PRECISE ASYMPTOTICS OF THE RICCI FLOW NECKPINCH
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ABSTRACT. The best known finite-time local Ricci flow singularity is the neck-
pinch, in which a proper subset of the manifold becomes geometrically close to
a portion of a shrinking cylinder. In this paper, we prove precise asymptotics
for rotationally-symmetric Ricci flow neckpinches.
rigorous results with formal matched asymptotics for fully general neckpinch

singularities.
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1. INTRODUCTION

1.1. Antecedents. In virtually all known applications of Ricci flow, it is valuable
to have a good understanding of singularity formation. Heuristically, there are at
least three reasons for this. The first is that one expects finite-time singularities to
form for a broad spectrum of initial data. Indeed, such singularities are inevitable if
the scalar curvature is ever strictly positive. The second reason is that one expects
the geometry of a solution to resemble a standard model (for example, a self-similar
solution) in a space-time neighborhood of a developing singularity. The third reason
is that having a sufficiently detailed picture of a developing singularity facilitates the
geometric-topological surgeries by which Ricci flow decomposes a given manifold.

Whenever a compact solution (M™, g(+)) of Ricci flow encounters a singularity
at time T' < oo, standard short-time existence results imply that

lim max |Rm(z,t)| = oo.
t,/TxeMm™

In fact, a finite-time singularity happens if and only if

lim sup max |Re(x,t)| = oo.
t /T zTEM™
This claim follows by a short argument from a result of M. Simon [32];* recently,
N. Sesum gave an independent, direct proof [30]. The most interesting cases are
those where a local singularity forms, that is, where there exists an open set 2 C M™
such that
sup |Re(z,t)| < oc.
Qx[0,T)

The first rigorous constructions of local singularities were done by M. Simon [31].
Here the manifold is a noncompact warped product R x; S™, and a supersolution

ILet (M™, g(t)) be a solution of Ricci flow on a compact manifold. Assume g(t) is smooth
for t € [0,T), where T' < oo. If limsup; ~r(maxzeamn |Re(z,t)|) < oo, then [21, Lemma 14.2]
guarantees existence of a complete CO limit metric g(7)). One may then apply [32, Theorem 1.1],
choosing a background metric g := g(T' — §) such that (1—¢)g < g < (14¢€)g, where € = ¢(n) and
5 = 6(e). Let K = maxzepmn |Rm(g)|g. Simon’s theorem implies that there exists n = n(n, K)
such that for any 6 € [0, d], a solution §(s) of harmonic-map-coupled Ricci flow exists for 0 < s < n
and satisfies §(0) = g(T' —6); moreover, §(s) is smooth for 0 < s < 7. Since harmonic-map-coupled
Ricci flow is equivalent to Ricci flow modulo diffeomorphisms, the claim follows by taking 6 = n/2.
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of the Ricci flow PDE is used to prove that f vanishes in finite time on a proper
subset of R. A second class of examples is constructed in [14]. Here the manifold is
a complex line bundle C < L", — CP"! with 1 < k <n — 1. As the singularity
forms, the flow performs an algebraic-geometric blow-down of the CP" ™!, while the
rest of the manifold converges locally smoothly to a metric cone on (C"\{0})/Z.

As G. Perelman writes, “The most natural way of forming a singularity in finite
time is by pinching an (almost) round cylindrical neck.” [29] This is the kind of local
singularity that we analyze in this paper. It is a continuation of our earlier work [3],
where we gave the first rigorous examples of local singularity formation on compact
manifolds by constructing neckpinches for rotationally-symmetric metrics on S™*1.
In that paper, we obtained local a priori estimates for the space-time scales at which
a developing neckpinch singularity resembles the self-similarly-shrinking cylinder
soliton. The present paper proves that those estimates are sharp, and gives precise
asymptotics for neckpinch formation.

When considering a local singularity, two natural and important questions arise.
(1) What is the nature of the set of points in space on which the metric becomes
singular? (2) What is the asymptotic behavior of the solution near this set as
the singularity time is approached? In the past two decades, a rich literature of
both rigorous and formal matched asymptotics has developed for analyzing the
local behavior of singular solutions of nonlinear PDE such as u; = A (logu) or
uy = Au + F(u), where F(u) = u? or F(u) = e*. Some of the many noteworthy
results of this type are [35], [28], [16], [20], [17, 18, 19], [23, 24], [27], and [15]. A
few results specific to geometric evolution equations such as mean curvature flow
and harmonic map flow are [1], [4, 5], [25], [2], [34], and [10].

1.2. Overview. This paper is divided into two main parts.

Rigorous asymptotics. In Section 2, we derive rigorous asymptotics for rota-
tionally symmetric neckpinches. The set-up is as follows. Let gcan denote the round
metric of radius 1 on S™. Then any SO(n + 1)-invariant metric on S"™! can be
written as
9=¢"dr* + ¢ gean

on (—1,1) x S, which may be naturally identified with the sphere S"*! with its
north and south poles removed. The quantity ¢ (z,t) > 0 may thus be regarded as
the radius of the hypersurface {} x S™ at time ¢. It is natural to write geometric
quantities related to g in terms of the distance s (x) = fox ©(#) d2 from the equator.?
Then one can write the metric in the nicer form of a warped product

g = d52 + U)Q Jcan,

bearing in mind that s is ultimately a function of both 2 and ¢. (Note that one
encounters the commutator [0;, 9s] = —ni~1hss ds when taking derivatives with z
held constant.)

In [3], we established neckpinching for a class of rotationally-symmetric data
essentially described by three conditions: (1) the initial metric should have positive
scalar curvature on all of S”T! and positive Ricci curvature on the “polar caps”,

2This also has the effect of fixing a gauge, thereby breaking the diffeomorphism invariance of
Ricci flow and making the resulting equations strictly parabolic.
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in the terminology of [3]; (2) its sectional curvature should be positive on planes
tangential to the spheres {z} x S™; and (3) it should be “sufficiently pinched”,
i.e. the minimum radius should be sufficiently small relative to the maximum radius.
In this paper, we impose an additional hypothesis: (4) the initial metric should be
reflection symmetric, i.e. 1(s,0) = ¥(—s,0). Under these hypotheses, the results
we obtain in Section 2 (combined with results from the predecessor [3] to this paper)
imply that the the solution obeys a precise asymptotic profile.

To describe this profile requires some additional notation. If T < oo is the
singularity time, let uw = ¢ /1/2(n — 1)(T — t) be the blown-up radius defined below
in (2); let 0 = s/+/T —t be the rescaled distance to the neck defined in (3); and let
7 = —log(T —t) denote the rescaled time variable defined in (5). Note that (o, 7)
are self-similar coordinates with respect to the blown-up flow. We summarize our
results as

Theorem 1. For an open set of initial metrics symmetric with respect to reflection
and rotation, the solution (S™*1,g(t)) of Ricci flow becomes singular at T < oo.
Its diameter remains bounded for all t € [0,T). The singularity occurs only on the
hypersurface {0} x S™. The solution satisfies the following asymptotic profile.

Inner region: on any interval |o| < A, one has
0% -2

u(o,7) =14+
-

1
+o(-) uniformly as T — oo.
T

Intermediate region: on any interval A < |o| < B+/T, one has

2

u(o,7) = \/1 + (14 0o(1)) Z—T uniformly as T — oo.

Outer region: for any e > 0, there exist C < oo and t < T such that

(%M—Q m <(s,t) < (%M+g)

for all points on the neck such that |o| > C\/T and t € (¢,T).

og(1/5)

Formal asymptotics. In Section 3, we derive formal matched asymptotics for
fully general neckpinches, without any symmetry assumptions whatsoever. These
are analogous to the formal asymptotics for the m = 2 (presumably typical) case
of MCF singularities considered in [5]. Our method here is to study arbitrary per-
turbations of the self-similar cylinder soliton. That is, we consider § = g + h,
where
g=da* +2(n = 1)(T ~ ) gean

is the cylinder soliton on R x S™, and h is an arbitrary (small) (2,0)-tensor. To
accomplish our analysis, we modify the Ricci flow so that the soliton becomes a
fixed point of an equivalent but strictly parabolic flow. Because the linearization of
that flow has a null eigenvalue, one expects to find a center manifold. We proceed
by carrying out a quadratic variational analysis in order formally to compute the
dynamics of the flow on that center manifold. That is to say, we formally analyze
all solutions that exhibit the 77! rate of convergence that is proved for rotationally-
symmetric solutions in Theorem 1.
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The computations involved are extensive, but the conclusion we obtain is quite
satisfying: the formal matched asymptotics suggest that the behavior analyzed rig-
orously in Section 2 should indeed be stable for fully general Ricci flow neckpinches.
See the introduction to Section 3 for a more complete discussion.

1.3. A diameter bound. We conclude this introduction with an observation that
follows directly from the estimates obtained in [3]. This result confirms an expec-
tation of G. Perelman [22].

Lemma 2. Let (S"™1, g(t)) be any SO(n+ 1)-invariant solution of Ricci flow such
that g(0) has positive scalar curvature and positive sectional curvature on planes
tangential to the spheres {x} x S™.

Assume, in the language of [3], that the metric g(t) has at least two bumps for
allt <T. Let x = a(t) and x = b(t) be the locations of the left- and right-most
bumps, and assume that for all t < T one has ¥(a(t),t) > ¢, P(b(t),t) > c for
some constant ¢ > 0.

If g(t) becomes singular at T < oo, then diam(S™*1 g(t)) remains bounded as
t/T.

Proof. By Proposition 5.4 of [3], the limit profile ¢(-,T) exists. Let a(t) < b(t)
n (—1,1) denote the left-most and right-most bumps, respectively. Then a(t) —
a(T) and b(t) — b(T). By Lemma 5.6 of [3], the Ricci curvature is positive (so
distances are decreasing) on (—1, a(t)] and [b(t),1). Hence it will suffice to bound
dist g(¢)(z1, 22) for arbitrary z1 < 22 in (a(T) —&,b(T) +¢) C (—1,1).

Equations (5) and (11) of [3] imply that
d d ™
7 dist g(¢) (71, 22) = dt/ o(z,t) dx
s(z2)
o [
s(x1) (
s(z2) s(x2) 2
=n { % —I—/ (%) ds} .
¢ s(x1) s(z1) ¢

Proposition 5.1 of [3] bounds v uniformly, while Lemma 5.5 shows that the number
of bumps and necks is nonincreasing in time. It follows that

*(2) (4, s(2) s 1 1 C
=) ds<C ds < C — .
/(;El) ( ) < /11) < [U)min(t) 1/}max(t)] S 1Z)min(t)

Hence Lemma 6.1 lets us conclude that

dist () (21, 22)| < ¢ < ¢
O i 0) T VT =1

which is integrable. (|

)

d
dt

Recalling Lemmata 7.1 and 10.1 of [3], one immediately obtains
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Corollary 3. Assume that (S"T1, g(t)) satisfies the hypotheses of Lemma 2 and
is reflection-symmetric. Then the final-time profile Y(-,T) has ¥(x,T) > 0 for all
x # 0. Because |Rm | < C/1)?, this implies that the singularity occurs only on the
hypersurface {0} x S™.

Diameter estimates for arbitrary finite-time Ricci flow singularities are studied
from another point of view in [33]. Lower bounds for diameter are known for certain
topologies; see [26].

2. RIGOROUS ASYMPTOTICS OF THE SO(R""!) INVARIANT NECKPINCH

2.1. The blown-up radius and the linearized equation. The radius ¢ satisfies

(1) ¢t_¢ss_(n_1)1_—ﬁ

We will assume that the solution is defined on some time interval tg <t < T, where
the initial time ¢y neeed not be 0. In order to construct examples of solutions that
follow our precise asymptotics, we will at some point actually have to assume that
T —tp is “sufficiently small”.

