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Gang of Four

Atiyah Bott Hirzebruch Singer

‚ 1952–1963: Hirzebruch Riemann-Roch, Bott periodicity, Atiyah-Hirzebruch K-theory,

Atiyah-Singer index theorem

‚ Variations on the theme

‚ Global topological invariants „„„B local geometric invariants (of Dirac operators)

‚ An application to physics



Riemann-Roch theorem

X smooth projective curve of genus g

D divisor on X

LpDq meromorphic functions on X with pole of order § ordxpDq at each x P X

Problem: Compute dimLpDq

Theorem: If K is a canonical divisor of X, then

dimLpDq ´ dimLpK ´ Dq “ degpDq ´ g ` 1

X smooth projective variety of dimension n

V ›Ñ X holomorphic vector bundle

Problem: Compute the Euler characteristic �pX,V q “
n∞

q“0
p´1qq dimH

qpX,V q

t÷÷j
deg D= + I -21-4 - I
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For n “ 2 and V Ñ X trivial of rank one, the Noether formula is classical:

�pXq “ 1

12

`
c
2
1pXq ` c2pXq

˘
rXs

Hirzebruch applied Thom’s cobordism theory, sheaf theory, and the theory of characteristic

classes to solve the RR problem (and also to compute the signature of a smooth manifold)

TX “ L1 ‘ ¨ ¨ ¨ ‘ Ln yi “ c1pLiq P H
2pX;Zq

V “ K1 ‘ ¨ ¨ ¨ ‘ Kr xi “ c1pKiq
splitting principle first Chern classes

ToddpXq “
nπ

i“1

yi

1 ´ e´yi
chpV q “

rÿ

i“1

e
xi

Theorem: �pX,V q “ ToddpXq chpV qrXs
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Integrality of the Â genus

X compact smooth manifold of dimension 4k

TX b C “ L1 ‘ L1 ¨ ¨ ¨ ‘ L2k ‘ L2k yi “ c1pLiq

ÂpXq “
2kπ

i“1

yi{2
sinh yi{2

X (almost) complex: c1pXq ” w2pXq pmod 2q
ToddpXq “ e

c1pXq{2
ÂpXq is a function of c1pXq and pipXq

Question (Hirzebruch 1954): If X is compact smooth and c P H
2pX;Zq satisfies

c ” w2pXq pmod 2q, then is ec{2
ÂpXq an integer?

Special case (c “ 0): Is the Â genus of a spin manifold an integer?



Integrality of the Â genus
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What is the integer ÂpXqrXs? (X spin)



Grothendieck’s Riemann-Roch theorem

‚ Introduction of K-theory

‚ Geometry over a base

X smooth projective variety

KpXq free abelian group on sheaves F modulo F „ F1 ` F2 if 0 Ñ F1 Ñ F Ñ F2 Ñ 0

f : X ›Ñ S proper morphism of nonsingular varieties

f! : F fi›Ñ
ÿ

q

p´1qqRq
f˚pFq P KpSq R

q
f˚pFq sheafification of U fiÑ H

qpf´1pUq,Fq

Theorem (Grothendieck 1957): For ⌘ P KpXq we have

ToddpY q ch
`
f!p⌘q

˘
“ f˚

`
ToddpXq chp⌘q

˘
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Stable homotopy of the orthogonal group

Theorem (Bott 1957): The homotopy groups of the stable orthogonal group O are:

⇡n´1O –

$
’’’’’’’’’’’’’’&

’’’’’’’’’’’’’’%

Z n ” 0 pmod 8q
Z{2Z n ” 1 pmod 8q
Z{2Z n ” 2 pmod 8q
0 n ” 3 pmod 8q
Z n ” 4 pmod 8q
0 n ” 5 pmod 8q
0 n ” 6 pmod 8q
0 n ” 7 pmod 8q

Atiyah-Hirzebruch used this as the cornerstone of topological K-theory, which is modeled
on Grothendieck’s Riemann-Roch theorem and K-theory in algebraic geometry
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Topological K-theory

Let X be a nice compact topological space

VectpXq “
 
isomorphism classes of real vector bundles E ›Ñ X

(
, X ›Ñ X, ‘

Why does VectpXq lead to a topological invariant?

