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Purpose: Development of models to rigorgously describe many-body
interactions and behavior of dynamical phenomena has stegtjaovel
multilinear embedding estimates and forms that charaetdractional
smoothness. This framework increases understanding farigely
n-dimensional aspects of Fourier analysis.

Goals: To have an understanding of the tools we use from first priesjp
and to gain insight for the balance between weighted inéipsthat
connect size estimates for a function and its Fourier taansf

Eli Stein (1967)
“we shall begin by studying the fractional powers of the lzayn”



CLASSICAL INEQUALITIES

Hardy-Littlewood—Sobolev Inequality

f— X xf, 0<A<n
1 X 1
—A < ) T _A 2
X7 5 B[] Laggny < Allf llLo ) a-n'p 1

Hausdorff—Young Inequality
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Sobolev Embedding
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Uncertainty & Pitt’s Inequality
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Paradigms & Principles

1. Characterization of smoothness
2. Rigorous description of many-body interactions

3. Establish sharp embedding estimates
4. Expand working framework for

. Fourier transform
. convolution
. Riesz potentials
. Stein-Weiss integrals (Hardy-Littlewood-Sobolev inelifies)
. weights & symmetrization
analysis on Lie groups and manifolds with negative cunetur

-~ DO QO O T QD



. Gain new insight

a. uncertainty

b. restriction phenomena
c. geometric symmetry

. Effort for optimal constants

a. new features for exact model calculations
b. encoded geometric information
c. precise lower-order effects

. Symmetry determines structure

. Multilinear analysis ~» understanding for genuinely
n-dimensional aspects of Fourier analysis



OBJECTS OFSTUDY
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1. ARONSZAIN-SMITH FORMULAS

Classical Formula: & a < 2
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Frank-Lieb-Seiringer: & o < min(2,n); g = |[xM, 0< A <n—«
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2. MULTILINEAR FRACTIONAL EMBEDDING
(APRESGROSS& PITAEVSKI)

Pitt's inequality: n—S=mn—a,a =) ax, 0 < ax < n,
(m—1) <a/n<m
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Hardy-Littlewood-Sobolev inequality: mn— a = 2n/q
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Key insight on “multilinear products”
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3. RESTRICTION TO SUBMANIFOLD & UNCERTAINTY

“classical uncertainty principle”
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4. TRIANGLE INEQUALITY ESTIMATES
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This proves for < < 1and 1< p<n/g
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5. SURFACE CONVOLUTION (APRESKLAINERMAN &
MACHEDON)
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Replacdy’s by Riesz potentials; constrain multivariable integratto
hyperbolic surface
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OBJECTIVE: MULTILINEAR EMBEDDING ESTIMATES
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6. APRESBOURGAIN-BREZIS-MIRONESCU THEOREM

Theorem
Forf e SR"),0< B <landl<p<n/(a+p)

[(Aaf)(¥) — (Aaf)(Y)[P < / ) >p/q*
dxdy>c £19° dx 7
/R”an X — y|np8 y= ]R”| |

(1)



Proof: (1) Setg = A,f and apply Symmetrization Lemma
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Tools — Symmetrization Lemma
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General Symmetrization Lemma

M ~ R" S H" (hyperbolic space)
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7. HAUSDORFFYOUNG INEQUALITY FOR FRACTIONAL
DERIVATIVES

Aronszajn-Smith

00— f)P2 e
P9 =W g4y dy= D V2
/R"XR" |X—y|n+zﬁ xay :B/Rn |£| |(£)| 5

100 0P oo ?
/RHXRH x ypos 9XY /R ierifeo]” e

Theorem
0<pf<1 1l<p<oo 1l/p+1/p=1

f(x) —fy)P prontamiid
/Rananxdyz C[/Rn [|5| |f(€)|} d&] 1<p<2

p/p’

<ol [ [erf@] e 2<pe



8. SVMOOTHNESSFUNCTIONALS AND SIZE ESTIMATES

Example:

e [ 1R ax= (9100 (V) byl decly
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Interesting examples:q # 2 ?



9. NEw OBJECTS OFSTUDY
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~ role of convolution



10. ANALYSIS ON LIE GROUPS

n-dimensional Euclidean space
~»  manifold with non-positive sectional curvature
homogeneous under action of non-unimodular Lie group
hyperbolic spacél" — Ls = —Ay +s(s—n+1)1, s> (n—1)/2

potentials ~» fundamental solutions

2
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Question: When can you compute optimal values Ay?

Model embedding structure from Euclidean framework.
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