We consider the blown-up radius

(2) u= %(t)’ where R, (t) = +/2(n— 1)(T — ),

in which 7" may or may not be the blow-up time. We also introduce the rescaled
distance to the neck
s

®) =

(Here the absence of a factor n — 1 in /T —t is intentional and will result in the
numerically simplest equations later on.) Then we have

ws = 2(” - 1) Ug, "/Jss = 2(” - 1) Yoo 5

T—1t

and

=2n—)(T —1t) uy — Y—+——=

o 2\/
This leads to the following evolution equation for w,
1 1 u?
4 T — Uogo 5 - - -1 —U,
(4) u U +2(u u>—|—(n )u
where
(5) T = —log(T —t).
The blown-up time variable 7 takes values in the interval
7o < T < 00, where 19 = —log(T — tg).

Without loss of generality we will assume that 79 > 1.

Near the neck, u will be close to the self-similar radius u =~ 1. So to linearize,
we set

(6) u=14w
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and observe that v must satisfy

(n—1)v2 — %’UQ

7 T — Voo

(7) Vr = Ve + 0+ o

Here the partial derivatives /0o and 9/97 do not commute. One has instead
01,0, = -2,

and thus

(s) 0-.0,) = [(T ~ 0. VT—10,] = —{%m%}ag.

2.2. Pointwise estimates for v and v. In [3], we showed that on solutions of
Ricci flow whose scalar curvature is nonnegative, the quantity

K L
F=—<2+1
L{ ”ngm()}

satisfies a maximum principle. Here

"/Jss 1- 1/’?
K= and L = ,
(4 P2
and ,
1—4
Lnin(0) = inf s
( ) w2 =0

The maximum principle implies that sup F' does not increase when it is above n—1.

Let us assume throughout this paper that the initial metric has nonnegative
scalar curvature, and that
supF' < F*
for some fixed constant F* > n — 1.

When one writes the quantity F' in terms of ¥, 1, and s, the estimate F' < F*
implies the following upper bounds for ¥, 15, and 1 in terms of the radius of the
neck (0, ).

Lemma 4. There ezist constants § > 0 and C < oo that only depend on F* and
the dimension n such that

1 2
9) 1—9§u§1+c i for o] <24/,
T
and
¢ lo] o] or
(10) 1 <u< C—flog— for2\/T<|o|<e

T VT

For the deriative u,, we have

VT

1+| |

(11) |ug| < C——— for |o| < 24/,

(12) uo| < — \/

log —— for 2¢/7 < |o| < €°7.

¢
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In both cases, these estimates imply that |u,| < C6 at all points with |o| < 7.
After decreasing 9, if necessary, we may assume that Cd is as small as we like. In
particular, in the region we are considering, we always may assume that

1
13 . <=

Since v = u — 1, we immediately get estimates for v and v,. Those for v, are of
course the same as for u,. For v, we have

C 1 2
——<ov<C to for |o| < 24/,
T T
14 c ol [ o
- <v< C% log% for 2/ < |o] < €7,

in which C is again a constant depending only on F* and n.

Proof of Lemma 4. The upper estimates follow immediately from Lemma 9.4 in [3].
Only the lower estimate in (9) was not proved in [3]. Briefly, the lower estimate
follows from the boundedness of F'. At the neck, one has

Vss 1
R L:E’ ¥ =(1+40(1)y2(n—1)(T-1),
so that (K/L)log L < C implies

K:

0 <t < —
T
The radius (0, t) of the neck satisfies
-1 n—1-C(r71)

< 3
O G

1/}t:1/}ss_n

which upon integration yields

Qe

T

¥(0,t) > < ——) 2(n —1)(T — 1)

where C only depends on F* and n. This implies the lower estimates in the Lemma.
O

2.3. Transition to commuting variables. On most of the neck, the quantity
v = o(1). So it is natural to drop the quadratic terms in (7), resulting in the
deceptively simple equation

Vr = Vgg +V
for v. Here the partial derivatives 0, and J, do not commute. To work with
commuting variables, we regard v as function of ¢. In other words, we define

1 x x
15 o(x,t) = / ds:efT/Q/ ds,
(15) @)= o= [ 0

and consider a function ©(o, ) such that v(co(x,7),7) = v(z,7). We shall abuse
notation and write v for both quantities v and v. This is only ambiguous when we
take time derivatives, in which case we write

Ov 00 v

ar oy o 5;

o
T or

o const x const
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The two are related by

@
or

Oo Ov

Ot 0o’

o
T oor

o const x const

Lemma 5. Assuming reflection symmetry of the metric, i.e. ¥(—s,t) = ¥(s,t),
one has

do o
E = §+TLJ(U,T),

where

7 Voo Vg T 2
J = do = —2 — do.
(0,7) /0 1+0 7 1+v+/0 (1+v)? 7

Proof. By definition one has o(z,7) = ¢™/2s(z,T — e~ 7). Hence
1 1
or=-0+e s (x,T—e e ™ ==04e s (x, T —e 7).

2 2
One also has [3, §10]

0Os Sndjss d]s s 3 }
@ ds =n {22 Ys g5\
ot /0 o ”{¢+/o e

Using the relations (2) and (3) between v = 1+ v and 1, and s and o, one finds
the stated expression for 0,0. |

From here on we will consider v as a function of o and 7. All 7 derivatives are
intended to be time derivatives with o kept constant. It follows from (7) that v
satisfies

2

(n—1)v2 - 1o

1+wv

1
(16) Vr = Vg — gvg +v—nJ(o,T)v, + 2

We write this equation as
vy = A(v) + N(v),
where A is the linear differential operator
2
A= <3) _ gi +1,
do o

and N (v) represents the remaining (nonlinear) terms in (16),

7 n—1)v2 — 1?2
N(v):—mjg/ Yoo do—l—( Vo~ 3
o 14w 14w
Integrate by parts to get
v2 v2 + $0?

(17) Nw) = —m)g/O 150 do T o

Lemma 6. For all |o| < e°7, one has

1+ 0*
-

V@) < o=
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Proof. This follows from Lemma 4. In fact, Lemma 4 implies that

and |v,| < C

1 2 1
(18) W <C +o + o]
T T

for |o| < 24/7. For larger o, one finds other estimates for v and v,, which are
stronger than (18). Using (18) for all |o| < €7, one arrives at our estimate for
N(v). O

2.4. The linearized equation. If we ignore the nonlinear terms in (16), then we
see that the small quantity v satisfies v, = A(v). Even though v is not defined for
all o € R, we know from our estimate on the neck that v is defined for |o| < €°7,
for some ¢ = §(F™*,n). In the first analysis, we assume that v is in fact a solution of
the Cauchy problem v, = A(v). The operator A is self-adjoint in the Hilbert space

H= {’U € L? (R,6702/4d0') |v(o) = ’U(—O’)} .

It has pure point spectrum, with eigenvalues A, =1 —m for m =0,1,2,.... The
eigenfunction corresponding to the eigenvalue \,, is an even Hermite polynomial
of degree 2m. Normalizing the eigenfunction so that the coefficient of its highest
order term is 1, we set

! !
hgm(o) = 0.2m _ (2777”'027”—2 + (2777”'0.2771—4 _

11(2m — 2)! 2!1(2m — 4)!
In particular,

(19) ho(o) =1, ho(o) =0% =2, hy(o) =0t —120% 4+ 12.

2.5. Eigenfunction decomposition of v. Let n € C®°(R) be an even bump
function with n(z) = 0 for z > 1% and n(z) = 1 for z < 1. We then define

(20) V(o,7) = n(ce 2"?)v(o, 7).

For |o| > 2e97/2 we set V = 0. Then V(-,7) € H, and v = V for |o| < e°7/2.
A computation shows that

(21) Ve —A(V) =nN(v) + E,

where the “error term” is

ag
E = (777' — Noo + 5770) v — 2770’”0’-

Lemma 7. The error term E vanishes except when 7/ < |o| < %667/2. When
E #0, one has

|E(0,7)| < Clal,
where the constant C' only depends on F* and n. One also has

|EC, 7 < Cexp (—e™/2).

where the constant C' again only depends on F* and n.
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Proof. The pointwise estimate follows from the boundedness of n,, on,, and 754,
as well as the pointwise bounds for v provided by Lemma 4. Given the pointwise
bounds for F, one finds that

oo

|E|? < C? / o2~/ g,

57/2

from which the H norm estimate follows. O

For each 7, the function V(-,7) belongs to H. So we can consider the splitting
into mutually orthogonal terms determined by

(22) V(o,7) = ap(1)ho(0) + az(7)ha (o) + W (o, 7).

Our pointwise estimate (14) for v suggests that for large 7 these terms will decay
like 771, This turns out to be the case for the middle term as(7)h2(7), but the
other two terms are in fact smaller. We will show in the next few paragraphs that
they decay like 772. This establishes az(7)ha(7) as the dominant term for large 7.

2.6. Easy estimates for ap and as. Lemma 4 and in particular (14) imply that
C
Ve, 1)l < =(1+0%)
T

for all 0 € R, and all 7 > 7y. Upon taking the H-inner product with hy and ho this
gives us

A Q

(23) |ao(7)] + laz(T)] <

for all 7 > 7.

2.7. Decay of ag. Since |hol|?ao(T) = (ho, V)2, we have
[hol*ag(7) = (ho, Vi)
= (ho, A(V) + nN(v) + E)n
= (ho, V)x + (ho,nN(v) + E)n
= ||hol[*ao(7) + (ho, N (v) + E).
Hence

() — ao(r) = (%,nmm +E)H

In other words, a{(7) = ao(7) plus a small error term. If this error term were absent,
we would have afy(7) = ao(7), and the only possible solution with ag(cc) = 0 would
be ap(0) = 0. The presence of the error term causes ag(7) to deviate from zero,
and we now proceed to estimate this deviation.

Using our estimates for N(v) and F, we conclude that
fol7) = ag(7) — ao(7)
satisfies
o) < S

The variation of constants formula tells us that

T1 ,
GQ(T) = eT_Tlao(Tl) —/ e’ T fo(T/) dTI,
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in which we can let 7 — o0, to get

ao(T) = —/ e fo() dr.

Hence ( )
C(F*,n
lao(7)| < — =

2.8. Decay of W. Since W lies in the stable space of the operator A, i.e. the space
spanned by those eigenfunctions with negative eigenvalues, we expect W to decay
according to the slowest stable eigenvalue (i.e. ~ €7 7), or else to decay like the
“forcing term” nN(v) + E. In this situation, the forcing term is dominant, and we

have the following.
Lemma 8. For any given 79 > 0, one has for all T > 1
To—T O
WD < e IWE o)l + =
Consequently, one also has
C
Wl < 5 (14 Wo).

Here the constant C only depends on F* and n, and
Wo = e™||W (-, o).

Proof. Since |[W||? = (W,W) = (W, V) and (W, A(V))y = (W, A(W))4, one has

awi _1d 2
o~ aa"l
1d

5% (W, V)H
= (Wa VT)H

=W, A(V)+nN(v)+ E),,

Wi

=W, A(W))x + (W,nN(v) + E),
< =W+ W] - lInN(v) + B,

whence
d|w]]
dr

(24) < =Wl +[nN(v) + E||

From Lemma 6 we conclude that [nN (v)| < C(1+ ¢*)772 for all o, and hence that

c
InN @) < .

For E, we use Lemma 7 together with the calculus inequality Ce

We apply all this to (24) and conclude that

d||W ] C
/1< W —.
Ul <+
Therefore
AW _ v



PRECISE ASYMPTOTICS OF THE RICCI FLOW NECKPINCH 13
Integration leads to
T et C
IS PV +C [ G d < W m)]+ e
To

as claimed. The second estimate for ||W|| follows directly from sup72e™" < co. O
2.9. Derivative estimates for W. We use the regularizing effect of the heat
equation to bootstrap the estimates of Lemma 8 by one space derivative.
Lemma 9. Let 19 > 0 be as in Lemma 8. Then for all T > 19 + 1, one has

IWa (-, 7l < C(L+ Wo)r ™,
where the constant C' only depends on F* andn, and as before, Wy = e™||W (-, 70)||.