KOpXq “ Grothendieck group of VectpXq (commutative monoid „„„B abelian group)

ÅKOpXq “ KOpXq{KOpptq reduced KO-group

Link to Bott periodicity: ÅKOpSnq – ⇡n´1O

KO
´npXq “ ÅKOp⌃n

X`q, n P Z•0
half of a cohomology theory

Bott periodicity: KO
´npptq “ ÅKOpSnq – ⇡n´1O and KO

n`8pXq – KO
npXq

oieetn~bundk.IEI 1 I- 0 ?

✗
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Riemann-Roch theorem for smooth manifolds

X,S compact C8 manifolds, dimX ´ dimS “ n

f : X ›Ñ S C8 map

wqpXq “ f˚wqpSq pq “ 1, 2q “orientation” (((((hhhhhcondition data

f! : KO‚pXq ›Ñ KO‚´npSq induced umkehr map in KO-theory

ch: KO‚pXq ›Ñ HpS;Qrv, v´1sq‚ Chern character, deg v “ 4

f˚ : HpX;Qrv, v´1sq‚ ›Ñ HpS;Qrv, v´1sq‚´n induced umkehr map in rational cohomology

Theorem (Atiyah-Hirzebruch): For all ⌘ P KO‚pXq we have

ÂpSq ch
“
f!p⌘q

‰
“ f˚

“
ÂpXq chp⌘q

‰

Take S “ pt, ⌘ “ 1 to deduce the integrality of ÂpXqrXs for a spin manifold X

9- ✗ i >
5×5 "

P"

f
>

✗ > s



Riemann-Roch theorem for smooth manifolds

X,S compact C8 manifolds, dimX ´ dimS “ n

f : X ›Ñ S C8 map

wqpXq “ f˚wqpSq pq “ 1, 2q “orientation” (((((hhhhhcondition data

f! : KO‚pXq ›Ñ KO‚´npSq induced umkehr map in KO-theory

ch: KO‚pXq ›Ñ HpS;Qrv, v´1sq‚ Chern character, deg v “ 4

f˚ : HpX;Qrv, v´1sq‚ ›Ñ HpS;Qrv, v´1sq‚´n induced umkehr map in rational cohomology

Theorem (Atiyah-Hirzebruch): For all ⌘ P KO‚pXq we have
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Â genus and spin representation

Compare:

ÂpXq “
2kπ

i“1

yi{2
sinh yi{2

ch S0 ´ ch S1 “
2kπ

i“1

sinh yi{2
1{2



What is the integer ÂpXqrXs? (Analytic interpretation?)

X compact Riemannian manifold of dimension n

⌦
0pXq d //

⌦
1pXq

d˚
oo

d //
⌦
2pXq

d˚
oo

d // ¨ ¨ ¨
d˚
oo

d //
⌦
npXq

d˚
oo

� “ pdd˚ ` d˚dq Hodge-Laplace operator

H
qpXq space of solutions to �! “ 0, ! P ⌦

qpXq harmonic forms

EulerpXq “
nÿ

q“0

p´1qq dim H
qpXq Euler number

SignpXq“LpXqrXs “ dim H
`pXq ´ dim H

´pXq signature

�pX,V q“ToddpXq chpV qrXs “
nÿ

q“0

p´1qq dim H
0,qpXq X Kähler

Question: Does ÂpXqrXs count solutions to a di↵erential equation?
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Question: Does ÂpXqrXs count solutions to a di↵erential equation?
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What is the integer ÂpXqrXs? (Analytic interpretation?)

X compact Riemannian manifold of dimension n

⌦
0pXq d //

⌦
1pXq

d˚
oo

d //
⌦
2pXq

d˚
oo

d // ¨ ¨ ¨
d˚
oo

d //
⌦
npXq

d˚
oo

� “ pdd˚ ` d˚dq Hodge-Laplace operator

H
qpXq space of solutions to �! “ 0, ! P ⌦

qpXq harmonic forms

EulerpXq “
nÿ

q“0

p´1qq dim H
qpXq Euler number

SignpXq“LpXqrXs “ dim H
`pXq ´ dim H

´pXq signature

�pX,V q“ToddpXq chpV qrXs “
nÿ

q“0

p´1qq dim H
0,qpXq X Kähler
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The Dirac operator

