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-tXR
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~ equality of distributions on IR



Our goo :

Argue for interpretation
of both sides as

partifunctions of

aithmetiQFTs
-it as some kind of volume

T℃



B. Arithmetic

g(s )

=π. Fps
Decekind Dirichtet! lทหาลบ F character X

Sp(sJ L()

=Tmpts Xp)
, l
L-functions of

Hecke charactes



B. Galois

* Artic L-functions

· Öl recrate grup

Gal(FIF)
.

-E GLIV)

L(p, Vis) = TeNuFr
(up to ramified places

- product of local factors :

inverse characteristic polynomials



What isL a frater of ?

LOCo ( F ) = - {GaIEF →℃
/

characle variety of Galois reps .

= Lu meromorphic function
on Locy :

pH ((p, V,0)

Is variable is not independent :

L(p, V, s) = L (PONIT, V, 0)
norm/cyclotomic characte]



Problem : Number fields are
RIP

2

7>complicaten ! %…一一品

d
· archimedea places : noncompact,
~ need to specify boundary data
1 3 distribution or IR (

· primes all different

1 circles of length logp)

~ Furtfields, good simplified
model



Function Fields

2 smooth projectie cure/Fg
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F 〜> Fq(c)

GalIFx t , ( c )
unranified quotiet étche fundamental

groß

= L-frotus Lv on

Loco (Cに { TC→℃ ' S/0
givan by

L (P.Vit )= IdetIx

X이니

tuqs



Grothendieck-Lefschetz Epip,

evaluale Eule product globally
in ters of étale cohomology H

:
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("integrate our C" ( 붉

L (P, Vif)=
det
deolalli

+)dettI -trsillitls.
=
t
-+o (r)to

)

inverse
=

Super-characteristic polynomial
of Pr(Ful@Ho/I,Pul



What is a characteriste

polynonial ?
AE Ead W

def (I- tA )= Ʃ -Diti +r(ペA )

= TiCA
,
1W)

(上- tA) = E titr(symiA)

= Tr (A
,
Synw)

characte of symmetric algebra
o어 ω



=> L(p, V, t) is

Tr
°

(Fr, Syni H
°

([, Pr))
_

DAG : interpret as

ing of functions

(o( VJi
ε )

derived fixed point locus of

π
,cV
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or
, using Afiyah-Bott

Tr CE) fixed points,

& identification

( V)
*)
'

= (V)
TC

⇒

L(aV,HI Volume(NiT4)



More geonetrically :

(V)= p- twisted
locally constent maps (->V,

(V)*< Locuy(C)
↓ iπ
p e Locy(l)

L (v) =T(x drole ([locy(]



L (v) =T(x drole ([locy(]

Lo C
This is now in the

form of a diic
boundary state/ Locy [
character in

highe geometric quantiatin

2v() =Bj() =(((oc](]



L (v) =TEx drole ((locj=]

Lo≡
Cs 는

carithmetic) 펴
3-manifuly) LoCO三

2v() =Bj() =(((0c;=]



L (X) =TEx drole ((locj=]

LoC ≡
Cs 는

carithmetic) 펴
3-manifuly) LoCO三

V m> y
(smooth affire)

8-variety

L目
ε B0 (=¢[LC:≡ ]



A
. Automorphic

How shoul we understand

Riemarn's integrol

(9 ) 8 (s )"φ inx)- 1 )
×

歩 ?

(
φa ) = e

-txs
)

-



Tate
,
Iwasawa :

It' sabotGL ./A!

((X, g) :
· X automorphic form for 6L, /F

⇒

charader of idea class group

[GL]F = #A*= "line budbes
on SpecF"

· y 3 (Aramifical
places

↓est functio ⇒



(9) L (x , φ ) = J ④1 φ ] x 4

Gl.(A)]
Gl.(Q )

④ (φ)41 = Ʃ φ ( x× )
UE /' (Q)

Anolytica
= pairywhㄴ function

What does this mean georetically ?



When no ramification
(m function fiel (/FFz)

XELGL ,JF = Brou(c) =PcC
CFE- points]

⑲ (L) = M 「 ( C, L )

counts sections of I

& more generally , cont sections
with poles weighted by
test functions o on pole data]



Geometrically

(2 , 39(21) c Bus()
↓ ↓*
L e Bueh, (C)

[This is the Abel-Jacobi map
上 Sym

"

C → PicC ]

④ = TA' I H ←
(

[GLiC)



Prototype for many many
peial integrals
of automorphic forms

G # X smooth
,
offire

⇒ PX : H* ([6]: )
→ と

Px (x) = Scoz
.

x . @
x

pairing with X-D series



G-budles{ -sectionot Y= Bran

li"
Burg C .

#x =Ty + 1cH
*

(Bma)

again has form of a

bourday stale/georetic quantization

P
×
/ ≡ )←A (≡ )



e.g X= 6/1+

=> BmlsC = Bur,:

Pi+ (4) = S[o34
⑤
6개

= SKHz41대)

integrating automorphic forms

along [11]> [G]F



eig. 6 = P6Lz@ PGL/T=[e)
~ Hecke period :

L functions of modular forms

G = PGLz ? POL2/N= ( , * )
~> Eisenstein period :

constant tem of modular forms



[N] :

constattem

[T] : Hecke period
IL-function)


