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What follows are lecture notes from a graduate course given at the University of Texas at Austin
in Spring, 2021 and Spring, 2022. The topics follow those in Guilleman-Pollack’s Differential
Topology, but the treatment diverges often. These notes are a bit rough in many places, so use at
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Lecture 1: Topological manifolds

I posted notes on “multivariable analysis”. I will not repeat material in those notes. For example,
in the first weeks of the course I use basic notions of affine geometry and of differential calculus
from those notes.

The first part of this lecture was motivation for the course, which I won’t repeat here. So these
notes only cover the last part of the lecture.

(1.1) Some point set topology. Let X be a topological space. Recall that X is Hausdorff if for
all distinct x1,x9 € X there exist disjoint open sets Uy, Us < X such that x; € U;, i = 1,2. Every
metric space is Hausdorff since the distance between distinct points is positive, hence distinct points
can be separated by open balls (of radius half the distance). The topological space X is second
countable if it admits a countable basis. That is, there exists a countable collection {U;};cr of open
subsets U; — X such that any nonempty open set U < X is the union U = J,.; U; for some
subset I’ © I. (The empty set is the union with I’ = (), so we can omit ‘nonempty’ in the previous
sentence.) A metric space is not necessarily second countable; it is if it is separable, which means
it has a countable dense set.

Definition 1.2. Let X be a topological space.

(i) X is locally Euclidean if for all z € X there exists an open set U < X containing x and a
homeomorphism of U onto an open subset of a finite dimensional affine space.
(ii) X is a topological manifold if it is locally Euclidean, Hausdorff, and second countable.

Remark 1.3.

(i) The data of a topological manifold is that of a topological space. The definition specifies
three conditions on the topology.
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(ii) Perhaps ‘locally Euclidean’ should be ‘locally affine’, but some terms and notations are
ingrained—it would be counterproductive to protest. The affine space in (i) can be chosen
to be the standard affine space A” of some dimension n € Z=°. The invariance of domain
theorem shows that the dimension n is well-defined, i.e., it is the same for all choices of local
homeomorphism. In other words, there is no local homeomorphism between open subsets
of affine spaces of different dimension.

(iii) A topological manifold X is a regular topological space. This means that given a point z € X
and a disjoint closed subset C' = X, there exist disjoint open sets U,V < X so that x € U
and C < V; we can separate points and closed sets. This is stronger than the Hausdorff
property.

(iv) Urysohn’s metrization theorem states that a regular, second countable topological space X
in which points are closed sets is metrizable: there exists a metric on X whose underly-
ing topology—set of open sets—agrees with the given topology. In particular, topological
manifolds are metrizable.

(v) A subset of a topological manifold is a component if and only if it is a path component.

Definition 1.4. The dimension of a topological manifold X is the locally constant function
(1.5) dimX: X — 77°

whose value at x € X is the dimension of an affine space locally homeomorphic to X at z. If
n e Z29, then a topological manifold of dimension n, or topological n-manifold, is one for which
(1.5) is the constant function with value n.

(1.6) Charts. The local homeomorphisms to affine space on a topological manifold are called

coordinate systems or charts.

Definition 1.7. Let X be a topological manifold and A a finite dimensional affine space. An
A-valued chart on X is a pair (U, ¢) consisting of an open set U — X and a continuous map
¢: U — A which is a homeomorphism onto its image. If A = A" is a standard affine space, then
we say that (U, ¢) is a standard chart.

A topological manifold admits a covering by charts, i.e., a collection
(1.8) A = {(Ua, ¢a) charts} _,

indexed by some set A such that X = (J,c4 Ua. Here ¢o: Uy — A, is a homeomorphism into an
affine space A,. It will sometimes be convenient to take all A, to be standard affine spaces.

(1.9) Ezamples of topological spaces which fail to be topological manifolds. We first give three
examples of topological spaces which are not topological manifolds; each illustrates the failure of
precisely one of the three conditions in Definition 1.2.
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FI1GURE 1. Three topological spaces which are not topological manifolds

Example 1.10 (non locally Euclidean). The subspace X Aiy’z defined by
(1.11) X={@?+y*<1)nz=0} U {z=y=0}

fails to be locally Euclidean at the point (0,0, 0).

Example 1.12 (non Hausdorff). The topological space
(1.13) Rup oy R
obtained by gluing two copies of R at every point except 0 is locally Euclidean but fails to be

Hausdorff: the two copies of 0 cannot be separated.

Example 1.14 (non second countable). The space X = R with the discrete topology fails to be
second countable.

(1.15) Ezamples of topological manifolds. Since countable disjoint unions of topological manifolds
are topological manifolds, it suffices to give connected examples.

Example 1.16 (affine space). Any finite dimensional affine space is a topological manifold with
its usual topology. (A finite dimensional vector space has a unique topology with respect to which
the vector space operations are continuous; see Lecture 4 of the multivariable notes for a closely
related theorem.)

Example 1.17 (dimension 1). Any connected topological 1-dimensional manifold is homeomorphic
to either S' or A! = R. We will prove this for smooth manifolds later in the course.

Example 1.18 (the 2-sphere). Let
(1.19) X ={(z,y,2) e A3 : 2® + 9> + 2% = 1}.
Define a chart (U, ¢) with ¢: U — A2 by U = {(x,y,2) € X : & > 0} and

¢: U — AZ

(1.20) (2,y,2) — (y,2)

The 2-sphere X is covered by six such charts; the domains are the open sets where x > 0, x < 0,
y>0,y<0,2z>0,and z < 0.
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Example 1.21 (dimension 2). The classification theorem for surfaces states that there are two
infinite families of compact connected topological 2-manifolds, the first family indexed by Z=? and
the second by Z>0. The first family starts off with the surfaces S2, 81 x 81, the 2-sphere and the
2-torus. The next in the list is the connected sum of two copies of S1 x S, written

(1.22) (ST x SH#2 = (81 x 1) # (ST x §1).

It is formed by removing an open 2-disk from each torus and then gluing the two surfaces remaining
along their boundary. For any g € Z>° there is a similarly constructed (S x S1)#9. (By convention,
if ¢ = 0 the empty connected sum is the 2-sphere S2.)

The second family begins with the real projective plane RP?, which is the projectivization P(R3)
of 3-space, the space of lines through the origin of R? with a suitable topology. A closely related
description is to take S? as in (1.19) and let the cyclic group of order 2 act by the antipodal
action (z,y,z) — (—x,—y, —z). Then RP? is the quotient space with the quotient topology. For
each g > 0 we have the surface (RP?)#9, and together with the surfaces (S' x S1)#9 these exhaust
the possible compact connected 2-manifolds. The surface RP?#RP? is homeomorphic to the Klein
bottle, and there is a homeomorphism (RP?)#3 a0 60 RP2#(ST x S1).

Example 1.23 (empty set). The empty set () satisfies the conditions of Definition 1.2: it is trivially
locally Euclidean, Hausdorff, and second countable (‘trivial’ meaning ‘nothing to check’). It is
convenient to regard () as a manifold of any dimension, and even to allow the dimension to be a

negative integer.

Lecture 2: Smooth manifolds

I will sometimes use letters like ‘M, N, ...’ for manifolds and other times use ‘X,Y,...".

(2.1) C* concepts/objects. In this class I use the word ‘smooth’ synonymously with ‘C*’, which
means infinitely differentiable. A smooth manifold, as defined below, is an abstract space on which
one has “C® concepts/objects”. These are concepts/objects defined on open subsets of affine space
which are invariant under C* diffeomorphisms. (A C'* diffeomorphism ¢: U — U’ between open
subsets of affine spaces is a bijective map such that both ¢ and ¢! are C®.) They transport
to C* concepts/objects on smooth manifolds. These are the concepts/objects of main interest in
differential topology. A non-obvious example is the concept of measure zero: a subset S < U has
measure zero iff its image under a C* diffeomorphism has measure zero.

C®-related charts

Recall Definition 1.7 in which charts are defined.
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Definition 2.2. Let M be a topological manifold. Let V, W be vector spaces and A, B affine spaces
over V, W, respectively. Suppose (U,x) is an A-valued chart and (U’,y) is a B-valued chart. We
say (U',y) is C®-related to (U,x) if

(2.3) yor t:ax(UnU')— B

is a C* map.

The map (2.3) is called the overlap or transition function. We illustrate in Figure 2. A smooth
manifold is built from open subsets of affine space, glued together by smooth transition functions.

=

U\/ M

pe
x(U) / | \]1{ \\/)(V)

LD+ el

FIGURE 2. The transition function

Example 2.4. Let M be the 2-sphere with charts as defined in Example 1.18. As previously, let
U be the chart where > 0, and now let U’ be the chart where y > 0. Let u, v be the coordinates
in U and «, 8 the coordinates in V. Then the transition function is given by the formulas

V1 —u2 -2
8 =wv

(2.5) “

The domain of (2.5) is {(u,v) : u > 0 and u?+v? < 1}; the image is {(a, 8) : @ > 0 and o?+5% < 1}.
Proposition 2.6. There does not exist a covering of S? with a single chart.

Proof. Suppose (S2,r) is a chart, where z: S? — A%zl ) is a homeomorphism onto the open

x2
subset x(S%) = A2. Then since S? is compact so too is z(S?), hence z(S?) = A? is closed and
bounded. But then z(S?) = A? is open and closed and nonempty. Since A? is connected, we

conclude z(S?) = A2. This contradicts the boundedness of x(S5?). O

Review of calculus

I will rely on you to study the notes on multivariable analysis. The immediately relevant parts
are: Lecture 1 (basic definitions), Lecture 2 (bases and coordinates), Lecture 3 (basic definitions),
Lecture 5 (shapes and functions to end of lecture), Lecture 6, Lecture 7 (chain rule).
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Atlases and differential structures

Remark 2.7. 1 defined a chart (Definition 1.7) to have values in an abstract affine space. That is
convenient in practice—we will experience this for Grassmannian manifolds in the next lecture—
and also conceptually: we can separate affine coordinates from the manifestation of the locally
affine property of a manifold. But for a mazimal atlas (Definition 2.9(2) below), we use charts with
values in standard affine space, i.e., standard charts.

Remark 2.8. For a topological manifold, the collection of pairs (U, x) consisting of an open sub-
set U € M and a continuous map z: U — A" comprise a set S(M), and we can define maximal
subsets of S(M). (We can and should let n vary as well.) It is more difficult to control if we
replace A™ by an arbitrary affine space. Nonetheless, in Definition 2.9(2) we allow both general
and standard charts, and maximality is formulated by reference to standard charts.

Definition 2.9. Let M be a topological manifold.
(1) An atlas on M is a collection .o/ = {(Ua,xa)}aeﬂ of charts such that

(i) U Ua = M;
acA

(i) for all ay, e € A the charts (Uy,, Za,) and (Ua,, To,) are CP-related.

(2) An atlas & is a differential structure if in addition

(iii) </ is maximal in the sense that if (U, ) is a standard chart which is C*-related to all
(Un, o) € o, then (U,x) € .

(3) A smooth manifold is a pair (M, <7) consisting of a topological manifold M and a differential
structure 7.

In practice we only need an atlas to define a smooth manifold; we do not need a maximal atlas.
This is due to the following completion theorem.

Theorem 2.10. Let M be a topological manifold and o/ = {(Uy,xa)}aca an atlas on M. Define
(2.11) o = U {(U,x) standard charts on M : (U, x) is C*-related to all charts in <7}.

Then < is a mazimal atlas on M, i.e., a differential structure.

Proof. This is a problem on Homework #2, so I won’t spoil the fun. O

(2.12) Useful picture of an atlas. Let M be a topological manifold equipped with an atlas o/ =
{(Ua,Za)}aca. In view of Theorem 2.10 this pair determines a smooth manifold. The atlas <7
on M defines a surjective map

(2.13) | | 2a(Us) — M

acA
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The domain is a smooth manifold if the indexing set A is finite or countable. Any surjective map
f: X =Y (of sets) defines an equivalence relation on the domain X; the map f is a quotient map
for the equivalence relation which expresses the codomain Y as the set of equivalence classes in
the domain X. Applied to (2.13) we “see” (Figure 3) a manifold as sewn together from opens in
affines. The sewing maps are precisely the transition functions depicted in Figure 2.

F1GURE 3. A quilt of open subsets of affine spaces

Lecture 3: Examples; smooth functions; tangent space

Examples of smooth manifolds

To specify a smooth manifold M we need to give a topological manifold together with an atlas <.
Theorem 2.10 shows that this data determines a smooth manifold.

Example 3.1 (affine space). Let A be a finite dimensional real affine space. Then A is locally
Euclidean, Hausdorff, and second countable in its usual topology, so it is a topological manifold.
It admits an atlas with a single chart (A,id,4), which defines a smooth manifold structure. This
smooth structure is understood when we treat A as a smooth manifold.

Remark 3.2. In fact, if dim A # 4, then up to diffeomorphism this is the only smooth structure
on A. By contrast, A* (and therefore any 4-dimensional real affine space) admits infinitely many
inequivalent smooth structures. In fact, some come in continuous families, so there are uncountably
many. This rather shocking state of affairs was discovered in the early 1980’s by Mike Freedman,
who combined his own work on the 4-dimensional Poincaré conjecture for topological manifolds
with Simon Donaldson’s thesis on smooth 4-manifolds. Freedman proved the existence of a single
exotic smooth structure on A*. Soon after, Bob Gompf constructed infinitely many.
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Example 3.3 (sphere). We treated the 2-dimensional sphere in Example 1.18 and Example 2.4.
Define the n-sphere as the unit sphere in affine space:

(3.4) S = {(xo,xl, o ,ajn) e AntL . (xO)Q 4ot (J;n)2 — 1}'

Cover S™ with 2(n + 1) charts: for each 0 < i < n there is a chart with domain® {z’ > 0} n S”
and a chart with domain {z° < 0} n S™. Then as in Example 2.4 you can check that all overlap
functions are C'®°.

Remark 3.5. There is an atlas of S™ with 2 charts; the domain of each is the complement of a single
point in S™. The coordinate functions are constructed via stereographic projection.

Example 3.6 (disjoint unions). Let A be a finite or countable set and {M,},ca a collection of
smooth manifolds. Then the disjoint union

(3.7) M= | M,

acA

has a natural smooth structure: an atlas on M is constructed as the union of atlases on each M,,.

Example 3.8 (Cartesian product). Let A be a finite set and {My}aeca a collection of smooth
manifolds. Then the Cartesian product

(3.9) M= X M,
aeA

has a natural smooth structure. Given atlases 7,, a € A, one obtains an atlas on M by tak-
ing Cartesian products of charts. (The Cartesian product of maps z,: Uy, — A, is a map
Xaxa: XaUa — XaAa.)

So a finite product of spheres, such as the torus S x --- x S (n factors for any n € Z>°) is a
smooth manifold.

Example 3.10 (open subset). Let M be a smooth manifold and N © M an open subset. Then
N is a topological manifold and it inherits an atlas from an atlas «j; of M. Namely, for each chart
(U, z) € @/ we introduce a chart (U n N,z ‘Un ) on N. These have C* overlaps and comprise an
atlas &/y of N.

Remark 3.11. We will soon develop tools for proving that certain closed subsets of smooth manifolds
are smooth manifolds.

Example 3.12 (general linear group). As a special case of the preceding, let M,R be the vector
space of real n x n matrices. By Example 3.1 it has a natural smooth manifold structure. (A
vector space has a canonical affine space structure.) Let GL,R < M, R be the subset of invertible
matrices. It is an open subset, since it is the inverse image of the open subset R*Y — R under the
continuous determinant map M,R — R. Hence it too is a smooth manifold.

IThe notation ‘{z’ > 0} is shorthand for the open subset {(2°,...,2") e A" : z* > 0} of affine (n + 1)-space.
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The Grassmannian manifold

We introduce a more abstract manifold, one which does not come to us embedded in affine space.
The natural charts take values in affine spaces which are not standard affine space, and indeed they
vary from chart to chart.

(3.13) Definition of the Grassmannian. Let V be a real vector space of dimension n. (The same
construction works for complex or quaternionic vector spaces.) Fix k € {0,...,n}. Define the
Grassmannian as the set

(3.14) Gr(V) = {W < V subspaces of dimension k}.
For k = 1 the Grassmannian is called the projectivization of V', and this projective space is denoted
(3.15) PV = Gri(V).

So far Grg (V) is a set. We simultaneously construct a topology and an atlas.

(3.16) Charts and an atlas. For each X € Gr,_i(V)—that is, for each subspace X < V of
dimension (n — k)—define

Vx = Hom(V/X, X)
(3.17)

Ax ={W e Grp(V): W X =0}.
We define on Ax the structure of an affine space over the vector space Vx. Namely, any W € Ay is
a linear complement to X. Equivalently, V = W @ X. Or, in another formulation, the restriction
of the quotient map V' — V /X to W is an isomorphism Oy : W — V/X. Then given T € Vy,
define W +T € Ax to be the graph of the linear map T o8y : W — X. This graph is a subspace of
W@ X =V of dimension k, and it intersects X in the zero vector. The reader can easily check that
this defines a simply transitive action of Vx on Ax. Choose a finite set {X;}ieq1,.. ny © Grn—g(V)
sothat Ay, u---UAx, = Grg(V). (For example, choose a basis ey, ..., e, of V and take the spans
of all cardinality (n — k) subsets of the basis.) The surjective map

N
(3.18) | | Ax, — Gre(V)
=1

induces the quotient topology on Gry (V). Then for all X € Gr,,_; (V) the pair (Ax,ida, ) is a chart
on Grg(V). We claim that the overlap functions are smooth. Fix X,Y € Gr,_;(V), and choose
Wy e Ax n Ay. Using W, as a basepoint we identify the affine space Ax with the vector space
Hom(Wy, X) and similarly identify Ay with Hom(Wy,Y"). Let ®: Wy @ X — Wy @Y be the linear
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map transported from idy under the identifications V =~ Wy @ X = Wy @ Y. Then the transition
function, defined on a subset U < Hom(Wy, X) is

U— HOHI(W(),W()@X) —_— HOHI(W(),W()(-DY) —_— HOHI(W(),Y)

(3.19) : . :
T+— idyw, ®T —  ®o (idy, ®T) — o ® o (idy, ®T)

where m: Wy @Y — Y is projection. The map (3.19) is a composition of linear maps, hence is
smooth. Therefore,

(3.20) o = {(Ax,1da)} xear, 1)

is an atlas on Grg (V).

(3.21) A cellular decomposition. The Grassmannian has a rich geometric structure. We illustrate
one aspect—a decomposition into “cells”, which in this case are affine spaces—for the projective
space PV = Gry(V) of an n-dimensional vector space. Any X; € Gr,,—1(V) determines a partition

(3.22) PV = ALV uPX;.
The superscript is the dimension of the affine space. Now choose X3 € Gr,,_2(X1) to obtain
(3.23) PV = ALV uAL P uPX,.

Continuing we partition the projective space PV into a disjoint union of affine spaces of dimensions
0,1,...,n — 1. Note that Ag?l_l) is dense, so projective space is a compactification of affine space.

Smooth maps

Any C* concept on open subsets of affine space transports to smooth manifolds using an atlas.
One need only define/check in a single chart since the charts in an atlas are C® related. We apply
this principle to define a smooth function between smooth manifolds.

Definition 3.24. Let M, N be smooth manifolds and f: M — N. Fix pe M. Then f is smooth
at p if there exists a chart (Uy, o) about p and a chart (Vj3,ys) about f(p) so that the composite
function y, o f o x,tis C% at z4(p) € z(U).

If the charts take values in affine spaces A, B, respectively, then
(3.25) ygofo z3t 20 (Ua 0 f1(Vp)) — B,
which is a function from an open subset of the affine space A to the affine space B, and its

smoothness is defined using standard multivariable calculus. It suffices to check smoothness in one
pair of charts, since the answer is the same no matter which pair is chosen, as in the following.
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({IFIU % 0 Xo(’ll

FIGURE 4. Checking smoothness of f at p in different charts

Lemma 3.26. If in Definition 3.2 we choose different charts (Uy, xor) and (Vgr,yg), then the local
representation of f with respect to these charts is smooth at xo/ (p) iff the local representation (3.25)

is smooth at xq(p).

See Figure 4 for an illustration.

Proof. Observe
(327) yﬁl ] f o Jf;,l = (ylgl o yﬁ_l) © (yﬁ o f o xal) o (I’a © x;’l)’

and the overlap functions Yg © y[;l and x, 0 3:;,1 are smooth. Now apply the chain rule. O

Example 3.28. Consider the antipodal map f: S? — S?. Regarding S? c A3 _ as usual, f is

x7y7Z
the restriction of the automorphism (z,v,2) — (—z, —y, —z) of A3, Let p = (1/4/2,1/4/2,0) and
choose the charts U, = {z > 0}, V3 = {y < 0} of the type in Example 3.3. Use coordinates u, v
and v/, v’ in the charts, which are then given by the maps

(3.29) Toy {u - Z Yg : {u, —

So the local expression Yg © foxlis

(3.30)

which is a smooth function.

The proper notion of isomorphism for smooth manifolds is the following.
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Definition 3.31. Let M, N be smooth manifolds and f: M — N a smooth map. Then f is a
diffeomorphism if f is bijective and f~! is smooth.

Example 3.32. Consider two different differential structures on R, each defined by an atlas with
a single chart with domain R. Let @4 = {(R,idr)} and @ = {(R, ¢)}, where ¢(z) = 2®. Then the
map z — x/3 is a diffecomorphism (R,.27) — (R, a%). Observe that the charts (R,idg) and (R, ¢)
are not C®-compatible, so cannot appear in the same differential structure.

Tangent space

Let V be a vector space and let A be an affine space over V. Then the tangent space to A at
any p € A is the vector space V. A smooth manifold M is a pasting of open subsets of affine space.
We linearize the pasting to define the tangent space at a point p € M.

(3.33) Direct product of vector spaces. Let {V,}aeca be a collection of vector spaces indexed by a

set A. Then the direct product vector space |][V, is the Cartesian product of the sets V,, with
aeA
componentwise addition and scalar multiplication; the zero vector is the componentwise zero vector.

This gives [] V, the structure of a vector space. An element of the direct product is denoted
aeA

(3.34) E={&%te ] Vas

acA

the a-component of £ is &,. The vector sum is defined by the formula

(3'35) (5 + 77)01 = ga + Na,

which may also be written

(3.36) {&a) + {na} = {a + M0}

The zero vector is {04}, where 0, is the zero vector in V.

(3.37) Tangent space to a smooth manifold. Now let M be a smooth manifold with atlas &/ =
{(Uas2a)}taca- The coordinate function z,: U, — A, has codomain an affine space A, with a
vector space V, of translations. For p € M let A, < A be the set of indices o € A such that p € U,.

Definition 3.38. The tangent space T,,M is the subspace of the direct product [][ Vi consisting

aeAp

of vectors £ = {£,} such that

(3.39) Er =A@ 020, () ()

for all o/, " € A,,.
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Since (3.39) is a linear equation, it indeed defines a linear subspace of the direct product.
Lemma 3.40. For each o € Ay, projection onto the a-component is an isomorphism

(3.41) Jo: TyM — V.

Proof. Fix a € Ap,. We first prove that j, is injective. Suppose { = {{x}aen, € TpM and assume
§a = Ja(§) = 0a. Then from (3.39) we deduce that £ = 0, for all o' € A,. Hence £ = {0 }oren,
is the zero vector.

Next, we prove that j, is surjective. Suppose &, € Vj is given. For each o’ € A, define &, € V
using (3.39):

(3.42) Ev =A@y 0y ) e (&)

We claim that £ = {{o/}area, lies in T,M <[] Vi. Namely, if o/, a” € A,, then

o’eAp

Ear = d(l’a,, © x;1>xa(p) (fa)
(3'43) = d(xa” © x;})ma/(p) © d(ZL‘a, © xgl)a:a(p) (ga)
= d($a// (¢} x;,l)xa,(p) (ga/),

where we use the chain rule to pass to the final equality. Finally,

(3‘44) Joz(§> =8a = d(‘ra © xgl)xa(p) (ga) = La-

(3.45) Local framing in a standard chart. Fix a € Ay, let n be the dimension of M at p, and sup-
pose the chart (Uy, ) takes values in standard affine space A™ with vector space of translations R™.

Let eq,e9,..., e, denote the standard basis of R™. Define the basis
0 0 0
4 — 1, ==, ., =
(346) ozl |, 0x2 |, 7 dxn |,

of T,M by the formula

(3.47) o ( i

i
oz,

)zei, i=1,2,...,’l’L.
p

We often omit * p’ from the notation.
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(3.48) The differential of a smooth map. Now let f: M — N be a smooth map. Define for
each p € M the differential

(3.49) dfy: TyM —> Ty N,

a linear map from the tangent space to M at p to the tangent space to N at f(p), as follows. Use
the notation as above on M, and let 4 = {(Vj3,ys)}ges denote an atlas on N, and for a point ¢ € N
let B, = B the subset of indices 8 for which g € V3. Then the differential is defined by

(3'50) dfp({ga}ae/[p) = {776},863“?)7

where {£a}aca, € TpM and we for any o € A, we set

(3'51) ng = d(ylg © f © xgl)xa(p) <§a>'

=

Lemma 3.52. The value of 1 in (3.51) is independent of a € Ay, and {ng}pes,, € Trp)N-
Proof. If o,/ € Ay, then

d(yﬁ ofo x;})za/(p) (ga’) = d(yﬂ ofo l';ll)za/(p) © d(l‘a, © x;l)(xa)

(3.53) 1
= d(yﬂ ofox, )xa(p)(§a>-

Choose a € Ay,. For 3, 3" € By, we have

ngr = d(ygr o foxy ") p)(€a)
(3.54) = d(yﬁn o ygll) ° d(ygl ofo l‘;l):ca(p) (€a)
= d(yg oyg')(ng),

so from Definition 3.38 we conclude that {{g} € Ty, N. O

We summarize the definition of the differential in the commutative diagram?

dfp

(3-55) jal: :lja

d(yﬁofoxgl)

o W

Here V,, is the vector space of translations in the codomain of the chart (Uy,z,) on M, and Wp is
the vector space of translations in the codomain of the chart (Vj,yz) on N.?

2A commutative diagram is one in which compositions of arrows with the same initial and final nodes agree.
3There is an awful notational conflict between the ‘V’ in the charts on N and the ‘V’ which is the vector space of
translations underlying the codomains of the charts on M. I hope to find a palatable alternative.
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(3.56) Frames (bases) in a chart. Apply the forgoing to the coordinate functions. Thus suppose
(U,z) is a chart on M with values in standard affine space. Then z = (z!,...,2"): U — A"
is a smooth function defined on the open set U, and we compute its differential. (The domain
of x is a manifold: recall that any open subset U of a manifold M inherits a manifold structure.)
For the codomain A™ we use the identity chart, and for the domain U we use the chart (U, x).
Then in this chart the map f = z is represented by the composition f o z~!, which is the identity
map on z(U) < A". Its differential is the identity map of R™. Writing this in terms of the
component functions of x, note that the differential dz’ of the i** component function is a linear
map T,U = T,M — R, so an element of the dual space Ty M to T;,M. Then using the natural
basis (3.46), the fact that the differential is the identity map is the equation

i 0 Y 1a i:j;

In other words, the differentials dz', ..., dz™ are the dual basis to the basis 0/dz!,. .., d/0z™.

Remark 3.58. For a standard chart one should first define the basis dz',...,dz" of the cotangent
space Ty M using the definition of the differential. In fact, functions z',...,2": U — R defined on
an open subset U < M of a smooth manifold M are the coordinate functions of a standard chart if
together they define a homoeomorphism onto their image in A™ and the differentials dxll,, oy dxy
form a basis of Ty M for all p € U. With dz',... dz™ in hand, define d/0x',...,3/0x™ to be the

dual basis of the tangent space T),M.

Lecture 4: More on tangent vectors and differentials

The material in the notes on Multivariable Analysis, specifically pp. 14-15, 32-35, 66-67 are
relevant to this lecture.

In this lecture we begin with a review of the linear algebra of duality. Linear algebra is an
important foundation for this course, so it is worth spending time reviewing/learning as we go
along. We then give a few other views of tangent vectors: as motion germs and as derivations.
In the first we map open intervals into a smooth manifold M; in the second we map in the other
direction (infinitesimally). These dual ways of probing a smooth manifold—by maps in and by
maps out—are useful, often in juxtaposition. We conclude by illustrating computational technique,
with which you should develop some facility to the point you don’t have to rethink the definitions
each time.

Linear algebra preliminaries
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(4.1) The dual space. Let V, W be finite dimensional real vector spaces. The space of linear maps
(4.2) Hom(V,W) ={T: V — W : T is linear}

is a vector space: (11 + T)(§) = T1& + Tx€ for all T1,T> € Hom(V, W) and £ € V. The (abstract)
dual space is a special case:

(4.3) V* = Hom(V,R).
Remark 4.4. Suppose V, V' are finite dimensional real vector spaces and
(4.5) B:VxV —R

is a bilinear map. We say B is nondegenerate if the linear maps

(4.6) V=

§— (& — B(£,€))
and
(4.7) V=V

¢ — (£ B(&,€)

are isomorphisms. Then B exhibits a duality between V and V.

(4.8) Dual bases. Suppose dimV = n and ey,...,e, is a basis of V. The dual basis e',... e"

of V* is defined by
- , 1, i=yj;
4.9 iles) =8t = {7 ;
(19) (e) = &, {0’ L
On each side of the equality the indices 7, j do not repeat, so there is no sum. The compact notation

in (4.9) represents n? equations, one for each choice of a pair 4,5 € {1,...,n}. In the context of
Remark 4.4, the dual basis €], ..., e}, of V' is characterized by

1, i=j;

4.10 B(ej, ) =6;=1" ’

(4.10) (eir€j) = % {Qi#i
For the standard vector space R" a vector £ = (£1,...,£") is represented by a column vector.
The dual space (R™)* consists of linear functionals w = (w1, ...,w,) which are represented as row

vectors. (Recall that a collection of real numbers A; with one superscript and one subscript are
organized into a matrix in which the upper index is the row number and the lower index the column
number.) The pairing w(£) € R is computed as the product of a row vector and a column vector:
51

(4.11) w@) =wil' = (w1 - wy) | :
fn
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(4.12) The dual of a linear map. Let W be another vector space and T: V' — W a linear map.
There is an induced dual or pullback or transpose linear map T*: W — V defined by

(4.13) T*(w*)(v) = w*(Tv), veV, w'eW*.

Each side of (4.13) is a real number.

Tangent vectors as motion germs

(4.14) Motion germs in affine space. Let A be an affine space over a vector space V. A local
motion or local parametrized curve in A is, for § > 0 a smooth function 7: (—6,0) — A. Its initial
position is the point p = 4(0) € A and its initial velocity is the vector

(4.15) £ = 4/(0) = lim VT

Define two local motions in A to be equivalent if their initial positions and initial velocities agree.
An equivalence class is a motion germ with well-defined position and velocity.*

Remark 4.16. There is a distinguished affine motion t — p + té in each equivalence class.

Let U € A be an open set, B is an affine space, and f: U — B a smooth function. Then if
pelU, eV, and 4: (—4,0) — U represents a motion germ with position p and velocity &,

(4.17) &) = dfs(©) = — | F(3®)
by the chain rule.

(4.18) Motion germs on a smooth manifold. Let M be a smooth manifold. Define a local motion
v: (=9,0) — M and its initial position p = ~(0) as in affine space. To define an equivalence
relation on local motions with initial position p, choose a chart (U, z) about p with values in an
affine space A, and transport the equivalence relation on the corresponding A-valued local motions
4 = x o~. Smoothness of overlap functions shows, via the chain rule, that the equivalence relation
is independent of the chart; see Lemma 3.52 and its proof for a similar assertion. The velocity of a
motion germ represented by v is an element of T),M; it is the transport of the velocity of ¥ = z o~y
using the inverse of the isomorphism (3.41). Again one can check that it is independent of the
chart. The tangent vector represented by a motion germ is

(4.19) E=50) = L1 (1) = dy (2

%) e T,M.
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FI1GURE 5. The differential as a map of local motions

Remark 4.20. The differential d~y is defined in (3.48), so (4.19) does not depend on the statements

about an equivalence relation on local motions in M.

If f: M — N is a smooth map, then one can compute its differential on tangent vectors as the
induced map on motion germs; see Figure 5. Namely, given p € M and £ € T, M, find a local motion
v: (=9d,0) — M with initial position p and initial velocity . Then df,(&) is represented by the
motion germ f o~y: (—d,5) — N. The chain role follows easily using motion germs; see Figure 6.

/

FIGURE 6. The chain rule as composition of motion germs

The cotangent space and the ring of C® functions
Let M be a smooth manifold and p € M.
Definition 4.21. The cotangent space to M at pis Ty M = (T, M)*, the dual to the tangent space.

If f: M — R is a smooth function, then its differential at p is a linear map df,: T,M — R. In
other words, the differential df, € T}y M is an element of the cotangent space.

Remark 4.22. It is worth contemplating df, which is a function p — df,, from M to...where?

4More properly it is a C* motion germ. There are higher order C* and C® motion germs.
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Let C*(M) denote the ring of smooth real-valued functions on M. Addition and multiplication
are inherited from the ring structure of R. We have not yet proved that C* (M) contains more than
locally constant functions; we will do so when we study partitions of unity. Then we will prove that
about each point p € M there exist functions z!,... 2" € C®(M) whose differentials at p form a
basis dle,, ..., dxy of the cotangent space T;M . This leads to a definition of a smooth structure on
a topological manifold in terms of the ring of smooth functions. We remark that from this point
of view the cotangent space is more fundamental and the tangent space is defined to be the dual
space to the cotangent space. That world order is reflected in practice as we do computations, as

illustrated in the next section.

Tangent vectors as derivations

The most basic derivative operation, out of which the differential and higher derivatives are built,
is the directional derivative. Here we interpret the directional derivative on a smooth manifold as

a derivation on smooth function.

Definition 4.23. Let A be an algebra over R. A (R-valued) derivation on A is a linear map
(4.24) D:A—R

which satisfies

(4.25) D(aia2) = D(ay)as + a1D(az), ay,az € A.

Equation (4.25) is an abstract formulation of the Leibniz rule. A derivation is a general first
derivative operator. One can generalize this definition to maps between A-modules, a form in
which we encounter it later when we study differential forms.

Let M be a smooth manifold, and suppose { € T,M is a tangent vector at some point p € M.
Define

De: C*(M) — R

(420 fr—&f(p)

where {f(p) = dfp(€§) is the directional derivative of f in the direction £ at p. Then D¢ is a

derivation.

Remark 4.27. Conversely, every derivation D: C*(M) — R is of the form D = D¢ for some p € M
and § € T, M, though we do not yet have enough tools to prove this statement.

Local computations in coordinate charts

(4.28) The moving frame induced by a chart. Let (U, $) be a standard chart on a smooth mani-
fold M, so ¢: U — A™ for some open set U < M and a positive integer n. Fix p € U. Denote the
coordinate functions as z*: U — R.
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Lemma 4.29. The differentials d:rllj, ..y dxy form a basis of T M.

Proof. Tt suffices to check in any chart at p, so we check in the chart (U, ¢). But in that chart the
function z° is the standard affine coordinate functions with differential (0 - 1 .. 0) € (R™)*. These
form the standard basis. O

Y

@@ (V) A= JO0E ) Xe f/Ziz

FIGURE 7. The moving frame of a local coordinate system

Introduce the dual basis

0

oxt

0

7---77’”‘
» ox

(4.30)

p

of T,M. As p varies each 0/0x" is a vector field on U. This basis of vector fields, or vector fields of
bases, is called a moving frame or repére mobile by Elie Cartan. (The word ‘frame’ is a synonym
for ‘basis’.) It is illustrated in Figure 7.

Remark 4.31. A general moving frame assigns a basis b, = (& ’p, o én ’p) of T,M to each p e U
in an open subset U ¢ M, and the assignment must be smooth; it need not be induced from a
local coordinate system. To make sense of ‘smooth’ in the last sentence, we view p +— b, as a map

from U to...where? The ‘where’ should be a smooth manifold.

(4.32) Computational technique. We present a relatively simple computation to illustrate these
ideas in practice.

Example 4.33 (sample computation). We compute the Gauss map of a torus M embedded in
Euclidean 3-space E3. It is a map f: M — S? which takes each point of M to a unit normal vector
to M at that point. The computation is illustrated in Figure 8. Let x,y, z be the standard affine
coordinates on [E3. Fix positive real numbers R > r. Define M as the surface obtained by revolving
a circle of radius r about the z-axis, assuming its center to be at distance R from the axis. Then
M is the image of the map S x S1 — E? defined by

x = (R+rcosf)cos¢
(4.34) y=(R+rcosf)sing

z=r7sinf
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Restrict 0 < 6, ¢ < 27 to obtain a homeomorphism onto the image U, which is the complement of
the union of two circles in M, and invert to obtain a chart with coordinate functions 6, ¢.

X = [R.‘—f\usG)casf
i‘j 3 (R-H‘ ca.sﬂ) Sl‘nf“

§'= Cesf esd

§'2= Cos®) sing
?3: 8B
53

y sinf
e r

52

F1GURE 8. Local computation of the Gauss map of a torus in Euclidean 3-space

The sphere S? is the unit sphere in the vector space R?, which we take to have standard coordi-
nates £1, €2, €3, In these coordinates the Gauss map S' x S' — S2 is

¢! = cosfcos ¢
(4.35) £2 = cosfsin ¢

£ =sinb

as can be deduced by differentiating (4.34) with respect to r. (The motion with parameter r has
initial velocity the unit normal to M.) Now take a chart on S? to be the open subset where £ > 0
and use ¢2,£3 as coordinate functions on that chart. Then the local representation of the Gauss
map from coordinates 6, ¢ to coordinates £2, €3 is

€% = cosfsin

(430) & = sing

The dual (4.13) to the differential dfy,: T,M — Tf(p)52 is what we compute at any point p € U by
differentiating the equations (4.36) which define f:

de? = —sin¢gsinfdf + cos ¢ cos O do

4.37
( ) ded = cos 6 do

These can be transposed to compute the map on tangent vectors, i.e., the differential:

0
— »—>—sin¢sin0—2 + cos¢cosf 3
(4.38) o “ *
0
cos—

o6 o¢?
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You can derive (4.38) by evaluating (4.37) on d/00 and d/0¢. This is the differential at the point
on M with coordinates (6, ¢).

Lecture 5: The inverse function theorem

Extensive notes for this lecture are in the text on Multivariable Analysis, especially pp. 16-17,
24-26, 30, 58-63*, 65. Please be sure to think about the examples in the notes as well as the
general theorems.

Lecture 6: Normal forms for maximal rank maps

We begin in this lecture with the maximal rank condition in linear algebra. We prove that the
space of maximal rank linear maps is open in the vector space of linear maps. This fits the slogan
“invertibility is an open condition”; see Example 3.12. A maximal rank linear map has a simple
normal form. We then go on to the case of a map between smooth manifolds, where the maximal
rank condition makes sense on the differential. The circle of ideas around the inverse function
theorem (Lecture 5) is used to pass from this first-order infinitesimal condition to a local normal
form. We end by defining some global conditions on smooth maps.

Maximal rank linear maps

The ground field is arbitrary for the linear algebra of this section. In our application to smooth
manifolds, we use the field of real numbers.

Definition 6.1. Let V, W be finite dimensional vector spaces and T: V' — W a linear map.

(i) The rank of T is the dimension of its image:
(6.2) rank 7 = dim 7(V) < min(dim V, dim W).

(ii) T has maximal rank if there is equality in (6.2).
A maximal rank map is injective/bijective/surjective if dimV </=/> dim W, respectively.

Lemma 6.3. Let V,W be finite dimensional vector spaces.

(1) The space of maximal rank linear maps MaxRank(V, W) < Hom(V, W) is open.
(2) If T: V. — W has maximal rank, then there exist bases e1,...,em of V and fi,..., fn, of W
such that

(6.4) T(e;)=f;,  j=1,...,m, ifdimV <dimW,
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and

Loi=1.m
(6.5) T(ej) = {77 7 o1 if dim V > dim W.
0, g=n+1,...,m,

Proof. We already gave the argument for (1) in case dim V' = dim W: then the subset of isomor-
phisms Iso(V, W) < Hom(V, W) is open.

IfdimV < dim W and Ty: V — W has maximal rank, choose Wy ¢ W complementary to Ty(V').
Equivalently, W = Ty(V') @ Wy. Note that dim V' = dim W/Wy. Let m: W — W /W, be projection
onto the quotient. Define

p: Hom(V, W) — Hom(V, W /W)
(6.6)
T—moT
Then p~! (Iso(V, W/Wy)) = MaxRank(V, W) < Hom(V, W) is an open subset containing Tp, since
Iso(V, W /Wpy) < Hom(V, W /W) is open, and this proves that MaxRank(V, W) is open.
The argument for dim V' > dim W is similar. Given T: V' — W of maximal rank, choose Vj < V'
so that T‘VO: Vo — W is an isomorphism. Let ¢: Vj — V be the inclusion. Define

r: Hom(V, W) — Hom(Vp, W)
(6.7)
T—To.
to be restriction to Vp. Then r~!(Iso(Vp, W)) = MaxRank(V,W) < Hom(V,W) is open and
contains Ty, which proves MaxRank(V, W) < Hom(V, W) is open.

For (2), if dimV < dim W choose an arbitrary basis ei,..., ey, of V, define f; = T'(e;), j =
1,...,m, and fill out the linearly independent set f1,..., fi, to a basis of W. Similarly, if dimV >
dim W, choose an arbitrary basis fi,..., f, of W, use surjectivity to find vectors ey,...,e, in V
with T'(e;) = fj, j = 1...,n, and choose €,41,...,en to be a basis of ker T O

The maximal rank condition for smooth maps of manifolds

We introduce special terminology for the maximal rank condition.

Definition 6.8. Let M, N be smooth manifolds and f: M — N a smooth map. Fix p € M and
set ¢ = f(p). The differential of f at p is a linear map dfy,: T,M — T, N.

(i) If dfy, is injective, then f is an immersion at p.

(ii) If df, is surjective, then f is a submersion at p. We also say f is regular at p, or p is a

regular point of f.

(iii) If df, is not surjective, then p is a critical point of f.

(iv) If all p € f~1(q) are regular points, then q is a regular value of f.

(v) If there exists p € f~'(q) a critical point, then q is a critical value of f.

Be cognizant that regular and critical points lie in the domain and regular and critical values lie
in the codomain. Repeat: points/domain, values/codomain. Points/domain, values/codomain.
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Remark 6.9. If g e N\ f(M) is not in the image of f, then ¢ is a regular value, since the condition
in (iv) is trivially satisfied.

A fundamental result, Sard’s Theorem, asserts that the set of critical values of any smooth
function has measure zero in the codomain. (Part of that circle of ideas is defining measure zero.)
As a corollary, the set of regular values is dense, and in particular is nonempty. On the other hand,
the set of critical values can be empty, as for the identity map idy;: M — M on any M. We discuss
Sard’s theorem a few lectures hence.

Recall Definition 3.31 of a diffeomorphism between smooth manifolds.

Remark 6.10.
(1) If f is a diffeomorphism, differentiate the equality f~!o f =idy at p e M to find

(6.11) () = (dfy)

as we already observed when proving the inverse function theorem.

(2) Compositions of diffeomorphisms are diffeomorphisms.

(3) f U € M is open and z: U — A™ is a smooth map to standard affine space, then (U, z) is
a (standard) chart on M iff x is a diffeomorphism onto its image x(U) < A". (The chart
exists in the differential structure, i.e., a maximal atlas.)

The following is a corollary of the inverse function theorem in affine space; it is the inverse
function theorem for smooth manifolds.

Theorem 6.12. Let M, N be smooth manifolds, f: M — N a smooth map, and suppose df,: T,M —
TN is an isomorphism for some p € M. Then there exist open subsets U © M containing p and

V < N containing f(p) such that f!U: U — V is a diffeomorphism.

The converse statement follows from Remark 6.10(i). The conclusion of Theorem 6.12 can be
summarized in the assertion: f is a local diffeomorphism at p.

Proof. Choose an A-valued chart (U, z) about p and a B-valued chart (V,y) about f(p), for some
affine spaces A, B. Apply the inverse function theorem in affine space to

(6.13) yofoxt: :1:((7 N f_1(17)) — B

using the fact that d(yo f o a:_l)x(p) = dyy(p) o dfpo (dm_l)x(p) is an isomorphism. Thus on a subset
of its domain, which transports by z=! to a subset U < U , the map (6.13) is a diffeomorphism onto
its image. The theorem follows. O

Now we turn to special coordinate systems and local forms.

Proposition 6.14. Let M be a smooth manifold, p € M a point, n = dim, M the dimension of M
at p, and U < M an open set containing p.
(1) Letx',...,2™: U — R be smooth functions whose differentials dm}a, ...,dxy at p are a basis
of T;M. Then there exists an open subset U' < U such that (U';x!,...,2") is a standard
chart.
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FIGURE 9. Transporting the inverse function theorem from affine space to manifolds

(2) Let z',...,2%: U — R, k < n, be smooth functions whose differentials daczl,, .. .,d:c’; at p
are linearly independent in Ty M. Then there exists an open subset U' < U and functions
oF L a2 U — R such that (U'; 2, ... 2") is a standard chart.

(3) Let zt,. .. .2t U — R, ¢ > n, be smooth functions whose differentials dm‘[l,, . ,dxf) at p
span Ty M. Then there exists an open subset U' = U and a subset {i1,...,in} < {1,..., 0}
such that (U';z%, ... x') is a standard chart.

Proof. Assertion (1) is a direct consequence of Theorem 6.12 and Remark 6.10(3).

For (2), choose a standard chart (V,y) about p, and suppose y: V' — R" takes values in the vector
space R™ and y(p) = 0. We may also assume V < U. Then the ordered k-tuple (ztoy~!
defines a map g: y(V) — R* whose differential at 0 is surjective. By Lemma 6.3 we can find a linear
automorphism S: R" — R" so that dg,oS: R" — R* is projection onto the first k components. Let
¢+ 2" V — R be the last (n — k) coordinates of the chart (V, S~ oy). Then the n functions
xl,...,2": V — R satisfy the hypothesis of (1), as we can check in the chart (V,S~! oy). Now
apply the conclusion of (1) to prove (2).

For (3), choose a subset {i,...,i,} < {1,...,£¢} such that d;vél, e ,dx;" is a basis of Ty M and
then apply (1). O

LT

We apply Proposition 6.14 to prove the analog of the normal form theorem Lemma 6.3(2) on
smooth manifolds.

Theorem 6.15. Let f: M — N be a map of smooth manifolds. Fixpe M and suppose dim, M =
m and dimg,) N = n. Assume df,: T,M — T,y N has mazimal rank. Then there exist standard
charts (U, z) about p and (V,y) about f(p) such thatyo fox! takes the form

(6.16) y' =2, i=1,...,n, ifm=>=n,
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and

(6.17) y = #h i=1.,m; if m < n.
0, t=m+1,...,n,

Proof. Choose an arbitrary standard chart (V;y!,...,4™) on N about f(p). If m > n, consider
the n functions z' := y' o f,..., 2" := y" o f, defined on the neighborhood f~(V) of p in M.
Their differentials at p are linearly independent, so by Proposition 6.14(2) they can be completed
to a standard chart with domain U < f~!(V). In this way we obtain the normal form (6.16). In
case m < n, the differentials of these n functions at p span Ty M, so by Proposition 6.14(3) we can
choose m of them which form a basis. Renumbering so these are the first m, we obtain the normal
form (6.17). O

Global properties of smooth maps; submanifolds

We now turn to global properties.

Definition 6.18. Let f: M — N be a smooth map of smooth manifolds. Then f is an embedding

if it is an injective immersion which is a homeomorphism onto its image.

There are three conditions on f in the definition: the local condition that f be an immersion,
i.e., its differential df, is injective for all p € M; the global condition that f be injective; and the
global condition that the inverse f~': f(M) — M of f be continuous. Here f(M) = N has the
subspace topology. In Figure 10 we depict three immersions f: R — A2, illustrating these two
global properties. Regard the function f as a motion in A?; then the immersion condition states
that the velocity is nonzero at every time.

FicUrE 10. Types of map with injective differential

Just as a smooth manifold is defined by a local normal form—Iocally a smooth manifold is
diffeomorphic to affine space—so too is a submanifold defined by a local normal form: locally a
submanifold is diffeomorphic to an affine subspace of an affine space.
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Definition 6.19. Let M be a smooth manifold and ) < N a subset. Then Q is a submanifold
of N if for all ¢ € @ there exists a chart (V,y) about ¢ with values in an affine space A together
with an affine subspace A’ A such that

(6.20) y(QnV)=A nyV).

The submanifold chart is standard if the chart (V,y) is standard and there exists ¢ € {0,...,n}
such that

(6.21) YyQV)={(y",....y") e A" 1y = =y =0} ny(V).

FIGURE 11. A submanifold chart

We illustrate a standard submanifold chart in Figure 11. The integer ¢ is the codimension of @
in N at the point ¢, which is written codim,(Q < N).

Remark 6.22.

(1) A submanifold is a manifold in its own right. Namely, if &7 = {(Va,Ya)}aeca is a covering
of Q by submanifold charts, then &7 = {(V,nQ;yk,...,%%)} is an atlas of Q. (This assumes
constant codimension ¢ and standard submanifold charts; the reader needs merely to change
the notation to accommodate general submanifold charts and varying codimension.)

(2) A submanifold may be open, it may be closed, or it may be neither. Let N = A?. Then an
open disk in IV is an open submanifold, an affine line in N is a closed submanifold, and an
open interval in an affine line is a submanifold which is neither open nor closed.

(3) A submanifold @Q < N is always a locally closed subset. That is, for every ¢ € @ there exists
an open neighborhood V' < N of ¢ such that @ n'V < V is closed. (To prove this, let V' be
the domain of a submanifold chart.)
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Example 6.23 (skew line on a torus). Consider the 2-dimensional torus R?/Z2. Fix (xq,o) € R?
so that xg # 0 and yo/z is irrational. Then the map

f:R— R?/72

(6.24) t —> (tzo,tyo) (mod Z?)

is an injective immersion. The image f(R) < R?/Z? is dense in the torus. About every t € R we
can choose special charts as in Theorem 6.15 so that (6.16) is satisfied, but the chart on the torus
is not a submanifold chart since (6.21) is not satisfied.

Lecture 7: Submanifolds, embeddings, and regular values; a counting invariant

Recall that there are three basic ways to associate a “shape” to a function f: M — N. We
can take the image f(M) < N; the preimage f~'(q) = M of a point of N, or more generally the
preimage f~1(Q) = M of a subset of N; and the graph TI'(f) = M x N of f. If M, N are smooth
manifolds and f a smooth function, then the graph I'(f) is always a submanifold of M x N, and
it is diffeomorphic to the domain M. The first theorem in this lecture gives a sufficient condition
on f for its image f(M) to be a submanifold of the codomain N, namely that f be an embedding;
then f(M) is diffeomorphic to M. The second theorem gives a sufficient condition on ¢ € N
for the inverse image f~!(g) to be a submanifold of the domain M, namely that ¢ be a regular
value. In both cases the condition is not necessary: a constant map has image a submanifold,
and the inverse image of a critical value can “accidentally” be a manifold. We will soon study the
condition—transversality—for the inverse image f~'(Q) = M of a submanifold Q = N to be a
submanifold.

In the last part of the lecture we construct our first topological invariant and use it to prove the
fundamental theorem of algebra.

Embeddings and submanifolds

Theorem 7.1. Let f: M — N be an embedding. Then f(M) c N is a submanifold.

Proof. Fix q € Q; we must construct a submanifold chart about ¢. Let p € M be the unique point
so that f(p) = ¢. Since f is immersive, by Theorem 6.15 there exist charts (U, x) about p and
(V,y) about ¢ so that y o fox~l(a!,...,2™) = (!, ...,2™,0,...,0); see Figure 12. We claim
that there exists an open subset V' < V so that the restricted chart (V’,y) is a submanifold
chart. If (6.21) fails, then there exists a sequence {p;};~, < M\U so that Ijingo v (f(pk)) = 0 for
j=m+1,...,n. Hence the sequence {f(pr)} = V converges to a point of f(U), and since f is a

homeomorphism onto its image we conclude that {p;} = M\U converges to a point of U, which is
absurd since M\U is a closed subset of M. O
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FiGure 12. Constructing a submanifold chart

Regular values and submanifolds

We first introduce some terminology which will recur throughout the course.

Definition 7.2. A sequence
(7.3) v w2 x

of linear maps of vector spaces is exact if SoT = 0 and ker S = T'(V') as subspaces of W. A long
exact sequence

(7.4) e A A L VA

is a sequence of linear maps in which every two consecutive maps forms an exact sequence. A short
exact sequence is a long exact sequence of the form

(7.5) 00—V v 2,7 0.

In (7.5) the linear map T: V' — V is injective with cokernel (isomorphic to) V", and the linear
map S: V — V” is surjective with kernel (isomorphic to) V’. Furthermore, if V'V, V" are finite
dimensional, then

(7.6) dimV = dim V" + dim V.

Definition 7.7. Let P < M be a submanifold and p € P.

(1) The quotient space T,,M /T, P is the normal (space) to P at p.
(2) The codimension of P in M at p is

(7.8) codim, (P < M) = dim, M — dim, P = dim(TpM/TpP).
We sometimes use the notation ‘v, for the normal space at p. There is a short exact sequence

(7.9) 0 —> T,P —> T,M —> v, —> 0.
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Theorem 7.10. Let f: M — N be a smooth map of smooth manifolds and q € N a regular value.
Then P := f~Y(q) = M is a submanifold of codimension equal to dimy N. Furthermore, if pe P,

(7.11) T,P = ker(df,: T,M —> T,N).

FiGURE 13. The linearization of f cuts out the tangent space to the submanifold
cut out by f

We express (7.11) as the short exact sequence

(7.12) 0— T,P —> T,M -2 7,N — 0,

illustrated in Figure 13. In general, the codimension of a submanifold P € M is a locally constant
function codim: P — Z>". Theorem 7.10 asserts that if P is cut out by a single function, then
codim is a constant function.

Remark 7.13. Not every submanifold is cut out by a single function. Compare (7.9) and (7.12) to
conclude that in the situation of Theorem 7.10, the differential df,, identifies each normal space v,
with the fixed vector space T, IN. It is not true that the normal spaces to every submanifold admit
such a smoothly varying identification.’

Proof of Theorem 7.10. Fix p € P and choose charts (U, x) of M about p and (V,y) of N about ¢ as

in Theorem 6.15, so that yo fox—(a!,... 2%, ..., 2™) = (z!,...,2F) and 2%(p) = 0,i = 1,...,m.
Then (U, z) is a submanifold chart: z(P nU) = {(z!,...,2™) e 2(U) : 2! = --- = 2% = 0}. The
codimension is k, and the exact sequence (7.12) is immediate in these charts. U

Example 7.14 (the 2-sphere redux). The 2-sphere S? = A2, _ is cut out by the single function

x7y7z

f: A3 —R
(7.15) s o
(z,y,2) — 2" +y" + 2

Namely, S? = f~1(1). To verify that 1 € R is a regular value of f, it suffices to observe that the
differential df = 2z dz+ 2y dy+ 2z dz does not vanish at any point of f~1(1). Note that df 0,00 =0,
so (0,0,0) € A3 is a critical point, 0 € R is a critical value, and yet f~!(0) = A3 is a submanifold
(though not of the expected codimension dim R).

5We will soon study fiber bundles, and express this as the trivializability of the normal bundle to a submanifold
cut out by a global function.
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Example 7.16 (the orthogonal group). Recall that M,R is the n?-dimensional vector space of
n x n matrices. Let ‘A denote the transpose of the matrix A. The orthogonal group O,, = M,R is
defined by the single condition AA = I, where I is the identity matrix. To re-express this condition
as the inverse image of a regular value of a function, we must note that the matrix S = A4 is
symmetric: ‘S = S. Let S,R < M,R denote the vector subspace of symmetric matrices. Define

f: MR — S,R

7.17
( ) A—> AA

Then O,, = f~}(I). To prove that O,, = M,R is a submanifold, we show that I is a regular value
of f and apply Theorem 7.10. For any A, A € M,R we compute

(7.18) dfa(A) = A'A + AA.
For Ae O, and S € S,R we must prove that the equation
(7.19) A'A+ AtA =58

has a solution A € M,R, which it does: A= %SA.

