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i
.e.

Zeta = Mellin of Theta

Ourgoal : give a QFT

perspective on this formula

& its generalizations .



The Unreasonable

Effectiveness of QFT

in Number Theory :

model theoryoffunctions

on pationfus of QFTs

Physics on what space ??



ArithmeticGeometry

Rings of integers UF >I :

- number field F/Q finte

eg I
,
[[i] ,[ [is] . . .

Try to understandOf as

ring of functions on a gearctic
-

object, Spec Of

[Grothendieck]
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Taylor & Laurent series
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Mazur (GOs) :

improved picture -

withmetic topology
based on Galois theory /

Grottendieck'stale topology
,

not just ring theory



Ttp has cyclic Galois group

- find extensionspr

5 has cyclic funclamental group

↳ fine coves



= Picture Spec #tp as
a circle

SpecFp2 Spec #p

&
Adds a dimension to all

our pictures !



Spec Ap Speckp Spectp
Ok :

C 7 ⑳

New :

&

&
~

3

Spec Upi torus [Kinbottle]
↑

Gal Qp (longitude, meridian)
Frobenirs

, monorary



I
"Knots & Primes
dictionary

[Mazur, Morishita, Kapraiov, Reznikov]

Number Fields 3-manifolds

primes -> knots

extensionsa> covering spaces

Galois
- Fundamental

gro grap

Quadratic - Linkingreciprocity
Closs Field Poincare

Theory
L) dualy

Iwasawa
Theory
- Alex andeid

↑

---

-



Spec I
Old :

A

-

IRIP2
New: F

....&
21
35



- or maybe better :

IRIP2

·-
S

7⑳



Linking1> Quadratic
Gauss reciprocity

Roughly : leg for primes = / mod 4)

p,q linked p is a square
mod q

e.g."Olympic primes"
29 S 149

O
1713
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ArithmeticPhysics

If number fields

3-dimensional spaces,

can we do physics her??

[Kapradv, Min]



First take : dabtful !

No clear analog of
classical mechanics

(PDE on number fields ??)



But : long history of

arithmetic quantum mechanics

- theory of modular &
automorphic forms

L2(4(H)*0,
Hacke ops.

za Hamiltonian
SHilbert space observables



ISLz]e SIA



theyof automorphic forms

Study 22 - or
, algebraically,

cohomology - of withmetic

locally symmetric spaces, like

[S22]= SLSR/SO
H2

- in a quarte system associated

to our "space"M=Spec [



· Can replace SIL

by % < SIX definedby

congruces ,
it modify

at some primes

- it variant associated to

link LCM



· Can vary number ring -

e.g.

[ ms [[i]

[S2]

SLINS

- ie vary "space" M=Spec Of



· Can vary group

Sha my Gh
,

Glu
,

Son
, SPn

, Es, ....

- i.e
,vary "quantum gauge

Hear;

we are studying



What kind of "physics"
is this ?

and why bothe ?



Electricity & Magnetism

Quantum Maxwell theory
attaches to M 3-mafold

(Space)

-

Hilbert space of states

on space fire MXIR :
&

(2)Unconnections/
M

algebra of observables



-

Lots of other structures
,

such as defects

e.g . allow solenoids - singularities
of gauge fields on link (CM

Ti
↳



Very rich ... Let's simplify

This has two (pale)
shadows depending only on
the topology of space

,-

& carrying commutative

algebras of Observables



A (Magnetic)

↳ /gange fields
us

locally constant functions
-

Holgange fields)

(or H* )

- remembers only data of

magnetic flexes H2 (MiL
,
1)

[ topology of space of gauge fields
magnetic Gauss law]

& observables : magnetic monopoles



B .
(Electric)

All Connections

>

flat connections

- remembers only phase shifts

H, (M -1) -> UI)

[Monodromy/Aharonor -Bohn effect]

& observables : measuring phase



Electric-Magnetic Duality

Symmetry EctB (FzxXF)
of Maxwelltheory

~

space of

Ho%spaceflat connection]
magnetic electric

states &
states

create multiply
monopoles by phase

1) Poincare dually
MiL)



Arithmetic version

Space of garge fields

ramified along link L

is

⑫
describe by gluing data

up to gauge transformations



=> [Gli]zic=

(Q

⑭..
idele class group

Cramified at 1) :

"line bundles on Spec1 ; I "

Source of Dirichet & Hede
characters



Space of phases (monodronics) :

D
-

- -
↑&

Characters

ramified along L



Electric-magnetic clucity ms

Class Field Theory :

Ho [class group)=/Galoiscles]
magnetic electric

states - & states
translation multiplicati

=

Poincare duality for Spec Of
inetale cohomology

[Artin-Verder]



Nonabelian version

Maxwell my Yong-Mills

U() us G compact
Lie grop

E-M dualityus Montanes-Olive
S-ducity conjecture

[for SUSY variants]

Switches G for itsfud I
Gln Glu

SLn-> PGL

SO2n -> SO2n
SO 2n+ i-Spen

a &



Topological Shadow :
&

A B

Magnetic Electric

Topology of Alg . Geor, of

gange fields monodromies

[moduli of Scharacter
bundles] varieties]

Monopole creation Measur morotary
L'f Hoof loop] [ Wilson loop]



Arithmetic A-side :
Arithmetic locally symmetric spaces :

[6L]zi=

(Q

⑭..

⑫



Arithmetic A-side !
Arithmetic locally symmetric spaces :

[6]i =

(Glonyx GQs) +GlasYGIQ/G
x ... - (((r))-

Q

~ "Gbundles G(Q)

on SpecI
·i aona

Irel L)



Physical B-side :
Charader varieties of fundamentalgroups

Loc(m - 1) =

(π,
(m - 2)-(/[()

#
-&



Arithmetic B-side :
Charader varieties of Galois groups

Locg(UF i
L :=

[Gal()
D
--&



E-M clucity
Langlands Correspondence

very poetically :
A B

H * ) (6 Jo) = ((locy (0t]
automorphe Galois

magnetic electric

Hecke opectors multiplication by traces
Convolutin/monopole/ (multiplicate/phase/
it Hoff operators) Wilson operaters



What can number theory
learn from physics ?

I. Symmetry E-M duality is

fundamentally symmetric

II. Structure QFT encocks

very rich structures
,
e.y.

defects

operator products
dualities



key excuple : Riemann zela

10 (y)dy TP
Y(s)= Ens

Integral Euler product
representation
(automorphic (Galas)

measurements on the two sics
of Class Field Theat



Physics : add matte !

Study gauge they with bander;:
charged conducting material

-

G X

-



E-M duality matches

qual boundary conditions /
charged materials

- -
V

G X X

-

=>> produce matching
measurements on duol sides



Riemann's integral formula
a la BISV

G = U() X=A E VG) =Al

- -

- -
pure pure
magnetic electric
conductor conductor
ver iron) (silver)

magnetic observable electric observable

= period integral = ↳ functi

& (0-function) = 3 = Ente product




