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Purpose:Development of models to rigorgously describe many-body
interactions and behavior of dynamical phenomena has suggested novel
multilinear embedding estimates and forms that characterize fractional
smoothness. This framework increases understanding for genuinely
n-dimensional aspects of Fourier analysis.

Goals: To have an understanding of the tools we use from first principles,
and to gain insight for the balance between weighted inequalities that
connect size estimates for a function and its Fourier transform.

∼∼∼∼∼∼∼∼∼∼∼∼

Eli Stein (1967)
“we shall begin by studying the fractional powers of the Laplacian”



CLASSICAL INEQUALITIES

Hardy–Littlewood–Sobolev Inequality

f −→ |x|−λ ∗ f , 0 < λ < n
∥∥ |x|−λ ∗ f

∥∥
Lq(Rn)

≤ A‖f‖Lp(Rn)
1
q

=
λ

n
+

1
p
− 1

Hausdorff–Young Inequality

(F f )(x) = f̂ (x) =

∫
e2πixyf (y) dy

‖F f‖Lp′ (Rn) ≤ A‖f‖Lp(Rn)
1
p

+
1
p′

= 1 , 1 ≤ p ≤ 2



Sobolev Embedding

∫

Rn
| f̂ |2 dξ ≤ c

[ ∫

Rn

∣∣∣(−∆/4π2)α/2f
∣∣∣
p

dx

]2/p

α = n

(
1
p
−

1
2

)
≥ 0 , 1 < p ≤ 2

Uncertainty & Pitt’s Inequality

[ ∫

Rn
|f |2 dx

]2

≤ Bα

∫

Rn
|x|α|f |2 dx

∫

Rn
|ξ|α| f̂ |2 dx

Bα ≃

(
4π

n

)α



Paradigms & Principles

1. Characterization of smoothness

2. Rigorous description of many-body interactions

3. Establish sharp embedding estimates
4. Expand working framework for

a. Fourier transform
b. convolution
c. Riesz potentials
d. Stein-Weiss integrals (Hardy-Littlewood-Sobolev inequalities)
e. weights & symmetrization
f. analysis on Lie groups and manifolds with negative curvature



5. Gain new insight
a. uncertainty
b. restriction phenomena
c. geometric symmetry

6. Effort for optimal constants
a. new features for exact model calculations
b. encoded geometric information
c. precise lower-order effects

7. Symmetry determines structure

8. Multilinear analysis  understanding for genuinely
n-dimensional aspects of Fourier analysis



OBJECTS OFSTUDY

Λα = (−∆/4π2)α/2 , α > 0 , 0 < β < 1 and 1≤ p < n/β

∫

Rn
×Rn

|f (x) − f (y)|p

|x− y|n+pβ
dx dy  

∫

Rn
×Rn

|(∇f )(x) − (∇f )(y)|p

|x− y|n+pβ
dx dy

 

∫

Rn
×Rn

|(Λαf )(x) − (Λαf )(y)|p

|x− y|n+pβ
dx dy



1. ARONSZAJN-SMITH FORMULAS

Classical Formula: 0< α < 2
∫

Rn
×Rn

|f (x) − f (y)|2

|x− y|n+α
dx dy= Dα

∫

Rn
|ξ|α |̂f (ξ)|2 dξ

Frank-Lieb-Seiringer: 0< α < min(2, n); g = |x|λf , 0 < λ < n− α

Dα

∫

Rn
|ξ|α |̂f (ξ)|2 dξ =

∫

Rn
×Rn

|g(x) − g(y)|2

|x− y|n+α

[
|x| |y|

]
−λ

dx dy

+ Λ(α, λ, n)

∫

Rn
|x|−α|f (x)|2 dx



Beckner: 0< β < 2, β ≤ α < n; g = |x|(n−β)/2(−∆/4π2)(α−β)/4f

Cα

∫

Rn
|ξ|α |̂f (ξ)|2 dξ ≥

∫

Rn
|x|−α|f (x)|2 dx

+
Cα

Dβ

∫

Rn
×Rn

|g(x) − g(y)|2

|x− y|n+β

[
|x| |y|

]
−(n−β)/2

dx dy



2. MULTILINEAR FRACTIONAL EMBEDDING

(APRES GROSS& PITAEVSKI )

