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II. Characters
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Quantization



Today : explore aspects of
geometric quantization as

a way to organize linear invariants

- in particular, characters



Geometric Quantization

Symplectic manifolds

¿
quantum theories



Relative
Geometric Quantization

Symplectic manifolds
with
Humilita
G-actions

¿ oi
Ka

quantum theories
with unitary
6- activs



Higher
Geometric Quantizativon

Mshifted)
Pantevr Symplectic manifolds
TV-V

\ ¿ersionn

(
ntfdim

quantum theories



Polarized
Georetric Quanticala
* monifok's
Δ

Symplectic manifolds

linearization

¿
√

(e.g. L2)

quantum theories



Fixedpoints & traces
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m fixedpoints

XE= { xoX : F(4) =xS
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This makes sense for elations
7 cX*X

,

f.
p. (z) := z nΔ



· 0 . or even

correspondences
_

Z

{ \
X X

(0. (2) :=i
=[階築 3



· II. Algebra :
V fo Vector space/k

V∞Ψ
ー

→k」器
心_
1tId √

k-> End V
linear transformeting⇌



· r = sum of diagona entries,
in any basis..

· Recover dim V=Tr/Idr)



III. Physics

Notion of size of quartum
(or stat .) mechanical system-

the pation function

e Hilbort space{ H Hamiltonia

□〜> Z(T) = TrleitH )

~ "numberof states

weighted by energy"



&FT (path integral) perspective :

eittt
Ero
,ij
: H→ fe
ao

T

time eroltn,
Attuch ends (make time perioli)!

Z (T) = Z ( )
T

attached to st

- volume of space of maps
from St (weighbo by action

Clospace)



Insert observoble 0BC :

<0si
T

-> Tr(eiHTp)
O 1-point function
In expectatin vale
_

of O )

Topological
ー

5)

=
9%

‰()



How do these worlds interact?
QFT

Spacetines- Algebra
Fields

Linerircfin↳ Λ
Geonety



How do these worlds interact?
QFT

Spacetines- Algebra
ㅛ ④

yFrelds ΛLinerircfin
Geonety
x



How do these worlds interact?
QFT

Spacetines- Algebra
ㅛ ④

yFrelds Λbordisms Linerircfin

Oz
linear

ㅇ Geonety maps

x -
correspondences →

_

X
延→

y
→



Tomocel
_

→

x
“xz

=l
、

←

functions on a fin set X
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θ 00 0 X

.... i.e. pick basis (ExE VBxax



⇒ End V 二 KCX-XJ
Tr ( K ) = 4 Kx

= G* K
^

_
X

XXY →、 마
#t

↓8 .
⑩

:
_



The un-fixed point
theoren :
Z : X - …… X

,

ao

‰
Tv((z) = f.p. (2)



or in language of integral transforms:

Z

dn ,yi2
X X

Zx= St. Hi
*
: k [X]O

Tr ( Ex ) = MF.P. (ES



Very genera proof:

· Notion of clud of object Vel

a symmetric monoical category 2 :
=> 8 mps

1Vorr
= ≠ α

satisfying =
V →

増) e 。 = VやV

mj- v



· mique if it existss

· Lets us define traces

-v0
品WI
→写A)
6
29 King=Tr(I)

· preserved by all symmetric
monoidal functors



· Any space is canonically
self-dual if we allow correspondences:

IXs ℃
X
,

* X*X *

-wen
uncf ev

·⑪⑪
spaces -> Vect

takesX
_

to ¤
_

_

←←



=> taking functions preserves
_

traces
_

+ r(☆x)籤

① *

⇒ TN (EX) =MLTHE))
^
= fop, (z)

#



This proof applies to any

Spacetive
-TGeomietry-> "Algebra

ㅛ x ∅

eg domZ(f) =Z/s1 )

eg . taking cohomology

(⑯→ H
*t)
O
H*(f)

=> Lefschetz fixed point formua

Tr ( H*1 H ) =H *( T )= M(
x
)

ad s*



Grothendieck :

X/Iq ⇒ Frobenius mag

F σ * = X長
L )
F
= X ( 1q )

→

XXUZ ) =Tr( FOH()



Chharacters :add smmetyae

Georety G8X =)
_

collection (9 +>X93966
of fixed points

Algebra GoV =>
_

function [9 +-Filg):=Trulg]6
G-malog of dimension

leg Xv(l) =din V)



finite
,
for now

^Ps with 6 symmetry
can evaluate on spacetimes
with background gauge fields

In our topological QM setting :
this means more circles
as inputs to partition function :

Si =
49ge6 t

g-twisted circle
(circle w/monodromy g)



S's labels a G local system
on S'

, S' <log (5) :

a locally constant map to

%6 = BG

point with G-symmetry

· On gened Manifold:

*a, M = (π, ,m--63/6
G-twisting for every loop.