Proof. Note that

1
Au = Uyy — §0ug +u= e /4 (6_02/4u0)g

so that for u € D(A) one has
—(u, Au)y = / 6_02/4{’[1,(27 —u*} do.
Thus ’
(25) 100l = [lull* = (u, Au).
If u L hg, ho then (u, —Au)y > 0, and we have

10 ull < flull + v/ (u, —Au)n.

If we substitute e/4u for u in this inequality then we get

C
(26) (|0 %ul| < WIIUII

for 0 < # <1, and all u € D(A). Indeed, expand u in eigenvectors of A,

o~ 5 ha
u=Y upho, hok = 57—
2 o]
Then, with A\ =1 — &,

(eeAu, —AeeAu) = Z e 20k |uk|2
k>2

< (sup Age %) Y " Juy?
k>2 k>o

< (sup xe™ ) [fulf?
A>0

= S,

from which (26) follows.

The stable component W of V satisfies
Wr = AW) + f(7), where f(1) = P(nN(v) + E),
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and where P is the H-orthogonal projection onto the space {u € H | u L ho, ha}.
By the variation of constants formula one then has, for all 7 > 79 + 1

1
W(r)=eW(r—1)+ / " (T —0) do.

0

Since f(7) L {ho, h2}, we can use (26) to get

1
10.W (1)|| < ||0peW (T — 1) +/0 |05 f(r — 0)]|| b

s0||w<r—1>||+/0 %Ilf(r—f))ll 6.

The combination of Lemmas 6 and 7 again gives ||f(7)|| < C772. The integral
can therefore be bounded by C7~2. Combining this with our previous estimate for
[[W(r —1)|| from Lemma 8, we get the inequality in Lemma 9. O

2.10. A bound for [[cW||. If p € C}(R), then one has the identity

[ e 2plarn (o) do = [ (2000 + bt (o)) do
which after rearranging leads to

lowl? =4 [ e Viops + o) do
R
=4{(o0, ") + llol*}
< slloel® + 8ll¢'1* + 4]l
<16 {11 + llell*} -
An approximation argument leads to
Lemma 10. For any ¢ € H with ¢, € H one has op € H, while
loe(a)|l < 4{lleqll + [lell} -
In particular, W satisfies
(27) oW || < C(1+ Wo)T~2
forall T > 1+ 1.
2.11. Pointwise estimates for W. A Sobolev inequality says that the bound on

||0-W || implies a pointwise bound for W. Due to the exponential weight in the
norm this bound is not uniform. One has

Lemma 11. Any ¢ € ‘H with O, € H is a continuous function, which satisfies

e lo(0)l < C(llell + 19w el).
Hence W satisfies
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Proof. Assuming ¢ € C}(R) one has

62 R o
e /4@(0)2 = / e /4 [—§<p2 + 2@@0] do
< lloellllell + llellles |l
< Cllel® + llea 1}
So the pointwise estimate holds for ¢ € Cl. By approximation it also holds for all

@ € H with 0,¢ € H. O

Lemma 11 says that W decays pointwise like 72, and uniformly on bounded &
intervals. The following pointwise bound for W only gives a 7! decay rate, but it
is stronger for large values of 0. The estimate also does not depend on Wj.

Lemma 12. For some constant C = C(F*,n) < oo one has for all 7 > 19+ 1

W (o, )| < g(l +0?).

Proof. We have, by definition, W (o,7) = V (0, 7) — ( Yho(o ) ( Yha (o). Using
our pointwise bounds for V| ag, as, and ho(o) = 1, he(o) = 0° — 2, one quickly
gets the stated estimate for W. O

2.12. Pointwise estimate for W,. By definition we have W(r,0) = V(1,0) —
ao(7)ho(0)—az(T)he(0). Differentiate and keep in mind that h{(c) = 0 and hf (o) =
20. We get W, =V, — 2az(7)o. Using the pointwise derivative bounds (11) and
(12) for u, one then gets

(28) ol < S0+ 1ol)

which holds for all 7 > 79 and o € R.

2.13. An equation for as. As with ag, we have
Ih2?a(r) = (ha, V)n

= (h2, A(V) +nN(v) + E)y

(A( 2); )H + (hzﬂﬂv(v) + E)n
We use (17) and the identity 1/(1+v)=1— U/(l + v) to rewrite N(v) as
(29)

No(v) = — (v2 + %02)
N(v) = Na(v) + N3(v), where o2 w02 4+ Ly3
= [ o

0

d
1+ v)? ot 14w

Here, No(v) is the purely quadratic part, while N5(v) contains the cubic and higher
order terms.

such that for all T > 19

~—

Lemma 13. There is a constant C = C(F*,n

N3 ()] <
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Proof. The pointwise estimates for v and v, from (14) imply that

1 2 1
<X ) < ol
s

whenever |o| < e’7. Hence we have

1406
3

|Ns(v)| < C for |o| < e°7.

(The term with v3 contributes the highest power in o.)

This implies the Lemma. ([

We continue with our computation of a5 (7). We have
1ha][2ay(T) = (ha,nN (v) + E)x
= (h2,nN2(v) + nN3(v) + E)n
= (h2,nN2(v))n + (h2,nN3(v) + E)x.

The last term satisfies

|(he, nN3(v) + E)| < [[he]l ([nNs(0) || + | E]) <

We would now like to replace the v in the quadratic expression Na(v) by V, and
then by the dominant term in (22), i.e. aa(7)h2(c). Before we do this, we estimate
the errors produced by these replacements.

Lemma 14. There is a constant C' = C(F*,n) such that for all T > 19, one has

I (Na(v) = Nay(V))|| < Ce="™"".

In other words 1 (Na(v) — N2(V)) satisfies the same super-exponentially small
estimate as the error term F. (See Lemma 7.)

Proof. Since V =17 - v, a direct calculation gives
n(Na(v) = N (V) = 1 { (n0)o” = v, } + In(n® = 1)o*.

Using the pointwise estimates for v and v, with the fact that n (Na(v) — No(V)) is
supported in the region e°™/2 < |o| < 2€°7/2, one arrives at the stated estimate for
the H norm of n (Na(v) — Nao(V)). O

We therefore have

[h2]|3a5(m) = (h2,nN2(V)y + (ha,n (Na(v) = N2(V)))g, + (h2,nN3(v) + E)sy .
If we write Na[v, w] = —v,ws — %vw for the natural symmetric bilinear expression
with Na(v) = Na[v,v], then the first term above can be written as
(h2,mN2(V'))4, = (nha, No(azhz + agho + W)),,
= (a2)” (nh2, Na(h2))y,
+ 2a3 (nha, Na[hz, apho + W),
+ (nhz, Na(agho + W)) 4, »

which is a quadratic polynomial in a3. Adding in the omitted error terms, we reach
the following observation.
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Lemma 15.

in which

K(r) = Tz (ko No(ha) .

L(r) = HhiH? (nha, Nolha, aoho + W1),y

M) = T b Na(auho + W)+ (hay (No(0) = Na(V)) e + (o, nN(w) + By}

Lemma 16.
K(r)=-8+0 (6_661—/2> .

Proof. Since Na(v) = —v2 — 102, the explicit expressions (19) for ho, ha, and hy
give us

Na(hy) = —30* =20° =2 = —Jhy —8hy — 12 hy.
Hence (h2, Na(ha))y = —8||ha||?. This implies

(ha; Na(ho))n | ((1 —mn)ha, Na(h2))n
|72 ([ 2]

The first term is —8. The other term can be written as the integral of a function
with fixed polynomial growth, which is supported in the region |o| > €97/2. This
leads quickly to the stated estimate. O

K(r) =

Lemma 17. L(1) = O (772), i.e. there is a constant C = C(F*,n) such that for
all 7 > 19 + 1 one has |T2L(7)| < C.

Proof. Using (bi)linearity of Na[v, 0], we get
|h2l|*L(7) = (nha, Nalha, aoho + W1)y,
= ao(7) (h2,nNa(h2, ho))y + (ha2, nNa(ha, W),y .
The first term is O(7~2). For the other term, we have

|(h2577N2(h27W))H| = ‘(nhQah/Q(U)WU + %h’QW)'H‘

< |Inhah|[|Wel + CW]|

¢

<3
by our estimates for |W|| and ||0,W]|. O
Lemma 18.

e

M) < ¢ { Wl + |

In fact one can show that M(r) < Co7~ (4= for any a > 0, but we will only
need the estimate with o = 1.
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Proof. In Lemma 15, ||ha||?M (7) is defined as the sum of three terms. We now
estimate them one by one.
The middle term is
7657'/2
[(h2,n(N2(v) = N2 (V)| < [[hell[[n(Na2(v) — Na(V))| < Ce ;
by Lemma 14.
The third term is bounded by

C
|(h2,nN3(v) + E)n| < C([lnNs(0)|| +1E]) < —5,
because of Lemma 13 and the super-exponential estimate for £ in Lemma 7.

The first term can itself be split into three terms:

(nha, Na(aohs + W))H

(30) = CLO(T)Q(T]hQ7 NQ(hQ))H + 2&0(7’) (’I]hg, NQ[hQ, W])H + (7’]h2, NQ(W))H
The first of these terms is O(7~%), since ag(7) = O(772).
From

(nhQaNQ[h27W])H = (nhQa _hé(U)WG’ - %hQW)H

= —(nhahy, Ws),, — %(nhg(U)Q,W)H
= O ([Wol + WD)
=0 (7’72)
and ag(7) = O(772), we deduce that the middle term in (30) is also O(77%).
We are left with the last term in (30). This term can be expanded as
(31) (nha, No(W)),, = —(nha, W2),, — (nha, sW?)3.
The second term satisfies

/ e~ ha (o)W (1,0)2 do| < C (|W|* + [loW %)
R

IN

1
C {62(707)|W(.77-0)”2 + _4} 7
-
by Lemmas 8 and 10.
We bound the first term in (31) as follows:

[ (nha, W2),,| = /6702/477h2(0)W02 do
R

<C

/ 6_02/4(1 + o2 )W?2do
R

< O+ o) Wo [ [We .

The pointwise estimate (28) bounds the first factor by

c
1L+ oWl < =,
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while Lemma 9 implies
TO—T 1
Wl < ¢ { W ml + 5 |-
Combined, these last two estimates imply Lemma 18. O

2.14. Dichotomy for the decay of as(7). We have shown that

d
(32) darlT) _ (e + 7 (m),
dr
where
|M*(T)| < C(1 4+ W) 3.
Hence J
7—7(7'(;2(7’)) = (1ax (7)) — 8(tas(1))? + T2 M* (7).
T
Lemma 19. The coefficient a2(T) satifies either
(33) az(t) < O(1 + Wo)r 2
forall > 719+ 1, or else
1
(34) lim 7aq(r) = 3

2.15. Pinching time. We will show below that alternative (34) does indeed occur,
namely that there exists an open set of solutions matching the asymptotic profile
we have constructed. Our first step is to improve the estimate obtained in Lemma
6.1 of [3]. Let r(t) = ¢(0,t) denote the radius of the neck, and recall that

Pss
= 7 and L= 02

denote the sectional curvatures. Define A = 2 — log Lin(0), so that we may write

the cylindricality F' as

K w'@ljss 1- w?

f()\—i—logL): e ()\—i—log 0 .
Recall that there exists F'* > n — 1 depending only on ¢(0) such that 0 < F < F*
on the neck. Writing the evolution equation for the radius

K

F =

dr 1— 2 n—1
e L L_Ozwss— -
in the form
(35) %(ﬂ) - —2(n—1)+2ﬁ
then proves that
(36) —2(n-1) < i(TQ) <-2(n-1)+ ZL.
dt A+ log le

This observation lets us prove that the singularity time depends continuously on
the initial conditions.

