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ABSTRACT. The recent proof of the unramified Geometric Langlands Conjecture has attracted a lot
of publicity, so this seems like a good time to address the title question. In one line, the Geometric
Langlands correspondence is an algebraic spectral theorem for a certain class of differential equations called
automorphic sheaves: it asserts they can be decomposed into monochromatic objects, which diagonalize
the action of natural symmetries (Hecke operators), and it describes the corresponding colors or frequencies
(Langlands parameters).

The statement is very technical and esoteric sounding, the proof takes thousands of pages, and there
are relatively few easily stated immediate consequences. So what’s the deal? In this brief survey I will
present the subject informally as a blueprint for a master plan for the study of nonabelian symmetry,
touching on some of the main motivations, connections and structures that have emerged.

A video companion to this article is available at https://www.youtube.com/watch?
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The spectral theorem and the Fourier transform are ubiquitous in mathematics and physics. Funda-
mentally they have to do with the exploitation of abelian symmetries, such as spatial translations, to
decompose functions into simple, monochromatic constituents. One can imagine that a counterpart for
nonabelian symmetry would be even more powerful and useful. However, our current understanding of
nonabelian duality is reminiscent of the parable of the blind men and the elephant. Number theorists
have discovered a grand vision for nonabelian duality, the Langlands program, with echoes throughout
representation theory and numerous applications (the most famous is the proof of Fermat’s Last Theorem).
Independently physicists have produced another grand vision, a nonabelian form of the electric-magnetic
duality of Maxwell theory known as Montonen-Olive S-duality, with its own echoes throughout mathe-
matical physics. Thanks to research into the Geometric Langlands Correspondence — GLC, from now
on — we now understand that these two communities are in fact exploring the same giant pachyderm,
and they are now able to share observations and coordinate their explorations. In fact we may now have
identified the animal’s beating heart — the hidden commutativity provided by the notion of factorization
algebra.

This exploration has reached a major benchmark with the recent proof of the unramified geometric
Langlands conjecture by Gaitsgory and Raskin with Arinkin, Beraldo, Campbell, Chen, Faergeman, Lin
and Rozenblyum. This proof is laid out in what amounts to three papers [GR24al [ABC™24al [GR24D]
and a two-volume monograph [ABC™24b, [CCF*24], all building on a vast body of prior technical work,
including Lurie’s foundations of higher algebra [Lur09, [Lur] and much of Gaitsgory’s work over the past
twenty years. To understand the statement — let alone the proof — of GLC requires getting through many
layers of leathery hide and navigating many moving parts. However I believe the insights and perspectives
gained amply reward the effort, and suggest a far greater whole.

I will take this occasion to survey what kind of statement the GLC is, why we might care and why it
is true. This is by no means a detailed account of the proof. My emphasis is on the parts that make the
subject most appealing to me — its multitude of connections and perspectives, and the deep underlying
structures it has helped uncover. I set up the story with a discussion of the spectral theorem and Fourier
transform in § [1| followed by the specific context of the GLC in § 2] (and finally the statement in § .
In § 3] and § M]I discuss two of the main structures — factorization and the Hitchin system — that suggest
the GLC might be true, followed by an outline of the proof in § I conclude in § [6] with some of the
applications — a reader impatient to see what we’re doing this all for might want to glance here first —
and what might be next.

Caveat lector: I consistently err on the side of intuition over precision, and in references to survey
articles over original sources. I have not come close to being comprehensive, or even adequate, in referencing
relevant papers and important developments. I also do not discuss Phase I of the GLC Universe, from the
origin of the problem in [Dri83| [Lau87] to the construction of Hecke eigensheaves for GL,, in [FGV01l [Gai04]
— see [Fre04, [Gail7a] for earlier surveys of the area — but focus on the greatest hits of Phase II, the
categorical GLC, from [BD] to its recent proof. I enthusiastically recommend [Sch26] for an insightful
in-depth account of the current state of the geometric Langlands program.

Acknowledgments: I would like to thank the Current Events Bulletin organizers Daniel Erman and
Bianca Viray. I would also like to thank Alexandre Afgoustidis, Ron Donagi, Nigel Higson, Masoud
Kamgarpour, JiWoong Park and Sam Raskin for very valuable feedback on earlier drafts. I am grateful
to the support of the National Science Foundation through grant DMS-2302356.
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1. WHAT KIND OF STATEMENT IS GEOMETRIC LANGLANDS?

I will describe the geometric Langlands correspondence as a nonabelian counterpart to the Spectral
Theorem, which we now step back to revisit.

1.1. The Spectral Theorem. The spectral theorem provides a theory of spectral decomposition for self-
adjoint operators H on Hilbert spaces H. This provides a general context for the familiar fact that
symmetric real matrices, or more generally hermitian complex matrices, can be diagonalized. That fact is
interpreted as saying that the underlying Hilbert space H = C™ decomposes as a direct sum of eigenspaces

H ~ @'HA.

AER,

We can think of each H, as living over the corresponding point A € Ry, so that we can define subspaces
corresponding to any subset of R, as the sum of the corresponding eigenspaces. (Here we’ll denote by
R; a copy of R with coordinate ¢, our notation for the domain of eigenvalues and spectral measures, i.e.,
momentum space.) We can use this description to let all functions on R; act on H by commuting operators
through evaluation at the A;, so that the action of H is given by multiplication by the coordinate function
t — the functional calculus.

For a general (possibly unbounded) self-adjoint operator, while H might not have any actual eigenvectors
in H, the spectral theorem applies measure theory to provide a sense in which we can write all vectors
in H as continuous linear combinations — integrals over R; — of eigenvectors with eigenvalue A € Ry, in
effect spreading H out as a family of vector spaces over R;. This can be formulated in the language of
projection-valued measures on H, or more abstractly using measurable fields of Hilbert spaces over R;.
This amounts to defining a measure dH(t) on R, valued in Hilbert spaces, so that we recover the Hilbert
space H with the operator H as the direct integral (or “global sections”)

D
(1.1) H= dH(t)

Ry
while the integral on an interval I — R; produces the subspace H; < H where the spectrum of H lies
in I. In this description, the operator H is given by the action of the coordinate function ¢. This action
extends to the Borel functional calculus, whereby all Borel-measurable functions act on R; by commuting
(possibly unbounded) operators — for example the indicator function of an interval I projects onto H;.
Variants include the continuous functional calculus, making H a module for the commutative C*-algebra
C.(Ry), or the bounded functional calculus, a module for the commutative von Neumann algebra L®(R;).

An alternative “exponentiated” point of view on the pair H O H (courtesy of the functional calculus)
is as defining a unitary representation x — e**f on H of the group R, (a dual copy of R with coordinate
2 — the position space). From this perspective, the spectral theorem provides a complete description of
the unitary representations of R, breaking them up into atomic pieces — the irreducible unitary represen-
tations, which are 1-dimensional eigenspaces Cy. In this way the spectral theorem provides the blueprint
for describing the representation theory of other groups.

However Hilbert spaces equipped with self-adjoint operators, or with unitary representations of R, are
living, breathing objects, and don’t just form a set — they have internal symmetry, and they can talk to
each other through bounded linear operators commuting with the action (for example through unitary
operators). In other words, they form a category, in fact (via the functional calculus) a category of modules
over an operator algebra. While not usually phrased this way, the spectral theorem upgrades to define an
equivalence of categories

‘ {Hilbert spaces with a self-adjoint operator}«— {measurable fields of Hilbert spaces on R;} ‘

—i.e., we can spectrally decompose not just the objects but also the morphisms as linear operators between
the multiplicity spaces. Again this is a model for how we might seek to describe other representation
theories.
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1.2. The spectral theorem vs. the Fourier transform. The spectral theorem has a symbiotic relation
with the Fourier transform. On the one hand, arguably the fundamental feature of the Fourier transform

LQ(R;E) = LQ(Rt)’ f(t) = JR f(l‘)e_Qmmdas

is that it takes translation, differentiation and convolution operators in x into multiplication operators in ¢
—i.e., it simultaneously diagonalizes the action of the group R (a unitary representation), its Lie algebra (a
self-adjoint operator) and its group algebra (an operator algebra). In the language of the spectral theorem,
the Fourier transform says that the spectral decomposition of the reqular representation R, O L?(R,) (or
equivalently of the self-adjoint operator zd—dm) is given by L?(R;) = SD% C.dt, the “constant rank one” family
of Hilbert spaces on Ry, with multiplicity one for every frequency. Said another way, Fourier inversion

(1.2) f(a) = f Flyezistar

lets us build functions as superpositions of exponentials, the eigenfunctions for translation, which are the
pure frequency (monochromatic) waves parametrized by frequencies (colors) t.

On the other hand, the spectral theorem can itself be seen as a kind of “categorified” Fourier transform,
in which complex-valued functions or measures and their integrals are replaced by vector-space-
valued measures and their direct integrals (L.1). In this analogy the monochromatic waves e'**, taken
by Fourier transform to d-functions §,, are replaced by the irreducible representations of R, i.e., the
abstract eigenspaces Cj, which are taken by the spectral decomposition to skyscrapers (vector-space
valued d-functions) Cy at A € R;. The spectral theorem then lets us write any unitary representation as
a direct integral (superposition) of the vector space valued function given by its eigenspaces. The regular
representation L?(R,) plays the role of white light, a superposition of all possible frequencies, and indeed
its transform L?(R;) is supported everywhere on the t-line.

We summarize the highlights of this analogy in the table below:

Fourier Transform Spectral Theorem
ei)xa: C)\
f(z) HOH
integral of exponentials | direct integral of eigenspaces
numbers vector spaces
Hilbert space L%(R) category of unitary reps

While this perspective on the spectral theorem may appear fanciful, it turns out to be extremely useful.
Specifically, thinking of spectral theorems as variants of the Fourier transform suggests powerful ways to
characterize and then prove them — as we will see in the case of the GLC.

1.3. Great, but where is Geometric Langlands? We now massage a variant of the spectral theorem
into a peculiar form, where it provides our first instance of the GLC.

1.3.1. Spectral decomposition in algebraic geometry. Algebra has its own form of spectral decomposition
— an elementary abelian ancestor of the GLC. This counterpart is on the one hand less refined (and much
easier) than the spectral theorem, in that we replace Hilbert spaces just with plain complex vector spaces,
without any topology or inner product. On the other hand, it is more general in that we can take an
arbitrary linear operator (and we could equally replace C by any other ﬁeld)ﬂ The “algebraic spectral
theorem” takes the form of an equivalence

‘ {vector spaces V' with an endomorphism H }«— {algebraic families of vector spaces over C;} ‘

Here algebraic geometry provides the notion of algebraic family of vector spaces on any algebraically defined
complex variety X, formally known as a quasicoherent sheafon X. The collection of such algebraic families,
which we will encounter repeatedly, forms a category we denote QCoh(X). A quasicoherent sheaf attaches
a vector space (the space of sections) to the open subsets available in algebraic geometry — those defined by

IFor example, an n x n nilpotent Jordan block corresponds to the C[t]-module C[t]/t™, which represents a family of
1-dimensional vector spaces over the (n — 1)st infinitesimal neighborhood of 0 € C;.
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the nonvanishing of polynomial functions (we don’t have access to indicator functions of intervals). These
vector spaces are modules for the corresponding ring of regular functions, and the theory of localization of
modules tells us how to recover sections on small opens from those of larger ones. Thus algebraic spectral
decomposition amounts to the polynomial form of the functional calculus: a linear operator H O V extends
uniquely to an action of the polynomial ring C[¢] 1 V', whence by localization to a quasicoherent sheaf on
the affine line.

1.3.2. The Mellin transform: Betti version. Let’s consider the spectral decomposition of vector spaces with
an invertible operator — in other words, representations of the group Z, Rep(Z). The algebraic spectral
theorem identifies these with modules for the ring C[t,¢7!] of Laurent polynomials in one variable, i.e.,
quasicoherent sheaves on the punctured complex line A}\{0} = C; — we have just excluded 0 from the
spectrum. (If we throw in unitarity we get instead families of Hilbert spaces over U(1) < C;.)

