
 

lieAlgebras
Goals
1 Define viealgebra yealgebra homomorphisms
2 pull together alot of conceptswe have been hinting

at

forthepast few weeks
3 compute lie algebras for some lie groups

efn A liealgebra g is
avectorspace oversomefield IF with a

Thang Fiona g xg g thatsatisfies

1 Bilinearity Cax by Z aex Z bCy Z

2 Alemativity xx 0 K Xtg
3 Jacobi identity

X Cy737t CZ TX477 t EY CZ XT O

Implies X y Cy x

eth A viealgebrahomomorphism y g h is a linearmap
T.tt

y Cux2 6141

Examplet
1 Anyvectorspace endowedw theidentically zero viebracket

2 GlW End V M x y XY TX



T
linearendomorphismsofv

If V is finitedome gecu gl n MbracketCXMF XT TX

3 Al n IF XEGlen IF TRX 03

4 Win skew self adjoint matrices X x

6 To n real skew symmetricmatrices X E X

ewillcomebacktosomeoftheselater inthe talk

someMotivation for learningaboutviealgebras

IAlludedto but worthsayingagain a lie algebra is from
itsdefinition just a flat algebraicobject But inmanycases encoded in this algebraic structure is thegeometryofthe lie group
j one connectionbeing thereis averycloserelationship between
epresentations of a lie group repn's of itscorresponding
lie algebra

II what we have done upto this point

seen the tangentspaceat theidentityof a liegrouphas a
liebracket

seentheexponentialmapwhichhelpsus go between the
liegroup the lie algebra



Fact Amap g G H or connected is uniquely
determined by its differential dyle Ten Tell

Question Whichmaps between tea tell actuallyarise as
differentialsofgroup homomorphisms

he answer to this question helps us to see
onehrtason

we
ane that teen hasthe addedstructure of a lie algebra
recall weendowed TeG at thestructure of a lie algebra in
hefollowingway
Sta consider 4g a G h ti ghg t

sa Define Adeg dugJe tea tea

thisgives us a representation

Ad G Ault ieG

g t Adog

E3 Finally we considered thedifferential of
Ad

Define ad d ladle TeG End tech

WINS This gives us a bilinear map

TeG XTeG Te G

I XI T T X T ad X T



JacobshowedUs last time that this bracketoperation
satisfies thecriterion to be a lie algebra

his also answers are question above we get the following
commutative diagram when g G H is a lie Groupmorphism

TeG I TeH

adult a fad1dgul

Tea teh
1dgle

Inparticular
dye x y Edge x dye Y

Gconnected simply
connected

Giffsus A linear map tea test is the differentialof a

homomorphism g Gi H iff it preserves thebracketoperation

X OR

maps G H As mapsof viealgebrasdylegosh

Recall ifweare workingup amatrix lieGroup
we have

X T J XY YX

Defn Arepn of a lie algebra g on avectorspacev isa map of
liealgebras

g g g la EndW



an action of g on v s t

x Y V X T u T XLV

what tells usis repinof connected simplyconnected lie
groupsare in t I correspondence a repin's of its lie algebra

Recallsomefactsabout theexponentialmap
wehave a liegroup d an associated lie algebra how do

we

goback forth

Recalltheexponentialmap
exp g G

whichcanbedefined in several ways
oneway is through 1 parameter subgroups

verifiedthroughfact2exp x 8 I R G
where r IR G is the unique one parameter subgroupof
G whosetangent vector at F is X

Formatrices remember exp x ex if Act is some

parametersubgroup in affix s t Ale et

Ex

Yo
t tangentline it ter

explit L'VEcostat is in it





whatcan wesay about A

claim ddel to deter
it trace o o

prettyeasytoseefor 2 2 matrices
Not a very enlightening

computationthough

Wesee y o A must have trace 0 since

dldtltodlt.cat D

certainly g e bln
IF

Alsoillustrating
takeany traceless matrix A then consider theexponential

Rt etA map

then detCeta etrital go I
recall

g Senat

2 5063 AEGL IR AAT I

1013 AtGl IR XE X
skew symmetricmatrices

Take 8 CE E 5013 of 210 I J O A

then Vt EC E E

J t Oct T I

ly 8148 lest 0



8 10 8 o T t 8 O 2110 T 0

A t AT O

AT A

take M skew symmetric matrix define

Jlt et M

then uts etMeeMIT I

etmetMt

e t
M t tut

e
t IM th r

I

3 SU z M E GL2 a M M I det M l

S U12 MEglace M M

sunt
upshot Aconnectedliegroup iswholly specified by the

liealgebra togetheratthefundamentalgroup



Final Remark Every f d vie algebraisthe lie algebra of
a liegroup