In En: D “ �1
B

Bx1 ` ¨ ¨ ¨ ` �n
B

Bxn

� “ ´
#ˆ B

Bx1
˙2

` ¨ ¨ ¨ `
ˆ B

Bxn
˙2

+

D2 “ � ñ �i�j ` �j�i “ ´2�ij “
#

´2, i “ j;

0, i ‰ j,
1 § i, j § n



Atiyah-Bott-Shapiro, Cli↵ord modules (1963)

The Cli↵ord algebras: Cli↵˘n : �
i
�
j ` �

j
�
i “ ´2�ij pCli↵˘n “ Cli↵0

˘n ‘Cli↵1
˘nq

The spin group: Spinn Ä Cli↵0
˘n

‚ The restriction of a (left) Cli↵ord module to Spinn is a spinor representation

‚ The regular module Cli↵`n is a canonical left module with a commuting right action:

Spinn Ä Cli↵`n x Cli↵`n x Cli↵`n

‚  
left Cli↵´n-modules

(
›Ñ KO

´npptq – ÅKOpSnq
nÿ

i“1

x
i
�
i ›Ñ IsopE0

, E
1q, px1, . . . , xnq P S

n´1

t
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Compare : On C MIR
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‚ The restriction of a (left) Cli↵ord module to Spinn is a spinor representation

‚ The regular module Cli↵`n is a canonical left module with a commuting right action:

Spinn Ä Cli↵`n x Cli↵`n x Cli↵`n

‚  
left Cli↵´n-modules

(
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The Atiyah-Singer Dirac operator (1962)

X Riemannian spin manifold

OpXq ›Ñ X bundle of orthonormal frames

B1, . . . , Bn tautological horizontal vector fields

SpinpXq ›Ñ OpXq ›Ñ X lift to principal Spinn-bundle

Spinn Ä Cli↵`n x Cli↵`n x Cli↵`n left regular Cli↵`n-module

En
: D “ �1

B
Bx1 ` ¨ ¨ ¨ ` �n

B
Bxn x

´
 : En ›Ñ Cli↵`n

¯
x Cli↵`n

X : D “ �1 B1 ` ¨ ¨ ¨ ` �n Bn x

´
 : SpinpXq ›Ñ Cli↵`n

¯
x Cli↵`n

•
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Analytic interpretation of ÂpXqrXs

Recall: H
qpXq space of solutions to �! “ 0, ! P ⌦qpXq harmonic forms

EulerpXq “
nÿ

q“0

p´1qq dim H
qpXq Euler number

SignpXq“LpXqrXs “ dim H
`pXq ´ dim H

´pXq signature

�pX,V q“ToddpXq chpV qrXs “
nÿ

q“0

p´1qq dim H
0,qpXq X Kähler

Define: HS
0,1pXq solutions to D “ 0,  : SpinpXq Ñ Cli↵0,1

`n harmonic spinors

Conjecture: ÂpXqrXs “ dimCli↵`n
HS

0pXq ´ dimCli↵`n
HS

1pXq
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Conjecture: ÂpXqrXs “ dimCli↵`n
HS

0pXq ´ dimCli↵`n
HS

1pXq



Analytic interpretation of ÂpXqrXs
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Fredholm operators

H
0
, H

1
Hilbert spaces

FredpH0
, H

1q Ä HompH0
, H

1q Fredholm operators T : H
0 ›Ñ H

1

ind: ⇡0 FredpH0
, H

1q –››Ñ Z indT “ dimkerT ´ dim cokerT

⌦ Ä C unit disk

S
1 “ B⌦

H “ L
2

Hol
p⌦,Cq i // rH “ L

2pS1
,Cq

⇡
oo L

2
holomorphic functions Ä L

2
functions

Mf :
rH ›Ñ rH multiplication by f P C

8pS1
,Cˆq

Tf “ ⇡ ˝ Mf ˝ i Toeplitz operator (compression of Mf )

Fritz Noether (1920): Tf is Fredholm and indTf equals minus the winding number of f
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Elliptic di↵erential operators

