DYNAMIC INSTABILITY OF CP"Y UNDER RICCI FLOW

DAN KNOPF AND NATASA SESUM

ABSTRACT. The intent of this short note is to provide context for and an in-
dependent proof of the discovery of Klaus Kroncke [Krol3] that complex pro-
jective space with its canonical Fubini-Study metric is dynamically unstable
under Ricci flow in all complex dimensions N > 2. The unstable perturbation
is not K&hler. This provides a counterexample to a well known conjecture
widely attributed to Hamilton. Moreover, it shows that the expected stability
of the subspace of Kahler metrics under Ricci flow, another conjecture believed
by several experts, needs to be interpreted in a more nuanced way than some
may have expected.
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1. INTRODUCTION

Ricci solitons are stationary solutions of the Ricci flow dynamical system on the
space of Riemannian metrics, modulo diffeomorphism and scaling. As such, it is
natural to investigate their stability. Several distinct but related notions of stability
appear in the literature. (1) One says a soliton metric go is dynamically stable if
for every neighborhood V of gy there exists a neighborhood U C 'V such that every
(modified) Ricci flow solution originating in U remains in V and converges to a
soliton in V. (This is subtly different from the classical definition for continuous-
time dynamical systems for two reasons. Unless a soliton is Ricci flat, one needs to
modify the flow to make the soliton into a bona fide fixed point. Furthermore, sta-
tionary solutions frequently occur in families, so one typically has to deal with the
presence of a center manifold.) (11) One says gg is variationally stable if the second
variation of an appropriate choice of Perelman’s energy or entropy functionals is
nonpositive at go. (Note that the expander entropy was defined in [FINO05].) (111)
One says that gg is linearly stable if the linearization of Ricci flow at gg has non-
positive spectrum. Variational and linear stability are equivalent in the compact
case, in the precise sense that the second-variation operator N defined in (3) below
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satisfies 2N = Ay — 1/7 when acting on trace-free divergence-free tensors, where
Ay is the Lichnerowicz Laplacian.’

Techniques to prove the implication (111) = (1) for flat metrics were first de-
veloped by one of the authors and collaborators. [GIK02]. Generalizing these, the
other author proved for Ricci-flat metrics that (1) = (111), and that the converse
holds if go is integrable [Ses06]. Haslhofer—-Miiller removed the integrability assump-
tion, replacing it with the slightly stronger hypothesis that g is a local maximizer
of Perelman’s A-functional [HM14]. This must be verified directly and does not
follow from (11), because these metrics are only weakly variationally stable. In any
case, the implication (1) = (11) is clear for all compact solitons.

There are many other applications of stability theory to Ricci flow, too numerous
to survey thoroughly here. An interested reader may consult the following (not com-
plete!) list of examples, ordered by publication year: [Ye93], [DWWO05], [DWWO07],
[SSS08], [Kno09], [LY10], [SSS11], [Has12], [Wul3], [Bam14], and [WW16].

Kroncke extended the techniques of Haslhofer—Miiller [HM14] to study stability
at general compact Einstein manifolds. Our interest here is narrower. In his in-
vestigation, Kroncke discovered (Corollary 1.8) the unexpected fact that complex
projective space with its canonical Fubini-Study metric is dynamically unstable.
We note that Kroncke’s work [Krol3] was accepted for publication after the original
version of this paper was completed. Nonetheless, we believe his instability result
deserves independent attention because of its considerable broad interest, for at
least three reasons:

(A) The result negatively answers a well-known conjecture widely attributed to
Hamilton. See, e.g., the discussion of his conjecture in the introduction to [CZ12],
as well as Hamilton’s own analysis of the behavior of CP? in Section 10 of [Ham95].

(B) The result shows that the conjecture of experts that the subspace of Kéhler
metrics is an attractor for Ricci flow involves more complicated dynamical behavior
than some may have expected. It is well known that (CP", gpg) is stable under
Kéhler perturbations [TZ13]. And it is easy to see that its unstable perturbation
is not Kéhler. However, if a flow originating at this perturbation asymptotically
approaches the subspace of Kéahler metrics, monotonicity of Perelman’s shrinker
entropy v implies that it cannot do so at the nearest Kéhler candidate (CPY, ggs).
Rather, if it converges to a Kahler singularity model, that metric must be sufficiently
far away.

