SPACES THAT WON’T SAY NO

R. F. Williams

Dedicated to Ricardo Manẽ

Abstract. A class of spaces K and their natural maps f : K → K0 were introduced in [W4] which satisfies the defining property that f� : Hn(K) → Hn(K0) is always a “positive matrix.” Here n is the dimension of both K and K0; we follow the usage in symbolic dynamics and say that a matrix is positive provided all its entries are ≥ 0. The purpose of this paper is to show how a natural construction, related to the “DA” maps of Smale [W2] often leads to SOB’s, and in particular shows that they exist in all dimensions. Here we present the easier conceptual parts of this theory and elicit a geometric property, which when it holds, leads to quite satisfactory proofs.

1. Definitions

This class is determined by the following properties. First of all, K is a branched manifolds of dimension n, say, and is oriented. Secondly, H_n(K) (with integral coefficients) is free abelian of rank k say, and generators g_1, g_2, ..., g_k are chosen for H_n(K). Lastly, the homomorphism f_∗ : H_n(K) → H_n(K^′) induced by any orientation preserving immersion f : K → K^′ is a positive k^′ × k matrix, relative to the generators chosen for K and K^′. Thus, in addition to being an oriented, branched, n-manifold, K is sensed by a choice of generators for its top dimensional homology group. Sensed, oriented, branched manifolds are called SOB’s for short.

Complete definitions and basic properties of branched manifolds can be found in [W4]; for completeness, we include enough about branched manifolds for most readers. Local charts in dimensions 1 and 2 are (open subsets of) the spaces indicated in figure 1.

1991 Mathematics Subject Classification. 57.

Supported in part by a grant from the National Science Foundation.

We wish to thank the Aspen Center for Physics and the Mathematics Department of Montana State University for their hospitality.

Typeset by AMS-TEX

Local projections are given as an integral part of the structure of a branched manifold. In detail, each point has a neighborhood U which is the union of finitely many, say m, (smooth) disks D_i, provided with a projection map π : U → V, V open

in R^n, where π|Di is a diffeomorphism for each i. This neighborhood is normally

branched (see [W4] and compare [C]) provided k ≤ n + 1, the disks D_i = (i, R^n), say i = 1, ..k, and (i, x) ≡ (i + 1, x), for all x ∈ R^n with x_i ≤ 0, i = 1, 2, ..n. This has further consequences: for example, (1, x) ≡ (2, x) ≡ (3, x), if both x_1, x_2 ≤ 0. Branch manifolds arize as quotients of foliations, as in figure 2.

These quotients are as smooth as the foliation one starts with. In this paper they will be quite smooth (analytic) though we will have use only for their C^1 structure. Tangent bundles T K are defined in the usual way and may or may not be orientable. Smooth maps f : K → K^′ induce maps df : T K → T K^′ of tangent bundles, and as usual, we say f is an immersion provided df is an isomorphism at each point. Branched manifolds have been used to study hyperbolic attractors, [W1,W3,W4,C], Anosov diffeomorphisms [W2], pseudo-Anosov diffeomorphisms [T,F-L-P], flows and knots in 3-dimensions, [B-W1,B-W2,F,F-W,G,G- H,H,H-W,S1,S2,W8,W9], and to some extent [W5], symbolic dynamics. The reader is warned that immersions need not be locally 1-to-1; in particular, the projection maps π : U → R^n are immersions. They are locally 1-to-1 on the smooth disks D_i which make up a chart.

2. Basic Examples Let n be an integer ≥ 3 and let P and N be positive vectors in R^n. That is each coordinate of P, N is positive. Let Π = N^⊥, the plane through the origin, O, perpendictular to N, and let Q be an open, round disk in R^n, of radius r centered at O. Let L be the family of all lines parallel to the vector P . In the quotient space,

T^n = R^n/Z^n, let Qt and Lt be the images of Q and L respectively. Then T^n − Qt

is foliated by the set C_t of all the connected components C of L ∩ (T^n − Q_t), all L ∈ L_t. Assumption. We assume that the elements of C_t are all line intervals. This is always true if the vector P is irrational; the exceptional case we need to rule out occurs when some of the elements of C are simple closed curves, which happens if the disk Q is small and the vector P is rational. Finally, let K = (T^n − Q_t)/C_t be the quotient space in which all the intervals of C_t are collapsed to points, and let q : T^n − Q_t → K be the quotient map. Then K has the homotopy type of the (n − 1)-skeleton of T^n, (which consists of n, (n − 1)-dimensional tori.) Furthermore, K is an orientible, (n−1)-dimensional branched manifold. This follows from general results in [W4], or can easily be seen directly. And except for isolated values of the radius of the cell Q, K is normally branched. We prove this below as part of our analysis of the geometric, algebraic, and homological structure of K.

