

8.12. Let X be a space of finite type (3.23). Then we define the Euler-Poincaré
characteristic y(X) of the space X as Dim KJ(X) ® Q—Dim K '(X) x @ (by
V.3.25, this is the usual Euler-Poincaré characteristic). Now prove the following
well known properties of y:

a) y(X;uX3)+ (X nX,)= (X )+ x(X,).

b) x(X x Y)=x(X)x(Y).

¢) More generally, if E— B is a fibration with fiber F, then y(E)= y(B)- x(F).

Conclude from the last fact that if a finite group G acts freely on a compact
space X of finite type, and if X/G is of finite type, then the order of G divides the
Euler-Poincaré characteristic of X.

8.13. Let V be an oriented vector bundle of rank n over a compact space X. Prove
that K(X) ® Z[31~K"(V) ® Z[}] as K(X)-modules (cf. the author [2]).
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* 8.14. Let X be a locally compact space, and let ¢ be a family of closed subsets
of X such that:

1) Any finite union of elements of @ belongs to &.

2) A closed subset of an element of @ belongs to &.

3) Each element of @ has a neighbourhood in the family &.
Then using the material developed in II.5 show how to define in a “reasonable
way”’ complex K-theory with support in @ (denoted K4 (X)) and prove that
Ky (X) ® Q= Hg*(X; Q), where H, denotes cohomology with supports in @.*

8.15. Let S2" be the sphere of dimension 2n
a) If x e K{(S*"), prove that A(x) may be written as

(=D ' m-Dr !

1+[ atoy 10 l]x,
where f, € Z[t] and f,(—1)=1.

b) Deduce from a) that for any complex vector bundle of rank n on S?", we
have A_ (E)=(n—1)!x, with x=[E]—n.

¢) Let M beanirreducible complex C * 2"-module, and let ¢ be a gradation of M
(IV.5.2). The pair (M, &) may be regarded as a C%?"*'-module, which we again
denote by M. Over each point w € $2"< R?*"*!, Clifford multiplication by vectors
which are orthogonal to w, defines a C(})-module structure on n*M, where
n: S?"— Point and ¥'=TS?" is the tangent bundle. On the other hand, Clifford
multiplication by w defines a gradation of the C(¥)-module z* M, which we denote
by 5. Therefore, the triple (n*M, n, —n) defines an element of the group K{(X)
described in 1V.5.1 where X = S2".

Now prove that the image of this element by the forgetful homomorphism

K{(X)— K(X) — KX),

is twice a generator of I?C(X )~ Z.
Also prove that this element is a generator of K¢ (X)~K(V)~Z (IV.6.21).
d) Deduce from b) and ¢) that 7S *" may be provided with a complex structure
only ifn=1 or 3. (This exercise gives a purely K-theoretical proof of an old result of
Borel-Serre [1]. Another proof will be given in V.3.)

8.16. Let X be a compact space such that K(X) is generated by line bundles L,,
with (L;)? =1 for p a fixed prime. Show that the torsion of K(X) is p-primary.

9. Historical Note

The Thom isomorphism in complex K-theory is a key tool in the Atiyah-Hirzebruch
Riemann-Roch theorem (for maps between manifelds provided with an almost
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complex structure). Thom isomorphism in real K-theory has analogous applica-
tions, and is due to Atiyah, Bott and Shapiro {1].

The computation of complex K-theory for complex projective bundles, flag
bundles and Grassmann bundles, is based on the work of Atiyah [3] and
Grothendieck [2]. The “Kunneth formula’ in IV.3 is taken from Atiyah [2].

The computation of the K-theory of real projective space is essential to the
solution of the vector field problem on the sphere (V.3). The result (due to Adams
[1]) is generalized in IV.6 to real projective bundles.

Finally, the notion of operationsin K-theory, which isimportant in applications,
is due to Grothendieck [1], Adams [4] and Atiyah [5].



Chapter V

Some Applications of K-Theory

1. H-Space Structures on Spheres and the Hopf Invariant

1.1. Let 2:S""'— §""! be a continuous map. Then K" }(§" 1)~ Z, and «
induces an endomorphism of Z of the form x — Ax where A€ Z. The integer A is
called the degree of «, and is denoted by deg(x). In particular, if « is a homeo-
morphism, we have deg(a)=+1. It is possible to prove (cf. Hu [1]) that
7, (S 1)~ Z, where the isomorphism is given by the degree. However, we do
not require this result in this section.

1.2. Let m: S" ' xS" ! — §"" ! be a continuous map. The map m is said to be
of bidegree (p, g), if the maps x — m(x, x,) and y — m(x,, y) are of degrees p and g,
respectively (this definition does not depend on the choice of the point x,). The
sphere S™~ ! is said to be an H-space (with respect to m) if the two maps above are
homotopic to the identity of $"~ ! (which implies p=g=1). For example, S!, S3,
and S’, are H-spaces with respect to the multiplication of complex numbers,
quaternions, and Cayley numbers, respectively. In fact, we will prove in this
section that these spheres are the only one (other than S°) which may be provided
with an H-space structure. More precisely, we will prove that p odd and g odd can
only occur when n=1, 2, 4 or 8. This implies that the finite-dimensional real vector
spaces which may be provided with an algebra structure (eventually non-associative
and eventually without unit) without zero divisors, must have dimension 1, 2,4 or 8.
The essential tool used to prove these results is the notion of Hopf invariant.

1.3. The Hopf invariant. Let n be an even integer, and let /> S?"~'— S" be a

continuous map which preserves base points. The Hopf invariant of f is an

integer A( f), depending only on the class of fin n,,_,(S™), which is defined in the

following way. We consider the Puppe sequence associated with f'(11.3.29)
SZn—I*)Sn_L) Cf% SZ"—PS'H'I

If we apply the functor K=K{ to it, we obtain the short exact sequence

0— R(s?)—L K(Cf) L5 R(S")—0.

Therefore, K(Cf)~* Z @ Z with generators u and v, where v=j*(8,,) and i *(u)=j,
with B, an arbitrary fixed generator of K(S™) and B,,= f,Up,. In the ring K(Cf), we
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thus have the relations v =uv =0 and u 2 = Av for some integer /. This integer A does
not depend on the choice of u, since (u+mv)*=u? for any integer m. Now we
define A=h(f), and it can be checked that the map f+ h(f) defines a homo-
morphism from =,,_;(S") to Z. If r: $"— S" and s: $*"~'— §?"~! are con-
tinuous maps, we have the formula A(rfs) = deg(s)deg(r)*h( f).

It is possible to give other definitions of the Hopf invariant ; however, it can be
shown that they are equivalent to this one.

1.4. We return now to our “multiplication” m: "~ 1 x S"~1 — S"~! of bidegree
(p, q), where we assume » even (the case n odd is easier and will be treated at the
end of this section). To simplify matters, we may assume without loss of generality
that m(e, e)=e, where e=(1,0, . . ., 0) is the base point of S"~'. We now demon-
strate how to obtain a map 1> S*"~ ! — S™ of Hopf invariant pq from m. To do this,
we consider each of the factors S, and S, of the product S" ! xS""! as the
boundary of a ball B (resp. B, ) of dimensionn. Hence B,isthe quotient of S; x [0, 1]
by the equivalence relation which identifies the subspace S; x {1} to a point.

Let S (resp. S™) be the upper hemisphere (resp. the lower hemisphere) of S”,
defines by x,, ;>0 (resp. x,, ; <0). Then S” US" =S", S AS" =S""!, and both
S" and S™ may be identified with the quotient of S"~* x [0, 1], by the equivalence
relation which identifies the space S"~ ! x {1} to a single point.

From the map m, we obtain a map f,: S; x B, —» S’ by the correspondence
(x, y, ) — (m(x, ), 1), for te [0, 1]. By the same method, we also obtain a map
f2:B;xS,— S . In the space B, x B,, the subset S, x B,UB, x §, may be identi-
fied with $2"~ 1. Now we define f: 52"~ — S" by the formula f(x, y, )=f,(x, y, {)
if(x, y, t)e S, x B,,and f(x, y, ) =f,(x, y, O if (x, y, {) € B, x S,. The map fis well-
defined since f}|s, x5,=/>ls, xs,- W€ now show that the Hopf invariant of fis equal
to pq (with respect to our definition of the Hopf invariant).

1.5. By definition, the cone Cf of the map f, is the quotient of Z= (B, x B,)uS" by
the equivalence relation which identifies x with f(x), when xe S '=
S, xB,uB, xS,=B;xB,. We denote by f,:B, x B,— Cf, the restriction to
B, x B, of the quotient map 0: Z— Cf. We notice that S” (hence S’} and S™") are
naturally subspaces of Cf. Let

g=(fo,[1:12):(B; X B,, S; X B, B; XS,)—> (Cf, S",, S")

be the map of triples. Then g has the following properties:
a) ginducesa relative homeomorphism between (B, x B,)—(S; x B,UB, x S,)
and Cf— S". Hence g induces the isomorphism between

K(B,xB,, S, xB,uB, xS,)~K(S*) and K(Cf, S")~K(Cf/S™,
defined by j*.

b) The homomorphism 7y, : K(CH)=K(Cf, S) — K(B, xB,, S;xB,)x
K(B,, S;)~ K(S") sends u to pp,. In fact, the map (f,,f;): (B; x B,, S; x B,)—
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(Cf, S%) may be factorized up to homotopy into
(B, x By, §; X B)) —> (B, x {e}, §; x {e}) —> (8", §}) — (Cf, S1).

The first morphism is a homotopy equivalence, and the third is induced by the
inclusion of S” in Cf. Finally, the second morphism is essentially the suspension
of the map x r> m(x, e), hence is of degree p, when we identify B,/S, and S"/S’}
with S™.