(¢) Finally, in real dimension n = 4, dynamic instability of CP? shows that
only the first four metrics in the list of conjectured stable singularity models, §* >
8 xR > 82 x R? > £2, > CP? ordered by the central density © introduced
in [CHIO4], are candidates to be generic singularity models. Here, £2, denotes
the “blowdown soliton” discovered in [FIK03]. At least in this dimension, it is
reasonable to conjecture that solutions originating at the unstable perturbation

IThere is a subtlety in this equivalence and in proving (111) = (1) that should be noted. The
linearization of Ricci flow is not strictly parabolic, because the flow is invariant under the action of
the infinite-dimensional diffeomorphism group. So one either has to work orthogonally to the orbit
of that group, or else fix a gauge, which converts the linearization into the Lichnerowicz Laplacian.
Such a choice is necessary if one wishes to prove dynamic stability by standard semigroup methods,
but can create a finite-dimensional unstable manifold within the orbit of the diffeomorphism group,
especially in the presence of positive curvature. See, e.g., Lemma 7 and the remarks that follow
in [Kno09].
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of CP? become singular in finite time by crushing the distinguished fiber CP! C
CP?, and converge after parabolic rescaling to L%, For further context, see the
discussion and related results in [IKS17].

Because of these important consequences, we believe that it is valuable to pro-
duce an independent proof of Kroncke’s discovery, using related but distinct meth-
ods. That is the purpose of this short note, in which we reprove the following:

Main Theorem. For all complex dimensions N > 2, complex projective space
with its canonical Fubini-Study metric, ((C]P’N,gps), is not a local mazimum of
Perelman’s shrinker entropy v. Consequently, it is dynamically unstable under Ricci
flow. The unstable perturbation is conformal but not Kdhler.

2. PERELMAN’S ENTROPY

Perelman’s entropy functional W, introduced in [Per02], is defined on a closed
Riemannian manifold (M", g) by

W(g, f,7) :/ {T(R+\Vf|2)Jr(ffn)}(élm')*%e*fdv.
Mn
Suitably minimizing W yields the shrinker entropy,

vlg] = inf{W(g,f, T): feC®M"), >0, (4m)*”/2/e*f dv = 1}.

Along a smooth variation g(s) such that £-|  g(s) = h, Perelman showed that

d
ds

Ol/[g(s)] = (47rT)_”/2/ (29— T7(Rc+V2f), h)e T dV.

S= M‘n,

From this, he obtained the beautiful result that v is nondecreasing along any com-
pact solution of Ricci flow — in fact, strictly increasing except on gradient shrinking
solitons normalized so that

1
(1) Rc+V2f = 50
T

As originally observed in [CHI04] — see [CZ12] for details, along with a com-
plete derivation of the strictly more complicated formula that holds at a nontrivial
shrinking soliton — if g(s) is a smooth family of metrics on M™ such that g = g(0)
is Einstein, then the second variation of v at s = 0 is given by

d2
) il
(2) 12

where V = Vol(M", g), and

Vo] =3 [ N, v,

s=0

1 1 H
= — 1 * 1 - 2 - .
(3) N(h) 2Ah + Rm(h, ) + dividivh + 5 Vaup, By

Here H = ([,;, HdV)/V is the mean of H = try h, and vy, at s = 0 is the unique
solution of

1
(4) (A + Q—)vh = V*V satisfying / v, dV = 0.
T "
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In components, we write (3) as

1 1
(5)  (N(h)),; = 5(AR)ij + Riiz6™" hme = 56" (ViVehij + V¥ ohi)

) _
+5ViVitn — 5 —3ij:
where our index convention is Rfjk = 3iF§k —0;T% + FfmFg'}c - Ffmefc. For later
use, we introduce the variant

-1 . Lo — H
N = 5Ah-y—Rm(h,*) +dividivh + §V v, (—N-i- 2m_g>~

It is a classical fact [Bes87] that at any compact Einstein manifold other than
the standard sphere, the space C°(Sy(T*M)) of smooth sections of the bundle of
symmetric covariant 2-tensors admits an orthogonal decomposition

C™(S2(T*M)) = im(div") & € @& (ker(div) Nker(tr)),

where C is the space of infinitesimal conformal transformations, C°°(M™) % g. This
decomposition is also orthogonal with respect to the second variation of v (see
Theorem 1.1 of [CHI5]).

