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What follows are lecture notes from a graduate course given at the University of Texas at Austin

in Spring, 2021 and Spring, 2022. The topics follow those in Guilleman-Pollack’s Differential
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I have appended homework exercises to these notes.
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Lecture 1: Topological manifolds

I posted notes on “multivariable analysis”. I will not repeat material in those notes. For example,

in the first weeks of the course I use basic notions of affine geometry and of differential calculus

from those notes.

The first part of this lecture was motivation for the course, which I won’t repeat here. So these

notes only cover the last part of the lecture.

(1.1) Some point set topology. Let X be a topological space. Recall that X is Hausdorff if for

all distinct x1, x2 P X there exist disjoint open sets U1, U2 Ă X such that xi P Ui, i “ 1, 2. Every

metric space is Hausdorff since the distance between distinct points is positive, hence distinct points

can be separated by open balls (of radius half the distance). The topological space X is second

countable if it admits a countable basis. That is, there exists a countable collection tUiuiPI of open

subsets Ui Ă X such that any nonempty open set U Ă X is the union U “ Ť
iPI 1 Ui for some

subset I 1 Ă I. (The empty set is the union with I 1 “ ∅, so we can omit ‘nonempty’ in the previous

sentence.) A metric space is not necessarily second countable; it is if it is separable, which means

it has a countable dense set.

Definition 1.2. Let X be a topological space.

(i) X is locally Euclidean if for all x P X there exists an open set U Ă X containing x and a

homeomorphism of U onto an open subset of a finite dimensional affine space.

(ii) X is a topological manifold if it is locally Euclidean, Hausdorff, and second countable.

Remark 1.3.

(i) The data of a topological manifold is that of a topological space. The definition specifies

three conditions on the topology.
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(ii) Perhaps ‘locally Euclidean’ should be ‘locally affine’, but some terms and notations are

ingrained—it would be counterproductive to protest. The affine space in (i) can be chosen

to be the standard affine space An of some dimension n P Zě0. The invariance of domain

theorem shows that the dimension n is well-defined, i.e., it is the same for all choices of local

homeomorphism. In other words, there is no local homeomorphism between open subsets

of affine spaces of different dimension.

(iii) A topological manifoldX is a regular topological space. This means that given a point x P X
and a disjoint closed subset C Ă X, there exist disjoint open sets U, V Ă X so that x P U
and C Ă V ; we can separate points and closed sets. This is stronger than the Hausdorff

property.

(iv) Urysohn’s metrization theorem states that a regular, second countable topological space X

in which points are closed sets is metrizable: there exists a metric on X whose underly-

ing topology—set of open sets—agrees with the given topology. In particular, topological

manifolds are metrizable.

(v) A subset of a topological manifold is a component if and only if it is a path component.

Definition 1.4. The dimension of a topological manifold X is the locally constant function

(1.5) dimX : X ÝÑ Zě0

whose value at x P X is the dimension of an affine space locally homeomorphic to X at x. If

n P Zě0, then a topological manifold of dimension n, or topological n-manifold, is one for which

(1.5) is the constant function with value n.

(1.6) Charts. The local homeomorphisms to affine space on a topological manifold are called

coordinate systems or charts.

Definition 1.7. Let X be a topological manifold and A a finite dimensional affine space. An

A-valued chart on X is a pair pU, φq consisting of an open set U Ă X and a continuous map

φ : U Ñ A which is a homeomorphism onto its image. If A “ An is a standard affine space, then

we say that pU, φq is a standard chart.

A topological manifold admits a covering by charts, i.e., a collection

(1.8) A “  pUα, φαq charts
(
αPA

indexed by some set A such that X “ Ť
αPA Uα. Here φα : Uα Ñ Aα is a homeomorphism into an

affine space Aα. It will sometimes be convenient to take all Aα to be standard affine spaces.

(1.9) Examples of topological spaces which fail to be topological manifolds. We first give three

examples of topological spaces which are not topological manifolds; each illustrates the failure of

precisely one of the three conditions in Definition 1.2.
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Figure 1. Three topological spaces which are not topological manifolds

Example 1.10 (non locally Euclidean). The subspace X Ă A3
x,y,z defined by

(1.11) X “ tpx2 ` y2 ă 1q X z “ 0u Y tx “ y “ 0u

fails to be locally Euclidean at the point p0, 0, 0q.
Example 1.12 (non Hausdorff). The topological space

(1.13) RYRzt0u R

obtained by gluing two copies of R at every point except 0 is locally Euclidean but fails to be

Hausdorff: the two copies of 0 cannot be separated.

Example 1.14 (non second countable). The space X “ R with the discrete topology fails to be

second countable.

(1.15) Examples of topological manifolds. Since countable disjoint unions of topological manifolds

are topological manifolds, it suffices to give connected examples.

Example 1.16 (affine space). Any finite dimensional affine space is a topological manifold with

its usual topology. (A finite dimensional vector space has a unique topology with respect to which

the vector space operations are continuous; see Lecture 4 of the multivariable notes for a closely

related theorem.)

Example 1.17 (dimension 1). Any connected topological 1-dimensional manifold is homeomorphic

to either S1 or A1 “ R. We will prove this for smooth manifolds later in the course.

Example 1.18 (the 2-sphere). Let

(1.19) X “ tpx, y, zq P A3 : x2 ` y2 ` z2 “ 1u.

Define a chart pU, φq with φ : U Ñ A2 by U “ tpx, y, zq P X : x ą 0u and

(1.20)
φ : U ÝÑ A2

px, y, zq ÞÝÑ py, zq

The 2-sphere X is covered by six such charts; the domains are the open sets where x ą 0, x ă 0,

y ą 0, y ă 0, z ą 0, and z ă 0.
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Example 1.21 (dimension 2). The classification theorem for surfaces states that there are two

infinite families of compact connected topological 2-manifolds, the first family indexed by Zě0 and

the second by Zą0. The first family starts off with the surfaces S2, S1 ˆ S1, the 2-sphere and the

2-torus. The next in the list is the connected sum of two copies of S1 ˆ S1, written

(1.22) pS1 ˆ S1q#2 “ pS1 ˆ S1q # pS1 ˆ S1q.

It is formed by removing an open 2-disk from each torus and then gluing the two surfaces remaining

along their boundary. For any g P Zą0 there is a similarly constructed pS1ˆS1q#g. (By convention,

if g “ 0 the empty connected sum is the 2-sphere S2.)

The second family begins with the real projective plane RP2, which is the projectivization PpR3q
of 3-space, the space of lines through the origin of R3 with a suitable topology. A closely related

description is to take S2 as in (1.19) and let the cyclic group of order 2 act by the antipodal

action px, y, zq ÞÑ p´x,´y,´zq. Then RP2 is the quotient space with the quotient topology. For

each g ą 0 we have the surface pRP2q#g, and together with the surfaces pS1ˆS1q#g these exhaust

the possible compact connected 2-manifolds. The surface RP2#RP2 is homeomorphic to the Klein

bottle, and there is a homeomorphism pRP2q#3 «homeo RP2#pS1 ˆ S1q.
Example 1.23 (empty set). The empty set ∅ satisfies the conditions of Definition 1.2: it is trivially

locally Euclidean, Hausdorff, and second countable (‘trivial’ meaning ‘nothing to check’). It is

convenient to regard ∅ as a manifold of any dimension, and even to allow the dimension to be a

negative integer.

Lecture 2: Smooth manifolds

I will sometimes use letters like ‘M,N, . . . ’ for manifolds and other times use ‘X,Y, . . . ’.

(2.1) C8 concepts/objects. In this class I use the word ‘smooth’ synonymously with ‘C8’, which

means infinitely differentiable. A smooth manifold, as defined below, is an abstract space on which

one has “C8 concepts/objects”. These are concepts/objects defined on open subsets of affine space

which are invariant under C8 diffeomorphisms. (A C8 diffeomorphism ϕ : U Ñ U 1 between open

subsets of affine spaces is a bijective map such that both ϕ and ϕ´1 are C8.) They transport

to C8 concepts/objects on smooth manifolds. These are the concepts/objects of main interest in

differential topology. A non-obvious example is the concept of measure zero: a subset S Ă U has

measure zero iff its image under a C8 diffeomorphism has measure zero.

C8-related charts

Recall Definition 1.7 in which charts are defined.
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Definition 2.2. Let M be a topological manifold. Let V,W be vector spaces and A,B affine spaces

over V,W , respectively. Suppose pU, xq is an A-valued chart and pU 1, yq is a B-valued chart. We

say pU 1, yq is C8-related to pU, xq if

(2.3) y ˝ x´1 : xpU X U 1q ÝÑ B

is a C8 map.

The map (2.3) is called the overlap or transition function. We illustrate in Figure 2. A smooth

manifold is built from open subsets of affine space, glued together by smooth transition functions.

Figure 2. The transition function

Example 2.4. Let M be the 2-sphere with charts as defined in Example 1.18. As previously, let

U be the chart where x ą 0, and now let U 1 be the chart where y ą 0. Let u, v be the coordinates

in U and α, β the coordinates in V . Then the transition function is given by the formulas

(2.5)
α “

a
1´ u2 ´ v2

β “ v

The domain of (2.5) is tpu, vq : u ą 0 and u2`v2 ă 1u; the image is tpα, βq : α ą 0 and α2`β2 ă 1u.
Proposition 2.6. There does not exist a covering of S2 with a single chart.

Proof. Suppose pS2, xq is a chart, where x : S2 Ñ A2
px1,x2q is a homeomorphism onto the open

subset xpS2q Ă A2. Then since S2 is compact so too is xpS2q, hence xpS2q Ă A2 is closed and

bounded. But then xpS2q Ă A2 is open and closed and nonempty. Since A2 is connected, we

conclude xpS2q “ A2. This contradicts the boundedness of xpS2q. �

Review of calculus

I will rely on you to study the notes on multivariable analysis. The immediately relevant parts

are: Lecture 1 (basic definitions), Lecture 2 (bases and coordinates), Lecture 3 (basic definitions),

Lecture 5 (shapes and functions to end of lecture), Lecture 6, Lecture 7 (chain rule).
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Atlases and differential structures

Remark 2.7. I defined a chart (Definition 1.7) to have values in an abstract affine space. That is

convenient in practice—we will experience this for Grassmannian manifolds in the next lecture—

and also conceptually: we can separate affine coordinates from the manifestation of the locally

affine property of a manifold. But for a maximal atlas (Definition 2.9(2) below), we use charts with

values in standard affine space, i.e., standard charts.

Remark 2.8. For a topological manifold, the collection of pairs pU, xq consisting of an open sub-

set U Ă M and a continuous map x : U Ñ An comprise a set SpMq, and we can define maximal

subsets of SpMq. (We can and should let n vary as well.) It is more difficult to control if we

replace An by an arbitrary affine space. Nonetheless, in Definition 2.9(2) we allow both general

and standard charts, and maximality is formulated by reference to standard charts.

Definition 2.9. Let M be a topological manifold.

(1) An atlas on M is a collection A “  pUσ, xαq
(
αPA of charts such that

(i)
Ť
αPA

Uα “M ,

(ii) for all α1, α2 P A the charts pUα1 , xα1q and pUα2 , xα2q are C8-related.

(2) An atlas A is a differential structure if in addition

(iii) A is maximal in the sense that if pU, xq is a standard chart which is C8-related to all

pUα, xαq P A , then pU, xq P A .

(3) A smooth manifold is a pair pM,A q consisting of a topological manifold M and a differential

structure A .

In practice we only need an atlas to define a smooth manifold; we do not need a maximal atlas.

This is due to the following completion theorem.

Theorem 2.10. Let M be a topological manifold and A “ tpUα, xαquαPA an atlas on M . Define

(2.11) A “ A Y tpU, xq standard charts on M : pU, xq is C8-related to all charts in A u.

Then A is a maximal atlas on M , i.e., a differential structure.

Proof. This is a problem on Homework #2, so I won’t spoil the fun. �

(2.12) Useful picture of an atlas. Let M be a topological manifold equipped with an atlas A “
tpUα, xαquαPA. In view of Theorem 2.10 this pair determines a smooth manifold. The atlas A

on M defines a surjective map

(2.13)
ğ

αPA
xαpUαq ÝÑM
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The domain is a smooth manifold if the indexing set A is finite or countable. Any surjective map

f : X Ñ Y (of sets) defines an equivalence relation on the domain X; the map f is a quotient map

for the equivalence relation which expresses the codomain Y as the set of equivalence classes in

the domain X. Applied to (2.13) we “see” (Figure 3) a manifold as sewn together from opens in

affines. The sewing maps are precisely the transition functions depicted in Figure 2.

Two pictures of a smooth manifold M

Charts pU, xq and pV, yq with

x : U ›Ñ A

y : V ›Ñ B

and overlap

y ˝ x´1 : xpU X V q ›Ñ ypU X V q

Let A “ tpU↵, x↵qu↵PA be an atlas with

x↵ : U↵ ›Ñ A↵

There is a surjective map

ß

↵PA

U↵

ó
↵PA

x↵

››››››Ñ M

- I

d)

Vnv ¥ )
on.

.

'

as

→
M

.

.

O
oit ng - -

s d
A

× ,

B

y , " " ,

"

Figure 3. A quilt of open subsets of affine spaces

Lecture 3: Examples; smooth functions; tangent space

Examples of smooth manifolds

To specify a smooth manifold M we need to give a topological manifold together with an atlas A .

Theorem 2.10 shows that this data determines a smooth manifold.

Example 3.1 (affine space). Let A be a finite dimensional real affine space. Then A is locally

Euclidean, Hausdorff, and second countable in its usual topology, so it is a topological manifold.

It admits an atlas with a single chart pA, idAq, which defines a smooth manifold structure. This

smooth structure is understood when we treat A as a smooth manifold.

Remark 3.2. In fact, if dimA ‰ 4, then up to diffeomorphism this is the only smooth structure

on A. By contrast, A4 (and therefore any 4-dimensional real affine space) admits infinitely many

inequivalent smooth structures. In fact, some come in continuous families, so there are uncountably

many. This rather shocking state of affairs was discovered in the early 1980’s by Mike Freedman,

who combined his own work on the 4-dimensional Poincaré conjecture for topological manifolds

with Simon Donaldson’s thesis on smooth 4-manifolds. Freedman proved the existence of a single

exotic smooth structure on A4. Soon after, Bob Gompf constructed infinitely many.
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Example 3.3 (sphere). We treated the 2-dimensional sphere in Example 1.18 and Example 2.4.

Define the n-sphere as the unit sphere in affine space:

(3.4) Sn “  px0, x1, . . . , xnq P An`1 : px0q2 ` ¨ ¨ ¨ ` pxnq2 “ 1
(
.

Cover Sn with 2pn ` 1q charts: for each 0 ď i ď n there is a chart with domain1 txi ą 0u X Sn

and a chart with domain txi ă 0u X Sn. Then as in Example 2.4 you can check that all overlap

functions are C8.

Remark 3.5. There is an atlas of Sn with 2 charts; the domain of each is the complement of a single

point in Sn. The coordinate functions are constructed via stereographic projection.

Example 3.6 (disjoint unions). Let A be a finite or countable set and tMαuαPA a collection of

smooth manifolds. Then the disjoint union

(3.7) M “
ğ

αPA
Mα

has a natural smooth structure: an atlas on M is constructed as the union of atlases on each Mα.

Example 3.8 (Cartesian product). Let A be a finite set and tMαuαPA a collection of smooth

manifolds. Then the Cartesian product

(3.9) M “
ą

αPA
Mα

has a natural smooth structure. Given atlases Aα, α P A, one obtains an atlas on M by tak-

ing Cartesian products of charts. (The Cartesian product of maps xα : Uα Ñ Aα is a mapŚ
α xα :

Ś
α Uα Ñ

Ś
αAα.)

So a finite product of spheres, such as the torus S1 ˆ ¨ ¨ ¨ ˆ S1 (n factors for any n P Zą0) is a

smooth manifold.

Example 3.10 (open subset). Let M be a smooth manifold and N Ă M an open subset. Then

N is a topological manifold and it inherits an atlas from an atlas AM of M . Namely, for each chart

pU, xq P AM we introduce a chart pU XN, x ˇ̌
UXN q on N . These have C8 overlaps and comprise an

atlas AN of N .

Remark 3.11. We will soon develop tools for proving that certain closed subsets of smooth manifolds

are smooth manifolds.

Example 3.12 (general linear group). As a special case of the preceding, let MnR be the vector

space of real n ˆ n matrices. By Example 3.1 it has a natural smooth manifold structure. (A

vector space has a canonical affine space structure.) Let GLnR ĂMnR be the subset of invertible

matrices. It is an open subset, since it is the inverse image of the open subset R‰0 Ă R under the

continuous determinant map MnRÑ R. Hence it too is a smooth manifold.

1The notation ‘txi ą 0u’ is shorthand for the open subset
 
px0, . . . , xnq P An`1 : xi ą 0

(
of affine pn` 1q-space.
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The Grassmannian manifold

We introduce a more abstract manifold, one which does not come to us embedded in affine space.

The natural charts take values in affine spaces which are not standard affine space, and indeed they

vary from chart to chart.

(3.13) Definition of the Grassmannian. Let V be a real vector space of dimension n. (The same

construction works for complex or quaternionic vector spaces.) Fix k P t0, . . . , nu. Define the

Grassmannian as the set

(3.14) GrkpV q “
 
W Ă V subspaces of dimension k

(
.

For k “ 1 the Grassmannian is called the projectivization of V , and this projective space is denoted

(3.15) PV “ Gr1pV q.

So far GrkpV q is a set. We simultaneously construct a topology and an atlas.

(3.16) Charts and an atlas. For each X P Grn´kpV q—that is, for each subspace X Ă V of

dimension pn´ kq—define

(3.17)
VX “ HompV {X,Xq
AX “

 
W P GrkpV q : W XX “ 0

(
.

We define on AX the structure of an affine space over the vector space VX . Namely, any W P AX is

a linear complement to X. Equivalently, V “ W ‘X. Or, in another formulation, the restriction

of the quotient map V Ñ V {X to W is an isomorphism θW : W Ñ V {X. Then given T P VX ,

define W `T P AX to be the graph of the linear map T ˝ θW : W Ñ X. This graph is a subspace of

W ‘X “ V of dimension k, and it intersects X in the zero vector. The reader can easily check that

this defines a simply transitive action of VX on AX . Choose a finite set tXiuiPt1,...,Nu Ă Grn´kpV q
so that AX1Y¨ ¨ ¨YAXN “ GrkpV q. (For example, choose a basis e1, . . . , en of V and take the spans

of all cardinality pn´ kq subsets of the basis.) The surjective map

(3.18)
Nğ

i“1

AXi ÝÑ GrkpV q

induces the quotient topology on GrkpV q. Then for all X P Grn´kpV q the pair pAX , idAX q is a chart

on GrkpV q. We claim that the overlap functions are smooth. Fix X,Y P Grn´kpV q, and choose

W0 P AX X AY . Using W0 as a basepoint we identify the affine space AX with the vector space

HompW0, Xq and similarly identify AY with HompW0, Y q. Let Φ: W0‘X ÑW0‘Y be the linear
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map transported from idV under the identifications V – W0 ‘X – W0 ‘ Y . Then the transition

function, defined on a subset U Ă HompW0, Xq is

(3.19)
U ÝÑ HompW0,W0 ‘Xq ÝÑ HompW0,W0 ‘ Y q ÝÑ HompW0, Y q
T ÞÝÑ idW0 ‘T ÞÝÑ Φ ˝ pidW0 ‘T q ÞÝÑ π ˝ Φ ˝ pidW0 ‘T q

where π : W0 ‘ Y Ñ Y is projection. The map (3.19) is a composition of linear maps, hence is

smooth. Therefore,

(3.20) A “  pAX , idAX q
(
XPGrn´kpV q

is an atlas on GrkpV q.

(3.21) A cellular decomposition. The Grassmannian has a rich geometric structure. We illustrate

one aspect—a decomposition into “cells”, which in this case are affine spaces—for the projective

space PV “ Gr1pV q of an n-dimensional vector space. Any X1 P Grn´1pV q determines a partition

(3.22) PV “ A
pn´1q
X1

> PX1.

The superscript is the dimension of the affine space. Now choose X2 P Grn´2pX1q to obtain

(3.23) PV “ A
pn´1q
X1

>Apn´2q
X2

> PX2.

Continuing we partition the projective space PV into a disjoint union of affine spaces of dimensions

0, 1, . . . , n´ 1. Note that A
pn´1q
X1

is dense, so projective space is a compactification of affine space.

Smooth maps

Any C8 concept on open subsets of affine space transports to smooth manifolds using an atlas.

One need only define/check in a single chart since the charts in an atlas are C8 related. We apply

this principle to define a smooth function between smooth manifolds.

Definition 3.24. Let M,N be smooth manifolds and f : M Ñ N . Fix p P M . Then f is smooth

at p if there exists a chart pUα, xαq about p and a chart pVβ, yβq about fppq so that the composite

function yβ ˝ f ˝ x´1
α is C8 at xαppq P xpUq.

If the charts take values in affine spaces A,B, respectively, then

(3.25) yβ ˝ f ˝ x´1
α : xα

`
Uα X f´1pVβq

˘ ÝÑ B,

which is a function from an open subset of the affine space A to the affine space B, and its

smoothness is defined using standard multivariable calculus. It suffices to check smoothness in one

pair of charts, since the answer is the same no matter which pair is chosen, as in the following.
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Figure 4. Checking smoothness of f at p in different charts

Lemma 3.26. If in Definition 3.24 we choose different charts pUα1 , xα1q and pVβ1 , yβ1q, then the local

representation of f with respect to these charts is smooth at xα1ppq iff the local representation (3.25)

is smooth at xαppq.
See Figure 4 for an illustration.

Proof. Observe

(3.27) yβ1 ˝ f ˝ x´1
α1 “ pyβ1 ˝ y´1

β q ˝ pyβ ˝ f ˝ x´1
α q ˝ pxα ˝ x´1

α1 q,

and the overlap functions yβ1 ˝ y´1
β and xα ˝ x´1

α1 are smooth. Now apply the chain rule. �

Example 3.28. Consider the antipodal map f : S2 Ñ S2. Regarding S2 Ă A3
x,y,z as usual, f is

the restriction of the automorphism px, y, zq ÞÑ p´x,´y,´zq of A3. Let p “ p1{?2, 1{?2, 0q and

choose the charts Uα “ tx ą 0u, Vβ “ ty ă 0u of the type in Example 3.3. Use coordinates u, v

and u1, v1 in the charts, which are then given by the maps

(3.29) xα :
!u “ y

v “ z
yβ :

!u1 “ x

v1 “ z

So the local expression yβ ˝ f ˝ x´1
α is

(3.30)
u1 “ ´

a
1´ u2 ´ v2

v1 “ ´v

which is a smooth function.

The proper notion of isomorphism for smooth manifolds is the following.
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Definition 3.31. Let M,N be smooth manifolds and f : M Ñ N a smooth map. Then f is a

diffeomorphism if f is bijective and f´1 is smooth.

Example 3.32. Consider two different differential structures on R, each defined by an atlas with

a single chart with domain R. Let A1 “
 pR, idRq

(
and A2 “

 pR, φq(, where φpxq “ x3. Then the

map x ÞÑ x1{3 is a diffeomorphism pR,A1q Ñ pR,A2q. Observe that the charts pR, idRq and pR, φq
are not C8-compatible, so cannot appear in the same differential structure.

Tangent space

Let V be a vector space and let A be an affine space over V . Then the tangent space to A at

any p P A is the vector space V . A smooth manifold M is a pasting of open subsets of affine space.

We linearize the pasting to define the tangent space at a point p PM .

(3.33) Direct product of vector spaces. Let tVαuαPA be a collection of vector spaces indexed by a

set A. Then the direct product vector space
ś
αPA

Vα is the Cartesian product of the sets Vα with

componentwise addition and scalar multiplication; the zero vector is the componentwise zero vector.

This gives
ś
αPA

Vα the structure of a vector space. An element of the direct product is denoted

(3.34) ξ “ tξαu P
ź

αPA
Vα;

the α-component of ξ is ξα. The vector sum is defined by the formula

(3.35) pξ ` ηqα “ ξα ` ηα,

which may also be written

(3.36) tξαu ` tηαu “ tξα ` ηαu.

The zero vector is t0αu, where 0α is the zero vector in Vα.

(3.37) Tangent space to a smooth manifold. Now let M be a smooth manifold with atlas A “
tpUα, xαquαPA. The coordinate function xα : Uα Ñ Aα has codomain an affine space Aα with a

vector space Vα of translations. For p PM let Ap Ă A be the set of indices α P A such that p P Uα.

Definition 3.38. The tangent space TpM is the subspace of the direct product
ś
αPAp

Vα consisting

of vectors ξ “ tξαu such that

(3.39) ξα2 “ dpxα2 ˝ x´1
α1 qxα1 ppqpξα1q

for all α1, α2 P Ap.
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Since (3.39) is a linear equation, it indeed defines a linear subspace of the direct product.

Lemma 3.40. For each α P Ap, projection onto the α-component is an isomorphism

(3.41) jα : TpM ÝÑ Vα.

Proof. Fix α P Ap. We first prove that jα is injective. Suppose ξ “ tξα1uα1PAp P TpM and assume

ξα “ jαpξq “ 0α. Then from (3.39) we deduce that ξα1 “ 0α1 for all α1 P Ap. Hence ξ “ t0α1uα1PAp
is the zero vector.

Next, we prove that jα is surjective. Suppose ξα P Vα is given. For each α1 P Ap, define ξα1 P Vα1
using (3.39):

(3.42) ξα1 “ dpxα1 ˝ x´1
α qxαppqpξαq

We claim that ξ “ tξα1uα1PAp lies in TpM Ă ś
α1PAp

Vα1 . Namely, if α1, α2 P Ap, then

ξα2 “ dpxα2 ˝ x´1
α qxαppqpξαq

“ dpxα2 ˝ x´1
α1 qxα1 ppq ˝ dpxα1 ˝ x´1

α qxαppqpξαq
“ dpxα2 ˝ x´1

α1 qxα1 ppqpξα1q,
(3.43)

where we use the chain rule to pass to the final equality. Finally,

(3.44) jαpξq “ ξα “ dpxα ˝ x´1
α qxαppqpξαq “ ξα.

�

(3.45) Local framing in a standard chart. Fix α P Ap, let n be the dimension of M at p, and sup-

pose the chart pUα, xαq takes values in standard affine space An with vector space of translations Rn.

Let e1, e2, . . . , en denote the standard basis of Rn. Define the basis

(3.46)
B
Bx1

α

ˇ̌
ˇ̌
p

,
B
Bx2

α

ˇ̌
ˇ̌
p

, . . . ,
B
Bxnα

ˇ̌
ˇ̌
p

of TpM by the formula

(3.47) jα

˜
B
Bxiα

ˇ̌
ˇ̌
p

¸
“ ei, i “ 1, 2, . . . , n.

We often omit ‘
ˇ̌
p
’ from the notation.
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(3.48) The differential of a smooth map. Now let f : M Ñ N be a smooth map. Define for

each p PM the differential

(3.49) dfp : TpM ÝÑ TfppqN,

a linear map from the tangent space to M at p to the tangent space to N at fppq, as follows. Use

the notation as above on M , and let B “ tpVβ, yβquβPB denote an atlas on N , and for a point q P N
let Bq Ă B the subset of indices β for which q P Vβ. Then the differential is defined by

(3.50) dfp
`tξαuαPAp

˘ “ tηβuβPBfppq ,

where tξαuαPAp P TpM and we for any α P Ap we set

(3.51) ηβ “ dpyβ ˝ f ˝ x´1
α qxαppqpξαq.

Lemma 3.52. The value of ηβ in (3.51) is independent of α P Ap, and tηβuβPBfppq P TfppqN .

Proof. If α, α1 P Ap, then

(3.53)
dpyβ ˝ f ˝ x´1

α1 qxα1 ppqpξα1q “ dpyβ ˝ f ˝ x´1
α1 qxα1 ppq ˝ dpxα1 ˝ x´1

α qpxαq
“ dpyβ ˝ f ˝ x´1

α qxαppqpξαq.

Choose α P Ap. For β1, β2 P Bfppq we have

(3.54)

ηβ2 “ dpyβ2 ˝ f ˝ x´1
α qxαppqpξαq

“ dpyβ2 ˝ y´1
β1 q ˝ dpyβ1 ˝ f ˝ x´1

α qxαppqpξαq
“ dpyβ2 ˝ y´1

β1 qpηβ1q,

so from Definition 3.38 we conclude that tξβu P TfppqN . �

We summarize the definition of the differential in the commutative diagram2

(3.55)

TpM
dfp //

jα –
��

TfppqN

jβ–
��

Vα
dpyβ˝f˝x´1

α q
// Wβ

Here Vα is the vector space of translations in the codomain of the chart pUα, xαq on M , and Wβ is

the vector space of translations in the codomain of the chart pVβ, yβq on N .3

2A commutative diagram is one in which compositions of arrows with the same initial and final nodes agree.
3There is an awful notational conflict between the ‘V ’ in the charts on N and the ‘V ’ which is the vector space of

translations underlying the codomains of the charts on M . I hope to find a palatable alternative.
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(3.56) Frames (bases) in a chart. Apply the forgoing to the coordinate functions. Thus suppose

pU, xq is a chart on M with values in standard affine space. Then x “ px1, . . . , xnq : U Ñ An

is a smooth function defined on the open set U , and we compute its differential. (The domain

of x is a manifold: recall that any open subset U of a manifold M inherits a manifold structure.)

For the codomain An we use the identity chart, and for the domain U we use the chart pU, xq.
Then in this chart the map f “ x is represented by the composition f ˝ x´1, which is the identity

map on xpUq Ă An. Its differential is the identity map of Rn. Writing this in terms of the

component functions of x, note that the differential dxi of the ith component function is a linear

map TpU “ TpM Ñ R, so an element of the dual space Tp̊M to TpM . Then using the natural

basis (3.46), the fact that the differential is the identity map is the equation

(3.57) dxi
ˆ B
Bxj

˙
“ δij “

#
1, i “ j;

0, i ­“ j.
.

In other words, the differentials dx1, . . . , dxn are the dual basis to the basis B{Bx1, . . . , B{Bxn.

Remark 3.58. For a standard chart one should first define the basis dx1, . . . , dxn of the cotangent

space Tp̊M using the definition of the differential. In fact, functions x1, . . . , xn : U Ñ R defined on

an open subset U ĂM of a smooth manifold M are the coordinate functions of a standard chart if

together they define a homoeomorphism onto their image in An and the differentials dx1
p, . . . , dx

n
p

form a basis of Tp̊M for all p P U . With dx1, . . . , dxn in hand, define B{Bx1, . . . , B{Bxn to be the

dual basis of the tangent space TpM .

Lecture 4: More on tangent vectors and differentials

The material in the notes on Multivariable Analysis, specifically pp. 14–15, 32–35, 66–67 are

relevant to this lecture.

In this lecture we begin with a review of the linear algebra of duality. Linear algebra is an

important foundation for this course, so it is worth spending time reviewing/learning as we go

along. We then give a few other views of tangent vectors: as motion germs and as derivations.

In the first we map open intervals into a smooth manifold M ; in the second we map in the other

direction (infinitesimally). These dual ways of probing a smooth manifold—by maps in and by

maps out—are useful, often in juxtaposition. We conclude by illustrating computational technique,

with which you should develop some facility to the point you don’t have to rethink the definitions

each time.

Linear algebra preliminaries
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(4.1) The dual space. Let V,W be finite dimensional real vector spaces. The space of linear maps

(4.2) HompV,W q “  
T : V ÑW : T is linear

(

is a vector space: pT1 ` T2qpξq “ T1ξ ` T2ξ for all T1, T2 P HompV,W q and ξ P V . The (abstract)

dual space is a special case:

(4.3) V ˚ “ HompV,Rq.

Remark 4.4. Suppose V, V 1 are finite dimensional real vector spaces and

(4.5) B : V ˆ V 1 ÝÑ R

is a bilinear map. We say B is nondegenerate if the linear maps

(4.6)
V ÝÑ pV 1q˚
ξ ÞÝÑ `

ξ1 ÞÑ Bpξ, ξ1q˘

and

(4.7)
V 1 ÝÑ V ˚

ξ1 ÞÝÑ `
ξ ÞÑ Bpξ, ξ1q˘

are isomorphisms. Then B exhibits a duality between V and V 1.

(4.8) Dual bases. Suppose dimV “ n and e1, . . . , en is a basis of V . The dual basis e1, . . . , en

of V ˚ is defined by

(4.9) eipejq “ δij “
#

1, i “ j;

0, i ‰ j.

On each side of the equality the indices i, j do not repeat, so there is no sum. The compact notation

in (4.9) represents n2 equations, one for each choice of a pair i, j P t1, . . . , nu. In the context of

Remark 4.4, the dual basis e11, . . . , e1n of V 1 is characterized by

(4.10) Bpei, e1jq “ δij “
#

1, i “ j;

0, i ‰ j.

For the standard vector space Rn a vector ξ “ pξ1, . . . , ξnq is represented by a column vector.

The dual space pRnq˚ consists of linear functionals ω “ pω1, . . . , ωnq which are represented as row

vectors. (Recall that a collection of real numbers Aij with one superscript and one subscript are

organized into a matrix in which the upper index is the row number and the lower index the column

number.) The pairing ωpξq P R is computed as the product of a row vector and a column vector:

(4.11) ωpξq “ ωiξ
i “ `

ω1 ¨ ¨ ¨ ωn
˘
¨
˚̋
ξ1

...
ξn

˛
‹‚.
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(4.12) The dual of a linear map. Let W be another vector space and T : V Ñ W a linear map.

There is an induced dual or pullback or transpose linear map T ˚ : W Ñ V defined by

(4.13) T ˚pw˚qpvq “ w˚pTvq, v P V, w˚ PW ˚.

Each side of (4.13) is a real number.

Tangent vectors as motion germs

(4.14) Motion germs in affine space. Let A be an affine space over a vector space V . A local

motion or local parametrized curve in A is, for δ ą 0 a smooth function γ̂ : p´δ, δq Ñ A. Its initial

position is the point p̂ “ γ̂p0q P A and its initial velocity is the vector

(4.15) ξ̂ “ γ̂1p0q “ lim
hÑ0

γ̂phq ´ p̂
h

P V.

Define two local motions in A to be equivalent if their initial positions and initial velocities agree.

An equivalence class is a motion germ with well-defined position and velocity.4

Remark 4.16. There is a distinguished affine motion t ÞÑ p̂` tξ̂ in each equivalence class.

Let U Ă A be an open set, B is an affine space, and f : U Ñ B a smooth function. Then if

p̂ P U , ξ̂ P V , and γ̂ : p´δ, δq Ñ U represents a motion germ with position p̂ and velocity ξ̂,

(4.17) ξ̂fpp̂q “ dfp̂pξ̂q “ d

dt

ˇ̌
ˇ̌
t“0

f
`
γ̂ptq˘

by the chain rule.

(4.18) Motion germs on a smooth manifold. Let M be a smooth manifold. Define a local motion

γ : p´δ, δq Ñ M and its initial position p “ γp0q as in affine space. To define an equivalence

relation on local motions with initial position p, choose a chart pU, xq about p with values in an

affine space A, and transport the equivalence relation on the corresponding A-valued local motions

γ̂ “ x ˝ γ. Smoothness of overlap functions shows, via the chain rule, that the equivalence relation

is independent of the chart; see Lemma 3.52 and its proof for a similar assertion. The velocity of a

motion germ represented by γ is an element of TpM ; it is the transport of the velocity of γ̂ “ x ˝ γ
using the inverse of the isomorphism (3.41). Again one can check that it is independent of the

chart. The tangent vector represented by a motion germ is

(4.19) ξ “ 9γp0q “ d

dt

ˇ̌
ˇ̌
t“0

γptq “ dγ0p
d

dt
q P TpM.
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Tangent vector as a derivation

± "'

T
O-O

- r or

Se Tpm dfp : Tp M → IR linear map
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IR)±

Aside .
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Hom (yw) W

V
't
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Def The cotenant space to Mat p
is Tp%=fTpM4

.

Figure 5. The differential as a map of local motions

Remark 4.20. The differential dγ0 is defined in (3.48), so (4.19) does not depend on the statements

about an equivalence relation on local motions in M .

If f : M Ñ N is a smooth map, then one can compute its differential on tangent vectors as the

induced map on motion germs; see Figure 5. Namely, given p PM and ξ P TpM , find a local motion

γ : p´δ, δq Ñ M with initial position p and initial velocity ξ. Then dfppξq is represented by the

motion germ f ˝ γ : p´δ, δq Ñ N . The chain role follows easily using motion germs; see Figure 6.

Tangent vector as a derivation

± "'

T
O-O

- r or

Se Tpm dfp : Tp M → IR linear map

, dfpe ftp..MY dual vector space

- ,
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Hom (yw) = {T: V -s w linear }

⑦II ) (5) = T
, f- Its)

Hom (yw) W

V
't

= Hom (YR)

Def The cotenant space to Mat p
is Tp%=fTpM4

.

Figure 6. The chain rule as composition of motion germs

The cotangent space and the ring of C8 functions

Let M be a smooth manifold and p PM .

Definition 4.21. The cotangent space to M at p is Tp̊M “ pTpMq˚, the dual to the tangent space.

If f : M Ñ R is a smooth function, then its differential at p is a linear map dfp : TpM Ñ R. In

other words, the differential dfp P Tp̊M is an element of the cotangent space.

Remark 4.22. It is worth contemplating df , which is a function p ÞÑ dfp from M to. . . where?

4More properly it is a C1 motion germ. There are higher order Ck and C8 motion germs.
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Let C8pMq denote the ring of smooth real-valued functions on M . Addition and multiplication

are inherited from the ring structure of R. We have not yet proved that C8pMq contains more than

locally constant functions; we will do so when we study partitions of unity. Then we will prove that

about each point p P M there exist functions x1, . . . , xn P C8pMq whose differentials at p form a

basis dx1
p, . . . , dx

n
p of the cotangent space Tp̊M . This leads to a definition of a smooth structure on

a topological manifold in terms of the ring of smooth functions. We remark that from this point

of view the cotangent space is more fundamental and the tangent space is defined to be the dual

space to the cotangent space. That world order is reflected in practice as we do computations, as

illustrated in the next section.

Tangent vectors as derivations

The most basic derivative operation, out of which the differential and higher derivatives are built,

is the directional derivative. Here we interpret the directional derivative on a smooth manifold as

a derivation on smooth function.

Definition 4.23. Let A be an algebra over R. A (R-valued) derivation on A is a linear map

(4.24) D : A ÝÑ R

which satisfies

(4.25) Dpa1a2q “ Dpa1qa2 ` a1Dpa2q, a1, a2 P A.

Equation (4.25) is an abstract formulation of the Leibniz rule. A derivation is a general first

derivative operator. One can generalize this definition to maps between A-modules, a form in

which we encounter it later when we study differential forms.

Let M be a smooth manifold, and suppose ξ P TpM is a tangent vector at some point p P M .

Define

(4.26)
Dξ : C8pMq ÝÑ R

f ÞÝÑ ξfppq

where ξfppq “ dfppξq is the directional derivative of f in the direction ξ at p. Then Dξ is a

derivation.

Remark 4.27. Conversely, every derivation D : C8pMq Ñ R is of the form D “ Dξ for some p PM
and ξ P TpM , though we do not yet have enough tools to prove this statement.

Local computations in coordinate charts

(4.28) The moving frame induced by a chart. Let pU, φq be a standard chart on a smooth mani-

fold M , so φ : U Ñ An for some open set U Ă M and a positive integer n. Fix p P U . Denote the

coordinate functions as xi : U Ñ R.
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Lemma 4.29. The differentials dx1
p, . . . , dx

n
p form a basis of Tp̊M .

Proof. It suffices to check in any chart at p, so we check in the chart pU, φq. But in that chart the

function xi is the standard affine coordinate functions with differential p 0 ¨¨¨ 1 ¨¨¨ 0 q P pRnq˚. These

form the standard basis. �
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Figure 7. The moving frame of a local coordinate system

Introduce the dual basis

(4.30)
B
Bx1

ˇ̌
ˇ̌
p

, . . . ,
B
Bxn

ˇ̌
ˇ̌
p

of TpM . As p varies each B{Bxi is a vector field on U . This basis of vector fields, or vector fields of

bases, is called a moving frame or repère mobile by Elie Cartan. (The word ‘frame’ is a synonym

for ‘basis’.) It is illustrated in Figure 7.

Remark 4.31. A general moving frame assigns a basis bp “ pξ1

ˇ̌
p
, . . . , ξn

ˇ̌
p
q of TpM to each p P U

in an open subset U Ă M , and the assignment must be smooth; it need not be induced from a

local coordinate system. To make sense of ‘smooth’ in the last sentence, we view p ÞÑ bp as a map

from U to. . . where? The ‘where’ should be a smooth manifold.

(4.32) Computational technique. We present a relatively simple computation to illustrate these

ideas in practice.

Example 4.33 (sample computation). We compute the Gauss map of a torus M embedded in

Euclidean 3-space E3. It is a map f : M Ñ S2 which takes each point of M to a unit normal vector

to M at that point. The computation is illustrated in Figure 8. Let x, y, z be the standard affine

coordinates on E3. Fix positive real numbers R ą r. Define M as the surface obtained by revolving

a circle of radius r about the z-axis, assuming its center to be at distance R from the axis. Then

M is the image of the map S1 ˆ S1 Ñ E3 defined by

(4.34)

x “ pR` r cos θq cosφ

y “ pR` r cos θq sinφ

z “ r sin θ
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Restrict 0 ă θ, φ ă 2π to obtain a homeomorphism onto the image U , which is the complement of

the union of two circles in M , and invert to obtain a chart with coordinate functions θ, φ.
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Figure 8. Local computation of the Gauss map of a torus in Euclidean 3-space

The sphere S2 is the unit sphere in the vector space R3, which we take to have standard coordi-

nates ξ1, ξ2, ξ3. In these coordinates the Gauss map S1 ˆ S1 Ñ S2 is

(4.35)

ξ1 “ cos θ cosφ

ξ2 “ cos θ sinφ

ξ3 “ sin θ

as can be deduced by differentiating (4.34) with respect to r. (The motion with parameter r has

initial velocity the unit normal to M .) Now take a chart on S2 to be the open subset where ξ1 ą 0

and use ξ2, ξ3 as coordinate functions on that chart. Then the local representation of the Gauss

map from coordinates θ, φ to coordinates ξ2, ξ3 is

(4.36)
ξ2 “ cos θ sinφ

ξ3 “ sin θ

The dual (4.13) to the differential dfp : TpM Ñ TfppqS2 is what we compute at any point p P U by

differentiating the equations (4.36) which define f :

(4.37)
dξ2 “ ´ sinφ sin θ dθ ` cosφ cos θ dφ

dξ3 “ cos θ dθ

These can be transposed to compute the map on tangent vectors, i.e., the differential:

(4.38)

B
Bθ ÞÝÑ ´ sinφ sin θ

B
Bξ2

` cosφ cos θ
B
Bξ3

B
Bφ ÞÝÑ cos θ

B
Bξ2
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You can derive (4.38) by evaluating (4.37) on B{Bθ and B{Bφ. This is the differential at the point

on M with coordinates pθ, φq.

Lecture 5: The inverse function theorem

Extensive notes for this lecture are in the text on Multivariable Analysis, especially pp. 16–17,

24–26, 30, 58–63*, 65. Please be sure to think about the examples in the notes as well as the

general theorems.

Lecture 6: Normal forms for maximal rank maps

We begin in this lecture with the maximal rank condition in linear algebra. We prove that the

space of maximal rank linear maps is open in the vector space of linear maps. This fits the slogan

“invertibility is an open condition”; see Example 3.12. A maximal rank linear map has a simple

normal form. We then go on to the case of a map between smooth manifolds, where the maximal

rank condition makes sense on the differential. The circle of ideas around the inverse function

theorem (Lecture 5) is used to pass from this first-order infinitesimal condition to a local normal

form. We end by defining some global conditions on smooth maps.

Maximal rank linear maps

The ground field is arbitrary for the linear algebra of this section. In our application to smooth

manifolds, we use the field of real numbers.

Definition 6.1. Let V,W be finite dimensional vector spaces and T : V ÑW a linear map.

(i) The rank of T is the dimension of its image:

(6.2) rankT “ dimT pV q ď minpdimV,dimW q.

(ii) T has maximal rank if there is equality in (6.2).

A maximal rank map is injective/bijective/surjective if dimV ď{“{ě dimW , respectively.

Lemma 6.3. Let V,W be finite dimensional vector spaces.

(1) The space of maximal rank linear maps MaxRankpV,W q Ă HompV,W q is open.

(2) If T : V ÑW has maximal rank, then there exist bases e1, . . . , em of V and f1, . . . , fn of W

such that

(6.4) T pejq “ fj , j “ 1, . . . ,m, if dimV ď dimW,
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and

(6.5) T pejq “
#
fj , j “ 1 . . . , n;

0, j “ n` 1, . . . ,m,
if dimV ě dimW.

Proof. We already gave the argument for (1) in case dimV “ dimW : then the subset of isomor-

phisms IsopV,W q Ă HompV,W q is open.

If dimV ă dimW and T0 : V ÑW has maximal rank, choose W0 ĂW complementary to T0pV q.
Equivalently, W “ T0pV q ‘W0. Note that dimV “ dimW {W0. Let π : W ÑW {W0 be projection

onto the quotient. Define

(6.6)
p : HompV,W q ÝÑ HompV,W {W0q

T ÞÝÑ π ˝ T

Then p´1
`
IsopV,W {W0q

˘ Ă MaxRankpV,W q Ă HompV,W q is an open subset containing T0, since

IsopV,W {W0q Ă HompV,W {W0q is open, and this proves that MaxRankpV,W q is open.

The argument for dimV ą dimW is similar. Given T0 : V ÑW of maximal rank, choose V0 Ă V

so that T
ˇ̌
V0

: V0 ÑW is an isomorphism. Let ι : V0 Ñ V be the inclusion. Define

(6.7)
r : HompV,W q ÝÑ HompV0,W q

T ÞÝÑ T ˝ ι

to be restriction to V0. Then r´1
`
IsopV0,W q

˘ Ă MaxRankpV,W q Ă HompV,W q is open and

contains T0, which proves MaxRankpV,W q Ă HompV,W q is open.

For (2), if dimV ď dimW choose an arbitrary basis e1, . . . , em of V , define fj “ T pejq, j “
1, . . . ,m, and fill out the linearly independent set f1, . . . , fm to a basis of W . Similarly, if dimV ě
dimW , choose an arbitrary basis f1, . . . , fn of W , use surjectivity to find vectors e1, . . . , en in V

with T pejq “ fj , j “ 1 . . . , n, and choose en`1, . . . , em to be a basis of kerT . �

The maximal rank condition for smooth maps of manifolds

We introduce special terminology for the maximal rank condition.

Definition 6.8. Let M,N be smooth manifolds and f : M Ñ N a smooth map. Fix p P M and

set q “ fppq. The differential of f at p is a linear map dfp : TpM Ñ TqN .

(i) If dfp is injective, then f is an immersion at p.

(ii) If dfp is surjective, then f is a submersion at p. We also say f is regular at p, or p is a

regular point of f .

(iii) If dfp is not surjective, then p is a critical point of f .

(iv) If all p P f´1pqq are regular points, then q is a regular value of f .

(v) If there exists p P f´1pqq a critical point, then q is a critical value of f .

Be cognizant that regular and critical points lie in the domain and regular and critical values lie

in the codomain. Repeat: points/domain, values/codomain. Points/domain, values/codomain.
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Remark 6.9. If q P NzfpMq is not in the image of f , then q is a regular value, since the condition

in (iv) is trivially satisfied.

A fundamental result, Sard’s Theorem, asserts that the set of critical values of any smooth

function has measure zero in the codomain. (Part of that circle of ideas is defining measure zero.)

As a corollary, the set of regular values is dense, and in particular is nonempty. On the other hand,

the set of critical values can be empty, as for the identity map idM : M ÑM on any M . We discuss

Sard’s theorem a few lectures hence.

Recall Definition 3.31 of a diffeomorphism between smooth manifolds.

Remark 6.10.

(1) If f is a diffeomorphism, differentiate the equality f´1 ˝ f “ idM at p PM to find

(6.11) pdf´1qfppq “ pdfpq´1,

as we already observed when proving the inverse function theorem.

(2) Compositions of diffeomorphisms are diffeomorphisms.

(3) If U ĂM is open and x : U Ñ An is a smooth map to standard affine space, then pU, xq is

a (standard) chart on M iff x is a diffeomorphism onto its image xpUq Ă An. (The chart

exists in the differential structure, i.e., a maximal atlas.)

The following is a corollary of the inverse function theorem in affine space; it is the inverse

function theorem for smooth manifolds.

Theorem 6.12. Let M,N be smooth manifolds, f : M Ñ N a smooth map, and suppose dfp : TpM Ñ
TfppqN is an isomorphism for some p PM . Then there exist open subsets U ĂM containing p and

V Ă N containing fppq such that f
ˇ̌
U

: U Ñ V is a diffeomorphism.

The converse statement follows from Remark 6.10(i). The conclusion of Theorem 6.12 can be

summarized in the assertion: f is a local diffeomorphism at p.

Proof. Choose an A-valued chart prU, xq about p and a B-valued chart prV , yq about fppq, for some

affine spaces A,B. Apply the inverse function theorem in affine space to

(6.13) y ˝ f ˝ x´1 : x
`rU X f´1prV q˘ ÝÑ B

using the fact that dpy ˝ f ˝x´1qxppq “ dyfppq ˝ dfp ˝ pdx´1qxppq is an isomorphism. Thus on a subset

of its domain, which transports by x´1 to a subset U Ă rU , the map (6.13) is a diffeomorphism onto

its image. The theorem follows. �

Now we turn to special coordinate systems and local forms.

Proposition 6.14. Let M be a smooth manifold, p PM a point, n “ dimpM the dimension of M

at p, and U ĂM an open set containing p.

(1) Let x1, . . . , xn : U Ñ R be smooth functions whose differentials dx1
p, . . . , dx

n
p at p are a basis

of Tp̊M . Then there exists an open subset U 1 Ă U such that pU 1;x1, . . . , xnq is a standard

chart.
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(2) Let x1, . . . , xk : U Ñ R, k ă n, be smooth functions whose differentials dx1
p, . . . , dx

k
p at p

are linearly independent in Tp̊M . Then there exists an open subset U 1 Ă U and functions

xk`1, . . . , xn : U 1 Ñ R such that pU 1;x1, . . . , xnq is a standard chart.

(3) Let x1, . . . , x` : U Ñ R, ` ą n, be smooth functions whose differentials dx1
p, . . . , dx

`
p at p

span Tp̊M . Then there exists an open subset U 1 Ă U and a subset ti1, . . . , inu Ă t1, . . . , `u
such that pU 1;xi1 , . . . , xinq is a standard chart.

Proof. Assertion (1) is a direct consequence of Theorem 6.12 and Remark 6.10(3).

For (2), choose a standard chart pV, yq about p, and suppose y : V Ñ Rn takes values in the vector

space Rn and yppq “ 0. We may also assume V Ă U . Then the ordered k-tuple px1˝y´1, . . . , xk˝y´1q
defines a map g : ypV q Ñ Rk whose differential at 0 is surjective. By Lemma 6.3 we can find a linear

automorphism S : Rn Ñ Rn so that dg0˝S : Rn Ñ Rk is projection onto the first k components. Let

xk`1, . . . xn : V Ñ R be the last pn´ kq coordinates of the chart pV, S´1 ˝ yq. Then the n functions

x1, . . . , xn : V Ñ R satisfy the hypothesis of (1), as we can check in the chart pV, S´1 ˝ yq. Now

apply the conclusion of (1) to prove (2).

For (3), choose a subset ti1, . . . , inu Ă t1, . . . , `u such that dxi1p , . . . , dx
in
p is a basis of Tp̊M and

then apply (1). �

We apply Proposition 6.14 to prove the analog of the normal form theorem Lemma 6.3(2) on

smooth manifolds.

Theorem 6.15. Let f : M Ñ N be a map of smooth manifolds. Fix p PM and suppose dimpM “
m and dimfppqN “ n. Assume dfp : TpM Ñ TfppqN has maximal rank. Then there exist standard

charts pU, xq about p and pV, yq about fppq such that y ˝ f ˝ x´1 takes the form

(6.16) yi “ xi, i “ 1, . . . , n, if m ě n,
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and

(6.17) yi “
#
xi, i “ 1 . . . ,m;

0, i “ m` 1, . . . , n,
if m ď n.

Proof. Choose an arbitrary standard chart pV ; y1, . . . , ynq on N about fppq. If m ě n, consider

the n functions x1 :“ y1 ˝ f, . . . , xn :“ yn ˝ f , defined on the neighborhood f´1pV q of p in M .

Their differentials at p are linearly independent, so by Proposition 6.14(2) they can be completed

to a standard chart with domain U Ă f´1pV q. In this way we obtain the normal form (6.16). In

case m ď n, the differentials of these n functions at p span Tp̊M , so by Proposition 6.14(3) we can

choose m of them which form a basis. Renumbering so these are the first m, we obtain the normal

form (6.17). �

Global properties of smooth maps; submanifolds

We now turn to global properties.

Definition 6.18. Let f : M Ñ N be a smooth map of smooth manifolds. Then f is an embedding

if it is an injective immersion which is a homeomorphism onto its image.

There are three conditions on f in the definition: the local condition that f be an immersion,

i.e., its differential dfp is injective for all p P M ; the global condition that f be injective; and the

global condition that the inverse f´1 : fpMq Ñ M of f be continuous. Here fpMq Ă N has the

subspace topology. In Figure 10 we depict three immersions f : R ÝÑ A2, illustrating these two

global properties. Regard the function f as a motion in A2; then the immersion condition states

that the velocity is nonzero at every time.

Deff : f : M→ N smooth map , pen

( i ) f- is an immersion at p if dfp is injecting

submersion sorjeethe;( iit -

Ciii) local diffeomorphism bijective .

-
-

maxinalrankf1-

Def f- is an enekddig if it is a lil immersion

and a homeomorphism onto its image .

EI : f : IR - AZ
←

If

a

# lil immersion (not embedding)

immersion

embedding
Figure 10. Types of map with injective differential

Just as a smooth manifold is defined by a local normal form—locally a smooth manifold is

diffeomorphic to affine space—so too is a submanifold defined by a local normal form: locally a

submanifold is diffeomorphic to an affine subspace of an affine space.
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Definition 6.19. Let M be a smooth manifold and Q Ă N a subset. Then Q is a submanifold

of N if for all q P Q there exists a chart pV, yq about q with values in an affine space A together

with an affine subspace A1 Ă A such that

(6.20) ypQX V q “ A1 X ypV q.

The submanifold chart is standard if the chart pV, yq is standard and there exists ` P t0, . . . , nu
such that

(6.21) ypQX V q “ tpy1, . . . , ynq P An : y``1 “ ¨ ¨ ¨ “ yn “ 0u X ypV q.

I -
. . . . IR

'

na " i
'

: ::
§ n

n .

- -

- ji . .
. yn ¥ / t

lil immersion€!"' one::÷:÷s . %.

Ex : f : IR → RYE .

✓

t ↳ ( txo.ty.im/odZY ⑥Y÷ irrational

Figure 11. A submanifold chart

We illustrate a standard submanifold chart in Figure 11. The integer ` is the codimension of Q

in N at the point q, which is written codimqpQ Ă Nq.
Remark 6.22.

(1) A submanifold is a manifold in its own right. Namely, if A “ tpVα, yαquαPA is a covering

of Q by submanifold charts, then A “ tpVαXQ; y1
α, . . . , y

`
αqu is an atlas of Q. (This assumes

constant codimension ` and standard submanifold charts; the reader needs merely to change

the notation to accommodate general submanifold charts and varying codimension.)

(2) A submanifold may be open, it may be closed, or it may be neither. Let N “ A2. Then an

open disk in N is an open submanifold, an affine line in N is a closed submanifold, and an

open interval in an affine line is a submanifold which is neither open nor closed.

(3) A submanifold Q Ă N is always a locally closed subset. That is, for every q P Q there exists

an open neighborhood V Ă N of q such that QX V Ă V is closed. (To prove this, let V be

the domain of a submanifold chart.)
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Example 6.23 (skew line on a torus). Consider the 2-dimensional torus R2{Z2. Fix px0, y0q P R2

so that x0 ‰ 0 and y0{x0 is irrational. Then the map

(6.24)
f : R ÝÑ R2{Z2

t ÞÝÑ ptx0, ty0q pmod Z2q

is an injective immersion. The image fpRq Ă R2{Z2 is dense in the torus. About every t P R we

can choose special charts as in Theorem 6.15 so that (6.16) is satisfied, but the chart on the torus

is not a submanifold chart since (6.21) is not satisfied.

Lecture 7: Submanifolds, embeddings, and regular values; a counting invariant

Recall that there are three basic ways to associate a “shape” to a function f : M Ñ N . We

can take the image fpMq Ă N ; the preimage f´1pqq Ă M of a point of N , or more generally the

preimage f´1pQq Ă M of a subset of N ; and the graph Γpfq Ă M ˆN of f . If M,N are smooth

manifolds and f a smooth function, then the graph Γpfq is always a submanifold of M ˆN , and

it is diffeomorphic to the domain M . The first theorem in this lecture gives a sufficient condition

on f for its image fpMq to be a submanifold of the codomain N , namely that f be an embedding;

then fpMq is diffeomorphic to M . The second theorem gives a sufficient condition on q P N

for the inverse image f´1pqq to be a submanifold of the domain M , namely that q be a regular

value. In both cases the condition is not necessary: a constant map has image a submanifold,

and the inverse image of a critical value can “accidentally” be a manifold. We will soon study the

condition—transversality—for the inverse image f´1pQq Ă M of a submanifold Q Ă N to be a

submanifold.

In the last part of the lecture we construct our first topological invariant and use it to prove the

fundamental theorem of algebra.

Embeddings and submanifolds

Theorem 7.1. Let f : M Ñ N be an embedding. Then fpMq Ă N is a submanifold.

Proof. Fix q P Q; we must construct a submanifold chart about q. Let p PM be the unique point

so that fppq “ q. Since f is immersive, by Theorem 6.15 there exist charts pU, xq about p and

pV, yq about q so that y ˝ f ˝ x´1px1, . . . , xmq “ px1, . . . , xm, 0, . . . , 0q; see Figure 12. We claim

that there exists an open subset V 1 Ă V so that the restricted chart pV 1, yq is a submanifold

chart. If (6.21) fails, then there exists a sequence tpku8k“1 Ă MzU so that lim
kÑ8 y

j
`
fppkq

˘ “ 0 for

j “ m ` 1, . . . , n. Hence the sequence tfppkqu Ă V converges to a point of fpUq, and since f is a

homeomorphism onto its image we conclude that tpku ĂMzU converges to a point of U , which is

absurd since MzU is a closed subset of M . �
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Regular values and submanifolds

We first introduce some terminology which will recur throughout the course.

Definition 7.2. A sequence

(7.3) V
TÝÝÑW

SÝÝÑ X

of linear maps of vector spaces is exact if S ˝ T “ 0 and kerS “ T pV q as subspaces of W . A long

exact sequence

(7.4) ¨ ¨ ¨ ÝÑ V i ÝÑ V i`1 ÝÑ V i`2 ÝÑ . . .

is a sequence of linear maps in which every two consecutive maps forms an exact sequence. A short

exact sequence is a long exact sequence of the form

(7.5) 0 ÝÑ V 1 TÝÝÑ V
SÝÝÑ V 2 ÝÑ 0.

In (7.5) the linear map T : V 1 Ñ V is injective with cokernel (isomorphic to) V 2, and the linear

map S : V Ñ V 2 is surjective with kernel (isomorphic to) V 1. Furthermore, if V 1, V, V 2 are finite

dimensional, then

(7.6) dimV “ dimV 2 ` dimV 1.

Definition 7.7. Let P ĂM be a submanifold and p P P .

(1) The quotient space TpM{TpP is the normal (space) to P at p.

(2) The codimension of P in M at p is

(7.8) codimppP ĂMq “ dimpM ´ dimp P “ dim
`
TpM{TpP

˘
.

We sometimes use the notation ‘νp’ for the normal space at p. There is a short exact sequence

(7.9) 0 ÝÑ TpP ÝÑ TpM ÝÑ νp ÝÑ 0.
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Theorem 7.10. Let f : M Ñ N be a smooth map of smooth manifolds and q P N a regular value.

Then P :“ f´1pqq ĂM is a submanifold of codimension equal to dimqN . Furthermore, if p P P ,

(7.11) TpP “ ker
`
dfp : TpM ÝÑ TpN

˘
.
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Figure 13. The linearization of f cuts out the tangent space to the submanifold
cut out by f

We express (7.11) as the short exact sequence

(7.12) 0 ÝÑ TpP ÝÑ TpM
dfpÝÝÝÑ TqN ÝÑ 0,

illustrated in Figure 13. In general, the codimension of a submanifold P ĂM is a locally constant

function codim: P Ñ Zě0. Theorem 7.10 asserts that if P is cut out by a single function, then

codim is a constant function.

Remark 7.13. Not every submanifold is cut out by a single function. Compare (7.9) and (7.12) to

conclude that in the situation of Theorem 7.10, the differential dfp identifies each normal space νp
with the fixed vector space TqN . It is not true that the normal spaces to every submanifold admit

such a smoothly varying identification.5

Proof of Theorem 7.10. Fix p P P and choose charts pU, xq of M about p and pV, yq of N about q as

in Theorem 6.15, so that y ˝ f ˝ x´1px1, . . . , xk, . . . , xmq “ px1, . . . , xkq and xippq “ 0, i “ 1, . . . ,m.

Then pU, xq is a submanifold chart: xpP X Uq “ tpx1, . . . , xmq P xpUq : x1 “ ¨ ¨ ¨ “ xk “ 0u. The

codimension is k, and the exact sequence (7.12) is immediate in these charts. �

Example 7.14 (the 2-sphere redux). The 2-sphere S2 Ă A3
x,y,z is cut out by the single function

(7.15)
f : A3 ÝÑ R

px, y, zq ÞÝÑ x2 ` y2 ` z2

Namely, S2 “ f´1p1q. To verify that 1 P R is a regular value of f , it suffices to observe that the

differential df “ 2x dx`2y dy`2z dz does not vanish at any point of f´1p1q. Note that dfp0,0,0q “ 0,

so p0, 0, 0q P A3 is a critical point, 0 P R is a critical value, and yet f´1p0q Ă A3 is a submanifold

(though not of the expected codimension dimR).

5We will soon study fiber bundles, and express this as the trivializability of the normal bundle to a submanifold
cut out by a global function.
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Example 7.16 (the orthogonal group). Recall that MnR is the n2-dimensional vector space of

nˆ n matrices. Let tA denote the transpose of the matrix A. The orthogonal group On ĂMnR is

defined by the single condition A tA “ I, where I is the identity matrix. To re-express this condition

as the inverse image of a regular value of a function, we must note that the matrix S “ A tA is

symmetric: tS “ S. Let SnR ĂMnR denote the vector subspace of symmetric matrices. Define

(7.17)
f : MnR ÝÑ SnR

A ÞÝÑ A tA

Then On “ f´1pIq. To prove that On Ă MnR is a submanifold, we show that I is a regular value

of f and apply Theorem 7.10. For any A, 9A PMnR we compute

(7.18) dfAp 9Aq “ A t 9A` 9A tA.

For A P On and S P SnR we must prove that the equation

(7.19) A t 9A` 9A tA “ S

has a solution 9A PMnR, which it does: 9A “ 1
2SA.

The orthogonal group On is an example of a Lie group.

Definition 7.20. Let G be a set endowed with both a group structure and a smooth manifold

structure. Suppose these structures are compatible in the sense that multiplication G ˆ G Ñ G

and inversion GÑ G are both smooth maps. Then G is a Lie group.

To verify that multiplication on On is smooth, we first observe that matrix multiplication MnRˆ
MnRÑ MnR is a polynomial map, hence is smooth. Since On Ă MnR is a submanifold, so too is

On ˆOn ĂMnRˆMnR, and hence the restriction of multiplication to a map

(7.21) On ˆOn ÝÑMnR

is smooth. Furthermore, (7.21) factors through a map with codomain On. The smoothness of the

factored map follows from a general result, as does the smoothness of inversion on On.