The orthogonal group O, is an example of a Lie group.

Definition 7.20. Let G be a set endowed with both a group structure and a smooth manifold
structure. Suppose these structures are compatible in the sense that multiplication G x G — G
and inversion G — G are both smooth maps. Then G is a Lie group.

To verify that multiplication on O,, is smooth, we first observe that matrix multiplication M, R x
M,R — M,R is a polynomial map, hence is smooth. Since O,, € M,R is a submanifold, so too is
O, x O, c M,R x M,R, and hence the restriction of multiplication to a map

(7.21) On x Op, —> MR

is smooth. Furthermore, (7.21) factors through a map with codomain O,,. The smoothness of the
factored map follows from a general result, as does the smoothness of inversion on O,.

Proposition 7.22. Suppose f: M — N is a smooth map of smooth manifolds, M' < M and
N’ < N are submanifolds, and the restriction of f to M’ factors through a map f': M' — N'.
Then f' is smooth.

Proof. Let p’ € M’ and choose submanifold charts (U, z) about p’ and (V,y) about f(p’) such that
fU) c V. Itm' = dimy M', m = dimy M, n’ = dimyy N', and n = dimgqy N, and if the

smooth functions y* = yi(z!,...,2™), i = 1,...,n, are the expression of y o f o z!, then the
smooth functions y' = y*(z!,... ™0, .., 0),i=1,...,n, are the expression of ¢’ o f’ o (2/)~! in
the charts on M’, N’ induced from the corresponding charts on M, N. O

Proposition 7.23. The orthogonal group O,, is a Lie group.
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A counting invariant; the fundamental theorem of algebra

We use the inverse function theorem to construct our first topological invariant. It illustrates a
main theme of the class: we use calculus—local control from the infinitesimal hypothesis of maximal
rank—to set up global invariants.

Theorem 7.24. Let M be a compact smooth manifold, N a smooth manifold with dim N = dim N,
and f: M — N a smooth function. Set Nyeg € N the subset of reqular values. Then the function

#: Nreg - Z>O

(7:25) q— #f(q)

is well-defined and locally constant.

The conclusion is that for any regular value ¢ € N the subset f~!(¢) M is finite and its cardinality
is a locally constant function of the regular value.

Proof. Fix q € Nyeg. Theorem 7.10 implies that f~1(g) is a O-dimensional submanifold of M, so
a finite or countable set of isolated points, and since f~'(q) = M is closed and M is compact it
follows that f~1(q) is a finite set. Hence (7.25) is well-defined. Suppose #f~'(¢) = N and write
f~Y(q) = {p1,...,p~n}. The Inverse Function Theorem 6.12 implies that f is a local diffeomorphism
at each p;; choose U; € M open so that f: U; — f(U;) is a diffeomorphism. Set

(7.26) V=

-

I
—_

N
F)\ F\ ).
% =1
Then V < Nyeg is open, g € V, and #‘V is constant. O

In the next lecture we prove that N.e is nonempty; in fact, it is a dense subset of N. In general
we cannot control its connectivity. But for polynomial functions we have good control.

Lemma 7.27. Let Q: C — C be a polynomial of degree d. Then Q) has at most d roots.

Proof. Argue by induction: if Q(z9) = 0, then Q(z) = (z — 20)Q1(z) for a polynomial Q; of
degree d — 1. O

Theorem 7.28 (fundamental theorem of algebra). Any polynomial P: C — C has a root.

The one-point compactification of C is the complex projective line CP! = C U {o0}; see (3.23). Tt
is defined as the projectivization P(C?) of the standard 2-dimensional complex vector space, which
we take to have components z, w. Thus a point of CP! is an equivalence class of ordered pairs [z, w]
with at least one of z,w nonzero and [z, w] ~ [Az, Aw] for all A # 0. The complex line C embeds
in CP! as z — [z, 1]; the point oo is [1,0].

Proof. Define a smooth map f: CP' — CP! by

(7.29)
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The critical points of f outside oo = [1,0] are the roots of P’, hence by Lemma 7.27 there are
finitely many. Therefore, if N = CP! is the codomain of f, then Nyeg © N is the complement of
a finite set, so is connected. It follows that the locally constant function (7.25) is constant. It is
clearly nonzero. If 0 € Ny, then f71(0) = C < CP! is nonempty, so P has a root. If 0 € N is a
critical value, then in particular it is a value of f, so again P has a root. ]

Lecture 8: Measure zero, Sard’s theorem, introduction to fiber bundles

The main topic of this lecture, Sard’s theorem, is proved in an appendix in Guillemin-Pollack,
and I will not duplicate the proof here. That appendix also lays out the theory of measure zero
on a smooth manifold, which I will expand upon in these notes. In the last part of the lecture we
switch gears and single out another important class of maps: fiber bundles.

Sard’s Theorem

Recall from Theorem 7.10 that the inverse image of a regular value of a smooth map of smooth
manifolds is a submanifold. This method of producing manifolds gains its power from a companion
theorem which asserts that regular values are plentiful. This companion theorem has a long history,
which includes Morse (1939), Sard (1942), Brown (1935), Dubrovickii (1953), and Thom (1954).
The main result goes simply by the name of Sard.

Theorem 8.1. Let X, Y be C® manifolds and f: X — Y a C® map. Denote by C < X the subset
of critical points of f. Then f(C) <Y has measure zero.

Recall that f(C) < Y is the subset of critical values. Its complement Y\F(C) is the set of regular
values. The proof implies a stronger result for C* maps, where k is sufficiently large depending on
the dimensions of X and Y.

Corollary 8.2. The subset Y\ f(C) of reqular values is dense.

This follows from the fact that sets of measure zero have nonempty interior. We often apply a
weaker result: the set of regular values is nonempty. Another measure zero fact, that a finite or

countable union of sets of measure zero has measure zero, implies the next result.

Corollary 8.3. Let {X;}icr be a collection of C* manifolds, where I is finite or countable. Let
Y be a C® manifold and f;: X; > Y, i€ I, a C® map. Then the set of simultaneous reqular values
of fi is a dense subset of Y.

Consider now the special case in which the domain has smaller dimension than the codomain.
Every point of the domain is critical, since the differential cannot be surjective.

Corollary 8.4. Suppose X,Y are C* manifolds with dim X < dimY and f: X —» Y is a C® map.
Then f(X) c Y has measure zero.
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As we will see, the proof of Corollary 8.4 can be given in a more elementary fashion independently
of Sard’s Theorem 8.1. As a particular application we prove the following.

Corollary 8.5. Any smooth map f: S™ — S™ is homotopically trivial if n < m.

Proof. By Corollary 8.4 there exists a point ¢ € S™ not in the image of f, so f factors through a
map f': S — S™\{q}. Stereographic projection is a diffeomorphism ¢: S™\{q} —> R™. Define
the family of homotheties

hy: R™ — R™

(8.6) £ (1-1)¢

Let ¢: R™ < S™ denote the inclusion. Then 1o hs o po f': S — R™ is a null homotopy of f/ [

Measure zero in affine space

We define the measure, or volume, of some standard subsets of A™ and use them to define when
an arbitrary subset £ — A™ has measure zero.

Definition 8.7.

(i) A standard (n-dimensional) box defined by real numbers a',...,a" b', ..., b" with a’ < b’,
1=1,...,n, is the set

(8.8) S =S(a',bt;.. . ;a™ b") = {(ml,...,a:”) eA":d' <z’ < b foralli= 1,...,n}.

If A\ = b — a’ is independent of 4, then we call S a standard cube of side length \.
(ii) The (n-dimensional) volume of the standard box (8.8) is

(5.9) u($) =[] & —a).

i=1

(iii) A set E < A™ has (n-dimensional) measure zero if for all € > 0 there exists a covering
{Si}ier of E with I finite or countable such that > . ; 1(S;) < e.

The definition (iii) of measure zero does depend on the ambient dimension: a nonempty open

interval in A! does not have 1-dimensional measure zero, but if we regard A = A" for n > 1, then

it has n-dimensional measure zero. We use ‘measure zero’ if the dimension is clear from context.
We prove some basic properties of sets of measure zero.

Proposition 8.10.

(1) Let E < A™ be a set of measure zero and E' — E a subset. Then E’ has measure zero.

(2) Let {E;}icr be a finite or countable collection of measure zero subsets of A™. Then | J,c; Ei
has measure zero.

(3) The affine subspace A™ < A™ has n-dimensional measure zero if m < n.
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(4) Let U = A™ be an open subset, E < U a set of measure zero, and f: U — A" a C' map.
Then f(E) < A™ has measure zero.

(5) A standard box does not have measure zero.

(6) If F < A™ has nonempty interior, then F does not have measure zero.

(7) Let E < A" be a closed subset. Suppose that for all ¢ € R the set E N ({c} X An_l) c At
has (n — 1)-dimensional measure zero. Then E has n-dimensional measure zero.

A special case of (4) is that the image of a set of measure zero under a C* diffeomorphism has
measure zero. In other words, measure zero is a C® concept.

Proof. Assertion (1) is immediate since a cover of E by standard boxes of total volume < € is a
fortiori such a cover of E’.

For (2), write I = {1,2,...,N} or I = Z7°. Then given € > 0, for each i € I let {S; ;}jes, be a
cover of E; by at most countably many standard boxes of total volume < e/2i. Then {S;, j}ic 1,je;

is an at most countable cover of | J._; E; by standard boxes of volume < e.

iel
For (3), let {pi};cz=0 be a countable dense subset of A™, for example the set of points with
rational coordinates. Given e > 0, for each i € Z=° let S; be the standard box in A" with center p;
and side lengths dy = -+ = d,, = 1, and dpyy1 = -+ = dp, = (6/2")1/(”*’”). Then {S;}cz=0
covers A" < A™ and has total n-dimensional volume e.
For (4), fix pe E and let B, c U be a ball whose closure lies in U. We prove that f(E n B,) has
measure zero. Since df is continuous, we can choose C' > 0 so that |[df|| < C on the compact set B,.

It follows that
(8.11) d(f(z), f(a")) < Cd(z,2), z,2' € B,.

Hence if S < B, is a standard cube of side length A, then f(S) is contained in a standard cube of
side length C'y/n A. Given € > 0, cover E n B, by at most countably many standard cubes of total
volume < €¢/(C'y/n)". It follows that f(E n B,) is covered by at most countably many standard
cubes of total volume < e. This proves that f(E n B,) has measure zero. Since f(E) is covered by
countably many sets of this form, (4) is proved.

The proof of (5) is a beautiful argument which Guillemin-Pollack credit to von Neumann. It is
based on the following estimate. Let T be a standard box. Denote by I(T') the number of points
(x',...,2") € T such that 27 € Z for all j = 1,...,n. Let the side lengths of T be dy,...,d,.
Assume for the moment that each d; > 1. Then

(8.12) ﬁ(dj_n < I(T) < ﬁ(dj+1).
i=1 j=1

Now to the proof of (5). Let S be a standard box of side lengths dy,...,d,, and let {S;}icr be an
at most countable covering of S by standard boxes. Then we claim

(8.13) DTu(Si) = u(S).

el
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It follows immediately that S, hence also S, cannot have measure zero. To prove (8.13), observe
that since S is compact, we can and do choose a finite subcover of {S;}ic;, whose elements we
denote Si,...,Sy. Forie {1,..., N}, denote the side lengths of S; by di (), ...,d, (7). Apply (8.12)
to deduce’

n N n
(8.14) [Ti-1) < 1(5) < > 1(5) < > [[(di6) +1).
j=1 i=1 i=1j=1
For any ¢ > 1 the standard boxes ¢S4, ..., cSy cover ¢S, and we can apply (8.14) to conclude

N n
(cdj—1) < Y [[(ed;(i)+1)

1 i=1j=1

(8.15)

J

n

which, after dividing by ", is

1 N n . 1
(8.16) [T@=2 < X110 +-)

n N n N
(8.17) wS) = [T < 2 TTdi0) = Yons) < Yous),

which is (8.13).

Assertion (6) now follows quickly: if F' < A™ has nonempty interior, it properly contains a
standard box, which by (5) does not have measure zero. Now apply (1).

It suffices to assume in (7) that E is compact, since any closed E = A™ is the (countable) union of

the compact sets En B,,(x), n € Z>% where B, () is the ball of radius n about a fixed point = € A™.
Then E < [a,b] x A"~ for some finite closed interval [a,b] = R. For any subset J € [a, b], let

(8.18) Ej=FEn (JxA"").

Let € > 0 be given. For each ¢ € [a, b] let Si(c),...,Sn.(c) be a covering of the compact set E. <
A"! by (n — 1)-dimensional standard boxes of total volume < €/2(b — a). By compactness of F
there is an open interval J(c) < [a,b] about ¢ so that {J(c) x Si(c)}f-vzcl covers Ej(.. The intervals
{J(c)}celap) cover [a,b], so there exists a finite subcover. It is not difficult then to find a finite
collection of open intervals Ji, ..., JJy which cover [a,b]; each J; < J(c;) for some ¢; such that
J(c;j) is in the finite subcover; and the total length of Ji,..., Jy is < 2(b— a). The n-dimensional

standard boxes {Jj X Si(cj)}j]\/il ijic1 cover E/ and have total n-dimensional volume < e. O

61If d; < 1 for some j, then (8.12) does not apply. However, for sufficiently large ¢ we have (8.15) and this suffices.
7Gruillemin-Pollack, Appendix A, has more detail for the proof in this paragraph.
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Measure zero on smooth manifolds

Definition 8.19. Let Y be a smooth manifold. A subset £ < Y has measure zero if for all
A"-valued charts (V,y) c Y, the set y(E nY) < A" has measure zero.

The choice of n may vary on components of Y. Definition 8.19 would be impractical if we had to
check all charts in a maximal atlas, but Proposition 8.10(4) guarantees the following.

Proposition 8.20. A subset E ' Y has measure zero if the condition of Definition 8.19 holds for
a set of charts of Y which cover E.

The following implies in particular that the complement of a set of measure zero on a smooth

manifold is nonempty.
Proposition 8.21. Let E c Y have measure zero. Then Y\E is dense.

Proof. (Y\E)¢ c E is open and has measure zero (Proposition 8.10(1)), so by Proposition 8.10(6)
must be empty. Therefore, Y\E =Y as claimed. O

Now we are in a position to prove a special version of Sard’s Theorem.

Proof of Corollary 8.4. By second countability it suffices to check locally on X. Let n = dim X
and m = dimY. With respect to local charts we represent f by a smooth map g: U — A™, where
U < A" is open. Define

G:U x A" — A™
(8.22)
(z,y) — g(x)

Then since U x {0} < A" x {0} < A" x A™ ™ = A™ has m-dimensional measure zero (Propo-
sition 8.10(3)), it follows from Proposition 8.10(4) that G(U x {0}) = g(U) has m-dimensional
measure zero. g

Proof of Sard’s Theorem

I defer to the appendix in Guillemin-Pollack.
Introduction to fiber bundles

(8.23) Special types of maps: review. Let X,Y be smooth manifolds and suppose f: X — Y isa
smooth map. In previous lectures we introduced conditions on f that define special classes of maps.
The infinitesimal condition that the rank of the differential be maximal, which we can impose at a
point of the domain X or at all points of X, leads to a local normal form for f (Theorem 6.15). We
also imposed global conditions. For example, an injective immersion which is a homeomorphism
onto its image is an embedding, and the image of an embedding is a submanifold (Theorem 7.1). A
submersion is a map whose differential is surjective everywhere, and in that case the fibers (inverse
images of points) are submanifolds (Theorem 7.10). Now we introduce a special type of submersion
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in which the diffeomorphism type of the fibers does not jump. The key notion of local triviality was
flagged by Steenrod in his classic 1951 text The Topology of Fibre Bundles, though it had already
been around for more than a decade at that point.

Definition 8.24. Let 7: £ — M be a smooth map of smooth manifolds. We say 7 is a fiber bundle
if there exists {(Un, Fos ¥a)}aca such that {Uy}aea is an open cover of M, each F, is a smooth
manifold, and ¢, is a diffeomorphism ¢: U, x F, — 7~ }(U) such that the diagram

U, x Fy,

(8.25) » /

commutes. The domain F of 7 is called the total space and the codomain M is called the base of
the fiber bundle 7.

FIGURE 14. A fiber bundle with local trivialization about p

Here pr; is projection onto the first factor, followed by the inclusion U < M. The condition that
pairs (U, ¢) exist about every point p € M is called local triviality. It implies that 7 is a submersion,
hence the fibers are submanifolds.

Remark 8.26. We emphasize that {(U,, Fa, @) }aca is not data. We do not want to carry it around!
Its existence is a condition on the map .

Remark 8.27. Some authors require that 7 be surjective. We allow the fibers 7=!(p) to be empty.
A fiber bundle is sometimes labeled by the total space, which is a smooth manifold; however, the
fiber bundle is the function.

Remark 8.28. There is also a notion of a fiber bundle with fixed fiber F’; it is the case in which
F, = F for all a € A.
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Remark 8.29. Local triviality (8.25) provides a diffeomorphism 7 !(p) = F, of the fiber over
any p € U, with the fixed manifold F,. If we, heuristically, rewrite m as a map from M to sets,
then local triviality expresses the local constancy of this map.

Example 8.30 (trivial fiber bundle). Let M, F' be smooth manifolds. Then projection pry: M X
F — M is a fiber bundle. To verify the condition of local triviality, for any p € M we can choose
U = M and ¢ = id. This is the trivial fiber bundle over M with fiber F. Any fiber bundle is
locally isomorphic to a trivial fiber bundle. (We introduce the appropriate notion of isomorphism
in the next lecture.)

Example 8.31 (a nontrivial example). The map

70, — S"!

(8.32) A ag,

is a fiber bundle, where, say, £y = (1,0, ...,0). It is nontrivial (meaning not isomorphic to a trivial
bundle) if n > 3. We will not prove that statement now.

In the next lecture we give more examples and focus on the cases of interest in this course: the
tangent bundle to a smooth manifold and the normal bundle to a submanifold.

(8.33) Perspective. Any map (of sets) m: E — M induces a partition of the domain into its fibers.
Fiber bundles induce “regular” partitions in that the fibers are locally diffeomorphic to each other.
In this way fiber bundles provide useful decompositions of smooth manifolds, and that can be a
great tool to study global properties. In a different direction, fiber bundles can encode the geometry
of the base manifold. The tangent bundle is an example, and there are many associated bundles
that also come into play. Since the total space is a smooth manifold in its own right, we can apply
the tools of manifold theory to it and often learn about the base in the process.

Lecture 9: Fiber bundles and vector bundles

Recollection of fiber bundles

We resume our discussion of fiber bundles. Recall that a fiber bundle 7: F — M is a special
kind of map between smooth manifolds. It satisfies the local triviality condition specified in Defini-
tion 8.24. Note here that locality is in the codomain, which is called the base of the fiber bundle.
In that version we ask that the fibers be “locally constant” functions of the base: nearby fibers
are diffeomorphic in a smooth way, which is the content of the map ¢ in (8.25). A closely related
notion fixes a model manifold for the fiber.



DIFFERENTIAL TOPOLOGY 43

Definition 9.1. Let 7: E — M be a smooth map of smooth manifolds, and let F' be a (nonempty)
smooth manifold. We say m is a fiber bundle with fiber F' if for all p € M there exists an open
neighborhood U = M about p and a diffeomorphism ¢: U x F — 7~1(U) such that the diagram

UxF—Y 7 1(U)
(9.2) ) W
N

commutes.

(9.3) Notation. If 7: E — M is a fiber bundle, then for p € M we set E, = 7 1(p) to be the fiber
over the point p in the base.

(9.4) Maps of fiber bundles. The parametrized version of a smooth map of manifolds is a map of
fiber bundles. Let n’: E/ — M and ©: E — M be fiber bundles over the same base. Then a map
of fiber bundles is a smooth map ¢: E' — E which fits into the commutative diagram

E' L

(9.5) x /

M

E

The single smooth map ¢ encodes a smooth family of smooth maps ¢,: E; — FE), parametrized
by p € M; indeed ‘smoothness’ of the family means smoothness of the single map ¢. (Consider
the special case in which M = R,, E' = R, x R, and F = R, x R,. The function ¢ is given
by a function z = z(x,y) of two variables, and we are saying that smoothness jointly in the two
variables x,y is what we mean by a smoothly varying family of functions of y parametrized by x.)
When the fiber bundles 7/, 7 have extra structure—such as bundles of affine spaces, vector spaces,
Lie groups, etc.—then we may require that each ¢, preserve that structure.

Examples of fiber bundles

Example 9.6 (covering spaces). A (smooth) covering space m: £ — M is a fiber bundle. To see
this, recall the definition: every point p € M has an open neighborhood U < M which is evenly
covered, i.e., there is a discrete set S (which can depend on Uy) and a diffeomorphism

(9.7) 0: U xS — 7 1(U)

which commutes with projection to U. This is precisely the local trivialization condition. So a
fiber bundle with discrete fibers is a covering space.
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Example 9.8 (affine lines in a plane). Let V' be a 2-dimensional real vector space, and let A be
an affine space over V. Let E be the 2-dimensional manifold of affine lines in A. Each affine line
determines a line in V—a 1-dimensional subspace—namely its tangent line. The assignment of a
tangent line is a smooth map

(9.9) 7. F— PV.

We claim that 7 is a fiber bundle. Fix K € PV and p € A. We produce a local trivialization of 7
on U = PV\{K}. First, observe that p determines a section s,: PV — E of (9.9) which assigns to
each L € PV the unique affine line through p with tangent line L. As depicted in Figure 15, define

0:Ux K — 7 1(U)

(9.10)
L,& —sp(L)+¢

It is easily checked that ¢ is a diffeomorphism which commutes with projection to U, i.e., ¢ is a

local trivialization.

FIGURE 15. Affine lines, their tangent lines, and a local trivialization of (9.9)

Remark 9.11. The fibers of (9.9) have more structure: they are affine spaces. More precisely,
771(L) is affine over the quotient vector space V/L. (If the affine line £/ = A has tangent line L < V,
and £ € V, then the affine line ¢ + £ only depends on ¢ (mod L) since translation by vectors in L
preserves £.) In fact, there is a vector bundle Q — PV whose fiber at L € PV is the one-dimensional
vector space V /L, and (9.9) is a bundle of affine lines over  — PV, a parametrized version of a
single affine space over a single vector space. This illustrates the idea that fiber bundles can have
more structure, in which case we require that local trivializations preserve that structure. Note
that in this case the local trivialization (9.10) is an affine map on each fiber.

Example 9.12 (a surjective submersion which is not a fiber bundle). Work in the affine space A3
with coordinates (z, vy, z). Define

(9.13) E={(z,y,2) e A’ : y* + 2> = 1} \ {(0,0,+1), (0,0, —1)}.

This is a cylinder with two points n, s deleted. Let P denote the space of affine planes in A% which
contain the z-axis; then P is diffeomorphic to RP!, the space of lines through the origin in the
x,y-plane. Define

(9.14) . E— P
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FIGURE 16. A surjective submersion which is not a fiber bundle

the map which takes p € E to the plane containing the distinct non-collinear points n,s,p, as
depicted in Figure 16. Then 7 is surjective and a submersion. (Proof of the latter: a motion
germ in P is represented by a curve II; of planes through the z-axis. Intersect with the affine line
x =1, z = 0 to lift to a motion p; in E such that w(p;) = II;.) However, 7 is not a fiber bundle.
The typical fiber of 7 is an ellipse minus the points n, s, whereas the fiber over the x, z-plane 11, .
is the union of two affine lines minus n, s. The former has two components while the latter has four
components. Hence the special fiber over 11, . is not diffeomorphic to the other fibers. Therefore,
m cannot be locally trivial over II ..

Vector bundles

(9.15) Fiber product. As a preliminary, we introduce the fiber product of fiber bundles. It is the
parametrized version of the Cartesian product of manifolds. Let M be a smooth manifold and
mi: By — M, i = 1,2, fiber bundles over M. Define

(916) El XM E2 = {(61,62) € El X E2 : 71'1(61) = 7T2(62)}.

Then Ey Xy Es < Eq x Ey is a submanifold. This is easily proved once we introduce transversality,
though it is not difficult to do directly. The diagram

Eixy EBo 22— = By
|
(9.17) pry | lﬂz

Y
By M

commutes, and the composition
(918) 7T2E1 XME2—>M.

from northwest to southeast is a fiber bundle: local trivializations @1, o of Ei, F» over open
neighborhoods Uy, Us of a point p € M combine to a local trivialization of (9.18) over Uy nUsa. The
construction generalizes to the fiber product of a finite set of fiber bundles over a common base.
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(9.19) Vector space. Recall the definition of a vector space. It consists of data (V,0,+, x) where
V is aset; 0 € V is a distinguished element, the zero vector; +: V xV — V is called vector addition;
and x: R x V — V is called scalar multiplication. There are many axioms which tell that (V,0, +)
is an abelian group, scalar multiplication distributes over vector addition, etc.

(9.20) Vector bundle. Just as the fiber product (9.15) is a parametrized version of Cartesian
product, a vector bundle is a parametrized version of a vector space.

Definition 9.21. A vector bundle (m,0,+, x) consists of a fiber bundle 7: E — M; a section
0: M — FE of «, called the zero section; a smooth map +: E x; E — E such that

ExyE i E

(9.22) G A

™

M
commutes; and a smooth map x: R x ¥ — F such that
R x E . E
(9.23) \ /
T

M

commutes. We require the vector space axioms and also that local trivializations for 7 be linear
maps on fibers.

The vector space axioms tell that each fiber E,, pe M, of m: E — M is a vector space. Thus 7 ex-
hibits a family of vector spaces parametrized by M. The last condition—that local trivializations
be linear on fibers—imposes that this be a locally trivial family of vector spaces. Explicitly, about
each p € M there exists an open neighborhood U < M and a diffeomorphism ¢ in the diagram

P

UxE, 7 1(U)

(9.24) p& ) /

: E, — E, is a linear isomorphism for all p’ € U.

such that ¢ JXE
P

Analogous to Definition 9.1 is the definition of a vector bundle with fiber a fixed vector space.
We leave the reader to formulate it.
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Constructions of vector bundles

(9.25) Transition functions. Let V be a finite dimensional real vector space and suppose 7: F —
M is a vector bundle with fiber V. Let Uy, Us € M be open sets equipped with local trivializations

U xV—2 s o L)

(9.26) 1& /
Ui;

Over the intersection Uy n Uy the ratio of the trivializations is the transition function

ga1: U1 N U2 I Aut(V)
(9.27) —1
P (§— (pryops 09y)(p,€))

which compares them. Order matters: go7 is the transition from trivialization 1 to trivialization 2.
The transition functions satisfy

(9.28) g12 0 g21 = idy on Uy n Us,
(9.29) g32 © g21 = g31 on Uy nUs n Us.

Equation (9.29) is called the cocycle condition. It can be written
(9:30) 923.° 913 © 912 = idy,

whose three constituents on the left hand side are obtained by striking out a single digit from 123
and alternating the “signs” as we go across: 1230123710 123.

(9.31) Patching construction. One method to construct vector bundles, or to construct new vector
bundles from old ones, is to patch local trivial bundles using transition functions.

Theorem 9.32. Let M be a smooth manifold and {Uy}laeca an open cover. Let V be a finite
dimensional real vector space, and suppose given smooth functions

(9.33) Jazay : Uay N Uy, — Aut(V), a1,09 € A,
such that for all a1, s, a3 € A,

(9'34) Gaias © Jasay = idy on Ua1 N UOQ,
(9'35) Gazas © Jasar = Jazay on Ua1 N Ua2 N Ua3.

Then there is a canonical vector bundle w: E — M equipped with local trivializations over the
sets Uy such that the transition functions equal (9.33).
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I will not spell out the precise meaning of ‘canonical’; heuristically, it means there are no choices
made beyond the given data.

Proof. Define an equivalence relation ~ on the disjoint union | |, Uy X V as

b1 =p2

(9.36) Pr&) ~ (&) @)E)

where p; € Uy, and § € V, ¢ = 1,2. Define

(9.37) E=||UsxV /~,
acA

the set of equivalence classes. Endow E with the quotient topology of the product topology. For

each a € A the composition

(9.38) Ue xV— | |UaxV —E
a€A

is a homeomorphism onto its image, and the images cover E. It follows that E is locally Euclidean.

The projections U, x V — U, stitch to a surjective continuous map
(9.39) m: E— M.

Since M is second countable and the fibers of m are homeomorphic to the second countable space V,
it follows that F is second countable. Also, M is Hausdorff, so if two points in F project to distinct
points in M they can be separated by open sets. The fibers of £ are homeomorphic to V, so are
Hausdorff. It follows that E is Hausdorff. Therefore, F is a topological manifold.

Choose an atlas of M such that the domain U of each chart (U,z) is contained in some Ul,.
Assume the charts are standard and that M is n-dimensional. The composition

rxid

(9.40) 7N U) —UxV 255 A" XV

is a homeomorphism onto its image, so is a chart on F, and these charts have C* overlaps. (The
first map in (9.40) is the inverse of the restriction of (9.38) to U x V, inverted on its image.) This
endows E with the structure of a smooth manifold, and the map (9.39) is smooth.

The vector space structure on V—the zero vector, vector addition, and scalar multiplication—
induce a vector space structure on (9.39) since the equivalence relation (9.36) is defined by linear
maps. The vector space axioms hold on each fiber of 7 since they hold on V. The diffeomor-
phisms (9.38) are local trivializations which are linear on each fiber. O

Example 9.41. Theorem 9.32 applies also to complex vector bundles. (A complex vector bun-
dle is defined by replacing ‘R’ in Definition 9.21 with ‘C’.) Write points of CP! as equivalence
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classes [2°,2'] of pairs of complex numbers, not both zero, under the equivalence [2°,z'] =

[Az9, Az1] for A € C*°. Cover CP' by two (affine) open sets

Uy = {[z,1] : z€ C}

(9.42) Us = {[1,w] : we C},

and for k£ € Z define the transition function

o Uy A Uy — Aut(C) = C*

(9.43) .

[z,1] — =z

where C* = C*. Note that z # 0 if [2,1] € Uy n Us. The preceding construction gives a complex
line bundle L*) — CP' for each k.

(9.44) Another construction. In practice, we often encounter a variation of Theorem 9.32 in which
we have a family of vector spaces parametrized by a smooth manifold and we want to construct
from it a vector bundle.

Theorem 9.45. Let M be a smooth manifold and

(9.46) mE=||E—M
peM

a set of vector spaces parametrized by M. Suppose given an open cover {Uqy}aeca together with a
family of vector spaces {Vio}aca and isomorphisms ¢, a € A, such that the diagram

Pa
Ua X Va |_| Ep

peUa
9.47
( ) A\ /7T
Ua

commutes and pq |{p}xv is a linear isomorphism V, — E, for all p € U,. There are induced
transition functions

(9.48) ooy : Uay N Uqy —> Iso(Viy, Vi)
defined by composition 4,0;21 and pq, . Assume they satisfy the cocycle conditions

(9.49) Jaras © Gazay = idv, on Uy, N Usy,
(9'50) Goszas © Gosay = Jaszaq on U0f1 N Ua2 N Uas.

Then there is a canonical manifold structure on E so that (9.46) is a vector bundle and the ¢, are
smooth local trivializations.

The proof is similar to that of Theorem 9.32. Use the disjoint union of the ¢, to topologize E and
make charts on E as before.
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(9.51) Dual bundle. As an application of Theorem 9.45 we construct the dual bundle to a vector
bundle. It is the parametrized version of the passage from a vector space to its linear dual. As a
preliminary, recall that if T: V' — W is a linear map of vector spaces, then there is a dual map
T*: W* — V* defined by

(9.52) (T*w*, vy = (w*, Tv), vevV, w*eW?*,

where the pairing on the left hand side is between V* and V| and the pairing on the right hand
side is between W* and W. If T is invertible, then so is T*. For V finite dimensional, there is an
isomorphism of Lie groups

Aut(V) — Aut(V*)

(9.53) I

Let m: E — M be a vector bundle. Choose an open cover {Uy}aea of M together with, for
each o € A, a local trivialization

(9.54) » /

over each U,, a € A. (Such open covers exist by the definition of a vector bundle.) Define the

disjoint union E* =| | .5, By, and for v € A set

9504: Ua X Va* - |_| E::
(9.55) peUaq
(p, €) — (palp)*) (%)

where ¢ (p) € Iso(Va, Ep) and we apply its inverse dual to obtain an isomorphism V7 — E7. Since
(9.53) is a homomorphism, the cocycle conditions for the transition functions derived from the ¢,
imply the cocycle conditions (9.49), (9.50) for the transition functions derived from the ¢. Then
Theorem 9.45 applies to construct a smooth vector bundle structure on £* — M.

Remark 9.56. A similar procedure allows us to carry over functorial maps in linear algebras to
vector bundles. For example, if E/ — M and E — M are vector bundles, then there is a vector
bundle Hom(E’, E) — M whose fiber at p € M is Hom(E,,, Ep).

Remark 9.57. A more powerful approach is to form the frame bundle of m: E — M, a fiber bundle
whose fiber at p € M is the manifold of bases of E,. From the frame bundle we can directly form
the dual bundle as well as many other associated vector bundles and associated fiber bundles. (For
example, there is an associated fiber bundle PE — M whose fiber at p € M is the projective
space P(E}).)
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(9.58) Quotient bundle. Let M be a smooth manifold and «’: B/ — M, 7: E — M smooth vector
bundles. Suppose ¢: M — Hom(E’, F) is a section of Hom(E', E) — M which is injective on each
fiber. Then we can replace E, with ((E}) © Ej, and so assume that 7’ is a subbundle of 7. Define
the family of vector spaces

(9.59) E"=||E,/E,— M
peM

Then (9.59) is a vector bundle in a natural way. Namely, choose an open cover {U,}aea of M
together with a family {V,}aea of vector spaces, a family {V]},c4 of subspaces, and local trivial-
izations ¢ : Uy x Vi, — 771(U,) of ™ which restrict to local trivializations ¢!, : Uy x V2 — (7/) 71 (Uy)
of /. Define

Oh: Uy x Vo)V — | | E,/E,,
(9.60) peUa
p o [ — [eal§)]

Now apply Theorem 9.45.

Tangent, cotangent, and normal bundles

Let M be a smooth manifold. Recall the construction of the tangent space T, M from Lecture 3.

(9.61) Tangent bundle. Define

(9.62) mTM = | | T,M — M
peM

Let {(Uq, Ta)}aea be an atlas with z4: Uy, — Aq, where A, is an affine space over a vector space V.
Recall that for each p € U, the chart gives an isomorphism 7, M — V,,. Use its inverse to construct

a set isomorphism

(9.63) Yoi Us x Vo — | | T,M
peM

Now apply Theorem 9.45 to produce the tangent bundle 7 as a smooth vector bundle.

Definition 9.64. A vector field is a section of the tangent bundle 7: TM — M.
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(9.65) Charts on TM. Suppose (U;z!, ..., 2") is a standard chart on M. We use it to construct
a standard chart (7 7'U;n*2!, ... 7*2™ 21 ... &"), where m*z® = 2% o 7 is the pullback function
on 7~ 'U. The functions &*: 771U — R are determined by

0

i -1
(9.66) & =13'(¢) P , Een U
(&)

The overlap functions with a chart induced from a second chart (U;y",...,y") of M with the same
domain are computed by:

;0 Loy* 0 o O
9.67 =g =g =
(9.67) §=4 or T g oy oy’

which leads to the overlap functions

y& = ya(xl, o)

(9.68) i g oy
oxt’
where y®(z!,...,2") are the overlap functions on M.

(9.69) Cotangent bundle. Apply (9.51) to construct the cotangent bundle
(9.70) "M — M

as the dual vector bundle to the tangent bundle.
Definition 9.71. A I-form is a section of the cotangent bundle T*M — M.

Observe that if f: M — R is a smooth real-valued function on M, then its differential df is a 1-form
on M.

(9.72) Normal bundle. Suppose M is a smooth manifold and N < M is a smooth submanifold.
Then for all p € N, the tangent space to N is a subspace 1,V < T,,M of the tangent space to M.
This leads to an inclusion of vector bundles TN < T'M ‘ n over N. Now apply (9.58) to construct
the normal bundle v — N as the quotient bundle. There is a short exact sequence of vector bundles

(9.73) 0— TN —TM|,—v—0

over N. It is a family of short exact sequences of vector spaces parametrized by N. The fiber
at p € N is the quotient space

(9.74) vy = T,M/T,N.
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Lecture 10: Partitions of unity

Let M be a smooth manifold. Often we encounter a situation in which we have in hand a
geometric object locally on M and we want to patch together to a global object. As a concrete
example, consider the tangent bundle m: T'M — M. We seek a smoothly varying inner product on
the fibers of m. A chart (U, x) on M identifies T,M, p € U, with a fixed vector space V. So we can
choose an inner product on V and use the chart to transport it to a smoothly varying family of
inner products on T,M, p € U. We can do so on each chart in an atlas, and so cover M by open
sets on which we have the desired inner products. What a partition of unity enables us to do is
splice these together into a single global inner product (called a Riemannian metric). A partition
of unity gives a weighted average a geometric quantity, such as an inner product, and the technique
applies as long as the space of those quantities is conver, as is the space of positive definite inner
products on a real vector space.

Preliminary: some point-set topology

In lecture I proved that a locally compact,® Hausdorff, second countable topological space is
paracompact. Here I'll simplify a bit and replace ‘locally compact’ by ‘locally Euclidean’, i.e.,
prove the theorem for topological manifolds.

(10.1) Ezhaustion of a manifold by compact subsets. An exhaustion of a space is a nested sequence
of subsets whose union is the entire space. The following theorem proves that a topological manifold
admits an exhaustion by compact subsets. To give a bit of space between them, each compact subset
is conveniently expressed as the closure of an open set. Of course, if the manifold is compact there
is nothing to prove.

Theorem 10.2. Let M be a topological manifold. Then there exists a collection {Gj }jej of subsets
of M with J = {1,..., N} finite or J = Z>° countable such that for all j € J we have
(i) G; is open and G; is compact,
(i) Gj < Gjt1,
(iii)) M = U Gj.
jed
Proof. Choose a countable basis for the topology of M and throw out the basis sets whose closure
is not compact. Then the remaining sets By, B, ... form a basis. (If U < M is open and p € U,
choose an open set U’ < U which contains p and has compact closure. Then U’ is a union of sets
in the original basis, but each of those sets has compact closure, since U’ is compact, so these sets
are in {B;}i—12_.. Repeat for all pe U.)
Set G1 = By. Suppose G1,...,G; are defined. Inductively define Gj11 = By u By U --- U By,
where k is the smallest positive integer such that Gij cBiuByu---uU Bg. U
8A topological space M is locally compact if for all p € M there exists an open set U and a compact set C such
that pe U < C. If M is locally compact Hausdorff, then U is compact: in a locally compact Hausdorff space every
point p has an open neighborhood with compact closure. (A compact subset of a Hausdorff space is closed, so if we

choose U = C as in the first sentence of this footnote, then U = C and hence U is compact.) A topological manifold
is locally compact Hausdorff: choose U to be the inverse image of a ball in affine space under a local homeomorphism.
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(10.3) Topological manifolds are paracompact. We begin with open covers and refinements.

Definition 10.4. Let M be a topological space. Let {Ua}aca and {V3}gep be sets of open subsets
of M.

(i) {Ua}aca is an open cover of M if | J Uy, = M.
acA
(i) {V}gep is a subcover of {Uy}aea if there exists an injective function 7: B — A such that

Vi = Uy for all € B.

(ili) A refinement of {Ua}aea is an open cover {V3}gep together with a function r: B — A such
that Vﬁ c UT(B) for all B e B.

(iv) The collection {Ugy}aea is locally finite if for all p € M there exists an open neighbor-
hood W < M such that {a € A: W n U, # 0} is finite.

(v) M is paracompact if every open cover of M has an open locally finite refinement.

Theorem 10.5. Let M be a topological manifold. Then M is paracompact. In fact, every open

cover has a countable open locally finite refinement.

FiGure 17. Construction of a locally finite refinement

Proof. Fix an exhaustion {G1, G2, ...} of M by open sets with compact closure as in Theorem 10.2.
Let {Uy}aca be an open cover of M. For each j > 3 the compact set G;\G;_1 is a subset of the
open set Gj+1\@. Choose a finite subset Fj; < A such that U; = {Uy N (GjJrl\@)}aeFj cover
the compact set G;\Gj_1. Also, choose a finite subset F» < A such that Us = {Uy N G3}aer, cover
the compact set Gs. Then Us U U,=3U; is the desired locally finite refinement. O]

Partitions of unity

(10.6) Bump functions. Recall the definition of the support of a function.

Definition 10.7. Let M be a topological space and p: M — R a continuous function. The support
of p is the closed set

(10.8) supp p = p~(R70).
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Lemma 10.9. Let n be a positive integer and let A™ be standard n-dimensional affine space with

coordinates x', ..., x™. Then there exists a smooth function p: A™ — R such that
1 i|<1forallie{l,...,n};
(10.10) p(zt,...a") ={ " ' < 1 forall i € { n}
0, |z'| > 2 for some i€ {1,...,n}.

F1GURE 18. A bump function

Proof. Define a succession of C* functions f;: R — R as follows. The first is

eil/xQ, x > 0;
(10.12) fi(@) = {07 "

Set fo(x) = fi(x)f1(1 — x), so that supp fo = [0, 1], and then define

(10.13) fs(x) =

Then f3 is monotonic nondecreasing, f3(z) = 0 if x < 0, and f3(x) = 1 if x > 1. Now set
fa(x) = f3(2 + x) f3(2 — x); it satisfies (10.10) for n = 1. For the general case, define

(10.14) p(a',. . am) =] fala?).
j=1
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(10.15) Ezistence of partitions of unity.

Definition 10.16. Let M be a smooth manifold.
(i) A partition of unity {p;}ier is a set of C* functions p;: M — R such that
(a) {supp pi}ier is locally finite
(b) pi =0
(¢) Dipilp)=1forallpe M
(i) If {UfiaeA is an open cover of M, then {p;}ics is subordinate to {Uy}aca if there exists a

function r: I — A such that supp p; < U, ;) for all i € I.
(i) If I = A and r = id 4, then we say {p;}ics is subordinate with the same indez set.

The locally finite support condition in (i)(a) means the sum in (i)(c) is locally finite, so in particular
defines a C* function.

Theorem 10.17. Let M be a smooth manifold equipped with an open cover {Ua}acA-
(1) There exists a countable partition of unity {p; }icr subordinate to {Uqy}aca such that supp p; is
compact for all i € 1.
(2) There exists a partition of unity {pa}aca subordinate to {Uy}aea with the same index set
such that at most countably many @, are not identically zero.

F1GURE 19. Construction of a partition of unity

Proof. Fix an exhaustion {G;};ec; of M by open sets with compact closure as in Theorem 10.2. For
p € M let j, be the largest positive integer such that p € M\Gijp Choose ay € A such that p € Uy,
and then choose a standard chart (V,, z,) such that: (i) z,(p) = 0, (ii) V, € U, N (Gj,+2\Gj,), and
(iii) zp(V}) contains the closed cube C(2). Transport the bump function (10.10) via z;, to a smooth
function v,: M — R, extending by zero on the complement of V,,. Note that v, has compact
support. Define W), = :1:;1(6’(1)); then 1, = 1 on the open set W),. For each j € J choose finitely
many p with j, = j such that the corresponding open sets W), cover the compact set G;41\Gj.
Enumerate the functions obtained (for all j) as 1,9, ..., indexed by a set I which is finite or

countable. By construction {supp ;}ics is a locally finite cover of M by compact sets. Define

o Ui
T

el

(10.18) iel.
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The denominator is a finite sum in a neighborhood of each p € M, so is a smooth function, and
it is positive everywhere. Then supp p; = supp; is a compact subset of U,, if the function 1
corresponds to the point p. It follows that {p;};es satisfies the conditions in (1).

Let 7: I — A be the refinement function determined by supp p; = U,(;) (where 7(i) = o) a few
lines up). Define

(10.19) Vo= . pi, Q€A
ier—1(a)
Then {@a}aca is a partition of unity which satisfies the conditions in (2). O

Example 10.20. Consider M = R with open cover {M} consisting of a single set. The partition
of unity in Theorem 10.17(2) is the single constant function with value one. By contrast, the
construction of Theorem 10.17(1) gives a partition of unity consisting of countably many functions
with compact support.

Applications

(10.21) Bump functions on a manifold. The following construction is often useful.

Corollary 10.22. Let M be a smooth manifold with subsets C < U < M such that C is closed
and U is open. Then there exists a smooth function f: M — R such that

i) 0< f<1,
(ii) f\cz 1,
(iii) supp f < U.

Proof. Choose a partition of unity {¢v, ¢} subordinate to the open cover {U, M\C'} of M and
with the same index set. Then f = ¢ is the desired function. g

(10.23) Proper functions. Recall that a continuous function between topological spaces is proper
if the inverse image of every compact set is compact. On a compact space, a constant function is
proper. The following result shows that noncompact manifolds also admit proper functions.

Corollary 10.24. Let M be a smooth manifold. Then there exists a proper function f: M — R.

Proof. Let {Uy}aca be the set of open subsets of M with compact closure; it is an open cover of M.
Choose a partition of unity {p;}ic; subordinate to this cover as in Theorem 10.17(1): each supp p; is
compact and [ is at most countable. We can and do write I = {1,..., N} for some N € Z>° or
I =779, Define

(10.25) f= ZZPZ

el
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Then f is a positive function. If p € M satisfies f(p) < j, then since Y}, ; pi(p) = 1, it follows
from (10.25) that p;(p) # 0 for some i < j. Hence

(10.26) FH([=4.41) < [Jsupppi-
=1

Since every compact subset of R is contained in some interval [—7, j], it follows that f is proper. [

Lecture 11: Whitney embedding theorem; transversality

Most of this lecture concerns the Whitney embedding theorem, which states that every abstract
smooth manifold can be realized as a submanifold of affine space. More precisely, it tells that if
the manifold has dimension n, then it embeds in an affine space of dimension 2n. That result, the
“hard” Whitney theorem, is not proved here. Rather, we prove the “easy” Whitney theorem that
an n-manifold embeds in an affine space of dimension 2n + 1. The proof proceeds in stages. First
we demonstrate that a compact manifold embeds in some affine space. The proof uses C® cutoff
functions. Then we prove that an n-dimensional submanifold of affine space, compact or not,
embeds into A?"*!. Finally, we use these results to prove the theorem for general (noncompact)
manifolds.

In the last part of the lecture we introduce transversality, a central concept for the next part of
the course.

Embeddings of compact manifolds

(11.1) Connectivity. Observe that a function f: M — AN is an ordered N-tuple (f!,..., fV) of
real-valued functions f?: M — R. If f defines an embedding, then by adjoining more real-valued
functions to the N-tuple we obtain an embedding into a higher dimensional affine space. Now sup-
pose we prove that every compact connected manifold of a given dimension n embeds in some affine
space. If M is an arbitrary compact n-manifold, then it has a finite set of components { M, ..., My}.
By hypothesis we can choose embeddings ¢*: M; — AYi, and then adjoin constant functions as
necessary to each ¢’ obtain a map ¢g: M — AN for N = max; N;. Then g is an immersion but may
not be injective. Adjoin one more real-valued function p to g, namely the locally constant function
with value j on M;. Then (g,p): M — AN*! is an injective immersion, hence an embedding since
M is compact.

Remark 11.2. The proof of Theorem 11.11 below applies directly to compact manifolds which need
not be connected.
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(11.8) Ezamples. We report on the embedding question in specific cases.

Example 11.4 (dimension one). A compact connected 1-manifold is diffeomorphic to S!, a fact
we will prove in a subsequent lecture. There is no embedding S' < Al: a smooth real-valued
function on S' achieves a maximum, and the map fails to be an immersion where the maximum is
achieved. Of course, S embeds in AZ.

F1GURE 20. A family of compact connected 2-manifolds

Example 11.5 (dimension two). The classification of surfaces, which we do not prove in this
course, states that every compact connected 2-manifold is diffeomorphic to a manifold in one of
two families. The first is depicted in Figure 20, where for each g € Z=° there is a surface Y4, the
“2-sphere with g holes”. There exist embeddings ¥, — A3, but not embeddings into an affine space
of lower dimension. There is a second infinite family whose first member is RP?, the real projective
plane. (The Klein bottle is also in this family.) These manifolds do not admit embeddings into A2,
though again we will not prove this assertion. On the other hand, the function

f:RP? — A*
(11.6) 1

[z, y, 2] — 22+ 42+ 22 (@?, zy, yz, x2)

is an embedding. (A point of RP? is an equivalence class of ordered triples of real numbers, not all
zero, under the equivalence relation [z,y,2] = [Az, Ay, \z] for A € R* = R#?.) Observe too that
the function

f:RP? — A3
(11.7) 1

[z,y,2] — 22+ 42 1 22 (zy,yz, x2)

is an immersion (which is not injective).

Given a manifold M we can ask for the minimal N such that M embeds (or immerses) into AY.
The Whitney theorem gives an upper bound to N. The actual minimum is difficult to determine.
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Example 11.8 (real projective spaces). The question of a minimal N such that an embedding
RP" < A" exists has been intensively studied. Here are the results in low dimensions:

(11.9)

IR IINGCI R s
—
Do Oowu kN |2

(See https://www.lehigh.edu/~dmdl/immtable for an extensive table.) As you see, the hard
Whitney upper bound N = 2n is beat in several cases.

(11.10) Injective immersions and embeddings. Recall (Definition 6.18) that an embedding f: M —
N of manifolds is an injective immersion which is a homeomorphism onto its image f(M) < N
(with the induced topology). Suppose that f is an injective immersion. If M is compact, and
C < M is a closed subset, then C' is compact, so too is f(C), and so f(C) < f(M) is closed. (A
compact subset of a Hausdorff topological space is closed.) Therefore, to produce an embedding of
a compact manifold it suffices to produce an injective immersion.

Theorem 11.11. Let M be a compact smooth manifold. Then for some N € Z>9 there exists an
embedding f: M — AN,

Proof. Assume without loss of generality that M has constant dimension n. (See (11.1).) For r €
R>0, let B(r) = A" denote the open ball of radius r about 0. Apply Corollary 10.22 to produce a
C® function y: A™ — R such that

on A"

1
1 on B(1)
0 on A"™\B(2)

0<x<
(11.12) X
X

Cover M by a finite set {(Uy,Zqa)}aca of standard charts (in other words, z4: U, — A™) such
that B(2) € 24(Us) < A" for all « € A and {z;*(B(1))},_, is an open cover of M. (Composition
of an arbitrary standard chart (U, x) with a translation and homothety yields a chart (U, z’) which
satisfies B(2) c 2/(U) < A™. A compact manifold can be covered with finitely many such charts.)
For each a € A, i € {1,...,n}, use the cutoff function x to define global functions %, po: M — R:

iy (x 0 Ta)2l, on Uy;
x =
0, on M\z,'(B(2)).
(11.13)
X © Tq, on U,;
7o, on M\z;'(B(2)).
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These are smooth functions on M, each constructed as a pair of smooth functions defined on open
subsets of M such that the functions agree on the intersection. Assemble these into a single function
f: M — AlnTD#A,

(11.14) F={(Par T T0) f e

We claim that f is an injective immersion, from which it follows that f is an embedding, since
M is compact. For a € A, set Bq = p;*(1). Since z;'(B(1)) < p;'(1), we conclude that {Ba}aca
is an open cover of M. Now if p € By, then dz.(p),...,d&" (p) are linearly independent. Hence f is
an immersion. If p,q € By, then &, ... 7 separate p and ¢. If p € B, and q ¢ B,, then p,(p) = 1
and ps(q) # 1. Hence f is injective. O

Cutting down the dimension

In this subsection, M need not be compact. We prove that a submanifold M of an affine
space A can be projected to a submanifold of a quotient affine space of smaller dimension as long
as 2dim M + 1 < dim A.

(11.15) Quotient affine spaces. Let A be an affine space over a vector space V, and suppose
W < V is a linear subspace. Then W acts freely on A by translation, and as usual we denote the
quotient—the set of orbits of the action—as A/W. The translation action V' x A — A descends to
an action V' x A/W — A/W of V on the quotient. The subspace W acts trivially, so we obtain
an action V/W x A/W — A/W. It is easy to verify that this action is free, hence A/W has the
structure of an affine space over V/W.

Theorem 11.16. Let M be an n-dimensional manifold which is embedded into a finite dimensional
affine space. Then

(1) M admits an immersion into A*™, and
(2) M admits an embedding into A2"+1,

F1GURE 21. Reducing the dimension of an embedding
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Proof. Let f: M — A be an embedding into an affine space A over a finite dimensional real vector
space V. For &£ € V70 let

(11.17) 7®:A— A/R€

be the affine projection. Its differential is constant on A; it is the linear projection V- — V/R-¢
with kernel R-£. Hence the composition

(11.18) @6 f: M — A/R¢

is an immersion—its differential d(ﬂ'(g) of) = dr®) o df is injective—if and only if R-£ is not in the

image of the composition
(11.19) FTM - axy 22,y

Note that the image is a union of subspaces, so it is invariant under scalar multiplication. By Sard’s
theorem the map F) has a dense set of regular values, and if 2n < dim V', then any regular value
is not in the image. Choose & € V70 not in the image; then (11.18) is an immersion. Repeat until
we arrive at an immersion into an affine space of dimension 2n, thus proving (1).

For the composite (11.18) to be injective, we must choose ¢ so that for all pg,p1 € M the
displacement vector f(p1) — f(po) is not in the linear span of . Define

b MxMxR—V

(11.20) po, p1 st —t[f(p1) = fpo)]

As long as 2n + 1 < dim V we can choose ¢ € V7Y not in the image of F,, and by Corollary 8.3 we
can find a nonzero vector £ which is not in the image of either I} or F,. In that case, (11.18) is an
injective immersion.

If M is compact, then (11.18) is an embedding since M is compact—see (11.10)—and so (2) fol-
lows. If M is not compact, the preceding gives an injective immersion f: M — E?**! into standard
Euclidean space (affine space with the Euclidean metric). Replace f by its composition with a dif-
feomorphism”’ E?"*! — B(1) onto the unit ball B(1) = E**! with center 0 € E***! to achieve
f(M) < B(1). Choose a proper function p: M — R (see Corollary 10.24), and we can assume
that p takes only positive values. (The function (10.25) in the proof of Corollary 10.24 has that
property.) Set

(11.21) g=(fp): M — E>""2,

The argument above justifies the existence of & € R2"*+2 such that 78 o g: M — E27"+2/R - £ is an
injective immersion and ¢ ¢ R-(0,...,0,1). Choose such a vector £&. Identify the quotient E2"+2/R-¢

9Fix 0 € E*"*!| identify the complement of {0} with RZ° x $2" and then map (r,o) = (r/(1+77%),0).
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with the orthogonal complement E < E2"*2 through 0 € E?"*2 to the affine line 0 +R-£. We claim
that for all » > 0 there exists s > 0 such that

(11.22) (7® 0 g) " (B(r) < p7'([0,5]),

where B(r) c E is the ball about 0 of radius r. Since p is proper, p~! ([0, s]) is compact, and hence
the closed subset in (11.22) is also compact. It follows that 7o g is a proper injective immersion,
hence an embedding (as you proved on a homework assignment), which is the statement of (2). It
remains to prove the claim.

If the claim is false for some 7 > 0, choose a sequence {p;} © M such that (7 o ¢)(p;) € B(r)
for all ¢ and p(p;) — oo. Consider

(11.23) n; = [9(pi) — 7Og(p))] € R-¢.

p(pi)
Identifying E?"** with R?"*+* | = 1,2, we write

1
(11.24) oY) = (

1
p(pi)

f(pi);1) — (051)

as i — 0. Also, (1/p(p:))7@g(p;) — 0 as i — 0. Hence n; — (0;1), and since R-¢ < E?"+2 is
closed we must have (0;1) € R-£. But that contradicts our choice of &. O

Noncompact manifolds
We complete the proof of the easy Whitney embedding theorem with the following.

