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INTRODUCTION

Wakimoto modules are representations of affine Kac-Moody algebras in Fock mod-
ules over infinite-dimensional Heisenberg algebras. They were introduced in 1986 by M.
Wakimoto [W] in the case of sly and in 1988 by B. Feigin and the author [FF1] in the
general case. Wakimoto modules have useful applications in representation theory and
conformal field theory. In particular, they have been used to construct chiral correlation
functions of the WZW models [ATY, FFR] (reproducing the Schechtman—Varchenko
solutions of the KZ equations), in the study of the Drinfeld-Sokolov reduction and W—
algebras, and in the description of the center of the completed enveloping algebra of an
affine Lie algebra [FF6, F1]. The Wakimoto modules also provide a bridge between rep-
resentation theory of affine algebras and the geometry of the semi-infinite flag manifold
[FF4].

In this paper we present the construction of the Wakimoto modules from the point of
view of the vertex algebra theory (see [K2, FB] for an introduction to vertex algebras).
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In the original construction of [FF1]-[FF4] the connection with vertex algebras was not
explicitly discussed. Here we make this connection explicit.

Let g be a simple Lie algebra and g the corresponding (untwisted) affine Kac-Moody
algebra. Ome can associate to g and an invariant inner product x on g (equivalently,
a level) a vertex algebra, denoted by V,(g). The construction of Wakimoto modules
amounts to constructing a homomorphism from Vj(g) to a vertex algebra Mg ® m~ "
associated to an infinite-dimensional Heisenberg Lie algebra. In the case of g = sly the
construction is spelled out in detail in [FB], Ch. 11-12, where the reader is referred for
additional motivation and background. Here we explain it in the case of an arbitrary g.
We follow the original approach of [FF4] and prove the existence of the homomorphism
Vi(g) — My ® my~ "¢ by cohomological methods. We describe the cohomology class
responsible for the obstruction and show that it is equal to the class defining the affine
Kac-Moody algebra. We note that explicit formulas for the Wakimoto realization have
been given in [FF1] for g = sl, and in [dBF] for general g. Another proof of the
existence of this realization has been presented in [FF8|. The construction has been
extended to twisted affine algebras in [S].

The Wakimoto modules may be viewed as representations of g which are “semi-
infinitely induced” from representations of its HAeisenberg subalgebra h. In contrast to
the usual induction, however, the level of the h—-module gets shifted by the so-called
critical value k.. In particular, if we start with an f)\fmodule of level zero (e.g., a one-
dimensional module corresponding to a character of the abelian Lie algebra L), then
the resulting g-module will be at the critical level. Using these modules, we prove
the Kac-Kazhdan conjecture on the characters of irreducible g-modules of critical level
(this proof appeared first in [F1]).

We then extend the construction of the Wakimoto modules to a more general context
in which the Lie subalgebra b is replaced by a central extension of the loop algebra
of the Levi subalgebra of an arbitrary parabolic Lie subalgebra of g following the
ideas of [FF4]. Thus, we establish a “semi-infinite parabolic induction” pattern for
representations of affine Kac-Moody algebras, similar to the parabolic induction for
reductive groups over local non-archimedian fields.

Next, we give a uniform construction of intertwining operators between Wakimoto
modules, the so-called screening operators (of two kinds) following [FF2, FF3, F1, FFR].

Using the screening operators, we describe the center of the vertex algebra Vi, (g) at
the critical level. We show that it is canonically isomorphic to the classical W—algebra
associated to the Langlands dual Lie algebra “g. The proof presented here is different
from the original proof from [FF6, F1] in two respects. First of all, we use here the
screening operators of the second kind rather than the first kind; their kK — k. limits are
easier to study. Second, we use the isomorphism between the Verma module of critical
level with highest weight 0 and a certain Wakimoto module and the computation of
the associated graded of the spaces of singular vectors to estimate the character of the
center.

Finally, we show that the above classical W—algebra is isomorphic to the algebra of
functions on the space of “G-opers on the formal disc. The notion of “G-oper (on an
arbitrary smooth curve) was introduced by A. Beilinson and V. Drinfeld [BD1],[BD2]



WAKIMOTO MODULES, OPERS AND THE CENTER 3

following the work of V. Drinfeld and V. Sokolov [DS] on the generalized KdV hi-
erarchies. The algebra Fun Op.g(D*) of functions on the space of “G-opers on the
punctured disc D* carries a canonical Poisson structure defined in [DS] by means of
hamiltonian reduction. At the same time, the algebra Fun Op.(ID) of functions on the
space of “G-opers on the (unpunctured) disc carries a vertex Poisson structure. We
show that the above isomorphism between the center of V;_(g) (with its canonical vertex
Poisson structure coming from the deformation of the level) and Fun Opr (D) preserves
vertex Poisson structures. Using this isomorphism, we show that the center of the com-
pleted enveloping algebra of g at the critical level is isomorphic to Fun Opr,(D*) as a
Poisson algebra. This isomorphism was conjectured by V. Drinfeld.

The paper is organized as follows. We begin in Sect. 1 with the geometric construc-
tion of representations of a simple finite-dimensional Lie algebra g using an embedding
of g into a Weyl algebra which is obtained from the infinitesimal action of g on the flag
manifold. This will serve as a prototype for the construction of Wakimoto modules pre-
sented in the subsequent sections. In Sect. 2 we introduce the main ingredients needed
for the constructions of Wakimoto modules: the infinite-dimensional Weyl algebra A9,
the corresponding vertex algebra My and the infinitesimal action of the loop algebra
Lg on the space LU of formal loops to the big cell of the flag manifold of g. We also
introduce the local Lie algebra Ail, g of differential operators on this space of order less
than or equal to one. We show that it is a non-trivial extension of the Lie algebra of
local vector fields on LU by local functionals on LU and compute the corresponding
two-cocycle (most of this material has already been presented in [FB], Ch. 12). In
Sect. 3 we prove that the embedding of the loop algebra Lg into the Lie algebra of
local vector fields on LU may be lifted to an embedding of the central extension g to
AiL - Imorder to do that we need to show that the restriction of the above two-cocycle
to Lg is cohomologically equivalent to the two-cocycle corresponding to its Kac-Moody
central extension (of level k.). This is achieved by replacing the standard cohomological
Chevalley complex by a much smaller local subcomplex (where both cocycles belong)
and computing the cohomology of the latter.

Having proved the existence of a homomorphism g,, — ‘Ail, g We derive in Sect. 4
the existence of a vertex algebra homomorphism Vj_(g) — Mg ® my, where 7y is the
commutative vertex algebra associated to Lb. Using this homomorphism, we construct
a g—module structure of critical level on the tensor product My ® N, where N is an
arbitrary (smooth) Lh-module. These are the Wakimoto modules of critical level. We
show that for a generic one-dimensional module N the corresponding Wakimoto module
is irreducible. This enables us to prove the Kac—Kazhdan conjecture on the characters
of irreducible representations of critical level.

In Sect. 5 we deform the above construction of Wakimoto modules to other levels.
Thus, we construct a homomorphism of vertex algebras wy : Vi(g) — My @ 75~ ",
where 7~ "¢ is the vertex algebra associated to the Heinseberg Lie algebra EK,NC.
We describe the (quasi)conformal structure on My ® ;™" corresponding to the Segal-
Sugawara (quasi)conformal structure on V,.(g). We then use these structures to describe
the Wakimoto modules in a coordinate-independent fashion.
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In Sect. 6 we generalize the construction to the case of an arbitrary parabolic sub-
algebra p of g. We define the functors of “semi-infinite parabolic induction” from the
category of smooth representations of a central extension of Lm, where m is the Levi
subalgebra of p, to the category of g-modules.

Sect. 7 is devoted to a detailed study of the Wakimoto modules over ;[2. We write
down explicit formulas for the homomorphism Vj(sly) — Mg, ® 7{~ " and use these
formulas to construct intertwining operators between the Wakimoto modules. They are
called screening operators, of the first and second kind. We use these operators and the
functor of parabolic induction to construct intertwining operators between Wakimoto
modules over an arbitrary affine Kac-Moody algebra in Sect. 8.

In Sect. 9 we identify the center of the vertex algebra Vj_(g) with the intersection of
the kernels of certain operators, which we identify in turn with the classical W-algebra
associated to the Langlands dual Lie algebra “g. We also show that the corresponding
vertex Poisson algebra structures coincide. In Sect. 10 we define opers and Miura
opers. We then show in Sect. 11 that this classical W—algebra (resp., the commutative
vertex algebra mg) is nothing but the algebra of functions on the space of “*G-opers
on the disc (resp., Miura “G-opers on the disc). Furthermore, the embedding of the
classical W—algebra into my coincides with the Miura map between the two algebras
of functions. Finally, in Sect. 12 we consider the center of the completed universal
enveloping algebra of g at the critical level. We identify it with the algebra of functions
on the space of “G-opers on the punctured disc. We then prove that this identification
satisfies various compatibilities. In particular, we show that an affine analogue of
the Harish-Chandra homomorphism obtained by evaluating central elements on the
Wakimoto modules is nothing but the Miura transformation from Miura “G-opers to
LG—opers on the punctured disc.

Acknowledgments. Most of the results presented in this paper are results of joint
works with B. Feigin. I am grateful to him for his collaboration. I thank D. Gaitsgory
for valuable discussions, in particular, for his suggestion to use the associated graded
of the spaces of singular vectors in the proof of Theorem 9.6.

I thank M. Szczesny for letting me use his notes of my lectures in preparation of
Sections 1-4. I am grateful to D. Kazhdan for his valuable comments on the draft of
this paper. I also thank the referee for careful reading of the manuscript and useful
comiments.

1. FINITE-DIMENSIONAL CASE

In this section we recall the realization of g—modules in the space of functions on the
big cell of the flag manifold. This will serve as a blueprint for the construction of the
Wakimoto modules over affine algebras in the following sections.

1.1. Flag manifold. Let g be a simple Lie algebra of rank ¢. As a vector space, it has
a Cartan decomposition

(1.1) g=n; ®hdn_,
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where b is the Cartan subalgebra and ny are the upper and lower nilpotent subalgebras.
Let
br=Hhdny

be the upper and lower Borel subalgebras. Let h; = &; be the ith coroot of g. The set
{hi}i=1..¢ is a basis of hh. We choose generators e;,i =1,...,¢, and f;,i =1,...,¢, of
n; and n_, respectively, corresponding to the simple roots. We also choose a root basis
of ny, {e*}aca,, where A is the set of positive roots of g, so that [h,e*] = a(h)e®
for all h € h. In particular, e; = eq,;,2 =1,...,L.

Let G be the connected simply-connected Lie group corresponding to g, and Ny
(respectively, B1) the upper and lower unipotent subgroups (respectively, Borel sub-
groups) of G corresponding to ny (respectively, by).

Consider the flag manifold G/B_. It has a unique open Ni—orbit, the so-called big
cell U = Ny - [1] € G/B_, which is isomorphic to N;. Since Ny is a unipotent Lie
group, the exponential map ny — N, is an isomorphism. Therefore N is isomorphic
to the vector space ny. Thus, Ny is isomorphic to the affine space A2+l and the space
C[N4] of regular functions on N is isomorphic to a free polynomial algebra. We will
call a system of coordinates {yq}aea. on Ny homogeneous if h - yo = —a(h)y, for all
h € h. In what follows we will consider only homogeneous coordinate systems on V.

Remark 1.1. Note that in order to define U it is sufficient to choose only a Borel
subgroup By of G. Then Ny = [By,B;] and U is the open N,-orbit in the flag
manifold defined as the variety of all Borel subgroups of G (so U is an Ny—-torsor). All
constructions in this paper make sense with the choice of B, only, i.e., without making
the choice of H and B_. However, to simplify the exposition we will fix a Cartan
subgroup H C B as well. O

The action of G on G/B_ gives us a map from g to the Lie algebra of vector fields
on G/B_, and hence on its open subset U ~ N,. Thus, we obtain a Lie algebra
homomorphism g — Vect N,.

This homomorphism may be described explicitly as follows. Let G° denote the dense
open submanifold of G consisting of elements of the form ¢g+g_,9+ € Ny,g- € B_
(note that such an expression is necessarily unique since B_ NNy = 1). In other words,
G° = p~Y(U), where p is the projection G — G/B_. Given a € g, consider the one-
parameter subgroup y(e) = exp(ea) in G. Since G° is open and dense in G, y(e)x € G°
for € in the formal neighborhood of 0, so we can write

W) = Zo(9Z-(c),  Zi() € Ny, Z_(e)€B..

The factor Z(€) just expresses the projection of the subgroup v(e¢) onto Ny ~ U C
G/B_ under the map p. Then the vector field &, (equivalently, a derivation of C[N4])
corresponding to a is given by the formula

(12) €)= (G2

To write a formula for £, in more concrete terms, we choose a faithful representation
V of g (say, the adjoint representation). Since we only need the e-linear term in our

e=0
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calculation, we can and will assume that ¢2 = 0. Considering z € N, as a matrix
whose entries are polynomials in the coordinates y,, @ € A, which expresses a generic
element of Ny in End V', we have

(1.3) (14 ea)r = Z4(e)Z_(e).

We find from this formula that Z,(e) = = + eZJ(rl), where Z(f) € ny, and Z_(e) =
1+ eZ(}), where Z € b_. Therefore we obtain from formulas (1.2) and (1.3) that
(1.4 &0z = a(ela)s,

where z; denotes the projection of an element z € g onto ny along b_.

1.2. The algebra of differential operators. The algebra D(U) of differential oper-
ators on U is isomorphic to the Weyl algebra with generators {y,,0/0ya}aca,, and
the standard relations

[ g 0

2 ][22
aya, B a,f3s 6ya7 8yﬁ

The algebra D(U) has a natural filtration {D<;(U)} by the order of the differential
operator. In particular, we have an exact sequence

] = [Yasygl = 0.

(1.5) 0 — FunU — D<1(U) — VectU — 0,

where Fun U ~ Fun N, denotes the ring of regular functions on U, and Vect U denotes
the Lie algebra of vector fields on U. This sequence has a canonical splitting: namely,
we lift £ € Vect U to the unique first order differential operator D¢ whose symbol equals
¢ and which kills the constant functions, i.e., such that D¢ -1 = 0. Using this splitting,
we obtain an embedding g — D<1(/V4), and hence the structure of a g-module on the
space of functions Fun Ny = Clya]aca, -

1.3. Verma modules and contragredient Verma modules. By construction, the
action of n on Fun IV satisfies e“ -y, = 1 and e®-y3 = 0 unless « is less than or equal
to B with repsect to the usual partial ordering on the set of positive roots. Therefore,
for any A € Fun Ny there exists P € U(ny) such that P- A = 1.

Consider the pairing U(ny) x Fun N — C which maps (P, A) to the value of the
function P-A at the identity element of N,. This pairing is ny—invariant. The Poincaré-
Birkhoff-Witt basis {e*(1) ... e*®)} (with respect to some ordering on A, ) of U(n,)
and the monomial basis {Ya(1) - - - Ya(k) } of Fun N are dual to each other with respect
to this pairing. Moreover, both U(n;) and Fun N are graded by the root lattice of g
(under the action of the Cartan subalgebra §), and this pairing identifies each graded
component of Fun N; with the dual of the corresponding graded component of U (n.).
Therefore the ny—module Fun N is isomorphic to the restricted dual U(n)Y of U(ny),
i.e., the direct sum of the dual spaces to the homogeneous components U (n4.) of U(ny.),
where v runs over the root lattice.

Recall the definition of the Verma modules and the contragredient Verma modules.
For each x € b*, consider the one-dimensional representation C, of b4 on which b acts
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according to x, and n4 acts by 0. The Verma module M, with highest weight x € h*
is the induced module

M, def Ul(g) QU (o) C,.
The Cartan decomposition (1.1) gives us the isomorphisms of vector spaces U(g) =~
U(n-) ® U(by). Therefore, as an n_-module, M, ~ U(n_).
The contragredient Verma module My with highest weight x € h* is defined as the
(restricted) coinduced module

My = Homyjf, 1(U(g), Cy).

Here U(g) is considered as a U(b_)-module with respect to the right action, and the
index “res” means that we consider only those linear maps U(g) — C, which are finite
linear combinations of maps supported on the direct summands U(ny), @ U(b_) of
U(g) with respect to the isomorphism of vector spaces U(g) ~ U(n;) ® U(b_). Then,
as an ny-—module, M* ~ U(ny)V.

1.4. Identification of Fun N, with M. The module Mj is isomorphic to Fun Ny
with its g—-module structure defined above. Indeed, the vector 1 € Fun NV is annihilated
by ny and has weight 0 with respect to h. Hence there is a non-zero homomorphism
Fun Ny — M{ sending 1 € Fun Ny to a non-zero vector vy € My of weight 0. Since
both Fun N, and My are isomorphic to U (ny)Y as ny-modules, this homomorphism
is an isomorphism.

Now we identify the module M} with an arbitrary weight x with Fun IV}, where the
latter is equipped with a modified action of g.

Recall that we have a canonical lifting of g to D<1(N4), a — &,. But this lifting is
not unique. We can modify it by adding to each &, a function ¢, € Fun N, so that
Gatb = ¢a + ¢p. One readily checks that the modified differential operators &, + ¢4
satisfy the commutation relations of g if and only if the linear map g — Fun N given
by a — ¢, is a one-cocycle of g with coefficients in Fun N.

Each such lifting gives Fun NV, the structure of a g—module. Let us impose the extra
condition that the modified action of f on V remains diagonalizable. This means that
¢, is a constant function on N for each h € h, and therefore our one-cocycle should
be h-invariant: ¢, = §n - ¢a, for all b € h,a € g. It is easy to see that the space
of h—invariant one-cocycles of g with coefficients in Fun Ny is canonically isomorphic
to the first cohomology of g with coefficients in Fun N, i.e., H'(g,Fun N ) (see [FB],
§ 11.2.6). By Shapiro’s lemma (see [Fu], § 5.4)

H'(g,Fan N,) = H' (g, Mg) ~ H'(b_,Co) = (b_/[b_,b_])" ~ b".

Thus, for each x € h* we obtain an embedding py : g — D<i(Ny) and hence the
structure of an h*—graded g—module on Fun V.. Let us analyze this g—module in more
detail.

We have &, - yo = —a(h)ya,a € A, so the weight of any monomial in Fun N
is equal to a sum of negative roots. Since our one-cocycle is h—invariant, we obtain
Eh - e = Pppea] = a(h)dea, a € Ay, so the weight of ¢ea has to be equal to the
positive root a. Therefore ¢ea = 0 for all @« € Ay. Thus, the action of ny on Fun Ny
is not modified. On the other hand, by construction, the action of h € h is modified by
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h +— h+x(h). Therefore the vector 1 € Fun N is still annihilated by n,, but now it has
weight x with respect to h. Hence there is a non-zero homomorphism Fun Ny — Mg
sending 1 € Fun N4 to a non-zero vector vy € MY of weight x. Since both Fun N} and
M are isomorphic to U (ny)Y as ny—modules, this homomorphism is an isomorphism.
Thus, under the modified action obtained via the lifting p,, the g-module Fun N, is
isomorphic to the contragredient Verma module M.

1.5. Explicit formulas. Choose a basis {J%},=1,  dimg Of g. Under the homomor-
phism p,, we have

0
(1~6) J - P, (yaa ay) + fa(yoz)a

where P, is a polynomial in the y,’s and 0/0y,’s of degree one in the 9/0y,’s, which
is independent of x, and f, is a polynomial in the y,’s only which depends on Y.

Let e;, h;, fi,i = 1...,¢, be the generators of g. Using formula (1.4) we find the
following explicit formulas:

(1.7) px(ei) = + Dy
8%‘1 BEZA
(18) -3 B yﬁa*w(h)
BeAL
BeAL

for some polynomials Pé, Q% in Yo, € A,

In addition, we have a Lie algebra anti-homomorphism pf : ny — D<;(N;) which
corresponds to the right action of ny on N,. The differential operators pf(z),z € n,,
commute with the differential operators p,(z'),z’ € n; (though their commutation
relations with py(2'), 2’ & ny, are complicated in general). We have

= g2
Yo BeAL

for some polynomials Pg ’i, Q% in yo, € Aj.

2. THE CASE OF AFFINE ALGEBRAS

2.1. The infinite-dimensional Weyl algebra. Our goal is to generalize the above
construction to the case of affine Kac-Moody algebras. Let again U be the open N —
orbit of the flag manifold of GG, which we identify with the group N and hence with the
Lie algebra n;. Consider the formal loop space LU = U((t)) as a complete topological
vector space with the basis of open neighborhoods of zero formed by the subspaces
U®tVC[[t]] € LU,N € Z. Thus, LU is an affine ind-scheme

LU =lim U ®t"C|[[t]], N <0.
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Using the coordinates y,,« € Ay, on U, we can write

U @ tVC[[t]] ~ Z Yant" = Spec Clya,n]n>N-

nzN (XGA+

Therefore we obtain that the ring of functions on LU, denoted by Fun LU, is the
inverse limit of the rings Clyan]aca, n>n, N < 0, with respect to the natural surjective
homomorphisms

SN,M - C[ya,n]aEAJr,nzN - C[ya,n]a€A+,nZMa N <M,

such that yo, +— 0 for N < n < M and Yan = Yan,n = M. This is a complete
topological ring, with the basis of open neighborhoods of 0 given by the ideals generated
by Yan,n < N, ie., the kernels of the homomorphisms ss a7 : Fun LU — FunU ®
tNCl[t]].

A vector field on LU is by definition a continuous linear endomorphism & of Fun LU
which satisfies the Leibniz rule: £(fg) = £(f)g+ f&(g). In other words, a vector field is
a linear endomorphism £ of Fun LU such that for any M < 0 there exist N < M and
a derivation

§N,M : (C[ya,n]aeA_»,_,nzN - C[ya,n]a€A+,n2M
which satisfies
Soo,M(§+ f) = ENmr + Soo,N(f)

for all f € Fun LU. The space of vector fields is naturally a topological Lie algebra,
which we denote by Vect LU.

Remark 2.1. More concretely, an element of Fun LU may be represented as a (possibly
infinite) series

Py + Z Pnya,na
n<0

where Py € Clya,n]aca, n>0, and the P,’s are arbitrary (finite) polynomials in yq ,, m €
Z.

The Lie algebra Vect LU may also be described as follows. Identify the tangent space
ToLU to the origin in LU with LU, equipped with the structure of a complete topo-
logical vector space. Then Vect LU is isomorphic to the completed tensor product of
Fun LU and LU. This means that vector fields on LU can be described more concretely

as series
0
P,
2 Man

nel ’

where P,, € Fun LU satisfies the following property: for each M > 0, there exists N <
M such that each P,,n < N, lies in the ideal generated by the yqm,a € Ay, m < M.
The commutator between two such series is computed in the standard way (term by
term), and it is again a series of the above form. O
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2.2. Action of Lg on LU. We have a natural Lie algebra homomorphism
p: Lg — Vect LU,

which may be described explicitly by the formulas that we obtained in the finite-
dimensional case, in which we replace the ordinary variables y,, with the “loop variables”
Ya,n- More precisely, we have the following analogue of formula (1.3),

(I+eARt™)x(t) = Z4(e)Z_(¢)

where = € N ((t)), Zs(e) = a(t) + e2V, 2V € n (1), and Z_(¢) = 1 + ezV,

VARNS b_((t)). As before, we choose a faithful finite-dimensional representation V' of g
and consider z(t) as a matrix whose entries are Laurent power series in t with coefficients
in the ring of polynomials in the coordinates yon,® € AL, n € Z, expressing a generic
element of N, ((¢)) in End V((¢)). We define p by the formula

plactm) - a(t) = 24,
Then we have the following analogue of formula (1.4),
(2.1) Fla®t™) - 2(t) = 2(t) (2(t) " (a ® ™) (b)) ,

where z; denotes the projection of an element z € g((¢)) onto ny((t)) along b_((¢)).
This formula implies that for any a € g the series

pa(2) = 3 la®im)z!
neEL
may be obtained from the formula for pg(a) = &, by the substitution

Yo Z ya,nzna

neL

0 0

—

0o nez Jon

2L

2.3. The Weyl algebra. Let A? be the Weyl algebra with generators

a *
foon = W’ aOé,n = Yo,—n; o< A—Hn € Z,
a,n
and relations
(22) [aa,na ag,m] = 504,B5n,7m7 [aa,ru aﬁ,m] = [az,nv &E’m] =0.

Introduce the generating functions

(2.3) an(z) = Zaaynz*’%l,

neZ
(2.4) ap(z) = Y ahnz "
nez

Consider a topology on A® in which the basis of open neighborhoods of 0 is formed
by the left ideals Iy, N, M € Z, generated by aqn, € Ay,n > N, and a, ,,, @ €

Ai,m > M. The completed Weyl algebra Al is by definition the completion of A® with
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respect to this topology. The algebra AS should be thought of as an analogue of the
algebra of differential operators on LU (see [FB], Ch. 12, for more details).

In concrete terms, elements of A% may be viewed as arbitrary series of the form

(2.5) Y Puan+ Y Qman, + R, Poy,Qm R A"

n>0 m>0

Let A§ be the (commutative) subalgebra of A% generated by agn@ € Ap,n € 7,
and Ag its completion in A. Next, let A2, be the subspace of A? spanned by the
products of elements of Ag and the generators a,,. Denote by f[gl its completion in

AS. Thus, fl%l consists of all elements P of A8 with the property that
P mOdINyMéﬂglmOdI]\ﬂM, VN,M € Z.

Here is a more concrete description of /Tg and ﬁﬂl using the realization of A8 by
the series of the form (2.5). The space flg consists of series of the form (2.5), where
all P, =0, and @, R € Ag. In other words, these are the series which do not contain
an,n € Z. The space AL, consists of elements of the form (2.5), where P,, € A§, and

Qm,R € A%r The following assertion is proved in Proposition 12.1.6 of [FB].
Proposition 2.2.

(1) ﬁ%l is a Lie algebra, and ﬁg is its ideal.
(2) ﬁg ~ Fun LU.
(3) A%l/ﬂg ~ Vect LU as Lie algebras.

According to Proposition 2.2, ﬁgﬁ is an extension of the Lie algebra Vect LU by its
module ﬁg ,

(2.6) 0 — Fun LU — A%, — Vect LU — 0.

This extension is however different from the standard (split) extension defining the
Lie algebra of the usual differential operators on LU of order less than or equal to 1.
In particular, our extension (2.6) is non-split (see Lemma 12.1.9 of [FB]). Therefore
we cannot expect to lift the homomorphism p: Lg — Vect LU to a homomorphism
Lg — Ail, as in the finite-dimensional case. Nevertheless, we will show that the

homomorphism p may be lifted to a homomorphism g, — ﬁil, where g, is the universal
one-dimensional central extension of Lg defined as follows.

Fix an invariant inner product x on g and let g, denote the central extension of
Lg = g® C((t)) with the commutation relations

(2.7) [A® f(t), B®g(t)] = [A, B] @ f(t)g(t) — (x(A, B) Res fdg) K,

where K is the central element. The Lie algebra g, is the affine Kac-Moody algebra
associated to k.