¢) For the same reason, the homomorphism

v,: K(Cf)~ K(Cf, S") — K(B, x B,, B, X S;)~K(B,, S,)~K(S")

sends u to gf,,.

Let us denote the generators of the groups K(B,xB,,S,;xB,) and
K(B, x B,, B; x S,) by B, and B, respectively. Then we have the following com-
mutative diagram, where the horizontal arrows represent cup-products (I11.5.8).

K(Cf)x K(Cf) » K(Cf)
l
K(Cf, ") x K(Cf, S") d > K(Cf, S™)
=1, 72) Il

K(B, x B,, S, x B,) x K(B, X By, B, x S,) ——
K(B, x B,,S, x B,UB, x §,)~K(5*")

The product of f, and S, defined by 7, may be chosen as the generator j8,, of the
group K(B, x B,, S; x B,uB, xS,) by II1.1.3. The image of the pair (u, u) by 1y
(resp. o) is pgP,, (resp. u*) by b) and c) above. Since the image of §,, by j* is v, we
have A(f)=pq.

Thus the assertions of 1.2 (for n even) are a consequence of the following
theorem.

1.6. Theorem. Let n be an even integer, and let f: S*"~' — S™ be a continuous map
with Hopf invariant an odd number. Thenn=2, 4, or 8. In particular, if S"~ ' may be
provided with an H-space structure, then n must be 2, 4 or 8.

Proof. From the general properties of the operations y* (IV.7.19), we have
Y*(v)=k*v and Y*(u)=k"u+o(k)v, where n=2r and o(k) € Z. On the other hand,
since Y2 =(11)2 242 (IV.7.15), we have y*(u)=u*> mod 2=h(f)v mod 2. Hence
o(2) must have the same parity as A( /), which is odd by hypothesis (put k=2 in the
relation above).

From the relation y*y' = y'y* (IV.7.15), we write

Kk — Do(l)=1"1"— )o(k).
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In particular, if we choose /=2 and k odd, we see that 2" must divide k" — 1 for each
odd integer k. Therefore, in order to prove the theorem, it suffices to show that this
special property of » implies r=1, 2, or 4.

If r>1, the group (Z/2"Z)* is of even order. Hence the identity k=1 mod 2"
implies r even. If we choose k=1+2"2, we have k"= 1+r2"? mod 2" by binomial
expansion. Hence r must be divisible by 2”2, which is only possible if r=20r4. [

1.7. Remark. It is possible to prove (cf. Husemoller [1]) that for any even
numbers n and 4, there exists a continuous map f: S2*~ ! — §" of Hopfinvariant 4.

1.8. Theorem. Let n be an odd integer, and let
m: Snfl XS"_1—> Sn*l
be a continuous map of bidegree (p, q). Then p or q is equal to 0.

Proof. BylIll.1.3andIV.3.24, wehave K(S" "' x S" )= K (S" ") ® K(S" 1=
(Z ® Zu) ® (Z @ Zv), where u (resp. v) is the generator of the first factor K (S" ™ 1!)
(resp. the second factor I?C(S " 1). If we write K(S" ')=Z @® Zw, then the
homomorphism

m*:ZOIw— (Z O Zu) ® (Z D Zv)

sends w to an element of the form pu ® 1+1 ® gv+su ® v, for some integer s.
Since m is a ring homomorphism, 0=w? must be sent to

(pu® 1+1® go+su ® v)*= 2pqu @ v.

Therefore pg=0. 0

2. The Solution of the Vector Field Problem on the Sphere

2.1. In this section, we wish to determine the maximum number of linearly inde-
pendent vector fields on the sphere S*~! (cf. 1.5.5). The Gram-Schmidt ortho-
normalization procedure may be used to replace any field of n—1 linearly inde-
pendent tangent vectors, by a field of n— 1 tangent vectors of norm one, which are
orthogonal to each other. Therefore, if O,, denotes the Stiefel manifold
O(?)/O(t—n), then the existence of a field of n—1 linearly independent tangent
vectors on §'~ ', is equivalent to the existence of a continuous section 6: 0, =
S*"'— O, , of the natural projection O, ,— O, |, defined by (a,,...,4a,) —a,
where (g,) is an orthonormal system in R".

2.2. In order to deal with this last problem, we use the following trick. Each
element a of O, , defines a linear map ¢,: R” — R’, which is injective, and depends
continuously on a. Now let 6: $"~ 1 x §*~ ! — §"~1 x §* 1 be the continuous map
defined by 0(v, b) = (v, @,4,(v)). By identifying v with — v, we see that 6 induces a
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continuous map 0 between (S~ !/Z,) x §*~* and (§"" ! x §*~*)/Z,. These spaces
may be identified with the sphere bundles S(te) and S(¢£) where ¢ denotes the trivial
bundle of rank one over RP,_,=S""1!/Z,, and ¢ denotes the canonical line
bundle over RP,_, (1.2.4).

2.3. Proposition. Let us assume that S'* admits n—1 linearly independent tangent

vector fields. Then there is a continuous map 0: S(te) — S(t&), which makes the
Jollowing diagram commutative:

S(te) —2 S(2&)

RP

n—1

Moreover, over each point x of RP, _, the map
0.: S(te), — S(t),

is a homotopy equivalence.

Proof. Only the last part of the proposition requires a proof. If n=1, then 0 is
bijective and the proposition is obvious. If n>1, we must show that the maps
b~ @,,(v), for vin §"~ ', are homotopy equivalences from S*~ ! to itself. Since
S™ ! is arcwise connected, all these maps are homotopic. However, if we choose
v=e, (the last vector of the canonical basis of R"), we see that ¢_,,(v)=b since o
is a section of the map O, ,— O, ,. O

2.4. The last proposition provides some important information about the Thom
spaces of t¢ and t£. More generally, let ¥ and W be vector bundles on a compact
base X, and let f: S(V)— S(W) be a continuous map between sphere bundles,
such that the diagram

S(Vy—L sow)

\/

X

is commutative. By radial extension, finduces a proper continuous map f: ¥ — W,
hence a homomorphism f*: Kg(W) — Kg(V).If weassumethatf,: S(V,) — S(W,)
is a homotopy equivalence for each x e X ©, then f also induces a homotopy
equivalence f,: ¥, — W, (note that V, and W, may be identified with the suspen-

9 In this case we say that the sphere bundles S(¥) and S(W) have the same fiber homotopy type (cf.
Dold-Lashof [1]).
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sions of S(V,) and S(W,), respectively). Therefore, the homomorphism f* has
the property that for each point x, we have the commutative diagram

K(W) L5 k)

L

KW 25 Ky(V,),
where f* is an isomorphism.

Suppose now that ¥ and W are of rank 8p, and are provided with some spinorial
structure. Let T}, be the Thom class of W (IV.5.13). Then f *(Ty) may be written
as ATy, where T), is the Thom class of ¥, and 1 € K(X).

By restriction to a point x of X, we see that A is an invertible element of K (X).
Hence there exists a cover (X;) of X with open and closed subsets such that 4|, =
&(1+y,) where g;= +1, y € Kx(X) and y,=y|, . Note that

A ERIACY
1+y 2

2.5. Proposition. Let V and W be as above. Then there exists an element y of
KR (X) such that for each k we have the relation

k= oy LAY
P*(V)=p"(W) 5y

where p*=pk is the operation defined in IV.7.26.

Proof. Let @,: Kg(X)— Kg(V) (resp. @y Kg(X)— Ki(W)) be the Thom iso-
morphism (cf. IV.5.14). Since TV=(pV(1)=f*[(1+y)TW] where ye Ki(X), we
have “formally”’

kT, KT -vk(A K1+
UHT) YT 0 +),

D=0y TN s Ty

2.6. Corollary. Let W be a spinorial bundle of rank 8p over RP,_,, such that the
sphere bundles S(8pe) and S(W') have the same fiber homotopy type. Then p*(W) = k*?
if k is odd.

Proof. Since k is odd, y*(&)=¢&. Therefore, using the fact that Kgx(RP,_ )~

. : . YrlL+y)
Kg(RP,_,) is generated by £—1 (IV.6.46), we see that the factor 13y
y

equal to one. Hence p¥(V)=p*8pe)=k*?. 0O

2.7. Proposition. Let a, be the order of the group Kg(RP,_,), that is, a,=2/ where
[ is the number of integers i such that 0<i<nandi=0, 1, 2 or 4 mod 8 (IV.6.46). If
S~ admits n— 1 linearly independent tangent vector fields, then t is a multiple of a,.

Proof. We first prove that if the sphere bundles S(z¢) and S(¢£) have the same
fiber homotopy type, then #¢ is stably trivial. For the case n=2, the vector bundle
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& @ €& is trivial. Hence, if ¢ is even, there is nothing to prove. If ¢ is odd, i.e.
t=2r+1, then the Thom space 7€ may be identified with S*"(RP,), and K2 (&)=
Kr(RP,)# K,ﬁ’(/tz) (IV.6.45). Hence the Thom spaces ;Z and 7¢ do not have the

same fiber homotopy type, which implies that S(¢£) and S(z¢) do not have the same
fiber homotopy type.