An elliptic di↵erential operator P : C8pX,E0q Ñ C8pX,E1q has the local form

Pu “ ai1i2...im
Bmu

Bxi1Bxi2 . . . Bxim ` lower order terms

The highest order term is a global tensor field, the symbol,

�pP q : SymmpT ˚Xq b E0 ›Ñ E1

which is an isomorphism �pP qp✓, . . . , ✓q : E0
x Ñ E1

x for all ✓‰0 P T ˚
xX

An elliptic di↵erential operator P is Fredholm and its index depends only on �pP q
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The Atiyah-Singer index theorem (1963)

Analytic index:
“
�pP q

‰
fi›Ñ indP

Topological index:
“
�pP q

‰
P K0pT ˚X, T ˚Xz0q ind›››Ñ Z



Remarks

‚ A key analytic ingredient in the first proof is an elliptic boundary value problem with
local boundary conditions to prove the bordism invariance of the index

‚ Psuedodi↵erential elliptic operators play a crucial role throughout the theory

‚ If X is an n-dimensional spin manifold, Bott periodicity implies that every elliptic
symbol class is represented by a Dirac operator twisted by a real vector bundle
E ›Ñ X, and the topological index reduces to f!rEs, where f : X ›Ñ pt and

f! : KO
0pXq ›Ñ KO

´npptq

is the umkehr map
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‚ 1952–1963: Hirzebruch Riemann-Roch, Bott periodicity, Atiyah-Hirzebruch K-theory,

Atiyah-Singer index theorem

‚ Variations on the theme

‚ Global topological invariants „„„B local geometric invariants (of Dirac operators)

‚ An application to physics



Atiyah-Bott fixed point theorem

f : X ›Ñ X di↵eomorphism with isolated fixed points

E
0
, E

1 ›Ñ X vector bundles

f
i
: E

i ›Ñ E
i

linear lifts of f

P : C
8pX,E

0q ›Ñ C
8pX,E

1q elliptic di↵erential operator

Theorem: Tr

´
f
0
ˇ̌
kerP

¯
´ Tr

´
f
1
ˇ̌
cokerP

¯
“

ÿ

xPFixpfq

Tr

´
f
0
ˇ̌
E0

x

¯
´ Tr

´
f
1
ˇ̌
E1

x

¯

ˇ̌
detp1 ´ dfxq

ˇ̌

‚ Weyl character formula for representations of compact Lie groups

‚ Let X be a connected closed complex manifold with H
qpX;OXq “ 0 for q ° 0; then

any holomorphic map f : X Ñ X has a fixed point

‚ Hirzebruch-Zagier: cotangent sums, Dedekind ⌘, modular forms, real quadratic fields

by studying lens spaces, projective spaces, Brieskorn varieties, and algebraic surfaces

E: E'
x

fog zf
'

=×2f•

•

xe Fix (f)
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Atiyah-Bott-Singer index theorem on manifolds with boundary

Classical Dirichlet problem: �u “ 0 on ⌦ Ä En

u
ˇ̌
B⌦ “ f for prescribed f : B⌦ Ñ R

Local elliptic boundary conditions (Lopatinski) interpreted in K-theory: a lift of an elliptic
symbol �pP q in absolute K-theory of X to the relative K-theory of pX, BXq

Lifts do not necessarily exist: no local elliptic boundary conditions for basic Dirac operator

The index is the umkehr map applied to the relative symbol

☒
r-t.ir

E
"



Atiyah-Bott-Singer index theorem on manifolds with boundary

Classical Dirichlet problem: �u “ 0 on ⌦ Ä En

u
ˇ̌
B⌦ “ f for prescribed f : B⌦ Ñ R

Local elliptic boundary conditions (Lopatinski) interpreted in K-theory: a lift of an elliptic
symbol �pP q in absolute K-theory of X to the relative K-theory of pX, BXq

Lifts do not necessarily exist: no local elliptic boundary conditions for basic Dirac operator

The index is the umkehr map applied to the relative symbol

✗

•



Atiyah-Bott-Singer index theorem on manifolds with boundary

Classical Dirichlet problem: �u “ 0 on ⌦ Ä En

u
ˇ̌
B⌦ “ f for prescribed f : B⌦ Ñ R

Local elliptic boundary conditions (Lopatinski) interpreted in K-theory: a lift of an elliptic
symbol �pP q in absolute K-theory of X to the relative K-theory of pX, BXq

Lifts do not necessarily exist: no local elliptic boundary conditions for basic Dirac operator