Pitt’s inequality: n− β = mn− α, α =
∑

αk, 0 < αk < n,
(m− 1) < α/n < m
∫

Rn
|x|−β |f (x, · · · , x)|2 dx≤ Cβ

∫

Rn
×···×Rn

|Π(−∆)k/4π2)αk/4f |2dx1 · · · dxm

Hardy-Littlewood-Sobolev inequality: mn− α = 2n/q
[ ∫

Rn
|f (x, · · · , x)|q dx

]2/q

≤ Fα

∫

Rn
×···×Rn

|Π(−∆k/4π2)αk/4f |2dx1 · · · dxm

Similar results onSn

Key insight on “multilinear products”

F(x) =

∫

Rmn
Πgk(x−yk)H(y) dy ; H ∈ Lp(Rmn)  F ∈ Lq(Rn)



3. RESTRICTION TO SUBMANIFOLD& UNCERTAINTY

“classical uncertainty principle”

c
∫

Rn
|f |2 dx≤

∫

Rn

∣∣∣(−∆/4π2)α/4|x|α/2 f (x)
∣∣∣
2

dx

Restriction tok-dimensional linear sub-variety

d
∫

Rk
|Rf |2 dx≤

∫

Rn

∣∣∣(−∆/4π2)α/4|x|β/2 f (x)
∣∣∣
2

dx

with n− α = k− β, n ≥ k > β > 0

d = π−α Γ(α/2)

Γ(β/2)




Γ

(
k+β

4

)

Γ
(

k−β
4

)




2



4. TRIANGLE INEQUALITY ESTIMATES

∫

Rn
×Rn

|g(y− x)f (x) − h(x− y)f (y)|p dx dy

≥

∫

Rn

∣∣∣|g(y)| − |h(−y)|
∣∣∣
p

dy
∫

Rn
|f (x)|p dx

Proof: p ≥ 1
∫

Rn

{( ∫

Rn
|g(y)f (x) − h(−y)f (y)|p dx

)1/p}p

dy

≥

∫

Rn

{∣∣∣ |g(y)| ‖f‖p − |h(−y)| ‖f‖p

∣∣∣
}p

dy

=

∫

Rn

∣∣∣ |g(y)| − |h(−y)|
∣∣∣
p

dy
∫

Rn
|f (x)|p dx



This proves for 0< β < 1 and 1≤ p < n/β

∫

Rn
×Rn

|f (x) − f (y)|p

|x− y|n+pβ
dx dy≥ Dp,β

∫

Rn
|x|−pβ |f (x)|p dx

Dp,β =

∫

Rn

∣∣∣1− |x|−λ
∣∣∣
p
|x− η|−n−pβ dx

for λ = (n− pβ)/p andη ∈ Sn−1



5. SURFACE CONVOLUTION (APRES KLAINERMAN &
MACHEDON)

∫

S

1
|w− y|λ

1
|y|µ

dσ

w ∈ R
m andS= smooth submanifold inRn

(g ∗ f1 ∗ · · · ∗ fm)(w) , g ∈ L1(Rn) , fk ∈ Ln/αk(Rn)

α =
∑

αk = n(m− 1) , 0 < αk < n

Replacefk’s by Riesz potentials; constrain multivariable integration to
hyperbolic surface

|w|σ
∫

Rn×···×Rn
δ
[
τ

∑′

|xk|
2 − |xm|

2
]
δ
(

w−
∑

xk

)
Π|xk|

−αk dx1 · · · dxn



OBJECTIVE: MULTILINEAR EMBEDDING ESTIMATES

[∫ [ ∫ ∣∣
∑

xk
∣∣λ| f̂ |r dν

]q

dw dτ

]p∗/(rq)

≤ cΛp∗

(
f ; {β}

)

Λp∗

(
f ; {β}

)
=

∫

Rn
×···×Rn

∣∣∣
m∏

n=1

(
− ∆k/4π2)βk/2

f
∣∣∣
p∗

dx1 . . . dxm



6. APRESBOURGAIN-BREZIS-M IRONESCU THEOREM

Theorem
For f ∈ S(Rn), 0 < β < 1 and1 ≤ p < n/(α + β)

∫

Rn
×Rn

|(Λαf )(x) − (Λαf )(y)|p

|x− y|n+pβ
dx dy≥ c

(∫

Rn
|f |q

∗

dx

)p/q∗

,

(1)

q∗ =
pn

n− p(α + β)