Theorem 11.25. Let M be a smooth manifold. Then there exists an embedding of M into a finite
dimensional real affine space.

Once this is proved, apply Theorem 11.16(2) to obtain the Whitney theorem.

Lemma 11.26. Let M be a smooth manifold which admits a finite atlas. Then there exists an
embedding of M into a finite dimensional real affine space.

Proof. Follow the proof of Theorem 11.11 to construct an injective immersion (11.14). Now adjoin

a proper function, as in (11.21) to obtain a proper injective immersion, i.e., an embedding. O

Proof of Theorem 11.25. Construct an exhaustion of M by a sequence {G};e; of nested open sets
with compact closure, as in Theorem 10.2. Define

M, = Go
(11.27) Mo = G
Mj = Gj1\Gj2,  J

\Y
w
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then each M is an open submanifold of M. Note M; n Mj 3 = () for all j € J. Also, M; admits a
finite atlas. Namely, for each p € E = @ \ Gj—2 choose a chart on an open neighborhood U, c
M of p. For a finite subset F; < M; the collection {Up}pe F; covers the compact set M. Thus we
obtain a finite atlas of M; of charts with domain U, n M;, p € F;. Now apply Theorem 11.25 and
Theorem 11.16 to construct an embedding f;: M — A?"*1 for each j € J. Choose a partition of
unity {p;, x;j} on M subordinate to the open cover { L, M\ (G, \GJ 1)}. Then M\ supp x; is an
open set which contains G; \G] 1, and p; =1 on M\ supp x;- Set f] = p;ifi: M — A**L Then
f fj on M\ supp x;, hence fJ restricts to an injective map on G;\Gj_1, and d(f])p is injective
for all pe G;\Gj_1.

FI1GURE 22. The compact subset @\Gj,l of Mj = Gj1\Gj—2

Define

MO = M;

7=0 (mod 3)

1 —

(11.28) M= M

j=1 (mod 3)
M3 = |_| M;

j=2 (mod 3)

For i € {0,1,2}, let f(i): M® — A27+2 he the function whose first 2n + 1 coordinates are given
by the disjoint union of the fj and whose last coordinate is jp; on M;. Then @ restricts to an
injective map on each G;\G,_1 and its differential is injective at each point of G;\G;_1. Since
p; has compact support in M, the function j:] has value 0 € A?"*2 outside a compact subset
of Mj, so extends to a global function M — A2"+2 Hence f) also extends to a global function
f@: M — A2H2 et p: M — R be a proper function (Corollary 10.24). Finally, set

(1129) f = (f(o),f(l),f(2),,0)i M —s AGTLJ’-?'

Then f is a proper injective immersion, hence is an embedding. ([l
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Transversality

(11.30) Transversality for linear maps. Let T: V — W be a linear map between vector spaces
and U ¢ W a subspace. Then we say T is transverse to U, written T A& U, if and only if the
subspaces T'(V') and U span W:

(11.31) W=T(V)+U.
This is equivalent to the condition that the composition
(11.32) V- w— WU

be surjective, where the second map is projection onto the quotient.

(11.33) Nonlinear maps. Transversality is defined via linearization; it is a local condition.

Definition 11.34. Let X,Y be smooth manifolds, Z < Y a submanifold, f: X — Y a smooth
map, and p € X such that f(p) € Z. Then f is transverse to Z at p, written f &, Z if

(11.35) Typ)Y = dfp(TpX) + Ty Z.

We say f is transverse to Z, written f & Z, if f &, Z for all p € X such that f(p) € Z.
The nonlinear transversality condition (11.35) is the linear transversality condition df, & T, Z.

Remark 11.36.
(1) For g € Y we have f & {q} if and only if ¢ is a regular value of f.
(2) Any map f: X — Y satisfies f A Y.
(3) If dim X + dim Z < dimY, then f A Z if and only if f(X) n Z = (.
(4) If Z1,Zy ' Y are submanifolds, and f;: Z; — Y is the inclusion map, then we say Z; h Zs
if and only if f; A Zs. This is a symmetric relation: f; & Z5 if and only if fo A Z.

(11.87) Transverse inverse image of a submanifold. Recall from Theorem 7.10 that if f: X - Y
is a smooth map and ¢ € Y is a regular value, then f~1(¢) = X is a submanifold. The next theorem
gives a sufficient condition for the inverse image of a submanifold to be a submanifold.

Theorem 11.38. Let X,Y be smooth manifolds, Z 'Y a submanifold, and f: X — Y a smooth
map. Assume f & Z. Then W := f~1(Z) c X is a submanifold. Furthermore, if p € X satisfies
f(p) e Z, then

(1) W =df, (T, 2)-

(2) dfp induces an isomorphism of normal spaces vy(W < X) — vy, (Z < Y).

(3) codimy,(W < X) = codimy,)(Z < Y).
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FIGURE 23. Local reduction: transversality — regular value

Proof. Each statement is local. Choose a submanifold chart (Uy,y) on Y with f(p) € Uy, and
suppose y: Uy — A, where A is an affine space over a vector space V. Furthermore, let A’ < A be
an affine subspace so that y~'(A4’) = Uy n Z. Suppose V' < V is the subspace of translations which
preserve A’. Let m: A — A/V’ be projection onto the quotient affine space, and let ¢ € A/V’ be the
image of A" < A under 7. Since f @, Z it follows that d(m oy o f), is surjective. Since surjectivity

is an open condition, choose an open neighborhood Ux < X of p so that moyo f {Ux :Ux — AV

is a submersion; in particular, ¢ € A/V’ is a regular value and (mroyo f |UX)_1(q) =W nUx. Now
apply Theorem 7.10. ]

Lecture 12: Stability under deformations

There are two subjects in this lecture: transversality, which we did not get to in the last lecture
and which is discussed in the notes for Lecture 11; and stability of special types of maps under
deformation. Theorem 11.38 is the main result about transversality at this stage—the transverse
inverse image of a submanifold is a submanifold—and it is a simple generalization of Theorem 7.10,
which states that the inverse image of a regular value—the transverse inverse image of a point—is
a submanifold. In these notes we treat smooth families of maps which go between smooth families
of manifolds, i.e., between total spaces of fiber bundles. It is simpler at first to focus on the case
when the manifolds are fixed, as in Remark 12.7, and only the map varies, and that is the approach
I will take in lecture. But the arguments which prove the key Theorem 12.17 are the same; only
the setup is different.

Stability

(12.1) Introduction. Recall that we produced a local normal form for a smooth function whose
differential has maximal rank (Theorem 6.15). We also proved in Lemma 6.3 that maximal rank is
an open condition for linear maps between fixed vector spaces. Now we consider families of maps
between manifolds, and we can allow the manifolds to vary as well. We prove that not only are these
local conditions—and the local condition of transversality to a submanifold—open conditions, but
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so too are related global conditions. This openness, or stability under deformation, is an important
feature when constructing topological invariants, which we do in the next few lectures.

(12.2) Smooth families of manifolds and maps. A parametrized family of geometric objects lives
over a parameter space, which in smooth geometry is a smooth manifold S. The nicest smooth
families of manifolds are fiber bundles: they are locally trivial (Definition 8.24). The tangent spaces
then form a locally trivial family of vector spaces: a vector bundle. Thus suppose 7y: X — S'is a
fiber bundle. Since - has surjective differential, the kernels of the differential have locally constant
dimension and, using the local triviality of T'X, we deduce that they form a vector bundle. Hence
over the total space X we obtain a short exact sequence of vector bundles

(12.3) 0 —> ker dmy — TX —> 75TS —> 0

The kernel of the differential—which consists of “vertical tangent vectors”—is the tangent bundle
along the fibers, or relative tangent bundle, and it is denoted

(12.4) T(X/S) = kerdmy.

See Figure 24 for an illustration.

FIGURE 24. The tangent bundle along the fibers, or relative tangent bundle

A smooth family of maps, then, is a smooth map between the total spaces of two fiber bundles
which commutes with the projections to the base. It fits into a commutative diagram

X

o5 \ A%
S

in which 7, and Ty are fiber bundles and F' is a smooth map. For each s € S the restriction

(12.6) Fy: Xy — Y,
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FIGURE 25. A smooth family of maps

of F'to Xy = Wil(s) is the map at the parameter value s; see Figure 25.

Remark 12.7. If my, my are product fiber bundles with fibers X, Y, then (12.5) is replaced with a
smooth map S x X —» Y.

(12.8) The differential as a family of linear maps. A special case of (12.5) is a family of linear
maps between locally trivial families of vector spaces, i.e., between vector bundles. For example,
suppose f: X — Y is a smooth map between smooth manifolds. At each x € X the differential is
a linear map dfy: T X — Ty(;)Y, and these linear maps fit together into a map of vector bundles
over X:

(12.9) df: TX —> f*TY.

In the case of a family (12.5) of smooth maps over a base S, the differential dF': TX — F*TY
restricts to the vertical tangent bundles to give a family of vector bundle maps TX, — TY;
parametrized by 5, i.e., a family of linear maps T'(X/S), — T'(4/S) () parametrized by X:

d Fvert

T(X/S) F*T(Y/S)
(12.10)
\ ) /

(12.11) Mazimal rank condition with variable vector spaces. Recall from Lemma 6.3 that maximal
rank maps between fixed vector spaces are an open subset of all linear maps.

Lemma 12.12. Let

(12.13) x /
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be a family of linear maps between vector bundles. Then

(12.14) {meM: T,: E,, — E,, has maximal rank}

is an open subset of M.

Proof. Let m € M be a point at which T},, has maximal rank. Choose an open neighborhood U < M
of m together with local trivializations of 7’ and 7 over U. We obtain a square of fiberwise linear

maps over U (the projections to U are not drawn):
UxE,, —=UXx Eyp,

(12.15) vi iw
B, " 5],

Then ¢! 0T oy defines a smooth map L: U — Hom(E! , E,,), and for m’ € U, the linear map T},
has maximal rank if and only if L(m’) does. Since maximal rank maps in Hom(E,, E,,) are an
open set (Lemma 6.3), it follows that (12.14) contains an open neighborhood of m. O

(12.16) Stability theorem. We prove the stability theorem for maps of fiber bundles; the special
case with fixed fibers (as in Remark 12.7) occurs often.

Theorem 12.17. Let S be a smooth manifold; wy: X — S and my: Y — S smooth fiber bundles; let
Ty 2 — S be a smooth sub-fiber bundle of my such that each fiber Zs < Y5 is a closed submanifold;
and let F': X — Y be a smooth map of fiber bundles as in (12.5). Assume m, is proper. Suppose
for some sg € S the map Fg,: Xsy — Ys, s one of

(i) a local diffeomorphism

(i

an immersion

(iii) a submersion

(v

(vi

)
)
(iv) transverse to Zs,
) an injective immersion
) an embedding
(vil) a diffeomorphism
Then there exists an open neighborhood V- S of sy such that Fs satisfies the same condition for

allseV.

A few explanations are in order. First, the conclusion in case (iv) is that Fy & Z4 for s € W.
Also, the statement that 7, is a sub-fiber bundle of 7y means: Z < ¥ is a submanifold, 7, is the
restriction of Ty to Z, and there is a cover of S by simultaneous local trivializations of 7, and Ty

to a constant submanifold over open subsets U:

Ux(Z cY) L (np ' (U) < ml(U))

(12.18) /
pry my
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The manifolds Z and Y are allowed to depend on U. Our assumption is that, in addition, Z c Y is
a closed submanifold. Finally, the properness assumption implies in particular that each X; is a

compact manifold. That compactness implies openness'’ (here in parameter space) is a general
11

principle by the first argument what follows.

F1GURE 26. Compactness implies openness

Proof. We prove (i)-(iii) simultaneously. Choose simultaneous local trivializations of 7 and
about so. For each z € X, the vertical differential dF¥"*: T;,(X/S) — Tp)(Y/S) has maximal
rank. Since maximal rank is an open condition, choose a product open set V. x U,, relative to the
local trivialization of ., so that dFV°" has maximal rank in V, x U,. By compactness choose a
finite subset F' < X, so that | J,cp Uz = Xs. Then V = ﬂxeF V, © S is the desired open set.

For (iv), observe first that the subset W := F~1(Z) < X is closed, since Z < Y is closed. Hence
if X5, N W = 0, we can cover Xs, < X by a finite collection of product open sets V; x U; in the
complement of W, and then as before V' = [, V; < S is the desired open set. Otherwise, for
each x € X5, N W, choose a submanifold chart about F(z) and use the maneuver in the proof of
Theorem 11.38 to convert the transversality condition to the submersion condition. Since the latter
is open, by part (iii), we can find a product open neighborhood V. x U, of x such that at all points
of W in that neighborhood the map F' is transverse to Z. Cover Xy, by a finite number of such
product neighborhoods and also product neighborhoods which do not intersect W. Finish as before
by intersecting the open subsets of S.

For (v), assume V < S is a neighborhood of sy such that Fs is an immersion for s € V. We
claim Fj is injective for all s in a possibly smaller open neighborhood of sqg. If not, choose a
sequence {s,} < S such that s, — sp as n — o0, and choose sequences {x,}, {z],} < X such that
To(@n) = Ty (x),) = sy and F(xy,) = F(x;,) for all n. Since the fibers of 7, are compact, we can and
do choose convergent subsequences {x,, } < {z,} and {z;, } < {2} (defined by the same function

n: 279 — 779 k — ny), say x,, — 7o and Ty, — To. But since Fy, is injective, zq = x5, We

10Recall the proof that the complement of a compact subset of a Hausdorff space—e.g. a metric space—is open.

HThe first part of the proof is a bit more complicated in the case of a fiber bundle than for fixed manifolds, as
in Remark 12.7. In that case, we are interested in the partial differential of F' in the X-direction, which at a fixed
point x € X is a family of linear maps T X — T'r(s,2)Y parametrized by S. The domain is a constant vector space,
but the codomain varies with s € S: those vector spaces fit together to a vector bundle over S.
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claim that dFy,: TpyX — Tp(g,)Y is injective. Namely, relative to the short exact sequence (12.3)

we have'?

0 —— Ty (X/S5) Ty X TeyS —= 0

(12.19) idF;g“ lszO lid
00— TF(CC())(H/S) - TF(zo)g - TSOS —0

The vertical map on the subspaces is injective, since Fy, is an immersion. It follows from (12.19)
that dFy, is also injective. Now the local normal form Theorem 6.15 shows that F' is injective in a
neighborhood of 29, which contradicts the existence of the sequences {z,, }, {2/, }.

Part (vi) follows from (v) since a proper injective immersion is an embedding.

For (vii), choose V' connected so that Fs is an injective local diffeomorphism for all s € V.
(The existence of V follows from (i) and (v).) Shrink V' if necessary to choose simultaneous local
trivializations of Ty; Ty, SO We may assume constant fibers X,Y. We may also assume, after
further shrinkage if necessary, that V is connected. Fix a component Yy < Y and choose the
corresponding component Xo < X with F, (Xo) = Yp. Now any local diffeomorphism is an open
map, so Fs5(Xg) € Y is open for all s € V. Furthermore, X is compact so Fs(Xy) < Y is closed.
Given s € S, choose a path t — s; from sy to s in V. Then for any x € Xy, that path ¢ — Fg,(z)
connects Fy,(x) € Yy to Fy(x) € Y. It follows that Fs(X(y) < Yj. Since Yp is a component, and
any open and closed subset is a union of components, we conclude Fy(Xy) = Y. Therefore, Fj is
surjective.'? ]

Remark 12.20. For fixed manifolds X,Y we can form the set C*(X,Y’) of smooth maps X — Y.
Just as there are different topologies on the set of continuous maps between topological spaces, so
too are there different (Whitney) topologies on the space of C* maps. With the correct topology,
Theorem 12.17 asserts that if X is compact, then the various subsets are open. In fact, the
formulation in terms of finite dimensional families of maps is a convenient technique to avoid
working directly with infinite dimensional function spaces. (We work instead functorially with a
variable base S.) The slogan stability=openness has a flip side: approximation=density. We will
discuss some approximation theorems in future lectures.

Lecture 13: Manifolds with boundary

As background we begin with calculus on a half-space. The key points are Definition 13.10 of
smoothness and Lemma 13.12 which states that the differential is well-defined. Lemma 13.15 allows
us to define the interior and boundary of a manifold with boundary unambiguously. Then we define

121 we choose a splitting, then this is a triangular decomposition of a linear transformation. A diagram chase
shows that relative to such a decomposition, a linear transformation is maximal rank iff it is maximal rank on both
the sub and the quotient.

131 this argument we use the fact that manifolds, which are locally Euclidean, are also locally path connected.
Therefore, the partition of a manifold into components is the same as its partition into path components.
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a manifold with boundary using the half-space model, just as we defined a manifold using affine
space as a model. We revisit basic notions—tangent space and submanifold—for manifolds with
boundary. The discussion of submanifolds is particularly important: again there is a local model
which we allow (and alternatives which occur but which do not merit the moniker ‘submanifold’).
Finally, we modify some of the basic theorems we have proved for manifolds to manifolds with
boundary.

‘We conclude this introduction with some motivation and remarks.

(138.1) Motivation. We offer three motivations to generalize the concept of a manifold to a manifold
with boundary. First, we will shortly construct topological invariants and will prove that they are
invariant under homotopy. A smooth homotopy of maps X — Y is a smooth map [0,1] x X — Y.
But [0,1] = A! is not locally Euclidean, so is not a manifold, and neither is [0,1] x X. Both
are manifolds with boundary. Second, we often do calculus on subsets of affine space which are
manifolds with boundary, for example closed intervals in R or closed disks in A?. Those should be
included in our calculus on curved spaces. Finally, in homology theory one studies cycles a in a
topological space and the notion of a homology between cycles ag and a;: a homology is a chain b
such that b = a; — ag. Note the theory is vacuous if the space is a single point. There is a similar
smooth notion called bordism in which a topological space is replaced by a smooth manifold M, a
cycle by a smooth map Y — M in which Y is a compact manifold, and a bordism from Yy — M
to Y1 — M is a smooth map X — M where X is a compact manifold with boundary ¢X = Yp11Y;
and the map restricts on the boundary to the given maps. There the theory is nontrivial even
if M = pt. For example, there does not exist a compact 3-manifold with boundary X such that
0X = RP?.

Remark 13.2. Tt is tempting to use ‘manifold-with-boundary’ rather than ‘manifold with boundary’
to emphasize that ‘manifold with boundary’ is a single concept; ‘with boundary’ is not a modifier to
‘manifold’. A manifold is in particular a manifold with boundary, so the manifold with boundary
concept generalizes the manifold concept we have been studying heretofore. If manifolds with
boundary are around, then sometimes ‘manifold without boundary’ is used for ‘manifold’. (The
hyphens are not standard, and besides an n-manifold is a manifold of constant dimension n, which
would lead to ‘n-manifold-with-boundary’ which transgresses most laws of acceptability.)

Remark 13.3. When manifolds with boundary are admitted into the game, we use the term closed
manifold for a compact manifold without boundary. (The term open manifold is less common. One
possible meaning is a manifold without boundary, each of whose components is not compact.)

Calculus on closed affine half-spaces

(13.4) Local model. Recall that the local model for a topological manifold is a finite dimensional
affine space: topological manifolds are locally affine. For manifolds with boundary the local model
is a closed half of an affine space.
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F1GURE 30. Local model for a manifold with boundary

Definition 13.5. Let A be a finite dimensional affine space, H € A an affine hyperplane, and
A~ < A the closure of one component of A\H. Then A~ is a closed affine half-space.

An affine hyperplane H is the zero set of a nonconstant affine function f: A — R, and A~ =
{a e A: f(a) < 0}. So the data in Definition 13.5 can be taken to be the pair (4, f). Of course,
A~ inherits a topology by dint of being a subspace of A. Then A~ = H, and A~ partitions as

(13.6) A" =IntA™ 11 0A™.

(18.7) Standard local model. For each n € Z>° there is a standard model: A = A" with standard
affine coordinates x!,...,z"; the hyperplane is H = {z! = 0}; and we choose

(13.8) A” = (A")” = {z} <0}

The choice of the first (as opposed to last) coordinate, and of the nonpositive (as opposed to
nonnegative) half-space is deliberate, as we explain below.

(13.9) Smooth functions and diffeomorphisms on closed affine half-spaces. Use A~ as a shorthand
for the triple of data (A, H, A7) in Definition 13.5. The setting for calculus is two closed affine
half-spaces A~, B~, an open subset U ¢ A™, and a function f: U — B~. Let the vector space of
translations of A, B be V,W, and let V', W' be the subspaces of translations which preserve the
hyperplanes H ¢ A and K < B.

Definition 13.10. Let p € U. We say f is C® at p if there exists an open neighborhood Uc A
of p and a C® function f: U — B such that f ‘Umf] equals the composition

~ f -
(13.11) UnU@)B— . B.

Lemma 13.12. The linear transformation dfp: V — W is independent of the extension f of f.
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FiGURE 31. Local smoothness at the boundary

Proof. If pe UnInt A~ then df,: V' — W is defined and equals d fp for any extension. If pe Un H,
then since the differential is continuous,

(13.13) dfy = lim dfy = lim df,.
p'—p p'—p
p’eUnInt A~

g

Remark 13.14. Lemma 13.12 extends to all higher derivatives: the infinite jet of a C* function f
is well-defined, even at points of the boundary H.

The other statement we need from calculus is that a diffeomorphism preserves the partition (13.6).
We continue with the setup of this subsection (13.9).

Lemma 13.15. Suppose f: U — B~ is a diffeomorphism onto its image. Then

(13.16) fUAH)CK,
(13.17) fUNIntA™) cInt B~

Ficure 32. Diffeomorphisms preserve the boundary

Proof. Suppose p € U n H and f: U — B is an extension of f near p, where Uc Ais an open
neighborhood of p. Since df), is invertible, the inverse function theorem implies that possibly after
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reducing U to a smaller open neighborhood, the map f :U — Bis a diffeomorphism onto its
image f(U) ¢ B. Assume f(p) ¢ K, and reduce U further so that f(U) < Int B~. Furthermore,
since f is a diffecomorphism of U < A~ onto f(U) < B, there is an open neighborhood of f(p)
in Int B~ < B~ < B contained in f(U). Upon reducing U even further, then, we may assume
f(f]) c f(U). But then f~!: f(ﬁ) — A carries an open neighborhood of f(p) in B to an open
neighborhood of p in A, from which we deduce that there exists an open neighborhood of p in A
that is contained in U. However, every open neighborhood of p in A contains points of A\A~,
which contradicts U < A™.

Assertion (13.17) follows from (13.16) applied to both f and f~1!. O

Basic definitions

A manifold with boundary is defined using the local model (13.4) and its standard variant (13.7).

Definition 13.18.

(1) Let X be a topological space. Then X is a topological manifold with boundary if it is
Hausdorff, second countable, and locally homeomorphic to a closed affine half-space. A
chart on X is a pair (U,x) consisting of an open subset U < X and a homeomorphism
x: U — A~ into a closed affine half-space.

(2) Let X be a topological manifold with boundary. An atlas is a covering of X by charts with
C™® overlaps, as in Definition 2.9.

(3) A smooth manifold with boundary is a topological manifold with boundary equipped with
a maximal atlas of standard charts.

Smoothness of the overlaps is defined in (13.9).

(13.19) Partition of a manifold with boundary. Recall from (13.6) that a closed affine half-space
is partitioned into its interior and its boundary. Lemma 13.15 implies that the overlap functions on
a smooth manifold X with boundary preserve this partition. Therefore, there is a global partition

(13.20) X =IntX 1 0X.

Proposition 13.21.

(1) Int X is a smooth manifold.
(2) 0X is a smooth manifold.

If (a component of) X has dimension n, then dimInt X = n and dim0X =n — 1.

Proof. If ©: U — A~ is a chart on an open subset U < X with values in a closed affine half-
space A~, set U' = U nInt X and

IU,

(13.22) U —"IntA— A
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FIGURE 33. A chart on X induces charts on Int X and 0X

Then (U’,2’) is a chart on Int X. Execute this construction on each chart of an atlas on X to
produce an atlas on Int X and so prove (1). Similarly, set U” = U n 0X. By the definition of the
partition (13.20), the restriction of z to U” < U factors to a map

g

(13.23) " U —2 H,

where H = JdA. Then (U”,2") is a chart on 0X. The overlaps between charts are smooth by
Lemma 13.15, so we obtain an atlas on ¢X, which proves (2). O

Example 13.24. A closed ball is a manifold with boundary. Namely, for any n € Z>° set

(13.25) D" ={(z',....a") e A" : (a")? + -+ (2")? < 1}
Then
IntD" =B" = {(z',...,2") e A" : (V)2 + - + (2")? < 1},
- 9 = {(ah ) €8 @ 0 <)
oD" = 5" ={(a',...,a") e A" (') + -+ (a™) =1}

(13.27) Cartesian products. Let X be a manifold with boundary and Y a manifold (no boundary).
Then X x Y is a manifold with boundary, and 0(X x Y) = 0X x Y. An atlas for X x Y can be
constructed using Cartesian products of charts of X and charts of Y over atlases for X and Y.

The tangent space

The tangent space T, X to a manifold with boundary X at a point p € X is defined exactly as in
the case with no boundary (Lecture 3). If (U, z) is a chart about p with values in a closed affine
half-space A™, then there is an isomorphism

(Uyz)

(13.28) T, X =V,

where V' is the vector space of translations of the affine space A; see (3.41). The tangent spaces
glue to a vector bundle TX — X.
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(13.29) Tangent space at a boundary point. The definition of T, X holds for p € 0X; there is
no drop in dimension of the tangent space at a boundary point. However, there is a canonical
subspace of T, X of codimension one, namely the tangent space T),(0X) to the boundary. In a
boundary chart (U, z), as depicted in Figure 33, the isomorphism (13.28) extends to a commutative

diagram
Ty(0X) ——=V'
(13.30) [ IA
T,X v

where V/ < V is the subspace of translations that preserve the hyperplane H — A. In a standard
chart—one in which A = A" and H = {z! = 0}the vector fields 6%, e a% span T,(0X), as
depicted in Figure 34. The tangent bundle of the boundary is a subbundle of the tangent bundle
restricted to the boundary:

(13.31)

FiGURE 34. The tangent space at a boundary point in a standard chart

(13.32) Normal space at the boundary. At p € 0X we define the normal line to the boundary as
(13.33) vp = vp(0X ¢ X) = T,X/T,(0X).

The normal line carries a canonical orientation.
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Definition 13.34. Let L be a real line, i.e., a real one-dimensional vector space. An orientation

of L is a choice of component of L\{0}.

There are two components of L\{0}, hence two orientations. For the normal line v, we choose the
component of outward normals, so tangents to smooth motions v: (—4,0] — X such that y(0) = p
and y(t) € X\0X for t < 0.

A

@,

FIGURE 35. Orientation of the normal line

There is a short exact sequence of vector spaces

(13.35) 0 —T,(0X) —T1T,X — v, —0
In a standard boundary chart with local coordinates x!, ... 2", the basis of T,X is
0 0 0
13. — — e, —
(13.36) orl 7 ox27 7 oxn
—— -

basis of vp basis of Tp(0X)

Remark 13.37. The order of the basis is an example of a general principle: Quotient Before Sub.
This rule will recur when we discuss orientations in more generality. It is a convention which

experience shows is a good one.

Remark 13.38. Another relevant convention has the acronym ONF, which stands for Outward
Normal First, something One Never Forgets.

Submanifolds

F1GURE 36. Disallowed local models
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(13.39) Non-examples. Once we introduce manifolds with boundary there are several new possi-
bilities for a local model of a submanifold. Recall (Definition 6.19) the local model of a submanifold
of a manifold (no boundaries) is an affine subspace of an affine space. One could conceivably allow
a manifold with boundary to be a submanifold of a manifold, as in (i) in Figure 36, but we do not
allow it. (Nonetheless, that configuration occurs; we simply do not use the term ‘submanifold’ to
describe it.) In the second drawing, we do not allow (ii) or (iii), which are analogous to (i). Nor
do we allow (iv), in that case because the subset is not transverse to the boundary.

FiGure 37. Local model of a submanifold of a manifold with boundary

(13.40) Local model. The local model (Figure 37) we use is the following data: A is an affine space,
H c Ais a codimension one affine subspace, A~ is the closure of a chosen component of A\H, and
S < A is an affine subspace such that S & H. Define ST = S n A™. If V is the vector space of
translations of A, and V', V" < V the subspaces of translations which preserve H, S, respectively,
then the transversality condition is V' = V' + V”. For the standard local model, choose A = A",
A= = (A")" = {2! <0}, and S = {2 *F!l = ... = 2" = 0} where k is the codimension.

F1GURE 38. A submanifold chart of a manifold with boundary

Definition 13.41. Let X be a manifold with boundary and W < X a subset. Then W is a
submanifold if for each p € W there exists a chart (U,z) of X about p with codomain a local
model (A7, S) such that x(W nU) < S~ and (W nU) < S~ n H.

A submanifold chart is depicted in Figure 38. The local model enforces

oW =W noX

(13.42) S
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Remark 13.43. Sometimes what we are calling ‘submanifold’ is called a ‘neat submanifold’. Since
this is the only notion of submanifold we use for a manifold with boundary, we omit ‘neat’.

Submanifolds of a manifold with boundary via pullback

One convenient method to construct submanifolds of manifolds (no boundary) is via inverse
image of a regular value (Theorem 7.10) or transverse pullback of a submanifold (Theorem 11.38).
Similar results hold for a submanifold with boundary, as we prove in this section. The first theorem
is closely related to these results.

Theorem 13.44. Let X be a manifold. Suppose f: X — R is a smooth function, and c € R is a
regular value of f. Then f~1(RSC) is a manifold with boundary f~(c).

F1cURE 39. A manifold with boundary cut out by a real-valued function

Notice that f~1(R>¢) ¢ X is not a submanifold; the local model is (i) in Figure 36.

Remark 13.45. In Figure 39 the red exes depict critical points and critical values. In Morse Theory
one studies how the inverse image of a regular value changes as we cross a critical value. Here—
the poster child of elementary Morse theory—as the regular value increases from —oo to 400, the
inverse image undergoes a sequence of surgeries:

(13.46) ) ~> St > StuS!t s St - .

Also, if ¢y < ¢1 are regular values, then f_l((co, cl)) is a bordism from f~1(co) to f~1(c1).

Example 13.47. The closed ball in Example 13.24 can be constructed via the function

A" — R
(13.48) f

using the regular value ¢ = 1.
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Proof of Theorem 15.44. The interior f~'(R<¢) = X is an open subset, so a submanifold. The
boundary f~!(c) = X is a submanifold since c is a regular value. But it remains to find boundary
charts for p € f~1(c). Apply Proposition 6.14(2) to construct a chart of X on an open neighborhood
U < X of p with local coordinate functions 2! = f — ¢, 22,...,2". The restriction to U n {z! < 0}
is a standard boundary chart for f~!(R<¢). The overlap between two such charts is smooth since
it is the restriction of an overlap of charts of X. O

(13.49) Notation. Let X be a manifold with boundary, ¥ a manifold, and f: X — Y a function.
We denote the restriction of f to 0X as df: 0X —» Y.

Proposition 13.50. Let X be a manifold with boundary, Y a manifold, and f: X —Y a smooth
function. Then the set of simultaneous reqular values of f,0f is dense in'Y.

Proof. A regular point p € 0X of 0f is also a regular point of f: if d(0f), is surjective in

(13.51) Typ)Y

then so too is df,. Now use Corollary 8.3 to deduce that the set of simultaneous regular values of

cInt X — Y
(1352) f|IntX I
of: X —Y

is dense. O

FIGURE 40. A submanifold with boundary cut out by a regular value
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Theorem 13.53. Let X be a manifold with boundary, Y a manifold, f: X — Y a smooth function,
and suppose q € Y is a reqular value of f and 0f. Then W := f~Y(q) = X is a submanifold.
Furthermore, the differential of f induces an isomorphism

(13.54) (W < X) 2o 7y 0y,

In particular, codimy,(W < X) = dimy(,) Y.

Proof. For pe W nInt X use Theorem 7.10 to construct a submanifold chart. Suppose pe W noX.

Choose a chart (V;y',...,y") about ¢, and suppose y'(p) = --- = y™(p) = 0. Then choose a
boundary chart (U;z!,... 2™) about p such that f(U) < V. Then we claim the differentials of
al, f*yt, ..., f¥y™ are linearly independent at p. For if adx), + b, d(f*y'), = 0 is a linear relation,

then evaluating on T,(0X) we conclude that b; d(f*y"), = 0 restricted to T,(0X). Since ¢ is a
regular value of df, we conclude that this is the trivial linear relation: b; = 0 for all 7. Since
dx, # 0, we conclude a = 0 and the differentials are linearly independent as claimed. Now apply

mfn’ f* 1, .

Proposition 6.14(2) to construct a chart x!,%2,...,% .., f*y™ of X on an open subset

of U. This is a standard submanifold chart; see Figure 41. O

FIGURE 41. Image of the submanifold chart

The technique used in the proof of Theorem 11.38 applies to manifolds with boundary to prove
the following.

Theorem 13.55. Let X be a manifold with boundary, Y a manifold, Z < Y a submanifold,
f: X =Y a smooth function, and suppose f,0f & Z. Then W := f~Y(Z) < X is a submanifold.
Furthermore, if p € X satisfies f(p) € Z, then

_ g1
(1) T,W = df, (Tf(p) ).
(2) dfp induces an isomorphism of normal spaces

(13.56) (W e X) —2s 0 (Z < V).

(3) codimy,(W < X) = codimy,)(Z < Y).
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Lecture 14: Classification of 1-manifolds with boundary

Introduction

In this lecture we prove the following important result.

Theorem 14.1. Let X be a nonempty connected one-dimensional manifold with boundary. Then
(14.2) X ~ S or [0,1] or R or [0, 1).

(The ‘~’ symbol means ‘is diffeomorphic to’.)
Corollary 14.3. If X be a compact one-dimensional manifold with boundary, then #0X is even.

Proof. The boundary 0X is a compact 0-manifold, so it is a finite set of points. By Theorem 14.1,
X is a finite union of circles and closed intervals, each of which has an even number of boundary
points (zero and two, respectively). O

Remark 14.4. We will construct counting invariants—degrees, intersection numbers, etc.—which
depend on choices. To compare the count for different choices we construct a bordism between the
choices, and the difference of the counts for two different choices is the count of boundary points of
a compact 1-manifold with boundary. Corollary 14.3 is used to conclude that the count modulo 2
is independent of the choices. Later we introduce orientations to refine the mod 2 invariants to

integer invariants.

(14.5) Classification of low-dimensional manifolds. The classification result Theorem 14.1 uses the
simplicity of dimension one. There are classification results in higher dimensions, but unsurprisingly
they are more complicated. We give a flavor of some results, and restrict to compact connected
manifolds.

In dimension two there is a complete classification of compact connected manifolds. They come
in two families, which are enumerated in Example 1.21.

In dimension three the situation is much more complicated. If we add the hypothesis that
the manifold be simply connected, as well as compact, then it has the homotopy type of S3.
The Poincaré Conjecture, a theorem proved by Grigori Perelman in 2002, asserts that a compact
manifold with the homotopy type of S? is diffeomorphic to S3. There are also structure theorems
for compact 3-manifolds not homotopy equivalent to the 3-sphere. The most profound is Bill
Thurston’s Geometrization Conjecture, again a theorem proved by Perelman.

In dimension four the classification of compact manifolds is intractable since any finitely presented
group can be the fundamental group of such a manifold, and there is no algorithm to distinguish
finitely presented groups. Even if we restrict to simply connected compact 4-manifolds, there is
no easy classification. The measure of our ignorance is the fact that the 4-dimensional Poincaré
Conjecture is open: it is not known if a closed 4-manifold homotopy equivalent to S* is diffeomorphic
to S%. On the other hand, for simply connected compact topological manifolds the situation is under
control due to work of Mike Freedman in the early 1980s. He proved that the homeomorphism type
is determined by the homotopy type and, in “half” of the cases, a mod 2 invariant due to Rob Kirby
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and Larry Siebenmann. In particular, he proved that a homotopy 4-sphere is homeomorphic to the
4-sphere, which is the topological version of the Poincaré conjecture. When we come to smooth
structures on these simply connected compact topological manifolds, there are new phenomena not
seen in lower dimensions. Namely, there exist such manifolds which admit no smooth structure, and
there exist others for which there are multiple nondiffeomorphic smooth structures. (In dimensions
one, two, and three every topological manifold admits a unique smooth structure.) Surprisingly,
affine space A% admits uncountably many inequivalent smooth structures. Also, the smooth version
of the 4-dimensional Poincaré conjecture is very much open. It states that a compact smooth
4-manifold which is homotopy equivalent to S* is diffeomorphic to S*.

(14.6) Local geometric structures in differential topology. The general technique we use to prove
Theorem 14.1 is one that appears often: a local geometric structure is introduced, and it is used
to prove a global result. Sometimes this strategy is implemented by solving a differential equation.
Sometimes it involves proving that some quantity is independent of the choice of a particular
geometric structure on the manifold. In the case at hand, we introduce a Riemannian metric—
a notion of lengths of tangent vectors—on our given 1-manifold X and then write an ordinary
differential equation for a motion f: R — X to have unit speed, i.e., velocity of length one at all
times. The function f is used to get hold of the diffeomorphism type of X.

Remark 14.7. An alternative approach is to introduce a Morse function f: X — R, i.e., a function
with finitely many nondegenerate critical points. (Nondegeneracy means the second derivative of f
at a critical point is nonzero.) Then simple surgeries are used to eliminate most or all of the
critical points, which again gives control of the global structure of X. Note the duality of the two
approaches: in our approach we map the standard manifold R in whereas in the alternative one

maps out to the standard model.

(14.8) Higher dimensions. The general strategy outlined in (14.6) is used to prove some of the
classification results described in (14.5). For example, one approach to the classification of compact
2-manifolds is via Morse Theory, as in Remark 14.7. The approach pioneered by Richard Hamilton
to prove the Poincaré conjecture in dimension three is to introduce a Riemannian metric and
study the Ricci flow equation, a nonlinear evolution equation of heat type for the initial metric.
Perelman was able to complete the proof by showing how to continue the evolution after singularities
developed. The endpoint of the evolution is a simpler Riemannian metric which reveals the global
structure. In dimension four one also introduces a Riemannian metric, but now that is fixed
and one writes a nonlinear elliptic partial differential equation for extrinsic objects: connections.
There is a moduli space of solutions which is used to detect obstructions to smoothness or to
construct invariants of the smooth structure (which must then be proved independent of the choice
of Riemannian metric). This self-duality equation arose in quantum field theory, and was explored
in a geometric context by several mathematicians (Atiyah, Singer, Hitchin, Drinfeld, Manin, Ward,
...), leading to Simon Donaldson’s applications to the topology of 4-manifolds.



DIFFERENTIAL TOPOLOGY 85

(14.9) Outline of this lecture. Returning to the task at hand, we begin with two background
topics: Riemannian metrics and ordinary differential equations (ODEs) on manifolds. Both are
important in differential geometry and differential topology.'* After a little maneuver—passage to
a double cover—we introduce the basic ODE. Then we use a maximal solution to gain control of
the global structure of X and complete the proof of Theorem 14.1.

Riemannian metrics

(14.10) Inner products. Let V be a real vector space. An inner product or metric on V is a
function

(14.11) g:VxV—R

which for all N € Z7°, &,n,&,m; € V, 1 <i,j < N, and a*, b € R satisfies

(14.12) g(a'&, V'n;) = 'V g(&,my)
(14.13) 9(&n) =9(n,§)
(14.14) g(&,6)>0 if&#0.

The first condition (14.12)—bilinearity—is linear in g and cuts a linear subspace out of the space
of all functions (14.11). The second condition (14.13)—symmetry—is also linear in g. The last

condition (14.14) is not linear in g.

Definition 14.15. Let A be an affine space. A subset C < A is convez if for all pg, p1 € S the line
segment {(1 —¢)po + tp1 : 0 < t < 1} is contained in S. A subset C = A is a cone if for all p e S
the ray {tp : t > 0} is contained in S.

Condition (14.14) implies that the space Inn V' of inner products on V' is a convex cone inside the
vector space Sym? V* of symmetric bilinear forms; see Figure 39. The reader should work out the
actual picture for dimV = 2.

An inner product on V determines a norm on V:

(14.16) &l =~/9(&¢), &€V

Remark 14.17. We have not assumed that V is finite dimensional, but in the sequel we only consider

inner products on finite dimensional vector spaces.

10ne might ask: What is the relationship between ‘geometry’ and ‘topology’. First comment: There is no sharp
divide, and in some sense this is one of many false dichotomies in mathematics. One viewpoint is that geometry
is the general study of shapes, and topology is a branch of geometry which concerns more global properties. From
another perspective—Klein’s Erlangen Program—a type of geometry is specified by its symmetry group and that
type of geometry is the study of properties invariant under the group. Very roughly, then, topology is the case when
the symmetry group is infinite dimensional.
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FiGURE 39. The space of inner products on a real vector space

(14.18) Inner products on a vector bundle. We consider inner products, or metrics, on a smooth
family of vector spaces.

Definition 14.19. Let m: £ — S be a real vector bundle. A metric on 7 is a smoothly varying
family of inner products on the fibers.

This is wishy-washy until we explain the meaning of ‘smoothly varying’. The simplest statement
is that for every local trivialization

UxV—2 s 7 4U)
(14.20) ) g
NP

the inner products on Ej, s € U, transport to a smooth function U — InnV < Sym? V*.

Remark 14.21. Alternatively, the data of a metric on m—the parametrized version of (14.11)—is
a function E x¢ E — R on the fiber product of 7 with itself, and we demand that this function
be smooth. Yet another formulation: Associated to 7 is a fiber bundle Inn E — S whose fiber
at s € S is the space of inner products on E5. Then Definition 14.19 amounts to a smooth section
of InnF — S.

Proposition 14.22. Let 7: E — S be a real vector bundle. Then there exists a metric on .

Proof. Suppose {Uy}aeca is a cover of S by open sets equipped with a local trivialization

UxV,—22 ~ 7 1(U)
(14.23) Fx* /
U
For each o € A choose an inner product g, on V. Let {pa}aca be a partition of unity subordinate
to {Ua}aea with the same index set A. Then g = >} pagn is a metric on 7. O
aeA

Remark 14.24.

(1) The key point is that inner products are a convex set, so can be averaged against a partition
of unity. The same argument proves the existence of sections of any fiber bundle whose
fibers are convex subsets of a fiber bundle of affine spaces.

(2) A bit more argument proves that the space of metrics is contractible.
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(14.25) Riemannian metrics. The discussion in (14.18) applies in particular to the tangent bun-
dle m: TX — X to a smooth manifold X.

Definition 14.26. Let X be a smooth manifold. A Riemannian metric on X is a metric on the
tangent bundle 7: TX — X.

Proposition 14.22 implies that any smooth manifold admits a Riemannian metric. There is a rich
geometry of Riemannian manifolds, but in this class we only use Riemannian metrics as auxiliary
devices, as discussed in (14.6).

Ordinary differential equations on manifolds

An application of the contraction mapping fixed point theorem guarantees the existence and
uniqueness of local solutions to an ODE on affine space. That theorem is proved in Lecture 17 of
the notes on multivariable analysis that I handed out at the beginning of the course. There is also a
global theorem in Lecture 18 of those notes. These are basic theorems and you will do well to study
them if you have not seen them before. In this section I use those results to produce a geometric
formulation on smooth manifolds. Theorem 14.32 below is easily proved from the theorems on
affine space.

(14.27) Integral curves. The following definition is illustrated in Figure 40.

Definition 14.28. Let X be a smooth manifold.

(1) A wvector field on X is a smooth section of the tangent bundle TX — X.
(2) Let & be a vector field on X and J < R an open interval. A smooth motion v: J — X
on X is an integral curve of & if

(14.29) ’)/(t) = 57(15), te

F1GURE 40. A vector field and integral curve

In the figure an initial time ¢y € J and initial position py € X are depicted. Equation (14.29) is an
ordinary differential equation, as one can see in a local coordinate system.
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Remark 14.30. There is a generalization to time-varying vector fields, but in fact that is a special
case of a fixed vector field. Namely, consider the trivial fiber bundle p: J x X — J. Then a
time-varying vector field on X is a smooth section of the relative tangent bundle (12.4) whose fiber
at (t,p) € J x X is T, X. Since the relative tangent bundle is a subbundle of T'(J x X), we can
regard this as a vector field on J x X. An integral curve for this vector field is a solution of (14.29)
where now the right hand side can also vary with ¢ € J.

The “device” we use here illustrates two important general techniques: (1) Encode parameters
in a space, and (2) Reduce a complicated setup to a familiar one on a more complicated space.

(14.31) FEuzistence and uniqueness. The main theorem asserts the existence and uniqueness of
integral curves, both locally and globally.

Theorem 14.32. Let £ be a smooth vector field on a smooth manifold X. Fix tg € R and pg e X.

(1) There exists an open interval J < R containing to and a smooth function v: J — X such
that

’Y(t) = gw(t)v teJ

(14.33) +(to) = po.

Furthermore, any two solutions agree on the intersection of their domains.
(2) There exists an open interval Jmax < R containing ty and a solution Ymax: Jmax — X
to (14.33) such that any solution is contained in Ymax-.

The containment in (2) makes sense if we identify a function with its graph, so for any solution
v:J — X we have J € Jyax and v = 'ymax|J.

Unit speed parametrization

We have one more preliminary to the proof of Theorem 14.1. Henceforth, X is a connected 1-
dimensional manifold with boundary. Apply Proposition 14.22 to introduce a Riemannian metric g
on X, which we fix for the remainder of the lecture.

(14.34) Setting up the ODE. We aim to construct a motion f: .J — X on a maximal interval
J < R which has unit speed: the norm of the velocity f (t) is one for all t € J. It is instructive to
write this condition with respect to a local coordinate x: U — R on an open subset U < X. Assume
f(J) € U, or cut down J until it is so. Let G: (U) — R be the positive function G(z) = ||%||2
Then the composite function h = x o f: J — R satisfies the equation

: 1
(14.35) h(t)* = G
and so

(14.36) h(t) = 1
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The sign ambiguity means we have two ODEs, not one. Geometrically, we have at each p € X
two opposite tangent vectors +n € T, X with unit norm ||n| = 1. To write a single ODE we must
pick out a single unit norm vector at each point. We can make such a choice locally, but we would
have to prove that there exists a global choice; it is possible that one local choice, continued to be
continuous, can come back to the opposite choice. Rather than disentangle the global issue, we use
another “device” that is often the better route: Construct a new space which encodes both choices.

(14.37) The orientation double cover. Consider the function

TX —R
(14.38)
n — g(n,n)

We claim that 1 € R is a regular value. Namely, if € T, X has unit norm, then

d
(14.39) — g(tn,tn) =2 # 0,
dt|,_y

so the differential of (14.38) is surjective at 1. Let X < TX be the inverse image of 1; it is the
space of unit norm tangent vectors. The restriction

(14.40) X —X

of the tangent bundle TX — X is a double cover: there are two vectors of unit norm in each
tangent space.

Remark 14.41. Since X is 1-dimensional, the tangent bundle TX — X is a real line bundle: the
fibers are 1-dimensional real vector spaces. Recall Definition 13.34 that an orientation of a fiber 1), X
is a choice of component of nonzero vectors. A unit norm vector is nonzero, and there is a unique

unit norm vector in each component.'® Hence the double cover (14.40) can be identified with the

16

orientation double cover, the double cover'® of X whose fiber consists of the two orientations of 7}, X .

(14.42) The vector field . There is a tautological vector field £ on the manifold X. Namely, a
point p € X is a point p = w(p) of X together with a unit tangent vector n € T,X. The double
cover 7 induces an isomorphism of tangent spaces dm: Tp)? — T, X, and the value of { at p is the
vector in Tﬁ)N( which projects to 7. (It is natural to conflate p and 7, since p € XcTX )

15Alert! When you read an assertion like this, pause to work out a proof for yourself. Develop this habit of mind—
it is important to being a mathematician. In this case if L is a line with an inner product, and ¢ € L is a nonzero
vector, then ¢ is a basis and any other vector equals ¢¢ for a unique t € R. The equation 1 = g(¢(,t¢) = t2g(¢, ¢) has
two solutions +t¢ which lead to opposite unit vectors n = +t¢. If v: [0,1] — L is a continuous path which connects
them, apply the intermediate value theorem to the continuous function ¢t — g¢(vy(t),n) to conclude that v(¢) = 0 for
some t € [0,1]. Therefore, n and —n lie in opposite components of L\{0}. The point of this footnote is not so much
the proof, but the state of mind required to read and do mathematics.

157’m sure an alert went off and you are now constructing this double cover and proving the local triviality!
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FIGURE 41. The integral curve f and its projection f

Proof of Theorem 14.1

After these preliminaries, we are ready for the main task in this lecture. Let X be a nonempty
connected 1-manifold. Choose a Riemannian metric on X and let & be the vector field on the
orientation double cover which was constructed in (14.42).

(14.43) Construction of a function f into X. Choose o € X and let py = 7(fo) € X be its
projection. Apply Theorem 14.32 to construct an open interval Jy.x © R and a smooth function
f+ Jmax — X which is the maximal integral curve of ¢ that satisfies the initial condition f (0) = po.
Set f = mo f: Juax — X. Note that both f and f are local diffeomorphisms: the differential
is an isomorphism since £ is nonvanishing. We use the map f to gain global control over the
diffeomorphism type of X. The proof breaks up into two main cases according to whether J.x = R

or Jmax 18 a proper subinterval.

(14.44) Jmax = R. As a first step we prove surjectivity.
Proposition 14.45. Assume Jnax = R. Then f is surjective.

Proof. Since f is a local diffeomorphism, it is an open map and so f(R) < X is open. We claim
that f(R) < X is also closed, and then since f(R) is nonempty and X is connected, it follows that
f(R) = X. Thus suppose {t,} < R is a sequence such that there exists ¢ € X with f(¢,) — q as
n — 00. Choose a chart (U, z) about ¢ and let K < U be a compact subset which contains z(q)
in its interior. After possibly omitting a finite number of terms of the sequence, we may assume
that {f(tn)} < K. Let v: I — R be the composition of z: U — R and the restriction of f to an
open interval I < Jyax which contains {¢,}. Define G: z(K) — R by G(z) = H%HQ. Since z(K) is
compact, we can and do choose C' > 0 such that G(z) < C for z € z(K). Hence

(14.46) (1)) = > tel.
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Now for n,m € Z we have

(14.47) (tn) = v(tm)| =

f:dmm\ el =t

which implies
(14.48) Ity — tim| < VC |y(ta) — v(tm)).

Since y(t,) — x(q), the sequence {7y(t,)} is Cauchy, hence by (14.48) so too is the sequence {t,}.
Hence there exists tg € Jpnax = R such that ¢, — tg. It follows that f(tp) = lim f(¢,) = ¢. This
n—o0

proves the surjectivity of f. O

T

llp

FIGURE 42. Proof that f(R) c X is closed if Jpax = R

Corollary 14.49. If Jyax = R and f is injective, then X ~ R.
Proof. f is a bijective local diffeomorphism, hence a global diffeomorphism. O
Proposition 14.50. If Jy.x = R and f is not injective, then X ~ S*.

Proof. Choose to,t1 € R such that f(to) = f(t1). Let o: X — X be the involution (nonidentity deck
transformation) of the double cover m: X — X. Then either f(to) = f(t1) or f(to) = o f(t1). In the
former case, the motion ¢ — f(t +t; — to) is an integral curve of & which maps to — f(t1) = f(to),
hence the uniqueness statement in Theorem 14.32 implies f(t) = f(t + t; — to) for all t € R. It
follows that f(0) = f(t1 —to), and so f(0) = f(t1 —to) = po. Consider f~*(py) < R. It is a discrete
subset, since f is a local diffeomorphism. Let T' € R be the minimal positive element of f~1(pg).
The uniqueness argument implies f(t +T) = f(¢) for all ¢ € R, from which the map f factors:

(14.51) X

R/(Z-T)

Here Z - T < R is the subgroup generated by 7, and R/(Z - T) ~ S'. Minimality of T implies that
f is injective. It is also surjective and a local diffeomorphism, hence a global diffeomorphism.

It remains to rule out f(to) = o f(t1), a situation depicted in Figure 43. If so, then the motions
t— f(to+1t) and t — o f(t; —t) are integral curves of & which agree at t = 0, hence are equal. Set
t = (t1 — to)/2 to deduce f(%) = Jf(%), which is absurd. O
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FIGURE 43. Ruling out distinct lifts of f(tg) = f(t1)

(14.52) Jyax # R. If the maximal open interval of definition of the integral curve f in (14.43) is
a proper subset of R, then Jiax = (a,b) or (a, ) or (—o0,b) for some a,b € R. We treat the three
cases simultaneously.

Proposition 14.53. f: Jyax — X estends to f: Jmax — X and f(Jmax\Jmax) < 0X.

Proof. I p € f(Jmax)\f (Jmax), then the proof of Proposition 14.45 shows that there exists a sequence
{tn} € Jmax such that t, — a or t, — b and lingO f(t,) = m(p). Use this to define'” f. If

m(p) < Int X, then p € Int X and any local integral curve which maps the appropriate endpoint
of Jmax (a or b) to p patches with f to obtain an integral curve of £ on an open interval which
strictly contains Jpax. This contradicts the maximality of Jyax. O

Proposition 14.54. f: Jy.x — X is a diffeomorphism. Therefore, X ~ [0,1] or X ~ [0,1).

Proof. Tt follows from Proposition 14.53 that f(Jmax) < X is closed. The image is open, since f is
a local diffeomorphism, and now since X is connected we deduce that f is surjective. Injectivity
of f follows as in the proof of Proposition 14.50: if f is not injective, then it is periodic and the
domain Jyay can be extended to R. The bijective local diffeomorphism f is a global diffeomorphism.

0

Theorem 14.1 follows by combining Corollary 14.49, Proposition 14.50, and Proposition 14.54.

Lecture 15: Brouwer fixed point theorem; mod 2 degree; transversality in families

After building many foundations we capitalize on our work and prove some theorems in topology.
The first is a nonretraction theorem, which has as a corollary the Brouwer fixed point theorem.

17The careful reader will note that we must prove that f is smooth. To do so, choose a boundary chart of X at p
(we prove next that p € dX), smoothly extend the vector field £ in the chart, and hence smoothly extend the integral
curve.
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Next, we attempt to define the mod 2 degree of a map. We have most of the tools to do so, but
fall short at a crucial stage. Telling this tale now motivates the work on transversality we begin at
the end of this lecture.

Nonretraction; a fixed point theorem

(15.1) A nonretraction theorem. A retraction of a set X onto a subset A < X is a left inverse
of the inclusion map i: A — X, i.e., a map r: X — A such that 7“|A= id4.'® The following is a

non-retraction theorem.

Theorem 15.2. Let X be a compact manifold with boundary. Then there does not exist a retraction
r: X - 0X.

FIGURE 44. The inverse image of a point under a putative retraction

Proof. Suppose r: X — 0X is a retraction. Use Sard’s theorem (Theorem 8.1) to choose a regular
value ¢ € 0X of r. Then W := r~!(¢) € X is a 1-dimensional submanifold, by Theorem 13.53. In

particular,
(15.3) W =W noX ={wedX :odr(w) =q} ={q},
since 0r = idgx. This contradicts Corollary 14.3. 0

Remark 15.4. Compactness is crucial. For example, if Y is a closed manifold, then X = (—1,0] xY
retracts onto its boundary 0X = {0} x Y.

(15.5) A fized point theorem. Let f: X — X be a map from a set to itself. A point p € X with
f(p) = pis a fized point of f. Recall the closed ball D™ ¢ A™ from Example 13.24.

Corollary 15.6 (Brouwer fixed point theorem). Suppose f: D™ — D™ is a smooth map. Then
there exists p € D™ such that f(p) = p.

The following lovely proof is due to Morris Hirsch.