This result has a useful geometric interpretation, illustrated in Figure[l| Let’s identify Z with the fun-
damental group 71 (C}) of the punctured z-line. Then a representation of Z can be described as describing
the twisting or monodromy of a local system of vector spaces on CZ. This means a locally constant family
of vector spaces — the fibers at nearby points are identified — but following these identifications along a
non-contractible loop can lead to a discrepancy, the monodromy. The simplest local systems on C} are
rank one families £; where the monodromy is multiplication by a nonzero scalar t. These correspond
to the eigenspaces (or irreducible representations) C, for Z, parametrized by points in the t-line C;.
The spectral theorem then gets reinterpreted as the statement that any any local system L € Loc(C*) is
realized as a superposition (direct integral) of the £;. In other words, any L is encoded by the algebraic
family ¢ — f/(t) of multiplicity spaces over C;, and we have an equivalence, the Betti Mellin transform
for local systems

Loc(CX) ={Local systems L on CX }«— QCoh(C}) ={quasicoherent sheaves L on C}}

1.3.3. The Mellin transform: de Rham version. The same spectral decomposition appears naturally in the
study of differential equations. Namely, the solutions of an algebraic system of differential equations

(1.3) zdilz — A(z)

on CJ are typically multivalued, i.e., they undergo monodromy as we go around the circle, and so define
a local system. This relation, identifying finite rank local systems with systems of differential equations
with coefficients polynomial or regular functions (in our case Laurent polynomials in z), is an instance
of the Riemann-Hilbert correspondence. The building blocks £,, correspond to the differential equations
Ly = {z% = sf} for a function to be homogeneous of degree s, solved by the multivalued function
f(z) = z°. (These functions are illustrated as branched covers of C* in the figure.) The multivaluedness
is given by the exponential ¢ = exp(s), which depends only on the class of s in C/Z. The same is true of
the isomorphism class of the system L, — conjugating by 2" shifts s by n.

The classical Mellin transform f(z) — M(s) — a multiplicative variant of the Fourier transform —
decomposes arbitrary functions of z as superpositions of these homogeneous functions z®. Likewise the
building blocks Ls can be used to build up arbitrary systems of differential equations with polynomial
coeflicients on CJ. This results in a de Rham Mellin transform for differential equations:

‘ D — mod(CY) ={Alg. systems of diff. eqs. on C} }«— QCoh(C/Z) ={quasicoherent sheaves on C,/Z} ‘

While the Betti and de Rham Mellin transforms are distinct statements algebraically, they are extremely
close to each other — indeed, complex analytically the exponential map gives an identification

exp: C,/Z — C},
and the two versions of the Mellin transform agree on their “common core” of finite rank local systems
and the corresponding systems (1.3]). The relation between the two is a variation of the relation be-

tween translation and differentiation, or representations of Lie groups and Lie algebras, mediated by the
(nonalgebraic) exponential map. .
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And there we have it: the Mellin transform is itself a special case of the geometric Langlands
correspondencﬂ a general spectral decomposition for certain classes of differential equations, or of their
topological monodromy data, into basic monochromatic building blocks.

What’s special about these objects £; <> L;? CJ is a group, and these objects are known as character
sheaves since they behave like characters of this group — e.g., their solutions z° are precisely characters.
We can express this idea as follows: using the group structure we can translate local systems around under
rotation by w € C*. The L; = {z°} are the eigensystems, the systems consistently isomorphic to their
rotation by every w € C* thanks to (wz)® = w®z®. An elaboration of this statement is that the Mellin
transform identifies the structure of convolution on Loc(C), expressing the group structure of C*, with
the structure of multiplication, or pointwise tensor product, on QCoh(C;*). In this way it is both a form
of the spectral theorem and a categorified Fourier transform.

This fits in a general theme of categorical Fourier transforms — these are equivalences of (derived)
categories of sheaves of various flavors between an abelian group and a dual, exchanging convolution and
tensor product operations [Lau96]. Examples include the Fourier-Malgrange, Fourier-Sato and Fourier-
Deligne transforms identifying D-modules, constructible sheaves and ¢-adic sheaves (respectively) on dual
vector spaces over C, R and F,, and the Fourier-Mukai transform identifying coherent sheaves on dual
abelian varieties [Muk81]. The challenge of geometric Langlands is to develop a nonabelian counterpart
to this rich theory.

FIGURE 1. The Mellin transform for sheaves: Spectres guide monochromatic local systems
on CZ to their colors in C;°. A skyscraper corresponds to the “color” white.

1.4. The shape of nonabelian duality. The basic outlines of Fourier theory and the spectral theorem
apply whenever commuting operators appear. The known nonabelian counterparts are far more restrictive
and delicate. In this section we’ll sketch the roughest outline of the nonabelian dualities provided by the

2In the GLC, we get to fix a group — here the group is GL1 — and a Riemann surface — here CZ (or more officially, the
Riemann sphere P! with tame ramification at 0, 00).
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Langlands program and electric-magnetic S-duality, so as to point out the privileged position enjoyed by
the GLC between the two. See also § [6.2) for a slightly broader hint as to the relation to physics.

1.4.1. The group. We first fix

e G a reductive algebraic group - for example GL,, SL,, SOz,, SO2,+1 ... Fs.. Over C, where
we’ll mostly stay, these are precisely the complexifications of compact Lie groups. (We will only consider
connected groups.)

Each such G comes together with a “dual” comple reductive group, the Langlands dual group G. The
general idea behind G is that representations of G of any flavor (i.e., homomorphisms out of G) should
correspond to conjugacy classes in — or more generally, homomorphisms into — its dual. It can be defined
concretely via the combinatorial theory of Lie groups (roots, Dynkin diagrams and so on), by keeping the
Weyl group of G but dualizing all of the torus and root space combinatorics. The groups GL,, and SOs,
are self-dual, simply connected groups like SL,, are exchanged with adjoint groups like PGL,,, but the odd
orthogonal groups SOs, 1 are exchanged with the symplectic groups Spa,. As we will see, the geometric
Langlands correspondence provides a fundamental description of where the dual group comes from, see

§B.3

1.4.2. The setting. Next we need to choose a setting.

e Electric-magnetic duality concerns 4-dimensional quantum field theory. For its much coarser topo-
logical form (a kind of static imprint of the theory in which we ignore all dynamics) we get to choose as
“spacetime” any manifold M of dimension at most 4.

e For the Langlands program we get to choose one of a few flavors of field F: a number field like Q;
a local field like R, C or Q; or the field of rational functions on a (smooth projective) algebraic curve
C. For curves C over the finite field F,, the function field F' = F,(C') behaves very similarly to a number
field. For curves C over an algebraically closed field like F, or C, the function field is surprisingly more
akin to a local field.

The GLC takes place over a smooth projective curve C' over C. We can equivalently think of C as
defining a compact Riemann surface, in particular a 2-manifold. Thus it fits neatly into both worlds.
More generally there is a somewhat fanciful but extremely useful parallel between the two worlds given
by the dictionary of arithmetic topology, or “knots and primes” analogy [Mor12], in which both number
fields and curves over finite fields are thought of as (exotic relatives of) 3-manifolds, while local fields and
curves over algebraically closed fields are thought of as 2-manifolds.

1.4.3. The duality. To each such inputs — a group G and a field F' or manifold M — is associated a duality
conjecture. Let us try to discern a general pattern among all of them. On one side we have the “question”:
the automorphic or A-side, which presents a spectral decomposition problem associated to the group G
and the manifold M or field F. These come in the form of harmonic analysis on what initially look like
unrelated exotic contexts — locally symmetric spaces [G]r associated to number fields, moduli spaces of
bundles Bung(C') associated to algebraic curves, or moduli spaces of solutions to the Yang-Mills equations
on M and their variants. Remarkably these spaces are all closely related, and bridged by the GLC, as we
discuss in

On the other side we have the “answer”: the spectral or B-side. This describes the possible colors
appearing in the spectral decomposition in terms of the algebraic geometry of character varieties Locs —
spaces of representations — of a suitable group, such as the Galois group of F or the fundamental group
of M, into the Langlands dual group G. We discuss character varieties in the GLC setting of Riemann
surfaces / algebraic curves in

Perhaps the most easily recognizable of these spectral problems is the Local Langlands Correspondence
(LLC), the duality for a local field F such as R or Q,. Here the automorphic sides consists of the collection
of all smooth representations of the group G(F'), a real or p-adic Lie group, as opposed to the classical
spectral theorem for (unitary) representations of R. The LLC seeks to describe these representations as

3More generally we get a group over the field of definition k of the representations of G we wish to study — which we’ll
assume (or pretend to assume) is C.
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families of vector spaces (multiplicity spaces) over the space of Langlands parameters Locs(F), playing
the role of the real line R; in the spectral theorem. While the LLC seems immune to the much more
baroque structures encountered in other settings, the field has been completely transformed in the past
decade (most notably [FS21]) by thinking of local fields as analogs of curves or 2-manifolds and importing
ideas from the GLC and eventually from physics. See also §

1.4.4. Question and Answer? Labeling the two sides as question and answer conveys the psychology of
the spectral theorem, and largely agrees with the flow of information in the GLC, where the geometry of
character varieties of surfaces is much more elementary than the harmonic analysis of sheaves on moduli
spaces.

However in the context of number fields the typical flow of information is in the reverse direction: Galois
groups and their representations are extremely mysterious and subtle objects, used to express many of the
deepest questions in number theory such as solutions to Diophantine equations. Realizing them as “colors”
of modular and automorphic forms provides a radically different description of arithmetic invariants (such
as L-functions) and opens them up to an influx of powerful tools from representation theory and analysis.

On the other hand, in physics the relation between the two sides is fundamentally different: electric-
magnetic duality in quantum field theory is a completely symmetric relation, an automorphism of a single
theory much like the Fourier transform it generalizes. This automorphism acts on the various parameters of
the theory such as coupling constants (exchanging weak and strong coupling), the gauge group (exchanging
G and G') and the choice of topological twist — the mechanism by which we discard dynamics and retain
coarser topological information. By the time we consider the duality between topological field theories
which relates directly to the GLC the A-side appears much more challenging than the B-side. However
this gift from physics, the fundamental underlying balance between the two sides is still visible throughout,
and percolates throughout the study of nonabelian duality.

2. WHAT DOES IT SAY?

We now take a closer look at the actual statement of the geometric Langlands correspondence.

2.1. The language: brave new harmonic and functional analysis. We argued that the spectral
theorem is concerned with a category, namely unitary representations of R - we have not only a collection
of objects, but they also talk to each other. Indeed the basic objects of study in representation theory are
categories, arising as representations of groups or algebras, and the goal is to describe them in a meaningful
way, just as spectral theory builds vector spaces with an endomorphism out of eigenspaces.

On the other hand, the analogy between the spectral theorem and the Fourier transform from §[I.2] in
which vector spaces take the role of numbers and families of vector spaces the role of functions or measures,
suggests we think of categories themselves as analogues of Hilbert spaces. Indeed objects in a category
have an “inner product”, their Hom space. Of course it takes a lot more than a set with an inner product
to make a Hilbert space — we have addition and scalar multiplication, topology and completeness. Likewise
we don’t just want a category but one that has operations like direct sum and a notion of completeness.
In this analogy homological algebra takes the place of linear algebra over a field k: the well behaved class
of categories in which we can perform basic operations are what we will refer to as derived categories (the
technical names involve words like triangulated dg categories or k-linear stable co-categories). These basic
examples are built by starting with abelian categories of modules for k-algebras and then “completing
for operations of homological algebra”. Homotopical algebra then provides counterparts to many basic
constructions in functional analysis.

Classical harmonic analysis describes the decomposition of vector spaces of functions under the action
of symmetries. In recent decades, a rich categorical counterpart of harmonic analysis has emerged in which
vector spaces of functions are replaced by derived categories of sheaves (i.e., different kinds of vector-space-
valued functions). For example, we replace the role of functions such as z* by the differential equations they
satisfy, like z% — s, and transforms such as the Mellin transform by corresponding functors on categories
of modules. The growing zoo of different sheaf theories (also known as six-functor formalisms) provides
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a counterpart to the menagerie of different function spaces. We summarize some of the loose analogies
below:

vector spaces categories
Hilbert spaces derived categories
operators (exact) functors
functions sheaves
Integral pushforward / direct integral
multiplication tensor product
Function spaces | derived categories of sheaves

The proof of the GLC called for the development of counterparts for many classical chapters in functional
and harmonic analysis in a brave new categorified setting. This explains some of the length and complexity
of the papers in the subject, but is also one of the main dividends of the endeavor for a broader community
in algebraic and analytic geometry, homotopy theory, mathematical physics and representation theory. Due
to its technical nature I will suppress as much of this language as possible in what follows.

2.2. The setting: moduli of bundles. . We fix a compact Riemann surface (smooth complex algebraic
curve) C, and a complex reductive group G — which the reader is welcomed, without much loss, to take
to be the group GL,,C of invertible matrices. We will focus on the unramified GLC — meaning we don’t
puncture C or decorate with extra data at points of C'. This is the base case, and also the one that’s been
proved, though most of the general ideas have ramified versions.

The main object of study is Bung(C'), the moduli space of algebraic (or holomorphic) G-bundles on C
(denoted Bung when C is implied). This is the object of algebraic geometry which parametrizes principal
G-bundles on C (i.e., rank n vector bundles for G = GL, ). This means it’s defined by prescribing not
just its points but all maps into it — to give a map from a variety S to Bung(C) is the same as giving a
G-bundle on S x C. In other words, it’s an algebraic geometer’s version of a classifying space in topology
— specifically, it is the space of algebraic maps from C to the classifying space for G.