We will begin by showing that the image of the embedding Lg — Vect LU belongs
to a Lie subalgebra of “local” vector fields ‘Tﬁm C Vect LU. This observation will allow
us to replace the extension (2.6) by its “local” part.
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2.4. Heisenberg vertex algebra. Let My be the Fock representation of A? generated
by a vector |0) such that

aanl|0) =0, n>0; annl0) =0, n>0.

It is clear that the action of Af on My extends to a continuous action of the topological
algebra As (here we equip My with the discrete topology). Moreover, M, carries a
vertex algebra structure defined as follows (see Definition 1.3.1 of [FB] for the definition
of vertex algebra).

Gradation: degaa,, = dega, , = —n,deg|0) = 0;

Vacuum vector: |0);

Translation operator: T|0) = 0, [T, aq,n] = —naan-1, [T, a3 ,] = —(n—1)ag, ;.
Vertex operators:

Y(aa,-100),2) = aa(2),  Y(ag0l0),2) = ag(2),

k l

Y(aahnl s aakﬂka*ﬁl,ml T agl’ml’())’ Z) - H (—n~ - 1)'
i=1 !

:8_”1_1%1 (Z) C. 8_”’“_1aak (Z)a;mlaE1 (Z) O™ azl (Z): ’

z z z

(see Lemma 11.3.8 of [FB]).

Here we use the normal ordering operation (denoted by the columns). Let us recall
the definition. We call the generators aqpn,n > 0, and ag, ,,,m > 0, annihilation
operators, and the generators aqn,n < 0, and ag,,,,,m < 0, creation operators. A
monomial P in as, and ag,,, is called normally ordered if all factors of P which are
annihilation operators stand to the right of all factors of P which are creation operators.
Given any monomial P, we define the normally ordered monomial : P: as the monomial
obtained by moving all factors of P which are annihilation operators to the right, and all
factors of P which are creation operators to the left. Note that since the annihilation
operators commute with each other, it does not matter how we order them among
themselves. The same is true for the creation operators. This shows that :P: is well-
defined by the above conditions.

Given two monomials P and @, their normally ordered product is by definition the
normally ordered monomial : PQ:. By linearity, we define the normally ordered product
of any number of vertex operators from the vertex algebra M, by applying the above
definition to each monomial appearing in each Fourier coefficient.

Set

U(Mg) € (Mg @ C((£)))/ (T @ 1 +1d ©0).

According to [FB], § 4.1-4.2, this is a Lie algebra, which may be viewed as the comple-
tion of the span of all Fourier coefficients of vertex operators from My. Moreover, the
map U(My) — A® sending A ® f(t) to ResY (4, 2) f(z)dz. is a homomorphism of Lic
algebras (actually, an embedding in this case).

Note that U(Mj) is not an algebra. For instance, it contains the generators aqn, ay, ,
of the Heisenberg algebra, but does not contain monomials in these generators of degree
greater than one. However, we will only need the Lie algebra structure on U(Mj).
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The elements of f[g = Fun LU which lie in the image of U(My) are called “local

functionals” on LU. The elements of A8 which belong to U(Mj) are given by (possibly
infinite) linear combinations of Fourier coefficients of normally ordered polynomials in
aa(2),a%,(2) and their derivatives. We refer to them as “local” elements of A®.

2.5. Coordinate independent definition of M . The above definition of the vertex
algebra M, referred to a particular system of coordinates y,,o € A4, on the group
N. If we choose a different coordinate system y/,,« € A4, on N, we obtain another
Heisenberg algebra with generators ay, ,, and ay,,, and a vertex algebra Mé. However,
the vertex algebras M é and Mg are canonically isomorphic to each other. In particular,
it is easy to express the vertex operators a/,(z) and a%/(z) in terms of a,(z) and a (2).
Namely, if y/, = F,(yg), then

= Y 0y, Fulaj(2)) aqy(2):,

YEAL

ay'(z) = Falaj(2)).

(63
It is also possible to define My without any reference to a coordinate system on N.
Namely, we set

My = Tndy* (8 Pun(N [[1]]) ~ U(ny © 17 CltY) © Fun(N, [[1]),

where Fun(N,[[t]]) is the ring of regular functions on the proalgebraic group N, [[t]],
considered as an n [[t]]-module. If we choose a coordinate system {yq}aea, on N,
then we obtain a coordinate system {ya,n}taca. n>0 on Ni[[t]]. Then v ® P(yan) €
Mg, where u € (](1’14r & t_l(C[t_l]) and P(ya,n) € FuH(N+[[t]]) = C[ya,n]aeAJr,nZOa
corresponds to u - P(ay,,,) in our previous description of M.

It is straightforward to define a vertex algebra structure on My (see [FF8], § 2).
Namely, the vacuum vector of My is the vector 1 ® 1 € My. The translation operator
T is defined as the operator —0;, which naturally acts on Fun(N,[[t]]) as well as on
ny((t)) preserving ny[[t]]. Next, we define the vertex operators corresponding to the
elements of My of the form x_1|0), where € ny, by the formula

Y(x_-1]0), z an =l
nez

where z,, = r ® t", and we consider its action on M, viewed as the induced represen-
tation of ny((t)). We also need to define the vertex operators

Y(P|0),z) =Y Py
nez

for P € Fun(Ny[[t]]). The corresponding linear operators I, are completely deter-
mined by their action on |0):

Pplo)=0, n>0,

Py |0) = T-""1P|0),
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their mutual commutativity and the following commutation relations with ny ((¢)):

o Pl = 3 () @ Pl

n>0

Using the Reconstruction Theorem 4.4.1 of [FB], it is easy to prove that these for-
mulas define a vertex algebra structure on Mg.

In fact, the same definition works if we replace N, by any algebraic group G. In the
general case, it is natural to consider the central extension g, of the loop algebra g((t))
corresponding to an invariant inner product x on g defined as in Section 2.3. Then we
have the induced module

Ind% e Fun(GIH]).

where the central element K acts on Fun(G[[t]]) as the identity. The corresponding
vertex algebra is the algebra of chiral differential operators on G, considered in [GMS,
AG]. Asshown in [GMS, AG], in addition to the natural (left) action of g, on this vertex
algebra, there is another (right) action of ﬁ,,{,nK, which commutes with the left action.
Here . is the Killing form on g, defined by the formula x, (z,y) = Trg(adzady). In
the case when g = ny, there are no non-zero invariant inner products (in particular,
Kk, = 0), and so we obtain a commuting right action of n((t)) on My We will use
this right action below (see Remark 4.4).

Remark 2.3. The above formulas in fact define a canonical vertex algebra structure on

Indy* () Fun(UT[#])),

which is independent of the choice of identification Ny ~ U. Recall that in order to
define U we only need to fix a Borel subgroup By of G. Then U is defined as the open
B —orbit of the flag manifold and so it is naturally an N;—torsor. In order to identify
U with N, we need to choose a point in U, i.e., an opposite Borel subgroup B_, or
equivalently, a Cartan subgroup H = By N B_ of By. But in the above formulas we
never used an identification of N and U, only the action of Lny on LU, which is
determined by the canonical nj-action on C[U].

If we do not fix an identification N, ~ U, then the right action of ny((¢)) discussed

above becomes an action of the “twisted” Lie algebra ny r7((¢)), where ny y =U x ng.
Ny
It is interesting to observe that unlike n_, this twisted Lie algebra n ;y has a canonical

decomposition into the one-dimensional subspaces n, ;7 corresponding to the roots A_.
Therefore there exist canonical (up to a scalar) generators elR of the right action of ny
on U (this observation is due to D. Gaitsgory). We use these operators below to define
the screening operators, and their independence of the choice of the Cartan subgroup in
B implies the independence of the kernel of the screening operator from any additional
choices. O

2.6. Local extension. For our purposes we may replace ﬁg, which is a very large
topological algebra, by a relatively small “local part” U(Mg). Accordingly, we replace

f[g and A%l by their local versions A, . = AJNU(Mgy) and AL, | . = ﬁ%l NU(Mg).



WAKIMOTO MODULES, OPERS AND THE CENTER 15

: g g
Let us describe Ao,loc and Agl,loc

logically) by the Fourier coefficients of all polynomials in the d%a%(z),n > 0. Note

that because the ag,,’s commute among themselves, these polynomials are automat-
ically normally ordered. The space A%, . is spanned by the Fourier coefficients of
the fields of the form :P(aZ(z),azaZ(zj,’. ..)ag(z): (the normally ordered product of
P(a}(z),0.a%(2),...) and ag(z)). Observe that the Fourier coefficients of all fields of

the form

more explicitly. The space /lg loc 18 spanned (topo-

:P(a}(2),0.a,(2),...)0%0 as(2): , m >0,
may be expressed as linear combinations of the fields of the form
(2.8) :P(ay(2),0a,,(2),...)ag(2): .

Further, we define a local version ‘TI%C of Vect LU as the subspace, which consists of
finite linear combinations of Fourier coefficients of the formal power series

(2.9) P(ay(2),0:a,(2),...)ag(z),

where a,(z) and a},(z) are given by formulas (2.3), (2.4).
Since A2

<1,loc ~
of A. By construction, its image in Vect LU under the homomorphism A%, — Vect LU

is the intersection of Lie subalgebras of flg, it is also a Lie subalgebra

equals ‘J'ﬁm. Finally, the kernel of the resulting surjective Lie algebra homomorphism
ALl 1o = Th. equals Af .. Hence we obtain that the extension (2.6) restricts to the

“local” extension

(2’10) 0— Ag,loc - ‘A%I,loc - Tg

loc — 0.

This sequence is non-split (see Lemma 12.1.9 of [FB]). The corresponding two-cocycle
will be computed explicitly in Lemma 2.5 using the Wick formula (it comes from the
“double contractions” of the corresponding vertex operators).

According to Section 2.2, the image of Lg in Vect LU belongs to T .. We will show
that the homomorphism Lg — Tﬁ)e may be lifted to a homomorphism g, — AﬂLlOC,
where g, is the central extension of Lg defined in Section 2.3. -

2.7. Computation of the two-cocycle of the extension (2.10). Recall that an
exact sequence of Lie algebras

0—bh—g—g—0,

where f is an abelian ideal, with prescribed g—module structure, gives rise to a two-
cocycle of g with coefficients in h. It is constructed as follows. Choose a splitting
1 : g — g of this sequence (considered as a vector space), and define o : /\2 g — b by
the formula

O'(CL, b) = /L([a’a b]) - [Z(a)a Z(b)]
One checks that o is a two-cocycle in the Chevalley complex of g with coefficients in b,
and that changing the splitting + amounts to changing ¢ by a coboundary.

Conversely, suppose we are given a linear functional o : /\2 g — b. Then we associate
to it a Lie algebra structure on the direct sum g @ h. Namely, the Lie bracket of any
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two elements of f is equal to 0, [X,h] = X - h for all X € g,h € b, and
[(X,Y]=[X,Y];+w(X,Y), X, Y eg.

These formulas define a Lie algebra structure on g if and only if o is a two-cocycle in the
standard Chevalley complex of g with coefficients in . Therefore we obtain a bijection
between the set of isomorphism classes of extensions of g by h and the cohomology
group H2(g, ).

Consider the extension (2.10). The operation of normal ordering gives us a splitting ¢
of this extension as vector space. Namely, + maps the nth Fourier coefficient of the series
(2.9) to the nth Fourier coefficient of the series (2.8). To compute the corresponding
two-cocycle we have to learn how to compute commutators of Fourier coefficients of
generating functions of the form (2.8) and (2.9). Those may be computed from the
operator product expansion (OPE) of the corresponding vertex operators. We now
explain how to compute the OPEs of vertex operators using the Wick formula following
[FB], §§ 12.2.4-12.2.10.

2.8. Contractions of fields. In order to state the Wick formula, we have to introduce
the notion of contraction of two fields. In order to simplify notation, we will assume
that g = sl and suppress the index « in aqn and ag, ,. The general case is treated in
the same way.

From the commutation relations, we obtain the following OPEs:

a(z)a* (w) = - _1 ” +:a(z)a*(w): ,
a*(z)a(w) = — _1 ” +:a"(2)a(w): .

We view them now as identities on formal power series, in which by 1/(z — w) we
understand its expansion in positive powers of w/z. Differentiating several times, we
obtain

(2.11) da(z)0) a* (w) = (—1)"<Z(_nu—;;z)n!1+1 +:0%a(2)0) a*(w): ,
(2.12) ola*(2)00a(w) = (1) (n + m)! +:07'a”(2)0nya(w):

(Z _ w)n+m+1

(here again by 1/(z — w)™ we understand its expansion in positive powers of w/z).

Suppose that we are given two normally ordered monomials in a(z),a*(z) and their
derivatives. Denote them by P(z) and Q(z). A single pairing between P(z) and Q(w)
is by definition either the pairing (97a(z), dyra*(w)) of 0%a(z) occurring in P(z) and
ona*(w) occurring in Q(w), or (9V'a*(2),da(w)) of 7'a*(z) occurring in P(z) and
Oa(w) occurring in Q(w). We attach to it the functions

(n+m)!

n—+m)!
O i

m—+1
and (=)™

respectively. A multiple pairing B is by definition a disjoint union of single pairings. We
attach to it the function fp(z,w), which is the product of the functions corresponding
to the single pairings in B.
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Note that the monomials P(z) and Q(z) may well have multiple pairings of the same
type. For example, the monomials :a*(2)20,a(2): and :a(w)d?a*(w): have two different
pairings of type (a*(z), a(w)); the corresponding function is —1/(z —w). In such a case
we say that the multiplicity of this pairing is 2. Note that these two monomials also
have a unique pairing (9,a(z), 92,a*(w)), and the corresponding function is —6/(z —w)*.

Given a multiple pairing B between P(z) and Q(w), we define (P(z)Q(w))p as the
product of all factors of P(z) and Q(w) which do not belong to the pairing (if there are
no factors left, we set (P(2)Q(w))p = 1). The contraction of P(z)Q(w) with respect to
the pairing B, denoted : P(2)Q(w): g, is by definition the normally ordered formal power
series :(P(z)Q(w)p): multiplied by the function fp(z,w). We extend this definition to
the case when B is the empty set by stipulating that

P(2)Q(w)p = P()Q(w):

Now we are in a position to state the Wick formula, which gives the OPE of two
arbitrary normally ordered monomial vertex operators. The proof of this formula is
straightforward and is left to the reader.

Lemma 2.4. Let P(z) and Q(w) be two monomials as above. Then P(z)Q(w) equals
the sum of terms :P(z)Q(w):p over all pairings B between P and Q including the empty
one, counted with multiplicity.

Now we can compute our two—cocycle. For that, we need to apply the Wick formula
to the fields of the form

:R(a*(z),0.a"(2),...)a(z):,

whose Fourier coeflicients span the pre-image of Tj,. in A<j 0. under our splitting 1.
Two fields of this form may have only single or double pairings, and therefore their
OPE can be written quite explicitly.

A field of the above form may be written as Y (P(a})a_1,2) (or Y(Pa_1,z) for
short), where P is a polynomial in the a’,n < 0 (recall that a),,n < 0, corresponds to
0;"a*(z)/(—n)!). Applying the Wick formula, we obtain

z

Lemma 2.5.
Y(Pa_1,2)Y (Qa_1,w) = :Y(Pa,l, 2)Y(Qa—1,w):

0
+Z (z—w n+1 Y(P, )Y<8a?nal’w):

n>0
OP
— Z n+1 <8a*_n a-1, z) Y (Q,w):
n>0
OP oQ
- n;o (= - "*m”y <8a*n’z> v <aa*m’w>

Note that we do not need to put normal ordering in the last summand.
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2.9. Double contractions. Using this formula, we can now easily obtain the com-
mutators of the Fourier coefficients of the fields Y (Pa_1, z) and Y(Qa_1,w), using the
residue calculus (see [FB], § 3.3).

The first two terms in the right hand side of the formula in Lemma 2.5 correspond to
single contractions between Y (Pa_1,z) and Y (Qa—_1,w). The part in the commutator
of the Fourier coefficients induced by these terms will be exactly the same as the
commutator of the corresponding vector fields, computed in Tj,.. Thus, we see that
the discrepancy between the commutators in A< joc and in T, (as measured by our
two—cocycle) is due to the last term in the formula from Lemma 2.5, which comes from
the double contractions between Y (Pa_1,z) and Y (Qa—_1,w).

Explicitly, we obtain the following formula for our two-cocycle

(2.13) w((Pa-1) ), (Qa-1)s))

— ; n+m-+1 opP aQ k s
- Z /(n+m+1)!6z Y(aa*_n’z Y 8a*_m’w =

n,m>0

dw.

Z=w

Here and below, for a formal power series A(z) =", ., An2"™ we set

/A(z)dz = Ay

2.10. A reminder on cohomology. Let again
0—bh —>Y—> [—0

be an extension of Lie algebras, where f is an abelian Lie subalgebra and an ideal
in [. Choosing a splitting » of this sequence considered as a vector space we define a
two-cocycle of [ with coefficients in b as in Section 2.7. Suppose that we are given a Lie
algebra homomorphism « : g — [ for some Lie algebra g. Pulling back our two-cocycle
under a we obtain a two-cocycle of g with coefficients in h.

On the other hand, given a homomorphism h’ = b of g-modules we obtain a map i,
between the spaces of two-cocycles of g with coefficients in h and §’. The corresponding
map of the cohomology groups H?(g,§’) — H?(g,h) will also be denoted by i,.

Lemma 2.6. Suppose that we are given a two-cocycle o of g with coefficients in b’
such that the cohomology classes of i,(c) and w are equal in H?(g,b’). Denote by g the
extension of g by b’ corresponding to o defined as above. Then the map g — [ may be
augmented to a map of commutative diagrams

0 h 1 [ 0
(2.14) T T T
0 b’ g g 0

Moreover, the set of isomorphism classes of such diagrams is a torsor over H'(g,b).

Proof. If the cohomology classes of i,(0) and w coincide, then i.(o) + dy = w, where

~ is a one-cochain, i.e., a linear functional g — h. Define a linear map 5 : g — 1
as follows. By definition, we have a splitting g = g @ §’ as a vector space. We set
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B(X) =1(a(X)) +~(X) for all X € g and B(h) = i(h) for all h € h. Then the above
equality of cocycles implies that § is a Lie algebra homomorphism which makes the
diagram (2.14) commutative. However, the choice of v is not unique as we may modify
it by adding to it an arbitrary one-cocycle 7/. But the homomorphisms corresponding
to v and to v ++/, where 7' is a coboundary, lead to isomorphic diagrams. This implies
that the set of isomorphism classes of such diagrams is a torsor over H'(g,b). O

g
0,loc

corresponding to the extension (2.10) to Lg C T}, we obtain a two-cocycle of Lg with
coefficients in Ag loc- We also denote it by w. The Lg-module .Ag loc Ccontains the trivial

subrepresentation C, i.e., the span of [Y(|0),z)dz/z (which we view as the constant

2.11. Two cocycles. Restricting the two-cocycle w of T with coefficients in A

function on LU), and the inclusion C - A&lo . induces a map i, of the corresponding
spaces of two-cocycles and the cohomology groups H?(Lg, C) — H2(Lg"Ag,loc)‘

It is well known that H2(Lg, C) is one-dimensional and is isomorphic to the space of
invariant inner products on g (the corresponding Kac-Moody two-cocyles are described
in Section 2.3). We denote by o the class corresponding to the inner product k. =
—%/@ «» where k, denotes the Killing form on g. Thus, by definition,

1
Ke(x,y) = —5 Tr(ad z ad y).

We will show that the cohomology classes of i,(0) and w are equal. Lemma 2.6 will
then imply that there exists a family of Lie algebra homomorphisms g, — Ag<1710 . such
that K — 1.

Unfortunately, the Chevalley complex that calculates H?(Lg, A&l oc) s unmanageably
large. So as the first step we will show in the next section that w and o actually both

belong to a much smaller subcomplex, where they are more easily compared.

3. COMPARISON OF COHOMOLOGY CLASSES

3.1. Clifford Algebras. Choose a basis {J*}q=1 . dimg Of g, and set J} = J* @ t".
Introduce the Clifford algebra with generators g, a=1,....,dimg;m,n € Z,
with anti-commutation relations

[%,m ¢b,n]+ = [¢2,n7 w;;,m]+ = O, [@Zja,na ¢g,m]+ = 5a,b5n,fm-

Let /\, be the module over this Clifford algebra generated by a vector |0) such that

*
a,m>’

VYanl0) =0, n >0, VYanl0) =0, n>0.

Then A, carries the following structure of a vertex superalgebra (see [FB], § 15.1.1):

e Gradation: deg,, = deg®y; ,, = —n,deg|0) = 0;

e Vacuum vector: [0);

e Translation operator: T'|0) = 0, [T, Yan] = —ntan—1,[T,¥; ] =
_(n - 1)1/];:,n71’
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e Vertex operators:

Y( a—1‘0> Zwanz et ’

neL

(,¢a O‘O> Zqzz)an )

ne”
k

1 Lo
Y (Yar s - - - CagmnCiyamy - - - Vim0, 2) = :
(7/} , @Z} ¢b , Tzz)b, | ) Z) 7];[1 (_nz _ 1)' ]1;[1 (_mj)'
07" Mgy (2) 0 07 M, (2)0; g (2) - 0 My (2):

The tensor product of two vertex superalgebras is naturally a vertex superalgebra (see
Lemma 1.3.6 of [FB]), and so My ® /\, is a vertex superalgebra.

3.2. The local Chevalley complex. The ordinary Chevalley complex computing the
Lie algebra cohomology H'(Lg,A&lOC) is C'(Lg,ﬂg oe) = Bizo CZ(Lg,AgJoc),

CZ(LQ,.AS loc) Homcont(/\ (Lg) ‘Ag loc)

where /\i(Lg) stands for the natural completion of the ordinary ith exterior power of
the topological vector space Lg, and we consider all continuous linear maps. For f €
Ag loc We denote by ¢y, ...abp . f the linear functional ¢ € Homeont (A" (L), Ag loc)
defined by the formula

(_I)Z(T)f> if ((alaml)a"'>(ai>ml)) - T((blvkl) (bivki))a
0, lf ((al,ml),...,(ai,mz)) ((bl,k’l),...,(bi,k‘i)),
)

where 7 runs over the symmetric group on ¢ letters and I(7) is the length of 7. Then
any element of the space C'(Lg, AJ,,.) may be written as a (possibly infinite) lincar

combination of terms of this form. ‘
The differential d : C*(Lg, Ag,.) — C*T(Lg, A ),.) is given by the formula

i+1
(d¢)(X17 v 7Xi+1) = Z(_ )j+1XA¢(X17 v 75(\j7 co 7Xi+1)

ng(JﬁLll/\.../\Jﬁ{i):{

+Z ]+k+l¢ Xk]7X17"'75(}]'7"'7)/(767"'7)(2'4-1)-
i<k

It follows from the definition of the vertex operators that the linear maps
(31) /Y(djzl,nl U wzi,nia:q,ml e a:zj,mj ‘0>7 Z) dz, Tp <0, mp <0.

(Lg’ ‘Ag loc

Homeont (A*(Lg), AO loc)s spanned by all linear maps of the form (3.1).

from A’ Lg) to ‘A01 o are continuous. Let C} ) be the subspace of the space

loc

Lemma 3.1. C’loc(Lg,Af)l loc) 18 preserved by the differential d, and so it forms a sub-
complex of C.(L97A8,loc)'
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Proof. The action of the differential d on [Y'(A, z)dz, where A is of the form (3.1),
may be written as the commutator

[ / Q(2)dz, / Y(A,z)dz] :

where Q(z) is the field

1
(3:2) Q(z) =Y JU(2)i(z) — B > ud () (2)e(2):
a a,b,c
Therefore it is equal to Y (f Q(z)dz - A, z), which is of the form (3.1). O

We call Cf, .(Lg, Af,..) the local subcomplex of C*(Lg, AJ . .)-

Lemma 3.2. Both w and i.(c) belong to CZ_(Lg, A ,,.)-

loc
Proof. We begin with ¢ given by the formula
(3.3) o(JJ8) = nd, —mke(J% JP)

(see Section 2.3). Therefore the cocycle i.(0) is equal to the following element of
Cl%)c(Lg“Ag,loc)’

Z*(O') = Z Z ’{C(Ja7 Jb)nqvb;;,—nwl))k,n

a<bnez
(3.4) = ke(J%,T%) /Y(¢Z,1¢§’0|0>,z) dz.
a<b

Next we consider w. Combining the discussion of Section 2.2 with formulas of Sec-
tion 1.5, we obtain that

(W= 3 / Y (R (a, o)as,1[0), ) 2"dz.

BEAL

where R is a polynomial. Then formula (2.13) implies that

w(Jg, Jh) =
o 9R? a gRb>
_ Z / Y Taé . *b LW wn+m +nY alza *b W wn+m—1 dw
a,BEA, 8(16,0 861&70 8&6’0 Baa70
Therefore
(3.5) w=

. .. L ORY ORJ . .. OR™ ORJ
B (il G o (sl ) -

a<b;a,BEA a,0 a,0

(in the last two formulas we have omitted |0)). Hence it belongs to CZ .

(Lg, Ad

O,IOC)' O
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We need to show that the cocycles i, (o) and w represent the same cohomology class
in the local complex C’l'OC(Lg,Ag loc)- The idea is that this is equivalent to checking
that the restrictions of these coéycles to the Lie subalgebra Lh C Lg are the same.
These restrictions can be easily computed and we indeed obtain that they coincide.
The passage to L is achieved by a version of the “Schapiro lemma”, as we explain in

the next section.

3.3. Another complex. Given a Lie algebra [, we denote the Lie subalgebra [[[t]] of
LU= 1((t)) by LyL.
Observe that the Lie algebra Lyn, acts naturally on the space

My = C[G;n]aeA+,n§0 =~ Clya,nlacayn>0,

which is identified with the ring of functions on the space U[[t]] =~ N4[[t]]. We identify
the standard Chevalley complex C*(Lig, Mgy) = Homeont(A® L+g, Mg ) with the
tensor product Mgy @ AY ., where

At = AWh)n<o-

Introduce a superderivation T' on C®(L4.g, My +) acting by the formulas
T- a:;,n = —(7’L - 1)az,n—17 T- w;,n = _(n - 1>¢2,n—1'

We have a linear map

°
g+

/ : C.(L+97Mg,+) - CI.OC(Lg"Ag,loc)

sending A € C*(Lyg, Mg y) to [Y(A, z)dz (recall that | picks out the (—1)st Fourier
coefficient of a formal power series).

Recall that in any vertex algebra V we have the identity Y (T4, z) = 0,Y (A4, 2).
Hence if A € ImT, then [Y(A4,z)dz = 0.