I8\ ore generally, a retraction of any map is a left inverse. Dually, a section of any map is a right inverse. Note
that if r o4 = id, then 7 is injective and r is surjective.
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FIGURE 45. Proof of the Brouwer fixed point theorem

Proof. If f: D™ — D" has no fixed point, then define a retraction r: D" — D" = S"~! which
sends z € D" to the intersection of the ray emanating from f(z) through z with D", as in
Figure 45. But Theorem 15.2 rules out the existence of r.

To prove that r is smooth, consider

F:D"xRY SR

(15.7) 2

z, t — distAn[O, T+ t(:L' — f(:z))]

The implicit function theorem implies that the function ¢(z) defined by F(z,¢(z)) = 1 is smooth—
check that 0F /ot # 0 at points where F(z,t) = 1—hence r(z) = z + t(z)(z — f(x)) is smooth. [

Remark 15.8. The case n = 1 of Corollary 15.6 has an elementary proof: apply the intermediate
value theorem to f(x)—z. This case is illustrated in Figure 46, which indicates how the fixed point
set of a map f: X — X can be expressed as the intersection in X x X of the graph of f and the
diagonal A = {(z,z) : x € X}.

FIGURE 46. Brouwer fixed point theorem on D!

Mod 2 degree: first attempt

(15.9) Setup. The degree of a map is defined in the following situation. Fix a positive integer n.
Let X be a compact n-manifold and Y a connected n-manifold. Notice the explicit assumption
that dim X = dimY. Suppose f: X — Y is a smooth map. If ¢ € Y is a regular value, then
f~1(q) is a 0-dimensional submanifold of X, hence a finite set of points, since X is compact. The
degree counts the number of points in the inverse image.
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FIGURE 47. The mod 2 degree is independent of the regular value ¢

(15.10) Dependence on the regular value. Figure 47 illustrates that #f~!(g) depends on the reg-
ular value ¢. In this figure, f is orthogonal projection from the plane curve X onto the vertical
line Y, and ¢1, ¢2, g3 are regular values. As we move ¢; — g2 — g3 the cardinality of the inverse
image changes: 0 — 6 — 2. So while the count is not independent of the regular value, its reduction
modulo two is, and that is true in general. We can see intuitively what happens by examining the
inverse images W; and Wy of the closed intervals [q1, ¢2] and [g2,¢3]. By an easy adaptation of
Theorem 13.44, W7 and W are 1-dimensional manifolds with boundary, and they are compact since
X is compact. In fact, Wy is a bordism from f~'(q1) to f~!(ge), and W5 is a bordism from f~'(g2)
to f~1(¢q3). The observed fact that the number of inverse image points modulo two is unchanged
when passing through a critical value follows from Corollary 14.3: the number of boundary points
of a compact 1-manifold with boundary is even. It is useful to think of a movie where time is
t € [q1,q2] and we watch f~1(t) as t evolves. We can observe the birth of pairs of inverse image
points as we pass through critical values. Continuing the movie for ¢ € [¢2, 3] we can see annihi-
lations, or deaths, or pairs as we pass through critical values. These birth and death singularities
are the essence of Morse/Cerf Theory.

Remark 15.11. We will introduce orientations later in the course, and then count points with sign
to obtain an integer invariant (which in this example is zero).

(15.12) Main theorem; partial proof. We begin with a definition.

Definition 15.13. A smooth homotopy of maps X — Y between manifolds (no boundary) is a
smooth map F': [0,1] x X - Y.

Write Fy: X — Y for the restriction of F' to {t} x X.

Theorem 15.14. Fizn € Z7° and let X be a compact n-manifold, Y a connected n-manifold, and
f: X =Y a smooth map.

(1) The mod 2 cardinality #f~'(q) (mod 2) of the inverse image of a regular value q € Y is
independent of q.
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(2) If F: [0,1] x X — Y is a smooth homotopy of maps, and q € Y a simultaneous regular
value of F, Fy, and Fy, then #Fo_l(q) = #Fl_l(q) (mod 2).

Statement (1) is the well-definedness of the mod 2 degree deg, f € Z/2Z, and (2) implies that
deg, f is a smooth homotopy invariant. For the latter, we observe by Sard’s theorem (Corollary 8.3)
that simultaneous regular values of F Fy, I} exist.

F1GURE 48. Homotopy invariance of degy f

Proof of (2). Observe that ([0,1] x X) = {0} x X 11 {1} x X, and so 0F = Fyl1F}. Theorem 13.53
implies that W := F~!(q) is a 1-dimensional submanifold of [0, 1] x X—see Figure 48—and that

oW =W n ({0} x X) u Wn ({1} x X)

15.15
(15.15) = {0} x F;MNq) 1 {1} x F''(q).

Since #0W is even, it follows that #F; '(q) = F; '(¢) (mod 2). O

FIGURE 49. Independence of #f~!(q) (mod 2) as the regular value q varies

(15.16) Attempted proof of (1). Suppose qo,q1 € Y are regular values. Since Y is connected, we
can and do choose a motion ¢ — ¢; from gg to ¢1. Its graph is a closed submanifold Z < [0, 1] xY’; see
Figure 49. Consider id[g ) x f: [0,1] x X — [0,1] x Y. If (id[g,1) x f) & Z, then by Theorem 13.55
the inverse image of Z is a 1-dimensional submanifold of [0, 1] x X. Now we can argue as in (15.15)
to prove (1). However, there is no guarantee of the needed transversality (idjo,1) xf) A Z. Our task,
carried out over the next few lectures, is to prove that we can perturb idpg 1 x f to be transverse
to Z. Furthermore, since it is already transverse when restricted to the boundary, since qg, q1 are
assumed to be regular values of f, we want to perturb without changing the restriction to the
boundary. It is precisely this approximation theorems that we will prove.
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Remark 15.17. In Lecture 12 we proved that transversality is a stable condition, so transverse maps
form an open subset in a suitable mapping space. The approximation theorem is a companion result
which says that transverse maps form a dense subset in a suitable mapping space.

Families of maps and transversality

As a first step toward the approximation theorem, we consider a family of maps such that the
entire family is transverse to a submanifold. The construction of such families is the subject of the
next lecture. Here we assume we have such a family and prove the density of transverse maps in

the family. For the first version of the theorem, we omit boundaries.

FIGURE 50. A transverse family of maps X — Y parametrized by S

Theorem 15.18. Let X, Y, S be smooth manifolds, and Z < Y a submanifold. Suppose F: Sx X —
Y is a smooth map. If F' & Z, then for a dense set of s € S we have Fs A Z.

Here, for s € S we set

( | F:X —Y
15.19
pr— F(s,p)

Proof. By Theorem 11.38 the inverse image W := F~1(Z) c S x X is a submanifold. Let 7: W — S
be the restriction of the projection pr;: § x X — S:

We—m— S x X

(15.20) X S /

Then we claim that s € S is a regular value of 7 if and only if Fs A Z. The theorem then follows
from Sard, since regular values of m are dense in S.



98 D. S. FREED

The claim is then a linear algebra assertion about the differentials. Fix (s,p) e W < S x X and
consider the diagram

M v,z

T,X ——2"

(15.21) 0 0

Fls,p)
Tis W T.S®T,X - T,Y/T,Z

dm(s.p) pry

T, —==15

The claim is that is surjective iff is surjective. In the diagram, the two squares commute
by (15.20) and (15.19). The middle row is exact since F'  Z. The middle column is exact by
the definition of direct sum. These properties mean that (15.21) is symmetric about the diagonal
from NW to SE, and that symmetry means that surjective — surjective follows from
surjective = surjective. The latter is proved by a 4-step diagram chase:

(i) Fix ne T,Y /T, Z.
(ii) By exactness of the middle row, choose ¢ € TS and & € T, X such that

(15.22) dF(spy: C+E— .
(iii) Since we assume |1 |is surjective, choose A € T(, W such that
(15.23) dm(spy: A — .

(iv) Then ¢ + & — A e T, X maps to n e T,Y /T,Z via d(Fy),.
This proves the surjectivity of . 0

An almost identical argument proves the variation of Theorem 15.18 when X has boundary.

Theorem 15.24. Let X be a smooth manifold with boundary, Y, S smooth manifolds, and Z 'Y a
submanifold. Suppose F: S x X — Y is a smooth map. If F,0F & Z, then for a dense set of s € S
we have Fy, 0Fs A Z.
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Lecture 16: Perturbing a map to achieve transversality

Introduction

In Lecture 15 we attempted to define a topological invariant—the mod 2 index of a map between
equidimensional manifolds—but we discovered in (15.16) that our current toolkit is not sufficient.
Namely, we need to be able to perturb a smooth map to be transversal to a given submanifold.
Furthermore, if transversality has already been achieved on a subset, then we’d like a controlled
perturbation which does not move the map on the good subset. We took the first step at the
end of the last lecture with Theorem 15.18 (and its variation Theorem 15.24 for manifolds with
boundary). It asserts that if a family of maps is transverse as a family, then the generic map in the
family is transverse. We are reduced (or rather emboldened) to constructing transverse families.
We take that up first for a submanifold Z < A of affine space, where translation provides a ready
family of perturbations, and then to a submanifold Z < Y of a general manifold Y. The families
we construct are transverse to the ambient manifold Y, hence a fortiori they are transverse to any
submanifold Z < Y. So we quickly drop Z. The main tool is a tubular neighborhood theorem for
submanifolds of affine space (Theorem 16.8).

We begin the next lecture with controlled perturbations.

(16.1) Setup. Throughout this lecture X is a smooth manifold with boundary, Y is a smooth
manifold, Z < Y is a submanifold, and f: X — Y is a smooth map. (In the next lecture we
assume that Z < Y is closed, but that is not necessary in this lecture.) What we need to define
topological invariants is that f & Z and 0f A Z. The goal is to prove that we can homotop f to
achieve this transversality.

Remark 16.2. In Theorem 12.17 we proved that transversality is stable under deformation. (For
this result we do need that Z c Y be closed.) This means that in a suitable topology on the space
of smooth maps X — Y, the subspace of maps transverse to Z is open. The results in this lecture
show that the subspace of transverse maps is dense. We do not develop the topology of mapping
spaces in these lectures.

Perturbations in affine targets

F1cURE 51. A map with affine codomain
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To begin, consider the special case in which Y is an affine space A with vector space of transla-
tions V. We use the transitive group of translations to perturb. Namely, define

F:VxX-—A

(16.3) €. p fp)+E

This is a family of maps parametrized by S = V, and at the center of the family is the original
map Fp = f. Note that o(V x X) =V x 0X.

Proposition 16.4. F and 0F are submersions. In particular, F,0F & Z.

Proof. For any { € V and p € X, the differential dFi¢ ,): V®T,X — V restricts to idy on V@ {0},
so is surjective. The same holds for the differential of JF. U

Statement of theorems

FIGURE 52. Perturbation by a uniform translation followed by projection

(16.5) Strategy. Now suppose Y is an arbitrary smooth manifold. By Theorem 11.25 we may
assume that Y is a submanifold of a finite dimensional affine space. The idea, then, is to perturb
the composition X Sy Aasin (16.3), control that the image of the perturbation lies in a
small neighborhood U < A of Y, and then compose with a submersion n: U — Y. In Figure 52
we illustrate a small uniform perturbation. In general, though, the size of the perturbation may
depend where we are on Y, since a noncompact manifold embedded in affine space may not have
a neighborhood of uniform size. The task, then, is to first construct U and m, and then to control
the size of the translation to ensure that the perturbed maps have image in U.
Fix anorm on V. For r > 0 and p e Y let B,.(p) = A be the ball of radius r about p.

Definition 16.6. For a smooth function e: Y — R>0, let

(16.7) Y= Beo(@)-
qeY
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Y€ is an open subset of A.

Theorem 16.8. Let A be a finite dimensional real affine space and Y < A a submanifold.

(1) There exists an open neighborhood U < A and a submersion w: U — Y.
(2) For any open neighborhood U < A of Y, there exists a smooth function e: Y — R>C such
that Y c U. If Y is compact, then we can choose € to be a constant function.

A continuous positive function on a compact space has a positive minimum, hence the last assertion.
The rest of the lecture is devoted to the proof of Theorem 16.8. For now we extract the statements
about transversality we need.

Corollary 16.9. Let X be a manifold with boundary, A a finite dimensional real affine space with
vector space V' of translations, Y < A a submanifold, and f: X — Y a smooth map. Choose U, 7, €
as in Theorem 16.8. Let B1(0) € V be the unit ball. Then the map

F:Bi(0)x X — Y

(16.10) & p—n(f) +e(7w)e)

18 a submersion.

Proof. The first differential of F' at (£, p) is the composition of the surjective map dr with the
invertible homothety which scales by e( f (p)), hence is surjective. O

Corollary 16.11. Let X be a manifold with boundary, Y a smooth manifold, Z < 'Y a submanifold,
and f: X > Y a smooth map. Then there exists a smooth homotopy H: [0,1] x X — Y such that
HO = f and Hl,é’Hl FE Z.

Proof. Embed Y in a finite dimensional real affine space A and construct the family of maps (16.10).
Use Theorem 15.24 to choose € B1(0) so that F¢,0F: & Z. Then define i: [0,1] — B;(0) by
i(t) = t€ and set H = F o (i x idx). O

Splittings of the normal bundle

(16.12) Splittings of a short exact sequence of vector spaces. Let V. V' V" be a vector spaces and
(16.13) 0—V -Hv-Lv"—o0

a short exact sequence of linear maps.
Definition 16.14. A splitting of (16.13) is a right inverse s: V/ — V to j.

In other words,
(1615) j 0§ = idvn .

A splitting is equivalent to a left inverse to i: either expresses V as a direct sum V = s(V")@i(V’).
Splittings exist since linear subspaces have linear complements. Observe that (16.15) is an affine
equation in s: the left hand side is linear and the right hand side is constant. From this we deduce
that splittings of (16.13) form an affine space over Hom (V" V’).
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(16.16) Splittings of a short exact sequence of vector bundles. We pass from vector spaces to
vector bundles and use local triviality to deduce the existence of local splittings of short exact
sequences. Then a partition of unity lets us pass from local to global.

Proposition 16.17. Let Y be a smooth manifold, n: E - Y, n': E' - Y, 7#”: E' — Y wvector
bundles over'Y, and

(16.18) 0—F - E-1 B —0

a short exact sequence of linear maps. Then there exists a splitting s: E” — E.

Proof. Construct an open cover {Uy}aecq of Y together with local trivializations (9.24) of each vector
bundle over each U,. Then restricted to Uy, (16.18) becomes a short exact sequence of linear maps
i(q),7(q), q € U, between fixed vector spaces (16.13). Choose a complement to i(qy)(V') < V at
some qg € U,. It is a complement to i(¢q)(V’') < V for ¢ in an open neighborhood of U,, and by
cutting down the U, we can assume it is a complement for all ¢ € U,, and so find a splitting s,
of (16.18) restricted to Uy. Let {pa}aca be a partition of unity subordinate to {Uy}aea, and define
$= > paSa- Then s is the desired global splitting. O

aceA

FIGURE 53. The normal space vy = ToY /T;M toY < M at g€ Y

(16.19) Recollection of the normal bundle. You can recollect by rereading (9.72) and looking at
Figure 53. Note in particular the short exact sequence (9.73), which we now know has a splitting.

Proof of Theorem 16.8
With these preliminaries we turn to our main task, split into the two parts of the theorem.

Proof of (1). Let p: v — Y be the normal bundle to Y < A. Use Proposition 16.17 to choose a
splitting s in

(16.20) 0 TY AxV ==v >0
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F1GURE 54. Construction of a tubular neighborhood
and set ¢ = pryos: v — V. Define

601 h:iv— A
(16.21) n— p(n) +o(n)

We will prove that h restricts to a diffeomorphism of a neighborhood of the zero section in v to a

neighborhood of Y in A.
/))‘F—\
/L_v

10
/F_\Y

FIGURE 55. The 0-section of the normal bundle

First, for any ¢ € Y we have h(04) = ¢, where 04 € v, is the zero vector. Next, there is a natural
isomorphism 1,Y @ v, = To,vq which maps £ € T;Y" to the corresponding tangent vector to the
zero section at Og; see Figure 55. With this identification, we compute

dhy, : TY ®@vg—> V

(16.22)
§+n —&+an)

By the splitting property, this is an isomorphism. Hence h is a local diffeomorphism at 0,. Choose

an open neighborhood W, < A of ¢ and a local inverse g,: W, — v to h. Define

(16.23) W= wy;
qeY

it is an open subset of A and {W,},cy is an open cover of W. Since W is a smooth manifold, it is
paracompact (Theorem 10.5), so there is a countable locally finite refinement {W/}icr of {Wy}4ey -
Let g;: W/ — v be the local inverse to h induced from the refinement function I — Y by restricting

the appropriate gg.
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The local inverses need not agree on intersections, so define
(16.24) W= {qge W : gi(q) = gj(q) if g€ W] n W] for some i,j € I}.
Then Y = W since gi(q) =04 for all ge Y, i e I. Also, for g€ Y the set
(16.25) I, ={iel:qeW;}

is finite, from which (1), 1, W/ is an open neighborhood of ¢. Since h is a local diffeomorphism at g,

we can and do choose an open neighborhood U, < (),c; W/ of ¢ on which h is invertible, and by

iely
the uniqueness of inverses we have U,  W. Set U = quy Uy. The local inverses on U, patch
to a function g: U — v which inverts h restricted to U. Set m = pog: U — Y. Then « is the

composition of a submersion and a diffeomorphism, so is a submersion. O

Remark 16.26. We have proved more than is stated in Theorem 16.8(1). Namely, we constructed
a diffeomorphism ¢ of U with a neighborhood g(U) of the zero section in the normal bundle; under
that identification 7 is the restriction of the normal bundle p to that neighborhood. This is a tubular
neighborhood. The tubular neighborhood theorem asserts the existence of a tubular neighborhood
for any submanifold Y < M of any smooth manifold M.

The next proof once more illustrates the local-to-global technique using partitions of unity.

FIGURE 56. Constructing the function e: Y — R>Y

Proof of (2). For any q € Y there exists 6 > 0 such that Bs(q) < U, since U is open. Then for
all ¢’ € Bs/o(q) 'Y, the triangle inequality implies Bs/s(q’) = U. This solves the problem locally.
Construct an open covering {U, }aea together with €, > 0 such that B, (q) < U for all ¢ € U,. Let
{pa}aca be a partition of unity subordinate to the cover, and set € = > e4po. Thene: Y > Risa

(0%
smooth function. For g € Y define the finite set A, = {a € A : pa(q) # 0}, and let o, of € A, be

elements at which o +— €, achieves its minimum and maximum, respectively. Then 0 <€ - < €(q),
q

which proves that e is a positive function. Also, €(q) < €t from which B, (q) = B ,(q) = U,
since g € Ua;. It follows that Y€ < U. ’ U
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Lecture 17: Mod 2 Intersection Theory

We still have one piece of unfinished business from Lecture 16: controlled perturbation to achieve
transversality. After finishing that off we recall the discussion in Lecture 15 about the mod 2 degree,
which the now finished business allows us to finish off the discussion. Then we introduce mod 2
intersection number and some applications.

Controlled perturbations

(17.1) Motivation. Suppose X is a manifold with boundary, ¥ a smooth manifold, Z < Y a
submanifold, and f: X — Y a smooth map. To construct topological invariants we need maps f
such that f & Z. Corollary 16.11 tells that we can perturb (homotop) f to make it transverse
to Z. But now suppose C < X is a subset on which our given f is already transverse to Z. Then
we would like to perturb f only on the complement of C, as there is no reason to move it on C.
To implement this kind of control we expect to use bump functions, constructed via a partition of
unity, and those we glue on open subsets. So we would like the transversality to persist on an open
neighborhood of C. Therefore, we require that Z c Y be a closed submanifold, since transversality
to a closed submanifold is an open condition. Also, we require that C' be a closed subset (arbitrary,
not necessarily a submanifold) of X since asking for constancy of a homotopy on a subset is an
equality that occurs on closed subsets.

Theorem 17.2. Let X be a smooth manifold with boundary, Y a smooth manifold, Z — Y a closed
submanifold, C' = X a closed subset, and f: X — Y a smooth map such that f|C, 0f‘aXmC N Z.
Then there exists a smooth homotopy H: [0,1] x X — Y such that Hy = f, Hi,0H1 & Z, and
Ht‘cz f|c for all t € [0,1].

FIGURE 57. f|,0f|, & Z

Proof. Since transversality to a closed submanifold is an open condition, choose an open set U < X
which contains C' such that f ‘ v OfF ‘ o7 M Z. Separate the disjoint closed subsets C';, X\U by open
sets Wo, Wx\y, and let " = X \ Wx\y. Then C" ¢ X is closed and satisfies C' < Int ¢" < C' < U.
Let {pv, px\cv} be a partition of unity subordinate to the open cover {U, X\C'} of X. Set 7 = pg(\c,.

Then 7'} o= 0; and if p € X satisfies 7(p) = 0, then dr, = 0. Recall the perturbation F', defined
in (16.10), which we use to achieve transversality without control. Define the controlled variation

(17.3) G p)=F(rp)&p), £e€Bi(0), peX,
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where recall we have embedded Y in a finite dimensional affine space and B;(0) is the unit ball in
the normed vector space V' of translations. Notice that if p € C, then G(§,p) = f(p) for all {. We
claim that G, 0G & Z. Granting the claim, we argue as in the proof of Corollary 16.11 to complete
the proof of Theorem 17.2.

To verify the claim, set

m: Bl(O) x X — Bl(O) x X

(17.4)
(&) — (T(n)&:p)

Then G = F om. The restriction of m to B1(0) x 771(R>%) = B1(0) x X is a diffeomorphism—its
inverse can be written explicitly—and so on that subset G is the composition of a submersion and
a diffeomorphism, hence is itself a submersion. In particular, it and its restriction to the boundary
are transverse to Z. Now fix p € X such that 7(p) = 0. Then p € U and for any & € B1(0),

(17.5) dme (€, D) = (drp,()E + T(P)E, B) = (0,p), €€V, peT,X,

from which

(17.6) dG e (€, ) = dF(,)(0,p) = dfp(p).

Since f,0f & Z at p, we conclude G,0G & Z at (£, p). O

Mod 2 degree redux

(17.7) Completion of (15.16). We resume the setup in (15.9). Given f: X — Y we can choose
a regular value ¢ € Y and count the number of inverse image points modulo two. Theorem 15.14(1)
asserts that the count is independent of the choice of regular value ¢, so defines an invariant
degy f € Z/27Z. In (15.16) we sketched a proof of Theorem 15.14(1), but we fell short since we
needed a controlled perturbation to achieve the desired transversality, as depicted in Figure 49.
Theorem 17.2 applies to fill the gap in the proof there, as you should check carefully.

Proposition 17.8. Let X be a compact connected manifold of positive dimension. Then idx is
not smoothly homotopic to a constant map.

Proof. The mod 2 degree is defined for maps X — X, and deg, idx = 1, since every point of X is a
regular value with a single inverse image point. On the other hand, the constant map X — X with
value p € X has any ¢ # p as a regular value with empty inverse image, so the mod two degree of
a constant map is zero. (The assumption of positive dimension guarantees that ¢ # p exists.) O

Proposition 17.9. Let n be a positive integer, W a compact (n + 1)-dimensional manifold with
boundary, Y a connected n-dimensional manifold, and F: W — Y a smooth map. Then the mod
two degree of the restriction of F' to the boundary vanishes: degy 0F = 0.
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Proof. Let ¢ € Y be a simultaneous regular value of F,0F. Then F~'(q) = W is a compact
1-dimensional submanifold with 0F~(q) = F~!(q) n 0W. Now apply Corollary 14.3. O

Proposition 17.10. Let X be a compact n-dimensional manifold. Then there exists f: X — S"
such that degy f = 1.

Given any point of X we construct a map which wraps a ball centered at that point around the
sphere and collapses the rest of X to a point. We use a bump function to smooth out what might
otherwise only be a continuous map.

Proof. Fix once and for all a smooth function p: R*? — R such that 0 < p < 7 and

(17.11) pr) = {0’ :i

Let D;(m) = R™ be the closed ball of radius 7, and identify R™ with the tangent space to the unit
sphere S™ < A"*! at the north pole n = (0,...,0,1). Define ¢: Dy(7) — S™ to map 0 € R" to the
north pole n, and a nonzero vector £ € Di(m) to the endpoint of arc of length p(|£]) along the half
great circle emanating from n with tangent £. Note that ¢ maps all vectors of norm > 3/4 to the
south pole s = (0,...,0,—1).

For any p € X choose a coordinate chart x: U — R" about p such that z(p) = 0 and z(U) o
Dy (). Transport ¢ to a map of z7! (D1(7r)) — S™ and extend ¢ to all of X by mapping the
complement of 2! (D1 (7‘()) to the south pole s. The resulting map f: X — S™ is smooth, and the
regular value (1,0,...,0) € S™ has a single inverse image point. O

Mod 2 intersection theory

FIGURE 58.

(17.12) Motivation for setup. Let Y be a smooth manifold and X,Z < Y submanifolds of com-
plementary dimension: dim X + dim Z = dim Y. We would like to define the intersection number
of X and Z in Y by counting the elements of X nZ < Y. The first problem is that this intersection
may contain infinitely many points. For example, let Y = A2 and X = Z = {(2,0) : z € R} = A2,
So we need to perturb one of the submanifolds, say X, to achieve a transverse intersection. Our
techniques let us perturb maps rather than spaces, so we perturb the inclusion map ix: X — Y.
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Therefore, with no cost we generalize the setup to include an arbitrary smooth map f: X — Y.
Then Corollary 16.11 implies we can homotop f to a map g: X — Y such that g & Z, and hence
g 1(Z) € X is a O-dimensional submanifold, i.e., a discrete subset of X. But we want it to be
a finite subset, and therefore we add the hypothesis that X be compact. Finally, we want the
mod 2 count of points in g~1(Z) to be independent of the perturbation, and that requires that
Z <Y be a closed submanifold. For example, consider Y = A2, Z = {(2,0) : z € R*} < A% and
X = {(x,y) : (x —1)2 + y? = 1}. Then #(X n Z) = 1, but any small nonzero translation of X

intersects Z in 2 points; see Figure 58.

(17.13) Setup for intersection theory. Hence we arrive at the following collection of data:

X compact manifold
Y manifold

(17.14) ZcY closed submanifold
f1 X—Y smooth map

dimX +dimZ =dimY

Lemma 17.15. Let go,g1: X — Y be smoothly homotopic maps which satisfy go,g1 & Z. Then
(17.16) #90 " (Z2) = #9,1(2).

Each g;- Y(Z)c X, i=1,2, is a compact 0-dimensional submanifold, hence a finite subset.

Proof. By perturbing a given smooth homotopy away from the boundary (Theorem 17.2) we may
assume given a smooth homotopy g: [0,1]xX — Y from go to g1 such that g & Z. Since dg = golig,
we also have dg & Z. Hence g~!(Z) < [0,1] x X is a compact 1-dimensional submanifold with
09~ (Z) = g5 ' (Z)11g; 1 (Z). The result now follows from Corollary 14.3. O

Definition 17.17. Given the setup (17.14), define the mod 2 intersection number

(17.18) #a(f, Z) = #971(2)

where g ~ f is any smoothly homotopic map such that g A Z.
Such maps exist by Corollary 16.11; the count is independent of the choice of g by Lemma 17.15.

Remark 17.19 (Intersections of submanifolds). A special case of (17.14) is when X < Y is a
compact submanifold and f = ix is the inclusion map. Then we write #2(f, Z) = #2(X, Z). The
situation is not symmetric: whereas X is compact and Z is only assumed closed. If, however, we
also assume that Z is compact, then it is true that #2(X, Z) = #2(Z, X). One can prove that by
identifying each side as a mod 2 intersection number inside the Cartesian product ¥ x Y. Namely,
let A cY xY be the diagonal submanifold, and then

(17.20) #y (X, 2) = #3(Z,X) = #5 "V (ix x iz, D),

where for clarity we include the ambient manifold in the notation.
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(17.21) Properties of the mod 2 intersection number. The following properties are analogous to
properties of the mod 2 degree; see Theorem 15.14(2) and Proposition 17.9.

Proposition 17.22. Suppose given the setup (17.14).

(1) If fo ~ f1 are smoothly homotopic, then #3(fo, Z) = #2(f1, 7).
(2) If W is a compact (n + 1)-dimensional manifold with boundary W = X, and F: W — Y
a smooth map such that OF = f, then #2(f,Z) = 0.

To prove (1), perturb a given homotopy to achieve transversality and apply the argument for
Theorem 15.14(2). To prove (2), perturb F' keeping it fixed on X to achieve transversality and
then consider the inverse image of Z.

Examples, applications and variations

Example 17.23. Let Y = S x S! be a 2-torus, and consider the submanifolds X = S* x {0} and
Z = {0} x S'. Then #2(X,Z) = 1. On the other hand, #2(X, X) = #2(Z, Z) = 0. These mod 2
intersection numbers organize into the 2 x 2 intersection matriz (9 }) with coefficients in Z/27Z.

Example 17.24 (a nonzero self-intersection number). Let Y = RP? be the real projective plane,
and X = RP! c RP? a projective line. Then #(X,X) = 1. To compute this, we perturb the
inclusion i: RP' — RP? to achieve transversality with the given line X, something we can achieve
by choosing a transverse line. In terms of RP? = P(R3), a projective line is a 2-dimensional subspace
of R?, and two transverse 2-dimensional subspaces intersect in a 1-dimensional subspace. That is,
two projective lines in the projective plane intersect in a point.

Remark 17.25. Note that two transverse affine lines in an affine plane can intersect in a point or
be disjoint (parallel). The lack of compactness prevents mod 2 intersection theory from working
for affine lines; Example 17.24 shows how compactification produces an arena in which nontrivial
topology emerges.

Remark 17.26. There is an analog of Example 17.24 in the complex projective plane CP?: two
distinct complex projective lines intersect in a single point.

Next, we apply the mod 2 intersection number to distinguish two manifolds.
Theorem 17.27. The 2-torus S' x S' is not diffeomorphic to the 2-sphere S?.

Proof. 1If there is a diffeomorphism, then by Example 17.23 we can find two 1-dimensional sub-
manifolds of S? with nonzero mod 2 intersection number. However, any map f: X — S? with
dim X = 1 is not surjective, and via stereographic projection from a point not in the image, fol-
lowed by a l-parameter family of homotheties, we can homotop f to a constant map to a point
which does not lie on any given 1-dimensional submanifold Z < S2, hence the mod 2 intersection
number vanishes. O
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FiGURE 59. Two families of cubic plane curves

(17.28) Cubics in RP?. Now we move from lines in the real projective plane to solutions to a
cubic equation: cubic curves. (We skipped over quadrics—solutions to quadratic equations—and
you may want to consider what happens there in parallel.) Figure 59 shows two families of cubic
curves parametrized by ¢ € R. We consider the intersection with the x-axis, which is the set of roots
of a real cubic equation. In the first family, for any value of ¢ there are three real roots, though
two of the roots can coincide. In the second family, for ¢ > 0 there are three distinct real roots,
whereas for ¢ < 0 there is only one real root. As ¢ passes from positive to negative, the real roots
all come together at ¢ = 0 and then two of them disappear. Of course, they do not disappear if we
use complex coefficients; they become a pair of complex conjugate roots to the real cubic equation.
In other words, if we consider the cubic in CP? rather than RP?, then there are always three roots,
so three intersection points with the line y = 0. When we come to oriented intersection theory, we
will be able to count these three intersection points. But in RP? we can still use the mod 2 theory
to detect the intersection of a line and a cubic.

(17.29) Universal family of cubics. Rather than work with special one-parameter families, we can
consider the universal family. Let [z,y, z] denote a point of RP?, where z,, z € R are not all zero.
The equivalence relation is [Az, Ay, A\z] = [z,y, 2] for all A € R*C. A cubic curve is the vanishing
set of a homogeneous cubic polynomial

(17.30) a3 + agy® + a3z + a, 2%y + asvz + agry? + ax2? + agy®z + agyz® + aryz,

where not all coefficients a,,...,a;, vanish. Furthermore, proportional cubics give the same van-
ishing set. Hence the cubics are parametrized by the projective space'® RP? with homogeneous
coordinates a,,...,a;,. Note that some of these cubics are degenerate. For example, the zero set
of zyz is a set of three lines transverse lines in the plane (which form a triangle); the zero set of x3
is a single triple line. But bear in mind that these lines are projective: each is diffeomorphic to a
circle. Of course, the zero set of (17.30) is a closed subset of RP?, and since RP? is compact, it too
is compact. By Theorem 14.1 if it is a manifold, then it is a union of circles. As illustrated in the
second family of (17.28), the number of circles can change.

191£ v/ is a 3-dimensional real vector space, and we replace RP? by PV, then the projective space which parametrizes
the lines in PV is the dual projective space PV*, and the vector space which parametrizes the cubics is PSym> V*. We
have not yet defined symmetric powers of a vector space: Sym® V* is (isomorphic to) the vector space of symmetric
trilinear functions V x V x V — R.
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(17.31) Intersection theory for the universal family. The mod 2 intersection of a line and a cubic
curve is defined, as long as the cubic curve is a submanifold. We expect that mod 2 intersection
number, which is 1 € Z/2Z from the examples shown, to be independent of the smooth cubic curve.
That is true, but it is not covered by the setup (17.14) since the topology is changing. The following
theorem, whose proof is a homework problem, covers this situation.

Theorem 17.32. Let X,Y be smooth manifolds, S a connected smooth manifold, Z 'Y a closed
submanifold, and suppose in the commutative diagram

X ¢ SxY

(17.33) F\\ %
S

the map G is an embedding and F is proper. Assume that (dimX — dim S) + dimZ = dimY.

Suppose that sg,s1 € S are reqular values of F'. Then
Y Y
(17.34) #2 (Glp-1(49) Z) = #2 (Glp-i() 2),

where we use G to embed F~1(s;) as submanifolds of Y.

To apply the theorem to the universal family of cubics, set S = RPY, Y = RP?, Z c Y a fixed
line RP' ¢ RP?, and define

(17.35) X = {([al, . aqg)s [2,y, 2]) £ (17.30) vanishes} c RPY x RP?.

Then X is a submanifold, since the vanishing of (17.30) is a transverse condition. The maps F
and G are the restrictions of projection onto a factor of RPY x RP2.

Lecture 18: Mod 2 winding number, Jordan-Brouwer, and Borsuk-Ulam

In the first part of the lecture we add the mod 2 winding number to our arsenal of mod 2
invariants, which up to now consists of the mod 2 degree and mod 2 intersection number. We
then apply it to prove a generalization of the classical Jordan curve theorem. As bonus material
we probably will not get to in lecture, I include an account of the Borsuk-Ulam theorem as well.
The Jordan-Brouwer and Borsuk-Ulam theorems in topology can be proved in a continuous setting;
our methods grounded in calculus are suitable for the smooth setting. There are approximation
theorems from which one can deduce the general continuous statements from the smooth ones.
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(18.1) Setting for the lecture. We use the following data throughout:

n positive integer
A real affine space of dimension n + 1
(18.2) \% tangent space to A, equipped with an inner product
X compact n-dimensional manifold
f: X—A smooth map

Below in the Jordan-Brouwer theorem the map f is an embedding, and we identify X with its
image f(X) < A, a codimension one submanifold (hypersurface) in the affine space A. The discrete
topological invariants do not depend on the inner product on V', which is a contractible choice.

FI1GURE 60. Definition of the mod 2 winding number

Mod 2 winding number

(18.3) Definition and homotopy invariance. Given the data (18.2), choose g € A\ f(X). (By Sard’s
theorem, f(X) # A, so ¢ exists.) Let S = S(V) € V be the n-sphere of unit norm vectors. Define

wg: X — S
(18.4) e I =
I1f(p) — 4l

Definition 18.5. The mod 2 winding number of f about q is
(18.6) Waf,q) = degy w,.
Remark 18.7. If n = 1 and X = S, then this is the classical case encountered in complex analysis,

for example. There one writes an integral formula for the winding number. There are similar
integral formulee for the general case of Definition 18.5.
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Proposition 18.8. Given the data (18.2), the mod 2 winding number Wo(f,q) depends only on
the (path) component of q in A\f(X). Also, Wa(f,q) is unchanged under smooth homotopies of f
which do not contain q in the image.

Proof. Both statements follow from the homotopy invariance of the mod 2 degree (Theorem 15.14(2)).
For the first choose a path t — ¢; connecting two points in the complement of f(X). For the sec-
ond let t — f; be a homotopy such that f;(p) # ¢ for all ¢, p. In each case we obtain a homotopy
of (18.4), well-defined since the vector in the denominator is nonzero. O

(18.9) Computation of the mod 2 winding number via extension. We give two methods to compute.
In the first we write f as the boundary of a map out of a compact manifold with boundary. (This
is possible if X is null bordant.) In the second we express the mod 2 winding number as the mod 2

intersection number with a ray.

Theorem 18.10. Given the data (18.2), suppose in addition that W is a compact (n+ 1)-manifold
with OW, and F: W — A a smooth map with 0F = f. Let q € A\f(X) be a regular value of F.
Then Wa(f,q) = #F~1(q) (mod 2).

Notice that g is trivially a regular value of 0F = f since ¢ is not in the image of f. Regular values
in each path component of A\ f(X) exist by Sard’s theorem.

FI1GURE 61. Computation of W3 via extension and counting

Proof. If F~1(q) = 0, then the map w, extends to W using the formula in (18.4) with f replaced
by F'. The vanishing of the mod 2 winding number follows from Proposition 17.9.

Hence we may assume F _l(q) = {p1,...,pN} is a nonempty finite set. Since ¢ is a regular value,
F is alocal diffeomorphism at each p;. Choose a ball B < A containing ¢ such that F~1(B) = | |, B;
is a disjoint union of open neighborhoods of the p; and F ’ B B; — B is a diffeomorphism. We may
further assume—by shrinking B if necessary—that the closure D; = B; of each B; is a manifold
with boundary. Apply the first paragraph of the proof to W'\ UZ]\L 1 Bi to conclude

N
(18.11) Wa(f,q) = 3, Walfir ),

where f; = F ‘ op,- Finally, since f; is a diffeomorphism, so too is (18.4) with f = f;, and hence its
mod 2 degree equals one. O
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(18.12) Computation of the mod 2 winding number via ray crossing. For ¢ € A and ¢ € V70 a
nonzero vector, define the ray

(18.13) Z4(€) = {q+t&: t > 0}.

Observe that Z,(£) < A\{q} is a closed submanifold of the deleted affine space.

Theorem 18.14. Given the data (18.2), fix ¢ € A\f(X) and €70 € V. Let Z = Z,(£) be a ray
in A emanating from q in the direction &. Then if f & Z,

(18.15) Wa(f,q) = #2(f, 2),

where the intersection number is computed in A\{q}.

FiGUre 62. Computation of W5 via intersection with a ray

Proof. Suppose p € X satisfies f(p) € Z. Then the tangent space to the unit sphere S of V at the

unit vector wy(p) = ”‘;8:3” € S is the orthogonal complement to £ in V. Now
f—a ) dfy dfp, f(p) —@
18.16 d = — —
1810 (=), = a1 ~ T Uw =

has image a subspace of that orthogonal complement. Note that the second term of (18.16) is a
multiple of £. Hence the image of (18.16) is the entire orthogonal complement—i.e., p is a regular
point of w,—if and only if the image of df), spans a complement to the span of §, i.e., f A, Z.
Therefore ¢ is a regular value of w, iff f & Z, in which case w;1(¢) = f~1(Z). Take cardinalities

q
of both sides of this equation to deduce (18.15). O

It is true that f A& Z4(§) for £ € S(V') outside a set of measure zero, though we do not provide a
proof here. (One proof relies on modifying Theorem 15.18 to allow the submanifold Z < Y to vary

with the parameter in S.) However, if f is an embedding then we can exchange the roles of f and
the ray.

Proposition 18.17. Suppose given the data (18.2) and assume that f is an embedding. Fix q €
A\f(X). Then for generic & € V*O we have f(X) & Z,(€).



DIFFERENTIAL TOPOLOGY 115

Here, as always, ‘generic’ means ‘outside a set of measure zero’.

Proof. The map

V70 % (0,00) — A\{q}

(18.18)
(€,t) — g+t

is a submersion—the first partial differential is a homothety, hence is an isomorphism—and therefore
is transverse to f(X) < A\{q}. Now apply Theorem 15.18. O

The Jordan-Brouwer Separation Theorem
The setup for this section is (18.2) with f =ix: X — A the inclusion of a submanifold.

Theorem 18.19. Given the data (18.2), assume X < A is a compact connected hypersurface. Then
A\X has two components Dy, D1; exactly one component, say D1, is bounded. The closure Dy is a
compact manifold with boundary X. For q € A\X, we have q € D; iff Wa(ix,q) = j, j € Z/2Z.

FIGURE 63. Joining g € A\X to a neighborhood of p € X

Proof. Fix g€ A\X. Let X’ © X be the subset of p € X such that for any open neighborhood U = A
of p there exists a smooth motion in A\X which begins at ¢ and terminates at a point of U. We
claim X’ is nonempty, for if py € X minimizes the positive distance function p — ||p — ¢| on the
compact manifold X, then the constant velocity motion from ¢ to p enters any neighborhood U of p
before intersecting X. Also, X’ is closed: if p, — p is a convergent sequence in X with p, € X/,
and U is an open neighborhood of p, then U is an open neighborhood of p, for n sufficiently large.
Finally, X’ is open. To prove this, let p € X’ and choose a submanifold chart on a connected open
neighborhood U’ of p such that U’ n X is also connected, as in Figure 63. Fix a motion v in A\X
from g to U’. If p €e U' n X, and U < A is any open neighborhood of p’, then U n U’ intersects
both components of U’'\ X n U’. Hence we can extend the motion v to terminate in U n U’. Thus
p' € X', and so U’ n X is an open neighborhood of p in X’, which proves that X’ is open. Since X is
connected, the nonempty open and closed subset X’ < X is equal to X. It follows that A\X has
at most two components.

We prove that A\X has exactly two (path) components. Fix ¢y € A\X and by Proposition 18.17
choose a ray Zg, (&) such that Zg, (&) n X # 0 and Z, (§) & X. Let 1 € Zy(£)\X be a point on



116 D. S. FREED

FIGURE 64. Mod 2 winding number as an invariant of mp(A\X)

the ray past the first intersection point with X but not past any further intersection points, as in
Figure 64. Apply Theorem 18.14 to Zg, (&) and Zy, (§) to conclude that Wa(ix,qo) # Wal(ix,q1).
Then the first statement in Proposition 18.8 implies that gy and ¢ lie in different path components
of A\X. Therefore, we conclude that #my(A\X) = 2, and furthermore the path components are

(18.20) Dj ={qe A\X : Wa(ix,q) = j}, j € Z/27.

F1GURE 65. The unbounded component is Dy

Since X is compact, there is a closed disk C' © A such that X < C, as in Figure 65. Let ¢ € A\C,
choose s € 0C which minimizes the distance from ¢ to 0C, and let A’ = s + T50C be the affine
hyperplane tangent to 0C' at s. Then X lies in the half space with boundary A’ which does not
contain ¢, and so Zg(§) n X = 0, where £ = g — s. Therefore, ¢ € Dy. Hence D; < C is bounded
and Dg is unbounded.

Now D; = D111X is compact, and D; < A is an open submanifold. To prove that D is a manifold
with boundary, for p € X we must produce a boundary chart. We do so using a submanifold chart
for X at p; see Figure 63. O

(18.21) An application to a nonembedding theorem. Recall our discussion in Example 11.8 of the
minimal embedding dimension of real projective spaces. Here we apply Theorem 18.19 to prove
that RP? does not embed in A3. However, we do not quite have?” all the tools to carry out the
proof, so beware that the last step requires more technical foundations.

Recall Definition 13.34 of an orientation of a real line.

20We need to integrate a vector field as in Theorem 14.32, now simultaneously for a manifold Z of initial conditions.
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Proposition 18.22. Given the data (18.2), assume X < A is a compact connected hypersurface.
Then the normal bundle v — X is orientable.

In fact, the normal bundle carries a canonical orientation, which we choose in the proof.

Proof. Let p € X; then the normal space is v, = V//T,X. A vector £ € V\T, X has a nonzero image
in the quotient space v, and for all sufficiently small ¢ > 0 we have either p+t£ € Dy or p+t& € D;.
(Argue as in the proof of Theorem 18.19 based on Figure 63.) We say [£] € v,\{0} is positively
oriented if p + t& € Dy for all sufficiently small ¢ > 0. O

Now suppose there exists an embedding RP? < A3. Let Z = RP!  RP2. Then at p € Z we
have the full flag

18.23 0cT,Z c T,RP? « R?
p p

in the vector space R3. Since RP' ~ S! we can consistently orient T,Z for all p e Z. By Proposi-
tion 18.22 the quotient R? /TPRIP)2 is oriented. Choose ey € T},Z be positively oriented and choose
es3 € R3\TPRIP’2 so that the image of e3 in the normal line is positively oriented. Relying on your
knowledge of an orientation of R? (the “right hand rule”), choose ey € T,RP?\T,Z so that ey, ea, €3
is a positively oriented basis of R3. Rigidify these constructions: choose e; to have unit length,
e3 to be a unit vector orthogonal to T, pRP2, and ey to complete to a normal basis. Then es is a
nonzero normal vector field to Z < RP2. Use it to “push” Z off of itself to a parallel circle in RP2.
Then #2(Z, Z) = 0 in RP? since by a homotopy we have deformed iz to have image disjoint from Z.
This contradicts Example 17.24.

The Borsuk-Ulam Theorem

For the standard n-sphere (3.4), the antipodal map «: S™ — S™ is the map x — —z. A map
g: S™ — V into a vector space V is odd if g(a(p)) = —g(p) for all p e S™.

Theorem 18.24. Fizx a positive integer n. Let W be a real vector space of dimension n and V' a
real vector space of dimension n + 1.

(1) If f: S™ — W is a smooth map, then there exists p € S™ such that f(a(p)) = f(p).
(2) If g: S™ — W is an odd map, then there exists p € S™ such that g(p) = 0.
(3) If h: S™ — V is an odd map, and 0 ¢ h(S™), then Wa(h,0) = 1.

Proof. If (3) is true, and g: S™ — W is odd, set V = W @R and define

h:S" — W ®R

(18.25)
p—9(p)®0
Then h is odd. If g never vanishes, then h(S™) n ({0} ®R) = 0, from which Theorem 18.14 implies
Ws(h,0) = 0 in contradiction to (3).
If (2) is true, and f: S™ — W is given, set g(p) = f(a(p)) — f(p) and then deduce (1) from (2).
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We prove (3). Fix an inner product on V. Set

h mn ~ n,
(18.26) cpzm:S — S(V) ~ 5™
then
(18.27) p(alp)) = a(elp), pes,

and by (18.6) we have Wa(h,0) = degy ¢. We proceed by induction on n.

For n = 1 write ¢: R/Z — R/Z and use covering space theory to lift to a smooth function
¢: R — R which satisfies ¢(z + 1) = @(z) + d for some d € Z; then deg, ¢ = d (mod 2). But
by (18.27) we also have @$(x +1/2) = @(x) + 1/2 + e for some e € Z. Iterating we deduce d = 2e+ 1.

F1GURE 66. The inductive step

It remains to prove the inductive step. Suppose p: St — § = S(V) satisfies (18.27), and
assume the theorem holds in dimensions < n. Let S — S™*! be an equitorial n-sphere. Choose & €
S such that ¢ is a regular value of ¢ and & ¢ ¢(S™). Then degy p = #p 1(£) (mod 2). Compose
P = 90|Sn with orthogonal projection 7: § < V' — T¢S; then 9 is odd and 0 ¢ ¥(S™). The
restriction of 7 o ¢ to the upper hemisphere D"*! is an extension of 9, so Theorem 18.10 implies

(18.28)  Wa(,0) = # (700 pues) (0) = # (Blpmes) (O + # (0lpnes) (~6) = demy o

At the last stage we use (18.27). By the inductive hypothesis we have Wa(¢,0) = 1, and now
Wa(h,0) = degy ¢ = 1 follows from (18.28). O

Lectures 19: Motivation for differential forms; universal properties

We begin with a heuristic motivation for the calculus of differential forms and for exterior algebra.
Then, as a first step toward the construction of the exterior algebra, we introduce the idea of a
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universal property that characterizes an algebraic construction. Here we illustrate with the free
vector space on a set. In the next lecture we use the same fundamental idea to construct the tensor
algebra of a vector space and a quotient, the exterior algebra.

Differential forms: motivation

(19.1) The differential of a real-valued function. Let M be a smooth manifold. Introduce the
notation

QM) = {f: M — R}

(19.2) X
Q' (M) ={a: M - T*M : «is a section of T*M — M}

In both cases we implicitly require smoothness. Each of Q°(M) and Q!'(M) is a real vector space.
If M has a component of positive dimension, then each is infinite dimensional.

Definition 19.3. A differential 1-form on M, or simply a I-form, is an element of Q'(M).
If a € QY(M) is a 1-form, then oy, € T¥M = (T,M)* is a linear functional T,M — R for all p € M.

Remark 19.4. Let V be a linear space, A an affine space over V, U — A an open set. Then the
space of 1-forms on U is

(19.5) QLU = {a: U - V*}
The differential is a linear map
(19.6) QO(M) -4 Qb (M)
Recall that the differential df € Q'(M) of f € Q°(M) is defined in terms of the directional derivative:

(19.7) dfp(€) = €NP),  peM, EcT,M.

Remark 19.8. The notation suggests that there are vector spaces QF(M) for all k € Z=° and,
perhaps, that there is an extension of the differential to a linear map

(19.9) QF (M) - QF (M)

for each k. Both are true, as we shall see presently. Our task now is to motivate such an extension.
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Example 19.10. Let A = A" be affine space with standard coordinates z!,...,z". Then any
1-form on an open set U < A™ can be written

(19.11) o =a;(z,. .. 2" dat

for some smooth functions o;; € Q°(U), i = 1,...,n. If f € Q%(U), then

(19.12) df = gii da’.

Note that f,z!,..., 2" are functions on U, so their differentials (19.7) are defined. One can view

(19.12) as the definition of the partial derivatives, or alternatively check that it follows from a
definition of the partial derivatives that you already know.

(19.13) Prescribing the differential. In the general situation of (19.1) we ask the following: given
a € QY (M) does there exist f € Q°(M) such that

(19.14) df = a?

In other words, can we prescribe the differential of a function arbitrarily? The uniqueness aspect
of (19.14) is straightforward. Since this is an affine equation, the difference g = f1 — fo between
two solutions satisfies the linear equation dg = 0, i.e., g is locally constant. Introduce the space of
locally constant functions

(19.15) Hi (M) = {ge Q°(M) : dg = 0}.

Then the the space of solutions to (19.14), if nonempty, is an affine space over HgR(M). We remark
that (19.14) is a first-order linear partial differential equation if dim M > 1. The word ‘partial’

refers to the partial derivatives which appear when we write (19.14) in coordinates, as in (19.12).

Remark 19.16. We can already observe that the existence and uniqueness theory of (19.14) is tied to
the topology of M. For example, if M is an interval in R, then there is a 1-dimensional vector space
of locally constant functions, whereas if M is the union of ¢ disjoint open intervals then the space of
locally constant functions has dimension £. In other words, (19.15) detects the connectivity of M.
Notice that solutions to (19.14) exist on open subsets of R: if M = (a,b) < R with coordinate z,
and we write o = g(x) dz, then (19.14) reduces to the equation f’(x) = g(x) which has the solution

(19.17) @) = F gt)ydt +C

for any o € (a,b) and C € R.

Remark 19.18. The notation in (19.15) suggests the existence of real vector spaces HAg (M) for
all k € Z%%. These are French mathematician Georges de Rham’s eponymous vector spaces: de
Rham cohomology.
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(19.19) A necessary condition. For concreteness and ease of notation specialize to M = U < A?
an open subset with standard coordinates z,y. Write

(19.20) a = P(z,y)dz + Q(x,y)dy

for functions P,@: U — R. Then (19.14) is equivalent to the system of equations

o _p

ox
(19.21) of

¢

We can immediately see an obstruction to existence. For if f is a C? function, then by the equality
of mixed partials we have

P
(19.22) Q_Joof _dof b
or Oxdy Odyoxr 0Oy
Equation (19.22) is a necessary condition for existence. It is not satisfied by every 1-form, for
example not by a = xdy — ydz.

(19.23) The 2-form obstruction. Since the necessary condition (19.22) involves first derivatives of
the coefficients of «, we are motivated to express it directly in terms of a derivative of a. That
is precisely what we contemplated in (19.9), but as of yet we have not defined that operator.
Nonetheless, assuming the most basic properties of a first order differential operator—that d be
linear and obey a Leibniz rule—we compute from (19.20) by simply juxtaposing 1-forms to indicate
some as-of-yet-not-defined multiplication:

= d( Pdw—i—Qdy)
(19.24) ( dy) dz + P d*x
8@ 0Q 2
<a dw + 5 dy )derQdy

As desired, we see the relevant derivatives 0P/dy and 0Q)/0x appearing, but there are 4 extraneous
terms. They will be set to zero if we stipulate the following rules:

(19.25) df A dg = —dg ~ df
(19.26) d*f =0
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for all functions f, g, in particular for the coordinate functions z and y. Here, in view of the odd
commutativity rule (19.25) we change notation and write ‘A’ for the product of 1-forms. With this
understood, (19.24) reduces to

(19.27) dov = (aQ op

The necessary condition (19.22) for a solution to (19.21) is now the equation
(19.28) da = 0.

Said differently, da is an obstruction to solving the equation (19.14).

Remark 19.29. Quite generally, the necessary condition (19.28) for a solution to (19.14) follows
immediately by applying d and using the rule (19.26).

(19.30) The road ahead. This discussion reinforces our desire to define Q?(M) and the exten-
sion (19.9) of d, which then gives a sequence of linear maps

d

(19.31) QO (M) - oY (M) - Q2 (M)

such that the composition is zero. Furthermore, in view of (19.5) for the case of an open subset U
of affine space, we might anticipate constructing a new vector space, /\2V* so that

(19.32) QX (U) = {w: U - A*V*).

We also have to incorporate the wedge product into our theory. It should be a pointwise operation
on 1-forms, more precisely a bilinear map

(19.33) A VEXVE— APV

Anticipating higher degrees, we will construct the exterior algebra /\V* whose multiplication A
satisfies the odd commutativity rule (19.25).

Exterior algebra: motivation

We turn now to some motivation for the algebra we will develop.
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(19.34) Alternating and skew-symmetric bilinear forms. The bilinear form (19.33) satisfies a spe-
cial symmetry property.

Definition 19.35. Let W, U be vector spaces and suppose B: W x W — U is a bilinear form.

(1) B is alternating if B(§,&) =0 for all £ € W.
(2) B is skew-symmetric if B(§1,&2) = —B(&2,&1) for all £;,6, € W.

If B is alternating, then it is skew-symmetric: expand B(&; + £2,&1 + &2) = 0. The converse is true
over any field not of characteristic two, in particular over the real numbers.

Remark 19.36. The definitions extend to a k-linear form B: W x W x --- x W — U for all k € Z>2.
The form is alternating if it vanishes whenever two inputs agree, and it is skew-symmetric if its
value changes sign upon swapping two inputs.

The wedge product (19.33) is alternating, so let us write B(§1,&2) = &1 A &o.

(19.37) Linear dependence and the span. Observe first that if £;,&; € W are linearly dependent,
then & A & = 0. For if A% = 0 for some A\, \? € R, then assuming \! # 0,

(19.38) 0= (\e +226) A & = A& A&

FiGUrE 67. The parallelogram spanned by two vectors

Now suppose 1, & are linearly independent, and let W/ < W be their span. Also, define the
parallelogram they span as

(19.39) &, &) =& + P& 0<t P <1} c W

Suppose 11,72 is another ordered basis of W', and write the change of ordered basis as &; = Aém
for some matrix A = (A;) Expanding out we have

& = Aim + Aing

(19.40)
o = Ajm + Adnp
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Now use the alternating property to compute

&1 A& = (Ajm + Anp) A (Aym + AZnp)
(19.41) = (ATA2 — A2AD Ay
= det(A)m A n2

We draw several conclusions from (19.41).