It is well known (see Example 2.3 of [CHIO4] or Theorem 1.4 of [CH15]) that
((C]P’N ,grs) is neutrally variationally stable. The neutral direction is attained by
h = g € C, where ¢ belongs to the first nontrivial eigenspace of the Laplacian,

1
A - e d e
(6) < Fs + T)‘P 07 ,/(CIPN ® Vrs 07

where the subscripts indicate that the Laplacian and volume form are those of the
Fubini-Study metric grg. Note that by (1), its Einstein constant is 1/(27).

3. VARIATIONAL FORMULAS

In this section, we calculate the third variation of Perelman’s shrinker entropy
at the Fubini-Study metric. We begin by recalling some classical first-variation
formulas [Bes87].

Proposition. Let g(s) be a smooth one-parameter variation of g = g(0) such that
d g(s) = h, and set H = tryh. Then one has:

s,

d g g
7 — i —
( ) dsls=0 ’

d k 1 k k k
(8) Tal Lt = 5 (Vahj + Vi = Vhi;),

V4 4 Vi
9) dp g 1 ViVihi = ViVhjk = ViVih;
dsls=o" 7%~ 2 TV Vihig + Rijo by — Rijyho, |7

(10) % _ B =—AH +div(divh) — (Re, h),

d 1
11 < — _HAV.
( ) ds s=0dv 2 dv
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Assumptions and Notation. For simplicity, we adopt the following conven-
tions. ((CIP’N ,grs) denotes complex projective space with its canonical Fubini-
Study metric. Then one has Re[grs] = (27) " tgrs. We denote its real dimension by
n = dimg CPY = 2dim¢c CPY = 2N. By compactness, we may take g(s) to be the
smooth family

(12) g(s) = grs + sh, s € (—¢,¢),
where

h = ¢ grs,

with ¢ the unique solution of (6). Note that in the variation (12) that we consider,
¢ is the fixed function defined in (6), and hence is independent of s. Below, to avoid
notational prolixity, we write g for g(s) at arbitrary s € (—¢,¢). Formulas should
be assumed to hold at any s unless explicitly stated otherwise or decorated with
’5:07 in which case everything in sight is to be evaluated at (CPY, g(0) = gpg). If
A(s) is any smooth one-parameter family of tensor fields depending on s € (—¢,¢),
we write

d
—A
ds

for the derivative evaluated at arbitrary s, and

=4

dsls=0
for the derivative evaluated at s = 0. We adopt similar notation for higher-order
derivatives. Thus, as noted above, our selected variation has the property that
¢ =0,ie,0=hn =h"=-.- afact that we use frequently below. Finally, having
fixed h, we simply write N = N(h) and v = v}, where no confusion will result.

Remark 1. We note that to prove dynamic instability of CPY, it suffices to
exhibit one unstable variation. Our choice with ¢’ = 0 matches that used by
Cao—Zhu [CZ12], whose results we use below. Kroéncke makes a different choice
in the proof of Proposition 9.1 of [Krol3], taking g(t) = (1 + tv(t))grs, where
v(t) = ¢/(1 + tp). Other choices (differing to second order or above) are certainly
possible.

Remark 2. Our simple choice of variation, with ¢’ = 0, means that we do not have
the freedom to force equation (6) to hold for all s in an open set. Consequently, we
do not differentiate that equation in what follows.

We now establish various identities needed to compute

d3
ds®

V[g(s)]

s=0

Even though many of these identities are well known to experts, we derive them
here to keep this note as transparent and self-contained as possible.
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Lemma 1. If g and h = p grs are as above, then using 0 to denote the Kronecker
delta function, one has:

d

(13) Tl 9 = e,
(19) S| Tk = L (Viedt + Vipdf - Viogy),
(15) %LZORfjk = %(Vz’vk«p 85— V;Vip 6 + V;Viogi — ViVie gir),
1) 5| R=-(-DAp- 1t
(17) % = gwdv.
Proof. Formulas (13)—(17) follow from (7)—(11) by direct substitution. O
Lemma 2. If g and h = ¢ gps are as above, then one has:
d
(18) ? =0
(19) 1 s:OV =0,
(20) 4 m=m e

where ||¢||*> = fCPN ©3dV.