Lemma 3.3. The map [ defines an isomorphism
Cloe(L8, Af joc) = O%(Lyg, Mg 1) /(Im T + C),

and KerT' = C. Moreover, the following diagram is commutative

[ ] T [ ] f [ ]
C (L+97Mg,+) — C (L+Q,Mg,+) - Cloc(Lg"Ag,loc>

g d d
[ ] T [ ] f [ ]
C (L+g7 Mg,-‘r) — C (L+g, MQH‘) - C’loc(Lg’ ‘Ag,loc)

Proof. 1t is easy to see that the differential of the Chevalley complex C*(L g, Mg )
acts by the formula A — [Q(z)dz - A, where Q(z) is given by formula (3.2). The
lemma now follows from the argument used in the proof of Lemma 3.1. 0
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Consider the double complex

C —— C*(L4g, Mys) —— C*(Lyg, Mgy) —— C

I I

C —— C*(Lyg, Mgy) —— C*(Lyg,Mgy) —— C

According to the lemma, the cohomology of the complex C (Lg, AJ,..) is given by

the second term of the spectral sequence, in which the zeroth differential is vertical.

We start by computing the first term of this spectral sequence. Observe that the
module Mg, is isomorphic to the coinduced module Coindfigi C. Define a map of

complexes
' C%(Lyg, Mg) — C*(Lyb_,C)

as follows. If v is an i—cochain in the complex C*(L4.g, Mg 1) = Homeont (N Lyg, Mg 1),

then 1/ (v) is by definition the restriction of v to A* Lyb_ composed with the natural

projection My = Coindéig_ C — C. Tt is clear that p’ is a morphism of complexes.

The following is an example of the Shapiro lemma (see [Fu], § 5.4, for the proof).
Lemma 3.4. The map p’ induces an isomorphism at the level of cohomologies, i.e.,
(3.6) H*(Lyg, Mg ) =~ H*(L4b-,C).

Now we compute the right hand side of (3.6). Since Lin_ C L4b_ is an ideal, and
Lib_/Lin_ ~ L.h, we obtain from the Serre-Hochshield spectral sequence (see [Fu],
§ 5.1) that

H"(L4b_,C)= P HP(Lyh,H(Lin_,C)).
p+q=n
But h®1 € L b acts diagonally on H*(Lin_,C), inducing an inner grading. According
to [Ful, § 5.2,

HP(Lib, HY(Lyn_,C)) = HP(L4 b, HI(L4n_, C)o),

where H9(Lin_,C)g is the subspace where h ® 1 acts by 0. Clearly, H*(L n_,C)y is
the one-dimensional subspace of the scalars C ¢ H%(L n_,C), and HY(L,n_,C)g =0
for ¢ # 0. Thus, we find that

Hp(L-‘rha Hq(L-i-n—) (C)) = Hp(L+h7 (C)
Furthermore, we have the following result. Define a map of complexes
(3.7) p:C*(Lyg, Mg ) — C°(L1h,C)

as follows. If v is an i—cochain in the complex C*(L g, My +) = Homeont (A" L1 g, Mg 1),
then yu(v) is by definition the restriction of v to A" L4 h composed with the natural pro-
jection

(3.8) p: Mgy = Coindiig_ C—C.
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Lemma 3.5. The map p induces an isomorphism at the level of cohomologies, i.e.,
H.(LJr’ 9 MgHr) = H.(L+ha (C)
In particular, the cohomology class of a cocycle in the complex C*(L g, Mg 1) is uniquely

determined by its restriction to /\’ L.

Proof. Tt follows from the construction of the Serre-Hochshield spectral sequence (see
[Fu], § 5.1) that the restriction map C*(Lyib_,C) — C*(L4+h,C) induces an isomor-
phism at the level of cohomologies. The statement of the lemma now follows by com-
bining this with Lemma 3.4. ]

Since L. b is abelian, we have
H*(L+h,C) = [\ *(L+h),
and so
H*(Lyg, Mgy ) ~ [\ *(Lyb).
It is clear that this isomorphism is compatible with the action of T" on both sides.

The kernel of T' acting on the right hand side is equal to the subspace of the scalars.
Therefore we obtain

Hl:)C(Lgv‘Agyloc) = /\.(L+h)/(ImT+ (C)

3.4. Restricting the cocycles. Any cocycle in C}

loc

Ci (Lga ‘Ag,loc) = HOmcont(/\ Z(Lg% ‘Ag,loc)7

and as such it may be restricted to A *(Lb).

(Lg, A8 ,.) is a cocycle in

Lemma 3.6. Any two cocycles in Cfoc

represent the same cohomology class.

(Lg,AgJOC) whose restrictions to )\ *(Lb) coincide

Proof. We need to show that any cocycle ¢ in CfOC(Lg,AgJOC), whose restriction to
A‘(Lb) is equal to zero, is equivalent to the zero cocycle. According to the above
computation, ¢ may be written as [ Y (4, z)dz, where A is a cocycle in C*(Lyg, My 1) =
Homeont (A’ L9, Mg ). But then the restriction of A to A\'Lyh C A’ Ly g, denoted
by A, must be in the image of the operator T, and hence so is p(A4) = u(A) € N'(Lyb)
(here p is the projection defined in (3.8) and pu is the map defined in (3.7)). Thus,
u(A) = T(h) for some h € \"(Lyh). Since T commutes with the differential and the
kernel of T on A*(L,h) consists of the scalars, we obtain that h is also a cocycle in
C*(L+h,C) = N'(L4h).

According to Lemma 3.5, the map g induces an isomorphism on the cohomologies.
Hence h is equal to pu(B) for some cocycle B in C*(Lig, Mgy). It is clear from the
definition that p commutes with the action of the translation operator T'. Therefore it
follows that the cocycles A and T'(B) are equivalent in C*(L4g, My ). But then ¢ is
equivalent to the zero cocycle. ]

Now we obtain
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Theorem 3.7. The cocycles w and i.(0) represent the same cohomology class in
HIQOC(Lg,Ag 1oc)-  Therefore there exists a lifting of the homomorphism Lg — T2 to

loc
a homomorphism gy, — AQSUOC such that K — 1. Moreover, this homomorphism may

be chosen in such a way that
(3.9) JU2) = Y (Pulag0,ap,-1)|0),2) + Y (B, 2),
where P, is a polynomial introduced in formula (1.6) and B, is a polynomial in the

* K
ag.n s of degree one.

Proof. By Lemma 3.6, it suffices to check that the restrictions of w and i,(c) to A*(Lb)
coincide. We have

ix(0)(hny L) = nke(hy B )op —m
for all h,h' € h. Now let us compute the restriction of w. We find from the formulas
given in Section 1.5 and Section 2.2 that

Wh(2)) == > a(h) :a)(2)aa(2):

acA L
(recall that h(z) =, c; hnz"""1). Therefore we find that

W(hn, ) = =6 —m Y a(h)a(h) = nke(h, h)6n, —m,

OCEA+
because by definition kc(-,") = —3£, (-, ) and for the Killing form x, we have
R (B ) =2 a(h)a(h).
aEA L

Therefore the cocycles w and i,(c) represent the same class in H2, (Lg, A§ ..)-
Hence there exists v € C}-

loc

N = Z/¢;(Z)Y(Ba,z) dz, By € My..

(Lg, A8 ,.) such that w + dy = i, (c). We may write v as

It follows from the computations made in the proof of Lemma 3.2 that both w and
i+(0) are homogeneous elements of CZ (Lg, Af,..) of degree 0. Therefore v may be
chosen to be of degree 0, i.e., B, may be chosen to be of degree 1.

Then by Lemma 2.6 formulas (3.9) define a homomorphism of Lie algebras g,., —

Ail loc Such that K +— 1. This completes the proof. U

In the next section we will interpret the above homomorphism in the vertex algebra
language.

4. WAKIMOTO MODULES OF CRITICAL LEVEL

4.1. Homomorphism of vertex algebras. Recall the definition of the vertex algebra
associated to the affine Kac-Moody algebra g, (see [FB], § 2.4). Define the vacuum
gx-—module V(g) corresponding to k as the induced representation

def Gre ~
Vi(g) = Ind%_,_g@(CK Ci1 =U(gr) ® Cy,

U(L4g®CK)
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where C; is the one-dimensional representation on which L, g acts by 0 and K acts as
the identity. We denote the vector 1 ® 1 € V,;(g) where the first 1 is the unit in U(g,)
and the second 1 is the generator of the one-dimensional module Cy, by v.

Recall that s is unique up to a scalar. Therefore it is often convenient to fix a
particular invariant inner product kg and write an arbitrary one as k = krg, k € C. This
is the point of view taken in [FB], where as ko we take the inner product with respect
to which the square of the maximal root is equal to 2, and denote the corresponding
vacuum module by Vj(g). In particular, since the Killing form «, (-, ) is equal to 2h"
times rq (see [K1]), where h" is the dual Coxeter number of g, we obtain that for the
inner product kc(-,-) = —3k, (-, ) introduced above we have k = —h". Thus, V,_(g) is
V_pv(g) in the notation of [FB]. We will call this module the vacuum module of critical
level.

The vertex algebra structure on Vj(g) is defined as follows:

Gradation: deg J3! ... Jgmv, = — > 7" n,.
Vacuum vector: |0) = v,.

Translation operator: Tw, =0, [T, Ji] = —nJ?_;.
Vertex operators:

Y(J% e, 2) = J%z) = Jea

nez
a a . 1 —Nni— a —Nm— Q.
Y(JniJnZUK,Z):Hmaz ! 1J 1(2)32 m 1J m(Z):
=1

(see Theorem 2.4.4 of [FB]).

Lemma 4.1. Defining a homomorphism of vertex algebras Vi(g) — V is equivalent

to choosing vertex operators J%(z),a = 1,...,dimg, of conformal dimension 1 in the
vertez algebra V', whose Fourier coefficients satisfy the relations (2.7) with K = 1.

Proof. Given a homomorphism p : V,.(g) — V, take the images of the generating vertex
operators J%(z) of Vi(g) under p. The fact that p is a homomorphism of vertex alge-
bras implies that the OPEs between these fields, and hence the commutation relations
between their Fourier coefficients, are preserved. ~

Conversely, suppose that we are given vertex operators J%(z) satisfying the condition

of the lemma. Denote by J¢ the corresponding Fourier coefficients. Define a linear map
p: Vi(g) — V by the formula

JO L J8my e JO L J8m0),
It is easy to check that this map is a vertex algebra homomorphism. O

The complexes C*(L4g, My ) and loc(Lg,A&lo .) carry natural Z-gradations de-
fined by the formulas degaj, ,, = degv;,, = —n, deg|0) = 0, and deg [ Y (4, 2)dz =
deg A — 1. The differentials preserve these gradations. The following is a corollary of
Theorem 3.7.

Corollary 4.2. There exists a homomorphism of vertex algebras V,, (g) — M.
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Proof. According to Theorem 3.7, there exists a homomorphism g,, — A%UOC such

that K — 1 and

J(2) = Y (Palag,, a,-1)[0), 2) + Y (Ba, 2),
where the vectors P, and B, have degree one. Therefore by Lemma 4.1 we obtain a
homomorphism of vertex algebras V_(g) — M, such that

J% v = Pa(ag,o,a8,-1)]0) + Ba.

O
In addition to the Z—gradations described above, the complex Cﬂ)C(Lg,AgJoc) also
carries a weight gradation with respect to the root lattice of g such that wta, ,, = —a,
wteps , = —wtJ% wt|0) = 0, and wt [ Y (A, z)dz = wt A. The differentials preserve
this gradation, and it is clear that the cocycles w and i, (o) are homogeneous. Therefore
the element v introduced in the proof of Corollary 4.2 may be chosen in such a way
that it is also homogeneous with respect to the weight gradation.

For such « we necessarily have B, = 0 for all J* € h & n;.. Furthermore, the term
B, corresponding to J* = f; must be proportional to aj _;|0). Using the formulas
of Section 1.5 and the discussion of Section 2.2, we therefore obtain a more explicit
description of the homomorphism Vi (g) — Mg:

Theorem 4.3. There exist constants ¢; € C such that the Fourier coefficients of the
vertex operators

¢i(2) = aa,(2) + Y Pilai(2))as(2):,

BEAL
hi(z) == ) B(hi):aj(2)as(2):,
BeEAL
fiz) = Y :Qh(ai(2))ag(2): + civzay, (),
BEAL

where the polynomials Pé, Qiﬁ are introduced in formulas (1.7)—(1.9), generate an action
of Gk, on Mj.
Remark 4.4. In addition to the above homomorphism of Lie algebras wy, : gk, —

Ail loc> there is also a Lie algebra anti-homomorphism

R . g
w':Ing — A§1,100

which is induced by the right action of n; on Ny (see Section 1.5). By construction,
the images of Lny under w,, and w commute. We have

(4.1) wh(ei(z) = aa,(2) + Y Py(ah(2))as(2),

BEAL

where the polynomials P; " are defined in Section 1.5. More generally, we have

(4.2) wi(ea(2)) = aa(z) + D P (al(2))ag(2),
BEA L
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for some polynomials PﬁR “ O

4.2. Other g—module structures on M. In Theorem 4.3 we constructed the struc-
ture of a g.,~module on M. To obtain other g, —module structures of critical level on
Mg we need to consider other homomorphisms g, — Aim oc lifting the homomorphism
Lg — T . According to Lemma 2.6, the set of isomorphism classes of such liftings is
a torsor over H'(Lg, A&lo .)- Since we have chosen a particular lifting in Theorem 4.3,
we may identify this set with Hl(Lg,AgJoc).

Recall that our complex Cl.()c(Lg7‘Ag,lo .) has a weight gradation, and our cocycle w
has weight zero. Therefore among all liftings we consider those which have weight zero.
The set of such liftings is in bijection with the weight zero homogeneous component of

H'(Lg, A§,,.)-

Lemma 4.5. The weight 0 component of H'(Lg, Af ,..) is isomorphic to the (topolog-
ical) dual space (Lh)* to Lb.

Proof. First we show that the weight 0 component of H 1(L97A8,1oc) is isomorphic to
the space of weight 0 cocycles in Cl(Lg,A&lOC). Indeed, since wt ay, ,, = —a, the weight
0 part of C'I%C(Lg,flgjloc) = Ag,loc is one-dimensional and consists of the constants. If
we apply the differential to a constant we obtain 0, and so there are no coboundaries
of weight 0 in C'(Lg, Af .-

Next, we show that any weight 0 one-cocycle ¢ is uniquely determined by its re-
striction to Lh C Lg, which may be an arbitrary (continuous) linear functional on Lb.
Indeed, since the weights occurring in Ag}l oc are less than or equal to 0, the restriction
of ¢ to Lin_ is equal to 0, and the restriction to Lh takes values in the constants
C c ASJOC. Now let us fix ¢|rp. We identify (Lbh)* with b*((¢))dt using the residue
pairing, and write ¢|ry as x(t)dt using this identification. Here

XO =3 xat™" 1, xneb
nez
where xp,(h) = ¢(hy,). We denote (x(t), h;) by xi(t).
We claim that for any x(¢)dt € h*((t))dt, there is a unique one-cocycle ¢ of weight 0

in C'I{)C(Lg,/lg’loc) such that

(4.3) ¢(ei(2)) = 0,

(4.4) ¢(hi(2)) = xi(2),

(4.5) ¢(fi(2)) = xi(2)ag,n(2)-

Indeed, having fixed ¢(e;(z)) and ¢(hi(z)) as in (4.3) and (4.4), we obtain using the
formula
¢ ([eins fjm]) = €im - &(fjm) — fijm - d(ein)
that
Oi,jXin+m = €imn - B(fim)-
This equation on ¢(fj ) has a unique solution in A&lo . of weight —a;, namely, the one
given by formula (4.5). The cocycle ¢, if exists, is uniquely determined once we fix its
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values on e€; , h;, and f;,. Let us show that it exists. This is equivalent to showing
that the Fourier coefficients of the fields

(4.6) ¢i(2) = aa,(2) + Y Phlaf(2))ag(2):,

BEAL
(4.7) hi(z) == Y Blhi):aj(2)a(2): + xi(2),
BeAL
(4.8) = Y Qlan(2)ap(2): + cidzal,(2) + Xi(2)ag, . (2),
BEAL

satisfy the relations of g, with K = 1.

Let us remove the normal ordering and set ¢; = 0,72 = 1,...,¢. Then the corre-
sponding Fourier coefficients are no longer well-defined as linear operators on My. But
they are well-defined linear operators on the space Fun LU. The resulting Lg—module
structure is easy to describe. Indeed, the Lie algebra Lg acts on Fun LU by vector
fields. More generally, for any Lb_—module R we obtain a natural action of Lg on the
tensor product Fun LURR (this is just the topological Lg—module induced from the
Lb_-module R). If we choose as R the one-dimensional representation on which all f; ,,
act by 0 and h;, acts by multiplication by x;, for all ¢ =1,...,¢ and n € Z, then the
corresponding Lg-action on Fun LURR ~ Fun LU is given by the Fourier coefficients
of the above formulas, with the normal ordering removed. Hence if we remove the nor-
mal ordering and set ¢; = 0, then these Fourier coefficients do satisfy the commutation
relations of Lg.

When we restore the normal ordering, these commutation relations may in general
be distorted, due to the double contractions, as explained in Section 2.9. But we know
from Theorem 4.3 that when we restore normal ordering and set all x;, = 0, then
there exist the numbers ¢; such that these Fourier coefficients satisfy the commutation
relations of g, with K = 1. The terms (4.3)—(4.5) will not generate any new double
contractions in the commutators. Therefore computing these commutators with non-
zero values of x;,, we find that the relations remain the same. This completes the
proof. O

Corollary 4.6. For each x(t) € h*((t)) there is a g—module structure of critical level
on My, with the action given by formulas (4.6)—(4.8).

We call these modules the Wakimoto modules of critical level and denote them by
Wy
Let m be the commutative algebra C[b; ]i=1,.. ¢:n<o With the derivation T" given by

the formula
T- bil,m i Zmﬂlm - E :nJ i1,m1 - z],n] 1 bim,nm'

Then 7( is naturally a commutative vertex algebra (see [FB], § 2.3.9). In particular,
we have

Y(bi1,2) =bi(2) = Y binz "

n<0
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Using the same argument as in the proof of Lemma 4.5, we now obtain a stronger
version of Corollary 4.2.

Theorem 4.7. There exists a homomorphism of vertex algebras

Wg,

c

Vi (9) — My ® m
such that

ei(2) > aa () + 3 :Ph(al(2))as(2):

BeAL

hi(2) = = Y Bhi):ah(2)ag(z): + bi(2),

BEAL

filz) = Y Qblai(2)ap(2): + cidzal, (2) + bi(2)ah, (2),

BeAL

where the polynomials P?, Qﬁ; are introduced in formulas (1.7)—(1.9).

Thus, any module over the vertex algebra My ® mg becomes a Vi (g)-module, and
hence a g-module of critical level. We will not require that the module is necessarily
Z-graded. In particular, for any x(t) € h*((¢)) we have a one-dimensional my—module
Cy(t), on which b;,, acts by multiplication by x;,. The corresponding 8rx.—module is
the Wakimoto module W, ;) introduced above.

4.3. Application: proof of the Kac—Kazhdan conjecture. As an application of
the above construction of Wakimoto modules, we give a proof of the Kac-Kazhdan
conjecture from [KK], following [F1].

Let us recall the notion of a character of a g.—module. Suppose that we have a
g-—module M equipped with an action of the gradation operator Ly = —td;. Note that
if k # K¢, then any smooth g,—module (i.e., such that any vector is annihilated by the
Lie subalgebra g ® tVC[[t]] for sufficiently large N) carries an action of the Virasoro
algebra obtained via the Segal-Sugawara construction (see Section 5.3 below), and so
in particular an Lg—action. However, smooth g,,—modules do not necessarily carry an
Lg—action.

Suppose in addition that Lo and h ® 1 C g, act diagonally on M with finite-
dimensional common eigenspaces. Then we define the character of M as the formal
series

(4.9) M= Y dmMQ) e
Xe(hBCLo)*

where M (X) is the generalized eigenspace of Ly and h ® 1 corresponding to N (h®
CLp)* — C.

The direct sum (h ® 1) & CLy @ CK is the Cartan subalgebra of the extended Kac-
Moody algebra g, @ CLg. Elements of the dual space are called weights. We will
consider the weights occurring in modules on which K acts as the identity. Therefore
without loss of generality we may view these weights as elements of the dual space to
h=(h®1) @ CLy. The set of positive roots of g is naturally a subset of h*, and this
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determines a natural partial order on the set of weights. In what follows we will often
denote 79 = ¢~ (O where § is the imaginary root of g, by ¢.
For A = (X, a), let M5 _be the Verma module over g, with highest weight A,

C

— Tnd® -
M, = Ind® 5

nGhBK
where the Lie algebra n = (g®@tC[[t]]) ® (n+ ®1) acts trivially on C, b acts according
to the weight X and K acts as the identity. By the PBW theorem, as a vector space

M; _is isomorphic to U(n_), where n_ = (g ® t~'C[¢t"']) ® (n_ ® 1). Therefore we
obtain the following formula for the character of M5 ,:

ch My = e H (1—e )71

a€£+

where KJF is the set of positive roots of g,.
It is well-known that as a module over the extended Kac-Moody algebra, g, & CLy,
the Verma module M5 has a unique irreducible quotient, which we denote by Ly .

In [KK] a certain subset Hf € H* is defined for any pair (3, m), where [ is a
positive root of g ® CLy and mis a positive integer. If § is a real root, then Hj
is a hyperplane in H* and if § is an imaginary root, then H gcm = H* and Hj,, = 0
for Kk # Ke. It is shown in [KK] that LX,n is a subquotient of Mp . if and only if the
following condition is satisfied: there exists a finite sequence of weights [, .. ., i, such
that fig = X, I = I, Wix1 = [; —m;G; for some positive roots B; and positive integers
m;, and pi; € H | foralli=1,... n.

Denote by ﬁrf the set of positive real roots of g,. Let us call a weight \a generic
weight of critical level if X does not belong to any of the hyperplanes HE s GRS ﬁff It

is easy to see from the above condition that Nis a generic weight of critical level if and
only if the only irreducible subquotients of M5 . have highest weights P nd, where
n is a non-negative integer (i.e., their h* Comp70nents are equal to the h* component
of X) The following assertion is the Kac-Kazhdan conjecture for the untwisted affine
Kac-Moody algebras.

Theorem 4.8. For generic weight P\ of critical level

chLs, = = H (1—e )7L

Are
Q€EATE

Proof. Without loss of generality, we may assume that A = (A, 0).

Introduce the gradation operator Lo on the Wakimoto module W, ;) by using the
vertex algebra gradation on Mg. It is clear from the formulas defining the g, —action
on W, given in Theorem 4.7 that this action is compatible with the gradation if and
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only if x(t) = A/t, where A € h*. In that case

chWy, = 2 H (1—e )7

Are
Q€EATS

where A = (A\,0). Thus, in order to prove the theorem we need to show that if X is
a generic weight of critical level, then W) is irreducible. Suppose that this is not
so. Then either W) ; contains a singular vector, i.e., a vector annihilated by the Lie
subalgebra ny = (g ®tC[[t]]) ® (n4+ ® 1), other than the multiples of the highest weight
vector, or W)/, is not generated by its highest weight vector.

Suppose that W), contains a singular vector other than a multiple of the highest
weight vector. Such a vector must then be annihilated by the Lie subalgebra Lin, =
n4[[t]]. We have introduced in Remark 4.4 the right action of ny((¢)) on Mg, which
commutes with the left action. It is clear from formula (4.2) that the monomials

(4.10) IT efn, II @i l0)

() <0 ms(a)go

form a basis of M. Therefore the space of L n —invariants of W o is equal to the
tensor product of the subspace My _ of Wy, spanned by all monomials (4.10) not con-

taining a, ,,, and the space of Lyn,—invariants in My = Cla}, ,Jaca, n<o. According

to Section 3.3, My is an L, g-module isomorphic to Coindéig_ C. Therefore the
action of Lyn, on it is co-free, and the space of Lin,—invariants is one-dimensional,
spanned by constants. Thus, we obtain that the space of Lyn —invariants in W) is
equal to My . In particular, we find that the weight of any singular vector of W)
which is not equal to the highest weight vector has the form (A,0) — >_.(n;6 — f;),
where n; > 0 and each (3; is a positive root of g. But then W) ; contains an irreducible
subquotient of such a weight.
Now observe that

ch Mx0),k, = H(1 —q") " ch Wy,

n>0

where ¢ = e~%. If an irreducible module Lz . appears as a subquotient of W) ;, then
it appears in the decomposition of ch W) into the sum of characters of irreducible
representations and hence in the decomposition of ch My o) ... Since the characters
of irreducible representations are linearly independent, this implies that Lj,, is an
irreducible subquotient of M, ) ... But this contradicts our assumption that (X, 0) is
a generic weight of critical level. Therefore W) ; does not contain any singular vectors
other than the multiples of the highest weight vector.

Now suppose that W) /; is not generated by its highest weight vector. But then there
exists a homogeneous linear functional on W) ;, whose weight is less than the highest
weight and which is invariant under n_ = (g®@ ¢ 'C[t"!]) @ (n_ ® 1), and in particular,
under its Lie subalgebra L_n; = ny ® t 1C[t"!]. Therefore this functional factors
through the space of coinvariants of W), by L_ny. But L_ny acts freely on W, /;, and
the space of coinvariants is isomorphic to the subspace Clay, ,,]Jaca n<o of W) ;. Hence

we obtain that the weight of this functional has the form (A,0) —_.(n;é + 8;), where
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n; > 0 and each (3; is a positive root of g. In the same way as above, it follows that
this contradicts our assumption that A is a generic weight. Therefore W) /; is generated
by its highest weight vector. This completes the proof. O

5. DEFORMING TO OTHER LEVELS

5.1. Homomorphism of vertex algebras. As before, we denote by h the Cartan
subalgebra of g. Let H,.i be the one-dimensional central extension of the loop alge-
bra Lh = h((t)) with the two-cocycle obtained by restriction of the two-cocycle on
Lg corresponding to the inner product x. Then according to formula (2.7), EK is a
Heisenberg Lie algebra. We will consider a copy of this Lie algebra with generators
bin,t=1,...,¢,n € Z, and 1 with the commutation relations

[bi,na bj,m] = n/{(hi, hj)l(sn,,m.

Thus, the b; ,,’s satisfy the same relations as the h;,’s. Let 7§ denote the E,fmodule

induced from the one-dimensional representation of the abelian Lie subalgebra of /b\,{
spanned by b;,,% = 1,...,¢,n > 0, and 1, on which 1 acts as the indentity and all
other generators act by 0. We denote by |0) the generating vector of this module. It
satisfies: b; ,|0) = 0,n > 0. Then 7§ has the following structure of a vertex algebra
(see Theorem 2.3.7 of [FB]):

Gradation: degbs, n, - bipnm[0) = — D1t 1.
Vacuum vector: |0).