Let us now consider the case n>2. We first prove that E~Tf implies that ¢ is
a multiple of 4. The set of natural numbers u, such that u& +me has the same
homotopy type as (u-+m)e for some m, has a smallest element o, which divides
all such numbers (note that in general V' x W x ¥ , W). Since a, =2/, the number
a may be written as 2¢ with g<f, so we must show that g0, 1. The Thom space
u¢ can always be identified with RP,, _,/RP,_, via the homeomorphism
(R"—{0}) x RY/R*>RP,,,_,— RP,_,,induced by the inclusion of (R"—{0}) x R*
in R""“—{0}. Therefore, a homotopy equivalence between af +me and (x+m)e
implies that Ky *(RP,_ )~ Kg(S*(RP,_,))* Kg(RP,,,_,/RP,_).But,bylV.6.45,
we have

Kg '(RP,_)=Z/2;  Kg(RP,/RP)~Z/?* with f=2;
Kg *(RP,_)=1Z/2 if3<n<T,
=a group of order 2 or 4if n=7;

and by IV.6.42

Kg(RP,, ,/RP,)=Coker(K(C™* ' %) — K(C" )
=Z/4 if3<n<T,
—Z/? with B>2,ifn>7.

Therefore a1, 2, i.e. ¢ is a multiple of 4.
Assume now that t=4/. By 2.6, we must have p¥4/é+4])=k*" if k is odd.
Therefore, applying proposition 1V.7.30, we obtain the identity

k-1

e !

1+

in the multiplicative group 1 +I~(R(RP,,_ ), for every odd integer k. Now let
0: Kg(RP,_,)— Z/2* 'Z be the ring homomorphism defined by 0(4)= — 2. Then
@ induces a group map

0':1+Kg(RP,_,)— (Z/27 ' Z)*,

20
such that 6’ 1+162—k§711>=(1/k)2’. As is well known (and easy to prove), the

group (Z/2 * 'Z)* may be identified with Z/2/~'Z x Z/2, and as a generator of the
factor Z/2/ ~ 'Z we may choose any element of (Z/2/ *'Z)* of the form 4p + 1, with
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p odd. If k is chosen so that 1/k is of this form, we see that (1/k)*'=1in (Z/2/ * 1 Z)*,
if and only if 2/ is a multiple of 2/~ !, thus =4/ is a multiple of a,=2/. 0O

* 2.8. Remark. To show that ¢ is a multiple of 4 when #n>2, we could also have
used Stiefel-Whitney characteristic classes (IV.4.20 and Thom [1].*

2.9. Theorem. The sphere S'~! admits n—1 linearly independent tangent vector
fields if and only if t is a multiple of a,.

Proof. By 2.7, it suffices to construct such linearly independent tangent vector
fields, if ¢ is a multiple of a,. From the definition of a,, we see that ¢ is a multiple
of a,if and only if R’ is provided with a C"~ ! ®-module structure, i.e. if there exist
n—1 automorphisms ey, ...,e,_, of R, such that (¢;)>=—1 and e,e;+e,e,=0
for i#j. If G is the multiplicative finite group of order 2" generated by +e;, we
may choose a metric on R’ so that G acts by orthogonal automorphisms. Hence, we
may assume without loss of generality that e¥ = —e;. Thus for each vector v of
S*~1, the vectors e, -v,...,e,_,-v are tangent vectors which are linearly inde-
pendent. To see this last point, we set e, =1d, and notice that the scalar products

(e;v,e;-vy=0,fori#jand i,je {0, 1,...,n—1}, since ete,;= —efe;. 0O

2.10. Theorem (Adams [1]). Let us write each integer t in the form t=20—1)- 2,
where f=v+40 with 0<y<3, and let us define p(t)=2"+80. Then the maximal
number of linearly independent tangent vector fields on the sphere S'™1, is p(f)—1.

Proof. By 2.9, this number is n— 1, where n is the greatest integer o(¢) such that
tis amultiple of g, . Since a,, is a power of 2, this number depends only on 8. On the
other hand, o(16f)=0(r)+8 since C?*®°xCP°(16) (I11.3.21). Since p(16¢)=
p(1)+8, we need only check the cases t=2, 4, 8 and 16, where we observe that
p(2)=0(2)=2, p(4)=06(4)=4, p(8)=0(8)=8, and p(16)=0a(16)=9. O

3. Characteristic Classes and the Chern Character

3.1. Inthissection we assume that the reader has some basic knowledge of ordinary
cohomology (cf. Greenberg [1], Eilenberg-Steenrod [ 1], Dold [1], Spanier [2] .. .).
Recall that all cohomology theories satisfying the Eilenberg-Steenrod axioms,
agree on finite CW-complexes, and hence on compact manifolds. In general, we
will use Cech cohomology with Z-coefficients, which is the theory best suited to
K-theory. We define the Cech cohomology with compact support of a locally
compact space X, as Ker[H'(X)— H'({c0}), where X is the one point compacti-
fication of X. When there is no risk of confusion, we will simply write H'(X).
Our first objective in this section is to associate with each vector bundle V,
some characteristic classes analogous to the classes constructed in Chapter IV.

3.2. Let V be areal vector bundle of rank » with base X. By definition, an orienta-
tion of V'is given by an orientation w,_ of the real vector space ¥, for each point



278 V. Some Applications of K-Theory

x of X, which varies ‘‘continuously’” with x. This means that for each point y in X,
there exists a neighbourhood U of y and a trivialization U x R"— ¥V, inducing an
isomorphism of oriented vector spaces R” — V_for every point xin U. It is easy to
see that this definition agrees with the definition in IV.4.13 stated in terms of
principal bundles.

An important example is given by a complex vector bundle. In fact, if E is a
complex vector space of dimensionp andife,, . . ., e, is a basis of E, then the vectors
e;,1e,,...,e,,le,can be chosen as an oriented basis of the underlying real vector
space. This orientation is independent of the choice of the basis, and invariant under
complex automorphisms because GL (C) is connected. Moreover, if E’ is another
complex vector space, then the natural orientation of £ @ E’ is the product of
the orientations of E and E’ in the obvious sense. Now, if V is a complex vector
bundle, it may be given the orientation arising from the canonical orientations
of its fibers.

For any oriented real vector bundle V of rank n, we have a canonical generator
w, of the group H"(V,), over each point x of X.

3.3. Theorem (Thom). Let us assume that the base X is compact. Then there exists a
unique cohomology class Uy, € H"(V'), such that the restriction of Uy, to each group
H"(V,) is the generator w,. Moreover, the cup-product with U, defines an iso-
morphism

@y H(X)— H™"(V)

(Uy is called the Thom class in cohomology and ¢y, the Thom isomorphism).

Proof. Using the Mayer-Vietoris exact sequence argument given in IV.1.3, we
see that the existence of such a class U}, induces an isomorphism H'(X)~ H*"(V).
Now let (X;), fori=1, ..., p, be afinite closed cover of X, such that V|, isa trivial

vector bundle for each i. Our proof is by induction on p. If Y= v X;and
i=1,..,p—1
Z=X,, we have the Mayer-Vietoris exact sequence

H" \(Vlypg) — H'(V)— H'(V]y) @ H'(V|))— H'(Vly,2)-

The first group of this sequence is 0 by the induction hypothesis. Thus we obtain
the existence and uniqueness of U, (hence the isomorphism ¢,) for a cover of p
closed subsets X;, such that V| is trivial. []

3.4. Definition. The restriction y(¥) of the Thom class U, to H"(V)~ H"(X), is
called the Euler class of the oriented vector bundle V' (more precisely, it is the
cohomological Euler class as opposed to the K-theory Euler class defined inIV.1.13).

A justification of this terminology is given by the following proposition:
3.5. Proposition. Let V be the tangent bundle of an oriented manifold X. Then

1(V), evaluated on the fundamental class of the manifold X, is equal to the Euler-
Poincaré characteristic of the manifold.
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This proposition is proved in Husemoller [1], pp. 255-258. Since we do not
require this result (except for an application in 3.28), we omit the proof.

3.6. Proposition. Let V, andV , bevector bundles with bases X, and X, , respectively.
Then Uy .y, = Uy WUy, . If X, =X, =X, then y(V, @ V))=x(V,)-x(V>)-

Proof. The first formula follows from the uniqueness of the Thom class as stated
in 3.3, and from the elementary properties of the cup-product in cohomology. The
second formula is obtained from the first via the diagonal map X —» Xx X. 0O

3.7. Proposition. Using the notation of IV.2.3, we have the split exact sequence

0— H(P(V @ L), X)-L> H'(P(V ® L)) — H'(X)— 0

U

H'(&F ®n*L)

U

H™YP(V)).

If U denotes the Thom class of the line bundle £ ® n*L, and if r=2, then j*(U)
is the Euler class o of the bundle {}; o ; ® nf(L), where n,: P(V @ L)— X. Finally,
if x is an element of Ket(H'(P(V @ L)) — H'(X), and if X' = X|grp ), we have the
Jormula j*®(x")=x-j*(U).

The proof of this proposition is analogous to the proof of IV.2.4.

3.8. Proposition. Let X be a compact space, and let P,= P(C"*') be the complex
projective space of dimensionn. Then H*(X x P,) is a free H*(X)-module with basis
1,¢,..., 1% where t is the Euler class of the line bundle p*¢, withp: Xx P,— P,.
Moreover, I"* 1 =0; hence H*(X x P,)~ H*(X)[{J/("* ).

The proof of this proposition is analogous to the proof of IV.2.5.

3.9. Corollary. Let P, and P, be complex projective spaces, and let n, =nt&* and
ny,=n%&k, wheren, =P, x P, — P,andn,: P, x P,,— P, . Let x and y be the Euler
classes of the bundles v, andn,. Then H*(P,x P,)~Z[x, y1/(x"*H)(y"* ).

3.10. Proposition. Let L, and L, be line bundles. Then y(L, ® L,)=y(L,)+ x(L,),
A(L,) is nilpotent, and y(L} ® L,)= — (L) +x(L,).