To spoil the eventual punchline, the space Bung looks somewhat baroque from the perspective of
geometry, i.e., of points or classical mechanics, but will turn out to look much nicer from the perspective
of its linearization, i.e., of harmonic analysis or quantum mechanics.

2.2.1. The abelian case: Jacobians. To understand Bung we first consider the case G = GLq, where its
study goes back to Abel, Jacobi and Riemann. In this case a G-bundle is the same data as a holomorphic
line bundle on C. Classically line bundles (or rather their holomorphic sections) are prescribed by giving
a divisor on C, an integer linear combination of points of C, which determines a space of meromorphic
functions with at most prescribed poles and at least prescribed zeros. Two divisors describe the same line
bundle if they differ by the divisor coming from an actual rational function on C.

The moduli space of line bundles Bungr,, (C') = Pic(C) is the Picard group of C'. And that’s already the
crucial fact: the Picard group is an abelian group, under the operation of tensor product of line bundles.
More concretely, the group structure is giving by addition of divisors: Pic(C) is a quotient of the group of
divisors, the free abelian group on points of C, by “global” relations (coming from divisors of meromorphic
functions). Moreover this group has a very simple description: it is a product Pic(C) ~ Z x Jac(C) of
the integers (giving the degree of a divisor) by the Jacobian of C, which is as a topological group a torus
of dimension g the genus of C, Jac(C) ~ (S1)29.

2.2.2. What does Bung look like? Let’s now consider the geometry of the moduli spaces of G-bundles,
which for G = GL,, means the space parametrizing all holomorphic vector bundles of rank n on C. A
vision of the moduli space Bung is presented in Figure [2]

This space is a lot less welcoming than the Jacobian:

e First, there’s no natural multiplication on the collection of rank n bundles (or for other G), so Bung
is not a group, let alone an abelian group.

e Second, Bung is not a variety but a stack — a hybrid of classical varieties and classifying spaces,
which poetically means a variety where the points carry groups of automorphisms, since bundles have
potentially interesting automorphism groups. In the case of the Jacobian it is harmless to ignore these
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Codim O

Codim 1

FIGURE 2. The moduli of bundles and its cusps, with strata of increasing codimension.

automorphisms, which are the same C* for all line bundles (so amount just to an extra factor on a similar
footing to the Z of connected components of Pic(C)).

e Third, unlike the Jacobian, the connected components of Bung are not (quasi)compact. Rather it
contains an infinite “tail” of bundles with more and more automorphisms, built by successive extensions
of line bundles over an ever-increasing range of degrees. This is closely analogous to the cusps (hence
noncompactness) of modular curves such as the moduli of elliptic curves H/PSLoZ.

In algebraic geometry it is common to lop off the tail of unstable bundles and then collapse the open core
of semistable bundles onto a projective variety, the moduli scheme of semistable G-bundles from geometric
invariant theory. However for the GLC it is essential to consider the full Bung with all its warts. First,
we're doing representation theory, so discarding internal groups of symmetries is counter to the entire
spirit of the subject; second, the variety of semistable bundles itself can be singular, unlike Bung, and,
more crucially, has less symmetry: it is not preserved by Hecke correspondences § 77, which are the most
essential feature of the Langlands program. Thankfully the tails have a nice inductive structure that
contrasts with the irreducible nature of the core: the “least compact” part fibers over the space Bunr of
bundles for the maximal torus of G, which is a product of Picard groups. In other words, far out on the tail
bundles are given by successive extensions of line bundles. In general the tails are similarly associated with
bundles for other Levi subgroups (block diagonal matrices in the case of GL,, — i.e., successive extensions
of lower rank vector bundles).

2.2.3. Divisors? The moduli space Bung enjoys an important but subtle counterpart of the concrete
description of Pic(C) by divisors, i.e., of sections of line bundles by functions with prescribed zeros and
poles. Namely, any bundle can be trivialized away from finitely many points. Hence the bundle can be
described by specifying how this trivialization fails around each of those points. This failure is captured
not by an integer but by a coset for the loop group LG = Map(D*,G) is the loop group of maps from a
punctured disc into G by its subgroup LG = Map(D, G) of maps that extend to the disc. This coset space
Gr = LG/LG is the affine Grassmannian, a counterpart of the familiar Grassmannians in the infinite-
dimensional context of loop groups. Thus we can specify a bundle by specifying finitely many points on
the curve labeled by points of the affine Grassmannian (the analog of a divisor), and quotienting out by
the action of rational maps from C to G (the analog of divisors of rational functions on C). Thus Bung
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(like the more familiar modular curves) has an “adelic” description familiar [only] to number theorists as
a double coset space
Bung = G(F)\G(Ac)/G(O4,)

(here F' is the field of rational functions on C). This looks unwieldy but gives more insight into the
symmetries of Bung.

For G semisimple (e.g., SL,, — i.e., considering vector bundles with trivial determinant) this description
has a less democratic but much more efficient variant. Fixing a point « € C, Bung can be written like a
locally symmetric space in analogy with modular curves T'\H = I'\SLsR/SO(2), namely

Bung(C) = G(C\a)\LG/LG,
i.e., the quotient of a single affine Grassmannian by the group of maps into G from the punctured curve.

2.2.4. Physics perspective. As a brief detour, I'll mention that Bung is closely related to the study of the
Yang-Mills functional on Riemann surfaces [AB83]. Most famously, the moduli space of semistable G-
bundles arises (by the Narasimhan-Seshadri theorem) as the space of minima to the Yang-Mills functional
on the space of all G-gauge fields (connections) on C. However, the critical points of the Yang-Mills
functional contain also unstable bundles, and the Morse theory of the functional controls the topology of
the entire space Bung. Thus Bung arises naturally in the study of quantum Yang-Mills theory on C.
This relation is at the heart of the link between the Langlands program and gauge theory.

2.3. The spectral side. On the other side of the GLC are the spaces of Langlands parameters or G-local
systems Locs(C) on C. These spaces play the role of the space of frequencies or colors R, in the spectral
theorem, with points labeling all possible eigenvalues. We will see in how Langlands parameters
appear organically as the “answer” from the study of harmonic analysis on Bung.

Local systems come in two main flavors, corresponding to the emphasis on translation and differentiation
in Fourier theory:

e Betti (group) version: LocZ

G ~ ~
of the fundamental group of C into G (i.e., of n-dimensional representations for G = G = GL,,). It is a

quotient (in the stacky sense) by G of the (mildly singular) affine variety of all homomorphisms 71(C) — G.
Concretely for C' of genus g, we can write

is essentially the familiar character variety, parametrizing representations

g
Locg(C) = {A1, By, ..., Ag, By e G : | [[Ai, Bi] = 1}/G.

Thus for G = G = GL; this is jus (C*)?9, while for genus 1 and G = G = GL, this is the space of
conjugacy classes of commuting matrices. The distinction with the standard notion of character variety is
that, as was the case of Bung, we keep track not just of points but of automorphisms, i.e., we consider
the stack of local systems rather than collapsing it to an underlying variety.

e de Rham (Lie algebra) version: Loc‘éR parametrizes G-bundles with a flat connection, i.e., an action
of the Lie algebra of vector fields, rather than the fundamental group. Thus for G = G = GL,, this is the
moduli space of rank n flat vector bundles. It forms an affine bundle (by forgetting the connection) over a
quasicompact open subset of Bung (in fact it forms a twisted version of the cotangent bundle of Bung).

A flat connection defines a notion of parallel transport, its monodromy, which defines a representation
of m. As a result, the Betti and de Rham versions of Locs are the same analytically but are distinct
algebraically — passing to parallel transport (solving a differential equation) is a form of the exponential
map. For example for GL; in genus 1 the former is (C*)? and the latter is a C-bundle over an elliptic
curve (a non-affine surface famously considered by Serre). In other words, as far as points (or infinitesimal
deformations) are concerned, the two are indistinguishable, but when considering families of local systems
we have to take care.

I will default to the neutral notation Locs for both flavors of the character variety, suppressing the
distinctions whenever possible.

40r rather, up to the stacky C* of automorphisms, and some “derived correction” to account for the nontransversality
of its defining equation.
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2.4. Geometric Class Field Theory, or GLC for GL;. Let’s (re)consider the Jacobian Jac(C), i.e.,
the connected component of the Picard group Pic(C) = Bungr,(C). Since it is an abelian group we
can perform Fourier theory on it. Specifically we can essentially repeat the Mellin transform description
of 2g times. Instead of the spectral theorem for invertible operators, i.e., representations of Z, we
consider 2¢g commuting invertible operators, i.e., representations of Z29 ~ 1 (Jac(C')). We can reinterpret
these operators as the monodromies of a local system on the Jacobian torus Jac(C) ~ (S1)29 of C - the
possible multivaluedness of vector-valued functions along the 2¢g directions. Spectrally, these 2g commuting
operators as describing a module for the ring of Laurent polynomials (C[zlil, ceey zQigl] in 2¢g variables, or
more suggestively, an algebraic family of joint eigenspaces, a quasicoherent sheaf on (C*)29.

On the other hand (C*)?9 ~ Locgy, (C) isE| the rank one character variety of C' — the data of a single
scalar twisting for every loop in C. The result is an equivalence, the Betti GLC for GL,

Loc(Jac(C)) = Rep(Z29) <= QCoh((C*)29 = Locar, (C)).

This equivalence has the “Fourier” property that translation using the group structure on the Jacobian is
taken to multiplication (tensor product of modules). While our description of the equivalence uses nothing
about the geometry of the curve, L satisfies a natural geometric compatibility. The inclusion C' — Jac(C)
by the Abel-Jacobi map, i.e., by considering points as divisor&ﬂ, identifies the fundamental groups (up to
abelianization)

71(C)* ~ 7 (Jac(C))
and L sends a rank one local system E on Jac(C) to the skyscraper O 4;-1(g) at the corresponding rank
one local system on C. This property is the characterizing property of (unramified) geometric class field

theory: 1L lets us identify covering spaces of Jac(C) with abelian covering spaces of C, compatibly with
the Abel-Jacobi map.

2.4.1. D-modules and de Rham CFT. As with the Mellin transform there is also a de Rham version of
geometric class field theory. Here instead of local systems we study D-modules on the Jacobian. Let’s
mention three ways of thinking of D-modules on a variety X, Dmod(X).:

e On affine varieties X, D-modules are simply modules for D(X), the ring of differential operators with
polynomial coefficients. When X is not affine, as in the case of interest Jac(X), it does not have enough
polynomial functions so we use the language of sheaf theory: a D-module is a collection such modules
assigned to open subsets of X, together with identifications on overlaps.

e By thinking of presentations of D-modules by generators and relations, we can reinterpret them as
systems of linear PDE with polynomial coefficients, where again we consider such systems on open patches
identified on the overlaps.

e A D-module carries an action of (the sheaf of) polynomial functions Ox as well as of the Lie algebra
of vector fields, interacting via the Leibniz rule. In other words, it is a quasicoherent sheaf (algebraic
family of vector spaces) with a notion of differentiation, or flat connection.

It is useful to think of D-modules as categorical avatars of generalized functions appearing as their
solutions, much as we treated the equation zd% —son C* as an avatar of its solution z*. The monochromatic
D-modules (character sheaves or eigensheaves) that we will be seeking are avatars of special functions and
share many of their rich properties.

Among all D-modules on the Jacobian we have a special class, the line bundles with flat connection.
These are in bijection with rank one local systems on Jac, hence (by the Betti equivalence) with rank one
local systems on C' and finally with line bundles with flat connection on C. Concretely this bijection is
given by simply restricting to the curve under the Abel-Jacobi map. We can interpret this bijection as
attaching a D-module on Jac to a skyscraper sheaf at the corresponding point on the de Rham character
variety Locg} (C). Laumon and Rothstein [Lau96, [Rot96] proved that this attachment can be extended
to an equivalence, the de Rham GLC for GL;,

5Again, ignoring the C* of automorphisms.
6This inclusion naturally lands in the degree one component Picl (C) but we can shift it down to Jac(C) = Pic%(C) by
subtracting a chosen reference point of C, obtaining the classical Abel-Jacobi map.
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Dmod(Jac(C)) <> QCoh(Lockf} (C))

satisfying Fourier-like properties parallel to those of the Betti L. This equivalence is less elementary than
its Betti version, in part because the situation is less affine — neither side is presented simply by modules
over a single ring. Indeed the equivalence only holds at the level of derived categories: it is an enhanced
version of the quintessential derived equivalence in algebraic geometry, Mukai’s famous Fourier transform
for derived categories of quasicoherent sheaves on dual abelian varieties. Nonetheless it can be made
very concrete and elementary for “half” of the parameters, which are parallel to the basic differential
equations z% — s in the Mellin transform case. Namely we can write down (without any sheaf theory)
explicit first order differential equations on Jac by prescribing the actions of all holomorphic vector fields,
{&f = wif})_,. These correspond to the g-dimensional family of all flat connections on the trivial line

bundle d — w for w a holomorphic differential form on C'.