Conjecture. For many choices of the disk Q, K = (T^n − Q_t)/C_t is an SOB. Meanwhile this is known to be true in some special cases:

Proposition 1. If N is close enough to P, then for Q a round ball of radius^1_2 , the quotient space K is an SOB.

Proof. For then, the projection ρ : R^n → Π along P sends each of the standard basis vectors e_i to points within 1 unit of the origin. The projection q is a homotopy equivalence, and the (n − 1)-dimensional tori T_1, ..., T_n, dual to the standard basis e_1, ..., e_n, map down to generators g_1, ..., g_n of H_{n−1}(K). Furthermore, the lines L parallel to the vector P are all outwardly transverse to each of the tori T_i, so that the immersion q|T_i : T_i → K sends T_i in an orientation preserving manner. Thus the cycle g_i is a chain in the (n − 1)-dimensional cells E_j of K, with all positive coefficients; that is, with orientations agreeing with the chosen orientation of K. As in [W6], one computes that

g_i = X i I(z_i, T_i)E(z_i).

(We discuss this more fully below.) Thus

g_i = E(z_i) + X j>n p_{ij} E(z_i),

and the theory of [W6] finishes the argument.

Proposition 2. For n = 3, any two positive vectors N, P , and the disk Q = Π ∩ [−^1_2 ,^1_2 ]^3, K is an SOB.

This is proved in a lengthy preprint [W9]; the paper [W6] explains this argument and contains all details of [W9] except for the rather tedious estimates.

3. Geometry of (T^n − Q_t)/C_t We begin with some notation largely in the universal cover τ : R^n → T^n. Recall Q ⊂ Π ⊂ R^n is an open (n − 1)-dimensional disk containing the origin. For each

z ∈ Z^n, let Q(z) = Q + z, be the translation of Q by z. Let

C = τ^{−1}(C_t) = {C : C is a component of L ∩ R^n − ∪_zQ(z)} .

Similarly, define L = τ^{−1}(L_t). Next let C_0 = {C ∈ C: C has its lower end point in Q(O). We can now define the (n − 1)-cells in our complex K : E(z) = {x ∈ Q(O) : C = (x, y) ∈ C , x ∈ Q(O) , y ∈ Q(z), z ∈ Z^n}. We introduce also the weight w(E(z)) = length(C). This is independent of the choice of the point x ∈ E(z).

Note that under our assumption, there are only finitely many cells, E(z), because each of the lines L is topologically dense: let F = {z ∈ Z^n : E(z) is nonempty}. We define the (n − 2) cells as α = E(z) ∩ E(z^′), for all z, z^′ such that this intersection is (n − 2) dimensional. We may and do assume that the weights satisfy w(E(z)) < w(E(z^′)). This implies, (see figure 3) that α ⊂ ρ(∂Q(z), as the line intervals C with lower end point on E(z) near α are shorter than those with lower end point on E(z^′). We orient the outer boundary of Q(O) as usual by the outward normal, and note, below, that this induces an orientation on the (n − 2) cells.

We introduce a relation among our cells E(z) where E(z_1) < E(z_2) provided a) ∂E(z_1) ∩ ∂E(z_2) is (n − 2) dimensional (and thus an (n − 2) cell common to their boundaries);

b) their weights satisfy w(E(z_1)) < w(E(z_2)).

Proposition 3: Stucture Proposition. The quotient space K is realized as the closure of Q(O) with identifications along the (n−2) cells as follows: for each z ∈ F and each x ∈ ∂E(z), x is identified with x − ρ(z).