(1) Although the vector space W’ does not come with a notion of area, it does have an intrinsic
notion of ratios of areas. Namely, for any “reasonable” notion of area, the ratio of the area
of [/(¢1,€2) and [/(m,72) is | det(A)].

(2) Although the vector space W’ does not come with a notion of orientation, it does have an
intrinsic notion of ratios of orientations. Namely, for any “reasonable” notion of orientation,
the ratio of the orientation given by the ordered basis £, &2 and the orientation given by
the ordered basis 11,72 is sign(det(A)) € b, = {+1}.

(3) Combine (1) and (2) into a ratio of signed areas.

(4) We are motivated, then, to view the wedge product &; A & as representing the parallelogram
J/(€1,&). This representation identifies parallelograms in the span W’ < W of £, & with
the same area and orientation, i.e., the same signed area. (Again: while signed area is not
defined, the ratio of signed areas is.)

(5) Equation (19.41) implies that the line spanned by & A & is independent of the choice of
basis &1, & of W/ < W. This leads to the Plucker embedding of the Grassmannian into the
projective space of the exterior square:

2
(19.42) Gra(W) — P(N\"W)
W' —R- (& A &)

where &1, & is any basis of W
Characterization by a universal property

(19.43) Introduction. One of the triumphs of mathematics is its conceptualization of structure.
(This is only one of many triumphs!) Consider, for example, the definition/theorem about the real
numbers: R is the complete ordered field. The three words ‘complete’, ‘ordered’, and ‘field’ are
historically hard-won. Infinities had to be tamed in order to arrive at the first of these, and essential
structures had to be extracted to formulate the latter two. Imagine a different, unlikely version of
history in which these concepts are known, but the real numbers do not yet exist. Then we can
wish them into existence by defining R as the complete ordered field. We could go on to prove all
the properties we need from these three words, and in practice this is what one does in a first course
in analysis. But one must prove existence by exhibiting a construction. By contrast, uniqueness,
indicated by that innocuous looking ‘the’ which precedes the three magic words, is automatic. But
what uniqueness? After all, there are two common constructions of the real numbers: Dedekind
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cuts and limits of Cauchy sequences. These construct unequal sets Ry, Ro that we call R. The
uniqueness of which we speak is the strongest possible uniqueness for sets: there are unique inverse

maps Ri < Ry which preserve the complete ordered field structures.?!

(19.44) The wvector space generated by a set. As a warmup to illustrate characterization by a
universal property, suppose S is a set. We want to find a vector space I “generated” by S.
Intuitively it should contain S and all elements and relations forced by the structure of a vector
space, but should not contain more. So, for example, F' has a zero vector, and it contains all finite
linear combinations of elements of S. We could try to construct F along these lines, but instead
we encode our specifications as follows.

Definition 19.45. Let S be a set. A pair (F,i) consisting of a vector space F' and a map of sets
i: S — F is a free vector space generated by S if for every (W, f) consisting of a vector space W
and a map of sets f: .S — W there exists a unique linear map T: F — W such that f =T oi.

The definition is summarized by the diagram

(19.46) \ =1
f 0T

The dashed line indicates that T is output whereas ¢ and f are inputs. The symbol 3! indicates

the existence of a unique map 1. The two ways of traveling from S to V are assumed equal—the
diagram commutes—which is the condition f = T o 4. Notice that in the definition we use the
article ‘a’ in front of ‘free vector space generated by S’, we do not use the article ‘the’; uniqueness
is a theorem (Theorem 19.52 below). Also, we do not assume that ¢ is injective; that is also a
theorem (an immediate corollary of Theorem 19.58 below). Intuitively, the existence of 1" ensures
that F' is big enough and the uniqueness of T" ensures that F' is not too big. The word ‘free’ evokes
this middle ground. We say that (F,i) is universal among all pairs (W, f), and Definition 19.45
spells out the precise universal property.
The power of the universal property is illustrated by the theorems which follow.

Example 19.47. If S = () is the empty set, then the only choice for F' is the zero vector space.

Example 19.48. If S = {s} is a singleton, then we can exhibit many free vector spaces generated
by S. For example, for k € Z define F' = R and define i;: S — R by ix(s) = k. The factorization
problem (19.46) is solved uniquely by the linear map

(19.49) Ti(z) = %f(s), zeR,

so long as k & 0. Hence (R, i) is a free vector space generated by S for all k € Z*t0. You can verify
that (R, ig) does not satisfy the universal property.

210 and 1 are preserved, from which it follows that the map matches the copies of Q sitting in R; and R>. The
requirement that the maps preserve completeness, say in the form of least upper bounds, determines the rest.
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Example 19.50. Similarly, if S = {s1,...,s,} is a finite set, define F' = R™ and i: S — R™ by

i(sj) = ej, where ey, ..., ey is the standard ordered basis of R". The factorization is solved uniquely
by
(19.51) T, .., &") =& f(s)).

Theorem 19.52. Let (F},i1), (Fa,i2) be free vector spaces generated by a set S. Then there is a
unique linear isomorphism ¢: Fy — Fy such that io = @ o iy.

Call a map ¢: F; — F» which satisfies io = ¢ 041 a morphism from (Fy,i1) to (Fy,i2). Then
Theorem 19.52 asserts that any two solutions to the universal problem (19.46) are unique up to
unique isomorphism. This is the strongest form of uniqueness for a problem whose answer is a
set.?? In this circumstance we speak of the free vector space generated by S and introduce a special
notation F'(S); the map 7 is implicit.

Proof. Apply (19.46) four times:

(i) Use existence in the universal property for (F,i1) to construct ¢: Fy — Fy:

(19.53) 7
i2 }/ ®

(19.54) \ 7
iz T

(iii) Use uniqueness in the universal property for (Fy,i1) to prove ¢ o ¢ = idp:

Fy
i1 l
@
(19.55) S "R g
\ J/d’
Fy

22The pairs (F, i) which solve the universal problem (19.46) are the objects of a category in which there is a unique
morphism between any two objects. Such a category is termed ‘contractible’. This is the technical meaning of ‘unique
up to unique isomorphism’.
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(iv) Use uniqueness in the universal property for (F,i2) to prove g o ¢ = idp,:

Fy
in Jﬂ
(19.56) ST—"——=F iy,
®
Fy
Hence ¢ and 9 are inverse isomorphisms. O

A basis of a vector space I is a subset B < F such that every n € F' can be written uniquely as
a linear combination

(19.57) n=c&+-+

for a finite subset {&1,...,&,} © B and scalars c!,..., c"

Theorem 19.58. Let (F,i) be the free vector space generated by a set S. Then i(S) < F is a basis.

Proof. Let F' < F be the span of i(S) and ¢': S — F’ the inclusion. Then (F”,i’) satisfies the
universal property, as follows from the existence and uniqueness of 7" in the diagram

Fl

(19.59) S

Then the uniqueness Theorem 19.52 implies that the inclusion j is an isomorphism, so F’ = F.
This proves the existence of (19.57) for each 7.

Next, we claim that the image of the restriction of ¢ to every finite subset S’ = S is a linearly
independent set in F'; this is equivalent to the uniqueness of (19.57) for each n. Suppose S’ < S has
cardinality n. Example 19.50 shows that the map ¢': S’ — F(S’) is injective. Use the universal
property of (F(S),4) and (F,4) to construct 77 and T in the diagram

S (s

Al
(19.60) jJ, /T T
. Iy

S F

where

(19.61) £(s) = {i,(sl)’ s'e S
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The diagram commutes. Now an argument similar to (3) in the proof of Theorem 19.52 shows
ToT = idF(S’)' In particular, 7" is injective, from which 7" o7’ = i o j is injective, which is the
claim. g

(19.62) Ezistence. We have still not proved existence of a free vector space generated by an infinite
set. I leave that to the problem set.

Lecture 20: Tensor and exterior algebras

(20.1) The base field. Throughout this lecture the base field can be arbitrary, though our appli-
cations of this algebra in this class only use vector spaces over the real numbers. A few cautions
are necessary. When a field has characteristic 2, there is a difference between skew-symmetric and
alternating maps; see (20.43). Also, we define the Z-grading on the tensor and exterior algebras
using the action by invertible scalars. Over the reals or complexes that argument works directly; a
modification (Remark 20.35) works in general.

We begin with the tensor product of two or more vector spaces, which is a preliminary to the
tensor and exterior algebras.

Tensor products of vector spaces

The tensor product is the codomain for the universal bilinear map out of a Cartesian product of
vector spaces. We characterize it by a universal property.

Definition 20.2. Let V', V" be vector spaces. A tensor product (X,b) is a vector space X and a
bilinear map b: V/ x V” — X such that for all pairs (W, B) of a vector space W and a bilinear map
B: V' x V" — W, there exists a unique linear map T: X — W such that B = T o b.

The definition is encoded in the commutative diagram
Vl X V/l

/
(20.3) 3
B LT

The argument in Theorem 19.52 proves uniqueness of the tensor product up to unique isomorphism.

Theorem 20.4. There exists a tensor product (X,b) of vector spaces V' and V.
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Proof. Let F(V' x V") be the free vector space generated by V' x V”. Let R(V' x V") be the
subspace generated by vectors

205 (€16 +c%65,€") = (61, €") — (65,¢")
(€, c'el + ?€5) — (€. €1) — (€, &),

for all choices of &', &, &, e V!, €. &1,€5 € V" and ¢!, c? € R. Define the quotient vector space

(20.6) X=FWV' xV")/R(V'x V")

and the composition

(20.7) b: V' x V' S F(V x V') — X,

where 7 is the map in Definition 19.45 of the free vector space and the second map is the natural

quotient map. (We can define the quotient vector space as satisfying a universal property with

respect to that quotient map.) The relations (20.5) imply that b is bilinear. If (W, B) is as in
Definition 20.2, then in the diagram

VX V" s PV x V")

|
(20.8) B P

the unique map T is the one in the universal property of the free vector space, and then the
unique map 7" which completes the right triangle exists because of the universal property of the
quotient. O

(20.9) Notation for tensor product. The standard notation is X = V'® V" and b(¢',£") = &' ®¢&”
for ¢ € V' and ¢” € V”. Since the tensor product is unique up to unique isomorphism, we speak of
the tensor product.

Theorem 20.10. Let V', V" be vector spaces with bases S, S”.

(1) Every vector in V' @ V" has a unique expression as a finite sum

(20.11) Y, eV, ges
%
(2) The set
(20.12) S={@: el e}

is a basis of V'@ V".
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Proof. Let X < V' ® V" be the subspace of vectors of the form (20.11). Define the bilinear map
b: V' x V" - X by b(n, ") =n'®E" for n/ € V' and £” € S”. Since S” is a basis of V” this suffices
to define the bilinear map b. Then (X, b) satisfies the universal property of the tensor product:
construct a factorization in (20.3) using V' ® V” and then restrict to the subspace X. By the
uniqueness of the tensor product, the inclusion map is an isomorphism X = V' ® V”. This proves

existence in (1). If there is not uniqueness, then for some vectors n; e V', &/ € 8", i =1,...,N, we
have

N
(20.13) Y =o.

i=1

Let L: V' — R be a linear functional such that L(n;) = 1. Then

B: V' x V' —V”
(20.14)
77/ , 77 " — L(T/l)n//

is a bilinear map which sends equation (20.13) to the nontrivial linear relation >} L(n})&! = 0 among
basis elements in S”, which is absurd. This completes the proof of (1).

Assertion (2) is an immediate corollary: expand each 7, € V/ in (20.11) in the basis S’ to write
any vector in V' ® V" uniquely as a linear combination of a finite subset of elements of S. O

Corollary 20.15. If V', V" are finite dimensional vector spaces, then

(20.16) dim(V' @ V") = (dim V')(dim V").

(20.17) Commutativity and associativity of tensor product. The tensor product satisfies commu-
tative and associative “laws”, but rather than equalities of elements of a set these are isomorphisms
between vector spaces. We write them on decomposable vectors for vector spaces V', V" V" as

V/ ® V// . V// ® V/

20.18

( ) 5/@5//'_)5//®€/

and

(20 19) (V/ ® V//) ® V/// N V/ ® (V// ® V/”)

(é—/ ®£”) ®€/// — é—/ ® (é—// ®€///)

These isomorphism satisfy “equations” known as the pentagon and hexagon diagrams, and tell that
vector spaces with tensor product form a symmetric monoidal category, which is a “higher” version
of an abelian group. We will not pursue this idea here, but will implicitly use the associativity. In
particular, we use the notation ‘ V' ®@ V" ® V"’ for either*® of the vector spaces in (20.19).

23The correct categorical notion is that of a colimit or limit of the map (20.19).
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Remark 20.20. One has to work to prove that tensor products of arbitrary finite collections of
vector spaces are unambiguously defined, independent of ordering and of putting in parentheses.

Notation 20.21. For a vector space V write

Vv =@V =R
VOl =@V =V

(20.22) VO — RV =VQRV
VE @V =VRVeV,

etc.

Tensor algebra

(20.23) Algebras: basic definitions. A vector space has two operations: vector addition and scalar
multiplication. An algebra has another binary operation called multiplication.

Definition 20.24.

(1) An algebra is a nonzero vector space A, a bilinear map m: A x A — A, and a nonzero
element 1 € A such that multiplication m is associative and 1 is a unit for m. Write
ajay = m(a,az) for the product of ay,as € A.

(2) A homomorphism ¢: A — B of algebras is a linear map which preserves units and multi-
plication: ¢(1) =1 and ¢(a1a2) = p(a1)p(az) for all a1, as € A.

(3) A subalgebra of an algebra A is a linear subspace A’ © A which contains 1 and such that
ayay, € A for all ay,a} e A'.

(4) A 2-sided ideal I < A is a linear subspace such that AI =T and IA = I.

(5) A Z-grading of an algebra A is a direct sum decomposition A = @ A* such that A¥ A%

keZ
Ak1+k2 for all kl, k?g € 7.
(6) An algebra A is commutative if
(20.25) aias = asaq, ai,as € A.
(7) A Z-graded algebra is (super)commutative if
(2026) a1ag = (—1)k1k2a2a1, ay € Akl, ag € AkQ.

(8) If A is a Z-graded algebra and a € A%, k € Z>0, then a is decomposable if it is expressible
as a product a = ay - --ay, for ay,...,a, € A'. If not, we say a is indecomposable.

The associative law and identity law are (ajaz2)as = a1(aga3) and la = al = a for all a,a;,as,a3 €
A. If I ¢ A is a 2-sided ideal, then the quotient vector space A/I inherits a product, since the
bilinear map m: A x A — A factors to a bilinear map m: A/I x A/I — A/I. For a Z-graded
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algebra we often use the notation A°® to signify the grading. A Z-grading is a structure, not a
condition. Elements in the summand A* are called homogeneous of degree k. An element which
is not homogeneous is called inhomogeneous. The sign in (20.26) is referred to as the Koszul sign
rule. We motivated it in (19.25) in the context of differential forms.

Example 20.27. The polynomial algebra R[z] is Z-graded but is not commutative as a Z-graded
algebra; it is commutative as an ungraded algebra. The algebra of 2 x 2 matrices is noncommutative.

(20.28) The tensor algebra. The tensor algebra is the free algebra generated by a vector space;
that is, there are no relations beyond those in Definition 20.24(1).

Definition 20.29. Let V be a vector space. A tensor algebra (A,i) over V is an algebra A and
a linear map i: V' — A such that for all pairs (B,T) consisting of an algebra B and a linear map
T:V — B there exists a unique algebra homomorphism ¢: A — B such that T' = ¢ o.

A commutative diagram encodes the universal property:

v : A

(20.30) \ =
T L0 e

B

By the usual argument a tensor algebra is unique up to unique isomorphism, if it exists. It does,
but before we construct it we deduce consequences of the universal property.

Theorem 20.31. Let V be a vector space and (A,i) a tensor algebra of V.
(1) The linear map i is injective.
(2) If V' is another vector space and (A’,i') is a tensor algebra of V', then a linear map
T:V' — V induces an algebra homomorphism QT : A — A. Furthermore, the tensor

algebra homomorphisms for a composition V" , v v of linear maps satisfy
(20.32) R (T oT) =T QT

(3) There ezists a canonical Z-grading on A.

The meaning of ‘canonical’ is that if T': V' — W is a linear map of vector spaces, then the induced
algebra homomorphism ¢,.: A — B between choices of tensor algebras for V' and W, respectively,
preserves the Z-gradings in the sense that ¢(A¥) c B* for all k € Z.

Proof. Suppose ¢ € V is nonzero and i(£) = 0. Define the algebra R @ R¢ to have ¢2 = 0. Choose
a linear map 7: V — R which is the identity on RE. Define ¢ by the universal property

(20.33) \ L
™ L7
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Then 0 £ £ = 7(§) = ¢i(§) = 0. This contradiction proves that i is injective.
The algebra homomorphism in (2) is constructed from the diagram

v
\
(20.34) T \zo\ : QT
. v
Vv A

using the universal property (20.30). Use the uniqueness in the universal property to prove (20.32).

For (3), if A € R is nonzero, let Ty: V — V denote scalar multiplication by A. The universal
property (20.30) implies the existence of a unique extension to ¢y: A — A, an algebra homomor-
phism. Suppose A & 1 and let A¥ — A denote the eigenspace of ¢y with eigenvalue \*. Then

A" = @ AF c A is a subalgebra: it contains 1 € A° and is closed under multiplication. It comes
keZ

to us as a Z-graded algebra. Also, i(V) < A'. Then A’ with the factored linear map i: V — A’
satisfies the universal property: apply the universal property of A and restrict the resulting map
to A’ ¢ A. So the inclusion A’ < A is an isomorphism. We leave the reader to prove that the
Z-grading is canonical. O

Remark 20.35. We can consider all A € R* at once and then we are decomposing A under a
representation of this multiplicative group. The argument fails over a finite field F'. In that, or
even the general, case we can extend scalars to the ring F[x,27!] and consider the linear operator
multiplication by x to construct the Z-grading on the tensor algebra. (In this argument we work
with modules over a ring rather than vector spaces over a field.)

Remark 20.36. The tensor algebra is not commutative in either sense of Definition 20.24(6).
Theorem 20.37. Let V be a vector space. Then a tensor algebra over V exists.

Proof. Define
a0
(20.38) A=P @V,
k=0

where we use the notation introduced in (20.22), and let i: V' — A include into the summand
with & = 1. Apply Theorem 20.10(2), extended to tensor products of k vector spaces, to see that
it suffices to define multiplication on decomposable vectors. Set

@ ®&k) M @) =61 @ @&y, @M+ & Ny,

(20.39)
51)"'7616117717"'?77/62 evV.

If B is an algebra and T: V — B a linear map, define p: A — B by

(20.40) P ® &) =T(&) - T(), §1,-- .8k €V,

and extend to be linear. It follows that ¢ is an algebra homomorphism. In fact, the requirement
that ¢ be an algebra homomorphism forces (20.40), so ¢ is unique. This proves the universal
property for (A, ). O
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The explicit construction implies both that the components of the tensor algebra A in negative
degree vanish and that for k& € Z>° the component in degree k is generated by the image of the
k-linear map

Vx. - xV-—5A

(20.41) €1y i(61) - 1(E0).

Notation 20.42. We denote the Z-graded tensor algebra as ‘®°*V .
Exterior algebra

(20.43) Alternation and skew-symmetry. The characteristic property of the exterior algebra is
the skew-symmetry of the product on vectors, as we motivated in (19.25). Skew-symmetry of the
wedge product on vectors is implied by the alternating property

(20.44) EnE=0, (EeV.

(Recall Definition 19.35.)

Definition 20.45. Let V be a vector space. An ezterior algebra (E, j) over V is an algebra F and
a linear map j: V — E satisfying j(£)? = 0 for all £ € V such that for all pairs (B, T consisting of
an algebra B and a linear map T: V — B satisfying T'(€)? = 0 for all £ € V, there exists a unique
algebra homomorphism ¢: E — B such that T = po j.

Uniqueness up to unique isomorphism follows from the universal property. We prove existence by
constructing the exterior algebra as a quotient of the tensor algebra.

Theorem 20.46. Let V' be a vector space. Then an exterior algebra over V exists.

Proof. Let ®V be the tensor algebra of V. Define Q(V) c ®?V as

(20.47) QV) ={{®¢{: eV},

and let (V) € ®V be the 2-sided ideal generated® by Q(V). Since ®>2V < V is a 2-sided ideal,
then so too is the intersection I(V) n ®>2V. But Q(V) < I(V) n ®>2V < I(V), and since I(V) is
generated by Q(V) it follows that I(V) ¢ ®>2V.

Define E = @V /I(V) and let j: V 5 @V - E be the composition of the inclusion ®'V < QV
and the quotient map. We claim (FE,j) is an exterior algebra. To prove the universal property,
given (B, T) as in Definition 20.45, construct ¢ in

V— eV

| e
(20.48) \ G e
B*

241(V) is the intersection of all 2-sided ideals containing Q(V)).
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using the universal property for the tensor algebra. It factors through E since ¢i(¢)? = 0 for
all £ € V, which implies ¢(Q(V)) = 0, and then finally ¢(I(V)) = 0. Uniqueness of ¢ follows
immediately from uniqueness of ¢. g

Notation 20.49. We denote the exterior algebra as ¢ AV ’ and use ‘A’ for the product.

Example 20.50. Let V = 0 be the zero vector space. Then ®V = R and AV = R. We leave the
reader to deduce these assertions from the universal properties.

Example 20.51. Let V' = L be a line, i.e., a 1-dimensional vector space. The we claim the algebra
E = R® L with £2 = 0 for all £ € L and the obvious inclusion j: L «— E is an exterior algebra
over L. This is a straightforward consequence of the universal property. Notice that ®L is infinite

dimensional.

More about the exterior algebra: Z-grading and commutativity

(20.52) The tensor algebra maps to the exterior algebra. Our construction in the proof of The-
orem 20.46 expresses the exterior algebra AV of a vector space V as a quotient of the tensor
algebra XV by an ideal I(V'). In fact, it follows easily from the universal property of the tensor
algebra (Definition 20.29) that there is such a homomorphism.

Proposition 20.53. Let V' be a vector space. Then there is a canonical homomorphism

(20.54) 7: XV —> AV.

Proof. Factor the linear map j: V — /AV through the tensor algebra using the universal prop-
erty (20.30) of the tensor algebra. O

(20.55) Induced maps. We prove the analog of Theorem 20.31(2) for exterior algebras. Let V, V'
be vector spaces and suppose T: V' — V is a linear map. 1,7 denote the inclusions of V, V' into
their exterior algebras. Then construct the algebra homomorphism AT in the diagram

V! i /\V/
|
(20.56) Ti IAT
. \
V—> AV

via the universal property of the exterior algebra AV’ applied to i o T’; see Definition 20.45. We
leave the reader to use the uniqueness in the universal property to prove that for a sequence
v L v I,V oof linear maps, the induced algebra homomorphisms on the exterior algebras

satisty A\(T' o T) = AT’ o AT, analogous to (20.32).
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(20.57) Z-gradings. As in Theorem 20.31(2) for the tensor algebra, the exterior algebra admits a
canonical Z-grading. The proof is similar.

Theorem 20.58. Let V' be a vector space. Then the exterior algebra \V is Z-graded. Furthermore,
the homomorphism q in (20.54) preserves the Z-gradings. Also, if T: V' — V is a linear map, then
the induced algebra homomorphism NT: \V' — AV preserves the Z-gradings.

Proof. For A € R let T\: V — V denote scalar multiplication by A. The Z-grading on AV is
constructed by choosing A £ 0,1 and setting /\kV to be the eigenspace for AT with eigenvalue \*.
The subspace j(V) < AV is contained in /\IV. We leave the reader to check that the inclusion
of V into @koozo /\kV satisfies the universal property, from which it follows that the inclusion of
this direct sum into AV is an isomorphism.

The remaining assertions follow from the fact that scalar multiplication commutes with all linear

maps. O

(20.59) The Z-graded ideal. We can also deduce the Z-grading from the construction in the proof
of Theorem 20.46. Recall the subset Q(V) < ?V defined in (20.47) and the 2-sided ideal I(V)
®V which it generates. Define I*(V) = I(V) n @"V. The proof of Theorem 20.46 shows that
I*(V) =0 for k < 2.

0
Theorem 20.60. The ideal I(V) is Z-graded in the sense that I(V) = @ I¥(V).
k=2

Proof. Let RT): @V — KV denote the homomorphism induced on the tensor algebra by scalar
multiplication. We claim )T\ maps (V) into itself. If X £ 0, then Ty-1 preserves Q(V), and
so (®T\-1)(I(V)) is a 2-sided ideal containing Q(V'). Since I(V') is the smallest 2-sided ideal
containing Q(V), we have I(V) < (RT\-1)(I(V)), or equivalently (RTx)(I(V)) < I(V). The k-

0

eigenspace of the restriction of QT to I(V), for A % 1, is by definition I¥(V). Clearly @ I*(V)
k=2

I(V). We claim that (—Olci) I*(V) ¢ ®V is a 2-sided ideal. By Theorem 20.31(3) it suffices to
show that the product I;:ann element of I¥(V) and an element of ®(V) lies in I¥7¢(V), but this
is clear since I(V) is a 2-sided ideal. Now Q(V) < I?(V), and so éo—) I*(V) is a 2-sided ideal
containing (V') and contained in the smallest 2-sided ideal I(V) cont];i:r?ing Q((V). It follows that
I(V) = (% IF(V). O
k=2
C(;rollary 20.61. As a vector space, /\kV ~ @kV/Ik(V). In particular, we have /\OV =R and
ANV =V.

The first statement follows from the definition of the Z-grading as an eigenspace decomposition for
scalar multiplication. The last assertion follows since I¥(V) =0 for k = 0, 1.

Corollary 20.62. The image of the alternating k-linear map

Vx-oxV— AV

(20.63)
1, &k — 81 A A
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generates N\*V .

This follows from the corresponding statement (20.41) for the tensor algebra, which in turn follows
from the explicit construction.

Remark 20.64. A k-linear map is alternating if it vanishes when two arguments are equal. In fact,
(20.63) is the universal alternating k-linear map, in the same sense that the tensor product of two
vector spaces is the universal bilinear map (Definition 20.2). That follows from the fact that (20.41)
(with codomain ®k V') is the universal k-linear map, which we could prove by developing the ideas
in (20.17).

(20.65) Commutativity. Recall from Definition 20.24(6) that for a Z-graded algebra the definition
of commutativity has a sign, the Koszul sign.

Theorem 20.66. The Z-graded exterior algebra /\*V over a vector space V is commutative.

Proof. Corollary 20.62 implies that it suffices to check (20.26) for decomposable vectors. Let k, k' be
positive integers and let &;,..., &, &1, ..., &, be vectors in V. Set X = & A -+ A&, and X' =
& Ao A Then

XAX =GN ANGEANE ANy
(2067) = (—1)kklé_i /\.../\é"/g/ /\51 /\.../\é'k
= ()" X" A X,

since in reordering we move k vectors past k' vectors, for a total of kk’ transpositions. Each gives
a minus sign according to the defining property of the exterior algebra; see (20.43). O

Lecture 21: More on exterior algebras; differential forms on affine space

In the first part of the lecture we treat a few more general properties of exterior algebras. First
we identify the exterior algebra of a direct sum of vector spaces as a tensor product of exterior
algebras. However, nota bene the Koszul sign in the definition of the product (21.7). In other
words, this is a Z-graded tensor product. We have already determined the exterior algebra of a
line (Example 20.51). Since every finite dimensional vector space is a direct sum of lines, we can
now inductively determine the exterior algebra of a finite dimensional vector space. If V' is a vector
space of dimension n € Z>°, then the top?’ exterior power A"V is a line, called the determinant
line of the vector space V. We explain the relationship to the familiar notion of determinant.
Finally, for any vector space V' we introduce a duality between A°*V* and A°V.

In the second part of the lecture we introduce differential forms on open subsets of affine space.
The main theorem at this stage is the extension of the differential on functions to a differential on
differential forms. In the next lecture we globalize (patch/paste) to differential forms on a smooth
manifold.

25The higher exterior powers /\kV, k > n, are zero.
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Direct sums and tensor products

(21.1) Direct sum via a universal property. We have used the direct sum of vector spaces many
times already in these lectures. Now we make explicit its universal property.

Definition 21.2. Let Vj, V5 be vector spaces. A direct sum (.S, i1, 12) is a diagram Vi— s 85<" 1,
of vector spaces and linear maps which is universal in the sense that for any linear maps j;: V; - W
there exists a unique linear map 7': S — W which makes the diagram

Vi s 5 <2,
\
(21.3) \ T/
J1 Y J2
w

commute.

The direct sum exists and is unique up to unique isomorphism. It is denoted V; @ V5.

(21.4) Tensor product of algebras. Let Aj, As be algebras. In particular, they are vector spaces
and so we can form the tensor product vector space A1 ® Ao, as in Definition 20.2. To endow
A1 ® Ay with an algebra structure, as in Definition 20.24(1), we must specify a bilinear map
m: Ap x Ay - A1 ® Ay and a unit 1 € A1 ® As. We can take m = my ® mg and 1 = 11 ® 1o,
where m;, 1; define the algebra structure of A;, ¢ = 1,2. This is the correct definition for ungraded
algebras, but for Z-graded algebras there is a (Koszul) sign.

Definition 21.5. Let A}, A5 be Z-graded algebras with units 1;,12. Endow the vector space
A1 ® Ay with the Z-grading

(21.6) (AeA)= @ APeAR, kel

k1,ko€Z
kq+ko=k

Endow A; ® Ay with a Z-graded algebra structure: define the unit 17 ® 15 and multiplication
(21.7) (a1 ® az) (0} ®a)) = (=1)" ay01 @ a0,
for a,,a} € A1, ay,ay € A, where a, is homogeneous of degree k, and a) is homogeneous of

degree k.

Since multiplication is bilinear, it suffices to define it on decomposable vectors which are tensor

products of homogeneous vectors.

Example 21.8. Let Ly, Ly be lines. Recall the exterior algebras A°L; = R® L;, i = 1,2, as in
Example 20.51. Let ¢; € L;, ¢« = 1,2, be basis elements. The tensor product of the exterior algebras
is the Z-graded algebra

(21.9) (ALIOAL:)" =R @ (L1 ® L) @ (L1 ® L)
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supported in degrees 0,1,2. In this algebra, {105 = —f2¢1 by (21.7). We prove below in Theo-
rem 21.11 that (21.9) is the exterior algebra A°(L; @ L3) of the direct sum. In particular, the
higher exterior powers /\k(Ll ® Lo), k > 2, vanish (i.e., equal the zero vector space).

(21.10) Exterior algebra of a direct sum. The passage from a vector space to its exterior algebra is
an exponentiation in the sense that sums go over to products. (The same holds for tensor algebras.)

Theorem 21.11. Let Vi, Vs be vector spaces. Then there is a canonical isomorphism

~

(21.12) AN Vi@V — (AVio AV)*

of Z-graded algebras.

Proof. Let j;: V; = AVi, i = 1,2, be the inclusions into the exterior algebra as the degree one
elements. Define algebra homomorphisms ¢;: AV; > AVi ® AVs, i = 1,2, by

P1(X1) = X1 ®1, X1 e AW,

21.13
( ) P2(X2) = 1® Xo, Xs € AVa.

Consider the diagram

i1 12

V1 ‘/1@‘/2 V2
|
jli jV\ ljé
(21.14) A AV AT < AV
\*B/’/

First, use the universal property of the direct sum (Definition 21.2) to construct j. Then we claim
that the pair (( AVIQAV2)®, j ) is an exterior algebra of V; @V, where multiplication is defined on
the tensor product with the Koszul sign (21.7). To check the universal property in Definition 20.45
for the pair (AV1 ® AVa, j), suppose B is an algebra and T: V4 @ Vo — B in (21.14) satisfies
T (&1 +&)% = 0 for all & € Vi, & € Vo. Apply the universal property of the exterior algebra to T oiq
to produce the (unique) algebra homomorphism ¢; and to 7" o iy to produce the (unique) algebra
homomorphism 5. Finally, define the (unique) linear map ¢: AVi ® AV2 — B by applying the
universal property of the tensor product (Definition 20.2) to the bilinear map

AVi x AVa— B

21.15
(21.15) X1, Xo — p1(X1) p2(Xo)

We leave the reader to check that ¢ is an algebra homomorphism; it suffices to check on the tensor
products of decomposable vectors in AV; and AVa. O
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Finite dimensional exterior algebras and determinants

(21.16) Applications of Theorem 21.11. First, in Example 21.8 we see that (21.9) is isomorphic
to A\°(L1 ® Ly). By induction on the dimension of a finite dimensional vector space, we leave the
reader to deduce the following from Theorem 21.11.

Theorem 21.17. Let n be a positive integer and suppose V is a vector space of dimension n.
WD ANV =0ifk<0ork>n.
(2) Ife1,...,en is a basis of V, then for 1 <k <n

(21.18) {ei, novone 1 <ip <--- <ip<n}

is a basis of \*V.

(3) dim AFV = (Z) 0<k<n.

|
In (2) the expression <Z> = ﬁ is the binomial coefficient. In (3) the indices run over all
I(n —k)!

strictly increasing ordered subsets of {1,...,n} of cardinality k. If we write V. =L @®---® L,, as
a sum of lines, then one proves by induction on dim V' that

(21.19) ANv= P L,® L,

1<y <<ip<n

which generalizes (21.9).

Corollary 21.20. Let V' be a vector space and S = {&1,...,&} < V. Then S is linearly independent
if and only if &4 A -+ A&k € /\kV is monzero.

Proof. Let V! < V be the span of S; then & A -+ A & € A"V, If S is not linearly independent,
then dimV’ < k in which case Theorem 21.17(1) implies A*V’ = 0. Conversely, if S is a basis
of V', then Theorem 21.17(2) implies that & A -+ A & is a basis of /\kV’, hence is nonzero. [

(21.21) The determinant line. According to Theorem 21.17(3) the top exterior power of a finite
dimensional vector space is 1-dimensional. It has a special name and notation.

Definition 21.22. Let n be a positive integer and suppose V' is a vector space of dimension n.
The determinant line of V' is the 1-dimensional vector space

(21.23) DetV = \"V.

The reason for the name will be apparent shortly. The following is a special case of Corollary 21.20.

Proposition 21.24. Let V' have dimension n. Then &1,...,&, € V is a basis if and only if the
wedge product £1 A -+ A &, € Det V' ois nonzero.
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(21.25) Determinant of a linear map. Suppose V, V' are finite dimensional vector spaces and
T:V' — V a linear map.

Definition 21.26.

(1) If dimV’ # dim V, then define det T': Det V/ — Det V' to be the zero map.
(2) If dim V' = dim V, then define det T'= A"T: Det V' — Det V.

Recall that A"7 is the map induced by T on the n'" exterior power; see (20.55).
Proposition 21.27. detT =+ 0 if and only if T is invertible.

Proof. If dimV’ & dimV, then T is not invertible and det T = 0. Assume dimV’ = dimV and
&,...,&, € V' is a basis. Proposition 21.24 implies that £ A -+ A £, is a basis of DetV'. By
Definition 21.26(2),

(21.28) (et TY(E A~ A &) =TE A+ ATE.

This is nonzero iff T¢], ..., T&, is a basis of V iff T' is invertible. O

We can give another proof using the composition law at the end of (20.55). Namely, if T is
invertible, then idpet v = det(T*1 oT) = det T~ odet T, which implies det T is nonzero.

(21.29) The numerical determinant. If V is finite dimensional and T': V' — V is a linear operator,
then detT: DetV — DetV is a linear operator on a line, so it is scalar multiplication by a real
number. We identify that scalar with the numerical determinant of the linear operator T'. The
following computations show that this agrees with the usual determinant of matrices.

Example 21.30 (2-dimensional determinant). Suppose 7': R? — R? is represented by the matrix
(‘é Z). This means that for the standard basis e, es we have

Ter = aeq + ces

21.31
( ) Tey = bey + desy
Hence
(detT)(e1 A eg) =Tep A Tey
(21.32) = (aey + cez) A (ber + dea)

= (ad — bc) ey A es.

Example 21.33 (n-dimensional determinant). Let n be a positive integer and 7: R” — R" a
linear operator. Write

(21.34) Tej = Tje;, j=1,...,n,
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for n? numbers TJZ € R. Then

(detT)(er A -+~ Anep)=Teyp An---ATey
= (T'ei) n - A (Tyer,)

(21.35)
= Z (o) Tf(l) T L el A A ep,
o€eSym,,
where Sym,, is the permutation group of {1,...,n} and €(o) = £1 is the sign of the permutation.

The homogeneous polynomial of degree n in braces is the usual expression for the determinant of

a matrix.

Standard properties of the determinant, including the formula (21.35), are easily derived from
the definition using the basic properties of exterior algebras.

Duality and exterior algebras

Let n be a positive integer and V' an n-dimensional real vector space. The exterior powers of V'
and of the dual space V* form an array

R v AN V* N'V* = Det V*
(21.36)
R 1% AV A"V =DetV

There is a natural duality between the vector spaces in each column.

Proposition 21.37. For all k € Z7° the pairing

ANve x Af'v — R

(21.38) OLn - A0 € A A det(07(E)))

Z‘ij
s nondegenerate

We have only specified the pairing on decomposable vectors in the exterior powers; it extends to
all vectors using bilinearity. This determinant pairing identifies /\kV* as the dual space to /\kV.
Compose with the alternating k-linear map (20.63) to identify /\kV* as the space of k-linear
alternating functions V' x --- x — R. Namely, if a € /\kV*7 define

a:Vx..-xV—R

(21.39) E1yov oy & — (&0 A o A R,

using the determinant pairing (21.38). We usually omit the carrot over « in (21.39) and simply
identify the k-form « with this alternating k-linear map.
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Proof. Let e, ... e, be a basis of V and el,. .., e" the dual basis of V*. Then by Theorem 21.17
we obtain a bases of A*V and A*V*. Introduce the multi-index notation I = (iy ---ij) for an
increasing set of indices 1 < iy < ip < --- < i, < n. Suppose X = Xle; € /\kV lies in the kernel
of (21.38). Writing the determinant pairing (21.38) as (—, —) we have

(21.40) 0={, X)=X"

for all multi-indices J. This implies X = 0 and proves nondegeneracy. U

Example 21.41. For k = 2, if 8 A 62 is a decomposable 2-form, the product of 1-forms #', 6% € V*,
then

(21.42) (0" A 6%)(61,&2) = 0'(£1)0%(&2) — 0" (£2)6°(&), & & eV

This is an oft-used formula.

Remark 21.43. Note the absence of numerical factors (such as 1/2) in (21.42) (as derived from (21.38)).

Differential forms on affine space

(21.44) Definitions. Let V be a finite dimensional normed real vector space and A an affine space
over V. Let U < A be an open subset.

Definition 21.45. A (differential) k-form on U, k € Z*°, is a function a: U — /\kV*. The space
of C* k-forms on U is denoted Q*(U) (or as QF, depending on the context).

Differential forms of arbitrary degree form a Z-graded vector space
o0

(21.46) QU) =P ).
k=0

The operation of exterior multiplication is defined on differential forms pointwise, and with it
Q°(U) is a commutative Z-graded algebra; see Definition 20.24.

Example 21.47. Let Ai,y,z be standard affine 3-space with coordinate functions x,y, z. Let U
A3 be open. At each point p € U the differentials dx,, dy,, dz, form a basis of (R?)*. (Since
x,y,z: U — R are affine functions, the differentials are constant, so the basis is independent of p.)

Therefore, by Theorem 21.17(2) we can write any element of Q2?(U) as a linear combination
(21.48) flz,y,z)de Andy + g(z,y,z)de Adz + h(x,y,z)dy A dz

for functions f,g,h: U — R.
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(21.49) The Cartan d. The exterior differential is characterized by a few basic properties.

Theorem 21.50. There exists a unique map d: Q*(U) — Q*(U) of degree +1 such that
(i) d is linear,
(ii) d(a1 A ag) = dag A ag + (—=1)Fay A das, a1 e WM (U), aseQ(U),
(iii) d? =0,
(iv) d agrees with the usual differential on Q°(U).

That d is homogeneous of degree +1 means that if o € Q¥(U) is homogeneous of degree k, then
do € QFF1(U) is homogeneous of degree k + 1. Note the sign in (ii) is consistent with the Koszul
rule: in passing the degree 1 operator d past the degree k differential form «; we pick up the sign
(—=1)'"* = (—1)*. We prove Theorem 21.50 below but first exhibit some explicit computations.

Example 21.51. Consider the differential form
(21.52) a=e*— 22 dy —xdz A dy
on A‘,%,y. Then using the rules in Theorem 21.50 we compute

do = d(e*®) — d(z*y* dy) — d(z dx A dy)
(21.53) = 2e* dx — d(2*y?) A dy — dz A dz A dy
= 2e%" dx — 2zy® dz A dy.

In this example both a and da are inhomogeneous.

Example 21.54. Consider

(21.55) a=xdy ndz+ydrAndz+zdr Ady

in Q2(A§’y’z). Then

(21.56) da = 3dzx A dy A dz.

Example 21.57. On an open set U c Agl,.‘.,mn’ consider the general smooth (n — 1)-form

(21.58) a=flde® A ada™ — Pt AdaP Ao A da™

where f: U — R are smooth functions. Then

(21.59) da = ( (9f> dz' A - A dz™.

- Ot
KA
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Proof of Theorem 21.50. Let z',...,2": A — R be affine coordinates on A, and restrict them to
functions on U. It suffices to deﬁne d on k-forms for all k € Z~Y and then use (i) to extend uniquely
by linearity, since every differential form is a finite sum of homogeneous forms. By Theorem 21.17(2)

we can write a € Q¥ (U) uniquely as

(21.60)

o= Z fiyigdz™ A oo A dx'®

1<t <--<ip<n

for functions f,..;, : U — R. Then if d exists satisfying (i)—(iv) we compute

da=d ( 2 fil...ikdx“ NERRIN dxi’c>

(21.61)

1< <-<ip<n

O 2 A(fiyoipdz™ A -+ A da'™)

I<ii<-<ip<n

= D dfiyeiy, Adatt A A da
I<ip < <ip<n . .
+ fil...,-dex“ A Adae

— fiyipdz™ A d2x® A da' -

(i) Z dfiy i), A dz™ A - A dz*

1<t <-<ip<n

(iv) Z 6];; U dod Az A A da®

1< <-<ipg<n

A dz'*

Therefore, if d exists and satisfies (i)—(iv) it must be given by the formula (21.61). This proves

the uniqueness. To prove existence we define d on k-forms by formula (21.61) and check (i)—

(iv). Property (i) is easy. As a variation, for (ii) use increasing multi-indices, as in the proof of
Proposition 21.37. So as not to have index wars let us call the forms o € Q¥(U) and 8 € Q°(U).
(By linearity it suffices to take the second form homogeneous as well.) Write

(21.62)

for functions ay, B;: U

a = qj dx!
B = Bydx’
R. Then

dla A B) = d(agByda! A dz’)

(21.63)

0B
dx

6@1

- (dxdx A dz ) A (Brda’) + (1) (apda’) A (dm

=da A B+ (1) a A dB.

22 dad A dat A da?

0By

da? A dx )
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The sign comes from commuting the 1-form dz7 past the k-form dx!. For (iii) compute

ox

d2a=d< Z afil“j'i’“da:jAd:cilA'--/\d:z:i’“)

1<ip<--—-<ig<n

02 fi . , ,
= Z %dwﬁ/\dﬂ/\dm“/\---/\dm%
. . oxtoxi
1< < <ig<n

1 (P2fiiy O fiyoin , j i i
— Z 2<6:c€0:vj+6$jéxz>dx Adx? Adx™ Ao A datE

1< <-<ip<n

1 anll’Lk V4 j i i
(21.64) =3 Z de Adx? Adz™ A A dat

1<y <-<ip<n

1 a2f117,k i V4 i 7
+ = Z de Adx" Adx™ Ao A datE
1<y <--<ip<n LoT

02 fi 4 - -
== Z %dﬁ/\dmﬁ/\dw“/\~-/\dﬂk
1<y <-<ip<n LoT

1 0% fi i , , ,
— = 2 %dxé/\dxj/\dx”/\'--/\dx’k
2 . . oxtoxr)
I<ii<-<ip<n

=0.

In the fourth equality we exchange the dummy indices j and ¢; in the penultimate equality we use
dzd ndzt = —dz* Adz?. The main point is the third equality, which expresses that second partials are
symmetric; this contrasts the skew-symmetry of the wedge product. Finally, the definition (21.61)
reduces to (19.12) for k = 0, which proves (iv). O

(21.65) Ezxpression for d in terms of directional derivatives. We continue with U < A an open
subset of a finite dimensional affine space A over a normed linear space V. Recall that for f € Q°(U)
and £ € V we have

(21.66) df (&) = &f,

an equality of functions on U. The following generalizes (21.66) for all k. In this theorem we treat
a differential k-form as an alternating k-linear function on vectors; see Proposition 21.37.

Theorem 21.67. Let ke Z7°, a € QF(U), and &1,. .., &1 € V. Then

do(&r, .. &er1) = &1 a(&oy -, 6pr1) — L2 a1, 63, -, Ekgr)

(21.68)
+oot (CD G alér, L)
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Each term is the directional derivative of the k-form « evaluated on k vectors. Note the oft-used
special case k = 1 in which (21.68) reduces to”°

(21.69) da(&1,&2) = &1 a(é2) — S2a(61).

1

Proof. Choose affine coordinates x*,...,2" as in the proof of Theorem 21.50. By multilinearity

suffices to verify (21.68) when each
(21.70) & = 0/0x"

is a basis vector for some 1 < i1, ... i1 < n. If any two indices are equal, then it is straightforward
to check that both sides of (21.68) vanish using the alternating property of differential forms.
Furthermore, by the skew-symmetry property of differential forms it suffices to assume that 1 <
i1 < -0 < dpp1 < n. Write o = arda’ as a sum over increasing indices of length k. Then
with (21.70) the right hand side of (21.68) is

.0
(21.71) Z (1) =iy i
J
Using the pairing (21.38) we compute the left hand side as

7o ; 0 0 ;0
(21.72) (Y S dad A da 3 A )= 2L (D Sy iy
gl '

oxJ Oxtk+1
J

The terms in the first sum which contribute are those in which the multi-index jI of length k£ + 1
is a permutation of 41, ..., 7, 1; the sign is the determinant of the permutation matrix. O

(21.73) The differential is local. The next proposition asserts that the differential does not in-
crease supports.

Proposition 21.74. Let U c A™ be an open set. If for some open W < X we have suppa < W,
then suppda < W.

Proof. This locality follows immediately from the explicit formula (21.61) for the differential. [

Lecture 22: Pullbacks, differential forms on smooth manifolds
There remains one more item to consider about differential forms on affine space: pullbacks.
We do so in the first part of this lecture. Then we turn the local-to-global process which takes us

26T here is a generalization on smooth manifolds in which &, &> are vector fields. In that case there is an additional
term in (21.69) which involves the Lie bracket of the vector fields.
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from differential forms on open sets in affine space to differential forms on smooth manifolds. As
you might guess, partitions of unity are a key tool. We characterize of differential forms among
alternating multilinear maps from vector fields to functions. This introduces the key idea of linearity
over functions, which is the hallmark of tensoriality. Finally, we transport the Cartan d operator
from affine space to a smooth manifold and so complete the construction of the de Rham complex.

Pullbacks of differential forms

(22.1) Pullbacks of 0-forms and 1-forms. Let V,V’ be normed linear spaces; A, A" affine spaces
over V, V', respectively; U — A, U’ < A’ open sets; and p: U’ — U a C! map. Suppose first that
f: U — R is a smooth function. Then the pullback function ¢* f: U’ — R is the composition

(22.2) o f = fop.
25/ @
GaYES
,-u /
/
A Y —

FI1GURE 68. Pullback of a 1-form

The pullback of a 1-form is a bit more complicated. Namely, at each p’ € U’ the differential of ¢
is a linear map

(22.3) dp,: V' — V.

Its dual is a continuous linear map

(22.4) dpy: V* — (V)"
defined by
(22.5) doy (0)() = 0(de, (§),  0eV*, eV

Then if a: U — V* is a smooth 1-form on U, its pullback p*a: U" — (V')* is the smooth 1-form
on U’ defined by (see Figure 68)

(22.6) P (@ (&) = a oy (€),  PeU, eV

Write ‘@’ for the differential dp. Equation (22.6) is more transparent in the form

(22.7) p*a(l) = a(pxl).
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Example 22.8. In practice, pullback is computed by blind substitution. Consider the 1-form

(22.9) a=ydr—xdy
on A2 o and let v: R, — A?t’y be the map defined by
r=t
22.10
(22.10) L

The left hand sides of (22.10) are shorthand for the pullbacks v*z,v*y of the coordinate functions.
In a similar vein, blindly applying d we obtain the pullbacks v*(dx),v*(dy) of their differentials:
der = dt

(22.11)
dy = 2t dt

Then the pullback v*« is computed by plugging (22.10) and (22.11) into (22.9):
(22.12) o = t3dt — t(2t dt) = —t3dt.

We use implicitly that 4* and d commute, as we prove below in (22.26).

(22.13) Pullbacks in arbitrary degrees. Let V, V' be real vector spaces. Let A, A’ be affine over V, V'
and U c A, U' < A’ open subsets. Finally, let ¢: U’ — U be a C!' map and p’ € U’. Then the
differential and its dual give linear maps

dgop/

vV —5V

(22.14) (V)
Nde,
Ay L v

where the last map is the induced map (20.55) on the exterior algebra.

[/

FIGURE 69. Pullback of differential forms

Definition 22.15. Let « € Q°(U) be a differential form. The pullback ¢*a € Q°*(U’) is

(22.16) (¢ a)y = /\dgozl(aw(p/)), p el

This definition is a generalization of (22.6).
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(22.17) Pullbacks and products. The following is an immediate consequence of the fact that /\dgoz,
is an algebra homomorphism.

Proposition 22.18. If a,5 € Q*(U), then

(22.19) e (a A B) =9 *a A p"p.

(22.20) Computation. Definition 22.15 is not applied directly in computations; rather one plugs
and chugs as illustrated in Example 22.8. Here is another illustration.

Example 22.21. Recall the 2-form « in (21.55). Consider the map

@: (0,7) x (0,21) — A3

x7y7z

(22.22)
¢ , 0 +— singcosh, sinpsind, coso

This embeds an open rectangle in A;g into the unit sphere in A3. To compute we write

T = sin ¢ cos 0
(22.23) y =sin¢gsinf
Z = cos ¢
and then apply d:

dx = cos ¢ cosf dp — sin ¢ sin 0 db
(22.24) dy = cos ¢sin 6 d¢ + sin ¢ cos 6 df
dz = —sin ¢ do.

Substitute (22.23) and (22.24) into (21.55) and use the rules of exterior algebra to deduce
(22.25) p*a =sinpdo A db.

In computations it is customary to omit ‘ ¢*’ in (22.25), as we did in (22.12).

(22.26) Pullback and d. Just as pullback commutes with products (Proposition 22.18), pullback
also commutes with exterior d. In the following proof we use the fact that any differential form on
a finite dimensional affine space A is a finite sum of expressions

(22.27) fdgi A -+ Adgg
for functions f,gi,...,gx. For example, choose affine coordinates on A and then exhibit a repre-
sentation in which g1, ..., gy are the affine coordinate functions; see Theorem 21.17(2) as applied

in (21.60). This leads to an important proof technique for statements about differential forms,
which we employ to prove the following.
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Proposition 22.28. Assume A, A" are finite dimensional affine spaces. Let o€ Q*(U). Then
(22.29) de*a = p*da.

Proof. Since pullback commutes with products (Proposition 22.18), by the remark preceding the
proof it suffices to prove (22.29) for 0-forms f and for exact 1-forms dg, where f,g € Q%(U). For
¢ e V! we have

(22.30) e df (') = df (p+&') = (df o dp) (&) = d(f 0 9)(&') = d(¢" [)(£).
For an exact 1-form a = dg we compute

d(p*a) = d(p*dg) = d*p*g =0

99.31
(2231) p*(da) = p*(d*g) = 0

so (22.29) is satisfied. O

Differential forms on manifolds

(22.32) 0-forms and 1-forms. Let X be a smooth manifold. The real vector spaces

Q(X) = {functions X — R}

22.33
( ) Q'(X) = {sections of T*X — X}

of smooth functions and smooth 1-forms have been defined, and the differential is a linear map

(22.34) 00(X) -4 Q(X)
which satisfies the Leibniz rule
(22.35) d(fif2) = d(f1)f2 + fid(f2)-

Our goal is to extend these definitions to higher degree forms.
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(22.36) Bundles of exterior algebras. Let E — X be a real vector bundle. Recall from Lecture 9
that we can construct new vector bundles from a given vector bundle from a functorial construc-
tion on vector spaces. The dual bundle (9.51) is an example; the general procedure is discussed
in (9.44). Now for each k € Z>9 we construct a vector bundle A*T*X — X from the cotangent
bundle T7*X — X using Theorem 9.45. The same construction gives a bundle A\*T*X — X whose
fibers are exterior algebras. Define the vector space of differential k-forms

(22.37) QF(X) = {sections of AT X — X}

The algebra of differential forms is the direct sum
0

(22.38) Q°(X) = P 9 (X)
k=0

with the wedge product defined pointwise; it may be identified as the algebra of sections of
A'T*X — X. It is important to observe the pointwise nature of the algebraic structure, namely
of the wedge product of differential forms.

(22.39) Vector fields. A vector field>” on a manifold is a smooth choice of tangent vector at each
point. The vector space of vector fields on X is

(22.40) X(X) = {sections of TX — X}.

(22.41) Differential forms as functionals of vector fields. Recall that if V' is a real vector space,
then there is a duality pairing (Proposition 21.37)

(22.42) AVEx APV — R
Combine with the multiplication map V x --- x V — /\kV to construct an isomorphism be-
tween /\kV* and the vector space of k-linear alternating maps V' x --- x V. — R.

If X is a smooth manifold and o € Q¥(X) is a differential k-form, then pointwise evaluation
determines an alternating k-linear map

(22.43) a: X(X) x - x X(X) — Q°(X)
where for &;,...,&; € X(X) we have

(22.44) alé,- &) = (&), ... &), preX.

2T general an z-field on a manifold is a smooth choice of x at each point, where = can be ‘vector’, ‘covector’,
‘tensor’, ‘scalar’, ‘spinor’, ...
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There is an additional important property beyond skew-symmetry and multilinearity: & is linear
over functions. Namely, & is a multilinear function over the ground ring Q°(X), not just over the
ground field R. Thus if fi,..., fr € Q°(X) are functions, and &1,...,& € X(X) are vector fields,

(22.45) a(fi€es s fubk) = fr-- fral&a, .- &)

The following proposition is a converse: it constructs a differential form from a map (22.43).

Proposition 22.46. Let
(22.47) a: X(X) x - x X(X) — QX)

be a k-linear alternating map which is linear over functions in the sense that (22.45) holds. Then
there is a unique differential k-form o € QF(X) such that (22.44) holds.

A function (22.47) which is linear over functions is said to be tensorial. Proposition 22.46 holds for
other kinds of tensor fields on a smooth manifold. For example, a Riemannian metric is (determined
by) a tensorial positive definite symmetric bilinear form on vector fields.

Example 22.48. Let U — A be an open subset of an affine space A with tangent space V', and fix
a smooth function f € Q°(U) which is not locally constant. Define

(22.49) ap(é, &) = &&f — &4, £1,&2 € X(U).

Each term in (22.49) is an iterated directional derivative. Then &y is bilinear and alternating, but
it is not linear over functions so does not define a 2-form on U.

Proof of Proposition 22.46. For ease of notion we take k = 1. For p € X and ¢, € T, X, we would
like to define

(22.50) ap(&p) = () (p);

where £ € X(X) is any vector field such that £(p) = &, i.e., § is an extension of the vector &, € T, X
to a vector field. We must prove that (22.50) is independent of the extension £. Equivalently, if
n € X(X) satisfies n(p) = 0, then we claim a(n)(p) = 0.

To prove the claim, let (U;z!,...,2") be a standard coordinate chart about p and let p: X — R
be a function with supp(p) < U and p(p) = 1. Write n‘U: ft0/oxt for functions f' e Q°(U). Since
n(p) = 0, we have f'(p) = 0 for all i. Now write

(22.51) n=(pf") (%ii) + (1=p")n.