2.5. Finally, the GLC. We are now in a position to describe the GLC, a nonabelian generalization of
the geometric class field theory from the previous section. The GLC studies the moduli space Bung
through linearizations, i.e., by setting up a spectral decomposition problem. The objects we will spectrally
decompose — our “categorified function space” — will be particular kinds of sheaves of vector spaces on
Bung. A sheaf on Bung(C) can be thought of as a C-analog of a representation of G — indeed if we
replaced C' by a point, the stack of G-bundles becomes a single point with G-symmetry, and sheaves of
vector spaces on this are linear representations of G.

So what is the kind of representation theory we will consider, the automorphic sheaves? There are
two main flavors, de Rham and Betti, parallel to the formulations of the spectral theorem in terms of
self-adjoint operators (differentation) and unitary representations (translation) respectively:

e de Rham (Lie algebra) version: We consider D-modules on Bung, Pmod(Bung). As with Dmod(X)
on any variety, these are defined as being compatible collections of modules for the rings D (or systems of
linear PDE) on coordinate patches, i.e., on affine varieties parametrizing families of G-bundles on C.

e Betti (group) version: here we study instead constructible sheaves, families of vector spaces with the
data of parallel transport along paths. The most basic examples are local systems, representations of mq,
which come from solving the parallel transport problem for flat connections (i.e. describing monodromy).
But in the case of Bung (unlike in our study of the Mellin transform or of the Jacobian) we also need to
allow more singular objects where we only require parallel transport to be invertible in “most” directions.
Such objects arise when we solve PDEs with characteristic directions that obstruct local solvability of the
Cauchy problem. The precise choice of which singularities to allow (along nilpotent directions) is guided
by lessons in representation theory going back to work of Harish-Chandra and Lusztig on characters of
representations of Lie groups and finite groups, respectively, and will be discussed in § .2} The resulting
category is denoted Shup (Bung).

To avoid cumbersome notation we will refer to both categories as simply Shv(Bung), except when we
need to be more explicit about context.

Having introduced the main players, we can now state the GLC:

Theorem. [GR24al [ABC™24bl [CCF™24] IABC™24al [GR24b|] There are equivalences of categories
Shv(Bung) ~ QCoh(Locs)
in both de Rham and Betti settings, as conjectured in [BD] [AG15] and [BZN1S] respectively.

In other words, the automorphic sheaves, systems of differential equations or their topological mon-
odromy data on Bung, have a spectral decomposition as algebraic families of vector spaces over the
corresponding form of the G-character variety of C'. Equivalently, there is a family of special sheaves on
Bung, the monochromatic objects or eigensheaves, parametrized by points of Locs, and all sheaves can
be written uniquely as superpositions of eigensheaves.

Some quick notes: first, the theorem is not quite correct as stated — we will need to modify our notion
of algebraic families due to the singularities of the spaces Locs, enlarging QCoh to a more exotic variant
called IndCohys, see Section [5.1]
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Second, for “functional analytic” purposes we have to work everywhere with derived categories — though
the equivalence is remarkably close to preserving the more familiar abelian categories of sheaves (in par-
ticular the eigensheaves themselves really are sheaves and not complexes thereof [FrR259]).

Third, the theorem as stated is analogous to giving the spectral theorem as an abstract matching of
two sides without characterizing it in any way (as we did with Abel-Jacobi compatibility in the abelian
case) or specifying its connection to actual eigenvalues - in other words, we’re still missing the main point
of the whole endeavor, that this equivalence needs to diagonalize something. This is our next topic.

3. WHY IS IT TRUE? THE BEATING HEART

We have now seen the rough shape of Bung. But what is so special about it? And why should we
study categorical harmonic analysis on it? Here’s the key idea:

The essence of geometric Langlands:

Bung behaves surprisingly like an abelian group when linearized.

Crucially, the miraculous properties of Bung appear not when looking at its geometry, i.e., at the level
of points, but at its harmonic analysis or quantum mechanics, i.e., after linearization - specifically, by
passing to categories of sheaves.

This slogan has two deep manifestations that guide the subject:

e Hecke Operators: Sheaves on Bung carry a large collection of commuting symmetries acting via
convolution.

e Hitchin fibration: After microlocalization, i.e., passing from position space to phase space, Bung
looks generically like a Jacobian.

We'll start with the first of these, which explains at a fundamental level where the dual group and the
duality itself come from. The second, which we pick up in § |4} is much more geometric (at the cost of
working only generically) and lets us see concretely what eigensheaves look like.

3.1. Local symmetries: Hecke operators. To understand the symmetries of Bung it’s useful to recall
the local origin of the group structure on Pic(C) as addition of divisors. Given a line bundle £ and a
point x € C, we can modify £ just at = by considering sections that are required to vanish (or allowed to
have a pole) to some order. In other words, we can add a multiple of x to a divisor Y n,;z; representing L.
This gives an action of a copy of Z on Pic(C') via £ — L(n-x), and these actions (for varying x) generate
the group structure.

What is the nonabelian counterpart of this Z? Given a G-bundle P € Bung and a point z € C' we
should first parametrize all the modifications of P at z, i.e., bundles that are identified with P away from
2. Such modifications are identified with double cosets Gr = LG \LG/LG, i.e. by LG -orbits on the
affine Grassmannian Gr. A variant of Gaussian elimination shows that this set of orbits is in bijection
with Weyl group orbits of characters of the dual T' of the torus T of G (recovering our Z for G = GL,).
In other words, the orbits are in bijection (via the theory of highest weights) with irreducible complex
representations of the Langlands dual group G, defined combinatorially so as to have the dual torus 7" and
the same Weyl group as G.

But these modifications of bundles are more than just a set: we can compose modifications. Indeed
while double cosets K\G/K in a group don’t themselves carry an associative multiplication, they do so
after linearization. Namely the product on the group defines an associative algebra structure on weighted
combinations of group elements, i.e., measures on the group, by convolution (the group algebra). This
structure survives passing to double cosets: convolution on the group defines an associative multiplication
on K-biinvariant measures, known as a Hecke algebra for G and K.

We are interested in linearizing groups using sheaves rather than functions (using either D-modules or
constructible sheaves). Applying this idea to the double coset space Gr gives rise to the spherical Hecke
category

Sphg = Shv(Gr) = Shu(Gr)ECG+
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of all sheaves on double cosets for LG on LG, or more concretely but less symmetrically, sheaves on the
affine Grassmannian Gr which are equivariant for the LG action, or even more concretely, sheaves on Gr
which are constant on each LG -orbit. In other words, objects in the Hecke category are weighted sums of
possible modifications of bundles at a point, where the weights are vector spaces. The Hecke category Sphg
inherits an associative multiplication from the composition of modifications (ultimately from convolution
on LG) — it forms a monoidal category. Moreover, Sphg acts on Shv(Bung) by convolution operators,
the Hecke functors: we replace the value of a sheaf at P € Bung by its weighted average over bundles
differing from P by modifications at z. These are close relatives of the graph Laplacian, replacing the
value of a function on a graph by its average over neighbors.

In the gauge theoretic description of [KWQT], taking place in the linearized setting of quantum field
theory, Hecke functors are realized as ’t Hooft line operators — the modification of P at x is achieved by
creating a prescribed singularity in gauge fields at x, which corresponds to creating a magnetic monopole
passing through x.

3.2. Factorization: the source of commutativity. The unmistakable beating heart of the GLC (and
arguably of the entire Langlands program) is the miraculous commutativity of Hecke modifications.
Hecke algebras in general, being averaged versions of the multiplication in nonabelian groups, have no
reason to be commutative. But the physical picture of monopole operators suggests a different picture
for composition, the operator product expansion (OPE): we can perform successive observations not at
the same point, but at nearby points, and then take a limit as the points collide. Unlike the essential
noncommutativity of quantum mechanics, there’s more room to move operators around each other in higher
dimensional quantum field theory. In the setting of topological quantum field theory, where measurements
are constant along deformations, this makes the product of operators commutative.

The same idea is familiar in algebraic topology — the reason the homotopy group s (or 7, for n = 2) of
a topological space is abelian, unlike 71, is that we have room to move two-fold loops in a pointed space —
maps from a disc that send the boundary to the basepoint — around each other inside maps from a bigger
disc, which makes their composition commutative up to homotopy. This observation is the origin of the
theory of little disc (or E,) operads (indeed of operads in general) and is the main source of commutativity
in homotopy theory.

How is this relevant? The affine Grassmannian Gr is in fact homotopic to the two-fold loop space of
the classifying space BG: it was defined as a space of G-bundles on a surface, and upon closer inspection
describes bundles trivialized outside a small disc, hence pointed maps to BG. This means that Gr itself
carries a homotopy-commutative multiplication.

Beilinson and Drinfeld [BD] discovered a geometric unification of these mechanisms from physics and
homotopy theory, known as factorization (or, synonymously, fusion), at work behind the Hecke category
Sphg. Namely, rather than performing successive Hecke modifications of a bundle — acting by Hecke
operators 11,75 on sheaves on Bung — at the same point x € C', we can instead perform the modification
Ty at x and T, at a nearby point y. The topological nature of the spherical category guarantees that
the composition stays locally constant as we move y, or take a limit as y and = collide. By moving y
completely around = we find a deformation from the composition 77 o T5 to T3 o T7.The result is that the
convolution product on Sph is actually commutative — Sph forms a symmetric monoidal category.

Factorization — an algebraic structure parametrized purely geometrically by configurations of points on
a manifold and their collisions, rather than by conventional composition maps — was a truly revolutionary
discovery, the deepest and most influential idea to come out of the study of geometric Langlands. Its
origins are the efforts of Segal, Beilinson and Drinfeld to understand the geometric meaning of operator
product expansion in 2d conformal field theory (as codified algebraically in the theories of vertex algebras
and braided tensor categories, where the term fusion is more common), and the close parallels that
emerged with the algebraic theory of iterated loop spaces (such as Gr) and little disc operads in algebraic
topology. Once codified in [BD04], it has provided a uniform perspective on phenomena in physics,
topology, category theory and number theory. Turning the tables on physics, factorization is the defining
feature of observables in quantum field theory in the general mathematical framework developed by Costello
and Gwilliam [CG17].
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The commutativity of Hecke operators is arguably the most indispensable aspect of the Langlands
program — without commuting operators to diagonalize there is no spectral decomposition of automorphic
forms. It is behind the construction of automorphic L-functions, and provides the basic mechanism
linking representation theory to Galois theory. However this commutativity is proved by a trick, which
fails to explain why it’s there or how to turn it into a robust and malleable principle. Factorization
provides precisely this principle, from which one can deduce the classical commutativity and more by
decategorification. It has become a fundamental tool in arithmetic contexts thanks to the groundbreaking
work of V. Lafforgue, Fargues, Scholze, Zhu and many others.

3.3. The birth of the dual group. Now that we know the spherical Hecke category is commutative,
we should look for a Fourier dual description of Sph in terms of tensor product rather than convolution —
i.e., a description that makes its commutativity manifest. Said more geometrically, we should look for its
spectrum — the space of possible (joint) eigenvalues for its actions. This is the content of the geometric
Satake correspondence. There is already a natural guess: we noted a bijection between the double cosets
Gr = LG, \LG/LG and irreducible representations of the Langlands dual reductive group G. Thus one
might hope to describe the full structure of Sph¢ in terms of G-representations and their tensor product.
This guess is borne out in the following theorem:

Theorem [Geometric Satake Correspondence] [Lus83, [Ginl, IMVO7]: There is an equivalence of symmet-

ric monoidal abelian categories Sphg ~ Rep(G) between spherical category, equipped with convolution,
and the representations of the Langlands dual group G, equipped with tensor product.

3.4. Remark. The theorem was extended in [MV07] to perverse sheaves (and representations of G)
with coefficients in any field, or even over the integers. For simplicity we're implicitly passing from
derived categories to their hearts, abelian C-linear categories, so that Sph" consists equivalently of LG -
equivariant D-modules or perverse sheaves on the affine Grassmanian. There’s also a vital but more subtle
version of geometric Satake for the full derived category [BF0§].

The geometric Satake correspondence is perhaps better thought of in reverse: it provides the true
definition of the Langlands dual group G. Just as a commutative ring defines a geometric object, its
spectrum, parametrizing all possible joint eigenvalues of the commutative ring, a commutative tensor
category like Sph has a spectrum given by Tannakian reconstruction. This parametrizes all possible joint
eigenvalues, except these eigenvalues are now vector spaces rather than operators. Indeed for G = G = GL,,
the theorem can be paraphrased as an equivalence

‘ {Possible eigenvalues of Sphqy, }<— {n-dimensional vector spaces} ‘

While there is only one n-dimensional vector space up to isomorphism, the theorem captures its auto-
morphisms, which is the group G = GL,. In other words, the right hand side stands for the stack of
n-dimensional vector spaces pt/GL,,. On the other hand, for G = SOa,,+1 an odd orthogonal group, with
dual group G = Span, the theorem says

‘ {Possible eigenvalues of Sphgo,, ., }<— {2n-dimensional symplectic vector spaces} ‘

For general G, the answer is given by G-local systems on a point, which are precisely machines to turn
any representation of G into a vector space, so a Hecke operator into an eigenvalue.