Proof. By 1.7.10, it suffices to verify the proposition when the base space is
P, xP,, L =n%&¥, and L,=n%{%. By restriction to the factors P, and P, (choose
base points in P, and P, ), and by naturality, the corollary above shows that
x(L; ® L))=x+y=x(L,)+x(L,) in the group H?*(P,x P,). The nilpotence of
%(L,) follows from the nilpotence of ¢ in Proposition 3.8. Finally 0=y(L¥ ® L,)=
KL+ x(Ly), and y(L¥ ® Ly)=x(LY) +x(Ly)= —x(L)+x(L,). O
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3.11. Remark. If we let u denote the Euler class of n*¢,, where n: X< P,— P,,
then we have u= —t, and H*(X x P,)~ H*(X) [u]/(u"* ).

3.12. Proposition. Let X be a compact space, and let V be a complex vector bundle
of rank n over X. Let u be the Euler class of the line bundle £=¢, over P(V) (cf.
1V.2.2). Then H*(P(V)) is a free H*(X)-module with basis 1,u,...,u""'. In
particular, the homomorphism H*(X)— H*(P(V)) is injective.

The proof of this proposition is analogous to the proof of Proposition IV.2.13.

3.13. Proposition. Assume that V may be written in the form L, ® --- @ L,
where the L, are line bundles. Then u" is determined as a function of the ', for i<n,
by the relation

[T = r)=0

The proof of this proposition is analogous to the proof of 1V.2.14 (where the
unit element is simply 1).

The “splitting principle” in K-theory has the following analog in cohomology
theory:

3.14. Proposition. Let V be a complex vector bundle with compact base X, and let
n: F(V)— X where F(V) is the flag bundle of V (cf. IV.3.3). Then

a) the homomorphism n*: H¥(X)— H*(F(V)) is injective; and b) the vector
bundle n*(V') splits into the Whitney sum of line bundles.

The proof of this proposition is analogous to the proof of IV.2.15, with the
remarks made in IV.3.3.

3.15. Theorem. To each complex vector bundle V of fixed rank with compact
base X, we can uniquely associate cohomology classes c(V)e H*(X) called the
Chern classes of V which satisfy the following axioms:

1) The c{V) are “natural”, i.e. c{V)=f*(c{V")) for any general morphism
V — V' which is an isomorphism on the fibers, and induces f: X — X' on the bases
(cf. 1.1.6).

2) If V, and V, are vector bundles with the same base, then ¢ (V, ® V,)=

2 (V) -cfVy)

i+j=k

3) Iftherank of Vis one, then co(V)=1, c,(V)=x(V), and c(V)=0 for i#0, 1.

The proof of this proposition is analogous to the proof of IV.2.17. Moreover,
this proof gives us the following proposition:

3.16. Proposition. Let X be a compact space, and let V be a complex vector bundle
of rank n over X. Let u be the Euler class of the line bundle £=¢&,,, and let c(V') be
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the Chern classes of V (note that c(V)=0 for i>n). Then we have the relation
w—c(Mu" 1+ -+ (=1 (V)=0,

which completely determines the ring structure of H*(P(V)) (cf. 3.12).

3.17. Proposition. Let V be as above. Then c,(V) is equal to the Euler class y(V)of V.

Proof. By the splitting principle, we need only verify the proposition for
V=L, ® ---® L,, where the L, are line bundles. By 3.6, we then have

(L, ® @ L)= ] #L)= ] exLy=c,¥). O
=1

i=1 i

3.18. Remarks. Let us write c(V)= ) c¢,(V)e H*"(X). This is called the “total

i=0
Chern class’ of V. Then relation 2) of 3.15 may be written more simply in the form
c(V,® Vy)=c(V,) c(V,). We could also push the analogy with K-theory further
by computing the cohomology of flag bundles, Grassmannians, etc. (cf. Dold [2]).
This is left as an exercise for the reader.

3.19. By analogy with the characteristic classes ¥/*(¥) constructed in IV.7.15, we
define classes s,(V) € H**(X), such that s,(V, @ V,)=s,(V,) +s(V,), by putting
5;(M)=0(cy5 ¢, .. ., c,) Where ¢;=c(V), and Q, is the Newton polynomial. We
make the convention that s,(V)=rank(}). The formal computations made in
IV.7.15, may be repeated to prove the relation s, (V, @ V,)=s,(V,)+s(V,), which
we will require.

3.20. Proposition. Let V', and V, be complex vector bundles. Then we have the
relation

k!
sVi® V)= 3 ﬁsi(VJsj(Vz)-
ivj=ktiS

Proof. Weprovide the group H*'*"(X) with a new multiplication law, denoted by *,
which is defined on homogeneous elements x; and x; of degrees 2i and 2j, respec-
tively, by the formula

Y
x.*x.z(—lj—_{—)' i
L 17 A

Then H*"*"(X), provided with this new multiplication, is still a commutative ring,
and the formula required is

Vi@ V)= 3 s(V)xs V).

i+j=k
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If we set s(V)= Y. 5(V)e H®*"(X), this is equivalent to proving that

i=0

s(V, @ Vy)=s(V,) xs(V,).

Because of the splitting principle and the property stated in 3.19, it suffices to
check this formula when ¥V, and V, are of rank one. If we set x, = y(V,), x, = x(V>),
then x, +x,=x(V; ® V,) by 3.10. Hence, s,(V, ® V,)=(x, +x,)5, 5,(V)=(x,),
and s(V,)= (x,)’. Therefore, the identity required is simply

Coptx)i= X () * ()= X ~(x1)(x2)

i+j=k i+j= k

which is the binomial identity. O

3.21. Remark. The definition of the classes ¢, (V) and s(V) may be generalized
to the case where the rank of ¥ is not necessarily constant. If XY=\ X, is a partition
of X into open subsets such that the rank of V|, _is constant, then we define (V)
(resp. s(V)) as the unique cohomology class such that ¢ Mix,=c(Vix,) (resp.

5i(Mx.=s(Vx.)-

3.22. In order to avoid the above “twisting” of the multiplication in H*"**(X),
we must work with rational cohomology, i.e. the cohomology theory with @ as
the group of coefficients instead of Z. As is well known (cf. Eilenberg-Steenrod
[1]), H(X; Q)~ H'(X) ® Q. Thus we may define

1 1
Chk(V)=;€‘; Sk(V)=E Qe (V), ca(V), .. .,c (V) e H*X; Q),

Ch(V)= i Ch(V)e H™(X; Q)

k=0

(we notice that Ch,(V)=0 for k large enough, since the ¢(¥) are nilpotent by the
splitting principle and Proposition 3.10).

3.23. Theorem. Let V, and V, be vector bundles, with compact base X. Then we
have the formulas

CH(V, ® Vy)=Ch(V)+Ch(V,),
and Ch(V, ® V,)=Ch(V,)-Ch(V>).

Moreover, if L is a line bundle, then Ch(L)= exp(y(L))-

Proof. Since s,(V, ® V,)=s,(V)+5(V,), we clearly have Ch(V, ® V,)=
Ch(V,)+Ch(V,); hence, Ch(V, ® V,)=Ch(V )+ Ch(V,). Similarly

Ch(V, ® V2)- S5V ® V)= Y 1, Ss(V)s (V)= % Ch(V,)-ChiVy).

i+j= k i+j=k
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Therefore CA(V, ® V,)=Ch(V,)- Ch(V,). Finally, if V'is of rank one, then

] 1 eo

CHV)= ¥ z5iV)= ¥ 1V F=exoG(V). O

k=0k! k=0

3.24. Definition. We call the ring homomorphism

Ch: K(X)— HY*'(X; Q)='® H(X; Q),

i=0
defined by Ch([E]—[F1)= Ch(E)— Ch(F), the Chern character.

3.25. Theorem. The Chern character has the following properties:

a) If X is the sphere S*", then Ch is injective, and its image is H*(S*")<
H*(S*"; Q).

b) For any compact space X, Ch induces an isomorphism

K(X) ® Q= H*"(X; Q)
(the cohomology used here is Cech cohomology).

A detailed and complete proof of this theorem is given in the Cartan-Schwartz
seminar 1963/64, exposé 16 (Karoubi [1]).

3.26. Since K (X, V)= I~(C(X/ Y)=Ker[K(X/Y) — K (Point)], and since
Hen (X, Y)Q)~ B (X/V)=Ker[H*"(X/Y) — H**(Point)], we may extend
the Chern character by a homomorphism, also denoted by Ch, from K (X, Y)
to H**"(X, Y; Q). Applying these observations to the pair (X' x B!, X x §°), we
obtain a homomorphism from Kg (X, Y) to H®YX,Y; Q). If we define
KX, Y)=K2X, Y) & K:'(X, Y), we finally obtain a homomorphism
Ch: K& (X, Y)— H*(X, Y; @), compatible with the multiplicative structures, and
inducing an isomorphism K# (X, Y) @ QxH*(X, Y; Q).

3.27. Theorem. Letyl: He"**(X; Q) — H**(X; Q) be the algebra homomorphism
defined by Y (x)=k"x for x e H*'(X; Q). Then the following diagram is commutative

h n
Ke(X) < H™(X; @)
*/’kl J'l"x‘f
Ch
K(X)— HT"(X; Q),
where * is the Adams operation (cf. IV.7.13).

Proof. 1t suffices to prove that for each vector bundle V' of rank n, we have
Ch(YM(V))=y'(Ch(V)). By the splitting principle, we may further assume that
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n=1. Then Yy*(V)=V* and ¢;(V*)=kc,(V) (IV.7.13 and 3.10). Therefore
k
Ch(y(V))=exp(ke,(V))=1 + Cl(V)+ (CI(V))Z

=yk <1+ (V)+ (c )+ -- ->=t//’,‘,(Ch(V)). 0

We now give an application of the theory of characteristic classes to a problem
which was solved by Borel-Serre [1] using other methods.

