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PolarizedRecall . Georetric Quaticala (G-)
* monifok's

(Hamiltonim G-)Δ
Symplectic manifolds

linearization
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(e.g. L2)

cGquantum theories



Natural domain of quantitatin
is symplecticyearity :

·More examples :
lots more than cotangent
budles..

· More symmetry :
T*X has many more

Symplctomorphisus than X has

automorphisms



hallmark of geometric
quantication !

independent of polarization

④
Afunctor

of T*YA' (Fowieefore)
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Functional equation 3(s) =3(1-5)
#

LIA tuncter of TYA (Poinceality)



Relative Langlands

gened study of matching
of measurements

automorptic Galisee setutivs

period
~
/L-functionsintegrds
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BZ-Sakelkridis-Venkatesh :

· Period integels
∅

geometric quanticatin OnSo
of GOM homifaim

les M =T*X
,
63x)

· L-functios

geometric quantization In Bj
of Ö*M homilfaim

les in =T*Y, 5eX)



· Duality : describe matchy
of bouday theories

usLn

I under restrictive potheses :y
-_
_

M ,i hypersohericd (

· Symmetry : predict some
pairs match in reverse

,

Q 2m
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Q : How does the dud

& OM wrise from georetric

quantization of G T* X ?

A : The geometric Planded

formula !



Synopsis : Rekative langlands
· Langlands Duality matches

automorphic spaces Ag (F)
for every input "manifold" with

Spectral spaces B: (F(

given simply by linearizing

LocyF : spaces of

Langlands paranetes

· Our goal : to describe the data

coming from quantization of 68X
spectrally



Synopsis of cuttomorphic quation

Öx *5 of T*X * G

3d X- period on automorphic forms
F number H* ([6}= )field

x
or curve

C/FFq *
x

= ( [Bm,( (Ezl]
count of sections of

associrled X-bud



Global duality questio :
describe period functional

spectrally, as functional on

Bj (F) =([Locy F]

- eg as L-function .-



2, CO(X() - Smooewsof G (K )
(nonarch .) …

& = Q on

(Fq((t))
↳



Local-to-globa) :

reps give input for 0-series opedes

① (
∞

(4 ()→H * ( [6]
F
)

ranified

places

ル等感
(TQFT on 3-manifold

~/ boundary)



Local duality questo :
descrbe decomposition of j(X/F1)
a 6(F) - representative -

via local langheds correspondence

as family of multiplicity spaces

or By(k) = Coh(LocyF)
Space of Langlands parametes

· .. want finte multiplicties



EXspherica) :

strang fineness conditio
,

Es all multiplicities in XIF)
are finte.

E> X(F)/Gl0) courtable

= Boel B has findly many
orbitson X ( /k = k )



Spherical varieties include

· toric varieties(6=T)

o symnetricspaces
· flag varieties

· 6x66

· GLaX6ln+ 8Gln

· SO2ntY SOzn & SOen

· "Very small" representations



Filling in the loop :

ekfiell
CO(X(KI) E Smook reps
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)

↓ ( 160)
U

O ring of
(
*(X(K)/G(0)) - Itsoh-mod

intesers
simpler "unranified"

question

O =Ip1K =

” or

Or

Fq((t)) lFq [[t]]



Spherical Hecke algebra

Hsph E C℃ ( GCK/OCO)
= 0(
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form a commutatie i ,
algebra ·

by TFT
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…
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;
magit
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Satake isomorphism

Hsph =Ag(5xs)=

Locq (S
3
×5) -

Bj(5ys)= ¢ ㅣ 홍 ~ it/w ]- "

for Shatt

so Hsph-mockles specially

decompose our F/W



(
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(X(F1)3
%
7 1x(0)

cononic.) "unranified" test rectur

=> get Planchere) density
< 。 Ixtol, I×107 . Hspht

(or more geed

<-- :Vor
*
-> Hsp

cf. Hilbert (* -modrles)



Spectrally : Planched measure

gives a functional on []
· Sakellaridis : for GoX spherical

this is integrating againstonfactor

~ characteristic polynomia of
a representatin) on

asubgrup

·3
.
-Venkatesh : this gies load factor

in Enl product for X-perior).



Source of answers

id) Shu(X(TX1) a Carlegoical reps
K loc

of G (k)

U
geometric ! ( 1660

)
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Spherical Hecke categary

tspn = Shu(aG(k)/6(01]
= line operctors

Fo(s )
\

form a commutatie

tensor cologuy
!

by TFT
magit ·

…

\

↑



Geometric Satake isomorphism

Uspn =As (5)=

Locq (s
2 ) →

By(5)= Coh ㅣ cy*(/ ]coadjoint quotiert

· Tannakim reconstructio :

this is the birth of

& Langlands duality



· BISV: the ogy

⇒ adjoint I-factor

in Macclonold's formula

(Planched measure on pradic groups)

· More geometrically, agyy
is target for (equivariant)
moment maps
_



SHU (XCF
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DIX10T

=> georetricPlancherel density

IP1FHon(-* [xol , Exi)) E Alg (2son]
commutative algebra object

in Hecke cofgary

어

.
O
,
(s
=) εA
.
(sβ)

⇌Jo local operatos
or boundary



=> Discoveraffine Poisson

variety M = Spec (IP1x/
equipped with -activ

& equvarrat monent map
U

항모
âgx

(relative Corlomb branch,
Brauerman-Finkelberg-Nahajina/



So : georetc Planchee) formuta

for GGX

ms

Hamiltonia E Spre M

Isoretives polarized M =T*X(

· Explicit conjecturel descripn
·Conjectually
MhypespleinEM hopesplein

↑

Im Tasphercal
,

Smooth
,
affire



· In every setting of

Langlads correspondece
globy anthretic

local georetin

get conjectual matching
Ac Bj

입
m
, 옷게