To prove geometric Satake, we first build a group as the automorphism group of the functor of to-
tal cohomology on Sphg (which will eventually correspond to the forgetful functor Rep(G) — Vect).
There’s then a tautological tensor functor from Sph to representations of this group, which we check is an
equivalence. This depends heavily on the commutativity of Sphg, hence on factorization. The beautiful
geometry of the Grassmannian and its Schubert stratification then forces this group to be reductive and
lets us calculate its root data to be combinatorially dual to that of G, so we have the right to name it the

Langlands dual group.
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3.5. Global symmetries: the spectral action. Thanks to the geometric Satake correspondence we now
have a huge collection of commuting operators acting on Shv(Bung) — we get a copy of the commutative
tensor category Rep(@) for every point z € C, and moreover they all commute with each other. In other
words, we’ve identified a nonabelian counterpart to the action of the group of divisors Div(C) = @, Z on
the Picard group (where the Z is now understood as labeling irreducible representations of GL1 (C) ~ C*).
That suggests we should also find a counterpart to the relations between divisors acting on the Picard, i.e.,
how modifications at different points interact. From the spectral point of view, geometric Satake describes
the spectrum of the Hecke operators at a single point, but now we need to understand the spectrum of
the “global Hecke algebra” generated by modifications of bundles at all points of C.

The key to this is again contained in the factorization structure: we have understood the composition
of Hecke operators already in a way that already incorporates moving and colliding nearby points on
C, so we only have to understand the passage from local to global. In other words, the huge collection
of Hecke operators satisfy the relations that the action depends in a locally constant way on the point
x of modification, and performing modifications at two points that collide is the same as composing
modifications at one point. This informal idea is precisely captured by the notion of factorization
homology of a factorization algebra. This idea of Beilinson-Drinfeld [BD04], an abstraction of the theory
of conformal blocks of vertex algebras, now provides an influential mathematical model for the way global
observables in quantum field theory are assembled from local observables [CG1T] and a powerful multi-
purpose tool in topology and higher algebra [AF15| [Lur] as a generalization of classical homology theory.

So the challenge now, as with the geometric Satake correspondence, is to describe the globalization
(factorization homology) of the spherical Hecke category in a diagonalized or Fourier-dual way, in terms
of tensor product rather than convolution. In other words, we need to describe the spectrum of the global
Hecke category, the collection of all its possible eigenvalues.

Again there is a natural guess. Let’s first consider the case G = GL,,. As we saw the possible eigenvalues
for a Sphgr, action at a single point z € C' are given by n-dimensional vector spaces. The above discussion
then suggests that globally we should have a vector space {E,}.cc which are locally constant in z, i.e.,
the vector spaces at nearby points are identified. This is precisely the data of a rank n local system on C,
i.e., a point of the character variety Locgr, (C) — non-isomorphic local systems are distinguished by their
monodromy along loops in C. More generally, a G-local system E on C is precisely a machine that turns
representations V of G into locally constant families of vector spaces (V) gz on C.

This leads to the following fundamental theorem:

Theorem [The Spectral Action:] The Hecke action of ), Sph, on Shv(Bung) factorsﬂ through an
action of QCoh(Locs(C)) in both de Rham [Gail5] and Betti [NY19] settings.

As with the geometric Satake correspondence, we can paraphrase this result as follows:

{Possible joint eigenvalues of the Hecke operators on Shv(Bung)}«— {G-local systems on C}

The spectral action provides the automorphic-to-spectral direction of the geometric Langlands corre-
spondence — it tells us that the automorphic category can be spectrally decomposed over the space of
Langlands parameters. Variants of the spectral action following the same general ideas have now been
proved in many different settings and form some of the greatest achievements in the field, including the
setting of the Langlands correspondence for function fields [Lafl8, [AGK™20] and the local Langlands
correspondence for nonarchimedean local fields [FS21].

From the point of view of gauge theory, the geometric Satake correspondence identifies the natural local
observables in the theory of G-bundles (the Hecke = 't Hooft monopole operators) with those in a dual
G-gauge theory, built out of monodromies of G-local systems (Wilson loop operators). The spectral action
then asserts that the global observables on C act on automorphic sheaves on Bung — in other words, it
establishes a version of electric-magnetic duality on the level of observables.

"Explicitly, the map ® e Rep(G) —> QCoh(Locs) sends a representation V € Rep(G) at x € C to the vector bundle
on Locgs with fiber (V)g|: at a local system E.
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4. HOwW CAN WE MAKE IT CONCRETE?

In this section our narrative branches off on a (co)tangent - we briefly touch on Hitchin’s integrable
system, which makes parts of geometric Langlands much more geometric and explicit.

4.1. Abelianization, or the Higgs mechanism. An important lesson from microlocal analysis is that
the behavior of functions is closer to the geometry of phase space (where Wigner distributions, wave-front
sets and characteristics of PDE live) than merely that of position space. Thus, to understand how (or
even why) to perform harmonic analysis on Bung we should really ask what’s special about its cotangent
bundle T* Bung, which is illustrated in Figure

The cotangent bundle of the moduli of bundles itself has a moduli space interpretation, as the moduli

Higgsq(C) = {P € Bung, neI'(C,ad*(P)®Q&)}

of G-Higgs bundles: these are bundles together with a Higgs field, an endomorphism-valued one-form
(section of the coadjoint bundle twisted by 1-forms on C). Again we treat Higgsg as a stack, and note
that it is mildly singular, like Locg. As for Bung it also comes paired with a subquotient, the moduli
space of semistable Higgs bundles, whose study was pioneered by Hitchin [Hit87a] and is the subject of
the Nonabelian Hodge Correspondence of Corlette [Cor88] and Simpson [Sim92].

Being a cotangent bundle, Higgss has a natural symplectic structure (which, thanks to nonabelian
Hodge theory, refines to a hyperkéhler structure on the corresponding semistable moduli space). Hitchin [Hit87b]
discovered that it also carries a gorgeous and rarefied geometric structure, that of a completely integrable
Hamiltonian system, instances of which recover many of the most studied integrable systems. Let us
focus for simplicity on the case G = GL,, though the entire theory extends beautifully to other groups,
see [DM96] [DGO02]. Namely, taking the characteristic polynomial of an endomorphism-valued one-form
defines a map

n
Hitch : Higgs,, — P T(C,QE")
i=1
from the moduli of Higgs bundles to a vector space. This map turns out to be a Lagrangian fibration, and
the connected components of generic fibers Hitch™!() are complex tori (abelian varieties), as seen in the
figure.

In fact the generic fibers are actually Picard groups (moduli of line bundles) on curves. The eigenvalues
of a Higgs field n (as a matrix-valued one-form) cut out a curve C,subsetT*C which is an n-fold cover of
C, the spectral curve. The data of the spectral curve is equivalent to that of the characteristic polynomial
x(n), so we can view the map Hitch as taking n — C,. The fibers then describe the possible eigen-
spaces for fixed eigenvalues, which generically they a line bundle on the spectral curve — hence the fiber is
identified as the Picard group Hitch™*(x(n)) = Pic(C,).

On the other hand the O-fiber Nilp = Hitch=1(0), the global nilpotent cone [Lau88|, consists of Higgs
fields where 7 is a nilpotent matrix (see the figure). This is a reducible variety containing the 0-section
Bung < Nilp ¢ T* Bung as the irreducible component where the Higgs field vanishes identically.

In other words, the Hitchin fibration manifests Bung as a component of a degeneration of
a Picard group of a curve — so Bung is viscerally close to being an abelian variety, like it is for
GL;,. The idea behind this abelian deformation of Bung is a geometric implementation of a variant of
the famous Higgs mechanism for mass generation and symmetry breaking in gauge theory, where the
Higgs field n (which is charged under the gauge group) acquires a vacuum expectation value Hitch(n) and
thereby breaks the gauge symmetry to the centralizer of 7.

Even more strikingly, the spectral and automorphic sides of the GLC now start to look very similar:
after all, connections on a vector bundle are a twisted form of endomorphism-valued 1-forms. Namely, the
moduli space LocéR degenerates in a one-parameter family to the space Higgss = T Bung of G-Higgs
bundles. A discovery of Hausel-Thaddeus [HT03] and Donagi-Pantev [DP12] is that the Hitchin systems
for the Langlands dual groups generically form dual families of abelian varieties over the same vector
space — or, in the language of physics, are SYZ mirrors of each other (see the recent review [Hau23]).
Indeed [DP12] proves that — generically over the Hitchin base — we have an equivalence, the Dolbeault
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FiGURE 3. The Hitchin fibration of the moduli of Higgs bundles, illustrating the zero

fiber (the nilpotent cone, including Bung) and Hutchins section (microsupport of the
Whittaker sheaf).

GLC,
(4.1) QCoh(Higgsa) < QCoh(Higgss)

given fiberwise by a variant of the Fourier-Mukai transform [Muk81] identifying coherent sheaves on dual
abelian varieties. (The domain of applicability of this equivalence was subsequently extended in [Aril3]
[IMRV19b], though a full picture for the entire Hitchin system is still not available). This suggests
that the GLC should manifest physically as a form of (homological) mirror symmetry, as was indeed

confirmed in [KW0T].

4.2. Abelianization of sheaves. How does the geometry of the Hitchin system relate to the theory of
automorphic sheaves?

An important insight coming out of algebraic analysis is that sheaves, just like generalized functions,
have a fundamentally microlocal nature, with a support in phase space. As a consequence one could
approach the GLC — as first suggested by Donagi — by abelianization: reduce the study of sheaf theory on
Bung “generically” to the case of GLj using the geometry of the Hitchin fibration.

Here’s the picture: in Fourier theory the monochromatic waves, the exponentials e*** are localized in
momentum space, so look microlocally like lines {t = A}  R2 ;. Likewise we might expect that the sought-
after eigensheaves, the “monochromatic” sheaves on Bung, should be localized microlocally along Hitchin

AT
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fibers, and so accessible by abelian duality. By replacing Hitchin fibers with their limit under rescaling in
the cotangent bundle, we arrive at a coarser, asymptotic version of this statement: eigensheaves should
have the global nilpotent cone Nilp = Hitch~!(0) as their characteristic variety [Lau87]. (This explains
to a large extent the role of sheaves with nilpotent singular support as the right generalization of local
systems to consider in the formulation of the Betti GLC, §)

In their monumental work [BD] introducing the GLC as we know it, Beilinson and Drinfeld showed that
Hitchin’s hamiltonians (the functions on 7% Bun¢ pulled back from linear functions on the Hitchin base)
can be deformed to globally defined commuting differential operatorﬂ on Bung. The eigensystems for
these differential operators give a family of globally defined systems of differential equations (D-modules)
on Bung corresponding microlocally to constant sheaves on Hitchin fibers (without any winding). These
are nonabelian generalizations of the differential equations z f=sfonC* of : and of the globally
defined D-modules {&; f = p; f}7_; on the Jacobian of §

There have since been several approaches to abelianize large parts of the GLC.

e[Asymptotics| First, differential operators have a semiclassical limit, where they degenerate to their
symbols, functions on phase space. This suggests the following idea, developed by Arinkin [Ari05):

(4.2) Dmod(Bung) v~ QCoh(Higgsg) «— QCoh(Higgses) «~ QCoh(Locy)

Passing to symbols degenerates D-modules on Bung into quasicoherent sheaves on Higgsg. We then use
the Dolbeault GLC to pass from Higgsc to Higgses, and finally deform from Higgss to Locs. This
gives a “generic, formally asmyptotic” piece of the GLC.

e[Abelianization on the spectral side:] The formal WKB / semiclassical description of connections
above has a striking integrated form provided by the theory of cluster varieties and from supersymmetric
QFT [FGO06, [GMNT3]. This gives an abelianized description of the space of local systems Locs in terms
of torus charts, coming from rank one local systems on covering space.

e[Reduction mod p] Reducing differential operators modulo a prime p also has the effect of a classical
limit (since pth derivatives vanish mod p, so that the ring D becomes very close to symbols mod p).
As a result one can relate flat connections on C' and D-modules on Bung directly to their Dolbeault
counterparts. This results in a proof of a generic part of the mod p form of de Rham GLC by reduction
to the Dolbeault case, as carried out in [BB07, [CZ17].

e[Fukaya categories and microlocal sheaves:] Kapustin-Witten proposed that automorphic sheaves be
viewed in the context of symplectic geometry and mirror symmetry as A-branes, i.e. objects of the
Fukaya category, on T*Bung. These objects are precisely represented by Lagrangians equipped with
local systems. Among these are Hitchin fibers with local systems on them, providing concrete geometric
realizations of Hecke eigensheaves. This had a tremendous influence on the subsequent understanding of
Fukaya categories via microlocal sheaf theory [NZ09, Nad09) [Kon09, [GPS24]. We’ll see these ideas appear
in the proof of GLC, §[5.4

e[Nonabelian Hodge theory:] Finally, nonabelian Hodge theory (as developed by Simpson, Mochizuki
and others) leads to a profound perspective on GLC being developed by Donagi-Pantev-Simpson (see [DP09)
for a survey as well as [DP22, [DPS24]). The nonabelian Hodge correspondence on a variety X uses har-
monic map theory to identify suitable flat connections, or more general D-modules, with Higgs sheaves, or
coherent sheaves on T* X. Nonabelian Hodge theory on C' is responsible for the profound hyperkéhler ge-
ometry of the moduli spaces of Higgs bundles and local systems, while nonabelian Hodge theory on Bung
constructs special Hodge (or twistor) D-modules directly from line bundles on Hitchin fibers (thought of
as Higgs sheaves). This provides a different way to carry out the translation of from local systems
to D-modules. See also §[6.2]

5. HOw 1S IT PROVED?

In this section I’ll describe some of the main ideas that go into the proof of the GLC.
The spectral action from tells us that we can spectrally decompose the automorphic category
Shv(Bung) under the action of the Hecke operators, with the possible colors (Langlands parameters)

8Up to a twist by spin structures.
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provided by G-local systems, i.e., by points of the character variety Locgs. Given this, we can formulate
the “best case scenario”:

e the Hecke operators have a simple joint spectrum (quantum complete integrability), and
e every possible color appears, i.e., the spectrum is exactly the space of Langlands parameters Locg.