Proof. First of all, C_0 covers a fundamental region of T^n − Q_t, since each C ∈ C has its lower endpoint on some Q(z). Secondly, ∂E(z) is (n − 2) dimensional since P is transverse to the cells Q(z), and thus ρ|Q(z) : Q(z) → Π is a diffeomorphism. For a point x /∈ ∪_F ∂E(z), the interval C_x with x as lower end point is the only interval of C_0 containing an integral translate of x. Finally the intervals C_x for x ∈ α = E(z) ∩ E(z^′), are duplicated in the closure Q̄(0) by the point T_z(x), where T_z : E(z) → R^n is defined by x → x − ρ(z). Note that, as T_z preserves orientation, this orients our (n − 2) cells. Also that T_z : α → ∂Q(O); this follows as for x ∈ ∂E(z), there exists y ∈ ∂Q(z) with ρ(y) = x. Thus x − ρ(z) = ρ(y) − ρ(z) = ρ(y −z), which is a vector in Π of norm r. This completes the proof of our structure proposition.

We single out some special (n − 1) cells E(z) as follows: a cell E(z) is lenticular, provided E(z) = ρ(Q(z)) ∩ Q(0), or equivalently, provided its boundary ∂E(z) is a subset of ρ(∂Q(z) ∪ ∂Q(0). See figure 3.

In addition, for each lenticular cell E(z), let E^∗(z) be the cochain dual to E(z), that is the cochain which has the value 1 on E(z) and zero on all other cells.

Main theorem.

a. There are at least n lenticular cells;

b. {q^∗(E^∗(z)) : E(z) is lenticular} generates H^{n−1}(T^n); c. if there are n and only n lenticular cells, then K is an SOB; b^′ if (c) holds then the map z → E(z) is an isomorphism H_1(T^n) → H^{n−1}(K) and is in fact, (τ^∗)^{−1} ∘ P, where P is Poincaré duality.

Our proof begins with the following, central Lemma.

Lemma. For E(z_1) < E(z_2), there is a z^′ ∈ F with E(z^′) < E(z_2) and z_2 = z_1+z^′. In addition, there is an (n − 2) cell α with δα = E(z_1) + E(z^′) − E(z_2), where δ is the coboundary operator.

Proof. This is very geometric: see figure 4, drawn for n = 3.

Note that directly above an interval C_x, with x ∈ E(z_1) near y ∈ α = ∂E(z_1) ∩ ∂E(z_2), there is an interval C^′ ∈ C (though not in C_0) with C^′ cut off by Q(z_1) and Q(z_2). Thus length(C_x) + length(C^′) = length(C_y). Also, the translation by −z_1 moves C^′ to C^{′′}, say, and C^{′′} ∈ C_0, as its base is in Q(O). As C^{′′} was chosen to be near α but in the interior of Q(z_1), it follows that the bottom point of C^{′′} is in a unique cell, say E(z^′); this shows that z_2 − z_1 = z^′. Finally, the translation α − z_1 ⊂ ∂Q(O), so that in K, it is identified with α. Thus the coboundary δα = E(z_1) + E(z^′) − E(z_2). This completes the proof of the Lemma. Proof of the Main Theorem. First, by repeated application of our Lemma we may write, for any z ∈ F ,

E(z) = kX_{i=1 piE(zi) , z =} X_{i pizi, pi ≥ 0} where the E(z_i) are of minimal weight and thus lenticular. It follows that the cohomology classes of the lenticular cells, E^∗(z), generate H^{n−1}(K). As H^{n−1}(K) ≈ H^{n−1}(T^n), is n-dimensional, we see that there are at least n lenticular cells. If there are only n of these, then the set {E^∗(z)}, E(z) lenticular, forms a basis of H^{n−1}(K). We now specialize to this case, and number the z ∈ F so that E(z_1), ..., E(z_n) are lenticular, and E(z_j ), j > n are the remaining cells. Then for j > n,

E^∗(z_j ) = nX_{i=1 aij E∗(zi) , zj =} nX_{i=1 aij zj , aij ≥ 0 .} These coefficients are unique, of course. Let Z_1, ...Z_n be n − 1 chains “vector space dual” to the E^∗(Z_i). That is

Z_i = E(z_i) + X j>n b_{ij} E(z_j ) ,

so that E^∗(z_i) evaluated on Z_j , E^∗(z_i)·Z_j = δ_{ij} . We can compute b_{ij} by evaluation,

b_{ij} = E^∗(z_i) · E(z_j ) = E^∗(z_i) · a_{ij} E(z_j ) = a_{ij} ,

which we know is positive. Then Z_1, ...Z_n forms a basis for H_{n−1}(K), as there is no torsion.