Proposition 7.22. Suppose f : M Ñ N is a smooth map of smooth manifolds, M 1 Ă M and

N 1 Ă N are submanifolds, and the restriction of f to M 1 factors through a map f 1 : M 1 Ñ N 1.
Then f 1 is smooth.

Proof. Let p1 PM 1 and choose submanifold charts pU, xq about p1 and pV, yq about fpp1q such that

fpUq Ă V . If m1 “ dimp1M
1, m “ dimp1M , n1 “ dimfpp1qN 1, and n “ dimfppqN , and if the

smooth functions yi “ yipx1, . . . , xmq, i “ 1, . . . , n, are the expression of y ˝ f ˝ x´1, then the

smooth functions yi “ yipx1, . . . , xm
1
, 0, . . . , 0q, i “ 1, . . . , n1, are the expression of y1 ˝ f 1 ˝ px1q´1 in

the charts on M 1, N 1 induced from the corresponding charts on M,N . �

Proposition 7.23. The orthogonal group On is a Lie group.
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A counting invariant; the fundamental theorem of algebra

We use the inverse function theorem to construct our first topological invariant. It illustrates a

main theme of the class: we use calculus—local control from the infinitesimal hypothesis of maximal

rank—to set up global invariants.

Theorem 7.24. Let M be a compact smooth manifold, N a smooth manifold with dimN “ dimN ,

and f : M Ñ N a smooth function. Set Nreg Ă N the subset of regular values. Then the function

(7.25)
#: Nreg ÝÑ Zě0

q ÞÝÑ #f´1pqq

is well-defined and locally constant.

The conclusion is that for any regular value q P N the subset f´1pqq ĂM is finite and its cardinality

is a locally constant function of the regular value.

Proof. Fix q P Nreg. Theorem 7.10 implies that f´1pqq is a 0-dimensional submanifold of M , so

a finite or countable set of isolated points, and since f´1pqq Ă M is closed and M is compact it

follows that f´1pqq is a finite set. Hence (7.25) is well-defined. Suppose #f´1pqq “ N and write

f´1pqq “ tp1, . . . , pNu. The Inverse Function Theorem 6.12 implies that f is a local diffeomorphism

at each pi; choose Ui ĂM open so that f : Ui Ñ fpUiq is a diffeomorphism. Set

(7.26) V “
Nč

i“1

fpUiq z f
`
M z

Nď

i“1

Ui
˘
.

Then V Ă Nreg is open, q P V , and #
ˇ̌
V

is constant. �

In the next lecture we prove that Nreg is nonempty; in fact, it is a dense subset of N . In general

we cannot control its connectivity. But for polynomial functions we have good control.

Lemma 7.27. Let Q : CÑ C be a polynomial of degree d. Then Q has at most d roots.

Proof. Argue by induction: if Qpz0q “ 0, then Qpzq “ pz ´ z0qQ1pzq for a polynomial Q1 of

degree d´ 1. �

Theorem 7.28 (fundamental theorem of algebra). Any polynomial P : CÑ C has a root.

The one-point compactification of C is the complex projective line CP1 “ CYt8u; see (3.23). It

is defined as the projectivization PpC2q of the standard 2-dimensional complex vector space, which

we take to have components z, w. Thus a point of CP1 is an equivalence class of ordered pairs rz, ws
with at least one of z, w nonzero and rz, ws „ rλz, λws for all λ ‰ 0. The complex line C embeds

in CP1 as z ÞÑ rz, 1s; the point 8 is r1, 0s.
Proof. Define a smooth map f : CP1 Ñ CP1 by

(7.29)
f
`rz, 1s˘ “ rP pzq, 1s
f
`r1, 0s˘ “ r1, 0s
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The critical points of f outside 8 “ r1, 0s are the roots of P 1, hence by Lemma 7.27 there are

finitely many. Therefore, if N “ CP1 is the codomain of f , then Nreg Ă N is the complement of

a finite set, so is connected. It follows that the locally constant function (7.25) is constant. It is

clearly nonzero. If 0 P Nreg, then f´1p0q Ă C Ă CP1 is nonempty, so P has a root. If 0 P N is a

critical value, then in particular it is a value of f , so again P has a root. �

Lecture 8: Measure zero, Sard’s theorem, introduction to fiber bundles

The main topic of this lecture, Sard’s theorem, is proved in an appendix in Guillemin-Pollack,

and I will not duplicate the proof here. That appendix also lays out the theory of measure zero

on a smooth manifold, which I will expand upon in these notes. In the last part of the lecture we

switch gears and single out another important class of maps: fiber bundles.

Sard’s Theorem

Recall from Theorem 7.10 that the inverse image of a regular value of a smooth map of smooth

manifolds is a submanifold. This method of producing manifolds gains its power from a companion

theorem which asserts that regular values are plentiful. This companion theorem has a long history,

which includes Morse (1939), Sard (1942), Brown (1935), Dubrovickii (1953), and Thom (1954).

The main result goes simply by the name of Sard.

Theorem 8.1. Let X,Y be C8 manifolds and f : X Ñ Y a C8 map. Denote by C Ă X the subset

of critical points of f . Then fpCq Ă Y has measure zero.

Recall that fpCq Ă Y is the subset of critical values. Its complement Y zF pCq is the set of regular

values. The proof implies a stronger result for Ck maps, where k is sufficiently large depending on

the dimensions of X and Y .

Corollary 8.2. The subset Y zfpCq of regular values is dense.

This follows from the fact that sets of measure zero have nonempty interior. We often apply a

weaker result: the set of regular values is nonempty. Another measure zero fact, that a finite or

countable union of sets of measure zero has measure zero, implies the next result.

Corollary 8.3. Let tXiuiPI be a collection of C8 manifolds, where I is finite or countable. Let

Y be a C8 manifold and fi : Xi Ñ Y , i P I, a C8 map. Then the set of simultaneous regular values

of fi is a dense subset of Y .

Consider now the special case in which the domain has smaller dimension than the codomain.

Every point of the domain is critical, since the differential cannot be surjective.

Corollary 8.4. Suppose X,Y are C8 manifolds with dimX ă dimY and f : X Ñ Y is a C8 map.

Then fpXq Ă Y has measure zero.
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As we will see, the proof of Corollary 8.4 can be given in a more elementary fashion independently

of Sard’s Theorem 8.1. As a particular application we prove the following.

Corollary 8.5. Any smooth map f : Sn Ñ Sm is homotopically trivial if n ă m.

Proof. By Corollary 8.4 there exists a point q P Sm not in the image of f , so f factors through a

map f 1 : Sn Ñ Smztqu. Stereographic projection is a diffeomorphism ϕ : Smztqu «ÝÝÑ Rm. Define

the family of homotheties

(8.6)
ht : Rm ÝÑ Rm

ξ ÞÝÑ p1´ tqξ

Let ι : Rm ãÑ Sm denote the inclusion. Then ι ˝ ht ˝ ϕ ˝ f 1 : Sn Ñ Rm is a null homotopy of f 1 �

Measure zero in affine space

We define the measure, or volume, of some standard subsets of An and use them to define when

an arbitrary subset E Ă An has measure zero.

Definition 8.7.

(i) A standard (n-dimensional) box defined by real numbers a1, . . . , an, b1, . . . , bn with ai ă bi,

i “ 1, . . . , n, is the set

(8.8) S “ Spa1, b1; . . . ; an, bnq “  px1, . . . , xnq P An : ai ă xi ă bi for all i “ 1, . . . , n
(
.

If λ “ bi ´ ai is independent of i, then we call S a standard cube of side length λ.

(ii) The (n-dimensional) volume of the standard box (8.8) is

(8.9) µpSq “
nź

i“1

pbi ´ aiq.

(iii) A set E Ă An has (n-dimensional) measure zero if for all ε ą 0 there exists a covering

tSiuiPI of E with I finite or countable such that
ř
iPI µpSiq ă ε.

The definition (iii) of measure zero does depend on the ambient dimension: a nonempty open

interval in A1 does not have 1-dimensional measure zero, but if we regard A1 Ă An for n ą 1, then

it has n-dimensional measure zero. We use ‘measure zero’ if the dimension is clear from context.

We prove some basic properties of sets of measure zero.

Proposition 8.10.

(1) Let E Ă An be a set of measure zero and E1 Ă E a subset. Then E1 has measure zero.

(2) Let tEiuiPI be a finite or countable collection of measure zero subsets of An. Then
Ť
iPI Ei

has measure zero.

(3) The affine subspace Am Ă An has n-dimensional measure zero if m ă n.
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(4) Let U Ă An be an open subset, E Ă U a set of measure zero, and f : U Ñ An a C1 map.

Then fpEq Ă An has measure zero.

(5) A standard box does not have measure zero.

(6) If F Ă An has nonempty interior, then F does not have measure zero.

(7) Let E Ă An be a closed subset. Suppose that for all c P R the set E X `tcu ˆAn´1
˘ Ă An´1

has pn´ 1q-dimensional measure zero. Then E has n-dimensional measure zero.

A special case of (4) is that the image of a set of measure zero under a C8 diffeomorphism has

measure zero. In other words, measure zero is a C8 concept.

Proof. Assertion (1) is immediate since a cover of E by standard boxes of total volume ă ε is a

fortiori such a cover of E1.
For (2), write I “ t1, 2, . . . , Nu or I “ Zě0. Then given ε ą 0, for each i P I let tSi,jujPJi be a

cover of Ei by at most countably many standard boxes of total volume ă ε{2i. Then tSi, juiPI,jPJi
is an at most countable cover of

Ť
iPI Ei by standard boxes of volume ă ε.

For (3), let tpiuiPZě0 be a countable dense subset of Am, for example the set of points with

rational coordinates. Given ε ą 0, for each i P Zě0 let Si be the standard box in An with center pi
and side lengths d1 “ ¨ ¨ ¨ “ dm “ 1, and dm`1 “ ¨ ¨ ¨ “ dn “ pε{2iq1{pn´mq. Then tSiuiPZě0

covers Am Ă An and has total n-dimensional volume ε.

For (4), fix p P E and let Bp Ă U be a ball whose closure lies in U . We prove that fpEXBpq has

measure zero. Since df is continuous, we can choose C ą 0 so that }df} ď C on the compact set Bp.

It follows that

(8.11) d
`
fpxq, fpx1q˘ ď C dpx, x1q, x, x1 P Bp.

Hence if S Ă Bp is a standard cube of side length λ, then fpSq is contained in a standard cube of

side length C
?
nλ. Given ε ą 0, cover E XBp by at most countably many standard cubes of total

volume ă ε{pC?nqn. It follows that fpE X Bpq is covered by at most countably many standard

cubes of total volume ă ε. This proves that fpE XBpq has measure zero. Since fpEq is covered by

countably many sets of this form, (4) is proved.

The proof of (5) is a beautiful argument which Guillemin-Pollack credit to von Neumann. It is

based on the following estimate. Let T be a standard box. Denote by IpT q the number of points

px1, . . . , xnq P T such that xj P Z for all j “ 1, . . . , n. Let the side lengths of T be d1, . . . , dn.

Assume for the moment that each dj ą 1. Then

(8.12)
nź

j“1

pdj ´ 1q ă IpT q ă
nź

j“1

pdj ` 1q.

Now to the proof of (5). Let S be a standard box of side lengths d1, . . . , dn, and let tSiuiPI be an

at most countable covering of S by standard boxes. Then we claim

(8.13)
ÿ

iPI
µpSiq ě µpSq.
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It follows immediately that S, hence also S, cannot have measure zero. To prove (8.13), observe

that since S is compact, we can and do choose a finite subcover of tSiuiPI , whose elements we

denote S1, . . . , SN . For i P t1, . . . , Nu, denote the side lengths of Si by d1piq, . . . , dnpiq. Apply (8.12)

to deduce6

(8.14)
nź

j“1

pdj ´ 1q ă IpSq ď
Nÿ

i“1

IpSiq ă
Nÿ

i“1

nź

j“1

`
djpiq ` 1

˘
.

For any c ą 1 the standard boxes cS1, . . . , cSN cover cS, and we can apply (8.14) to conclude

(8.15)
nź

j“1

pc dj ´ 1q ă
Nÿ

i“1

nź

j“1

`
c djpiq ` 1

˘

which, after dividing by cn, is

(8.16)
nź

j“1

pdj ´ 1

c
q ă

Nÿ

i“1

nź

j“1

`
djpiq ` 1

c

˘

Now take cÑ8 to deduce the first inequality in

(8.17) µpSq “
nź

j“1

dj ď
Nÿ

i“1

nź

j“1

djpiq “
Nÿ

i“1

µpSiq ď
ÿ

iPI
µpSiq,

which is (8.13).

Assertion (6) now follows quickly: if F Ă An has nonempty interior, it properly contains a

standard box, which by (5) does not have measure zero. Now apply (1).

It7 suffices to assume in (7) that E is compact, since any closed E Ă An is the (countable) union of

the compact sets EXBnpxq, n P Zą0, where Bnpxq is the ball of radius n about a fixed point x P An.

Then E Ă ra, bs ˆ An´1 for some finite closed interval ra, bs Ă R. For any subset J P ra, bs, let

(8.18) EJ “ E X `
J ˆ An´1

˘
.

Let ε ą 0 be given. For each c P ra, bs let S1pcq, . . . , SNcpcq be a covering of the compact set Ec Ă
An´1 by pn ´ 1q-dimensional standard boxes of total volume ă ε { 2pb ´ aq. By compactness of E

there is an open interval Jpcq Ă ra, bs about c so that tJpcq ˆ SipcquNci“1 covers EJpcq. The intervals

tJpcqucPra,bs cover ra, bs, so there exists a finite subcover. It is not difficult then to find a finite

collection of open intervals J1, . . . , JM which cover ra, bs; each Jj Ă Jpcjq for some cj such that

Jpcjq is in the finite subcover; and the total length of J1, . . . , JM is ă 2pb´ aq. The n-dimensional

standard boxes
 
Jj ˆ Sipcjq

(M Nc
j“1, i“1

cover E and have total n-dimensional volume ă ε. �

6If dj ă 1 for some j, then (8.12) does not apply. However, for sufficiently large c we have (8.15) and this suffices.
7Guillemin-Pollack, Appendix A, has more detail for the proof in this paragraph.
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Measure zero on smooth manifolds

Definition 8.19. Let Y be a smooth manifold. A subset E Ă Y has measure zero if for all

An-valued charts pV, yq Ă Y , the set ypE X Y q Ă An has measure zero.

The choice of n may vary on components of Y . Definition 8.19 would be impractical if we had to

check all charts in a maximal atlas, but Proposition 8.10(4) guarantees the following.

Proposition 8.20. A subset E Ă Y has measure zero if the condition of Definition 8.19 holds for

a set of charts of Y which cover E.

The following implies in particular that the complement of a set of measure zero on a smooth

manifold is nonempty.

Proposition 8.21. Let E Ă Y have measure zero. Then Y zE is dense.

Proof. pY zEqc Ă E is open and has measure zero (Proposition 8.10(1)), so by Proposition 8.10(6)

must be empty. Therefore, Y zE “ Y as claimed. �

Now we are in a position to prove a special version of Sard’s Theorem.

Proof of Corollary 8.4. By second countability it suffices to check locally on X. Let n “ dimX

and m “ dimY . With respect to local charts we represent f by a smooth map g : U Ñ Am, where

U Ă An is open. Define

(8.22)
G : U ˆ Am´n ÝÑ Am

px, yq ÞÝÑ gpxq

Then since U ˆ t0u Ă An ˆ t0u Ă An ˆ Am´n “ Am has m-dimensional measure zero (Propo-

sition 8.10(3)), it follows from Proposition 8.10(4) that G
`
U ˆ t0u˘ “ gpUq has m-dimensional

measure zero. �

Proof of Sard’s Theorem

I defer to the appendix in Guillemin-Pollack.

Introduction to fiber bundles

(8.23) Special types of maps: review. Let X,Y be smooth manifolds and suppose f : X Ñ Y is a

smooth map. In previous lectures we introduced conditions on f that define special classes of maps.

The infinitesimal condition that the rank of the differential be maximal, which we can impose at a

point of the domain X or at all points of X, leads to a local normal form for f (Theorem 6.15). We

also imposed global conditions. For example, an injective immersion which is a homeomorphism

onto its image is an embedding, and the image of an embedding is a submanifold (Theorem 7.1). A

submersion is a map whose differential is surjective everywhere, and in that case the fibers (inverse

images of points) are submanifolds (Theorem 7.10). Now we introduce a special type of submersion
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in which the diffeomorphism type of the fibers does not jump. The key notion of local triviality was

flagged by Steenrod in his classic 1951 text The Topology of Fibre Bundles, though it had already

been around for more than a decade at that point.

Definition 8.24. Let π : E ÑM be a smooth map of smooth manifolds. We say π is a fiber bundle

if there exists tpUα, Fα, ϕαquαPA such that tUαuαPA is an open cover of M , each Fα is a smooth

manifold, and ϕα is a diffeomorphism ϕ : Uα ˆ Fα Ñ π´1pUq such that the diagram

(8.25)

Uα ˆ Fα ϕα //

pr1 !!

π´1pUαq
π

}}
Uα

commutes. The domain E of π is called the total space and the codomain M is called the base of

the fiber bundle π.

F

Tf
¥ " "

t5=j÷Tp5I mini. ¥ ÷÷÷
.

It 5

T M . locally trivial , not globally
trivial

P
. no canonical local trivialization .

ftp.ithp CIR
"

- 2) it : On → 5
"

TEye at> Al

- claim it is a Lba bundle

{ IT n -_ I

µ
base

" 2

Figure 14. A fiber bundle with local trivialization about p

Here pr1 is projection onto the first factor, followed by the inclusion U ãÑ M . The condition that

pairs pU,ϕq exist about every point p PM is called local triviality. It implies that π is a submersion,

hence the fibers are submanifolds.

Remark 8.26. We emphasize that tpUα, Fα, ϕαquαPA is not data. We do not want to carry it around!

Its existence is a condition on the map π.

Remark 8.27. Some authors require that π be surjective. We allow the fibers π´1ppq to be empty.

A fiber bundle is sometimes labeled by the total space, which is a smooth manifold; however, the

fiber bundle is the function.

Remark 8.28. There is also a notion of a fiber bundle with fixed fiber F ; it is the case in which

Fα “ F for all α P A.
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Remark 8.29. Local triviality (8.25) provides a diffeomorphism π´1ppq «ÝÝÑ Fα of the fiber over

any p P Uα with the fixed manifold Fα. If we, heuristically, rewrite π as a map from M to sets,

then local triviality expresses the local constancy of this map.

Example 8.30 (trivial fiber bundle). Let M,F be smooth manifolds. Then projection pr1 : M ˆ
F Ñ M is a fiber bundle. To verify the condition of local triviality, for any p P M we can choose

U “ M and ϕ “ id. This is the trivial fiber bundle over M with fiber F . Any fiber bundle is

locally isomorphic to a trivial fiber bundle. (We introduce the appropriate notion of isomorphism

in the next lecture.)

Example 8.31 (a nontrivial example). The map

(8.32)
π : On ÝÑ Sn´1

A ÞÝÑ Aξ0

is a fiber bundle, where, say, ξ0 “ p1, 0, . . . , 0q. It is nontrivial (meaning not isomorphic to a trivial

bundle) if n ě 3. We will not prove that statement now.

In the next lecture we give more examples and focus on the cases of interest in this course: the

tangent bundle to a smooth manifold and the normal bundle to a submanifold.

(8.33) Perspective. Any map (of sets) π : E ÑM induces a partition of the domain into its fibers.

Fiber bundles induce “regular” partitions in that the fibers are locally diffeomorphic to each other.

In this way fiber bundles provide useful decompositions of smooth manifolds, and that can be a

great tool to study global properties. In a different direction, fiber bundles can encode the geometry

of the base manifold. The tangent bundle is an example, and there are many associated bundles

that also come into play. Since the total space is a smooth manifold in its own right, we can apply

the tools of manifold theory to it and often learn about the base in the process.

Lecture 9: Fiber bundles and vector bundles

Recollection of fiber bundles

We resume our discussion of fiber bundles. Recall that a fiber bundle π : E Ñ M is a special

kind of map between smooth manifolds. It satisfies the local triviality condition specified in Defini-

tion 8.24. Note here that locality is in the codomain, which is called the base of the fiber bundle.

In that version we ask that the fibers be “locally constant” functions of the base: nearby fibers

are diffeomorphic in a smooth way, which is the content of the map ϕ in (8.25). A closely related

notion fixes a model manifold for the fiber.
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Definition 9.1. Let π : E ÑM be a smooth map of smooth manifolds, and let F be a (nonempty)

smooth manifold. We say π is a fiber bundle with fiber F if for all p P M there exists an open

neighborhood U ĂM about p and a diffeomorphism ϕ : U ˆ F Ñ π´1pUq such that the diagram

(9.2)

U ˆ F ϕ //

pr1 ��

π´1pUq
π

~~
U

commutes.

(9.3) Notation. If π : E ÑM is a fiber bundle, then for p PM we set Ep “ π´1ppq to be the fiber

over the point p in the base.

(9.4) Maps of fiber bundles. The parametrized version of a smooth map of manifolds is a map of

fiber bundles. Let π1 : E1 Ñ M and π : E Ñ M be fiber bundles over the same base. Then a map

of fiber bundles is a smooth map ϕ : E1 Ñ E which fits into the commutative diagram

(9.5)

E1
ϕ //

π1   

E

π~~
M

The single smooth map ϕ encodes a smooth family of smooth maps ϕp : E1p Ñ Ep parametrized

by p P M ; indeed ‘smoothness’ of the family means smoothness of the single map ϕ. (Consider

the special case in which M “ Rx, E1 “ Rx ˆ Ry, and E “ Rx ˆ Rz. The function ϕ is given

by a function z “ zpx, yq of two variables, and we are saying that smoothness jointly in the two

variables x, y is what we mean by a smoothly varying family of functions of y parametrized by x.)

When the fiber bundles π1, π have extra structure—such as bundles of affine spaces, vector spaces,

Lie groups, etc.—then we may require that each ϕp preserve that structure.

Examples of fiber bundles

Example 9.6 (covering spaces). A (smooth) covering space π : E Ñ M is a fiber bundle. To see

this, recall the definition: every point p P M has an open neighborhood U Ă M which is evenly

covered, i.e., there is a discrete set S (which can depend on Uy) and a diffeomorphism

(9.7) ϕ : U ˆ S ÝÑ π´1pUq

which commutes with projection to U . This is precisely the local trivialization condition. So a

fiber bundle with discrete fibers is a covering space.
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Example 9.8 (affine lines in a plane). Let V be a 2-dimensional real vector space, and let A be

an affine space over V . Let E be the 2-dimensional manifold of affine lines in A. Each affine line

determines a line in V—a 1-dimensional subspace—namely its tangent line. The assignment of a

tangent line is a smooth map

(9.9) π : E ÝÑ PV.

We claim that π is a fiber bundle. Fix K P PV and p P A. We produce a local trivialization of π

on U “ PV ztKu. First, observe that p determines a section sp : PV Ñ E of (9.9) which assigns to

each L P PV the unique affine line through p with tangent line L. As depicted in Figure 15, define

(9.10)
ϕ : U ˆK ÝÑ π´1pUq

L , ξ ÞÝÑ sppLq ` ξ
It is easily checked that ϕ is a diffeomorphism which commutes with projection to U , i.e., ϕ is a

local trivialization.

in
""

Y

⇐
"

i:

Figure 15. Affine lines, their tangent lines, and a local trivialization of (9.9)

Remark 9.11. The fibers of (9.9) have more structure: they are affine spaces. More precisely,

π´1pLq is affine over the quotient vector space V {L. (If the affine line ` Ă A has tangent line L Ă V ,

and ξ P V , then the affine line ` ` ξ only depends on ξ pmod Lq since translation by vectors in L

preserves `.) In fact, there is a vector bundle QÑ PV whose fiber at L P PV is the one-dimensional

vector space V {L, and (9.9) is a bundle of affine lines over Q Ñ PV , a parametrized version of a

single affine space over a single vector space. This illustrates the idea that fiber bundles can have

more structure, in which case we require that local trivializations preserve that structure. Note

that in this case the local trivialization (9.10) is an affine map on each fiber.

Example 9.12 (a surjective submersion which is not a fiber bundle). Work in the affine space A3

with coordinates px, y, zq. Define

(9.13) E “  px, y, zq P A3 : y2 ` z2 “ 1
( z  p0, 0,`1q, p0, 0,´1q(.

This is a cylinder with two points n, s deleted. Let P denote the space of affine planes in A3 which

contain the z-axis; then P is diffeomorphic to RP1, the space of lines through the origin in the

x, y-plane. Define

(9.14) π : E ÝÑ P
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in
""

Y

⇐
"

i:

Figure 16. A surjective submersion which is not a fiber bundle

the map which takes p P E to the plane containing the distinct non-collinear points n, s, p, as

depicted in Figure 16. Then π is surjective and a submersion. (Proof of the latter: a motion

germ in P is represented by a curve Πt of planes through the z-axis. Intersect with the affine line

x “ 1, z “ 0 to lift to a motion pt in E such that πpptq “ Πt.) However, π is not a fiber bundle.

The typical fiber of π is an ellipse minus the points n, s, whereas the fiber over the x, z-plane Πx,z

is the union of two affine lines minus n, s. The former has two components while the latter has four

components. Hence the special fiber over Πx,z is not diffeomorphic to the other fibers. Therefore,

π cannot be locally trivial over Πx,z.

Vector bundles

(9.15) Fiber product. As a preliminary, we introduce the fiber product of fiber bundles. It is the

parametrized version of the Cartesian product of manifolds. Let M be a smooth manifold and

πi : Ei ÑM , i “ 1, 2, fiber bundles over M . Define

(9.16) E1 ˆM E2 “
 pe1, e2q P E1 ˆ E2 : π1pe1q “ π2pe2q

(
.

Then E1ˆM E2 Ă E1ˆE2 is a submanifold. This is easily proved once we introduce transversality,

though it is not difficult to do directly. The diagram

(9.17)

E1 ˆM E2
pr2 //

pr1
��

E2

π2
��

E1
π1 // M

commutes, and the composition

(9.18) π : E1 ˆM E2 ÝÑM.

from northwest to southeast is a fiber bundle: local trivializations ϕ1, ϕ2 of E1, E2 over open

neighborhoods U1, U2 of a point p PM combine to a local trivialization of (9.18) over U1XU2. The

construction generalizes to the fiber product of a finite set of fiber bundles over a common base.



46 D. S. FREED

(9.19) Vector space. Recall the definition of a vector space. It consists of data pV, 0,`,ˆq where

V is a set; 0 P V is a distinguished element, the zero vector; ` : V ˆV Ñ V is called vector addition;

and ˆ : RˆV Ñ V is called scalar multiplication. There are many axioms which tell that pV, 0,`q
is an abelian group, scalar multiplication distributes over vector addition, etc.

(9.20) Vector bundle. Just as the fiber product (9.15) is a parametrized version of Cartesian

product, a vector bundle is a parametrized version of a vector space.

Definition 9.21. A vector bundle pπ, 0,`,ˆq consists of a fiber bundle π : E Ñ M ; a section

0: M Ñ E of π, called the zero section; a smooth map ` : E ˆM E Ñ E such that

(9.22)

E ˆM E
` //

$$

E

π~~
M

commutes; and a smooth map ˆ : Rˆ E Ñ E such that

(9.23)

Rˆ E ˆ //

##

E

π~~
M

commutes. We require the vector space axioms and also that local trivializations for π be linear

maps on fibers.

The vector space axioms tell that each fiber Ep, p PM , of π : E ÑM is a vector space. Thus π ex-

hibits a family of vector spaces parametrized by M . The last condition—that local trivializations

be linear on fibers—imposes that this be a locally trivial family of vector spaces. Explicitly, about

each p PM there exists an open neighborhood U ĂM and a diffeomorphism ϕ in the diagram

(9.24)

U ˆ Ep ϕ //

pr1   

π´1pUq
π

~~
U

such that ϕ
ˇ̌
p1ˆEp : Ep Ñ Ep1 is a linear isomorphism for all p1 P U .

Analogous to Definition 9.1 is the definition of a vector bundle with fiber a fixed vector space.

We leave the reader to formulate it.
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Constructions of vector bundles

(9.25) Transition functions. Let V be a finite dimensional real vector space and suppose π : E Ñ
M is a vector bundle with fiber V . Let U1, U2 ĂM be open sets equipped with local trivializations

(9.26)

Ui ˆ V ϕi //

pr1   

π´1pUiq
π

}}
Ui

Over the intersection U1 X U2 the ratio of the trivializations is the transition function

(9.27)
g21 : U1 X U2 ÝÑ AutpV q

p ÞÝÑ `
ξ ÞÑ ppr2 ˝ϕ´1

2 ˝ ϕ1qpp, ξq
˘

which compares them. Order matters: g21 is the transition from trivialization 1 to trivialization 2.

The transition functions satisfy

g12 ˝ g21 “ idV on U1 X U2,(9.28)

g32 ˝ g21 “ g31 on U1 X U2 X U3.(9.29)

Equation (9.29) is called the cocycle condition. It can be written

(9.30) g23 ˝ g´1
13 ˝ g12 “ idV ,

whose three constituents on the left hand side are obtained by striking out a single digit from 123

and alternating the “signs” as we go across: 1{23 ˝ 12{3´1 ˝ 123{.

(9.31) Patching construction. One method to construct vector bundles, or to construct new vector

bundles from old ones, is to patch local trivial bundles using transition functions.

Theorem 9.32. Let M be a smooth manifold and tUαuαPA an open cover. Let V be a finite

dimensional real vector space, and suppose given smooth functions

(9.33) gα2α1 : Uα1 X Uα2 ÝÑ AutpV q, α1, α2 P A,

such that for all α1, α2, α3 P A,

gα1α2 ˝ gα2α1 “ idV on Uα1 X Uα2 ,(9.34)

gα3α2 ˝ gα2α1 “ gα3α1 on Uα1 X Uα2 X Uα3 .(9.35)

Then there is a canonical vector bundle π : E Ñ M equipped with local trivializations over the

sets Uα such that the transition functions equal (9.33).



48 D. S. FREED

I will not spell out the precise meaning of ‘canonical’; heuristically, it means there are no choices

made beyond the given data.

Proof. Define an equivalence relation „ on the disjoint union
Ů
αPA Uα ˆ V as

(9.36) pp1, ξ1q „ pp2, ξ2q iff
p1 “ p2

ξ2 “ gα2α1ppqpξ1q

where pi P Uαi and ξi P V , i “ 1, 2. Define

(9.37) E “
ğ

αPA
Uα ˆ V

L„,

the set of equivalence classes. Endow E with the quotient topology of the product topology. For

each α P A the composition

(9.38) Uα ˆ V ÝÑ
ğ

αPA
Uα ˆ V ÝÑ E

is a homeomorphism onto its image, and the images cover E. It follows that E is locally Euclidean.

The projections Uα ˆ V Ñ Uα stitch to a surjective continuous map

(9.39) π : E ÝÑM.

Since M is second countable and the fibers of π are homeomorphic to the second countable space V ,

it follows that E is second countable. Also, M is Hausdorff, so if two points in E project to distinct

points in M they can be separated by open sets. The fibers of E are homeomorphic to V , so are

Hausdorff. It follows that E is Hausdorff. Therefore, E is a topological manifold.

Choose an atlas of M such that the domain U of each chart pU, xq is contained in some Uα.

Assume the charts are standard and that M is n-dimensional. The composition

(9.40) π´1pUq ÝÑ U ˆ V xˆidÝÝÝÝÑ An ˆ V

is a homeomorphism onto its image, so is a chart on E, and these charts have C8 overlaps. (The

first map in (9.40) is the inverse of the restriction of (9.38) to U ˆ V , inverted on its image.) This

endows E with the structure of a smooth manifold, and the map (9.39) is smooth.

The vector space structure on V—the zero vector, vector addition, and scalar multiplication—

induce a vector space structure on (9.39) since the equivalence relation (9.36) is defined by linear

maps. The vector space axioms hold on each fiber of π since they hold on V . The diffeomor-

phisms (9.38) are local trivializations which are linear on each fiber. �

Example 9.41. Theorem 9.32 applies also to complex vector bundles. (A complex vector bun-

dle is defined by replacing ‘R’ in Definition 9.21 with ‘C’.) Write points of CP1 as equivalence
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classes rz0, z1s of pairs of complex numbers, not both zero, under the equivalence rz0, z1s “
rλz0, λz1s for λ P C‰0. Cover CP1 by two (affine) open sets

(9.42)
U1 “

 rz, 1s : z P C(

U2 “
 r1, ws : w P C(,

and for k P Z define the transition function

(9.43)
g
pkq
21 : U1 X U2 ÝÑ AutpCq “ Cˆ

rz, 1s ÞÝÑ zk

where Cˆ “ C‰. Note that z ‰ 0 if rz, 1s P U1 X U2. The preceding construction gives a complex

line bundle Lpkq Ñ CP1 for each k.

(9.44) Another construction. In practice, we often encounter a variation of Theorem 9.32 in which

we have a family of vector spaces parametrized by a smooth manifold and we want to construct

from it a vector bundle.

Theorem 9.45. Let M be a smooth manifold and

(9.46) π : E “
ğ

pPM
Ep ÝÑM

a set of vector spaces parametrized by M . Suppose given an open cover tUαuαPA together with a

family of vector spaces tVαuαPA and isomorphisms ϕα, α P A, such that the diagram

(9.47)

Uα ˆ Vα ϕα //

pr1
  

Ů
pPUα

Ep

π
��

Uα

commutes and ϕα
ˇ̌
tpuˆVα is a linear isomorphism Vα Ñ Ep for all p P Uα. There are induced

transition functions

(9.48) gα2α1 : Uα1 X Uα2 ÝÑ IsopVα1 , Vα2q

defined by composition ϕ´1
α2

and ϕα1. Assume they satisfy the cocycle conditions

gα1α2 ˝ gα2α1 “ idVα1 on Uα1 X Uα2 ,(9.49)

gα3α2 ˝ gα2α1 “ gα3α1 on Uα1 X Uα2 X Uα3 .(9.50)

Then there is a canonical manifold structure on E so that (9.46) is a vector bundle and the ϕα are

smooth local trivializations.

The proof is similar to that of Theorem 9.32. Use the disjoint union of the ϕα to topologize E and

make charts on E as before.
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(9.51) Dual bundle. As an application of Theorem 9.45 we construct the dual bundle to a vector

bundle. It is the parametrized version of the passage from a vector space to its linear dual. As a

preliminary, recall that if T : V Ñ W is a linear map of vector spaces, then there is a dual map

T ˚ : W ˚ Ñ V ˚ defined by

(9.52) xT ˚w˚, vy “ xw˚, T vy, v P V, w˚ PW ˚,

where the pairing on the left hand side is between V ˚ and V , and the pairing on the right hand

side is between W ˚ and W . If T is invertible, then so is T ˚. For V finite dimensional, there is an

isomorphism of Lie groups

(9.53)
AutpV q ÝÑ AutpV ˚q

T ÞÝÑ pT ˚q´1

Let π : E Ñ M be a vector bundle. Choose an open cover tUαuαPA of M together with, for

each α P A, a local trivialization

(9.54)

Uα ˆ Vα ϕα //

pr1 !!

π´1pUαq
π

}}
Uα

over each Uα, α P A. (Such open covers exist by the definition of a vector bundle.) Define the

disjoint union E˚ “ Ů
pPM Ep̊ , and for α P A set

(9.55)

rϕα : Uα ˆ Vα̊ ÝÑ
ğ

pPUα
Ep̊

pp , ξ˚q ÞÝÑ `
ϕαppq˚

˘´1pξ˚q

where ϕαppq P IsopVα, Epq and we apply its inverse dual to obtain an isomorphism Vα̊ Ñ Ep̊ . Since

(9.53) is a homomorphism, the cocycle conditions for the transition functions derived from the ϕα
imply the cocycle conditions (9.49), (9.50) for the transition functions derived from the rϕ. Then

Theorem 9.45 applies to construct a smooth vector bundle structure on E˚ ÑM .

Remark 9.56. A similar procedure allows us to carry over functorial maps in linear algebras to

vector bundles. For example, if E1 Ñ M and E Ñ M are vector bundles, then there is a vector

bundle HompE1, Eq ÑM whose fiber at p PM is HompE1p, Epq.
Remark 9.57. A more powerful approach is to form the frame bundle of π : E ÑM , a fiber bundle

whose fiber at p P M is the manifold of bases of Ep. From the frame bundle we can directly form

the dual bundle as well as many other associated vector bundles and associated fiber bundles. (For

example, there is an associated fiber bundle PE Ñ M whose fiber at p P M is the projective

space PpEpq.)
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(9.58) Quotient bundle. Let M be a smooth manifold and π1 : E1 ÑM , π : E ÑM smooth vector

bundles. Suppose ι : M Ñ HompE1, Eq is a section of HompE1, Eq ÑM which is injective on each

fiber. Then we can replace E1p with ιpE1pq Ă Ep and so assume that π1 is a subbundle of π. Define

the family of vector spaces

(9.59) E2 “
ğ

pPM
Ep{E1p ÝÑM

Then (9.59) is a vector bundle in a natural way. Namely, choose an open cover tUαuαPA of M

together with a family tVαuαPA of vector spaces, a family tV 1αuαPA of subspaces, and local trivial-

izations ϕα : UαˆVα Ñ π´1pUαq of π which restrict to local trivializations ϕ1α : UαˆV 1α Ñ pπ1q´1pUαq
of π1. Define

(9.60)
ϕ2α : Uα ˆ Vα{V 1α ÝÑ

ğ

pPUα
Ep{E1p

p , rξs ÞÝÑ rϕαpξqs

Now apply Theorem 9.45.

Tangent, cotangent, and normal bundles

Let M be a smooth manifold. Recall the construction of the tangent space TpM from Lecture 3.

(9.61) Tangent bundle. Define

(9.62) π : TM “
ğ

pPM
TpM ÝÑM

Let tpUα, xαquαPA be an atlas with xα : Uα Ñ Aα, where Aα is an affine space over a vector space Vα.

Recall that for each p P Uα the chart gives an isomorphism TpM Ñ Vα. Use its inverse to construct

a set isomorphism

(9.63) ϕα : Uα ˆ Vα ÝÑ
ğ

pPM
TpM

Now apply Theorem 9.45 to produce the tangent bundle π as a smooth vector bundle.

Definition 9.64. A vector field is a section of the tangent bundle π : TM ÑM .
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(9.65) Charts on TM . Suppose pU ;x1, . . . , xnq is a standard chart on M . We use it to construct

a standard chart pπ´1U ;π˚x1, . . . , π˚xn, 9x1, . . . , 9xnq, where π˚xi “ xi ˝ π is the pullback function

on π´1U . The functions 9xi : π´1U Ñ R are determined by

(9.66) ξ “ 9xipξq BBxi
ˇ̌
ˇ̌
πpξq

, ξ P π´1U.

The overlap functions with a chart induced from a second chart pU ; y1, . . . , ynq of M with the same

domain are computed by:

(9.67) ξ “ 9xi
B
Bxi “ 9xi

Byα
Bxi

B
Byα “ 9yα

B
Byα ,

which leads to the overlap functions

(9.68)
yα “ yαpx1, . . . , xnq
9yα “ 9xi

Byα
Bxi ,

where yαpx1, . . . , xnq are the overlap functions on M .

(9.69) Cotangent bundle. Apply (9.51) to construct the cotangent bundle

(9.70) T ˚M ÝÑM

as the dual vector bundle to the tangent bundle.

Definition 9.71. A 1-form is a section of the cotangent bundle T ˚M ÑM .

Observe that if f : M Ñ R is a smooth real-valued function on M , then its differential df is a 1-form

on M .

(9.72) Normal bundle. Suppose M is a smooth manifold and N Ă M is a smooth submanifold.

Then for all p P N , the tangent space to N is a subspace TpN Ă TpM of the tangent space to M .

This leads to an inclusion of vector bundles TN Ă TM
ˇ̌
N

over N . Now apply (9.58) to construct

the normal bundle ν Ñ N as the quotient bundle. There is a short exact sequence of vector bundles

(9.73) 0 ÝÑ TN ÝÑ TM
ˇ̌
N
ÝÑ ν ÝÑ 0

over N . It is a family of short exact sequences of vector spaces parametrized by N . The fiber

at p P N is the quotient space

(9.74) νp “ TpM{TpN.
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Lecture 10: Partitions of unity

Let M be a smooth manifold. Often we encounter a situation in which we have in hand a

geometric object locally on M and we want to patch together to a global object. As a concrete

example, consider the tangent bundle π : TM ÑM . We seek a smoothly varying inner product on

the fibers of π. A chart pU, xq on M identifies TpM , p P U , with a fixed vector space V . So we can

choose an inner product on V and use the chart to transport it to a smoothly varying family of

inner products on TpM , p P U . We can do so on each chart in an atlas, and so cover M by open

sets on which we have the desired inner products. What a partition of unity enables us to do is

splice these together into a single global inner product (called a Riemannian metric). A partition

of unity gives a weighted average a geometric quantity, such as an inner product, and the technique

applies as long as the space of those quantities is convex, as is the space of positive definite inner

products on a real vector space.

Preliminary: some point-set topology

In lecture I proved that a locally compact,8 Hausdorff, second countable topological space is

paracompact. Here I’ll simplify a bit and replace ‘locally compact’ by ‘locally Euclidean’, i.e.,

prove the theorem for topological manifolds.

(10.1) Exhaustion of a manifold by compact subsets. An exhaustion of a space is a nested sequence

of subsets whose union is the entire space. The following theorem proves that a topological manifold

admits an exhaustion by compact subsets. To give a bit of space between them, each compact subset

is conveniently expressed as the closure of an open set. Of course, if the manifold is compact there

is nothing to prove.

Theorem 10.2. Let M be a topological manifold. Then there exists a collection tGjujPJ of subsets

of M with J “ t1, . . . , Nu finite or J “ Zą0 countable such that for all j P J we have

(i) Gj is open and Gj is compact,

(ii) Gj Ă Gj`1,

(iii) M “ Ť
jPJ

Gj.

Proof. Choose a countable basis for the topology of M and throw out the basis sets whose closure

is not compact. Then the remaining sets B1, B2, . . . form a basis. (If U Ă M is open and p P U ,

choose an open set U 1 Ă U which contains p and has compact closure. Then U 1 is a union of sets

in the original basis, but each of those sets has compact closure, since U 1 is compact, so these sets

are in tBiui“1,2,.... Repeat for all p P U .)

Set G1 “ B1. Suppose G1, . . . , Gj are defined. Inductively define Gj`1 “ B1 Y B2 Y ¨ ¨ ¨ Y Bk,

where k is the smallest positive integer such that Gj Ă B1 YB2 Y ¨ ¨ ¨ YBk. �

8A topological space M is locally compact if for all p P M there exists an open set U and a compact set C such
that p P U Ă C. If M is locally compact Hausdorff, then U is compact: in a locally compact Hausdorff space every
point p has an open neighborhood with compact closure. (A compact subset of a Hausdorff space is closed, so if we

choose U Ă C as in the first sentence of this footnote, then U Ă C and hence U is compact.) A topological manifold
is locally compact Hausdorff: choose U to be the inverse image of a ball in affine space under a local homeomorphism.
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(10.3) Topological manifolds are paracompact. We begin with open covers and refinements.

Definition 10.4. Let M be a topological space. Let tUαuαPA and tVβuβPB be sets of open subsets

of M .

(i) tUαuαPA is an open cover of M if
Ť
αPA

Uα “M .

(ii) tVβuβPB is a subcover of tUαuαPA if there exists an injective function r : B Ñ A such that

Vβ “ Urpβq for all β P B.

(iii) A refinement of tUαuαPA is an open cover tVβuβPB together with a function r : B Ñ A such

that Vβ Ă Urpβq for all β P B.

(iv) The collection tUαuαPA is locally finite if for all p P M there exists an open neighbor-

hood W ĂM such that tα P A : W X Uα ‰ ∅u is finite.

(v) M is paracompact if every open cover of M has an open locally finite refinement.

Theorem 10.5. Let M be a topological manifold. Then M is paracompact. In fact, every open

cover has a countable open locally finite refinement.
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Figure 17. Construction of a locally finite refinement

Proof. Fix an exhaustion tG1, G2, . . . u of M by open sets with compact closure as in Theorem 10.2.

Let tUαuαPA be an open cover of M . For each j ě 3 the compact set GjzGj´1 is a subset of the

open set Gj`1zGj´2. Choose a finite subset Fj Ă A such that Uj “ tUα X pGj`1zGj´2quαPFj cover

the compact set GjzGj´1. Also, choose a finite subset F2 Ă A such that U2 “ tUαXG3uαPF2 cover

the compact set G3. Then U2 YŤ
jě3 Uj is the desired locally finite refinement. �

Partitions of unity

(10.6) Bump functions. Recall the definition of the support of a function.

Definition 10.7. Let M be a topological space and ρ : M Ñ R a continuous function. The support

of ρ is the closed set

(10.8) supp ρ “ ρ´1pR‰0q.
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Lemma 10.9. Let n be a positive integer and let An be standard n-dimensional affine space with

coordinates x1, . . . , xn. Then there exists a smooth function ρ : An Ñ R such that

(10.10) ρpx1, . . . , xnq “
#

1, |xi| ď 1 for all i P t1, . . . , nu;
0, |xi| ě 2 for some i P t1, . . . , nu.

Introduce the notation

(10.11) Cprq “  px1, . . . , xnq P An : |xi| ă r for all i P t1, . . . , nu(.

Then (10.10) asserts that ρ ” 1 on Cp1q and ρ ” 0 on AnzCp2q. We sketch the proof.
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Figure 18. A bump function

Proof. Define a succession of C8 functions fi : RÑ R as follows. The first is

(10.12) f1pxq “
#
e´1{x2 , x ą 0;

0, x ď 0.

Set f2pxq “ f1pxqf1p1´ xq, so that supp f2 “ r0, 1s, and then define

(10.13) f3pxq “
şx
´8 f2ptqdtş8
´8 f2ptqdt .

Then f3 is monotonic nondecreasing, f3pxq “ 0 if x ď 0, and f3pxq “ 1 if x ě 1. Now set

f4pxq “ f3p2` xqf3p2´ xq; it satisfies (10.10) for n “ 1. For the general case, define

(10.14) ρpx1, . . . , xnq “
nź

j“1

f4pxjq.

�
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(10.15) Existence of partitions of unity.

Definition 10.16. Let M be a smooth manifold.

(i) A partition of unity tρiuiPI is a set of C8 functions ρi : M Ñ R such that

(a) tsupp ρiuiPI is locally finite

(b) ρi ě 0

(c)
ř
iPI
ρippq “ 1 for all p PM

(ii) If tUαuαPA is an open cover of M , then tρiuiPI is subordinate to tUαuαPA if there exists a

function r : I Ñ A such that supp ρi Ă Urpiq for all i P I.

(iii) If I “ A and r “ idA, then we say tρiuiPI is subordinate with the same index set.

The locally finite support condition in (i)(a) means the sum in (i)(c) is locally finite, so in particular

defines a C8 function.

Theorem 10.17. Let M be a smooth manifold equipped with an open cover tUαuαPA.

(1) There exists a countable partition of unity tρiuiPI subordinate to tUαuαPA such that supp ρi is

compact for all i P I.

(2) There exists a partition of unity tϕαuαPA subordinate to tUαuαPA with the same index set

such that at most countably many ϕα are not identically zero.
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Figure 19. Construction of a partition of unity

Proof. Fix an exhaustion tGjujPJ of M by open sets with compact closure as in Theorem 10.2. For

p PM let jp be the largest positive integer such that p PMzGjp . Choose αp P A such that p P Uαp ,
and then choose a standard chart pVp, xpq such that: (i) xpppq “ 0, (ii) Vp Ă UαpXpGjp`2zGjpq, and

(iii) xppVpq contains the closed cube Cp2q. Transport the bump function (10.10) via xp to a smooth

function ψp : M Ñ R, extending by zero on the complement of Vp. Note that ψp has compact

support. Define Wp “ x´1
p

`
Cp1q˘; then ψp ” 1 on the open set Wp. For each j P J choose finitely

many p with jp “ j such that the corresponding open sets Wp cover the compact set Gj`1zGj .
Enumerate the functions obtained (for all j) as ψ1, ψ2, . . . , indexed by a set I which is finite or

countable. By construction tsuppψiuiPI is a locally finite cover of M by compact sets. Define

(10.18) ρi “ ψiř
iPI
ψi
, i P I.
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The denominator is a finite sum in a neighborhood of each p P M , so is a smooth function, and

it is positive everywhere. Then supp ρi “ suppψi is a compact subset of Uαp if the function ψi
corresponds to the point p. It follows that tρiuiPI satisfies the conditions in (1).

Let r : I Ñ A be the refinement function determined by supp ρi Ă Urpiq (where rpiq “ αp a few

lines up). Define

(10.19) ϕα “
ÿ

iPr´1pαq
ρi, α P A.

Then tϕαuαPA is a partition of unity which satisfies the conditions in (2). �

Example 10.20. Consider M “ R with open cover tMu consisting of a single set. The partition

of unity in Theorem 10.17(2) is the single constant function with value one. By contrast, the

construction of Theorem 10.17(1) gives a partition of unity consisting of countably many functions

with compact support.

Applications

(10.21) Bump functions on a manifold. The following construction is often useful.

Corollary 10.22. Let M be a smooth manifold with subsets C Ă U Ă M such that C is closed

and U is open. Then there exists a smooth function f : M Ñ R such that

(i) 0 ď f ď 1,

(ii) f
ˇ̌
C
” 1,

(iii) supp f Ă U .

Proof. Choose a partition of unity tϕU , ϕMzCu subordinate to the open cover tU,MzCu of M and

with the same index set. Then f “ ϕU is the desired function. �

(10.23) Proper functions. Recall that a continuous function between topological spaces is proper

if the inverse image of every compact set is compact. On a compact space, a constant function is

proper. The following result shows that noncompact manifolds also admit proper functions.

Corollary 10.24. Let M be a smooth manifold. Then there exists a proper function f : M Ñ R.

Proof. Let tUαuαPA be the set of open subsets of M with compact closure; it is an open cover of M .

Choose a partition of unity tρiuiPI subordinate to this cover as in Theorem 10.17(1): each supp ρi is

compact and I is at most countable. We can and do write I “ t1, . . . , Nu for some N P Zą0 or

I “ Zą0. Define

(10.25) f “
ÿ

iPI
iρi.
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Then f is a positive function. If p P M satisfies fppq ď j, then since
ř
iPI ρippq “ 1, it follows

from (10.25) that ρippq ‰ 0 for some i ď j. Hence

(10.26) f´1
`r´j, js˘ Ă

jď

i“1

supp ρi.

Since every compact subset of R is contained in some interval r´j, js, it follows that f is proper. �

Lecture 11: Whitney embedding theorem; transversality

Most of this lecture concerns the Whitney embedding theorem, which states that every abstract

smooth manifold can be realized as a submanifold of affine space. More precisely, it tells that if

the manifold has dimension n, then it embeds in an affine space of dimension 2n. That result, the

“hard” Whitney theorem, is not proved here. Rather, we prove the “easy” Whitney theorem that

an n-manifold embeds in an affine space of dimension 2n` 1. The proof proceeds in stages. First

we demonstrate that a compact manifold embeds in some affine space. The proof uses C8 cutoff

functions. Then we prove that an n-dimensional submanifold of affine space, compact or not,

embeds into A2n`1. Finally, we use these results to prove the theorem for general (noncompact)

manifolds.

In the last part of the lecture we introduce transversality, a central concept for the next part of

the course.

Embeddings of compact manifolds

(11.1) Connectivity. Observe that a function f : M Ñ AN is an ordered N -tuple pf1, . . . , fN q of

real-valued functions f i : M Ñ R. If f defines an embedding, then by adjoining more real-valued

functions to the N -tuple we obtain an embedding into a higher dimensional affine space. Now sup-

pose we prove that every compact connected manifold of a given dimension n embeds in some affine

space. If M is an arbitrary compact n-manifold, then it has a finite set of components tM1, . . . ,Mku.
By hypothesis we can choose embeddings gi : Mi Ñ ANi , and then adjoin constant functions as

necessary to each gi obtain a map g : M Ñ AN for N “ maxiNi. Then g is an immersion but may

not be injective. Adjoin one more real-valued function ρ to g, namely the locally constant function

with value j on Mj . Then pg, ρq : M Ñ AN`1 is an injective immersion, hence an embedding since

M is compact.

Remark 11.2. The proof of Theorem 11.11 below applies directly to compact manifolds which need

not be connected.
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(11.3) Examples. We report on the embedding question in specific cases.

Example 11.4 (dimension one). A compact connected 1-manifold is diffeomorphic to S1, a fact

we will prove in a subsequent lecture. There is no embedding S1 ãÑ A1: a smooth real-valued

function on S1 achieves a maximum, and the map fails to be an immersion where the maximum is

achieved. Of course, S1 embeds in A2.

Embedding manifolds into affine space a f separate points ( ignite)
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Figure 20. A family of compact connected 2-manifolds

Example 11.5 (dimension two). The classification of surfaces, which we do not prove in this

course, states that every compact connected 2-manifold is diffeomorphic to a manifold in one of

two families. The first is depicted in Figure 20, where for each g P Zě0 there is a surface Σg, the

“2-sphere with g holes”. There exist embeddings Σg ãÑ A3, but not embeddings into an affine space

of lower dimension. There is a second infinite family whose first member is RP2, the real projective

plane. (The Klein bottle is also in this family.) These manifolds do not admit embeddings into A3,

though again we will not prove this assertion. On the other hand, the function

(11.6)

f : RP2 ÝÑ A4

rx, y, zs ÞÝÑ 1

x2 ` y2 ` z2
px2, xy, yz, xzq

is an embedding. (A point of RP2 is an equivalence class of ordered triples of real numbers, not all

zero, under the equivalence relation rx, y, zs “ rλx, λy, λzs for λ P Rˆ “ R‰0.) Observe too that

the function

(11.7)

f : RP2 ÝÑ A3

rx, y, zs ÞÝÑ 1

x2 ` y2 ` z2
pxy, yz, xzq

is an immersion (which is not injective).

Given a manifold M we can ask for the minimal N such that M embeds (or immerses) into AN .

The Whitney theorem gives an upper bound to N . The actual minimum is difficult to determine.
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Example 11.8 (real projective spaces). The question of a minimal N such that an embedding

RPn ãÑ AN exists has been intensively studied. Here are the results in low dimensions:

(11.9)

n N

1 2
2 4
3 5
4 8
5 9
6 11
7 12

(See https://www.lehigh.edu/~dmd1/immtable for an extensive table.) As you see, the hard

Whitney upper bound N “ 2n is beat in several cases.

(11.10) Injective immersions and embeddings. Recall (Definition 6.18) that an embedding f : M Ñ
N of manifolds is an injective immersion which is a homeomorphism onto its image fpMq Ă N

(with the induced topology). Suppose that f is an injective immersion. If M is compact, and

C Ă M is a closed subset, then C is compact, so too is fpCq, and so fpCq Ă fpMq is closed. (A

compact subset of a Hausdorff topological space is closed.) Therefore, to produce an embedding of

a compact manifold it suffices to produce an injective immersion.

Theorem 11.11. Let M be a compact smooth manifold. Then for some N P Zą0 there exists an

embedding f : M Ñ AN .

Proof. Assume without loss of generality that M has constant dimension n. (See (11.1).) For r P
Rą0, let Bprq Ă An denote the open ball of radius r about 0. Apply Corollary 10.22 to produce a

C8 function χ : An Ñ R such that

(11.12)

0 ď χ ď 1 on An

χ ” 1 on Bp1q
χ ” 0 on AnzBp2q

Cover M by a finite set tpUα, xαquαPA of standard charts (in other words, xα : Uα Ñ An) such

that Bp2q Ă xαpUαq Ă An for all α P A and
 
x´1
α

`
Bp1q˘(

αPA is an open cover of M . (Composition

of an arbitrary standard chart pU, xq with a translation and homothety yields a chart pU, x1q which

satisfies Bp2q Ă x1pUq Ă An. A compact manifold can be covered with finitely many such charts.)

For each α P A, i P t1, . . . , nu, use the cutoff function χ to define global functions x̃iα, ρα : M Ñ R:

(11.13)

x̃iα “
#
pχ ˝ xαqxiα, on Uα;

0, on Mzx´1
α

`
Bp2q˘.

ρα “
#
χ ˝ xα, on Uα;

0, on Mzx´1
α

`
Bp2q˘.

https://www.lehigh.edu/~dmd1/immtable
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These are smooth functions on M , each constructed as a pair of smooth functions defined on open

subsets of M such that the functions agree on the intersection. Assemble these into a single function

f : M Ñ Apn`1q#A:

(11.14) f “  pρα, x̃1
α, . . . , x̃

n
αq
(
αPA.

We claim that f is an injective immersion, from which it follows that f is an embedding, since

M is compact. For α P A, set Bα “ ρ´1
α p1q. Since x´1

α

`
Bp1q˘ Ă ρ´1

α p1q, we conclude that tBαuαPA
is an open cover of M . Now if p P Bα, then dx̃1

αppq, . . . , dx̃nαppq are linearly independent. Hence f is

an immersion. If p, q P Bα, then x̃1
α, . . . , x̃

n
α separate p and q. If p P Bα and q R Bα, then ραppq “ 1

and ραpqq ‰ 1. Hence f is injective. �

Cutting down the dimension

In this subsection, M need not be compact. We prove that a submanifold M of an affine

space A can be projected to a submanifold of a quotient affine space of smaller dimension as long

as 2 dimM ` 1 ă dimA.

(11.15) Quotient affine spaces. Let A be an affine space over a vector space V , and suppose

W Ă V is a linear subspace. Then W acts freely on A by translation, and as usual we denote the

quotient—the set of orbits of the action—as A{W . The translation action V ˆAÑ A descends to

an action V ˆ A{W Ñ A{W of V on the quotient. The subspace W acts trivially, so we obtain

an action V {W ˆ A{W Ñ A{W . It is easy to verify that this action is free, hence A{W has the

structure of an affine space over V {W .

Theorem 11.16. Let M be an n-dimensional manifold which is embedded into a finite dimensional

affine space. Then

(1) M admits an immersion into A2n, and

(2) M admits an embedding into A2n`1.
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Proof. Let f : M Ñ A be an embedding into an affine space A over a finite dimensional real vector

space V . For ξ P V ‰0 let

(11.17) πpξq : A ÝÑ A {R¨ξ

be the affine projection. Its differential is constant on A; it is the linear projection V Ñ V {R ¨ξ
with kernel R¨ξ. Hence the composition

(11.18) πpξq ˝ f : M ÝÑ A {R¨ξ

is an immersion—its differential dpπpξq ˝ fq “ dπpξq ˝ df is injective—if and only if R¨ξ is not in the

image of the composition

(11.19) F1 : TM
dfÝÝÝÑ Aˆ V pr2ÝÝÝÑ V.

Note that the image is a union of subspaces, so it is invariant under scalar multiplication. By Sard’s

theorem the map F1 has a dense set of regular values, and if 2n ă dimV , then any regular value

is not in the image. Choose ξ P V ‰0 not in the image; then (11.18) is an immersion. Repeat until

we arrive at an immersion into an affine space of dimension 2n, thus proving (1).

For the composite (11.18) to be injective, we must choose ξ so that for all p0, p1 P M the

displacement vector fpp1q ´ fpp0q is not in the linear span of ξ. Define

(11.20)
F2 : M ˆM ˆ R ÝÑ V

p0 , p1 , t ÞÝÑ t
“
fpp1q ´ fpp0q

‰

As long as 2n` 1 ă dimV we can choose ξ P V ‰0 not in the image of F2, and by Corollary 8.3 we

can find a nonzero vector ξ which is not in the image of either F1 or F2. In that case, (11.18) is an

injective immersion.

If M is compact, then (11.18) is an embedding since M is compact—see (11.10)—and so (2) fol-

lows. If M is not compact, the preceding gives an injective immersion f : M Ñ E2n`1 into standard

Euclidean space (affine space with the Euclidean metric). Replace f by its composition with a dif-

feomorphism9 E2n`1 Ñ Bp1q onto the unit ball Bp1q Ă E2k`1 with center 0 P E2n`1 to achieve

fpMq Ă Bp1q. Choose a proper function ρ : M Ñ R (see Corollary 10.24), and we can assume

that ρ takes only positive values. (The function (10.25) in the proof of Corollary 10.24 has that

property.) Set

(11.21) g “ pf, ρq : M ÝÑ E2n`2.

The argument above justifies the existence of ξ P R2n`2 such that πpξq ˝ g : M Ñ E2n`2{R ¨ ξ is an

injective immersion and ξ R R¨p0, . . . , 0, 1q. Choose such a vector ξ. Identify the quotient E2n`2{R¨ξ
9Fix 0 P E2n`1, identify the complement of t0u with Rą0

r ˆ S2n, and then map
`
r, σ

˘
ÞÑ

`
r{p1` r2q, σ

˘
.
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with the orthogonal complement E Ă E2n`2 through 0 P E2n`2 to the affine line 0`R ¨ ξ. We claim

that for all r ą 0 there exists s ą 0 such that

(11.22)
`
πpξq ˝ g˘´1`

Bprq˘ Ă ρ´1
`r0, ss˘,

where Bprq Ă E is the ball about 0 of radius r. Since ρ is proper, ρ´1
`r0, ss˘ is compact, and hence

the closed subset in (11.22) is also compact. It follows that πpξq ˝ g is a proper injective immersion,

hence an embedding (as you proved on a homework assignment), which is the statement of (2). It

remains to prove the claim.

If the claim is false for some r ą 0, choose a sequence tpiu Ă M such that pπpξq ˝ gqppiq P Bprq
for all i and ρppiq Ñ 8. Consider

(11.23) ηi “ 1

ρppiq
“
gppiq ´ πpξqgppiq

‰ P R¨ξ.

Identifying E2n`k with R2n`k, k “ 1, 2, we write

(11.24)
1

ρppiqgppiq “
` 1

ρppiqfppiq; 1
˘ ÝÑ p0; 1q

as i Ñ 8. Also,
`
1{ρppiq

˘
πpξqgppiq Ñ 0 as i Ñ 8. Hence ηi Ñ p0; 1q, and since R ¨ξ Ă E2n`2 is

closed we must have p0; 1q P R¨ξ. But that contradicts our choice of ξ. �

Noncompact manifolds

We complete the proof of the easy Whitney embedding theorem with the following.

Theorem 11.25. Let M be a smooth manifold. Then there exists an embedding of M into a finite

dimensional real affine space.

Once this is proved, apply Theorem 11.16(2) to obtain the Whitney theorem.

Lemma 11.26. Let M be a smooth manifold which admits a finite atlas. Then there exists an

embedding of M into a finite dimensional real affine space.

Proof. Follow the proof of Theorem 11.11 to construct an injective immersion (11.14). Now adjoin

a proper function, as in (11.21) to obtain a proper injective immersion, i.e., an embedding. �

Proof of Theorem 11.25. Construct an exhaustion of M by a sequence tGjujPJ of nested open sets

with compact closure, as in Theorem 10.2. Define

(11.27)

M1 “ G2

M2 “ G3

Mj “ Gj`1zGj´2, j ě 3;
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then each Mj is an open submanifold of M . Note Mj XMj`3 “ ∅ for all j P J . Also, Mj admits a

finite atlas. Namely, for each p PMj “ Gj`1 zGj´2 choose a chart on an open neighborhood Up Ă
M of p. For a finite subset Fj Ă Mj the collection tUpupPFj covers the compact set Mj . Thus we

obtain a finite atlas of Mj of charts with domain Up XMj , p P Fj . Now apply Theorem 11.25 and

Theorem 11.16 to construct an embedding fj : Mj Ñ A2n`1 for each j P J . Choose a partition of

unity tρj , χju on M subordinate to the open cover
 
Mj , M z pGj zGj´1q

(
. Then Mz suppχj is an

open set which contains Gj zGj´1, and ρj ” 1 on Mz suppχj . Set f̃j “ ρjfj : M Ñ A2n`1. Then

f̃j “ fj on Mz suppχj , hence f̃j restricts to an injective map on Gj zGj´1, and dpf̃jqp is injective

for all p P Gj zGj´1.