In other words, we can hope that all joint eigenspaces are of multiplicity one, so that there’s a unique
eigensheaf Autgy € Shv(Bung) (up to normalization) for every color E € Locs. The eigensheaf condition
means that every Hecke operator F € QC(Locs) acts on Autg by multiplication by the vector space Fg
(its fiber at E),

f*A’U,tE :.77|E®AutE

Altogether, we can express this hope as saying that the spectral action QCoh(Locy) O Shv(Bung) is free
of rank one, so that after normalization we expect to get a spectral theorem of the following form:

Shv(Bung) ~ QCoh(Locs).

Recall that a linear operator has simple spectrum precisely when it possesses a cyclic vector. Thus we
can paraphrase this hope as saying the Hecke action has a cyclic vector (or rather cyclic object), and that
this cyclic vector has full spectral support, i.e., it is a superposition of all colors. In other words, we are
looking for an object Whiteq € Shv(Bung) with the properties of white light, and once we find it the
GLC should be uniquely characterized by the combination

e spectral action: the equivalence Shv(Bung) ~ QQCoh(Locs) respects actions of QCoh(Locg), and

e normalization: the equivalence exchanges Whiteg and Op¢ o

5.1. First, some functional analysis. This “best case scenario” turns out to need some tweaking —
i.e., we need to get the functional analysis right.

Since the GLC is concerned with a form of harmonic analysis in which categories of sheaves replace
traditional function spaces, we should encounter echos of familiar analytic issues — and conversely, GLC
provides a testing ground for this new kind of categorical analysis. As with the harmonic analysis of locally
symmetric spaces, the leading issue comes from the lack of (quasi)compactness — i.e., what kind of growth
conditions should we impose at the cusps? What classes of “topological vector spaces” do these choices
lead to, and what kind of duality and operator theory do they carry? What do these questions even mean
in the categorical setting??

These questions were developed in the series of papers of Gaitsgory with Drinfeld and Arinkin in-
cluding [DGI3], [DGI5] [Gaildl, [Gail7hbl [AGIH], based on the general categorical machinery developed by
Lurie [Lur09, Lur]. On the one hand, they established that the basic function space in the de Rham
GLC, the category Dmod(Bung), behaves “miraculously” like a categorical Hilbert space - in particular
is self-dual.

On the other hand, the naive guess for the spectral side needs to be refined. In Fourier theory, lack of
compact support is dual to lack of smoothness. Thus if we choose not to impose any growth conditions on
our sheaves on Bung we should expect to see singularities appearing in the sheaf theory on Locy - i.e.,
some kind of vector-space valued “distributions” rather than “functions”. As it turns out this distinction
on the level of sheaves is intimately related to the singularities of the underlying space Loc.

This has led to a rich new chapter in algebraic geometry, the theory of ind-coherent sheaves IndCoh [GR17].
The category IndCoh expands QCoh to allow algebraic generalized functions. As with distributions, these
new objects can be described as representing functionals on “test” objects, in this case, as functors on
coherent sheaves. The difference between IndCoh and QCoh comes down to the fact that coherent sheaves
on singular varieties — for example, skyscrapers at singular points — don’t admit finite resolutions by vector
bundles, or more geometrically, can’t be extended to arbitrary infinitesimal deformations of the variety.
This leads to the notion of singular support of ind-coherent sheaves, a precise counterpart of the wave-front
sets of distributions, which measures the points and deformation directions where a given generalized sheaf
is obstructed.

By analyzing the behavior of singular supports under natural operations on sheaves, [AG15] were able
to fine-tune exactly what kinds of singularities of ind-coherent sheaves match the given sheaf theory on
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the automorphic side: we should allow nilpotent singular supporﬂ — meaning roughly that we don’t allow
any singularities in directions coming from tori (as in the previously understood case of GL1). This finally
leads to a precise statement of the unramified geometric Langlands conjecture: it’s an equivalence

Shv(Bung) ~ IndCohar(Locg)

(in both de Rham and Betti flavors) identifying the spectral action of QCoh(Locs) on the left with its
natural tensor action (multiplying distributions by functions) on the spectral side.

5.1.1. The étale setting. The landmark paper [AGK™ 20| introduced a new flavor of the GLC, the étale (or
restricted) version. Perhaps its most important advantage is that it makes sense over arbitrary algebraically
closed fields, thus formulating for the first time a categorical GLC in the setting of function fields in
positive characteristic, and establishing the corresponding spectral action. Over C the étale version forms
an intermediate “common core” to the Betti and de Rham conjectures. For example on the spectral
side, Locg and Loccé,R have the same points, and those points have the same deformation theory, and
so the union of all the formal neighborhoods of all points is the same to both. The étale version of the
character variety is exactly this union for abelian groups, and a little bigger in general (essentially since
exponentiating unipotent matrices is an algebraic operation). In particular coherent sheaves built in a
finite process out of skyscrapers are the same on all three versions. Dually, the étale automorphic category
is designed so as to be built discretely rather than continuously out of monochromatic objects.

The paper [AGK™20] proved that the Betti and de Rham versions of GLC are equivalent, by showing
they both reduce to the common étale version. This lets us play off advantages of the two settings — for
example the Betti character stack Locg is very simple, as the quotient of an affine variety by G, and
manifestly depends only on the topology of C, while the de Rham version LochR is far from affine, so that
Hom spaces between coherent sheaves are finite dimensional.

5.2. Interlude: Relative Langlands, or, Where have all the L-functions gone? The Langlands
philosophy doesn’t just predict a relation between automorphic and spectral sides diagonalizing Hecke
operators: it comes equipped with a huge repertoire of predictions for which measurements should match
which. The study of these measurements is known as the relative Langlands program, and was systematized
in [SV17]. The most famous — the matching of L-functions associated to automorphic and Galois represen-
tations — is arguably the main feature of the arithmetic Langlands program. L-functions themselves are
conspicuously absent from most of the literature on the GLC, but similar matching measurements play a
major role in normalizing, characterizing and proving the GLC.

What do we mean by a measurement of automorphic forms? These are linear functionals on the vector
space of automorphic forms — though we can (and will) think of them dually, as represented by inner
product with a particular vector, or in the geometric context, as Hom spaces from a particular sheaf.
The special measurements we can make predictions for — the periodﬂ — are highly structured: they have
counterparts in all the different settings of the Langlands program (local, global, arithmetic and geometric)
satisfying strong compatibilities.

In physics, such structured collections of measurements or states form an essential part of any quantum
field theory, where they correspond to boundary theories (or codimension one defects). More suggestively,
we can study gauge theories through their interaction with charged materials. In the context of electric-
magnetic S-duality their study was pioneered by Gaiotto-Witten [GWQO9b, [GW09a], and proposed as a
general framework for the relative Langlands program in [BZSV24] (see also [Ganl).

A basic example is the trivial period — the constant or zero-frequency wave, which corresponds to the
simplest measurement: taking the average of an automorphic form or global cohomology of an automorphic
sheaf. This period is already very interesting in the context of GLC. It was studied in in [GLI9b] and
used to prove Weil’s Tamagawa Number conjecture for function fields.

9Ren’1arkably7 this notion is not closely related to the similar-sounding nilpotent support condition imposed on Betti
sheaves on the automorphic side.
wConfusingly, not to be confused with periods in algebraic geometry.



THE GEOMETRIC LANGLANDS CORRESPONDENCE 23

In the next three sections, we will look at three important types of measurements, or periods, whose
interplay provides the backbone of the proof of GLC (to paraphrase [CCF*24]). Here we list the names
of the matching automorphic and spectral measurements and their primary role:

e KHisenstein < Eisenstein: provides an inductive structure on the GLC, reducing the conjecture to
the cuspidal case.

e Whittaker « global sections (Neumann): used for normalization - provides a faithful measurement
of cuspidal automorphic sheaves.

e Kac-Moody « opers: Used for the construction of cuspidal automorphic sheaves.

Perhaps the most crucial feature of periods is that they satisfy a strong local-to-global compatibility —
they are given as ©-series. The ©-series (or Poincaré series) are generalizations of the classical Riemann 6-
function appearing for example in Riemann’s integral formula for {(s). They are modular and automorphic
forms that are written as averages of local data over a global symmetry group. This in fact provides one
of the most common way to write down automorphic forms.

A characteristic feature of L-functions is their “local-to-global” description as Euler products. In the
geometric setting, periods have a loosely analogous key property — factorization, again. Namely we can
attach O-series to local data at finitely many points of the curve C, and the construction is compatible
with collisions of points. This factorization property is the glue that lets us assemble local inputs into a
comprehensible global output. It is also technically very challenging — a major reason for the length of
the proof of GLC (and many of its predecessors) is the need to understand holistically local, global and
factorizable versions of all the constructions.

5.3. The Inductive Step: Eisenstein series. Eisenstein series are simultaneously the hard part and
the easy part of the theory of automorphic forms. On the one hand, the serious need for analysis comes
from the continuous spectrum of modular curves (and more general arithmetic locally symmetric spaces),
an effect of their lack of compactness — i.e., from functions not vanishing at infinity (i.e., at the cusps).
The general analytic theory of Eisenstein series, one of Langlands’ tour-de-force achievements, provides a
construction of this continuous spectrum. The geometric Langlands counterpart of Eisenstein series has
to grapple with issues parallel to the analytic difficulties in the classical theory but in the brave new world
of categorical analysis.

On the other hand, representation theoretically Eisenstein series provides the “unsurprising” part of
the theory — the part coming by parabolic induction. This is an elaboration of highest-weight theory which
lets us build representations of big groups from those of smaller Levi subgroups (for GL,, these are the
subgroups of diagonal or block-diagonal matrices). The guiding light of representation theory of reductive
groups, Harish-Chandra’s philosophy of cusp forms, says that for each group we should first sift out the
families (or series) of representations coming by parabolic induction from smaller groups, leaving only
the rare gems — the cuspidal representations — which we then carry with us on our journey to ever larger
groups.

The entire Langlands program follows this inductive strategy: it dictates that the construction of
Eisenstein series from Levi subgroups M < G should match with a similar parabolic induction for the
dual Levi subgroup M < G, which precisely accounts for the locus of reducible Langlands parameters.
Thus very roughly we need to first “subtract” the contributions of Eisenstein series from both sides of
the correspondence, leaving behind the cuspidal automorphic functions (those with vanishing Eisenstein
periods), which we need to then match with irreducible Langlands parameters.

To make a long and technical story criminally short, the theory of Eisenstein series is now very well
understood in the geometric setting along these general patterns, following decades of contributions by
Drinfeld, Laumon, Braverman, Gaitsgory, Finkelberg, Mirkovic, Bezrukavnikov and others. The mono-
graph |[CCF*24] completes the inductive step, showing in particular the compatibility of Eisenstein series
with the Langlands functor L. as above. With this in hand, the proof of GLC reduces to the study of the
orthogonal complement of Eisenstein series, the cuspidal automorphic sheaves.