One can describe specific n − 1 chains Y_i = q^{−1}_∗ (Z_i), whose classes form a basis of H_{n−1}(K), as the situation is so simple; however, we know they exist, as q is a homotopy equivalence. To compute the coefficients a_{ij} , consider an interval C = (x, y) which has its end points on Q(O) and Q(z_j ) respectively. Then C together with short arcs joining x to O and y to z_j defines a 1-cycle, w_i, homologous to z_j , considered as a 1-cycle on T^n. Then the intersections of Y_i and w_j occur only along the arc C and thus I(z_i, Y_j ) is the multiplicity of the map q at x. It follows that I(z_i, Y_j ) is the coefficient in the sum,

q_∗Y_i = Z_i = X i I(z_i, Y_j )E(z_j ) .

In particular, I(z_i, Y_j ) = δ_{ij} , so that z_1, ..., z_n are the Poincaré duals of Y_1, ..., Y_n. Therefore F_l = {z_1, ..., z_n} forms a basis of H_1(T^n), when the z_i are considered as 1 dimensional cycles, and in turn, a basis of Z^n, when they are considered as elements of R^n.

It remains only to verify that K is an SOB. This follows quickly from the equation

Z_i = E(z_i) + X j>n a_{ij} E(z_j ) , a_{ij} > 0 ,

as shown in [W6]. The crucial fact is that E(z_i), i = 1, ...n, occurs in the cycle Z_j , only for i = j. (these cells are unshared. We repeat this short argument: now let K^′ be another member of this class with notation as above, decorated with “primes,” and let f : K → K^′ be an orientation preserving immersion. Then the induced map on the chain level sends each n − 1-cell into K^′, preserving orientation, so that

f_∗(Z_i) =

m^0X

j=1 p^′_{i,j} E^′(z_j ) , i = 1, ...k, p^′_{i,j} ≥ 0 ,

= k^0X

j=1 A_{i,j} Z^′_j ,

= k^0X

j=1 A_{i,j} E^′(z_j ) +

m^0X

j=k^0+1 B_{i,j} E^′(z_j ) ,

for some B_{i,j} , where the last equation uses the fact that the first k^′, n − 1-cells of K^′ are “unshared.” The second equality uses the fact that there are no boundaries, as we are in the top dimension. Comparing the first and third equation, we see that A_{i,j} = p^′_{i,j} and thus A_{i,j} ≥ 0, i = 1, ..., k; j = 1, ..., k^′.

Remark. There are examples, with n = 3, for which there are more than 3 lenticular cells. In every case known to the author, one can, by varying the radius of Q, obtain the appropriate number, that is 3. Finally, in these “excess” cases, we believe that the set F_l = {z : E(z)is lenticular} generates Z^n.

Proposition. The branched manifold is normally branched except for bifurcation values of the radius r. For a range of r of the form [a, b], a > 0, there are only finitely many bifurcation points.

Proof. First of all, note that it suffices to prove this for an open interval J. Note that the set F = F_r ⊂ Z^n is finite for each r > 0. By a covering argument, G = ∪_{r∈J} F_r is likewise finite. Now let G^′ = {ρ(z) : r ∈ J, and z ∈ F_r }. Each subset g ⊂ G^′ of n distinct elements, determines a unique n − 1 dimensional sphere, of radius, say, r(g). The set of all these, B = {r(g) : g ⊂ G^′ a subset of n elements} is finite. But then B contains all the bifurcation points in J. To see this, note that at most n − 1 of the n − 2 dimensional spheres ∂Q(z), z ∈ F_r, could contain a point in common. For otherwise, their centers would be such a set g ⊂ G^′ considered above, and their common point, the center of the n−2 sphere determined by g. This would contradict the definition of B. That is, for r ∈ J − B, the cells Q(z), z ∈ F_r, are in general position. It follows that K is normally branched, as this property is stable and generic, as proved in [W4].

We also include a direct proof of this last. Let y be a point of K which we assume to be a branch point, and say there are k values of z ∈ F with y ∈ ∂E(z). By the above, k ≤ n − 1. We order the k z’s by weight, z_1, ..., z_k and add z_0 = O. Enlarge Q(z_i) to Q^+(z_i), with a slightly larger radius. Let y_0 = y and set

y_i = (ρ|Q^+(z_i))^{−1}(y_0) , i = 1, ...k .

