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To René Thom on his 65th birthday.

‘We come now to the promised axioms. A topological quantum field theory (QFT),

in dimension d defined over a ground ring A, consists of the following data:

(A) A finitely generated A-module Z(Z) associated to each oriented closed smooth
d-dimensional manifold X,

(B) An element Z(M) € Z(dM) associated to each oriented smooth (d + 1)-dimensional
manifold (with boundary) M.

‘These data are subject to the following axioms, which we state briefl
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What is Quantum Field Theory?

An open question, even according to physicists (e.g. Seiberg 2015
Breakthrough Prize lecture)

Yet there is a mathematical definition (late '80s), well-explored for
topological and conformal field theories

A crucial elaboration to extended field theory (early '90s)

Less widely appreciated is the power of these ideas for
scale-dependent field theories

Two applications + questions
Invertible topological theories and phases of matter
Line operators in 4-dimensional gauge theory

Formulate issues for scale-dependent theories
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QFT as a Representation of Geometric Bordism

A fully extended field theory is a homomorphism

F: Bord,(F) — €

/i sheaf of background fields (orientation, metric, ...)
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Longrange Effective TFT of a Gapped System
Low energy behavior: energy gap = topological field theory «
« is a topological invariant of “phase” in space of gapped systems
Applies to lattice systems, assuming existence of thermodynamic limit
Assume « is fully extended (strong locality)

Microscopic short-range entanglement —> « invertible

Invertible topological field theories are maps of infinite loop spaces:
Bord,, (F) =

[ e

| Bord,, (F)| = CX




Classification of Invertible Topological Field Theories
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Many explicit computations (arXiv:1406.7278)
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The geometric bordism definition of extended field theory
enables these computations.
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Line Operators in 4d Gauge Theories
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Line Operators in 4d Gauge Theories

For f: 1 — 7_,a the 1-category of line operators is organized by the
2-category a(S?). For a the topological theory of A-gerbes we find

f(SQ) = {Lm,e}
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2-category a(S?). For a the topological theory of A-gerbes we find
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Fix (A’ q) to define f: T4 — 1 and absolute theory F' = fo f
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For f: 1 — 7_,a the 1-category of line operators is organized by the
2-category a(S?). For a the topological theory of A-gerbes we find
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Axiom System for Scale-Dependent Theories?

Topological aspects continue to be interesting and fruitful. But now also
time to turn attention to the larger

Does QFT=representation of geometric bordism category
definition (suitably ) capture entire scale-dependent theories?

How to attack? “Construct examples!” Perhaps not the main focus now.
So focus on structural issues, especially to provoke

Sample questions among many possible:

Define mass gap. Construct infrared topological theory.
Define free theories. Asymptotic freedom.
Construct quantum moduli space. Infrared conformal theory:.

Reconstruction: field theory on Minkowski spacetime.