5.4. White Light: the Whittaker period. At the opposite extreme from monochromatic waves we find
white light, a superposition of all colors. In the setting of the Fourier transform, white light is represented
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by the d-function dy at x = 0, whose Fourier transform is the constant function 1. This choice plays
an essential role in normalizing eigenvectors for differentiation (or translation), since the eigenproperty
characterizes them only up to scale. The normalized exponentials are chosen to have value 1 at x = 0,
i.e., by their pairing with the delta-function §y, so as to be constituents of white light.

This normalization extends readily to more general abelian dualities — we normalize eigenfunctions by
evaluating at the unit. In other words we stipulate that the duality sends the delta-function d. at the unit
(a Dirichlet boundary condition) to the constant function 1 (a Neumann boundary condition). This is
illustrated (in the case of the Mellin transform) in Figure|l| by the white pole corresponding to the white
field.

In nonabelian duality, experience in representation theory suggests that the role of white light is
played by a less familiar object, the th'ttake7E| period (known as the Nahm pole boundary condition
in physics [GW09a]). In other words, we seek to normalize the Langlands correspondence by stipulating
that the Whittaker period is taken to the spectral measurement given by total integral or global sec-
tions (i.e., to the Neumann boundary condition). In other words, the sought-after duality should take
the representing object, the Whittaker sheaf, to the structure sheaf Op,. . representing spectral global
sections.

What is this Whittaker period? It derives from Whittaker functions, solutions of the Whittaker differ-
ential equation from mathematical physics, which were used to give normalized descriptions of represen-
tations of groups over local fields. In the setting of modular forms the Whittaker period corresponds to
the measurement of the first Fourier coefficient in the g-expansion, which is used to normalize cusp forms.

In the setting of the GLC, the Whittaker period has an appealing microlocal geometric description,
illustrated in Figure [3| - it is represented by the Hitchin section [Hit92]. This is a section of the Hitchin
integrable system consisting of those Higgs fields which are in rational cyclic form as matrices for G = GL,,
(or more generally lie in Kostant’s reductive-group generalization of rational cyclic form). These correspond
to spectral curves equipped with a trivial line bundle, i.e., the identity elements of the Hitchin fibers. A
key difference from the abelian case, also visible in the figure, is that the Hitchin section completely misses
the zero-section Bung < T* Bung (since the zero matrix doesn’t admit a cyclic vector).

Note that being a section this is transverse to the Hitchin fibers, which provided our microlocal picture
of what eigensheaves look like — as one might hope from a candidate for white light.

Once we’ve picked out the Whittaker sheaf, we can start to act on it by Hecke functors. (Microlocally,
this means we move the Hitchin section around by translation along the Hitchin fibers). Thanks to the
spectral action, this assignment determines a functor

QCoh(Locs) — Shv(Bung), F — F =« Whitg

sending the structure sheaf O, to the Whittaker sheaf. If we really expected the automorphic side to
be free of rank one over the spectral action, this would be the GLC.

However we know this functor can’t be quite right — we need to fix the spectral side to the slightly
bigger category IndCohy(Locs). This requires some careful analysis. The papers [FrR25, NT25] used
the microlocal interpretation to show some surprisingly nice properties of Whittaker coefficients (the
measurement represented by the Whittaker sheaf) including ezactness on a large subcategory of sheaves.
These results are combined with further estimates in [GR24al (concerning cohomological boundedness and
categorical compactness) to show that testing automorphic sheaves against ones of the form F = Whitg
(F e QC(Locy)) does lift uniquely to a functor in the opposite direction

Shv(Bung) IndCohy(Locg)
QC(Locy).

HUNamed after the mathematician Sir Edmund Whittaker. Serendipitously, the Old English etymology of the name
Whittaker means White Field.
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The microlocal geometry of the Whittaker period is also used in [FrR25] to demonstrate a key injectivity
property of the geometric Langlands correspondence which is runs somewhat contrary to experience in
number theory: Whittaker coefficients don’t vanish on cuspidal sheaves. Namely, we can test any cuspidal
sheaf faithfully against the Whittaker sheaf and its Hecke translates, so it won’t be annihilated by the
functor L. Combined with the inductive understanding of the Eisenstein part, what remains is to somehow
establish surjectivity — to see that every color appears.

5.5. Construction: Kac-Moody localization and opers. Finally, we need to find some rare gems —
cuspidal automorphic sheaves. A lot of them, in fact, to account for all irreducible Langlands parameters.
As we mentioned, the main technique to actually write down classical automorphic forms is the theory
of O-series — i.e., to start with local data and average. The ace up the sleeve of the de Rham geometric
Langlands discovered by Beilinson and Drinfeld is a particular type of geometric O-series, the Kac-Moody
period, which has a concrete dual description in terms of opers. This construction differs from all the topics
we have discussed in that it does not have any known direct counterpart in other parts of the Langlands
program.

Why is it so elusive? The answer is that while the entire de Rham GLC is based on representation
theory of Lie algebras rather than Lie groups, the Kac-Moody period in particular concerns representations
that do not integrate to the group, such as the action of g on its enveloping algebra Ug itself. This kind
of representation has no counterpart in the Betti or étale GLC or indeed in the smooth representation
theory of p-adic groups, the topic of the local Langlands correspondenceEl

Another form of the answer comes from physics: the Kac-Moody period is not topological — it is sensitive
to the complex structure on our Riemann surface C. As such it is related to the much richer study of
conformal or holomorphic quantum field theory rather than the relatively well understood topological field
theory [FG20].

So what is this Kac-Moody period about? The global version is the sheaf of differential operators
Dpun, itself — a very natural object but one that has no analog in the topological world of monodromies
and constructible sheaves. More precisely, we need to use the correction of differential operators involving
spin structures, a universal feature of quantization. The local version is the category of representations
of the loop Lie algebra g((z)) — the Lie algebra of LG — again up to a “spin” correction, giving what are
known as critical level representations of a central extension of g((z)), the affine Kac-Moody algebra g.
The local-to-global construction (O-series) is given by one of the greatest hits of geometric representation
theory, Beilinson-Bernstein localization construction: a method of writing systems of differential equations
prescribed by representations of a Lie algebra. Through this construction, representation theory provides a
wealth of fairly concrete D-modules on Bung, which Beilinson and Drinfeld realized was the secret recipe
for building a Langlands correspondence.

What does representation theory have to offer here? The starter for this recipe is a miraculous theorem
of Feigin and Frenkel [FF92] (see also the book [Fre(7]), using the approach to loop algebras suggested
by conformal field theory, the theory of vertex algebras. This theorem identifies the intrinsic parameters
for critical level representations of § with a special class of Langlands parameters (G-local systems) on
the punctured disc called opers. Opers (in the case of GL,,) are connections with a choice of cyclic vector
for differentiation — i.e., connections which are in rational cyclic form. These are exactly the first order
systems of n differential equations in one variable we get when we want to solve a single n-th order ODE.
Opers form a dual, spectral counterpart of the Whittaker period — a version of Hitchin’s section for the
space Locg of flat connections.

The Feigin-Frenkel theorem provides something remarkable — a direct bridge between representation
theory associated to G and the Langlands dual side, which we can use to populate the automorphic side
with eigensheaves. As we mentioned in § Beilinson-Drinfeld write a family of explicit differential
equations on Bung given by global differential operators — i.e., built directly out of Dpyn, — which are
nonabelian analogs of the equations zd% f = sf on C* of and their counterparts for Jacobians

12There are however counterparts in the rapidly developing world of locally analytic (p-adic) representations of p-adic
groups.
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§ By identifying these D-modules as the output of the local-to-global construction from those g-
representations corresponding to G-opers on the entire curve C, they were able to show that they were
indeed Hecke eigensheaves with precisely these opers (thought of as points of Locs) as their eigenvalues.

But this is just the beginning: opers themselves only form a half-dimensional subvariety of Loc.
However any irreducible local system admits the structure of an oper away from finitely many points [Aril6]
(for GL,, this is a classical result of Deligne that flat connections admit meromorphic cyclic vectors).
Moreover up to homotopy there’s only one such choice — the space of choices is contractible (a theorem
of [BKS22] for classical groups, and a collolary of the GLC in general). So one has to ask more out of the
representation theory: a description of a broader class of representations associated to G-local systems
with a rational oper structure, provided by [FG09a]. Now we’re cooking.

In [ABC™24b| the critical level representation theory is built into a highly structured machine incorpo-
rating factorization and local-to-global compatibility. This machine is used to populate the automorphic
side with D-modules coming from Kac-Moody localization, and the spectral side with matching sheaves
coming from local systems with oper structure.This gives a rich enough repertory of matching objects to
see the “surjectivity” of the Langlands functor.

Putting all these ingredients together we have the five paper sequence:

[GR24a] the construction of the Langlands functor,
[ABC™24b] the construction of cuspidal sheaves by Kac-Moody localization,
[CCF*24] the inductive step provided by Eisenstein series,
[ABC*24a] more subtle functional analysis of the Langlands functor (it satisfies the categorical self-duality
property of ambidexterity),
[GR24Db|] leading to the conclusion that all eigenspaces have multiplicity one and the unramified GLC holds.

6. WHAT IS THIS GOOD FOR, AND WHAT’S NEXT?

Thus after a herculean effort the unramified geometric Langlands correspondence is now a theorem. But
as I've tried to emphasize the point of the endeavor was not solely or even primarily verifying the truth of
a particular statement. Research around the GLC has led to a deeper understanding of nonabelian duality
as it appears in representation theory, arithmetic and quantum field theory and to a rather surprising
joint vision behind these far-flung areas. The long sequence of papers culminating in the proof doesn’t try
to follow a geodesic path, but rather surrounds the statement and besieges it before eventually breaking
in. The proof is instead a major benchmark of our understanding of representation theory and harmonic
analysis, the first time a nonabelian duality statement this exhaustive and general has been proved. It
demonstrates that as a community we have understood the overarching features of nonabelian duality,
including the key subtleties and roadblocks, and have an adequate conceptual framework, centered around
factorization, to carry this understanding to new contexts. Indeed the main ingredients in the proof - with
the critical exception of the magic of opers and Kac-Moody representations - are essentially portable.

6.0.1. Ramified GLC. Before moving further afield, I want to briefly discuss the meaning of the modifier
“unramified”. The colors appearing in our discussion thus far are given by local systems (de Rham or
Betti) on a smooth projective curve / compact Riemann surface C. It is very natural to consider more
generally ramified local systems, meaning bundles with meromorphic flat connections, or representations of
the fundamental group of punctured surfaces C\{z1,...,z,}. These arise as eigenvalues for Hecke actions
defined only away from the marked points, such as are found on moduli spaces of bundles on C' equipped
with extra structure at the markings. Bezrukavnikov [Bez06| Bez16] proved a landmark theorem extending
the geometric Satake correspondence to the setting of tame ramification (parabolic structures on bundles
/ regular singularities on connections). This theorem provides in particular a precise formulation of a
tamely ramified version of the GLC, which currently remains open in general.

To formulate (let alone prove) a full ramified extension of the GLC requires a greater understanding
of the local GLC, which provides a conjectural spectral decomposition for the categorical representation
theory of loop groups in terms of Langlands parameters given by local systems on the punctured disc.
See [Gai25] for a discussion of the rapidly changing landscape around this conjecture.
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6.0.2. Representation Theory of Reductive Groups. The GLC has a central role in representation theory,
where it serves as a prototype for a spectral theory for representations associated to a reductive group
G. What makes this field remarkable is that the same G has many distinct avatars, which nonetheless
share the same structural features. At the core of the subject since the 1990s is a fundamental triangle of
representation theories, linked by a web of conjectures of Lusztig [Car06]:

(1) quantum groups Uyg,
(2) loop groups LG and affine Kac-Moody algebras g, and
(3) reductive groups and Lie algebras in positive characteristic G, g/F,

Ideas from the GLC — specifically the geometric Satake correspondence [MV07] and its tamely ramified
refinement (Bezrukavnikov’s theorem [Bez06l [Bez16]) — have completely transformed this area, for a very
partial sample see [BMROS8| BM13| [RW22| [AR18] [Ric24, [Wil17, [FG09b, RY24] (see also §[6.0.4).

6.0.3. GLC in low genus. When we restrict to curves of genus zero and one, both sides of the correspon-
dence become very explicit and classical objects, for which the Langlands dual description provided by
geometric Langlands provides deep insights. For example, in genus one the Langlands parameters are
commuting pairs of matrices, whose algebraic geometry has long been elusive [LNY24]. On marked or
punctured curves of genus zero Langlands parameters become meromorphic ODE or, in the étale setting,
Galois representations of the field of rational functions in one variable. In this (ramified) setting, the
GLC has been particularly important in the study of the special class of rigid local systems [YunlT], in-
cluding the arithmetic of Kloosterman’s exponential sums and Bessel equations [FG09d, [HNY13| [XZ22]
and combinatorics of Schubert calculus [LT24]. A striking application is Yun’s solution of the inverse
Galois problem for some finite reductive groups [Yunl4]. In the other direction, the automorphic spectral
problems studied by the GLC are identified in low genus with the solution of famous quantum integrable
systems, such as the Gaudin spin chain and the Calogero-Moser particle systems. The GLC then provides
a powerful paradigm for solving quantum integrable systems in which the joint spectrum of commuting
Hamiltonians is given by Langlands parameters [Fre05].