.

.

Gj - Gj - I Gj Gjti

Figure 22. The compact subset Gj zGj´1 of Mj “ Gj`1zGj´2

Define

(11.28)

M p0q “
ğ

j”0 pmod 3q
Mj

M p1q “
ğ

j”1 pmod 3q
Mj

M p2q “
ğ

j”2 pmod 3q
Mj

For i P t0, 1, 2u, let f piq : M piq Ñ A2n`2 be the function whose first 2n ` 1 coordinates are given

by the disjoint union of the f̃j and whose last coordinate is jρj on Mj . Then f piq restricts to an

injective map on each Gj zGj´1 and its differential is injective at each point of Gj zGj´1. Since

ρj has compact support in Mj , the function f̃j has value 0 P A2n`2 outside a compact subset

of Mj , so extends to a global function M Ñ A2n`2. Hence f piq also extends to a global function

f̃ piq : M Ñ A2n`2. Let ρ : M Ñ R be a proper function (Corollary 10.24). Finally, set

(11.29) f “ `
f p0q, f p1q, f p2q, ρ

˘
: M ÝÑ A6n`7.

Then f is a proper injective immersion, hence is an embedding. �
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Transversality

(11.30) Transversality for linear maps. Let T : V Ñ W be a linear map between vector spaces

and U Ă W a subspace. Then we say T is transverse to U , written T &́ U , if and only if the

subspaces T pV q and U span W :

(11.31) W “ T pV q ` U.

This is equivalent to the condition that the composition

(11.32) V
TÝÝÑW ÝÑW {U

be surjective, where the second map is projection onto the quotient.

(11.33) Nonlinear maps. Transversality is defined via linearization; it is a local condition.

Definition 11.34. Let X,Y be smooth manifolds, Z Ă Y a submanifold, f : X Ñ Y a smooth

map, and p P X such that fppq P Z. Then f is transverse to Z at p, written f &́p Z if

(11.35) TfppqY “ dfppTpXq ` TfppqZ.

We say f is transverse to Z, written f &́ Z, if f &́p Z for all p P X such that fppq P Z.

The nonlinear transversality condition (11.35) is the linear transversality condition dfp &́ TfppqZ.

Remark 11.36.

(1) For q P Y we have f &́ tqu if and only if q is a regular value of f .

(2) Any map f : X Ñ Y satisfies f &́ Y .

(3) If dimX ` dimZ ă dimY , then f &́ Z if and only if fpXq X Z “ ∅.

(4) If Z1, Z2 Ă Y are submanifolds, and fi : Zi Ñ Y is the inclusion map, then we say Z1 &́ Z2

if and only if f1 &́ Z2. This is a symmetric relation: f1 &́ Z2 if and only if f2 &́ Z1.

(11.37) Transverse inverse image of a submanifold. Recall from Theorem 7.10 that if f : X Ñ Y

is a smooth map and q P Y is a regular value, then f´1pqq Ă X is a submanifold. The next theorem

gives a sufficient condition for the inverse image of a submanifold to be a submanifold.

Theorem 11.38. Let X,Y be smooth manifolds, Z Ă Y a submanifold, and f : X Ñ Y a smooth

map. Assume f &́ Z. Then W :“ f´1pZq Ă X is a submanifold. Furthermore, if p P X satisfies

fppq P Z, then

(1) TpW “ df´1
p

`
TfppqZ

˘
.

(2) dfp induces an isomorphism of normal spaces νppW Ă Xq Ñ νfppqpZ Ă Y q.
(3) codimppW Ă Xq “ codimfppqpZ Ă Y q.
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Figure 23. Local reduction: transversality ÝÑ regular value

Proof. Each statement is local. Choose a submanifold chart pUY , yq on Y with fppq P UY , and

suppose y : UY Ñ A, where A is an affine space over a vector space V . Furthermore, let A1 Ă A be

an affine subspace so that y´1pA1q “ UY XZ. Suppose V 1 Ă V is the subspace of translations which

preserve A1. Let π : AÑ A{V 1 be projection onto the quotient affine space, and let q P A{V 1 be the

image of A1 Ă A under π. Since f &́p Z it follows that dpπ ˝ y ˝ fqp is surjective. Since surjectivity

is an open condition, choose an open neighborhood UX Ă X of p so that π ˝ y ˝ f ˇ̌
UX

: UX Ñ A{V 1
is a submersion; in particular, q P A{V 1 is a regular value and pπ ˝ y ˝ f ˇ̌

UX
q´1pqq “W XUX . Now

apply Theorem 7.10. �

Lecture 12: Stability under deformations

There are two subjects in this lecture: transversality, which we did not get to in the last lecture

and which is discussed in the notes for Lecture 11; and stability of special types of maps under

deformation. Theorem 11.38 is the main result about transversality at this stage—the transverse

inverse image of a submanifold is a submanifold—and it is a simple generalization of Theorem 7.10,

which states that the inverse image of a regular value—the transverse inverse image of a point—is

a submanifold. In these notes we treat smooth families of maps which go between smooth families

of manifolds, i.e., between total spaces of fiber bundles. It is simpler at first to focus on the case

when the manifolds are fixed, as in Remark 12.7, and only the map varies, and that is the approach

I will take in lecture. But the arguments which prove the key Theorem 12.17 are the same; only

the setup is different.

Stability

(12.1) Introduction. Recall that we produced a local normal form for a smooth function whose

differential has maximal rank (Theorem 6.15). We also proved in Lemma 6.3 that maximal rank is

an open condition for linear maps between fixed vector spaces. Now we consider families of maps

between manifolds, and we can allow the manifolds to vary as well. We prove that not only are these

local conditions—and the local condition of transversality to a submanifold—open conditions, but
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so too are related global conditions. This openness, or stability under deformation, is an important

feature when constructing topological invariants, which we do in the next few lectures.

(12.2) Smooth families of manifolds and maps. A parametrized family of geometric objects lives

over a parameter space, which in smooth geometry is a smooth manifold S. The nicest smooth

families of manifolds are fiber bundles: they are locally trivial (Definition 8.24). The tangent spaces

then form a locally trivial family of vector spaces: a vector bundle. Thus suppose πX : XÑ S is a

fiber bundle. Since πX has surjective differential, the kernels of the differential have locally constant

dimension and, using the local triviality of TX, we deduce that they form a vector bundle. Hence

over the total space X we obtain a short exact sequence of vector bundles

(12.3) 0 ÝÑ ker dπX ÝÑ TX ÝÑ πX̊TS ÝÑ 0

The kernel of the differential—which consists of “vertical tangent vectors”—is the tangent bundle

along the fibers, or relative tangent bundle, and it is denoted

(12.4) T pX{Sq “ ker dπX.

See Figure 24 for an illustration.

÷: .

'

s

Gj - Gj - I Gj Gjti

÷i÷÷÷÷: i¥:
Figure 24. The tangent bundle along the fibers, or relative tangent bundle

A smooth family of maps, then, is a smooth map between the total spaces of two fiber bundles

which commutes with the projections to the base. It fits into a commutative diagram

(12.5)

X
F //

πX ��

Y

πY��
S

in which πX and πY are fiber bundles and F is a smooth map. For each s P S the restriction

(12.6) Fs : Xs ÝÑ Ys
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Figure 25. A smooth family of maps

of F to Xs “ π´1
X psq is the map at the parameter value s; see Figure 25.

Remark 12.7. If πX, πY are product fiber bundles with fibers X,Y , then (12.5) is replaced with a

smooth map S ˆX Ñ Y .

(12.8) The differential as a family of linear maps. A special case of (12.5) is a family of linear

maps between locally trivial families of vector spaces, i.e., between vector bundles. For example,

suppose f : X Ñ Y is a smooth map between smooth manifolds. At each x P X the differential is

a linear map dfx : TxX Ñ TfpxqY , and these linear maps fit together into a map of vector bundles

over X:

(12.9) df : TX ÝÑ f˚TY.

In the case of a family (12.5) of smooth maps over a base S, the differential dF : TX Ñ F ˚TY
restricts to the vertical tangent bundles to give a family of vector bundle maps TXs Ñ TYs
parametrized by S, i.e., a family of linear maps T pX{Sqx Ñ T pY{SqF pxq parametrized by X:

(12.10)

T pX{Sq dF vert
//

πX
##

F ˚T pY{Sq
πY

zz
X

(12.11) Maximal rank condition with variable vector spaces. Recall from Lemma 6.3 that maximal

rank maps between fixed vector spaces are an open subset of all linear maps.

Lemma 12.12. Let

(12.13)

E1 T //

π1   

E

π~~
M
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be a family of linear maps between vector bundles. Then

(12.14) tm PM : Tm : E1m ÝÑ Em has maximal ranku

is an open subset of M .

Proof. Let m PM be a point at which Tm has maximal rank. Choose an open neighborhood U ĂM

of m together with local trivializations of π1 and π over U . We obtain a square of fiberwise linear

maps over U (the projections to U are not drawn):

(12.15)

U ˆ E1m //

ϕ
��

U ˆ Em
ψ
��

E1
ˇ̌
U

T // E
ˇ̌
U

Then ψ´1 ˝T ˝ϕ defines a smooth map L : U Ñ HompE1m, Emq, and for m1 P U , the linear map Tm1

has maximal rank if and only if Lpm1q does. Since maximal rank maps in HompE1m, Emq are an

open set (Lemma 6.3), it follows that (12.14) contains an open neighborhood of m. �

(12.16) Stability theorem. We prove the stability theorem for maps of fiber bundles; the special

case with fixed fibers (as in Remark 12.7) occurs often.

Theorem 12.17. Let S be a smooth manifold; πX : XÑ S and πY : YÑ S smooth fiber bundles; let

πZ : ZÑ S be a smooth sub-fiber bundle of πY such that each fiber Zs Ă Ys is a closed submanifold;

and let F : X Ñ Y be a smooth map of fiber bundles as in (12.5). Assume πX is proper. Suppose

for some s0 P S the map Fs0 : Xs0 Ñ Ys0 is one of

(i) a local diffeomorphism

(ii) an immersion

(iii) a submersion

(iv) transverse to Zs0
(v) an injective immersion

(vi) an embedding

(vii) a diffeomorphism

Then there exists an open neighborhood V Ă S of s0 such that Fs satisfies the same condition for

all s P V .

A few explanations are in order. First, the conclusion in case (iv) is that Fs &́ Zs for s P W .

Also, the statement that πZ is a sub-fiber bundle of πY means: Z Ă Y is a submanifold, πZ is the

restriction of πY to Z, and there is a cover of S by simultaneous local trivializations of πZ and πY
to a constant submanifold over open subsets U :

(12.18)

U ˆ pZ Ă Y q ϕ //

pr1
$$

`
π´1
Z pUq Ă π´1

Y pUq˘

π
Yxx

U
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The manifolds Z and Y are allowed to depend on U . Our assumption is that, in addition, Z Ă Y is

a closed submanifold. Finally, the properness assumption implies in particular that each Xs is a

compact manifold. That compactness implies openness10 (here in parameter space) is a general

principle by the first argument what follows.11

÷: .

'

s

Gj - Gj - I Gj Gjti

÷¥÷÷i÷÷÷: i¥:
Figure 26. Compactness implies openness

Proof. We prove (i)–(iii) simultaneously. Choose simultaneous local trivializations of πX and πY
about s0. For each x P Xs0 the vertical differential dF vert : TxpX{Sq Ñ TF pxqpY{Sq has maximal

rank. Since maximal rank is an open condition, choose a product open set Vx ˆUx, relative to the

local trivialization of πX, so that dF vert has maximal rank in Vx ˆ Ux. By compactness choose a

finite subset F Ă Xs0 so that
Ť
xPF Ux “ Xs0 . Then V “ Ş

xPF Vx Ă S is the desired open set.

For (iv), observe first that the subset W :“ F´1pZq Ă X is closed, since Z Ă Y is closed. Hence

if Xs0 XW “ ∅, we can cover Xs0 Ă X by a finite collection of product open sets Vi ˆ Ui in the

complement of W, and then as before V “ Ş
i Vi Ă S is the desired open set. Otherwise, for

each x P Xs0 XW, choose a submanifold chart about F pxq and use the maneuver in the proof of

Theorem 11.38 to convert the transversality condition to the submersion condition. Since the latter

is open, by part (iii), we can find a product open neighborhood VxˆUx of x such that at all points

of W in that neighborhood the map F is transverse to Z. Cover Xs0 by a finite number of such

product neighborhoods and also product neighborhoods which do not intersect W. Finish as before

by intersecting the open subsets of S.

For (v), assume V Ă S is a neighborhood of s0 such that Fs is an immersion for s P V . We

claim Fs is injective for all s in a possibly smaller open neighborhood of s0. If not, choose a

sequence tsnu Ă S such that sn Ñ s0 as n Ñ 8, and choose sequences txnu, tx1nu Ă X such that

πXpxnq “ πXpx1nq “ sn and F pxnq “ F px1nq for all n. Since the fibers of πX are compact, we can and

do choose convergent subsequences txnku Ă txnu and tx1nku Ă tx1nu (defined by the same function

n : Zą0 Ñ Zą0, k ÞÑ nk), say xnk Ñ x0 and x1nk Ñ x10. But since Fs0 is injective, x0 “ x10. We

10Recall the proof that the complement of a compact subset of a Hausdorff space—e.g. a metric space—is open.
11The first part of the proof is a bit more complicated in the case of a fiber bundle than for fixed manifolds, as

in Remark 12.7. In that case, we are interested in the partial differential of F in the X-direction, which at a fixed
point x P X is a family of linear maps TxX Ñ TF ps,xqY parametrized by S. The domain is a constant vector space,

but the codomain varies with s P S: those vector spaces fit together to a vector bundle over S.
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claim that dFx0 : Tx0X Ñ TF px0qY is injective. Namely, relative to the short exact sequence (12.3)

we have12

(12.19)

0 // Tx0pX{Sq //

dF vert
x0

��

Tx0X

dFx0
��

// Ts0S

id

��

// 0

0 // TF px0qpY{Sq // TF px0qY // Ts0S
// 0

The vertical map on the subspaces is injective, since Fs0 is an immersion. It follows from (12.19)

that dFx0 is also injective. Now the local normal form Theorem 6.15 shows that F is injective in a

neighborhood of x0, which contradicts the existence of the sequences txnku, tx1nku.
Part (vi) follows from (v) since a proper injective immersion is an embedding.

For (vii), choose V connected so that Fs is an injective local diffeomorphism for all s P V .

(The existence of V follows from (i) and (v).) Shrink V if necessary to choose simultaneous local

trivializations of πX, πY, so we may assume constant fibers X,Y . We may also assume, after

further shrinkage if necessary, that V is connected. Fix a component Y0 Ă Y and choose the

corresponding component X0 Ă X with Fs0pX0q “ Y0. Now any local diffeomorphism is an open

map, so FspX0q Ă Y is open for all s P V . Furthermore, X0 is compact so FspX0q Ă Y is closed.

Given s P S, choose a path t ÞÑ st from s0 to s in V . Then for any x P X0, that path t ÞÑ Fstpxq
connects Fs0pxq P Y0 to Fspxq P Y . It follows that FspX0q Ă Y0. Since Y0 is a component, and

any open and closed subset is a union of components, we conclude FspX0q “ Y0. Therefore, Fs is

surjective.13 �

Remark 12.20. For fixed manifolds X,Y we can form the set C8pX,Y q of smooth maps X Ñ Y .

Just as there are different topologies on the set of continuous maps between topological spaces, so

too are there different (Whitney) topologies on the space of C8 maps. With the correct topology,

Theorem 12.17 asserts that if X is compact, then the various subsets are open. In fact, the

formulation in terms of finite dimensional families of maps is a convenient technique to avoid

working directly with infinite dimensional function spaces. (We work instead functorially with a

variable base S.) The slogan stability=openness has a flip side: approximation=density. We will

discuss some approximation theorems in future lectures.

Lecture 13: Manifolds with boundary

As background we begin with calculus on a half-space. The key points are Definition 13.10 of

smoothness and Lemma 13.12 which states that the differential is well-defined. Lemma 13.15 allows

us to define the interior and boundary of a manifold with boundary unambiguously. Then we define

12If we choose a splitting, then this is a triangular decomposition of a linear transformation. A diagram chase
shows that relative to such a decomposition, a linear transformation is maximal rank iff it is maximal rank on both
the sub and the quotient.

13In this argument we use the fact that manifolds, which are locally Euclidean, are also locally path connected.
Therefore, the partition of a manifold into components is the same as its partition into path components.
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a manifold with boundary using the half-space model, just as we defined a manifold using affine

space as a model. We revisit basic notions—tangent space and submanifold—for manifolds with

boundary. The discussion of submanifolds is particularly important: again there is a local model

which we allow (and alternatives which occur but which do not merit the moniker ‘submanifold’).

Finally, we modify some of the basic theorems we have proved for manifolds to manifolds with

boundary.

We conclude this introduction with some motivation and remarks.

(13.1) Motivation. We offer three motivations to generalize the concept of a manifold to a manifold

with boundary. First, we will shortly construct topological invariants and will prove that they are

invariant under homotopy. A smooth homotopy of maps X Ñ Y is a smooth map r0, 1s ˆX Ñ Y .

But r0, 1s Ă A1 is not locally Euclidean, so is not a manifold, and neither is r0, 1s ˆ X. Both

are manifolds with boundary. Second, we often do calculus on subsets of affine space which are

manifolds with boundary, for example closed intervals in R or closed disks in A2. Those should be

included in our calculus on curved spaces. Finally, in homology theory one studies cycles a in a

topological space and the notion of a homology between cycles a0 and a1: a homology is a chain b

such that Bb “ a1 ´ a0. Note the theory is vacuous if the space is a single point. There is a similar

smooth notion called bordism in which a topological space is replaced by a smooth manifold M , a

cycle by a smooth map Y Ñ M in which Y is a compact manifold, and a bordism from Y0 Ñ M

to Y1 ÑM is a smooth map X ÑM where X is a compact manifold with boundary BX “ Y0 >Y1

and the map restricts on the boundary to the given maps. There the theory is nontrivial even

if M “ pt. For example, there does not exist a compact 3-manifold with boundary X such that

BX “ RP2.

Remark 13.2. It is tempting to use ‘manifold-with-boundary’ rather than ‘manifold with boundary’

to emphasize that ‘manifold with boundary’ is a single concept; ‘with boundary’ is not a modifier to

‘manifold’. A manifold is in particular a manifold with boundary, so the manifold with boundary

concept generalizes the manifold concept we have been studying heretofore. If manifolds with

boundary are around, then sometimes ‘manifold without boundary’ is used for ‘manifold’. (The

hyphens are not standard, and besides an n-manifold is a manifold of constant dimension n, which

would lead to ‘n-manifold-with-boundary’ which transgresses most laws of acceptability.)

Remark 13.3. When manifolds with boundary are admitted into the game, we use the term closed

manifold for a compact manifold without boundary. (The term open manifold is less common. One

possible meaning is a manifold without boundary, each of whose components is not compact.)

Calculus on closed affine half-spaces

(13.4) Local model. Recall that the local model for a topological manifold is a finite dimensional

affine space: topological manifolds are locally affine. For manifolds with boundary the local model

is a closed half of an affine space.
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Figure 30. Local model for a manifold with boundary

Definition 13.5. Let A be a finite dimensional affine space, H P A an affine hyperplane, and

A´ Ă A the closure of one component of AzH. Then A´ is a closed affine half-space.

An affine hyperplane H is the zero set of a nonconstant affine function f : A Ñ R, and A´ “
ta P A : fpaq ď 0u. So the data in Definition 13.5 can be taken to be the pair pA, fq. Of course,

A´ inherits a topology by dint of being a subspace of A. Then BA´ “ H, and A´ partitions as

(13.6) A´ “ IntA´ > BA´.

(13.7) Standard local model. For each n P Zą0 there is a standard model: A “ An with standard

affine coordinates x1, . . . , xn; the hyperplane is H “ tx1 “ 0u; and we choose

(13.8) A´ “ pAnq´ “ tx1 ď 0u.

The choice of the first (as opposed to last) coordinate, and of the nonpositive (as opposed to

nonnegative) half-space is deliberate, as we explain below.

(13.9) Smooth functions and diffeomorphisms on closed affine half-spaces. Use A´ as a shorthand

for the triple of data pA,H,A´q in Definition 13.5. The setting for calculus is two closed affine

half-spaces A´, B´, an open subset U Ă A´, and a function f : U Ñ B´. Let the vector space of

translations of A,B be V,W , and let V 1,W 1 be the subspaces of translations which preserve the

hyperplanes H Ă A and K Ă B.

Definition 13.10. Let p P U . We say f is C8 at p if there exists an open neighborhood rU Ă A

of p and a C8 function f̃ : rU Ñ B such that f̃
ˇ̌
UXrU equals the composition

(13.11) U X rU
f
ˇ̌
UX rUÝÝÝÝÝÑ B´ ÝÑ B.

Lemma 13.12. The linear transformation df̃p : V ÑW is independent of the extension f̃ of f .
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Figure 31. Local smoothness at the boundary

Proof. If p P UXIntA´ then dfp : V ÑW is defined and equals df̃p for any extension. If p P UXH,

then since the differential is continuous,

(13.13) df̃p “ lim
p1Ñp df̃p

1 “ lim
p1Ñp

p1PUXIntA´

dfp.

�

Remark 13.14. Lemma 13.12 extends to all higher derivatives: the infinite jet of a C8 function f

is well-defined, even at points of the boundary H.

The other statement we need from calculus is that a diffeomorphism preserves the partition (13.6).

We continue with the setup of this subsection (13.9).

Lemma 13.15. Suppose f : U Ñ B´ is a diffeomorphism onto its image. Then

fpU XHq Ă K,(13.16)

fpU X IntA´q Ă IntB´.(13.17)
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Figure 32. Diffeomorphisms preserve the boundary

Proof. Suppose p P U X H and f̃ : rU Ñ B is an extension of f near p, where rU Ă A is an open

neighborhood of p. Since df̃p is invertible, the inverse function theorem implies that possibly after
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reducing rU to a smaller open neighborhood, the map f̃ : rU Ñ B is a diffeomorphism onto its

image f̃prUq Ă B. Assume fppq R K, and reduce rU further so that f̃prUq Ă IntB´. Furthermore,

since f is a diffeomorphism of U Ă A´ onto fpUq Ă B´, there is an open neighborhood of fppq
in IntB´ Ă B´ Ă B contained in fpUq. Upon reducing rU even further, then, we may assume

f̃prUq Ă fpUq. But then f̃´1 : f̃prUq Ñ A carries an open neighborhood of fppq in B to an open

neighborhood of p in A, from which we deduce that there exists an open neighborhood of p in A

that is contained in U . However, every open neighborhood of p in A contains points of AzA´,

which contradicts U Ă A´.

Assertion (13.17) follows from (13.16) applied to both f and f´1. �

Basic definitions

A manifold with boundary is defined using the local model (13.4) and its standard variant (13.7).

Definition 13.18.

(1) Let X be a topological space. Then X is a topological manifold with boundary if it is

Hausdorff, second countable, and locally homeomorphic to a closed affine half-space. A

chart on X is a pair pU, xq consisting of an open subset U Ă X and a homeomorphism

x : U Ñ A´ into a closed affine half-space.

(2) Let X be a topological manifold with boundary. An atlas is a covering of X by charts with

C8 overlaps, as in Definition 2.9.

(3) A smooth manifold with boundary is a topological manifold with boundary equipped with

a maximal atlas of standard charts.

Smoothness of the overlaps is defined in (13.9).

(13.19) Partition of a manifold with boundary. Recall from (13.6) that a closed affine half-space

is partitioned into its interior and its boundary. Lemma 13.15 implies that the overlap functions on

a smooth manifold X with boundary preserve this partition. Therefore, there is a global partition

(13.20) X “ IntX > BX.

Proposition 13.21.

(1) IntX is a smooth manifold.

(2) BX is a smooth manifold.

If (a component of) X has dimension n, then dim IntX “ n and dim BX “ n´ 1.

Proof. If x : U Ñ A´ is a chart on an open subset U Ă X with values in a closed affine half-

space A´, set U 1 “ U X IntX and

(13.22) x1 : U 1
x
ˇ̌
U 1ÝÝÝÝÑ IntA ÝÑ A
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Figure 33. A chart on X induces charts on IntX and BX
Then pU 1, x1q is a chart on IntX. Execute this construction on each chart of an atlas on X to

produce an atlas on IntX and so prove (1). Similarly, set U2 “ U X BX. By the definition of the

partition (13.20), the restriction of x to U2 Ă U factors to a map

(13.23) x2 : U2
x
ˇ̌
U2ÝÝÝÝÑ H,

where H “ BA. Then pU2, x2q is a chart on BX. The overlaps between charts are smooth by

Lemma 13.15, so we obtain an atlas on BX, which proves (2). �

Example 13.24. A closed ball is a manifold with boundary. Namely, for any n P Zą0 set

(13.25) Dn “  px1, . . . , xnq P An : px1q2 ` ¨ ¨ ¨ ` pxnq2 ď 1
(
.

Then

(13.26)
IntDn “ Bn “  px1, . . . , xnq P An : px1q2 ` ¨ ¨ ¨ ` pxnq2 ă 1

(
,

BDn “ Sn´1 “  px1, . . . , xnq P An : px1q2 ` ¨ ¨ ¨ ` pxnq2 “ 1
(
.

(13.27) Cartesian products. Let X be a manifold with boundary and Y a manifold (no boundary).

Then X ˆ Y is a manifold with boundary, and BpX ˆ Y q “ BX ˆ Y . An atlas for X ˆ Y can be

constructed using Cartesian products of charts of X and charts of Y over atlases for X and Y .

The tangent space

The tangent space TpX to a manifold with boundary X at a point p P X is defined exactly as in

the case with no boundary (Lecture 3). If pU, xq is a chart about p with values in a closed affine

half-space A´, then there is an isomorphism

(13.28) TpX
pU,xqÝÝÝÝÝÑ– V,

where V is the vector space of translations of the affine space A; see (3.41). The tangent spaces

glue to a vector bundle TX Ñ X.
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(13.29) Tangent space at a boundary point. The definition of TpX holds for p P BX; there is

no drop in dimension of the tangent space at a boundary point. However, there is a canonical

subspace of TpX of codimension one, namely the tangent space TppBXq to the boundary. In a

boundary chart pU, xq, as depicted in Figure 33, the isomorphism (13.28) extends to a commutative

diagram

(13.30)

TppBXq //
� _

��

V 1� _

��
TpX // V

where V 1 Ă V is the subspace of translations that preserve the hyperplane H Ă A. In a standard

chart—one in which A “ An and H “ tx1 “ 0u—the vector fields B
Bx2 , . . . ,

B
Bxn span TppBXq, as

depicted in Figure 34. The tangent bundle of the boundary is a subbundle of the tangent bundle

restricted to the boundary:

(13.31)

T pBXq � � //

""

TX
ˇ̌
BX
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Figure 34. The tangent space at a boundary point in a standard chart

(13.32) Normal space at the boundary. At p P BX we define the normal line to the boundary as

(13.33) νp “ νppBX Ă Xq “ TpX{TppBXq.

The normal line carries a canonical orientation.
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Definition 13.34. Let L be a real line, i.e., a real one-dimensional vector space. An orientation

of L is a choice of component of Lzt0u.
There are two components of Lzt0u, hence two orientations. For the normal line νp we choose the

component of outward normals, so tangents to smooth motions γ : p´δ, 0s Ñ X such that γp0q “ p

and γptq P XzBX for t ă 0.
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Figure 35. Orientation of the normal line

There is a short exact sequence of vector spaces

(13.35) 0 ÝÑ TppBXq ÝÑ TpX ÝÑ νp ÝÑ 0

In a standard boundary chart with local coordinates x1, . . . , xn, the basis of TpX is

(13.36)
B
Bx1loomoon

basis of νp

,
B
Bx2

, . . . ,
B
Bxnloooooooomoooooooon

basis of TppBXq

.

Remark 13.37. The order of the basis is an example of a general principle: Quotient Before Sub.

This rule will recur when we discuss orientations in more generality. It is a convention which

experience shows is a good one.

Remark 13.38. Another relevant convention has the acronym ONF, which stands for Outward

Normal First, something One Never Forgets.
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Figure 36. Disallowed local models



DIFFERENTIAL TOPOLOGY 79

(13.39) Non-examples. Once we introduce manifolds with boundary there are several new possi-

bilities for a local model of a submanifold. Recall (Definition 6.19) the local model of a submanifold

of a manifold (no boundaries) is an affine subspace of an affine space. One could conceivably allow

a manifold with boundary to be a submanifold of a manifold, as in (i) in Figure 36, but we do not

allow it. (Nonetheless, that configuration occurs; we simply do not use the term ‘submanifold’ to

describe it.) In the second drawing, we do not allow (ii) or (iii), which are analogous to (i). Nor

do we allow (iv), in that case because the subset is not transverse to the boundary.

Local model ! 2 "
"

Defhi An orientation of a real line L is a

- .

zv
"

choice of component of Lilo 's
.

zy
Con : i) we orient v (oxcx) by outward normals

.

2)
"

quotient before sub
"

3)
"

ON F
"

outward normal first
• A affine one never forgets
• HCA affine hyperplane
• A- closure of cowpat of

A ' " one OX we have a short exact segue af v.
bundle :

.
SCA affine subspace ,

SF H O → TOX)→ TX6×→0o×c× → o

v 't y
''

- V

Define 5- = Sn A
'

submanifolds

H
XFigure 37. Local model of a submanifold of a manifold with boundary

(13.40) Local model. The local model (Figure 37) we use is the following data: A is an affine space,

H Ă A is a codimension one affine subspace, A´ is the closure of a chosen component of AzH, and

S Ă A is an affine subspace such that S &́ H. Define S´ “ S X A´. If V is the vector space of

translations of A, and V 1, V 2 Ă V the subspaces of translations which preserve H,S, respectively,

then the transversality condition is V “ V 1 ` V 2. For the standard local model, choose A “ An,

A´ “ pAnq´ “ tx1 ď 0u, and S “ txn´k`1 “ ¨ ¨ ¨ “ xn “ 0u where k is the codimension.

x
x
R Dy X mfld - w -0
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w is a nett submanifold if tpew 3-

× × local chart of This form :

×

x
x - '

t' ÷¥i""
.

-

construction via regular valuedtransverse pullback

Prof : X manifold
f :X →R
CER regular

valve

⇒ f-
'

(pic) is a manifold with boundary ft ) .

X "-

Figure 38. A submanifold chart of a manifold with boundary

Definition 13.41. Let X be a manifold with boundary and W Ă X a subset. Then W is a

submanifold if for each p P W there exists a chart pU, xq of X about p with codomain a local

model pA´, Sq such that xpW X Uq Ă S´ and xpBW X Uq Ă S´ XH.

A submanifold chart is depicted in Figure 38. The local model enforces

(13.42)
BW “W X BX
W &́ BX
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Remark 13.43. Sometimes what we are calling ‘submanifold’ is called a ‘neat submanifold’. Since

this is the only notion of submanifold we use for a manifold with boundary, we omit ‘neat’.

Submanifolds of a manifold with boundary via pullback

One convenient method to construct submanifolds of manifolds (no boundary) is via inverse

image of a regular value (Theorem 7.10) or transverse pullback of a submanifold (Theorem 11.38).

Similar results hold for a submanifold with boundary, as we prove in this section. The first theorem

is closely related to these results.

Theorem 13.44. Let X be a manifold. Suppose f : X Ñ R is a smooth function, and c P R is a

regular value of f . Then f´1pRďcq is a manifold with boundary f´1pcq.

IR Tim : X mfld w/o
× *

y manifold

X xx f :X→ Y smooth

subset of Y consisting of
simultaneous reg

.

value of f-If"" t'

q :* ÷:S:÷:p. p.xea-isoi.at :x xx
X dloflp

Tp#\,

glitter" .

X
'
-
- f - c dfp

Look for simultaneous neg . ualmf
Of : → y

Hast ,,iIntX→y
Notation : f :X → Y X mfld - w -0

of flax : → Y
. Tim : X mfld - YO wiftq ) CX is

Y mfld ⇒ a neat submanifold

f :X → Y • upcwcx)d¥'TfcpY
gey neg uahef f.

If
. codimplwcx) - dm*pgY

Figure 39. A manifold with boundary cut out by a real-valued function

Notice that f´1pRěcq Ă X is not a submanifold; the local model is (i) in Figure 36.

Remark 13.45. In Figure 39 the red exes depict critical points and critical values. In Morse Theory

one studies how the inverse image of a regular value changes as we cross a critical value. Here—

the poster child of elementary Morse theory—as the regular value increases from ´8 to `8, the

inverse image undergoes a sequence of surgeries:

(13.46) ∅ // S1 // S1 > S1 // S1 // ∅.

Also, if c0 ă c1 are regular values, then f´1
`pc0, c1q

˘
is a bordism from f´1pc0q to f´1pc1q.

Example 13.47. The closed ball in Example 13.24 can be constructed via the function

(13.48)
f : An ÝÑ R

px1, . . . , xnq ÞÝÑ px1q2 ` ¨ ¨ ¨ ` pxnq2

using the regular value c “ 1.
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Proof of Theorem 13.44. The interior f´1pRăcq Ă X is an open subset, so a submanifold. The

boundary f´1pcq Ă X is a submanifold since c is a regular value. But it remains to find boundary

charts for p P f´1pcq. Apply Proposition 6.14(2) to construct a chart of X on an open neighborhood

U Ă X of p with local coordinate functions x1 “ f ´ c , x2, . . . , xn. The restriction to U Xtx1 ď 0u
is a standard boundary chart for f´1pRďcq. The overlap between two such charts is smooth since

it is the restriction of an overlap of charts of X. �

(13.49) Notation. Let X be a manifold with boundary, Y a manifold, and f : X Ñ Y a function.

We denote the restriction of f to BX as Bf : BX Ñ Y .

Proposition 13.50. Let X be a manifold with boundary, Y a manifold, and f : X Ñ Y a smooth

function. Then the set of simultaneous regular values of f, Bf is dense in Y .

Proof. A regular point p P BX of Bf is also a regular point of f : if dpBfqp is surjective in

(13.51)

TppBXq
dpBfqp

''

� _

��

TfppqY

TpX
dfp

77

then so too is dfp. Now use Corollary 8.3 to deduce that the set of simultaneous regular values of

(13.52)
f
ˇ̌
IntX

: IntX ÝÑ Y

Bf : BX ÝÑ Y

is dense. �
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Figure 40. A submanifold with boundary cut out by a regular value
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Theorem 13.53. Let X be a manifold with boundary, Y a manifold, f : X Ñ Y a smooth function,

and suppose q P Y is a regular value of f and Bf . Then W :“ f´1pqq Ă X is a submanifold.

Furthermore, the differential of f induces an isomorphism

(13.54) νppW Ă Xq dfpÝÝÝÑ– TfppqY.

In particular, codimppW Ă Xq “ dimfppq Y .

Proof. For p PWXIntX use Theorem 7.10 to construct a submanifold chart. Suppose p PWXBX.

Choose a chart pV ; y1, . . . , ynq about q, and suppose y1ppq “ ¨ ¨ ¨ “ ynppq “ 0. Then choose a

boundary chart pU ;x1, . . . , xmq about p such that fpUq Ă V . Then we claim the differentials of

x1, f˚y1, . . . , f˚ym are linearly independent at p. For if a dx1
p ` bi dpf˚yiqp “ 0 is a linear relation,

then evaluating on TppBXq we conclude that bi dpf˚yiqp “ 0 restricted to TppBXq. Since q is a

regular value of Bf , we conclude that this is the trivial linear relation: bi “ 0 for all i. Since

dxp ‰ 0, we conclude a “ 0 and the differentials are linearly independent as claimed. Now apply

Proposition 6.14(2) to construct a chart x1, x̃2, . . . , x̃m´n, f˚y1, . . . , f˚yn of X on an open subset

of U . This is a standard submanifold chart; see Figure 41. �
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Figure 41. Image of the submanifold chart

The technique used in the proof of Theorem 11.38 applies to manifolds with boundary to prove

the following.

Theorem 13.55. Let X be a manifold with boundary, Y a manifold, Z Ă Y a submanifold,

f : X Ñ Y a smooth function, and suppose f, Bf &́ Z. Then W :“ f´1pZq Ă X is a submanifold.

Furthermore, if p P X satisfies fppq P Z, then

(1) TpW “ df´1
p

`
TfppqZ

˘
.

(2) dfp induces an isomorphism of normal spaces

(13.56) νppW Ă Xq dfpÝÝÝÑ– νfppqpZ Ă Y q.

(3) codimppW Ă Xq “ codimfppqpZ Ă Y q.
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Lecture 14: Classification of 1-manifolds with boundary

Introduction

In this lecture we prove the following important result.

Theorem 14.1. Let X be a nonempty connected one-dimensional manifold with boundary. Then

(14.2) X « S1 or r0, 1s or R or r0, 1q.

(The ‘«’ symbol means ‘is diffeomorphic to’.)

Corollary 14.3. If X be a compact one-dimensional manifold with boundary, then #BX is even.

Proof. The boundary BX is a compact 0-manifold, so it is a finite set of points. By Theorem 14.1,

X is a finite union of circles and closed intervals, each of which has an even number of boundary

points (zero and two, respectively). �

Remark 14.4. We will construct counting invariants—degrees, intersection numbers, etc.—which

depend on choices. To compare the count for different choices we construct a bordism between the

choices, and the difference of the counts for two different choices is the count of boundary points of

a compact 1-manifold with boundary. Corollary 14.3 is used to conclude that the count modulo 2

is independent of the choices. Later we introduce orientations to refine the mod 2 invariants to

integer invariants.

(14.5) Classification of low-dimensional manifolds. The classification result Theorem 14.1 uses the

simplicity of dimension one. There are classification results in higher dimensions, but unsurprisingly

they are more complicated. We give a flavor of some results, and restrict to compact connected

manifolds.

In dimension two there is a complete classification of compact connected manifolds. They come

in two families, which are enumerated in Example 1.21.

In dimension three the situation is much more complicated. If we add the hypothesis that

the manifold be simply connected, as well as compact, then it has the homotopy type of S3.

The Poincaré Conjecture, a theorem proved by Grigori Perelman in 2002, asserts that a compact

manifold with the homotopy type of S3 is diffeomorphic to S3. There are also structure theorems

for compact 3-manifolds not homotopy equivalent to the 3-sphere. The most profound is Bill

Thurston’s Geometrization Conjecture, again a theorem proved by Perelman.

In dimension four the classification of compact manifolds is intractable since any finitely presented

group can be the fundamental group of such a manifold, and there is no algorithm to distinguish

finitely presented groups. Even if we restrict to simply connected compact 4-manifolds, there is

no easy classification. The measure of our ignorance is the fact that the 4-dimensional Poincaré

Conjecture is open: it is not known if a closed 4-manifold homotopy equivalent to S4 is diffeomorphic

to S4. On the other hand, for simply connected compact topological manifolds the situation is under

control due to work of Mike Freedman in the early 1980s. He proved that the homeomorphism type

is determined by the homotopy type and, in “half” of the cases, a mod 2 invariant due to Rob Kirby
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and Larry Siebenmann. In particular, he proved that a homotopy 4-sphere is homeomorphic to the

4-sphere, which is the topological version of the Poincaré conjecture. When we come to smooth

structures on these simply connected compact topological manifolds, there are new phenomena not

seen in lower dimensions. Namely, there exist such manifolds which admit no smooth structure, and

there exist others for which there are multiple nondiffeomorphic smooth structures. (In dimensions

one, two, and three every topological manifold admits a unique smooth structure.) Surprisingly,

affine space A4 admits uncountably many inequivalent smooth structures. Also, the smooth version

of the 4-dimensional Poincaré conjecture is very much open. It states that a compact smooth

4-manifold which is homotopy equivalent to S4 is diffeomorphic to S4.

(14.6) Local geometric structures in differential topology. The general technique we use to prove

Theorem 14.1 is one that appears often: a local geometric structure is introduced, and it is used

to prove a global result. Sometimes this strategy is implemented by solving a differential equation.

Sometimes it involves proving that some quantity is independent of the choice of a particular

geometric structure on the manifold. In the case at hand, we introduce a Riemannian metric—

a notion of lengths of tangent vectors—on our given 1-manifold X and then write an ordinary

differential equation for a motion f : R Ñ X to have unit speed, i.e., velocity of length one at all

times. The function f is used to get hold of the diffeomorphism type of X.

Remark 14.7. An alternative approach is to introduce a Morse function f : X Ñ R, i.e., a function

with finitely many nondegenerate critical points. (Nondegeneracy means the second derivative of f

at a critical point is nonzero.) Then simple surgeries are used to eliminate most or all of the

critical points, which again gives control of the global structure of X. Note the duality of the two

approaches: in our approach we map the standard manifold R in whereas in the alternative one

maps out to the standard model.

(14.8) Higher dimensions. The general strategy outlined in (14.6) is used to prove some of the

classification results described in (14.5). For example, one approach to the classification of compact

2-manifolds is via Morse Theory, as in Remark 14.7. The approach pioneered by Richard Hamilton

to prove the Poincaré conjecture in dimension three is to introduce a Riemannian metric and

study the Ricci flow equation, a nonlinear evolution equation of heat type for the initial metric.

Perelman was able to complete the proof by showing how to continue the evolution after singularities

developed. The endpoint of the evolution is a simpler Riemannian metric which reveals the global

structure. In dimension four one also introduces a Riemannian metric, but now that is fixed

and one writes a nonlinear elliptic partial differential equation for extrinsic objects: connections.

There is a moduli space of solutions which is used to detect obstructions to smoothness or to

construct invariants of the smooth structure (which must then be proved independent of the choice

of Riemannian metric). This self-duality equation arose in quantum field theory, and was explored

in a geometric context by several mathematicians (Atiyah, Singer, Hitchin, Drinfeld, Manin, Ward,

. . . ), leading to Simon Donaldson’s applications to the topology of 4-manifolds.
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(14.9) Outline of this lecture. Returning to the task at hand, we begin with two background

topics: Riemannian metrics and ordinary differential equations (ODEs) on manifolds. Both are

important in differential geometry and differential topology.14 After a little maneuver—passage to

a double cover—we introduce the basic ODE. Then we use a maximal solution to gain control of

the global structure of X and complete the proof of Theorem 14.1.

Riemannian metrics

(14.10) Inner products. Let V be a real vector space. An inner product or metric on V is a

function

(14.11) g : V ˆ V ÝÑ R

which for all N P Zą0, ξ, η, ξi, ηj P V , 1 ď i, j ď N , and ai, bj P R satisfies

gpaiξi, bjηjq “ aibjgpξi, ηjq(14.12)

gpξ, ηq “ gpη, ξq(14.13)

gpξ, ξq ą 0 if ξ ‰ 0.(14.14)

The first condition (14.12)—bilinearity—is linear in g and cuts a linear subspace out of the space

of all functions (14.11). The second condition (14.13)—symmetry—is also linear in g. The last

condition (14.14) is not linear in g.

Definition 14.15. Let A be an affine space. A subset C Ă A is convex if for all p0, p1 P S the line

segment tp1 ´ tqp0 ` tp1 : 0 ď t ď 1u is contained in S. A subset C Ă A is a cone if for all p P S
the ray ttp : t ą 0u is contained in S.

Condition (14.14) implies that the space InnV of inner products on V is a convex cone inside the

vector space Sym2 V ˚ of symmetric bilinear forms; see Figure 39. The reader should work out the

actual picture for dimV “ 2.

An inner product on V determines a norm on V :

(14.16) }ξ} “a
gpξ, ξq, ξ P V.

Remark 14.17. We have not assumed that V is finite dimensional, but in the sequel we only consider

inner products on finite dimensional vector spaces.

14One might ask: What is the relationship between ‘geometry’ and ‘topology’. First comment: There is no sharp
divide, and in some sense this is one of many false dichotomies in mathematics. One viewpoint is that geometry
is the general study of shapes, and topology is a branch of geometry which concerns more global properties. From
another perspective—Klein’s Erlangen Program—a type of geometry is specified by its symmetry group and that
type of geometry is the study of properties invariant under the group. Very roughly, then, topology is the case when
the symmetry group is infinite dimensional.
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(14.18) Inner products on a vector bundle. We consider inner products, or metrics, on a smooth

family of vector spaces.

Definition 14.19. Let π : E Ñ S be a real vector bundle. A metric on π is a smoothly varying

family of inner products on the fibers.

This is wishy-washy until we explain the meaning of ‘smoothly varying’. The simplest statement

is that for every local trivialization

(14.20)

U ˆ V ϕ //

pr1 ��

π´1pUq
π

~~
U

the inner products on Es, s P U , transport to a smooth function U Ñ InnV Ă Sym2 V ˚.

Remark 14.21. Alternatively, the data of a metric on π—the parametrized version of (14.11)—is

a function E Ŝ E Ñ R on the fiber product of π with itself, and we demand that this function

be smooth. Yet another formulation: Associated to π is a fiber bundle InnE Ñ S whose fiber

at s P S is the space of inner products on Es. Then Definition 14.19 amounts to a smooth section

of InnE Ñ S.

Proposition 14.22. Let π : E Ñ S be a real vector bundle. Then there exists a metric on π.

Proof. Suppose tUαuαPA is a cover of S by open sets equipped with a local trivialization

(14.23)

U ˆ Vα ϕα //

pr1   

π´1pUq
π

~~
U

For each α P A choose an inner product gα on Vα. Let tραuαPA be a partition of unity subordinate

to tUαuαPA with the same index set A. Then g “ ř
αPA

ραgα is a metric on π. �

Remark 14.24.

(1) The key point is that inner products are a convex set, so can be averaged against a partition

of unity. The same argument proves the existence of sections of any fiber bundle whose

fibers are convex subsets of a fiber bundle of affine spaces.

(2) A bit more argument proves that the space of metrics is contractible.
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(14.25) Riemannian metrics. The discussion in (14.18) applies in particular to the tangent bun-

dle π : TX Ñ X to a smooth manifold X.

Definition 14.26. Let X be a smooth manifold. A Riemannian metric on X is a metric on the

tangent bundle π : TX Ñ X.

Proposition 14.22 implies that any smooth manifold admits a Riemannian metric. There is a rich

geometry of Riemannian manifolds, but in this class we only use Riemannian metrics as auxiliary

devices, as discussed in (14.6).

Ordinary differential equations on manifolds

An application of the contraction mapping fixed point theorem guarantees the existence and

uniqueness of local solutions to an ODE on affine space. That theorem is proved in Lecture 17 of

the notes on multivariable analysis that I handed out at the beginning of the course. There is also a

global theorem in Lecture 18 of those notes. These are basic theorems and you will do well to study

them if you have not seen them before. In this section I use those results to produce a geometric

formulation on smooth manifolds. Theorem 14.32 below is easily proved from the theorems on

affine space.

(14.27) Integral curves. The following definition is illustrated in Figure 40.

Definition 14.28. Let X be a smooth manifold.

(1) A vector field on X is a smooth section of the tangent bundle TX Ñ X.

(2) Let ξ be a vector field on X and J Ă R an open interval. A smooth motion γ : J Ñ X

on X is an integral curve of ξ if

(14.29) 9γptq “ ξγptq, t P J.

÷
. ?

Figure 40. A vector field and integral curve

In the figure an initial time t0 P J and initial position p0 P X are depicted. Equation (14.29) is an

ordinary differential equation, as one can see in a local coordinate system.
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Remark 14.30. There is a generalization to time-varying vector fields, but in fact that is a special

case of a fixed vector field. Namely, consider the trivial fiber bundle ρ : J ˆ X Ñ J . Then a

time-varying vector field on X is a smooth section of the relative tangent bundle (12.4) whose fiber

at pt, pq P J ˆ X is TpX. Since the relative tangent bundle is a subbundle of T pJ ˆ Xq, we can

regard this as a vector field on J ˆX. An integral curve for this vector field is a solution of (14.29)

where now the right hand side can also vary with t P J .

The “device” we use here illustrates two important general techniques: (1) Encode parameters

in a space, and (2) Reduce a complicated setup to a familiar one on a more complicated space.

(14.31) Existence and uniqueness. The main theorem asserts the existence and uniqueness of

integral curves, both locally and globally.

Theorem 14.32. Let ξ be a smooth vector field on a smooth manifold X. Fix t0 P R and p0 P X.

(1) There exists an open interval J Ă R containing t0 and a smooth function γ : J Ñ X such

that

(14.33)
9γptq “ ξγptq, t P J
γpt0q “ p0.

Furthermore, any two solutions agree on the intersection of their domains.

(2) There exists an open interval Jmax Ă R containing t0 and a solution γmax : Jmax Ñ X

to (14.33) such that any solution is contained in γmax.

The containment in (2) makes sense if we identify a function with its graph, so for any solution

γ : J Ñ X we have J Ă Jmax and γ “ γmax

ˇ̌
J
.

Unit speed parametrization

We have one more preliminary to the proof of Theorem 14.1. Henceforth, X is a connected 1-

dimensional manifold with boundary. Apply Proposition 14.22 to introduce a Riemannian metric g

on X, which we fix for the remainder of the lecture.

(14.34) Setting up the ODE. We aim to construct a motion f : J Ñ X on a maximal interval

J Ă R which has unit speed : the norm of the velocity 9fptq is one for all t P J . It is instructive to

write this condition with respect to a local coordinate x : U Ñ R on an open subset U Ă X. Assume

fpJq Ă U , or cut down J until it is so. Let G : xpUq Ñ R be the positive function Gpxq “ } BBx}2.

Then the composite function h “ x ˝ f : J Ñ R satisfies the equation

(14.35) 9hptq2 “ 1

Gpxq ,

and so

(14.36) 9hptq “ ˘1a
Gpxq .
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The sign ambiguity means we have two ODEs, not one. Geometrically, we have at each p P X
two opposite tangent vectors ˘η P TpX with unit norm }η} “ 1. To write a single ODE we must

pick out a single unit norm vector at each point. We can make such a choice locally, but we would

have to prove that there exists a global choice; it is possible that one local choice, continued to be

continuous, can come back to the opposite choice. Rather than disentangle the global issue, we use

another “device” that is often the better route: Construct a new space which encodes both choices.

(14.37) The orientation double cover. Consider the function

(14.38)
TX ÝÑ R
η ÞÝÑ gpη, ηq

We claim that 1 P R is a regular value. Namely, if η P TpX has unit norm, then

(14.39)
d

dt

ˇ̌
ˇ̌
t“1

gptη, tηq “ 2 ‰ 0,

so the differential of (14.38) is surjective at η. Let rX Ă TX be the inverse image of 1; it is the

space of unit norm tangent vectors. The restriction

(14.40) π : rX ÝÑ X

of the tangent bundle TX Ñ X is a double cover: there are two vectors of unit norm in each

tangent space.

Remark 14.41. Since X is 1-dimensional, the tangent bundle TX Ñ X is a real line bundle: the

fibers are 1-dimensional real vector spaces. Recall Definition 13.34 that an orientation of a fiber TpX

is a choice of component of nonzero vectors. A unit norm vector is nonzero, and there is a unique

unit norm vector in each component.15 Hence the double cover (14.40) can be identified with the

orientation double cover, the double cover16 of X whose fiber consists of the two orientations of TpX.

(14.42) The vector field ξ. There is a tautological vector field ξ on the manifold rX. Namely, a

point p̃ P rX is a point p “ πpp̃q of X together with a unit tangent vector η P TpX. The double

cover π induces an isomorphism of tangent spaces dπp̃ : Tp̃ rX Ñ TpX, and the value of ξ at p̃ is the

vector in Tp̃ rX which projects to η. (It is natural to conflate p̃ and η, since p̃ P rX Ă TX.)

15Alert! When you read an assertion like this, pause to work out a proof for yourself. Develop this habit of mind—
it is important to being a mathematician. In this case if L is a line with an inner product, and ζ P L is a nonzero
vector, then ζ is a basis and any other vector equals tζ for a unique t P R. The equation 1 “ gptζ, tζq “ t2gpζ, ζq has
two solutions ˘t which lead to opposite unit vectors η “ ˘tζ. If γ : r0, 1s Ñ L is a continuous path which connects
them, apply the intermediate value theorem to the continuous function t ÞÑ gpγptq, ηq to conclude that γptq “ 0 for
some t P r0, 1s. Therefore, η and ´η lie in opposite components of Lzt0u. The point of this footnote is not so much
the proof, but the state of mind required to read and do mathematics.

16I’m sure an alert went off and you are now constructing this double cover and proving the local triviality!
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Figure 41. The integral curve f̃ and its projection f

Proof of Theorem 14.1

After these preliminaries, we are ready for the main task in this lecture. Let X be a nonempty

connected 1-manifold. Choose a Riemannian metric on X and let ξ be the vector field on the

orientation double cover which was constructed in (14.42).

(14.43) Construction of a function f into X. Choose p̃0 P rX and let p0 “ πpp̃0q P X be its

projection. Apply Theorem 14.32 to construct an open interval Jmax Ă R and a smooth function

f̃ : Jmax Ñ rX which is the maximal integral curve of ξ that satisfies the initial condition f̃p0q “ p̃0.

Set f “ π ˝ f̃ : Jmax Ñ X. Note that both f̃ and f are local diffeomorphisms: the differential

is an isomorphism since ξ is nonvanishing. We use the map f to gain global control over the

diffeomorphism type of X. The proof breaks up into two main cases according to whether Jmax “ R
or Jmax is a proper subinterval.

(14.44) Jmax “ R. As a first step we prove surjectivity.

Proposition 14.45. Assume Jmax “ R. Then f is surjective.

Proof. Since f is a local diffeomorphism, it is an open map and so fpRq Ă X is open. We claim

that fpRq Ă X is also closed, and then since fpRq is nonempty and X is connected, it follows that

fpRq “ X. Thus suppose ttnu Ă R is a sequence such that there exists q P X with fptnq Ñ q as

n Ñ 8. Choose a chart pU, xq about q and let K Ă U be a compact subset which contains xpqq
in its interior. After possibly omitting a finite number of terms of the sequence, we may assume

that tfptnqu Ă K. Let γ : I Ñ R be the composition of x : U Ñ R and the restriction of f to an

open interval I Ă Jmax which contains ttnu. Define G : xpKq Ñ R by Gpxq “ } BBx}2. Since xpKq is

compact, we can and do choose C ą 0 such that Gpxq ď C for x P xpKq. Hence

(14.46) | 9γptq| “ 1b
G
`
γptq˘

ě 1?
C
, t P I.
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Now for n,m P Z we have

(14.47)
ˇ̌
γptnq ´ γptmq

ˇ̌ “
ˇ̌
ˇ̌
ż tn
tm

dt 9γptq
ˇ̌
ˇ̌ ě 1?

C
|tn ´ tm|,

which implies

(14.48) |tn ´ tm| ď
?
C
ˇ̌
γptnq ´ γptmq

ˇ̌
.

Since γptnq Ñ xpqq, the sequence tγptnqu is Cauchy, hence by (14.48) so too is the sequence ttnu.
Hence there exists t0 P Jmax “ R such that tn Ñ t0. It follows that fpt0q “ lim

nÑ8 fptnq “ q. This

proves the surjectivity of f . �
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Figure 42. Proof that fpRq Ă X is closed if Jmax “ R

Corollary 14.49. If Jmax “ R and f is injective, then X « R.

Proof. f is a bijective local diffeomorphism, hence a global diffeomorphism. �

Proposition 14.50. If Jmax “ R and f is not injective, then X « S1.

Proof. Choose t0, t1 P R such that fpt0q “ fpt1q. Let σ : rX Ñ rX be the involution (nonidentity deck

transformation) of the double cover π : rX Ñ X. Then either f̃pt0q “ f̃pt1q or f̃pt0q “ σf̃pt1q. In the

former case, the motion t ÞÑ f̃pt` t1 ´ t0q is an integral curve of ξ which maps t0 ÞÑ f̃pt1q “ f̃pt0q,
hence the uniqueness statement in Theorem 14.32 implies f̃ptq “ f̃pt ` t1 ´ t0q for all t P R. It

follows that f̃p0q “ f̃pt1´ t0q, and so fp0q “ fpt1´ t0q “ p0. Consider f´1pp0q Ă R. It is a discrete

subset, since f is a local diffeomorphism. Let T P R be the minimal positive element of f´1pp0q.
The uniqueness argument implies fpt` T q “ fptq for all t P R, from which the map f factors:

(14.51)

R
f

''

����

X

R { pZ ¨ T q
f̄

77

Here Z ¨ T Ă R is the subgroup generated by T , and R{pZ ¨ T q « S1. Minimality of T implies that

f̄ is injective. It is also surjective and a local diffeomorphism, hence a global diffeomorphism.

It remains to rule out f̃pt0q “ σf̃pt1q, a situation depicted in Figure 43. If so, then the motions

t ÞÑ f̃pt0 ` tq and t ÞÑ σf̃pt1 ´ tq are integral curves of ξ which agree at t “ 0, hence are equal. Set

t “ pt1 ´ t0q{2 to deduce f̃p t0`t12 q “ σf̃p t0`t12 q, which is absurd. �
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Figure 43. Ruling out distinct lifts of fpt0q “ fpt1q

(14.52) Jmax ‰ R. If the maximal open interval of definition of the integral curve f̃ in (14.43) is

a proper subset of R, then Jmax “ pa, bq or pa,8q or p´8, bq for some a, b P R. We treat the three

cases simultaneously.

Proposition 14.53. f : Jmax Ñ X extends to f̄ : Jmax Ñ X and f̄pJmaxzJmaxq Ă BX.

Proof. If p̃ P f̃pJmaxqzf̃pJmaxq, then the proof of Proposition 14.45 shows that there exists a sequence

ttnu P Jmax such that tn Ñ a or tn Ñ b and lim
nÑ8 fptnq “ πpp̃q. Use this to define17 f̄ . If

πpp̃q Ă IntX, then p̃ P Int rX and any local integral curve which maps the appropriate endpoint

of Jmax (a or b) to p̃ patches with f̃ to obtain an integral curve of ξ on an open interval which

strictly contains Jmax. This contradicts the maximality of Jmax. �

Proposition 14.54. f̄ : Jmax Ñ X is a diffeomorphism. Therefore, X « r0, 1s or X « r0, 1q.
Proof. It follows from Proposition 14.53 that fpJmaxq Ă X is closed. The image is open, since f is

a local diffeomorphism, and now since X is connected we deduce that f̄ is surjective. Injectivity

of f̄ follows as in the proof of Proposition 14.50: if f is not injective, then it is periodic and the

domain Jmax can be extended to R. The bijective local diffeomorphism f̄ is a global diffeomorphism.

�

Theorem 14.1 follows by combining Corollary 14.49, Proposition 14.50, and Proposition 14.54.

Lecture 15: Brouwer fixed point theorem; mod 2 degree; transversality in families

After building many foundations we capitalize on our work and prove some theorems in topology.

The first is a nonretraction theorem, which has as a corollary the Brouwer fixed point theorem.

17The careful reader will note that we must prove that f̄ is smooth. To do so, choose a boundary chart of rX at p̃

(we prove next that p̃ P B rX), smoothly extend the vector field ξ in the chart, and hence smoothly extend the integral
curve.
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Next, we attempt to define the mod 2 degree of a map. We have most of the tools to do so, but

fall short at a crucial stage. Telling this tale now motivates the work on transversality we begin at

the end of this lecture.

Nonretraction; a fixed point theorem

(15.1) A nonretraction theorem. A retraction of a set X onto a subset A Ă X is a left inverse

of the inclusion map i : A ãÑ X, i.e., a map r : X Ñ A such that r
ˇ̌
A
“ idA.18 The following is a

non-retraction theorem.

Theorem 15.2. Let X be a compact manifold with boundary. Then there does not exist a retraction

r : X Ñ BX.

w/o r

Thin .

.
Let X be a connected I - manifold .

Then
. . → • .

O l O l
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"
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-

'

Figure 44. The inverse image of a point under a putative retraction

Proof. Suppose r : X Ñ BX is a retraction. Use Sard’s theorem (Theorem 8.1) to choose a regular

value q P BX of r. Then W :“ r´1pqq Ă X is a 1-dimensional submanifold, by Theorem 13.53. In

particular,

(15.3) BW “W X BX “ tw P BX : Brpwq “ qu “ tqu,

since Br “ idBX . This contradicts Corollary 14.3. �

Remark 15.4. Compactness is crucial. For example, if Y is a closed manifold, then X “ p´1, 0sˆY
retracts onto its boundary BX “ t0u ˆ Y .

(15.5) A fixed point theorem. Let f : X Ñ X be a map from a set to itself. A point p P X with

fppq “ p is a fixed point of f . Recall the closed ball Dn Ă An from Example 13.24.

Corollary 15.6 (Brouwer fixed point theorem). Suppose f : Dn Ñ Dn is a smooth map. Then

there exists p P Dn such that fppq “ p.

The following lovely proof is due to Morris Hirsch.

18More generally, a retraction of any map is a left inverse. Dually, a section of any map is a right inverse. Note
that if r ˝ i “ id, then i is injective and r is surjective.
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Figure 45. Proof of the Brouwer fixed point theorem

Proof. If f : Dn Ñ Dn has no fixed point, then define a retraction r : Dn Ñ BDn “ Sn´1 which

sends x P Dn to the intersection of the ray emanating from fpxq through x with BDn, as in

Figure 45. But Theorem 15.2 rules out the existence of r.

To prove that r is smooth, consider

(15.7)
F : Dn ˆ Rą0 ÝÑ R

x , t ÞÝÑ distAn
“
0 , x` t`x´ fpxq˘‰2

The implicit function theorem implies that the function tpxq defined by F
`
x, tpxq˘ “ 1 is smooth—

check that BF {Bt ‰ 0 at points where F px, tq “ 1—hence rpxq “ x` tpxq`x´ fpxq˘ is smooth. �

Remark 15.8. The case n “ 1 of Corollary 15.6 has an elementary proof: apply the intermediate

value theorem to fpxq´x. This case is illustrated in Figure 46, which indicates how the fixed point

set of a map f : X Ñ X can be expressed as the intersection in X ˆX of the graph of f and the

diagonal ∆ “ tpx, xq : x P Xu.
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Figure 46. Brouwer fixed point theorem on D1

Mod 2 degree: first attempt

(15.9) Setup. The degree of a map is defined in the following situation. Fix a positive integer n.

Let X be a compact n-manifold and Y a connected n-manifold. Notice the explicit assumption

that dimX “ dimY . Suppose f : X Ñ Y is a smooth map. If q P Y is a regular value, then

f´1pqq is a 0-dimensional submanifold of X, hence a finite set of points, since X is compact. The

degree counts the number of points in the inverse image.



DIFFERENTIAL TOPOLOGY 95

i.IT n

Tsx ar

•
It

Jmax
¥tFd X

IR : :
.If y

w
,

= ¢ • 8
,

ESE. ± ::
x

Figure 47. The mod 2 degree is independent of the regular value q

(15.10) Dependence on the regular value. Figure 47 illustrates that #f´1pqq depends on the reg-

ular value q. In this figure, f is orthogonal projection from the plane curve X onto the vertical

line Y , and q1, q2, q3 are regular values. As we move q1 Ñ q2 Ñ q3 the cardinality of the inverse

image changes: 0 Ñ 6 Ñ 2. So while the count is not independent of the regular value, its reduction

modulo two is, and that is true in general. We can see intuitively what happens by examining the

inverse images W1 and W2 of the closed intervals rq1, q2s and rq2, q3s. By an easy adaptation of

Theorem 13.44, W1 and W2 are 1-dimensional manifolds with boundary, and they are compact since

X is compact. In fact, W1 is a bordism from f´1pq1q to f´1pq2q, and W2 is a bordism from f´1pq2q
to f´1pq3q. The observed fact that the number of inverse image points modulo two is unchanged

when passing through a critical value follows from Corollary 14.3: the number of boundary points

of a compact 1-manifold with boundary is even. It is useful to think of a movie where time is

t P rq1, q2s and we watch f´1ptq as t evolves. We can observe the birth of pairs of inverse image

points as we pass through critical values. Continuing the movie for t P rq2, q3s we can see annihi-

lations, or deaths, or pairs as we pass through critical values. These birth and death singularities

are the essence of Morse/Cerf Theory.

Remark 15.11. We will introduce orientations later in the course, and then count points with sign

to obtain an integer invariant (which in this example is zero).