Lemma 20. For rotationally symmetric metrics g(t) that develop a neckpinch, the
pinching time T is a continuous function of the initial metric gg.



20 SIGURD ANGENENT & DAN KNOPF

Proof. Given a metric gg, let To = T'(go) denote the singularity time of the solution
g(t) with initial data go.

To prove lower semicontinuity, let T_ < Ty be given. Then {g(¢): 0 <t <T_}
is a smooth solution of Ricci flow. Because regular solutions of parabolic equations
depend continuously on their initial data, a solution g(¢) will remain smooth for
0 <t <T_, provided that its initial data gg is sufficiently close to go. This implies
that the singularity time 7" of §(-) satisfies T > T_.

To prove upper semicontinuity, let Ty > Ty be given. At any time T, < Tp,
observe that for all gy sufficiently close to go, the radius 7 of the solution §(t)
satisfies 7(T3)? < 2r(T.)?, and its cylindricality F' satisfies F < F* < 2F*. By
taking T, close enough to Tj, one may by (36) ensure that any solution §(t) with
initial data gy satisfies

4
dt

4F™

()< —2n—1) 4 ——+

<—(n-1)

for all t € (T, T), where T is the pinching time of §(t). So for t € (T, T), it follows
that

,F

2r(T.)? — (n — 1)(t — Ty)

dn —1)(To —T) — (n — 1)(t — T).

Here we used the fact that r(¢)? < 2(n — 1)(Ty —t). Choose Ty < Tp closer to Ty

if necessary so that Ty + 4(Tp — T%) < T%. Then if ¢t > T\ + 4(Tp — T%), one has
7(t)? < 0. This implies that T < T, + 4(Ty — T%) < Ty O

2.16. Initial data. Given a target time 7', we now construct initial data v =
1+wvatt =1t < T that will become singular at T" and satisfy the asymptotic
profile (34). In the next subsection, we shall obtain appropriate estimates for the
function V (o, 7) = n(e=97/20) - v(0,7) = Y re a2k (7)hax () corresponding to this
construction.

Let € € (0, 4\/%) be a constant to be chosen later. Near the developing neck-
pinch, we impose the initial profile
u=1+ aoho(U) + aghQ(U),
where ap and ag > 0 are constants to be chosen later, and o(s,t) = s/V/T —t.
That is, we prescribe ¥(s,tg) = Ry, (to) - u(o,to) as
2

T — 1o

(37) Y(s,t0) = /2(n — 1)\V/T —to | (1 + g — 2a2) + o

on the region N' = {s: |s| < so}, where s¢ is given by

1
so =¢e/T —toglog

T—ty

We will require

(38) —& S (7)) S 20[2
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and
€ 1
(39) - S (6%} S )
T0 70
where
TozlogT_ 5 > 1.

The radius of a neck of the form (37) is

(40) ro = (0, t0) = \/2(n — 1)\/T — to(1 + ag — 202).
Thus

_To‘i‘\/iifto.

Since

=2/2(
/ _ to

we have || < 1s(s0,to) on N, where 14(so,t0) = 264/2(n — 1) - Toap satisfies

52 S U)S(SO; to) S €

2y/2(n—1)

Outside N, we extend ' linearly with slope 15(s¢,%0) > 0 until we reach the height
1) = 1, where we glue on a standard profile that is smooth at the poles. As in §8
of [3], this can be done with [¢)s] < 1 everywhere. Notice that the initial profile

(-, tp) is smooth except on AN by [32], the corresponding solution of Ricci flow
will be smooth for all ¢ > ty that it exists.

We next obtain a formula for the upper bound F* on the cylindricality F of a
neck of the form (37), where oy and as satisfy (38) and (39), respectively. Note
that F < 0 off V. On N, we have

04280
¥ < (s, to) =10+ /2(n—1)
1/ _tO

< 2(”—1)(1+6 To)\/T—to

and

2 2(n—1)
=24/2 .
\/ - to TOV T— to
Independent of ¢ < i, we may choose t,. close enough to T so that for any ¢y €
[t«,T), the radius is bounded from below by

r0>\/2n—1\/T—t0(1—5—%) VEUR N/

and so that the sectional curvature L is bounded from below on N by

— 2 _ _ 2
L=1 P2 21 8(n—1)e > 1 > e,
P2 ¥ (s0,t0)? 4(n — 1)(T — t9)(1 + 279)?
provided 79 > 7§ (n, ). Here we used the fact that lim,~ o(zlog 1) = 0. By Lemma
9.1 of [3], the bound L > e? lets us assume A = 0. Combining the estimates above,
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we conclude that there exists C = C(n, t,) such that for any ¢y € [t«,T), one has

_K _ Vs 11—y
F—LlogL—l_q/}?log 02
2 1
< T o/ 1\.9 SSl -
S T8 o Ve los
1 2
<16(n— 1)~ (10g2 + 1)
T0 2
< 0527’0.
Hence we may define
(41) F*=(n—1)+ Ce’r.

This formula for F* lets us adjust our constants in order to force pinching at T

Lemma 21. There exist €. and t. depending only on n such that for any € €
(0,e4], all initial times tg € [t«,T), and any ag satisfying (39), there exists some
ag satisfying (38) such that the solution with initial profile (87) becomes singular
exactly at T.

Proof. Proposition 5.2 of [3] implies that r is monotonically decreasing. So for all
t > to that the solution exists, one has

r(t)? <12 <2(n—1)(T — to).

As above, we fix t, < T so that (41) holds for all ¢y € [t+,T). Then by (36), there
exists ¢ > 0 depending only on n such that

d -1 2
Con-1) < L) < —on—1) 4 2R L E O
dt T0 — C
There exists C. = Ci(n,t.) such that %ﬂfz”’ < C,e%. Hence we may fix
g« = €+(Cy) such that for all € € (0, e.], one has
d o
—2(n—-1) < E(T )< 2(n—1)(1—¢).

By Lemma 7.1 of [3], the solution becomes singular at 7" if and only if r(T) = 0. It

follows that
2 2
L S A U S
2(n—1) 1—e 2(n—-1)

By (40), this implies that

T—to < (1+O&0—20&2)2

1 —2a5)?% <
(1+ao @2) — T —ty — 1—¢

Thus if ap — 2a2 > 0, then pinching occurs at T > T. On the other hand, if
—1 < ap — 2a2 < —¢, then pinching occurs at T' < T'. By Lemma 20, pinching will
occur exactly at T for some ag € [2a2 — €, 2ai0]. Clearly, this «p satisfies (38). O
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2.17. The dominant asymptotic profile. For 7 > 7, let v(o,7) denote the
solution of Ricci flow corresponding to the initial data (37). Then

v(o,70) = apho(o) + agha(o) for lo| < oo = 0c(so,to) =eTo.
For 7 > 79, define V (o, 7) = n(e=%7/%0)v(0, 7), noting that V(-,7) € H admits the
orthogonal decomposition

(42) Ve, 7) = ao(1)ho(0) + az2(m)he (o) + W (o, 7).

Intuitively, one expects that ag and as will be close to ay and as, respectively,
at 7 = 19 and for a short time thereafter. We now make this expectation precise.
Define U € 'H by

U= V(',To) — Oloho - OéQhQ.

At 7 = 719, one has |V,| = |vs| = |¢s]/+/2(n —1) < € for |o| < 0p and |V,| < 1
everywhere. Because |ag|, a2 € [0, 1], there are universal constants C' (which may
change from line to line) such that

Ulo) =0 for all |o| < oo
|U(0)] < C(1+0?) forall |o| > o,

hence such that
IU)* < C/ (1+0%)2e /M do
lo|>00
< Ce=0/5 = Q"7 /5,

Because |W|[> = (W, W) = (W,U) < |W|[|U| at 7 = 70, it follows that the
constant Wy introduced in Lemma 8 satisfies
2

€
(43) Wo =e™ [W(,m0)ll <e™ [|U]| < Cexp(ro— 1—073)-
Similarly, one has
1 1
az(1o) = —— (h2, V (-, 70)) = ag + —— (h2, U) ,
[ ha]|? | h2]?

and hence
(44) las(10) — az| < Ce™= 70/10,

We are now ready to prove that alternative (34) occurs. By (32), one has

d .

d—Tag(T) = —8ax(7)* + M*(1),

where |[M*(7)| < C(1+Wy)7~3. By (43), we may make 7y so large that C'(1+Wj) <
Co. Then

d C
—8@2(7’)2 - z < d_Ta2(T) < —8@2(7’)2 + 7-_??

By (39) and (44), we may make 7 larger if necessary so that

CO < g < ( ) < 2
— — < as(T —.
87’5’ 219 20 = 70
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Co

As long as as(7)? > 2773, the function ay(7) will be decreasing. For such times,

one has
d C 32 C 64
—ay(7) > —8as(m)? — =5 >~ 25 — =

dr = _Tg T_g’ - _%
provided that 7y is large enough, and hence
64 € 64
> - (T—1) > — — — (T —T0).
az(7) > az(m0) 2 (r—70) > om0 72 (r—10)

In particular, given any C' > 0, one can make 7y so large that

15 64 14+ Wy
N> — -2 >c-—170
az(ro +1) = 219 18 T (0+1)2

This justifies our assumption that as was decreasing for 79 < 7 < 79+ 1. Moreover,
if we choose C' as in (33) then it violates alternative (33). Hence we have proved
the following result.

Proposition 22. For any final time T, all sufficiently small e > 0, all initial times
to sufficiently close to T, and any s satisfying (39), there exists «g satisfying
(38) such that the solution (42) with initial profile (37) becomes singular at T and
satisfies the asymptotic profile

(45) as(T) = 8_17 + 0(%) as T — 00.

2.18. The intermediate region. Consider a solution that forms a singularity at

time ¢ = T. Define u, v, etc. as above and assume that our solution satisfies (45).
We have shown that

0% -2
8T

uniformly on any bounded interval |o| < A.

(46) v(o,7) = —l—o(%) (r — o),

Now consider the quantity

g=u?—-1.

Lemma 23. For any constants € > 0 and B < oo, there erist A and T such that

2 02

(1- E)Z—T <qlo.7) < (1+e)

whenever A < o < By/T and times T > T.

In other words, for 1 < o < B+/T one has

2 2
u_\/l—i—(l—l—o(l))Z—T%\/l—i—Z—T.