Proof. To establish (18), we recall that by Lemma 2.4 of [CZ12], using the fact that
our metric is Einstein with Rc = (27) " 'grgs (and hence that we can take f = 0 in
Lemma 2.4 of [CZ12]), we have

, fyen (Re, by dv
T RAV

Furthermore, at s = 0, equation (6) implies that

1
/ (Re,hydV = — [ Hav=_- [ pdv=o.
CPN T JcpN T JopN

Equation (18) follows.
Equation (19) follows from (17) and (6), because at s = 0,

V’:/ (dV)’:E/ pdV = 0.
CPN 2 Jepv

Finally, equation (20) follows from (19) and the computation

d g y y
/ g” hl'j dV = / (g”)/hij dVv + / g” hij (dV)/
s=0 Jcp~ CPN CpN

ds
n
:/CPN(f@HJrH?o)dV

2

:(—n—k%)/CPNQOQdV.

We next compute derivatives of the Laplacian.
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Lemma 3. If g and h = ¢ grs are as above, then (at s =0) we have
n—
2

Proof. For any smooth (possibly s-dependent) function wu, using formulas (13)
and (14) and collecting terms yields

2
(21) A/ = —(pA + vVg&-

e s=o{g 1(0;0;u — T'};0pu) } = AU/ — pAu — g7 (I'};) Viu
, n—2
= Au' — pAu + ?<V<p7 Vu),
whence the result follows. (We note that for u = ¢, we have ¢’ =0.) O

Lemma 4. If g and h = pgrs are as above, then (at s = 0) we have
A" =2p2A.
Proof. If u is a smooth function that is independent of s, then
(Au)” = (g7)"ViVju+2(97) (ViVju) + g¥ (ViVju)".

Using the Neumann series for (grs +s@grs) !, one sees easily that (g%)" = 2p2g%.

Equation (13) gives (g71)’ = —pg~!, and as in the proof of Lemma 3, one has
n—2

97 (ViViu) = —

(V, Vu).
Using the fact that v’ = 0, one has
(ViVju)" = =(T%)"Viu,

where by part (1) of Lemma 28 of [AKO07], we have

(05" = =hi (Vih§ 4+ Vh; — V'hij)

= —o(Vipd} +V;06; — Vo gs).
Putting these together, we obtain
-2
(AM”=2¢AU—2w£§%V%YM)+@@—nMV%VW>=ZﬁAw

which finishes the proof. |

Lemma 5. If g and h = ¢ gpg are as above, then at s = 0, v = 2¢, and N vanishes
pointwise.

Proof. To prove the first claim, we note that VEV*hy, = Ap = —p/7 by (6), and
hence by (4) we have

1
(A+>v_? mmt/ vdV = 0.
2T T CPN

On the other hand, by (6), we have

1
At —)20=—
(3+50) %

By uniqueness, we have v = 2.

RIS

, with / 2pdV = 0.
CPN
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To prove the second claim, one uses the identity Rij|S:0 = (27)"'gi;, without
differentiating, along with (6) and the first claim to obtain

1 1
Nij = §A<P9ij + @R — ViVp+ ivivjv

= %(Agp + %so) gij + ViV (%v - go) =0.

We now compute the third variation explicitly.

Lemma 6. If g and h = ¢ grs are as above, then

d3
ds?

T

o )=  (dnr)n2 /Mn <h7 Re” +(V2f)" — (%9” av,

where the three second derivatives on the right-hand side are given pointwise by (23),
(25), and (26), respectively.