Notice that each factor in each term is a global function or a global vector field on X (after extension
by zero on the complement of U). By the hypothesis that & is linear over functions, we deduce

30)0) = s 08 (s ) ) + (1= )3
=0 O

(22.52)
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FIGURE 70. A cutoff function p near p

The Cartan d operator

(22.53) The de Rham complex. The goal is to construct the de Rham complex

d d d

(22.54) 0— QX)L 0rx) L 0%(x) L L (X)) — 0,

assuming dim X = n. We have already constructed the vector spaces Q¥ (X) in (22.37), so it remains
to construct the Cartan d operator. To do so we build on the affine space differential constructed
in Theorem 21.50. Recall that differential forms and d on affine space satisfy properties spelled out
in Proposition 21.74, Proposition 22.18 and Proposition 22.28.

(22.55) The de Rham differential d. The locality of d and the fact that d commutes with diffeo-
morphisms are key ingredients in the proof of the following.

Theorem 22.56. Let X be a smooth manifold. Then there exists a unique map d: Q°*(X) — Q°*(X)
of degree +1 such that
(i) d is linear,
(ii) d(a1 A @) = dog A ag + (—1)*a; A dag, a1 € QM (X)), azeQ*(X),
(iii) d? =0,
(iv) d agrees with the usual differential on Q°(X).

Furthermore, for all « € Q*(X) we have supp(da) < supp(a). Also, if p: X' — X is a smooth
map of manifolds, and o € Q°*(X), then

(22.57) p*da = dp*a.

The Z-graded algebra Q°(X) in (22.38) is upgraded to a differential graded algebra (DGA) (2°(X), d)
when equipped with the Cartan d operator.

Proof. Let {(U;, x;)}icr be a cover of X by coordinate charts, and choose a partition of unity {p;}icr
subordinate to the cover. For any o € 2°(X) we have supp(p;a) < U; for all i. Define

(22.58) da =Y d((x;M)*(p,)),

el
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FiGure 71. The overlap map between two charts

where the differential of (z;1)*(p,a) € Q° (zi(U;)) is the one determined uniquely on affine space
in Theorem 21.50. Since o = »},; p;v and since d is assumed linear in (i), the definition (22.58)
is uniquely determined by the conditions in the theorem. But it remains to prove that the defini-
tion (22.58) is independent of the choice of cover and partition of unity.

Suppose {(Va, Ya)}aca is another cover by coordinate charts, and {o,}.ec4 is a subordinate parti-
tion of unity. Then

2 d((@ ) (p)) = 3 Y d((z7 ) (pioaa))

el i€l aeA

(22.59) = > > d((y ¥ (oaps0))

acA iel

=2, d((ya ") (0,9))-

Notice that the form p;o,a = o4p;a has support in U; n V,. The passage from the first to the
second line is Proposition 22.28 applied to ¢ = ys 0 ;1 2,(U; N Vi) = ya(U; 0 Va). O

In the proof we implicitly use the fact that any two covers have a common refinement. So if
a quantity defined in terms of a cover, and we want to compare the computation in two different
covers, then we compare each to the computation in a common refinement. Here we use this idea
to prove that the differential is well-defined. We will use the same technique shortly to prove that
the integral is well-defined.

Lecture 23: Orientations and volumes

The problem of computing lengths, areas, and volumes dates from the beginnings of geometry
in ancient Babylonia around 5000 years ago. Our treatment is more modern, but does not start
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from first principles. Rather, we tell the data needed to introduce a notion of n-dimensional
volume in an n-dimensional real vector space. We do so in terms of the exterior algebra, and what
naturally emerges is a notion of signed volume. We begin with the sign, which is the structure of

an orientation.

Orientations

(23.1) Intuition: dimension 1. The notion of an orientation is familiar in low dimensions. There
are two directions to traverse a curve, and an orientation is a choice between them. The linear
version is a sense of direction on a 1-dimensional vector space L. This can be expressed as a choice
of nonzero vector e € L, but then if we multiply e by a positive scalar the resulting vector points
in the same direction. So an orientation is a choice of nonzero vector up to positive multiple. If we
consider the space L\{0} of nonzero vectors, then there are two components in the usual (norm)
topology. An orientation o is a choice of one component; see Figure 72. (We already gave the
formal definition in Definition 13.34.)

Wg/ L\gofé

FIGURE 72. Orientation of a line

(28.2) Intuition: dimension 2. Let V be a 2-dimensional vector space. Then an orientation is
a sense of direction of rotation, a choice of clockwise vs. counterclockwise. A basis ej,es of V
determines an orientation: the direction of rotation from e; to eg; see Figure 73. If €], €, is another
basis, and T': R? — R? the change-of-basis matrix defined by

(23.3) ;= Tfei,
then e}, €5 and e, e, determine the same orientation if and only if det 7" > 0. Recall the map

B(V) —> Det V\{0}

€1, —> €1 N €2

(23.4)

where B(V) is the set of bases of V. The foregoing tells that two bases have the same orientation
map if and only if they map to the same component of Det V' \{0}. For example, imagine fixing e;
and rotating es. Compute what happens to e; A es in the determinant line. We are led to define
an orientation of V' as an orientation of Det V: a choice of component of Det V' \{0}, as in (23.1).
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FiGure 73. Orientation of a plane

(23.5) Intuition: dimension 3. An orientation of a 3-dimensional vector space is a choice of right-
hand rule vs. a left-hand rule. So if ey, eo, e3 is a basis of V', and the right-hand rule orientation is
chosen, then the basis is positively oriented if when we take our right hand and point the fingers
towards e; and rotate so that they curl in the direction of e, then our thumb and eg should be on
the same side of the ej-eo plane.

Here is the formal definition in any dimension.

Definition 23.6.

(1) Let V' be a finite dimensional real vector space. An orientation of V is a choice o of
component of Det V' \{0}.

(2) Suppose V, V' are finite dimensional, dimV = dim V', and o, 0" are orientations of V,V’.
An invertible linear map T: V' — V preserves orientation if (detT)(o’) = o. If instead
(det T)(0") = —o, then we say that T reverses orientation.

Remark 23.7. f V = V', then det T € R¥0, and T preserves orientation if and only if det T > 0.
Notice that we do not need to choose an orientation on V' to determine whether an automorphism
T:V — V preserves or reverses orientation.

(23.8) Bases and orientation. If dim'V = n, then as in (23.4) there is a map

B(V) — Det V' \{0}

€ly...,€p —> €1 N " N E€p

(23.9)

which takes a basis to a nonzero point of the determinant line. In this way a basis determines
an orientation. Moreover, the inverse images of the two components of Det V' \{0} partition the
bases into two equivalence classes, the orbits of the action of the group GL; (R) of invertible n x n

matrices with positive determinant.

(238.10) Dual orientation. Let V be a finite dimensional real vector space with an orientation o.
There is an induced orientation 0* of the dual space V*. Namely, we say that a nonzero vector w €
Det V* lies in o* iff

(23.11) (w,2) >0 forall =€ 0o < DetV,

where (—, —) is the duality pairing Det V* x Det V' — R defined in Proposition 21.37; see Figure 74.
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FiGURE 74. The dual orientation

Signed volume

Definition 23.12. Let V be a finite dimensional real vector space. A volume form is a nonzero

vector w € Det V*.

A volume form w determines an orientation o, of V*, namely the component of Det V*\{0} in
which w lies; see Figure 76. By duality it determines an orientation of V as well.
If A is affine over V, then a volume form on V determines a translation-invariant volume form

on A. In linear geometry a volume form gives a notion of signed volume to parallelepipeds.

A
//3'J§L> //[/’/gua

FiGure 75. Parallelepipeds in a vector space and an affine space

Definition 23.13. Let V be a real vector space and A an affine space over V. A k-dimensional

parallelepiped in V is the set of vectors

(23.14) N, &) ={t&:0<t' <1} cV
for vectors &1,...,&k € V. A k-dimensional parallelepiped in A is the set of points
(23.15) Jps&r,... ) = p+1i6:0<t <1} c A

for a point p € A and vectors &1,...,&k € V.

The parallelepiped is nondegenerate if &1, . .., & are linearly independent; otherwise it is degenerate.
There are many expressions for the same parallelepiped. In the vector case we can permute the

vectors, and in the affine case we can also change the choice of vertex.

(23.16) Oriented parallelepipeds. If the parallelepiped is nondegenerate, then a choice of presen-
tation which orders the vectors, as in (23.14) and (23.15), induces an orientation on the subspace
spanned by the vectors, which we consider to be an orientation on the parallelepiped. Hence we
speak of the oriented parallelepiped [[(&1,. .., &).
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FiGUuRE 76. Computation of signed volume

(23.17) Signed volume and volume. Let w € /\kV*. Then for all k-dimensional subspaces W < V/,
the restriction of w to W is either zero or is a volume form on W. If &,...,&; is a linearly
independent set in V', define the signed volume of the oriented parallelepiped spanned as

(23.18) W& A A s

see Figure 76. Define the volume as

(23.19) Vol (&1, -, &)) = |w(€ A -+ A &)

Note the special case dimV = n and w € Det V*, which gives a notion of (signed) n-dimensional

volume.

Remark 23.20. We can also give meaning to |w|, and in fact to a line | Det V*| of densities on V
which give a notion of volume without defining signed volume.

(23.21) Standard choices. The vector space R™ has a standard orientation in which the standard

1 1 n

basis eq, ..., e, is positively oriented. It has a standard volume form e* A ---Ae”, where e, ..., e" is
the dual basis of (R™)*. The reader should check for n = 1,2, 3 that (23.18) and (23.19) reproduce
standard formulas for length, area, and volume.

Orientations on manifolds

FIGURE 77. The two orientations of a finite dimensional real vector space V'
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(23.22) Orientation of a smooth manifold. Let X be a smooth manifold. Carry out the construc-
tion indicated in Figure 77 on each tangent space of X, and use local trivializations of the tangent
bundle TX — X to construct a fiber bundle

~

(23.23) R X

whose fiber at p € X is mo(Det 7,X\{0}). Then (23.23) is a double cover, called the orientation
double cover of X.

Definition 23.24. Let X be a smooth manifold of dimension n.

(1) An orientation o of X is a section of the orientation double cover (14.11).
(2) X is orientable if a section of the orientation double cover exists.
(3) A wvolume form on X is a nowhere vanishing n-form w € Q"(X).

An orientation is data; orientability is a condition. A volume form induces an orientation.

FIGURE 78. Nonorientability of the real projective plane

Example 23.25 (RP? is not orientable). The argument which proves this assertion is indicated in
Figure 78. Represent RP? as the unit disk D? ¢ A2 with antipodal points of the boundary dD? = S!
identified. The blue line segment pictured is an embedded RP' = RP?, which is geometrically a
circle. Suppose the pictured basis ej,es at the left endpoint of RP! is positively oriented. Then
transporting it along RP! we must get positively oriented bases. By the time we end up at the right
endpoint we deduce that the pictured basis €1, és is also positively oriented. However, under the
differential of the antipodal map we have €1 = e; and é9 = —eg, from which €1 A €9 = —eq A eg, and
hence the two bases are oppositely oriented. This contradiction shows that RP? is not orientable.

(23.26) Oriented charts. An orientation of a manifold distinguishes a subset of standard charts,
that is, charts with codomain A" for some n.

Definition 23.27. Let X be an oriented manifold. A standard chart (U;z!,...,2") with values
in A" is oriented if for each p € U the basis 0/0x? ‘p,. .., 0/0z™ ’p is a positively oriented basis
of T, X.
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If U is connected and n > 1, and if the standard chart (U;x!,...,2™) is not oriented, then the

standard chart (U; —a!, 22, ... 2") is oriented.

Proposition 23.28. Let X be an oriented manifold and suppose (U;xt,... 2", (Viyt, ... y")
are oriented charts. Then

0 )
(23.29) det ( xa> >0
6y 1<i,a<n
onUNYV.
Here we write 2' = x%(y',...,9"); the matrix in (23.29) is the differential of the coordinate change.

Proof. Let J: U n'V — R be the function on the left hand side of (23.29). Then
(23.30) det Ao Adz™ = Jdy' Ao A dy",

and since both dz'(p),...,dz"(p) and dy'(p),...,dy"(p) are positively oriented bases of Ty X, it
follows that J(p) > 0. O

Lecture 24: Integration on manifolds

In previous lectures we passed from differential calculus on affine space to differential calculus
on smooth manifolds: that is, to the differential calculus of differential forms. In this lecture we
do the same for integral calculus. The natural objects to integrate on manifolds are densities,
which are twisted differential forms. In the presence of an orientation on a manifold, densities
are canonically equivalent to differential forms, and it is the integration of differential forms over
oriented manifolds that we treat here. (It is a small variation to treat densities.) We begin with
some heuristic motivation for why 1-forms and 2-forms are the natural geometric objects to integrate
along curves and surfaces, respectively.

The key is the change of variables formula for the integral in affine space (Theorem 24.15). The
globalization of the integral is parallel to the globalization of the differential (Theorem 22.56). In
the next lecture we prove Stokes’ theorem, which is a generalization of the fundamental theorem
of calculus that relates integration and differentiation.

Motivation

(24.1) A Riemann sum for 1-forms. Let V be a normed linear space, A an affine space over V,
and U < A an open set. Suppose C < U is a connected compact 1-manifold with boundary, which
we write as the image of an injective immersion v: [a,b] — U, where a < b are real numbers. Our
goal is to define an integral which does not depend on the parametrization, so we will not use -~y
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in any essential way. Let a: U — V* be a 1-form®® on U. We claim that 1-forms are the natural
objects to integrate over curves. To see why, approximate C' by a piecewise affine curve as follows:
choose points p1,pa, . . ., Pns1 “in order”? along C. Define & = p;j-1 —p; € V to be the displacement
vector from p; to p;41; see Figure 79. Then define the “Riemann sum”

(24.2) o, (6).
=1

In essence this approximates C by a union of affine line segments p;p;+1 and replaces o on each
line segment by the constant 1-form with value cy,,. The formula is obtained from the stipulation
that the integral of a constant 1-form along an affine line segment is the pairing of the 1-form with
the displacement vector. In other words, to define SC «a we use the pairing

(24.3) V¥xV—R

on a piecewise constant approximation of the integrand and a piecewise constant approximation of
the region of integration.

FIGURE 79. Integration of a 1-form along a curve

Remark 24.4. Most definitions of integration begin with the notion of an integral of a piecewise
constant quantity and then introduce a limiting process.

(24.5) Orientation. Notice that (24.2) changes sign if we traverse the curve in the opposite direc-
tion. For then we sum in the opposite order—this is irrelevant since addition in R is commutative—
but also each &; is replaced by —¢;, and this does change the sign of the sum. Therefore, we need

one more piece of data for the integral to be well-defined: an orientation of C.

(24.6) 2-forms and surfaces. Now let ¥ < U be a surface. We illustrate that, modulo the question
of orienting X, the natural object to integrate over . is a differential 2-form. We gave a very different
motivation for introducing 2-forms in (19.23).

Following the strategy of (24.1) choose a grid of points p;; in ¥ (1 < ¢,j < n + 1) as depicted
in Figure 80. For example, we can suppose that we have a global parametrization by an injective

281t need only be continuous, not necessarily smooth, in order to define the integral, and we can also relax
continuity with a more sophisticated theory of integration.
297ge v as a crutch: choose t1 = a <t2 < -+ <tnt1 = bin [a,b] and set p; = v(t;).
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FIGURE 80. Piecewise parallelogram approximation of a surface

immersion from a square, and we take the p;; to be the image of a lattice in the square. Then for

each 7,5 € {1,...,n} approximate a piece of ¥ by the affine parallelogram with vertices
(24.7) pij,  Pij &,  DPig T Mgy Dij & + nijy
where

§ij = Div1,j — Pij
(24.8)
Nij = Di,j+1 — Pij

The 2-dimensional version of the Riemann sum (24.2) is
n
(24.9) > wpis (i A i),
ij=1

where the wedge product &;; A 7;; of vectors represents the linear parallelogram in V' spanned by &;;
and 7;; see (19.37). The pairing in (24.9) is

(24.10) AVEx A’V — R,

as defined in Proposition 21.37.

Remark 24.11. Just as the integral of a 1-form along a curve requires an orientation of the curve,
so too does the integral of a 2-form over a surface. An orientation in two dimensions is heuristi-
cally a coherent sense of rotation, which here determines the ordering of the sides &;;,7;; of each
parallelogram.

Integration and the change of variables formula in flat space
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(24.12) Integration of compactly supported functions. Let U < A™ be an open set. There is a
generalization of Riemann’s integral in one dimension to compactly supported functions in n di-
mensions. It is superceded by the theory of the Lebesgue integral. In either case we obtain a linear
function

(24.13) j - Q0(U) —R
U

It is well-define on continuous functions, though the notation refers to smooth functions. In this
class we assume that this integration map on affine space is given.

(24.14) Behavior of the integral under a diffeomorphism. After linearity, the main property of
the integral (24.13) is the following.

Theorem 24.15 (change of variables). Let U, U’ < A™ be open sets and f: U — R a bounded
continuous function of compact support. Suppose p: U — U is a C' diffeomorphism. Then

(24.16) f f= J ©*f | det dyp|.

U U’
The determinant factor is the continuous function which is the composition
(24.17) U —% Hom(®R",R") ¢, R LR

It tells the instantaneous stretching factor on volumes of the diffeomorphism ¢. We have stated
Theorem 24.15 for continuous functions and C' diffeomorphisms; in this class we will only use
smooth functions and diffeomorphisms.

Example 24.18. The special case n = 1 of (24.16) is not the usual change of variables formula
you first learned in calculus, which is for definite integrals. Thus if into an integral you substitute

T =—2y

(24.19)
dx = —2dy

you obtain formulas such as

(24.20) F 22 dr = J2(4y2)(—2dy).

2 -1

On the other hand, Theorem 24.15 addresses the integral over a subset, which here we apply to a
closed subset, to obtain instead

(24.21) f 2% |da| :f 4y? 2|dy|.
[2,4] [—2,—1]

In (24.16) we did not write the standard measure on A", which here we render in standard affine

1

coordinates x',... 2" as |dz!---dz"|. The absolute value is consonant with the absolute value in

the change of variables formula (24.16).

Remark 24.22. The change of variables (24.20) treats 2% dz as a differential 1-form on the closed
interval [2,4], whereas change of variables (24.21) is for the integral of the density x?|dx|.
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(24.23) Interlude: densities. Let V be an n-dimensional real vector space and B(V') the set of
bases, i.e., isomorphisms R — V.

Definition 24.24. The line of densities of V is

(24.25) | Det V| = {u: B(V) > R: pu(b-g) =|det g|u(d) for all be B(V), g e GL,R}.

Let |Det V*|4 < |Det V*| be the ray of positive functions. A (positive) density is an element
of | Det V*| 4.

Recall that B(V) is a right GL,, R-torsor, that is, the group of invertible n x n matrices acts simply
transitively on B(V) by right composition. A density p is a volume function on parallelepipeds
in V. If A is an affine space over V', then p defines a translation-invariant density on A, in particular
a translation-invariant volume function on parallelepipeds in A.

More generally, we can consider variable densities

(24.26) p: U —> | Det V|

defined on an open set U < A. The product of a function and a density is a density, so for example
n (24.21), the integrand x?|dz| is a variable density on the closed interval [2,4].

On standard affine space A" we have the standard constant density |dz!---dz"|. The integral
on functions in (24.13) is obtained as the composition of multiplication f +— f|dz!---da"| by the
standard density with integration of densities.

(24.27) The integral on n-forms in A™. On standard flat space we use the isomorphism

QRU) — 2U)

(24.28)
fr— wp = fdzt Ao Adx

n

to port the integral (24.13) of functions to an integral

L; Q"(U) — R

o

of n-forms compactly supported in an open set U < A™. Note that under the diffeomorphism

(24.29)

p: U’ — U in Theorem 24.15 we have
(24.30) Y*wy = det dp - wyx .

Therefore, the integral (24.29) (i) is linear, and (ii) satisfies the change of variables formula

(24.31) f W—f/@ w

if ¢ is orientation-preserving so that detdyp,, > 0 for all p" € U".
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(24.32) The integral of n-forms on an arbitrary affine space. Now let A be an affine space over
an n-dimensional normed linear space V. Assume V is oriented. Then A is oriented (as an n-
dimensional manifold). Let U < A be an open subset. Then there is an integral

(24.33) J L QNU) — R
U

which can be defined by pullback from (24.29) using an oriented affine coordinate system A — A",
The change of variables formula (24.31) shows that the resulting integral (24.33) is independent of
the choice of oriented affine coordinate system.

Integration of differential forms on oriented manifolds

The next step is to deploy a partition of unity to globalize the integral (24.29) to a smooth
manifold equipped with an orientation.

Theorem 24.34. Let X be an oriented manifold. Then there exists a unique linear map
(24.35) J QN(X) —R

X
such that if (U,x) is an oriented chart and w € Q7 (U), then

(24.36) Lw = L(U) (z71)*w.

We illustrate (24.36) in Figure 81.

FIGURE 81. Reducing the integral on a manifold to the integral on affine space
Proof. Let {(U;, z;)}ier be a cover of X by oriented charts, and let {p;} be a subordinate partition

of unity. Then w = }},_;(piw), and supp(p;w) < supp(p;) N supp(w) is a compact subset of U;. The
integral of p;w is determined by (24.36), so we must have

(24.37) JX w = Z Li(m) (27 1) (pw)-
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This proves uniqueness. For existence we define the integral by (24.35) and check it is independent of
choices. Thus let {(Vg, Ya)}aca be another cover of X by oriented charts and {o,}4c4 a subordinate
partition of unity. Then

Lw=ZLwJﬁWWW)

(2

—sz P (pi0a)

(U; mVa
(24.38) —ZZJ - (@; 0y 1) (27 ) (pi04w)
=53 J, g G )

:ZJMJ%WWW)

as desired. The passage to the third line is the change of variables formula (24.31), which applies
since all charts are positively oriented. O

We leave the proof of the following to the reader.

Proposition 24.39. The integral (24.35) satisfies the following properties.
(1) Let —X denote the oppositely oriented manifold to X. Then

(24.40) fxw - - L W, we A(X).

(2) Let X' be an oriented manifold and p: X' — X an orientation-preserving diffeomorphism.
Then

(24.41) f = L{ w,  we W(X).

Example 24.42. Let 5% < A3 ,> be the standard unit sphere. For now we assume an orientation;
below we discuss a canonical orientation of the boundary of an oriented manifold with boundary,

and so S? inherits an orientation by virtue of being the boundary of the closed unit ball D3. Define
(24.43) w=xdy ndz+ydx Adz+ zdx A dy,

as in Example 22.21. Then w € Q%(A3), and it restricts to an element of Q2(S?), which necessarily
has compact support since S? is compact. To integrate it we may omit a set of measure zero
from S? and parametrize the complement. That we do via the parametrization

@: (0,7) x (0,27) — A3

(24.44)
o , 0 +—— (singcosf, singsinb, cose)
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This embeds an open rectangle in Ai ¢ into the unit sphere in A3: the complement of the image
is a closed half great circle, which is the union of the open half great circle and two points. It
follows from Corollary 8.4 (see also Proposition 8.10(3)) that this complement has measure zero.

To compute we write

x = sin¢cosf
(24.45) y = sin¢gsinf

Z = cos ¢

and then apply d:

dx = cos ¢ cosf d¢ — sin ¢ sin 0 df
(24.46) dy = cos ¢ sin 0 d¢ + sin ¢ cos 0 db
dz = —sin ¢ d¢.

These are identities among functions and 1-forms on S2. Substitute (24.45) and (24.46) into (24.43)
and use the rules of exterior algebra to deduce

(24.47) p*a=sinpdo A db.

(In computations it is customary to omit ‘™’ in (24.47).) Now apply (24.36) and (24.29) to
compute

J w = f sin¢do A db
S2 (0,7) % (0,27)
24.48 4 2
( ) = f d(bf df sin ¢
0 0

= A4m,

where in the second line we use Fubini’s theorem to convert the integral over the rectangle into an
iteration of integrals over an interval.

The boundary orientation

(24.49) Quotient Before Sub. Suppose
(24.50) 0—V -5V -7 —0

is a short exact sequence of finite dimensional vector spaces. It is elementary to prove

(24.51) dim V" + dim V' = dim V.
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The corresponding statement for determinant lines is a canonical isomorphism?”

(24.52) Det V" ® Det V! — Det V.

We define (24.52) in terms of three choices:

ey e basis of V'
(24.53) el,....ep basis of V"

el e lifts of the €} to V'
Then €7,...,€j,€),... e is a basis of V, and we define (24.52) on basis elements:
(24.54) (efAn-ne)@ (LA ney)— el A néy nile]) A Aile))

The mnemonic “Quotient Before Sub” comes from the ordering in (24.54), which by experience is
a convention that gives nice formulas in many situations.

(24.55) 2 out of 3. Recall that an orientation of a finite dimensional real vector space is an
orientation of its determinant line. Suppose two out of the three vector spaces V', V",V are
equipped with an orientation. Then the isomorphism (24.52) can be used to orient the remaining
vector space.

FIGURE 82. Boundary orientation in a standard boundary chart

(24.56) The induced boundary orientation. Suppose X is an oriented manifold with boundary.
Then at p € X we have the short exact sequence

(24.57) 0 —T,(0X) —T,X — v, —0

where v, is the normal line to the boundary. In this exact sequence v, is oriented by the outward

normal; see (13.32). Since T, X is oriented, by the 2-out-of-3 rule there is an induced orientation
300ne can combine (24.51) and (24.52) into an isomorphism of Z-graded lines. Also, there is a generalization

for not-short but finite length exact sequences: the alternating product of the (Z-graded) determinant lines has a
canonical nonzero element, which is the determinant of the exact sequence.
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of T,(0X). This construction proves that the boundary of an orientable manifold is orientable,
and furthermore gives a canonical orientation of the boundary of an oriented manifold. Figure 82
illustrates the boundary orientation in a standard boundary chart, which is arranged so that the
Quotient Before Sub convention is compatible with the standard orientation of A™. See (13.36) as
well as Remarks 13.37 and 13.38.

Lecture 25: Stokes’ theorem; oriented degree and applications

In this lecture we begin with Stokes” Theorem (Theorem 25.1), which is a generalization of the
fundamental theorem of calculus (Example 25.12) and a major theorem in differential topology,
despite the relative simplicity of its proof (which uses the fundamental theorem of calculus). We
treat the special cases of 0- and 1-manifolds separately, since they are important in the sequel.

We then turn back to topology. Our first move is to generalize the mod 2 degree (Lectures 15
and 17) to an integer degree for maps between equidimensional oriented manifolds. This oriented
degree is a basic invariant, and we use it to prove the Hairy Ball Theorem (Corollary 25.47) and
to prove that RP?™ is not orientable for all m € Z>! (Corollary 25.50).

Stokes’ Theorem

The integral in Theorem 24.34 extends to manifolds with boundary in a straightforward manner.
In the following Stokes’ theorem we use the boundary orientation induced on an oriented manifold
with boundary; see (24.56).

Theorem 25.1. Let X be an oriented n-dimensional manifold with boundary, and suppose w €
Q"L(X). Denote the inclusion of the boundary as i: 0X — X. Then

(25.2) L dw = LX *w.

Remark 25.3. Write the integral as a pairing between a manifold and a compactly supported
differential form of top degree. Then (25.2) becomes an adjunction

(25.4) {dw, X) ={w,0X)
between the Cartan d-operator and the boundary operator 0.

Proof. Since both sides of (25.2) are linear in w, in view of the definition (24.37) of the integral we
reduce to the case in which supp(w) is contained in the domain U of a single standard chart (U, x).
As illustrated in Figure 83 there are two types of charts: Type I contained in Int(X) and Type II
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FiGure 83. Type I and Type II standard charts on a manifold with boundary

if the intersection with 0X is nonempty; see Lecture 13. We assume w has been transported
to z(U) < A", and write

(25.5) w=fidz" A AdEFA - A da™,

where f;, i = 1,...,n, is a smooth function with compact support in xz(U) and the expression is
summed over ¢. Then

25.6 dw =Y (=1)""1 22 dat Ao A da”
(25.6) w ;( )T dnt A A da
and, substituting z! = 0 into (25.5),

(25.7) i*w = f1(0,22,...,2") dz® A --- A dz".

If (U, ) is of Type I, then the left hand side of (25.2) reduces to
25.8 —1)7 o dat - da”.
(25.9 3 J o et

By Fubini we can first integrate the i*® term over !, and that definite integral vanishes by the
fundamental theorem of calculus, since f; has compact support. The right hand side of (25.2)
vanishes since supp(w) N 0X = 0.

If (U, x) is of Type II, then the left hand side reduces to (25.8), and the argument fori = 2,...,n
is as before: those terms vanish. Only the term with ¢ = 1 contributes to

0
f dwzf |da:2--~d$”|f dmla—fi
z(U) An—1 —» ox

(25.9) = j dx? - - dx™| f1(0,22,... 2"
An—1

= f *w.
oz(U)
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At the last stage we use the fact that the oriented chart (U;x!,...,2™) of X restricts to an oriented
chart (U n 0X;z2,...,2") of 0X; see Figure 82. O

Example 25.10. We continue Example 24.42. From (24.43) we compute dw = 3dx A dy A dz.

Stokes’ theorem implies

4
(25.11) fw=f dw = 3vol(D?) = 3(=m) = 4,
52 D3 3

which agrees with (24.48), as it must. We leave the reader to check that with the standard ori-
entation of D3, which we use to identify dz A dy A dz with the standard density on A3, the
parametrization (24.44) is positively oriented.

Example 25.12. Theorem 25.1 generalizes the fundamental theorem of calculus, though one can-
not derive the latter from the former since the proof reduces the former to the latter. Nonethe-
less, it is instructive to observe that if X = [a,b] = A' = R with the standard orientation, and
f:[a,b] — R is a smooth function, then

b
(25.13) f[mb] df = L fi(z)dx
and
(25.14) f f=1@®) = fla);
Jla,b]

the equality of (25.13) and (25.14) is the fundamental theorem of calculus. Equation (25.14)
requires additional discussion, which we provide in the next section.

The general Stokes’” Theorem 25.1 specializes to Green’s theorem in the plane, Stokes’ theorem
for surfaces, Gauss’ theorem in 3-space, etc.

Orientations and integrals in zero and one dimensions

(25.15) The zero-dimensional vector space. For any finite dimensional real vector space V, the
determinant line is the highest exterior power DetV = A"V, n = dimV. So, if V = 0 we have
DetV = /\OV = R. The line R has a canonical orientation given by the positive real numbers
R>Y = R7Y. Hence there is a canonical orientation of V' = 0, as pictured in Figure 84. We call this
canonical orientation ‘4+’ and the opposite orientation ‘—’.
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FIGURE 85. The signed count of a compact oriented 0-manifold

(25.16) Orientations on a zero-dimensional manifold. A 0-manifold S is a finite or countable set
of points, and by (25.15) an orientation of S is a function

(25.17) 0: S — {+,—}.

Definition 25.18. Let S be a compact O-manifold with orientation o. Then the signed count
of S ={p1,...,pn} is

N
(25.19) #a5 = > o(pi).
=1

In the sum we interpret o(p;) as +1 or —1.

(25.20) Boundaries of oriented 1-manifolds. Let X = [0, 1] be equipped with the standard ori-
entation in which the vector field 0/dz is positively oriented. We compute the induced orienta-
tion (24.56) on the boundary 0X = {0,1}. At the point p € 0X the short exact sequence (24.57)
reduces to

0 — T, (6X) T,X vy 0
(25.21) [ I I
0 R R

The induced orientation of the zero vector space subspace is + or — according as the isomorphism
T,X — v, preserves or reverses orientation. The vector 0/dx € T,X is positively oriented for
p € {0,1}. At p = 1 the outward normal is d/0x, and so the induced orientation on the boundary
is +, whereas at p = 0 the outward normal is —d/dx, and so the induced orientation on the boundary
is —; see the second drawing in Figure 84. In other words, as oriented manifolds we have

(25.22) a[0,1] = {1} — {o}.

Theorem 25.23. Let X be a compact oriented 1-manifold with boundary. Then #s0X = 0.

Proof. The Classification Theorem 14.1 of 1-manifolds implies that X is a finite union of circles
and closed intervals. The result now follows since #5(2[0,1]) = 0 by (25.20). O
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(25.24) Stokes’ theorem on a closed interval. We revisit Example 25.12. Let a < b be real numbers
and let f: [a,b] — R be a smooth function. Stokes” Theorem 25.1 implies

(25.25) f[ o df = L . f.

The right hand side is the integral of a function over an oriented O-manifold, and for that we need
a special definition (or give a slightly modified exposition of Theorem 24.34; the existing account
does not do well in dimension zero). Namely, if S is a O-manifold (a finite or countable set),
0: S — {+1,—1} is an orientation, and f: S — R is a compactly supported function, then define

(25.26) |.r= S owiso)

peS

With that understood, and using df = f’'(x)dz, (25.25) reduces to the fundamental theorem of
calculus

b
(25.27) | r@ae= 1) - r(@.
Orientation of a Cartesian product

(25.28) Direct sum of vector spaces. Let V', V" be finite dimensional oriented real vector spaces.
There is an induced direct sum orientation®' on V = V/ @ V”. Namely, suppose given

ey, el basis of V'
(2529) " " s "
€ls...,€e basis of V'
Then define an isomorphism
(25.30) Det V' ® Det V" — Det V/
by
(25.31) (nne)@ETA-nel)—elnnenel A nef

We use this isomorphism to induce an orientation of V' from orientations of V' and V”. (In fact,
if two out of three of V, V', V" are oriented, then this isomorphism induces an orientation of the
remaining vector space.)

3lwe might be tempted to apply (24.49) by writing the direct sum as a short exact sequence. But there are

two ways to do so—we can put either V' or V” as the sub—and if dim V’,dim V" are both odd we get opposite
orientations of V. So we use the order of the direct sum to define the orientation.
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(25.32) Cartesian products. Let X', X” be smooth manifolds. Then the Cartesian product is
naturally a smooth manifold (Example 3.8), and at 2’ € X'/, 2” € X” we have

(25.33) T (X' % X") = Ty X' @ Ty X"
Hence if X', X” are oriented, there is an induced orientation on X’ x X”.

In particular, if X is any oriented manifold the Cartesian product [0,1] x X is an oriented
manifold with boundary, and by the discussion in (25.20) we deduce a canonical isomorphism

(25.34) ([0,1] x X) = {1} x X — {0} x X

of oriented manifolds; compare (25.22).
Oriented degree

(25.35) Setup. We resume (15.9) with the addition of orientations. Thus let X be an oriented
compact manifold, Y an oriented connected manifold, f: X — Y a smooth map, and assume
dim X =dimY = n.

(25.36) The (oriented) degree. At a regular point p € X of f, the differential df,: T, X — Ty,)Y

is an isomorphism.

Definition 25.37. The local degree of f at a regular point p is +1 if df, is orientation-preserving
and is —1 if df, is orientation-reversing.

FIGURE 86. The local degree deg, f of f at p

If g € Y is a regular value, define

(25.38) degf= Y deg,f.
pef~1(q)

The right hand side depends on ¢, whereas the left hand side purports not to. The following
summarizes the basic properties of the degree.

Proposition 25.39.
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(1) The right hand side of (25.38) is independent of the regular value q.

(2) If f:[0,1] x X — Y is a smooth homotopy, then deg fo = deg f1.

(3) If W is a compact oriented manifold with boundary and F': W —Y is a smooth map, then
deg 0F = 0.

(4) If X Sy L Zisa sequence of smooth maps, where X,Y are compact, Y, Z are connected,

and dim X = dimY = dim Z, then deg(go f) = (degg)(deg f).

The proof depends on yet more constructions with orientations, which we defer to the next lecture.
Namely, if W,Y are oriented manifold, Z < Y an oriented submanifold, and F': W — Y a smooth
map transverse to Z, then the submanifold F~!(Z) = W is orientable and in fact has a canonical
orientation. Furthermore, if dimW = dimY and Z = {¢} < Y is a single point, then the induced
orientation at p € F~!(q) agrees with the local degree deg,, F'. We also implicitly use a comparison
of the boundary orientation of a transverse inverse image and the orientation of the transverse
inverse image of a boundary, another fact we treat in the next lecture. We suggest the reader to
refer back to (15.12) and (17.7) to review the proofs in the absence of orientations.

Proof. Let t — ¢ be a smooth path in Y between regular values o and ¢;. As in Figure 49
form the map idjg ) xf: [0,1] x X — [0,1] x YV and let Z = [0,1] x Y be the graph of ¢ — ¢;.
Use Theorem 17.2 to perturb id ;) x f to a map I which is transverse to Z and which agrees
with f on the boundary. Then S := F~!(Z) is a 1-dimensional submanifold of [0,1] x X and
0S = {0} x f~Y(qo) U {1} x f~1(q1). As stated before the proof, there is a canonical orientation
on S, and the induced boundary orientation agrees with the local degree of f, up to sign. Now

(25.40) D deg,f= ), deg,f

pef~1(q1) pef~(q1)

follows from Theorem 25.23.

The proof of (2) is the same as that of Theorem 15.14(2), except that we include orientations
and use Theorem 25.23 in place of Corollary 14.3.

The argument for (3) follows that for Proposition 17.9. Let g € Y be a simultaneous regular value
of F,0F. Then F~!(q) € W is a compact 1-dimensional submanifold with 0F~(q) = F~1(q) noW.
It inherits an orientation. Now apply Theorem 25.23.

For (4), let 7 € Z be a simultaneous regular value of g and g o f. Then all points of g~!(r) are
regular values of f. Now for p € (go f)~1(q) we have d(go f), = dgy(p) © dfp, and so deg,(go f) =

deg s (,)(g) - deg,(f). Hence

deg(go f)= >, degy(gof)
pe(gof)~1(r)

Z deg () (9) - deg,(f)

(25.41) pe(gof)=1(r)
= Z degq (g) Z degp(f)
qeg=(r) pef~1(q)

= (degg)(deg f). 0
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Applications

(25.42) The degree of the antipodal map. Let S™ < R"*! be the unit sphere and let a: S — S
be the antipodal map. Note that « is the restriction of the map —1: R**t — R+,

Theorem 25.43. « is not homotopic to the identity map if n is even.

Proof. We have deg(idgn) = 1, as it is for any identity map. We claim deg(a) = (—1)""!; then
the theorem follows immediately from Proposition 25.39(2). For the claim, take ¢ = (—1,0,...,0),
so that f~1(q) consists of the single point p = (+1,0,...,0). Orient S™ as the boundary of the
closed unit ball D"*1. Then both 7,S™ and T,S™ are identified with the subspace R" = R"*1 of
vectors with first coordinate zero. However, the natural isomorphism R"™ — T,5™ is orientation-
preserving, whereas the natural isomorphism R"™ — T7,,S" is orientation-reversing. The differential
doy,: T,8™ — T,S™ is —1: R™ — R" under these isomorphisms, which is orientation-preserving iff
n is even. The degree computation follows. O

FiGURE 87. The tangent space to the sphere

(25.44) The hairy ball theorem. If p € S™, then

(25.45) T,S" = {¢ e R"" : (p, &) = 0},

which is obtained by differentiating the defining equation (p,p) = 1 of S < R"*!. If n is odd, then
(25.46) & = (22, —at 2t =23, .), p=(zh2? .. 2"t e s

is a nowhere vanishing vector field on S™.
Corollary 25.47. If n is even, then S™ does not admit a nowhere vanishing vector field.

Proof. If £ is a nowhere vanishing vector field on S™, define

(25.48) ft(p) = cos(t)p + sin(t)§,, t e [0,1].

This is a smooth homotopy from fy = idgn to fi = «, which contradicts Theorem 25.43. O
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(25.49) Real projective space. If n is odd, then the antipodal map «: S™ — S™ is orientation-
preserving. It is the deck transformation of the double cover w: S™ — RP", and so an orientation
on S™ induces an orientation of the quotient RP".

Corollary 25.50. If n is even, then RP" is not orientable.

Proof. Assume RP" is oriented. Then from the commutative diagram

ogn ¢ . gn
(25.51) x .
RP" 55 Rpn
and Proposition 25.39(4) we deduce
(25.52) deg(7) deg(a) = deg(id) deg(r),
which contradicts deg(a)) = —1. O

Lecture 26: Preimage orientation; oriented degree and differential forms

We begin in this lecture by making good on a promise we made following the statement of Propo-
sition 25.39. Namely, we orient the transverse preimage S in an oriented manifold X of an oriented
submanifold Z < Y of an oriented manifold Y. If X has nonempty boundary, then 0S has two
natural orientations: (i) the boundary orientation as the boundary of the oriented manifold S and
(ii) the orientation as the preimage of Z by the boundary map 06X — Y. The comparison (26.10) of
these orientations is a computation with determinant lines, and it illustrates the power of express-
ing orientations in terms of exterior algebra. Quite generally, algebra is used to express geometric
ideas in mathematics. For smooth manifolds it is linear algebra in its many forms which appears in
local computations, since a linear space—the tangent space—is attached to each point of a smooth
manifold. In algebraic geometry one uses commutative algebra for both local and global compu-
tations. In topology one uses homological algebra and category theory, and these spill over into
noncommutative geometry and related subjects.

In the second half of this lecture we prove a formula (Theorem 26.18) which relates the integral
of differential forms to the oriented degree of a map. It generalizes the change of variables formula
for the integral. It is also a first example of a formula which expresses a global quantity—the degree
of a map—as an amalgamation (here an integral) of local quantities. We use this formula to define
the winding number of a curve in the plane, and then introduce complex differential forms to bring
out a new perspective on formulas you’'ve seen in complex analysis.
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Orientation of a transverse preimage

(26.1) Setup. Let X,Y be oriented manifolds, Z < Y an oriented submanifold, and f: X - Y a
map such that f & Z. Set S := f~1(Z) c X.

(26.2) Induced orientation. In this situation the manifold S is orientable, and in fact it car-
ries a canonical orientation. We use the “2 out of 3” rule (24.55), following “Quotient Before
Sub” (24.49), applied twice to the short exact sequence (7.9) of tangent spaces. Namely, for p € S
we have the commutative diagram

0 1,8 T,X vp(Sc X)——=0

(263) jdfp ldfp :ldfp
0——=Tsp)Z —=Typ)Y —=vip(ZcY)—=0

in which the rows are short exact sequences. The differential dfy: T, X — T, Y induces the left
vertical map on subspaces and therefore the right vertical map on the quotients. The latter is an
isomorphism since f &, Z.
The induced orientation on 7,5 is obtained by a 3-step procedure:
(1) Use the orientations of Z and Y to induce an orientation of v, (Z < Y).
(2) Use the right vertical isomorphism to transport that orientation to 1,(S < X).
(3) Combine with the orientation of X to induce an orientation of 7},S.

In steps (1) and (3) we deploy the isomorphism (24.52) to induce an orientation.

Remark 26.4. The same procedure works if X is a manifold with boundary and 0f & Z (as well as
f A Z). In this case there are two natural orientations of 05, which we compare below.

FIGURE 88. Orientation of a transverse preimage

Example 26.5. Let X < A%yy be the closed unit disk, Y = R, Z = {0} c R, and f: X —» R
the function f(x,y) = y; see Figure 88. Then S := f~1(0) is a diameter of the disk. Use the
standard orientation of A? in which d/dx,0/dy is an oriented basis. The real line R is oriented
as usual, and we take the + orientation of the point Z = {0} < R. In this case the bottom row
of (26.3) degenerates: the sub is the zero vector space and the quotient map is an isomorphism.
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Hence the quotient is canonically isomorphic to TR, and since we use the + orientation on the
sub the induced orientation (1) of the quotient agrees with that of the ambient space: it is the
usual orientation of R. In step (2) the normal to S in X has positive orientation pointing up in the
figure. In step (3) a vector pointing up is the first vector of an oriented basis of X, and so we see
from Outward Normal First that —d/0z is positively oriented on S.

This orientation of S induces a boundary orientation (24.56) of 0S which is + at the left
endpoint (—1,0) and — at the right endpoint (+1,0). Alternatively, we can orient 0S as the
transverse inverse image of Z < Y via the map 0f: 60X — Y. In this context consider the 3-step
procedure at p = (—1,0). Each sub in (26.3) is the zero vector space. Steps (1) and (2) are the same
as in the previous paragraph. Then at p the vector d/dy is positively oriented in the normal space
to p in 0X but is negatively oriented in the tangent space to 0X. Hence the induced orientation
on 0S at p is —. We leave the reader to check that the induced orientation of 0S at (+1,0) is +.
Observe that the two natural induced orientations of 0S are opposite in this case, which agrees
with Proposition 26.7 below.

(26.6) Comparison of boundary orientations. In some applications it is only important to know
that the two orientations of 0S are equal or opposite; the precise sign does not matter. Nonetheless,
we compute it.

Proposition 26.7. Let X be an oriented manifold with boundary, Y an oriented manifold, Z 'Y
an oriented submanifold, and f: X —Y a map such that f,0f & Z. Then as oriented manifolds,

(26.8) o[ 1(2)] = (—1)emEN)(of)"1(Z).

The left hand side uses the boundary orientation whereas the right hand side uses the inverse image
orientation.

Proof. Set S = f~Y(Z). We compute at p € 85, but for convenience leave off the point in the
notation. We have the exact sequences

0—T@S) — TS —v@ScS) —0
0—T0X)— TX —v(idXcX)—0
0— 7S —TX —vlScX) —0
0—T(0S) —T(0X)—v@dSciX)—0

(26.9)

Let b denote the boundary orientation and ii the inverse image orientation. The dual space to
a line L is denoted L~!. Repeatedly apply (24.52) with care about the order, which encodes
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orientations, and use the convention that —L is the oppositely oriented line to an oriented line:

12

Det T(09)®) ~ (05 « §)"' @ Det T'S

v(0X c X)"' ®@Det TS

~v(0X < X) '®@Detv(S < X) ' @ Det TX
( )"
(

lle

10

lle

V(X c X) '®@Detv(Z cY) ' @Det TX

(26.10) ~v(0X c X) '@Detv(Z cY) ' @v(0X c X)®Det T(0X)
(—1)dm(Z<Y) Det (Z < V)~ @ Det T(0X)

~ (—1)°dm(ZEY) Dot (08 « 0X) ' @ Det T(0X)
(

_1)codim(ZCY) Det T(&S) (ii) )

Each isomorphism preserves orientation. The transversality f A& Z is used to pass from line 3 to
line 4, and the transversality 0f & Z is used to pass from line 6 to line 7. g

Transitivity of diffeomorphisms on a connected manifold

As preparation for proving a relationship between degrees and integration of differential forms,
we prove that on a connected manifold we can move any point to any other via a diffeomorphism.
In fact, the statement is stronger: the diffeomorphism can be chosen to be smoothly homotopic to
the identity map and to be the identity outside a compact set.

Definition 26.11. Let Y be a smooth manifold.
(1) The support of a diffeomorphism ¢: Y — Y is

(26.12) suppp = (y € Y : 9(y) # y).

(2) A smooth homotopy ¢: [0,1] xY — Y is an isotopy if each ¢;: Y — Y is a diffeomorphism.
(3) An isotopy ¢: [0,1] x Y — Y has compact support if there exists a compact subset K < Y
such that supp ¢, < K for all ¢t € [0,1].

Theorem 26.13. Let Y be a smooth connected manifold and qo,q1 € Y. Then there exists a
compactly supported isotopy ¢: [0,1] x Y — Y such that po = idy and p1(qo) = q1.

Proof. Define a relation ~ on Y by letting gy ~ ¢1 if there exists a compactly supported isotopy

from the identity to a diffeomorphism which maps go to ¢i. Then ~ is an equivalence relation.*?

We claim that each equivalence class is open. If so, then its complement is a union of open sets,
so each equivalence class is also closed. It follows that there is a single equivalence class, since Y is
connected, and that proves the theorem.

32Reﬂexivity and symmetry are immediate. For transitivity one needs to glue isotopies ¢: [0,1] x Y — Y and
¥:[1,2] x Y > Y along {1} x Y. While continuity of the glued function is assured, smoothness is not. To execute
such gluings one can employ smooth cutoff functions on the time intervals to reparametrize ¢ and ¥ so that they
are constant on (0.9,1] and [1,1.1), respectively. Then the glued isotopy is smooth. The same device is used to glue
smooth homotopies in general, and so prove that smooth homotopy is an equivalence relation.
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F1GURE 89. A local isotopy

For the claim it suffices to work locally in a coordinate chart, so in standard affine space A™; see
Figure 89. We must prove that there exists € > 0 so that for all ¢ € B¢(0) there exists a compactly
supported isotopy from idg» to a diffeomorphism which maps the origin to ¢q. Fix smooth cutoff
functions p: Al — RZ% and o: A"~! — R>Y such that p(0) = 1, suppp < (—1,1), o(0) = 1, and
suppo < Bj(0). It suffices to take ¢ = (r;0,...,0) for some r > 0, since we can always compose
with a rotation. Define the map ¢: [0,1] x A" — A" by

(26.14) ei(y;9) = (y +tp(y)o(@)r; §), yeAl, geA" L

Then @g = idan, ¢1(0;0) = ¢, the map ¢ has compact support, and ¢;(—;y) is a monotonic
nondecreasing function R — R, so ¢ is bijective for all ¢ € [0,1]. It remains to prove that ¢, Lis
smooth. That follows from the inverse function theorem if we can show that the differential is
bijective. Letting I,—; denote the (n — 1) x (n — 1) identity matrix, we have

L+t (y)o(@)r
(26.15) d(sot)(y;@:( pé’ o )
n—1

as a block (1+ (n—1)) x (14 (n — 1)) matrix. Choose € = 1/(2max|p/(y)|). Then the upper left
entry is positive for all ¢,y,y, from which d(y;) is invertible. Apply the inverse function theorem
to complete the proof. O

FicUre 90. Moving p to ¢ by integrating a vector field
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Remark 26.16. Here is a sketch of an alternative proof. Construct an embedding v: (—0.1,1.1) - Y
such that 4(0) = p and (1) = ¢. Extend the image of the vector field d/dt to a vector field on Y
with compact support in a neighborhood of the image of . The next step beyond the integral curves
we discussed in (14.27) are the isotopies one constructs from suitable vector fields on manifolds,
in particular from compactly supported vector fields. (Imagine the flow of a river; the vector field
is the field of instantaneous velocities. One solves ODEs with a family of initial conditions to
construct the isotopy/flow from the vector field.)

Oriented degree and integration

(26.17) Main result. In this section we generalize to arbitrary maps the change of variables for-
mula Proposition 24.39(2), which applies only to orientation-preserving diffeomorphisms.

Theorem 26.18. Let X be a compact oriented manifold, let Y be a connected oriented manifold,
let f: X - Y be a smooth map, and assume n = dim X = dimY. Then for w e Q2 (Y), we have

(26.19) JX fw — des(f) Lw.

Note the support of f*w is compact, since X is assumed compact. If we normalize w so that
Syw = 1, then (26.19) is an integral formula for the degree. We treat some preliminaries before
proving Theorem 26.18.

Remark 26.20. This formula for degree expresses a global topological invariant—the degree—in
terms of a local quantity—the differential form w. Formulae which relate local and global permeate
differential topology and differential geometry.

(26.21) Oriented bordism. 1 have used the term ‘bordism’ a few times, but have neglected to give
a formal definition. The one here is not perfect, since to glue bordisms we need to impose product
structures near the boundary (see footnote **), which I do not do explicitly here. T only define
oriented bordism, whereas the notion of bordism is much more general.

FiGUurE 91. A bordism W: X9 — X;. The red “arrows of time” indicate the
partition of W into “incoming” and “outgoing” components.
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Definition 26.22. Let Xy, X; be closed®® oriented manifolds of the same dimension.

(1) An oriented bordism from Xy to X1, denoted W: Xy — X, is a compact oriented man-
ifold W equipped with a partition W = oWy 11 dW; of its boundary and orientation-
preserving diffeomorphisms X; — 0W;, i = 0, 1.

(2) We say X is oriented bordant to X, if there exists an oriented bordism W: Xy — X;.

(3) Let Y be a smooth manifold and let f;: X; — Y be smooth maps. An oriented bordism
from fo to fi is the data in (1) and a smooth map f: W — Y such that df = fo1I f.

Oriented bordism is an equivalence relation on diffeomorphism classes of closed oriented manifolds
of a fixed dimension. The equivalence classes form a finitely generated abelian group. These abelian
groups were introduced in a sense by Poincaré, further studied by Pontrjagin and especially Thom,
and they arise in many interesting geometric contexts, as well as in theoretical physics.

Remark 26.23. A product bordism is one diffeomorphic to [0,1] x Xy. A smooth homotopy is an
example of a bordism between smooth maps.

(26.24) An oriented bordism invariant. The following simple application of Stokes’ theorem shows
how an integral can produce a topological invariant. It is crucial for the proof of Theorem 26.18.

Proposition 26.25. Let W: Xy — X be an oriented bordism of n-manifolds Xy and X1. Suppose
Y is a smooth manifold, f: W —Y a smooth map, and w e Q"(Y). Denote 0f = foll fi. Then

(26.26) JX fow = . fiw.

We need not assume w has compact support since Xy, X; are compact, so the integrals in (26.26)
make sense. Proposition 26.25 applies in particular to a smooth homotopy.

Proof. Apply Stokes Theorem 25.1 to the compactly supported form f*w on W, and observe that
df*w = f*dw = 0 since every (n + 1)-form on an n-manifold is identically zero. d

(26.27) Proof. Fortified with Proposition 26.25 we are ready.

Proof of Theorem 26.18. Let g € Y be a regular value of f, set f~1(¢q) = {p1,...,pn}, and define
¢ ==*1,i=1,..., N, where the sign tells if df,, is orientation-preserving or orientation-reversing.
Apply the inverse function theorem to find open neighborhoods U; € X of p; and V < Y of ¢ such
that f~1(V) = Ujll---1IUy and f ‘Uz- : U; — V is a diffeomorphism. Then Proposition 24.39 implies
that (26.19) holds if supp(w) < Y:

N

JX fro= Z U; S

=1

(26.28) _ ief "
i=1 JY
~ (deg ) | w

\%4

33Recall that a closed manifold is a compact manifold without boundary.
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F1cURE 93. A cover of Y by diffeomorphic images of V'

Next, apply Theorem 26.13 to construct a cover {¢®(V)}ier of Y by images of V under diffeo-
morphisms isotopic to the identity; in particular, these diffeomorphisms are orientation-preserving.
Choose a partition of unity subordinate to this cover and use it to write any w € Q™(Y) as a sum
of forms with support in an open set of the cover. It then suffices to prove (26.19) for one of these
forms, since each side is linear in w. If supp(w) < ¢ (V), then

(26.29) X

In the first and last line we use the homotopy invariance of the integral (Proposition 26.25), and
in the third line we use the special case proved in (26.28). O

Example: the winding number as an integral
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In this section we illustrate Theorem 26.18 via an extended example. Take Y = A?\{(0,0)} and
X = St both equipped with the standard orientation.?

(26.30) The differential form. In standard real coordinates z,y on A?, set

1 zdy —ydx
26.31 =
( ) 2 x2 + 92
It is useful to write (26.31) in polar coordinates r,6. Note that whereas r: Y — R is a global
function, a maximal domain for € is Y with an (open) ray emanating from the origin deleted. The
following computation is valid no matter which ray is chosen. Differentiate®’

sinf gy
26.32 tanf = ==
( ) an cosf =z
to deduce
1
26.33 = —d6.
( ) W=
From this we conclude
(26.34) dw = 0.

(26.35) Some complex differential forms. Let C* denote the space of nonzero complex numbers;
it is identified with Y by writing A € C* as A = x + yi for i = /—1. In terms of polar coordinates
we have®0 X\ = re?. Thus

(26.36) d\ = dre® + reidf,

from which

2 A 2mir 27w o

(26.37)

where h = log(r)/2mi: C* — C. Hence from (26.33) we deduce

1 dx §

34Well, which orientation is “standard” on S* depends on which S' you take. One possibility for the n-sphere:
view S™ < A" as the boundary of the unit disk D", give A™*! its standard orientation, restrict to an orientation
of D" and use the boundary orientation on S™.