We shall prove this Lemma by computing the evolution equation for ¢ in the
variables 7 and p = o/4/7, and finding suitable sub- and supersolutions. The
evolution equation (49) turns out to be a small perturbation of a first order linear
equation, which is easily solved by following its characteristics.
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2.18.1. Equation for q. Since q, = 2uu, and ¢yo = 2Ulge + 2u§, one has

n—2 ¢>
(47) qT|I:qUU+q+ D) q(i(-jl'
Here the time derivative is with constant z. Using Lemma 5, we get
o n—2 ¢>
(48) QT|g:LIUU_§QU+Q_”J(077-)QU+ 5 qal—jlv

where ¢.|, is the derivative of ¢ with ¢ held constant and where

g 2
J:“—”+/ % do.
u o u

We now regard ¢ as a function of the new variable p = o/+/7. Because

_ Lp
QT|(7 = Q‘r|p - i;qpv
one has
1 p 1]p n—2 Cﬁ
(49) qup—;qpp+§qp—q=;{iqp—n\/?Jqur > ari(

2.18.2. A subsolution for (49). We begin with some simple estimates. Fix some
Ap > 1 and recall that 7y is the smallest time under consideration in this paper.
Given B > 1, we shall choose A > Ay and 71 > 79 large enough to make everything
work. The region A/\/7 < p < B? corresponds to A < ¢ < B?,/7. By Lemma 4,
there exist Cop = Cp(B) and C; = C1(Ap) such that for all A < o < B2,/7, one has
2
u < 1+C()O.T :1+Cop2 §1+00B4

and
1+o

0<us <Cy Sclzzcl
T

-

Thus we have
0<u, <Cip

and

0 < pgp = 2pupu < C(Ao, B)
for A/\/7 < p < B2 Since u > 1—C/7 for C = C(n, F*), we may assume without
loss of generality that 79 > 1 is so large that

o a4

g+1 u?
for A/\/T < p < B%and 7 > 79. Since ny/7Jg, > 0 for all 0 < o < €°7, it follows
that

< 2q§ < C(Ao,B)

2

n—2 q,
< .
2 q—|—1_C(AO’B)

(50) g% - n\/FJCIp +

We introduce the linear differential operator

e



26 SIGURD ANGENENT & DAN KNOPF

Then (49) and (50) imply that ¢ = u? — 1 satisfies
C(Ap, B)

IL]q]] < -

whenever A/\/7 < p < B? and 7 > 7.
Let @ be a smooth function with support in [0,1] such that Q(r) < r%/4, and

define
Ko = max |Q"(r)].

0<r<1
For 7 > 79, define
(51) ao(p;7) = p1(1)*Q(p/p1(7)),
with A
- (r—71)/2
pl(T) =€ \/Fl'

This function is almost in the nullspace of the linear operator £; indeed, a straight-
forward computation shows that

Llqo] = _%82% _ _%Q”(p/pl(ﬂ)a

so that |L[go]| < Ko/
Now for K > Kj to be determined and any ¢ € (1/2,1), consider

52) 0 (p7) = ool ) + 2

One then has
K K Ky—-K
Llg ] =0L[qo] + KL 1 <= - = < =2 _— <,
T T T
so that ¢_ is a subsolution for all 7 > 75. Moreover, if we choose K > Ky+C(Ay, B),
then

C(AQ,B)+K0 - K

(53) Llg- —q] < <0
T
for A//T < p < B?and 1 > 1.
Define the region
A
(54) Q=q(7):—=<p<p(r), n<T<wy,
\/F

where w is determined by p1(w) = B?, i.e.
w =71 + log (B47'1/A2) .
We will choose A and 7; so that B*r; > A%. First, we compare the values of ¢ and
q— along the parabolic boundary of Q.
Along the left edge p = A/+/T, T > 71, it follows from (46) that

A2 -2 1 A2

(55) q(A/T,T) = U (A7) -1 = . —i—o(;)z (1—50)E,

where g9 = €9(Ap, 71). On the other hand, there exists e; = ¢1(A, K, 79) such that

9 K 9
a-(p7) < =p"+ = < (1+e1)7p
4 T 4
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for p > A/\/T. So q— < q at (A/\/7,T) provided that

1 1-— €0
- <4 .
2~ < 1+¢
Along the right edge p = p1(7), one has
K K
4 (pr(0),7) = (PR + = =

because @ is supported in [0, 1]. But since g, > 0, estimate (55) implies that

4(p1(r),7) = €T TIPA) A, ) > q(A)TT) 2 = A

T

where g9 = €9(Ao, T1). So ¢— < q at (p1(7), ) provided that

K
A>2, .
1—50

The bottom of  is the single point (A/,/71,71). So the choice § < (1—&¢)/(14¢1)
ensures that g_ < ¢ there as well.

Now choose K depending on Ay, B, and K to satisfy K > Ko+ C(Ap, B). Take
71 > 79 large enough so that €9 < 1/2 and choose A > Aj depending on K so that
A > /8K and so that €1 > 0 is as small as desired. Then increase 7y if necessary
so that 71 > A%/B*, making ¢ as small as desired. These choices make it possible
to take 6 € (1/2,1) as close to 1 as one wishes and still satisfy 6 < (1 —¢e0)/(1+¢€1).
Furthermore, they ensure that g— < ¢ along the parabolic boundary of 2. Because
6(7_71)/214/\/7'_1 < B2 for all 7 < w, it follows from (53) that ¢ > ¢_ throughout
Q. Since for any e, one may take Q(r) = r?/4 for r € (g,1 — ), this implies in
particular that

2
alp.7) > 077
for all points p such that A/\/7 < p < B and times 7 such that
2log (By/71/A) <7 — 11 < 2[log(By/71/A) + log BJ.
Our estimates only improve if we increase 71 (without altering any other choices);

in particular, # does not decrease. Since T = 71 + 0o(71) as 71 — oo, we have proved
the lower estimate in Lemma 23.

2.18.3. A supersolution. A slight modification of the preceding construction will
give an upper barrier for ¢ on the same domain 2. One begins with the a priori
bound

(56) u < C(1+0%/7) = C(1 + p*) and hence ¢ < C(1 + p*)p* = Co(B)p?,
which holds for Ag/\/7 < p < B2,

Choose a smooth function @ which satisfies Q(r) > r2/4, and define K, =
maxg,1] |Q"|. Instead of requiring @ to be supported in [0, 1], we impose

Q(1) = 2Cy(B) with Cy(B) as in (56).
For 7 > 71, one introduces go(p, 7) = p1 (T)QQ(p/pl (7)), as in (51), and finds that
|L]do]| < KQ/T. For K > K, and any 0 € (1, %), define

q+(pa7-) = 9@0({),7’) - K/T
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Choosing K > Ky + C (A, B), one finds as in (53) that L[g, — ] > 0 for 7 > 79
and A/\/7 < p < B2. Thus ¢, is a supersolution, provided ¢4 > ¢ on the parabolic
boundary of €.

On the left edge of Q, one has, as in (55), ¢ < (1 + &9)A%/47. One also has
qr > (1 —e1)0A% /47, where e1 = ¢1(A, K).
Hence one will have ¢ < g4 on the left edge if 6 satisfies
1+¢9 3

<<=
1—51 2

On the right edge of 2 one has p = p1(7), and thus
¢+(p,7) = 0p1(1)°Q(1) = K/7 2 6(1 = K/A*)Q()p1(1)*Q(1)pa (7)?,
provided A is chosen so large that §(1—K /A2) > 1. On the other hand we know that
q < Co(B)p1(7)? holds on the right edge of Q. Hence our condition Q(1) > Co(B)
implies that g+ > ¢ on the right edge.

It now follows that ¢ < ¢4 on €2, and as with the subsolution, this implies that
q(p,7) < 0p*/4 for all p € [A/\/T,B] and T > 71 + o(11).

2.19. Convergence in the outer region. Let B and € > 0 be given constants.
Define A = A(e, B) and 7 = 7(g, B) as in Lemma 23. Then we have shown that

when
B2 1
(57) o = By/7, i.e. when Sz:T(T_t)IOgﬁ’

one has
I1+(1-¢e)B?/4<u< 1+ (1+¢)B?/4.
For ¢ = R, (t)u, this therefore means that

Y

(58) VT —t\/1+ (1 —¢)B2/4 < NCoE)

<VT —t/1+ (1 +¢)B2/4

forallt € [¢,T), where t =T —e™ 7.

We define the outer region (with parameter B) to be the portion of space-time
given by

Tp={(2,t): 7 <7 <T,s(z,t)* >

B2 1
Z (T —1)1
4( )ogT

t}'
The boundary 0I'g of I'p is given by (57).

For any given t, € [¢,T), we let z, be the x coordinate of the point on OI'p
with ¢ = t,. We will now show that s(z.,t) and t(x.,t) change very little for
t, <t < T. This will directly imply the asymptotic description of ¢(s,T') for s — 0

in the introduction. Fix some By > 1. We begin with a simple uniform estimate
for 1, in the region Boy/T < o < 1e’".

Lemma 24. For any By > 1, there exist constants v,d > 0 and C < oo depending
only on By and the initial data such that

0 <hs(s,t) <

Slo

for all 7> 7(By) and Boy/T < o(s) < ve’".
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Proof. Define r(t) = ¢(0,t). By (45), we have

r= 2(n—1)(T—t){1—%+0(%)}.

By (58), we have

P(s,t) > 9(5,t) > /2(n—1)(T —t)y/1— B3/8

for all s > §(By) = BorV/T —t and 7 > T(By) > 79. Now restricting our attention
to the region of the neck where ¢ < 1/By and 0 < 93 < 1/Bj, we may apply
estimate (34) of [3], obtaining C' depending on By and F* such that

logr
2 < :
Ve = Clog (logw)

This estimate holds as long as 0 < ve’7, i.e. as long as s < (/T — t)1720 < 1729,

Let ¢; = log /1 — BZ/8. Then
logr _log/2(n—1) = § — 47 +o(5) 2, 1

=142 +0(2).
logy — log,/2(n—1)—%+cl T (7-)
Hence 7942 < C71log (llggg;) =C (2¢1 + 0(1)). O

We are now ready to describe s(z,t) and (x.,t).
Lemma 25. For any x. the limits

hn:1F s(x«,t) and th—»nilF Y(xy,t)

t—

exist. Furthermore, a constant C < oo which does not depend on B > By or x.
exists for which one has

(59) |s(zs,t) — 8(z, )| < C{B™% + |log(T — t*)|73/2} $(Zx,ts)
and
60) [, t) — ()] < oyl t)

B2
for allt € [t.,T).

Proof. To estimate the change in s(x4,t) we use

@ = M (@) (%)2

as in the proof of Lemma 2. Let ¢’ € (¢, T) be given, and let 2’ be such that
s(z’,t') lies on T p.
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t

A

Y

T

'
s

Then at time ¢, Lemma 24 implies that

(62) 0 < s(s,t') < _c for all s < s'.

log =1

Since x, > ', we then get

[ e [ ) e [ ()

In the first term, we use (62) to get

/S(;E t') (d]S)Q C /S(;E ') w
0 \/lnl/(T
C
ni1/(T —t,) (0 t)
_ C
~ V(T =) In1/(T —t.)

In the second term, we have 2’ < < x4 so that

> ) > /20— 1)(T — ) (1+ (1 - £)B2/4) > CBVT — 7,

with C independent of t or B > By. On the other hand, we also have s < 1, so

that

s(a,t") 2 s(a,t")

Jory (5) = [, ()
s(z’,t") ( s(x’,t") (&
1
Y1)
<9
- BVT -t

For the first term in (61), one has the same estimate, so that at any time ¢’ € (., T},
one has

<

0 < Ops(xa, t') < C{B™" + [log(T — t.)| /(T —')~*/2.

This is integrable in ¢’ € (t.,T), so that lim,_,p s(z.,t) must exist. Integration
with ¢, < t' <t then leads to

|5(24,t) — $(2s, 1) < C{B™' + |log(T — t.)| "2 }/T — t..
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Recall (57), apply a?b,ab® < a® +b® to a = B~ and b = |log(T — t.)|~'/2, and
conclude

S(u, ty)
B\/In1/(T —t,)
< C{B™*+|log(T — t*)|_3/2}s(:v*,t*),

which proves the estimate (59) for s.

|5(@,t) = s(@s, 1) < C{B™" + |log(T — t.)|7/?}

To establish the other estimate, we recall from Proposition 5.3 in [3] that there
is a constant C' which only depends on the initial data and the dimension n such
that

24| < C

always holds. In particular, the constant C' does not depend on our choice of B.
In [3], we used this estimate to show that lim; 7 ¢ (z.,t) exists. It also implies
that

(63) |1/)($*,t)2 —1/)(17*7t*)2| < O(t_t*)
and hence, using (58), that
< — T_t* S El/’(ﬂﬁ*at*)

|¢($*7f) —¢($*=t*)| < 1/)(:17*,t) +1/)(CC*,t*) - B B2
for all t € (t«,T). O

Ot —t,) C

2.20. Asymptotics in the outer region. Using (58) and (60), we compute that
P(@t) = (1+O(B72))p(x., 1)
= (1+0(B™2)\/2(n— 1)[L+ (1 +62) B2/4)(T - t.)