Proof. By Lemma 2.2 of [CZ12], at arbitrary s € (—¢,¢), one has

d 1
_ —n/2 2, —f
—dsy(s) = {7—(47r7-) }/@PN <h, Rc+V2f —2Tg> e 7dV

i 1 _
= —{T(47TT)—n/2} / (g‘pg]thq) (Rij + Vz‘vj‘f _ 279”,) (e de),
cPN T

which we write schematically as A fC]P’N BxCxD. A simple calculus exercise shows
that

y”’(s):A”/ BxCxD+ A B"xCxD+ A BxC"xD+ A BxC=xD"
CPN CcpN CPN CPN

+24’ B' «CxD+2A BxC'xD+2A4' BxCxD'
CPN CPN CPN

+2A/ B’*C”*D+2A/ B' «CxD' +2A BxC'xD'.
CPN CPN CPN

Because (CPY, gpg) is Einstein, we have C’s:O = 0. By (18), A’ = 0. Thus the

formula above reduces to

V"= A B*C"*D+2A/ B «C'«D+2A BxC'xD'.
cPN CPN CPN

Using Lemma 2.3 of [CZ12], and (18), we obtain
1
! 2 p\/
= ——h
C" = (Re+V7f) 5
= —5Ah - Rm(h, -) — div*divh — Vv
= —NJs—o.

By Lemma 5, we have C’ = 0, and hence

(22) V" (s) = A BxC" xD.
cPN
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There are three terms in C”. To compute the first, we apply part (3) of Lemma 28
of [AK07] to our conformal variation, obtaining

n—2
(23) B = (php— T IVel) g + (=2 (¢ViVip + VieVip).

where the right-hand side is computed with respect to the metric data of gpg.
To compute the second term, we begin by observing that

(ViV,§)" = ViV f" = 2(T5) Vi f = (U5)" Vi f,
As noted above, the function v(s) defined by
!/
V= —2f’—|—H—2T—(f—V)
T

in the discussion on page 9 of [CZ12] is given by (4) at s = 0. Moreover, by (18),
we have

(24) o|,_,=—2f"+H.
Then equation (24) and Lemma 5 imply that
, n—2
fr=—F¢

Now the fact that grg is Einstein implies that f’s:O =0, and so by (14) we get
(ViVif)ls=0 = ViVif" + {0, V) gij = VieV,f = VoV, f’

(25) n—2
=V, V" + T|V<pl29ij —(n—2)VipV,p.

Similarly, using (18) and the fact that g’ = 0, we compute that the final term is

1 " T
(26) (379) =52

The result follows, because D| _ = (e~dV)| dv. O

s=0
To calculate v, we will use the following identity.
Lemma 7. If g and h = ¢ grs are as above, then

1 1
<A " ) f=—npAp — —? = T

2T 2T 472"

Proof. Recall that since f = f(s) is the minimizer of v = v(s) for every s, it satisfies
the following elliptic equation:

7(=2Af +|Vf?—R)— f+v=0.

At s =0, we have 7/ = 0 by (18) and " = 0 by our choice of variation. (Indeed,
at s = 0, we have v = AfC]P,N BxC' D =0, as seen in the proof of Lemma 6.)
Because f‘s:O =0, it follows that at s =0,

(27) 2r(Af) + 1" = r{(Vf1?)" - R"} - R".

Again using f| _, =0, (¢7")" = 2¢%g~" (see Lemma 4), and f' = ((n —2)/2)¢p
(see Lemma 6), we get

(VIR = 20%| V2 + AV, V) + 2V

(28) R
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Again using f| _ = 0 and (V;V;f) = V,V,f’ = ((n —2)/2)V;V ¢ along
with (25), we compute that
(AF)" = (g7)"ViV,f +2(g"7) ViV ) + g7 (ViV, )"

(n—27°
2

2
(29) = Af" = (n—2)pAp+ Vel

Finally, contracting (15) yields

/

n—2 1
ik =~ 5 ViVie — 580 gk

Using this with the identities (¢7')" = 2p?¢™!, R = ¢"/R;; and R = n/(27), along
with equations (13) and (23), we compute that

R// _ (gij)//Rij + Q(Qij)/R;j _,’_gin;/j
—9?R 200" "2 A0+ A Ap— "2 g, —9)(pAp + |Vl
= 20" R+ 2p{—5—Ap + A0} +n(pAp — ——|Ve’) + (n = 2)(pAp +[Ve[)

n—2)?2 n
= 4(n - 1pap - O pwep 1+ T2

Now combining this identify with equations (27), (28), and (29), we obtain
2rAf" + f = 7'{2(n —2)pAp — (n — 2)2|th\2}
+7{ —4(n—1)pAp+ (n—2)%|Vep|* - 2@2} — R7"

nt’

27’

= —2nTpAp — np? —

which completes the proof. [

4. PROOF OF THE MAIN RESULT
Theorem 8. If g and h = ¢ grs are as above, then

d3
ds?