35Equati0n (26.32) is only valid where = # 0, but the result holds everywhere 6 is defined.

36This and the equation A = x + yi are equalities between complex-valued functions on subsets of Y = C*.
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Let T < C* be the unit circle, defined by r = |A| = 1. Then h vanishes on T, and so

1 dX
26. —_— = T.
(26.39) 57X w on

Remove the subset of measure zero {1} c T and parametrize the remainder by A = e? ge (0,2m),

to carry out the compu‘ca‘uion37

1 1 2
(26.40) f W= — @ = — df = 1.
T 21 Jr 27 Jo

FIGURE 94. The winding number of f about (0,0)

(26.41) Application to winding number. Let w: S' — T be a smooth function. Then by Theo-
rem 26.18 we have

(26.42) deg(w) = Ll w*w.

Suppose f: S! — Y is a smooth function. Normalizing as in (18.4) (with ¢ = (0,0)) we obtain
a function wy: S 1 T. The integer-valued winding number about the origin is defined as

(26.43) W(f) = deg(wy).

We claim the following integral formula for the winding number
(26.44) W(f) = frw.
S1

Observe that the normalized function wy is smoothly homotopic to f as functions S! — Y. Then
by Proposition 26.25 we have

(26.45) ffw = J wi w,
S1 S1

from which the claim follows.

3TWe use the orientation of T discussed in footnote .
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(26.46) Counting zeros of complex functions. Let W < C be a compact manifold with boundary,
and assume for simplicity that 0W ~ S'. Suppose f: W — C is a smooth function with isolated
zeros on a finite subset Zeroy, (f) = {p1,...,pn} < Int(W). We would like to count the number
of zeros of f in W. From our experience with oriented degree and oriented intersection number,
and also the experience before in the mod 2 case, we know the answer which is stable under

)

perturbations is not simply ‘N’ in general. We must worry about transversality, signs, etc. In the
case of counting zeros, this is encoded by a ‘multiplicity’ of the zero. In other words, we would like
to attach an integer n; to each zero p; which represents its multiplicity. This is familiar in the real
case too: the function x — 22 on the real line has a zero of multiplicity two at the origin. You
know how to define the multiplicity for real polynomials, and so too for complex functions f which
are polynomials. The question is how to define the multiplicity more generally.

An inspired observation is the following. Let us suppose f extends to a complex polynomial
(26.47) P(z)=2"+an 12" '+ +ap, ao,...,an_1€C
on the entire complex line, and let p € C be an isolated zero of multiplicity m. Then
(26.48) P(z) = (z=p)"g(2)

for some polynomial g with g(p) # 0. Choose 6 > 0 so that g does not vanish on the closed disk Dy
of radius § about p. Compute on Ds\{p}:

(26.49) P*w

_1dP 1 mdz+dg
S 2mi P 2mi|z—p g |

Integrate (26.49) over dDjy. Since g does not vanish on Dy, the closed 1-form dg/g extends over Dy,
and by Stokes’ theorem its integral over ¢ D;s vanishes. To integrate the first term, parametrize 0Dy
minus a point by z = p + e?, § € (0,27). Then dz = §ie??df), and

21

1 (%" moie® 1
26. Pfw=— ——df = — df = m.
(26.50) J:;Dé Y= omi o de 27 Jo " "

This is an integral formula for the local multiplicity of the zero of a polynomial.

Recalling that Zeroy, (P) = {p1,...,pn} < Int(W), apply Stokes’ theorem to the closed 1-
form w on W’ = W\ 1i; Bs,(pi), where §; > 0 is chosen sufficiently small that f does not vanish
on Bs, (p;)\{pi}. Orient W with the standard orientation on A?; the induced boundary orientations
are indicated in Figure 95. Then

(26.51) wa =] J w,

i=1v90Ds, (pi)
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F1cURE 95. Counting zeros by an integral formula

and the right hand side is the sum of the multiplicities of the zeros of the polynomial P which are
contained in W. Therefore,

(26.52) #m Zeroy, (P) = L —

where ‘#,,” indicates the count with multiplicity.

Remark 26.53. We can use (26.52) to prove the fundamental theorem of algebra. Choose W to be
a disk of radius R with center 0 € C, where R is chosen so that

(26.54) lan—1|R™™* + -+ + |ag| < R™
Then P does not have any zeros on dW. Define the homotopy
(26.55) Py(2) = 2" +t(an—12""" + -+ +ag), tel0,1],

and apply Proposition 26.25 and (26.52) to conclude that the polynomial Py(z) = 2™ has the same
number of zeros in W as does Pj(z) = P(z). The latter has n zeros. We give a different, but closely
related, proof in the next lecture.

(26.56) Local multiplicity of holomorphic functions. Inspired by (26.50) we might define the mul-
tiplicity of an isolated zero of a complex function f: W — C to be
L@

(26.57) frfo=—
0Ds 2mi 0Dg f

For a holomorphic function f this is justified by the theorem which states that we can write f as
in (26.48). The manipulations in this section with Stokes’ theorem and differential forms, and the
relationship to topological quantities such as the winding number, degree, and number of zeros are
all ideas you saw in a first course on complex variables.
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Lecture 27: Oriented intersection number; linking number

We begin by reproving the fundamental theorem of algebra. (We sketched a proof in Re-
mark 26.53.) Then we turn to the oriented intersection number, developing some basic theory
and examples. We apply this to define the linking number in the first nontrivial case, and use it to
detect that the Hopf map S — S? is not homotopically trivial.

Fundamental theorem of algebra

Theorem 27.1. Fizn € Z7° and suppose P(z) = 2" + an_12""1 + -+ + ag is a polynomial with
complex coefficients ag, . ..,a,—1 € C. Then there exists zgp € C such that P(zy) = 0.

In fact, P has n zeros counted with multiplicity; see (26.46).

FI1GURE 96. The complex projective line

Proof. Let CP' = C U {00} be the complex projective line. Represent points in CP! as equivalence
classes of ordered pairs [z, w] of complex numbers, not both zero. Identify z € C with [z,1] € CP.
Then we claim f: CP! — CP! defined by

(27.2)

is smooth. Namely,

(27.3) f([1,w]) = |1, P(ll) ,
and
(27.4) ! Wt

P(L) " 1T+ ap1w+ - +aw”

is smooth near w = 0 and converges to 0 as w — 0.
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The homotopy (26.55) induces a homotopy f;: CP* — CP!, and deg(f) = deg(f1) = deg(fo) by

the homotopy invariance of degree. Now fo(2) = 2" has 1 € C as a regular value, and f; (1) =

2mi/n ig o primitive n'™ root of unity. The differential df,, at w' is

i(n—1)

{L,w,...,w" 1}, where w = ¢
the complex linear map C — C which is multiplication by nw . This is the composition of a
homothety and a rotation, each of which is orientation-preserving. Hence the local degree is +1 at
each inverse image point, and so deg(fy) = n.

If P has no zeros, then [0,1] € CP' is not in the image of f, from which deg(f) = 0. This

contradiction proves the theorem. O

Oriented intersection number

(27.5) Setup. The setup is (17.13) with the addition of orientations. Namely, we have

X compact oriented manifold
Y oriented manifold

(27.6) ZcY closed oriented submanifold
fi X—Y smooth map

dimX +dimZ =dimY

(27.7) Definition and basic properties. If f & Z, then S := f~}(Z) < X is a 0-dimensional
submanifold, and it inherits an orientation by the 3-step procedure in (26.2). We work out the
induced orientation of S in (27.13) below.

Definition 27.8. The oriented intersection number is

(279) #Y(fv Z) = #(fv Z) = #sS.

The oriented intersection number satisfies the following.

Proposition 27.10. Assume the setup of (27.6).

(1) If f: [0,1] x X — Y is a smooth homotopy, then #(fo, Z) = #(f1,2).
(2) If W is a compact oriented manifold with boundary and F: W —Y, then #(0F,Z) = 0.

Observe that (1) is a special case of (2).

Remark 27.11. Recall the logic of the theory. We first define the oriented intersection number
by (27.9), assuming f & Z. Then we prove Proposition 27.10(1) assuming that fo, f1 & Z.
Corollary 16.11 is then used to define the intersection number in general, and the properties in
Proposition 27.10 hold.
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FiGure 97. Homotopy invariance of the oriented intersection number

(27.12) A bit of proof. We give the proof of Proposition 27.10(1) assuming that fo, f1 & Z. The
first step is to apply a controlled perturbation of f which leaves it as is on {0} x X 11{1} x X and
gives a homotopic map f: [0,1] x X — Y such that f & Z. We already have of & Z, and so T :=
f~4(Z) < [0,1] x X is a 1-dimensional submanifold, oriented by (26.2). Now apply Theorem 25.23
to deduce that the signed count #,07 = 0, where 01 has the boundary orientation. Define the
O-manifolds S, = f;'(Z) and S; = f; '(Z) with the induced orientation defined in (26.2). Then
Proposition 26.7 implies 01" = Sp 11 —S; as oriented 0-manifolds. (This uses (25.34).) Therefore,
0 = #4501 = #4559 — #5571, which proves the desired smooth homotopy invariance.

(27.13) The inverse image orientation. In the situation of (27.6) suppose that f & Z so that
S := f~1(Z) = X is a 0-dimensional submanifold. Then for p € S the diagram (26.3) simplifies:

0 T,X
| N |
0 T,S T X ——1p(ScX)——0

idfp ldfp gidfp

0——TpZ —=Tp)Y —=vip)(ZcY)—=0

(27.14)

Hence the orientation +1 of 7,5 tells if the isomorphism in the first line preserves or reverses the
orientation of 7, X. From the last line this, in turn, tells whether the natural isomorphism

(27.15) Det df, (T, X ) ® Det Ty, Z —— Det Ty, Y

preserves or reverses orientation. It is this latter that we use in examples. The order ‘X before Z’
follows the order in ‘#(f, Z) .

Example 27.16. Consider Figure 98 in which Y is an affine 2-plane in affine 3-space with a handle
attached, Z < Y is a circle wrapping around the handle, X is a circle, and the map f wraps X
around the handle transversely to Z. Orient Y as the boundary of the 3-dimensional region which
lies below it in the picture, and orient Z and X as indicated by the little arrow. We use the standard
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Ficure 98. Example 27.16

“right hand rule” orientation of affine 3-space. The sign at the intersection point is then +, since
the ordered basis of 3-space {outward normal, oriented tangent to f(X), oriented tangent to Z} is
positively oriented.

(27.17) Oriented degree reduz. Suppose that in (27.6) we have dimY =dim X and Z = {¢} c Y
is a single point. Assume that Y is connected. Then comparing the definitions we see that the
oriented intersection number reduces to the degree #Y (f, Z) = deg f.

Example 27.18 (transverse intersection of complex manifolds). Let V be a 3-dimensional complex
vector space and W < V a 2-dimensional subspace. Then Y = PV is a compact 4-manifold (a
complex projective plane) and X = Z = PW is a compact 2-dimensional submanifold (a complex
projective line). Let ix: X <> Y denote the inclusion map. We compute #Y (ix,Z). To do so
we need to homotop ix to a map which is transverse to Z; the inclusion of a distinct complex
projective line will do. The problem, then, is to compute the intersection number of two lines in a
plane, here the lines and planes are complex projective. We have not yet said how to orient X, Y,
and Z. Each is a complex manifold, an object we have not formally defined, and so each tangent
space is a complex vector space. In fact, if L < V is a line, so L € PV a point, then we know
TPV ~ Hom(L,V /L) which is a complex vector space.

In general, if U is a finite dimensional complex vector space and Ur the underlying real vector
space, let I: Ur — Ugr denote the real linear map which is multiplication by 4/—1 on U. Then
if e1,...,€en is a (complex) basis of U, the 2m vectors ey, leq,ea, [ea, ..., em, e, is a (real) basis
of Ug. We convene that this is a positively oriented basis of Ur. It is easy to check that this
orientation of Up is independent of the basis.

At a transverse intersection point the sign (27.15) is determined by comparing orientations of
dfp(Tp,X)®T tpZ and Ty, Y. Each vector space has a complex structure, and the direct sum is
compatible with the complex structures. It follows that the natural orientations agree, so the local

oriented intersection number is +1.

Remark 27.19. The argument in Example 27.18 proves that transverse intersection points of com-
plex submanifolds of a complex manifold contribute positively to the oriented intersection number.
It is nonetheless possible to have negative self-intersection numbers in complex geometry.
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FIGURE 99. Intersection number of two maps

(27.20) A symmetric version. We can treat X and Z symmetrically if we assume Z is a compact
oriented manifold rather than a closed submanifold. Hence modify (27.6) to:

X, Z compact oriented manifolds
Y oriented manifold

(27.21) [ X—Y smooth map
g: Z —Y smooth map

dimX +dimZ = dimY

If f &g, and x € X, z € Z satisfy f(z) = g(z) for some y € Y, then define the local intersection
number +1 according as the isomorphism

(27.22) Det df,.(Tx X) ® Det dg,(T,Z) = Det T,y

is orientation-preserving or orientation-reversing. Define #Y (f,g) € Z by summing the local in-
tersection numbers. In case g is the inclusion of a submanifold, this agrees with Definition 27.8;
see (27.15).

Observe that

(27.23) {(r,2) € X, Z: f(x) = g(2)} = (f x 9)7'(D),
where
(27.24) fxg: XxZ—Y XY

is the Cartesian product of f and g, and A c Y xY is the diagonal, a closed submanifold. This gives
the opportunity to reduce the intersection number #Y (f, ) to #Y Y (f x g, A) as in Definition 27.8,
at least up to sign. The following enables this comparison.
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Lemma 27.25. If (z,2) € X x Z satisfies f(z) = g(z) =y €Y, then f x g A, ) A if and only if
dfo(ToX) ®dg.(T.Z) = T,)Y . If so, the local intersection numbers are related by

(27.26) H#oy (fr9) = (L) 2T (f x g, A).
Proof. Set A = df,(T,X), B = dg.(1.Z), and C = T,Y; then A and B are subspaces of C. Fix
oriented bases a1,...,ay of Aand by,...,byof B. Seta=a1An---rap€Det Aandb=byAn---Abp €

Det B. Recall the natural isomorphism A*(C@®C) =~ A*C® A°C. Then inclusion A®0 — CHC

induces a linear map Det A < A*C' ® A°C, and we denote the image of a as a(!). Including in

2)

the other summand we obtain a(?), and similar elements b)) and 5. Compute

a(l)/\b(z) /\(a1®1+1®a1)A-~-/\(ak®1+1®ak)
/\(b1®1+1®b1)/\‘--/\(bg®1+1®bg)
D A @ A g® A D

a
(_1)dimAdimB+dimBQ+dimAdimB aD AW A 0@ A p@
(—

(27.27)

DAmB 41 A pM) A 02 A p2)

The first expression is nonzero iff f x g A, .) A and the last is nonzero iff A® B = C; the first
assertion of the lemma follows. Assuming this, aAb € Det C is nonzero and is positively or negatively
oriented according to the sign #éz)(f,g). In either case a() A b A a® A b3 € Det(C @ C) is
positively oriented. Let D < C' @ C be the diagonal. Then

(27.28) (M ®1+1®a) A A (a4 ®1+1Qar) A1 ®1+1®b1) A A (by®1+ 1R by)
in Det D is positively or negatively oriented according to #ém)( f,g). Putting everything together,
(27.27) implies (27.26). O
Corollary 27.29. In the setup (27.21),

(27.30) #(f,9) = ()T 2V (f x g, A).

Finally, from (27.30) we deduce the symmetry property

(27.31) #Y (g, f) = (—1)ImXAmZ LY (¢ g).

(27.32) Intersection of submanifolds. A special case of (27.20) is when f = ix and g = iy are
inclusions of submanifolds. Then we denote the intersection number as #Y (X, Z). Writing it as
#Y(f,g) enables us to use our theory to wiggle the submanifolds to achieve transversality. The
symmetry (27.31) now reads

(27.33) #Y(Z,X) = (—1)dmXdimZ 1Y (¥ 7y

This immediately implies the following.

Proposition 27.34. If dimY = 4k + 2 for some k € Z*°, and X C Y is a compact orientable
submanifold of dimension 2k + 1 such that #QY(X,X) # 0, then Y 1is not orientable.

P4k+2

For example, R is not orientable. (We already proved a stronger statement in Corollary 25.50.)
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Linking number

Beware that some of the arguments in this section are sketchy as presented here; they can be
made rigorous.

(27.35) The Gauss map. Let A be an affine space over a 3-dimensional oriented real inner product
space V, and let S? be the unit sphere in V. Suppose K, Ky A are disjoint oriented compact
1-dimensional submanifolds. Define the Gauss map (Figure 100)

f: Kl X KQ — 52
(27.36) P2 — p1
HP2 — D1 ||

b1, P2 —

FicUre 100. Gauss map that defines the linking number

Definition 27.37. The linking number of Ky, Ko is L(K1, K3) = deg f.

We use the Cartesian product orientation on Kj x K and orient S? = S(V) as the boundary of
the closed unit ball in V. It follows from (25.42) that L(K2, K1) = L(K1, K2). Also, if we reverse
Orientation, then L(—Kl,Kg) = L(Kl, —Kg) = —L(Kl,KQ).

Remark 27.38. There is no self-linking number L(K, K) without additional data, for example a
nonzero normal vector field to K < A.

Example 27.39 (Hopf link). Choose A = Aiy,z with standard orientation and inner product
on R3, let K7 be the unit circle in the z-y plane with center (0,0, 0), and let K5 be the unit circle
in the 2-z plane with center (—1,0,0). Orient K1, K5 as in Figure 101. Then (0,0,1) € S? = R3 is

a regular value of the Gauss map f whose inverse image is a single point:
(27.40) (p1,p2) = ((=1,0,0),(-1,0,1)) € K7 x K.
The differential of f maps —0d/dy € T, K to 0/0y and —d/dzx € T, K2 to —d/0x. The outward

normal to S% at (0,0,1) is d/dz, and since 0/0z,0/dy, —0/dz is a positively oriented basis of R?,
the differential of f is orientation-preserving. Hence L(K1, K2) = 1.
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FiGure 101. Gauss map for the Hopf link

Remark 27.41.

(1) In Figure 101 appears the disk W; with boundary Kj. Orient Wj so that the indicated
orientation of K7 is the boundary orientation. Explicitly, W7 is the unit disk in the z-
y plane, and the ordered basis d/0x,d/dy is positively oriented. (Compute the boundary
orientation at the point (1,0,0): there d/dz is the outward normal.) Now observe that the
local intersection number of W; and K at the intersection point p is +1: amalgamate the
oriented basis 0/dz, 0/dy of T,,W; with the oriented basis d/0z of T, K2 to obtain an oriented
basis of A = Aiyw.

(2) With a different choice of orientations we can obtain the linking number of the Hopf link
to be —1; see the text following Definition 27.37. Observe that in that case the local

intersection number of Wi and Ks also changes sign.

(27.42) Computation by a bounding surface. We now prove that the linking number can also be
computed as an intersection number, but of a curve with a surface with boundary, and so we must
take care to keep the curve away from the boundary lest an intersection point disappear off the
edge of the surface.

Proposition 27.43. Let A be an affine space over a 3-dimensional oriented real inner product
space, let W1 < A be a compact oriented 2-manifold with boundary 0W1 = K1, and suppose Ko < A
is a compact oriented 1-manifold. Assume oWy n Ko = () and W1 & Ky. Then L(Kp,K2) =
#(W1, K3) where the latter is the signed count #s (W1 ) Kg).

We need not assume the transversality Wi & Ko: we can perturb W; and/or Ky to achieve it. We
sketch (literally) a proof, cognizant that we have not filled in all details.

Proof. Write Wi n Ko = {p1,...,pn}. For each i € {1,..., N} fix an open ball*® B; = W} which
contains p; and such that B; n B; = () for all 4,5. Set D; = B;, S; = 0D;, and K1 = \UJ; Si- Then
Wi\ Ul B; is an oriented bordism from K; to Ki, and the bordism invariance of degree implies

(27.44) L(K1, Ky) = L(K,, Ky) = ZL(Si,Kg).

38This means an open subset contained in the domain of a chart whose image is a ball in affine space.
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FiGURE 103. Surgery Ko ~~~ M;1IN;

To compute L(S;, K3) we execute the surgery indicated in Figure 103. Namely, cut out S° x D!
K3, which is the union of two closed intervals, and glue in D! x S° along 0(K>\ S° x D) ~ S% x S°.
The result is the disjoint union of a circle M; and a 1-manifold N;. There is an oriented bordism
K5 — M;11 N; which is a product away from the surgery and is D! x D! at the surgery point. (We

must smooth corners.) The bordism invariance of degree implies

Since D; n N; = ), we have L(S;, N;) = 0, again by the bordism invariance of degree. Finally, the
circles S;, M; form a Hopf link (Example 27.39), and so L(S;, M;) = +1 where the sign depends
on the orientations. Tracing through, S; is oriented as the boundary of D;, and D; inherits its
orientation from that of W. K> is assumed oriented, and M; inherits an orientation. It follows
from Remark 27.41 that the sign is equal to the local intersection number #A(Di, M;). O

(27.46) Links in S®. If now S3 is an oriented 3-sphere, and K1, Ky < S® are disjoint oriented
compact 1-dimensional submanifolds, then we can®’ bound K by an oriented surface W; < S3,
use transversality to arrange that Ko intersects W17 transversely and only in the interior, and so

39This requires proof, which we do not give here.
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define the linking number as #4(W1 n K3). (Alternatively, we may delete a point of S3, compute
the linking number in S\ pt ~ A3, and prove that the result is independent of the point.)

(27.47) The Hopf invariant. Suppose g: S® — S? is a smooth map. The Hopf invariant is

(27.48) H(g) = L(g " (q1), 9 " (@)

for any distinct regular values qi,q2 € S? of g. We fix orientations on the spheres and use the
inverse image orientations of the closed 1-manifolds g~!(q1) and g~'(g2). The Hopf invariant does
not change if g undergoes a smooth homotopy.

Example 27.49 (The Hopf fibration). Let p: C*\{0} — CP! be the map which assigns to a
nonzero vector its span. Then p is a fiber bundle with fiber C* the nonzero complex numbers.
(Better: C* acts on C?\{0} by scalar multiplication, and p is a quotient map for this group action.)
Restrict p to the unit sphere S  C?\{0} to obtain a fiber bundle 7: S* — CP! ~ §2. We claim
that H(w) = +1. If so, then 7 is not smoothly homotopic to a constant map, which clearly has
vanishing Hopf invariant.

To compute H(w) omit the point (0,1) € C? from S® and by stereographic projection identify
S3\{(0,1)} ~ A. Every q € CP! is a regular value since 7 is a submersion. Then

Ky :=7([1,0]) = {(X\,0) e S : || = 1}

{
(27.50) Ky =7 ([0,1]) = {(0, ) € §% : || = 1}

3
xﬂy7z

K>\{(0,1)} as the z-axis. This is the Hopf link (minus a point at c0) so has linking number +1,

Under stereographic projection to A we can identify K7 as the unit circle in the x-y plane and
which we can compute by writing K as the boundary of the unit disk Wj in the z-y plane, and
then W7 n K> is a single point.

Remark 27.51 (Homotopy groups of S?). Leaving off basepoints, the ¢*™® homotopy group, ¢q € Z=9,
is the set [S9, 5?] of homotopy classes of maps S — S2. We can take smooth maps and smooth
homotopies. For ¢ = 0,1 we know by Sard’s theorem that every map is homotopic to a constant
map. For ¢ = 2 we have an invariant—the degree—which is a map

(27.52) deg: [S?%, 5% — Z.

In fact, it is an isomorphism, as follows from the Hopf degree theorem. In other words, the degree
is a complete invariant of [S?, 5?]. Now for ¢ = 3 we have sketched a map

(27.53) H:[S? 8] — Z,

the Hopf invariant, and this too turns out to be an isomorphism. The degree and Hopf invariant
illustrate how differential topology—the application of calculus to global geometry—can be used
to construct interesting and effective invariants.

It turns out that [SY, S?] has cardinality greater than one for infinitely many q.
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Lecture 28: Euler numbers and Lefschetz numbers

In this lecture we take up the Euler number, a basic invariant of a smooth manifold. We define
and study it not just for manifolds, but also for real vector bundles whose rank equals the dimension
of the base manifold. A generalization is the Lefschetz number of a self map on a manifold, and
we use it to illustrate some computations.

Throughout the base manifold X is compact, and we also assume it is oriented, though the
orientation can be eliminated for the Euler number of a manifold and the Lefschetz number of a
map; see Remark 28.4.

Euler numbers

(28.1) FEuler number of a compact oriented manifold.

Definition 28.2. Let X be a compact oriented manifold. The Fuler number of X is
(28.3) X(X) = #5754, 4),

where A < X x X is the diagonal.

The manifold X x X has the Cartesian product orientation, and we transport the orientation of X
to A via the diffeomorphism X — A given by p — (p,p). The symmetry property (27.33) implies
X(X) =0 if dim X is odd.

Remark 28.4. Imagine the first copy of A in (28.3) is perturbed to be transverse to A at some
point (p,p) € X x X. Then infinitesimally we have the isomorphism

(28.5) We&D-——VaV,

where V = T,X and W < V@V is transverse to the diagonal D < V@®V. We can take W to be the
graph of a linear map V — V, and it is oriented by its projection to V @ 0. The local intersection
number at (p,p) is +1 according as (28.5) is orientation-preserving or orientation-reversing. The
answer to that question is independent of the orientation of V', and this explains why orientations
are not necessary for Euler numbers of manifolds, as we now explain.

(28.6) FEuler number of a compact (unoriented) manifold. We can define the Euler number of an
unoriented manifold by applying Definition 28.2 to its double cover. This relies on the following.

Lemma 28.7. Let X be a compact manifold and let 7 : X — X be its orientation double cover.

(1) X is oriented and x(X) is even.
(2) If X is oriented, then x(X) = 2x(X).

The Euler numbers which appear in Lemma 28.7 are defined using (28.3).
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Proof. At a point p € X the differential of the projection 7 is an isomorphism Tf,)/(\' =T »X, where
p = @(p), and furthermore at p we have an orientation of 7, X, hence of Tﬁ)A( . It follows that
X carries a canonical orientation.

Let i: [0,1] x X - X x X, 0 <t <1, be a smooth homotopy from the inclusion of the diagonal
ig: A — X x X to a map i1 such that 11 M A. Let ig: A <> X x X be the inclusion of the diagonal
into the Cartesian square of the total space of the orientation double cover. Then there is a unique
smooth homotopy #: [0, 1] x X — X x X which covers ; it fits into the diagram:

X ‘0 X x
_ 7
(28.8) # e lmr
g i/o id #
0,1] x X oD o L x

The existence of 7 is the homotopy lifting property of the covering map « x 7. For & € X the
restriction of 7 to [0,1] x {p} is the lift of the path i o (idjy 1] x7) ’[o xip) D X x X to the total
space X x X of the covering 7 x 7. (Recall that covering spaces satisfy path lifting.) In terms of

this perturbation we compute the Euler number of X as an oriented intersection number:

(28.9) (&) = #5%(0,A).

Set

(28.10) S={peX:ilp) = (p,p)}
| §={pe X np) = (55}

By transversality and compactness these are finite sets. Furthermore, since 7 is the lift of i, we have
S = #71(9). Also, it follows from Remark 28.4 that the local intersection number of i; and A, which
is a function S — {£1}, is constant on the fibers of S — §: for p € S, reversing the orientation
of T,V does not affect the computation of the local intersection number which tells if (28.5) is
orientation-preserving or orientation-reversing. The conclusions of the lemma now follow. O

In view of Lemma 28.7, the right hand side of (28.12) below is an integer and it equals the right
hand side of (28.3) if X is oriented.

Definition 28.11. Let X be a compact manifold and 7 : X — X its orientation double cover. The
FEuler number of X is

(28.12) X(X) = S# %A, A),

where A X x X is the diagonal.
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(28.13) Euler number of a real vector bundle. Let m;: E — X be a real vector bundle. It has
a canonical section sp: X — FE, the zero section, whose image Zrp = so(X) < FE is a closed
submanifold which is also called the ‘zero section’. The section sy and projection ;, give inverse
diffeomorphisms of X and Zg. For p € X, let 0, = so(p) < E, denote the zero vector of the vector
space F,. There are two natural submanifolds which pass through 0, € E: the zero section Zg and
the fiber E,. Infinitesimally, that leads to a direct sum decomposition of the tangent space to the

total space:*’

TE=T, 2 ®T) E
(28.15) O 0 0P
~ T,X @ E,

Here we use the canonical isomorphism of the tangent space of the vector space E, with E,. The
set of two orientations of each fiber E, form a double cover o(E) — X, the orientation double
cover; an orientation of E is a section of o(E) — X. Note from (28.15) that an orientation of X
and of 7, induce an orientation of the total space E. Finally, recall that the rank of 7 is a locally
constant function rank F: X — Z.

FIGURE 104. A vector bundle 7, and its zero section sg with image Zg

Definition 28.16. Let X be a compact oriented manifold and 7,: E — X an oriented real vector
bundle. Assume rank 7, = dim X = n for some positive integer n. Then the Euler number of m, is

(28.17) x(mg) = #"(Zg, Zg).

The symmetry property (27.33) implies x () = 0 if n is odd.

40A¢ any point e € E there is a short exact sequence

d(my)e

(28.14) 0— E, —T.E T,X — 0,

where p = my(e). For e € Zg there is a canonical splitting, written in (28.15), and we observe the ‘Quotient Before
Sub’ rule in writing (28.15).
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(28.18) Perturbing sections. The intersection number in (28.17) is defined to be #(sq, Zg), and
it is computed by homotoping sg: X — F to a map transverse to Zg. In fact, we can perturb to a
transverse section. Observe that any section s1: X — E of 7, is smoothly homotopic to the zero
section sg through sections via the homotopy s¢(p) = ts(p), t € [0,1], pe X.

Lemma 28.19. There exists a section s1: X — E of mp which is transverse to Zf.

Proof. By Corollary 16.11 there exists a map f: X — E such that f & Zg and f is homotopic to sg.
Recall the construction embeds sg in a family of maps f;: X — E parametrized by a ball B, and
Sard’s theorem implies that transversality is achieved for b in a dense subset of B. The Stability
Theorem 12.17(vii) implies that 70 f,: X — X is a diffeomorphism for all b € B in a neighborhood
of 0 € B (if we take fy = s9). Choose b in this neighborhood so that f, & Zg, and set f = f,. Then
s:= fo(mgo f)~!is a section of m that is transverse to X. O

(28.20) Properties of the Euler number. We record two elementary facts which follow immediately

from the definition of the intersection number and its symmetry property.

Proposition 28.21. Let m;: E — X be an oriented real vector bundle over a compact oriented
manifold, and assume rank mp, = dim X.

(1) If dim X is odd, then x(mg) = 0.
(2) If my admits a nowhere vanishing section, then x(mg) = 0.

The converse of (2) is also true, though we do not prove it.

(28.22) Computation of local intersection numbers.

Lemma 28.23. Let s: X — E be a section of my, suppose s(p) = 0 for some p € X, and assume
s dp Zg. Assume n = dim X = rank E is even. Then the local intersection number #,(s, Z)
equals +1 according as the isomorphism

dsyp

(28.24) I,: T,X T, E 2% E,

is orientation-preserving (+1) or orientation-reversing (—1).

The projection Ty, £ — E), is defined by the splitting (28.15). It is convenient to refer to the sign
of the isomorphism (28.24). If n is odd, then the Euler number vanishes so we have no need for
the local intersection number.

Proof. Let €, = #,(s, Zg) = *1; it is computed by requiring that the isomorphisms

Det Tj) E' = €, Det dsy(T,X) ® Det T, X

(28.25)
~ ¢, Det T, X ® Det T, X
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be orientation-preserving. The sign 6, = +1 of I, makes the isomorphisms

Det T, E =~ Det T, X @ Det E,
(28.26) g
~ Det T, X ® 6, Det T, X

orientation-preserving. The lemma follows by comparing (28.25) and (28.26), bearing in mind that
n is even so we can swap the factors in the tensor product without incurring a sign penalty. (To
do the comparison, one must bear in mind what the isomorphisms are.) ]

FIGURE 105. A tubular neighborhood U of the submanifold Z c Y

(28.27) The tubular neighborhood theorem. A neighborhood of each point in a submanifold has a
normal form; indeed, that is the very definition of a submanifold (Definition 6.19). The following
theorem is a global version which gives control of an open neighborhood of the entire subman-
ifold. Theorem 16.8 is the tubular neighborhood theorem for submanifolds of affine space; see
Remark 16.26.

Theorem 28.28. Let Y be a smooth manifold, Z 'Y a submanifold, and v =v(Z cY) — Z the
normal bundle. Then there exists an embedding p: v — Y such that cp|Z= idz and p(v) C Y is an
open subset.

The theorem is illustrated in Figure 105. We identify Z with the image Z, < v of the zero section.
Theorem 28.28 can be proved from Theorem 16.8, but we do not do so in these notes.

Remark 28.29. A variation of the tubular neighborhood theorem holds for a neighborhood of the

boundary 0X of a manifold X with boundary. Namely, there exists a collar: an embedding
[0,1) x X — X which is the identity on {0} x 0X.

(28.30) The normal bundle to the diagonal. Let X be a smooth manifold. The diagonal A
X x X is a submanifold, so there is a short exact sequence

(28.31) 0—TA—>TX®TX — v(Ac X x X)—>0
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of vector bundles over A. For p € X the coset of ({1,&2) € T,X @ T,X under the diagonal action
of T,X by translation contains a unique vector of the form (&£,0). Hence there is a splitting
V(Ac X xX) > TX®TX of (28.31) whose image is TX @ 0. This proves the following.

Lemma 28.32. The normal bundle v(A < X x X) — A is canonically isomorphic to the tangent
bundle TX — X.

F1cURE 106. A tubular neighborhood of A ¢ X x X

(28.33) The Euler number and vector fields. We combine (28.27) and (28.30) to prove the fol-
lowing. Recall that a section of the tangent bundle to a smooth manifold is a vector field.

Theorem 28.34. Let X be a compact oriented manifold and mpy: TX — X its tangent bundle.
Then we have the equality of Euler numbers

(28.35) X(X) = x(mpx)-

Proof. Let £: X — TX be a vector field which is transverse to the zero section (Lemma 28.19),
and fix a tubular neighborhood ¢: TX < X x X of the diagonal A.

(28.36) X(mpy) = #XE Zpy) = #7K (00 & A) = x(X).

Corollary 28.37. Let X be a compact oriented manifold.
(1) If dim X is odd, then x(X) = 0.
(2) If X admits a nowhere vanishing vector field, then x(X) = 0.

(28.38) A special case of Poincaré-Hopf. If £ is a vector field which vanishes at p € X, then
(28.24) is the composition

(28.39) X %0, 1 TX 2O, X

which is usually identified as the differential of the vector field. By Lemma 28.23 it is invertible iff
£ is transverse to the zero section at p. In that case its sign is called the index of £ at p, denoted
ind, { = +1.
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Theorem 28.40. Let X be a compact oriented manifold and £ a vector field which is transverse
to the zero section. Then

(28.41) X(X)= > indy¢&
peZero(§)

There is a generalization of the index to an isolated zero of a vector field for which (28.41) still
holds. We discuss that, or at least its analog for isolated fixed points of a map X — X, in the next
lecture.

FIGURE 107. Computation of x(S™)

Example 28.42 (Euler number of S™). Construct S™ by the surjection A" 1 A™ — S™ in which
two copies of affine space are glued on the complement of a point by inversion. Namely, identify
A™ {0} ~ R>? x S"~! (“polar coordinates”). Then the overlap map is

R>O « Sn—l _ R>O > Sn—l
(28.43) )
(r,©) — (r",0)

More simply the map is s = 7!, and so ds = —r~2dr from which 7 d/0r — —s0/ds under (28.43).
The latter radial vector field glues then to a global vector field £ on S™ which vanishes transversely
at the two poles of S™. The differential of r /dr at r = 0 is the identity map, so for £ the differential
at one pole is id and at the other is —id. Now Theorem 28.40 gives

0, n odd;

2, n even.

(28.44) X(S™) =1+ (=1)" = {

Lefschetz numbers

The basic definition is a variant of Definition 28.2.
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Definition 28.45. Let X be a compact oriented manifold and f: X — X a smooth map. The
Lefschetz number of f is

(28.46) L(f) = #X(T(f), A),

where I'(f) € X x X is the graph of f.
Observe that I'(f) n A = Fix(f) is the fixed point set of f.

F1GURE 108. The Lefschetz number of a self map

Remark 28.47. A variation of the discussion in (28.6) extends the Lefschetz number to self maps

of compact (unoriented) manifolds.
The following properties are immediate from Proposition 27.10(1) and Definition 28.2.

Proposition 28.48.
(1) If fo ~ f1 are smoothly homotopic maps, then L(fo) = L(f1).
(2) If f ~idx, then L(f) = x(X).
(3) If L(f) # 0, then Fix(f) # 0.

Assertion (2) leads to effective computations of the Euler number of a manifold, as we illustrate
below. Assertion (3) is a fixed point theorem, effective if we have a method for computing the

Lefschetz number. We discuss this more in the next lecture.

Example 28.49. Let GG be a positive dimensional Lie group and g € G a non-identity element
which is connected to the identity by a smooth path. Let Ly: G — G be left multiplication by g,
i.e., the diffeomorphism = — gz. Then L, ~ idg and Fix(Ly) = (). Therefore, x(G) = 0.

(28.50) Lefschetz fized points. The following is in keeping with our theme that transverse inter-
sections are special.

Definition 28.51. Let X be a compact oriented manifold and f: X — X a smooth map. Then
p € Fix(f) is a Lefschetz fived point of f if T'(f) d, ) A.

We compute the local intersection number at a Lefschetz fixed point.
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Proposition 28.52. Let X be a compact oriented manifold and f: X — X a smooth map.
(1) peFix(f) is Lefschetz iff 1 — df,: TpX — T, X is invertible.
(2) If p is a Lefschetz fized point, then #é;)x (D(f),A) = deg(1 — dfp) = +1.

Here and hereafter we use ‘1’ in place of ‘idTp y for ease of reading. If p is a Lefschetz fixed point,
then we define the local Lefschetz number

(28.53) Ly(f) = deg(1 — df,) = +1.

Note that this equals sign det(1 —df,). In the next lecture we generalize the local Lefschetz number
from Lefschetz fixed points to general isolated fixed points.

Remark 28.54. The map 1 — df), is invertible iff the map df;, has no nonzero fixed vector. In other
words, p is a Lefschetz fixed point of f iff the linearization of f at p has a single fixed point: the
zero vector. In still other words, the condition is that 1 is not an eigenvalue of the differential df,.

Proof. Set V.= T,X and T = df,: V — V. The nonlinear maps X — X x X with image I'(f)
and A, respectively, have differentials the linear maps V. — V @ V given by

§— (§,T¢)

(28.55) s (£,6)

Compose with the orientation-preserving automorphism

Vev-—vev

(28.56) (&1,&) — (& — &, &)

to obtain the maps

(28.57) & (=T, T¢)
§—(0,6)

The images are transverse iff 1 — T is invertible, and if so the map

VoV —Vev

(28.58) (€1,6) — (1= T)&1, TE + &)

preserves or reverses orientation according as 1 —7': V' — V preserves or reverses orientation. [
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(28.59) Lefschetz maps. More variations on our theme that transversality is generic follow.

Definition 28.60. Let X be a compact oriented manifold and f: X — X a smooth map. Then
f is Lefschetz if T'(f) A A.

If f is Lefschetz, then its global Lefschetz number is the sum of local Lefschetz numbers:

(28.61) L= Y L)

peFix(f)
Theorem 28.62. Let X be a compact manifold and f: X — X a smooth map. Then there exists
a smooth homotopy fr: X — X, t € [0,1] such that fo = f and fy is Lefschetz.

Proof. By Theorem 11.11 we can and do embed X in an affine space A over a normed linear space V.
Let S = B1(0) < V be the unit ball. In Corollary 16.9 we constructed a submersion F': S x X — X
such that F'(0,p) = f(p) for all p € X and the partial differential dF(ls’p) : V= Tp(sp) X is surjective
for all s € S and p € X. Define

G:I9xX —>XxX

(28.63) (5,p) — (0, F(5,p))

Then the differential of G has the form dG = ( d?ﬂ di}‘,iQ), so GG is a submersion and hence G A A.

It follows from Theorem 15.18 that for a dense set of s € S the map p — ( , F(s, p)) is transverse
to A. For any such s set fi(p) = F(ts,p). O

(28.64) Computations of Euler number via Lefschetz maps. We illustrate on real projective space
and the first real Grassmannian which is not a projective space. You can generalize to other

Grassmannians and to the complex case as well.

Example 28.65 (Euler number of real projective space). Let

(28.66) T =

n+1
This linear transformation of R”*! induces the eigenspace decomposition
(28.67) R L@ - @Lny

where L; is the i*® coordinate line and T acts as multiplication by i on L;. The linear map
T: R"! — R induces a projective linear map f = fr: RP" — RP" which is Lefschetz (as we
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will see) with Fix(f) = {L1,..., Lp+1}. Recall that for any vector space V' and line L < V we have
TPV ~ Hom(L,V/L). In this case we identify

(28.68) T, RP" = Hom(L;, L)) & - @ Hom(Li/L,) ®---@® Hom(L;, Ly 11).

The differential of f is the map induced on the Hom spaces by the linear map 7', which acts
by conjugation on an element of Hom(L;, Lj), so acts as multiplication by j/i. In other words,
(28.68) is the eigenspace decomposition of dfr,, so too of 1 — dfr,:

sw = (- Pa(-om (/) oo (-"1)

Thus 1 — dfr,, is invertible, and the local Lefschetz number is the parity of the number of negative

eigenvalues, which is (—1)"*!=%. Since T is homotopic to the identity matrix, it follows that
f ~ idgp~ and so

" ; 0, n odd;
(28.70) X(RP") = L(f) = Z (—1)" 1 = {1, ;
i-1 , n even.

Remark 28.71. Note that RP™ is not orientable if n is even, but nonetheless the computation is
valid; see Remark 28.47. Also, the Euler number is multiplicative for a finite covering space, and

that is borne out in this example by comparing (28.70) with (28.44).

Example 28.72 (The Grassmannian Gra(R?%)). Set X = Gra(R*), and let f: X — X be the map

on 2-planes induced from the linear transformation

(28.73) T =

of R*. Then the fixed point set consists of the 6 coordinate 2-planes
(28.74) Fix(f) = {L1 ® L2, L1 ® L3, L1 ® L4, Ly ® L3, Ly ® L4, L3 ® L4}

The tangent space is hom from the sub to the quotient, so for example

TheL,X = HOm(Ll @ Lo, L3 ® L4)

28.75
( ) = HOIII(Ll, Lg) &) HOIII(Ll, L4) &) Hom(Lg, Lg) &) HOIIl(LQ, L4).

The differential dfr,@r, is computed from (28.73) as in the previous example, so (28.75) is the
eigenspace decomposition and dfr, g1, acts as %(—B % P % P %. We see that f is Lefschetz at this fixed
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point (and at the other 5); the Lefschetz number counts the parity of the number of eigenvalues
greater than 1. Hence Ly o (f) = +1. The result at all fixed points:

L on,(f)=+1
Lo, (f)=-1
(28.76) Lror (i) =+1
Lior,(f)=+1
Lo, (f)=-1
LL3@L4(f) = +1
Therefore,
(28.77) x(Gra(RY)) = L(f) = 2.

Lecture 29: More on Lefschetz numbers

In the first part of this lecture we develop a formula for computing the global Lefschetz number
of a self map with isolated fixed points which need not be Lefschetz. As preparation for the next
step we state the basic theorems about flows of vector fields on a manifold. Then we deduce
the Poincaré-Hopf formula for the Euler number in terms of a vector field with isolated zeros.*!
Finally, we introduce de Rham cohomology and state a theorem which identifies the global Lefschetz
number of a self map in terms its induced action on de Rham cohomology. We conclude with a

brief discussion of fixed point theorems.
Isolated fixed points

(29.1) An example. We begin with an echo of (26.46) and (26.56). Fix m € Z~° and consider
the function

f:C—C

z2— 24+ 2™

(29.2)

Then Fix(f) = {0}. Then

-1, m=1;
29.3 1 —dfy = ’ ’
( ) fo {O, m > 1,

41Guillemin-Pollack give an argument which does not rely on the theorems in ODE which underlie flows. However,
these theorems are fundamental, which is why I introduce you to them here.
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so 0 is a Lefschetz fixed point iff m = 1. For m > 1 we make the perturbation

(29.4) fe(z) =2+ 2" —€m, eeR.

th 100t of unity. Each of

If € # 0, then Fix(f.) = {¢, ew, ..., ew™ !}, where w = e2mi/™ ig g primitive n
these fixed points is Lefschetz: at ez we compute 1—df, is multiplication by —me™ 1w*(m=1 which
is invertible. This complex linear transformation on C preserves the orientation of the underlying

real vector space R?, so each local Lefschetz number is +1 and the total Lefschetz number is m.

Remark 29.5. The intuition is that under a generic perturbation, an isolated fixed point of a self-
map breaks up (explodes) into a constellation of Lefschetz fixed points. The sum of the local
Lefschetz numbers of those fixed points is an invariant we attach to the unperturbed fixed point,
which may not be Lefschetz. We develop this idea in general and return to (29.2) in Example 29.26
after developing the theory.

(29.6) Two linear algebra lemmas. The proof which follows is based on (and proves) the “polar
decomposition” of a linear transformation.

Lemma 29.7. Let V be a finite dimensional real inner product space and T: V — V an invertible
linear transformation. Then T is homotopic to an orthogonal transformation.

Proof. The endomorphism P = T*T is positive and self-adjoint, hence it is diagonalizable. Decom-
pose V. =Vi@®--- @V, into the orthogonal eigenspaces of P, so that P acts as multiplication by a
scalar \; > 0 on V. Define Q: V — V to act as 4/\; on V;. Then O := TQ~! is orthogonal:

(29.8) (TR~ (TQ™) = QQ'T*"TQ™" = Q7'Q*Q™" =idy .

Define a homotopy Q¢: V — V, t € [0, 1], in which Q; acts as multiplication by (1—¢)+#y/\; on V;;
the desired homotopy of T to O is T3 = OQ. O

The following lemma compares the sign of the determinant of an invertible endomorphism, which

is used to compute intersection numbers, with the degree of a map on spheres.*?

Lemma 29.9. Let V be a finite dimensional inner product space and T:V — V an invertible
linear transformation. There is an induced map ﬁ: S(V) — S(V) on the unit sphere. Then

T
(29.10) signdet 7' = deg <HT’> .

Proof. Both sides of (29.10) are invariant under homotopy of 7', so by Lemma 29.7 we may replace T’
with an orthogonal transformation O. By composition with a rotation, which does not change the

421 yse an inner product, but point out the following more canonical construction. If V' is a finite dimensional real
vector space, then the space of rays in V, which is the quotient of V\{0} by the scaling action of R>?, is diffeomorphic
to the unit sphere with respect to any inner product. A linear transformation 7: V' — V induces a self map of this
space of rays.
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FiGUurE 109. The proof of Lemma 29.9

degree (Proposition 25.39(4)), we may assume that O has a fixed vector ng; see Figure 109. The

degree of ﬁ is £1 according to whether the differential of O | S(V) at mp preserves or reverses
orientation on T;,S5(V). There is an orthogonal decomposition V' = R - ng @ T;,,S(V') which is

invariant under O, and since O\Rm: id, it follows that det O = detO|T S(V)- Finally, observe
70

that the differential of O | SV at ng equals O | T S(V) and that det O = +1 since O is orthogonal. [
o

(29.11) Isolated fized point in affine space. We work locally: on an open subset of affine space.

Theorem 29.12. Let V be a finite dimensional real inner product space, A an affine space over V.,
U c A an open subset, f: U — A a smooth map, p € Fix(f) nU a fized point of f, and € a positive

real number such that Fix(f) n Be(p) = {p}. Let Sc(p) be the sphere of radius € about p and define

Ppe(f): Se(p) — S(V)
(29.13) PN q— f(q)
lg — f(@lI’

where S(V) € V is the unit sphere. Then

(1) There exists a homotopy f;: U — A, t € [0,1], such that fo = f on U, fi = f on U\B¢(p)
for allt €[0,1], and g = f1 ’B ®) is Lefschetz.
(2) The sum of Lefschetz numbers of the fixved points of f1 in Bc(p) is

(29.14) degope(f) = >, Lyl(g).

p'eFix(g)

The left hand side of (29.14) measures the local contribution of the isolated fixed point p of f to
the global Lefschetz number, once we transfer to a compact manifold.

Proof. Let p: U — [0, 1] be a smooth function such that p = 1 on Bs(p) and supp(p) < Be(p)-
For £ e V set

(29.15) Sg) = fg) +tp()€,  telo,1].
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FI1GURE 110. Local contribution to the Lefschetz number

Then fé = fon U and ftg = f on U\Bc(p) for all t € [0, 1]. If g € Bc(p)\B2(p), then

(29.16) la— i@ = la— f@] — 1t l€]-

Since f has no fixed points on B(p) other than p, we can and do choose § > 0 such that |g— f(q)| > ¢
on Bc(p) \ B¢2(p). Then from (29.16), if ||| < ¢/2 and q € Be(p)\B¢2(p) we have q # ff(q)
Therefore, Fix(ff(q)) N Be(p) © Bea(p)- Observe® that f£(q) = f(q) + t€ on Bj5(p). Choose
§ € Bsj2(0) = V to be a regular value of

Be/Z(p) —V

(29.17) q—q—f(q)

and then set f; = ff and g = f1 ’B )" If p' € Fix(g) n Bej2(p), then since § is a regular value
of (29.17) it follows that the map 1 — dg,: V — V is an isomorphism, i.e., p’ is a Lefschetz fixed

point of g. This proves (1). Note that Fix(g) n Be(p) = {p1,...,pn} is a finite set since Lefschetz

fixed points are isolated and B.(p) is compact.

FIGURE 111. Reduction of the computation to Lefschetz fixed points

43Deformation by a translation is also what we used in (29.4).
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By the homotopy invariance of degree, degyp (f) is constant in ¢ and equals the left hand
side of (29.14) at ¢ = 0. (Note that there are no fixed points of f; on Sc(p), so ¢pc(fi) is well-
defined.) Choose an open ball B, (p;) € B¢(p) about p; and arrange that the Be,(p;) are pairwise
disjoint. The bordism invariance of degree (Proposition 25.39(3)) applied to Be(p) \ |]; B, (p:) (see
Figure 111) implies

YV ., 1—9(a)
(29.18) deg pp.e(g) = Z 485, (p) (q la— Q(Q)\> '

Fix i and define the homotopy of functions 0B, (p;) — V:

g(pi +tem) — pi

, te(0,1];

(20.19) ge(pi + i) = t (©.1]
dgpz‘ (E’in)v t= Oa

where 1 € S(V). Under this homotopy the degree in the i*" term on the right hand side of (29.18)
does not change, so it is equal to the degree of ﬁ }S(V) forT =1-dg,,: V — V. By Lemma 29.9
this equals sign det T, which is the local Lefschetz number. O

Corollary 29.20. In the situation of Theorem 29.12, if p is a Lefschetz fixzed point of f, then
Ly(f) = degppe(f)-

We have succeeded in finding a formula at an isolated fixed point—the degree of (29.13)—which
generalizes the local Lefschetz number. We turn now to its globalization on a manifold.

( A6

7

FIGURE 112. Exploding an isolated fixed point on a manifold

(29.21) Isolated fized points on a smooth manifold. Let X be a compact manifold, assumed ori-
ented for convenience, and suppose f: X — X is a smooth map with isolated fixed points. (A fixed
point p € X is isolated if there exists an open neighborhood N < X of p such that Fix(f)n N = {p}.)
For each p € Fix(f) we want to define a local Lefschetz number L,(f) € Z so that the global Lef-
schetz number L(f) is the sum of the local Lefschetz numbers. We sketch the construction now.
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Choose a coordinate chart (U, z) such that p € U, say z: U — A for an affine space A over an
inner product space, set p = z(p), and fix e > 0 such that 27 '(B.(p)) contains no fixed points
other than p and f(ac_1 (Bg(ﬁ))) c U. Then f transports via z to a map f: B.(p) — A with p as
its unique fixed point.

Definition 29.22. Define

(29.23) Ly(f) = degope(f),

where ¢, ((f) is the map (29.13).

We claim that L,(f) is independent of the choice of chart (U,z) and of € > 0. To see this, observe
that Theorem 29.12 identifies L,(f) with the sum of the local Lefschetz numbers at Lefschetz
fixed points of a perturbation of f supported in 27! (B€ (]5)) Since these local Lefschetz numbers
are defined intrinsically on X, without reference to a coordinate chart, it follows that (29.23) is
independent of the choice of coordinate chart and of the choice of e.

The following assertion about the global Lefschetz number follows from (29.14).

Theorem 29.24. Let X be a compact manifold and suppose f: X — X is a smooth map with
isolated fixed points. Then

(20.25) L= Y L.

peFix(f)

Example 29.26. As usual, write CP! = C1I{o0}, and define the smooth map f: CP! — CP! to
agree with (29.2) on C and send o0 — o0. Then Fix(f) = {0,00}. The perturbation (29.4) and
subsequent computation prove that the local Lefschetz number of f at 0 is

(29.27) Lo(f) = m.

We can also derive (29.27) directly as the degree of (29.13), which is the map z — —z™ on the unit
circle {|z| = 1}. This is the composition of a half-turn and z — 2™, so has degree m. To compute
Lo (f) we write w = 1/z and then f has the local form

1 w'™

1 T m—1
E_’_wim 14+w

(29.28) w—>

near w = 0. If m > 1, then the differential of (29.28) at w = 0 vanishes, from which we see
w = 0 is a Lefschetz fixed point and the local Lefschetz number is 1. If m = 1 the differential is
multiplication by 1/2, so in this case too we conclude

(29.29) Lo(f) = 1.

Now Theorem 29.24 implies that the global Lefschetz number is L(f) = 1+m. Note that deg f = m,
and so

(29.30) L(f) =1+ deg f.

This formula holds for any self-map of CP!, as follows from Theorem 29.82 below, though we will
not prove (29.30) here.
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Interlude of vector fields, integral curves, and flows

We first reprise the discussion of integral curves from (14.27) and (14.31). Then we move on
to state the basic theorems about flows, both local and global.

(29.31) Integral curves. The basic ordinary differential equation on a manifold is for a motion
with prescribed velocity.

Definition 29.32. Let X be a smooth manifold, let £ be a vector field on X, and suppose (a,b) < R
is an open interval. Then a motion 7: (a,b) — X is an integral curve of £ if

(29.33) () =&, tE (ab).

A globalized form of the fundamental theorem of ODEs is the existence and uniqueness of a

maximal integral curve with given initial value.

Theorem 29.34. Let X be a smooth manifold, let & be a vector field on X, and fix x € X. Then
there erists a unique mazximal integral curve

(29.35) Yo: (a(z),b(z)) — X

such that v;(0) = x. Furthermore, —0 < a(x) < 0 < b(x) < +0.

The maximality and uniqueness mean that if 0: (¢,d) — X is any integral curve of ¢ satisfying
5(0) =z, then a(zr) < c <0< d<b(z)and § = %C|(cd)'

Definition 29.36. The vector field £ is complete if a(x) = —o0 and b(z) = +oo for all x € X.
In other words, all integral curves of X exist for all time.

Remark 29.37.

(1) If X is compact, then every vector field on X is complete.
(2) The vector field 22 ¢/0x on R is not complete. Nor is the vector field 6/0x on R*C.

(29.38) Global and local flows. Fix a vector field £ € X(X). We consider simultaneously all
maximal integral curves of £ and show (well, state) that they assemble into a flow.

Definition 29.39. A global flow ¢: R x X — X on a smooth manifold X is a smooth function
which is also a homomorphism R — Diff (X).