(15.12) Main theorem; partial proof. We begin with a definition.

Definition 15.13. A smooth homotopy of maps X Ñ Y between manifolds (no boundary) is a

smooth map F : r0, 1s ˆX Ñ Y .

Write Ft : X Ñ Y for the restriction of F to ttu ˆX.

Theorem 15.14. Fix n P Zą0 and let X be a compact n-manifold, Y a connected n-manifold, and

f : X Ñ Y a smooth map.

(1) The mod 2 cardinality #f´1pqq pmod 2q of the inverse image of a regular value q P Y is

independent of q.
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(2) If F : r0, 1s ˆ X Ñ Y is a smooth homotopy of maps, and q P Y a simultaneous regular

value of F , F0, and F1, then #F´1
0 pqq ” #F´1

1 pqq pmod 2q.
Statement (1) is the well-definedness of the mod 2 degree deg2 f P Z{2Z, and (2) implies that

deg2 f is a smooth homotopy invariant. For the latter, we observe by Sard’s theorem (Corollary 8.3)

that simultaneous regular values of F, F0, F1 exist.
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Figure 48. Homotopy invariance of deg2 f

Proof of (2). Observe that B`r0, 1sˆX˘ “ t0uˆX > t1uˆX, and so BF “ F0>F1. Theorem 13.53

implies that W :“ F´1pqq is a 1-dimensional submanifold of r0, 1s ˆX—see Figure 48—and that

(15.15)
BW “W X `t0u ˆX˘ > W X `t1u ˆX˘

“ t0u ˆ F´1
0 pqq > t1u ˆ F´1

1 pqq.

Since #BW is even, it follows that #F´1
0 pqq ” F´1

1 pqq pmod 2q. �
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Figure 49. Independence of #f´1pqq pmod 2q as the regular value q varies

(15.16) Attempted proof of (1). Suppose q0, q1 P Y are regular values. Since Y is connected, we

can and do choose a motion t ÞÑ qt from q0 to q1. Its graph is a closed submanifold Z Ă r0, 1sˆY ; see

Figure 49. Consider idr0,1sˆf : r0, 1s ˆX Ñ r0, 1s ˆ Y . If pidr0,1sˆfq &́ Z, then by Theorem 13.55

the inverse image of Z is a 1-dimensional submanifold of r0, 1sˆX. Now we can argue as in (15.15)

to prove (1). However, there is no guarantee of the needed transversality pidr0,1sˆfq &́ Z. Our task,

carried out over the next few lectures, is to prove that we can perturb idr0,1sˆf to be transverse

to Z. Furthermore, since it is already transverse when restricted to the boundary, since q0, q1 are

assumed to be regular values of f , we want to perturb without changing the restriction to the

boundary. It is precisely this approximation theorems that we will prove.
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Remark 15.17. In Lecture 12 we proved that transversality is a stable condition, so transverse maps

form an open subset in a suitable mapping space. The approximation theorem is a companion result

which says that transverse maps form a dense subset in a suitable mapping space.

Families of maps and transversality

As a first step toward the approximation theorem, we consider a family of maps such that the

entire family is transverse to a submanifold. The construction of such families is the subject of the

next lecture. Here we assume we have such a family and prove the density of transverse maps in

the family. For the first version of the theorem, we omit boundaries.
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Figure 50. A transverse family of maps X Ñ Y parametrized by S

Theorem 15.18. Let X,Y, S be smooth manifolds, and Z Ă Y a submanifold. Suppose F : SˆX Ñ
Y is a smooth map. If F &́ Z, then for a dense set of s P S we have Fs &́ Z.

Here, for s P S we set

(15.19)
Fs : X ÝÑ Y

p ÞÝÑ F ps, pq

Proof. By Theorem 11.38 the inverse image W :“ F´1pZq Ă SˆX is a submanifold. Let π : W Ñ S

be the restriction of the projection pr1 : S ˆX Ñ S:

(15.20)

W �
� //

π
  

S ˆX
pr1{{

S

Then we claim that s P S is a regular value of π if and only if Fs &́ Z. The theorem then follows

from Sard, since regular values of π are dense in S.
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The claim is then a linear algebra assertion about the differentials. Fix ps, pq PW Ă S ˆX and

consider the diagram

(15.21)

0

��
TpX

dpFsqp
2

//

��

TqY {TqZ

0 // Tps,pqW //

dπps,pq1
��

TsS ‘ TpX
pr1

��

dFps,pq // TqY {TqZ // 0

TsS TsS

��
0

The claim is that 1 is surjective iff 2 is surjective. In the diagram, the two squares commute

by (15.20) and (15.19). The middle row is exact since F &́ Z. The middle column is exact by

the definition of direct sum. These properties mean that (15.21) is symmetric about the diagonal

from NW to SE, and that symmetry means that 2 surjective ùñ 1 surjective follows from

1 surjective ùñ 2 surjective. The latter is proved by a 4-step diagram chase:

(i) Fix η P TqY {TqZ.

(ii) By exactness of the middle row, choose ζ P TsS and ξ P TpX such that

(15.22) dFps,pq : ζ ` ξ ÞÝÑ η.

(iii) Since we assume 1 is surjective, choose λ P Tps,pqW such that

(15.23) dπps,pq : λ ÞÝÑ ζ.

(iv) Then ζ ` ξ ´ λ P TpX maps to η P TqY {TqZ via dpFsqp.

This proves the surjectivity of 2 . �

An almost identical argument proves the variation of Theorem 15.18 when X has boundary.

Theorem 15.24. Let X be a smooth manifold with boundary, Y, S smooth manifolds, and Z Ă Y a

submanifold. Suppose F : SˆX Ñ Y is a smooth map. If F, BF &́ Z, then for a dense set of s P S
we have Fs, BFs &́ Z.
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Lecture 16: Perturbing a map to achieve transversality

Introduction

In Lecture 15 we attempted to define a topological invariant—the mod 2 index of a map between

equidimensional manifolds—but we discovered in (15.16) that our current toolkit is not sufficient.

Namely, we need to be able to perturb a smooth map to be transversal to a given submanifold.

Furthermore, if transversality has already been achieved on a subset, then we’d like a controlled

perturbation which does not move the map on the good subset. We took the first step at the

end of the last lecture with Theorem 15.18 (and its variation Theorem 15.24 for manifolds with

boundary). It asserts that if a family of maps is transverse as a family, then the generic map in the

family is transverse. We are reduced (or rather emboldened) to constructing transverse families.

We take that up first for a submanifold Z Ă A of affine space, where translation provides a ready

family of perturbations, and then to a submanifold Z Ă Y of a general manifold Y . The families

we construct are transverse to the ambient manifold Y , hence a fortiori they are transverse to any

submanifold Z Ă Y . So we quickly drop Z. The main tool is a tubular neighborhood theorem for

submanifolds of affine space (Theorem 16.8).

We begin the next lecture with controlled perturbations.

(16.1) Setup. Throughout this lecture X is a smooth manifold with boundary, Y is a smooth

manifold, Z Ă Y is a submanifold, and f : X Ñ Y is a smooth map. (In the next lecture we

assume that Z Ă Y is closed, but that is not necessary in this lecture.) What we need to define

topological invariants is that f &́ Z and Bf &́ Z. The goal is to prove that we can homotop f to

achieve this transversality.

Remark 16.2. In Theorem 12.17 we proved that transversality is stable under deformation. (For

this result we do need that Z Ă Y be closed.) This means that in a suitable topology on the space

of smooth maps X Ñ Y , the subspace of maps transverse to Z is open. The results in this lecture

show that the subspace of transverse maps is dense. We do not develop the topology of mapping

spaces in these lectures.

Perturbations in affine targets
① Y is affinspaa ② Yabiray

"

Whitney : can emhl YEA .

A- 2V

zoya submanifold It' it
c.
¥,/.

aX manifold W/O VGY-A X

f :X → Y
Ii

,set 5=11 and

F : V x X → A Tiv → y

3
, p 1-7

f- Cpl t 'S 5. pts it#pit 's)

Note OEV and Fo -

- f
.

is defined as long as fcplt 'S E CA
.

Prep : F. OF are submersion, so F. OF F Z . =p

PI : dfcqp,
'

- V Tpx → X
is if, reunited

to 11×903
.

Figure 51. A map with affine codomain
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To begin, consider the special case in which Y is an affine space A with vector space of transla-

tions V . We use the transitive group of translations to perturb. Namely, define

(16.3)
F : V ˆX ÝÑ A

ξ , p ÞÝÑ fppq ` ξ

This is a family of maps parametrized by S “ V , and at the center of the family is the original

map F0 “ f . Note that BpV ˆXq “ V ˆ BX.

Proposition 16.4. F and BF are submersions. In particular, F, BF &́ Z.

Proof. For any ξ P V and p P X, the differential dFpξ,pq : V ‘TpX Ñ V restricts to idV on V ‘t0u,
so is surjective. The same holds for the differential of BF . �

Statement of theorems① Y is affinspaa ② Yabiray
"

Whitney : can emhl YEA .

A- 2V

zoya submanifold It' it
c.
¥,/.

aX manifold W/O VGY-A X

f :X → Y
Ii

,set 5=11 and

F : V x X → A Tiv → y

3
, p 1-7

f- Cpl t 'S 5. pts it#pit 's)

Note OEV and Fo -

- f
.

is defined as long as fcplt 'S E CA
.

Prep : F. OF are submersion, so F. OF F Z . =p

PI : dfcqp,
'

- V Tpx → X
is if, reunited

to 11×903
.

Figure 52. Perturbation by a uniform translation followed by projection

(16.5) Strategy. Now suppose Y is an arbitrary smooth manifold. By Theorem 11.25 we may

assume that Y is a submanifold of a finite dimensional affine space. The idea, then, is to perturb

the composition X
fÝÑ Y ãÑ A as in (16.3), control that the image of the perturbation lies in a

small neighborhood U Ă A of Y , and then compose with a submersion π : U Ñ Y . In Figure 52

we illustrate a small uniform perturbation. In general, though, the size of the perturbation may

depend where we are on Y , since a noncompact manifold embedded in affine space may not have

a neighborhood of uniform size. The task, then, is to first construct U and π, and then to control

the size of the translation to ensure that the perturbed maps have image in U .

Fix a norm on V . For r ą 0 and p P Y let Brppq Ă A be the ball of radius r about p.

Definition 16.6. For a smooth function ε : Y Ñ Rą0, let

(16.7) Y ε “
ď

qPY
Bεpqqpqq.
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Y ε is an open subset of A.

Theorem 16.8. Let A be a finite dimensional real affine space and Y Ă A a submanifold.

(1) There exists an open neighborhood U Ă A and a submersion π : U Ñ Y .

(2) For any open neighborhood U Ă A of Y , there exists a smooth function ε : Y Ñ Rą0 such

that Y ε Ă U . If Y is compact, then we can choose ε to be a constant function.

A continuous positive function on a compact space has a positive minimum, hence the last assertion.

The rest of the lecture is devoted to the proof of Theorem 16.8. For now we extract the statements

about transversality we need.

Corollary 16.9. Let X be a manifold with boundary, A a finite dimensional real affine space with

vector space V of translations, Y Ă A a submanifold, and f : X Ñ Y a smooth map. Choose U, π, ε

as in Theorem 16.8. Let B1p0q Ă V be the unit ball. Then the map

(16.10)
F : B1p0q ˆX ÝÑ Y

ξ , p ÞÝÑ π
´
fppq ` ε`fppq˘ξ

¯

is a submersion.

Proof. The first differential of F at pξ, pq is the composition of the surjective map dπ with the

invertible homothety which scales by ε
`
fppq˘, hence is surjective. �

Corollary 16.11. Let X be a manifold with boundary, Y a smooth manifold, Z Ă Y a submanifold,

and f : X Ñ Y a smooth map. Then there exists a smooth homotopy H : r0, 1s ˆX Ñ Y such that

H0 “ f and H1, BH1 &́ Z.

Proof. Embed Y in a finite dimensional real affine space A and construct the family of maps (16.10).

Use Theorem 15.24 to choose ξ P B1p0q so that Fξ, BFξ &́ Z. Then define i : r0, 1s Ñ B1p0q by

iptq “ tξ and set H “ F ˝ piˆ idXq. �

Splittings of the normal bundle

(16.12) Splittings of a short exact sequence of vector spaces. Let V, V 1, V 2 be a vector spaces and

(16.13) 0 ÝÑ V 1 iÝÝÑ V
jÝÝÑ V 2 ÝÑ 0

a short exact sequence of linear maps.

Definition 16.14. A splitting of (16.13) is a right inverse s : V 2 Ñ V to j.

In other words,

(16.15) j ˝ s “ idV 2 .

A splitting is equivalent to a left inverse to i: either expresses V as a direct sum V “ spV 2q‘ ipV 1q.
Splittings exist since linear subspaces have linear complements. Observe that (16.15) is an affine

equation in s: the left hand side is linear and the right hand side is constant. From this we deduce

that splittings of (16.13) form an affine space over HompV 2, V 1q.
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(16.16) Splittings of a short exact sequence of vector bundles. We pass from vector spaces to

vector bundles and use local triviality to deduce the existence of local splittings of short exact

sequences. Then a partition of unity lets us pass from local to global.

Proposition 16.17. Let Y be a smooth manifold, π : E Ñ Y , π1 : E1 Ñ Y , π2 : E2 Ñ Y vector

bundles over Y , and

(16.18) 0 ÝÑ E1 iÝÝÑ E
jÝÝÑ E2 ÝÑ 0

a short exact sequence of linear maps. Then there exists a splitting s : E2 Ñ E.

Proof. Construct an open cover tUαuαPA of Y together with local trivializations (9.24) of each vector

bundle over each Uα. Then restricted to Uα, (16.18) becomes a short exact sequence of linear maps

ipqq, jpqq, q P Uα between fixed vector spaces (16.13). Choose a complement to ipq0qpV 1q Ă V at

some q0 P Uα. It is a complement to ipqqpV 1q Ă V for q in an open neighborhood of Uα, and by

cutting down the Uα we can assume it is a complement for all q P Uα, and so find a splitting sα
of (16.18) restricted to Uα. Let tραuαPA be a partition of unity subordinate to tUαuαPA, and define

s “ ř
αPA

ραsα. Then s is the desired global splitting. �

Pff Cor : Embed f in a family F parametrized lamina .
. Y smooth manifold

-

by 5=13,10) ,

chore ZEB
,

lo ) at : o → E
'

E ⇒JgE"→ o
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Fg , Az Tn Z
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- Foi for ⇒ 3 splitting s : E
"

→ E (at . jose id .)
.

i :[o ,
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t
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Noumalbrndte YCM Submf 'd (1) Then there exists
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PEY of y and a
submersion T : U→ Y

"
'

II! ,

* eiiiijiiiira win you.me

exists E : Y→ IR
"

such That YE

S (If Y is compact , we can take C- constant)
←

0 → TY → TMI → so → o

y
shut exact sq of vertu bundles our Y .

Figure 53. The normal space νq “ TqY {TqM to Y ĂM at q P Y

(16.19) Recollection of the normal bundle. You can recollect by rereading (9.72) and looking at

Figure 53. Note in particular the short exact sequence (9.73), which we now know has a splitting.

Proof of Theorem 16.8

With these preliminaries we turn to our main task, split into the two parts of the theorem.

Proof of (1). Let ρ : ν Ñ Y be the normal bundle to Y Ă A. Use Proposition 16.17 to choose a

splitting s in

(16.20) 0 // TY // Aˆ V // ν
soo // 0
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and
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Figure 54. Construction of a tubular neighborhood

and set σ “ pr2 ˝s : ν Ñ V . Define

(16.21)
h : ν ÝÑ A

η ÞÝÑ ρpηq ` σpηq

We will prove that h restricts to a diffeomorphism of a neighborhood of the zero section in ν to a

neighborhood of Y in A.

and
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Figure 55. The 0-section of the normal bundle

First, for any q P Y we have hp0qq “ q, where 0q P νq is the zero vector. Next, there is a natural

isomorphism TqY ‘ νq
–ÝÝÑ T0qνq which maps ξ P TqY to the corresponding tangent vector to the

zero section at 0q; see Figure 55. With this identification, we compute

(16.22)
dh0q

: TqY ‘ νq ÝÑ V

ξ ` η ÞÝÑ ξ ` σpηq

By the splitting property, this is an isomorphism. Hence h is a local diffeomorphism at 0q. Choose

an open neighborhood Wq Ă A of q and a local inverse gq : Wq Ñ ν to h. Define

(16.23) W “
ď

qPY
Wq;

it is an open subset of A and tWquqPY is an open cover of W . Since W is a smooth manifold, it is

paracompact (Theorem 10.5), so there is a countable locally finite refinement tW 1
iuiPI of tWquqPY .

Let gi : W
1
i Ñ ν be the local inverse to h induced from the refinement function I Ñ Y by restricting

the appropriate gq.
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The local inverses need not agree on intersections, so define

(16.24) ĂW “  
q PW : gipqq “ gjpqq if q PW 1

i XW 1
j for some i, j P I(.

Then Y Ă ĂW since gipqq “ 0q for all q P Y , i P I. Also, for q P Y the set

(16.25) Iq “ ti P I : q PWiu

is finite, from which
Ş
iPIq W

1
i is an open neighborhood of q. Since h is a local diffeomorphism at q,

we can and do choose an open neighborhood Uq Ă Ş
iPIq W

1
i of q on which h is invertible, and by

the uniqueness of inverses we have Uq Ă ĂW . Set U “ Ť
qPY Uq. The local inverses on Uq patch

to a function g : U Ñ ν which inverts h restricted to U . Set π “ ρ ˝ g : U Ñ Y . Then π is the

composition of a submersion and a diffeomorphism, so is a submersion. �

Remark 16.26. We have proved more than is stated in Theorem 16.8(1). Namely, we constructed

a diffeomorphism g of U with a neighborhood gpUq of the zero section in the normal bundle; under

that identification π is the restriction of the normal bundle ρ to that neighborhood. This is a tubular

neighborhood. The tubular neighborhood theorem asserts the existence of a tubular neighborhood

for any submanifold Y ĂM of any smooth manifold M .

The next proof once more illustrates the local-to-global technique using partitions of unity.
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Figure 56. Constructing the function ε : Y Ñ Rą0

Proof of (2). For any q P Y there exists δ ą 0 such that Bδpqq Ă U , since U is open. Then for

all q1 P Bδ{2pqq X Y , the triangle inequality implies Bδ{2pq1q Ă U . This solves the problem locally.

Construct an open covering tUαuαPA together with εα ą 0 such that Bεαpqq Ă U for all q P Uα. Let

tραuαPA be a partition of unity subordinate to the cover, and set ε “ ř
α
εαρα. Then ε : Y Ñ R is a

smooth function. For q P Y define the finite set Aq “ tα P A : ραpqq ‰ 0u, and let αq́ , αq̀ P Aq be

elements at which α ÞÑ εα achieves its minimum and maximum, respectively. Then 0 ă εαq́ ď εpqq,
which proves that ε is a positive function. Also, εpqq ď εαq̀ from which Bεpqqpqq Ă Bε

αq̀
pqq Ă U ,

since q P Uαq̀ . It follows that Y ε Ă U . �
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Lecture 17: Mod 2 Intersection Theory

We still have one piece of unfinished business from Lecture 16: controlled perturbation to achieve

transversality. After finishing that off we recall the discussion in Lecture 15 about the mod 2 degree,

which the now finished business allows us to finish off the discussion. Then we introduce mod 2

intersection number and some applications.

Controlled perturbations

(17.1) Motivation. Suppose X is a manifold with boundary, Y a smooth manifold, Z Ă Y a

submanifold, and f : X Ñ Y a smooth map. To construct topological invariants we need maps f

such that f &́ Z. Corollary 16.11 tells that we can perturb (homotop) f to make it transverse

to Z. But now suppose C Ă X is a subset on which our given f is already transverse to Z. Then

we would like to perturb f only on the complement of C, as there is no reason to move it on C.

To implement this kind of control we expect to use bump functions, constructed via a partition of

unity, and those we glue on open subsets. So we would like the transversality to persist on an open

neighborhood of C. Therefore, we require that Z Ă Y be a closed submanifold, since transversality

to a closed submanifold is an open condition. Also, we require that C be a closed subset (arbitrary,

not necessarily a submanifold) of X since asking for constancy of a homotopy on a subset is an

equality that occurs on closed subsets.

Theorem 17.2. Let X be a smooth manifold with boundary, Y a smooth manifold, Z Ă Y a closed

submanifold, C Ă X a closed subset, and f : X Ñ Y a smooth map such that f
ˇ̌
C
, Bf ˇ̌BXXC &́ Z.

Then there exists a smooth homotopy H : r0, 1s ˆ X Ñ Y such that H0 “ f , H1, BH1 &́ Z, and

Ht
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“ f
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C

for all t P r0, 1s.
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ˇ̌
U
, Bf ˇ̌

U
&́ Z

Proof. Since transversality to a closed submanifold is an open condition, choose an open set U Ă X

which contains C such that f
ˇ̌
U
, Bf ˇ̌

U
&́ Z. Separate the disjoint closed subsets C, XzU by open

sets WC , WXzU , and let C 1 “ X zWXzU . Then C 1 Ă X is closed and satisfies C Ă IntC 1 Ă C 1 Ă U .

Let tρU , ρXzC1u be a partition of unity subordinate to the open cover tU,XzC 1u of X. Set τ “ ρ2
XzC1 .

Then τ
ˇ̌
C
“ 0; and if p P X satisfies τppq “ 0, then dτp “ 0. Recall the perturbation F , defined

in (16.10), which we use to achieve transversality without control. Define the controlled variation

(17.3) Gpξ, pq “ F
`
τppqξ, p˘, ξ P B1p0q, p P X,



106 D. S. FREED

where recall we have embedded Y in a finite dimensional affine space and B1p0q is the unit ball in

the normed vector space V of translations. Notice that if p P C, then Gpξ, pq “ fppq for all ξ. We

claim that G, BG &́ Z. Granting the claim, we argue as in the proof of Corollary 16.11 to complete

the proof of Theorem 17.2.

To verify the claim, set

(17.4)
m : B1p0q ˆX ÝÑ B1p0q ˆX

pξ, pq ÞÝÑ `
τppqξ, p˘

Then G “ F ˝m. The restriction of m to B1p0q ˆ τ´1pRą0q Ă B1p0q ˆX is a diffeomorphism—its

inverse can be written explicitly—and so on that subset G is the composition of a submersion and

a diffeomorphism, hence is itself a submersion. In particular, it and its restriction to the boundary

are transverse to Z. Now fix p P X such that τppq “ 0. Then p P U and for any ξ P B1p0q,

(17.5) dmpξ,pqp 9ξ, 9pq “ `
dτpp 9pqξ ` τppq 9ξ , 9p

˘ “ p0, 9pq, 9ξ P V, 9p P TpX,

from which

(17.6) dGpξ,pqp 9ξ, 9pq “ dFp0,pqp0, 9pq “ dfpp 9pq.

Since f, Bf &́ Z at p, we conclude G, BG &́ Z at pξ, pq. �

Mod 2 degree redux

(17.7) Completion of (15.16). We resume the setup in (15.9). Given f : X Ñ Y we can choose

a regular value q P Y and count the number of inverse image points modulo two. Theorem 15.14(1)

asserts that the count is independent of the choice of regular value q, so defines an invariant

deg2 f P Z{2Z. In (15.16) we sketched a proof of Theorem 15.14(1), but we fell short since we

needed a controlled perturbation to achieve the desired transversality, as depicted in Figure 49.

Theorem 17.2 applies to fill the gap in the proof there, as you should check carefully.

Proposition 17.8. Let X be a compact connected manifold of positive dimension. Then idX is

not smoothly homotopic to a constant map.

Proof. The mod 2 degree is defined for maps X Ñ X, and deg2 idX “ 1, since every point of X is a

regular value with a single inverse image point. On the other hand, the constant map X Ñ X with

value p P X has any q ‰ p as a regular value with empty inverse image, so the mod two degree of

a constant map is zero. (The assumption of positive dimension guarantees that q ‰ p exists.) �

Proposition 17.9. Let n be a positive integer, W a compact pn ` 1q-dimensional manifold with

boundary, Y a connected n-dimensional manifold, and F : W Ñ Y a smooth map. Then the mod

two degree of the restriction of F to the boundary vanishes: deg2 BF “ 0.
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Proof. Let q P Y be a simultaneous regular value of F, BF . Then F´1pqq Ă W is a compact

1-dimensional submanifold with BF´1pqq “ F´1pqq X BW . Now apply Corollary 14.3. �

Proposition 17.10. Let X be a compact n-dimensional manifold. Then there exists f : X Ñ Sn

such that deg2 f “ 1.

Given any point of X we construct a map which wraps a ball centered at that point around the

sphere and collapses the rest of X to a point. We use a bump function to smooth out what might

otherwise only be a continuous map.

Proof. Fix once and for all a smooth function ρ : Rě0 Ñ R such that 0 ď ρ ď π and

(17.11) ρprq “
#

0, r ď 1{4;

π, r ě 3{4.

Let D1pπq Ă Rn be the closed ball of radius π, and identify Rn with the tangent space to the unit

sphere Sn Ă An`1 at the north pole n “ p0, . . . , 0, 1q. Define φ : D1pπq Ñ Sn to map 0 P Rn to the

north pole n, and a nonzero vector ξ P D1pπq to the endpoint of arc of length ρp}ξ}q along the half

great circle emanating from n with tangent ξ. Note that φ maps all vectors of norm ě 3{4 to the

south pole s “ p0, . . . , 0,´1q.
For any p P X choose a coordinate chart x : U Ñ Rn about p such that xppq “ 0 and xpUq Ą

D1pπq. Transport φ to a map of x´1
`
D1pπq

˘ Ñ Sn and extend φ to all of X by mapping the

complement of x´1
`
D1pπq

˘
to the south pole s. The resulting map f : X Ñ Sn is smooth, and the

regular value p1, 0, . . . , 0q P Sn has a single inverse image point. �

Mod 2 intersection theory
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Figure 58.

(17.12) Motivation for setup. Let Y be a smooth manifold and X,Z Ă Y submanifolds of com-

plementary dimension: dimX ` dimZ “ dimY . We would like to define the intersection number

of X and Z in Y by counting the elements of XXZ Ă Y . The first problem is that this intersection

may contain infinitely many points. For example, let Y “ A2 and X “ Z “ tpx, 0q : x P Ru Ă A2.

So we need to perturb one of the submanifolds, say X, to achieve a transverse intersection. Our

techniques let us perturb maps rather than spaces, so we perturb the inclusion map iX : X Ñ Y .
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Therefore, with no cost we generalize the setup to include an arbitrary smooth map f : X Ñ Y .

Then Corollary 16.11 implies we can homotop f to a map g : X Ñ Y such that g &́ Z, and hence

g´1pZq Ă X is a 0-dimensional submanifold, i.e., a discrete subset of X. But we want it to be

a finite subset, and therefore we add the hypothesis that X be compact. Finally, we want the

mod 2 count of points in g´1pZq to be independent of the perturbation, and that requires that

Z Ă Y be a closed submanifold. For example, consider Y “ A2, Z “ tpx, 0q : x P R‰0u Ă A2, and

X “ tpx, yq : px ´ 1q2 ` y2 “ 1u. Then #pX X Zq “ 1, but any small nonzero translation of X

intersects Z in 2 points; see Figure 58.

(17.13) Setup for intersection theory. Hence we arrive at the following collection of data:

(17.14)

X compact manifold

Y manifold

Z Ă Y closed submanifold

f : X ÝÑ Y smooth map

dimX ` dimZ “ dimY

Lemma 17.15. Let g0, g1 : X Ñ Y be smoothly homotopic maps which satisfy g0, g1 &́ Z. Then

(17.16) #g´1
0 pZq “ #g´1

1 pZq.

Each g´1
i pZq Ă X, i “ 1, 2, is a compact 0-dimensional submanifold, hence a finite subset.

Proof. By perturbing a given smooth homotopy away from the boundary (Theorem 17.2) we may

assume given a smooth homotopy g : r0, 1sˆX Ñ Y from g0 to g1 such that g &́ Z. Since Bg “ g0>g1,

we also have Bg &́ Z. Hence g´1pZq Ă r0, 1s ˆ X is a compact 1-dimensional submanifold with

Bg´1pZq “ g´1
0 pZq > g´1

1 pZq. The result now follows from Corollary 14.3. �

Definition 17.17. Given the setup (17.14), define the mod 2 intersection number

(17.18) #2pf, Zq “ #g´1pZq

where g » f is any smoothly homotopic map such that g &́ Z.

Such maps exist by Corollary 16.11; the count is independent of the choice of g by Lemma 17.15.

Remark 17.19 (Intersections of submanifolds). A special case of (17.14) is when X Ă Y is a

compact submanifold and f “ iX is the inclusion map. Then we write #2pf, Zq “ #2pX,Zq. The

situation is not symmetric: whereas X is compact and Z is only assumed closed. If, however, we

also assume that Z is compact, then it is true that #2pX,Zq “ #2pZ,Xq. One can prove that by

identifying each side as a mod 2 intersection number inside the Cartesian product Y ˆ Y . Namely,

let ∆ Ă Y ˆ Y be the diagonal submanifold, and then

(17.20) #Y
2 pX,Zq “ #Y

2 pZ,Xq “ #YˆY
2 piX ˆ iZ ,∆q,

where for clarity we include the ambient manifold in the notation.
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(17.21) Properties of the mod 2 intersection number. The following properties are analogous to

properties of the mod 2 degree; see Theorem 15.14(2) and Proposition 17.9.

Proposition 17.22. Suppose given the setup (17.14).

(1) If f0 » f1 are smoothly homotopic, then #2pf0, Zq “ #2pf1, Zq.
(2) If W is a compact pn` 1q-dimensional manifold with boundary BW “ X, and F : W Ñ Y

a smooth map such that BF “ f , then #2pf, Zq “ 0.

To prove (1), perturb a given homotopy to achieve transversality and apply the argument for

Theorem 15.14(2). To prove (2), perturb F keeping it fixed on X to achieve transversality and

then consider the inverse image of Z.

Examples, applications and variations

Example 17.23. Let Y “ S1 ˆ S1 be a 2-torus, and consider the submanifolds X “ S1 ˆ t0u and

Z “ t0u ˆ S1. Then #2pX,Zq “ 1. On the other hand, #2pX,Xq “ #2pZ,Zq “ 0. These mod 2

intersection numbers organize into the 2ˆ 2 intersection matrix p 0 1
1 0 q with coefficients in Z{2Z.

Example 17.24 (a nonzero self-intersection number). Let Y “ RP2 be the real projective plane,

and X “ RP1 Ă RP2 a projective line. Then #pX,Xq “ 1. To compute this, we perturb the

inclusion i : RP1 Ñ RP2 to achieve transversality with the given line X, something we can achieve

by choosing a transverse line. In terms of RP2 “ PpR3q, a projective line is a 2-dimensional subspace

of R3, and two transverse 2-dimensional subspaces intersect in a 1-dimensional subspace. That is,

two projective lines in the projective plane intersect in a point.

Remark 17.25. Note that two transverse affine lines in an affine plane can intersect in a point or

be disjoint (parallel). The lack of compactness prevents mod 2 intersection theory from working

for affine lines; Example 17.24 shows how compactification produces an arena in which nontrivial

topology emerges.

Remark 17.26. There is an analog of Example 17.24 in the complex projective plane CP2: two

distinct complex projective lines intersect in a single point.

Next, we apply the mod 2 intersection number to distinguish two manifolds.

Theorem 17.27. The 2-torus S1 ˆ S1 is not diffeomorphic to the 2-sphere S2.

Proof. If there is a diffeomorphism, then by Example 17.23 we can find two 1-dimensional sub-

manifolds of S2 with nonzero mod 2 intersection number. However, any map f : X Ñ S2 with

dimX “ 1 is not surjective, and via stereographic projection from a point not in the image, fol-

lowed by a 1-parameter family of homotheties, we can homotop f to a constant map to a point

which does not lie on any given 1-dimensional submanifold Z Ă S2, hence the mod 2 intersection

number vanishes. �
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Figure 59. Two families of cubic plane curves

(17.28) Cubics in RP2. Now we move from lines in the real projective plane to solutions to a

cubic equation: cubic curves. (We skipped over quadrics—solutions to quadratic equations—and

you may want to consider what happens there in parallel.) Figure 59 shows two families of cubic

curves parametrized by c P R. We consider the intersection with the x-axis, which is the set of roots

of a real cubic equation. In the first family, for any value of c there are three real roots, though

two of the roots can coincide. In the second family, for c ą 0 there are three distinct real roots,

whereas for c ă 0 there is only one real root. As c passes from positive to negative, the real roots

all come together at c “ 0 and then two of them disappear. Of course, they do not disappear if we

use complex coefficients; they become a pair of complex conjugate roots to the real cubic equation.

In other words, if we consider the cubic in CP2 rather than RP2, then there are always three roots,

so three intersection points with the line y “ 0. When we come to oriented intersection theory, we

will be able to count these three intersection points. But in RP2 we can still use the mod 2 theory

to detect the intersection of a line and a cubic.

(17.29) Universal family of cubics. Rather than work with special one-parameter families, we can

consider the universal family. Let rx, y, zs denote a point of RP2, where x, y, z P R are not all zero.

The equivalence relation is rλx, λy, λzs “ rx, y, zs for all λ P R‰0. A cubic curve is the vanishing

set of a homogeneous cubic polynomial

(17.30) a1x
3 ` a2y

3 ` a3z
3 ` a4x

2y ` a5x
2z ` a6xy

2 ` a7xz
2 ` a8y

2z ` a9yz
2 ` a10xyz,

where not all coefficients a1, . . . , a10 vanish. Furthermore, proportional cubics give the same van-

ishing set. Hence the cubics are parametrized by the projective space19 RP9 with homogeneous

coordinates a1, . . . , a10. Note that some of these cubics are degenerate. For example, the zero set

of xyz is a set of three lines transverse lines in the plane (which form a triangle); the zero set of x3

is a single triple line. But bear in mind that these lines are projective: each is diffeomorphic to a

circle. Of course, the zero set of (17.30) is a closed subset of RP2, and since RP2 is compact, it too

is compact. By Theorem 14.1 if it is a manifold, then it is a union of circles. As illustrated in the

second family of (17.28), the number of circles can change.

19If V is a 3-dimensional real vector space, and we replace RP2 by PV , then the projective space which parametrizes
the lines in PV is the dual projective space PV ˚, and the vector space which parametrizes the cubics is PSym3 V ˚. We
have not yet defined symmetric powers of a vector space: Sym3 V ˚ is (isomorphic to) the vector space of symmetric
trilinear functions V ˆ V ˆ V Ñ R.
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(17.31) Intersection theory for the universal family. The mod 2 intersection of a line and a cubic

curve is defined, as long as the cubic curve is a submanifold. We expect that mod 2 intersection

number, which is 1 P Z{2Z from the examples shown, to be independent of the smooth cubic curve.

That is true, but it is not covered by the setup (17.14) since the topology is changing. The following

theorem, whose proof is a homework problem, covers this situation.

Theorem 17.32. Let X, Y be smooth manifolds, S a connected smooth manifold, Z Ă Y a closed

submanifold, and suppose in the commutative diagram

(17.33)

X
G //

F ��

S ˆ Y
pr1||

S

the map G is an embedding and F is proper. Assume that pdimX ´ dimSq ` dimZ “ dimY .

Suppose that s0, s1 P S are regular values of F . Then

(17.34) #Y
2

`
G
ˇ̌
F´1ps0q, Z

˘ “ #Y
2

`
G
ˇ̌
F´1ps1q, Z

˘
,

where we use G to embed F´1psiq as submanifolds of Y .

To apply the theorem to the universal family of cubics, set S “ RP9, Y “ RP2, Z Ă Y a fixed

line RP1 Ă RP2, and define

(17.35) X “
!`ra1, . . . , a10s, rx, y, zs

˘
: (17.30) vanishes

)
Ă RP9 ˆ RP2.

Then X is a submanifold, since the vanishing of (17.30) is a transverse condition. The maps F

and G are the restrictions of projection onto a factor of RP9 ˆ RP2.

Lecture 18: Mod 2 winding number, Jordan-Brouwer, and Borsuk-Ulam

In the first part of the lecture we add the mod 2 winding number to our arsenal of mod 2

invariants, which up to now consists of the mod 2 degree and mod 2 intersection number. We

then apply it to prove a generalization of the classical Jordan curve theorem. As bonus material

we probably will not get to in lecture, I include an account of the Borsuk-Ulam theorem as well.

The Jordan-Brouwer and Borsuk-Ulam theorems in topology can be proved in a continuous setting;

our methods grounded in calculus are suitable for the smooth setting. There are approximation

theorems from which one can deduce the general continuous statements from the smooth ones.
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(18.1) Setting for the lecture. We use the following data throughout:

(18.2)

n positive integer

A real affine space of dimension n` 1

V tangent space to A, equipped with an inner product

X compact n-dimensional manifold

f : X ÝÑ A smooth map

Below in the Jordan-Brouwer theorem the map f is an embedding, and we identify X with its

image fpXq Ă A, a codimension one submanifold (hypersurface) in the affine space A. The discrete

topological invariants do not depend on the inner product on V , which is a contractible choice.
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-¥Egi?Figure 60. Definition of the mod 2 winding number

Mod 2 winding number

(18.3) Definition and homotopy invariance. Given the data (18.2), choose q P AzfpXq. (By Sard’s

theorem, fpXq ‰ A, so q exists.) Let S “ SpV q Ă V be the n-sphere of unit norm vectors. Define

(18.4)

wq : X ÝÑ S

p ÞÝÑ fppq ´ q
}fppq ´ q}

Definition 18.5. The mod 2 winding number of f about q is

(18.6) W2pf, qq “ deg2wq.

Remark 18.7. If n “ 1 and X “ S1, then this is the classical case encountered in complex analysis,

for example. There one writes an integral formula for the winding number. There are similar

integral formulæ for the general case of Definition 18.5.
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Proposition 18.8. Given the data (18.2), the mod 2 winding number W2pf, qq depends only on

the (path) component of q in AzfpXq. Also, W2pf, qq is unchanged under smooth homotopies of f

which do not contain q in the image.

Proof. Both statements follow from the homotopy invariance of the mod 2 degree (Theorem 15.14(2)).

For the first choose a path t ÞÑ qt connecting two points in the complement of fpXq. For the sec-

ond let t ÞÑ ft be a homotopy such that ftppq ‰ q for all t, p. In each case we obtain a homotopy

of (18.4), well-defined since the vector in the denominator is nonzero. �

(18.9) Computation of the mod 2 winding number via extension. We give two methods to compute.

In the first we write f as the boundary of a map out of a compact manifold with boundary. (This

is possible if X is null bordant.) In the second we express the mod 2 winding number as the mod 2

intersection number with a ray.

Theorem 18.10. Given the data (18.2), suppose in addition that W is a compact pn`1q-manifold

with BW , and F : W Ñ A a smooth map with BF “ f . Let q P AzfpXq be a regular value of F .

Then W2pf, qq ” #F´1pqq pmod 2q.
Notice that q is trivially a regular value of BF “ f since q is not in the image of f . Regular values

in each path component of AzfpXq exist by Sard’s theorem.

Mod 2 winding # Thinks : . Wdf ,q) depends only on cqt.ee#lflX)) .

-

A Cnn) - dim 'd affine space . Waff,q) is unchanged under smooth htgs off
which do not contain

q
in the image .

§ translations ,

norm

× compact
n - manifold 2 methods to compute Welf, 8) .

f :X→ A r
f

Thin : W compact
Cnn) - manifold with Ow -- X .

%⑧A Few→ A st
.

OF- f

qefhflx) FM !"'
qe Ahfcx) neg

value of F
.

Define
wq :X
→ s . / ,

"""

,

⇒ Wdf , g) = #
F'Yg ) (model

pts ftp.t
" ans't

n.Def Waff , g) = denying c- 7422 Wilding #

F-
'

(g) c Int W .

Figure 61. Computation of W2 via extension and counting

Proof. If F´1pqq “ ∅, then the map wq extends to W using the formula in (18.4) with f replaced

by F . The vanishing of the mod 2 winding number follows from Proposition 17.9.

Hence we may assume F´1pqq “ tp1, . . . , pNu is a nonempty finite set. Since q is a regular value,

F is a local diffeomorphism at each pi. Choose a ball B Ă A containing q such that F´1pBq “ Ů
iBi

is a disjoint union of open neighborhoods of the pi and F
ˇ̌
Bi

: Bi Ñ B is a diffeomorphism. We may

further assume—by shrinking B if necessary—that the closure Di “ Bi of each Bi is a manifold

with boundary. Apply the first paragraph of the proof to W z ŤN
i“1Bi to conclude

(18.11) W2pf, qq “
Nÿ

i“1

W2pfi, qq,

where fi “ F
ˇ̌
BDi . Finally, since fi is a diffeomorphism, so too is (18.4) with f “ fi, and hence its

mod 2 degree equals one. �
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(18.12) Computation of the mod 2 winding number via ray crossing. For q P A and ξ P V ‰0 a

nonzero vector, define the ray

(18.13) Zqpξq “ tq ` tξ : t ą 0u.

Observe that Zqpξq Ă Aztqu is a closed submanifold of the deleted affine space.

Theorem 18.14. Given the data (18.2), fix q P AzfpXq and ξ‰0 P V . Let Z “ Zqpξq be a ray

in A emanating from q in the direction ξ. Then if f &́ Z,

(18.15) W2pf, qq “ #2pf, Zq,

where the intersection number is computed in Aztqu.
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Figure 62. Computation of W2 via intersection with a ray

Proof. Suppose p P X satisfies fppq P Z. Then the tangent space to the unit sphere S of V at the

unit vector wqppq “ fppq ´ q
}fppq ´ q} P S is the orthogonal complement to ξ in V . Now

(18.16) d

ˆ
f ´ q
}f ´ q}

˙

p

“ dfp
}fppq ´ q} ´

xdfp, fppq ´ qy
}fppq ´ q}3 rfppq ´ qs

has image a subspace of that orthogonal complement. Note that the second term of (18.16) is a

multiple of ξ. Hence the image of (18.16) is the entire orthogonal complement—i.e., p is a regular

point of wq—if and only if the image of dfp spans a complement to the span of ξ, i.e., f &́p Z.

Therefore ξ is a regular value of wq iff f &́ Z, in which case w´1
q pξq “ f´1pZq. Take cardinalities

of both sides of this equation to deduce (18.15). �

It is true that f &́ Zqpξq for ξ P SpV q outside a set of measure zero, though we do not provide a

proof here. (One proof relies on modifying Theorem 15.18 to allow the submanifold Z Ă Y to vary

with the parameter in S.) However, if f is an embedding then we can exchange the roles of f and

the ray.

Proposition 18.17. Suppose given the data (18.2) and assume that f is an embedding. Fix q P
AzfpXq. Then for generic ξ P V ‰0 we have fpXq &́ Zqpξq.
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Here, as always, ‘generic’ means ‘outside a set of measure zero’.

Proof. The map

(18.18)
V ‰0 ˆ p0,8q ÝÑ Aztqu

pξ, tq ÞÝÑ q ` tξ

is a submersion—the first partial differential is a homothety, hence is an isomorphism—and therefore

is transverse to fpXq Ă Aztqu. Now apply Theorem 15.18. �

The Jordan-Brouwer Separation Theorem

The setup for this section is (18.2) with f “ iX : X Ñ A the inclusion of a submanifold.

Theorem 18.19. Given the data (18.2), assume X Ă A is a compact connected hypersurface. Then

AzX has two components D0, D1; exactly one component, say D1, is bounded. The closure D1 is a

compact manifold with boundary X. For q P AzX, we have q P Dj iff W2piX , qq “ j, j P Z{2Z.
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Figure 63. Joining q P AzX to a neighborhood of p P X

Proof. Fix q P AzX. Let X 1 Ă X be the subset of p P X such that for any open neighborhood U Ă A

of p there exists a smooth motion in AzX which begins at q and terminates at a point of U . We

claim X 1 is nonempty, for if p0 P X minimizes the positive distance function p ÞÑ }p ´ q} on the

compact manifold X, then the constant velocity motion from q to p enters any neighborhood U of p

before intersecting X. Also, X 1 is closed: if pn Ñ p is a convergent sequence in X with pn P X 1,
and U is an open neighborhood of p, then U is an open neighborhood of pn for n sufficiently large.

Finally, X 1 is open. To prove this, let p P X 1 and choose a submanifold chart on a connected open

neighborhood U 1 of p such that U 1 XX is also connected, as in Figure 63. Fix a motion γ in AzX
from q to U 1. If p1 P U 1 XX, and U Ă A is any open neighborhood of p1, then U X U 1 intersects

both components of U 1 zX XU 1. Hence we can extend the motion γ to terminate in U XU 1. Thus

p1 P X 1, and so U 1XX is an open neighborhood of p in X 1, which proves that X 1 is open. Since X is

connected, the nonempty open and closed subset X 1 Ă X is equal to X. It follows that AzX has

at most two components.

We prove that AzX has exactly two (path) components. Fix q0 P AzX and by Proposition 18.17

choose a ray Zq0pξq such that Zq0pξq XX ‰ ∅ and Zq0pξq &́ X. Let q1 P Zq0pξqzX be a point on
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Figure 64. Mod 2 winding number as an invariant of π0pAzXq

the ray past the first intersection point with X but not past any further intersection points, as in

Figure 64. Apply Theorem 18.14 to Zq0pξq and Zq1pξq to conclude that W2piX , q0q ‰ W2piX , q1q.
Then the first statement in Proposition 18.8 implies that q0 and q1 lie in different path components

of AzX. Therefore, we conclude that #π0pAzXq “ 2, and furthermore the path components are

(18.20) Dj “
 
q P AzX : W2piX , qq “ j

(
, j P Z{2Z.

⑧is :
'

a
9C

A

Figure 65. The unbounded component is D0

Since X is compact, there is a closed disk C Ă A such that X Ă C, as in Figure 65. Let q P AzC,

choose s P BC which minimizes the distance from q to BC, and let A1 “ s ` TsBC be the affine

hyperplane tangent to BC at s. Then X lies in the half space with boundary A1 which does not

contain q, and so Zqpξq XX “ ∅, where ξ “ q ´ s. Therefore, q P D0. Hence D1 Ă C is bounded

and D0 is unbounded.

Now D1 “ D1>X is compact, and D1 Ă A is an open submanifold. To prove that D1 is a manifold

with boundary, for p P X we must produce a boundary chart. We do so using a submanifold chart

for X at p; see Figure 63. �

(18.21) An application to a nonembedding theorem. Recall our discussion in Example 11.8 of the

minimal embedding dimension of real projective spaces. Here we apply Theorem 18.19 to prove

that RP2 does not embed in A3. However, we do not quite have20 all the tools to carry out the

proof, so beware that the last step requires more technical foundations.

Recall Definition 13.34 of an orientation of a real line.

20We need to integrate a vector field as in Theorem 14.32, now simultaneously for a manifold Z of initial conditions.
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Proposition 18.22. Given the data (18.2), assume X Ă A is a compact connected hypersurface.

Then the normal bundle ν Ñ X is orientable.

In fact, the normal bundle carries a canonical orientation, which we choose in the proof.

Proof. Let p P X; then the normal space is νp “ V {TpX. A vector ξ P V zTpX has a nonzero image

in the quotient space ν, and for all sufficiently small t ą 0 we have either p` tξ P D0 or p` tξ P D1.

(Argue as in the proof of Theorem 18.19 based on Figure 63.) We say rξs P νpzt0u is positively

oriented if p` tξ P D0 for all sufficiently small t ą 0. �

Now suppose there exists an embedding RP2 ãÑ A3. Let Z “ RP1 Ă RP2. Then at p P Z we

have the full flag

(18.23) 0 Ă TpZ Ă TpRP2 Ă R3

in the vector space R3. Since RP1 « S1 we can consistently orient TpZ for all p P Z. By Proposi-

tion 18.22 the quotient R3{TpRP2 is oriented. Choose e1 P TpZ be positively oriented and choose

e3 P R3zTpRP2 so that the image of e3 in the normal line is positively oriented. Relying on your

knowledge of an orientation of R3 (the “right hand rule”), choose e2 P TpRP2zTpZ so that e1, e2, e3

is a positively oriented basis of R3. Rigidify these constructions: choose e1 to have unit length,

e3 to be a unit vector orthogonal to TpRP2, and e2 to complete to a normal basis. Then e2 is a

nonzero normal vector field to Z Ă RP2. Use it to “push” Z off of itself to a parallel circle in RP2.

Then #2pZ,Zq “ 0 in RP2 since by a homotopy we have deformed iZ to have image disjoint from Z.

This contradicts Example 17.24.

The Borsuk-Ulam Theorem

For the standard n-sphere (3.4), the antipodal map α : Sn Ñ Sn is the map x ÞÑ ´x. A map

g : Sn Ñ V into a vector space V is odd if g
`
αppq˘ “ ´gppq for all p P Sn.

Theorem 18.24. Fix a positive integer n. Let W be a real vector space of dimension n and V a

real vector space of dimension n` 1.

(1) If f : Sn ÑW is a smooth map, then there exists p P Sn such that f
`
αppq˘ “ fppq.

(2) If g : Sn ÑW is an odd map, then there exists p P Sn such that gppq “ 0.

(3) If h : Sn Ñ V is an odd map, and 0 R hpSnq, then W2ph, 0q “ 1.

Proof. If (3) is true, and g : Sn ÑW is odd, set V “W ‘ R and define

(18.25)
h : Sn ÝÑ W ‘ R

p ÞÝÑ gppq ‘ 0

Then h is odd. If g never vanishes, then hpSnqX `t0u‘R
˘ “ ∅, from which Theorem 18.14 implies

W2ph, 0q “ 0 in contradiction to (3).

If (2) is true, and f : Sn ÑW is given, set gppq “ f
`
αppq˘´ fppq and then deduce (1) from (2).



118 D. S. FREED

We prove (3). Fix an inner product on V . Set

(18.26) ϕ “ h

}h} : Sn ÝÑ SpV q « Sn;

then

(18.27) ϕ
`
αppq˘ “ α

`
ϕppq˘, p P Sn,

and by (18.6) we have W2ph, 0q “ deg2 ϕ. We proceed by induction on n.

For n “ 1 write ϕ : R{Z Ñ R{Z and use covering space theory to lift to a smooth function

rϕ : R Ñ R which satisfies rϕpx ` 1q “ rϕpxq ` d for some d P Z; then deg2 ϕ “ d pmod 2q. But

by (18.27) we also have rϕpx`1{2q “ rϕpxq`1{2` e for some e P Z. Iterating we deduce d “ 2e`1.

⑨: : i
.

.
. Is

.

Figure 66. The inductive step

It remains to prove the inductive step. Suppose ϕ : Sn`1 Ñ S “ SpV q satisfies (18.27), and

assume the theorem holds in dimensions ď n. Let Sn Ă Sn`1 be an equitorial n-sphere. Choose ξ P
S such that ξ is a regular value of ϕ and ξ R ϕpSnq. Then deg2 ϕ “ #ϕ´1pξq pmod 2q. Compose

ψ “ ϕ
ˇ̌
Sn

with orthogonal projection π : S Ă V Ñ TξS; then ψ is odd and 0 R ψpSnq. The

restriction of π ˝ ϕ to the upper hemisphere Dn`1 is an extension of ψ, so Theorem 18.10 implies

(18.28) W2pψ, 0q “ #
´
π ˝ ϕ ˇ̌

Dn`1

¯´1p0q “ #
´
ϕ
ˇ̌
Dn`1

¯´1pξq `#
´
ϕ
ˇ̌
Dn`1

¯´1p´ξq “ deg2 ϕ.

At the last stage we use (18.27). By the inductive hypothesis we have W2pψ, 0q “ 1, and now

W2ph, 0q “ deg2 ϕ “ 1 follows from (18.28). �

Lectures 19: Motivation for differential forms; universal properties

We begin with a heuristic motivation for the calculus of differential forms and for exterior algebra.

Then, as a first step toward the construction of the exterior algebra, we introduce the idea of a
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universal property that characterizes an algebraic construction. Here we illustrate with the free

vector space on a set. In the next lecture we use the same fundamental idea to construct the tensor

algebra of a vector space and a quotient, the exterior algebra.

Differential forms: motivation

(19.1) The differential of a real-valued function. Let M be a smooth manifold. Introduce the

notation

(19.2)
Ω0pMq “ tf : M Ñ Ru
Ω1pMq “ tα : M Ñ T ˚M : α is a section of T ˚M ÑMu

In both cases we implicitly require smoothness. Each of Ω0pMq and Ω1pMq is a real vector space.

If M has a component of positive dimension, then each is infinite dimensional.

Definition 19.3. A differential 1-form on M , or simply a 1-form, is an element of Ω1pMq.
If α P Ω1pMq is a 1-form, then αp P Tp̊M “ pTpMq˚ is a linear functional TpM Ñ R for all p PM .

Remark 19.4. Let V be a linear space, A an affine space over V , U Ă A an open set. Then the

space of 1-forms on U is

(19.5) Ω1pUq “ tα : U Ñ V ˚u

The differential is a linear map

(19.6) Ω0pMq dÝÝÑ Ω1pMq

Recall that the differential df P Ω1pMq of f P Ω0pMq is defined in terms of the directional derivative:

(19.7) dfppξq “ pξfqppq, p PM, ξ P TpM.

Remark 19.8. The notation suggests that there are vector spaces ΩkpMq for all k P Zě0 and,

perhaps, that there is an extension of the differential to a linear map

(19.9) ΩkpMq dÝÝÑ Ωk`1pMq

for each k. Both are true, as we shall see presently. Our task now is to motivate such an extension.
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Example 19.10. Let A “ An be affine space with standard coordinates x1, . . . , xn. Then any

1-form on an open set U Ă An can be written

(19.11) α “ αipx1, . . . , xnq dxi

for some smooth functions αi P Ω0pUq, i “ 1, . . . , n. If f P Ω0pUq, then

(19.12) df “ Bf
Bxi dx

i.

Note that f, x1, . . . , xn are functions on U , so their differentials (19.7) are defined. One can view

(19.12) as the definition of the partial derivatives, or alternatively check that it follows from a

definition of the partial derivatives that you already know.

(19.13) Prescribing the differential. In the general situation of (19.1) we ask the following: given

α P Ω1pMq does there exist f P Ω0pMq such that

(19.14) df “ α?

In other words, can we prescribe the differential of a function arbitrarily? The uniqueness aspect

of (19.14) is straightforward. Since this is an affine equation, the difference g “ f1 ´ f0 between

two solutions satisfies the linear equation dg “ 0, i.e., g is locally constant. Introduce the space of

locally constant functions

(19.15) H0
dRpMq “ tg P Ω0pMq : dg “ 0u.

Then the the space of solutions to (19.14), if nonempty, is an affine space over H0
dRpMq. We remark

that (19.14) is a first-order linear partial differential equation if dimM ą 1. The word ‘partial’

refers to the partial derivatives which appear when we write (19.14) in coordinates, as in (19.12).

Remark 19.16. We can already observe that the existence and uniqueness theory of (19.14) is tied to

the topology of M . For example, if M is an interval in R, then there is a 1-dimensional vector space

of locally constant functions, whereas if M is the union of ` disjoint open intervals then the space of

locally constant functions has dimension `. In other words, (19.15) detects the connectivity of M .

Notice that solutions to (19.14) exist on open subsets of R: if M “ pa, bq Ă R with coordinate x,

and we write α “ gpxq dx, then (19.14) reduces to the equation f 1pxq “ gpxq which has the solution

(19.17) fpxq “
ż x

x0

gptq dt ` C

for any x0 P pa, bq and C P R.

Remark 19.18. The notation in (19.15) suggests the existence of real vector spaces Hk
dRpMq for

all k P Zě0. These are French mathematician Georges de Rham’s eponymous vector spaces: de

Rham cohomology.
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(19.19) A necessary condition. For concreteness and ease of notation specialize to M “ U Ă A2

an open subset with standard coordinates x, y. Write

(19.20) α “ P px, yqdx`Qpx, yqdy

for functions P,Q : U Ñ R. Then (19.14) is equivalent to the system of equations

(19.21)

Bf
Bx “ P

Bf
By “ Q

We can immediately see an obstruction to existence. For if f is a C2 function, then by the equality

of mixed partials we have

(19.22)
BQ
Bx “

B
Bx
Bf
By “

B
By
Bf
Bx “

BP
By .

Equation (19.22) is a necessary condition for existence. It is not satisfied by every 1-form, for

example not by α “ xdy ´ ydx.

(19.23) The 2-form obstruction. Since the necessary condition (19.22) involves first derivatives of

the coefficients of α, we are motivated to express it directly in terms of a derivative of α. That

is precisely what we contemplated in (19.9), but as of yet we have not defined that operator.

Nonetheless, assuming the most basic properties of a first order differential operator—that d be

linear and obey a Leibniz rule—we compute from (19.20) by simply juxtaposing 1-forms to indicate

some as-of-yet-not-defined multiplication:

dα “ dpPdx`Qdyq
“

ˆBP
Bx dx`

BP
By dy

˙
dx` P d2x

ˆBQ
Bx dx`

BQ
By dy

˙
dy `Qd2y

(19.24)

As desired, we see the relevant derivatives BP {By and BQ{Bx appearing, but there are 4 extraneous

terms. They will be set to zero if we stipulate the following rules:

df ^ dg “ ´dg ^ df(19.25)

d2f “ 0(19.26)
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for all functions f, g, in particular for the coordinate functions x and y. Here, in view of the odd

commutativity rule (19.25) we change notation and write ‘^’ for the product of 1-forms. With this

understood, (19.24) reduces to

(19.27) dα “
ˆBQ
Bx ´

BP
By

˙
dx^ dy.

The necessary condition (19.22) for a solution to (19.21) is now the equation

(19.28) dα “ 0.

Said differently, dα is an obstruction to solving the equation (19.14).

Remark 19.29. Quite generally, the necessary condition (19.28) for a solution to (19.14) follows

immediately by applying d and using the rule (19.26).

(19.30) The road ahead. This discussion reinforces our desire to define Ω2pMq and the exten-

sion (19.9) of d, which then gives a sequence of linear maps

(19.31) Ω0pMq dÝÝÑ Ω1pMq dÝÝÑ Ω2pMq

such that the composition is zero. Furthermore, in view of (19.5) for the case of an open subset U

of affine space, we might anticipate constructing a new vector space,
Ź2V ˚ so that

(19.32) Ω2pUq “ tω : U ÑŹ2V ˚u.

We also have to incorporate the wedge product into our theory. It should be a pointwise operation

on 1-forms, more precisely a bilinear map

(19.33) ^ : V ˚ ˆ V ˚ ÝÑŹ2V ˚.

Anticipating higher degrees, we will construct the exterior algebra
Ź
V ˚ whose multiplication ^

satisfies the odd commutativity rule (19.25).

Exterior algebra: motivation

We turn now to some motivation for the algebra we will develop.
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(19.34) Alternating and skew-symmetric bilinear forms. The bilinear form (19.33) satisfies a spe-

cial symmetry property.

Definition 19.35. Let W,U be vector spaces and suppose B : W ˆW Ñ U is a bilinear form.

(1) B is alternating if Bpξ, ξq “ 0 for all ξ PW .

(2) B is skew-symmetric if Bpξ1, ξ2q “ ´Bpξ2, ξ1q for all ξ1, ξ2 PW .

If B is alternating, then it is skew-symmetric: expand Bpξ1` ξ2, ξ1` ξ2q “ 0. The converse is true

over any field not of characteristic two, in particular over the real numbers.

Remark 19.36. The definitions extend to a k-linear form B : W ˆW ˆ¨ ¨ ¨ˆW Ñ U for all k P Zě2.

The form is alternating if it vanishes whenever two inputs agree, and it is skew-symmetric if its

value changes sign upon swapping two inputs.

The wedge product (19.33) is alternating, so let us write Bpξ1, ξ2q “ ξ1 ^ ξ2.

(19.37) Linear dependence and the span. Observe first that if ξ1, ξ2 P W are linearly dependent,

then ξ1 ^ ξ2 “ 0. For if λiξi “ 0 for some λ1, λ2 P R, then assuming λ1 ‰ 0,

(19.38) 0 “ pλ1ξ1 ` λ2ξ2q ^ ξ2 “ λ1ξ1 ^ ξ2.

Impose : dyrdx -- - dxndy } algebraic alternating ⇒ skew - symmetry
dxndx = dyndy -

-
O 3 n 3=0 5 ,n3a= - { is ,
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• If q ,
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da -- o .
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Figure 67. The parallelogram spanned by two vectors

Now suppose ξ1, ξ2 are linearly independent, and let W 1 Ă W be their span. Also, define the

parallelogram they span as

(19.39) ∥pξ1, ξ2q “ tt1ξ1 ` t2ξ2 : 0 ď t1, t2 ď 1u ĂW 1.

Suppose η1, η2 is another ordered basis of W 1, and write the change of ordered basis as ξj “ Aijηi
for some matrix A “ `

Aij
˘
. Expanding out we have

(19.40)
ξ1 “ A1

1η1 `A2
1η2

ξ2 “ A1
2η1 `A2

2η2
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Now use the alternating property to compute

ξ1 ^ ξ2 “ pA1
1η1 `A2

1η2q ^ pA1
2η1 `A2

2η2q
“ pA1

1A
2
2 ´A2

1A
1
2q η1 ^ η2

“ detpAq η1 ^ η2

(19.41)

We draw several conclusions from (19.41).

(1) Although the vector space W 1 does not come with a notion of area, it does have an intrinsic

notion of ratios of areas. Namely, for any “reasonable” notion of area, the ratio of the area

of ∥pξ1, ξ2q and ∥pη1, η2q is | detpAq|.
(2) Although the vector space W 1 does not come with a notion of orientation, it does have an

intrinsic notion of ratios of orientations. Namely, for any “reasonable” notion of orientation,

the ratio of the orientation given by the ordered basis ξ1, ξ2 and the orientation given by

the ordered basis η1, η2 is sign
`
detpAq˘ P /µ.. 2

“ t˘1u.
(3) Combine (1) and (2) into a ratio of signed areas.

(4) We are motivated, then, to view the wedge product ξ1^ξ2 as representing the parallelogram

∥pξ1, ξ2q. This representation identifies parallelograms in the span W 1 Ă W of ξ1, ξ2 with

the same area and orientation, i.e., the same signed area. (Again: while signed area is not

defined, the ratio of signed areas is.)

(5) Equation (19.41) implies that the line spanned by ξ1 ^ ξ2 is independent of the choice of

basis ξ1, ξ2 of W 1 ĂW . This leads to the Plucker embedding of the Grassmannian into the

projective space of the exterior square:

(19.42)
Gr2pW q ÝÑ PpŹ2W q
W 1 ÞÝÑ R ¨ pξ1 ^ ξ2q

where ξ1, ξ2 is any basis of W 1.

Characterization by a universal property

(19.43) Introduction. One of the triumphs of mathematics is its conceptualization of structure.

(This is only one of many triumphs!) Consider, for example, the definition/theorem about the real

numbers: R is the complete ordered field. The three words ‘complete’, ‘ordered’, and ‘field’ are

historically hard-won. Infinities had to be tamed in order to arrive at the first of these, and essential

structures had to be extracted to formulate the latter two. Imagine a different, unlikely version of

history in which these concepts are known, but the real numbers do not yet exist. Then we can

wish them into existence by defining R as the complete ordered field. We could go on to prove all

the properties we need from these three words, and in practice this is what one does in a first course

in analysis. But one must prove existence by exhibiting a construction. By contrast, uniqueness,

indicated by that innocuous looking ‘the’ which precedes the three magic words, is automatic. But

what uniqueness? After all, there are two common constructions of the real numbers: Dedekind



DIFFERENTIAL TOPOLOGY 125

cuts and limits of Cauchy sequences. These construct unequal sets R1, R2 that we call R. The

uniqueness of which we speak is the strongest possible uniqueness for sets: there are unique inverse

maps R1 Ô R2 which preserve the complete ordered field structures.21

(19.44) The vector space generated by a set. As a warmup to illustrate characterization by a

universal property, suppose S is a set. We want to find a vector space F “generated” by S.

Intuitively it should contain S and all elements and relations forced by the structure of a vector

space, but should not contain more. So, for example, F has a zero vector, and it contains all finite

linear combinations of elements of S. We could try to construct F along these lines, but instead

we encode our specifications as follows.