3.28. Theorem. Let TS*" be the tangent bundle of the sphere. Then, if n#1 or 3,
TS?" cannot be provided with a complex structure.

Proof. If E is any complex vector bundle on S2", then Ch(E) belongs to
H*(S*"; Z)c H*(S*"; Q) by 3.25. Since ¢(E)=0 for i<n, the Newton formulas
imply that Ch(E) = (~ 1y~ &)
(n—1)!
generator of H?"(S*"; Z). Therefore (n—1)! divides 2, which is only possible if
n=1,2, or 3.

If n=2, i.e. in the case of S*, the computation above shows that if 7.S* is
provided with a complex structure, then its class in K (X) is not trivial. But its
class in Kp(S*)is trivial, since 7S* @ 0, is trivial (1.5.5). Since the homomorphism
K{S*)— Kg(S*) is injective (IV.5.19), we have a contradiction. Hence n#2, and
the theorem is proved. [

-By 3.5 and 3.17, ¢,(E) is twice the canonical

3.29. Remark. A purely “K-theoretical” proof of this last theorem is sketched in
Exercise IV .8.15.

4. The Riemann—Roch Theorem and Integrality Theorems

4.1. Along the lines of Hirzebruch [2], we sketch a general method of constructing

characteristic classes from formal power series. Let f(x) be a formal power series

with coefficients in a ring A, which may be written in the form 1+ a,x +a,x*+ - - -.

If x,,...,x, are n variables, then the product f(x,)-f(x,)--- f(x,) is a formal

power series which is symmetric in the variables x,, x,, . . ., x, . Therefore, we may
[ ¢)

write it in the form ¥ Pj(x,, X, ..., x,), where the P} are well defined sym-
k=0

metric polynomials of degree k. If 64, ..., o, denote the elementary symmetric

functions of the x;, then the polynomials P{(x,, . . ., x,) may be uniquely expressed

as R’}(a1 , ..., 0,), where R’} is a polynomial of weight k in the variableso , .. .,0,.

Therefore, for each vector bundle ¥V of rank n, the cohomology class T" }‘( V)=

{)(cl(V) cz(V) ., ¢(V)) is a well-defined element of H*(X) ® A (Note that
°(V)=1).
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4.2. Theorem. Let T (V)= ) Tj(V)e H*"*(X). Then the characteristic class T,
k=0

is characterized by the following properties.

a) T, is “natural” (cf. 3.15).

b) TV, ® V))=T,(V) - T/(V)).

o) T,(V)=f(((V)) if V is of rank one, where y(V)=c (V') denotes the Euler
class of V.

The proof of this theorem is analogous to the proof of Theorem 3.15.

4.3. Examples. When f(x)=x and A=Z, the class T (V') is simply the total Chern
class c(V)=1+4¢c,(V)+ - - - +¢,(V) of the vector bundle V.

When A=Q and f(x)=(1—e™")/x, the characteristic class T, is called the
“Todd class” of the bundle V, and is written as (V). A preliminary justification of
the importance of this definition is the following theorem.

4.4. Theorem. Let V be a complex vector bundle of rank n, and let ¢y: K(X)—
K (V) and oy: H¥(X; Q)— H*(V; Q) be the Thom isomorphisms in K-theory and
cohomology, respectively (we let H* denote Cech cohomology with compact support).
Then ¢z ' (Ch(pg(1))=1(V). Furthermore, we have the formula

Ch(px(x)) = @g(Ch(x)-1(V))

Jfor each element x of K(X) (Note that V and V have the same underlying real vector
bundle, hence the same underlying topological space).

Proof. Let us temporarily denote the class @5 (Ch(pg(1))) by #(V). Then the
method used in IV.7.18 shows that (V' @ V,)=%(V,)-T(V,). By the splitting
principle, it therefore suffices to check the first formula for the canonical line
bundle L over P, = P,(C). In this case, if we let s denote the zero section of L, and
let s¥: K{(L) — K{X) and s%: H*(L; Q) — H*(X; Q) denote the induced homo-
morphism in X-theory and cohomology respectively, then we have the relations

UL)L) = s 5(Ch(@ (1)) = Ch(s x(@x(1))
=Ch(1-L)=1-exp(—x(L))

by 3.10. Since the relation T(L)y(L)=1-exp(— (L)) holds for each integer n,

we see that the class T(L) is obtained from the formal power series (1 —e™*)/x by

the substitution x — y(L). Therefore T(L)=1(L), hence T(V)=1(V) in general.
Furthermore,

?r ' (Ch(@x(3))= 05 '(Ch(x) Ch(@x(1))) = Ch(x)- 95 ' (Ch(px(1))) =1(V') - Ch(x).

Therefore Ch(@g(x))=@x(t(V)-Ch(x)). O
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4.5. Remarks. This is the first place where we must be careful about sign conven-
tions in defining ¢, . The conventions we have adopted are the same as in Hirze-
bruch’s book (for the definition of the Todd class), and are essentially motivated by
algebraic geometry. In order to understand these conventions, it is convenient to
think of a complex vector bundle as a real vector bundle provided with the °spinorial
structure associated with the complex conjugate structure rather than the original
complex structure.

Another aspect of these conventions that should be noted is that in the case of a
trivial vector bundle ¥V, we have (V)= 1. Hence Ch is compatible with the Thom
isomorphisms in this case. In other words we have a commutative diagram

KX x @), B x o)

(,,J Lp,,

KX)— S H*(X)

Finally, we must point out that the class which will turn out to be of importance
for us is not ©(¥), but rather its inverse v'(V)=1(V)"'. In fact, the function
x/(1 —e™*) may be expressed as

Bs 2s

x o0
14Z _ 1y 1
T L CUTE

where the B, are the Bernoulli numbers (Hardy and Wright [1]). For example,
B,=1, B,=3, B,=75, B, =7y, etc. Therefore

t(V)=3c1,
’ 1 2
Tz(V)zﬁ(C2+cl),
13(V) =34C,¢4,
T, (V) =735 (—c4+ 301 +33 +4c,ci— ),
T5(V)=1a5(—ca¢, + e3¢t +3¢,63 = ¢yc1),
and T5(V)=55555(2C6 — 2¢5¢, — 9,0, — 5c,ct — 5+ 11eye, 0, + 5cqci
+10c3 + 112 — 12¢,¢t +2¢9).

These computations are due to Hirzebruch [2].

4.6. Proposition. Let V be the complex conjugate bundle of V (1.4.8.¢). Then
c(V)=(—=1)c(V). Inparticular, if VaV, then the Chern classes c(V') are elements
of the 2-torsion of H*(X) when i is odd.

Proof. Let us define c(V)=(—1)'c(V). In order to prove that cj(V)=c(V), we
must check that the ¢j(V) satisfy the axioms of the Chern classes (3.15). Since the
first two axioms are trivially satisfied, we need only verify that ¢,(V)= —c,(V) if
V is a complex line bundle. This follows immediately from 3.10.

Now if V'~ V, we have ¢(V)=(—1)'c(V). Hence 2c(V)=0for i odd. [
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4.7. Definition. Let W be a real vector bundle. We define its Pontrjagin classes as
(—1)'c,(V), where V=W ® C is the complexification of W (1.4.8.¢). They are
denoted by p(W).

The Pontrjagin classes satisfy some formal axioms, analogous to those of
Chern classes. If p(W)=1+p,(W)+ - +p(W)+ - -, where p (W)e H*(X),
denotes the “total Pontrjagin class”, we have the relation p(W, @ W,)=
p(W p(W,) mod 2 torsion. If W is the real vector bundle of rank 2 underlying a
complex line bundle ¥, then W ® € may be identified with V@ V (1.4.8.¢).
Therefore, p,(W)=(c,(V))*.

4.8. Assume now that W is a real vector bundle of rank 2n, provided with a
spinorial structure (IV.4.25). By IV.5.14, we have a Thom isomorphism
ox: K(X)— KW), and hence the characteristic class A(W)= gy (Ch(px(1))),
which we call the “Atiyah-Hirzebruch class’ of W. We would like to compute this
class in terms of the Pontrjagin classes of W. Note that A(W)=1 if W is trivial by
our sign conventions (IV.5.8, IV.5.13, 5.4).

To do this, we consider the homomorphism Spin°(2n) — U(1) defined by
(a, z) — z? (IV.4.30). This homomorphism induces a map H'(X;Spin°(2n)) —
H'Y(X; UQ))~®5(X). Thus we may associate a complex line bundle L
with the vector bundle W. We denote the Chern class ¢, (L) by d(W). (x In fact it
is not difficult to show that d(#') determines the °spinorial structure of W.x)

4.9. Proposition. Let V be the complexified bundle of W. Then A(W)=e%?./1(V),
where d=d(W), and ©(V') is the Todd class of V (4.3). More generally, Ch(¢(x))=

(e /o(V)- Ch(x).

Proof. Theclass A(W)hasthefollowing properties: A(W, @ W,)=A(W,)- A(W,)
(compare with 4.4), and A(W)=1 if W is a trivial bundle.

Now the vector bundle W @ W simultaneously has a complex structure ¥
and a °spinorial structure. By IV.5.9, the corresponding Thom classes only differ
by the factor L. Since V'~ V, we have A(W @ W)=et(V). Therefore A(W)=
VAW = /AW ® W)=e"2/t(V'). The second part of the proposition may
be proved in the same way as Proposition 4.4. [

4.10. In order to conveniently express the class /7(¥) in terms of the Pontrjagin
classes of W, we formally write ¢(V)=[] (1+x;)(1 —x;,), so that the Pontrjagin

i=1

classes of W, which was assumed to be of rank 2n, appear as the elementary sym-
metric functions of the (x;)*. This is possible in rational cohomology, since c;(})=
0 mod 2 torsion for i odd (4.6). With this convention, formally we have

_""'l—e""= - sinh(x;/2)
-x i1 (/2
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(which is a function of the (x;)?). From this computation, we obtain the following
theorem which explicitly computes the class A(W).