Proof: (1) Setg = Λαf and apply Symmetrization Lemma
∫

Rn
×Rn

|g(x) − g(y)|p

|x− y|n+pβ
dx dy≥

∫

Rn
×Rn

|g∗(x) − g∗(y)|p

|x− y|n+pβ
dx dy

(2) Apply “triangle inequality estimate”
∫

Rn
×Rn

|g∗(x) − g∗(y)|p

|x− y|n+pβ
dx dy≥ Dp,β

∫

Rn
|x|−pβ |g∗(x)|p dx

g∗ non-negative & radial decreasing

g∗(x) ≤ c|x|−n/q , q = pn/(n− pβ)

(3)

∫

Rn
|x|−pβ |g∗(x)|pdx≥ c

[ ∫

Rn
|g∗(x)|qdx

]p/q

= c

[ ∫

Rn
|Λαf |qdx

]p/q



(4)

[ ∫

Rn
|Λαf |q dx

]p/q

≥ c

[ ∫

Rn
|f |q

∗

dx

]p/q∗

since
∥∥∥

1
|x|n−α

∗ f
∥∥∥

Lq∗(Rn)
≤ c‖f‖Lq(Rn)

for q∗ = np/(n− p(α + β))



Tools — Symmetrization Lemma

∫

Rn
×Rn

|f (x) − f (y)|p

|x− y|n+pβ
dx dy

≥

∫

Rn
×Rn

|f ∗(x) − f ∗(y)|p

|x− y|n+pβ
dx dy

for p ≥ 1 and 0< β < 1

f ∗ = radial equimeasurable decreasing rearrangment of|f |



General Symmetrization Lemma

M  R
n, Sn, Hn (hyperbolic space)

∫

M×M
ϕ

[
|f (x) − f (y)|

ρ[d(x, y)]

]
K

[
d(x, y)

]
dx dy

≥

∫

M×M
ϕ

[
|f ∗(x) − f ∗(y)|

ρ[d(x, y)]

]
K

[
d(x, y)

]
dx dy

ϕ, K, ρ ≥ 0 on[0,∞)

(i) ϕ(0), ϕ convex and monotone increasing,ϕ′′(0) ≥ 0 andtϕ′(t)
convex

(ii) K monotone decreasing,ρ monotone increasing

(iii) d(x, y) = distance betweenx andy

(iv) ρ constant=⇒ remove last hypothesis onϕ



7. HAUSDORFF-YOUNG INEQUALITY FOR FRACTIONAL

DERIVATIVES

Aronszajn-Smith
∫

Rn
×Rn

|f (x) − f (y)|2

|x− y|n+2β
dx dy= Dβ

∫

Rn
|ξ|2β |̂f (ξ)|2 dξ

∫

Rn
×Rn

|f (x) − f (y)|p

|x− y|n+pβ
dx dy  

∫

Rn

[
|ξ|β |̂f (ξ)|

]p′

dξ

Theorem
0 < β < 1, 1 < p < ∞, 1/p + 1/p′ = 1

∫

Rn
×Rn

|f (x) − f (y)|p

|x− y|n+pβ
dx dy≥ c

[ ∫

Rn

[
|ξ|β |̂f (ξ)|

]p′

dξ

]p/p′

1 < p ≤ 2

≤ c

[ ∫

Rn

[
|ξ|β |̂f (ξ)|

]p′

dξ

]p/p′

2 ≤ p < ∞



8. SMOOTHNESSFUNCTIONALS AND SIZE ESTIMATES

Example:

c
∫

Rn
|f |2 dx =

∫
(∇f )(x) · (∇f )(y) |x− y|−(n−2) dx dy

≤ d

[ ∫
|∇f |p dx

]2/p

, p = 2n/(n + 2)

Interesting examples:q 6= 2 ?



9. NEW OBJECTS OFSTUDY

∫

Rn
×Rn

K(x− y)
∣∣f (x)(∇f )(y) − f (y)(∇f )(x)

∣∣p
dx dy

∫

Rn
×Rn

K(x− y)
∣∣f (x)g(y) − f (y)g(x)

∣∣p
dx dy

∫

Rn
×Rn

K(y)
∣∣f (x + y) + f (x− y) − 2f (x)

∣∣p
dx dy

 role of convolution



10. ANALYSIS ON L IE GROUPS

n-dimensional Euclidean space

 manifold with non-positive sectional curvature

homogeneous under action of non-unimodular Lie group

hyperbolic spaceHn — Ls = −∆H + s(s− n + 1)1, s≥ (n− 1)/2

potentials  fundamental solutions

[
‖F‖Lq(Hn)

]2
≤ Aq

∫

Hn
F(LsF) dν , q > 2

Question: When can you compute optimal values forAq?

Model embedding structure from Euclidean framework.
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