LOC
。
S
'
= 告 :

·
depends on g up to

conjugacy

θ

carries residual symmetry

by centralize of g

So partitio function for a G-TQM

is aclossfurctiv grez/Sy)



TQFTPor

Modern perspectie on (ofsymmetry
in n-dim QFT Z :

(SymTOFT, topological phases of
matter.... )

=> promote to bondary theory
for child gage theory Be

BθGZ _=



Gayeteary linearizes spaces of garge fields

6 finle => Le systems Loc
OB

Linearize

spaeti→ Loce

_
ー ㅿX=5CM ) =LEM
_

Ztheory Bo attaches
_

a Hilbert space to 1-manifulos

컁
Fols')tile

\

- ー
L

(=COCGS' )in 2ds



[N. B. for G infinite,

many different kinds of

6-symmetry> many
kinds ofo-gange theory...

our discussion of Bo
still makes sense for G

alseebraicgroup like GLyK

-algebraic 6-symretly/

BF-theory ]



6-quarter mechanics
⇒

Rep .
t : Elpt) of C
()

Bonday theory for Bo
Functor on spacetimes

ofLx w/ real bourday

1ls] marked by z

Partities fuctim of l upgrades to

boundary state : 6
_ ㅇthe character λ

;
。
(s是



XOO =⇒

bounder
; problem for fields'

_ㆁ ×오=인⇐ -> of
∞locy
= G-local system P on bulk

+ P-twiste map to X or bondry
(section of X-bundle associated

to p(



=> character formulas for

linearization of G@X :

↳
σ

6
'

'

藻'
- organize all fixed points XS

(with their Colg) actions)
into farity of %%



ㆁ

Atiyah-Bott : II⑲θ
character of linearization

V=C [X] =Z (p+) GT6 (pt] =Rep6

x0 = #s' * ] = [
π
,

dool

듬 ≠

= Z (s)Bls') = 4[8]

Relative version of

climension clim [(o) =Els')



LckX
= G1K

ㅇMap(s' , (X= yk) = 4
↓ 흥Loc,
S' =

=> Froberius character formula

for induced representations



Example X=G/B flag variety
B(海) Borel

-嘴号{道
!
응

recorer Grothandieck-Springer
resolution

~ Alyah - Bott proof
of Weyl charccte formula



HigherQuantizativ

Real power of this perspective :

Algebra
Vect

Cat

2cat

& G-actions on them



HigherQuantizativ

Real power of this perspective :

Agebra Geeometry
Vect ㅋ Fun

□Catc Shu

2at - Shulat

These arise as "high"
linearizations of (6-) spaces



HigherQuantizativ

Real power of this perspective :

prym

banr"感112cat

- values Jon a pont) f

highercimensiona TPFTs

(w/6 symmety/relative to gage theories)



HigherQuantizativ

Real power of this perspective :

Algebra Geometryhysicsー

Vect Fun TQM

Cat Shu 2d TQFT

2cat Shulat 3d TAFT

- attach more concrete

traces/characters/partition fuctive
to higher cimensional manifolds



2d) TQFT Ew/6-symmetry
defines IG fin or algebraic]

- Category w C-Symmetry :

Z (. ) ε B6 (0 ) =

6 cot = (clegories /L02, =%
⇒



2d) TQFT Ew/6-symmetry
defines 16 find or algebraic]

# a character sheat

z(s') = BolS') =

Vect (L6
{
QC if G algebraic



2d) TQFT Ew/6-symmetry
defines 16 find or algebraic]

② a Zaracter on surfaces :

Z (+2 ) G Bo (+2 )

= 4 [ C08T
2
={g,nonnukag}/o]

- a functio or commuting pars



θGX
=> Category Shr(X)
2d TQFT measuring mapsictoX
、

us Characte sheaf
'

G
'

X( Shr (LocS')

give by

x=π 4

for 29c6, xeX*)/6
eg Springeπ shecf

응 ( X= /B )



2-character ⑫[02To]
≈ Give by

←
:c 2x(i= vol (X*h)

joint fixedpoints

SLz]-invariont



This wil be our prototype

forfunctions , as

"3-character's attached to

a 3d TQFT with 6-symrefy
- & [Loc, (Spec OF1]



Lusztig (reinterpreted)
G reactie groep defred /Fg
Evalute 2charades on s

'

xsip
twist-by

Ff Frobening

Tw (F) on charocler sleares
"□characters of find group ofrie toe GliTq)= GF