Definition 19.45. Let S be a set. A pair pF, iq consisting of a vector space F and a map of sets

i : S Ñ F is a free vector space generated by S if for every pW, fq consisting of a vector space W

and a map of sets f : S ÑW there exists a unique linear map T : F ÑW such that f “ T ˝ i.
The definition is summarized by the diagram

(19.46)

S
i //

f ��

F

T

D!
��

V

The dashed line indicates that T is output whereas i and f are inputs. The symbol D! indicates

the existence of a unique map T . The two ways of traveling from S to V are assumed equal—the

diagram commutes—which is the condition f “ T ˝ i. Notice that in the definition we use the

article ‘a’ in front of ‘free vector space generated by S’, we do not use the article ‘the’; uniqueness

is a theorem (Theorem 19.52 below). Also, we do not assume that i is injective; that is also a

theorem (an immediate corollary of Theorem 19.58 below). Intuitively, the existence of T ensures

that F is big enough and the uniqueness of T ensures that F is not too big. The word ‘free’ evokes

this middle ground. We say that pF, iq is universal among all pairs pW, fq, and Definition 19.45

spells out the precise universal property.

The power of the universal property is illustrated by the theorems which follow.

Example 19.47. If S “ ∅ is the empty set, then the only choice for F is the zero vector space.

Example 19.48. If S “ tsu is a singleton, then we can exhibit many free vector spaces generated

by S. For example, for k P Z define F “ R and define ik : S Ñ R by ikpsq “ k. The factorization

problem (19.46) is solved uniquely by the linear map

(19.49) Tkpxq “ x

k
fpsq, x P R,

so long as k ­“ 0. Hence pR, ikq is a free vector space generated by S for all k P Z­“0. You can verify

that pR, i0q does not satisfy the universal property.

210 and 1 are preserved, from which it follows that the map matches the copies of Q sitting in R1 and R2. The
requirement that the maps preserve completeness, say in the form of least upper bounds, determines the rest.
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Example 19.50. Similarly, if S “ ts1, . . . , snu is a finite set, define F “ Rn and i : S Ñ Rn by

ipsjq “ ej , where e1, . . . , en is the standard ordered basis of Rn. The factorization is solved uniquely

by

(19.51) T pξ1, . . . , ξnq “ ξjfpsjq.

Theorem 19.52. Let pF1, i1q, pF2, i2q be free vector spaces generated by a set S. Then there is a

unique linear isomorphism ϕ : F1 Ñ F2 such that i2 “ ϕ ˝ i1.

Call a map ϕ : F1 Ñ F2 which satisfies i2 “ ϕ ˝ i1 a morphism from pF1, i1q to pF2, i2q. Then

Theorem 19.52 asserts that any two solutions to the universal problem (19.46) are unique up to

unique isomorphism. This is the strongest form of uniqueness for a problem whose answer is a

set.22 In this circumstance we speak of the free vector space generated by S and introduce a special

notation F pSq; the map i is implicit.

Proof. Apply (19.46) four times:

(i) Use existence in the universal property for pF1, i1q to construct ϕ : F1 Ñ F2:

(19.53)

S
i1 //

i2 ��

F1

ϕ~~
F2

(ii) Use existence in the universal property for pF1, i1q to construct ψ : F2 Ñ F1:

(19.54)

S
i1 //

i2 ��

F1

F2

ψ

>>

(iii) Use uniqueness in the universal property for pF1, i1q to prove ψ ˝ ϕ “ idF1 :

(19.55)

F1

idF1

��

ϕ

��
S

i1

88

i2 //

i1

&&

F2

ψ
��
F1

22The pairs pF, iq which solve the universal problem (19.46) are the objects of a category in which there is a unique
morphism between any two objects. Such a category is termed ‘contractible’. This is the technical meaning of ‘unique
up to unique isomorphism’.
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(iv) Use uniqueness in the universal property for pF2, i2q to prove ϕ ˝ ψ “ idF2 :

(19.56)

F2

idF2

��

ψ
��

S

i2

88

i1 //

i2

&&

F1

ϕ

��
F2

Hence ϕ and ψ are inverse isomorphisms. �

A basis of a vector space F is a subset B Ă F such that every η P F can be written uniquely as

a linear combination

(19.57) η “ c1ξ1 ` ¨ ¨ ¨ ` cnξn

for a finite subset tξ1, . . . , ξnu Ă B and scalars c1, . . . , cn.

Theorem 19.58. Let pF, iq be the free vector space generated by a set S. Then ipSq Ă F is a basis.

Proof. Let F 1 Ă F be the span of ipSq and i1 : S Ñ F 1 the inclusion. Then pF 1, i1q satisfies the

universal property, as follows from the existence and uniqueness of T in the diagram

(19.59)

F 1

j
��

S

i1
88

i //

f

&&

F

T
��
W

Then the uniqueness Theorem 19.52 implies that the inclusion j is an isomorphism, so F 1 “ F .

This proves the existence of (19.57) for each η.

Next, we claim that the image of the restriction of i to every finite subset S1 Ă S is a linearly

independent set in F ; this is equivalent to the uniqueness of (19.57) for each η. Suppose S1 Ă S has

cardinality n. Example 19.50 shows that the map i1 : S1 Ñ F pS1q is injective. Use the universal

property of pF pS1q, i1q and pF, iq to construct T 1 and T in the diagram

(19.60)

S1 i1 //

j

��

F pS1q
T 1
��

S
i //

f
<<

F

T

OO

where

(19.61) fpsq “
#
i1ps1q, s1 P S1;
0, s R S1.
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The diagram commutes. Now an argument similar to (3) in the proof of Theorem 19.52 shows

T ˝ T 1 “ idF pS1q. In particular, T 1 is injective, from which T 1 ˝ i1 “ i ˝ j is injective, which is the

claim. �

(19.62) Existence. We have still not proved existence of a free vector space generated by an infinite

set. I leave that to the problem set.

Lecture 20: Tensor and exterior algebras

(20.1) The base field. Throughout this lecture the base field can be arbitrary, though our appli-

cations of this algebra in this class only use vector spaces over the real numbers. A few cautions

are necessary. When a field has characteristic 2, there is a difference between skew-symmetric and

alternating maps; see (20.43). Also, we define the Z-grading on the tensor and exterior algebras

using the action by invertible scalars. Over the reals or complexes that argument works directly; a

modification (Remark 20.35) works in general.

We begin with the tensor product of two or more vector spaces, which is a preliminary to the

tensor and exterior algebras.

Tensor products of vector spaces

The tensor product is the codomain for the universal bilinear map out of a Cartesian product of

vector spaces. We characterize it by a universal property.

Definition 20.2. Let V 1, V 2 be vector spaces. A tensor product pX, bq is a vector space X and a

bilinear map b : V 1ˆV 2 Ñ X such that for all pairs pW,Bq of a vector space W and a bilinear map

B : V 1 ˆ V 2 ÑW , there exists a unique linear map T : X ÑW such that B “ T ˝ b.

The definition is encoded in the commutative diagram

(20.3)

V 1 ˆ V 2 b //

B $$

X

T

D!
~~

W

The argument in Theorem 19.52 proves uniqueness of the tensor product up to unique isomorphism.

Theorem 20.4. There exists a tensor product pX, bq of vector spaces V 1 and V 2.
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Proof. Let F pV 1 ˆ V 2q be the free vector space generated by V 1 ˆ V 2. Let RpV 1 ˆ V 2q be the

subspace generated by vectors

(20.5)
pc1ξ11 ` c2ξ12, ξ2q ´ c1pξ11, ξ2q ´ c2pξ12, ξ2q,
pξ1, c1ξ21 ` c2ξ22q ´ c1pξ1, ξ21q ´ c2pξ1, ξ22q,

for all choices of ξ1, ξ11, ξ12 P V 1, ξ2, ξ21 , ξ22 P V 2, and c1, c2 P R. Define the quotient vector space

(20.6) X “ F pV 1 ˆ V 2qLRpV 1 ˆ V 2q

and the composition

(20.7) b : V 1 ˆ V 2 iÝÝÑ F pV 1 ˆ V 2q ÝÑ X,

where i is the map in Definition 19.45 of the free vector space and the second map is the natural

quotient map. (We can define the quotient vector space as satisfying a universal property with

respect to that quotient map.) The relations (20.5) imply that b is bilinear. If pW,Bq is as in

Definition 20.2, then in the diagram

(20.8)

V 1 ˆ V 2 i //

B

&&

F pV 1 ˆ V 2q //

rT
��

X

T

zz
W

the unique map rT is the one in the universal property of the free vector space, and then the

unique map T which completes the right triangle exists because of the universal property of the

quotient. �

(20.9) Notation for tensor product. The standard notation is X “ V 1b V 2 and bpξ1, ξ2q “ ξ1b ξ2
for ξ1 P V 1 and ξ2 P V 2. Since the tensor product is unique up to unique isomorphism, we speak of

the tensor product.

Theorem 20.10. Let V 1, V 2 be vector spaces with bases S1, S2.
(1) Every vector in V 1 b V 2 has a unique expression as a finite sum

(20.11)
ÿ

i

η1i b ξ2i , η1i P V 1, ξ2i P S2.

(2) The set

(20.12) S “ tξ1 b ξ2 : ξ1 P S1, ξ2 P S2u

is a basis of V 1 b V 2.
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Proof. Let X Ă V 1 b V 2 be the subspace of vectors of the form (20.11). Define the bilinear map

b : V 1ˆV 2 Ñ X by bpη1, ξ2q “ η1b ξ2 for η1 P V 1 and ξ2 P S2. Since S2 is a basis of V 2 this suffices

to define the bilinear map b. Then pX, bq satisfies the universal property of the tensor product:

construct a factorization in (20.3) using V 1 b V 2 and then restrict to the subspace X. By the

uniqueness of the tensor product, the inclusion map is an isomorphism X “ V 1 b V 2. This proves

existence in (1). If there is not uniqueness, then for some vectors η1i P V 1, ξ2i P S2, i “ 1, . . . , N , we

have

(20.13)
Nÿ

i“1

η1i b ξ2i “ 0.

Let L : V 1 Ñ R be a linear functional such that Lpη11q “ 1. Then

(20.14)
B : V 1 ˆ V 2 ÝÑ V 2

η1 , η 2 ÞÝÑ Lpη1qη2

is a bilinear map which sends equation (20.13) to the nontrivial linear relation
ř
Lpη1iqξ2i “ 0 among

basis elements in S2, which is absurd. This completes the proof of (1).

Assertion (2) is an immediate corollary: expand each η1i P V 1 in (20.11) in the basis S1 to write

any vector in V 1 b V 2 uniquely as a linear combination of a finite subset of elements of S. �

Corollary 20.15. If V 1, V 2 are finite dimensional vector spaces, then

(20.16) dimpV 1 b V 2q “ pdimV 1qpdimV 2q.

(20.17) Commutativity and associativity of tensor product. The tensor product satisfies commu-

tative and associative “laws”, but rather than equalities of elements of a set these are isomorphisms

between vector spaces. We write them on decomposable vectors for vector spaces V 1, V 2, V 3 as

(20.18)
V 1 b V 2 ÝÑ V 2 b V 1
ξ1 b ξ2 ÞÝÑ ξ2 b ξ1

and

(20.19)
pV 1 b V 2q b V 3 ÝÑ V 1 b pV 2 b V 3q
pξ1 b ξ2q b ξ3 ÞÝÑ ξ1 b pξ2 b ξ3q

These isomorphism satisfy “equations” known as the pentagon and hexagon diagrams, and tell that

vector spaces with tensor product form a symmetric monoidal category, which is a “higher” version

of an abelian group. We will not pursue this idea here, but will implicitly use the associativity. In

particular, we use the notation ‘V 1 b V 2 b V 3 ’ for either23 of the vector spaces in (20.19).

23The correct categorical notion is that of a colimit or limit of the map (20.19).
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Remark 20.20. One has to work to prove that tensor products of arbitrary finite collections of

vector spaces are unambiguously defined, independent of ordering and of putting in parentheses.

Notation 20.21. For a vector space V write

(20.22)

V b0 “ b0V “ R
V b1 “ b1V “ V

V b2 “ b2V “ V b V
V b3 “ b3V “ V b V b V,

etc.

Tensor algebra

(20.23) Algebras: basic definitions. A vector space has two operations: vector addition and scalar

multiplication. An algebra has another binary operation called multiplication.

Definition 20.24.

(1) An algebra is a nonzero vector space A, a bilinear map m : A ˆ A Ñ A, and a nonzero

element 1 P A such that multiplication m is associative and 1 is a unit for m. Write

a1a2 “ mpa1, a2q for the product of a1, a2 P A.

(2) A homomorphism ϕ : A Ñ B of algebras is a linear map which preserves units and multi-

plication: ϕp1q “ 1 and ϕpa1a2q “ ϕpa1qϕpa2q for all a1, a2 P A.

(3) A subalgebra of an algebra A is a linear subspace A1 Ă A which contains 1 and such that

a11a12 P A1 for all a11, a12 P A1.
(4) A 2-sided ideal I Ă A is a linear subspace such that AI “ I and IA “ I.

(5) A Z-grading of an algebra A is a direct sum decomposition A “ À
kPZ

Ak such that Ak1Ak2 Ă
Ak1`k2 for all k1, k2 P Z.

(6) An algebra A is commutative if

(20.25) a1a2 “ a2a1, a1, a2 P A.

(7) A Z-graded algebra is (super)commutative if

(20.26) a1a2 “ p´1qk1k2a2a1, a1 P Ak1 , a2 P Ak2 .

(8) If A is a Z-graded algebra and a P Ak, k P Zą0, then a is decomposable if it is expressible

as a product a “ a1 ¨ ¨ ¨ ak for a1, . . . , ak P A1. If not, we say a is indecomposable.

The associative law and identity law are pa1a2qa3 “ a1pa2a3q and 1a “ a1 “ a for all a, a1, a2, a3 P
A. If I Ă A is a 2-sided ideal, then the quotient vector space A{I inherits a product, since the

bilinear map m : A ˆ A Ñ A factors to a bilinear map m : A{I ˆ A{I Ñ A{I. For a Z-graded
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algebra we often use the notation A‚ to signify the grading. A Z-grading is a structure, not a

condition. Elements in the summand Ak are called homogeneous of degree k. An element which

is not homogeneous is called inhomogeneous. The sign in (20.26) is referred to as the Koszul sign

rule. We motivated it in (19.25) in the context of differential forms.

Example 20.27. The polynomial algebra Rrxs is Z-graded but is not commutative as a Z-graded

algebra; it is commutative as an ungraded algebra. The algebra of 2ˆ2 matrices is noncommutative.

(20.28) The tensor algebra. The tensor algebra is the free algebra generated by a vector space;

that is, there are no relations beyond those in Definition 20.24(1).

Definition 20.29. Let V be a vector space. A tensor algebra pA, iq over V is an algebra A and

a linear map i : V Ñ A such that for all pairs pB, T q consisting of an algebra B and a linear map

T : V Ñ B there exists a unique algebra homomorphism ϕ : AÑ B such that T “ ϕ ˝ i.
A commutative diagram encodes the universal property:

(20.30)

V
i //

T   

A

ϕ
D!
��

B

By the usual argument a tensor algebra is unique up to unique isomorphism, if it exists. It does,

but before we construct it we deduce consequences of the universal property.

Theorem 20.31. Let V be a vector space and pA, iq a tensor algebra of V .

(1) The linear map i is injective.

(2) If V 1 is another vector space and pA1, i1q is a tensor algebra of V 1, then a linear map

T : V 1 Ñ V induces an algebra homomorphism bT : A1 Ñ A. Furthermore, the tensor

algebra homomorphisms for a composition V 2 T 1ÝÝÑ V 1 TÝÝÑ V of linear maps satisfy

(20.32) b pT ˝ T 1q “ bT ˝ bT 1.

(3) There exists a canonical Z-grading on A.

The meaning of ‘canonical’ is that if T : V ÑW is a linear map of vector spaces, then the induced

algebra homomorphism ϕT : AÑ B between choices of tensor algebras for V and W , respectively,

preserves the Z-gradings in the sense that ϕpAkq Ă Bk for all k P Z.

Proof. Suppose ξ P V is nonzero and ipξq “ 0. Define the algebra R‘ Rξ to have ξ2 “ 0. Choose

a linear map π : V Ñ Rξ which is the identity on Rξ. Define ϕ by the universal property

(20.33)

V
i //

π ##

A

ϕ{{
R‘ Rξ
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Then 0 ­“ ξ “ πpξq “ ϕipξq “ 0. This contradiction proves that i is injective.

The algebra homomorphism in (2) is constructed from the diagram

(20.34)

V 1 i1 //

T

��

i˝T
  

A1

bT
��

V
i // A

using the universal property (20.30). Use the uniqueness in the universal property to prove (20.32).

For (3), if λ P R is nonzero, let Tλ : V Ñ V denote scalar multiplication by λ. The universal

property (20.30) implies the existence of a unique extension to ϕλ : A Ñ A, an algebra homomor-

phism. Suppose λ ­“ 1 and let Ak Ă A denote the eigenspace of ϕλ with eigenvalue λk. Then

A1 “ À
kPZ

Ak Ă A is a subalgebra: it contains 1 P A0 and is closed under multiplication. It comes

to us as a Z-graded algebra. Also, ipV q Ă A1. Then A1 with the factored linear map i : V Ñ A1

satisfies the universal property: apply the universal property of A and restrict the resulting map

to A1 Ă A. So the inclusion A1 ãÑ A is an isomorphism. We leave the reader to prove that the

Z-grading is canonical. �

Remark 20.35. We can consider all λ P Rˆ at once and then we are decomposing A under a

representation of this multiplicative group. The argument fails over a finite field F . In that, or

even the general, case we can extend scalars to the ring F rx, x´1s and consider the linear operator

multiplication by x to construct the Z-grading on the tensor algebra. (In this argument we work

with modules over a ring rather than vector spaces over a field.)

Remark 20.36. The tensor algebra is not commutative in either sense of Definition 20.24(6).

Theorem 20.37. Let V be a vector space. Then a tensor algebra over V exists.

Proof. Define

(20.38) A “
8à
k“0

bkV,

where we use the notation introduced in (20.22), and let i : V Ñ A include into the summand

with k “ 1. Apply Theorem 20.10(2), extended to tensor products of k vector spaces, to see that

it suffices to define multiplication on decomposable vectors. Set

pξ1 b ¨ ¨ ¨ b ξk1qpη1 b ¨ ¨ ¨ b ηk2q “ ξ1 b ¨ ¨ ¨ b ξk1 b η1 b ¨ ¨ ¨ b ηk2 ,
ξ1, . . . , ξk1 , η1, . . . , ηk2 P V.

(20.39)

If B is an algebra and T : V Ñ B a linear map, define ϕ : AÑ B by

(20.40) ϕpξ1 b ¨ ¨ ¨ b ξkq “ T pξ1q ¨ ¨ ¨T pξkq, ξ1, . . . , ξk P V,

and extend to be linear. It follows that ϕ is an algebra homomorphism. In fact, the requirement

that ϕ be an algebra homomorphism forces (20.40), so ϕ is unique. This proves the universal

property for pA, iq. �
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The explicit construction implies both that the components of the tensor algebra A in negative

degree vanish and that for k P Zą0 the component in degree k is generated by the image of the

k-linear map

(20.41)
V ˆ ¨ ¨ ¨ ˆ V ÝÑ A

ξ1, . . . , ξk ÞÝÑ ipξ1q ¨ ¨ ¨ ipξkq.

Notation 20.42. We denote the Z-graded tensor algebra as ‘b‚V ’.

Exterior algebra

(20.43) Alternation and skew-symmetry. The characteristic property of the exterior algebra is

the skew-symmetry of the product on vectors, as we motivated in (19.25). Skew-symmetry of the

wedge product on vectors is implied by the alternating property

(20.44) ξ ^ ξ “ 0, ξ P V.

(Recall Definition 19.35.)

Definition 20.45. Let V be a vector space. An exterior algebra pE, jq over V is an algebra E and

a linear map j : V Ñ E satisfying jpξq2 “ 0 for all ξ P V such that for all pairs pB, T q consisting of

an algebra B and a linear map T : V Ñ B satisfying T pξq2 “ 0 for all ξ P V , there exists a unique

algebra homomorphism ϕ : E Ñ B such that T “ ϕ ˝ j.
Uniqueness up to unique isomorphism follows from the universal property. We prove existence by

constructing the exterior algebra as a quotient of the tensor algebra.

Theorem 20.46. Let V be a vector space. Then an exterior algebra over V exists.

Proof. Let bV be the tensor algebra of V . Define QpV q Ă b2V as

(20.47) QpV q “ tξ b ξ : ξ P V u,

and let IpV q Ă bV be the 2-sided ideal generated24 by QpV q. Since bě2V Ă V is a 2-sided ideal,

then so too is the intersection IpV q Xbě2V . But QpV q Ă IpV q Xbě2V Ă IpV q, and since IpV q is

generated by QpV q it follows that IpV q Ă bě2V .

Define E “ bV {IpV q and let j : V
iÝÑ bV qÝÑ E be the composition of the inclusion b1V ãÑ bV

and the quotient map. We claim pE, jq is an exterior algebra. To prove the universal property,

given pB, T q as in Definition 20.45, construct ϕ̃ in

(20.48)

V
i //

T
$$

bV q // //

ϕ̃
��

E

ϕ

zz
B

24IpV q is the intersection of all 2-sided ideals containing QpV q.
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using the universal property for the tensor algebra. It factors through E since qipξq2 “ 0 for

all ξ P V , which implies ϕ̃pQpV qq “ 0, and then finally ϕ̃pIpV qq “ 0. Uniqueness of ϕ follows

immediately from uniqueness of ϕ̃. �

Notation 20.49. We denote the exterior algebra as ‘
Ź
V ’ and use ‘^’ for the product.

Example 20.50. Let V “ 0 be the zero vector space. Then bV “ R and
Ź
V “ R. We leave the

reader to deduce these assertions from the universal properties.

Example 20.51. Let V “ L be a line, i.e., a 1-dimensional vector space. The we claim the algebra

E “ R ‘ L with `2 “ 0 for all ` P L and the obvious inclusion j : L ãÑ E is an exterior algebra

over L. This is a straightforward consequence of the universal property. Notice that bL is infinite

dimensional.

More about the exterior algebra: Z-grading and commutativity

(20.52) The tensor algebra maps to the exterior algebra. Our construction in the proof of The-

orem 20.46 expresses the exterior algebra
Ź
V of a vector space V as a quotient of the tensor

algebra
Â
V by an ideal IpV q. In fact, it follows easily from the universal property of the tensor

algebra (Definition 20.29) that there is such a homomorphism.

Proposition 20.53. Let V be a vector space. Then there is a canonical homomorphism

(20.54) q :
Â
V ÑŹ

V.

Proof. Factor the linear map j : V Ñ Ź
V through the tensor algebra using the universal prop-

erty (20.30) of the tensor algebra. �

(20.55) Induced maps. We prove the analog of Theorem 20.31(2) for exterior algebras. Let V, V 1

be vector spaces and suppose T : V 1 Ñ V is a linear map. i, i1 denote the inclusions of V, V 1 into

their exterior algebras. Then construct the algebra homomorphism
Ź
T in the diagram

(20.56)

V 1 i1 //

T

��

Ź
V 1
Ź
T

��
V

i //
Ź
V

via the universal property of the exterior algebra
Ź
V 1 applied to i ˝ T ; see Definition 20.45. We

leave the reader to use the uniqueness in the universal property to prove that for a sequence

V 2 T 1ÝÝÑ V 1 TÝÝÑ V of linear maps, the induced algebra homomorphisms on the exterior algebras

satisfy
ŹpT 1 ˝ T q “Ź

T 1 ˝ŹT , analogous to (20.32).
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(20.57) Z-gradings. As in Theorem 20.31(2) for the tensor algebra, the exterior algebra admits a

canonical Z-grading. The proof is similar.

Theorem 20.58. Let V be a vector space. Then the exterior algebra
Ź
V is Z-graded. Furthermore,

the homomorphism q in (20.54) preserves the Z-gradings. Also, if T : V 1 Ñ V is a linear map, then

the induced algebra homomorphism
Ź
T :

Ź
V 1 ÑŹ

V preserves the Z-gradings.

Proof. For λ P R let Tλ : V Ñ V denote scalar multiplication by λ. The Z-grading on
Ź
V is

constructed by choosing λ ­“ 0, 1 and setting
ŹkV to be the eigenspace for

Ź
Tλ with eigenvalue λk.

The subspace jpV q Ă Ź
V is contained in

Ź1V . We leave the reader to check that the inclusion

of V into
À8

k“0

ŹkV satisfies the universal property, from which it follows that the inclusion of

this direct sum into
Ź
V is an isomorphism.

The remaining assertions follow from the fact that scalar multiplication commutes with all linear

maps. �

(20.59) The Z-graded ideal. We can also deduce the Z-grading from the construction in the proof

of Theorem 20.46. Recall the subset QpV q ĂÂ2V defined in (20.47) and the 2-sided ideal IpV q ĂÂ
V which it generates. Define IkpV q “ IpV q XÂkV . The proof of Theorem 20.46 shows that

IkpV q “ 0 for k ă 2.

Theorem 20.60. The ideal IpV q is Z-graded in the sense that IpV q “
8À
k“2

IkpV q.

Proof. Let
Â
Tλ :

Â
V ÑÂ

V denote the homomorphism induced on the tensor algebra by scalar

multiplication. We claim
Â
Tλ maps IpV q into itself. If λ ­“ 0, then Tλ´1 preserves QpV q, and

so pÂTλ´1qpIpV qq is a 2-sided ideal containing QpV q. Since IpV q is the smallest 2-sided ideal

containing QpV q, we have IpV q Ă pÂTλ´1qpIpV qq, or equivalently pÂTλqpIpV qq Ă IpV q. The λk-

eigenspace of the restriction of
Â
Tλ to IpV q, for λ ­“ 1, is by definition IkpV q. Clearly

8À
k“2

IkpV q Ă

IpV q. We claim that
8À
k“2

IkpV q Ă Â
V is a 2-sided ideal. By Theorem 20.31(3) it suffices to

show that the product of an element of IkpV q and an element of b`pV q lies in Ik``pV q, but this

is clear since IpV q is a 2-sided ideal. Now QpV q Ă I2pV q, and so
8À
k“2

IkpV q is a 2-sided ideal

containing QpV q and contained in the smallest 2-sided ideal IpV q containing QpV q. It follows that

IpV q “
8À
k“2

IkpV q. �

Corollary 20.61. As a vector space,
ŹkV –ÂkV {IkpV q. In particular, we have

Ź0V “ R andŹ1V “ V .

The first statement follows from the definition of the Z-grading as an eigenspace decomposition for

scalar multiplication. The last assertion follows since IkpV q “ 0 for k “ 0, 1.

Corollary 20.62. The image of the alternating k-linear map

(20.63)
V ˆ ¨ ¨ ¨ ˆ V ÝÑŹkV

ξ1, . . . , ξk ÞÝÑ ξ1 ^ ¨ ¨ ¨ ^ ξk



DIFFERENTIAL TOPOLOGY 137

generates
ŹkV .

This follows from the corresponding statement (20.41) for the tensor algebra, which in turn follows

from the explicit construction.

Remark 20.64. A k-linear map is alternating if it vanishes when two arguments are equal. In fact,

(20.63) is the universal alternating k-linear map, in the same sense that the tensor product of two

vector spaces is the universal bilinear map (Definition 20.2). That follows from the fact that (20.41)

(with codomain
ÂkV ) is the universal k-linear map, which we could prove by developing the ideas

in (20.17).

(20.65) Commutativity. Recall from Definition 20.24(6) that for a Z-graded algebra the definition

of commutativity has a sign, the Koszul sign.

Theorem 20.66. The Z-graded exterior algebra
Ź‚V over a vector space V is commutative.

Proof. Corollary 20.62 implies that it suffices to check (20.26) for decomposable vectors. Let k, k1 be

positive integers and let ξ1, . . . , ξk, ξ
1
1, . . . , ξ

1
k1 be vectors in V . Set X “ ξ1 ^ ¨ ¨ ¨ ^ ξk and X 1 “

ξ11 ^ ¨ ¨ ¨ ^ ξ1k1 . Then

X ^X 1 “ ξ1 ^ ¨ ¨ ¨ ^ ξk ^ ξ11 ^ ¨ ¨ ¨ ^ ξ1k1
“ p´1qkk1ξ11 ^ ¨ ¨ ¨ ^ ξ1k1 ^ ξ1 ^ ¨ ¨ ¨ ^ ξk
“ p´1qkk1X 1 ^X,

(20.67)

since in reordering we move k vectors past k1 vectors, for a total of kk1 transpositions. Each gives

a minus sign according to the defining property of the exterior algebra; see (20.43). �

Lecture 21: More on exterior algebras; differential forms on affine space

In the first part of the lecture we treat a few more general properties of exterior algebras. First

we identify the exterior algebra of a direct sum of vector spaces as a tensor product of exterior

algebras. However, nota bene the Koszul sign in the definition of the product (21.7). In other

words, this is a Z-graded tensor product. We have already determined the exterior algebra of a

line (Example 20.51). Since every finite dimensional vector space is a direct sum of lines, we can

now inductively determine the exterior algebra of a finite dimensional vector space. If V is a vector

space of dimension n P Zě0, then the top25 exterior power
ŹnV is a line, called the determinant

line of the vector space V . We explain the relationship to the familiar notion of determinant.

Finally, for any vector space V we introduce a duality between
Ź‚V ˚ and

Ź‚V .

In the second part of the lecture we introduce differential forms on open subsets of affine space.

The main theorem at this stage is the extension of the differential on functions to a differential on

differential forms. In the next lecture we globalize (patch/paste) to differential forms on a smooth

manifold.

25The higher exterior powers
ŹkV , k ą n, are zero.
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Direct sums and tensor products

(21.1) Direct sum via a universal property. We have used the direct sum of vector spaces many

times already in these lectures. Now we make explicit its universal property.

Definition 21.2. Let V1, V2 be vector spaces. A direct sum pS, i1, i2q is a diagram V1
i1 //S V2

i2oo

of vector spaces and linear maps which is universal in the sense that for any linear maps ji : Vi ÑW

there exists a unique linear map T : S ÑW which makes the diagram

(21.3)

V1
i1 //

j1   

S

T
��

V2
i2oo

j2~~
W

commute.

The direct sum exists and is unique up to unique isomorphism. It is denoted V1 ‘ V2.

(21.4) Tensor product of algebras. Let A1, A2 be algebras. In particular, they are vector spaces

and so we can form the tensor product vector space A1 b A2, as in Definition 20.2. To endow

A1 b A2 with an algebra structure, as in Definition 20.24(1), we must specify a bilinear map

m : A1 ˆ A2 Ñ A1 b A2 and a unit 1 P A1 b A2. We can take m “ m1 b m2 and 1 “ 11 b 12,

where mi, 1i define the algebra structure of Ai, i “ 1, 2. This is the correct definition for ungraded

algebras, but for Z-graded algebras there is a (Koszul) sign.

Definition 21.5. Let A‚1, A‚2 be Z-graded algebras with units 11, 12. Endow the vector space

A1 bA2 with the Z-grading

(21.6) pA1 bA2qk “
à

k1,k2PZ
k1`k2“k

Ak11 bAk22 , k P Z.

Endow A1 bA2 with a Z-graded algebra structure: define the unit 11 b 12 and multiplication

(21.7) pa1 b a2qpa11 b a12q “ p´1qk2k11 a1a
1
1 b a2a

1
2,

for a1, a
1
1 P A1, a2, a

1
2 P A2, where a2 is homogeneous of degree k2 and a11 is homogeneous of

degree k11.

Since multiplication is bilinear, it suffices to define it on decomposable vectors which are tensor

products of homogeneous vectors.

Example 21.8. Let L1, L2 be lines. Recall the exterior algebras
Ź‚Li “ R ‘ Li, i “ 1, 2, as in

Example 20.51. Let `i P Li, i “ 1, 2, be basis elements. The tensor product of the exterior algebras

is the Z-graded algebra

(21.9)
`Ź

L1 bŹ
L2

˘‚ “ R ‘ pL1 ‘ L2q ‘ pL1 b L2q
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supported in degrees 0, 1, 2. In this algebra, `1`2 “ ´`2`1 by (21.7). We prove below in Theo-

rem 21.11 that (21.9) is the exterior algebra
Ź‚pL1 ‘ L2q of the direct sum. In particular, the

higher exterior powers
ŹkpL1 ‘ L2q, k ą 2, vanish (i.e., equal the zero vector space).

(21.10) Exterior algebra of a direct sum. The passage from a vector space to its exterior algebra is

an exponentiation in the sense that sums go over to products. (The same holds for tensor algebras.)

Theorem 21.11. Let V1, V2 be vector spaces. Then there is a canonical isomorphism

(21.12)
Ź‚pV1 ‘ V2q –ÝÝÑ `Ź

V1 bŹ
V2

˘‚

of Z-graded algebras.

Proof. Let ji : Vi Ñ Ź
Vi, i “ 1, 2, be the inclusions into the exterior algebra as the degree one

elements. Define algebra homomorphisms ψi :
Ź
Vi ÑŹ

V1 bŹ
V2, i “ 1, 2, by

(21.13)
ψ1pX1q “ X1 b 1, X1 PŹV1,

ψ2pX2q “ 1bX2, X2 PŹV2.

Consider the diagram

(21.14)

V1
i1 //

j1

��

V1 ‘ V2

j
��

T

��

V2
i2oo

j2

��Ź
V1

ψ1 //

ϕ1

&&

Ź
V1 bŹ

V2

ϕ

��

Ź
V2

ψ2oo

ϕ2

xx
B

First, use the universal property of the direct sum (Definition 21.2) to construct j. Then we claim

that the pair
`pŹV1bŹ

V2q‚ , j
˘

is an exterior algebra of V1‘V2, where multiplication is defined on

the tensor product with the Koszul sign (21.7). To check the universal property in Definition 20.45

for the pair pŹV1 bŹ
V2, jq, suppose B is an algebra and T : V1 ‘ V2 Ñ B in (21.14) satisfies

T pξ1`ξ2q2 “ 0 for all ξ1 P V1, ξ2 P V2. Apply the universal property of the exterior algebra to T ˝ i1
to produce the (unique) algebra homomorphism ϕ1 and to T ˝ i2 to produce the (unique) algebra

homomorphism ϕ2. Finally, define the (unique) linear map ϕ :
Ź
V1 bŹ

V2 Ñ B by applying the

universal property of the tensor product (Definition 20.2) to the bilinear map

(21.15)

Ź
V1 ˆ Ź

V2 ÝÑ B

X1 , X2 ÞÝÑ ϕ1pX1qϕ2pX2q

We leave the reader to check that ϕ is an algebra homomorphism; it suffices to check on the tensor

products of decomposable vectors in
Ź
V1 and

Ź
V2. �
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Finite dimensional exterior algebras and determinants

(21.16) Applications of Theorem 21.11. First, in Example 21.8 we see that (21.9) is isomorphic

to
Ź‚pL1 ‘ L2q. By induction on the dimension of a finite dimensional vector space, we leave the

reader to deduce the following from Theorem 21.11.

Theorem 21.17. Let n be a positive integer and suppose V is a vector space of dimension n.

(1)
ŹkV “ 0 if k ă 0 or k ą n.

(2) If e1, . . . , en is a basis of V , then for 1 ď k ď n

(21.18) tei1 ^ ¨ ¨ ¨ ^ eik : 1 ď i1 ă ¨ ¨ ¨ ă ik ď nu

is a basis of
ŹkV .

(3) dim
ŹkV “

ˆ
n

k

˙
, 0 ď k ď n.

In (2) the expression

ˆ
n

k

˙
“ n!

k!pn´ kq! is the binomial coefficient. In (3) the indices run over all

strictly increasing ordered subsets of t1, . . . , nu of cardinality k. If we write V “ L1 ‘ ¨ ¨ ¨ ‘ Ln as

a sum of lines, then one proves by induction on dimV that

(21.19)
ŹkV – à

1ďi1ă¨¨¨ăikďn
Li1 b ¨ ¨ ¨ b Lik ,

which generalizes (21.9).

Corollary 21.20. Let V be a vector space and S “ tξ1, . . . , ξku Ă V . Then S is linearly independent

if and only if ξ1 ^ ¨ ¨ ¨ ^ ξk PŹkV is nonzero.

Proof. Let V 1 Ă V be the span of S; then ξ1 ^ ¨ ¨ ¨ ^ ξk P ŹkV 1. If S is not linearly independent,

then dimV 1 ă k in which case Theorem 21.17(1) implies
ŹkV 1 “ 0. Conversely, if S is a basis

of V 1, then Theorem 21.17(2) implies that ξ1 ^ ¨ ¨ ¨ ^ ξk is a basis of
ŹkV 1, hence is nonzero. �

(21.21) The determinant line. According to Theorem 21.17(3) the top exterior power of a finite

dimensional vector space is 1-dimensional. It has a special name and notation.

Definition 21.22. Let n be a positive integer and suppose V is a vector space of dimension n.

The determinant line of V is the 1-dimensional vector space

(21.23) DetV “ŹnV.

The reason for the name will be apparent shortly. The following is a special case of Corollary 21.20.

Proposition 21.24. Let V have dimension n. Then ξ1, . . . , ξn P V is a basis if and only if the

wedge product ξ1 ^ ¨ ¨ ¨ ^ ξn P DetV is nonzero.
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(21.25) Determinant of a linear map. Suppose V, V 1 are finite dimensional vector spaces and

T : V 1 Ñ V a linear map.

Definition 21.26.

(1) If dimV 1 ­“ dimV , then define detT : DetV 1 Ñ DetV to be the zero map.

(2) If dimV 1 “ dimV , then define detT “ŹnT : DetV 1 Ñ DetV .

Recall that
ŹnT is the map induced by T on the nth exterior power; see (20.55).

Proposition 21.27. detT ­“ 0 if and only if T is invertible.

Proof. If dimV 1 ­“ dimV , then T is not invertible and detT “ 0. Assume dimV 1 “ dimV and

ξ11, . . . , ξ1n P V 1 is a basis. Proposition 21.24 implies that ξ11 ^ ¨ ¨ ¨ ^ ξ1n is a basis of DetV 1. By

Definition 21.26(2),

(21.28) pdetT qpξ11 ^ ¨ ¨ ¨ ^ ξ1nq “ Tξ11 ^ ¨ ¨ ¨ ^ Tξ1n.

This is nonzero iff Tξ11, . . . , T ξ1n is a basis of V iff T is invertible. �

We can give another proof using the composition law at the end of (20.55). Namely, if T is

invertible, then idDetV 1 “ detpT´1 ˝ T q “ detT´1 ˝ detT , which implies detT is nonzero.

(21.29) The numerical determinant. If V is finite dimensional and T : V Ñ V is a linear operator,

then detT : DetV Ñ DetV is a linear operator on a line, so it is scalar multiplication by a real

number. We identify that scalar with the numerical determinant of the linear operator T . The

following computations show that this agrees with the usual determinant of matrices.

Example 21.30 (2-dimensional determinant). Suppose T : R2 Ñ R2 is represented by the matrix`
a b
c d

˘
. This means that for the standard basis e1, e2 we have

(21.31)
Te1 “ ae1 ` ce2

Te2 “ be1 ` de2

Hence

pdetT qpe1 ^ e2q “ Te1 ^ Te2

“ pae1 ` ce2q ^ pbe1 ` de2q
“ pad´ bcq e1 ^ e2.

(21.32)

Example 21.33 (n-dimensional determinant). Let n be a positive integer and T : Rn Ñ Rn a

linear operator. Write

(21.34) Tej “ T ijei, j “ 1, . . . , n,
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for n2 numbers T ij P R. Then

(21.35)

pdetT qpe1 ^ ¨ ¨ ¨ ^ enq “ Te1 ^ ¨ ¨ ¨ ^ Ten
“ pT i11 ei1q ^ ¨ ¨ ¨ ^ pT inn einq

“
$
&
%

ÿ

σPSymn

εpσqT σp1q1 ¨ ¨ ¨T σpnqn

,
.
- e1 ^ ¨ ¨ ¨ ^ en,

where Symn is the permutation group of t1, . . . , nu and εpσq “ ˘1 is the sign of the permutation.

The homogeneous polynomial of degree n in braces is the usual expression for the determinant of

a matrix.

Standard properties of the determinant, including the formula (21.35), are easily derived from

the definition using the basic properties of exterior algebras.

Duality and exterior algebras

Let n be a positive integer and V an n-dimensional real vector space. The exterior powers of V

and of the dual space V ˚ form an array

(21.36)
R V ˚

Ź2V ˚ ¨ ¨ ¨ ŹnV ˚ “ DetV ˚

R V
Ź2V ¨ ¨ ¨ ŹnV “ DetV

There is a natural duality between the vector spaces in each column.

Proposition 21.37. For all k P Zą0 the pairing

(21.38)

ŹkV ˚ ˆ ŹkV ÝÑ R

θ1 ^ ¨ ¨ ¨ ^ θk , ξ1 ^ ¨ ¨ ¨ ^ ξk ÞÝÑ det
`
θipξjq

˘
i,j

is nondegenerate

We have only specified the pairing on decomposable vectors in the exterior powers; it extends to

all vectors using bilinearity. This determinant pairing identifies
ŹkV ˚ as the dual space to

ŹkV .

Compose with the alternating k-linear map (20.63) to identify
ŹkV ˚ as the space of k-linear

alternating functions V ˆ ¨ ¨ ¨ˆ Ñ R. Namely, if α PŹkV ˚, define

(21.39)
α̂ : V ˆ ¨ ¨ ¨ ˆ V ÝÑ R

ξ1, . . . , ξk ÞÝÑ xα, ξ1 ^ ¨ ¨ ¨ ^ ξky,

using the determinant pairing (21.38). We usually omit the carrot over α in (21.39) and simply

identify the k-form α with this alternating k-linear map.
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Proof. Let e1, . . . , en be a basis of V and e1, . . . , en the dual basis of V ˚. Then by Theorem 21.17

we obtain a bases of
ŹkV and

ŹkV ˚. Introduce the multi-index notation I “ pi1 ¨ ¨ ¨ ikq for an

increasing set of indices 1 ď i1 ă i2 ă ¨ ¨ ¨ ă ik ď n. Suppose X “ XIeI P ŹkV lies in the kernel

of (21.38). Writing the determinant pairing (21.38) as x´,´y we have

(21.40) 0 “ xeJ , Xy “ XJ

for all multi-indices J . This implies X “ 0 and proves nondegeneracy. �

Example 21.41. For k “ 2, if θ1^θ2 is a decomposable 2-form, the product of 1-forms θ1, θ2 P V ˚,
then

(21.42) pθ1 ^ θ2qpξ1, ξ2q “ θ1pξ1qθ2pξ2q ´ θ1pξ2qθ2pξ1q, ξ1, ξ2 P V.

This is an oft-used formula.

Remark 21.43. Note the absence of numerical factors (such as 1/2) in (21.42) (as derived from (21.38)).

Differential forms on affine space

(21.44) Definitions. Let V be a finite dimensional normed real vector space and A an affine space

over V . Let U Ă A be an open subset.

Definition 21.45. A (differential) k-form on U , k P Zě0, is a function α : U ÑŹkV ˚. The space

of C8 k-forms on U is denoted ΩkpUq (or as Ωk
U , depending on the context).

Differential forms of arbitrary degree form a Z-graded vector space

(21.46) Ω‚pUq “
8à
k“0

ΩkpUq.

The operation of exterior multiplication is defined on differential forms pointwise, and with it

Ω‚pUq is a commutative Z-graded algebra; see Definition 20.24.

Example 21.47. Let A3
x,y,z be standard affine 3-space with coordinate functions x, y, z. Let U Ă

A3 be open. At each point p P U the differentials dxp, dyp, dzp form a basis of pR3q˚. (Since

x, y, z : U Ñ R are affine functions, the differentials are constant, so the basis is independent of p.)

Therefore, by Theorem 21.17(2) we can write any element of Ω2pUq as a linear combination

(21.48) fpx, y, zqdx^ dy ` gpx, y, zqdx^ dz ` hpx, y, zqdy ^ dz

for functions f, g, h : U Ñ R.
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(21.49) The Cartan d. The exterior differential is characterized by a few basic properties.

Theorem 21.50. There exists a unique map d : Ω‚pUq Ñ Ω‚pUq of degree `1 such that

(i) d is linear,

(ii) dpα1 ^ α2q “ dα1 ^ α2 ` p´1qkα1 ^ dα2, α1 P Ωk1pUq, α2 P Ω‚pUq,
(iii) d2 “ 0,

(iv) d agrees with the usual differential on Ω0pUq.
That d is homogeneous of degree `1 means that if α P ΩkpUq is homogeneous of degree k, then

dα P Ωk`1pUq is homogeneous of degree k ` 1. Note the sign in (ii) is consistent with the Koszul

rule: in passing the degree 1 operator d past the degree k differential form α1 we pick up the sign

p´1q1¨k “ p´1qk. We prove Theorem 21.50 below but first exhibit some explicit computations.

Example 21.51. Consider the differential form

(21.52) α “ e2x ´ x2y2 dy ´ x dx^ dy

on A2
x,y. Then using the rules in Theorem 21.50 we compute

dα “ dpe2xq ´ dpx2y2 dyq ´ dpx dx^ dyq
“ 2e2x dx´ dpx2y2q ^ dy ´ dx^ dx^ dy
“ 2e2x dx´ 2xy2 dx^ dy.

(21.53)

In this example both α and dα are inhomogeneous.

Example 21.54. Consider

(21.55) α “ x dy ^ dz ` y dx^ dz ` z dx^ dy

in Ω2pA3
x,y,zq. Then

(21.56) dα “ 3 dx^ dy ^ dz.

Example 21.57. On an open set U Ă Anx1,...,xn , consider the general smooth pn´ 1q-form

(21.58) α “ f1dx2 ^ ¨ ¨ ¨ ^ dxn ´ f2dx1 ^ dx3 ^ ¨ ¨ ¨ ^ dxn ` ¨ ¨ ¨ ,

where f i : U Ñ R are smooth functions. Then

(21.59) dα “
˜ÿ

i

Bf i
Bxi

¸
dx1 ^ ¨ ¨ ¨ ^ dxn.
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Proof of Theorem 21.50. Let x1, . . . , xn : A Ñ R be affine coordinates on A, and restrict them to

functions on U . It suffices to define d on k-forms for all k P Zą0 and then use (i) to extend uniquely

by linearity, since every differential form is a finite sum of homogeneous forms. By Theorem 21.17(2)

we can write α P ΩkpUq uniquely as

(21.60) α “
ÿ

1ďi1ă¨¨¨ăikďn
fi1¨¨¨ikdx

i1 ^ ¨ ¨ ¨ ^ dxik

for functions fi1¨¨¨ik : U Ñ R. Then if d exists satisfying (i)–(iv) we compute

dα “ d

˜ ÿ

1ďi1ă¨¨¨ăikďn
fi1¨¨¨ikdx

i1 ^ ¨ ¨ ¨ ^ dxik
¸

(i)“
ÿ

1ďi1ă¨¨¨ăikďn
dpfi1¨¨¨ikdxi1 ^ ¨ ¨ ¨ ^ dxikq

(ii)“
ÿ

1ďi1ă¨¨¨ăikďn
dfi1¨¨¨ik ^ dxi1 ^ ¨ ¨ ¨ ^ dxik
` fi1¨¨¨ikd2xi1 ^ ¨ ¨ ¨ ^ dxik

´ fi1¨¨¨ikdxi1 ^ d2xi2 ^ dxi3 ¨ ¨ ¨ ^ dxik
` ¨ ¨ ¨

(iii)“
ÿ

1ďi1ă¨¨¨ăikďn
dfi1¨¨¨ik ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

(iv)“
ÿ

1ďi1ă¨¨¨ăikďn

Bfi1¨¨¨ik
Bxj dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik .

(21.61)

Therefore, if d exists and satisfies (i)–(iv) it must be given by the formula (21.61). This proves

the uniqueness. To prove existence we define d on k-forms by formula (21.61) and check (i)–

(iv). Property (i) is easy. As a variation, for (ii) use increasing multi-indices, as in the proof of

Proposition 21.37. So as not to have index wars let us call the forms α P ΩkpUq and β P Ω`pUq.
(By linearity it suffices to take the second form homogeneous as well.) Write

(21.62)
α “ αI dx

I

β “ βJ dx
J

for functions αI , βJ : U Ñ R. Then

dpα^ βq “ dpαIβJ dxI ^ dxJq

“ βJ
BαI
dxi

dxi ^ dxI ^ dxJ ` αI BβJ
dxj

dxj ^ dxI ^ dxJ

“
ˆBαI
dxi

dxi ^ dxI
˙
^ `

βJ dx
J
˘ ` p´1qk `αI dxI

˘^
ˆBβJ
dxj

dxj ^ dxJ
˙

“ dα^ β ` p´1qkα^ dβ.

(21.63)
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The sign comes from commuting the 1-form dxj past the k-form dxI . For (iii) compute

d2α “ d

˜ ÿ

1ďi1ă¨¨¨ăikďn

Bfi1¨¨¨ik
Bxj dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

¸

“
ÿ

1ďi1ă¨¨¨ăikďn

B2fi1¨¨¨ik
Bx`Bxj dx` ^ dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

“
ÿ

1ďi1ă¨¨¨ăikďn

1

2

ˆB2fi1¨¨¨ik
Bx`Bxj `

B2fi1¨¨¨ik
BxjBx`

˙
dx` ^ dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

“ 1

2

ÿ

1ďi1ă¨¨¨ăikďn

B2fi1¨¨¨ik
Bx`Bxj dx

` ^ dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

` 1

2

ÿ

1ďi1ă¨¨¨ăikďn

B2fi1¨¨¨ik
Bx`Bxj dx

j ^ dx` ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

“ 1

2

ÿ

1ďi1ă¨¨¨ăikďn

B2fi1¨¨¨ik
Bx`Bxj dx

` ^ dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

´ 1

2

ÿ

1ďi1ă¨¨¨ăikďn

B2fi1¨¨¨ik
Bx`Bxj dx

` ^ dxj ^ dxi1 ^ ¨ ¨ ¨ ^ dxik

“ 0.

(21.64)

In the fourth equality we exchange the dummy indices j and `; in the penultimate equality we use

dxj^dx` “ ´dx`^dxj . The main point is the third equality, which expresses that second partials are

symmetric; this contrasts the skew-symmetry of the wedge product. Finally, the definition (21.61)

reduces to (19.12) for k “ 0, which proves (iv). �

(21.65) Expression for d in terms of directional derivatives. We continue with U Ă A an open

subset of a finite dimensional affine space A over a normed linear space V . Recall that for f P Ω0pUq
and ξ P V we have

(21.66) dfpξq “ ξf,

an equality of functions on U . The following generalizes (21.66) for all k. In this theorem we treat

a differential k-form as an alternating k-linear function on vectors; see Proposition 21.37.

Theorem 21.67. Let k P Zě0, α P ΩkpUq, and ξ1, . . . , ξk`1 P V . Then

dαpξ1, . . . , ξk`1q “ ξ1 αpξ2, . . . , ξk`1q ´ ξ2 αpξ1, ξ3, . . . , ξk`1q
` ¨ ¨ ¨ ` p´1qk ξk`1 αpξ1, . . . , ξkq.

(21.68)



DIFFERENTIAL TOPOLOGY 147

Each term is the directional derivative of the k-form α evaluated on k vectors. Note the oft-used

special case k “ 1 in which (21.68) reduces to26

(21.69) dαpξ1, ξ2q “ ξ1 αpξ2q ´ ξ2 αpξ1q.

Proof. Choose affine coordinates x1, . . . , xn as in the proof of Theorem 21.50. By multilinearity

suffices to verify (21.68) when each

(21.70) ξj “ B{Bxij

is a basis vector for some 1 ď i1, . . . , ik`1 ď n. If any two indices are equal, then it is straightforward

to check that both sides of (21.68) vanish using the alternating property of differential forms.

Furthermore, by the skew-symmetry property of differential forms it suffices to assume that 1 ď
i1 ă ¨ ¨ ¨ ă ik`1 ď n. Write α “ αI dx

I as a sum over increasing indices of length k. Then

with (21.70) the right hand side of (21.68) is

(21.71)
ÿ

j

p´1qj B
Bxij αi1 ¨¨¨ ij{ ¨¨¨ ik`1

.

Using the pairing (21.38) we compute the left hand side as

(21.72) x
ÿ

j,I

BαI
Bxj dx

j ^ dxI , B
Bxi1 ^ ¨ ¨ ¨ ^

B
Bxik`1

y “
ÿ

j

p´1qj B
Bxij αi1 ¨¨¨ ij{ ¨¨¨ ik`1

.

The terms in the first sum which contribute are those in which the multi-index jI of length k ` 1

is a permutation of i1, . . . , ik`1; the sign is the determinant of the permutation matrix. �

(21.73) The differential is local. The next proposition asserts that the differential does not in-

crease supports.

Proposition 21.74. Let U Ă An be an open set. If for some open W Ă X we have suppα Ă W ,

then supp dα ĂW .

Proof. This locality follows immediately from the explicit formula (21.61) for the differential. �

Lecture 22: Pullbacks, differential forms on smooth manifolds

There remains one more item to consider about differential forms on affine space: pullbacks.

We do so in the first part of this lecture. Then we turn the local-to-global process which takes us

26There is a generalization on smooth manifolds in which ξ1, ξ2 are vector fields. In that case there is an additional
term in (21.69) which involves the Lie bracket of the vector fields.
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from differential forms on open sets in affine space to differential forms on smooth manifolds. As

you might guess, partitions of unity are a key tool. We characterize of differential forms among

alternating multilinear maps from vector fields to functions. This introduces the key idea of linearity

over functions, which is the hallmark of tensoriality. Finally, we transport the Cartan d operator

from affine space to a smooth manifold and so complete the construction of the de Rham complex.

Pullbacks of differential forms

(22.1) Pullbacks of 0-forms and 1-forms. Let V, V 1 be normed linear spaces; A,A1 affine spaces

over V, V 1, respectively; U Ă A, U 1 Ă A1 open sets; and ϕ : U 1 Ñ U a C1 map. Suppose first that

f : U Ñ R is a smooth function. Then the pullback function ϕ˚f : U 1 Ñ R is the composition

(22.2) ϕ˚f “ f ˝ ϕ.
 

Figure 68. Pullback of a 1-form

The pullback of a 1-form is a bit more complicated. Namely, at each p1 P U 1 the differential of ϕ

is a linear map

(22.3) dϕp1 : V
1 ÝÑ V.

Its dual is a continuous linear map

(22.4) dϕp̊1 : V
˚ ÝÑ pV 1q˚

defined by

(22.5) dϕp̊1pθqpξ1q “ θpdϕp1pξ1qq, θ P V ˚, ξ1 P V 1.

Then if α : U Ñ V ˚ is a smooth 1-form on U , its pullback ϕ˚α : U 1 Ñ pV 1q˚ is the smooth 1-form

on U 1 defined by (see Figure 68)

(22.6) ϕ˚pαqp1pξ1q “ αϕpp1qpdϕp1pξ1qq, p1 P U 1, ξ1 P V 1.

Write ‘ϕ˚’ for the differential dϕ. Equation (22.6) is more transparent in the form

(22.7) ϕ˚αpξ1q “ αpϕ˚ξ1q.
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Example 22.8. In practice, pullback is computed by blind substitution. Consider the 1-form

(22.9) α “ y dx´ x dy

on A2
x,y, and let γ : Rt Ñ A2

x,y be the map defined by

(22.10)
x “ t

y “ t2

The left hand sides of (22.10) are shorthand for the pullbacks γ˚x, γ˚y of the coordinate functions.

In a similar vein, blindly applying d we obtain the pullbacks γ˚pdxq, γ˚pdyq of their differentials:

(22.11)
dx “ dt

dy “ 2t dt

Then the pullback γ˚α is computed by plugging (22.10) and (22.11) into (22.9):

(22.12) α “ t2dt´ tp2t dtq “ ´t2dt.

We use implicitly that γ˚ and d commute, as we prove below in (22.26).

(22.13) Pullbacks in arbitrary degrees. Let V, V 1 be real vector spaces. LetA,A1 be affine over V, V 1

and U Ă A, U 1 Ă A1 open subsets. Finally, let ϕ : U 1 Ñ U be a C1 map and p1 P U 1. Then the

differential and its dual give linear maps

(22.14)

V 1
dϕp1ÝÝÝÝÑ V

pV 1q˚ dϕ˚
p1ÐÝÝÝÝ V ˚

Ź‚pV 1q˚
Ź
dϕ˚

p1ÐÝÝÝÝÝŹ‚V ˚

where the last map is the induced map (20.55) on the exterior algebra.

 

Figure 69. Pullback of differential forms

Definition 22.15. Let α P Ω‚pUq be a differential form. The pullback ϕ˚α P Ω‚pU 1q is

(22.16) pϕ˚αqp1 “
Ź
dϕp̊1pαϕpp1qq, p1 P U 1.

This definition is a generalization of (22.6).



150 D. S. FREED

(22.17) Pullbacks and products. The following is an immediate consequence of the fact that
Ź
dϕp̊1

is an algebra homomorphism.

Proposition 22.18. If α, β P Ω‚pUq, then

(22.19) ϕ˚pα^ βq “ ϕ˚α^ ϕ˚β.

(22.20) Computation. Definition 22.15 is not applied directly in computations; rather one plugs

and chugs as illustrated in Example 22.8. Here is another illustration.

Example 22.21. Recall the 2-form α in (21.55). Consider the map

(22.22)
ϕ : p0, πq ˆ p0, 2πq ÝÑ A3

x,y,z

φ , θ ÞÝÑ sinφ cos θ , sinφ sin θ , cosφ

This embeds an open rectangle in A2
φ,θ into the unit sphere in A3. To compute we write

(22.23)

x “ sinφ cos θ

y “ sinφ sin θ

z “ cosφ

and then apply d:

(22.24)

dx “ cosφ cos θ dφ´ sinφ sin θ dθ

dy “ cosφ sin θ dφ` sinφ cos θ dθ

dz “ ´ sinφdφ.

Substitute (22.23) and (22.24) into (21.55) and use the rules of exterior algebra to deduce

(22.25) ϕ˚α “ sinφdφ^ dθ.

In computations it is customary to omit ‘ϕ˚ ’ in (22.25), as we did in (22.12).

(22.26) Pullback and d. Just as pullback commutes with products (Proposition 22.18), pullback

also commutes with exterior d. In the following proof we use the fact that any differential form on

a finite dimensional affine space A is a finite sum of expressions

(22.27) f dg1 ^ ¨ ¨ ¨ ^ dgk

for functions f, g1, . . . , gk. For example, choose affine coordinates on A and then exhibit a repre-

sentation in which g1, . . . , gk are the affine coordinate functions; see Theorem 21.17(2) as applied

in (21.60). This leads to an important proof technique for statements about differential forms,

which we employ to prove the following.
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Proposition 22.28. Assume A,A1 are finite dimensional affine spaces. Let α P Ω‚pUq. Then

(22.29) dϕ˚α “ ϕ˚dα.

Proof. Since pullback commutes with products (Proposition 22.18), by the remark preceding the

proof it suffices to prove (22.29) for 0-forms f and for exact 1-forms dg, where f, g P Ω0pUq. For

ξ1 P V 1 we have

(22.30) ϕ˚dfpξ1q “ dfpϕ˚ξ1q “ pdf ˝ dϕqpξ1q “ dpf ˝ ϕqpξ1q “ dpϕ˚fqpξ1q.

For an exact 1-form α “ dg we compute

(22.31)
dpϕ˚αq “ dpϕ˚dgq “ d2ϕ˚g “ 0

ϕ˚pdαq “ ϕ˚pd2gq “ 0

so (22.29) is satisfied. �

Differential forms on manifolds

(22.32) 0-forms and 1-forms. Let X be a smooth manifold. The real vector spaces

(22.33)
Ω0pXq “  

functions X Ñ R
(

Ω1pXq “  
sections of T ˚X ÝÑ X

(

of smooth functions and smooth 1-forms have been defined, and the differential is a linear map

(22.34) Ω0pXq dÝÝÑ Ω1pXq

which satisfies the Leibniz rule

(22.35) dpf1f2q “ dpf1qf2 ` f1dpf2q.

Our goal is to extend these definitions to higher degree forms.
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(22.36) Bundles of exterior algebras. Let E Ñ X be a real vector bundle. Recall from Lecture 9

that we can construct new vector bundles from a given vector bundle from a functorial construc-

tion on vector spaces. The dual bundle (9.51) is an example; the general procedure is discussed

in (9.44). Now for each k P Zą0 we construct a vector bundle
ŹkT ˚X Ñ X from the cotangent

bundle T ˚X Ñ X using Theorem 9.45. The same construction gives a bundle
Ź‚T ˚X Ñ X whose

fibers are exterior algebras. Define the vector space of differential k-forms

(22.37) ΩkpXq “  
sections of

ŹkT ˚X ÝÑ X
(
.

The algebra of differential forms is the direct sum

(22.38) Ω‚pXq “
8à
k“0

ΩkpXq

with the wedge product defined pointwise; it may be identified as the algebra of sections ofŹ‚T ˚X Ñ X. It is important to observe the pointwise nature of the algebraic structure, namely

of the wedge product of differential forms.

(22.39) Vector fields. A vector field27 on a manifold is a smooth choice of tangent vector at each

point. The vector space of vector fields on X is

(22.40) XpXq “  
sections of TX ÝÑ X

(
.

(22.41) Differential forms as functionals of vector fields. Recall that if V is a real vector space,

then there is a duality pairing (Proposition 21.37)

(22.42)
ŹkV ˚ ˆŹkV ÝÑ R

Combine with the multiplication map V ˆ ¨ ¨ ¨ ˆ V Ñ ŹkV to construct an isomorphism be-

tween
ŹkV ˚ and the vector space of k-linear alternating maps V ˆ ¨ ¨ ¨ ˆ V Ñ R.

If X is a smooth manifold and α P ΩkpXq is a differential k-form, then pointwise evaluation

determines an alternating k-linear map

(22.43) pα : XpXq ˆ ¨ ¨ ¨ ˆ XpXq ÝÑ Ω0pXq

where for ξ1, . . . , ξk P XpXq we have

(22.44) pαpξ1, . . . , ξkqppq “ αp
`
ξ1ppq, . . . , ξkppq

˘
, p P X.

27In general an x-field on a manifold is a smooth choice of x at each point, where x can be ‘vector’, ‘covector’,
‘tensor’, ‘scalar’, ‘spinor’, . . .
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There is an additional important property beyond skew-symmetry and multilinearity: pα is linear

over functions. Namely, pα is a multilinear function over the ground ring Ω0pXq, not just over the

ground field R. Thus if f1, . . . , fk P Ω0pXq are functions, and ξ1, . . . , ξk P XpXq are vector fields,

(22.45) pαpf1ξ1, . . . , fkξkq “ f1 . . . fk pαpξ1, . . . , ξkq.

The following proposition is a converse: it constructs a differential form from a map (22.43).

Proposition 22.46. Let

(22.47) pα : XpXq ˆ ¨ ¨ ¨ ˆ XpXq ÝÑ Ω0pXq

be a k-linear alternating map which is linear over functions in the sense that (22.45) holds. Then

there is a unique differential k-form α P ΩkpXq such that (22.44) holds.

A function (22.47) which is linear over functions is said to be tensorial. Proposition 22.46 holds for

other kinds of tensor fields on a smooth manifold. For example, a Riemannian metric is (determined

by) a tensorial positive definite symmetric bilinear form on vector fields.

Example 22.48. Let U Ă A be an open subset of an affine space A with tangent space V , and fix

a smooth function f P Ω0pUq which is not locally constant. Define

(22.49) pαf pξ1, ξ2q “ ξ1ξ2f ´ ξ2ξ1f, ξ1, ξ2 P XpUq.

Each term in (22.49) is an iterated directional derivative. Then pαf is bilinear and alternating, but

it is not linear over functions so does not define a 2-form on U .