Here Diff (X) is the group of diffecomorphisms X — X. The diffeomorphism at ¢ € R is denoted ¢y,
ie., fort € R and x € X we write p¢(x) = ¢(t,x). A complete vector field determines a global flow,
but a general vector field determines a flow defined on an open subset of R x X. Set

(29.40) Dy ={zeX:te (a(z),bx))}, teR,
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and define
(29.41) o(t,z) = () = 72(t), it z € Dy.

The following theorem, which is essentially Theorem 1.48 in Warner’s Foundations of Differentiable
Manifolds and Lie Groups, gives the main properties of D; and ¢. I defer to that reference for the
proof, assuming the fundamental theorem of ODE.

Theorem 29.42.

(1) Dy < X is open and | J,ooDr = X.

(2) pi: Dy — Dy is a diffeomorphism with inverse p_y.

(3) For ti,ty € R, we have gpt_ll(DtQ) NDy, © Dy 4y, and oy, 09y = 9y 4y, 0n their common
domain. (The two domains are equal if t1,ts have the same sign.)

(4) If U < X is an open subset and x € U, then there exist € € R”? and an open subset U' < U
with x € U’ such that o((—e,e) x U') < U.

(5) There exists an open subset U < R x X and a smooth function p: U — X such that
{0} x X cU and if (t,x) e U then x € Dy and p(t,x) = p(z).

(6) If & is complete, then Dy = X for allt € R and a global flow exists.

(S

We use ‘¢’ in place of ‘@’; it is the local flow. The local flow is unique in the sense that any two
agree on their common domain. We say that £ is the generator of the flow ¢, or that £ generates
the flow.

(29.43) The flow in local coordinates. We continue with a vector field £ and the flow ¢ it generates.
Let (U;z',...,2") be a standard chart, and write & = ¢ aii for the vector field in the chart. As
in Theorem 29.42(4) we choose ¢ > 0 and U’ < U such that if t € (—¢,¢) and x € U’, then
©o(t,z) € U. In the formulee below the arguments t, z are implicitly restricted to (—e, e) x U’. Write

(t;z) = (t;2%,...,2") and

(29'44) gp(t, m) = (901 (t; x)? R (Pn(t x)) :

The elementary properties of the flow imply

901(07 l’) = $i
@i(té I‘) = é-(lp(t,.r)
(29.45) Al
0l |y
62(,01 | o
dxkoxd |,_,

We abbreviate the second equation: ¢! = £,
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The Poincaré-Hopf theorem

We now prove the generalization of Theorem 28.40 which relaxes the transversality condition to
the condition that the vector field £ have isolated zeros. To begin, we derive a local index at the
zeros of a vector field from the formula (29.23) for the local Lefschetz number.

(29.46) The local index. Let V be a finite dimensional real inner product space, suppose U < V
is an open neighborhood of 0 € V', and let £: U — V' be a smooth map whose only fixed point is 0.
We interpret & as a vector field on U with an isolated zero.

Definition 29.47. The index of £ at 0, denoted ind, (&), is the degree of the map

S Ss(V) — S(V)

(29.48) T’

for sufficiently small § > 0.

Here Ss5(V') is the sphere of radius 0 about 0, and we take 0 € (0,€) where B.(0) < U. Orient the
spheres consistently, so that the homothety which maps Ss(V') to S(V) is orientation-preserving.
The degree is the same for both choices of compatible orientations. The degree is also independent
of § by homotopy invariance.

The differential of £ at 0 is a linear map d§,: V — V.

Lemma 29.49. If d§, is an isomorphism, then
(29.50) ind,, (&) = sign det d&p.
Proof. Write (29.48) as the map

£(on) £(6n)/o

(29.51) n— =
l&@m| - 1€@6n)/0]
d
on S(V) and take the limit as 6 — 0 to obtain the map \d?)' Now apply Lemma 29.9. O
0

Remark 29.52. T highly recommend looking in Guillemin-Pollack and other books for pictures and
computations of the local index in low dimensions. Note that Lemma 29.49 is the transverse case
when the index is +1, as in Lemma 28.23 and Theorem 28.40.

(29.53) The local index and the local Lefschetz number. Now apply Theorem 29.42 to construct
a local flow ¢;: (—€,€) x U’ — U for some ¢ > 0 and open subset U’ < U which contains 0. Then
for each t € (—¢,€), the map ¢;: U’ — U has 0 as its unique fixed point. Recall the local Lefschetz
number (29.13).
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Proposition 29.54. The local index of £ is the local Lefschetz number of ¢ up to a sign:

(29.55) Lo(pt) = indy (=€)

for all t.

The sign is unfortunate. Observe that the index of —¢ is the index of the composition of (29.48)
with the antipodal map on the sphere. Thus if dim V' is even we have ind,(—¢§) = indy(€). In our
application to the Euler number we can restrict to even-dimensional manifolds—the Euler number
of an odd-dimensional manifold vanishes—and so we can replace —¢ with ¢ in (29.55).

Proof. The local Lefschetz number L(p;) is the degree of the self map

577 - @t(&])
29.56 _— e S(V),
(29.56) " e 1SV

for any ¢ € (—¢,€). Now

on — ¢i(0m)
on — @i(n) t t—0 £(dn)
29.57 = _ 7
(2057 = adsnl ™ [F= ) leon)l
t
which, up to a sign, is the expression (29.51) whose degree is the local index of &. 0

(29.58) The local index on a smooth manifold. Now suppose X is a smooth manifold and ¢ is a
vector field with an isolated zero at p € X. Introduce a coordinate chart about p with values in a
vector space V such that p maps to 0 € V. Transport ¢ to the chart and use Definition 29.47 to
compute its index as a degree. The degree is independent of the chart, since under a change of chart
the map (29.48) is conjugated by a diffeomorphism of spheres, and the index of a diffeomorphism
is £1.

(29.59) The Poincaré-Hopf theorem. The following is now a corollary of Theorem 29.24.

Theorem 29.60. Let X be a compact manifold and suppose £ is a vector field on X with isolated
zeros. Then

(29.61) X(X)= > indy(9).

peZero(§)

Proof. Since X is compact, by Theorem 29.42(6) there is a global flow ¢; generated. Furthermore,
for sufficiently small |t| we have Fix(¢;) = Zero(§). For such t we use Proposition 29.54 to equate
the local Lefschetz number of ¢; at a fixed point p with the local index of £ at p, with a minus sign
if dim, X is odd. Now the homotopy invariance of the Lefschetz number implies x(X) = L(y¢)
for all . We apply it for sufficiently small |t| to deduce (29.61), but with a sign (—1)4™» X in the
summand. Since the Euler number of each odd dimensional component of X vanishes, the formula
is true without the sign. O
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FIGURE 113. A surface of genus g

Example 29.62. Let X = X, be a surface of genus g, embedded generically into standard Eu-
clidean 3-space E? with coordinates x,v, z; see Figure 113. Let £ be the vector field on X whose
value at p € X is the orthogonal projection of d/0z onto the tangent plane T,X < R3. We can ar-
range that & vanishes at isolated points. These are the critical points of the restriction of z: E> — R
to X, and occur when T),X < R3 is the (x,%)-plane. Near such a point p € 2 we can locally write X
as the graph of a function f: T, X — R. Identify 7, X with R? and use standard coordinates z, .
Then the function f = f(x,y) satisfies f(0,0) = 0, f»(0,0) = 0, f,(0,0) = 0, where the sub-
scripts denote partial derivatives. The tangent space T{, X < R3 for small z,y is the span of
0/0x + f»0/0z and 0/dy + fy0/0z. It is isomorphic by orthogonal projection to the span of 0/0x
and 0/0y. Under that identification we compute

0 0
(29.63) L(ay) = fx% + fy@-
Therefore, the differential is represented by the Hessian matrix

f22(0,0)  f24(0,0)

d€0,0) =
fy2(0,0)  fyy(0,0)

If this is nondegenerate, then the sign of the determinant is +1 at maxima and minima of f and
the sign of the determinant is —1 at saddle points. As in the picture, this nondegeneracy can
be arranged, and furthermore we can arrange for a unique maximum, a unique minimum, and
2g saddle points. Therefore, (29.61) computes

(29.64) X(Xg) =2—2g.

Introduction to de Rham cohomology
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(29.65) Definition of de Rham cohomology. Let X be a smooth n-dimensional manifold. Recall
the de Rham complex (22.53)

d d

(29.66) 0— QX)L 0l(x) L 2(x) L L (X)) — 0,

in which d2 = 0.

Definition 29.67.

(1) A differential form o € Q°(X) is closed if da = 0.
(2) A differential form « € Q°(X) is ezxact if there exists 5 € Q°(X) such that o = dp.

Since d? = 0 we have for each k € {0,1,...,n} the inclusions
(2968) koil(X) c Q’cglosed()() = Qk(X)a

where dQF~1(X) is the space of exact k-forms.

Definition 29.69. The de Rham cohomology in degree k is the vector space

_ QoseaX)

closed

(29.70) HY%(X) = =Ts ol

Example 29.71. A function f € QY(X) is closed iff f is locally constant, and it is exact iff it
vanishes. Hence H gR(X ) is the vector space of locally constant functions on X.

Example 29.72. We indicate an isomorphism

~

(29.73) H}:(R/Z) =R

Namely, a function on R/Z lifts under the covering R — R/Z to a periodic function f: R — R,
i.e., one for which f(z + 1) = f(x) for all x € R. Similarly, a 1-form a € Q'(R/Z) lifts to a 1-form
a = g(x)dr € Q' (R) in which g is a periodic function. Every 1-form on a I1-manifold is closed, and
we claim « is exact iff

(29.74) jR/Zoz - f 1 g(z)dz = 0.

0

The isomorphism (29.73) is integration over R/Z. We leave the reader to fill in the details.

(29.75) Pullbacks. Let f: X' — X be a smooth map of smooth manifolds. As noted in Theo-
rem 22.56 there is an induced pullback map of differential forms

(29.76) f1 Q8 (X) — QMXT),

and df* = f*d. This latter implies that f* maps closed forms to closed forms and exact forms to
exact forms, hence induces a map

(29.77) f* Hip(X) — Hip(X')

on de Rham cohomology.
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(29.78) The de Rham theorem. The utility of de Rham cohomology arises from a comparison
with other cohomology theories on a smooth manifold, say the singular theory. The book by Frank
Warner has a very nice treatment of the following.

Theorem 29.79. Let X be a smooth manifold. Then there exists a natural isomorphism
(29.80) Hi%(X) — HY(X;R).

The codomain of (29.80) is the singular cohomology with real coefficients, which is isomorphic to
Hom (H}(X),R), where Hy(X) is the singular homology group. The map (29.80) is constructed by
integration over “smooth singular chains”.

Fixed point theorems

(29.81) The Lefschetz fized point theorem. We have defined the Lefschetz number of a self map
f: X — X in (28.46) as an intersection number, and in (29.21) have a formula in terms of local
data at fixed points in case every fixed point of f is isolated. This has more power if we can compute
the global intersection number effectively. The following theorem does this in terms of de Rham
cohomology and the induced map (29.77). Implicit is the assertion that the de Rham cohomology
vector spaces of a compact manifold are finite dimensional.

Theorem 29.82. Let f: X — X be a self map of a compact oriented manifold. Then

HA“R(X))

Sadly, it is beyond the scope of this course to prove Theorem 29.82.

dim X
(29.83) L(f)= ), (-1)FTr (f*

k=0

Remark 29.84. Fixed point theorems are important in many parts of geometry and beyond. For
example, recall that we use the contraction fixed point theorem to prove the inverse function
theorem and to construct solutions to ordinary differential equations, so more geometrically to
construct integral curves of vector fields. There are also infinite dimensional analogs of degree
(Leray-Schauder) and of fixed point theorems (Schauder) with many applications to integral and
partial differential equations; see Topics in Nonlinear Functional Analysis by Louis Nirenberg.

Remark 29.85. The relationship between fixed points and cohomology expressed in the Lefschetz
fixed point theorem has a powerful arithmetic cousin introduced by André Weil. It uses the Frobe-
nius map of a variety defined over a finite field.

Remark 29.86. Atiyah-Bott prove a generalization of Theorem 29.82 for linear elliptic differential
operators, a theorem with diverse applications in topology, geometry, and representation theory.



Problem Set # 1

M382D: Differential Topology
Due: January 27

There will be weekly homework assignments due each Thursday at the beginning of class on
Gradescope. Please work the problems neatly. There is no need to copy over the problem or hand
in the problem sheet. Do not show scratch work. Try the problems on your own first. Then feel
free to discuss them and work together with classmates, friends, parents, etc. However, I expect
you to write up your own solutions to the problems. Please come and discuss the problems (and
the class generally) with me during office hours.

Do the best you can on these problems. Please write your scratch work on scratch paper and only
hand in coherent, readable arguments and calculations. You will have to produce good mathemat-
ical writing on your tests, prelims, and in your future mathematical writing, so why not practice
now on these homeworks? Good mathematical writing is concise, so don’t write volumes of ma-
terial. Some of the problems are computational, others conceptual. Some may involve ideas you
are not familiar with. (Here is one place where your classmates may be able to help you.) Often I
leave problems open-ended. Feel free to explore. Some are meant to be challenging, so do not get
discouraged if you find them difficult. I certainly don’t expect anyone to do all of the problems or
even to come close. They are a guide for your learning of the material in the lectures and the book.

You should be reading my lecture notes as well as Warner and Guillemin/Pollack along with the
class, even if I do not give specific reading assignments. (But follow the definitions given in lecture!)
Please skim through the book immediately to see if you are comfortable with it and think it is at
the right level for you. (We will only cover Chapters 1, 2, and 4 of Warner.) And don’t forget
Milnor’s Topology from the Differentiable Viewpoint—it’s a wonderful book and a wonderful piece
of mathematical writing. Feel free to ask questions about the book during class or office hours. You
should now be reading the first chapter in each of the text books. There are plenty of problems in
each, and I suggest you try some of them.

All vector spaces and manifolds studied in this class are assumed to be finite dimensional. The
coefficients are real. In this class, and in some parts of the mathematical world, the word ‘manifold’
is short for ‘smooth manifold’, which we use synonymously with ‘C* manifold’.

Problems
. Suppose X,Y are manifolds and f: X — Y a smooth map.

(a) Prove that X x Y is also a manifold.
(b) Show that the graph I'(f) < X x Y of f, defined by

L(f)={(z,y) e X xYV 1y = f(a)},

is a manifold.

(¢) Now suppose U c X is an open subset. Define a manifold structure on U.

1



2. There are three different ways in which functions correspond to shapes. Let X,Y be sets and
f: X =Y. (You might prefer to think that X,Y are topological spaces and f is continuous, but it
doesn’t matter for this part.) The graph of f, which is a subset of X x Y, is defined in the previous
problem. The image of f is f(X) < Y. The fiber of f at c € Y is f~'(x) = X. Graphs were
discussed in the previous problem; now we consider fibers and images, all in the context of smooth
maps of smooth manifolds.

(a) Suppose f: A% — R is a smooth function. Define X, = f~!(c) for all c € R. Is X, necessarily a
manifold? Think carefully about what that statement means. For a fixed f what can you say
about the set of ¢ for which X, is a manifold? Try many examples. You might also want to try
this problem with A? replacing A3.

(b) Repeat with f: R — A% and X = f(R) = A3. Here there is no parameter (‘c’ in the previous),
so you’ll have to vary the map f.

3. (a) Suppose A is an n dimensional affine space over a vector space V. Let v: (a,b) — A be a
smooth curve, where (a,b) € R is an open set. For ¢ € (a,b) define the tangent vector ¥(t) € V.

(b) Take n = 2 and A = A? so we write v(t) = ((t),y(¢)). What is the formula for the tangent
vector in terms of the real-valued functions x,y? (What is the vector space V'7)

(c) Suppose the image of v lies in the open set A2\ {(z,0) : 2 > 0}. Introduce polar coordi-
nates (r,6) on this open set and write the curve as (r(t),6(t)). How precisely are the func-
tions r, 8 defined? What is the tangent vector to the curve in terms of the functions r, 67

4. Review the general form of the chain rule; here you will use it in a specific example. Define
f9: A% > A3 by f(z,y,2) = (22,4, 2%) and g(x,y,2) = (yz, 22, 2y).
(a) Write a formula for g o f and compute d(g o f) at a general point (x,y, z) from the formula.

(b) Now compute dg and df separately and use the chain rule to compute d(g o f). Compare your
answer to that in part (a).

5. Prove the following assertions, which should look familiar.

(a) Suppose U < A" is a connected open set and f: U — A™ is a smooth function whose differen-
tial df, vanishes for all z € U. Prove that f is constant.

(b) Let U,V < A™ be open subsets and f: U — A" and g: V — A" be smooth maps such that
the compositions f o g and g o f are defined and equal to the identity map. Prove that for
each x € U the differential df, is an invertible map.

(c) Let U be a connected open subset of an affine space A and f: U — B a smooth map to an
affine space B. Prove that f extends to an affine map A — B if and only if the differential
df: U — Hom(V, W) is constant. Here V,W are the vector spaces associated to the affine
spaces A, B and Hom(V, W) is the vector space of linear maps from V to W.



6. Recall that GL,R is the open subset of n x n real matrices which are invertible, so it inherits a
manifold structure from that of the vector space of n x n matrices. Show that multiplication and
inversion are smooth maps

GL,R x GL,R — GL,R

GL,R — GL,R
Repeat for the group GL,,C of invertible complex matrices. This proves that GL,R and GL,,C are

Lie groups. At some point during the semester I strongly recommend reading Chapter 3 of Warner
for some basics on Lie groups.

7. Fix positive numbers 7 and R with r < R. Let the torus T be the surface of revolution in A® (with
coordinates x,y, z) obtained by revolving the circle

y=0, (z—R)?>+2>=r?

about the z-axis.
(a) Show that T is a 2-manifold.

(b) Define the Gauss map g: T — S? to the unit sphere in A® by mapping a point p € T to the
unit normal vector to T at p, viewed as a point of S2. (Here I am relying on your geometric
intuition, not on definitions we have discussed in this class.) Show that ¢ is smooth. Compute
its differential in some coordinate system.

8. Let V be a finite dimensional real vector space and k € Z=°. The Grassmannian is
Gri (V) = {W < V subspace of dimension & }.

Topologize Gry(V'). Construct an atlas on Grg (V') following the start given in lecture. Can you do
both at once?

9. Let X denote the set of affine lines in A%. Topologize X and show that it is a topological manifold.
What is dim X7 Is X connected? Is X compact? Is X simply connected? Can you recognize X as a
familiar topological manifold: do you know a familiar topological manifold which is homeomorphic
to X7



Problem Set # 2

M382D: Differential Topology
Due: February 4

For the problems in Guillemin/Pollack, I would like you to use the definitions (of a manifold,

tangent space, etc.) that we use in lecture and in the lecture notes. That said, please do read
Guillemin/Pollack.

Problems in Guillemin/Pollack

Chapter 1, §2 (p. 11): 4, 10, 11
Chapter 1, §3 (p. 18): 5

Other Problems

. Let M be a topological manifold and & = {(Uy, xa)}aca an atlas. Define
o =/ U {(U,x) standard charts on M : (U, x) is C* -related to all charts in &/ }.

Prove that <7 is a maximal atlas on M, i.e., a differential structure.

. (a) Let P(2) := anz" +---4+a1z+ap be a polynomial in a single complex variable; the coefficients a;
are complex numbers. Consider the family of equations P(z) = s for a variable complex
number s. Suppose that for some zg, sy we have P(zp) = sp and 2 is a simple root of P(z)— sq.
Let t — s; be a smooth curve through sg. Prove that there is a smooth curve t — z; around zg
so that P(z;) = s;. For what values of ¢ is this curve guaranteed to exist? What happens if
zp is a double root?

(b) A theorem in classical Euclidean geometry, named after the great Napolean, goes as follows.
Suppose A, B, C are points in E2, where E? is the Euclidean plane, the affine plane with the stan-
dard notion of distance and angle. Let C” be the point external to the triangle ABC such that
the triangle ABC" is equilateral. Similarly, define equilateral triangles A’BC and AB'C. Let
A", B”,C" be the centers of the triangles BCA’, CAB’, ABC'. The theorem states that A” B"C"
is equilateral. You will have fun proving that if you haven’t seen it before—there is a very ele-
gant argument for it. But the statement I'm asking you to prove here is that the length of the
side of A”B”(C"” is a smooth function of the points A, B, C. You can do so without computing
a formula.



3. Consider the 2-sphere
S? = {(z,y,2) € A% 12 + 7 + 22 = 1),

(a) There is an obvious inclusion i: S? — A3. Show that the differential dij, at any point p € S? is
an injection di,: T,5% — R3 and identify the image.

(b) More generally, suppose M is a smooth manifold and i: M — A an immersion into an affine
space A over a vector space V. For each p € M, show how to identify 7),M as a linear subspace
of V.

(c) On the upper hemisphere {z > 0} of S? consider the functions z,y to be coordinate function. As
a second coordinate system we take spherical coordinates 6, ¢ defined by solving the equations

x = sin¢cosf

y = sin ¢ sin 6.

Identify a (maximal) subset of the upper hemisphere on which 6, ¢ is a coordinate system. (You
may want to translate: replace 6, ¢ by 6 — 0y, ¢ — ¢ for some 6y, ¢p.) On that subset express
the vector field d/0z in terms of 0/06 and 0/d¢.

4. Let 2',...2" and y',...,9™ be two local coordinate systems (charts) on a smooth manifold, and
suppose the domains agree. Let f be a smooth real-valued function defined on this common domain.

(a) Show
of ol of
oyl Oyl oxt’

(b) Verify from (a) and other equations that

_of i Of
df = &ridw = ayjaly.
(c) Compute
_of
oyl oy*

in terms of partial derivatives of f in the z-coordinate system. Does

o2 f

5yj5ykdyjdyk

behave nicely under coordinate change? You’ll have to invent multiplication rules for the
differentials to answer this. Spell out functionally (or theoretically if you want) what rules you
are following.



5. This problem is a standard and important corollary of the inverse function theorem, called the

implicit function theorem. It states a condition under which we can solve an equation of two
variables implicitly for one variable as a function of the other.
Suppose X,Y, Z are manifolds and F: X x Y — Z a smooth map with F(xg,yg) = zo for some
o € X, yo € Y, and zp € Z. Assume that the restriction of the differential dFi,, ,.) to Ty Y <
T o ,y0) (X x Y') is an isomorphism onto T, Z. Prove that there exists a neighborhood U of g and V/
of yg and a smooth function f: U — V such that

F(m,f(a:)) =20

for all x € U. (More generally, we can find a function f,: U — V which solves the equation
F(z, f.(x)) = z for z in a neighborhood of z.)

6. Let V be a finite dimensional real vector space of dimension at least 3. Specify an open subset M <
PV x PV on which the map f: M — Gra(V) which maps a pair of lines (¢1,¢2) to the 2-plane they
span is defined. Compute the differential of f and prove that it is surjective at all points of M.



Problem Set # 3

M382D: Differential Topology
Due: February 11

Over the next few weeks we will cover Sard’s theorem, the Whitney embedding theorem, and
partitions of unity. As we proceed you should read over all of Chapter 1 in Guillemin/Pollack as
well as the discussion on p. 22-35 of Warner. But be warned that his use of ‘submanifold’ is not
standard and in particular is not ours; his is a ‘1:1 immersion’.

Problems in Guillemin/Pollack

Chapter 1, §4 (p. 25): 2,5

Other Problems

. This exercise is preparation for our discussion of partitions of unity.

(a) Consider the function f: R — R defined by

6*1/12, x > 0;
0, r<0.

Prove that f is C®. Sketch the graph of f. Compare f to its Taylor series at z = 0.

(b) Given real numbers a < b show that

is smooth and vanishes outside the interval (a, b).

(¢) Given real numbers a < b, construct a C* function h: R — R such that: (i) h(x) = 0 for x < a,
(ii) h(xz) = 1 for > b, and (iii) h is monotonic nondecreasing.

(d) Given real numbers a < b < ¢ < d, construct a C* function k: R — R so that (i) k(z) = 0
for x < a, (ii) k(z) = 1 for b <z < ¢, and (iii) k(x) = 0 for x > d.

(e) Given real numbers a’ < b’ < ¢! < d’, i =1,...,n, construct a C® function k: A" — R so that
(i) k(z',...,2") = 0if any 2% < a¥; (ii) k(z!,...,2") = 1if b <2’ < foralli=1,...,n; and
(iii) k(z',...,2") = 0 if any 2° > d".

(f) Prove that on every manifold X there is a nonconstant C* function f: X — R.



2. Consider the function
fle,y,2) = ot +y* + 24
defined on A3.
(a) Determine the critical points of f, that is, the points where the differential of f vanishes.

(b) Compute the differential of f in cylindrical coordinates r, z,0 given by

T = rcosf
y =rsind
Z=z.

Do this two ways. First: write f in cylindrical coordinates and then differentiate. Second:
differentiate f in rectangular coordinates and then change to cylindrical coordinates. Your
answers should agree.

(c) Let g: S — R be the restriction of f to the unit sphere. What is the maximum value of g?
Where is it attained? Can you do a complete analysis of the critical points, i.e., determine the
maxima, minima, and saddle points? How many critical points are there? How many critical
values (values of g at the critical points)?

3. (a) Define complex projective space CP" as the manifold of equivalence classes

CP" = {[2%2},...,2"] : 2 e C, (2% 2,...,2") + (0,0,...,0)}/~,

where

[2°,...,2"] ~ [2'0,...,zm] if and only if 2" = \z*
for some nonzero complex number \. Show that CP" is a manifold. (Consider U; = {[2°,...,2"] :
2t £ 0}.)

(b) Construct a diffeomorphism between CP! and the standard 2-sphere.
(c) Identify the 3-sphere with the unit sphere in C2:

83 ={(z4 2 e C?: |22 + |22 = 1}

Prove that the map
f: 8% — cCp!
(21’22) — [21’22]
is a submersion. What is the inverse image of a point? What can you say about the inverse
images of two distinct points? How are they situated in S3? The map f is the Hopf fibration.

2



4. Let Ay be a curve of symmetric n x n real matrices, defined for t € (—¢,¢€), and suppose Ay has
a simple eigenvalue \ with corresponding eigenspace Ly — R™. Consider Lg as a point of RP" !,
Show that there is a smooth parametrized curve t — L; C RP" ! g0 that L; is an eigenspace of A;.
The domain of this motion is an open interval (—d,0) for some § < e.

5. What manifold parametrizes great circles in the standard unit sphere S? < A3?

6. Let X,Y be finite dimensional real vector spaces and W < Y a subspace. A linear map L: X — Y
is transverse to W if L(X) + W =Y, that is, if any vector in Y is a sum (possibly nonuniquely) of
a vector in L(X) and a vector in W.

(a) Let m: Y — Y /W be the quotient map. Prove that L is transverse to W if and only if 7w o L is
surjective.

(b) If L is transverse to W then compute the dimension of L=Y(W) < X.

(c) Prove that the set of linear maps transverse to W is an open subset of Hom(X,Y).



Problem Set # 4

M382D: Differential Topology
Due: February 17

Problems in Guillemin/Pollack

Chapter 1, §4 (p. 25): 10, 12
Chapter 1, §7 (p. 45): 4, 6 (assume f is smooth)

Other Problems

. Let M, N be smooth manifolds and f: M — N an injective proper immersion. (A map is proper if
for all C = N compact, the inverse image f~1(C) = M is compact.) Prove that f is an embedding.

. Produce a smooth map f: (—6,6) x S' — S! for some § > 0 with the following property: If
ft = f’{t}xsl’ and ¢ € S! is a chosen point, then #ft_l(q) is nonconstant as a function of {. What
causes the jump in this function? Give other examples for other compact domains and arbitrary
codomains. Can you see a topological invariant in this situation?

. For each of the following construct an example.

(a) A compact manifold X and a smooth manifold Y with dim X = dimY = 2, and a smooth map
f: X — Y such that if R c Y is the subset of regular values and #: R — Z=" the function
which assigns to ¢ € R the cardinality of f~1(¢), then # takes on three distinct values. (Recall
from lecture that # is locally constant.)

(b) An embedding f: X — Y which is not proper
(¢) A non-simply connected compact 4-manifold

(d) A surjective local diffeomorphism of 3-manifolds which is not a diffeomorphism

. (a) A 3 x 3 rotation matrix always has a fixed line—that is, an eigenspace—which is actually
pointwise fixed—the eigenvalue is 1. Show that this is so. (A 3 x 3 rotation matrix is an
orthogonal matrix with determinant 1. The Lie group of all such matrices is denoted SOs.)
Except for the identity matrix I, this line is unique. Show that the map f: SO3\{I} — RP?
so defined is a submersion. What is the inverse image of a point?

(b) Show that RP® may be constructed from the unit ball B> = A by identifying antipodal points
of the boundary S2.

(¢) Construct a diffeomorphism f: RP? — SO3. Hint: Take the ball in part (b) to have radius 7.

(d) The manifold underlying the Lie group SO of orthogonal 2 x 2 matrices of determinant 1 is
also familiar. What is it? What manifold underlies O5?

1



5. Real projective space RP™ may be defined as the set of nonzero real (n+1)-tuples z = [2°, 2, ..., 2"]
up to an equivalence which identifies two (n+1)-tuples if one is obtained from the other using scalar
multiplication by a nonzero constant.

(a) Let F = F(2°,...,2™) be a homogeneous real-valued function: F(\z) = \"F(z) for some real
number r and all nonzero A € R. How does the equation F' = 0 define a subset of RP™?

(b) What condition on F' guarantees that this subset is a submanifold?

(c) Homogeneous polynomials are particular examples of homogeneous functions. Show that any
linear polynomial F' satisfies the condition you found in part (b). What is the corresponding
submanifold of RP"?

(d) Now investigate (homogeneous) quadratic and cubic polynomials. You might try the case n = 2
first to see what sort of submanifolds you get.

6. Let V be a finite dimensional real inner product space. Define the Stiefel manifold
Ste(V) = {b: R? -V :bis an isometry}.

Construct a smooth manifold structure on Sta(V).



Problem Set # 5

M382D: Differential Topology
Due: February 24

Problems in Guillemin/Pollack

Chapter 1, §8 (p. 55): 3,4, 7,8

Other Problems

1. Let f: X — Y be an embedding of a smooth manifold X into a smooth manifold Y. Prove that
f is a proper map iff f(X) e Y is closed.

2. Let X = {(z,y,2) e A3 22 + 2 +22 =1, 2z # L1} and Y = {(2/,¢/,2) € A®: (2/)? + (v/)? = 1}
be the twice punctured 2-sphere and cylinder in affine 3-space. Let f: X — Y be radial projection
from the z-axis. Compute df. Specify the domain and codomain, the charts you use if you use
them, etc.

3. (a) Consider the diagram
E
X' L> A;L(

in which 7 is a fiber bundle and f a smooth map. Construct E, 7/, f in the diagram

E-=>

|

x|l J{ﬂ‘
Yo

X —=X

so that the diagram commutes and f restricts to a diffeomorphism #(p/) — 7 1(f(p)) for all
p’ € X’. Show that 7’ is a fiber bundle. It is the pullback of m along f.

(b) Let X be a smooth manifold and m;: E; — X, ¢ = 1,2, be fiber bundles. Construct a fiber
bundle 7: By xy Es — X, the fiber product of my and w2, whose fibers are the Cartesian
products of the fibers of m; and .

(c) Prove that if f: X — Y is a smooth map, then the differential df = f.: TX — TY is also a
smooth map. (Check in charts.)



4. (a) Let V be a finite dimensional real vector space. Recall that an inner product on V is a func-
tion (—,—): V x V' — R which is linear in each variable separately, symmetric, and positive
definite: for &,&1,&,n€ V and A € R we have

€1+ A2,m) = (&,mp + M2, m)
&y =&
&&6>0  ifEF0

(b) Show that the space of maps V' x V' — R which satisfy the first two equations above is a vector
space. What is its dimension (in terms of dim V)? Show that the subset of maps which in
addition satisfy the positive definiteness condition is convex.

(¢) A Riemannian metric on a smooth manifold X is a smoothly varying assignment of inner
products on the tangent spaces T, X. How do we formalize ‘smoothly varying’ in the previous
sentence?

(d) Construct a Riemannian metric on U < X if U is the domain of a coordinate chart (U; z?, ..., z").

(e) Use a partition of unity to construct a Riemannian metric on X.

5. (a) Construct a smooth map 7: E — M which is a surjective submersion, which has compact
fibers, and yet which is not a fiber bundle.
(b) Give an example of a fiber bundle which is not proper.
(c) Prove that a covering space is a fiber bundle.
(d) Is every local diffeomorphism a fiber bundle?
(e) Can an immersion be a fiber bundle?

6. Consider the real quadratic equation
(%) az® + bry + cy® + dx + ey + f =0,

where a,b,c,d, e, f € R and z,y are standard coordinates in AZ.

(a) Under what conditions is 0 a regular value of the quadratic function on the left hand side? If
so, when is the resulting submanifold of A% compact?

(b) Recall that the real projective plane RP? is a compactification of the real affine plane A2
that has a real projective line RP! at infinity. If z,y,z are homogeneous coordinates on RP?
we identify AZ as the subset of points of the form [z,y,1]. (Recall the equivalence relation
[z,5, 2] ~ [z, \y, \z] € RP? for A € R*Y.) Show that the set X of solutions to the homogeneous
quadratic equation

(%) az? + by + cy® + dez +eyz + f22 =0

intersects A2 in the subset defined by (*). What is the intersection with the RP! at infinity?
2



(c) What are the possible topologies for X in part (b)?

(d) We can also study the complex solutions to (xx), that is, the space of solutions X¢ < CP2. Can
you identify the manifold X¢ when 0 is a regular value of the quadratic function in (x)?

(e) Show that [1,++/—1,0] € X if and only if (*) defines a (Euclidean) circle in A2



Problem Set # 6

M382D: Differential Topology
Due: March 3

Next week, in lieu of a problem set, you will have a take home midterm exam. The only difference
with the problem sets is that you are to do it on your own. Also, the more difficult problems will
be extra credit.

We will not have any lecture on March 10. Instead, I will post a recorded lecture (on the
classification of 1-manifolds) and ask that you watch it at some point.

Problems in Guillemin/Pollack

Chapter 1, §5 (p. 32): 2,9, 10

Other Problems

. Construct a nontrivial rank one real vector bundle over the circle S* by gluing the ends of [0,1] x R
using the linear map £ — —¢&. In other words, identify (0,£) ~ (1,—¢). From this construct a
vector bundle 7: E — S'. Can you identify the 2-manifold which is the total space (the ‘E’ in
7. B — SY) of this bundle?

. Let M be a smooth manifold and 7: T*M — M its cotangent bundle. Introduce the notation

Q°(M) = {f: M — R smooth}
QY (M) = {sections of w: T*M — M}

(a) Construct vector space structures on each of these sets. Show that the differential is a linear
map

(x) Q°(M) -5 Q'(M).

(We will soon construct “higher” versions of these vector spaces and of the differential.)
(b) Let M = R. Is the map (*) injective? Is it surjective? If not, identify the kernel and cokernel.
(c) Repeat (b) for M = S*.



3. (a) Let f = f(x,y,2) and g = g(z,y, z) be smooth functions defined on an open set U = A%, and
suppose each has 0 as a regular value. Then X = f~1(0) and Y = g~!(0) are submanifolds
of A of dimension 2. Then X and Y intersect transversely if and only if a certain condition
on f and g holds. What is it?

(b) Check your answer for the specific functions

f=a?+y"+22-1
g=(@—a)+y*+2* -1

where a is a real parameter. For what values of a is the intersection transverse? Think about

the geometric picture as well as the equations.

4. (a) Recall that O,,, the set of orthogonal n x n matrices, is a Lie group. It acts on the sphere S"~!
of unit vectors in R™. Show that the map

0, — S" !

()

(b) Let V be a finite dimensional real inner product space. Recall (from Homework #4) the Stiefel
manifold St (V) for k € {1,2,...,dim V}. What is St1(V)? What is St,(V) if n = dim V? (Is
there a sensible definition of Sto(V)?) For any k, construct a map

is a fiber bundle. Try n = 1,2, 3.

St (V) — Grg(V)

and prove that it is a fiber bundle. Construct a fiber bundle

St (V) —> Stx_1(V)

and so a sequence of fiber bundles

St(V) — Stg—1(V) —> -+ —> Sto(V).

(c) What are the fibers of each map in this problem?



5. Define
X = {[z,y,2] € CP? : 2% + 4> — 2* = 0} c CP2.

(a) Prove that X is a 2-dimensional submanifold of CP?2.
onsider the pencil (= 1-dimensional family) of projective lines
(b) Consider th [ (= 1-di ional family) of proj l

Y; = {[z,y,2] e CP?: x +y — tz = 0} = CP?%

Here t € C. Define a projective line Y, by taking the limit as ¢t — c0. Write an equation for Y.
(¢) For which ¢ is X A Y;? For those ¢ identify the manifold X n Y;.
(d) Redo the problem with RP? replacing CP?.



Problem Set # 7

M382D: Differential Topology
Due: March 24

This is homework set is due after spring break. Please be sure to take a break!

Problems in Guillemin/Pollack

Chapter 2, §2 (p. 66): 1,2, 3, 4

Other Problems

. Let X be a manifold with boundary. Construct a smooth function f: X — R such that 0 is a
regular value, f~1(0) = 0X, and f <0 on X\0X.

. For each of the following construct an example (with justification) or show that it does not exist.
(a) For each n > 1 two maps S™ — S™ which are not homotopic.
(b) For each n = 1 two maps RP" — RP" which are not homotopic.
(c) Amap f: S! x S' — S? with deg, f + 0.

(d) A map f: S? - S! x S! with deg, f + 0.

(e) A map f: S? — RP? with deg, f + 0.

(f) A map f: RP? — S? with deg, f + 0.

. A knot is the image of an embedding f: S — A3. Suppose we have two disjoint knots, which are
the images of maps f,g: S' — A3. Define the mod 2 linking number as the mod 2 degree of the

map
fxg:Stxst— 52
i, A8 —g(t)
ST ) — ()]

(a) Compute the mod 2 linking number of the unit circle in the z-y plane centered at the origin
with the unit circle in the y-z plane centered at the point y = 1/2, z = 0, where x,y, z are
standard coordinates.

(b) Suppose that f extends to a map F: D? — A3 where D? is the unit disk with boundary S*.
By one of our basic theorems we may assume, possibly after perturbation, that F' is transverse
to g(S1). Prove that the mod 2 linking number is the number of points in F~!(g(S")) mod 2.



Problem Set # 8

M382D: Differential Topology
Due: March 31

Problems in Guillemin/Pollack
Chapter 2, §4 (p. 82): 3, 5, 8, 11, 13
Chapter 2, §6 (p. 93): 1, 2

Other Problems

. Let V be a 4-dimensional real vector space. Set Y = Gra(V'), the Grassmannian of 2-dimensional
subspaces of V. What dimension is Y'?

(a) Let U < V be a 3-dimensional subspace, and set X = Gra(U). Explain how to regard X c Y
as a submanifold (of what dimension?) and compute #2(X, X).

(b) Let L < V' be a 1-dimensional subspace, and let Z < Y be the set of W € Gra(V) such that
L c W. Prove that Z c Y is a submanifold (of what dimension?) and compute #(Z, Z).

(c) Compute #2(X, Z).

. Let X, Y be smooth manifolds, S a connected smooth manifold, Z < Y a closed submanifold, and
suppose that in the diagram

DC—G>Y
ip
S

the map G is an embedding and F is proper. Assume that (dimX — dim S) + dimZ = dimY.
Suppose that sg, s1 € .S are regular values of F'. Prove that #s (G‘F,l(SO), Z) = #o (G‘F,l(sl), Z).

. Proof or counterproof. (Or if no proof, at least intuitive reasoning indicating why you think the
given statement is true or false.)

(a) There exists a 2-dimensional submanifold X c RP? x RP? with #5(X, X) # 0.
(b) For n > 1 there exist compact submanifolds X, Z < S™ with #2(X, Z) # 0.

(c) Let Y be a closed 2-manifold of genus 2, i.e., a “sphere with two holes”. Then there exists a
compact 1-dimensional submanifold X < Y such that #,(X, X) # 0.

(d) Let W be a 4-dimensional complex vector space and set Y = Gra(W), the Grassmannian of
2-dimensional complex subspaces of W. Then there exists a compact submanifold X < Y such
that #2(X, X) # 0.



Problem Set # 9

M382D: Differential Topology
Due: April 7

There are many problems, but many are short, straightforward, and computational: give them a
try!. You need practice with exterior algebra and differential forms if you have never worked with
them. You only need to follow the rules

df ndg = —dg ~ df
d*f =0

to do the computation; you do not need to wait for all of the theory we are developing.

Problems in Warner

Chapter 2 (p. 77): 2,9, 10, 12, 15

Other Problems

. Let S be a set. Recall from lecture (notes) the definition of a free vector space generated by S. In
this problem you prove existence.

(a) First, if V3, V, are vector spaces construct the direct sum Vi @ Vi vector space. Its underlying
set is the Cartesian product V; x Vs, for example.

ow let {Vi}ses be a set of vector spaces indexed by S. Construct the direct sum vector space

b) Now let {V, b t of vect indexed by S. Construct the direct t
@,eg Vs whose underlying set is the set of finitely supported functions £: S — [ [,.¢ Vs with the
property £(s) € Vs. What is vector addition? Scalar multiplication? (Here || denotes disjoint
union, a tricky operation. . .)

(c) Define the direct product [[,.q Vs by dropping the support condition. What is the direct
product in the special case that all V; equal a fixed vector space V7

(d) Use (some of) these constructions to prove existence of a free vector space generated by S.
Verify the universal property.

(e) For the categorically minded, formulate universal properties for the direct sum and direct
product.

2

. In this problem we work in A” with standard coordinates z', z2,...,z". Or, you can imagine that

the x* are local coordinates on an n-dimensional manifold.

(a) Take n = 3, call the coordinates z,y, z, and set

a = xdr + ydy
B = zdz
v =dzx Ady + xdz

Compute a A B, a A 7y, and v A 7.



(b) Compute do, dj, and dr.
(¢c) Now write an arbitrary 1-form w in A™ and compute dw.

(d) For a function f: A™ — R verify explicitly that d(df) = 0. (To ease notation in the last two
problems, you may want to try n small first.)

. Let P,Q: U — R be smooth functions on an open set U = A2, and consider the differential form
a = Pdr + Qdy,

where we restrict the global coordinates x,y on the affine plane A% to U.
(a) Compute do.

(b) Consider a parametrized curve v: [0,7] — A2, which we can write in coordinates as a pair of
functions (z(t),y(t)). Compute v*«, which is a 1-form on [0, 7.

(c) What can you say if a = df, where f is a smooth function on A2??

(d) Are you reminded of some integration theorems from advanced calculus?

. Consider the differential form
B =Pdy ndz+ Qdz A dx + Rdx A dy

on an open set U — A% in affine space with standard coordinates x,v, z, where P,Q,R: U — R.
(a) Compute df.

(b) Consider a parametrized surface o: V — A3, where V is an open set in A2 with coordinates u, v.
This is given by writing x, y, z as functions of u,v. Compute o*f.

(¢) What can you say if § = da for a a 1-form on U?

(d) Are you reminded of some integration theorems from advanced calculus?

. (a) Consider a 1-form a = g(z)dz on the affine line Al. Prove that there exists a function f(z) so
that a = df.

(b) Now try the same problem with A! replaced by the circle S'. Equivalently, replace o and f
with a periodic 1-form and a periodic function.



6. Consider the 1-form
w = xdy + ydz
on the affine plane A? with standard coordinates z, y.
(a) Compute dw.
(b) Is there a function f so that w = df?

(c) Now repeat for the form
,  xdy —ydx
Ww=——
z? + y?

on the punctured affine plane A%\{0} with standard coordinates z,y.

7. In this problem we work in A" with standard coordinates z', 22, ..., 2". Compute d of the following
differential forms.

(@) y= Y (-1)"tatdat ndz® A--- Ad/{i N
i=1

(b) 7~y where 12 = ()2 4 --- + (2")2.

(c) sin(r?) '§1 xtdat



Problem Set # 10

M382D: Differential Topology
Due: April 14

Problems in Warner

Chapter 2 (p. 77): 13, 16
Chapter 4 (p. 157): 12

Other Problems

. Suppose V is a vector space with inner product (—, —). Define an induced inner product on /\ZV.
You may want to consider V finite dimensional with orthonormal basis ei,...,e,. Then what
property does the basis e; A e2, €1 A €3, ..., €1 A ep, €3 A€z, ... of /\2V have? Suppose & A &
represents a parallelogram. What is the geometric interpretation of the norm [&; A &7 What
about the inner product between two parallelograms?

. Let V, W be vector spaces and T: V — W a linear map. Recall that for each k € Z=° there is an
induced map

AT NV — AW

characterized by /\kT(fl Ao nE)=TE& A+ ATE. Suppose V =W is finite dimensional and
T is diagonalizable. Compute the trace of /\kT . Compute

n
(=D)kt* T APT
k=0

where ¢ is a “dummy variable”. Can you formulate and prove a formula which holds even if T is
not diagonalizable?

. Let V be a real vector space.

(a) Suppose k € ZZ? and = € /\k V. Prove there exists a finite dimensional subspace V' < V such
that = is in the image of the inclusion /\kV’ — /\kV (induced as in #2 from the inclusion
VI —>V).

(b) Let = € /\QV. Prove there exists a finite linearly independent set {{1,&a,...,&m} of even
cardinality such that

E=Gn&E +8A& + -+ Soma1 Alom-
1



4. In this problem you will study differential forms on Euclidean 3-space E? and relate the exterior
derivative d to div, grad, and curl. (Euclidean space E3 is the standard affine space A® in which
the underlying vector space R? is endowed with the standard inner product.) Suppose

0 0 0
€ = P(x7y7z)a7x + Q('ray7 Z)@ + R(xaya Z)&

is a vector field on E2. We associate a 1-form a¢ and a 2-form S¢ by the formulas

a¢ = Pdx + Qdy + Rdz
Be = Pdy ndz + Qdz A dox + Rdx A dy

These formulas give isomorphisms
X(E?) =~ QYE?) =~ Q*(E?),

where X(E3) is the vector space of vector fields on E3, i.e., functions E* — R3. Also, we can
associate a 3-form wy to a function f: E? — R by the formula

w= f(x,y,2)de A dy A dz.

(a) These isomorphisms are made pointwise, so belong to linear algebra. That is, they are de-
rived from similar isomorphisms for a 3-dimensional real inner product space V. Choose an
orthonormal basis for V' and define isomorphisms V ~ V* ~ /\QV* by imitating the formulas
above. Check that these isomorphisms are independent of the choice of basis. Relate to the star
operator you studied in Problem #13 in Warner? Can you generalize to higher dimensions?
What is the linear algebra manifestation of the identification of functions and 3-forms stated
above?

(b) Identify the composition
QO(E?) -4 ONEP) — X(E?)

with the gradient of a function. (The second map is the isomorphism above.) Generalize to E"
for any n.

(c) Identify the composition
T(E?) — QH(E3) -4 Q2(EP) — X(E?)

with the curl. (The first and last maps are the isomorphisms above.)

(d) Identify the composition
X(E?) — Q*(E%) L Q3(E?) — QO(E?)

with the divergence.



5. Consider the 1-form
w = xdy + ydz
on the affine plane A? with standard coordinates z, y.
(a) Compute dw.
(b) Is there a function f so that w = df? Exhibit or proof.

(c) Repeat for the 1-form
,  xdy —ydx
Ww=——
z? + y?

on the punctured affine plane A%\{0} with standard coordinates z,y.

6. What is the orientation double cover of RP"? Of CP"™?



Problem Set # 11

M382D: Differential Topology
Due: April 21

Problems in Guillemin/Pollack

Chapter 4, §4 (p. 171): 2, 3, 8, 12
Chapter 4, §7 (p. 185): 2,3,4,7,8,9, 13

Other Problems

. Let
0—V —-V—V"—0

be a short exact sequence of finite dimensional real vector spaces.

(a) Let €],..., €} be a basis of V' and €f,..., e/ be a basis of V. Choose vectors é/,...,é; in V
which map to the corresponding vectors in V”. Show that €/,...,€/,€],... €} is a basis of V.

(Identify vectors in V'’ with their image in V")

(b) Let T: V — V be a linear map such that T(V’) < V’. Then T induces an endomorphism 7"
of V/ and T" of V”. What is the relationship of detT to detT” and detT”? What kind of
matrix represents 7" in the basis of (a)?

(c) Use the bases in (a) to define an isomorphism
Det V" ® Det V! — Det V.

Prove that the isomorphism is independent of the choices.

(d) Use the isomorphism in (c) to give a rule which oriented the third of V, V’, V" if the other two
are oriented. You might call your rule “quotient before sub”.

. Let V be a finite dimensional real inner product space.
(a) Define the volume of a k-dimensional parallelepiped in V' for all nonnegative integers k.

(b) An affine space E over V is called a Fuclidean space. Suppose v: [a,b] — E is an embedding
onto a smooth 1-manifold with boundary C' = E. Define the length of C.

(c) Generalize to higher dimensional submanifolds, or at least to some special cases.

. Let V be a 4-dimensional vector space. Does there exist w € /\QV* such that the restriction of w
to every 2-dimensional W < V is nonzero?



4. Let C be the complex (affine) line! with coordinate z. Write z = x + iy where z,y € R and i2 = —1.
Recall the complex conjugate Zz = = — iy. The coordinates z,y identify C with the real affine
plane AZ.

(a) Write x,y in terms of z,z. We use z, z as (complex) coordinates on A2

(b) We use complex differential forms, which are linear combinations of dz, dy with complex coeffi-
cients. Express dz,dz in terms of dz, dy. Define the basis 0/0z,0/0z dual to dz,dz and express
it in terms of 0/dx, d/dy.

(c) Let U = C be an open set. Show that a C! function f: U — C is analytic (holomorphic) if and
only if 0f/0z = 0.

(d) Continuing, define the complex 1-form a € Q' (U;C) by
a = f(z,z)dz.

Show that da = 0 if and only if f is holomorphic.

(e) Apply Stokes’ theorem to the 1-form a on a bounded open subset of C whose closure has smooth
boundary. Is the result familiar from complex analysis?

5. (Some of this problem appeared prematurely on the previous problem set.) What is the orientation
double cover of RP"? Of CP"? Of a Klein bottle K? Of RP? x K? Of a Mdbius band? Of CGry(R™)?
(Here n is a positive integer and ke 1,...,n —1.)

Htis a complex line: we navigate with a single complex number, just as we navigate on the real line with a single
real number. A complex plane requires two complex numbers to locate a point.
2



Problem Set # 12

M382D: Differential Topology
Due: April 28

For the problems in Guillemin/Pollack, you may use the definitions from lectures/notes.

Problems in Guillemin/Pollack
Chapter 3, §2 (p. 103): 12, 14, 17, 26
Chapter 3, §3 (p. 116): 6, 8,9, 11

Other Problems

. For each of the following construct an example or prove that none exists.
(a) A map f: S! x St — S? of degree 3.

(b) A map f: S? — St x St of degree 3.

(c) A map f: S® — S of degree 3.

(d) A map f: RP® — RP® of degree 3.

(

e) A map f: X — S™ of any given degree d € Z, where X is a compact oriented n-manifold.

. Let a: 8™ — S™ be the antipodal map, and suppose f: S™ — S™ satisfies f(p) = f(a(p)) for
all p e S™. Prove that deg f is even.

. Consider the differential 2-form w € Q?(S?) defined in Example 24.42 of the class notes. For each
integer d write a map fq: S — S? of degree d. Compute deg f; by computing the integral of the
pullback of the differential form w.

. Consider the manifold CP", which is a (real) manifold of dimension 2n.
(a) Construct submanifolds CPFcCP" for k=1,2,...,n— 1.

(b) These manifolds are complex in a natural sense. All we need at the moment is that the tangent
spaces have a natural complex structure and a fact about orientations. Namely, suppose V is a
complex vector space and Vg the underlying real vector space. Show that Vg has a natural orien-
tation: if e1, ea, . . ., €, is any complex basis of V, then take e, v/—1e1, e2,v/—1ea, ..., em, v/ —1len,
to be a positively oriented basis of Vg. Show that this orientation is independent of the complex
basis. Can you express the argument in terms of determinant lines?

(c) A complex linear isomorphism 7': C"*! — C"*! determines a map fr: CP" — CP". Compute
deg fr using the orientation constructed in (b).

(d) Does the degree in (c) depend on which orientation of CP" you choose?

1



5. Recall the Hopf fibration h: S® — S defined as

h: 83« C? — CP!

(z,w) —> [z, w]

(a) Omit the point oo = (0,1) € C? from S? and identify the complement with A3. Draw a picture
of some fibers of h. Observe the linking of distinct fibers.

(b) Construct an analogous Hopf fibration which replaces C with R. Do you recognize that map?
It is not homotopic to a constant map: prove it. What about using the division algebra H of
quaternions, in which case you need to explain carefully what the quaternionic projective line
is. Is the resulting Hopf fibration homotopic to a constant map? Can you predict what map
you get if you use the octonians?



Problem Set # 13

M382D: Differential Topology
Due: May 5

This is the final homework set. Next Thursday you will receive the final exam (online); it is due
Tuesday, May 10. You should begin reviewing the course from the beginning, using the lecture
notes and the books as well as your own notes and the homework sets.

Problems in Guillemin/Pollack

Chapter 3, §3 (p. 116): 14, 16, 17, 19, 20
Chapter 5, §3 (p. 138): 5, 7

Other Problems

. Compute the intersection number I(CP*¥ CP"~*) for 0 < k < n. Note the case n = 2k, a self-
intersection.

. Let W be an n-dimensional complex vector space for some n € Z>9, and let Wx be the underlying
2n-dimensional real vector space. Multiplication by ¢ € C on W is a real linear map 1: Wr — Wg
which satisfies 12 = — idyy,. For any basis eq,...,e, of W as a complex vector space, there is an
associated real basis ey, [eq,ea, Ies, ... of Wk, and so a nonzero vector e; A Ieq A ... in the real
determinant line Det Wr.

(a) Suppose another basis fi,..., f, of W is related by e; = A; fi for some complex n X n ma-
trix (A;) What is the change of basis of the associated bases of Wr? How are the induced
nonzero elements of Det Wk related?

(b) Conclude that Wg has a canonical orientation. Can you express it in terms of the complex
determinant line Det W7

(¢) If W' is another complex vector space, then a complex linear map T: W’ — W induced a real
linear map T : W — W. Prove that if T' is an isomorphism, then 7§ is orientation-preserving.

(d) What is the relevance of this problem to the proof of the fundamental theorem of algebra given
in lecture?

. Let Xy, X1 be compact manifolds. A bordism W: Xqg — X is a compact manifold with boundary
together with a diffeomorphism 0X =, Xol Xq. If Xy, X7 are oriented, then an oriented bordism
W: Xy — X1 is a compact oriented manifold with boundary together with an orientation-preserving
diffeomorphism 0X —> — X, 11 X;. Two manifolds are bordant if there exists a bordism between
them.

(a) Show that one circle is bordant to two circles, even as oriented manifolds.
1



(b) Let Y be an oriented manifold, Z < Y an oriented submanifold, W: Xy — X; an oriented
bordism between oriented manifolds, and suppose each manifold has a dimension and that
dim Xg + dimZ = dimY. Let f: W — Y be a smooth map, and denote its restrictions
to Xo, X1 as fo, f1, respectively. Prove that Iy (fo, Z) = Iy (f1,Z). This generalizes the smooth
homotopy invariance of the oriented intersection number (and so the oriented degree) to oriented

bordism invariance.

(c) Use this—or any technique you like—to compute the Euler characteristic of S2. (By definition
this is Iy xy (A, A) for Y = S2. As sketched in lecture, there are submanifolds S? x pt and
pt x.52 in S? x §2%, and A is bordant to a manifold obtained from the union of $? x pt and
pt x.5? by a small “surgery” which eliminates the non-manifold point pt x pt in the union.)

4. The matrix A = (‘Z 2) with a,b,c,d € Z determines a linear map R?> — R? which preserves the
integral lattice Z? < R2. Therefore, it induces a self map fa of the 2-torus R?/Z2. Compute the
Lefschetz number of the map fa.
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