
 
 

The Matrix Exponential
and the relationship between

Lie groups s Lie Algebras
Introduction History

Sophus Lie lived from 1842 1899 and

considered the birth date of what we

now call today Lie group as the winter

of 1873

Lie's id ee fixe was to develope a theory
Of Symmetries of Diffegs that would
be analogous to Galois theory

His idea was to construct a theory
of Continuous groups that would Complement
the theory of discrete groups



 

Though lie theory would never unify
ODE's and continuous groups Lie is recognized

as the creator of Lie theory which has been

a fruitful field of study since its creation

DEF A Lie group is a differentiable
manifold G which is also a group and
such that the group product Rm

Group objects in the
G XG 3 G category of smooth

manifolds
and the inverse map g 79 is differentiable

DEF A matrix lie group is any subgroup
H of Glen a S t if An is a sequence of
Matricies in H and An converges to some matrix
A the A is back in H or not invertible

FACT Every matrix Lie group is a Lie group

Note To prove this you can show that a closed

subgroup of a lie group is a lie group



 

say aloud

Prof Let G s it be lie groups and

a group homorphism from G to H Then
if 0 Continuous it is also smooth

RinkEverymatrixliegroupisasmmanifold As a matrix lie group
is automatically locally path connected
It follows that a matrix lie group is
path connected a it is connected

The Matrix Exponential
The em plays a critical role in

the theory of Lie groups
The exponential enters into the def to the

Lie algebra of a matrix lie group

and is the passing mechanism for

Passing info between groups 7 Alas



 

DEF Let X be an Mnc
The exponential of X is defined

by the power series

ex É
Convention X Y are the varible in the

Matrix exponential

Recall yall sup
11
11

for x EG

I I All is the smallest X Ed

S.tlAx11EXI1x11VxE En

All n xn matricies have finite norm ABI El AlltB

11A Bil Ell A 11 111311 I Am A 11Am All O
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Similarly Am is Cauchy if 11Am An ll o

as min x every Cauchy sea Conv and

if É 11Am Ilc x Abs Conv

Prod For any nxn IR or a matrix X
if the series et converges then matrix exponential
ex is a continuous function of X

Proof lix'll Elixir 11mill I 14
e co Thus the series abs Conv

Continuity note since Xm is a cont funct of

X the partial sums of ex are cont

Note ex converges on 11 1121 7 Sum is cont

Prop
I Pe is invertible d ex

eldtBlX_edX PXya.BE
if XY Y X EXTY ext ett



 

if C invertible exo Cet c
He'll E e

In general it is not true that ext Y exe't

and the lie product Formula is as follows

ext king e'late
k

In the other direction if X Y Y are sufficiently
Small matrices we have

ex et et where

2 X Y T CX Y Cx Cx Y ICY Cx 0 t

THM det ex etrace
x

ProPI Let X be an nxn Complex matrix and

view the space of all nxn complex matrices as Gn

Then et is a smooth curve in G and

et X X et etXX
in particular file et X
Proof Differentiate the power series for et term by
term is this valid don't worry about it Hall

tip et ij is a convergentpower series which is known to



 
Deldifferentiable

May skip for more interesting results
Computing the Matrix exponential

Case 1 X is diagonalizable This that

F an invertible a matrix C S.t X CDC

where
D
jazz

we know ed ft g so by prop

ex CDC

Thus if you can diagonalize X you can

explicitly compute é

x e vectors i i
e valves ia s ia

Thus C ti maps basis vectors

b 9 to e vectors of X

C XC D X CDE

hence ex Ega asian sin

sin Costa



 
if X E GLzLIR then EE GLEIR

case 2 X is nilpotent X O for some men

everything terminates after m term so it's super
nice

x

1 t
3 0

et tats

tag6 1

Case 3 X arbitrary

if X neither diagonalizable nor nil potent
X can be written in the form St N by
the Jordan canonical form N nil S diag and

SINS ex est Neese
B



 

The matrix Logarithm

This should be the inverse function to ex
We look to the Q log for guidance we

Cannot define a Log X for all M or M det m 0

We will define Log X in a nbnd of the I

Recall log Z I c ight aft
is defined and analytic in a circle of radius I about

2 1 e 092 Z F Z with IZ 1121

V u with lull log 2 le 1121 and loge y

TAM The function log A E C it CALI
is defined and continuous on the set of all hen

nxn G M A with 11A Ill I and log A is IR

if A is IR

H A with 11A Ill I e's A A

V X with 11 1121092 Ile ill al and log et X

Proof log A converges w given condition Continuity

is the same as ex so show e'ost A case wise



 
is the same as e so show e A C

when A is diag and when it is
not if not use JCF to make

Am 7A where Am diag

Prop F a constant C S.t K nxn matrices
C with 11 Bil c 2

I log I B BIL I CI B 12
Proof

log ITB B É c it BI B2Egli
so that

11 log ITB BYE 1113112 E
112

FACT Let X be nxn complex matrix and let Cm

be a sequence of matricies sit 11Cmll I ktnt
Then

mtg It an ex

Def A function A IRS Gln a is called
a one parameter group if

1 A is continuous
2 A o I

3 A tts ACHA S K EE IR

TAM If A is a one parameter group in Glen f
then F Chin a m x sit Act ett
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Let G be a matrix lie group Then the
Lie algebra of G denoted f is the set of
all matricies sit et is in G for all tell

DEF if G is a matrix Lie group with lie alg 9
then the exponential mapping for G is the map

exp g G

Show Lie algebras
SU z I 5013

Pass from S I 5012