Translation operator: T'|0) =0, [T, b; ] = —nb;pn—1.
Vertex operators:

Y (bi-1]0),2) = bi(2) = Y binz ",

neL

n

1 —ni1— —Nm —
Y (biy g - - - biy iy [0), 2) = Hm 077, (2) .. 07y (2): .
j=1 J '

The tensor product My ® m;~ "¢ also acquires a vertex algebra structure.
Theorem 5.1. There exists a homomorphism of vertex algebras

wy : Vie(g) = Mg @ my ™"

such that
ei(2) = ag,(2) + Y Phlad(2))ap(2):
BEA
(5.1) hi(z) — — Z B(hi):aj(2)ag(2): + bi(2),
BEAL
filz) = Y iQpag(2)as(2): + (ci+ (k= ke)(es, f;) a0, (2) + bi(2)a, (2),
BEAL

where the polynomials Pé, Qiﬁ are introduced in formulas (1.7)—(1.9).
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Proof. Denote by A~1goc the Lie algebra U(My ® 7;~ ). By Lemma 4.1, in order to
prove the theorem, we need to show that formulas (5.1) define a homomorphism of Lie

algebras g, — fllgo . sending the central element K to the identity.

g

loc- Denote by w,; the linear

Formulas (5.1) certainly define a linear map w,, : Lg — A
map A\? Lg — AP . defined by the formula

wi(f,9) = [Wi(f), Wi(9)] — wk([f g])-

Evaluating it explicitly in the same way as in the proof of Lemma 3.2, we find that wy
takes values in Ag loe € AL .. Furthermore, by construction of w,, for any X € Ag loc
and f € Lg we have [ws(f),X]| = f - X, where in the right hand side we consider

the action of f on the Lg—module Ag loc- This immediately implies that wy is a two-
cocycle of Lg with coefficients in Ag loc- BY construction, wy is local, i.e., belongs to
Cl%)c(Lg“Ag,loc)'

Let us compute the restriction of wy to /\2 Lb. The calculations made in the proof
of Lemma 3.7 imply that

Wi (s hy) = n(ke(h, ') + (k — ke)(hy 1)) = nk(h, 1),

mny''m

Therefore this restriction is equal to the restriction of the Kac-Moody two-cocycle
or on Lg corresponding to k. Now Lemma 3.6 implies that the two-cocycle wy is
cohomologically equivalent to i.(o,). We claim that it is actually equal to i.(ox).

Indeed, the difference between these cocycles is the coboundary of some element v €
C’ﬁ)c(Lg,AgJOC). The discussion before Theorem 4.3 implies that v(e;(z)) = v(hi(2)) =
0 and y(fi(2)) = c;0.a}, (z) for some constants ¢; € C. In order to find the constants c;
we compute the value of the corresponding two-cocycle w,, 4+ dv on e; , and f; —,. We
find that it is equal to noy(e;n, fi,—n) + cin(ei, fi). Therefore ¢, =0 forall i =1,...,¢,
and so v = 0 and w,; = i«(0x). This implies that formulas (5.1) indeed define a
homomorphism of Lie algebras g, — Aﬂl’loc sending the central element K to the

identity. This completes the proof. O
The following result is useful in applications.
Proposition 5.2. The homomorphism w, of Theorem 5.1 is injective for any k.

Proof. We will introduce filtrations on Vi (g) and Wy ,, = My®ny~ "¢ which are preserved
by wy, and then show that the induced map grw, : grVi.(g) — gr Wy, (which turns
out to be independent of k) is injective.

In order to define a filtration on V,;(g) we observe that

Vi(g) = U(g ® tilc[til])vm

and use the Poincaré-Birkhoff-Witt filtration on U(g ® t 'C[t7!]). Now we define a
filtration {W(f,f } on Wy, by defining W(f,f to be the span of monomials in the aq,’s,
a;n’s and b; ,’s whose combined degree in the a,,’s and b; ,,’s is less than or equal to
p (this is analogous to the filtration by the order of differential operator). It is clear
from the construction of the homomorphism w, that it preserves these filtrations.
Now we describe the corresponding operator grw : grVi(g) — grWy . Let g be

the variety of pairs (b, x), where b is a Borel subalgebra in g and € b. The natural
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morphism g — Fl, where Fl is the flag variety of g, mapping (b, z) to b € Fl identifies g
with a vector bundle over the flag variety F1, whose fiber over b € FI is the vector space
b. There is also a morphism g — g sending (b, z) to . Now let U be again the big
cell, i.e., the open N —orbit of FI, and U its preimage in g. In other words, U consists
of those pairs (b, z) for which b is in generic relative position with b,. It is isomorphic
to an affine space of dimension equal to dimg. The induced morphism p : U — g is
dominant and generically one-to-one.

Now let JU and Jg be the infinite jet schemes of U and g, defined as in [FB],
§9.4.4, and Jp the corresponding morphism J U—J g. Then Jp is clearly a dominant
morphism and so the corresponding homomorphism of rings of functions Jp : C[Jg] —
C[JU] is injective.

Since Jg ~ g[[t]], it follows that

grVi(g) = Symg((t))/e][t]] ~ C[Jg].

Moreover, J U is isomorphic to gr Wy ., and it follows from our construction of w, that
grw, = Jp. This implies the statement of the proposition. O

5.2. Wakimoto modules away from the critical level. Any module over the vertex
algebra M@y~ "¢ now becomes a Vj,(g)-module and hence a g,—module (with K acting
as 1). For A € b*, let 73~ be the Fock representation of b, generated by a vector

|A) satisfying
binlA) =0, n>0, biolA) = A(R:)|A), 1A) = [A).

Then

Wir & My @i
is an My ® m;~ "—module, and hence a g,—module. We call it the Wakimoto module of
level k and highest weight .

5.3. Conformal structures at non-critical levels. In this section we show that the
homomorphism w, of Theorem 5.1 is a homomorphism of conformal vertex algebras
when x # k.. This will allow us to obtain a coordinate-independent version of this ho-
momorphism. By taking the limit k — &, we will also obtain a coordinate—independent
version of the homomorphism wy,..

The vertex algebra Vi(g), k # k¢, has the standard conformal structure given by the
Segal-Sugawara vector

1 a
(52) Sk = QZG:J1JG7_1UH7

where {J,} is the basis of g dual to the basis {J*} with respect to the inner product
Kk — ke (see [FB], § 2.5.10, for more details). We need to calculate the image of s,; under
W

Lemma 5.3. The image of s, under w, is equal to

¢
(5.3) > 10k g+ 5 > bi1bly = p2 | [0),
=1

OZEA+
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where {b'} is a dual basis to {b;} and p is the element of b corresponding to p € h*
under the isomorphism induced by the inner product (k — Ke)lp-

Proof. The vector wy(s,) is of degree 2 with respect to the vertex algebra gradation
on Mg ® ;™ "¢ and of weight 0 with respect to the gradation by the root system such
that wtaan, = —wtag ,, = a,wtb;,, = 0. The basis in the corresponding subspace of

Mg ® (™" consists of the monomials of the form

(5.4) bi—1bj—1,  bi—2,
* *
(55) aa,—lam—l? aOc,—Qa’a,07
* * *
(5.6) Aa,—103,-104 03,0, Aa,—10g 0bi—1,

applied to the vacuum vector |0).

The Fourier coefficients L,,n € Z, of the vertex operator wy(s,) preserve the weight
gradation on My®@m( " and deg L,, = —n with respect to the vertex algebra gradation
on My®my~ . This implies that the vectors aq,-1/0) and a}, 4|0),« € A, are primary
vectors, i.e., they are annihilated by L,,n > 0, and are eigenvectors of Lg. We claim
that Lo acts by 1 on aq,-1/|0) and by 0 on a, 4|0).

Indeed, the vectors J% v, € Vi(g) are primary of degree 1. Therefore the same is

true for their images in My® m;~ ". Let {eq}aea, be a root basis of ny C g such that
€q; = €;. Then we have
(5.7) Wi (€a,~1Vk) = | Ga,—1 + Z Pg(ag0)as-1 | 10),

BeEAL

where the polynomials Pg are found from the formula of the action of e on U:

In particular, Pg‘i = Pg considered above. In addition we have the following formula
for wy(hi—1v,) which follows from Theorem 5.1:

(5.8) we(hi1v) = | = Y Blhi)aj sas 1+ bi-1 | [0).

BEAL
Using these formulas, we obtain that the vectors aq,-1/0) (resp., a;, 4|0)) are primary
vectors of degree 1 (resp., 0) with respect to wy(s,). This readily implies that the basis

vectors (5.6) do not appear in the decomposition of w(s,) and that the vectors (5.5)
enter in the combination

(5.9) > ag,1al_4]0).
a€A+

It remains to determine the coefficients with which the monomials (5.4) enter the for-
mula for wy(sx).
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Using formula (5.8) and our knowledge of the aa® component of wy(s,) we find the
following action of the Fourier coefficients L,, of Y (wy(sk), z) on the first summand of
w,{(h@,w,{):

— > Blhi)ag pag 110) == Y B(hi)ag gas10),

BeEA BeA
Z B(hi)ag gag,—-1|0) = Z B(h = —2p(hi)|0).
fens Bens

and L,,n > 1, act by 0. There is a unique combination of monomials (5.4) which,
when added to (5.9), makes a conformal vector with respect to which wy(h; —1v,) is a
vector of degree 1 annihilated by L,,n > 0, namely,

14
1 § : %
(510) 5 £ bi,flb_l — pP-2.

This completes the proof. O

5.4. Quasi-conformal structures at the critical level. Now we use this lemma to
obtain additional information about the homomorphism w,_. Denote by O the complete
topological ring C[[t]] and by Der O the Lie algebra of its continuous derivations. Note
that Der O ~ C[[t]]0.

Recall that a vertex algebra is called quasi-conformal if it carries an action of the
Lie algebra Der O satisfying the conditions of Definition 6.3.4 of [FB]. In particular,
a conformal vertex algebra is automatically quasi-conformal (with the Der O-action
coming from the Virasoro action).

The Lie algebra Der O acts naturally on g, preserving g[[t]], and hence it acts on
Vi.(g). The Der O-action on V,, (g) coincides with the limit k — k. of the Der O—
action on Vi(g),k # K¢, obtained from the Sugawara conformal structure. Therefore
this action defines the structure of a quasi-conformal vertex algebra on Vj_(g).

Next, we define the structure of a quasi-conformal algebra on My ® 7y as follows.
The vertex algebra M is conformal with the conformal vector (5.9), and hence it is also
quasi-conformal. The commutative vertex algebra g is the Kk — k. limit of the family of
conformal vertex algebras ;"¢ with the conformal vector (5.10). The induced action
of the Lie algebra Der O on 7y~ "¢ is well-defined in the limit x — k. and so it induces
a Der O—action on . Therefore it gives rise to the structure of a quasi-conformal
vertex algebra on my. The Der O—-action is in fact given by derivations of the algebra
structure on my ~ Clb; ], and hence by Lemma 6.3.5 of [FB] it defines the structure
of a quasi-conformal vertex algebra on my. Explicitly, the action of the basis elements

L, = —t""19;,n > —1, of Der O on 7 is determined by the following formulas:
Ly, - biyn = —mbj pngm, —1<n<—m,

(5.11) Ly, -bj—p=n, n >0,
Ly - bim =0, n>—-m

(note that p(h;) = 1 for all i). Now we obtain a quasi-conformal vertex algebra structure
on My ® mp by taking the sum of the above Der O-actions.
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Since the quasi-conformal structures on Vi, (g) and My ® 19 both came as the limits
of conformal structures as k — k., we obtain the following corollary of Lemma 5.3:

Corollary 5.4. The homomorphism wy, : Vi, — Mg ® m preserves quasi-conformal
structures. In other words, it commutes with the Der O—action on both sides.

5.5. Transformation formulas for the fields. We can now obtain the transforma-
tion formulas for the fields a,(z),a’(z) and b;(2). According to the computations we
made in the proof of Lemma 5.3, we have the following action of the basis elements

Lyp,n >0, of Dery. O on the vectors aq,—1/0) and a, 4|0):
L() . aa,_1\0> = aa,_1|0), Ln . aa,_1|0) = 0, n > 0,

Ly - ag0l0) =0, n2>0.

According to Proposition 6.4.7 of [FB], this implies that the field aq(z) = Y (aq,—1/0), 2)
transforms as a one-form on the punctured disc D* = SpecC((z)), while the field
ay(2) = Y(a} (|0),2) transforms as a function on D*. In particular, we obtain the
following description of the module M. Consider the Heisenberg Lie algebra I' which
is a central extension of the commutative Lie algebra U((t))®U™*((t))dt with the cocycle
given by the formula

F(t), g(t)dt — / (1), g(t))dt.

This cocycle is coordinate-independent, and therefore I' carries natural actions of
Der O, which preserve the Lie subalgebra 'y = UJ[[t]] @ U|[[t]]dt. We identify the
completed Weyl algebra A® with a completion of U(I")/(1 — 1), where 1 is the cen-
tral element. The module My is then identified with the I'-module induced from the
one-dimensional representation of I'y & C1, on which I'; acts by 0, and 1 acts as the
identity. The Der O-action on My considered above is nothing but the natural action
on the induced module.
Now we consider the fields b;(z). We have

(5.12) Lo . bi,_1|0> = bi7_1|0>, Ly bi7_1‘0> = 2‘0>, L, - bi’_1‘0> = 0, n > 1.

Recall that b;(z) = Y (b;,—1/0), 2). According to [FB], § 8.1.11, these formulas imply
that 0. + b;(2) transforms as a connection on the line bundle Q—2(*) over D*.

More precisely, let ©H be the dual group to H, i.e., it is the torus that is determined
by the property that its lattice of characters “H — CX is the lattice of cocharacters
C* — H, and the lattice of cocharacters of H is the lattice of characters of H. The
Lie algebra “h of “H is then naturally identified with h*. Denote by 2~ the unique
principal * H-bundle on a smooth curve or a (punctured) disc such that the line bundle
associated any character X : “H — C* (equivalently, a cocharacter of H) is Q= (Y,
The space of connections on this bundle is a torsor over h* ® (.

The above statement about b;(z) may be reformulated as follows: consider the h*—
valued field b(z) = Zle bi(z)w; such that (b(z),h;) = b;i(z). Then the operator
0, + b(z) transforms as a connection on the “H-bundle Q7. Equivalently, 0, + b;(2)
transforms as a connection on the line bundle Q2(%) over D*.
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If w is a new coordinate such that z = ¢(w), then the same connection will appear
as Oy + b(w), where

i

(5.13) b(w) = ¢ - b(p(w)) + p%.

5.6. Coordinate—independent version. Up to now, we have considered representa-
tions of the Lie algebra g, which is the central extension of Lg = g((¢)). In appli-
cations, it is important to develop a theory which applies to the central extension of
the Lie algebra g(X) = g ® X, where X is a topological algebra which is isomorphic
to C((t)), but non-canonically. For instance, we can take as X the completion of the
field of rational functions on an algebraic curve X defined by a point z € X. If we
choose a formal coordinate ¢ at x, we may identify K with C((¢)), but this identifica-
tion is non-canonical as there is usually no preferred choice of coordinate t. Formula
(2.7) defining the central extension of g((¢)) is independent of the choice of ¢, and so
the central extension is well-defined for any algebra X as above. We will denote it by
k. (X) to emphasize this fact.

What is needed in order to recast the above construction of Wakimoto modules in a
coordinate—independent way is precisely the knowledge of the action of the Lie algebra
Der O and its Lie group, the group of changes of coordinates.

Let Aut O be the group of continuous automorphisms of C|[¢]]. Any such automor-
phism is determined by its action on the topological generator ¢ of C[[t]], t — p(t). This
allows us to identify Aut O with the group of formal power series p(t) = pit +pat® +. . .,
where p; # 0 (see [FB], § 6.2, for more details). The Lie algebra of Aut O is Dery O =
tC[[t]]0¢. Recall that Der O denotes the Lie algebra C[[t]]0;. Then (Der O, Aut O) is an
example of a Harish-Chandra pair (see [FB], Ch. 6 and § 17.2).

Now let O C K be a pair consisting of a complete local ring O isomorphic to C[[¢]]
and its field of fractions K. Let m be the unique maximal ideal of O, and Aut the
set of topological generators of m (these are the coordinates on the disc D = Spec O).
Then Aut is naturally an Aut O—torsor, with the (right) action given by the formula
z +— p(z) for each p(t) € Aut O. Given any Aut O—module V', we may form its twist by

Aut,

Vdéfflut x V.

Aut O
Let V' be the module Vj(g) defined in Section 4.1 (where we identify Lg with g((¢))).
Since g((t)) and g|[[t]] carry natural Aut O-actions, so does Vi (g). The corresponding
Aut-twist V,(g) may alternatively be described as follows:

(5.14) Vilg) = Aut x Vi(g) = Ind%< 0. C1,
where g (X) is now the central extension of g ® X rather than g((t)).

We have described above an action of Der O on My and 7y such that the homomor-
phism V. (g) — My ® my of Theorem 4.7 commutes with the action of Der O. The
action of its Lie subalgebra Der; O may be exponentiated to an action of the Lie group
Aut O. Twisting the homomorphism wy, : Vi (g) — Mg®nmy™ " by an Aut O-torsor Aut,
we then obtain a description of the Wakimoto modules in a coordinate-independent
fashion.
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Let I'(X) the Heisenberg Lie algebra obtained in the same way as above as the central
extension of (U ® K) & (U* ® Q). Let I';(X) be its commutative Lie subalgebra
(U®0)a (U*® Qo). Let Vi(g) be the g,(K)-module defined by formula (5.14) and
My(X) be the I'(X)-module

MyH(K) = Aut M,.
o(X) UAJEOQ

According to the above description of My as the induced module, we have
_ (%)
My(X) = Indm(x)@m C
~Sym(U @Ko U* R Q) /(UR OB U* ® Q)
~Fun(U @ Qo @ U* ® O).

The last isomorphism is obtained using the residue pairing.
Now consider the twist

I = Aut x
0 Aut O 0
This is a module over the Lie algebra

b, (K) = Aut x b,
Aut O

which is a central extension of h ® K. According to the transformation formula for b(z)
obtained above, H,, (X) may be described in the following way.

Consider the vector space Conngy(277) px of A-connections on the LH bundle Q7
on D* = SpecX, for all possible complex values of X\. Recall that if we choose an
isomorphism X ~ C((z)), then a A—connection is an operator V = AJ, + x(z), where
x(z) € h*((z)). We have an exact sequence

0— h* X QDX — COHH{)\}(Qip)Dx — C@z — O,

where the penultimate map sends V as above to AJ,. Then Hl,(fK) is by definition
the topological dual vector space to Connyyy (Q27P)px, together with the corresponding
action of Aut O. It fits into an exact sequence

0—>C1—>HV(‘JC)—>K)®JC—>O,

where 1 be the element dual to 9,. In contrast to the exact sequence defining 6,,, this
sequence (which does not depend on v) does not split as a sequence of Aut O—modules.
The Lie bracket is given by the old formula (see Section 5.1); it is easy to see that this
formula (which depends on v) is coordinate-independent.

In particular, for v = 0 the Lie algebra ho(K) is commutative. Any connection V on
Q=7 over the punctured disc Spec K defines a linear functional on Ho (X), and hence a
one-dimensional representation Cy of GO(fK). If we choose an isomorphism K ~ C((z)),
then the connection is given by the formula V = 9, + x(z), where x(z) € h*((2)). The
action of the generators b; , on Cy is then given by the formula

mmH/@@ﬁmmz



WAKIMOTO MODULES, OPERS AND THE CENTER 41

The space Ilj, considered as an /h\(] (X)—module, is identified with the space of func-
tions on the subspace Conn(2~?)p of connections on the disc D = Spec O. Thus, the
annihilator of Il in EO(JC) is the subspace h ® O, which is the orthogonal complement
of Conn(Q277)p in Eo(fK).

Proposition 5.5. For any connection on the “H -bundle Q" over the punctured disc
Spec K, there is a canonical gy, (K)-module structure on Mg(X).

Proof. By Theorem 4.7, there exists a homomorphism of vertex algebras wy, : Vi (g) —
My®mg. According to Corollary 5.4, it commutes with the action of Der O and Aut O on
both sides. Therefore the corresponding homomorphism of Lie algebras g — U(My ®
7o) also commutes with the action of Der O and Aut O. Hence we may twist this
homomorphism with the Aut O—torsor Aut. Then we obtain a homomorphism of Lie
algebras
8. (K) = U(My ® m0)(K) = Aut o U (Mg ® mo).

Let us call a T(X) @ h(X)-module smooth if any vector in this module is annihilated
by the Lie subalgebra

Ueom™)e (U omMQo) ® (h om),

where m is the maximal ideal of O, for sufficiently large N. Then clearly any smooth
I'(X) @ h(K)-module is automatically a U(Mg ® m)(K)-module and hence a g, (K)—-
module. Note that Mg(XK) is a smooth I'(X)-module, and Cy is a smooth H(K)-
module for any connection V on the “H-bundle Q~° over the punctured disc Spec X.
Taking the tensor product of these two modules we obtain a gy, (X)-module, which is
isomorphic to My(X) as a vector space. If we choose an isomorphism X ~ C((z)), this
is nothing but the Wakimoto module W, . introduced in Corollary 4.6. U

Thus, we obtain a family of g, (X)-modules parameterized by flat connections on
the “H-bundle Q77 over the punctured disc Spec XK.

6. SEMI-INFINITE PARABOLIC INDUCTION

6.1. Wakimoto modules as induced representations. The construction of the
Wakimoto modules presented above may be summarized as follows: for each repre-
sentation N of the Heisenberg Lie algebra HH, we have constructed a gy ,,~module
structure on My ® N. The procedure consists of the extension the h,(module by 0 to

b_ 5 followed by what may be viewed as a semi-infinite analogue of induction from b 5
t0 Gr+x.- An important feature of this construction, as opposed to the ordinary 1nduc—
tion, is that the level gets shifted by k.. In particular, if we start with an /b\ofmodule,
or equivalently, a representation of the commutative Lie algebra Lb, then we obtain a
8r.~module of critical level, rather than of level 0. Irreducible smooth representations
of Lh are one-dimensional and are in one-to-one correspondence with the elements x(t)
of the (topological) dual space (Lh)* ~ h*((t))dt. Thus, we obtain the Wakimoto mod-
ules W, (;) of critical level. But as we have seen above, if we look at the transformation

X
properties of x(t) under the action of the group Aut O of changes of the coordinate
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t, we find that x(t) actually transforms not as a one-form, but as a connection on a
specific “ H-bundle.

In contrast, if k # 0, the irreducible smooth E,fmodules are just the Fock represen-
tations Y. To each of them we attach a Gr+r,—module W ktre-

Now we want to generalize this construction replacing the Borel subalgebra b_ and
its Levi quotient h by an arbitrary parabolic subalgebra p and its Levi quotient m. Then
we wish to attach to a module over a central extension of the loop algebra Lm a g—
module. It turns out that this is indeed possible provided that we pick a suitable central
extension of Lm. We call the resulting g-modules the generalized Wakimoto modules
corresponding to p. Thus, we obtain a functor from the category of smooth m-modules
to the category of smooth g-modules. It is natural to call it the functor of semi-
infinite parabolic induction (by analogy with a similar construction for representations
of reductive groups).

6.2. The main result. Let p be a parabolic Lie subalgebra of g. We will assume that

-~

p contains the lower Borel subalgebra b_ (and so in particular, p contains h). Let
p=modrt

be the direct sum decomposition of p, where m is the Levi subgroup containing E and
t is the nilpotent radical of p. Further, let

S
m= @mi @ my
i=1

be the decomposition of m into the direct sum of simple Lie subalgebras m;,i =1,...,s,
and an abelian subalgebra mg such that these direct summands are mutually orthogonal
with respect to the inner product on g. We denote by &; . the critical inner product on
m;, i =1,...,s, defined as in Section 2.3. We also set kg . = 0.

Given a set of inner products k; on m;,0 = 1,...,s, we obtain an inner product on
m. Let ﬁ\l(m) be the corresponding affine Kac-Moody algebra, i.e., the one-dimensional
central extension of Lm with the commutation relations given by formula (2.7). We
denote by Vi, (m;),i = 1,...,s, the vacuum module over m; with the vertex algebra
defined as in Section 4.1. We also denote by Vi, (mg) the Fock representation 7 of the
Heisenberg Lie algebra m,, with its vertex algebra structure defined as in Section 5.1.
Let

def -
=0

be the vacuum module over ﬁ\l(,%.) with the tensor product vertex algebra structure.

Denote by A/, the set of positive roots of g which do not belong to p. Let A% be
the Weyl algebra with generators aqn,a}, ,,a € All,n € Z, and relations (2.2). Let
Mg, be the Fock representation of A%P generated by a vector |0) such that

aanl|0) =0, n>0; annl0) =0, n>0.

Then Mg, carries a vertex algebra structure defined as in Section 2.4.
We have the following analogue of Theorem 5.1.



WAKIMOTO MODULES, OPERS AND THE CENTER 43

Theorem 6.1. Suppose that k;,i =0,...,s, is a set of inner products such that there
exists an inner product K on g whose restriction to m; equals k; —rK; . for alli =0,...,s.
Then there exists a homomorphism of vertex algebras

w,ﬂ Vitre(9) = Mgy ® V(m)(m)‘

Proof. The proof is a generalization of the proof of Theorem 5.1 (in fact, Theorem 5.1
is a special case of Theorem 6.1 when p = b_). Let P be the Lie subgroup of G
corresponding to p, and consider the homogeneous space G/P. It has an open dense
subset U, = N, - [1], where N, is the subgroup of N corresponding to the subset
Al, € Ay, We identify U, with N, and with its Lie algebra ny, using the exponential
map.

Set LU, = Up((t)). We define functions and vector fields on LUy, denoted by Fun LU,
and Vect LUy, respectively, in the same way as in Section 2.1. The action of Lg on
Up((t)) gives rise to a Lie algebra homomorphism

Py : Lg — Vect LU, ® Fun Up® Lm.

Moreover, the image of this homomorphism is contained in the “local part”, i.e., the
direct sum of the local part ‘J'ﬁ)’g of Vect LU, defined as in Section 2.6 and the local part

Jlg(;'; of Fun Up®Lm. By definition, Ulgc;'; is the span of the Fourier coefficients of the formal

power series P(07a%(2))J%(z), where P is a differential polynomial in af,(2),a € A/,
and J¢ € m.
Let A2P and A%

0,loc <1,loc
the local completion of the Weyl algebra A%, defined as in Section 2.3. We have a
non-split exact sequence

(6.1) 0— ASP 5 AP L JEP .

0,loc <1,loc loc

be the zeroth and the first terms of the natural filtration on

Set
g,p def gp 9,p
Hloc - ‘Agl,loc ®J

loc?

and note that Hﬂ;'g is naturally a Lie subalgebra of the local Lie algebra U(Mg, ®

Vik;)(m)). Using the splitting of the sequence (6.1) as a vector space via the normal

ordering, we obtain a linear map W, : Lg — Jfr.

We need to compute the failure of w(,,) to be a Lie algebra homomorphism. Thus,
we consider the corresponding linear map wy,) : /\2 Lg — Hﬁ)’g defined by the formula

w(m)(.ﬂ g9) = [@m(f)7ﬁm(g)] - @m([fa g])

Evaluating it explicitly in the same way as in the proof of Lemma 3.2, we find that w(,,)

takes values in Ag:{’o . C 319(;’;. Furthermore, Agfo . is naturally an Lg-module, and by

construction of @, for any X € AP and f € Lg we have [@,,\(f), X] = f-X. This
( L) O,IOC ( L)

g

implies that w(,,) is a two-cocycle of Lg with coefficients in A Joc-

is local, i.e., belongs to Cﬁ)C(Lg,Ag’fOC).
Following the argument used in the proof of Lemma 3.6, we show that any two

cocycles in Cﬁ)C(Lg,Ag:fOC), whose restrictions to A 2(Lm) coincide, represent the same

cohomology class.