Proof of Proposition 22.46. For ease of notion we take k “ 1. For p P X and ξp P TpX, we would

like to define

(22.50) αppξpq “ pαpξqppq,

where ξ P XpXq is any vector field such that ξppq “ ξp, i.e., ξ is an extension of the vector ξp P TpX
to a vector field. We must prove that (22.50) is independent of the extension ξ. Equivalently, if

η P XpXq satisfies ηppq “ 0, then we claim pαpηqppq “ 0.

To prove the claim, let pU ;x1, . . . , xnq be a standard coordinate chart about p and let ρ : X Ñ R
be a function with supppρq Ă U and ρppq “ 1. Write η

ˇ̌
U
“ f i B{Bxi for functions f i P Ω0pUq. Since

ηppq “ 0, we have f ippq “ 0 for all i. Now write

(22.51) η “ pρf iq
ˆ
ρ
B
Bxi

˙
` p1´ ρ2qη.

Notice that each factor in each term is a global function or a global vector field on X (after extension

by zero on the complement of U). By the hypothesis that pα is linear over functions, we deduce

(22.52)
pαpηqppq “ ρppqf ippq pα

ˆ
ρ
B
Bxi

˙
ppq ` `

1´ ρ2ppq˘pαpηqppq
“ 0 �
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The Cartan d operator

(22.53) The de Rham complex. The goal is to construct the de Rham complex

(22.54) 0 ÝÑ Ω0pXq dÝÝÑ Ω1pXq dÝÝÑ Ω2pXq dÝÝÑ ¨ ¨ ¨ dÝÝÑ ΩnpXq ÝÑ 0,

assuming dimX “ n. We have already constructed the vector spaces ΩkpXq in (22.37), so it remains

to construct the Cartan d operator. To do so we build on the affine space differential constructed

in Theorem 21.50. Recall that differential forms and d on affine space satisfy properties spelled out

in Proposition 21.74, Proposition 22.18 and Proposition 22.28.

(22.55) The de Rham differential d. The locality of d and the fact that d commutes with diffeo-

morphisms are key ingredients in the proof of the following.

Theorem 22.56. Let X be a smooth manifold. Then there exists a unique map d : Ω‚pXq Ñ Ω‚pXq
of degree `1 such that

(i) d is linear,

(ii) dpα1 ^ α2q “ dα1 ^ α2 ` p´1qkα1 ^ dα2, α1 P Ωk1pXq, α2 P Ω‚pXq,
(iii) d2 “ 0,

(iv) d agrees with the usual differential on Ω0pXq.
Furthermore, for all α P Ω‚pXq we have supppdαq Ă supppαq. Also, if ϕ : X 1 Ñ X is a smooth

map of manifolds, and α P Ω‚pXq, then

(22.57) ϕ˚dα “ dϕ˚α.

The Z-graded algebra Ω‚pXq in (22.38) is upgraded to a differential graded algebra (DGA)
`
Ω‚pXq, d˘

when equipped with the Cartan d operator.

Proof. Let tpUi, xiquiPI be a cover of X by coordinate charts, and choose a partition of unity tρiuiPI
subordinate to the cover. For any α P Ω‚pXq we have supppρiαq Ă Ui for all i. Define

(22.58) dα “
ÿ

iPI
d
`px´1

i q˚pρiαq
˘
,
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where the differential of px´1
i q˚pρiαq P Ω‚

`
xipUiq

˘
is the one determined uniquely on affine space

in Theorem 21.50. Since α “ ř
iPI ρiα and since d is assumed linear in (i), the definition (22.58)

is uniquely determined by the conditions in the theorem. But it remains to prove that the defini-

tion (22.58) is independent of the choice of cover and partition of unity.

Suppose tpVa, yaquaPA is another cover by coordinate charts, and tσauaPA is a subordinate parti-

tion of unity. Then

(22.59)

ÿ

iPI
d
`px´1

i q˚pρiαq
˘ “

ÿ

iPI

ÿ

aPA
d
`px´1

i q˚pρiσaαq
˘

“
ÿ

aPA

ÿ

iPI
d
`py´1

a q˚pσaρiαq
˘

“
ÿ

a

d
`py´1

a q˚pσaαq
˘
.

Notice that the form ρiσaα “ σaρiα has support in Ui X Va. The passage from the first to the

second line is Proposition 22.28 applied to ϕ “ ya ˝ x´1
i : xipUi X Vaq Ñ yapUi X Vaq. �

In the proof we implicitly use the fact that any two covers have a common refinement. So if

a quantity defined in terms of a cover, and we want to compare the computation in two different

covers, then we compare each to the computation in a common refinement. Here we use this idea

to prove that the differential is well-defined. We will use the same technique shortly to prove that

the integral is well-defined.

Lecture 23: Orientations and volumes

The problem of computing lengths, areas, and volumes dates from the beginnings of geometry

in ancient Babylonia around 5000 years ago. Our treatment is more modern, but does not start
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from first principles. Rather, we tell the data needed to introduce a notion of n-dimensional

volume in an n-dimensional real vector space. We do so in terms of the exterior algebra, and what

naturally emerges is a notion of signed volume. We begin with the sign, which is the structure of

an orientation.

Orientations

(23.1) Intuition: dimension 1. The notion of an orientation is familiar in low dimensions. There

are two directions to traverse a curve, and an orientation is a choice between them. The linear

version is a sense of direction on a 1-dimensional vector space L. This can be expressed as a choice

of nonzero vector e P L, but then if we multiply e by a positive scalar the resulting vector points

in the same direction. So an orientation is a choice of nonzero vector up to positive multiple. If we

consider the space Lzt0u of nonzero vectors, then there are two components in the usual (norm)

topology. An orientation o is a choice of one component; see Figure 72. (We already gave the

formal definition in Definition 13.34.)

 

Lilo
Figure 72. Orientation of a line

(23.2) Intuition: dimension 2. Let V be a 2-dimensional vector space. Then an orientation is

a sense of direction of rotation, a choice of clockwise vs. counterclockwise. A basis e1, e2 of V

determines an orientation: the direction of rotation from e1 to e2; see Figure 73. If e11, e12 is another

basis, and T : R2 Ñ R2 the change-of-basis matrix defined by

(23.3) e1j “ T ijei,

then e11, e12 and e1, e2 determine the same orientation if and only if detT ą 0. Recall the map

(23.4)
BpV q ÝÑ DetV zt0u
e1, e2 ÞÝÑ e1 ^ e2

where BpV q is the set of bases of V . The foregoing tells that two bases have the same orientation

map if and only if they map to the same component of DetV zt0u. For example, imagine fixing e1

and rotating e2. Compute what happens to e1 ^ e2 in the determinant line. We are led to define

an orientation of V as an orientation of DetV : a choice of component of DetV zt0u, as in (23.1).
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Figure 73. Orientation of a plane

(23.5) Intuition: dimension 3. An orientation of a 3-dimensional vector space is a choice of right-

hand rule vs. a left-hand rule. So if e1, e2, e3 is a basis of V , and the right-hand rule orientation is

chosen, then the basis is positively oriented if when we take our right hand and point the fingers

towards e1 and rotate so that they curl in the direction of e2, then our thumb and e3 should be on

the same side of the e1-e2 plane.

Here is the formal definition in any dimension.

Definition 23.6.

(1) Let V be a finite dimensional real vector space. An orientation of V is a choice o of

component of DetV zt0u.
(2) Suppose V, V 1 are finite dimensional, dimV “ dimV 1, and o, o1 are orientations of V, V 1.

An invertible linear map T : V 1 Ñ V preserves orientation if pdetT qpo1q “ o. If instead

pdetT qpo1q “ ´o, then we say that T reverses orientation.

Remark 23.7. If V “ V 1, then detT P R ­“0, and T preserves orientation if and only if detT ą 0.

Notice that we do not need to choose an orientation on V to determine whether an automorphism

T : V Ñ V preserves or reverses orientation.

(23.8) Bases and orientation. If dimV “ n, then as in (23.4) there is a map

(23.9)
BpV q ÝÑ DetV zt0u

e1, . . . , en ÞÝÑ e1 ^ ¨ ¨ ¨ ^ en
which takes a basis to a nonzero point of the determinant line. In this way a basis determines

an orientation. Moreover, the inverse images of the two components of DetV zt0u partition the

bases into two equivalence classes, the orbits of the action of the group GLǹ pRq of invertible nˆ n
matrices with positive determinant.

(23.10) Dual orientation. Let V be a finite dimensional real vector space with an orientation o.

There is an induced orientation o˚ of the dual space V ˚. Namely, we say that a nonzero vector ω P
DetV ˚ lies in o˚ iff

(23.11) xω,Ξy ą 0 for all Ξ P o Ă DetV ,

where x´,´y is the duality pairing DetV ˚ˆDetV Ñ R defined in Proposition 21.37; see Figure 74.
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Signed volume

Definition 23.12. Let V be a finite dimensional real vector space. A volume form is a nonzero

vector ω P DetV ˚.

A volume form ω determines an orientation oω of V ˚, namely the component of DetV ˚zt0u in

which ω lies; see Figure 76. By duality it determines an orientation of V as well.

If A is affine over V , then a volume form on V determines a translation-invariant volume form

on A. In linear geometry a volume form gives a notion of signed volume to parallelepipeds.

 

I
Hcp 4,34

Figure 75. Parallelepipeds in a vector space and an affine space

Definition 23.13. Let V be a real vector space and A an affine space over V . A k-dimensional

parallelepiped in V is the set of vectors

(23.14) ∥pξ1, . . . , ξkq “ ttiξi : 0 ď ti ď 1u Ă V

for vectors ξ1, . . . , ξk P V . A k-dimensional parallelepiped in A is the set of points

(23.15) ∥pp; ξ1, . . . , ξkq “ tp` tiξi : 0 ď ti ď 1u Ă A

for a point p P A and vectors ξ1, . . . , ξk P V .

The parallelepiped is nondegenerate if ξ1, . . . , ξk are linearly independent; otherwise it is degenerate.

There are many expressions for the same parallelepiped. In the vector case we can permute the

vectors, and in the affine case we can also change the choice of vertex.

(23.16) Oriented parallelepipeds. If the parallelepiped is nondegenerate, then a choice of presen-

tation which orders the vectors, as in (23.14) and (23.15), induces an orientation on the subspace

spanned by the vectors, which we consider to be an orientation on the parallelepiped. Hence we

speak of the oriented parallelepiped ∥pξ1, . . . , ξkq.
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Figure 76. Computation of signed volume

(23.17) Signed volume and volume. Let ω PŹkV ˚. Then for all k-dimensional subspaces W Ă V ,

the restriction of ω to W is either zero or is a volume form on W . If ξ1, . . . , ξk is a linearly

independent set in V , define the signed volume of the oriented parallelepiped spanned as

(23.18) ωpξ1 ^ ¨ ¨ ¨ ^ ξkq;

see Figure 76. Define the volume as

(23.19) Vol
`
∥pξ1, . . . , ξkq

˘ “ |ωpξ1 ^ ¨ ¨ ¨ ^ ξkq| .

Note the special case dimV “ n and ω P DetV ˚, which gives a notion of (signed) n-dimensional

volume.

Remark 23.20. We can also give meaning to |ω|, and in fact to a line |DetV ˚| of densities on V

which give a notion of volume without defining signed volume.

(23.21) Standard choices. The vector space Rn has a standard orientation in which the standard

basis e1, . . . , en is positively oriented. It has a standard volume form e1^¨ ¨ ¨^en, where e1, . . . , en is

the dual basis of pRnq˚. The reader should check for n “ 1, 2, 3 that (23.18) and (23.19) reproduce

standard formulas for length, area, and volume.

Orientations on manifolds

→
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Figure 77. The two orientations of a finite dimensional real vector space V
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(23.22) Orientation of a smooth manifold. Let X be a smooth manifold. Carry out the construc-

tion indicated in Figure 77 on each tangent space of X, and use local trivializations of the tangent

bundle TX Ñ X to construct a fiber bundle

(23.23) pX ÝÑ X

whose fiber at p P X is π0

`
DetTpXzt0u

˘
. Then (23.23) is a double cover, called the orientation

double cover of X.

Definition 23.24. Let X be a smooth manifold of dimension n.

(1) An orientation o of X is a section of the orientation double cover (14.11).

(2) X is orientable if a section of the orientation double cover exists.

(3) A volume form on X is a nowhere vanishing n-form ω P ΩnpXq.
An orientation is data; orientability is a condition. A volume form induces an orientation.

→

•

"

"

⇒ asanas
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Det Y

Figure 78. Nonorientability of the real projective plane

Example 23.25 (RP2 is not orientable). The argument which proves this assertion is indicated in

Figure 78. Represent RP2 as the unit disk D2 Ă A2 with antipodal points of the boundary BD2 “ S1

identified. The blue line segment pictured is an embedded RP1 Ă RP2, which is geometrically a

circle. Suppose the pictured basis e1, e2 at the left endpoint of RP1 is positively oriented. Then

transporting it along RP1 we must get positively oriented bases. By the time we end up at the right

endpoint we deduce that the pictured basis ẽ1, ẽ2 is also positively oriented. However, under the

differential of the antipodal map we have ẽ1 “ e1 and ẽ2 “ ´e2, from which ẽ1^ ẽ2 “ ´e1^e2, and

hence the two bases are oppositely oriented. This contradiction shows that RP2 is not orientable.

(23.26) Oriented charts. An orientation of a manifold distinguishes a subset of standard charts,

that is, charts with codomain An for some n.

Definition 23.27. Let X be an oriented manifold. A standard chart pU ;x1, . . . , xnq with values

in An is oriented if for each p P U the basis B{Bx1
ˇ̌
p
,. . . , B{Bxn ˇ̌

p
is a positively oriented basis

of TpX.
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If U is connected and n ě 1, and if the standard chart pU ;x1, . . . , xnq is not oriented, then the

standard chart pU ;´x1, x2, . . . , xnq is oriented.

Proposition 23.28. Let X be an oriented manifold and suppose pU ;x1, . . . , xnq, pV ; y1, . . . , ynq
are oriented charts. Then

(23.29) det

ˆ Bxi
Bya

˙

1ďi,aďn
ą 0

on U X V .

Here we write xi “ xipy1, . . . , ynq; the matrix in (23.29) is the differential of the coordinate change.

Proof. Let J : U X V Ñ R be the function on the left hand side of (23.29). Then

(23.30) dx1 ^ ¨ ¨ ¨ ^ dxn “ J dy1 ^ ¨ ¨ ¨ ^ dyn,

and since both dx1ppq, . . . , dxnppq and dy1ppq, . . . , dynppq are positively oriented bases of Tp̊X, it

follows that Jppq ą 0. �

Lecture 24: Integration on manifolds

In previous lectures we passed from differential calculus on affine space to differential calculus

on smooth manifolds: that is, to the differential calculus of differential forms. In this lecture we

do the same for integral calculus. The natural objects to integrate on manifolds are densities,

which are twisted differential forms. In the presence of an orientation on a manifold, densities

are canonically equivalent to differential forms, and it is the integration of differential forms over

oriented manifolds that we treat here. (It is a small variation to treat densities.) We begin with

some heuristic motivation for why 1-forms and 2-forms are the natural geometric objects to integrate

along curves and surfaces, respectively.

The key is the change of variables formula for the integral in affine space (Theorem 24.15). The

globalization of the integral is parallel to the globalization of the differential (Theorem 22.56). In

the next lecture we prove Stokes’ theorem, which is a generalization of the fundamental theorem

of calculus that relates integration and differentiation.

Motivation

(24.1) A Riemann sum for 1-forms. Let V be a normed linear space, A an affine space over V ,

and U Ă A an open set. Suppose C Ă U is a connected compact 1-manifold with boundary, which

we write as the image of an injective immersion γ : ra, bs Ñ U , where a ă b are real numbers. Our

goal is to define an integral which does not depend on the parametrization, so we will not use γ
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in any essential way. Let α : U Ñ V ˚ be a 1-form28 on U . We claim that 1-forms are the natural

objects to integrate over curves. To see why, approximate C by a piecewise affine curve as follows:

choose points p1, p2, . . . , pn`1 “in order”29 along C. Define ξi “ pi`1´pi P V to be the displacement

vector from pi to pi`1; see Figure 79. Then define the “Riemann sum”

(24.2)
nÿ

i“1

αpipξiq.

In essence this approximates C by a union of affine line segments pipi`1 and replaces α on each

line segment by the constant 1-form with value αpi . The formula is obtained from the stipulation

that the integral of a constant 1-form along an affine line segment is the pairing of the 1-form with

the displacement vector. In other words, to define
ş
C α we use the pairing

(24.3) V ˚ ˆ V ÝÑ R

on a piecewise constant approximation of the integrand and a piecewise constant approximation of

the region of integration.
 

t
Figure 79. Integration of a 1-form along a curve

Remark 24.4. Most definitions of integration begin with the notion of an integral of a piecewise

constant quantity and then introduce a limiting process.

(24.5) Orientation. Notice that (24.2) changes sign if we traverse the curve in the opposite direc-

tion. For then we sum in the opposite order—this is irrelevant since addition in R is commutative—

but also each ξi is replaced by ´ξi, and this does change the sign of the sum. Therefore, we need

one more piece of data for the integral to be well-defined: an orientation of C.

(24.6) 2-forms and surfaces. Now let Σ Ă U be a surface. We illustrate that, modulo the question

of orienting Σ, the natural object to integrate over Σ is a differential 2-form. We gave a very different

motivation for introducing 2-forms in (19.23).

Following the strategy of (24.1) choose a grid of points pij in Σ (1 ď i, j ď n ` 1) as depicted

in Figure 80. For example, we can suppose that we have a global parametrization by an injective

28It need only be continuous, not necessarily smooth, in order to define the integral, and we can also relax
continuity with a more sophisticated theory of integration.

29Use γ as a crutch: choose t1 “ a ă t2 ă ¨ ¨ ¨ ă tn`1 “ b in ra, bs and set pi “ γptiq.
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Figure 80. Piecewise parallelogram approximation of a surface

immersion from a square, and we take the pij to be the image of a lattice in the square. Then for

each i, j P t1, . . . , nu approximate a piece of Σ by the affine parallelogram with vertices

(24.7) pij , pij ` ξij , pij ` ηij , pij ` ξij ` ηij ,

where

(24.8)
ξij “ pi`1,j ´ pij
ηij “ pi,j`1 ´ pij

The 2-dimensional version of the Riemann sum (24.2) is

(24.9)
nÿ

i,j“1

ωpij pξij ^ ηijq,

where the wedge product ξij^ηij of vectors represents the linear parallelogram in V spanned by ξij
and ηij ; see (19.37). The pairing in (24.9) is

(24.10)
Ź2V ˚ ˆŹ2V ÝÑ R,

as defined in Proposition 21.37.

Remark 24.11. Just as the integral of a 1-form along a curve requires an orientation of the curve,

so too does the integral of a 2-form over a surface. An orientation in two dimensions is heuristi-

cally a coherent sense of rotation, which here determines the ordering of the sides ξij , ηij of each

parallelogram.

Integration and the change of variables formula in flat space
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(24.12) Integration of compactly supported functions. Let U Ă An be an open set. There is a

generalization of Riemann’s integral in one dimension to compactly supported functions in n di-

mensions. It is superceded by the theory of the Lebesgue integral. In either case we obtain a linear

function

(24.13)

ż

U
: Ω0

cpUq ÝÑ R

It is well-define on continuous functions, though the notation refers to smooth functions. In this

class we assume that this integration map on affine space is given.

(24.14) Behavior of the integral under a diffeomorphism. After linearity, the main property of

the integral (24.13) is the following.

Theorem 24.15 (change of variables). Let U,U 1 Ă An be open sets and f : U Ñ R a bounded

continuous function of compact support. Suppose ϕ : U 1 Ñ U is a C1 diffeomorphism. Then

(24.16)

ż

U
f “

ż

U 1
ϕ f̊ | det dϕ|.

The determinant factor is the continuous function which is the composition

(24.17) U 1 dϕÝÝÝÑ HompRn,Rnq detÝÝÝÑ R |´|ÝÝÝÑ R

It tells the instantaneous stretching factor on volumes of the diffeomorphism ϕ. We have stated

Theorem 24.15 for continuous functions and C1 diffeomorphisms; in this class we will only use

smooth functions and diffeomorphisms.

Example 24.18. The special case n “ 1 of (24.16) is not the usual change of variables formula

you first learned in calculus, which is for definite integrals. Thus if into an integral you substitute

(24.19)
x “ ´2y

dx “ ´2dy

you obtain formulas such as

(24.20)

ż 4

2
x2 dx “

ż ´2

´1
p4y2qp´2dyq.

On the other hand, Theorem 24.15 addresses the integral over a subset, which here we apply to a

closed subset, to obtain instead

(24.21)

ż

r2,4s
x2 |dx| “

ż

r´2,´1s
4y2 2|dy|.

In (24.16) we did not write the standard measure on An, which here we render in standard affine

coordinates x1, . . . , xn as |dx1 ¨ ¨ ¨ dxn|. The absolute value is consonant with the absolute value in

the change of variables formula (24.16).

Remark 24.22. The change of variables (24.20) treats x2 dx as a differential 1-form on the closed

interval r2, 4s, whereas change of variables (24.21) is for the integral of the density x2 |dx|.
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(24.23) Interlude: densities. Let V be an n-dimensional real vector space and BpV q the set of

bases, i.e., isomorphisms Rn Ñ V .

Definition 24.24. The line of densities of V is

(24.25) |DetV ˚| “ tµ : BpV q Ñ R : µpb ¨ gq “ | det g|µpbq for all b P BpV q, g P GLnRu.

Let |DetV ˚|` Ă |DetV ˚| be the ray of positive functions. A (positive) density is an element

of |DetV ˚|`.

Recall that BpV q is a right GLnR-torsor, that is, the group of invertible nˆn matrices acts simply

transitively on BpV q by right composition. A density µ is a volume function on parallelepipeds

in V . If A is an affine space over V , then µ defines a translation-invariant density on A, in particular

a translation-invariant volume function on parallelepipeds in A.

More generally, we can consider variable densities

(24.26) µ : U ÝÑ |DetV ˚|

defined on an open set U Ă A. The product of a function and a density is a density, so for example

in (24.21), the integrand x2|dx| is a variable density on the closed interval r2, 4s.
On standard affine space An we have the standard constant density |dx1 ¨ ¨ ¨ dxn|. The integral

on functions in (24.13) is obtained as the composition of multiplication f ÞÑ f |dx1 ¨ ¨ ¨ dxn| by the

standard density with integration of densities.

(24.27) The integral on n-forms in An. On standard flat space we use the isomorphism

(24.28)
Ω0
cpUq –ÝÝÑ Ωn

c pUq
f ÞÝÑ ωf “ f dx1 ^ ¨ ¨ ¨ ^ dxn

to port the integral (24.13) of functions to an integral

(24.29)

ż

U
: Ωn

c pUq ÝÑ R

ωf ÞÝÑ
ż

U
f

of n-forms compactly supported in an open set U Ă An. Note that under the diffeomorphism

ϕ : U 1 Ñ U in Theorem 24.15 we have

(24.30) ϕ˚ωf “ det dϕ ¨ ωϕ˚f .

Therefore, the integral (24.29) (i) is linear, and (ii) satisfies the change of variables formula

(24.31)

ż

U
ω “

ż

U 1
ϕ˚ω

if ϕ is orientation-preserving so that det dϕp1 ą 0 for all p1 P U 1.
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(24.32) The integral of n-forms on an arbitrary affine space. Now let A be an affine space over

an n-dimensional normed linear space V . Assume V is oriented. Then A is oriented (as an n-

dimensional manifold). Let U Ă A be an open subset. Then there is an integral

(24.33)

ż

U
: Ωn

c pUq ÝÑ R

which can be defined by pullback from (24.29) using an oriented affine coordinate system A
–ÝÝÑ An.

The change of variables formula (24.31) shows that the resulting integral (24.33) is independent of

the choice of oriented affine coordinate system.

Integration of differential forms on oriented manifolds

The next step is to deploy a partition of unity to globalize the integral (24.29) to a smooth

manifold equipped with an orientation.

Theorem 24.34. Let X be an oriented manifold. Then there exists a unique linear map

(24.35)

ż

X
: Ωn

c pXq ÝÑ R

such that if pU, xq is an oriented chart and ω P Ωn
c pUq, then

(24.36)

ż

X
ω “

ż

xpUq
px´1q˚ω.

We illustrate (24.36) in Figure 81.

→
•

•
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Figure 81. Reducing the integral on a manifold to the integral on affine space

Proof. Let tpUi, xiquiPI be a cover of X by oriented charts, and let tρiu be a subordinate partition

of unity. Then ω “ ř
iPIpρiωq, and supppρiωq Ă supppρiqX supppωq is a compact subset of Ui. The

integral of ρiω is determined by (24.36), so we must have

(24.37)

ż

X
ω “

ÿ

i

ż

xipUiq
px´1
i q˚pρiωq.
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This proves uniqueness. For existence we define the integral by (24.35) and check it is independent of

choices. Thus let tpVa, yaquaPA be another cover of X by oriented charts and tσauaPA a subordinate

partition of unity. Then

ż

X
ω “

ÿ

i

ż

xipUiq
px´1
i q˚pρiωq

“
ÿ

i

ÿ

a

ż

xipUiXVaq
px´1
i q˚pρiσaωq

“
ÿ

a

ÿ

i

ż

yapUiXVaq
pxi ˝ y´1

a q˚px´1
i q˚pρiσaωq

“
ÿ

a

ÿ

i

ż

yapUiXVaq
py´1
a q˚pρiσaωq

“
ÿ

a

ż

yapVaq
py´1
a q˚pσaωq

(24.38)

as desired. The passage to the third line is the change of variables formula (24.31), which applies

since all charts are positively oriented. �

We leave the proof of the following to the reader.

Proposition 24.39. The integral (24.35) satisfies the following properties.

(1) Let ´X denote the oppositely oriented manifold to X. Then

(24.40)

ż

´X
ω “ ´

ż

X
ω, ω P Ωn

c pXq.

(2) Let X 1 be an oriented manifold and ϕ : X 1 Ñ X an orientation-preserving diffeomorphism.

Then

(24.41)

ż

X 1
ϕ˚ω “

ż

X
ω, ω P Ωn

c pXq.

Example 24.42. Let S2 Ă A3
x,y,z be the standard unit sphere. For now we assume an orientation;

below we discuss a canonical orientation of the boundary of an oriented manifold with boundary,

and so S2 inherits an orientation by virtue of being the boundary of the closed unit ball D3. Define

(24.43) ω “ x dy ^ dz ` y dx^ dz ` z dx^ dy,

as in Example 22.21. Then ω P Ω2pA3q, and it restricts to an element of Ω2pS2q, which necessarily

has compact support since S2 is compact. To integrate it we may omit a set of measure zero

from S2 and parametrize the complement. That we do via the parametrization

(24.44)
ϕ : p0, πq ˆ p0, 2πq ÝÑ A3

φ , θ ÞÝÑ psinφ cos θ , sinφ sin θ , cosφq
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This embeds an open rectangle in A2
φ,θ into the unit sphere in A3; the complement of the image

is a closed half great circle, which is the union of the open half great circle and two points. It

follows from Corollary 8.4 (see also Proposition 8.10(3)) that this complement has measure zero.

To compute we write

(24.45)

x “ sinφ cos θ

y “ sinφ sin θ

z “ cosφ

and then apply d:

(24.46)

dx “ cosφ cos θ dφ´ sinφ sin θ dθ

dy “ cosφ sin θ dφ` sinφ cos θ dθ

dz “ ´ sinφdφ.

These are identities among functions and 1-forms on S2. Substitute (24.45) and (24.46) into (24.43)

and use the rules of exterior algebra to deduce

(24.47) ϕ˚α “ sinφdφ^ dθ.

(In computations it is customary to omit ‘ϕ˚ ’ in (24.47).) Now apply (24.36) and (24.29) to

compute

(24.48)

ż

S2

ω “
ż

p0,πqˆp0,2πq
sinφdφ^ dθ

“
ż π

0
dφ

ż 2π

0
dθ sinφ

“ 4π,

where in the second line we use Fubini’s theorem to convert the integral over the rectangle into an

iteration of integrals over an interval.

The boundary orientation

(24.49) Quotient Before Sub. Suppose

(24.50) 0 ÝÑ V 1 iÝÝÑ V
jÝÝÑ V 2 ÝÑ 0

is a short exact sequence of finite dimensional vector spaces. It is elementary to prove

(24.51) dimV 2 ` dimV 1 “ dimV.
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The corresponding statement for determinant lines is a canonical isomorphism30

(24.52) DetV 2 bDetV 1 ÝÑ DetV.

We define (24.52) in terms of three choices:

(24.53)

e11, . . . , e1k basis of V 1

e21, . . . , e2̀ basis of V 2

ẽ21, . . . , ẽ2̀ lifts of the e2j to V

Then ẽ21, . . . , ẽ2̀, e11, . . . , e1k is a basis of V , and we define (24.52) on basis elements:

(24.54) pe21 ^ ¨ ¨ ¨ ^ e2̀q b pe11 ^ ¨ ¨ ¨ ^ e1kq ÞÝÑ ẽ21 ^ ¨ ¨ ¨ ^ ẽ2̀ ^ ipe11q ^ ¨ ¨ ¨ ^ ipe1kq

The mnemonic “Quotient Before Sub” comes from the ordering in (24.54), which by experience is

a convention that gives nice formulas in many situations.

(24.55) 2 out of 3. Recall that an orientation of a finite dimensional real vector space is an

orientation of its determinant line. Suppose two out of the three vector spaces V 1, V 2, V are

equipped with an orientation. Then the isomorphism (24.52) can be used to orient the remaining

vector space.

×? . . . ,x
"

s ¥21 - - -

n€¥#•×→ EH > ×
'

one TÉ
up

Figure 82. Boundary orientation in a standard boundary chart

(24.56) The induced boundary orientation. Suppose X is an oriented manifold with boundary.

Then at p P BX we have the short exact sequence

(24.57) 0 ÝÑ TppBXq ÝÑ TpX ÝÑ νp ÝÑ 0

where νp is the normal line to the boundary. In this exact sequence νp is oriented by the outward

normal; see (13.32). Since TpX is oriented, by the 2-out-of-3 rule there is an induced orientation

30One can combine (24.51) and (24.52) into an isomorphism of Z-graded lines. Also, there is a generalization
for not-short but finite length exact sequences: the alternating product of the (Z-graded) determinant lines has a
canonical nonzero element, which is the determinant of the exact sequence.
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of TppBXq. This construction proves that the boundary of an orientable manifold is orientable,

and furthermore gives a canonical orientation of the boundary of an oriented manifold. Figure 82

illustrates the boundary orientation in a standard boundary chart, which is arranged so that the

Quotient Before Sub convention is compatible with the standard orientation of An. See (13.36) as

well as Remarks 13.37 and 13.38.

Lecture 25: Stokes’ theorem; oriented degree and applications

In this lecture we begin with Stokes’ Theorem (Theorem 25.1), which is a generalization of the

fundamental theorem of calculus (Example 25.12) and a major theorem in differential topology,

despite the relative simplicity of its proof (which uses the fundamental theorem of calculus). We

treat the special cases of 0- and 1-manifolds separately, since they are important in the sequel.

We then turn back to topology. Our first move is to generalize the mod 2 degree (Lectures 15

and 17) to an integer degree for maps between equidimensional oriented manifolds. This oriented

degree is a basic invariant, and we use it to prove the Hairy Ball Theorem (Corollary 25.47) and

to prove that RP2m is not orientable for all m P Zě1 (Corollary 25.50).

Stokes’ Theorem

The integral in Theorem 24.34 extends to manifolds with boundary in a straightforward manner.

In the following Stokes’ theorem we use the boundary orientation induced on an oriented manifold

with boundary; see (24.56).

Theorem 25.1. Let X be an oriented n-dimensional manifold with boundary, and suppose ω P
Ωn´1
c pXq. Denote the inclusion of the boundary as i : BX Ñ X. Then

(25.2)

ż

X
dω “

ż

BX
i˚ω.

Remark 25.3. Write the integral as a pairing between a manifold and a compactly supported

differential form of top degree. Then (25.2) becomes an adjunction

(25.4) xdω,Xy “ xω, BXy

between the Cartan d-operator and the boundary operator B.

Proof. Since both sides of (25.2) are linear in ω, in view of the definition (24.37) of the integral we

reduce to the case in which supppωq is contained in the domain U of a single standard chart pU, xq.
As illustrated in Figure 83 there are two types of charts: Type I contained in IntpXq and Type II
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Figure 83. Type I and Type II standard charts on a manifold with boundary

if the intersection with BX is nonempty; see Lecture 13. We assume ω has been transported

to xpUq Ă An, and write

(25.5) ω “ fi dx
1 ^ ¨ ¨ ¨ ^ dxiL ^ ¨ ¨ ¨ ^ dxn,

where fi, i “ 1, . . . , n, is a smooth function with compact support in xpUq and the expression is

summed over i. Then

(25.6) dω “
nÿ

i“1

p´1qi´1 Bfi
Bxi dx

1 ^ ¨ ¨ ¨ ^ dxn

and, substituting x1 “ 0 into (25.5),

(25.7) i˚ω “ f1p0, x2, . . . , xnq dx2 ^ ¨ ¨ ¨ ^ dxn.

If pU, xq is of Type I, then the left hand side of (25.2) reduces to

(25.8)
nÿ

i“1

ż

An
p´1qi´1 Bfi

Bxi |dx
1 ¨ ¨ ¨ dxn|.

By Fubini we can first integrate the ith term over xi, and that definite integral vanishes by the

fundamental theorem of calculus, since fi has compact support. The right hand side of (25.2)

vanishes since supppωq X BX “ ∅.

If pU, xq is of Type II, then the left hand side reduces to (25.8), and the argument for i “ 2, . . . , n

is as before: those terms vanish. Only the term with i “ 1 contributes to

ż

xpUq
dω “

ż

An´1

|dx2 ¨ ¨ ¨ dxn|
ż 0

´8
dx1 Bf1

Bx1

“
ż

An´1

|dx2 ¨ ¨ ¨ dxn| f1p0, x2, . . . , xnq

“
ż

BxpUq
i˚ω.

(25.9)



172 D. S. FREED

At the last stage we use the fact that the oriented chart pU ;x1, . . . , xnq of X restricts to an oriented

chart pU X BX;x2, . . . , xnq of BX; see Figure 82. �

Example 25.10. We continue Example 24.42. From (24.43) we compute dω “ 3 dx ^ dy ^ dz.

Stokes’ theorem implies

(25.11)

ż

S2

ω “
ż

D3

dω “ 3 volpD3q “ 3p4
3
πq “ 4π,

which agrees with (24.48), as it must. We leave the reader to check that with the standard ori-

entation of D3, which we use to identify dx ^ dy ^ dz with the standard density on A3, the

parametrization (24.44) is positively oriented.

Example 25.12. Theorem 25.1 generalizes the fundamental theorem of calculus, though one can-

not derive the latter from the former since the proof reduces the former to the latter. Nonethe-

less, it is instructive to observe that if X “ ra, bs Ă A1 “ R with the standard orientation, and

f : ra, bs Ñ R is a smooth function, then

(25.13)

ż

ra,bs
df “

ż b

a
f 1pxq dx

and

(25.14)

ż

Bra,bs
f “ fpbq ´ fpaq;

the equality of (25.13) and (25.14) is the fundamental theorem of calculus. Equation (25.14)

requires additional discussion, which we provide in the next section.

The general Stokes’ Theorem 25.1 specializes to Green’s theorem in the plane, Stokes’ theorem

for surfaces, Gauss’ theorem in 3-space, etc.

Orientations and integrals in zero and one dimensions

(25.15) The zero-dimensional vector space. For any finite dimensional real vector space V , the

determinant line is the highest exterior power DetV “ ŹnV , n “ dimV . So, if V “ 0 we have

DetV “ Ź0V “ R. The line R has a canonical orientation given by the positive real numbers

Rą0 Ă R‰0. Hence there is a canonical orientation of V “ 0, as pictured in Figure 84. We call this

canonical orientation ‘`’ and the opposite orientation ‘´’.
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Figure 84. The canonical orientation of R “ Det 0, and the boundary orientation of r0, 1s
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(25.16) Orientations on a zero-dimensional manifold. A 0-manifold S is a finite or countable set

of points, and by (25.15) an orientation of S is a function

(25.17) o : S ÝÑ t`,´u.

Definition 25.18. Let S be a compact 0-manifold with orientation o. Then the signed count

of S “ tp1, . . . , pNu is

(25.19) #sS “
Nÿ

i“1

oppiq.

In the sum we interpret oppiq as `1 or ´1.

(25.20) Boundaries of oriented 1-manifolds. Let X “ r0, 1s be equipped with the standard ori-

entation in which the vector field B{Bx is positively oriented. We compute the induced orienta-

tion (24.56) on the boundary BX “ t0, 1u. At the point p P BX the short exact sequence (24.57)

reduces to

(25.21)
0 // TppBXq // TpX // νp // 0

0 R R

The induced orientation of the zero vector space subspace is ` or ´ according as the isomorphism

TpX Ñ νp preserves or reverses orientation. The vector B{Bx P TpX is positively oriented for

p P t0, 1u. At p “ 1 the outward normal is B{Bx, and so the induced orientation on the boundary

is `, whereas at p “ 0 the outward normal is ´B{Bx, and so the induced orientation on the boundary

is ´; see the second drawing in Figure 84. In other words, as oriented manifolds we have

(25.22) Br0, 1s “ t1u ´ t0u.

Theorem 25.23. Let X be a compact oriented 1-manifold with boundary. Then #sBX “ 0.

Proof. The Classification Theorem 14.1 of 1-manifolds implies that X is a finite union of circles

and closed intervals. The result now follows since #s

`Br0, 1s˘ “ 0 by (25.20). �
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(25.24) Stokes’ theorem on a closed interval. We revisit Example 25.12. Let a ă b be real numbers

and let f : ra, bs Ñ R be a smooth function. Stokes’ Theorem 25.1 implies

(25.25)

ż

ra,bs
df “

ż

Bra,bs
f.

The right hand side is the integral of a function over an oriented 0-manifold, and for that we need

a special definition (or give a slightly modified exposition of Theorem 24.34; the existing account

does not do well in dimension zero). Namely, if S is a 0-manifold (a finite or countable set),

o : S Ñ t`1,´1u is an orientation, and f : S Ñ R is a compactly supported function, then define

(25.26)

ż

S
f “

ÿ

pPS
oppqfppq.

With that understood, and using df “ f 1pxq dx, (25.25) reduces to the fundamental theorem of

calculus

(25.27)

ż b

a
f 1pxq dx “ fpbq ´ fpaq.

Orientation of a Cartesian product

(25.28) Direct sum of vector spaces. Let V 1, V 2 be finite dimensional oriented real vector spaces.

There is an induced direct sum orientation31 on V “ V 1 ‘ V 2. Namely, suppose given

(25.29)
e11, . . . , e1k basis of V 1

e21, . . . , e2̀ basis of V 2

Then define an isomorphism

(25.30) DetV 1 bDetV 2 ÝÑ DetV

by

(25.31) pe11 ^ ¨ ¨ ¨ ^ e1kq b pe21 ^ ¨ ¨ ¨ ^ e2̀q ÞÝÑ e11 ^ ¨ ¨ ¨ ^ e1k ^ e21 ^ ¨ ¨ ¨ ^ e2̀

We use this isomorphism to induce an orientation of V from orientations of V 1 and V 2. (In fact,

if two out of three of V, V 1, V 2 are oriented, then this isomorphism induces an orientation of the

remaining vector space.)

31We might be tempted to apply (24.49) by writing the direct sum as a short exact sequence. But there are
two ways to do so—we can put either V 1 or V 2 as the sub—and if dimV 1, dimV 2 are both odd we get opposite
orientations of V . So we use the order of the direct sum to define the orientation.
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(25.32) Cartesian products. Let X 1, X2 be smooth manifolds. Then the Cartesian product is

naturally a smooth manifold (Example 3.8), and at x1 P X 1, x2 P X2 we have

(25.33) Tpx1,x2qpX 1 ˆX2q “ Tx1X
1 ‘ Tx2X2.

Hence if X 1, X2 are oriented, there is an induced orientation on X 1 ˆX2.
In particular, if X is any oriented manifold the Cartesian product r0, 1s ˆ X is an oriented

manifold with boundary, and by the discussion in (25.20) we deduce a canonical isomorphism

(25.34) B`r0, 1s ˆX˘ “ t1u ˆX ´ t0u ˆX

of oriented manifolds; compare (25.22).

Oriented degree

(25.35) Setup. We resume (15.9) with the addition of orientations. Thus let X be an oriented

compact manifold, Y an oriented connected manifold, f : X Ñ Y a smooth map, and assume

dimX “ dimY “ n.

(25.36) The (oriented) degree. At a regular point p P X of f , the differential dfp : TpX Ñ TfppqY
is an isomorphism.

Definition 25.37. The local degree of f at a regular point p is `1 if dfp is orientation-preserving

and is ´1 if dfp is orientation-reversing.

PEX regular point dfp : Tpx ftp.gy (1) ti→q+ path in Y
, go ,q , reg .

values

[oil → y

Define degpf = {It } if dfp is orientation - {the
"'T idea ,]×f

reversing }
. ftp..FI ¥I

F
MEK ¥→ FEM co ,Dx✗ [oil ✗ Y

Det Tpx Det Typ,Y FIZ
,

OF=f±f

Need to orient f-
"
(E) ccoixx .

Deff : If q
is a regular walk off , define

f. yz, is a compact
oriented 1- mfld ⇒ 1+-9%-1=0 .

andg ,

degf = -2 degpf . (= #sf -187)
petty (4) re 7- neg

uahe of got ,

then

Thm ftp.xs.t.gof/p1--r ,

Then

Properties : (1) independent of q
(a) homotopy invariant of f- dfp
(g) if ✗ -0W ,

waited compact 4° ' Tpx⇒¥,Y d¥TrZ
f- OF ,

F :w→Y ⇒ degf=o

(4) ✗ -ty9→z ⇒ degcgoftdegcgdglfl. É¥g¥

Figure 86. The local degree degp f of f at p

If q P Y is a regular value, define

(25.38) deg f “
ÿ

pPf´1pqq
degp f.

The right hand side depends on q, whereas the left hand side purports not to. The following

summarizes the basic properties of the degree.

Proposition 25.39.
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(1) The right hand side of (25.38) is independent of the regular value q.

(2) If f : r0, 1s ˆX Ñ Y is a smooth homotopy, then deg f0 “ deg f1.

(3) If W is a compact oriented manifold with boundary and F : W Ñ Y is a smooth map, then

deg BF “ 0.

(4) If X
fÝÑ Y

gÝÑ Z is a sequence of smooth maps, where X,Y are compact, Y,Z are connected,

and dimX “ dimY “ dimZ, then degpg ˝ fq “ pdeg gqpdeg fq.
The proof depends on yet more constructions with orientations, which we defer to the next lecture.

Namely, if W,Y are oriented manifold, Z Ă Y an oriented submanifold, and F : W Ñ Y a smooth

map transverse to Z, then the submanifold F´1pZq Ă W is orientable and in fact has a canonical

orientation. Furthermore, if dimW “ dimY and Z “ tqu Ă Y is a single point, then the induced

orientation at p P F´1pqq agrees with the local degree degp F . We also implicitly use a comparison

of the boundary orientation of a transverse inverse image and the orientation of the transverse

inverse image of a boundary, another fact we treat in the next lecture. We suggest the reader to

refer back to (15.12) and (17.7) to review the proofs in the absence of orientations.

Proof. Let t ÞÑ qt be a smooth path in Y between regular values q0 and q1. As in Figure 49

form the map idr0,1sˆf : r0, 1s ˆ X Ñ r0, 1s ˆ Y and let Z Ă r0, 1s ˆ Y be the graph of t ÞÑ qt.

Use Theorem 17.2 to perturb idr0,1sˆf to a map F which is transverse to Z and which agrees

with f on the boundary. Then S :“ F´1pZq is a 1-dimensional submanifold of r0, 1s ˆ X and

BS “ t0u ˆ f´1pq0q > t1u ˆ f´1pq1q. As stated before the proof, there is a canonical orientation

on S, and the induced boundary orientation agrees with the local degree of f , up to sign. Now

(25.40)
ÿ

pPf´1pq1q
degp f “

ÿ

pPf´1pq1q
degp f

follows from Theorem 25.23.

The proof of (2) is the same as that of Theorem 15.14(2), except that we include orientations

and use Theorem 25.23 in place of Corollary 14.3.

The argument for (3) follows that for Proposition 17.9. Let q P Y be a simultaneous regular value

of F, BF . Then F´1pqq ĂW is a compact 1-dimensional submanifold with BF´1pqq “ F´1pqqXBW .

It inherits an orientation. Now apply Theorem 25.23.

For (4), let r P Z be a simultaneous regular value of g and g ˝ f . Then all points of g´1prq are

regular values of f . Now for p P pg ˝ fq´1pqq we have dpg ˝ fqp “ dgfppq ˝ dfp, and so degppg ˝ fq “
degfppqpgq ¨ degppfq. Hence

(25.41)

degpg ˝ fq “
ÿ

pPpg˝fq´1prq
degppg ˝ fq

“
ÿ

pPpg˝fq´1prq
degfppqpgq ¨ degppfq

“
ÿ

qPg´1prq
degqpgq

ÿ

pPf´1pqq
degppfq

“ pdeg gqpdeg fq. �
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Applications

(25.42) The degree of the antipodal map. Let Sn Ă Rn`1 be the unit sphere and let α : Sn Ñ Sn

be the antipodal map. Note that α is the restriction of the map ´1: Rn`1 Ñ Rn`1.

Theorem 25.43. α is not homotopic to the identity map if n is even.

Proof. We have degpidSnq “ 1, as it is for any identity map. We claim degpαq “ p´1qn`1; then

the theorem follows immediately from Proposition 25.39(2). For the claim, take q “ p´1, 0, . . . , 0q,
so that f´1pqq consists of the single point p “ p`1, 0, . . . , 0q. Orient Sn as the boundary of the

closed unit ball Dn`1. Then both TpS
n and TqS

n are identified with the subspace Rn Ă Rn`1 of

vectors with first coordinate zero. However, the natural isomorphism Rn Ñ TpS
n is orientation-

preserving, whereas the natural isomorphism Rn Ñ TpS
n is orientation-reversing. The differential

dαp : TpS
n Ñ TqS

n is ´1: Rn Ñ Rn under these isomorphisms, which is orientation-preserving iff

n is even. The degree computation follows. �

• •
•

Tps
"

SIR
" '

Figure 87. The tangent space to the sphere

(25.44) The hairy ball theorem. If p P Sn, then

(25.45) TpS
n “  

ξ P Rn`1 : xp, ξy “ 0
(
,

which is obtained by differentiating the defining equation xp, py “ 1 of Sn Ă Rn`1. If n is odd, then

(25.46) ξp “ px2,´x1, x4,´x3, . . . q, p “ px1, x2, . . . , xn`1q P Sn,

is a nowhere vanishing vector field on Sn.

Corollary 25.47. If n is even, then Sn does not admit a nowhere vanishing vector field.

Proof. If ξ is a nowhere vanishing vector field on Sn, define

(25.48) ftppq “ cosptqp` sinptqξp, t P r0, 1s.

This is a smooth homotopy from f0 “ idSn to f1 “ α, which contradicts Theorem 25.43. �
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(25.49) Real projective space. If n is odd, then the antipodal map α : Sn Ñ Sn is orientation-

preserving. It is the deck transformation of the double cover π : Sn Ñ RPn, and so an orientation

on Sn induces an orientation of the quotient RPn.

Corollary 25.50. If n is even, then RPn is not orientable.

Proof. Assume RPn is oriented. Then from the commutative diagram

(25.51)

Sn
α //

π
��

Sn

π
��

RPn
idRPn // RPn

and Proposition 25.39(4) we deduce

(25.52) degpπq degpαq “ degpidq degpπq,

which contradicts degpαq “ ´1. �

Lecture 26: Preimage orientation; oriented degree and differential forms

We begin in this lecture by making good on a promise we made following the statement of Propo-

sition 25.39. Namely, we orient the transverse preimage S in an oriented manifold X of an oriented

submanifold Z Ă Y of an oriented manifold Y . If X has nonempty boundary, then BS has two

natural orientations: (i) the boundary orientation as the boundary of the oriented manifold S and

(ii) the orientation as the preimage of Z by the boundary map BX Ñ Y . The comparison (26.10) of

these orientations is a computation with determinant lines, and it illustrates the power of express-

ing orientations in terms of exterior algebra. Quite generally, algebra is used to express geometric

ideas in mathematics. For smooth manifolds it is linear algebra in its many forms which appears in

local computations, since a linear space—the tangent space—is attached to each point of a smooth

manifold. In algebraic geometry one uses commutative algebra for both local and global compu-

tations. In topology one uses homological algebra and category theory, and these spill over into

noncommutative geometry and related subjects.

In the second half of this lecture we prove a formula (Theorem 26.18) which relates the integral

of differential forms to the oriented degree of a map. It generalizes the change of variables formula

for the integral. It is also a first example of a formula which expresses a global quantity—the degree

of a map—as an amalgamation (here an integral) of local quantities. We use this formula to define

the winding number of a curve in the plane, and then introduce complex differential forms to bring

out a new perspective on formulas you’ve seen in complex analysis.
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Orientation of a transverse preimage

(26.1) Setup. Let X,Y be oriented manifolds, Z Ă Y an oriented submanifold, and f : X Ñ Y a

map such that f &́ Z. Set S :“ f´1pZq Ă X.

(26.2) Induced orientation. In this situation the manifold S is orientable, and in fact it car-

ries a canonical orientation. We use the “2 out of 3” rule (24.55), following “Quotient Before

Sub” (24.49), applied twice to the short exact sequence (7.9) of tangent spaces. Namely, for p P S
we have the commutative diagram

(26.3)

0 // TpS

dfp

��

// TpX

dfp

��

// νppS Ă Xq
dfp–
��

// 0

0 // TfppqZ // TfppqY // νfppqpZ Ă Y q // 0

in which the rows are short exact sequences. The differential dfp : TpX Ñ TfppqY induces the left

vertical map on subspaces and therefore the right vertical map on the quotients. The latter is an

isomorphism since f &́p Z.

The induced orientation on TpS is obtained by a 3-step procedure:

(1) Use the orientations of Z and Y to induce an orientation of νfppqpZ Ă Y q.
(2) Use the right vertical isomorphism to transport that orientation to νppS Ă Xq.
(3) Combine with the orientation of X to induce an orientation of TpS.

In steps (1) and (3) we deploy the isomorphism (24.52) to induce an orientation.

Remark 26.4. The same procedure works if X is a manifold with boundary and Bf &́ Z (as well as

f &́ Z). In this case there are two natural orientations of BS, which we compare below.

Y
p

•

off
•

< ox

Tps
"

s.lt#.-- • Z

SIR
" '

f ✓
y

Ve

9=1--1

Y① PN

df

⑨q
☒

Figure 88. Orientation of a transverse preimage

Example 26.5. Let X Ă A2
x,y be the closed unit disk, Y “ R, Z “ t0u Ă R, and f : X Ñ R

the function fpx, yq “ y; see Figure 88. Then S :“ f´1p0q is a diameter of the disk. Use the

standard orientation of A2 in which B{Bx, B{By is an oriented basis. The real line R is oriented

as usual, and we take the ` orientation of the point Z “ t0u Ă R. In this case the bottom row

of (26.3) degenerates: the sub is the zero vector space and the quotient map is an isomorphism.
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Hence the quotient is canonically isomorphic to TfppqR, and since we use the ` orientation on the

sub the induced orientation (1) of the quotient agrees with that of the ambient space: it is the

usual orientation of R. In step (2) the normal to S in X has positive orientation pointing up in the

figure. In step (3) a vector pointing up is the first vector of an oriented basis of X, and so we see

from Outward Normal First that ´B{Bx is positively oriented on S.

This orientation of S induces a boundary orientation (24.56) of BS which is ` at the left

endpoint p´1, 0q and ´ at the right endpoint p`1, 0q. Alternatively, we can orient BS as the

transverse inverse image of Z Ă Y via the map Bf : BX Ñ Y . In this context consider the 3-step

procedure at p “ p´1, 0q. Each sub in (26.3) is the zero vector space. Steps (1) and (2) are the same

as in the previous paragraph. Then at p the vector B{By is positively oriented in the normal space

to p in BX but is negatively oriented in the tangent space to BX. Hence the induced orientation

on BS at p is ´. We leave the reader to check that the induced orientation of BS at p`1, 0q is `.

Observe that the two natural induced orientations of BS are opposite in this case, which agrees

with Proposition 26.7 below.

(26.6) Comparison of boundary orientations. In some applications it is only important to know

that the two orientations of BS are equal or opposite; the precise sign does not matter. Nonetheless,

we compute it.

Proposition 26.7. Let X be an oriented manifold with boundary, Y an oriented manifold, Z Ă Y

an oriented submanifold, and f : X Ñ Y a map such that f, Bf &́ Z. Then as oriented manifolds,

(26.8) B“f´1pZq‰ “ p´1qcodimpZĂY qpBfq´1pZq.

The left hand side uses the boundary orientation whereas the right hand side uses the inverse image

orientation.

Proof. Set S “ f´1pZq. We compute at p P BS, but for convenience leave off the point in the

notation. We have the exact sequences

(26.9)

0 ÝÑ T pBSq ÝÑ TS ÝÑ νpBS Ă Sq ÝÑ 0

0 ÝÑ T pBXq ÝÑ TX ÝÑ νpBX Ă Xq ÝÑ 0

0 ÝÑ TS ÝÑ TX ÝÑ νpS Ă Xq ÝÑ 0

0 ÝÑ T pBSq ÝÑ T pBXq ÝÑ νpBS Ă BXq ÝÑ 0

Let b denote the boundary orientation and ii the inverse image orientation. The dual space to

a line L is denoted L´1. Repeatedly apply (24.52) with care about the order, which encodes
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orientations, and use the convention that ´L is the oppositely oriented line to an oriented line:

(26.10)

DetT pBSqpbq – νpBS Ă Sq´1 bDetTS

– νpBX Ă Xq´1 bDetTS

– νpBX Ă Xq´1 bDet νpS Ă Xq´1 bDetTX

– νpBX Ă Xq´1 bDet νpZ Ă Y q´1 bDetTX

– νpBX Ă Xq´1 bDet νpZ Ă Y q´1 b νpBX Ă Xq bDetT pBXq
– p´1qcodimpZĂY qDet νpZ Ă Y q´1 bDetT pBXq
– p´1qcodimpZĂY qDet νpBS Ă BXq´1 bDetT pBXq
– p´1qcodimpZĂY qDetT pBSqpiiq .

Each isomorphism preserves orientation. The transversality f &́ Z is used to pass from line 3 to

line 4, and the transversality Bf &́ Z is used to pass from line 6 to line 7. �

Transitivity of diffeomorphisms on a connected manifold

As preparation for proving a relationship between degrees and integration of differential forms,

we prove that on a connected manifold we can move any point to any other via a diffeomorphism.

In fact, the statement is stronger: the diffeomorphism can be chosen to be smoothly homotopic to

the identity map and to be the identity outside a compact set.

Definition 26.11. Let Y be a smooth manifold.

(1) The support of a diffeomorphism ψ : Y Ñ Y is

(26.12) suppψ “ `
y P Y : ψpyq ‰ y

˘
.

(2) A smooth homotopy ϕ : r0, 1sˆY Ñ Y is an isotopy if each ϕt : Y Ñ Y is a diffeomorphism.

(3) An isotopy ϕ : r0, 1s ˆ Y Ñ Y has compact support if there exists a compact subset K Ă Y

such that suppϕt Ă K for all t P r0, 1s.
Theorem 26.13. Let Y be a smooth connected manifold and q0, q1 P Y . Then there exists a

compactly supported isotopy ϕ : r0, 1s ˆ Y Ñ Y such that ϕ0 “ idY and ϕ1pq0q “ q1.

Proof. Define a relation „ on Y by letting q0 „ q1 if there exists a compactly supported isotopy

from the identity to a diffeomorphism which maps q0 to q1. Then „ is an equivalence relation.32

We claim that each equivalence class is open. If so, then its complement is a union of open sets,

so each equivalence class is also closed. It follows that there is a single equivalence class, since Y is

connected, and that proves the theorem.

32Reflexivity and symmetry are immediate. For transitivity one needs to glue isotopies ϕ : r0, 1s ˆ Y Ñ Y and
ψ : r1, 2s ˆ Y Ñ Y along t1u ˆ Y . While continuity of the glued function is assured, smoothness is not. To execute
such gluings one can employ smooth cutoff functions on the time intervals to reparametrize ϕ and ψ so that they
are constant on p0.9, 1s and r1, 1.1q, respectively. Then the glued isotopy is smooth. The same device is used to glue
smooth homotopies in general, and so prove that smooth homotopy is an equivalence relation.
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Figure 89. A local isotopy

For the claim it suffices to work locally in a coordinate chart, so in standard affine space An; see

Figure 89. We must prove that there exists ε ą 0 so that for all q P Bεp0q there exists a compactly

supported isotopy from idAn to a diffeomorphism which maps the origin to q. Fix smooth cutoff

functions ρ : A1 Ñ Rě0 and σ : An´1 Ñ Rě0 such that ρp0q “ 1, supp ρ Ă p´1, 1q, σp0q “ 1, and

suppσ Ă B1p0q. It suffices to take q “ pr; 0, . . . , 0q for some r ą 0, since we can always compose

with a rotation. Define the map ϕ : r0, 1s ˆ An Ñ An by

(26.14) ϕtpy; ȳq “ py ` tρpyqσpȳqr ; ȳq, y P A1, ȳ P An´1.

Then ϕ0 “ idAn , ϕ1p0; 0q “ q, the map ϕ has compact support, and ϕtp´; ȳq is a monotonic

nondecreasing function R Ñ R, so ϕt is bijective for all t P r0, 1s. It remains to prove that φ´1
t is

smooth. That follows from the inverse function theorem if we can show that the differential is

bijective. Letting In´1 denote the pn´ 1q ˆ pn´ 1q identity matrix, we have

(26.15) dpϕtqpy;ȳq “
˜

1` tρ1pyqσpȳqr ˚
0 In´1

¸

as a block
`
1` pn´ 1q˘ˆ `

1` pn´ 1q˘ matrix. Choose ε “ 1{`2 max |ρ1pyq|˘. Then the upper left

entry is positive for all t, y, ȳ, from which dpϕtq is invertible. Apply the inverse function theorem

to complete the proof. �YIsotopyhemmaf-X-ix.DZ/A2
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Figure 90. Moving p to q by integrating a vector field
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Remark 26.16. Here is a sketch of an alternative proof. Construct an embedding γ : p´0.1, 1.1q Ñ Y

such that γp0q “ p and γp1q “ q. Extend the image of the vector field B{Bt to a vector field on Y

with compact support in a neighborhood of the image of γ. The next step beyond the integral curves

we discussed in (14.27) are the isotopies one constructs from suitable vector fields on manifolds,

in particular from compactly supported vector fields. (Imagine the flow of a river; the vector field

is the field of instantaneous velocities. One solves ODEs with a family of initial conditions to

construct the isotopy/flow from the vector field.)

Oriented degree and integration

(26.17) Main result. In this section we generalize to arbitrary maps the change of variables for-

mula Proposition 24.39(2), which applies only to orientation-preserving diffeomorphisms.

Theorem 26.18. Let X be a compact oriented manifold, let Y be a connected oriented manifold,

let f : X Ñ Y be a smooth map, and assume n “ dimX “ dimY . Then for ω P Ωn
c pY q, we have

(26.19)

ż

X
f˚ω “ degpfq

ż

Y
ω.

Note the support of f˚ω is compact, since X is assumed compact. If we normalize ω so thatş
Y ω “ 1, then (26.19) is an integral formula for the degree. We treat some preliminaries before

proving Theorem 26.18.

Remark 26.20. This formula for degree expresses a global topological invariant—the degree—in

terms of a local quantity—the differential form ω. Formulæ which relate local and global permeate

differential topology and differential geometry.

(26.21) Oriented bordism. I have used the term ‘bordism’ a few times, but have neglected to give

a formal definition. The one here is not perfect, since to glue bordisms we need to impose product

structures near the boundary (see footnote 32), which I do not do explicitly here. I only define

oriented bordism, whereas the notion of bordism is much more general.

✗
. × ,

Figure 91. A bordism W : X0 Ñ X1. The red “arrows of time” indicate the
partition of BW into “incoming” and “outgoing” components.
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Definition 26.22. Let X0, X1 be closed33 oriented manifolds of the same dimension.

(1) An oriented bordism from X0 to X1, denoted W : X0 Ñ X1, is a compact oriented man-

ifold W equipped with a partition BW “ BW0 > BW1 of its boundary and orientation-

preserving diffeomorphisms Xi
«ÝÝÑ BWi, i “ 0, 1.

(2) We say X0 is oriented bordant to X1 if there exists an oriented bordism W : X0 Ñ X1.

(3) Let Y be a smooth manifold and let fi : Xi Ñ Y be smooth maps. An oriented bordism

from f0 to f1 is the data in (1) and a smooth map f : W Ñ Y such that Bf “ f0 > f1.

Oriented bordism is an equivalence relation on diffeomorphism classes of closed oriented manifolds

of a fixed dimension. The equivalence classes form a finitely generated abelian group. These abelian

groups were introduced in a sense by Poincaré, further studied by Pontrjagin and especially Thom,

and they arise in many interesting geometric contexts, as well as in theoretical physics.

Remark 26.23. A product bordism is one diffeomorphic to r0, 1s ˆ X0. A smooth homotopy is an

example of a bordism between smooth maps.

(26.24) An oriented bordism invariant. The following simple application of Stokes’ theorem shows

how an integral can produce a topological invariant. It is crucial for the proof of Theorem 26.18.

Proposition 26.25. Let W : X0 Ñ X1 be an oriented bordism of n-manifolds X0 and X1. Suppose

Y is a smooth manifold, f : W Ñ Y a smooth map, and ω P ΩnpY q. Denote Bf “ f0 > f1. Then

(26.26)

ż

X0

f0̊ ω “
ż

X1

f1̊ ω.

We need not assume ω has compact support since X0, X1 are compact, so the integrals in (26.26)

make sense. Proposition 26.25 applies in particular to a smooth homotopy.

Proof. Apply Stokes Theorem 25.1 to the compactly supported form f˚ω on W , and observe that

df˚ω “ f˚dω “ 0 since every pn` 1q-form on an n-manifold is identically zero. �

(26.27) Proof. Fortified with Proposition 26.25 we are ready.

Proof of Theorem 26.18. Let q P Y be a regular value of f , set f´1pqq “ tp1, . . . , pNu, and define

εi “ ˘1, i “ 1, . . . , N , where the sign tells if dfpi is orientation-preserving or orientation-reversing.

Apply the inverse function theorem to find open neighborhoods Ui Ă X of pi and V Ă Y of q such

that f´1pV q “ U1>¨ ¨ ¨>UN and f
ˇ̌
Ui

: Ui Ñ V is a diffeomorphism. Then Proposition 24.39 implies

that (26.19) holds if supppωq Ă Y :

(26.28)

ż

X
f˚ω “

Nÿ

i“1

ż

Ui

f˚ω

“
Nÿ

i“1

εi

ż

Y
ω

“ pdeg fq
ż

V
ω.

33Recall that a closed manifold is a compact manifold without boundary.
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Figure 93. A cover of Y by diffeomorphic images of V

Next, apply Theorem 26.13 to construct a cover tϕpiqpV quiPI of Y by images of V under diffeo-

morphisms isotopic to the identity; in particular, these diffeomorphisms are orientation-preserving.

Choose a partition of unity subordinate to this cover and use it to write any ω P ΩnpY q as a sum

of forms with support in an open set of the cover. It then suffices to prove (26.19) for one of these

forms, since each side is linear in ω. If supppωq Ă ϕpiqpV q, then

(26.29)

ż

X
f˚ω “

ż

X
pϕpiq ˝ fq˚ω

“
ż

X
f˚

`pϕpiqq˚ω˘

“
ż

Y
pϕpiqq˚ω

“
ż

Y
ω

In the first and last line we use the homotopy invariance of the integral (Proposition 26.25), and

in the third line we use the special case proved in (26.28). �

Example: the winding number as an integral
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In this section we illustrate Theorem 26.18 via an extended example. Take Y “ A2ztp0, 0qu and

X “ S1, both equipped with the standard orientation.34

(26.30) The differential form. In standard real coordinates x, y on A2, set

(26.31) ω “ 1

2π

x dy ´ y dx
x2 ` y2

.