— (1+0(B% + g)),/nT_lB\/ITt*

for some |0 < 1.

From the definition (57), we see that s = s(z.,t.) satisfies
s

—log(T —t)

Hence, taking logarithms and abbreviating w =T — ¢,

BVT —t=

log B+ 3Inw =logs — 1 In|loguw|,
so that
logw =2Ins —log|logw| —2In B = O(log s)
=21Ins+ O(log |log s|)
=(2+0(1))logs

We therefore find that s

Thus as t, — T, one has

Y= (1+0B7?+¢))(3vVn—1+0(1))

S

v —logs
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for all ¢ € [t.,T] and x, for which s = s(x.,t.) satisfies (57). Since B and € can be
chosen arbitrarily, this implies

Lemma 26. For any § > 0 there exist B > 0 and t < T such that

(%‘/"T_‘S)\/Tgs <y < (%M+5)\/Tgs

in the region (T —t)|1log(T —t)| < s?/B2%, t <t <T.

3. FORMAL MATCHED ASYMPTOTICS FOR GENERAL NECKPINCHES

The usual starting point for obtaining matched asymptotic expansions near a
stationary solution of a nonlinear PDE is to linearize around that solution. This
method encounters two obstacles when applied to Ricci flow, both of which can
already be seen in our rigorous treatment of the symmetric neckpinch in Section 2.

The first challenge is the well-known fact that Ricci flow is only weakly parabolic.
This deficiency stems from its invariance under the full diffeomorphism group of
the underlying manifold.

In §2, we overcame this problem by using the geometrically defined quantity
s as a new coordinate, which led us to the parabolic PDE (16). For the general
neckpinch without symmetry, we could find no simple analogue of the s variable;
and so, instead, we shall use a variant of the DeTurck trick [11, 12]. This motivates
our choice of Y in § 3.4 below, a choice which is equivalent to the Bianchi gauge,
as adopted in the elliptic context by Biquard [7] and others. Note that solutions of
DeTurck flow are equivalent to solutions of Ricci flow, modulo diffeomorphisms.

The second challenge is the fact that the linearized PDE possesses a null eigen-
value, suggesting the presence of a center manifold. This phenomenon also occurs
in neckpinches of the mean curvature flow [5], and in generic singular solutions to
the reaction diffusion equation dyu = Au+ u?P [23, 24, 15]. The null eigenvalue ap-
pears as follows. After introducing a renormalized Ricci flow for which the cylinder
is a stationary solution, we find that the deviation h = g — gcy1 from the straight
cylinder satisfies a nearly linear equation of the form

(64) 0-h = Ah+ N(h)

where A is a symmetric linear operator and N (h) contains the higher order nonlinear
terms (cf. (16) for the symmetric case in which we had v instead of h). Here
7= —log(T —t), and T is the blow-up time.

The operator A is diagonalizable. It has a finite number of positive eigenvalues,
an unbounded sequence of negative eigenvalues, and it also has zero as an eigenvalue.
To guess what solutions near the cylinder, i.e. small solutions of (64), will do, we
imagine for a moment that (64) is a system of ODEs. In that situation one would
use the decomposition into eigenfunctions of A to split A into stable, unstable
and neutral components, corresponding to positive, negative and zero eigenvalues,
respectively. The linear part of the equation (64) will cause the unstable part to
grow exponentially and the stable part to decay exponentially. The evolution of the
neutral part is determined by the nonlinear terms. (See figure 1 for a caricature.)
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U

FI1GURE 1. Renormalized Ricci flow near the cylinder

Most solutions may get close to the stationary state h = 0 but will eventually
veer off along the exponentially growing unstable direction (“U” in figure 1). These
solutions of (64) correspond to solutions of Ricci flow which do not form a neck
pinch at the time T or at the location on S™t! about which we renormalized the
flow. However, for suitable initial data, the unstable component of h will never
grow. For such solutions one expects the neutral components to be dominant. If
they decay to zero, then they will do so more slowly than exponentially (~ 77! in
our case). The stable and unstable components will then also decay at a less than
exponential rate, due to the nonlinear coupling in (64). Such solutions are marked
“G” in figure 1, and these are the solutions which we attempt to describe with the
formal computations below. There is a third possibility, namely, that for certain
exceptional choices of initial data, the unstable components are always the largest.
In this case h will decay exponentially. Such solutions are marked “E” in figure 1.
In the case of the neck pinch for mean curvature flow, such exceptional solutions
were rigorously constructed in [5].

To compute the “generic singular solutions G” we assume the solution is of the
form h + @ (71), where h belongs to the kernel of the linearized operator A, and
®(h) L h is at least quadratic in its dependence on h. (See § 3.9.) To compute the
formal dynamics, we substitute this Ansatz into the dilated Ricci flow, project onto
the kernel of the linearization, and compute the purely quadratic terms, yielding an
ODE on the kernel. The errors introduced by this method should be smaller than
the order of the solution, namely O(7~2).

In summary, we assume in what follows that a singularity forms at a given place
and time. We then construct approximate solutions which become singular at the
given space-time point and exhibit a (presumably generic) 77! rate of singularity
formation. We derive matched asymptotics for these approximate solutions. These
agree with our rigorous results for the rotationally-symmetric solutions studied
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in Section 2 above. A rigorous justification of the matched asymptotics derived
below without symmetry assumptions would require one to show, e.g. by adapting
the methods of [5], that suitably small perturbations of our approximate solutions
become bona fide solutions.

We now proceed to pursue the method summarized above. The computations
required are extensive, but the conclusion obtained is eminently simple. The formal
matched asymptotics we derive here tell us that the asymptotics obtained rigorously
in Section 2 for rotationally-symmetric solutions should be stable for fully general
solutions. (As noted above, “stable” is to be understood modulo the choices of time
and location about which one renormalizes.)

3.1. The cylinder soliton. Recall that a Ricci soliton is a tuple (M™, g, X),
where M™ is a smooth manifold, ¢ is its Riemannian metric, and X is a complete
vector field on M™ such that the identity

—2Rc(g9) =Lxg+ Mg

holds for some A € {—1,0,1}. It is well known that each Ricci soliton gives rise to
a self-similar solution g (t) of Ricci flow
29~ —2Rc(9)
defined by
g(t) = (T + M) (¢r9),
where ; is the one-parameter family of diffeomorphisms generated by the vector
fields (T + A\t)71X.

Now consider the manifold R x 5™ with local coordinates (y°;4*,...,y"), where
y' =2 € R and (yl, . .,y”) =y € S". Let § = gcan denote the round metric of
unit radius on S™. Define a product metric g on R x S™ by

(65) g=dr®dx+2(n-1)4g,
noting that its Ricci curvature satisfies

Re(g) =(n—1)g.
Let X be the vector field on R x S™ defined by

x2 x 0
X=grad| — | = ==
(66) gra < 1 > 5 9z’
noting that the Lie derivative of g with respect to X is
Lxg=dr®dx.

It is then easy to see that
(67) —2Re(g) = Lxg -9,
hence that (R x S™, g, X) is a shrinking gradient Ricci soliton. We call this the

cylinder soliton.

For later use, we observe that the Levi-Civita connection of g is given in local
coordinates (yo; yl, ..., y") by the Christoffel symbols

{ffj if1<i,jk<n

rk =
(68) K 0 otherwise.
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Here and throughout the remainder of this paper, a hat designates a geometric
quantity associated to the round unit sphere (S™,§). The components R;jr =
gem R of the Riemannian curvature of g are

(69) Rije = 4 2= D Bijee =2(n = 1) (Guedjp = Gingse) 1<,k E<n
0 otherwise,

and those of its Ricci tensor are

_J Ryj=m-1)gp if1<ij<n
(70) Ry = { 0 otherwise.

3.2. Dilated Ricci flow. Motivated by the rigorous results obtained in Section 2,
we want to study finite-time local singularities of Ricci flow that are modeled on
the cylinder soliton. Accordingly, let (M™, G (t)) be a solution of Ricci flow

0

that exists for 0 < ¢t < T < oco. Given any vector field X on M™, let ; be the
family of diffeomorphisms solving

(1) = X (o ().

Then the blow-up of G at T modified by X is the metric g (t) defined by

(71) G(t)=(T—=1)(pig(t)).
Observing that
¢t (txa) + i (59).

ot ‘P9 Ty

one computes that

0 . o
¢ (-2Re(g) = ~2Re(G) = 5,G =i (~g°+ Lxa + (T =0 ).

Thus if one regards g as a function of the rescaled time variable

1
72 = log -
(72) Tt Ty

then (M™, g (7),X) becomes a solution of the dilated Ricci flow:

0
(73) 5.9 = —2Re(9) — Lxg+g.

The following is an immediate consequence of equations (67) and (73).

Lemma 27. The cylinder soliton (R x S™ g, X) is a stationary solution of the
dilated Ricci flow.
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the neck

FIGURE 2. Approximating X near an almost cylindrical neck

3.3. First and second order variation formulas. If & is a symmetric (2,0)-
tensor on a Riemannian manifold (M™, g), its Lichnerowicz Laplacian Agh is de-
fined by

(74) Aghij = Ahw + 2Riquhpq — Ri—chkj — R;Chlk,
where Ah is the rough Laplacian. Its divergence §h is defined by
(75) (0h); = =V'hij.
The following variation formulas are proved by direct calculation. Note that
first-order variation formulae are standard and are found, for instance, in [9] or [6].

Lemma 28. Let (M™,g) be a Riemannian manifold; let h be a symmetric (2,0)-
tensor on M™; and let € be small enough that

g=g+eh

is a Riemannian metric.

(1) In local coordinates, the Christoffel symbols T of the Levi-Civita connection
of g are

ik k& k k k
L =Ti+5 (Vih§ + Vihi — V¥hij)
2
&k ¢ ¢ ¢ 3
- 3he (Vlhj + thl -V hij) + O (E ) .
(2) In local coordinates, the Riemann tensor Rm of § is
Ry = Ry + %(vivkhﬁ — ViVih — YV Viht + Y,V Ry,

4 m m Ll
+ R byt — Rijkhm)
2
+ %hfn (Vivmhjk — Vjvmhik — VN;JL;” + Vjvkh;”)
2
€ m m m
+7 (Vihj + Vihi" = V™ hig) (Viht, + Vi — Vi hE)
2

— S (VA0 + Vi = V™) (Vibty + Vi = Vi)
2
+ Sh (R, — R

ijk'vq 139

hZ) +0 ().
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(3) In local coordinates, the Ricci tensor Re of g is

Rij = Rij — % {Azhij + Vlij + Vi (5h)] + Vj (6h)z:|
2
e
+ S (VY ghij + ViV sl — ViVyhas = VVyhai)

82

1
+ 5 <§vihgvjh5 + VphIVPhy; — vphquhg’)

2

e“ (1
+5 <§ka + (6h)k> (Vihh + V;hE — VFhij)

2
+ %hm (h¥ Rjpig + WY Riprg + 2hE Ripiy) + O (7).
(4) If X and Y are vector fields on M™ and X = X + €Y, then
[,Xg =Lxg+e (Eyg + [,Xh) + Ezﬁyh;
in particular,
(ﬁXg)ij =V;X; +V;X;

+e€ [(VZYJ + VJYZ) + (kakhij + Vithkj + Vijhik)}
+ 52 (Ykah” + Vl-Ykhkj + VJYkhlk) .

3.4. Arbitrary perturbations of a stationary solution. Let (M™, g, X) be

any stationary solution of the dilated Ricci flow (73), and let h be an arbitrary
symmetric (2, 0)-tensor small enough that the perturbation

(76) G=g+h
is a Riemannian metric on M™. Denote the trace of h with respect to g by
(77) H = tr4h.