By construction, it
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Let us compute the restriction of w,) to /\2 Lm. For that we evaluate w,,) on
elements of Lm. Let {J"}i:17,_.7dimm be a basis of m. The adjoint action of the Lie
algebra m on g preserves ny. Under this action, which we denote by py,, an element
A € m acts by the formula

Py (A) T = " G(A)J
BeA!,
for some c3(A) € C. Therefore
Wiy (A(2) = = Y 3(A):ah(2)as(z): + Al2),
BeA,

where A(z) is the field > ez (A®t") 27" considered as a generating series of elements
of Jlg(;’cj. Let y, be the inner product on m defined by the formula

Kiny (A, B) = Try, pn, (A)pn, (B).
Moreover, we find that for A € m;, B € my,

(6.2) W) (Ans Bi) = n(—#n, (A, B) + ki(A, B))dn,—m,
if i = j, and
(6.3) W) (An, Bi) = —nkin, (A, B)on,—m,

if i # j. Thus, the restriction of w(,,) to /\2 Lm takes values in the constants C C .Ag’foc.

Let k, be the Killing form on g and «; x be the Killing form on m; (in particular,

ko, = 0). Then

HK(A, B) = Hi7K(A,B)+2I£np (A,B), if 4 :j,

K (A, B) = 264, (A, B), if i#j.
Since m; and m; are orthogonal with respect to k, for all ¢ # j by construction,
we obtain that s, (A, B) = 0, if i # j. Recall that by definition x. = —%/{K, and
Kie = —%/%K. Hence kn,|m; = —Ke + Kie, and so if k; equals [m, + K4 for some
invariant inner product & on g, then —ry, |m; + i = (K + Ke)|m;-

Thus, we obtain that if x is an invariant inner product on g whose restriction to m;
equals k;—k; foralli = 0,..., s, then the restriction of the two-cocycle wy,,) to A ?(Lm)
is equal to the restriction to A 2(Lm) of the two-cocycle 0,1, on Lg (corresponding
to the one-dimensional central extension with respect to the inner product x + . on
). Therefore the wy,,) is equivalent to oy, in this case and we obtain that the linear
map W) : Lg — J%% may be modified by the addition of an element of ClL.(Lg, .Ag:foc)

loc
to give us a Lie algebra homomorphism

Ortre — e U(Mgp® V(,%.)(m)).

loc
Now Lemma 4.1 implies that there exists a homomorphism of vertex algebras
wh : Vieyr.(8) — Mg, ® V(ni)(m)'
This completes the proof. O
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We will call an ﬁ(ﬁi)—module smooth if any vector in it is annihilated by the Lie
subalgebra m ® ¢V C[[t]] for sufficiently large N.

Corollary 6.2. For any smooth ﬁ\i(m)fmodule R with the k;’s satisfying the conditions
of Theorem 6.1, the tensor product Mgy, ® R is naturally a smooth Gy, —module.
There is a functor from the category of smooth ﬁ(ni)fmodules to the category of smooth
Grtr, —module sending a module R to Mg, ® R and ﬁ(ﬁi)fhomomorphism Ry — Rs to
the Gytx, —homomorphism Mg, ® Ri — Mg, ® Rs.

We call the gy, —module My, ® R the generalized Wakimoto module corresponding
to R.

Consider the special case when R is the tensor product of the Wakimoto modules
W, x; over m;, i = 1,...,s, and the Fock representation 7r§8 over the Heisenberg Lie
algebra mg. In this case it follows from the construction that the corresponding @y, —

module My, ® R is isomorphic to the Wakimoto module W) 4« Over gy, where
A= (\).

6.3. General parabolic subalgebras. So far we have worked under the assumption
that the parabolic subalgebra p contains b_. It is also possible to construct Wakimoto
modules associated to other parabolic subalgebras. Let us explain how to do this in
the case when p = b. We have the involution of g sending e; to f; and h; to —h;.
Under this involution b_ goes to b..

Let N be any module over the vertex algebra Mg®m;~". Then Theorem 5.1 implies
that the following formulas define a g,—structure on N (with K acting as the identity):

fiz) ¥ ag,(2) + Y Phlal(2))ag(2):

BEAL
hi(z) = Y Blhi):aj(2)ag(z): — bi(2),
BEAL
ei(2) = Y Qp(ah(2)ap(2): + (ci+ (5 — ke)(es, fi) Daal, (2) + bi(2)ah, (2),
BEAL

where the polynomials P}, Qiﬁ are introduced in formulas (1.7)—(1.9).

In order to make N into a module with highest weight, we choose N as follows. Let
Mé be the Fock representation of the Weyl algebra A? generated by a vector |0)" such
that

aanl0) =0, n>0; a’ .10 =0, n>0.

a,n
We take as N the module Mé ® ﬂfg;jj \» Where ﬂf;;j , is the 75~ "*~module defined in
Section 5.2. It is easy to see that the corresponding g.—module has a highest weight
vector on which h®1 acts through the weight A. We denote this module by I/VAJr .- This

is the Wakimoto module corresponding to b.
The following result will be used in Section 9.3.

Proposition 6.3. The Wakimoto module WJRC s isomorphic to the Verma module
Mo ...
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Proof. The proof is analogous to the proof of Theorem 4.8. Since W(f «. has a highest
weight vector of the same weight as that of the highest weight vector of My ., there
is a non-zero homomorphism Mg ., — W(ir . But the characters of My, and W&r .

are equal. Therefore the theorem will follow if we show that WJ «. 1s generated by its
highest weight vector.
Suppose that WOJf «. 18 not generated by its highest weight vector. Then there exists

a homogeneous linear functional on W&r «.» Whose weight is less than the highest weight
(A, 0) and which is invariant under the Lie subalgebra

i=moel)e(@et 'C),

and in particular, under its Lie subalgebra L_n_ = n_ ® C[t™!]. Therefore this func-
tional factors through the space of coinvariants of Wy ... by L_n_. But it follows from
the construction that L_n_ acts freely on W(f «.» and the space of coinvariants is iso-
morphic to the subspace Clay, ,Jaca, n<o ® Clbinli=1,... en<0 of WJEC. Hence we obtain
that the weight of this functional has the form

(6.4) =Y (=5, >0, BieA,.
J

But then My ,, must have an irreducible subquotient of highest weight of this form.

Now recall the Kac-Kazhdan theorem [KK]| describing the set of highest weights
of irreducible subquotients of Verma modules (see Section 4.3). In the case at hand
the statement is as follows. A weight @ = (u,n) appears in the decomposition of
My ., if and only n < 0 and either ;1 = 0 or there exists a finite sequence of weights
10y - - -5 b € BF such that pg = p, i = 0, pi+1 = p; £ m;B3; for some positive roots g;
and positive integers m; which satisfy

(6.5) 2(wi + p, Bi) = mi(Bi, Bi)

(here (-,-) is the inner product on h* induced by an arbitrary non-degenerate invariant
inner product on g).

Now observe that the equations (6.5) coincide with the equations appearing in the
analysis of irreducible subquotients of the Verma module over g of highest weight 0.
This implies that the above statement is equivalent to the following: a weight @ = (u, n)
appears in the decomposition of My ,, if and only n < 0 and p = w(p) — p for some
element w of the Weyl group of g. But for any w, the weight w(p) — p equals the
sum of negative simple roots of g. Hence the weight of any irreducible subquotient of
My, has the form —nd — >, mia;,m > 0. Such a weight cannot be of the form (6.4).
Therefore W&’ «. is generated by the highest weight vector and hence is isomorphic to
Moy .- O

Remark 6.4. The same argument as in the proof of Proposition 6.3 shows that the
Wakimoto module W; x. is isomorphic to M), if A is such that all weights (u,n)
of irreducible subquotients of M) .. satisfy u = A — . m;a;, m; > 0. Likewise, the
Wakimoto module W), . is isomorphic to M) ,, if we have p = X+ >, mio,m; > 0
for all such pu. 0
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In Section 9.3 we will need one more result on the structure of WOJT o Consider the
Lie algebra b, = (b, ® 1) @ (g & tC[[t]]).

Lemma 6.5. The space of E+ —invariants of WOJ,FNC 1s equal to my C WJRC.

Proof. Tt follows from the above formulas for the action of g,, on WOT «. that all vectors

in 7y are annihilated by E+. Let us show that there are no other b —invariant vector
in W', .

A E+—invariant vector is in particular annihilated by the Lie subalgebra Liyn_ =
ny ® tC[[t]]. In the same way as in the proof of Theorem 4.8 we show that the space

of Lin —invariants of W, o is equal to the tensor product of 7y and the subspace of

WOJch spanned by all monomials of the form H gy m, (a)\0>' . But a b,—invariant
ms(a)go

vector is also annihilated by h ® 1. A monomials of the above form is annihilated by

h ® 1 only if it belongs to mg. Hence the space of by—invariants of WJ x. 18 equal to

0. O

7. WAKIMOTO MODULES OVER sly

In this section we describe explicitly the Wakimoto modules over 5A[2 and some in-
tertwining operators between them.

Let {e, h, f} be the standard basis of the Lie algebra sly. Let kg be the invariant
inner product on sly normalized in such a way that xo(h,h) = 2. We will write an
arbitrary invariant inner product s on sls as kkg, where k € C, and will use k in place
of k in our notation. In particular, k. corresponds to k = —2. The set A consists of
one element in the case of sly, so we will drop the index « in a(2) and a},(z). Likewise,
we will drop the index 7 in b;(z), etc., and will write M for M, throughout this section.
We will also identify the dual space to the Cartan subalgebra h* with C by sending

X € h* to x(h).

7.1. The homomorphism wj. The Weyl algebra A, has generators ay,a;,,n € Z,
with the commutation relations

[an, an,] = On,—m.-

Its Fock representation is denoted by M. The Heisenberg Lie algebra ch has generators
bn,n € Z, and 1, with the commutation relations

[br, b ] = 2kndpn,—m1,
and W’)f is its Fock representation generated by a vector |A) such that
bp|A) =0, n > 0; bo|A) = A[N); 11A) = |A).

The module w’g and the tensor product M ® W’g are vertex algebras.
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The homomorphism wy, : Vi(sly) — M ® 7r§+2 of vertex algebras is given by the

following formulas:
e(z) — a(z)
(7.1) h(z) +— —2:a"(2)a(z): + b(2)
f(2) = —a*(2)%a(2): + kd.a*(2) + a*(2)b(2).
The Wakimoto module M ® 7T]§\+2 will be denoted by W) ;. and its highest weight
vector will be denoted by vy 1.
Recall that under the homomorphism wy the generators e, of sly are mapped to
ap, (from now on, by abuse of notation, we will identify the elements of sly with their
images under wy). The commutation relations of sly imply the following formulas

[en,a—1] =0, (hnya—1] = 2an-1, [fn,a-1] = —hp—1+ kén.
In addition, it follows from formulas (7.1) that
enV—2k = anV—2k =0, n=0;  hpv_gk= fav_2r =0, n>0,
hov_o ) = —2v_g .
Therefore
€n - 1V_2k =hp-a_1v_ o) =0, n >0,
and
fn- a—1V_2k = 0, n > 1.

We also find that
fi-a—iv_g) = (kK +2)v_op,
and
fo-a_1v_o) = a_1fov—_ar — hov_op
= —b_1v_op = (k+2)Tv_o,

where T’ is the translation operator.

7.2. Vertex operators associated to a module over a vertex algebra. We need
to recall some general results on the vertex operators associated to a module over a
vertex algebra, following [FHL], § 5.1. Let V be a conformal vertex algebra V and M
a V—module, i.e., a vector space together with a linear map

Y 0 V — End M[[z*]]
satisfying the axioms of Definition 5.1.1 of [FB]. Define a linear map
Yv.ar : M — Hom(V, M)[[z"]]
by the formula
Yvar(A, 2)B = eTYy(B,—2)A, A€ M,BcV.

By Proposition 5.1.2 of [FHL], this map satisfies the following property: for any
AecV, Be M,C eV, there exists an element

feMllzwl][: " w™, (2 — w)™]



WAKIMOTO MODULES, OPERS AND THE CENTER 49

such that the formal power series

}ﬁ4@4wﬂ}@uw(3,w)cz }@Uw(B,w)Y(Aﬁzﬂl

YVNN}@Hw(B,uw—Z>Aﬁzﬂ?, }QHW(Y(A,Z——w)B,wMC

are expansions of f in
M((2))(w)), — M((w)((z),  M((2)((z=w)),  M((w))((z—w)),
respectively (compare with Corollary 3.2.3 of [FB]). Abusing notation, we will write
Yu(A, 2)Yvu(B,w) =Yy u(Y (A, z —w)B,w),

and call this formula the operator product expansion (OPE), as in the case M =V
when Yy s =Y (see [FB], § 3.3).

This property implies the following commutation relations between the Fourier co-
efficients of Y'(A, z) and Yy p/ (B, w), which is proved in exactly the same way as in the
case M =V (see [FB], § 3.3.6). If we write

Y (A, z) = Z Az "1, Yv,m(B,w) = Z Bpyw ",
neL nez

then we have
m
(7.2) [Bimy, Ay = ( > (Bn) * A) (m+k—n)-
In particular, we obtain that

(7.3) [ / YV,M(B,z)dz,Y(A,w)] = Yiu < / Yy (B, 2)dz - A,w) .

7.3. The screening operator. Let us apply the results of Section 7.2 in the case of
the vertex algebra Wy, and its module W_3 ;, for & # —2. Then we find, in the same
way as in [FB], § 5.2.6, that

def
Yivg o s (@—10_2) = Sp(2) = a(z)V_s(z),

where V_5(z) is the bosonic vertex operator acting from 7r§Jr2 to 7{52 given by the

formula

(7.4) Via(z) = T_g exp (khl% 3 bnz—n> exp <ki2 3 bnz—n> .

n n
n<0 n>0

Here we denote by T_o the translation operator 7710”2 — 7{52 sending the highest

weight vector to the highest weight vector and commuting with all b,,,n # 0.
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Direct computation using formula (7.2) implies that the operator Si(z) has the
following OPEs:
e(2)Sk(w) = reg.,  h(z)Sk(w) = reg.

F(2)Sk(w) = - J(;Q—)YU)ZZ(M) + (k +2)0V_o(w)

V_o(w)

+ reg.
z—w

= (k+2)0y +re

Since the residue of a total derivative is equal to 0, we obtain the following:

Proposition 7.1. The residue S = /Sk(w)dw s an intertwining operator between
the ;[2 ~modules Wo . and W_g .

We call Sj, the screening operator of the first kind for 3:\[2.
Proposition 7.2. For k ¢ —2 + Q¢ the sequence

0— Vk(ﬁ[g) — WO,Ic iﬁ W,Q’k — 0
18 exact.

Proof. By Proposition 5.2, Vj(sl2) is naturally an f/a\lgfsubmodule of Wy, for any value
of k. The module Vj(sly) is generated from the vector vy, whose image in Wy, is the
highest weight vector. We have

Sk: = Z anvflf’na
ne”L
where V_g _,, is the coefficients in front of 2™ in V_s(2). It is clear from formula (7.4)
that V_o v, = 0 for all m > 0. We also have a,v; = 0 for all n > 0. Therefore v
belongs to the kernel of Si. But since S; commutes with the action of ;[2, this implies
that the entire submodule Vj(sl2) lies in the kernel of Sk.

In order to prove that Vj(sly) coincides with the kernel of Sy, we compare their
charac‘gers. See Section 4.3 for the definition of the character. We will use the notation
q=¢e °u=ce"

Since Vi(g) is isomorphic to the universal enveloping algebra of the Lie algebra
spanned by e,, h, and f,, with n <0, we find that

(7.5) chVi(e) = [T =g " (1 —ug") (1 —u"g") ™",
n>0
Similarly, we obtain that
chWyr =u? JI(1=¢) (1 —ug”) (1 —u~g" ),
n>0
Thus, ch W), = ch M), x,, where M) j is the Verma module over 5A[2 with highest weight
(A, k). Therefore if M)y, is irreducible, then so is Wy ;. The set of values (A, k) for

which M), j is irreducible is described in [KK]. It follows from this description that if
k& —2 4 Q>0, then M_5;, and hence W_y, is irreducible. It is easy to check that
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Sk(afvo k) = v—_a2k, so that Sy is a non-zero homomorphism. Hence it is surjective for
such values of k. Therefore the character of its kernel for such k is equal to ch Wy j, —
ch W_y, = ch Vi (slz). This completes the proof. O

Next, we will describe the second screening operator for 5A[2. For that we need to
recall the Friedan—Martinec—Shenker bosonization.

7.4. Friedan—Martinec—Shenker bosonization. Consider the Heisenberg Lie alge-
bra with the generators p,,, gn,n € Z, and the central element 1 with the commutation
relations

[pmpm] = ndn,—mla [Qm Qm] = _n(sn,—mla [pm Qm] =0.
We set
=> " q2) =D gz
neL nez

For A € C,pu € C, let Il , be the Fock representation of this Lie algebra generated
by a highest weight vector |\, u) such that

Pl 1) = Aonol A )y anlA, ) = pnolA p), n =05 LA p) = A p).
Consider the vertex operators V) ,(z) : Iy v — x4 given by the formula

— AP + pqn Apn + (qn
Vau(z) =T, NI oxp (— —_——z ") exp (— —_—z ”) ,
u(2) = T Z ; Z ;
where T) , is the translation operator Ilgg — II, , sending the highest weight vector
to the highest weight vector and commuting with all p,, g,,n # 0.
Abusing notation, we will write these operators as eM+H?, Where u(z) and
for the anti-derivatives of p(z) and ¢(z), respectively, i.e., p( ) = 0u(z),q(2)

For a € C, set
I, = @ Hn+a,n+a-

nez
Using the vertex operators, one defines a vertex algebra structure on the direct sum Il
(with the vacuum vector |0,0)) as in [FB], § 5.2.6.
Moreover, Il is a module over the vertex algebra Il for any a € C.
The following theorem is due to Friedan, Martinec and Shenker [FMS] (see also
[FF5)).

v(z ) stand

20(2).

Theorem 7.3. There is a (unique) embedding of vertex algebras M — Iy under which
the fields a(z) and a*(z) are mapped to the fields

a(z) = et a*(z) = (0,e7)e " = —p(z)e 7.
Further, the image of M in Iy is equal to the kernel of the operator /e”dz.
Equivalently, Iy may be described as the localization of M with respect to a_1, i.e.,

(7.6) Ty ~ M|[(a—1) "] = Clan)n<—1 @ Cla}]n<o ® Cl(a—1)*].

The vertex algebra structure on Il is obtained by a natural extension of the vertex
algebra structure on M.
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Remark 7.4. Under the embedding M — Il the Virasoro vertex operator of M de-
scribed in Section 5.3 maps to the following conformal vector in Ilj:

1 1 1 1

532?(3)23 5 .p(z) — 5:‘](2)25 + gazq(z).
Thus, the map M < IIy becomes a homomorphism of conformal vertex algebras if we
choose these conformal structures. O

The above “bosonization” allows us to make sense of the field a(z)®, where « is an
arbitrary complex number. Namely, we replace a(z)® with the field
a(2)" = ea<u+v> Iy — T,
Now we take the tensor product Iy ®7r0 2. where we again assume that k # —2. This

k2 , and hence Vj(slz), as vertex subalgebras.

is a vertex algebra which contains M &
In particular, for - any a, A € C, the tensor product I, ® 7rk+2 is a module over Vi(sl2)

and hence over 5[2 We denote it by Wa, A k- In addition, we introduce the bosonic
vertex operator

bn —-n bn -n
(7.7) Va(kr2)(2) = Ta(ry2) xp (‘ > e > exp <— > e ) :

n<0 n>0
A straightforward computation similar to the one performed in Section 7.3 yields:

Proposition 7.5. The residue
Sy = /5(2)(k+2)v2(k+2)(2) : Wo,o, — Wf(k+2),2(k+2),k

18 an intertwining operator between the ;[2 -modules Wo,o,k and W_(k+2)72(k+2)7k.

We call §k, or its restriction to Wy C Wo,o,lm the screening operator of the second
kind for sly. This operator was first introduced by V. Dotsenko [D].

Pr0p0s1t10n 7.6. For generic k the 5[2 ~submodule V,.(sly) C Wy, is equal to the kernel
of Sk : Woy, — W—(k+2), 2(k+2) k-

Proof. We will show that for generic k& the kernel of Si Wor — W_(k+2)’2(k+2)7k
coincides with the kernel of the screening operator of the first kind, Sy, : Wy — W_g 1.
This, together with Proposition 7.2, will imply the statement of the proposition. The
above two kernels are equal to the intersection of Wy C WO o,x and the kernels of the
operators Si and Sy, acting from WOOk to W_ (k+2),2(k+2),k and WO —2.ks respectlvely,
(note that the operator Si has an obvious extension to an operator WO 0k — WO —2k)-
Therefore it is sufficient to show that the kernels of Sk and S in Wo o,k are equal for
generic k.

Now let ¢(z) be the anti-derivative of b(z), i.e., b(z) = 0,¢(z). By abusing notation
we will write V_y(z) = e~ *+27'¢ anq Vagkg2)(2) = e®. Then the screening currents
Si(z) and Si(z) become:

Sk(z) = eu+v—(k+2)—1¢(z)’ §k(2) — o~ (k+2u—(k+2)v+¢
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Consider a more general situation: let h be an abelian Lie algebra with a non-
degenerate inner product x. Using this inner product, we identify § with h*. Let §, be
the Heisenberg Lie algebra and 7§, A € h* ~ b be its Fock representations, defined as
in Section 5.1. Then for any x € h* there is a vertex operator V*(2) : m — my given
by the formula

(7.8) Vi(z) = Tyexp (— fznz—n> exp (— Z ?z‘”) :
n<0 n>0
where the x, = x ®t" are the elements of the Heisenberg Lie algebra EH corresponding
to x € b*, which we identify with h using the inner product k.
Suppose that x(x, x) # 0, and denote by x the element of h equal to —2x/k(x, X)-
We claim that if y is generic (i.e., away from countably many hypersurfaces in ) then

the kernels of / Vi(2)dz and [ Vi¥(2)dz in 7§ coincide. Indeed, each of these kernels

is equal to the tensor product of the subspace in 7(j generated from the vacuum vector
by elements of /h\,.C which commute with y, (they span a Heisenberg Lie subalgebra of
H,.i corresponding to the orthogonal complement of x in h; note that by our assumption
on , this orthogonal complement does not contain x) and the kernel of our operator
on the Fock representation of the Heisenberg Lie algebra generated by x,,n € Z. But
the latter two kernels coincide for generic values of k(x, x), as shown in [FB], § 15.4.15.

Hence the kernels of / Vi(2)dz and / Vi (2)dz also coincide generically.

Our situation corresponds to the 3-dimensional Lie algebra b with a basis @, v, ¢
with the following non-zero inner products of the basis elements:

W@ = k@) =1, K(6.9) =2k +2).
Our screening currents Sy(z) and S(z) are equal to Vi(2) and V{(2), where
x=u+v—(k+2)7'd, x=—(k+2x=—(k+2)a— (k+2)7+ ¢.

Therefore for generic k the kernels of the screening operators S and gk coincide. [

8. INTERTWINING OPERATORS FOR AN ARBITRARY g

In this section we construct screening operators between Wakimoto modules over gy
for an arbitrary simple Lie algebra g and use them to characterize Vi (g) inside Wy .
8.1. Parabolic induction. Denote by 5[&” the Lie subalgebra of g, isomorphic to sls,
which is generated by e;, hi, and f;. Let p( be the parabolic subalgebra of g spanned
by b_ and e;, and m® its Levi subalgebra. Thus, m() is equal to the direct sum of 5[9
and the orthogonal complement hf of h; in b.

We apply to p( the results on semi-infinite parabolic induction of Section 6. Accord-
ing to Corollary 6.2, we obtain a functor from the category of smooth representations
of 5A[2 &) Ai%,_m, with k£ and k¢ satisfying the conditions of Theorem 6.1, to the category
of smooth gy4x,—modules. The condition on k and kg is that the inner products on

5[9 corresponding to (k+ 2) and kg are both restrictions of an invariant inner product
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(K — Kc) on g. In other words, (k — K¢)(hi, hi) = 2(k + 2) and kg = k[y1. By abuse of
notation we will write k for kg. If £ and « satisfy this condition, then for any smooth
sly-module R of level k and any smooth Géfmodule L the tensor product Mg ,i) ® RQ L
is a smooth g4, —module.

In particular, if we choose R to be the Wakimoto module W) ;. over sly, and L to
be the Fock representation 7§ , the corresponding g.—module will be isomorphic to
the Wakimoto module Wy xy) xtr., Where (X, Xg) is the weight of g built from A and
Ao- Under this isomorphism the generators aq, n,n € Z, will have a special meaning:
they correspond to the right action of the elements e;, of g, which was defined in
Remark 4.4. In other words, making the above identification of modules forces us to
choose a system of coordinates {ys}aca, on N such that pR(e;) = 9/0y,, (in the
notation of Section 1.5), and so w’(e;(2)) = aq,(2) (in the notation of Remark 4.4).
From now on we will denote w?(e;(2)) by eZ(z). For a general coordinate system on
N, we have

(8.1) ef(z) = an,(2) + D P (ai(2))ag(z)
BEAL
(see formula (4.1)).
Now any intertwining operator between Wakimoto modules W), , and W), ; over
5A[2 gives rise to an intertwining operator between the Wakimoto modules Wy, x,) x+r.
and Wix, x),xtre OVET Grtr, for any weight Ao of hi-. We will use this fact and the

sly screening operators introduced in the previous section to construct intertwining
operators between Wakimoto modules over g.

8.2. Screening operators of the first kind. Let £ be a non-zero invariant inner
product on g. We will use the same notation for the restriction of x to . Now to any
X € bh we associate a vertex operator Vi*(z) : 7§ — my given by formula (7.8). For
K # K, We set

def _
Sin(2) S e (VI (2) : Wow — Wea i,
where eft(2) is given by formula (4.1). Note that
(82) SZ7F‘3(Z) = YWO,K7W7ai,n (eﬁflv_ah’i? Z)
in the notation of Section 7.2.
According to Proposition 7.1 and the above discussion, the operator

Siw = /Si,,@(z)dz :Wok — Wea i

is induced by the screening operator of the first kind Sy, for the ith 5A[2 subalgebra, where
k is determined from the formula (x — k.)(hi, hi) = 2(k + 2). Hence Proposition 7.1
implies:

Proposition 8.1. The operator S; . is an intertwining operator between the g, —modules

Wox and W_g, . for eachi=1,... L.
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We call S; ,; the ith screening operator of the first kind for gj.