6.0.4. Other GLCs. The GLC has both a degeneration, the Dolbeault GLC, and a deformation, the quan-
tum GLC, which remain open even in the unramified setting, though as discussed in § the Dolbeault
conjecture was proven generically in [DP12]. Both have the beautiful feature that they are completely
symmetric in G and G, and both appear naturally from the same physics origin (S-duality for 4d N = 4
super-Yang-Mills) as the GLC. See [PT25] for progress on a new form of the Dolbeault conjecture over
the entire Hitchin base inspired by Donaldson-Thomas and geometric invariant theory. The quantum
GLC provides a global geometric context for the (noncritical) representation theory of affine Kac-Moody
algebras (de Rham) and quantum groups (Betti). Its symmetric treatment of G and G has influenced
the development of the “usual” GLC in several ways, going back to the proof of the Feigin-Frenkel theo-
rem from which the quantum GLC evolved. For example, the Kac-Moody and Whittaker periods, used
for the “surjectivity” and “injectivity” in the proof of GLC, have quantum variants which are on com-
pletely equal footing and in fact are exchanged by the duality. The essential local ingredient in the
quantum GLC replacing the geometric Satake correspondence is the so-called Fundamental Local Equiva-
lence [Gai08| [CF21l [CDR21] [GL19a] relating representations of affine Kac-Moody algebras and quantum
groups, the most refined in a sequence of developments going back to Drinfeld and Kohno’s construction
of quantum groups from monodromy of the Knizhnik-Zamolodchikov equations of conformal field theory
and the Kazhdan-Lusztig equivalence [KL93].

6.1. Arithmetic Applications. The geometric Langlands program was originally conceived by Drinfeld
as a counterpart to the classical Langlands correspondence where one could benefit from powerful tools
of algebraic geometry and sheaf theory with the hope of gaining insight into the original problems in
arithmetic. In the past decade this hope has been realized perhaps more than could reasonably have been
expected. Below I focus on two of the most successful and active arenas for this interaction, the settings
of local fields and of function fields in positive characteristic. These are by no means exhaustive. I refer
the reader to the excellent overview [Zhu23| for some highlights of the steady stream of recent applications
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of GLC to a wide range of problems in both the local and global Langlands program and arithmetic
geometry more broadly, such as the Tate and Beilinson-Bloch-Kato conjectures. I also refer to [Gan] for
an overview of relative Langlands duality (touched on in § , where ideas from geometric Langlands
and its physics interpretation have been applied to the theory of L-functions and their representations as
integrals (periods) of automorphic forms.

6.1.1. Local Langlands. The local Langlands correspondence (previously encountered in § provides a
conjectural spectral theory for representations of reductive groups over local fields F', like Q,,, R and F,((¢)).
In other words it proposes an identification of representations with families of vector spaces (sheaves of
multiplicity spaces) over a “spectrum”. Moreover it identifies the parameter space or spectrum as a space
of Langlands parameters — collections of conjugacy classes in G(C), organized as representations of a form
of the Galois group of F into G(C). The LLC is a crucial partner to the global Langlands program, much
as the spectral theorem is to the Fourier transform: global Langlands concerns the spectral decomposition
of the particular representation L?([G]r) of the G(F,) (for v a place of a global field F)) associated to G
and F (for instance, L?(SL(Z)\SLa(R))).

Both the LLC and GLC take the form of spectral theorems describing categories (of representations
or sheaves) in terms of geometry of Langlands parameters. This aligns well with the parallel provided
by arithmetic topology between local fields and 2-manifolds. Indeed the study of the LLC has recently
been transformed under the influence of the GLC into a categorical statement, describing categories of
representations of groups over local fields as categories of quasicoherent sheaves over Langlands parameters
— this is the topic of Volume IT of the recent IHES proceedings on the Langlands program [CGKS25].

This parallel has become much more direct thanks to the seminal works of Fargues-Scholze [ES21] in
the p-adic case and Scholze [Sch] in the real case. In these works the local Langlands correspondence is
literally realized as a case of the (unramified!) geometric Langlands correspondence, but in a much more
exotic setting than curves over a field — the Fargues-Fontaine curve and twistor P!, respectively. Many of
the ideas developed in the GLC — most notably factorization and the spectral action — have already played
a crucial role here, notably in establishing the automorphic-to-Galois direction of local Langlands [FS21]
and more recently the independence of ¢ in the LLC [Sch25]. This provides a direct path for the ideas
and techniques of the GLC (and indirectly, structures from physics) to impact number theory. This is an
extremely active area, with new frontiers including an emerging geometric formulation of the Langlands
correspondence for p-adic analytic representations of p-adic groups.

6.1.2. Langlands for Function Fields. A very different (and much older) relation between geometric and
classical Langlands comes from the close analogy (Weil’s Rosetta Stone) between number fields and func-
tion fields of curves over a finite field IFy, and between Riemann surfaces and curves over its algebraic
closur F,. In this analogy vector spaces of automorphic forms arise as decategorifications of categories
of automorphic sheaves, via the mechanism of traces of Frobenius (Grothendieck’s function-sheaf corre-
spondence). This mechanism is a direct extension of the link provided by the Weil conjectures between
point counts for varieties over finite fields with cohomology over their algebraic closure. Under this mech-
anism, the spectral decomposition of automorphic forms (the classical Langlands correspondence) is a
shadow of the categorical decomposition of automorphic sheaves (geometric Langlands).

The original dream behind developing the GLC is that one might translate one’s way back across Weil’s
Rosetta Stone, carrying along insights as we pass from Riemann surfaces to curves over finite fields and
maybe eventually to number fields. Indeed the development of the GLC has largely taken place in parallel
over C and over Fq. In this way geometric Langlands ideas were crucial to advances such as Ngo’s proof
of the Fundamental Lemma [Nad12| [Hal12|, one of the major breakthroughs in the arithmetic Langlands
program; V. Lafforgue’s work establishing one direction of the Langlands correspondence for function
fields [Carl [Strl7]; the proof by Gaitsgory-Lurie of Weil’s Tamagawa number conjecture for function
fields |[GL19Db], and the proof by Gaitsgory of de Jong’s conjecture [Gai07] on monodromy over finite
fields.

13From the arithmetic topology perspective, this corresponds to thinking of a 2-manifold as the fiber of a fibered 3-
manifold.
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The étale version of the GLC of [AGK 20| discussed in §Was proven in [AGK*21] to imply, through
a sophisticated form of taking traces of Frobenius, a significantly strengthened form of the unramified
Langlands conjecture for function fields. Now that unramified GLC in characteristic zero is understood,
the pendulum has swung back and many of the big structural questions for function fields feel within
sight. Very recently [GR25] a large part of the unramified positive characteristic conjecture has been
proved. The ICM addresses [Gai25] and [Ras| outline visions for understanding the fully ramified Langlands
correspondence over function fields and for proving some of the most important open problems in the theory
of automorphic forms in positive characteristic, the Ramanujan and Arthur conjectures.

6.2. Relations to physics. As I have emphasized, a lot of what gives the GLC its appeal and power is
its proximity not only to arithmetic but to physics, which I will quickly recap here.

Kapustin and Witten [KWO07] (see also [Frel0, BZN18]) explained how the GLC naturally arises as an
aspect of Montonen-Olive S-duality — a conjectural nonabelian extension of the electric-magnetic symmetry
of Maxwell theory. S-duality is a non-perturbative equivalence between two four-dimensional quantum
field theories, the maximally supersymmetric (N = 4) extensions of Yang-Mills theory for two Langlands
dual Lie groups. To get to geometric Langlands, we throw away more and more information from this
incredibly rich statement. First we pass to a twist of the theory, meaning that we throw away all of
the metric dependence of the theory (e.g., dynamics) by passing to cohomology of a suitable differential,
provided by the structure of supersymmetry. (To get a sense for the severity of this process, its analog for
Maxwell theory (the case G = GL;) amounts to forgetting everything about electromagnetism except for
Gauss’ law!) There is a family of differentials depending on a parameter ¥ € CP!, and S-duality gives rise
to an equivalence Ag >~ B between two 4d TQFTs, an “automorphic” theory (the 4d A-model, ¥ = 0))
associated to G and a “spectral” theory (the 4d B-model, ¥ = o) associated to G.

We then simplify further by only considering the theory on 4-manifolds of the form C x ¥ for a fixed
Riemanrpﬂ surface C. In other words, we extract from the original 4d gauge theory an assignment from
Riemann surfaces to 2d topological quantum field theories. Finally, we follow the example of homological
mirror symmetry and extended TQFT and focus, for each such 2d TQFT, only on its category of boundary
conditions. Thus we end up with an assignment from Riemann surfaces to categories (a higher analog of
the extremely rich and well-studied notion of 2d conformal field theory).

Kapustin and Witten discovered that this subsequent simplification applied to the physical S-duality
conjecture produces exactly the kinds of categories appearing in the geometric Langlands correspondence,
while varying ¥ leads to the quantum GLC (the Betti form of GLC arose as an attempt to make this
relation to TQFT explicit). Their work, and two decades of subsequent work, shows that as we pay
attention to more and more of the forgotten structure from physics we can see all of the key features of
the geometric Langlands program emerge as well as remarkable new features.

First, the physics derivation from 4d gauge theory (and even further, from 6d QFT) provides a unified
framework with which to understand numerous connections (many of which predate [KWO07]) with 2d con-
formal field theory, classical and quantum integrable systems, mirror symmetry, gauge-theoretic invariants
in topology and the Seiberg-Witten geometry of supersymmetric gauge theory.

Second, we find that geometric Langlands is just (part of) the 2d part of a statement about 4d theories,
so extends (conjecturally) to statements involving manifolds of every dimension up to four (including with
boundaries, corners and other defects) which are very tightly controlled by the algebraic structure of TQFT.
The B-model TQFT B is fairly well understood, while the A-side is quite mysterious. However, thanks
to the proof of GLC we now know remarkable TQFT properties of the categories of (Betti) automorphic
sheaves Ag(C) = Shupy (Bung(C)): for example, they are acted on by the mapping class group of C
and satisfy simple cut-and-paste rules. Most strikingly, it follows from the proof of GLC that there is a
well-defined vector space Ag(M) of “automorphic forms on a 3-manifold M”, which can be calculated in
terms of categories of automorphic sheaves on surfaces using techniques such as Heegaard splittings. It also
satisfies a Langlands duality identifying it with (a stacky, derived enhancement of) the space of functions
on the character variety Locg (M) (space of representations of 71 (M) into G). We know very little about

MDjifferent aspects of the construction depend either on a complex structure on C or just on the underlying 2-manifold.
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these spaces directly, but after deforming to the quantum GLC these spaces become the much-studied
skein modules of 3-manifolds associated to quantum groups, see the review [Jor23|, resulting in Langlands
duality predictions for skein modules.

Another place where the categorical complexity of geometric Langlands gives way to concrete isomor-
phisms of vector spaces is the analytic Langlands correspondence [EFK21], a remarkable theory of spectral
decomposition for quantum integrable systems which arises physically (following [GW24]) as an instance
of the equivalence Az ~ B on a special 3d configuration.

Third, physics demonstrates the full symmetry between the two sides of the correspondence — after
all, we start with the same 4d QFT applied to two Langlands dual groups, a symmetry that’s broken by
choices made in the process but can be restored by varying those choices, but can then be use to inform
our understanding of both sides. This symmetry is not at all obvious in number theory, where modular
forms and Galois representations seem to come from different universes, but suggests new perspectives
(for example in the setting of the relative Langlands program § .

Finally, the physics of supersymmetric QFT is much richer than that of topological field theory. In
particular it lets us distinguish a class of objects, the BPS branes, which preserve more supersymmetry than
just the differential used to define the topological theory. This richness is reflected mathematically in the
rigid structures of Hodge theory. On a Riemann surface C, this results in the enhancement of the moduli
of Higgs bundles and local systems from holomorphic symplectic to hyperkihler geometry. On Bung,
it results in the enhancement of the sheaf theory from D-modules to Hodge or twistor modules. (These
structures play a key role in the work of Donagi-Pantev-Simpson encountered in § ) This suggests
a link to the theory of motives. Motivic sheaves, like these supersymmetric branes, have many different
realizations (de Rham, Betti, Dolbeault, étale). They have recently come to prominence in the GLC and
LLC [Sch25]. More broadly, understanding motives themselves (as enhancements of Galois representations)
is one of the main motivations for the entire Langlands program. It’s tempting to dream that the physics
of supersymmetry and S-duality might provide some insight about these profound questions.
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