Choose a neighborhood U_0 of y_0 in Q(O), and let U_i = (ρ|Q^+(z_i))^{−1}(y_0). If our enlargement is sufficiently small, the U_i are diffeomorphic to U_0 via ρ, and thus copies of R^{n−1}. Then the map ρ : ∪U_i → U_0 serves as the map π in our definition of normally branched, after the appropriate identifications are made. These identifications are as follows. Let v_i be the inward normal to ∂Q(z_i) near y_i. Set

f_{ji} = (ρ|Q^+(z_i))^{−1} ∘ ρ|Q^+(z_j ) , df_{ji}(v_i) = v_{ij} .

Then {v_{ji}}^n_{j=1} leads to a coordinate system {x_{ji}} for U_j . Then the part of U_{j+1}

which is not in Q(z_{j+1}) satisfies the equation x_{j+1,j} ≤ 0. This is exactly the portion

of U_{j+1} that needs to be identified with U_j . Thus with these identifications, we see

that U is normally branched. This completes the proof of our proposition.

References

[B-W1] Birman, J. and Williams, R.F., Knotted periodic orbits in dynamical systems I: Lorenz’s equations, Topology 22 (1983), no. (1), 47–82.

[B-W2] Birman, J. and Williams, R.F., Knotted periodic orbits in dynamical systems, II: Knot holders for fibered knots, Contemporary Mathematics 20 (1983), 1–60.

[C] Christy, J., Branched Surfaces and Attractors I: Dynamic Branched Surfaces, Transactions of the American Mathematical Society 336 (1993), 759–784.

[F] Franks, J., Knots, links, and symbolic dynamics, Annals of Math. 113 (1981), 529–552. [F-W] Franks, J. and Williams, R.F., Entropy and knots, Transactions American Mathematical Society 291 (1985), no. (1), 241–253.

[F-L-P] Fathi, A., Laudenbach, F. and Poenaru, V., Travaux de Thurston sur les surfaces, Asterisque (1979).

[G] Ghrist, R., Branched manifolds supporting all links, Preprint, Princeton. [G-H] Ghrist, R. and Holmes, P., Bifurcations and periodic orbits of vector Fields, NATO ASI series C, vol. 408, Kluwer Academic Press, 1993, pp. 185–239.

[H] Holmes, P., Bifurcation sequences in the horseshoe map: infinitely many routes to chaos, Physics Letters A 104 (1984), 299–302.

[H-W] Holmes, P. and Williams, R.F., Knotted periodic orbits in suspensions of Smale’s horseshoe: torus knots and bifurcation sequences, Archive for Rational Mechanics and Analysis 90 (1985), no. (2), 115–193.

[S1] Sullivan, M.C., Prime decomposition of knots in Lorenz-like templates, J. Knot Theory and Its Ramifications 2 (1993), no. (4), 453–462.

[S2] Sullivan, M.C., The prime decomposition of knotted periodic orbits in dynamical systems, J. Knot Theory and Its Ramifications 3 (1994), no. (1), 83–120.

[W1] Williams, R., One dimensional non wandering sets, Topology 6 (1967), 473–487. [W2] , The DA maps of Smale and structural stability, Global Analysis, Proceedings of Symposia on Pure and Applied Mathematics, vol. 14, 1970, pp. 329–334.

[W3] , Expanding attractors, Colloque de Topologie Differentielle, Mont-Aiguall 1969, Universite de Montpellier, 1969, pp. 79–89.

[W4] , Expanding attractors, Publicationes des Institute des Hautes Etudes Scientifique 43 (1974), 169–203.

[W5] , Classification of subshifts of finite type, Annals of Mathematics 68 (1973), 12– 153; Errata 99 (1974), 380–381.

[W6] , Pisot-Vijayarghavan numbers and positive matrices, Proceedings of the 1994 Tokyo Conference on Chaos and dynamical systems (to appear).

[W7] , The structure of Lorenz attractors, Publications Mathematique I.H.E.S. 50 (1979), 321–342.

[W8] , Lorenz knots are prime, Ergodic theory and dynamical systems 4 (1983), 147– 163.

[W9] , Pisot-Vijayarghavan numbers and positive matrices, Preprint, University of Texas at Austin.

[W10] , The Lorenz attractor, Turbulence Seminar, Springer Lecture Notes, vol. 615, 1977, pp. 94–112.