The index is the umkehr map applied to the relative symbol



Atiyah-Bott-Singer index theorem on manifolds with boundary

Classical Dirichlet problem: �u “ 0 on ⌦ Ä En

u
ˇ̌
B⌦ “ f for prescribed f : B⌦ Ñ R

Local elliptic boundary conditions (Lopatinski) interpreted in K-theory: a lift of an elliptic
symbol �pP q in absolute K-theory of X to the relative K-theory of pX, BXq

Lifts do not necessarily exist: no local elliptic boundary conditions for basic Dirac operator

The index is the umkehr map applied to the relative symbol



Atiyah-Singer index theorem for families

‚ Geometry over a base (Grothendieck)

For simplicity Dirac operators in place of general elliptic pseudodi↵erential operators

f : X ›Ñ S proper Riemannian spin fiber bundle of relative dimension n

E ›Ñ X real vector bundle with covariant derivative

Analytic index: DX{S family of Dirac operators parametrized by S

Topological index: f! : KO
0pXq ›Ñ KO

´npSq

Theorem: indDX{S “ f!

`
rEs

˘
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‚ 1952–1963: Hirzebruch Riemann-Roch, Bott periodicity, Atiyah-Hirzebruch K-theory,

Atiyah-Singer index theorem
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‚ Global topological invariants „„„B local geometric invariants (of Dirac operators)

‚ An application to physics



Zeta functions and heat kernels

‚ kernel only „„„B complete spectrum

� • 0 self-adjoint second-order elliptic operator on sections of E ›Ñ X:

Ht “ e
´t�

, pt P R°0q heat operator

⇣�psq “ Tr�´s
, ps P C, Repsq " 0q zeta function

Asymptotic expansion of the heat kernel (Minakshisundarum-Pleijel, Seeley):

htpx, yq “
`
e

´t�
�y

˘
pxq, x, y P X,

htpx, xq „ t
´n{2

8ÿ

k“0

Akpxqti as t Ñ 0

Equivalent to meromorphic continuation of ⇣�psq to s P C
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The Atiyah-Bott formula

X closed n-dimensional Riemannian manifold

E
0
, E

1 ›Ñ X vector bundles

P : C8pX,E
0q ›Ñ C

8pX,E
1q first-order elliptic operator

Ei
� Ä C

8pX,E
iq �-eigenspace of P ˚

P (i “ 0) and PP
˚ (i “ 1)

For � ° 0 the operator P defines an isomorphism

P
ˇ̌
E0
�
: E0

� ›Ñ E1
�

Index formulas:
indP “ Tr ⇣P˚P psq ´ Tr ⇣PP˚psq

“ Tr e´tP˚P ´ Tr e´tPP˚

“
ª

X
tr
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A

0
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1
n{2pxq
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|dx|
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The local index theorem

Mark Kac: What do the eigenvalues of �pqq x⌦
q
X determine of Riemannian n-manifold X?

hpqq
t px, xq „ t´n{2

8ÿ

k“0

Akpxqti

Weyl:
≥
X Ap0q

0 pxq |dx| “ p4⇡q´n{2VolpXq McKean-Singer: Ap0q
1 pxq “ p4⇡q´n{2Rpxq{3

For n “ 2 they proved and conjectured in general

lim
tÑ0

nÿ

q“0

p´1qq trhpqq
t px, xq “

nÿ

q“0

p´1qq trApqq
n{2pxq

exists and equals the Gauss-Bonnet-Chern integrand for the Euler number of X

Existence of limit ñ
n∞

q“0
p´1qq trApqq

k pxq “ 0, k † n
2 (cancellation for all x P X)
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Patodi proved the conjecture and analog for Riemann-Roch on Kähler manifolds

Gilkey thesis: same for twisted signature operators

Atiyah-Bott-Patodi: exposition of Gilkey and general local index theorem

Mann Category of smooth n-manifolds and local di↵eomorphisms

Met: Manop
n ›Ñ Set Riemannian metrics

⌦q : Manop
n ›Ñ Set di↵erential q-forms

! : Met ›Ñ ⌦q q-form constructed naturally from Riemannian metric

! homogeneous of weight k: !p�2gq “ �k!pgq

! regular: !pgqpxq “ ∞
I

finite∞
↵

n∞
i,j“1

!i,j
I,↵pxq B|↵|gij

Bx↵1 ¨¨¨Bx↵n dxi1 ^ ¨ ¨ ¨ ^ dxiq

Theorem: A natural di↵erential form which is regular and homogeneous of nonnegative
weight is a polynomial in the Chern-Weil forms of the Pontrjagin classes