Recall that by Proposition 5.2 Vi (g) is naturally a g,—submodule and a vertex sub-
algebra of Wy .. On the other hand, the intersection of the kernels of S; ,7 =1,...,7,
is a g,—submodule of Wy ., by Proposition 8.1, and a vertex subalgebra of Wy ., due to
formula (8.2) and the commutation relations (7.3). The following proposition is proved
in [FF8].

Proposition 8.2. For generic k, Vi (g) is equal to the intersection of the kernels of the
screening operators Si .t =1,... L.

Furthermore, in [FF8], § 3, a complex C*(g) of g,—modules is constructed for generic
k. Its ith degree term is the direct sum of the Wakimoto modules Wy, , where
w runs over all elements of the Weyl group of g of length . Its Oth cohomology is
isomorphic to Vi(g), and all other cohomologies vanish. For g = sly this complex has
length one and coincides with the one appearing in Proposition 7.2. In general, the
degree zero term of the complex is Wy ., the degree one term is @le W_q, x, and the
zeroth differential is the sum of the screening operators S; «.

In [FF3] it is also explained how to construct other intertwining operators as compo-
sitions of the screening operators S; ,, using the Bernstein-Gelfand-Gelfand resolution of
the trivial representation of the quantum group U,(g). Roughly speaking, the screening
operators S; ., satisfy the g—Serre relations, i.e., the defining relations of the quantized
enveloping algebra Uy(n,) with appropriate parameter g. Then for generic xk we attach
to a singular vector in the Verma module M)y over Ugy(g) of weight p an intertwining
operator W) , — W, .. This operator is equal to the integral of a product of the screen-
ing currents S; . (z) over a certain cycle on the configuration space with coefficients in
a local system that is naturally attached to the above singular vector.

8.3. Screening operators of the second kind. In order to define the screening
operators of the second kind, we need to make sense of the series (e£(2))*. So we
choose a system of coordinates on N, in such a way that ef(z) = aq,(2) (note that
this cannot be achieved for all i« = 1...,¢ simultaneously). This is automatically so if
we define the Wakimoto modules over g via the semi-infinite parabolic induction from
Wakimoto modules over the ith subalgebra sly (see Section 8.1).

Having chosen such a coordinate system, we define the series aq,(2)® using the
Friedan-Martinec-Shenker bosonization of the Weyl algebra generated by aa,n,ay,
n € 7, as explained in Section 7.4. Namely, we have a vertex algebra

Hg) Claa; nln<—1 ® Cla; Qo n]n<0 ® Cla al,—l]

«

containing ‘
M = Claa, nlnc1 ® Cla, <o
and a H(()i)fmodule Hgi ) defined as in Section 7.4. We then set

va,Sz\H = W)\,{ & H,(YZ)
’ )

This is a gx—module, which contains Wy« if @ = 0. Note that Wé()m is the g—module

obtained by the semi-infinite parabolic induction from the 5[2 —module WO 0,—2-
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Now let 3 = %(k — kc)(hi, h;) and define the field
Sni(2) € (el (2)) Vau(2) : Wo o = WO

Here ¢&; = h; € b denotes the ith coroot of g. Then the operator §,€,i = /g,{,i(z)dz is

induced by the screening operator of the second kind §k for the ith 5A[2 subalgebra, where
k is determined from the formula (x — x¢)(hi, hi) = 2(k + 2). Hence Proposition 7.1
implies (see also [PRY]):

Proposition 8.3. The operator gm’ is an intertwining operator between the g, —modules
WN/O(?M and Wyﬁ)?,ﬁdm'

Note that §m is the residue of Yv,M((ef_l)_ﬂvdm, z), where V = ﬁ//o(f()m and M =
WN/E% e, (see Section 7.2). Therefore, according to the commutation relations (7.3),

the intersection of kernels of §m,i =1,...,4, is naturally a vertex subalgebra of Wéfgﬁ
or Wy . Combining Proposition 8.2 and Proposition 7.6, we obtain:

Proposition 8.4. For generic k, Vi (g) is equal, as a g,-module and as a vertez algebra,
to the intersection of the kernels of the screening operators

i=1,...,1.

S’L,K : WO,I{ - Wi%ﬂdi,n’
One can use the screening operators §m to construct more general intertwining
operators following the procedure of [FF8|.

8.4. Screening operators of second kind at the critical level. Now we define the
limits of the intertwining operators S; . as kK — k.

First we consider the case when g = sly. In order to define the limit of Spask — —2
we make Wy and W_(j19) a(k42)k into free modules over C[g], where 3 is a formal
variable representing k& + 2, and then consider the quotient of these modules by the
ideal generated by £.

More precisely, let mo[5] (resp., mos[5]) be the free C[3]-module spanned by the
lexicographically ordered monomials in b,,n < 0, applied to a vector |0) (resp., [253)).
We define the structure of vertex algebra over C[g] on m[f] as in Section 5.1. Then
mos[f) is a module over m[3]. The dependence on [ comes from the commutation
relations

[bna bm] = 25”671,7771
and the fact that by acts on mg[3] by multiplication by 28. Taking the quotient of
mo[3] (resp., mag[B]) by the ideal generated by (5 — k),k € C, we obtain the vertex
algebra 75 (resp., the module 7T’2“k over m§) introduced in Section 7.1.
We define free C[f]-modules Wy[5] and Wo,o[ﬁ] as the tensor products M ®c mo|[]
and Iy ®c mo[], respectively. These are vertex algebras over C[f], and their quotients

by the ideals generated by (8 — k),k € C, are the vertex algebras Wy and Wy o,
respectively.
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Next, let II_gypn —g4n be the free C[3]-module spanned by the lexicographically
ordered monomials in py, g,,n < 0, applied to a vector | — 3+ n,—03 + n). Set

IIg= EB H_gin,—p+n,
neL
and .
W_p,28 = T @cyg) ma[0]-
Each Fourier coefficient of the formal power series Vag(z) : m[8] — mp[0] and

a(2)7? : My ®c C[B] — I_g, given by the formulas above, is a well-defined linear
operator commuting with the action of C[3]. Hence the Fourier coefficients of their

product are also well-defined linear operators from Wy|[3] to W_g 23. The corresponding
operators on the quotients by the ideals generated by (8 — k), k € C, coincide with the
operators introduced above. We need to compute explicitly the leading term in the
B-expansion of the residue [a(2) ?Vag(2)dz and its restriction to Wy[S].

Consider first the expansion of Vag(z) in powers of 8. Let us write Vog(z) =
> nez Vop[n]z~™. Introduce the operators V[n],n < 0, via the formal power series

Avd -n _ b—m m

ZV[n]z = exp <Z o > .

n<0 m>0

Using formula (7.7), we obtain the following expansion of Vag[n):
Vin]+8(...), n<0,

Vaslnl =19 o5 ZmSOV[m]aba +8%(..), n>0.

We denote the 3-linear term of Vagln],n > 0, by Vn].

Next, we consider the expansion of a(z)™"? = e But) in powers of 3. Let us write
a(z) =3 '(i(z)[_n]ﬁz*”. We will identify II_5 with IIy ®c C[5], as C[8]-modules.
Then we find that

B 1+p6(...), n=0,
O T g2 ), o

The above formulas imply the following expansion of the screening operator:

[t a1z = 0 (vm + 3 2V n 4 U+ qn>> )

n>0
Therefore we define the limit of the screening operator gk at k = —2 as the operator
< def — 1—
(8.3) SEVI+ 2 ~VI=n+1(pn + n),
n

acting on W070,_2 = Il ® 7°. It follows from the construction that S commutes with
the sly—action on Wy _o.
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It is possible to express the operators
Dn +an
n
in terms of the Heisenberg algebra generated by am,a),,m € Z. Namely, from the
definition a(z) = e“*? it follows that u(z)+v(z) = loga(z), so that the field u(z)+v(z)
commutes with a(w), and we have the following OPE with a*(w):

(u(=) + v(=)a*(w) = ! () + reg,

= —(up + vp), n >0,

Therefore, writing a(z)™' = 3,5 Ei(z)[;]lz_”, we obtain the following commutation
relations:

p’rb + Qn * _ ~ —1
(8.4) [ - ,am] = —a(z)[mrm_u, n > 0.

1

Using the realization (7.6) of Ilp, the series a(z)™" is expressed as follows:

-1

(8.5) a(z) P =(a_) M1+ (ay)? Z anz "1 ,

n#—1
where the right hand side is expanded as a formal power series in positive powers of
(a_1)7!. Tt is easy to see that each Fourier coefficient of this power series is well-defined
as a linear operator on Ilj.

The above formulas completely determine the action of (p, +¢,)/n,n > 0, and hence
of S, on any vector in Wo2o=M® w0 C Wo,0,—2. Namely, we use the commutation
relations (8.4) to move (p,, + ¢,)/n through the a},’s. As the result, we obtain Fourier
coefficients of @(z)~!, which are given by formula (8.5). Applying each of them to any
vector in Wy _o, we always obtain a finite sum.

This completes the construction of the limit S of the screening operator §k ask — —2
in the case of sly. Now we consider the case of an arbitrary g.

The limit of §m as k — K is by definition the operator S; on AW/D(%,HC, obtained
from S via the functor of semi-infinite parabolic induction. Therefore it is given by the
formula

(8.6) S =V +3 %Vi[—n 1) (pin + Gin).

0

Here V;[n] : ¥ — 7% are the linear operators given by the formulas

(8.7) Zvi[n]z_" = exp (Z blr;bmzm> ,

n<0 m>0

Vill]==>_Vilm| Dy, ,,_,,

m<0
where Dy, =~ denotes the derivative in the direction of b; , given by the formula

(88) D, ,,  bjn = ajiOnm,
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and (ay;) is the Cartan matrix of g (it is normalized so that we have Dy, | -bin = 26,m).
(1)

The operators (p;n + ¢in)/n acting on Iy’ are defined in the same way as above.

Thus, we obtain well-defined linear operators S; : Woke — Wélg x.- By construction,
they commute with the action of g, on both modules. It is clear that the operators
Siyi=1,...,¢, annihilate the highest weight vector of Wy .. Therefore they annihilate
all vectors obtained from the highest weight vector under the action of g, i.e., all
vectors in Vi, (g) C Wy k.. Thus we obtain

i,m

Proposition 8.5. The vacuum module V, (g) is contained in the intersection of the

kernels of the operators S; : Wo ke — Wéfgﬁa,i =1,...,0

9. DESCRIPTION OF THE CENTER OF V. _(g)

In this section we use Proposition 8.5 to describe the center of Vi (g). Recall from
[FB], § 5.7.2, that the center of a vertex algebra V is by definition its commutative
vertex subalgebra spanned by all vectors v € V such that Y (A,z)v € V][z]] for all
A € V. In the case when V = Vj(g), the center is equal to the space of invariants of
the Lie subalgebra L, g = g|[[t]] of gx. According to Lemma 18.4.1 of [FB], it is trivial,
i.e., equal to the span of the vacuum vector v, if K # k.. So let us consider the center
of Vi, (g), which we denote by 3(g).

9.1. The center of V,,_(g) and Wakimoto modules. Recall that by Proposition 5.2
the homomorphism wy, : Vi (g) — Wy, is injective. The vertex algebra Vi (g)
contains the commutative subalgebra 3(g), its center. On the other hand, Wy, =
Mgy ® mo contains the commutative subalgebra 7, which is its center.

Lemma 9.1. The image of 3(§) C Vi (@) in Wy, o under wy, is contained in wy C
Wie.o0-

Proof. Observe that the lexicographically ordered monomials of the form

(9‘1) H eg,nr(a> H a’z,mS(a) H bivnt(i)‘0>?

n,,«(a><0 mS(Q)SO nt(i)<0

where the efn’s are given by formula (4.1), form a basis of Wy ... The image of any
element of 3(g) in Wy, o is an Lig-invariant vector. In particular, it is annihilated
by Ling = ny[[t]] and by b. Since Lyn, commutes with e, and b;,, the space of
L n—invariants of Wy_ ¢ is equal to the tensor product of the subspace My _ of Wy,
spanned by all monomials (9.1) not containing a}, ,,, and the space of L n -invariants in
My + = Cla}, ,]aea, n<o- According to Section 3.3, My 1 is an L g-module isomorphic
to Coindéigi C. Therefore the action of Lin, on it is co-free, and the space of Lyn —
invariants is one-dimensional, spanned by constants.

Thus, we obtain that the space of Lin —invariants in Wy ., is equal to My _. How-
ever, its subspace of h—invariants is the span of the monomials (9.1), which only involve

the b; ,,’s, i.e., mg C Wy .. This completes the proof. O

Using Proposition 8.5, we now obtain that 3(g) is contained in the intersection of
the kernels of the operators S;,7 = 1,...,/, restricted to my C Wy .. But according to
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formula (8.6), the restriction of S; to my is nothing but the operator V;[1] : mg — mo
given by the formula

(9.2) Vill]==>_ Vi[m] Dy,,,_,

m<0

where V[m], Dy, . _,,m < 0, are given by formulas (8.7) and (8.8), respectively. There-
fore we obtain the following

Proposition 9.2. The center 3(g) of Vi, (@) is contained in the intersection of the
kernels of the operators V;[1],i=1,...,¢, in mp.

We now show that 3(g) is actually equal to the intersection of the kernels of the
operators V;[1],1 =1,... (.

9.2. The associated graded of 3(g). The g,.—module V,_(g) has a natural filtration
induced by the Poincaré-Birkhoff-Witt filtration on the universal enveloping algebra
U(gx,), and the action of g, preserves this filtration. Furthermore, it is clear that the
associated graded space grVj,_ (g) is isomorphic to

Symg((¢))/al[t]] ~ Fun g[[¢]],

where we use the following (coordinate-dependent) pairing

dt

(9:3) (4@ f(t), B@g(t) = r(A, B) Res f(t)g(t)~,
and k is an arbitrary fixed non-degenerate inner product on g.

Recall that 3(g) is equal to the space of g[[t]]-invariants in V,_(g). The symbol of a

g[[t]]-invariant vector in V,_(g) is a g[[t]]-invariant vector in gr V,_(g), i.e., an element

of the space of g[[t]|-invariants in Fun g[[t]]. Hence we obtain an injective map

(9-4) gr3(8) — (Fun g[[#]])0.
In order to describe the space (Fun g|[t])9[%], recall that (Fung)? is a polynomial
algebra in generators P;,7 = 1,...,¢, of degrees d; + 1, where d; is the ith exponent of

g. Each P, is a polynomial in the basis elements J¢ of g (considered as linear functionals
of g via the inner product k). Substituting the generating functions

Tty =Y g
n<0

of the basis elements J2 of t~1g[t~!] into P, instead of the J%'s, we obtain a generating

series
P (1) = 3 Pot”
n>0
of elements of Fung[[t]]. Clearly, its coefficients P;,, is g[[t|]|-invariant. Furthermore
we have the following result due to Beilinson and Drinfeld, [BD1], § 2.4.1. For reader’s
convenience, we reproduce the proof (see also [M], Appendix, Prop. A.1):

Proposition 9.3. The algebra (Fung[[t]))9¥] is the free polynomial algebra in the
generators Pjp, i =1,...,0;n > 0.
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Proof. Let G be the connected simply-connected algebraic group with the Lie algebra
g. Then the space of g[[t]|-invariants in Fun g[[¢]] coincides with the space of G[[t]]-
invariants in Fun g[[t]].

Recall that given an algebraic variety X, we denote by JX its infinite jet scheme, as
defined in [FB], § 9.4.4 (see also [M], where the notation X, is used). In particular,
Jg = gl[t]] and JG = G[[1].

Let greg be the smooth open subset of g consisting of regular elements. It is known
that the morphism

X : Oreg — P := Spec(Fun g)? = SpecC[P, ..., ]
is smooth and surjective (see [Ko]). Therefore the morphism
JIX : J@reg — JP 1= SpecC[P1 ..., Pom]m>0

is also smooth and surjective.
Consider the map a : G X greg — Greg X greg defined by the formula a(g, z) = (x, 9 ).
P

The map a is smooth, and since G acts transitively along the fibers of x, it is also
surjective. Hence the corresponding map of jet schemes Ja : JG'X Jgreg — J@reg X J greg
JP

is surjective. Given two points y1,y2 in the same fiber of Jyx, let (h,y1) be a point in
the (non-empty) fiber (Ja) '(y1,y2). Then yo = h-y;. Hence JG acts transitively
along the fibers of the map Jy. This implies that the ring of JG—invariant functions
on Jgreg is equal to ClP1my - P&m}mEO- Because g,¢g is an open dense subset of g, we
obtain that Jg,e is dense in Jg, and so any JG-invariant function on Jg is determined
by its restriction to Jg.eg. This proves the proposition. ]

We have an action of the operator Ly = —t0; on Fun g[[t]]. It defines a Z-gradation
on Fun g[[t]] such that deg J} = —n. Then deg P;,, = d; +n + 1, and we obtain the
following formula for the character of (Fun g[[t]])®] (i.e., the generating function of its
graded dimensions):

(9.5) ch(Fun g[[¢]]) 8 H H (1—qg™

i=1n;>d;+1

9.3. Computation of the character of 3(g). We now show that the map (9.4) is an
isomorphism using Proposition 6.3.
Consider the Lie subalgebra by = (by ® 1) @ (g ® tC[[t]]) of g[[t]]. The natural

surjective homomorphism M ., — Vi (g) gives rise to a map of b;—invariants
b b
¢: My, — Vi(8)™*

Both My . and Vi, (g) have natural filtrations which are preserved by the homomor-
phism between them. Therefore we have the corresponding map of associated graded

Ge1 + (g8 Mos,)™ — (g1 Vi, (8))**

Since Vj_(g) is a direct sum of finite-dimensional representations of the constant subal-
gebra g®1 of g[[t]], we find that any b, —invariant in V. (g) or gr V_(g) is automatically
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a g[[t]]-invariant. Thus, we have
Vio (@) = Vi ()71,
(g1 Viee (8))"F = (g Vieo (0)) %) = C[Py s .oy Prnlmo.
We need to describe (gr Mo, )E+. First, observe that
gr Mo, = Symg((t))/b; ~ Funi ",

where 1)
iy = (et e gl
and we use the pairing (9.3) on g((t)). In terms of this identification, the map ¢

becomes a ring homomorphism
Funal V) — Fun g[[t]]

induced by the natural embedding g[[t]] — ﬁg:l).

We construct E+finvariant functions on ﬁ(g” in the same way as above, by substi-

tuting the generating functions J(t) into the P;’s. However, now J%(¢) has non-zero
t~1 coefficients if the inner product of J% with n, is non-zero. Therefore the resulting
series P;(J%(t)) will have non-zero coefficients P; ,, in front of ¢™ if and only if m > —d;.
Thus, we obtain a natural inclusion

~(—1)\ b
C[R,mi]i=1,~~~7f;mi2—di - (Fun "Sr ))b+'
Lemma 9.4. This inclusion is an equality.

1)

Proof. Let ny = (ng ® 1) @ (g @ tC[[t]) = tn . Clearly, the spaces of b, —invariant

functions on a4 * and n, are isomorphic, so we will consider the latter space.
Denote by n'y® the intersection of n; and Jgreg = greg @ (g ® tC[[¢]]). Thus, nl® =

reg

(n}® ® 1) @ (g @ tC[[t]]), where n™® = ni N greg is an open dense subset of n, so that
n® is open and dense in 0.
Recall the morphism Jx : Jgreg — JP introduced in the proof of Proposition 9.3. It

was shown there that the group JG = G[[t]] acts transitively along the fibers of Jy.
Let By be the subgroup of G[[t]] corresponding to the Lie algebra by C g[[t]]. Note

that for any = € W%, the group B is equal to the subgroup of all elements g of G[[¢]]

such that g -z € n®. Therefore §+ acts transitively along the fibers of the restriction

of the morphism Jx to n'f®.

This implies that the ring of §+finvariant (equivalently, E;invariant) polynomials
on ny*® is the ring of functions on the image of ny® in JP under the map Jy. But it
follows from the construction that the image of 0’ ® in J? is the subspace determined by
the equations P; ,,, = 0,7 =1,...,¢;m > 0. Hence the ring of E+finvariant polynomials
on n® is equal to C[P;m)i=1,. e:m>0. Since ny° is dense in ny, we obtain that this

is also the ring of invariant polynomials on ny. When we pass from ny to ﬁg:l), we

obtain the statement of the lemma. O

Corollary 9.5. The map ¢ is surjective.
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Since deg P; ,, = d; +m+ 1, we obtain the character of (gr Moy,.gc)h+ = (Fun "Sr ))b+:

ch (gr Mok,)™ = [J (1 —¢™) "

m>0
Now recall that by Theorem 6.3, the Verma module My, is isomorphic to the

Wakimoto module Wo,nc- Hence (Mo,nc) (VV0 e )b+. In addition, according to

Lemma 6.5 we have (VVOJ’FM)[’+ = 70, and so its character is also equal to H (1—¢™) "

m>0
Therefore we find that the natural embedding

. _
gr(Moy,) = (gr Moux,)**

is an isomorphism. Now consider the commutative diagram

g (M) —— (Vi (g))

! !

(gr Mo ) —— (gr Vi, (g))ell].

It follows from the above discussion that the left vertical arrow is an isomorphism.
Moreover, by Corollary 9.5 the lower horizontal arrow is surjective. Therefore we
obtain an isomorphism

ar(Vie. (9)51) =~ (g1 V. (g))901).

In particular, this implies that the character of gr3(g) = gr(Vi.,(g))®"! is equal to that
of (gr Vi, (g)8M]) given by formula (9.5). Thus we find that

(9.6) ch3(g H H (1—4qg™

i=1n;>d;+1

9.4. The center and the classical W—algebra. According to Proposition 9.2, 3(g)
is contained in the intersection of the kernels of the operators V;[1],i = 1,..., ¢, on 7.
Now we compute the character of this intersection and compare it with the character
formula (9.6) for 3(g) to show that 3(g) is equal to the intersection of the kernels of the
operators V;[1].

First, we identify this intersection with a classical limit of a one-parameter family of
vertex algebras, called the W-algebras. The W-algebra W, (g) associated to a simple
Lie algebra g and an invariant inner product v on g is defined via the quantum Drinfeld-
Sokolov reduction in [FB], Ch. 15. It is shown there that W,(g) is a vertex subalgebra
of g, which for generic values of v is equal to the intersection of the kernels of screening
operators.

More precisely, consider another copy of the Heisenberg Lie algebra Hl, introduced
in Section 5.1. To avoid confusion, we will denote the generators of this Heisenberg
Lie algebra by b;,. We have the Vertex operator V¥, (z) : 7y — 7w, defined by
formula (7.8), and let V¥, [1] = [ V¥, (2)dz be its residue. We call it the W-algebra
screening operator (to dlstlngulsh it from the Kac-Moody screening operators defined
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above). Since V¥, (2) = Yoy mv (z) (in the notation of Section 7.2), we obtain that

the intersection of the kernels of V¥, [1],i = 1,...,¢, in 7§ is a vertex subalgebra of 7f.
By Theorem 15.4.12 of [FB], for generic values of v the W—algebra W, (g) is isomorphic
to the intersection of the kernels of the operators V¥, [1],i=1,...,¢, in 7.

Now we consider the limit when v — co. We fix an invariant inner product vy on
g and denote by € the ratio between 1y and v. We have the following formula for the
ith simple root «a; € h* as an element of h using the identification between h* and b
induced by v = 1p/e:

2
i =€e————hi.
o )
Let
(9.7) bl —e— 2 b,
' Y g (hy hy) T
Consider the C[e]-lattice in 7§ ® C[e] spanned by all monomials in bg}n,i =1,...,4n<

0. We denote by m,, the specialization of this lattice at e = 0; it is a commutative
vertex algebra. In the limit ¢ — 0, we obtain the following expansion of the operator
V¥, [1]:
2
12
V2,1 = EVO(hiahi)Vl[l] +...,

where the dots denote terms of higher order in €, and the operator V;[1] acting on 7,
is given by the formula

(9.8) WM:ZWMD%N
m<0
where
(9.9) Dy bjn= aiji(snm
mo 8b§,n e

(a;j) is the Cartan matrix of g, and

/
Vin]z ™" =exp [ — anm> )
The intersection of the kernels of the operators V;[1],i = 1,...,¢, is a commutative
vertex subalgebra of 7 ,,,, which we denote by W, (g) and call the classical W-algebra
associated to g and vy. Note that the structures of commutative vertex algebra on 7,
and W, (g) and the operators V;[1] are independent of the choice of vy. However, as
we will see below, both 7 ,, and W, (g) also carry vertex Poisson algebra structures,
and those structures do depend on vyg.

9.5. The appearance of the Langlands dual Lie algebra. Comparing formulas
(9.2) and (9.8), we find that, up to the substitution b; , — —bj ,,, the operators V;[1]and
V;[1] are almost identical. The difference is that the matrix coefficient aj; in formula
(8.8) gets replaced by a;; in formula (9.9). In other words, the Cartan matrix gets
transposed. This transposed Cartan matrix is the Cartan matrix of another Lie al-

gebra, called the Langlands dual Lie algebra of g and denoted by “g. Because of this
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transposition, we may identify the Cartan subalgebra “h of “g with the dual space h*
to the Cartan subalgebra § of g, so that the simple roots of g (which are vectors in h*)
become the simple coroots of “g (which are cevtors in ).

According to the above discussion, if we make the substitution b;,, —b;n, then
the operator V;[1] attached to g becomes the operator V;[1] attached to “g. Therefore
the intersection of the kernels of the operators V;[1],i = 1,...,#, attached to a simple
Lie algebra g is isomorphic to the intersection of the kernels of the operators V;[1],i =
1,...,¢, attached to g, i.e., to the W-algebra W, (“g) attached to “g.

Using Proposition 9.2, we now find that 3(g) may be embedded into W, (*g). In
order to prove that 3(g) is isomorphic to W, ("g), it suffices to show that the character
of W, (Fg) is given by the right hand side of formula (9.6).

This may be done in several ways. One of the possible ways is presented in Sec-
tion 11.2 below. Another possibility is to use the results of [FF7]. According to [FF7],
Prop. 2.2.8, the operators V;[1],7 = 1,..., /¢, satisfy the Serre relations of g, and so
they generate an action of the Lie algebra ny on g ,,. Moreover, by [FF7], Prop. 2.4.6,
the action of ny on m,, is co-free, and this enables us to compute the character of
W, (¥g). The result is that the character of W,,(*g) is given by the right hand side
of formula (9.6) (see [FF7], Prop. 2.4.7). Hence we obtain that the character of the
intersection of the kernels of the operators V;[1],i = 1,...,4, is equal to the character
of 3(g). Therefore 3(g) is isomorphic to the intersection of the kernels of the operators
Vi[l],i =1,...,£. Thus, we obtain the following result.

Theorem 9.6. The center 3(9) is isomorphic to the intersection of the kernels of the
operators V[1],i =1,...,£, on m,, and to the classical W-algebra W, (Lg).
The natural map gr3(g) — (gr Vi, (g))g[[t” 18 an isomorphism.