Let Y be the vector field metrically dual to the 1-form %dH + 6h, namely
1

(78) Y = (idH—i-éh)ﬁ,

and form the perturbation

(79) X=X+Y

of the vector field X. The role of YV is to implement a DeTurck trick [11, 12]
that makes the linearization of the dilated Ricci flow (73) strictly parabolic. Now
applying Lemma 28 gives the following result.
Lemma 29. The metric g (7) will be a solution of dilated Ricci flow (73) for the
vector field X if and only if h evolves by the nonlinear system

0
(80) Ethh—!—Q(h)—l—C(h),
where A is the linear elliptic operator defined by

(81) Ah = Agh — Lxh + h,
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the quadratic term Q (h) is defined by

(82a)  [Q(h)],; = hPV,;Vhi + RV he

(82b) + BP9 (Vi Vphej + YV Vohet — VpVahis — ViVihyg)
(82¢) _ % (WEV Ve H + WV H + VhEV L H + VhEV G H)
(82d) + VPV S+ VPV hi + V,hiV hY

(82¢) — V,hIVPh, — %vihgvjhg

(82f) + hP9 (B Rjpgr + B Ripgk — 21 Ripij) |

and C (h) is at least third-order in h and its covariant derivatives.

The cubic term C (h) will not be important in the formal asymptotic analysis
that follows.

3.5. The linearization at the cylinder soliton. In the case that the stationary
solution of the dilated Ricci flow is the cylinder soliton (R x S™, g, X) introduced in
§ 3.1, the linear operator A defined in (81) can be written in a more useful form. To
see this, we again work in the coordinate system (yo; Y. ,y"), withy® =2 €R
and (yl, .. ,y") =y € S™. Recalling formula (70), it is easy to see that

hoo ifi=j=0
0 ifl1<i,j<n.

hij — (R¥hy; + R¥hyy) =

This observation allows one to write the Lie derivative of h with respect to X as

x 0 1
(Lxh)y; = 3 ag i+ 5his (67 +69)
X 8 k k

Then using the simple identity

n—1
—— Rijne,

RiyRji — RixRjo = 5

one reaches the following conclusion.

Lemma 30. On the cylinder soliton, the linear operator A defined in (81) is given
by

r 0 4

(83) (Ah)y; = Bhij — 5 5-hij + —— (RijRpq — RigRp;) h™,

where Ah denotes the rough Laplacian.
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3.6. An upper bound for the spectrum of the linearization. Since the man-
ifold R x S™ is noncompact, it is not necessarily the case that the formally elliptic
operator A has discrete point spectrum. For our operator A the first order term
—%x@m makes this happen, as we will now show.

We consider the bundle Sy of (2,0)-tensors on R x S™ and the space C5°(S2)
of smooth compactly supported sections of this bundle. The operator .4 maps this
space to itself. We define the inner product

(h, k) = / / hijkij€_$2/4 df dx
R n

where df is the volume form on S™. We write ||h|| = v/(h, h) for the corresponding

norm. The completion of C§°(Sy) with respect to this norm is L?(Ss; e=7"/4 dp dzx),
which we abbreviate to L2. (See [13], for instance.)

Lemma 31. The closure of the densely defined operator A is a self-adjoint operator
with compact resolvent. A is bounded from above. Its spectrum consists of discrete
finite multiplicity point spectrum.

Proof. One can write A as

0 Ohi; A
(84) (AR),; = e/t {612/4 . } + sy Mg + Vigpgh??

ij oz oz

in which A is the rough Laplacian in the direction tangential to the spheres {z} x S™
and
Vijpq = %(Rinpq - Riqup)'

By integration by parts, one finds that for any h, k € C§°(S2) one has
(85) (h,—Ak) =

/ / {0uchijOukis + 55y VehigViekis = Vigphiikpg e /* df da,
R n

from which it is evident that A4 is symmetric. Boundedness of Vj;p, implies that
there is a constant Cy such that

(86) (h, —Ah) > / / |Vh|2e= /% d6 da — Cy| |
]R n

holds for all h € C§°(S2).

Let H' = H'(S;) be the completion of C§°(S,) for the norm corresponding to
the inner product

(h, k) = / / {VihpgVikpg + hpgkpq Ye™*/* dO da.
R JS™

(Again, see [13].) Then the standard Hilbert space arguments show that for all
A > Cy, the equation \h — Ah = k has a distributional solution h € H' for any
k € L2. Tt follows that the closure of A is a self-adjoint operator in L? whose
domain
D(A) = {(A—A) 'k | ke L?*}

is contained in H'. (Here it makes no difference which A > Cj one chooses.) In
fact, the inequality (86) implies that the H! norm is equivalent with the norm
[[|R|||* = (h, (A — A)h), so that H' is the form domain of A, i.e. H! = D(vA — A)
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The inequality (86) tells us that the spectrum of A is contained in the interval
(—OO, Oo] .

To see that A has compact resolvent, we recall Lemma 10, which implies
lzh? < O/ / {10:0]2 + |h[2Ye="/* 40 da < C||h| .
R JSn

Hence

1811 + lzhl[* + [ VAI[* < C(h, (X = A)h).
This inequality together with the Rellich-Kondrachov theorem imply that the imbed-
ding H' C L? is compact. Since H! is the form domain of A, we conclude that A
indeed has compact resolvent, so that its spectrum is pure point spectrum.

d

REMARK. More generally, the linearization of the modified Ricci flow operator
at any gradient Ricci soliton (M", g) will be self-adjoint in L?(M™, g; e=% dpu) if du
is the measure naturally associated to g and one takes ¢ to be the soliton potential
function.

3.7. A decomposition into invariant subspaces. In order to compute the spec-
trum of A, we split the space L?(S;) into a number of A-invariant subspaces.

It is a standard fact that any (2, 0)-tensor h on a Riemannian manifold (M™, g)
admits the decomposition

h=h"+h°,
where
hY = (trgh) g
is a multiple of the metric, and
h®=h— ihv
m

is trace free.

One can exploit the product structure of the cylinder soliton (R x S™, g, X) to
obtain a more refined decomposition. Again using coordinates (yo; yl, ..., y") and
adopting the convention that Roman indices lie in the range 0...n while Greek
indices lie in 1...n, we decompose a given symmetric (2,0)-tensor h on R x S™ as
(87a) h = Mdx ® dz + N, (dz ® dy® + dy® ® dz) + (Oys + 0op) dy* @ dy”
(87b) = Mdx ®@dx + N, (dx @ dy® + dy® @ dz) + (Pjas + Qap) dy® @ dy’.
Here one should regard M as a scalar function on Rx.S™, N (z,-) as a one-parameter
family of 1-forms defined on the spheres {z} x S™, P as the scalar function

2(n—-1)

n

pP= (H-M),

and @Q (z,-) as the one-parameter family of trace-free (2,0)-tensors defined on the
spheres {x} x S™ by
Qaﬁ = hozﬁ - Pgozﬁ-

The utility of this decomposition is that it exhibits a set of invariant subspaces
for A. To demonstrate this, it will be helpful to fix additional notation. Let A
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denote the rough Laplacian of the canonical sphere metric §. Let —Ag4r denote its
Hodge—de Rham Laplacian, recalling that Agzgr acts on a 1-form N by

AyrN, = —[(dé + 6d) N|, = AN, — RENs = AN, — (n — 1) N,.
Let Ay denote the Lichnerowicz Laplacian of g, which acts on a trace-free tensor )
by
AéQaﬁ = AQaﬁ - 2”@(16'
Finally, let B denote the differential operator defined by
& 28 wend epnd
0922 201 9z° ox’

Using these conventions, one computes using equation (83) that the decomposition
of Ah corresponding to (87) is

(88) B=

(Ah),, = _B+ ﬁA] N, = [B+ X 1_ 1)AdR+% N,
(AR). {[B+ 2(n1_ 1)A+ 1 P} Jop
(Ah)f;ﬁ: _B+2(n1_ 1)A_ni1:|Qa5'

This calculation proves the following result.

Lemma 32. On the cylinder soliton, the operator A given by (83) may be repre-
sented schematically with respect to the decomposition (87) as

y B+ smA| M
N [B—l— ﬁAdR‘F%}N
P

[B+ A+1}

Q "
[BJF A~ ﬁ} Q
The only contmbutwn to the spectrum of A comes from its four component opem—
tors: B+s——=— 2( A and B+ s—— =T A—i—l actmg on scalar functions, B+ s—— =T AdR—i— 5

acting on 1 forms and B + A 1)A ﬁ acting on trace-free (2,0)- tensors

3.8. The spectrum of the linearization. The decomposition obtained in Lemma
32 allows us to analyze the spectrum of A using separation of variables. To illustrate
the idea, suppose that
M (z,y) = h(x) F(y),
Where h is an eigenfunction of B with eigenvalue A, and F' is an eigenfunction of
A= 1)A with eigenvalue y. Then

[B+ ! )A]M_()\+u)M.

2(n—1
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This line of argument leads easily to the following observation.

Lemma 33. All eigenvalues of A : D(A) — L? have the form X + p, where \ is
an eigenvalue of B acting on h = L*(R; 6’12/4), and p is an eigenvalue of either
A or 5 A + 1 acting on C* (S™), of ﬁAdR + % acting on Q4 (S™),

2(n
or of 2—1)A - ﬁ acting on the space of smooth trace-free (2,0)-tensors on S™.
To make this result useful, we need some simple facts about the component
operators that appear in (89).
THE OPERATOR B = a; — 5% ACTING ON SCALAR FUNCTIONS. The Hermite
polynomials {hy};-, constitute a complete orthogonal family for the operator B
on the weighted Hilbert space

h— L2 (R,e*ﬁ/‘* da:) .

(B+1) Iy = <1_5> i,

so that the spectrum of B is {O, —%, -1, —%, .. } (Notice that b is a larger space

than we defined in Section 2, since we not restricting to even functions here.)

Moreover, one has

THE OPERATOR A ACTING ON SCALAR FUNCTIONS. It is well known that

2(
the spectrum of A actmg on C (8™) is { Ak}, Where

Ak = —k(n—|—k—1).
In particular, the only nonnegative eigenvalue of 5——5 A is Ao = 0. Its eigenspace
consists of the constant functions.

THE OPERATOR ( A + 1 ACTING ON SCALAR FUNCTIONS. If &k > 2, then

)\k+2(n—1):(2—k)(n—1)—k2<—k2<0.

Hence the only possible nonnegative eigenvalues of 2( A + 1 are
A+2(n—-1) _
2(n—1)

and

AM+2(n—-1) 1n-2 01

2n—1)  2n-— 15172

The eigenspace corresponding to 1 consists of constants. The eigenspace corre-
sponding to 1 n— f consists of the spherical harmonics: the restrictions to S™ of the

linear functlons on R+,
THE OPERATOR ﬁ&m + 1 AcTING ON 1-FORMS. It is shown in [8] that

the spectrum of Aur acting on the space Q3 (S™) of smooth 1-forms is

{Mehist U M +2-n}s,.

If £ > 1, then )\ —i— n—1< —1 Because A\ + 2 — n < Ag in all dimensions n > 2,
it follows that AdR + £ is negative definite.
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THE OPERATOR A- —L_ ACTING ON TRACE-FREE (2,0) -TENSORS. The

1
2(n—1)

A — n% is clearly negative definite.

1
Operator 2(71—— 1

D)
Combining these observations with Lemma 33 leads to the following conclusion.