1966 1967 1970-71 1973

' ' ' '
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Analytic insights into Â genus

‚ Dirac operators; cancellation using Cli↵ord algebra symmetry

Getzler: scaling argument, Â from heat kernel of the harmonic oscillator (Mehler’s formula)

Witten, Alvarez-Gaumé, Friedan-Windey, Atiyah: supersymmetric quantum mechanics,
Â from infinite product and Duistermaat-Heckman formula

Bismut: Wiener measure and Malliavin calculus, Â from Lévy formula

Berline-Vergne: heat kernel on frame bundle, Â from di↵erential of exponential map on On

1966 1967 1970-71 1973 19821983 1989 1985 1986

1 1 l l l l l l l
Witten Alvarez - Friedan - Berline - betzler

Kac Atiyah - Bott Patodi Gilkey
aauméwindey vergne

Aliyah - Bott
- Patodi

Mckean - Singer Bismot



The signature defect

Gauss-Bonnet: X compact Riemannian 2-manifold

EulerpXq “
ª

X

K

2⇡
dµX (X closed, K Gauss curvature)

“
ª

X

K

2⇡
dµX `

ª

BX



2⇡
dµBX ( geodesic curvature of BX)

Signature theorem: X closed oriented Riemannian 4-manifold

SignpXq “
ª

X
! (Chern-Weil 4-form of p1{3)

X compact with boundary, product metric near boundary

↵pY q “ SignpXq ´
ª

X
! (signature defect)

Hirzebruch (1973): Hilbert modular surfaces, Shimizu L-functions

€0.
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Atiyah-Patodi-Singer global boundary conditions

⌦ Ä C, S
1 “ B⌦ unit disk

Holp⌦,Cq Ä C
8pS1

,Cq x
B

Bz̄ infinite dimensional kernel of B operator

spantznunPZ•0 Ä spantznunPZ Fourier series

For a P RzZ let Ha Ä C
8pS1

,Cq be the f : S
1 Ñ C with vanishing Fourier coef of z

n
, n ° a

DX “ �pdtq B
Bt ` DY Dirac on X

AY “ �pdtq´1
DY self-adjoint Dirac on Y

à

�PspecpAY q
E� spectral decomposition of AY

APS boundary condition for a P Rz specpAY q:
 
 spinor field on X :  

ˇ̌
Y

P ‘�†aE�

(

✗

÷
s

'

= }H.
J
2C IR
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Atiyah-Patodi-Singer ⌘-invariant

Split specpAY q at a “ 0 and use meromorphic continuation to define

⌘psq “
ÿ

�PspecpAY qzt0u
psign�q |�|´s, ⌘Y “ ⌘p0q

For the signature operator, the ⌘-invariant is (minus) the signature defect:

SignpXq “
ª

X
! ´ ⌘Y

This is a special case of a general index theorem for Dirac operators:

indDX “
ª

X
! ´ ⇠Y , ⇠Y “ ⌘Y ` dimkerAY

2

a- ÷

0 I

-

*
y

T spec City )
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Secondary geometric invariants

ª

X

K

2⇡
dµX “ ´

ª

Y



2⇡
dµY ` EulerpXq

“ ´
ª

Y



2⇡
dµY pmod 1q

Chern-Simons invariants are secondary invariants of Chern-Weil invariants

⌘-invariants are secondary invariants in K-theory:

ª

X
Âp⌦Xq “ ⇠Y “ ⌘Y ` dimkerAY

2
pmod 1q

y=ox
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Secondary invariants in families