The theorem implies in particular that for each generator P of (gr Vi, (g))9l! there
exists an element S; of Vj, (g)g[[t” whose symbol is equal to P; g. Moreover, we have

3(@) = (C[Sl‘(n)]i:L..‘,l;nZO;
(n)

where S;" = T™S;, and we use the commutative algebra structure on 3(g) which comes
from its commutative vertex algebra structure (see [FB], § 1.4). Note that the symbol
of S’i(n) is then equal to n!P; .

For example, the vector S7, which is unique up to a scalar, is the Segal-Sugawara
vector

1 a
(9.10) =13 Za: I Jar—1Vk

where {J,} is the basis of g dual to the basis {J*} with respect to a non-degenerate
invariant inner product. Explicit formulas for other elements S;,7 > 1, are unknown in
general (see however [H, GW]).

We note that the center 3(g) may be identified with the algebra of g, —endomorphisms
of Vi..(g). Indeed, a g[[t]]-invariant vector = € V, (g) gives rise to a non-trivial endo-
morphism of V', which maps the highest weight vector v, to . On the other hand,
given an endomorphism e of V,_(g), we obtain a g[[t|]-invariant vector e(v). It is clear
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that the two maps are inverse to each other. Now let z; and z2 be two g[[t]]-invariant
vectors in Vi (g). Let e; and ey be the corresponding endomorphisms of Vi (g). Then
the image of v under the composition ejes equals ej(x2) = wox1, where in the right
hand side we use the product structure on 3(g). Therefore we find that as an algebra
3(g) is isomorphic to the algebra Endg, Vi.(g) with the opposite multiplication. But
since 3(g) is commutative, we obtain an isomorphism of algebras

3(9) ~ Endg,_ Vi, (9).

Oke Ke

9.6. The vertex Poisson algebra structure. In addition to the structures of com-
mutative vertex algebras, both 3(g) and W,,(g) also carry the structures of vertex
Poisson algebra. For the definition of vertex Poisson algebra, see, e.g., [FB], § 16.2. In
particular, we recall that to a vertex Poisson algebra P we attach a Lie algebra

Lie(P) = P C(())/Im(T ® 1+ 1 &)

(see [FB], § 16.1.7).

According to Proposition 16.2.7 of [FB], if V. is a one-parameter family of vertex
algebras, then the center Z(Vp) of Vj acquires a natural vertex Poisson algebra structure.
Namely, at € = 0 the polar part of the operation Y, restricted to Z(V}), vanishes, so we
define the operation Y_ on Z(Vp) as the e-linear term of the polar part of Y.

Let us fix a non-zero inner product kg on g, and let € be the ratio between the inner
products k — k. and kg. Consider the vertex algebras Vj(g) as a one-parameter family
using € as a parameter. Then we obtain a vertex Poisson structure on 3(g), the center
of Vi.(g) (corresponding to ¢ = 0). We will denote 3(g), equipped with this vertex
Poisson structure, by 3(8)x,-

Likewise, we obtain a vertex Poisson structure on g, by considering the vertex
algebras 7" " as a one-parameter family with the same parameter e, in the same way
as in Section 9.4. The corresponding vertex Poisson structure on g, is uniquely
characterized by the Poisson brackets

{bins bjm} = nso(hi, hj)on,—m-
Recall that the homomorphism w,., : Vi .(g) — Wo k. = M @ mp may be deformed to

a homomorphism w,, : Vi(g) — Wy . = M @ w§~"°. Therefore the e-linear term of the

polar part of the operation Y of V,(g), restricted to 3(g), which is used in the definition

of the vertex Poisson structure on 3(g), may be computed by restricting to 3(g) C o
K—FKe

the e-linear term of the polar part of the operation Y of 7 C Wy . But the latter
defines the vertex Poisson structure on o ,,. Therefore we obtain the following

Lemma 9.7. The embedding 3(9)x, “— Tox, S a homomorphism of vertex Poisson
algebras and the corresponding map of local Lie algebras Lie(3(g)x,) < Lie(mo ) is a
Lie algebra homomorphism.

On the other hand, it follows from the definition of the classical W-algebra W, (Lg)
that it also carries a vertex Poisson algebra structure. The isomorphism of Theorem 9.6
preserves the vertex Poisson algebra structures in the following sense.

Note that the restriction of a non-zero invariant inner product xg on g to § defines a
non-zero inner product on h*, which is the restriction of an invariant inner product
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on ©g. To avoid confusion, let us denote by m(g)., and WQ(Lg),{g the classical limits

of the Heisenberg vertex algebras for g and g, respectively, with their vertex Poisson
structures corresponding to o and k, respectively. We have an isomorphism of vertex
Poisson algebras

v 70(8)mo — (") ys
bin €5 —bl, €L,

where b;  is given by formula (9.7). The restriction of the isomorphism ¢ to the
subspace [ «;<, Ker V;[1] of mo(g)x, gives us an isomorphism of vertex Poisson algebras

ﬂ Ker V;[1] ~ ﬂ Ker V/[1],

1<i<e 1<i<e

where by VY[1] we denote the operator (9.8) attached to g. Recall that we have the
following isomorphisms of vertex Poisson algebras:

3(g) ~ ﬂ Ker V;[1],
1<i<t
W,Q(Y(Lg): ﬂ Ker V//[1].
1<i<t

Therefore we obtain the following strengthening of Theorem 9.6:

Theorem 9.8. The center 3(g)x, s isomorphic, as a vertexr Poisson algebra, to the
classical W-algebra Wﬂg(Lg). The Lie algebras Lie(3(g)x,) and Lie(Wﬂg(Lg)) are also
isomorphic.

9.7. Aut O—module structures. Both 3(g),, and Wy (“g) carry actions of the group
Aut O and the isomorphism of Theorem 9.8 intertwines these actions. To see that, we
describe the two actions as coming from the vertex Poisson algebra structures.

In both cases the action of the group Aut O is obtained by exponentiation of the
action of the Lie algebra Der O. In the case of the center 3(g),,, the action of Der O is
the restriction of the natural action on Vj,_(g) which comes from its action on g,, (and
preserving its Lie subalgebra g[[t]]) by infinitesimal changes of variables. But away from
the critical level, i.e., when k # k., the action of Der O is obtained thtough the action
of the Virasoro algebra which comes from the conformal vector s, given by formula
(5.3) which we rewrite as follows:

Ko

517

S, =
K — Ke

where S; is given by formula (9.10) and kg is the inner product used in that formula.
Thus, the Fourier coefficients s, (,,),n > —1, of the vertex operator

Y(Sm Z) = Z Sf{,(n)z_n_1
nez

generate the Der O-action on Vj(g) when k # k..
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— K
€. Therefore the
Ko

action of Der O is obtained through the vertex Poisson operation Y_ (defined as the
limit of e~! times the polar part of Y when ¢ — 0, see [FB], § 16.2) on 3(g) applied
to S1 € 3(g). In other words, the Der O—action is generated by the Fourier coefficients

S1,(n)>,n = 0, of the series
Sla Zsl (n)? n_la

n>0

.. _ K
In the limit Kk — k., we have s, = e 15], where as before € =

namely, L, — S(n) Thus, we see that the natural Der O-action (and hence Aut O—
action) on 3(g) is encoded in the vector Sy € 3(g) through the vertex Poisson algebra
structure on 3(g). Note that this action endows 3(g) with a quasi-conformal structure
(see Section 5.4).

Likewise, there is a Der O—action on an (*g) coming from its vertex Poisson algebra
structure. The vector generating this action is also equal to the limit of a conformal
vector in the quantum W-algebra W, (“g) as v — oo. This conformal vector is unique
because as we see from the character formula for W, (¥g) given in the right hand side
of (9.6) the homogeneous component of W, (*g) of degree two (where all conformal
vectors live) is one-dimensional. The limit of this vector as v — oo gives rise to a
vector t in Wy (g) such that the Fourier coefficients of Y_(t,z) generate a Der O

action on W,y (*g) (in the next section we will explain the geometric meaning of this

action). Since such a vector is unique, it must be the image of S; € 3(g) under the
isomorphism 3(g) =~ W,y (Eg). This implies the following result.

Proposition 9.9. The isomorphism Theorem 9.8 intertwines the actions of Der O and
Aut O on 3(g) and W, ( g).

We have already calculated in formula (5.3) the image of s,; in Wy . when k # k.. By
passing to the limit Kk — k. we find that the image of S; = es,; belongs to my(g)x, C Wox

and is equal to
1 & .
5 Z bi,—1b" 1 — p—o2,
i=1

where {b;} and {b'} are dual bases with respect to the inner product s used in the
definition of Sy, restricted to h, and p is the element of h corresponding to p € h*
under the isomorphism h* ~ b induced by kg. Under the isomorphism of Theorem 9.8,
this vector becomes the vector t € WQ(LQ)KB/ ~ 70(@)ky, Which automatically lies in
W,{g(Lg) C TF[)(Lg),{(\)/ and is responsible for the Der O action on it.

The action of the corresponding operators L,, € Der O,n > —1, on m(g), is given by
derivations of the algebra structure which are uniquely determined by formulas (5.11).
Therefore the action of the L,’s on W v(Lg) is as follows (recall that b;, — —b;,):

Ly - b;,m - _mbz n+m?
(9.11) Ln-b}_, =-n, n >0,

L,- bg,m =0, n > —m.

—1<n<—m,



WAKIMOTO MODULES, OPERS AND THE CENTER 69

10. OPERS AND MIURA OPERS

In this section we introduce opers, (generic) Miura opers and a natural map between
them. We will then show in the next section that the corresponding rings of functions
are isomorphic to W, (g) and m(g).,, respectively, and the corresponding homomor-
phism W, (g) — m(g)., is the embedding constructed in Section 9.4. In other words,
the ring of functions on opers is isomorphic to the subring of the ring of functions on
generic Miura opers equal to the intersection of the kernels of the screening operators
Vil i=1,...,0

10.1. Opers. Let G be a simple algebraic group of adjoint type, B a Borel subgroup
and N = [B, B] its unipotent radical, with the corresponding Lie algebras n C b C g.
There is an open B-orbit O C n'/b C g/b, consisting of vectors which are stabilized
by the radical N C B, and such that all of their negative simple root components,
with respect to the adjoint action of H = B/N, are non-zero. This orbit may also be
described as the B—orbit of the sum of the projections of simple root generators f; of
any nilpotent subalgebra n_, which is in generic position with b, onto g/b. The torus
H = B/N acts simply transitively on O, so O is an H—torsor.

Suppose we are given a principal G-bundle ¥ on a smooth curve X, or on a disc D =
Spec O, or on a punctured disc D* = Spec X (here we use the notation of Section 5.6),
together with a connection V (automatically flat) and a reduction Fp to the Borel
subgroup B of G. Then we define the relative position of V and Fp (i.e., the failure of
V to preserve Fp) as follows. Locally, choose any flat connection V' on F preserving
Fp, and take the difference V — V’. Tt is easy to show that the resulting local sections
of (g/b)g, ® Q are independent of V', and define a global (g/b)s,—valued one-form on
X, denoted by V/Fp.

Let X be as above. A G—oper on X is by definition a triple (¥, V,JFp), where JF is
a principal G-bundle ¥ on X, V is a connection on F and Fp is a B-reduction of F,
such that the one—form V/Fp takes values in Og, C (g/b)7,.

This definition is due to A. Beilinson and V. Drinfeld [BD1] (in the case when X is
the punctured disc opers were introduced in [DS]). Note that O is C*—invariant, so
that O ® Q is a well-defined subset of (g/b)s, @ Q.

Equivalently, the above condition may be reformulated as saying that if we choose
a local trivialization of Fg and a local coordinate ¢ then the connection will be of the
form

0
(10.1) V =0+ i) fi+v(t),
i=1
where each v;(t) is a nowhere vanishing function, and v(t) is a b-valued function.
If we change the trivialization of Fp, then this operator will get transformed by the
corresponding gauge transformation. This observation allows us to describe opers on a
disc D = Spec O in a more explicit way.
Let us choose a coordinate ¢ on D, i.e., an isomorphism O ~ C[[t]]. Then the space
Opg(D) of G-opers on D is the quotient of the space of all operators of the form (10.1),
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where ¥;(t) € C[[t]],%:(0) # 0,i =1,...,¢, and v(t) € b[[t]], by the action of the group
B([t]] by gauge transformations:

g (0 +At) =0+ gA(t)g " — g ' Dug.

Since the B—orbit O is an H—torsor, we can use the H—action to make all functions
1;(t) equal to 1. Thus, we obtain that Opg(D) is equal to the quotient of the space

Opg (D) of operators of the form

l
(10.2) V=0+Y fitv(t), v(t)ebt),
=1

by the action of the group N[[t]] by gauge transformations.
If we choose another coordinate s, such that ¢ = ¢(s), then the operator (10.2) will
become

0
V =0+ ¢(5) S Ji+ ¢(s) - V(o).
=1

In order to bring it back to the form (10.2) we need to apply the gauge transformation
by p(¢'(s)), where p: C* — H is the one-parameter subgroup of H equal to the sum of
the fundamental coweights of G. Choose a splitting + : H — B of the homomorphism
B — H. Then, considering p as an element of the Lie algebra h = Lie H, we have
[p,ei] = e; and [p, f;] = — fi. Therefore we find that

¢
(e (s)) - (85 +¢(s) D fit¢l(s)- V(@(S)))
=1

l
_ ) ") p(0(5) - vols) - (o (s)) "L — 5 90//(3)
(10.3) _as+;fz+<p()p(w()) (¢(s)) - (&' (5)) p<¢,(s)>-

Thus we obtain a well-defined action of the group Aut O on the space Opg(DD) of opers
on the standard disc,

D = Spec C[[t]].

We may therefore define Opg(D) as the twist of Opg(ID) by the Aut O—-torsor Aut (see
Section 5.6).

In particular, the above formulas imply the following result. Consider the H—bundle
0% on D, defined in the same way as in Section 5.5 (where we considered the “ H-bundle

Qr).
Lemma 10.1. The H-bundle Fyg = Fp x H = Fp/N is isomorphic to Of.
B

Proof. 1t follows from formula (10.3) for the action of the changes of variables on opers
that if we pass from a coordinate ¢ on D to the coordinate s such that ¢ = ¢(s), then
we obtain a new trivialization of the H—bundle Fp, which is related to the old one by
the transformation p(¢’(s)). This precisely means that Fy ~ QF. O
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10.2. Canonical representatives. In this section we find canonical representatives
in the N|[[t]|-gauge classes of connections of the form (10.2).

Lemma 10.2 ([DS]). The action of N|[t]] on %G(D) is free.

Proof. The operator ad p defines the principal gradation on b, with respect to which
we have a direct sum decomposition b = @©;>b;. Let

¢
pP—1= Z fi-
i1

The operator ad p_; acts from b; 1 to b; injectively for all © > 0. Hence we can find
for each @ > 0 a subspace V; C b;, such that b; = [p_1,b;41] @ V;. It is well-known
that V; # 0 if and only if 4 is an exponent of g, and in that case dim V; is equal to the
multiplicity of the exponent 7. In particular, Vy = 0. Let V = @;cgV; C n, where F is
the set of exponents of g counted with multiplicity.

We claim that each element of 0, +p_1+v(t) € Opg(D) can be uniquely represented
in the form

(10.4) O +p_1+v(t)=exp(adU) - (0 + p-1+c(t)),

where U € n[[t]] and c(t) € V][t]]. To see that, we decompose with respect to the
principal gradation: U = > .~ Uj, v(t) = > ;50 V;(t), c(t) = > cpcj(t). Equating
the homogeneous components of degree j in both sides of (10.4), we obtain that c¢; +
[Ui+1,p—1] is expressed in terms of v;, ¢, j < 4, and Uj, j < i. The injectivity of adp_;
then allows us to determine uniquely c; and U;41. Hence U and c satisfying equation
(10.4) may be found uniquely by induction, and the lemma follows. O

There is a special choice of the transversal subspace V' = ®;cgV; defined in the proof
of Lemma 10.2. Namely, let p; be the unique element of n, such that {p_1,2p,p1} is
an slyp—triple. Let Vian = @icpVean be the space of ad p;—invariants in n. Then p;
spans Vean,1- Let p; be a linear generator of Veanq; (if the multiplicity of d; is greater

than one, which happens only in the case g = DSB, d; = 2n, then we choose linearly
independent vectors in Vcan,dj)-

According to Lemma 10.2, each G—oper may be represented by a unique operator
V =0 +p_1+v(t), where v(t) € Vean[[t]], so that we can write

V4
v(t) = Zvj(t) “Pj-

Suppose now that ¢t = ¢(s), where s is another coordinate on D such that ¢ = ¢(s).
With respect to the new coordinate s, V becomes equal to 05 + v(s), where v(s) is
expressed via v(t) and ¢(s) as in formula (10.3). By Lemma 10.2, there exists a unique
operator s + p_1 + V(s) with V(s) € Vean[[s]] and g € B][[s]], such that

(10'5) Os +p_1+ V(S) =g (85 + V(S)) :
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It is straightforward to find that
1 QO/I
g =exp <2(p, -p1> ple),
_ 9 1
vi(e(s) (¢)” = 5{e s},

i(s) = vi(p(s)) ()P, 5>,

" "\ 2
® 3 (¢
=5 3(5)
is the Schwarzian derivative.

These formulas mean that under changes of variables, v transforms as a projective
connection, and v;,j > 1, transforms as a (d; + 1)-differential on D. Thus, we obtain
an isomorphism

<
[y
—
VA
~—

Il

where

¢
(10.6) Opa(D) ~ Proj x @w®(dj+1),
j=2
where w®" is the space of n—differentials on D and Proj is the w®?—torsor of projective

connections on D.

10.3. Miura opers. A Miura G—oper on X, which is a smooth curve, or D, or D*, is
by definition a quadruple (F,V,Fp, Fj), where (F,V,Fp) is a G-oper on X and Fy
is another B-reduction of & which is preserved by V.

Consider the space of Miura G—-opers on the disc D. A B-reduction of F which is
preserved by the connection V is uniquely determined by a B-reduction of the fiber
Fo of F at the origin 0 € D (recall that the underlying G-bundles of all G—opers are
isomorphic to each other). The set of such reductions is the Fo—twist (G/B)g, of the
flag manifold G/B. Therefore the natural forgetful morphism from the space of all
Miura opers on D to Opg(D) is a G/B-bundle.

A Miura G-oper is called generic if the B-reductions Fp and F are in generic
relative position. We denote the space of generic Miura opers on D by MOpg (D). We
have a natural forgetful morphism MOpg (D) — Opg(D). The group Ng ;, where
FB,o is the fiber of Fp at 0, acts on (G/B)g,, and the subset of generic reductions is
the open Ny, —orbit of (G/B)g,. This orbit is in fact an Ng, ;—torsor. Therefore we
obtain that the morphism MOp(D) — Opg(D) is a principal Ng, ~bundle.

Now we identify MOpg(D) with the space of H-connections. Consider the H—
bundles iy = Fp/N and F;, = F5 /N corresponding to a generic Miura oper (¥,V, Fp,
F5) on X. If P is an H-bundle, then applying to it the automorphism wy of H,
corresponding to the longest element of the Weyl group of GG, we obtain a new H-
bundle which we denote by wg(Fp).

Lemma 10.3. For a generic Miura oper (F,V,Fp, Fy) the H-bundle Fy; is isomorphic
to wS(S"H)
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Proof. Consider the vector bundles gg = ?ég, by, = I 1>B< b and b% = ?%Eb. We have

the inclusions bg,, bg‘lB C g7 which are in generic position. Therefore the intersection
by, N b% is isomorphic to bg,/[bs,, bs,], which is the trivial vector bundle with
the fiber h. It naturally acts on the bundle gg and under this action gg decomposes
into a direct sum of h and the line subbundles grq,a € A. Furthermore, by, =
®aGA+ 9Fa, by, = @a€A+ OF,wo(a)- Since the action of B on n/[n, n] factors through
H = B/N, we find that

l L L L
/
T DCo=Dovar Ti 2 PCo = D osune
=1 i=1 i=1 i=1

Therefore we obtain that

SFH;(IC%:‘T}-I;(ICWO(%)? Z'Zl,...,g.

Since G is of adjoint type by our assumption, the above associated line bundles com-
pletely determine ¥ and F;, and the above isomorphisms imply that ¥, ~ w{(Fg).
O

Since the B-bundle F is preserved by the oper connection V, we obtain a connection
V on F’; and hence on Fy ~ QF. Therefore we obtain a morphism 3 from the variety
MOp¢(D)gen of generic Miura opers on D to the variety of connections Conn(Q?)p on
the H-bundle Q° on U.

Proposition 10.4. The map 3 : MOpg(D) — Conn(QP)p is an isomorphism.

Proof. We define a map 7 in the opposite direction. Suppose we are given a connection

V on the H-bundle 2 on D. We associate to it a generic Miura oper as follows. Let

us choose a splitting H — B of the homomorphism B — H and set ¥ = QF x G,Fp =
H

) x B, where we consider the adjoint action of H on G and on B obtained through the
H

above splitting. The choice of the splitting also gives us the opposite Borel subgroup
B_, which is the unique Borel subgroup in generic position with B containing H. Then
we set Fh, = QP x B_.

H

Observe that the space of connections on F is isomorphic to the direct product

Conn(Q”)p x @ w1,
acA

Its subspace corresponding to negative simple roots is isomorphic to (@le g,ai> ® 0.
Having chosen a basis element f; of g_,, for each i« = 1,...,¢, we now construct an
element p_| = Ele f; of this space. Now we set V = V +p_;. By construction, V has
the correct relative position with the B-reduction Fp and preserves the B-reduction
F5. Therefore the quadruple (F,V,Fp,Fy) is a generic Miura oper on D. We set
(V) =(F,V,Fp,Fp).

This map is independent of the choice of splitting H — B and of the generators
fi,i = 1,...,¢. Indeed, changing the splitting H — B amounts to a conjugation of
the old splitting by an element of N. This is equivalent to applying to V the gauge
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transformation by this element. Therefore it will not change the underlying Miura
oper structure. Likewise, rescaling of the generators f; may be achieved by a gauge
transformation by a constant element of H, and this again does not change the Miura
oper structure. It is clear from the construction that § and 7 are mutually inverse
isomorphisms. O

11. IDENTIFICATION WITH THE W—ALGEBRA AND THE CENTER

Under the isomorphism of Proposition 10.4, the natural forgetful morphism
MOpg(D)gen — Opg(D)

becomes a map
Conn(Q”)p — Opg(D).
We call this map the Miura transformation.

From now on we will work with the objects attached to the standard, coordinatized,
disc D = Spec C[[t]], keeping track of the action of the Lie algebra Der O and the group
Aut O. As explained above, this is equivalent to working with all possible discs (not
equipped with a preferred coordinate) at the same time.

The Miura transformation g : Conn(Q?)p — Opg(D) gives rise to a homomorphism
of the corresponding rings of functions fi : Fun Opg(D) — Fun Conn(QP)p. We will
now identify Fun Conn(Q?)p with my(g),, and the image of [z with the intersection of

kernels of the screening operators. This will give us an identification of Fun Opg(D)
with W, (g).

11.1. Screening operators. Since u is an N, ;—bundle, we obtain that the image of
the homomorphism 1 is equal to the space of Ny, —invariants of Fun Conn(Q)p, and
hence to the space of ng;, ~invariants of Fun Conn(QP)p. We fix a Cartan subalgebra b
in b and a trivialization of F5. Then we identify Fun Op (D) and Fun Conn(2?)p with
rings of polynomials in infinitely many variables. Each space has an action of Der O
and fi is a Der O—equivariant homomorphism between these rings. We will describe the
image of 1z as the intersection of the kernels of certain linear operators which will turn
out to be nothing but the screening operators used in the definition of the classical
W-algebra.
Using our trivialization of Fp, we write each oper in the form

0
O tpor+ Y wilt) e, wilt) € Cll]

=1

vilt)= Y wint T

n<—d;

(see Section 10.2), where

Thus,
Fun OpG(D) = C[vi,m]i=1,...,€;ni<7di .

Likewise, we write each generic Miura oper as

(1.1) d+poi+ult),  ult) € b
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Set u;(t) = aj(u(t)),i =1,...,¢, and

’U,Z(t) = Z ui’nt_n_l.
n<0
Then
Fun MOpg(D)gen = Fun Conn(Qf’)D = Cluinli=1,... tm<0-

Hence the Miura transformation gives rise to a homomorphism

(11'2) /7 : C[Ui7ni]i=1,u.,£;m<fdi - C[ui,n]izl,...,é;n<0~

Ezample. We compute the Miura transformation p in the case when g = sly. In this

case an oper has the form
0 w(t)
O + (1 0 ) )

and a generic Miura oper has the form

O + <5“(t) 0 > .

1 —Lu(t)

To compute p, we need to find an element of N[[t]] such that the corresponding gauge
transformation brings the Miura oper into the oper form. We find that

(b A (1 ) (1) o )

Therefore we obtain

which may also be written in the form

92— u(t) = <at + ;u(t)> (at - ;u(t)> .

It is this transformation that was originally introduced by R. Miura as the map inter-
twining the flows of the KdV hierarchy and the mKdV hierarchy.

In the case when g = sly opers are projective connections and Miura opers are affine
connections (see, e.g., [FB], Ch. 9). The Miura transformation is nothing but the
natural map from affine connections to projective connections. ]

The homomorphism (11.2) is Der O—equivariant. The action of Der O on Fun Op (D)
is obtained from formulas (10.5), and the action on Fun Conn(Q?)p is determined as
follows. If V = &; + u(t) is a point of Conn(Q?)p, and s is a new coordinate such that
t = (s), then the same connection will appear as d5 + u(s), where

u(s) = ¢ -u(p(s —'Si”.
(11.3) us) = ¢ - ulpls) = p
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This translates into the following formulas for the action of the generators L, = —t"*19,
on the u; ,’s:

Ly - uim = —mUji nym, -1 <n<—m,
(11.4) Ly - uj—p = —n, n >0,
Ly, - ujm =0, n > —m.

Having chosen a trivialization of Fp, we identify the twist ng, ; with n. Now we
choose the generators e;,7 = 1,..., ¢, of n with respect to the action of h on n in such a
way that for each ¢ the generator e; and the previously chosen f; satisfy the standard
relations of sly. The Ng,  ~action on Conn(Q”)p then gives rise to an infinitesimal

action of e; on Conn(Q?)p. We will now compute the corresponding derivation on

Fun Conn(Q7)p.
The action of e; is given by the infinitesimal gauge transformation
(11.5) du(t) = [xi(t) - €5, 0y + p—1 +u(t)],

where z;(t) € C][[t]] is such that z;(0) = 1, and the right hand side of formula (11.5)
belongs to h[[t]]. It turns out that these conditions determine x;(t) uniquely. Indeed,
the right hand side of (11.5) reads:

xl(t) . di - uz(t)xz(t) ce; — 8151‘2‘(15) c €.
Therefore it belongs to h[t]] if and only if

(11.6) 815.1"1'(15) = —ui(t)xi(t).
If we write
.’L’Z(t) = Z xi’ntfn,
n<0

and substitute it into formula (11.6), we obtain that the coefficients x;, satisfy the
following recurrence relation:

NTip = Z Uj kT m, n < 0.
k+m=n;k<0;m<0
We find from this formula that
— Ui, —m
11.7 int "= - ——t"].
(11.7) wat exp ( Z - t >
n<0 m>0
Now we obtain that
ouj(t) = aj(0u(t)) = aiji(t),
where (a;j) is the Cartan matrix of g. In other words, the operator e; acts on the
algebra Fun Conn(Q?)p = Clu; ] by the derivation

l
0
(11.8) E al-jg ximi@u
j=1

9
n>0 i,—n—1

where z;, are given by formula (11.7). Thus, we obtain the following characterization
of Fun Op(D) inside Fun Conn(Q7) p.
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Proposition 11.1. The image of FunOpg(D) in Fun Conn(QP)p under the Miura
map [i s equal to the intersection of kernels of the operators given by formula (11.8)
fori=1,... L.