4.11. Theorem (Atiyah-Hirzebruch). Let W be a °spinorial real vector bundle of
rank 2n, and let d(W') be the cohomology class associated with W (4.8). For each
element x of K{X), we have the relation

Ch(pg(x)) = px(A(W)- Ch(x)),
where

" sinh(x,/2)
A(W)= etz T7 SIAX/2)
(W)=e il=_I1 x;/2

and where we regard the Pontrjagin classes of W as the elementary symmetric
functions of the (x;,)*.

4.12. If Wis the underlying real vector bundle of the complex vector bundle 7, we
provide it with the °spinorial structure associated with 7, according to our sign

conventions. Then d(W)= —c¢,(T)=—~ ) x;, and the Chern classes of 7 may be
i=1
regarded as the elementary symmetric functions of the x;. Therefore

A(W) = 4002 IEI sinh(x,./2)= ﬁ l_e_xi=r(T).

=1 X%/2 i=1 X%

noo ]2
In general, the characteristic class [] EE—:—(—/);#/—)
i=1 i
Pontrjagin classes, will be called the “reduced Atiyah-Hirzebruch class’ of W and
will be denoted by A(W). Asin 4.5, we actually use its inverse more often. If we set

A'(W)=1/A(W), we find that

expressed in terms of the

AE(W) = _TIIP1

Ay (W)=3756P — 1350 P2

4.13. The preceding observations may be extended to real K-theory by means of
the Thom isomorphism in real K-theory (IV.5.14). More precisely, let W be a real
vector bundle of rank 8n, provided with a spinorial structure. Then we have Thom
isomorphisms

¢x: Kg(X)— Kx(V) and ¢y H¥(X; Q)— H*(V; Q).
For any locally compact space Y, we may consider the “Pontrjagin character”

P: Kx(Y)— @ H*(Y; Q), obtained by composing the complexification homo-
i=0
morphism Ki(Y)— K (Y) with the Chern character K(Y)— H*(Y; Q).
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4.14. Theorem. Let W be a real vector bundle of rank 8n provided with some
spinorial structure. For each element x of Ki(X), we have the relation

P(@x(x))=@u(A(W)- P(x)),
where

o o sinh(x;/2)
A(W)#ig) x;/2

and where again we regard the Pontrjagin classes of W as the elementary symmetric

Sunctions of the (x,)*.

4.15. Remark. Let x be an element of K (X) (resp. Kg(X)), written in the form
[E]—[F], where E and Fare vector bundles. Then we can define t(x)=t(E)t(F)~*
(resp. A(x)=A(E)A(F)™"). Similarly, we set d(x)=d(E)~d(F) if x is provided
with a stable spinorial structure (IV.5).

4.16. Now let X and Y be compact differentiable manifolds such that Dim(Y) —
Dim(X)=0mod 2,andletf: X— Ybeacontinuousmapsuchthatv, =/*(TY)—TX
is provided with a stable °spinorial structure (IV.5.23). In IV.5.27 we defined a
Gysin homomorphism

L= Kd(X) — K(Y).

Along the same lines, we define a Gysin homomorphism in cohomology
L tHYX Q) — HY(Y; Q)

which is actually dual (via Poincaré duality) to the homomorphism

fo H(X;Q)— H(Y; Q).

4.17. Theorem (the Atiyah-Hirzebruch version of the Riemann-Roch theorem).
Let d=d(v;) as in 4.15. Then, for each element x of K(X), we have the relation

Ch(f ) =11 - A(v,)- Ch(x)),
where f: X — Y satisfies the hypothesis of 4.16, and where v ,=[ f*(TY)]-[TX].
Proof. Since both members of the formula above depend only on the homotopy
class of f (cf. IV.5.24), we may assume without loss of generality that f is dif-

ferentiable. First let us consider the case where fis an imbedding with N as normal
bundle. Then the classes of v, and N are equal in the group Kg(X). Hence
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A 7)=A(N). On the other hand, if we represent N as a tubular neighbourhood of
Xin Y, then the diagram

K(N)—"—K(Y)

H*N; Q—— HXY; Q),
where uand vareinduced by the canonical map Y — N(cf.IV.5.21), iscommutative.
Let us now consider the diagram

Ko (X)—— K (N)

ChJ Jc,,

H*X; Q) 2% H*(N; Q).

In general, this diagram is not commutative. In fact, if xe KJ(X), then
Ch(pg(x))= @ (A(N)- Ch(x)) by 4.11. Therefore, Ch(ff(x))=Ch(u(py(x))=
U(Ch(px(x)))=v(@g(e??-A(v,)- Ch(x))=fF(e?*- A(v,)- Ch(x)), an identity which
proves the theorem for this case.

In the general case, the differentiable map f may be factored into an imbedding
followed by a projection, i.e. f=p-i where i: X Yx S and p: YxS"» Y
(proiection onto the first factor). Hence fX ——p* K (IV.5.24), and similarly,
S =p¥-ijl. Also note that v,=v, in the group K(X). Since the diagram

K(¥YxS™)—P* k(1)
Cth JvCh
H*(Y xS Q)i H%Y; Q)

is commutative by the multiplicative property of the Chern character, we have the
relations

Ch(f(x))=Ch(py -i5(x))=p{(Ch(i{(x)))
=pa(ii(e” - A(v,)- Ch(x)))=f(e”? - A(v,)- Ch(x))). O

4.18. Corollary. Let us assume that v is provided with a stable complex structure
(hence with a stable “spinorial structure; cf. IV.5.27). Then ¢%*-A(v,) is the Todd
class 1(v;) of v, . Therefore, we have the relation

Ch(f{ () =£((v ) Ch(x)).
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4.19. Theorem. Let f: X — Y be a continuous map between compact differentiable
manifolds, such that Dim(Y)—Dim(X)=0mod 8. Suppose that v, =f*(TY)—TX
is provided with a stable spinorial structure. Then we have the relation

P(f{)=1A0,) - P(x)),

where fX is the Gysin homomorphism in real K-theory, and P is the Pontrjagin
character (4.13).

The proof of this theorem is analogous to the proof of Theorem 4.17.

4.20. We apply the above assertions to the case where Y is a point. Then the Gysin
homomorphism f: H*(X; Q)— H*(Y; Q) maps H'(X; Q) to 0 if i Dim(X),
and is an isomorphism H?(X; @)~ H°(Y; Q)~ Q for p=Dim(X). In other words,

J(z) is the value of the cohomology class z on the fundamental class of X. Since
up to isomorphism Ch: K(Y)— H°(Y; Q) is the canonical inclusion of Z in Q,
we obtain the following integrality theorem as a consequence of 4.17.

4.21. Theorem (Atiyah-Hirzebruch[1]). Let X be a compact differentiable manifold
of even dimension, such that TX is provided with a stable °spinorial structure with
associated cohomology class de H*(X; Z). Then for each element x of K(X), the
value of e~ ¥*Ch(x)/A(TX) on the fundamental class of X is an integer.

4.22. Examples. If X is a 4 dimensional manifold, and if we choose x=1 then we
find that p, —3d? is divisible by 24. If X is a 6 dimensional manifold, we find that
d®—dp, is divisible by 48. If X is an 8 dimensional manifold, we find that
15d*+30p,d*+Tp% —4p, is divisible by 5760, etc.

4.23. Corollary. Let X be a compact differentiable manifold of even dimension, such
that TX is provided with a stable complex structure. Then for each element x of K((X),
the value of ch(x)/t1(TX) on the fundamental class of X is an integer.

Example. Again, if we choose x=1, the computations made in 4.5 show that some
rational characteristic classes are integral. For example, if Dim(X)=8, we find
that the value of ¢, —cyc; —3¢3 —4c,ci+ct on the fundamental class of X is
divisible by 720, where ¢; are the Chern classes of TX (provided with its stable
complex structure).

4.24. Theorem (cf. Hirzebruch [1]). Let X be a compact manifold of dimension=
4 mod 8, such that TX is provided with a spinorial structure (i.e. w,(TX)=0; cf.
1V.4.20). Then for each element x of Kg(X), the value of P(x)/A(TX) on the funda-
mental class of X is an even integer.

Proof. We apply Theorem 4.19 to the constant map from X to S*. Then the
Pontrjagin character P: Kg(S*)— H*(S*; Q) isomorphically maps K(S*) onto
2H*(S*;Z)=2Z < Q=H*(S*; Q), since Ch isomorphically maps K.(S*) onto
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H*(S*;Z) (3.25), and since the complexification homomorphism Kg(S*)~
Z— K(SY~Z is multlphcatlon by 2 (II1.5.20). On the other hand, £, may be
factored into af, where a: X — Point and B: Point — S*. Since B, is an iso-
morphism from H °(Point) to H*(S*), the expression f,7(P(x)A(v,)) is actually the
value of P(x)/A(TX) on the fundamental class of X when we identify H*(S*)
withZ. [

4.25. Example. Let X be of dimension 4. Then the value of p, is divisible by 48
ifw,(TX)=0 (note that p, (TX) is in general divisible by 24 if w,(7X) arises from an
integral class; cf. IV.4.20 and IV.4.25). Similarly, if X is of dimension 8 and again
w,(TX)=0, then the value of 7p?—4p, is divisible by 11 520, etc. Here the p;
refer to the Pontrjagin classes of the tangent bundle.