__n-2 3
v96)] = Gryre /@PN“’ av.

Proof. Using Lemma 6, equations (23), (25), and (26), and the fact that h = g,
we compute at s = 0, where e~/ = 1, that

s=0

d3
ds?

o)) =~ [, {melete = 52 IV6R) + (=2 ($*Ag + Vo) fav

5=0 (4rT)

B T ,  n(n—2) 5 5
T /CPN (PAS" + ==—=¢IVel* = (n = 2)¢|Vel*) AV

T nt"’
- - dv
(4mr)n/? ( 272 ) /(CPN v
T

=——— {9on-1 2ApdV AF"AV
(471'7')”/2{ (n )/(CPNSO L Jr/CPN('O f }’
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where we used the consequence of (6) that [~ ¢ dV = 0. To calculate the second
integral in the last line above, we use equation (6) and Lemma 7 to see that

1
cpN CcpPN 2T 27'

1
1
z—n/ <p2AnpdV—£/ <p3dV—nT2 pdV — — ®
CcpN 2T CPN 4Tt CcpN 2T CpN

1
z—n/ QAgpdV——/ ©3dV + = Apf’dV
cPNy CPN 2 Jepny

1
z—n/ 2Agz)dV——/ <p3dV+f/ eAf"dV,
cPN cPN 2 Jepny

where in the last step, we used the fact that the Laplacian is self-adjoint. Thus by
using (6) to evaluate Ay, we conclude that

d B T 9 n 3
SZOV[Q(S)] = (dnr)n/2 {2/<C]P>N P ApdV + - /@PN ® dV}

ds
n—2 3
= — dv.
(4mT)n/2 /CPN 14

O

Our Main Theorem now follows from Theorem 8 and the following observation:
Lemma 9. If N > 1, there is a solution ¢ of (6) such that

/ ©3dV #0.
CcPN

Proof. Our approach here is essentially the same as in [Kro13] and uses results from
Part ITI-C of [BGMT71]. We include it here merely for completeness. We denote by
Pr the vector space of polynomials on CV*1 such that f(cz) = c¢*é*f(z) and by
Hy C Py the subspace of harmonic polynomials. Then the eigenfunctions of the
k™ eigenvalue of the Laplacian on (CPY, gps) are the restrictions of functions in
Hi, and one has a decomposition

(30) Pp = Hy @ r2Pr_q, for all integers &k > 1.
It follows that the dimension of the first nontrivial eigenspace of the the Laplacian
n (CPY, gpg) is (N +1)2 — 1= N(N +2).
Using the hypothesis N > 1, one can define real-valued functions
f1(2’) = 2129 + 2129, fg(z) = 2923 + 2223, fg(Z) = 2321 + 2321

We choose f = fi + fo + f3 and denote by ¢ its restriction to CPY. We will show
that this choice (not unique in general) has the desired properties. By considering
isometries z; — —z;, it is easy to verify that fsﬂ\'*l fdV =0. One has

Zfa +3Znyfk +6f1f2f5.

J=1k#j
Consideration of the same isometries z; — —z; similarly shows that the integrals of
all terms above vanish, except possibly the last. We expand that term, obtaining

fifafz = 2|z1%|22)%|23)?

+ 1217 (2525 + 2323) + |22|?(2125 + 2323) + |23 (2025 + 2123).

frav
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Consideration of isometries z; — iz; shows that the integrals of all terms here
except the first vanish, whereupon we obtain

/ f2av = 12/ |21/ |22[%| 232 AV = 12 Vol (82N 1),
SZN—I SQN—I

Now by (30), there are functions Fj, € Hy, such that f3 = Fs+r2Fo4+r*F +1r5F,,
where the restriction of each Fj, to 82V *! is an eigenfunction of its Laplacian, with
Jsen—1 FrdV =0 for k = 3,2,1. The fact that [g,n_, f2dV > 0 thus implies that
Fy > 0, and the same conclusion then holds for the corresponding decomposition
©® = Dy+12Py+14D, +1r0d into eigenvalues of the Laplacian on CPY ~ §2NV+1 /81,
The result follows. O
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