Lemma 34. On the cylinder soliton, the only possible non-negative eigenvalues of

the linearization A are 0, %Z—j, %, and 1.

o The eigenspace corresponding to 1 consists of constant multiples of §.

e The eigenspace corresponding to % consists of multiples of g that are linear
inx € R.

o The eigenspace corresponding to %Z—j consists of spherical harmonics.

e The eigenspace corresponding to 0 consists of constant functions and of
multiples of § that are quadratic in © € R. (When n = 2, the spherical

harmonics also belong to this eigenspace.)

REMARK. The results above can be obtained in another way. Since all geometric
data of the metric (65) are independent of x € R, one has the simple commutator

0 10
[““%] =30

So if Ah = Ah, a straightforward induction argument shows that

(2= (4 (%)

for all integers k > 0. Since Lemma 31 proves that the spectrum of A is bounded
from above, it follows readily that for every eigentensor h of A, there exist some

integer £ = & (h) > 0 and a family of (2,0)-tensors hy, ..., h, independent of 2 € R
such that
=3 ah
k=0

3.9. Our Ansatz. The analysis in § 3.8 shows that any eigenvalues of A corre-
sponding to trace-free (i.e. non-rotationally symmetric) perturbations of the cylin-
der soliton are all strictly negative. As we explained in the introduction to this
section, the only perturbations relevant to our formal center-manifold computation
are those corresponding to null eigenvalues of the linearization. Therefore, we adopt
the Ansatz that

h = Mdx @ dx + N, (dz ® dy® + dy® @ dz) + (Pgas + Qap) dy® @ dy”
has the special form
(90) hiz,y,7) =u(z,7) de @dx + {v(z,7) +w(y,7)} 9,

where once again, 7 denotes rescaled time, x denotes a point in R, and y denotes a
point in S™. Specifically — continuing to let {hx}- , denote the Hermite polyno-
mials — we assume that M = u, where

(91) u(z,7) =wuo (1) ho (&) =up (7).
We further assume that NV = 0, that Q = 0, and that P = v + w, where
(92) v(x,7) = vy (1) ha () = v2 (7) (x2 — 2)
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and

3 . .
(93) w (y,7) {Zi—lwigﬂ Qi (y) ifn=2

o otherwise.

Here (£21,%2,Q3) is a basis for the space of spherical harmonics on S2. (Recall
that w corresponds to a positive eigenvalue of the linearization whenever the total
dimension n + 1 is at least 4.)

To implement our formal center-manifold analysis, we shall study the flow

(94) (%h =Ah+ Q(h)

that models equation (80) up to second order. To do so requires us to analyze
the quadratic term Q (h) at the cylinder soliton in a manner analogous to what
was done above for the linearization A. To simplify the notation, we again use
coordinates (yo; yl, ... ,y") and assume that Roman indices lie in the range 0...n
while Greek indices lie in 1...n. If f is a smooth function, we further adopt the
convention that f, = df/0x and f, = df/0y*.

We shall begin with computations that are more general than what we need at
the moment. To wit, we assume only that h has the form given by (90), without
imposing the specific assumptions (91)—(93). One then verifies readily that all first
covariant derivatives of the tensor h vanish except

Vohoo = ug
thaB = Vg gaﬁ
V'yhaﬁ = Wy gaﬁ-

All second covariant derivatives of h vanish except
VoVohoo = tzz
vaOhozﬁ = Uzx gaﬁ
V. Vishas = VoVt jags.

Moreover, the only nonvanishing derivatives of the trace

.. n
H = Z]hi-: _
97hi = ut gy W)
are
n
VoH = T 57 1\ Yz
T
n
H=—"_
Vol = 5Ty
and
n
VQVOH = Ugy + 9 (n — 1)’wa
V Vol = — V. Vsuw
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Using these formulas, a straightforward calculation reveals that the first compo-
nent of the quadratic term

[Q (h)]o =2ho0VoVohoo — h*VoVohas — hooVoVoH

3 1
— VohooVoH + 5 (Vohoo)2 - EVOhQVOhg

may be written as
n

(95a) [Q (h)]gy =ulias — mvm 2(n — 1Du+ v+ w)
(95b) + 1u2 R C—— [4(n — Duy + vs]
2" T 8n—1)2
Then using the fact that
PN 1 " n
g”‘SV.Yng = mAw = —mw,

one computes that the remaining components
[Q (M) =h2 V5V shS + h}VaVshd — h*VoVohag
+h° (VaVyhsg + VaVihsa — Vo Vishag — VaVghys)

- % (hgvngﬂ + WV Vo H + Vol Vo H + vﬁhngﬂ)
+ VahyVshd + Vsh]Vsh) + Vb Vsh),

— Voh)V°hs, — Vsh)IV°ohs, — %vahgvﬁhg

+ 077 (W Riayon + 1) Ry — 28] Rayn )

are given by

(96a) [Q (h)]aﬁ =— 2(%_1) {2 (n—1)uvg, + vfc} Gap
1 2 A
n—2 SN
(96¢) - m {4 (v 4+ w) Vo Vaw + 3wawg} .

3.10. The inner layer |z| = o(y/7). We now derive a formal profile of a solution

g(zy,7)=g(x,y)+h(z,y,T)
near a singularity modeled on the cylinder soliton g. We assume that (90) and (91)—

(93) hold. These assumptions force h to belong to the kernel of the linearization of
equation (80), because

Ah = [Bu]l de @ dz + [(B+1)v] g =0.
Recall that w vanishes by assumption if n > 2. In this context, (95) becomes

97) [Q(M)]go = — {vgw + " fl)Q [(n — 1D ugva + vg] } ho — {ﬁv%} ho.

And (96) reduces to

[Q(M)]ap = P Jap,
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where

_ 1 2 1

Vw

2—2 — 2 ho+ 4= ——= W2 h
UV v v v .
g 0T 20 n—1 2"

In order efficiently to derive ODE for the functions ug, v, and wy,ws,ws from
equations (97) and (98), it is helpful to adopt some additional notation: if f is a
function of y € S™, we define

115 = [ 1" dis

and if X and Y are symmetric (2,0)-tensors on R x S™, we define

) = [y, e
where (X,Y), = f{m}xS” (X,Y), dji. By using the fact that {h};—, is an orthog-
onal family for b, it is then easy to see that

uly (7)o 2 1120 = <5, o o)
= (Q (1), hodr?)
- —ﬁ [(n — 1) uovz + v3] - Iholl} 1L]13n

and

d X
vp () - [hally [1l15e = = G ha 3)

= (Q(h),h29)

2 2 11112
= —— vy nfhefly [1fsn -

Similarly, for any 7 € {1,2,3}, we find when n = 2 that

Wi (1) -2 |[hollg 19215 = %«hﬂié» = (Q(n),Qig) =0

This calculations let us derive a formal profile of h in the inner layer |z| = o (/7).

Lemma 35. For perturbations of the form

3
h ={uo (1) ho ()} dz ® dz + {Uz (1) ha (x) + Zwi (1) Q (3/)} g,
i=1

the flow (94) is equivalent to the system of ODE

d n
—un = — -1 2
(©9) a0 oy (T e ]
d 2,
(100) P R
(101) — (i=1,2,3)
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whose solutions, up to an error term of o(t™1) as T — oo, are

log(27)

-+ ifn=2
(102) ug (1) =
—ﬁ% otherwise
n—1
(103) va (1) = o
(104) w; (1) = w; (0) (i=1,2,3).

Formally, this is the profile of h in the region |z| = o (/7).

Proof. If vq is not identically zero, equation (100) has the explicit solution

n—1
c+ 21"

’UQ(T):

Then equation (99) becomes

d ( )+< n > n
—ug (T Uy = —————.
dr ° c+2r)° (c+ 27’)2

An integrating factor for this linear ODE is (¢ + 2T)n/ ?_ whence one obtains

log(c+271) C . _
T c¥or + c+27 ifn=2
ug (1) =
n 1 c :
s T e otherwise.

REMARK. To compare the formal results above with those obtained rigorously
in Section 2, observe that our choices of dilating factors imply that the quantity

47

as (7) appearing in Section 2 and the quantity vy (7) appearing above are related

by
(%) (T) N 1

az (1) = Tn-1) 30
because in the inner layer, we have x ~ ¢ and
{2 (n—1)4 vy (7) ha (z) + 0(7'71)} J
—2(n—1)[1+as(r) hs (o) + o(7H)]*
={2(n—-1)+4(n—1)az (1) h2 (o) + O(T_l)} g

REMARK. By modifying ¢ by an initial conformal diffeomorphism, one may

make all w; vanish. Therefore, throughout the remainder of this paper, we will

assume that w; =0 for i = 1, 2, 3.
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3.11. The intermediate layer |z| = O (1/7). In order to study the region where
|z] = O (y/7), we replace the coordinates (z,7) with (&, 7), where

x
1 = —.

(105) ¢= 7=

If f is a smooth function of (z,7), we define F (§,7) = f (x,7). Then one has the

formulas ¢

r=F - =
f 2T

Fg and fm = Fg.

1
F
Let
U(,1)=u(z,T1) and V) =v(x,T),
where u and v are the quantities that appear in the simple Ansatz (90). Then
substituting formulas (95) and (96) into the PDE (94), one computes that

(14 U) Uge + §Ue + $U2

§ 1) _ _
UT:—EUg—F; I(n— 1)2V€€[ (n 1)U+V]
o Ve [d (n — 1) Ue + Ve
and ¢ ) ¢ )
=V =2 z 1— Sy 2+ 2l
Vo=V 2V5+T{V’55( U)+3Ve 2(n—1)vﬁ}

Recalling Lemma 35, we will construct an approximate solution by considering the
equations
U, = —gUg +o(r™h)
and
V, =V - gvg +0(r72).

These equations suggest that the solution is modeled by the time-independent pro-
files U (¢) = Cy and V (€) = C2€2, respectively. Matching this layer with the results
of Lemma 35 determines C; and Cs, yielding the following result.

Lemma 36. In the intermediate layer |x//7| = || = O (1), the formal solution is
modeled by

u(:c,T)mU(\%) =0 and U(,T,T)%‘/(%) :”;1‘%2.

To wit,

grdr®der+2(n-—1) [1—0—({/2)2} g

3.12. The outer layer |z| = 0(1/v/T —t). To describe the outer layer, we first
introduce the “blown-down” coordinate

(106) s=e T Pr =Tt u,
which should be compared to the metric distance s defined in Section 2.

~ If one were to follow the method above by defining U(s,7) = u(z,7) and
V (s,7) = v (z,7), an easy computation would show that

U =0(T-1t) and V., =V+0O(T-1).
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Unfortunately, the steady-state solutions to these equations fail to convey enough
useful information.

Instead, we proceed as follows. Fix a large number = > 0. For each s, let ¢ be
the time such that |¢| = Z at t,, where ¢ is defined by (105). Let 7, = log 2.
Then

_ =l |s]

B A

7, =log (%) + 1og8i2 + log 75,

(1]

This shows that

hence that

1
(107) Ts =[2+ 0(1)] logﬂ as |s| — 0.
s

Now we “blow down” the solution of the dilated (“blown-up”) Ricci flow by defining
u(s,7)=eTu(z,T1) and  wv(s,7)=e v (x, 7).
Then at time 5, we compute that

— 152

When |s| is small and E is large, the undilated solution v cannot change much in
the short time ¢, <t < T'. Hence (107) implies that as |s| — 0, one has
2

n—1 S
2 [2+40(1)] 1ogﬁ
n—1 s

- Tlogsi2 1+ o).

v (s,7s) = [1+40(1)]

Since u (s,7) = e~ "U (x/+/T) = 0, we have obtained the following result.

Lemma 37. In the outer layer |z| = o (ﬁ), the formal solution is modeled by

T
1 1
u(x,T)zT_tg(s,T) and v(:c,T)zT_tQ(s,T),
where )
u(s, 7)=0 and v(s,T)—n_l 81 [1+0(1)]
2 log -z

To wit,

n—1 x?

v (1) 2 T+1ogmi2'
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