4.26. Remark. The use of spinoriality or spinoriality conditions may be avoided
by considering the theory K .(X) ® Z[1/2] (cf. IV.8.13). We leave as an exercise
for the reader, the fact that up to a power of 2, the reduced Atiyah-Hirzebruch class
of any oriented manifold, evaluated on the fundamental class, is an integer. For
example, if X is of dimension 4 (resp. 8), the value of p, (resp. 7p? —4p,) on the
fundamental class is divisible by 3 (resp. 45), etc.

4.27. In differential topology it is well known that the Pontrjagin classes of a
manifold are not homotopy invariant. However, with the preceding method, we
can prove that suitable classes are invariant mod m. More precisely, let p; denote
the Pontrjagin classes considered in the quotient group H*'(X; Z)/I"*(X), where
T'*(X) is the torsion subgroup of H*(X; Z). If /- X — Y is a homotopy equiva-
lence, we have p'(v,)=f*(p'(TY))-p'(TX)~ 1). Since v, is spinorial, we have
A )€ P(Kg(X)) by Theorem 5.24. Here is an application:

4.28. Theorem (Hirzebruch [1]). Let X be a compact manifold and let TX be its
tangent bundle. Then the image of p,(TX) in the quotient group H*(X; Z)/T" *(X) is
homotopy invariant mod 24. If H*(X ; Z/2)=0, then the image is invariant mod 48.

4.29. To conclude this section we give a final application of the Riemann-Roch
theorem. Consider a differentiable fibration between compact manifolds

E-“>B

with fiber F, a compact manifold of even dimension. We assume that TF and TB
(hence v,) are provided with °spinorial structures.

4.30. Theorem (Atiyah-Hirzebruch [3]). Let us denote the class e*™A(TF)
evaluated on the fundamental class of F by s/(F). Then the composition n,n* is the

K (B)-module homomorphism defined by multtplzcanon with an element of dB).
This element may be written as </(F)+x', where x' € K(B). In particular, if B is
connected and if of(F)=+1, then the homomorphism n*: K(B) — K (E) is
injective.
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Proof. Since n* and n, are K (B)-module homomorphisms, n, n* is well-defined
as multiplication by an element x of K (B). To find the desired expression of x,
we use the commutative diagrams

K(B) ™ K(E) K(E) "> Ky(B)
R
Ko(P) =L K(F) Ko(F) %% K(P)

where P denotes a point. Now we need only prove the theorem for the case where
Bis a point ; but this follows directly from the definition of the Atiyah-Hirzebruch
class. O

4.31. Examples. The reader can verify that the flag manifolds and complex projec-
tive spaces are examples of manifolds F such that /(F)= +1. This gives an
a posteriori reason for the splitting principle in complex K-theory.

5. Applications of K-Theory to Stable Homotopy

5.1. Let E be a vector bundle with compact base X. Up to homotopy we may
associate a metric with E (cf. 1.8.5), hence a sphere bundle S(F). If E’ is another
vector bundle, then the sphere bundles S(E)and S(E’) are said to be fiber homotopy
equivalent if there exists a continuous map f: S(E)-— S(E’), which makes the
diagram

S(E)—L- S(E)

\/

X

commutative, and such that for each point x of X, the map f.: S(E,)— S(E,)isa
homotopy equivalence. According to a theorem of Dold-Lashof [1], the relation
thus defined between E and E’ is an equivalence relation ; however, we do not use
this result here. If we let I'(X) denote the quotient of @(X) by the equivalence
relation generated by this relation, we see that I'(X) is an abelian monoid with
respect to the Whitney sum of vector bundles. More precisely, S(E @ F) may be
identified with the quotient of S(E) x S(F) x I by the relation (x, y, 0)~(x’, y, 0)
and (x,y,1)~(x,)',1). Hence, if S(E)~S(E") and S(F)~S(F'), we have
S(E ® F)~S(E’' ® F'). The symmetrization of I'(X) is denoted by J(X); it is a
quotient of Kg(X) (cf. Atiyah [17).

5.2. Certain observations about the group Kg(X) may be repeated for the group
J(X). For example, if X is connected we have J(X)~Z ® J(X), where J(X)
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denotes the quotient of I'(X) by the equivalence relation generated by stable fiber
homotopy type;i.e. S(E) is stably equivalent to S(E’) if S(E @ n) is equivalent to
S(E’ @ n') for some n and n'. Then J(X)~inj lim I',(X) where I',(X) is the subset
of I'(X) generated by bundles S(E), where E has rank p.

5.3. Letuschoosea base point y, in acompact space Y, and let us denote by H(p) the
space of homotopy equivalences from S?~' to S?~!. Let [¥,O(p)] (resp.
[Y,H(p)]) be the set of homotopy classes of maps f:Y— O(p) (resp.
J/: Y— H(p)) such that f(y,)=1. Let X=SY be the suspension of Y. By computa-
tions made in 1.3.9, the set @}'}(S Y) may be identified with the quotient of
[Y, O(p)]" by the action of Z/2~mny(O(p)). Let [Y, O(p)]" (resp. [Y, H(p)]")
denote the quotient of [ Y, O(p)]’ (resp. [ Y, H(p)]') by the action of ,(O(p)) (resp.
7o (H(p)). This last action is defined by (a, f) > afa™", where a™ ! is the homotopy
inverse of a 7.

If S(E) is the sphere bundle associated with a vector bundle E over SY, then
S(E) defines an element of [ Y, O(p)]", hence an element of [ Y, H(p)]".

5.4. Proposition. Let E and E' be vector bundles of rank p over SY, such that the
sphere bundles S(E) and S(E’) are homotopy equivalent. Then they define the same
class in [ Y, H(p)]". Moreover, the map

r,(SY)— [Y,H(p)Y"

thus defined, is injective (but not surjective in general).

Proof. Let us denote the upper hemisphere (resp. lower hemisphere) of SY by
S*Y (resp. S”Y). Then the vector bundle E (resp. E’) is obtained by glueing
together the trivial bundles E, =S* Y x RPand E, =S~ Y x R?, using a ““transition
function” f: Y — O(p) (resp. f': Y— O(p)) such that f(y,)=1 (resp. /'(y,)=1).
If S(E) and S(£’) are homotopy equivalent, then we have a commutative diagram,
analogous to the one considered in 1.3.9,

S(E) %> S(E)

S(E") =% S(E)

where the dotted arrows are only defined over Y, and where « and o' are fiber
homotopy equivalences. From this diagram we see that f is homotopic to Af'u
(where A, u € H(p)) as maps from Y to H(p). Therefore the classes of fand f’ in
[Y, H(p)]" are equal, and the map I' (SY) — [X, H(p)]" is well-defined.

Now we prove that this map is injective. Assume that fand f” are maps from
Y to O(p) which define the same class in [ Y, H(p)]". If E and E" are the associated
vector bundles, we define a fiber map from S(E) to S(£’) by the same diagram as
above, where o’ =1d, and a is defined using the homotopy of /'~ !fto the identity

7 1t can be proved that ny(H(p)) & no(O(p)) ~ Z/2, but we do not need this result here.
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within the homotopy equivalences of ¥~ * (cf. 1.3.9). By its construction, this map
is a fiber homotopy equivalence. [

5.5. Proposition. Let H=injlim H(p), and let [Y,H] be the set of homotopy
classes of maps ffrom Y toH, such that f(y,)=1. Then [ Y, H} =inj lim[ Y, H(p)] =
inj im[ Y, H(p)]". In particular, J(SY) is a subset of [ Y, H]'.

Proof. 1t suffices to prove that the action of n,(H(p)) on [X, H(2p)]' is trivial. If
a and b are homotopy equivalences from S?~ ! to itself, then the pair (a, b) defines
a homotopy equivalence from S?7!'%SP " '=82P"1 to itself®, which we
denote by 6,,. Then 6,,=6,,-0, ,, and 0, , is homotopic to 0, , (use a
rotation of §*?~" which switches the two S?~" factors). Therefore 6, , is homo-
topic to 6, ;. Now if f: Y — H(p) is a continuous map such that f(y,)=1, if
ae H(p) and if a’ € H(p) is a representative of the inverse homotopy equivalence
to a, then 0, 1 is homotopic to 0 .,/ +e=0, .0, 10 .~ 1 in a
continuous fashion. [

5.6. Let H,(p) (resp. H_,(p)) be the subset of H(p) consisting of homotopy
equivalences which are homotopic to Idg,.: (resp. homotopic to the map
(g5 x) > (xy,. .., —X,)). We let Hy(p) denote the set of continuous maps
from S~ * to S?~!, which are homotopic to the constant map, Finally, we let
HY(p) (for n=0, 1, or —1) denote the subset of H,(p), consisting of maps ¢ such
that o(e)=e, where e is the base point of S?~'. In fact, H(p) is the fiber of a
Hurewicz fibration

H)(p)— H,(p) —> $771,

where 1(6)=a(e). In particular, for any space Y with base point we have the
following “‘exact sequence” of pointed sets

[Y,Q87" ') — [Y,H)(p)] — [Y,H,(p)] — [¥, 577 '].
If we define HY =inj lim H?(p), we have [ Y, H’]'~ [ Y, H,] since S? ! is contrac-
tible in S”. In particular, [ Y, HY]~[Y, H,J~inj lim[ Y, H(p)].

5.7. Let c: SP~'— §?~',, §?~! be the continuous map which sends S?~2 into
the base point of S?~',, S77 1,

.- o 8 N

® The join, Z+T, of two spaces Z and T is the quotient of Z x T x I by the relations (x, z, 0)~ (x', z, 0)
and (x, z, )~ (x, z', 1).
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This map defines two continuous maps,
a: Hy(p) x HY(p) —» Hi(p) and B:H(p)xH,(p)—> Hi(p).