11.2. Back to the W—algebra. Comparing formula (11.8) with formula (9.8) we find
that if we replace bj ,, by u;, in formula (9.8) for the screening operator V;[1], then we
obtain formula (11.8). Therefore the intersection of the kernels of the operators (11.8)
is equal to the intersection of the kernels of the operators V;[1],4 = 1,...,¢. But the
latter is the classical W-algebra W, (g). Hence we obtain a commutative diagram

70(g)y, —— Fun Conn(QP)p

(11.9) T T

Wy, (g) —— FunOpg(D)

where the top arrow is an isomorphism of algebras given on generators by the assign-
ment b;,n = Uy,

In particular, we obtain from the above isomorphisms vertex Poisson algebra struc-
tures on W, (g) and Fun Op (D) (the latter structure may alternatively be defined by
means of the Drinfeld-Sokolov reduction, as we show below). As before, these structures
depend on the choice of inner product 1y, which we will sometimes use as a subscript
to indicate which Poisson structure we consider.

The above diagram gives us a geometric interpretation of the screening operators
V;[1]: they correspond to the action of the generators e; of n on Fun Conn(2?)p.

As a byproduct, we obtain a character formula for W, (g), as we promised in Sec-
tion 9.4. Indeed, the action of N on Conn(Q2?)p is free, so that

H'(n, Fun Conn(Q°)p) = 0, i>0.

Therefore the character of Fun Op(D) is equal to the character of the Chavalley com-
plex computing the cohomology of n with coefficients in Fun Conn(2?)p. The latter is
equal to the character of Fun Conn(Q)p, i.e., [],-(1 — ¢")~*, times the character of
A°® n*. But since dege; = —1, we obtain that that dege, = —a(p), and so

¢ d;
Ch/\'t‘l* _ H (1 _ qa(ﬁ)) — H H (1 _ qm).
aEA L 1=1mn;=1
Thus, we obtain that the character of Fun Op,(D) ~ W, (g) is given by the right hand
side of formula (9.6).

Comparing formulas (11.4) and (9.11), we find that the top isomorphism in (11.9)
is Der O—equivariant. Since the screening operators commute with the Der O—action,
we find that the bottom isomorphism is also Der O—equivariant. Thus we obtain the
following

Theorem 11.2. The classical W-algebra W, (g) is Der O—equivariantly isomorphic to
the algebra Fun Opg(D) of functions on the space of opers on D = Spec C[[t]].

Combining Theorem 11.2 with Theorem 9.8 and Proposition 9.9 we come to the
following result, where by “G we understand the group of inner automorphisms of “g.
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Theorem 11.3. There is an isomorphism 3(g)s, ~ Fun OpLG(D)NB/ which preserves the
verter Poisson structures and the Der O—module structures on both sides. Moreover, it
fits into a commutative diagram of vertex Poisson algebras equipped with Der O—action:

WO(G)HO —— Fun COHD(QP)D,H(\{

(11.10) T T

3(/9\)50 —— Fun OpLG(D)ng
where the upper arrow is given on the generators by the assignment b; , — —u; p.

This theorem is consistent with the previously given descriptions of the transforma-
tion properties of the b;(t)’s and the u;(t)’s. Indeed, according to the computations
of Section 5.5, the b;(t)’s transform as components of a connection on the “H-bundle
Q7? on the standard disc D = Spec C[[t]]. On the other hand, by formula (10.3), the
u;(t)’s transform as components of a connection on the dual ©H-bundle ” on D. The
map b;(t) — —u;(t) sends the former to the latter.

Given any disc D, we may consider the twists of our algebras by the Aut O—torsor
Aut, defined as in Section 5.6. We will mark them by the subscript D. Then we obtain
that

W, (g)p ~ Fun Opg(D),,,
3(a)no,D ~ Fun OpLG(D)nE{‘

11.3. The associated graded spaces. In this section we describe the isomorphism
3(8) ~ FunOpr;(D) of Theorem 11.3 at the level of associated graded spaces. Note
that both algebras 3(g) and Fun Op.(D) have natural filtrations.

The filtration on 3(g) is induced by the Poincaré-Birkhoff-Witt filtration on the
universal enveloping algebra U(g,,), see Section 9.2. By Theorem 9.6, gr3(g) =
(gr Vie.(9))°1]. But

gr Vi (9) = Symg((t))/g[[t]] ~ Fun g*[[t]]dt,
independently of the choice of coordinate ¢ and inner product on g. In Proposition 9.3
we gave a description of (grVj, (g))®Ml. The coordinate-independent version of this

description is as follows. Let Cj = Spec (Fun 9)¢ and
Vo v
Con =1 (CXX Cyq,
where 2 = C[[t]]dt is the topological module of differentials on D = Spec C[[t]]. Note
that a choice of homogeneous generators P;,i = 1,...,¢, of (Fung)® gives us an iden-

tification ,
\Y d;+1
i~ Dot
i=1

By Proposition 9.3 we have a canonical isomorphism
(11.11) gr3(g) ~ FunCy.
Next we consider the map
a:3(8) — 7o(g)
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which is equal to the restriction of the embedding Vi (g) — Wy, to 3(g). In the
proof of Proposition 5.2 we described a filtration on Wy ., compatible with the PBW
filtration on Vj,_(g). This implies that the map 3(g) — mo(g) is also compatible with
filtrations. According to Section 5.5,

mo(g) = Fun Conn(2™°)p.

The space Conn(Q2~°)p of connections on the ¥ H-bundle Q77 is an affine space over
the vector space “h ® Q = h* ® Q. Therefore we find that

(11.12) grmo(g) = Funh™ @ Q.

We have the Harish-Chandra isomorphism (Fun g*)¢ ~ (Fun h*)"V, where W is the
Weyl group of g, and hence an embedding (Fun g*)¢ — Fun h*. This embedding gives
rise to an embedding

FunC';Q — Funbh* ® Q.
It follows from the proof of Proposition 5.2 that this is precisely the map

gra: gri(@) — grmo(g)
under the identifications (11.11) and (11.12).
Let
Cy = g/G = Spec(Fun g)¢
and
Cg@ =0 (CXX Cg.

Recall the canonical form of the opers described in the isomorphism (10.6). Since Proj
is an affine space modeled on the space of quadratic differentials, we find that OpL(D)
is an affine space modeled on Cyq. Hence Fun Oprg(ID) has a natural filtration, and
we obtain an identification

(11.13) grFun OpLg(D) ~ Fun CLg g

(this identification is explained independently of the canonical form (10.6) in [BD1],
68 3.1.12-3.1.14).

On the other hand, Proposition 10.4 implies that the space Conn(2?)p is isomorphic
to the space of connections Conn(?)p, which is an affine space over the vector space
Lh ® Q. Therefore

(11.14) gr Fun Conn()p ~ Fun“h @ Q.

We have the Harish-Chandra isomorphism (Fung)® ~ (Funh)"V, where W is the
Weyl group of g, and hence an embedding (Fung)® — Funb. This embedding gives
rise to an embedding

FunCyq — Funbh @ Q.

The explicit construction of the Miura transformation Conn(2?)p — Oprs(D) given
in the proof of Proposition 10.4 implies that the map

Fun Oprg(D) — Fun Conn(2°)p
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preserves filtrations. Furthermore, with respect to the identifications (11.13) and
(11.14), its associated graded map is nothing but the homomorphism

FunCrg g — Funh ® Q.

Now recall that our isomorphism 3(g) ~ Fun Op. (D) fits into the commutative dia-
gram (11.10). All maps in this diagram preserve the filtrations, and we have described
above the maps of the associated graded induced by the vertical arrows in (11.10).
Moreover, we have

grmo(g) ~ Funh* ® Q = Funh @ Q ~ gr Conn(Q*)p,
and
gr3(g) ~ FunCJq = Fun Cry o ~ gr Fun Oprg (D),
where we used the canonical isomorphisms
(Fung*)% = (Fun h*)" = (Fun )"V = (Fun Lg)LG.
According to Theorem 11.3, under these identifications the map
grmo(g) — gr Conn(2”)p

induced by the upper vertical arrow in the diagram (11.10) is equal to the the operator
(—1)9°8 which takes the value (—1)" on elements of degree n. Therefore we obtain that
the same is true for the associated graded of our isomorphism

(11.15) 3(g) ~ Fun Op.g(D).
Thus we obtain the following

Theorem 11.4. The isomorphism (11.15) preserves filtrations. The corresponding as-
sociated graded spaces are both isomorphic to Fun Cng. The corresponding isomorphism

of the associated graded spaces is equal to (—1)4°8.

12. THE CENTER OF THE COMPLETED UNIVERSAL ENVELOPING ALGEBRA OF ﬁfic

Let Ug(g) be the quotient of the universal enveloping algebra U(g,) of g. by the
ideal generated by (K — 1). Define its completion U, (g) as follows:

U.(@) = lim Uy(g)/Ux(9) - (g @ tVC[t]]).

It is clear that U, (g) is a topological algebra which acts on all smooth representations
of g, (i.e., such that any vector is annihilated by g ® tC[[t]] for sufficiently large N),
on which K acts as the identity. In this section we describe the center Z(g) of Uy, (g)
and show that it is isomorphic to the topological algebra of functions on the space
OpL (D) of “G-opers on the punctured standard disc D.
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12.1. Enveloping algebra of a vertex algebra. In [FB], § 4.3.1, we attached to
any vertex algebra V' a complete topological associative algebra U(V'). Moreover, the

assignment V' — ﬁ(V) gives rise to a functor from the category of vertex algebras to the
category of complete topological associative algebras. Let us recall this construction.
First we define a Lie algebra

U(V)=(VeC(@)/Im(Tel+1sd).

It is topologically spanned by elements Aj,) = A® ", A € V,n € Z, with the commu-
tation relations

m
(12.1) (A Bl = > <n> (Am) * B)mtk—n)-
n>0
Next, let U(U(V)) the universal enveloping algebra of the Lie algebra U(V'). Define its
completion

UU(V))=lim UU(V))/Iy.

where Iy is the left ideal generated by Ay, A € V,n > N. Then U (V') is by definition

the quotient of U(U(V)) by the two-sided ideal generated by the Fourier coefficients of
the series
Y[A—1)B, z] = :Y[A, 2]Y B, w]:, A, BeV,

where Y[A, 2| = - A[n}z_"_l, and the normal ordering is defined in the same way
as for the vertex operators Y (A4, z).

In the case when V = V,.(g), each A € V,.(g) is a linear combination of monomials in
J% n < 0, applied to the vacuum vector v,. We have a linear map U(V,(g)) — Uy (9)
sending (J5! ... JJpm ) to

Res.—o Y (Jy! ... Jpm vk, 2)2rdz
_ 1 1 .9—ni1—1 ya —nm—1 yam .k
DT Er— b1 Res,—0:0; ™ " J"(2)...0, J(2): 2%dz,
where as before J%(z) = >, ., J&2~"1. By [FB], Prop. 4.2.2, this map is a homomor-
phism of Lie algebras. Hence we obtain a homomorphism Erom the universal enveloping
algebra of U(V,(g)) to the completed enveloping algebra Uy (g) defined above. By coni-
tuity, this map extends to the completion of U(Vi(g)). According to [FB|, Lemma
4.3.2, this map gives rise to an isomorphism

U(Vi(9)) =~ Ux()-

12.2. From j3(g) to the center. Let B € 3(g) C Vi.(g). Then g[t]] - B = 0 and
formula (12.1) for the commutation relations implies that all Fourier coefficients By
of the vertex operator Y (B, z) commute with the entire affine algebra g,,. Thus we
obtain an injective map U(3(g)) — Z(g). Moreover, applying the enveloping algebra

functor U to 3(g) we obtain an injective homomorphism U (3(g)) — Z(g).

The algebra U (3(g)) is a completion of a polynomial algebra. Indeed, recall from
Section 9.4 that

3(9) = C[S@‘(n)]izl,...,&nzm
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where S = T"S;. Let Sjn),n € Z, be the Fourier coefficients of the vertex operator

(2
Y (Si,z), considered as elements of Uy, (g). Then U(3(g)) is the completion of the
polynomial algebra C[Si,[n}]izl,...,é;nez with respect to the topology in which the basis of
open neighborhoods of 0 is formed by the ideals generated by S; ,,7 =1,...,6;n > N,

for N € Z. Thus, the completed polynomial algebra U(3(g)) embeds into the center
Z(g) of Ux.(9).

Proposition 12.1. Z(§) is equal to U(3(3)).

The proof is given in [BD1]|, Theorem 3.7.7. It is based on the description of the
associated graded of Z(g) with respect to the PBW filtration, which is obtained by
an argument similar to the one used in the proof of Proposition 9.3. We obtain then
that the associated graded of Z(g) is equal to the completed polynomial algebra in
Pin,i=1,...,4;n € Z, which are the Fourier coefficients of the series P;(J%(z)) (see
Section 9.2 for the definition of the P;’s). But by construction P;,, is the symbol
of Sj_p—1]. Therefore Z (g) cannot contain anything but elements of the completed
polynomial algebra in the S;,,’s, hence the result.

12.3. Identification of the center with Fun Op.,(D*). Recall the Aut O—equiva-
riant isomorphism of vertex Poisson algebras

(12.2) 3(8)ro = Fun Oprg(D) .y

established in Theorem 11.3. For a vertex Poisson algebra P, the space U(P) (also
denoted by Lie(P)) has a natural Lie algebra structure (see [FB], § 16.1.7), and there-
fore the commutative algebra ﬁ(P) carries a Poisson algebra structure. In particular,
U(3(3)x,) is a Poisson algebra. Under the identification U(3(g)x,) ~ Z(§) the corre-
sponding Poisson structure on Z(g),, may be described as follows. Consider ﬁn(ﬁ)
as the one-parameter family A. of associative algebras depending on the parameter
e = (k — Kc)/ko. Then Z(g) is the center of Ag. Given z,y € Z(g), let 2,y be their
liftings to A.. Then the Poisson bracket {x,y} is defined as the e-linear term in the
commutator [Z,y] considered as a function of e (it is independent of the choice of the
liftings). The fact that this is indeed a Poisson structure was observed by V. Drinfeld
following the work [H] of T. Hayashi. We denote the center Z(g) equipped with this
Poisson structure by Z(g),-

Likewise, the vertex Poisson algebra Fun Oprg(D) ky gives rise to a topological Pois-

son algebra U (Fun Opz (D) xy)- Then the isomorphism (12.2) gives rise to an isomor-
phism of Poisson algebras

Z(§)ro ~ U(Fun Oprg(D) .y ).
Moreover, this isomorphism is Aut O—equivariant.

Lemma 12.2. The algebra (7(Fun OpLG(D)H(\)/) s canonically isomorphic to the topo-

logical algebra Fun Opr(D*) of functions on the space of “G-opers on the punctured
disc D* = Spec C((t)).
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Proof. As explained in Section 11.1, the algebra FunOprg(D) is isomorphic to the
polynomial algebra C[v; n,]i=1... t:n,<—d;, Where v; 5, are the coefficients of the oper con-
nection

4
(12.3) V=0+p1+)> vilt)e,
=1

where vi(t) = >, 4 vt "%~ Then the above construction of the functor U

implies that the algebra U(Opzg (D) xy) is the completion of the polynomial algebra in
the variables v; ,,¢ = 1,...,¢;n € Z, with respect to the topology in which the base
of open neighborhoods of 0 is formed by the ideals generated by v;,,n < N. But this
is precisely the algebra of functions on the space of opers of the form (12.3), where

vilt) = Yonez Vit " H T € C((1)). O

Since Fun Oprg(D),y is a vertex Poisson algebra, we obtain that Fun Oprg(D*) is
a Poisson algebra. We will use the subscript £ to indicate the dependence of this
Poisson structure on the inner product x§ on Lg. We will give another definition of

this Poisson structure in the next section. Thus we obtain the following result which
was originally conjectured by V. Drinfeld.

Theorem 12.3. The center Z(g)y, is isomorphic, as a Poisson algebra, to the Poisson
algebra Fun OpLG(DX)Hg. Moreover, this isomorphism is Aut O—equivariant.

12.4. The Poisson structure on Fun Opg(D*),,. The Poisson algebra of functions
on the space Opg(ID*) of opers on the punctured disc D* may be obtained by hamil-
tonian reduction called the Drinfeld-Sokolov reduction [DS].

We start with the Poisson manifold Conng of connections on the trivial G-bundle
on D*| i.e., operators of the form V = 0; + A(t), where A(t) € g((¢)). The Poisson
structure on this manifold comes from its identification with a hyperplane in the dual
space to the affine Kac-Moody algebra g,,. Indeed, the topological dual space to gy,
may be identified with the space of all A-connections on the trivial bundle on D*, see
[FB], § 16.4. Namely, we split g,,, = g((t)) ®CK as a vector space. Then a A-connection
O + A(t) gives rise to a linear functional on g,, which takes value

Ab+ Resvg(A(t), B(t))dt

on (B(t) + bK) € g((t)) ® CK = g,,- Note that under this identification the action
of Aut O by changes of coordinates and the coadjoint (resp., gauge) action of G((t))
on the space of A—connections (resp., the dual space to g,,) agree. The space Conng
is now identified with the hyperplane in ﬁjo which consists of those functionals which
take value 1 on the central element K.

The dual space ﬁ’;o carries a canonical Poisson structure called the Kirillov—Kostant
structure (see, e.g., [FB], § 16.4.1 for more details). Because K is a central element,
this Poisson structure restricts to the hyperplane which we have identified with Conng.
Therefore we obtain a Poisson structure on the Connyg.

The group N((t)) acts on Conng by gauge transformations. This action corresponds
to the coadjoint action of N((t)) on g} and is hamiltonian, the moment map being
the surjection m : Conng — n((¢))* dual to the embedding n((t)) — g, We pick a
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one—point coadjoint N ((¢))—orbit in n((¢))* represented by the linear functional ¢) which
is equal to the composition n((¢)) — n/[n,n]((¢)) = @le 9o, ((t)) and the functional

1
(@i(t)i=1 — > _ Res;(t)dt.
=1

One shows in the same way as in the proof of Lemma 10.2 that the action of N((¢)) on
m~1(y) is free. Moreover, the quotient m~'(¢)/N((t)), which is the Poisson reduced
manifold, is canonically identified with the space of G-opers on D*. Therefore we
obtain a Poisson structure on the topological algebra of functions Fun Opg(D*). On
the other hand we have defined a Poisson algebra structure on Fun Opg(D*),, using
its identification with U(Fun Opg(D),,), the isomorphism Fun Opg (D)., ~ W, (g)u,
obtained in Theorem 11.2, and the vertex Poisson algebra structure on W, (g).

Lemma 12.4. The two Poisson structures coincide.

Proof. In [FBJ, §§ 15.4 and 16.8, we defined a complex C3 (g) and showed that its Oth
cohomology is a vertex Poisson algebra canonically isomorphic to W, (g) (and all other
cohomologies vanish). It is clear from the construction that if we apply the functor U
to the complex C3 (g) we obtain the BRST complex of the Drinfeld-Sokolov reduction
described above. Since the functor U is left exact, we obtain that the Oth cohomology
of U(C%.(g)), i.c., the Poisson algebra Fun Opg(D*),, is isomorphic to the Poisson

algebra U(W,,(g)) which is what we needed to prove. O

12.5. The Miura transformation as the Harish-Chandra homomorphism. The
Harish-Chandra homomorphism is the homomorphism from the center Z(g) of U(g),
where g is a simple Lie algebra to the algebra Fun h* of polynomials on h*. It identifies
Z(g) with the algebra (Funb*)" of W-invariant polynomials on h*. To construct this
homomorphism, one needs to assign a central character to each A € h*. This central
character is just the character of the center on the Verma module M)_,.

In the affine case, we construct a similar homomorphism from the center Z(g) of
(7,.% (g) to the topological algebra Fun Conn(Q2~")px of functions on the space of connec-
tions on the “ H-bundle Q~” on D*. According Proposition 5.5, points of Conn(Q~)px
parameterize Wakimoto modules of critical level. Thus, for each x € Conn(27?)px we
have the Wakimoto module W, of critical level. The following theorem describes the
affine analogue of the Harish-Chandra homomorphism.

Note that Fun Conn(27”)px is the completion of the polynomial algebra in b; i =
1,...,¢;n € Z, with respect to the topology in which the base of open neighborhoods
of 0 is formed by the ideals generated by b; ,,n < N. In the same way as in the proof of
Lemma 12.2 we show that it is isomorphic to U(Fun Conn(Q2~°)p). We also define the
topological algebra Fun Conn(Q°)p« as U(Fun Conn(92?)p). It is the completion of the
polynomial algebra in u;,,7 = 1,...,¢;n € Z, with respect to the topology in which
the base of open neighborhoods of 0 is formed by the ideals generated by w;,,n < N.
The isomorphism of Proposition 10.4 gives rise to an isomorphism of the topological
algebras

Fun Conn(Q2?)px — Fun Conn(Q”)px,
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under which b;,, — —u; 5.

Theorem 12.5. The center Z(g) acts by a central character on each Wakimoto module
Wy. The corresponding homomorphism of algebras Z(g) — Fun Conn(Q~)px fits into
a commutative diagram

Fun Conn(Q")px —— Fun Conn(2”)px

(12.4) T T

Z(g) —— FunOprg(D*)

where the upper arrow is given on the generators by the assignment b; , — —u; p.

Proof. The action of U(V,_(g)), and hence of Uy, (g), on W, is obtained through the
homomorphism of vertex algebra Vi, (g) — My ® mo(g). In particular, the action of
Z(g) on W, is obtained through the homomorphism of commutative vertex algebras
3(g) — mo(g). But mo(g) = Fun Conn(Q?)p. Therefore the statement of the theorem
follows from Theorem 11.3 by applying the functor of enveloping algebras V — U(V)
introduced in Section 12.1. O

Thus, we see that the affine analogue of the Harish-Chandra homomorphism is noth-
ing but the Miura transformation for the Langlands dual group. In particular, its image
(which in the finite-dimensional case consists of all W—invariant polynomials) is equal
to the intersection of the kernels of the screening operators.

12.6. Compatibility with the finite-dimensional Harish-Chandra homomor-
phism. In this section we describe a certain compatibility between the Miura trans-
formation and the Harish-Chandra homomorphism. In particular, we will establish
Proposition 12.7 which is used in [BD1].

We have a natural Z-gradation on Z(g) by the operator Ly = —td; € Der O. Let us
denote by the upper script 0 the degree 0 part and by the upper script < 0 be the span
of all elements of negative degrees in any Z-graded object. Consider the Wakimoto
modules Wy, where

)\_
x=8t+7p, Aeb.

These Wakimoto modules are Z—graded, with the degree 0 part W;() being the subspace
Clay, 010)]aca, € Mg C Wy. The Lie algebra g preserves this subspace, and it follows
immediately from our construction of Wakimoto modules that as a g—module, WQ is
isomorphic to the contragredient Verma module My _ . The algebra

7'=2©)°/(Z@) Z@=")"
naturally acts on W)? and commutes with g. Therefore varying A € h* we obtain a
homomorphism

(12.5) 7' — (Funh*)",
which factors through the Harish-Chandra homomorphism Z(g) — (Funh*)".
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On the other hand, let Oprg(ID*)<; be the variety of opers with regular singularity,
whose points are B([[t]]-gauge equivalence classes of operators of the form

(12.6) Ot (D), V(D) € Lol

(see [BD1], § 3.8.8). According to [BD1], Prop. 3.8.9, the natural map Oprg(D*)<; —

Oprg(D*), assigning to a B][t]|-equivalence class the corresponding B((t))—equivalence

class, is injective. We will therefore view Opr(ID*)<; as a subvariety of Opzg (D).
Likewise we introduce the subvariety Conn(€2”)px <; of connections with regular

singularity on the “H-bundle Q? on D*, whose points are operators of the form
1
(12.7) O+ S(ptult),  ut)e En[le)).
The Miura transformation then restricts to a morphism
CODH(Qp)Dx,Sl — OpLg(]DX)Sl

sending a connection V of the form (12.7) to an oper on D* with the connection
operator V=V +p_;.

We have a Z-gradation on both FunOpr,(D*) and Fun Conn(Q”)px induced by
the operator Lo = —t0; € Der O. This gradation descends to Fun Conn(£2”)px <1 and
Fun Conn(Q”)px <; where it takes only non-negative values.

Define residue maps

Res : Opra(D™)<; — Spec (Fun Lg)LG,
Res : Conn(Q)px <1) — Spec p,
sending an oper (12.6) (considered as a B([[t]]-equivalence class) to p_1 + v(0) (resp., a
Miura oper (12.7) to p + u(0)). They give rise to homomorphisms
(Fun Lg)LG — (Fun Oprg(D*)<1)°,
Fun ) — (Fun Conn(Q°)px <1)°.

Lemma 12.6. These homomorphisms are isomorphisms and they fit into the commu-
tative diagram

(Fun’h) —=— (FunConn(Q°)px <;)°

| I

(Fun’g)"¢ —=— (FunOpeg(D*)<1)°
where the left vertical arrow is the Harish-Chandra homomorphism.

Proof. Note that
1 _1 p—1 1
O +p-1+ E(P +u(t)) = p(t) O+ -t ;u(t) p(t).
But the image of p_1 +u(0) in L'g/*G is the same as the image of u(0) € f in £H/W.

This implies that the above diagram is commutative. It is clear from the definition that
the upper horizontal arrow is an isomorphism. To see that the lower horizontal arrow
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is an isomorphism we pass to the associated graded spaces where it becomes obvious
(see Section 9.3). O

Since the ideal of OpLs(D*)<; in Fun Oprg(D*) is equal to Fun OpLe(D*)<0 we
obtain that the isomorphism of Theorem 12.3 gives rise to an isomorphism of algebras

(12.8) 7' ~ (Fun Oprg(D*)<1)°.

Then Lemma 12.6 implies that the map (12.5) is an isomorphism. Recall that “h = b*
and that in the isomorphism of Theorem 12.5 we have b;, + —u;,. This implies the
following

Proposition 12.7. There is a commutative diagram of isomorphisms

~

A E— (FunOpLG(]D)X)Sl)O

! I

~

(Funp*)"V' —— (Fun h*)
where the lower horizontal arrow is given by f— f=, f~(A) = f(=)).
Note that this is the statement of Theorem 3.8.17 of [BD1].
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