It is useful to write (26.31) in polar coordinates r, θ. Note that whereas r : Y Ñ R is a global

function, a maximal domain for θ is Y with an (open) ray emanating from the origin deleted. The

following computation is valid no matter which ray is chosen. Differentiate35

(26.32) tan θ “ sin θ

cos θ
“ y

x

to deduce

(26.33) ω “ 1

2π
dθ.

From this we conclude

(26.34) dω “ 0.

(26.35) Some complex differential forms. Let Cˆ denote the space of nonzero complex numbers;

it is identified with Y by writing λ P Cˆ as λ “ x` yi for i “ ?´1. In terms of polar coordinates

we have36 λ “ reiθ. Thus

(26.36) dλ “ dr eiθ ` reiθi dθ,

from which

(26.37)
1

2πi

dλ

λ
“ dr

2πir
` dθ

2π
“ dh` dθ

2π

where h “ logprq{2πi : Cˆ Ñ C. Hence from (26.33) we deduce

(26.38)
1

2πi

dλ

λ
“ ω ` dh on Cˆ.

34Well, which orientation is “standard” on S1 depends on which S1 you take. One possibility for the n-sphere:
view Sn Ă An`1 as the boundary of the unit disk Dn`1, give An`1 its standard orientation, restrict to an orientation
of Dn`1, and use the boundary orientation on Sn.

35Equation (26.32) is only valid where x ‰ 0, but the result holds everywhere θ is defined.
36This and the equation λ “ x` yi are equalities between complex-valued functions on subsets of Y “ Cˆ.
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Let T Ă Cˆ be the unit circle, defined by r “ |λ| “ 1. Then h vanishes on T, and so

(26.39)
1

2πi

dλ

λ
“ ω on T.

Remove the subset of measure zero t1u Ă T and parametrize the remainder by λ “ eiθ, θ P p0, 2πq,
to carry out the computation37

(26.40)

ż

T
ω “ 1

2πi

ż

T

dλ

λ
“ 1

2π

ż 2π

0
dθ “ 1.

41,0] =
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Figure 94. The winding number of f about p0, 0q

(26.41) Application to winding number. Let w : S1 Ñ T be a smooth function. Then by Theo-

rem 26.18 we have

(26.42) degpwq “
ż

S1

w˚ω.

Suppose f : S1 Ñ Y is a smooth function. Normalizing as in (18.4) (with q “ p0, 0q) we obtain

a function wf : S1 Ñ T. The integer-valued winding number about the origin is defined as

(26.43) W pfq “ degpwf q.

We claim the following integral formula for the winding number

(26.44) W pfq “
ż

S1

f˚ω.

Observe that the normalized function wf is smoothly homotopic to f as functions S1 Ñ Y . Then

by Proposition 26.25 we have

(26.45)

ż

S1

f˚ω “
ż

S1

wf̊ ω,

from which the claim follows.

37We use the orientation of T discussed in footnote 34.
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(26.46) Counting zeros of complex functions. Let W Ă C be a compact manifold with boundary,

and assume for simplicity that BW « S1. Suppose f : W Ñ C is a smooth function with isolated

zeros on a finite subset ZeroW pfq “ tp1, . . . , pNu Ă IntpW q. We would like to count the number

of zeros of f in W . From our experience with oriented degree and oriented intersection number,

and also the experience before in the mod 2 case, we know the answer which is stable under

perturbations is not simply ‘N ’ in general. We must worry about transversality, signs, etc. In the

case of counting zeros, this is encoded by a ‘multiplicity’ of the zero. In other words, we would like

to attach an integer ni to each zero pi which represents its multiplicity. This is familiar in the real

case too: the function x ÞÑ x2 on the real line has a zero of multiplicity two at the origin. You

know how to define the multiplicity for real polynomials, and so too for complex functions f which

are polynomials. The question is how to define the multiplicity more generally.

An inspired observation is the following. Let us suppose f extends to a complex polynomial

(26.47) P pzq “ zn ` an´1z
n´1 ` ¨ ¨ ¨ ` a0, a0, . . . , an´1 P C

on the entire complex line, and let p P C be an isolated zero of multiplicity m. Then

(26.48) P pzq “ pz ´ pqmgpzq

for some polynomial g with gppq ‰ 0. Choose δ ą 0 so that g does not vanish on the closed disk Dδ

of radius δ about p. Compute on Dδztpu:

(26.49) P ˚ω “ 1

2πi

dP

P
“ 1

2πi

„
mdz

z ´ p `
dg

g


.

Integrate (26.49) over BDδ. Since g does not vanish on Dδ, the closed 1-form dg{g extends over Dδ,

and by Stokes’ theorem its integral over BDδ vanishes. To integrate the first term, parametrize BDδ

minus a point by z “ p` δeiθ, θ P p0, 2πq. Then dz “ δieiθdθ, and

(26.50)

ż

BDδ
P ˚ω “ 1

2πi

ż 2π

0

mδieiθ

δeiθ
dθ “ 1

2π

ż 2π

0
mdθ “ m.

This is an integral formula for the local multiplicity of the zero of a polynomial.

Recalling that ZeroW pP q “ tp1, . . . , pNu Ă IntpW q, apply Stokes’ theorem to the closed 1-

form ω on W 1 “ W z >i Bδippiq, where δi ą 0 is chosen sufficiently small that f does not vanish

on Bδippiqztpiu. Orient W with the standard orientation on A2; the induced boundary orientations

are indicated in Figure 95. Then

(26.51)

ż

BW
ω “

Nÿ

i“1

ż

BDδi ppiq
ω,
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Figure 95. Counting zeros by an integral formula

and the right hand side is the sum of the multiplicities of the zeros of the polynomial P which are

contained in W . Therefore,

(26.52) #m ZeroW pP q “
1

2πi

ż

BW
dP

P
,

where ‘#m’ indicates the count with multiplicity.

Remark 26.53. We can use (26.52) to prove the fundamental theorem of algebra. Choose W to be

a disk of radius R with center 0 P C, where R is chosen so that

(26.54) |an´1|Rn´1 ` ¨ ¨ ¨ ` |a0| ă Rn.

Then P does not have any zeros on BW . Define the homotopy

(26.55) Ptpzq “ zn ` t`an´1z
n´1 ` ¨ ¨ ¨ ` a0

˘
, t P r0, 1s,

and apply Proposition 26.25 and (26.52) to conclude that the polynomial P0pzq “ zn has the same

number of zeros in W as does P1pzq “ P pzq. The latter has n zeros. We give a different, but closely

related, proof in the next lecture.

(26.56) Local multiplicity of holomorphic functions. Inspired by (26.50) we might define the mul-

tiplicity of an isolated zero of a complex function f : W Ñ C to be

(26.57)

ż

BDδ
f˚ω “ 1

2πi

ż

BDδ
df

f
.

For a holomorphic function f this is justified by the theorem which states that we can write f as

in (26.48). The manipulations in this section with Stokes’ theorem and differential forms, and the

relationship to topological quantities such as the winding number, degree, and number of zeros are

all ideas you saw in a first course on complex variables.
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Lecture 27: Oriented intersection number; linking number

We begin by reproving the fundamental theorem of algebra. (We sketched a proof in Re-

mark 26.53.) Then we turn to the oriented intersection number, developing some basic theory

and examples. We apply this to define the linking number in the first nontrivial case, and use it to

detect that the Hopf map S3 Ñ S2 is not homotopically trivial.

Fundamental theorem of algebra

Theorem 27.1. Fix n P Zą0 and suppose P pzq “ zn ` an´1z
n´1 ` ¨ ¨ ¨ ` a0 is a polynomial with

complex coefficients a0, . . . , an´1 P C. Then there exists z0 P C such that P pz0q “ 0.

In fact, P has n zeros counted with multiplicity; see (26.46).

41,0] =

* :@✗

s
'

✗0¥.+ •

II. I
+ •

+ . ¥: :
- . -5¥.

Figure 96. The complex projective line

Proof. Let CP1 “ CY t8u be the complex projective line. Represent points in CP1 as equivalence

classes of ordered pairs rz, ws of complex numbers, not both zero. Identify z P C with rz, 1s P CP1.

Then we claim f : CP1 Ñ CP1 defined by

(27.2)
f
`rz, 1s˘ “ rP pzq, 1s
f
`r1, 0s˘ “ r1, 0s

is smooth. Namely,

(27.3) f
`r1, ws˘ “

«
1,

1

P p 1
w q

ff
,

and

(27.4)
1

P p 1
w q
“ wn

1` an´1w ` ¨ ¨ ¨ ` a0wn

is smooth near w “ 0 and converges to 0 as w Ñ 0.
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The homotopy (26.55) induces a homotopy ft : CP1 Ñ CP1, and degpfq “ degpf1q “ degpf0q by

the homotopy invariance of degree. Now f0pzq “ zn has 1 P C as a regular value, and f´1
0 p1q “

t1, ω, . . . , ωn´1u, where ω “ e2πi{n is a primitive nth root of unity. The differential dfz0 at ωi is

the complex linear map C Ñ C which is multiplication by nωipn´1q. This is the composition of a

homothety and a rotation, each of which is orientation-preserving. Hence the local degree is `1 at

each inverse image point, and so degpf0q “ n.

If P has no zeros, then r0, 1s P CP1 is not in the image of f , from which degpfq “ 0. This

contradiction proves the theorem. �

Oriented intersection number

(27.5) Setup. The setup is (17.13) with the addition of orientations. Namely, we have

(27.6)

X compact oriented manifold

Y oriented manifold

Z Ă Y closed oriented submanifold

f : X ÝÑ Y smooth map

dimX ` dimZ “ dimY

(27.7) Definition and basic properties. If f &́ Z, then S :“ f´1pZq Ă X is a 0-dimensional

submanifold, and it inherits an orientation by the 3-step procedure in (26.2). We work out the

induced orientation of S in (27.13) below.

Definition 27.8. The oriented intersection number is

(27.9) #Y pf, Zq “ #pf, Zq “ #sS.

The oriented intersection number satisfies the following.

Proposition 27.10. Assume the setup of (27.6).

(1) If f : r0, 1s ˆX Ñ Y is a smooth homotopy, then #pf0, Zq “ #pf1, Zq.
(2) If W is a compact oriented manifold with boundary and F : W Ñ Y , then #pBF,Zq “ 0.

Observe that (1) is a special case of (2).

Remark 27.11. Recall the logic of the theory. We first define the oriented intersection number

by (27.9), assuming f &́ Z. Then we prove Proposition 27.10(1) assuming that f0, f1 &́ Z.

Corollary 16.11 is then used to define the intersection number in general, and the properties in

Proposition 27.10 hold.
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Figure 97. Homotopy invariance of the oriented intersection number

(27.12) A bit of proof. We give the proof of Proposition 27.10(1) assuming that f0, f1 &́ Z. The

first step is to apply a controlled perturbation of f which leaves it as is on t0u ˆX > t1u ˆX and

gives a homotopic map f̃ : r0, 1s ˆX Ñ Y such that f̃ &́ Z. We already have Bf̃ &́ Z, and so T :“
f̃´1pZq Ă r0, 1sˆX is a 1-dimensional submanifold, oriented by (26.2). Now apply Theorem 25.23

to deduce that the signed count #sBT “ 0, where BT has the boundary orientation. Define the

0-manifolds S0 “ f´1
0 pZq and S1 “ f´1

1 pZq with the induced orientation defined in (26.2). Then

Proposition 26.7 implies BT “ S0 > ´S1 as oriented 0-manifolds. (This uses (25.34).) Therefore,

0 “ #sBT “ #sS0 ´#sS1, which proves the desired smooth homotopy invariance.

(27.13) The inverse image orientation. In the situation of (27.6) suppose that f &́ Z so that

S :“ f´1pZq Ă X is a 0-dimensional submanifold. Then for p P S the diagram (26.3) simplifies:

(27.14)

0 TpX

0 // TpS

dfp
��

// TpX

dfp
��

– // νppS Ă Xq
dfp–
��

// 0

0 // TfppqZ // TfppqY // νfppqpZ Ă Y q // 0

Hence the orientation ˘1 of TpS tells if the isomorphism in the first line preserves or reverses the

orientation of TpX. From the last line this, in turn, tells whether the natural isomorphism

(27.15) Det dfppTpXq bDetTfppqZ
–ÝÝÑ DetTfppqY

preserves or reverses orientation. It is this latter that we use in examples. The order ‘X before Z’

follows the order in ‘#pf, Zq’.
Example 27.16. Consider Figure 98 in which Y is an affine 2-plane in affine 3-space with a handle

attached, Z Ă Y is a circle wrapping around the handle, X is a circle, and the map f wraps X

around the handle transversely to Z. Orient Y as the boundary of the 3-dimensional region which

lies below it in the picture, and orient Z and X as indicated by the little arrow. We use the standard
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Figure 98. Example 27.16

“right hand rule” orientation of affine 3-space. The sign at the intersection point is then `, since

the ordered basis of 3-space toutward normal, oriented tangent to fpXq, oriented tangent to Zu is

positively oriented.

(27.17) Oriented degree redux. Suppose that in (27.6) we have dimY “ dimX and Z “ tqu Ă Y

is a single point. Assume that Y is connected. Then comparing the definitions we see that the

oriented intersection number reduces to the degree #Y pf, Zq “ deg f .

Example 27.18 (transverse intersection of complex manifolds). Let V be a 3-dimensional complex

vector space and W Ă V a 2-dimensional subspace. Then Y “ PV is a compact 4-manifold (a

complex projective plane) and X “ Z “ PW is a compact 2-dimensional submanifold (a complex

projective line). Let iX : X ãÑ Y denote the inclusion map. We compute #Y piX , Zq. To do so

we need to homotop iX to a map which is transverse to Z; the inclusion of a distinct complex

projective line will do. The problem, then, is to compute the intersection number of two lines in a

plane, here the lines and planes are complex projective. We have not yet said how to orient X, Y ,

and Z. Each is a complex manifold, an object we have not formally defined, and so each tangent

space is a complex vector space. In fact, if L Ă V is a line, so L P PV a point, then we know

TLPV – HompL, V {Lq which is a complex vector space.

In general, if U is a finite dimensional complex vector space and UR the underlying real vector

space, let I : UR Ñ UR denote the real linear map which is multiplication by
?´1 on U . Then

if e1, . . . , em is a (complex) basis of U , the 2m vectors e1, Ie1, e2, Ie2, . . . , em, Iem is a (real) basis

of UR. We convene that this is a positively oriented basis of UR. It is easy to check that this

orientation of UR is independent of the basis.

At a transverse intersection point the sign (27.15) is determined by comparing orientations of

dfppTpXq ‘ TfppqZ and TfppqY . Each vector space has a complex structure, and the direct sum is

compatible with the complex structures. It follows that the natural orientations agree, so the local

oriented intersection number is `1.

Remark 27.19. The argument in Example 27.18 proves that transverse intersection points of com-

plex submanifolds of a complex manifold contribute positively to the oriented intersection number.

It is nonetheless possible to have negative self-intersection numbers in complex geometry.



194 D. S. FREED

2-
F-
' (E) ✗ ✗ Z

Y D
'KY±

€4,41 "" / *
w o

y
#✗ -4

, # ±EE
[on] ✗ ✗ YFigure 99. Intersection number of two maps

(27.20) A symmetric version. We can treat X and Z symmetrically if we assume Z is a compact

oriented manifold rather than a closed submanifold. Hence modify (27.6) to:

(27.21)

X,Z compact oriented manifolds

Y oriented manifold

f : X ÝÑ Y smooth map

g : Z ÝÑ Y smooth map

dimX ` dimZ “ dimY

If f &́ g, and x P X, z P Z satisfy fpxq “ gpzq for some y P Y , then define the local intersection

number ˘1 according as the isomorphism

(27.22) Det dfxpTXXq bDet dgzpTzZq – DetTyY

is orientation-preserving or orientation-reversing. Define #Y pf, gq P Z by summing the local in-

tersection numbers. In case g is the inclusion of a submanifold, this agrees with Definition 27.8;

see (27.15).

Observe that

(27.23)
 px, zq P X,Z : fpxq “ gpzq( “ pf ˆ gq´1p∆q,

where

(27.24) f ˆ g : X ˆ Z ÝÑ Y ˆ Y

is the Cartesian product of f and g, and ∆ Ă Y ˆY is the diagonal, a closed submanifold. This gives

the opportunity to reduce the intersection number #Y pf, gq to #YˆY pfˆg,∆q as in Definition 27.8,

at least up to sign. The following enables this comparison.
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Lemma 27.25. If px, zq P X ˆ Z satisfies fpxq “ gpzq “ y P Y , then f ˆ g &́px,zq ∆ if and only if

dfxpTxXq ‘ dgzpTzZq “ TyY . If so, the local intersection numbers are related by

(27.26) #Y
px,zqpf, gq “ p´1qdimZ #YˆY

px,zq pf ˆ g,∆q.
Proof. Set A “ dfxpTxXq, B “ dgzpTzZq, and C “ TyY ; then A and B are subspaces of C. Fix

oriented bases a1, . . . , ak of A and b1, . . . , b` of B. Set a “ a1^¨ ¨ ¨^ak P DetA and b “ b1^¨ ¨ ¨^b` P
DetB. Recall the natural isomorphism

Ź‚pC‘Cq –Ź‚CbŹ‚C. Then inclusion A‘0 ãÑ C‘C
induces a linear map DetA ãÑ Ź‚C bŹ‚C, and we denote the image of a as ap1q. Including in

the other summand we obtain ap2q, and similar elements bp1q and bp2q. Compute

(27.27)

ap1q^bp2q ^ pa1 b 1` 1b a1q ^ ¨ ¨ ¨ ^ pak b 1` 1b akq
^ pb1 b 1` 1b b1q ^ ¨ ¨ ¨ ^ pb` b 1` 1b b`q

“ ap1q ^ bp2q ^ ap2q ^ bp1q
“ p´1qdimAdimB`dimB2`dimA dimB ap1q ^ bp1q ^ ap2q ^ bp2q
“ p´1qdimB ap1q ^ bp1q ^ ap2q ^ bp2q

The first expression is nonzero iff f ˆ g &́px,zq ∆ and the last is nonzero iff A ‘ B “ C; the first

assertion of the lemma follows. Assuming this, a^b P DetC is nonzero and is positively or negatively

oriented according to the sign #Y
px,zqpf, gq. In either case ap1q ^ bp1q ^ ap2q ^ bp2q P DetpC ‘ Cq is

positively oriented. Let D Ă C ‘ C be the diagonal. Then

(27.28) pa1 b 1` 1b a1q ^ ¨ ¨ ¨ ^ pak b 1` 1b akq ^ pb1 b 1` 1b b1q ^ ¨ ¨ ¨ ^ pb` b 1` 1b b`q
in DetD is positively or negatively oriented according to #Y

px,zqpf, gq. Putting everything together,

(27.27) implies (27.26). �

Corollary 27.29. In the setup (27.21),

(27.30) #Y pf, gq “ p´1qdimZ #YˆY pf ˆ g,∆q.
Finally, from (27.30) we deduce the symmetry property

(27.31) #Y pg, fq “ p´1qdimX dimZ #Y pf, gq.

(27.32) Intersection of submanifolds. A special case of (27.20) is when f “ iX and g “ iZ are

inclusions of submanifolds. Then we denote the intersection number as #Y pX,Zq. Writing it as

#Y pf, gq enables us to use our theory to wiggle the submanifolds to achieve transversality. The

symmetry (27.31) now reads

(27.33) #Y pZ,Xq “ p´1qdimX dimZ #Y pX,Zq.
This immediately implies the following.

Proposition 27.34. If dimY “ 4k ` 2 for some k P Zě0, and X Ă Y is a compact orientable

submanifold of dimension 2k ` 1 such that #Y
2 pX,Xq ‰ 0, then Y is not orientable.

For example, RP4k`2 is not orientable. (We already proved a stronger statement in Corollary 25.50.)
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Linking number

Beware that some of the arguments in this section are sketchy as presented here; they can be

made rigorous.

(27.35) The Gauss map. Let A be an affine space over a 3-dimensional oriented real inner product

space V , and let S2 be the unit sphere in V . Suppose K1,K2 Ă A are disjoint oriented compact

1-dimensional submanifolds. Define the Gauss map (Figure 100)

(27.36)

f : K1 ˆK2 ÝÑ S2

p1 , p2 ÞÝÑ p2 ´ p1

}p2 ´ p1}

← ↑

↑ •
I

← I T
← T

IT

(a) (b) (c)

•

ʳ
• ¥ ^ "

E F- Wi
•

in !¥ ×
,

-7 !,

K
,

Figure 100. Gauss map that defines the linking number

Definition 27.37. The linking number of K1,K2 is LpK1,K2q “ deg f .

We use the Cartesian product orientation on K1 ˆK2 and orient S2 “ SpV q as the boundary of

the closed unit ball in V . It follows from (25.42) that LpK2,K1q “ LpK1,K2q. Also, if we reverse

orientation, then Lp´K1,K2q “ LpK1,´K2q “ ´LpK1,K2q.
Remark 27.38. There is no self-linking number LpK,Kq without additional data, for example a

nonzero normal vector field to K Ă A.

Example 27.39 (Hopf link). Choose A “ A3
x,y,z with standard orientation and inner product

on R3, let K1 be the unit circle in the x-y plane with center p0, 0, 0q, and let K2 be the unit circle

in the x-z plane with center p´1, 0, 0q. Orient K1,K2 as in Figure 101. Then p0, 0, 1q P S2 Ă R3 is

a regular value of the Gauss map f whose inverse image is a single point:

(27.40) pp1, p2q “
`p´1, 0, 0q, p´1, 0, 1q˘ P K1 ˆK2.

The differential of f maps ´B{By P Tp1K1 to B{By and ´B{Bx P Tp2K2 to ´B{Bx. The outward

normal to S2 at p0, 0, 1q is B{Bz, and since B{Bz, B{By,´B{Bx is a positively oriented basis of R3,

the differential of f is orientation-preserving. Hence LpK1,K2q “ 1.
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Figure 101. Gauss map for the Hopf link

Remark 27.41.

(1) In Figure 101 appears the disk W1 with boundary K1. Orient W1 so that the indicated

orientation of K1 is the boundary orientation. Explicitly, W1 is the unit disk in the x-

y plane, and the ordered basis B{Bx, B{By is positively oriented. (Compute the boundary

orientation at the point p1, 0, 0q: there B{Bx is the outward normal.) Now observe that the

local intersection number of W1 and K2 at the intersection point p is `1: amalgamate the

oriented basis B{Bx, B{By of TpW1 with the oriented basis B{Bz of TpK2 to obtain an oriented

basis of A “ A3
x,y,z.

(2) With a different choice of orientations we can obtain the linking number of the Hopf link

to be ´1; see the text following Definition 27.37. Observe that in that case the local

intersection number of W1 and K2 also changes sign.

(27.42) Computation by a bounding surface. We now prove that the linking number can also be

computed as an intersection number, but of a curve with a surface with boundary, and so we must

take care to keep the curve away from the boundary lest an intersection point disappear off the

edge of the surface.

Proposition 27.43. Let A be an affine space over a 3-dimensional oriented real inner product

space, let W1 Ă A be a compact oriented 2-manifold with boundary BW1 “ K1, and suppose K2 Ă A

is a compact oriented 1-manifold. Assume BW1 X K2 “ ∅ and W1 &́ K2. Then LpK1,K2q “
#pW1,K2q where the latter is the signed count #s

`
W1 XK2

˘
.

We need not assume the transversality W1 &́ K2: we can perturb W1 and/or K2 to achieve it. We

sketch (literally) a proof, cognizant that we have not filled in all details.

Proof. Write W1 XK2 “ tp1, . . . , pNu. For each i P t1, . . . , Nu fix an open ball38 Bi Ă W1 which

contains pi and such that Bi X Bj “ ∅ for all i, j. Set Di “ Bi, Si “ BDi, and rK1 “ Ť
i Si. Then

W1zŤiBi is an oriented bordism from rK1 to K1, and the bordism invariance of degree implies

(27.44) LpK1,K2q “ Lp rK1,K2q “
ÿ

i

LpSi,K2q.

38This means an open subset contained in the domain of a chart whose image is a ball in affine space.
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Figure 102. Reduction of K1 to a union of “small” loops
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Figure 103. Surgery K2 „„„B Mi >Ni

To compute LpSi,K2q we execute the surgery indicated in Figure 103. Namely, cut out S0ˆD1 Ă
K2, which is the union of two closed intervals, and glue in D1ˆS0 along BpK2 zS0ˆD1q « S0ˆS0.

The result is the disjoint union of a circle Mi and a 1-manifold Ni. There is an oriented bordism

K2 ÑMi >Ni which is a product away from the surgery and is D1ˆD1 at the surgery point. (We

must smooth corners.) The bordism invariance of degree implies

(27.45) LpSi,K2q “ LpSi,Miq ` LpSi, Niq.

Since Di XNi “ ∅, we have LpSi, Niq “ 0, again by the bordism invariance of degree. Finally, the

circles Si,Mi form a Hopf link (Example 27.39), and so LpSi,Miq “ ˘1 where the sign depends

on the orientations. Tracing through, Si is oriented as the boundary of Di, and Di inherits its

orientation from that of W . K2 is assumed oriented, and Mi inherits an orientation. It follows

from Remark 27.41 that the sign is equal to the local intersection number #ApDi,Miq. �

(27.46) Links in S3. If now S3 is an oriented 3-sphere, and K1,K2 Ă S3 are disjoint oriented

compact 1-dimensional submanifolds, then we can39 bound K1 by an oriented surface W1 Ă S3,

use transversality to arrange that K2 intersects W1 transversely and only in the interior, and so

39This requires proof, which we do not give here.



DIFFERENTIAL TOPOLOGY 199

define the linking number as #spW1 XK2q. (Alternatively, we may delete a point of S3, compute

the linking number in S3zpt « A3, and prove that the result is independent of the point.)

(27.47) The Hopf invariant. Suppose g : S3 Ñ S2 is a smooth map. The Hopf invariant is

(27.48) Hpgq “ L
`
g´1pq1q, g´1pq2q

˘

for any distinct regular values q1, q2 P S2 of g. We fix orientations on the spheres and use the

inverse image orientations of the closed 1-manifolds g´1pq1q and g´1pq2q. The Hopf invariant does

not change if g undergoes a smooth homotopy.

Example 27.49 (The Hopf fibration). Let ρ : C2zt0u Ñ CP1 be the map which assigns to a

nonzero vector its span. Then ρ is a fiber bundle with fiber Cˆ the nonzero complex numbers.

(Better: Cˆ acts on C2zt0u by scalar multiplication, and ρ is a quotient map for this group action.)

Restrict ρ to the unit sphere S3 Ă C2zt0u to obtain a fiber bundle π : S3 Ñ CP1 « S2. We claim

that Hpπq “ ˘1. If so, then π is not smoothly homotopic to a constant map, which clearly has

vanishing Hopf invariant.

To compute Hpπq omit the point p0, 1q P C2 from S3 and by stereographic projection identify

S3ztp0, 1qu « A3. Every q P CP1 is a regular value since π is a submersion. Then

(27.50)
K1 :“ π´1

`r1, 0s˘ “ tpλ, 0q P S3 : |λ| “ 1u
K2 :“ π´1

`r0, 1s˘ “ tp0, µq P S3 : |λ| “ 1u

Under stereographic projection to A3
x,y,z we can identify K1 as the unit circle in the x-y plane and

K2ztp0, 1qu as the z-axis. This is the Hopf link (minus a point at 8) so has linking number ˘1,

which we can compute by writing K1 as the boundary of the unit disk W1 in the x-y plane, and

then W1 XK2 is a single point.

Remark 27.51 (Homotopy groups of S2). Leaving off basepoints, the qth homotopy group, q P Zě0,

is the set rSq, S2s of homotopy classes of maps Sq Ñ S2. We can take smooth maps and smooth

homotopies. For q “ 0, 1 we know by Sard’s theorem that every map is homotopic to a constant

map. For q “ 2 we have an invariant—the degree—which is a map

(27.52) deg : rS2, S2s ÝÑ Z.

In fact, it is an isomorphism, as follows from the Hopf degree theorem. In other words, the degree

is a complete invariant of rS2, S2s. Now for q “ 3 we have sketched a map

(27.53) H : rS3, S2s ÝÑ Z,

the Hopf invariant, and this too turns out to be an isomorphism. The degree and Hopf invariant

illustrate how differential topology—the application of calculus to global geometry—can be used

to construct interesting and effective invariants.

It turns out that rSq, S2s has cardinality greater than one for infinitely many q.
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Lecture 28: Euler numbers and Lefschetz numbers

In this lecture we take up the Euler number, a basic invariant of a smooth manifold. We define

and study it not just for manifolds, but also for real vector bundles whose rank equals the dimension

of the base manifold. A generalization is the Lefschetz number of a self map on a manifold, and

we use it to illustrate some computations.

Throughout the base manifold X is compact, and we also assume it is oriented, though the

orientation can be eliminated for the Euler number of a manifold and the Lefschetz number of a

map; see Remark 28.4.

Euler numbers

(28.1) Euler number of a compact oriented manifold.

Definition 28.2. Let X be a compact oriented manifold. The Euler number of X is

(28.3) χpXq “ #XˆXp∆,∆q,

where ∆ Ă X ˆX is the diagonal.

The manifold X ˆX has the Cartesian product orientation, and we transport the orientation of X

to ∆ via the diffeomorphism X Ñ ∆ given by p ÞÑ pp, pq. The symmetry property (27.33) implies

χpXq “ 0 if dimX is odd.

Remark 28.4. Imagine the first copy of ∆ in (28.3) is perturbed to be transverse to ∆ at some

point pp, pq P X ˆX. Then infinitesimally we have the isomorphism

(28.5) W ‘D –ÝÝÑ V ‘ V,

where V “ TpX and W Ă V ‘V is transverse to the diagonal D Ă V ‘V . We can take W to be the

graph of a linear map V Ñ V , and it is oriented by its projection to V ‘ 0. The local intersection

number at pp, pq is ˘1 according as (28.5) is orientation-preserving or orientation-reversing. The

answer to that question is independent of the orientation of V , and this explains why orientations

are not necessary for Euler numbers of manifolds, as we now explain.

(28.6) Euler number of a compact (unoriented) manifold. We can define the Euler number of an

unoriented manifold by applying Definition 28.2 to its double cover. This relies on the following.

Lemma 28.7. Let X be a compact manifold and let π̂ : pX Ñ X be its orientation double cover.

(1) pX is oriented and χp pXq is even.

(2) If X is oriented, then χp pXq “ 2χpXq.
The Euler numbers which appear in Lemma 28.7 are defined using (28.3).
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Proof. At a point p̂ P pX the differential of the projection π̂ is an isomorphism Tp̂ pX –ÝÝÑ TpX, where

p “ π̂pp̂q, and furthermore at p̂ we have an orientation of TpX, hence of Tp̂ pX. It follows that
pX carries a canonical orientation.

Let i : r0, 1s ˆX Ñ X ˆX, 0 ď t ď 1, be a smooth homotopy from the inclusion of the diagonal

i0 : ∆ ãÑ XˆX to a map i1 such that i1 &́ ∆. Let ı̂0 : p∆ ãÑ pXˆ pX be the inclusion of the diagonal

into the Cartesian square of the total space of the orientation double cover. Then there is a unique

smooth homotopy ı̂ : r0, 1s ˆ pX Ñ pX ˆ pX which covers i; it fits into the diagram:

(28.8)

pX ı̂0 //

π̂

��

pX ˆ pX

π̂ˆπ̂
��

r0, 1s ˆ pX
i˝pidr0,1sˆπ̂q //

ı̂

77

X ˆX

The existence of ı̂ is the homotopy lifting property of the covering map π̂ ˆ π̂. For x̂ P pX the

restriction of ı̂ to r0, 1s ˆ tp̂u is the lift of the path i ˝ pidr0,1sˆπ̂q
ˇ̌
r0,1sˆtp̂u in X ˆ X to the total

space pX ˆ pX of the covering π̂ ˆ π̂. (Recall that covering spaces satisfy path lifting.) In terms of

this perturbation we compute the Euler number of pX as an oriented intersection number:

(28.9) χp pXq “ #
pXˆ pX p̂ı1, p∆q.

Set

(28.10)
S “ tp P X : i1ppq “ pp, pqu
pS “ tp̂ P pX : ı̂1pp̂q “ pp̂, p̂qu

By transversality and compactness these are finite sets. Furthermore, since ı̂ is the lift of i, we have
pS “ π̂´1pSq. Also, it follows from Remark 28.4 that the local intersection number of ı̂1 and p∆, which

is a function pS Ñ t˘1u, is constant on the fibers of pS Ñ S: for p P S, reversing the orientation

of TpV does not affect the computation of the local intersection number which tells if (28.5) is

orientation-preserving or orientation-reversing. The conclusions of the lemma now follow. �

In view of Lemma 28.7, the right hand side of (28.12) below is an integer and it equals the right

hand side of (28.3) if X is oriented.

Definition 28.11. Let X be a compact manifold and π̂ : pX Ñ X its orientation double cover. The

Euler number of X is

(28.12) χpXq “ 1

2
#

pXˆ pXpp∆, p∆q,

where p∆ Ă pX ˆ pX is the diagonal.
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(28.13) Euler number of a real vector bundle. Let πE : E Ñ X be a real vector bundle. It has

a canonical section s0 : X Ñ E, the zero section, whose image ZE “ s0pXq Ă E is a closed

submanifold which is also called the ‘zero section’. The section s0 and projection πE give inverse

diffeomorphisms of X and ZE . For p P X, let 0p “ s0ppq Ă Ep denote the zero vector of the vector

space Ep. There are two natural submanifolds which pass through 0p P E: the zero section ZE and

the fiber Ep. Infinitesimally, that leads to a direct sum decomposition of the tangent space to the

total space:40

(28.15)
T0p
E – T0p

ZE ‘ T0p
Ep

– TpX ‘ Ep

Here we use the canonical isomorphism of the tangent space of the vector space Ep with Ep. The

set of two orientations of each fiber Ep form a double cover opEq Ñ X, the orientation double

cover ; an orientation of E is a section of opEq Ñ X. Note from (28.15) that an orientation of X

and of πE induce an orientation of the total space E. Finally, recall that the rank of πE is a locally

constant function rankE : X Ñ Z.

✗ cowpat oriented
observe

1- F- ± To.pZ ① Top EpDefine the EÉumI of ✗
to be

q
d%TddñE

✗ (X) = #
✗ ✗✗
(AA)

, Tpx

where Bc Xxx is the diagonal . Assume rank E =dim✗=n ,
so dim E=2n

.

Also
,

=

Let
¥ : E→✗ be a real nectar bundle . suppose ✗ and E are

oriented
.

E Deff :
The Ela number of ¥ is

|-O,§¥zE So :X → E 0 - section ✗ (ite ) = #
F-(Z , -2 ) .

= #
F-(so , 't)

☐ P '→ OP
ohse-s.ve : (1) If n is odd

,
Then ✗(E) =O -

Sf dñE ITEOS. =id× (2) To compute , we honotp so :X → F- to

Tp ✗ Sold __ ZCE be IZ
.

Figure 104. A vector bundle πE and its zero section s0 with image ZE

Definition 28.16. Let X be a compact oriented manifold and πE : E Ñ X an oriented real vector

bundle. Assume rankπE “ dimX “ n for some positive integer n. Then the Euler number of πE is

(28.17) χpπEq “ #EpZE , ZEq.

The symmetry property (27.33) implies χpπEq “ 0 if n is odd.

40At any point e P E there is a short exact sequence

(28.14) 0 ÝÑ Ep ÝÑ TeE
dpπ

E
qe

ÝÝÝÝÝÝÑ TpX ÝÑ 0,

where p “ πEpeq. For e P ZE there is a canonical splitting, written in (28.15), and we observe the ‘Quotient Before
Sub’ rule in writing (28.15).
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(28.18) Perturbing sections. The intersection number in (28.17) is defined to be #Eps0, ZEq, and

it is computed by homotoping s0 : X Ñ E to a map transverse to ZE . In fact, we can perturb to a

transverse section. Observe that any section s1 : X Ñ E of πE is smoothly homotopic to the zero

section s0 through sections via the homotopy stppq “ tsppq, t P r0, 1s, p P X.

Lemma 28.19. There exists a section s1 : X Ñ E of πE which is transverse to ZE.

Proof. By Corollary 16.11 there exists a map f : X Ñ E such that f &́ ZE and f is homotopic to s0.

Recall the construction embeds s0 in a family of maps fb : X Ñ E parametrized by a ball B, and

Sard’s theorem implies that transversality is achieved for b in a dense subset of B. The Stability

Theorem 12.17(vii) implies that πE ˝fb : X Ñ X is a diffeomorphism for all b P B in a neighborhood

of 0 P B (if we take f0 “ s0). Choose b in this neighborhood so that fb &́ ZE , and set f “ fb. Then

s :“ f ˝ pπE ˝ fq´1 is a section of πE that is transverse to X. �

(28.20) Properties of the Euler number. We record two elementary facts which follow immediately

from the definition of the intersection number and its symmetry property.

Proposition 28.21. Let πE : E Ñ X be an oriented real vector bundle over a compact oriented

manifold, and assume rankπE “ dimX.

(1) If dimX is odd, then χpπEq “ 0.

(2) If πE admits a nowhere vanishing section, then χpπEq “ 0.

The converse of (2) is also true, though we do not prove it.

(28.22) Computation of local intersection numbers.

Lemma 28.23. Let s : X Ñ E be a section of πE, suppose sppq “ 0 for some p P X, and assume

s &́p ZE. Assume n “ dimX “ rankE is even. Then the local intersection number #pps, ZEq
equals ˘1 according as the isomorphism

(28.24) Ip : TpX
dspÝÝÝÑ T0pE

projÝÝÝÑ Ep

is orientation-preserving (`1) or orientation-reversing (´1).

The projection T0pE Ñ Ep is defined by the splitting (28.15). It is convenient to refer to the sign

of the isomorphism (28.24). If n is odd, then the Euler number vanishes so we have no need for

the local intersection number.

Proof. Let εp “ #pps, ZEq “ ˘1; it is computed by requiring that the isomorphisms

(28.25)
DetT0p

E – εp Det dsppTpXq bDetTpX

– εp DetTpX bDetTpX
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be orientation-preserving. The sign δp “ ˘1 of Ip makes the isomorphisms

(28.26)
DetT0p

E – DetTpX bDetEp

– DetTpX b δp DetTpX

orientation-preserving. The lemma follows by comparing (28.25) and (28.26), bearing in mind that

n is even so we can swap the factors in the tensor product without incurring a sign penalty. (To

do the comparison, one must bear in mind what the isomorphisms are.) �

÷:¥Eo⑧→÷.?⑧ ± :
52

F y

=p 2-

Figure 105. A tubular neighborhood U of the submanifold Z Ă Y

(28.27) The tubular neighborhood theorem. A neighborhood of each point in a submanifold has a

normal form; indeed, that is the very definition of a submanifold (Definition 6.19). The following

theorem is a global version which gives control of an open neighborhood of the entire subman-

ifold. Theorem 16.8 is the tubular neighborhood theorem for submanifolds of affine space; see

Remark 16.26.

Theorem 28.28. Let Y be a smooth manifold, Z Ă Y a submanifold, and ν “ νpZ Ă Y q Ñ Z the

normal bundle. Then there exists an embedding ϕ : ν Ñ Y such that ϕ
ˇ̌
Z
“ idZ and ϕpνq Ă Y is an

open subset.

The theorem is illustrated in Figure 105. We identify Z with the image Zν Ă ν of the zero section.

Theorem 28.28 can be proved from Theorem 16.8, but we do not do so in these notes.

Remark 28.29. A variation of the tubular neighborhood theorem holds for a neighborhood of the

boundary BX of a manifold X with boundary. Namely, there exists a collar : an embedding

r0, 1q ˆ BX ãÑ X which is the identity on t0u ˆ BX.

(28.30) The normal bundle to the diagonal. Let X be a smooth manifold. The diagonal ∆ Ă
X ˆX is a submanifold, so there is a short exact sequence

(28.31) 0 ÝÑ T∆ ÝÑ TX ‘ TX ÝÑ νp∆ Ă X ˆXq ÝÑ 0
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of vector bundles over ∆. For p P X the coset of pξ1, ξ2q P TpX ‘ TpX under the diagonal action

of TpX by translation contains a unique vector of the form pξ, 0q. Hence there is a splitting

νp∆ Ă X ˆXq Ñ TX ‘ TX of (28.31) whose image is TX ‘ 0. This proves the following.

Lemma 28.32. The normal bundle νp∆ Ă X ˆXq Ñ ∆ is canonically isomorphic to the tangent

bundle TX Ñ X.
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"
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Figure 106. A tubular neighborhood of ∆ Ă X ˆX

(28.33) The Euler number and vector fields. We combine (28.27) and (28.30) to prove the fol-

lowing. Recall that a section of the tangent bundle to a smooth manifold is a vector field.

Theorem 28.34. Let X be a compact oriented manifold and πTX : TX Ñ X its tangent bundle.

Then we have the equality of Euler numbers

(28.35) χpXq “ χpπTXq.

Proof. Let ξ : X Ñ TX be a vector field which is transverse to the zero section (Lemma 28.19),

and fix a tubular neighborhood ϕ : TX ãÑ X ˆX of the diagonal ∆.

(28.36) χpπTXq “ #TXpξ, ZTXq “ #XˆXpϕ ˝ ξ,∆q “ χpXq.

�

Corollary 28.37. Let X be a compact oriented manifold.

(1) If dimX is odd, then χpXq “ 0.

(2) If X admits a nowhere vanishing vector field, then χpXq “ 0.

(28.38) A special case of Poincaré-Hopf. If ξ is a vector field which vanishes at p P X, then

(28.24) is the composition

(28.39) TpX
dξpÝÝÝÑ T0pTX

projÝÝÝÝÑ TpX

which is usually identified as the differential of the vector field. By Lemma 28.23 it is invertible iff

ξ is transverse to the zero section at p. In that case its sign is called the index of ξ at p, denoted

indp ξ “ ˘1.
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Theorem 28.40. Let X be a compact oriented manifold and ξ a vector field which is transverse

to the zero section. Then

(28.41) χpXq “
ÿ

pPZeropξq
indp ξ.

There is a generalization of the index to an isolated zero of a vector field for which (28.41) still

holds. We discuss that, or at least its analog for isolated fixed points of a map X Ñ X, in the next

lecture.

Cdr : If ✗ admits a nowhere vanishing vector field
,⇒ # ✗*(d.D) = #t×(Xx)

Then ✗(X) -0 .

" 4
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.
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Figure 107. Computation of χpSnq

Example 28.42 (Euler number of Sn). Construct Sn by the surjection An > An Ñ Sn in which

two copies of affine space are glued on the complement of a point by inversion. Namely, identify

Anzt0u « Rą0 ˆ Sn´1 (“polar coordinates”). Then the overlap map is

(28.43)
Rą0 ˆ Sn´1 ÝÑ Rą0 ˆ Sn´1

pr,Θq ÞÝÑ pr´1,Θq

More simply the map is s “ r´1, and so ds “ ´r´2dr from which r B{Br ÞÑ ´s B{Bs under (28.43).

The latter radial vector field glues then to a global vector field ξ on Sn which vanishes transversely

at the two poles of Sn. The differential of r B{Br at r “ 0 is the identity map, so for ξ the differential

at one pole is id and at the other is ´ id. Now Theorem 28.40 gives

(28.44) χpSnq “ 1` p´1qn “
#

0, n odd;

2, n even.

Lefschetz numbers

The basic definition is a variant of Definition 28.2.
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Definition 28.45. Let X be a compact oriented manifold and f : X Ñ X a smooth map. The

Lefschetz number of f is

(28.46) Lpfq “ #XˆX`Γpfq,∆˘
,

where Γpfq Ă X ˆX is the graph of f .

Observe that Γpfq X∆ “ Fixpfq is the fixed point set of f .

Local index : at N : d5µ=idµhefschetzlt.si
diss = - idpi Deff : Let ✗ be a compact

crooked maifold,

f- :X →✗
smooth .
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Figure 108. The Lefschetz number of a self map

Remark 28.47. A variation of the discussion in (28.6) extends the Lefschetz number to self maps

of compact (unoriented) manifolds.

The following properties are immediate from Proposition 27.10(1) and Definition 28.2.

Proposition 28.48.

(1) If f0 » f1 are smoothly homotopic maps, then Lpf0q “ Lpf1q.
(2) If f » idX , then Lpfq “ χpXq.
(3) If Lpfq ‰ 0, then Fixpfq ‰ ∅.

Assertion (2) leads to effective computations of the Euler number of a manifold, as we illustrate

below. Assertion (3) is a fixed point theorem, effective if we have a method for computing the

Lefschetz number. We discuss this more in the next lecture.

Example 28.49. Let G be a positive dimensional Lie group and g P G a non-identity element

which is connected to the identity by a smooth path. Let Lg : G Ñ G be left multiplication by g,

i.e., the diffeomorphism x ÞÑ gx. Then Lg » idG and FixpLgq “ ∅. Therefore, χpGq “ 0.

(28.50) Lefschetz fixed points. The following is in keeping with our theme that transverse inter-

sections are special.

Definition 28.51. Let X be a compact oriented manifold and f : X Ñ X a smooth map. Then

p P Fixpfq is a Lefschetz fixed point of f if Γpfq &́pp,pq ∆.

We compute the local intersection number at a Lefschetz fixed point.
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Proposition 28.52. Let X be a compact oriented manifold and f : X Ñ X a smooth map.

(1) p P Fixpfq is Lefschetz iff 1´ dfp : TpX Ñ TpX is invertible.

(2) If p is a Lefschetz fixed point, then #XˆX
pp,pq

`
Γpfq,∆˘ “ degp1´ dfpq “ ˘1.

Here and hereafter we use ‘1’ in place of ‘idTpX ’ for ease of reading. If p is a Lefschetz fixed point,

then we define the local Lefschetz number

(28.53) Lppfq “ degp1´ dfpq “ ˘1.

Note that this equals sign detp1´dfpq. In the next lecture we generalize the local Lefschetz number

from Lefschetz fixed points to general isolated fixed points.

Remark 28.54. The map 1´ dfp is invertible iff the map dfp has no nonzero fixed vector. In other

words, p is a Lefschetz fixed point of f iff the linearization of f at p has a single fixed point: the

zero vector. In still other words, the condition is that 1 is not an eigenvalue of the differential dfp.

Proof. Set V “ TpX and T “ dfp : V Ñ V . The nonlinear maps X Ñ X ˆ X with image Γpfq
and ∆, respectively, have differentials the linear maps V ÝÑ V ‘ V given by

(28.55)
ξ ÞÝÑ pξ, T ξq
ξ ÞÝÑ pξ, ξq

Compose with the orientation-preserving automorphism

(28.56)
V ‘ V ÝÑ V ‘ V
pξ1, ξ2q ÞÝÑ pξ1 ´ ξ2, ξ2q

to obtain the maps

(28.57)
ξ ÞÝÑ `p1´ T qξ, T ξ˘

ξ ÞÝÑ p0, ξq

The images are transverse iff 1´ T is invertible, and if so the map

(28.58)
V ‘ V ÝÑ V ‘ V
pξ1, ξ2q ÞÝÑ

`p1´ T qξ1, T ξ1 ` ξ2

˘

preserves or reverses orientation according as 1´ T : V Ñ V preserves or reverses orientation. �
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(28.59) Lefschetz maps. More variations on our theme that transversality is generic follow.

Definition 28.60. Let X be a compact oriented manifold and f : X Ñ X a smooth map. Then

f is Lefschetz if Γpfq &́ ∆.

If f is Lefschetz, then its global Lefschetz number is the sum of local Lefschetz numbers:

(28.61) Lpfq “
ÿ

pPFixpfq
Lppfq.

Theorem 28.62. Let X be a compact manifold and f : X Ñ X a smooth map. Then there exists

a smooth homotopy ft : X Ñ X, t P r0, 1s such that f0 “ f and f1 is Lefschetz.

Proof. By Theorem 11.11 we can and do embed X in an affine space A over a normed linear space V .

Let S “ B1p0q Ă V be the unit ball. In Corollary 16.9 we constructed a submersion F : SˆX Ñ X

such that F p0, pq “ fppq for all p P X and the partial differential dF 1
ps,pq : V Ñ TF ps,pqX is surjective

for all s P S and p P X. Define

(28.63)
G : S ˆX ÝÑ X ˆX

ps, pq ÞÝÑ `
p, F ps, pq˘

Then the differential of G has the form dG “ `
0 id
dF 1 dF 2

˘
, so G is a submersion and hence G &́ ∆.

It follows from Theorem 15.18 that for a dense set of s P S the map p ÞÑ `
p, F ps, pq˘ is transverse

to ∆. For any such s set ftppq “ F pts, pq. �

(28.64) Computations of Euler number via Lefschetz maps. We illustrate on real projective space

and the first real Grassmannian which is not a projective space. You can generalize to other

Grassmannians and to the complex case as well.

Example 28.65 (Euler number of real projective space). Let

(28.66) T “

¨
˚̊
˚̋

1
2

. . .

n` 1

˛
‹‹‹‚.

This linear transformation of Rn`1 induces the eigenspace decomposition

(28.67) Rn`1 – L1 ‘ ¨ ¨ ¨ ‘ Ln`1

where Li is the ith coordinate line and T acts as multiplication by i on Li. The linear map

T : Rn`1 Ñ Rn`1 induces a projective linear map f “ fT : RPn Ñ RPn which is Lefschetz (as we
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will see) with Fixpfq “ tL1, . . . , Ln`1u. Recall that for any vector space V and line L Ă V we have

TLPV – HompL, V {Lq. In this case we identify

(28.68) TLiRP
n – HompLi, L1q ‘ ¨ ¨ ¨ ‘HompLi, Liq

L
‘ ¨ ¨ ¨ ‘HompLi, Ln`1q.

The differential of f is the map induced on the Hom spaces by the linear map T , which acts

by conjugation on an element of HompLi, Ljq, so acts as multiplication by j{i. In other words,

(28.68) is the eigenspace decomposition of dfLi , so too of 1´ dfLi :

(28.69) 1´ dfLi “
´

1´ 1

i

¯
‘
´

1´ 2

i

¯
‘ ¨ ¨ ¨ ‘

´
1´ i

i

¯M
‘ ¨ ¨ ¨ ‘

´
1´ n` 1

i

¯
.

Thus 1´ dfLi is invertible, and the local Lefschetz number is the parity of the number of negative

eigenvalues, which is p´1qn`1´i. Since T is homotopic to the identity matrix, it follows that

f » idRPn and so

(28.70) χpRPnq “ Lpfq “
n`1ÿ

i“1

p´1qn`1´i “
#

0, n odd;

1, n even.

Remark 28.71. Note that RPn is not orientable if n is even, but nonetheless the computation is

valid; see Remark 28.47. Also, the Euler number is multiplicative for a finite covering space, and

that is borne out in this example by comparing (28.70) with (28.44).

Example 28.72 (The Grassmannian Gr2pR4q). Set X “ Gr2pR4q, and let f : X Ñ X be the map

on 2-planes induced from the linear transformation

(28.73) T “

¨
˚̊
˝

1
2

3
4

˛
‹‹‚

of R4. Then the fixed point set consists of the 6 coordinate 2-planes

(28.74) Fixpfq “  
L1 ‘ L2, L1 ‘ L3, L1 ‘ L4, L2 ‘ L3, L2 ‘ L4, L3 ‘ L4

(

The tangent space is hom from the sub to the quotient, so for example

(28.75)
TL1‘L2X – HompL1 ‘ L2, L3 ‘ L4q

– HompL1, L3q ‘HompL1, L4q ‘HompL2, L3q ‘HompL2, L4q.

The differential dfL1‘L2 is computed from (28.73) as in the previous example, so (28.75) is the

eigenspace decomposition and dfL1‘L2 acts as 3
1‘ 4

1‘ 3
2‘ 4

2 . We see that f is Lefschetz at this fixed
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point (and at the other 5); the Lefschetz number counts the parity of the number of eigenvalues

greater than 1. Hence LL1‘L2
pfq “ `1. The result at all fixed points:

(28.76)

LL1‘L2
pfq “ `1

LL1‘L3
pfq “ ´1

LL1‘L4
pfq “ `1

LL2‘L3
pfq “ `1

LL2‘L4
pfq “ ´1

LL3‘L4
pfq “ `1

Therefore,

(28.77) χ
`
Gr2pR4q˘ “ Lpfq “ 2.

Lecture 29: More on Lefschetz numbers

In the first part of this lecture we develop a formula for computing the global Lefschetz number

of a self map with isolated fixed points which need not be Lefschetz. As preparation for the next

step we state the basic theorems about flows of vector fields on a manifold. Then we deduce

the Poincaré-Hopf formula for the Euler number in terms of a vector field with isolated zeros.41

Finally, we introduce de Rham cohomology and state a theorem which identifies the global Lefschetz

number of a self map in terms its induced action on de Rham cohomology. We conclude with a

brief discussion of fixed point theorems.

Isolated fixed points

(29.1) An example. We begin with an echo of (26.46) and (26.56). Fix m P Zą0 and consider

the function

(29.2)
f : C ÝÑ C

z ÞÝÑ z ` zm

Then Fixpfq “ t0u. Then

(29.3) 1´ df0 “
#
´1, m “ 1;

0, m ą 1,

41Guillemin-Pollack give an argument which does not rely on the theorems in ODE which underlie flows. However,
these theorems are fundamental, which is why I introduce you to them here.
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so 0 is a Lefschetz fixed point iff m “ 1. For m ą 1 we make the perturbation

(29.4) fεpzq “ z ` zm ´ εm, ε P R.

If ε ‰ 0, then Fixpfεq “ tε, εω, . . . , εωm´1u, where ω “ e2πi{m is a primitive nth root of unity. Each of

these fixed points is Lefschetz: at εzk we compute 1´dfε is multiplication by ´mεm´1ωkpm´1q, which

is invertible. This complex linear transformation on C preserves the orientation of the underlying

real vector space R2, so each local Lefschetz number is `1 and the total Lefschetz number is m.

Remark 29.5. The intuition is that under a generic perturbation, an isolated fixed point of a self-

map breaks up (explodes) into a constellation of Lefschetz fixed points. The sum of the local

Lefschetz numbers of those fixed points is an invariant we attach to the unperturbed fixed point,

which may not be Lefschetz. We develop this idea in general and return to (29.2) in Example 29.26

after developing the theory.

(29.6) Two linear algebra lemmas. The proof which follows is based on (and proves) the “polar

decomposition” of a linear transformation.

Lemma 29.7. Let V be a finite dimensional real inner product space and T : V Ñ V an invertible

linear transformation. Then T is homotopic to an orthogonal transformation.

Proof. The endomorphism P “ T ˚T is positive and self-adjoint, hence it is diagonalizable. Decom-

pose V “ V1 ‘ ¨ ¨ ¨ ‘ Vr into the orthogonal eigenspaces of P , so that P acts as multiplication by a

scalar λi ą 0 on Vi. Define Q : V Ñ V to act as
?
λi on Vi. Then O :“ TQ´1 is orthogonal:

(29.8) pTQ´1q˚pTQ´1q “ Q´1T ˚TQ´1 “ Q´1Q2Q´1 “ idV .

Define a homotopy Qt : V Ñ V , t P r0, 1s, in which Qt acts as multiplication by p1´ tq` t?λi on Vi;

the desired homotopy of T to O is Tt “ OQt. �

The following lemma compares the sign of the determinant of an invertible endomorphism, which

is used to compute intersection numbers, with the degree of a map on spheres.42

Lemma 29.9. Let V be a finite dimensional inner product space and T : V Ñ V an invertible

linear transformation. There is an induced map T
}T } : SpV q Ñ SpV q on the unit sphere. Then

(29.10) sign detT “ deg

ˆ
T

}T }
˙
.

Proof. Both sides of (29.10) are invariant under homotopy of T , so by Lemma 29.7 we may replace T

with an orthogonal transformation O. By composition with a rotation, which does not change the

42I use an inner product, but point out the following more canonical construction. If V is a finite dimensional real
vector space, then the space of rays in V , which is the quotient of V zt0u by the scaling action of Rą0, is diffeomorphic
to the unit sphere with respect to any inner product. A linear transformation T : V Ñ V induces a self map of this
space of rays.
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Figure 109. The proof of Lemma 29.9

degree (Proposition 25.39(4)), we may assume that O has a fixed vector η0; see Figure 109. The

degree of T
}T } is ˘1 according to whether the differential of O

ˇ̌
SpV q at η0 preserves or reverses

orientation on Tη0SpV q. There is an orthogonal decomposition V “ R ¨ η0 ‘ Tη0SpV q which is

invariant under O, and since O
ˇ̌
R¨η0“ id, it follows that detO “ detO

ˇ̌
Tη0SpV q. Finally, observe

that the differential of O
ˇ̌
SpV q at η0 equals O

ˇ̌
Tη0SpV q and that detO “ ˘1 since O is orthogonal. �

(29.11) Isolated fixed point in affine space. We work locally: on an open subset of affine space.

Theorem 29.12. Let V be a finite dimensional real inner product space, A an affine space over V ,

U Ă A an open subset, f : U Ñ A a smooth map, p P FixpfqXU a fixed point of f , and ε a positive

real number such that Fixpfq XBεppq “ tpu. Let Sεppq be the sphere of radius ε about p and define

(29.13)

ϕp,εpfq : Sεppq ÝÑ SpV q
q ÞÝÑ q ´ fpqq

}q ´ fpqq} ,

where SpV q Ă V is the unit sphere. Then

(1) There exists a homotopy ft : U Ñ A, t P r0, 1s, such that f0 “ f on U , ft “ f on UzBεppq
for all t P r0, 1s, and g “ f1

ˇ̌
Bεppq is Lefschetz.

(2) The sum of Lefschetz numbers of the fixed points of f1 in Bεppq is

(29.14) degϕp,εpfq “
ÿ

p1PFixpgq
Lp1pgq.

The left hand side of (29.14) measures the local contribution of the isolated fixed point p of f to

the global Lefschetz number, once we transfer to a compact manifold.

Proof. Let ρ : U Ñ r0, 1s be a smooth function such that ρ ” 1 on Bε{2ppq and supppρq Ă Bεppq.
For ξ P V set

(29.15) f ξt pqq “ fpqq ` tρpqqξ, t P r0, 1s.



214 D. S. FREED
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Figure 110. Local contribution to the Lefschetz number

Then f ξ0 “ f on U and f ξt “ f on UzBεppq for all t P r0, 1s. If q P BεppqzBε{2ppq, then

(29.16) }q ´ f ξt pqq} ě }q ´ fpqq} ´ |t| }ξ}.

Since f has no fixed points onBεppq other than p, we can and do choose δ ą 0 such that }q´fpqq} ą δ

on Bεppq zBε{2ppq. Then from (29.16), if }ξ} ă δ{2 and q P BεppqzBε{2ppq we have q ‰ f ξt pqq.
Therefore, Fix

`
f ξt pqq

˘ X Bεppq Ă Bε{2ppq. Observe43 that f ξt pqq “ fpqq ` tξ on Bε{2ppq. Choose

ξ P Bδ{2p0q Ă V to be a regular value of

(29.17)
Bε{2ppq ÝÑ V

q ÞÝÑ q ´ fpqq

and then set ft “ f ξt and g “ f1

ˇ̌
Bεppq. If p1 P Fixpgq X Bε{2ppq, then since ξ is a regular value

of (29.17) it follows that the map 1 ´ dgp1 : V Ñ V is an isomorphism, i.e., p1 is a Lefschetz fixed

point of g. This proves (1). Note that Fixpgq X Bεppq “ tp1, . . . , pNu is a finite set since Lefschetz

fixed points are isolated and Bεppq is compact.

f-

, say
•

•

se

•

•
• Ppg.

•
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Figure 111. Reduction of the computation to Lefschetz fixed points

43Deformation by a translation is also what we used in (29.4).
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By the homotopy invariance of degree, degϕp,εpftq is constant in t and equals the left hand

side of (29.14) at t “ 0. (Note that there are no fixed points of ft on Sεppq, so ϕp,εpftq is well-

defined.) Choose an open ball Bεippiq Ă Bεppq about pi and arrange that the Bεippiq are pairwise

disjoint. The bordism invariance of degree (Proposition 25.39(3)) applied to Bεppq z ŮiBεippiq (see

Figure 111) implies

(29.18) degϕp,εpgq “
ÿ

i

degBBεi ppiq

ˆ
q ÞÝÑ q ´ gpqq

}q ´ gpqq}
˙
.

Fix i and define the homotopy of functions BBεippiq Ñ V :

(29.19) gtppi ` εiηq “
$
&
%
gppi ` tεiηq ´ pi

t
, t P p0, 1s;

dgpipεiηq, t “ 0,

where η P SpV q. Under this homotopy the degree in the ith term on the right hand side of (29.18)

does not change, so it is equal to the degree of T
}T }

ˇ̌
SpV q for T “ 1´ dgpi : V Ñ V . By Lemma 29.9

this equals sign detT , which is the local Lefschetz number. �

Corollary 29.20. In the situation of Theorem 29.12, if p is a Lefschetz fixed point of f , then

Lppfq “ degϕp,εpfq.
We have succeeded in finding a formula at an isolated fixed point—the degree of (29.13)—which

generalizes the local Lefschetz number. We turn now to its globalization on a manifold.
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%
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""

a

Figure 112. Exploding an isolated fixed point on a manifold

(29.21) Isolated fixed points on a smooth manifold. Let X be a compact manifold, assumed ori-

ented for convenience, and suppose f : X Ñ X is a smooth map with isolated fixed points. (A fixed

point p P X is isolated if there exists an open neighborhood N Ă X of p such that FixpfqXN “ tpu.)
For each p P Fixpfq we want to define a local Lefschetz number Lppfq P Z so that the global Lef-

schetz number Lpfq is the sum of the local Lefschetz numbers. We sketch the construction now.
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Choose a coordinate chart pU, xq such that p P U , say x : U Ñ A for an affine space A over an

inner product space, set p̃ “ xppq, and fix ε ą 0 such that x´1
`
Bεpp̃q

˘
contains no fixed points

other than p and f
`
x´1

`
Bεpp̃q

˘˘ Ă U . Then f transports via x to a map f̃ : Bεpp̃q Ñ A with p̃ as

its unique fixed point.

Definition 29.22. Define

(29.23) Lppfq “ degϕp,εpf̃q,
where ϕp,εpf̃q is the map (29.13).

We claim that Lppfq is independent of the choice of chart pU, xq and of ε ą 0. To see this, observe

that Theorem 29.12 identifies Lppfq with the sum of the local Lefschetz numbers at Lefschetz

fixed points of a perturbation of f supported in x´1
`
Bεpp̃q

˘
. Since these local Lefschetz numbers

are defined intrinsically on X, without reference to a coordinate chart, it follows that (29.23) is

independent of the choice of coordinate chart and of the choice of ε.

The following assertion about the global Lefschetz number follows from (29.14).

Theorem 29.24. Let X be a compact manifold and suppose f : X Ñ X is a smooth map with

isolated fixed points. Then

(29.25) Lpfq “
ÿ

pPFixpfq
Lppfq.

Example 29.26. As usual, write CP1 “ C > t8u, and define the smooth map f : CP1 Ñ CP1 to

agree with (29.2) on C and send 8 ÞÑ 8. Then Fixpfq “ t0,8u. The perturbation (29.4) and

subsequent computation prove that the local Lefschetz number of f at 0 is

(29.27) L0pfq “ m.

We can also derive (29.27) directly as the degree of (29.13), which is the map z ÞÑ ´zm on the unit

circle t|z| “ 1u. This is the composition of a half-turn and z ÞÑ zm, so has degree m. To compute

L8pfq we write w “ 1{z and then f has the local form

(29.28) w ÞÝÑ 1
1
w ` 1

wm
“ wm

1` wm´1

near w “ 0. If m ą 1, then the differential of (29.28) at w “ 0 vanishes, from which we see

w “ 0 is a Lefschetz fixed point and the local Lefschetz number is 1. If m “ 1 the differential is

multiplication by 1{2, so in this case too we conclude

(29.29) L8pfq “ 1.