Y ›Ñ S proper Riemannian spin fiber bundle of odd relative dimension n

DY {S family of Dirac operators parametrized by S

indDY {S P K
´npSq index in complex K-theory

K
oddpSq ›Ñ H

1pS;Zq “lowest” piece of K-theory: homotopy class of maps S ›Ñ R{Z

Geometric refinement: ⇠Y {S pmod 1q : S ›Ñ R{Z

d⇠Y {S “
ª

Y {S
Âp⌦Y {Sq

X ›Ñ S of even relative dimension: KevenpSq ›Ñ H
0pS;Zq numerical index

K
evenpSq ›Ñ H

2pS;Zq determinant line bundle

H;D H's

cos
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Determinant line bundle

X ›Ñ S proper Riemannian spin fiber bundle of even relative dimension n

DX{S family of Dirac operators parametrized by S

indDX{S P K
´npSq index in complex K-theory

K
evenpSq ›Ñ H

2pS;Zq isomorphism class of line bundles L ›Ñ S

Geometric refinement: DetDX{S ›Ñ S metric (Quillen), covariant derivative (Bismut-F)

curvDetDX{SpV q “
«
2⇡i

ª

X{S
Âp⌦X{Sq

�

p2q
curvature

hol'DetDX{S “ lim
✏Ñ0

e
´2⇡i⇠X'p✏q holonomy about ' : S1 Ñ S

Inspired by Witten’s global anomaly formula (1985)

H;D# H's

cos
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Bismut Riemann-Roch formula

f : X ›Ñ S proper Riemannian spin fiber bundle of even relative dimension n

DX{S family of Dirac operators parametrized by S

indDX{S P K
´npSq index in complex K-theory

ch indDX{S P H
evpS;Qq Chern character of the index

ch indDX{S “ f˚
“
ÂpXq

‰
Riemann-Roch/index formula

Geometric refinement: Bismut (after Quillen) superconnection rrt on H
0 ‘ H

1 ›Ñ S

lim
tÑ0

chprrtq “
ª

X{S
Âp⌦X{Sq

H;D# H's

cos
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Index theorem in di↵erential K-theory

Di↵erential K-theory qK‚pXq (Hopkins-Singer, . . . ) combines K‚pXq and ⌦
‚pXq

X ›Ñ S proper Riemannian spin fiber bundle of even relative dimension n

E ›Ñ X hermitian vector bundle with covariant derivative

rEs P qK0pXq di↵erential K-theory class

DX{SpEq family of Dirac operators parametrized by S

Analytic index (using Bismut superconnection): ind
an
: qK0pXq ›Ñ qK´npSq

Topological index (using Atiyah-Hirzebruch): ind
top

: qK0pXq ›Ñ qK´npSq

Theorem (F-Lott): ind
an “ ind

top
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‚ 1952–1963: Hirzebruch Riemann-Roch, Bott periodicity, Atiyah-Hirzebruch K-theory,

Atiyah-Singer index theorem

‚ Variations on the theme

‚ Global topological invariants „„„B local geometric invariants (of Dirac operators)

‚ An application to physics



Quantum theory is projective

We say a Hilbert space H is the “state space” of a quantum system, but

PH space of (pure) states

EndH algebra of observables

A symmetry group G acts projectively: rG //
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2pG;Cˆq C„„„ 1-dimensional representation in H
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Projectivity in quantum field theory

Fix a dimension n P Z°0 of (Wick-rotated) spacetime

Fields are local “quantities” F : Mann ›Ñ Set

Segal-Atiyah-Kontsevich Axiom System for quantum field theory:

F : BordnpFq ›Ñ tVect

But F is a quantum system, so is projective

Projectivity (anomaly) is a 1-dimensional theory in dimension n ` 1:

↵ : Bordn`1pFq ›Ñ Line
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Anomaly of spinor fields

The relationship between anomalies of spinor fields and the index theorem was pioneered in

a 1984 paper of Atiyah-Singer



Let S be a representation of the Lorentz group Spin1,n´1

Formula for deformation class of anomaly theory (F-Hopkins):

r↵s : MTSpin
ABS^rSs›››››››Ñ KO ^ ⌃

n´2
KO

mult››››Ñ ⌃
n´2

KO
Pfa↵››››Ñ ⌃

n`2
IZ

‚ Thom bordism spectrum

‚ ⌃
n`2

IZ is morally ⌃
n`1

ICˆ

‚ Atiyah-Hirzebruch KO-theory

‚ Atiyah-Bott-Shapiro map

‚ Atiyah-Singer index theorem used implicitly

‚ refinement to di↵erential KO-theory
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