If aeH{(p) and be H? | (p), then elementary deformation arguments show that
the maps x+— a(x, a) and y — f(y, b) define homotopy equivalences, inverse to
each other, between H)(p) and HI(p). Since [ Y, HY(p)]' ~[S?~ ' , ¥, 5?7 '], we
obtain the following theorem.

5.8. Theorem. Let Y be an arcwise connected compact space. T) hen, via the maps
defined above, J(SY) may be identified with a subgroup of inj im[S?~! , ¥, S?~'7’.
In particular, J(S")=J(SS™™!) is isomorphic to a subgroup of

n_,=injlim=n,, _,(S?).

5.9. The observations above provide the motivation for a systematic study of the
groups J(X) in general. The purpose of the next few paragraphs is to give a lower
bound J'(X) of the group J(X). By “lower bound” we mean the existence of an
epimorphism J(X)— J'(X). This group J'(X) will be effectively computable in
terms of K-theory.

More precisely, let 7(X) denote the subgroup of Ki(X') generated by elements of
the form [E] —n, where E is a vector bundle of rank n such that S(E) is of trivial
stable fiber homotopy type. It is clear that J(X) = Kp(X)/T(X).

It is possible to prove (we use this result without proof) that the obstruction to
lifting the structural group of a vector bundle to the group Spin(n), depends only
on the fiber homotopy type of S(E), and that if this lifting is not possible then the
fiber homotopy type is not trivial®). In other words, 7(X) <= T,(X), where T,(X)
denotes the set of elements of the form [ E] —n, where E is a vector bundle of rank
n=_8k, which is provided with a spinorial structure.

Now let T'(X) be the subgroup of T,(X) consisting of elements of the form
x=[E]—n, such that for each k, p*(x)=y*(1 +y)/1 +y, where y € K(X) indepen-
dent of k. Of course, the definition of p* implicitly assumes the choice of a Thom iso-
morphism ¢: Kg(X)— Kg(E). But, as was pointed out in IV.7.29, if ¢ and ¢’ are
two Thom isomorphisms, then the classes (¢~ 'y/*@)(1) and (¢'~ 'Y e ")(1) differ
only by a multiplicative factor of the form y*(1 +y)/1 +y, where y € Kx(X). The
inclusion T(X)cT'(X), which was proved in 2.5, induces an epimorphism
J(X)— J'(X), where J'(X)=Kg(X)/T'(X).

5.10. Example. If X=RP,_, then the computations in 2.7 show that J(X)=
J(X)=Kg(X)=Z ® Z/a L.

9 This result follows from the theory of Stiefel-Whitney classes (cf. Thom [1]and Milnor-Stasheff [1]).
However, if X is a sphere S* with r > 2, then it is easy to prove that E may be provided with a
spinorial structure by considering the homotopy exact sequence associated with the fibration

Z/2 — Spin(n) — SO(n)
and by describing the oriented bundles over S” with =, (SO(n)).
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5.11. In order to make explicit computations, we use cohomological methods.
The following proposition is a step in this direction.

5.12. Proposition. Let E be a complex vector bundle of rank n. Then Ch(p*(E))=
k"k((E))/1(E) where 1(E) is the Todd class of E (cf. 4.3).

Proof. By the splitting principle, it suffices to verify the proposition for the case
where E is a line bundle. In this case p(E)=1+E+ --- + E*~', and Ch(p*(E))=
l+e *+---+e ® Y% where x=c,(E). On the other hand,

T1—e* kx l1—e*

=l4+e 4 .4 * X [

ka(T(E))/T(D=k¢g<1—e_x> x |—ek .

X

5.13. Recall that the Bernoulli numbers B, are defined from the series

x/l—e > =3 Bx/s!,
s=0

by the formula B,=(—1)*"'8,, (note that B,,, , =0 for s>0).

@ l—e™ >
5.14. Lemma. Let ) a.x'/t! be the series expansion of the function Log ( ¢ >
1 x

t=
Then a,=p,/t for t>1.

. . . I—e™™
Proof. Derive the series expansion of the function Log( ¢ ) g
x

5.15. Proposition. For each element x of Ko(X), we have the formula
Log(t(x))= ). (—1)a,Ch,(x)
=1

where 1(x) is the Todd class of x, where Ch(x)e H*(X; Q) is the component of
degree 2t of Ch(x), and where o, =%, o, , =0 for s>0, and o, ;.= (—1)*"*B /2s.

Proof. This is an immediate consequence of the splitting principle and the
observations above. [

5.16. Theorem. Let x=E—n be an element of Kp(X) where rank(E)=n. If the
class of x is 0 in the group J(X), then there exists an element y € Ki(X), such that

K

" Ch,(cx)=Log(Ch(1+cy)). (1)

M8
8|

I
[,
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If X=2_SY, then this condition may be simply written as
al
5 Ch(cx)=Ch/(cy).

Finally, if Kp(X) has no torsion, then condition (1) supplies a necessary and sufficient
condition for x e T'(X).

Proof. Let us write the equation pk(x)=y"*(1+y)/1+y, where y € Kx(X). By
IV.7.28, we have the formula c(pk(x))* = pk(cx)=y*(1 + ¢y)?/(1 + cy)?. Therefore
Ch(pe(cx))=yg(t(cx))/t(cx) =y5(Ch(1 +cy)*)/Ch(1 +cy)?, or

l//k< T(cx) _ tex)
H\Ch(1+cp)? ) Ch(1 +cy)?

by 4.12. Since the only invariant elements of H*"(X; Q) under /%, are the con-
stants, we see that

7(cx)= Ch(1 +cy)*.

If we apply the logarithm function to both sides of this equation, we obtain

Me

1 % Ch,(cx)=Log(Ch(1 +cy))

t

as desired.
If X=_S7, all cup-products in cohomology are 0. Hence Log(Ch(1+cy))=

Log(1 + Ch(cy)) = Ch(cy), and 92— Ch(cx)=Ch(cy). O

5.17. Theorem. Let d, be the denominator of B,/An, where B, is the n™ Bernoulli
number (cf. 5.13). Then J'(S *") is cyclic of order d,, and thus we have an epimorphism
J(S*")— Z/d Z. In particular, 75, _ | has a subquotient, i.e. a quotient of a subgroup,
isomorphic to Z/d, Z.

Proof. We apply Theorem 5.16 to the case X=S*". Then the condition

B

% Ch(cx)=Ch/(cy) is simply (%) -x=y, or equivalently <4—’;') -x=y which is
equivalent to x being divisible by d,. [

5.18. Examples. Here is a short table of Bernoulli numbers. From this table we
obtain, for instance, that |=5,|>16 230.
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n B, d, Tan—1
1 1/6 24 )

2 1/30 240 5

3 1/42 504 5,

4 1/30 480 Tis

5 5/66 264 e

6 691/2730 65520 w3,

7 7/6 24 9

8 3617/510 16230 =5,

5.19. To conclude this section, we briefly show how K-theory may be used in
homotopy theory from another point of view. Let f: X — S2? be a continuous map
such that the induced homomorphism K*(S2?) — K*(X) is zero (here K denotes
complex K-theory K). Then we consider the Puppe sequence of f(11.3.29)

Xi—) g2 1 cf J SX Sf , S+

and see that K(Cf)~Z & K(SX) (compare with 1.3). If x is an element of K
such that i*(x)=,,, generator of K(S 27y then y*(x) may be written in the form
kPx+ ]*(ak) where a, is an element of K(SX). If we replace x by x +*( y) then we
see that a, is transformed into a, +(J*—k?)( ). Hence the class of g, in K(SX) is
well-defined modulo the subgroup (y*—k?)(K(SX)), and depends only on the
homotopy class of f. This provides an invariant of the homotopy class of f.

In fact, the classes a, are not independent of each other, since the relation
YR =y (cf. IV.7.15) implies (Y'—1")a,)=W*—kP)a). If H**~1(X; Q)=0,
then y*—k? and ' — I? are isomorphisms modulo torsion in K(SX) (cf. 3.25 and
3.27). Hence W*—k?)~"Ya)=@W'—1?)"'(a) is a well-defined element of
K(SX) ® Q/Z, independent of k. When X is an odd dimensional sphere, this
invariant has been studied, notably by J. F. Adams. It has been used to prove that
J(S*")=J'(§*"), which implies that Z/d,Z is a direct factor of n,_,.

6. Historical Note

The problem of finding maps between spheres of odd Hopf invariant was a long
outstanding problem in topology (cf. appendix in Steenrod [1]). The complete solu-
tion was first given by Adams using secondary cohomology operations. Indeed he
showed that there is no map of odd Hopf invariant between S%"~! and S" unless
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n=2,4 or 8, This implies that the only spheres which may be provided with an
H-space structure are the classical examples S*, S3 and S 7. Another proof of these
results was found by Adams and Atiyah [1]. This proof relies on K-theory, and is
much simpler than the first. It is reproduced here with some minor modifications
due to Husemoller [1].

The vector field problem on the sphere was also solved by Adams [1] using
secondary operations, and later on, using K-theory. His proof relied on the earlier
work of James [[1] and Atiyah [[1]. The proof presented here is based on the same
ideas, but with a notable simplification due to Woodward [1].

Characteristic classes have some history, beginning with the work of
Chern, Pontrjagin, Stiefel, and Whitney (see the preface of the Milnor-Stasheff
book [1]). Sections 3 and 4 present those aspects of this theory which are connected
with the subject of this book. These aspects are essential in the application of
K-theory to integrality theorems (Hirzebruch [2], Borel-Hirzebruch [1], Atiyah-
Hirzebruch [1]). These integrality theorems are intimately connected with the
Atiyah-Singer index theorem [2].

Section 5 only provides a sketch of some potential applications of K-theory to

stable homotopy. More complete results are found in Adams [2].
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