Now Theorem 29.24 implies that the global Lefschetz number is Lpfq “ 1`m. Note that deg f “ m,

and so

(29.30) Lpfq “ 1` deg f.

This formula holds for any self-map of CP1, as follows from Theorem 29.82 below, though we will

not prove (29.30) here.
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Interlude of vector fields, integral curves, and flows

We first reprise the discussion of integral curves from (14.27) and (14.31). Then we move on

to state the basic theorems about flows, both local and global.

(29.31) Integral curves. The basic ordinary differential equation on a manifold is for a motion

with prescribed velocity.

Definition 29.32. Let X be a smooth manifold, let ξ be a vector field on X, and suppose pa, bq Ă R
is an open interval. Then a motion γ : pa, bq Ñ X is an integral curve of ξ if

(29.33) 9γptq “ ξγptq, t P pa, bq.

A globalized form of the fundamental theorem of ODEs is the existence and uniqueness of a

maximal integral curve with given initial value.

Theorem 29.34. Let X be a smooth manifold, let ξ be a vector field on X, and fix x P X. Then

there exists a unique maximal integral curve

(29.35) γx :
`
apxq, bpxq˘ ÝÑ X

such that γxp0q “ x. Furthermore, ´8 ď apxq ă 0 ă bpxq ď `8.

The maximality and uniqueness mean that if δ : pc, dq Ñ X is any integral curve of ξ satisfying

δp0q “ x, then apxq ď c ă 0 ă d ď bpxq and δ “ γx
ˇ̌
pc,dq.

Definition 29.36. The vector field ξ is complete if apxq “ ´8 and bpxq “ `8 for all x P X.

In other words, all integral curves of X exist for all time.

Remark 29.37.

(1) If X is compact, then every vector field on X is complete.

(2) The vector field x2 B{Bx on R is not complete. Nor is the vector field B{Bx on R‰0.

(29.38) Global and local flows. Fix a vector field ξ P XpXq. We consider simultaneously all

maximal integral curves of ξ and show (well, state) that they assemble into a flow.

Definition 29.39. A global flow ϕ : R ˆ X Ñ X on a smooth manifold X is a smooth function

which is also a homomorphism RÑ DiffpXq.
Here DiffpXq is the group of diffeomorphisms X Ñ X. The diffeomorphism at t P R is denoted ϕt,

i.e., for t P R and x P X we write ϕtpxq “ ϕpt, xq. A complete vector field determines a global flow,

but a general vector field determines a flow defined on an open subset of RˆX. Set

(29.40) Dt “
 
x P X : t P `apxq, bpxq˘( , t P R,
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and define

(29.41) ϕpt, xq “ ϕtpxq “ γxptq, if x P Dt.

The following theorem, which is essentially Theorem 1.48 in Warner’s Foundations of Differentiable

Manifolds and Lie Groups, gives the main properties of Dt and ϕ. I defer to that reference for the

proof, assuming the fundamental theorem of ODE.

Theorem 29.42.

(1) Dt Ă X is open and
Ť
tą0 Dt “ X.

(2) ϕt : Dt Ñ D´t is a diffeomorphism with inverse ϕ´t.
(3) For t1, t2 P R, we have ϕ´1

t1
pDt2

q X Dt1
Ă Dt1`t2 and ϕt2 ˝ ϕt1 “ ϕt1`t2 on their common

domain. (The two domains are equal if t1, t2 have the same sign.)

(4) If U Ă X is an open subset and x P U , then there exist ε P Rą0 and an open subset U 1 Ă U

with x P U 1 such that ϕ
`p´ε, εq ˆ U 1˘ Ă U .

(5) There exists an open subset U Ă R ˆ X and a smooth function pϕ : U Ñ X such that

t0u ˆX Ă U and if pt, xq P U then x P Dt and pϕpt, xq “ ϕtpxq.
(6) If ξ is complete, then Dt “ X for all t P R and a global flow exists.

We use ‘ϕ’ in place of ‘pϕ’; it is the local flow. The local flow is unique in the sense that any two

agree on their common domain. We say that ξ is the generator of the flow ϕ, or that ξ generates

the flow.

(29.43) The flow in local coordinates. We continue with a vector field ξ and the flow ϕ it generates.

Let pU ;x1, . . . , xnq be a standard chart, and write ξ “ ξi BBxi for the vector field in the chart. As

in Theorem 29.42(4) we choose ε ą 0 and U 1 Ă U such that if t P p´ε, εq and x P U 1, then

ϕpt, xq P U . In the formulæ below the arguments t, x are implicitly restricted to p´ε, εqˆU 1. Write

pt;xq “ pt;x1, . . . , xnq and

(29.44) ϕpt, xq “ `
ϕ1pt;xq, . . . , ϕnpt;xq˘.

The elementary properties of the flow imply

(29.45)

ϕip0, xq “ xi

9ϕipt;xq “ ξiϕpt;xq
Bϕi
Bxj

ˇ̌
ˇ̌
t“0

“ δij

B2ϕi

BxkBxj
ˇ̌
ˇ̌
t“0

“ 0.

We abbreviate the second equation: 9ϕi “ ξi.
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The Poincaré-Hopf theorem

We now prove the generalization of Theorem 28.40 which relaxes the transversality condition to

the condition that the vector field ξ have isolated zeros. To begin, we derive a local index at the

zeros of a vector field from the formula (29.23) for the local Lefschetz number.

(29.46) The local index. Let V be a finite dimensional real inner product space, suppose U Ă V

is an open neighborhood of 0 P V , and let ξ : U Ñ V be a smooth map whose only fixed point is 0.

We interpret ξ as a vector field on U with an isolated zero.

Definition 29.47. The index of ξ at 0, denoted ind0pξq, is the degree of the map

(29.48)
ξ

}ξ} : SδpV q ÝÑ SpV q

for sufficiently small δ ą 0.

Here SδpV q is the sphere of radius δ about 0, and we take δ P p0, εq where Bεp0q Ă U . Orient the

spheres consistently, so that the homothety which maps SδpV q to SpV q is orientation-preserving.

The degree is the same for both choices of compatible orientations. The degree is also independent

of δ by homotopy invariance.

The differential of ξ at 0 is a linear map dξ0 : V Ñ V .

Lemma 29.49. If dξ0 is an isomorphism, then

(29.50) ind0pξq “ sign det dξ0.

Proof. Write (29.48) as the map

(29.51) η ÞÝÑ ξpδηq
}ξpδηq} “

ξpδηq{δ
}ξpδηq{δ}

on SpV q and take the limit as δ Ñ 0 to obtain the map
dξ0

}dξ0} . Now apply Lemma 29.9. �

Remark 29.52. I highly recommend looking in Guillemin-Pollack and other books for pictures and

computations of the local index in low dimensions. Note that Lemma 29.49 is the transverse case

when the index is ˘1, as in Lemma 28.23 and Theorem 28.40.

(29.53) The local index and the local Lefschetz number. Now apply Theorem 29.42 to construct

a local flow ϕt : p´ε, εq ˆ U 1 Ñ U for some ε ą 0 and open subset U 1 Ă U which contains 0. Then

for each t P p´ε, εq, the map ϕt : U
1 Ñ U has 0 as its unique fixed point. Recall the local Lefschetz

number (29.13).
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Proposition 29.54. The local index of ξ is the local Lefschetz number of ϕt up to a sign:

(29.55) L0pϕtq “ ind0p´ξq

for all t.

The sign is unfortunate. Observe that the index of ´ξ is the index of the composition of (29.48)

with the antipodal map on the sphere. Thus if dimV is even we have ind0p´ξq “ ind0pξq. In our

application to the Euler number we can restrict to even-dimensional manifolds—the Euler number

of an odd-dimensional manifold vanishes—and so we can replace ´ξ with ξ in (29.55).

Proof. The local Lefschetz number Lpϕtq is the degree of the self map

(29.56) η ÞÝÑ δη ´ ϕtpδηq
}δη ´ ϕtpδηq} , η P SpV q,

for any δ P p´ε, εq. Now

(29.57)
δη ´ ϕtpδηq
}δη ´ ϕtpδηq} “

δη ´ ϕtpδηq
t›››δη ´ ϕtpδηq
t

›››
tÑ0ÝÝÝÝÑ ´ ξpδηq

}ξpδηq} ,

which, up to a sign, is the expression (29.51) whose degree is the local index of ξ. �

(29.58) The local index on a smooth manifold. Now suppose X is a smooth manifold and ξ is a

vector field with an isolated zero at p P X. Introduce a coordinate chart about p with values in a

vector space V such that p maps to 0 P V . Transport ξ to the chart and use Definition 29.47 to

compute its index as a degree. The degree is independent of the chart, since under a change of chart

the map (29.48) is conjugated by a diffeomorphism of spheres, and the index of a diffeomorphism

is ˘1.

(29.59) The Poincaré-Hopf theorem. The following is now a corollary of Theorem 29.24.

Theorem 29.60. Let X be a compact manifold and suppose ξ is a vector field on X with isolated

zeros. Then

(29.61) χpXq “
ÿ

pPZeropξq
indppξq.

Proof. Since X is compact, by Theorem 29.42(6) there is a global flow ϕt generated. Furthermore,

for sufficiently small |t| we have Fixpϕtq “ Zeropξq. For such t we use Proposition 29.54 to equate

the local Lefschetz number of ϕt at a fixed point p with the local index of ξ at p, with a minus sign

if dimpX is odd. Now the homotopy invariance of the Lefschetz number implies χpXq “ Lpϕtq
for all t. We apply it for sufficiently small |t| to deduce (29.61), but with a sign p´1qdimpX in the

summand. Since the Euler number of each odd dimensional component of X vanishes, the formula

is true without the sign. �
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Figure 113. A surface of genus g

Example 29.62. Let X “ Σg be a surface of genus g, embedded generically into standard Eu-

clidean 3-space E3 with coordinates x, y, z; see Figure 113. Let ξ be the vector field on X whose

value at p P X is the orthogonal projection of B{Bz onto the tangent plane TpX Ă R3. We can ar-

range that ξ vanishes at isolated points. These are the critical points of the restriction of z : E3 Ñ R
to X, and occur when TpX Ă R3 is the px, yq-plane. Near such a point p P x we can locally write X

as the graph of a function f : TpX Ñ R. Identify TpX with R2 and use standard coordinates x, y.

Then the function f “ fpx, yq satisfies fp0, 0q “ 0, fxp0, 0q “ 0, fyp0, 0q “ 0, where the sub-

scripts denote partial derivatives. The tangent space Tpx,yqX Ă R3 for small x, y is the span of

B{Bx ` fxB{Bz and B{By ` fyB{Bz. It is isomorphic by orthogonal projection to the span of B{Bx
and B{By. Under that identification we compute

(29.63) ξpx,yq “ fx
B
Bx ` fy

B
By .

Therefore, the differential is represented by the Hessian matrix

dξp0,0q “
¨
˝
fxxp0, 0q fxyp0, 0q
fyxp0, 0q fyyp0, 0q

˛
‚

If this is nondegenerate, then the sign of the determinant is `1 at maxima and minima of f and

the sign of the determinant is ´1 at saddle points. As in the picture, this nondegeneracy can

be arranged, and furthermore we can arrange for a unique maximum, a unique minimum, and

2g saddle points. Therefore, (29.61) computes

(29.64) χpΣgq “ 2´ 2g.

Introduction to de Rham cohomology
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(29.65) Definition of de Rham cohomology. Let X be a smooth n-dimensional manifold. Recall

the de Rham complex (22.53)

(29.66) 0 ÝÑ Ω0pXq dÝÝÑ Ω1pXq dÝÝÑ Ω2pXq dÝÝÑ ¨ ¨ ¨ dÝÝÑ ΩnpXq ÝÑ 0,

in which d2 “ 0.

Definition 29.67.

(1) A differential form α P Ω‚pXq is closed if dα “ 0.

(2) A differential form α P Ω‚pXq is exact if there exists β P Ω‚pXq such that α “ dβ.

Since d2 “ 0 we have for each k P t0, 1, . . . , nu the inclusions

(29.68) dΩk´1pXq Ă Ωk
closedpXq Ă ΩkpXq,

where dΩk´1pXq is the space of exact k-forms.

Definition 29.69. The de Rham cohomology in degree k is the vector space

(29.70) Hk
dRpXq “

Ωk
closedpXq

dΩk´1pXq .

Example 29.71. A function f P Ω0pXq is closed iff f is locally constant, and it is exact iff it

vanishes. Hence H0
dRpXq is the vector space of locally constant functions on X.

Example 29.72. We indicate an isomorphism

(29.73) H1
dRpR{Zq –ÝÝÑ R

Namely, a function on R{Z lifts under the covering R Ñ R{Z to a periodic function f : R Ñ R,

i.e., one for which fpx` 1q “ fpxq for all x P R. Similarly, a 1-form α P Ω1pR{Zq lifts to a 1-form

α “ gpxqdx P Ω1pRq in which g is a periodic function. Every 1-form on a 1-manifold is closed, and

we claim α is exact iff

(29.74)

ż

R{Z
α “

ż 1

0
gpxqdx “ 0.

The isomorphism (29.73) is integration over R{Z. We leave the reader to fill in the details.

(29.75) Pullbacks. Let f : X 1 Ñ X be a smooth map of smooth manifolds. As noted in Theo-

rem 22.56 there is an induced pullback map of differential forms

(29.76) f˚ : ΩkpXq ÝÑ ΩkpX 1q,

and df˚ “ f˚d. This latter implies that f˚ maps closed forms to closed forms and exact forms to

exact forms, hence induces a map

(29.77) f˚ : Hk
dRpXq ÝÑ Hk

dRpX 1q

on de Rham cohomology.
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(29.78) The de Rham theorem. The utility of de Rham cohomology arises from a comparison

with other cohomology theories on a smooth manifold, say the singular theory. The book by Frank

Warner has a very nice treatment of the following.

Theorem 29.79. Let X be a smooth manifold. Then there exists a natural isomorphism

(29.80) Hk
dRpXq ÝÑ HkpX;Rq.

The codomain of (29.80) is the singular cohomology with real coefficients, which is isomorphic to

Hom
`
HkpXq,R

˘
, where HkpXq is the singular homology group. The map (29.80) is constructed by

integration over “smooth singular chains”.

Fixed point theorems

(29.81) The Lefschetz fixed point theorem. We have defined the Lefschetz number of a self map

f : X Ñ X in (28.46) as an intersection number, and in (29.21) have a formula in terms of local

data at fixed points in case every fixed point of f is isolated. This has more power if we can compute

the global intersection number effectively. The following theorem does this in terms of de Rham

cohomology and the induced map (29.77). Implicit is the assertion that the de Rham cohomology

vector spaces of a compact manifold are finite dimensional.

Theorem 29.82. Let f : X Ñ X be a self map of a compact oriented manifold. Then

(29.83) Lpfq “
dimXÿ

k“0

p´1qk Tr

˜
f˚

ˇ̌
ˇ̌
Hk

dRpXq

¸
.

Sadly, it is beyond the scope of this course to prove Theorem 29.82.

Remark 29.84. Fixed point theorems are important in many parts of geometry and beyond. For

example, recall that we use the contraction fixed point theorem to prove the inverse function

theorem and to construct solutions to ordinary differential equations, so more geometrically to

construct integral curves of vector fields. There are also infinite dimensional analogs of degree

(Leray-Schauder) and of fixed point theorems (Schauder) with many applications to integral and

partial differential equations; see Topics in Nonlinear Functional Analysis by Louis Nirenberg.

Remark 29.85. The relationship between fixed points and cohomology expressed in the Lefschetz

fixed point theorem has a powerful arithmetic cousin introduced by André Weil. It uses the Frobe-

nius map of a variety defined over a finite field.

Remark 29.86. Atiyah-Bott prove a generalization of Theorem 29.82 for linear elliptic differential

operators, a theorem with diverse applications in topology, geometry, and representation theory.



Problem Set # 1

M382D: Differential Topology

Due: January 27

There will be weekly homework assignments due each Thursday at the beginning of class on

Gradescope. Please work the problems neatly. There is no need to copy over the problem or hand

in the problem sheet. Do not show scratch work. Try the problems on your own first. Then feel

free to discuss them and work together with classmates, friends, parents, etc. However, I expect

you to write up your own solutions to the problems. Please come and discuss the problems (and

the class generally) with me during office hours.

Do the best you can on these problems. Please write your scratch work on scratch paper and only

hand in coherent, readable arguments and calculations. You will have to produce good mathemat-

ical writing on your tests, prelims, and in your future mathematical writing, so why not practice

now on these homeworks? Good mathematical writing is concise, so don’t write volumes of ma-

terial. Some of the problems are computational, others conceptual. Some may involve ideas you

are not familiar with. (Here is one place where your classmates may be able to help you.) Often I

leave problems open-ended. Feel free to explore. Some are meant to be challenging, so do not get

discouraged if you find them difficult. I certainly don’t expect anyone to do all of the problems or

even to come close. They are a guide for your learning of the material in the lectures and the book.

You should be reading my lecture notes as well as Warner and Guillemin/Pollack along with the

class, even if I do not give specific reading assignments. (But follow the definitions given in lecture!)

Please skim through the book immediately to see if you are comfortable with it and think it is at

the right level for you. (We will only cover Chapters 1, 2, and 4 of Warner.) And don’t forget

Milnor’s Topology from the Differentiable Viewpoint—it’s a wonderful book and a wonderful piece

of mathematical writing. Feel free to ask questions about the book during class or office hours. You

should now be reading the first chapter in each of the text books. There are plenty of problems in

each, and I suggest you try some of them.

All vector spaces and manifolds studied in this class are assumed to be finite dimensional. The

coefficients are real. In this class, and in some parts of the mathematical world, the word ‘manifold’

is short for ‘smooth manifold’, which we use synonymously with ‘C8 manifold’.

Problems

1. Suppose X,Y are manifolds and f : X Ñ Y a smooth map.

(a) Prove that X ˆ Y is also a manifold.

(b) Show that the graph Γpfq Ă X ˆ Y of f , defined by

Γpfq :“
 

px, yq P X ˆ Y : y “ fpxq
(

,

is a manifold.

(c) Now suppose U Ă X is an open subset. Define a manifold structure on U .

1



2. There are three different ways in which functions correspond to shapes. Let X,Y be sets and

f : X Ñ Y . (You might prefer to think that X,Y are topological spaces and f is continuous, but it

doesn’t matter for this part.) The graph of f , which is a subset of XˆY , is defined in the previous

problem. The image of f is fpXq Ă Y . The fiber of f at c P Y is f´1pxq Ă X. Graphs were

discussed in the previous problem; now we consider fibers and images, all in the context of smooth

maps of smooth manifolds.

(a) Suppose f : A3 Ñ R is a smooth function. Define Xc “ f´1pcq for all c P R. Is Xc necessarily a

manifold? Think carefully about what that statement means. For a fixed f what can you say

about the set of c for which Xc is a manifold? Try many examples. You might also want to try

this problem with A2 replacing A3.

(b) Repeat with f : RÑ A3 and X “ fpRq Ă A3. Here there is no parameter (‘c’ in the previous),

so you’ll have to vary the map f .

3. (a) Suppose A is an n dimensional affine space over a vector space V . Let γ : pa, bq Ñ A be a

smooth curve, where pa, bq P R is an open set. For t P pa, bq define the tangent vector 9γptq P V .

(b) Take n “ 2 and A “ A2 so we write γptq “
`

xptq, yptq
˘

. What is the formula for the tangent

vector in terms of the real-valued functions x, y? (What is the vector space V ?)

(c) Suppose the image of γ lies in the open set A2 z tpx, 0q : x ě 0u. Introduce polar coordi-

nates pr, θq on this open set and write the curve as
`

rptq, θptq
˘

. How precisely are the func-

tions r, θ defined? What is the tangent vector to the curve in terms of the functions r, θ?

4. Review the general form of the chain rule; here you will use it in a specific example. Define

f, g : A3 Ñ A3 by fpx, y, zq “ px2, y2, z2q and gpx, y, zq “ pyz, xz, xyq.

(a) Write a formula for g ˝ f and compute dpg ˝ fq at a general point px, y, zq from the formula.

(b) Now compute dg and df separately and use the chain rule to compute dpg ˝ fq. Compare your

answer to that in part (a).

5. Prove the following assertions, which should look familiar.

(a) Suppose U Ă An is a connected open set and f : U Ñ Am is a smooth function whose differen-

tial dfx vanishes for all x P U . Prove that f is constant.

(b) Let U, V Ă An be open subsets and f : U Ñ An and g : V Ñ An be smooth maps such that

the compositions f ˝ g and g ˝ f are defined and equal to the identity map. Prove that for

each x P U the differential dfx is an invertible map.

(c) Let U be a connected open subset of an affine space A and f : U Ñ B a smooth map to an

affine space B. Prove that f extends to an affine map A Ñ B if and only if the differential

df : U Ñ HompV,W q is constant. Here V,W are the vector spaces associated to the affine

spaces A,B and HompV,W q is the vector space of linear maps from V to W .

2



6. Recall that GLnR is the open subset of n ˆ n real matrices which are invertible, so it inherits a

manifold structure from that of the vector space of nˆ n matrices. Show that multiplication and

inversion are smooth maps
GLnRˆGLnR ÝÑ GLnR

GLnR ÝÑ GLnR

Repeat for the group GLnC of invertible complex matrices. This proves that GLnR and GLnC are

Lie groups. At some point during the semester I strongly recommend reading Chapter 3 of Warner

for some basics on Lie groups.

7. Fix positive numbers r and R with r ă R. Let the torus T be the surface of revolution in A3 (with

coordinates x, y, z) obtained by revolving the circle

y “ 0, px´Rq2 ` z2 “ r2

about the z-axis.

(a) Show that T is a 2-manifold.

(b) Define the Gauss map g : T Ñ S2 to the unit sphere in A3 by mapping a point p P T to the

unit normal vector to T at p, viewed as a point of S2. (Here I am relying on your geometric

intuition, not on definitions we have discussed in this class.) Show that g is smooth. Compute

its differential in some coordinate system.

8. Let V be a finite dimensional real vector space and k P Zě0. The Grassmannian is

GrkpV q “ tW Ă V subspace of dimension k u.

Topologize GrkpV q. Construct an atlas on GrkpV q following the start given in lecture. Can you do

both at once?

9. Let X denote the set of affine lines in A2. Topologize X and show that it is a topological manifold.

What is dimX? Is X connected? Is X compact? Is X simply connected? Can you recognize X as a

familiar topological manifold: do you know a familiar topological manifold which is homeomorphic

to X?

3



Problem Set # 2

M382D: Differential Topology

Due: February 4

For the problems in Guillemin/Pollack, I would like you to use the definitions (of a manifold,

tangent space, etc.) that we use in lecture and in the lecture notes. That said, please do read

Guillemin/Pollack.

Problems in Guillemin/Pollack

Chapter 1, §2 (p. 11): 4, 10, 11

Chapter 1, §3 (p. 18): 5

Other Problems

1. Let M be a topological manifold and A “ tpUα, xαquαPA an atlas. Define

A “ A Y tpU, xq standard charts on M : pU, xq is C8-related to all charts in A u.

Prove that A is a maximal atlas on M , i.e., a differential structure.

2. (a) Let P pzq :“ anz
n`¨ ¨ ¨`a1z`a0 be a polynomial in a single complex variable; the coefficients ai

are complex numbers. Consider the family of equations P pzq “ s for a variable complex

number s. Suppose that for some z0, s0 we have P pz0q “ s0 and z0 is a simple root of P pzq´s0.

Let t ÞÑ st be a smooth curve through s0. Prove that there is a smooth curve t ÞÑ zt around z0
so that P pztq “ st. For what values of t is this curve guaranteed to exist? What happens if

z0 is a double root?

(b) A theorem in classical Euclidean geometry, named after the great Napolean, goes as follows.

Suppose A,B,C are points in E2, where E2 is the Euclidean plane, the affine plane with the stan-

dard notion of distance and angle. Let C 1 be the point external to the triangle ABC such that

the triangle ABC 1 is equilateral. Similarly, define equilateral triangles A1BC and AB1C. Let

A2, B2, C2 be the centers of the triangles BCA1, CAB1, ABC 1. The theorem states that A2B2C2

is equilateral. You will have fun proving that if you haven’t seen it before—there is a very ele-

gant argument for it. But the statement I’m asking you to prove here is that the length of the

side of A2B2C2 is a smooth function of the points A,B,C. You can do so without computing

a formula.

1



3. Consider the 2-sphere

S2 “ tpx, y, zq P A3 : x2 ` y2 ` z2 “ 1u.

(a) There is an obvious inclusion i : S2 Ñ A3. Show that the differential dip at any point p P S2 is

an injection dip : TpS
2 Ñ R3 and identify the image.

(b) More generally, suppose M is a smooth manifold and i : M Ñ A an immersion into an affine

space A over a vector space V . For each p PM , show how to identify TpM as a linear subspace

of V .

(c) On the upper hemisphere tz ą 0u of S2 consider the functions x, y to be coordinate function. As

a second coordinate system we take spherical coordinates θ, φ defined by solving the equations

x “ sinφ cos θ

y “ sinφ sin θ.

Identify a (maximal) subset of the upper hemisphere on which θ, φ is a coordinate system. (You

may want to translate: replace θ, φ by θ ´ θ0, φ´ φ0 for some θ0, φ0.) On that subset express

the vector field B{Bx in terms of B{Bθ and B{Bφ.

4. Let x1, . . . xn and y1, . . . , yn be two local coordinate systems (charts) on a smooth manifold, and

suppose the domains agree. Let f be a smooth real-valued function defined on this common domain.

(a) Show

Bf

Byj
“
Bxi

Byj
Bf

Bxi
.

(b) Verify from (a) and other equations that

df “
Bf

Bxi
dxi “

Bf

Byj
dyj .

(c) Compute

B2f

ByjByk

in terms of partial derivatives of f in the x-coordinate system. Does

B2f

ByjByk
dyjdyk

behave nicely under coordinate change? You’ll have to invent multiplication rules for the

differentials to answer this. Spell out functionally (or theoretically if you want) what rules you

are following.

2



5. This problem is a standard and important corollary of the inverse function theorem, called the

implicit function theorem. It states a condition under which we can solve an equation of two

variables implicitly for one variable as a function of the other.

Suppose X,Y, Z are manifolds and F : X ˆ Y Ñ Z a smooth map with F px0, y0q “ z0 for some

x0 P X, y0 P Y , and z0 P Z. Assume that the restriction of the differential dFpx0,y0q to Ty0Y Ă

Tpx0,y0qpXˆY q is an isomorphism onto Tz0Z. Prove that there exists a neighborhood U of x0 and V

of y0 and a smooth function f : U Ñ V such that

F
`

x, fpxq
˘

“ z0

for all x P U . (More generally, we can find a function fz : U Ñ V which solves the equation

F
`

x, fzpxq
˘

“ z for z in a neighborhood of z0.)

6. Let V be a finite dimensional real vector space of dimension at least 3. Specify an open subset M Ă

PV ˆPV on which the map f : M Ñ Gr2pV q which maps a pair of lines p`1, `2q to the 2-plane they

span is defined. Compute the differential of f and prove that it is surjective at all points of M .

3



Problem Set # 3

M382D: Differential Topology

Due: February 11

Over the next few weeks we will cover Sard’s theorem, the Whitney embedding theorem, and

partitions of unity. As we proceed you should read over all of Chapter 1 in Guillemin/Pollack as

well as the discussion on p. 22–35 of Warner. But be warned that his use of ‘submanifold’ is not

standard and in particular is not ours; his is a ‘1:1 immersion’.

Problems in Guillemin/Pollack

Chapter 1, §4 (p. 25): 2, 5

Other Problems

1. This exercise is preparation for our discussion of partitions of unity.

(a) Consider the function f : RÑ R defined by

fpxq “

#

e´1{x
2
, x ą 0;

0, x ď 0.

Prove that f is C8. Sketch the graph of f . Compare f to its Taylor series at x “ 0.

(b) Given real numbers a ă b show that

gpxq :“ fpx´ aqfpb´ xq

is smooth and vanishes outside the interval pa, bq.

(c) Given real numbers a ă b, construct a C8 function h : RÑ R such that: (i) hpxq “ 0 for x ď a,

(ii) hpxq “ 1 for x ě b, and (iii) h is monotonic nondecreasing.

(d) Given real numbers a ă b ă c ă d, construct a C8 function k : R Ñ R so that (i) kpxq “ 0

for x ď a, (ii) kpxq “ 1 for b ď x ď c, and (iii) kpxq “ 0 for x ě d.

(e) Given real numbers ai ă bi ă ci ă di, i “ 1, . . . , n, construct a C8 function k : An Ñ R so that

(i) kpx1, . . . , xnq “ 0 if any xi ď ai; (ii) kpx1, . . . , xnq “ 1 if bi ď xi ď ci for all i “ 1, . . . , n; and

(iii) kpx1, . . . , xnq “ 0 if any xi ě di.

(f) Prove that on every manifold X there is a nonconstant C8 function f : X Ñ R.

1



2. Consider the function

fpx, y, zq “ x4 ` y4 ` z4

defined on A3.

(a) Determine the critical points of f , that is, the points where the differential of f vanishes.

(b) Compute the differential of f in cylindrical coordinates r, z, θ given by

x “ r cos θ

y “ r sin θ

z “ z.

Do this two ways. First: write f in cylindrical coordinates and then differentiate. Second:

differentiate f in rectangular coordinates and then change to cylindrical coordinates. Your

answers should agree.

(c) Let g : S2 Ñ R be the restriction of f to the unit sphere. What is the maximum value of g?

Where is it attained? Can you do a complete analysis of the critical points, i.e., determine the

maxima, minima, and saddle points? How many critical points are there? How many critical

values (values of g at the critical points)?

3. (a) Define complex projective space CPn as the manifold of equivalence classes

CPn “ trz0, z1, . . . , zns : zi P C, pz0, z1, . . . , znq ­“ p0, 0, . . . , 0qu
L

„,

where

rz0, . . . , zns „ rz1
0
, . . . , z1

n
s if and only if z1

i
“ λzi

for some nonzero complex number λ. Show that CPn is a manifold. (Consider Ui “ trz
0, . . . , zns :

zi ­“ 0u.)

(b) Construct a diffeomorphism between CP1 and the standard 2-sphere.

(c) Identify the 3-sphere with the unit sphere in C2:

S3 “ tpz1, z2q P C2 : |z1|2 ` |z2|2 “ 1u.

Prove that the map

f : S3 ÝÑ CP1

pz1, z2q ÞÝÑ rz1, z2s

is a submersion. What is the inverse image of a point? What can you say about the inverse

images of two distinct points? How are they situated in S3? The map f is the Hopf fibration.
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4. Let At be a curve of symmetric n ˆ n real matrices, defined for t P p´ε, εq, and suppose A0 has

a simple eigenvalue λ with corresponding eigenspace L0 Ă Rn. Consider L0 as a point of RPn´1.

Show that there is a smooth parametrized curve t ÞÑ Lt Ă RPn´1 so that Lt is an eigenspace of At.

The domain of this motion is an open interval p´δ, δq for some δ ă ε.

5. What manifold parametrizes great circles in the standard unit sphere S2 Ă A3?

6. Let X,Y be finite dimensional real vector spaces and W Ă Y a subspace. A linear map L : X Ñ Y

is transverse to W if LpXq `W “ Y , that is, if any vector in Y is a sum (possibly nonuniquely) of

a vector in LpXq and a vector in W .

(a) Let π : Y Ñ Y {W be the quotient map. Prove that L is transverse to W if and only if π ˝ L is

surjective.

(b) If L is transverse to W then compute the dimension of L´1pW q Ă X.

(c) Prove that the set of linear maps transverse to W is an open subset of HompX,Y q.

3



Problem Set # 4

M382D: Differential Topology

Due: February 17

Problems in Guillemin/Pollack

Chapter 1, §4 (p. 25): 10, 12

Chapter 1, §7 (p. 45): 4, 6 (assume f is smooth)

Other Problems

1. Let M,N be smooth manifolds and f : M Ñ N an injective proper immersion. (A map is proper if

for all C Ă N compact, the inverse image f´1pCq ĂM is compact.) Prove that f is an embedding.

2. Produce a smooth map f : p´δ, δq ˆ S1 Ñ S1 for some δ ą 0 with the following property: If

ft “ f
ˇ

ˇ

ttuˆS1 , and q P S1 is a chosen point, then #f´1t pqq is nonconstant as a function of t. What

causes the jump in this function? Give other examples for other compact domains and arbitrary

codomains. Can you see a topological invariant in this situation?

3. For each of the following construct an example.

(a) A compact manifold X and a smooth manifold Y with dimX “ dimY “ 2, and a smooth map

f : X Ñ Y such that if R Ă Y is the subset of regular values and #: R Ñ Zě0 the function

which assigns to q P R the cardinality of f´1pqq, then # takes on three distinct values. (Recall

from lecture that # is locally constant.)

(b) An embedding f : X Ñ Y which is not proper

(c) A non-simply connected compact 4-manifold

(d) A surjective local diffeomorphism of 3-manifolds which is not a diffeomorphism

4. (a) A 3 ˆ 3 rotation matrix always has a fixed line—that is, an eigenspace—which is actually

pointwise fixed—the eigenvalue is 1. Show that this is so. (A 3 ˆ 3 rotation matrix is an

orthogonal matrix with determinant 1. The Lie group of all such matrices is denoted SO3.)

Except for the identity matrix I, this line is unique. Show that the map f : SO3 ztIu Ñ RP2

so defined is a submersion. What is the inverse image of a point?

(b) Show that RP3 may be constructed from the unit ball B3 Ă A3 by identifying antipodal points

of the boundary S2.

(c) Construct a diffeomorphism f : RP3 Ñ SO3. Hint: Take the ball in part (b) to have radius π.

(d) The manifold underlying the Lie group SO2 of orthogonal 2 ˆ 2 matrices of determinant 1 is

also familiar. What is it? What manifold underlies O2?

1



5. Real projective space RPn may be defined as the set of nonzero real pn`1q-tuples x “ rx0, x1, . . . , xns

up to an equivalence which identifies two pn`1q-tuples if one is obtained from the other using scalar

multiplication by a nonzero constant.

(a) Let F “ F px0, . . . , xnq be a homogeneous real-valued function: F pλxq “ λrF pxq for some real

number r and all nonzero λ P R. How does the equation F “ 0 define a subset of RPn?

(b) What condition on F guarantees that this subset is a submanifold?

(c) Homogeneous polynomials are particular examples of homogeneous functions. Show that any

linear polynomial F satisfies the condition you found in part (b). What is the corresponding

submanifold of RPn?

(d) Now investigate (homogeneous) quadratic and cubic polynomials. You might try the case n “ 2

first to see what sort of submanifolds you get.

6. Let V be a finite dimensional real inner product space. Define the Stiefel manifold

St2pV q “
 

b : R2 Ñ V : b is an isometry
(

.

Construct a smooth manifold structure on St2pV q.

2



Problem Set # 5

M382D: Differential Topology

Due: February 24

Problems in Guillemin/Pollack

Chapter 1, §8 (p. 55): 3, 4, 7, 8

Other Problems

1. Let f : X Ñ Y be an embedding of a smooth manifold X into a smooth manifold Y . Prove that

f is a proper map iff fpXq P Y is closed.

2. Let X “ tpx, y, zq P A3 : x2 ` y2 ` z2 “ 1, z ‰ ˘1u and Y “ tpx1, y1, z1q P A3 : px1q2 ` py1q2 “ 1u

be the twice punctured 2-sphere and cylinder in affine 3-space. Let f : X Ñ Y be radial projection

from the z-axis. Compute df . Specify the domain and codomain, the charts you use if you use

them, etc.

3. (a) Consider the diagram

E

π
��

X 1
f // X

in which π is a fiber bundle and f a smooth map. Construct E1, π1, f̃ in the diagram

E1
f̃ //

π1

��

E

π
��

X 1
f // X

so that the diagram commutes and f̃ restricts to a diffeomorphism π1pp1q Ñ π´1pfpp1qq for all

p1 P X 1. Show that π1 is a fiber bundle. It is the pullback of π along f .

(b) Let X be a smooth manifold and πi : Ei Ñ X, i “ 1, 2, be fiber bundles. Construct a fiber

bundle π : E1 ˆX E2 Ñ X, the fiber product of π1 and π2, whose fibers are the Cartesian

products of the fibers of π1 and π2.

(c) Prove that if f : X Ñ Y is a smooth map, then the differential df “ f˚ : TX Ñ TY is also a

smooth map. (Check in charts.)

1



4. (a) Let V be a finite dimensional real vector space. Recall that an inner product on V is a func-

tion x´,´y : V ˆ V Ñ R which is linear in each variable separately, symmetric, and positive

definite: for ξ, ξ1, ξ2, η P V and λ P R we have

xξ1 ` λξ2, ηy “ xξ1, ηy ` λxξ2, ηy

xξ, ηy “ xη, ξy

xξ, ξy ą 0 if ξ ­“ 0

(b) Show that the space of maps V ˆV Ñ R which satisfy the first two equations above is a vector

space. What is its dimension (in terms of dimV )? Show that the subset of maps which in

addition satisfy the positive definiteness condition is convex.

(c) A Riemannian metric on a smooth manifold X is a smoothly varying assignment of inner

products on the tangent spaces TpX. How do we formalize ‘smoothly varying’ in the previous

sentence?

(d) Construct a Riemannian metric on U Ă X if U is the domain of a coordinate chart pU ;x1, . . . , xnq.

(e) Use a partition of unity to construct a Riemannian metric on X.

5. (a) Construct a smooth map π : E Ñ M which is a surjective submersion, which has compact

fibers, and yet which is not a fiber bundle.

(b) Give an example of a fiber bundle which is not proper.

(c) Prove that a covering space is a fiber bundle.

(d) Is every local diffeomorphism a fiber bundle?

(e) Can an immersion be a fiber bundle?

6. Consider the real quadratic equation

(˚) ax2 ` bxy ` cy2 ` dx` ey ` f “ 0,

where a, b, c, d, e, f P R and x, y are standard coordinates in A2.

(a) Under what conditions is 0 a regular value of the quadratic function on the left hand side? If

so, when is the resulting submanifold of A2 compact?

(b) Recall that the real projective plane RP2 is a compactification of the real affine plane A2

that has a real projective line RP1 at infinity. If x, y, z are homogeneous coordinates on RP2

we identify A2 as the subset of points of the form rx, y, 1s. (Recall the equivalence relation

rx, y, zs „ rλx, λy, λzs P RP2 for λ P R ­“0.) Show that the set X of solutions to the homogeneous

quadratic equation

(˚˚) ax2 ` bxy ` cy2 ` dxz ` eyz ` fz2 “ 0

intersects A2 in the subset defined by (˚). What is the intersection with the RP1 at infinity?
2



(c) What are the possible topologies for X in part (b)?

(d) We can also study the complex solutions to (˚˚), that is, the space of solutions XC Ă CP2. Can

you identify the manifold XC when 0 is a regular value of the quadratic function in (˚)?

(e) Show that r1,˘
?
´1, 0s P XC if and only if (˚) defines a (Euclidean) circle in A2.
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Problem Set # 6

M382D: Differential Topology

Due: March 3

Next week, in lieu of a problem set, you will have a take home midterm exam. The only difference

with the problem sets is that you are to do it on your own. Also, the more difficult problems will

be extra credit.

We will not have any lecture on March 10. Instead, I will post a recorded lecture (on the

classification of 1-manifolds) and ask that you watch it at some point.

Problems in Guillemin/Pollack

Chapter 1, §5 (p. 32): 2, 9, 10

Other Problems

1. Construct a nontrivial rank one real vector bundle over the circle S1 by gluing the ends of r0, 1sˆR
using the linear map ξ ÞÑ ´ξ. In other words, identify p0, ξq „ p1,´ξq. From this construct a

vector bundle π : E Ñ S1. Can you identify the 2-manifold which is the total space (the ‘E’ in

π : E Ñ S1) of this bundle?

2. Let M be a smooth manifold and π : T ˚M ÑM its cotangent bundle. Introduce the notation

Ω0pMq “ tf : M Ñ R smoothu

Ω1pMq “ tsections of π : T ˚M ÑMu

(a) Construct vector space structures on each of these sets. Show that the differential is a linear

map

(˚) Ω0pMq
d
ÝÝÑ Ω1pMq.

(We will soon construct “higher” versions of these vector spaces and of the differential.)

(b) Let M “ R. Is the map (˚) injective? Is it surjective? If not, identify the kernel and cokernel.

(c) Repeat (b) for M “ S1.

1



3. (a) Let f “ fpx, y, zq and g “ gpx, y, zq be smooth functions defined on an open set U Ă A3, and

suppose each has 0 as a regular value. Then X “ f´1p0q and Y “ g´1p0q are submanifolds

of A3 of dimension 2. Then X and Y intersect transversely if and only if a certain condition

on f and g holds. What is it?

(b) Check your answer for the specific functions

f “ x2 ` y2 ` z2 ´ 1

g “ px´ aq2 ` y2 ` z2 ´ 1

where a is a real parameter. For what values of a is the intersection transverse? Think about

the geometric picture as well as the equations.

4. (a) Recall that On, the set of orthogonal nˆn matrices, is a Lie group. It acts on the sphere Sn´1

of unit vectors in Rn. Show that the map

On ÝÑ Sn´1

g ÞÝÑ g

˜

1
0
...

¸

is a fiber bundle. Try n “ 1, 2, 3.

(b) Let V be a finite dimensional real inner product space. Recall (from Homework #4) the Stiefel

manifold StkpV q for k P t1, 2, . . . ,dimV u. What is St1pV q? What is StnpV q if n “ dimV ? (Is

there a sensible definition of St0pV q?) For any k, construct a map

StkpV q ÝÑ GrkpV q

and prove that it is a fiber bundle. Construct a fiber bundle

StkpV q ÝÑ Stk´1pV q

and so a sequence of fiber bundles

StkpV q ÝÑ Stk´1pV q ÝÑ ¨ ¨ ¨ ÝÑ St0pV q.

(c) What are the fibers of each map in this problem?

2



5. Define

X “ trx, y, zs P CP2 : x2 ` y2 ´ z2 “ 0u Ă CP2.

(a) Prove that X is a 2-dimensional submanifold of CP2.

(b) Consider the pencil (= 1-dimensional family) of projective lines

Yt “ trx, y, zs P CP2 : x` y ´ tz “ 0u Ă CP2.

Here t P C. Define a projective line Y8 by taking the limit as tÑ8. Write an equation for Y8.

(c) For which t is X ´
& Yt? For those t identify the manifold X X Yt.

(d) Redo the problem with RP2 replacing CP2.

3



Problem Set # 7

M382D: Differential Topology

Due: March 24

This is homework set is due after spring break. Please be sure to take a break!

Problems in Guillemin/Pollack

Chapter 2, §2 (p. 66): 1, 2, 3, 4

Other Problems

1. Let X be a manifold with boundary. Construct a smooth function f : X Ñ R such that 0 is a

regular value, f´1p0q “ BX, and f ă 0 on XzBX.

2. For each of the following construct an example (with justification) or show that it does not exist.

(a) For each n ě 1 two maps Sn Ñ Sn which are not homotopic.

(b) For each n ě 1 two maps RPn Ñ RPn which are not homotopic.

(c) A map f : S1 ˆ S1 Ñ S2 with deg2 f ­“ 0.

(d) A map f : S2 Ñ S1 ˆ S1 with deg2 f ­“ 0.

(e) A map f : S2 Ñ RP2 with deg2 f ­“ 0.

(f) A map f : RP2 Ñ S2 with deg2 f ­“ 0.

3. A knot is the image of an embedding f : S1 Ñ A3. Suppose we have two disjoint knots, which are

the images of maps f, g : S1 Ñ A3. Define the mod 2 linking number as the mod 2 degree of the

map
f ˆ g : S1 ˆ S1 ÝÑ S2

sˆ t ÞÝÑ
fpsq ´ gptq

|fpsq ´ gptq|

(a) Compute the mod 2 linking number of the unit circle in the x-y plane centered at the origin

with the unit circle in the y-z plane centered at the point y “ 1{2, z “ 0, where x, y, z are

standard coordinates.

(b) Suppose that f extends to a map F : D2 Ñ A3, where D2 is the unit disk with boundary S1.

By one of our basic theorems we may assume, possibly after perturbation, that F is transverse

to gpS1q. Prove that the mod 2 linking number is the number of points in F´1
`

gpS1q
˘

mod 2.

1



Problem Set # 8

M382D: Differential Topology

Due: March 31

Problems in Guillemin/Pollack

Chapter 2, §4 (p. 82): 3, 5, 8, 11, 13

Chapter 2, §6 (p. 93): 1, 2

Other Problems

1. Let V be a 4-dimensional real vector space. Set Y “ Gr2pV q, the Grassmannian of 2-dimensional

subspaces of V . What dimension is Y ?

(a) Let U Ă V be a 3-dimensional subspace, and set X “ Gr2pUq. Explain how to regard X Ă Y

as a submanifold (of what dimension?) and compute #2pX,Xq.

(b) Let L Ă V be a 1-dimensional subspace, and let Z Ă Y be the set of W P Gr2pV q such that

L ĂW . Prove that Z Ă Y is a submanifold (of what dimension?) and compute #2pZ,Zq.

(c) Compute #2pX,Zq.

2. Let X, Y be smooth manifolds, S a connected smooth manifold, Z Ă Y a closed submanifold, and

suppose that in the diagram

X
G //

F

��

Y

S

the map G is an embedding and F is proper. Assume that pdimX ´ dimSq ` dimZ “ dimY .

Suppose that s0, s1 P S are regular values of F . Prove that #2

`

G
ˇ

ˇ

F´1ps0q
, Z

˘

“ #2

`

G
ˇ

ˇ

F´1ps1q
, Z

˘

.

3. Proof or counterproof. (Or if no proof, at least intuitive reasoning indicating why you think the

given statement is true or false.)

(a) There exists a 2-dimensional submanifold X Ă RP2 ˆ RP2 with #2pX,Xq ‰ 0.

(b) For n ě 1 there exist compact submanifolds X,Z Ă Sn with #2pX,Zq ‰ 0.

(c) Let Y be a closed 2-manifold of genus 2, i.e., a “sphere with two holes”. Then there exists a

compact 1-dimensional submanifold X Ă Y such that #2pX,Xq ‰ 0.

(d) Let W be a 4-dimensional complex vector space and set Y “ Gr2pW q, the Grassmannian of

2-dimensional complex subspaces of W . Then there exists a compact submanifold X Ă Y such

that #2pX,Xq ‰ 0.

1



Problem Set # 9

M382D: Differential Topology

Due: April 7

There are many problems, but many are short, straightforward, and computational: give them a

try!. You need practice with exterior algebra and differential forms if you have never worked with

them. You only need to follow the rules

df ^ dg “ ´dg ^ df

d2f “ 0

to do the computation; you do not need to wait for all of the theory we are developing.

Problems in Warner

Chapter 2 (p. 77): 2, 9, 10, 12, 15

Other Problems

1. Let S be a set. Recall from lecture (notes) the definition of a free vector space generated by S. In

this problem you prove existence.

(a) First, if V1, V2 are vector spaces construct the direct sum V1 ‘ V2 vector space. Its underlying

set is the Cartesian product V1 ˆ V2, for example.

(b) Now let tVsusPS be a set of vector spaces indexed by S. Construct the direct sum vector space
À

sPS Vs whose underlying set is the set of finitely supported functions ξ : S Ñ
š

sPS Vs with the

property ξpsq P Vs. What is vector addition? Scalar multiplication? (Here
š

denotes disjoint

union, a tricky operation. . . )

(c) Define the direct product
ś

sPS Vs by dropping the support condition. What is the direct

product in the special case that all Vs equal a fixed vector space V ?

(d) Use (some of) these constructions to prove existence of a free vector space generated by S.

Verify the universal property.

(e) For the categorically minded, formulate universal properties for the direct sum and direct

product.

2. In this problem we work in An with standard coordinates x1, x2, . . . , xn. Or, you can imagine that

the xi are local coordinates on an n-dimensional manifold.

(a) Take n “ 3, call the coordinates x, y, z, and set

α “ xdx` ydy

β “ zdz

γ “ dx^ dy ` xdz

Compute α^ β, α^ γ, and γ ^ γ.
1



(b) Compute dα, dβ, and dγ.

(c) Now write an arbitrary 1-form ω in An and compute dω.

(d) For a function f : An Ñ R verify explicitly that dpdfq “ 0. (To ease notation in the last two

problems, you may want to try n small first.)

3. Let P,Q : U Ñ R be smooth functions on an open set U Ă A2, and consider the differential form

α “ P dx`Qdy,

where we restrict the global coordinates x, y on the affine plane A2 to U .

(a) Compute dα.

(b) Consider a parametrized curve γ : r0, T s Ñ A2, which we can write in coordinates as a pair of

functions
`

xptq, yptq
˘

. Compute γ˚α, which is a 1-form on r0, T s.

(c) What can you say if α “ df , where f is a smooth function on A2?

(d) Are you reminded of some integration theorems from advanced calculus?

4. Consider the differential form

β “ Pdy ^ dz `Qdz ^ dx`Rdx^ dy

on an open set U Ă A3 in affine space with standard coordinates x, y, z, where P,Q,R : U Ñ R.

(a) Compute dβ.

(b) Consider a parametrized surface σ : V Ñ A3, where V is an open set in A2 with coordinates u, v.

This is given by writing x, y, z as functions of u, v. Compute σ˚β.

(c) What can you say if β “ dα for α a 1-form on U?

(d) Are you reminded of some integration theorems from advanced calculus?

5. (a) Consider a 1-form α “ gpxqdx on the affine line A1. Prove that there exists a function fpxq so

that α “ df .

(b) Now try the same problem with A1 replaced by the circle S1. Equivalently, replace α and f

with a periodic 1-form and a periodic function.

2



6. Consider the 1-form

ω “ xdy ` ydx

on the affine plane A2 with standard coordinates x, y.

(a) Compute dω.

(b) Is there a function f so that ω “ df?

(c) Now repeat for the form

ω1 “
xdy ´ ydx

x2 ` y2

on the punctured affine plane A2zt0u with standard coordinates x, y.

7. In this problem we work in An with standard coordinates x1, x2, . . . , xn. Compute d of the following

differential forms.

(a) γ “
n
ř

i“1
p´1qi´1 xi dx1 ^ dx2 ^ ¨ ¨ ¨ ^ dxi

M

^ ¨ ¨ ¨ dxn.

(b) r´nγ where r2 “ px1q2 ` ¨ ¨ ¨ ` pxnq2.

(c) sinpr2q
n
ř

i“1
xi dxi.

3



Problem Set # 10

M382D: Differential Topology

Due: April 14

Problems in Warner

Chapter 2 (p. 77): 13, 16

Chapter 4 (p. 157): 12

Other Problems

1. Suppose V is a vector space with inner product x´,´y. Define an induced inner product on
Ź2V .

You may want to consider V finite dimensional with orthonormal basis e1, . . . , en. Then what

property does the basis e1 ^ e2, e1 ^ e3, . . . , e1 ^ en, e2 ^ e3, . . . of
Ź2V have? Suppose ξ1 ^ ξ2

represents a parallelogram. What is the geometric interpretation of the norm }ξ1 ^ ξ2}? What

about the inner product between two parallelograms?

2. Let V,W be vector spaces and T : V Ñ W a linear map. Recall that for each k P Zě0 there is an

induced map
ŹkT :

ŹkV ÝÑ
ŹkW

characterized by
ŹkT pξ1 ^ ¨ ¨ ¨ ^ ξkq “ Tξ1 ^ ¨ ¨ ¨ ^ Tξk. Suppose V “W is finite dimensional and

T is diagonalizable. Compute the trace of
ŹkT . Compute

n
ÿ

k“0

p´1qktk Tr
ŹkT

where t is a “dummy variable”. Can you formulate and prove a formula which holds even if T is

not diagonalizable?

3. Let V be a real vector space.

(a) Suppose k P Zě0 and Ξ P
ŹkV . Prove there exists a finite dimensional subspace V 1 Ă V such

that Ξ is in the image of the inclusion
ŹkV 1 Ñ

ŹkV (induced as in #2 from the inclusion

V 1 Ñ V ).

(b) Let Ξ P
Ź2V . Prove there exists a finite linearly independent set tξ1, ξ2, . . . , ξ2mu of even

cardinality such that

Ξ “ ξ1 ^ ξ2 ` ξ3 ^ ξ4 ` ¨ ¨ ¨ ` ξ2m´1 ^ ξ2m.
1



4. In this problem you will study differential forms on Euclidean 3-space E3 and relate the exterior

derivative d to div, grad, and curl. (Euclidean space E3 is the standard affine space A3 in which

the underlying vector space R3 is endowed with the standard inner product.) Suppose

ξ “ P px, y, zq
B

Bx
`Qpx, y, zq

B

By
`Rpx, y, zq

B

Bz

is a vector field on E3. We associate a 1-form αξ and a 2-form βξ by the formulas

αξ “ Pdx`Qdy `Rdz

βξ “ Pdy ^ dz `Qdz ^ dx`Rdx^ dy

These formulas give isomorphisms

XpE3q – Ω1pE3q – Ω2pE3q,

where XpE3q is the vector space of vector fields on E3, i.e., functions E3 Ñ R3. Also, we can

associate a 3-form ωf to a function f : E3 Ñ R by the formula

ω “ fpx, y, zq dx^ dy ^ dz.

(a) These isomorphisms are made pointwise, so belong to linear algebra. That is, they are de-

rived from similar isomorphisms for a 3-dimensional real inner product space V . Choose an

orthonormal basis for V and define isomorphisms V – V ˚ –
Ź2V ˚ by imitating the formulas

above. Check that these isomorphisms are independent of the choice of basis. Relate to the star

operator you studied in Problem #13 in Warner? Can you generalize to higher dimensions?

What is the linear algebra manifestation of the identification of functions and 3-forms stated

above?

(b) Identify the composition

Ω0pE3q
d
ÝÝÑ Ω1pE3q ÝÑ XpE3q

with the gradient of a function. (The second map is the isomorphism above.) Generalize to En

for any n.

(c) Identify the composition

XpE3q ÝÑ Ω1pE3q
d
ÝÝÑ Ω2pE3q ÝÑ XpE3q

with the curl. (The first and last maps are the isomorphisms above.)

(d) Identify the composition

XpE3q ÝÑ Ω2pE3q
d
ÝÝÑ Ω3pE3q ÝÑ Ω0pE3q

with the divergence.
2



5. Consider the 1-form

ω “ xdy ` ydx

on the affine plane A2 with standard coordinates x, y.

(a) Compute dω.

(b) Is there a function f so that ω “ df? Exhibit or proof.

(c) Repeat for the 1-form

ω1 “
xdy ´ ydx

x2 ` y2

on the punctured affine plane A2zt0u with standard coordinates x, y.

6. What is the orientation double cover of RPn? Of CPn?

3



Problem Set # 11

M382D: Differential Topology

Due: April 21

Problems in Guillemin/Pollack

Chapter 4, §4 (p. 171): 2, 3, 8, 12

Chapter 4, §7 (p. 185): 2, 3, 4, 7, 8, 9, 13

Other Problems

1. Let

0 ÝÑ V 1 ÝÑ V ÝÑ V 2 ÝÑ 0

be a short exact sequence of finite dimensional real vector spaces.

(a) Let e11, . . . , e
1
k be a basis of V 1 and e21, . . . , e

2
` be a basis of V 2. Choose vectors ẽ21, . . . , ẽ

2
` in V

which map to the corresponding vectors in V 2. Show that ẽ21, . . . , ẽ
2
` , e

1
1, . . . , e

1
k is a basis of V .

(Identify vectors in V 1 with their image in V 2.)

(b) Let T : V Ñ V be a linear map such that T pV 1q Ă V 1. Then T induces an endomorphism T 1

of V 1 and T 2 of V 2. What is the relationship of detT to detT 1 and detT 2? What kind of

matrix represents T in the basis of (a)?

(c) Use the bases in (a) to define an isomorphism

DetV 2 bDetV 1 ÝÑ DetV

Prove that the isomorphism is independent of the choices.

(d) Use the isomorphism in (c) to give a rule which oriented the third of V, V 1, V 2 if the other two

are oriented. You might call your rule “quotient before sub”.

2. Let V be a finite dimensional real inner product space.

(a) Define the volume of a k-dimensional parallelepiped in V for all nonnegative integers k.

(b) An affine space E over V is called a Euclidean space. Suppose γ : ra, bs Ñ E is an embedding

onto a smooth 1-manifold with boundary C Ă E. Define the length of C.

(c) Generalize to higher dimensional submanifolds, or at least to some special cases.

3. Let V be a 4-dimensional vector space. Does there exist ω P
Ź2V ˚ such that the restriction of ω

to every 2-dimensional W Ă V is nonzero?

1



4. Let C be the complex (affine) line1 with coordinate z. Write z “ x` iy where x, y P R and i2 “ ´1.

Recall the complex conjugate z̄ “ x ´ iy. The coordinates x, y identify C with the real affine

plane A2.

(a) Write x, y in terms of z, z̄. We use z, z̄ as (complex) coordinates on A2.

(b) We use complex differential forms, which are linear combinations of dx, dy with complex coeffi-

cients. Express dz, dz̄ in terms of dx, dy. Define the basis B{Bz, B{Bz̄ dual to dz, dz̄ and express

it in terms of B{Bx, B{By.

(c) Let U Ă C be an open set. Show that a C1 function f : U Ñ C is analytic (holomorphic) if and

only if Bf{Bz̄ “ 0.

(d) Continuing, define the complex 1-form α P Ω1pU ;Cq by

α “ fpz, z̄qdz.

Show that dα “ 0 if and only if f is holomorphic.

(e) Apply Stokes’ theorem to the 1-form α on a bounded open subset of C whose closure has smooth

boundary. Is the result familiar from complex analysis?

5. (Some of this problem appeared prematurely on the previous problem set.) What is the orientation

double cover of RPn? Of CPn? Of a Klein bottle K? Of RP2ˆK? Of a Möbius band? Of GrkpRnq?

(Here n is a positive integer and k P 1, . . . , n´ 1.)

1It is a complex line: we navigate with a single complex number, just as we navigate on the real line with a single
real number. A complex plane requires two complex numbers to locate a point.

2



Problem Set # 12

M382D: Differential Topology

Due: April 28

For the problems in Guillemin/Pollack, you may use the definitions from lectures/notes.

Problems in Guillemin/Pollack

Chapter 3, §2 (p. 103): 12, 14, 17, 26

Chapter 3, §3 (p. 116): 6, 8, 9, 11

Other Problems

1. For each of the following construct an example or prove that none exists.

(a) A map f : S1 ˆ S1 Ñ S2 of degree 3.

(b) A map f : S2 Ñ S1 ˆ S1 of degree 3.

(c) A map f : S5 Ñ S5 of degree 3.

(d) A map f : RP5 Ñ RP5 of degree 3.

(e) A map f : X Ñ Sn of any given degree d P Z, where X is a compact oriented n-manifold.

2. Let α : Sn Ñ Sn be the antipodal map, and suppose f : Sn Ñ Sn satisfies fppq “ f
`

αppq
˘

for

all p P Sn. Prove that deg f is even.

3. Consider the differential 2-form ω P Ω2pS2q defined in Example 24.42 of the class notes. For each

integer d write a map fd : S2 Ñ S2 of degree d. Compute deg fd by computing the integral of the

pullback of the differential form ω.

4. Consider the manifold CPn, which is a (real) manifold of dimension 2n.

(a) Construct submanifolds CPk Ă CPn for k “ 1, 2, . . . , n´ 1.

(b) These manifolds are complex in a natural sense. All we need at the moment is that the tangent

spaces have a natural complex structure and a fact about orientations. Namely, suppose V is a

complex vector space and VR the underlying real vector space. Show that VR has a natural orien-

tation: if e1, e2, . . . , em is any complex basis of V , then take e1,
?
´1e1, e2,

?
´1e2, . . . , em,

?
´1em

to be a positively oriented basis of VR. Show that this orientation is independent of the complex

basis. Can you express the argument in terms of determinant lines?

(c) A complex linear isomorphism T : Cn`1 Ñ Cn`1 determines a map fT : CPn Ñ CPn. Compute

deg fT using the orientation constructed in (b).

(d) Does the degree in (c) depend on which orientation of CPn you choose?

1



5. Recall the Hopf fibration h : S3 Ñ S1 defined as

h : S3 Ă C2 ÝÑ CP1

pz, wq ÞÝÑ rz, ws

(a) Omit the point 8 “ p0, 1q P C2 from S3 and identify the complement with A3. Draw a picture

of some fibers of h. Observe the linking of distinct fibers.

(b) Construct an analogous Hopf fibration which replaces C with R. Do you recognize that map?

It is not homotopic to a constant map: prove it. What about using the division algebra H of

quaternions, in which case you need to explain carefully what the quaternionic projective line

is. Is the resulting Hopf fibration homotopic to a constant map? Can you predict what map

you get if you use the octonians?

2



Problem Set # 13

M382D: Differential Topology

Due: May 5

This is the final homework set. Next Thursday you will receive the final exam (online); it is due

Tuesday, May 10. You should begin reviewing the course from the beginning, using the lecture

notes and the books as well as your own notes and the homework sets.

Problems in Guillemin/Pollack

Chapter 3, §3 (p. 116): 14, 16, 17, 19, 20

Chapter 5, §3 (p. 138): 5, 7

Other Problems

1. Compute the intersection number IpCPk,CPn´kq for 0 ď k ď n. Note the case n “ 2k, a self-

intersection.

2. Let W be an n-dimensional complex vector space for some n P Zą0, and let WR be the underlying

2n-dimensional real vector space. Multiplication by i P C on W is a real linear map I : WR Ñ WR
which satisfies I2 “ ´ idWR . For any basis e1, . . . , en of W as a complex vector space, there is an

associated real basis e1, Ie1, e2, Ie2, . . . of WR, and so a nonzero vector e1 ^ Ie1 ^ . . . in the real

determinant line DetWR.

(a) Suppose another basis f1, . . . , fn of W is related by ej “ Ai
jfi for some complex n ˆ n ma-

trix pAi
jq. What is the change of basis of the associated bases of WR? How are the induced

nonzero elements of DetWR related?

(b) Conclude that WR has a canonical orientation. Can you express it in terms of the complex

determinant line DetW?

(c) If W 1 is another complex vector space, then a complex linear map T : W 1 Ñ W induced a real

linear map TR : W 1
R ÑW . Prove that if T is an isomorphism, then TR is orientation-preserving.

(d) What is the relevance of this problem to the proof of the fundamental theorem of algebra given

in lecture?

3. Let X0, X1 be compact manifolds. A bordism W : X0 Ñ X1 is a compact manifold with boundary

together with a diffeomorphism BX
–
ÝÝÑ X0 >X1. If X0, X1 are oriented, then an oriented bordism

W : X0 Ñ X1 is a compact oriented manifold with boundary together with an orientation-preserving

diffeomorphism BX
–
ÝÝÑ ´X0 >X1. Two manifolds are bordant if there exists a bordism between

them.

(a) Show that one circle is bordant to two circles, even as oriented manifolds.
1



(b) Let Y be an oriented manifold, Z Ă Y an oriented submanifold, W : X0 Ñ X1 an oriented

bordism between oriented manifolds, and suppose each manifold has a dimension and that

dimX0 ` dimZ “ dimY . Let f : W Ñ Y be a smooth map, and denote its restrictions

to X0, X1 as f0, f1, respectively. Prove that IY pf0, Zq “ IY pf1, Zq. This generalizes the smooth

homotopy invariance of the oriented intersection number (and so the oriented degree) to oriented

bordism invariance.

(c) Use this—or any technique you like—to compute the Euler characteristic of S2. (By definition

this is IYˆY p∆,∆q for Y “ S2. As sketched in lecture, there are submanifolds S2 ˆ pt and

ptˆS2 in S2 ˆ S2, and ∆ is bordant to a manifold obtained from the union of S2 ˆ pt and

ptˆS2 by a small “surgery” which eliminates the non-manifold point ptˆpt in the union.)

4. The matrix A “
`

a b
c d

˘

with a, b, c, d P Z determines a linear map R2 Ñ R2 which preserves the

integral lattice Z2 Ă R2. Therefore, it induces a self map fA of the 2-torus R2{Z2. Compute the

Lefschetz number of the map fA.

2
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